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TD 2: WEAK FORMULATION OF ELLIPTIC EQUATIONS

ExERCISE 1 (Ellipticity). For each of the following linear differential operator L, give the symbol,
the principal symbol of L, and discuss the ellipticity and uniform ellipticity.

1. Lu(z) = — Z’ijzl aij(:c)%aumj +37 bi(i‘)% +c(x)u, =€ QCRY
2. Lf(z,v) =v-Vof + F(z)-V,f, z,veR? F:RY = Re

3. Lu( =0 —Au, t>0,z¢eRY

4. Lu( = O —iAu, t>0,zeR%

t,x)
t,x)

EXERCISE 2 (Faber-Krahn inequality). Let € be an open bounded subset of R? with d > 3 and
V e L>®(Q) such that V' > 0. We consider the problem

{ —Au = Vu in §,

1
(1) u =20 on 0.

1. Give the definition of a weak solution to (1).
2. Can you apply the Lax-Milgram theorem here?
3. Let r > %. Show that there is a constant ¢y > 0 depending on d only such that, if (1) has a
non-trivial weak solution, then
2577Vl r(@) 2 ca.
Hint: Use the following Sobolev inequality
1 1 1
22 d
which holds for all u € H}(f2), where M, depends on d only.
4. What do you obtain in the particular case V= X = cst ?

[ull 2% (@) < MallVulL2(),

EXERCISE 3 (Dirichlet problem). Let Q be an open bounded subset of R?, f € L?(Q) and F €
L?(Q)?. Show that the following elliptic problem with Dirichlet boundary condition
—Auy = f—divF in €,
u=20 on 0},

has a unique weak solution u € H} ().

EXERCISE 4 (Neumann problem). Let §2 be an open bounded subset of R? with smooth boundary,
the exterior unit normal being denoted by n, and f € L?(£2). Show that, for all u > 0, the elliptic
problem with Neumann boundary condition

—Au+pu = f in

2 0
@) 20 on o,
on
has a unique weak solution u € H(€). In the case u = 0, give a necessary condition on fQ f to the
existence of a weak solution to (2).



EXERCISE 5 (Fourier condition). Let @ C R? be an open bounded set with smooth boundary,
f e L?Q), g € L*09) and A > 0. We consider the following elliptic problem with Fourier
boundary condition

—Au = f in €,
3
3) )\u—l—%:g on 0f).
on

1. Give the variational formulation of the problem (3).
2. Prove that there exists a positive constant Cq > 0 only depending on €2 such that for all
u € HY(Q),
[ull720y < CalllVull7z@) + AloullZ2an)):
where g denotes the trace operator g : H'(2) — L2(99).
3. Prove that (3) has a unique weak solution.
4. * Is this weak solution a strong solution ?

EXERCISE 6 (The method of continuity).
1. Solve the equation u — Au = f on T? and show that it defines a map L?(T%) — H?(T¢9).
2. Let X, Y be some Banach spaces. Let (Ti);c[0,1) be a continuous path of linear operators from
X to Y satisfying

(4) C > 0,Vu e X,Vt € [0,1], |ullx < C|Twuly.

Prove that Tj is surjective if and only if 77 is surjective as well.

3. Let (aij)1<i j<da be a family of maps of class C! on T?. We assume that the following ellipticity
condition holds
Ja > 0,Vz € TLVE € RY,  a, (2)&€5 > alé)?.

We define the path (73).[o,1) of operators H?(T4) — L?(T?) by the formula

Tiu=u— 8i(a§;) (x)0ju), al) = tai; + (1 —t)d;;.

ij
(a) Show that t — T} is continuous.
(b) Check that (4) is satisfied.
(¢) Conclude.

EXERCISE 7 (Resolution by minimization). Let Q C R? be open, bounded with smooth boundary.
The purpose is to prove that the following elliptic problem has a non-trivial weak solution

—Au = u? in Q,
v =0 on 0N

1. Prove that there exists a solution to the following minimization problem
(5) inf {||Vol 20 : v € Hy(Q), [[vll) = 1}-

Recall: Since d = 3 here, the continuous embedding Hg(Q) < L7(Q) holds for all 1 < g < 6,
and is moreover compact when 1 < g < 6.

2. Prove that if the function v € HJ () solves (5), there exists a positive constant A > 0 such
that —Av = \v?® weakly in Q.

3. Conclude.



