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TD 1: FIRST ELLIPTIC EQUATIONS

EXERCISE 1. Let Q = (0,1). Establish the following Poincaré¢ inequality

1
Ve Hy(Q), |flrz2q) < ;Hf/HL%Q),

and prove that the constant 1/7 is optimal.
Hint: Use Fourier series.

EXERCISE 2. Let 2 = (0,1). The purpose of this exercice is to prove with a variational method
that given a function f € L%((2), there exists a unique function u € H2(Q) N H(Q) satisfying

— 4 +sinh(u) = f in L*(Q). (1)

1. Preliminaries: Let H be a real Hilbert space and J : H — R be a continuous convex functional.
We assume that J is coercive, that is, J(x) — 400 when ||z|| — +oo. Prove then that there
exists z, in H such that J(z,) = infyey J(z).

2. In this question, we prove that there exists a unique u € H&(Q) such that

1
Vo € Hy (), /0 (v (z)v'(x) + sinh(u(x))v(z) — f(x)v(x))dz = 0. (2)

To that end, we introduce the functional J : H}(€2) — R defined for all v € H}(2) by

J(v) = /0 1 (;yv’(x)ﬁ + cosh(v(z)) — f(x)v(x)) dz.

a) Check that the functional J is well-defined, strictly convex and coercive.

b) Prove that the functional J is differentiable on H{ () and give the expression of its
derivative.

c¢) Deduce from the preliminary question that the variational problem (2) admits a unique
solution u € H} ().

3. Prove that the unique function u € H{(Q) satisfying (2) belongs to H2(Q) and is also the
unique function that satisfies (1).

4. When the function f is continuous on [0, 1], check that u € C?(f2) is a strong solution of (1),

in the sense that
Vz € [0,1], —u"(z)+ sinh(u(z)) = f(z).

EXERCISE 3. Let Q = (0,1). We aim at proving that there exists a unique u € H(Q) N H?(Q)

satisfyin,
e —u" 4+ u = cos(u),
u(0) = u(1) = 0.



1. Given v € L%(Q), check that the following problem
—u" 4+ u = cos(v),
u(0) =u(1) =0,

admits a unique solution u € H}(2) N H(Q).
Hint: Use Riesz’ representation theorem in H} ().

2. Conclude by using the Banach-Picard fixed point theorem on the space L?(Q).
EXERCISE 4. Let p be a compactly supported C* function on R3. We are looking for a function

u € C%(R3) satisfying
— Au=p, (3)

under the following decreasing conditions at infinity
z +— |z|u(z) is bounded, z — |z|*Vu(z) is bounded. (4)
1. Check that the function  + 1/|z| is of class C? on R3\ {0} and compute its Laplacian.

2. Let Q be a smooth open subset of R2. We denote by n(z) the unit normal vector exiting at
x € 0Q and do the measure surface on 0§). We consider two functions w,v of class C? on ).
By using Stokes’ formula, prove Green’s formula for the Laplacian:

ou ov
/Q(vAu — uAv)dx = /89 (van - u8n> do(x).

3. For 0 < a < B, we define the following sphere and annulus
Sa:{x€R3:|x]:a} and Aaﬁ:{aﬁERS:ag || g,B}.
Let 0 < ¢ < R. We consider u € C?(R?) satisfying (4). For all # € R3, prove the following
identity

1 _ (—Au)(z +y) 1
= . u(z +y)do(y) = /AE,R BT dy + O<R> + O(e).

4. Prove that the unique solution of (3) satisfying (4) is given for all z € R? by

_ 1 p(y)
0= 3 o

5. Let p € [1,3). Check that there exists a constant C), independent of p, such that

3 1 3
[ Vull o ey < Colloll i ol =250,
Hint: Consider the domains {|xz —y| < r} and {|x —y| > r}, and optimize with respect to r.

6. Prove the following formula:

1 p(x)p(y)
2 = — 2 dx dy.
HVUHL2(R3) An /R?’ /]1{3 ‘IL’ — y‘ T ay



