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TD 11: REVIEWS

EXERCISE 1. We consider the vector space E' = C*([0,1],R) equipped with the following metric

1.
d(f,9) =Y _ o min (1, 11 = " ).
k>0
1. Check that E is a Fréchet space.
2. Prove that any closed and bounded subset of E is compact.
3. Can the topology of E be defined by a norm 7

EXERCISE 2. For all n > 0, we set €” the sequence which every term is zero, except the n** which
is 1. Recall that ¢o(N) denotes the subspace of [*°(N) of sequences that converge to zero. Let

s={v e amy :iwe") ~ol.

1. Justify that S is well-defined and show that S is strongly closed in ¢o(N)*.
2. Show that S is weakly closed in ¢o(N)*, i.e. closed for the o(co(N)*, co(N)**)-topology.
3. Show that S is not weakly-* closed in ¢o(N)*, i.e. not closed for the o(co(N)*, ¢o(N))-topology.

EXERCISE 3 (Banach limit).
1. Let s : £>°(N) — ¢>°(N) be the shift operator, defined by s(x); = x;41 for all ¢ € N and
x € (*°(N). Prove the existence of a continuous linear function A € (¢*°(N))’ satisfying
Aos=A and

Vu € £>°(N), liminfwu, < A(u) < limsup u,.
n—+00 n——+00

Such a linear form A is called Banach limit.
Hint: Consider the vector space of bounded sequences that converge in the sense of Cesaro.

2. Deduce that there exists a function p : P(N) — R, which satisfies

(1) p(N) =1,
(i7) p is finitely additive: VA, B C N with AN B =0, u(AU B) = u(A) + u(B),
(t3i) p is left-invariant: Vk € Nand A C N, pu(k+ A) = p(A).

EXERCISE 4. Let H be a real Hilbert space and J : H — R be a continuous convex functional.
We assume that J is coercive, that is, J(x) — +o00 when ||z|| = +o00. Prove then that there exists
Zx in H such that J(z,) = infrepy J(x).

EXERCISE 5. Let T : L?[0,1] — L?[0,1] be the operator defined by
1
T = [ .

1



1. Prove that T is well-defined, selfadjoint, compact and that ||| < 1.
2. Let g = Tf, where f € C°[0,1]. Check that g is in C?[0, 1] and satisfies
9" —g=-2f, 9(0)=4(0), g(1)=—g'(1).

3. Reciprocally, let g € C2[0,1] satisfying g(0) = ¢'(0) and g(1) = ¢’(1). We set f = (g — g")/2.
Check that g =T'f.

4. Prove that Im T is dense in L?[0,1]. Is 0 an eigenvalue of T ?
5. Let f € CY[0,1] and g = T'f. Check that

1 1
2@Lﬁm=@@W+@®F+AImwﬁu+é\ﬂﬂﬁw-

Deduce that 2(T'f, f)r2 > || T f|3..
6. Prove that o(T') C [0, 1].

7. For all X € (0,1], we set ay = /(2 — A)/A. Check that
A€ o(T)N(0,1] <= (1 — a3)sinay + 2ay cosay = 0.
8. Deduce that o(T") = {0} U {\, : n > 0}, with

2 < 2
14 (/2 + nm)? '

EXERCISE 6. Prove that there is no distribution 7' € 9’(R) such that
22

7(e) = [[exp (3 )eladn, ¢ € CFR\ (0,

Hint: Construct a sequence (pn)n converging to zero in CG°(R) such that each py, is supported in
{1/n < |z| <2/n} and (T(pn))n converges to +00.



