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© Ergodic BSDEs
o What does it look like?
@ How do we solve them?

@ Large time behaviour of finite horizon BSDEs
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© Ergodic BSDEs
o What does it look like?
@ How do we solve them?

@ Large time behaviour of finite horizon BSDEs

In the following, W is a d-dimensional Brownian motion over a complete
probability space (Q), F,P), whose natural filtration is (F¢),~-
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Ergodic BSDEs

What does it look like?

T T
[ (X2, Z5) — A] ds— j Zzdws,

Vx €RI, V0 <t < T < oo, YtX:Y§+J
t

t
where:
@ X* satisfies the SDE: X[ = x—l—J Z(X) ds—|—J o (X)) dW;
0 0
o Z2:R?Y 5 RY, ¢:RY = GLy(R) and g : RY x (RY)" = R.

t t
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What does it look like?

]
[ (X2, Z5) — A] ds — j Z5dW,,
t

;
Vx €RI, V0 <t < T < oo, YtX:Y§+J
t

where:
@ X* satisfies the SDE: X{ = x—l—J Z(X) ds—|—J o (X)) dW;
0 0
o Z2:R?Y 5 RY, ¢:RY = GLy(R) and g : RY x (RY)" = R.
The unknowns are (Y{);5q, (Z);>0 and the real number A.
Assumptions:
o E is Lipschitz continuous and weakly dissipative (i.e.
(2(x), x) < 1 —1n2lx?);
@ o is Lipschitz continuous (so it has linear growth |¢7(x)|,2E < +nlxP)
and x — o(x)™! is bounded;
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Ergodic BSDEs

What does it look like?

T T

[ (X2, Z5) — A] ds — j Z5dW,,

Vx €RI, V0 <t < T < oo, YtX:Y§+J
t

t
where:
@ X* satisfies the SDE: X[ = x—l—J Z(X) ds—|—J o (X)) dW;
0 0
o Z2:R?Y 5 RY, ¢:RY = GLy(R) and g : RY x (RY)" = R.
The unknowns are (Y{);5q, (Z);>0 and the real number A.
Assumptions:

t t

o E is Lipschitz continuous and weakly dissipative (i.e.
(E(x),x) < 111 = 2x?):

@ o is Lipschitz continuous (so it has linear growth |0(x)|,2: < +nlxP)
and x — o(x)™! is bounded;

o Vx,x' € RY, |(c(x +x") —o(x"))x| < Alxl;

o (e,0) is bounded and (x, z) is Lipschitz continuous w.r.t. (x,zo(x) 1)
(with constant K);

° \/EK||U’1||OQ+;—2 <2 and A <

1
-1 °
V2llo o
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Ergodic BSDEs What does it look like?
How do we solve them?

How do we solve them?

Auxiliary BSDE of infinite horizon: for x € RYand0<t< T < o0,

T T
[ (X2, Z8%) — a V2] ds —j Z8%dW,,

Yéx,x _ Yilx_,x +J
t

t

where we introduce a new parameter a > 0.
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How do we solve them?

Auxiliary BSDE of infinite horizon: for x € RYand0<t< T < o0,

T T
[ (X2, Z8%) — a V2] ds —j Z8%dW,,

Yéx,x _ Y;x_,x +J
t

t

where we introduce a new parameter a > 0.

Theorem (Briand, Hu '98)

This BSDE has a unique solution (Y**,Z%*) with Y** bounded continuous
and Z%* € M?2 (0,oo,]Rd).

loc
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Moreover, Y{ = v* (XX) and Z{"* = 7% (X{).
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t

t

where we introduce a new parameter a > 0.

Theorem (Briand, Hu '98)

This BSDE has a unique solution (Y**,Z%*) with Y** bounded continuous
and Z%* € M?2 (0,oo,]Rd).

loc

Moreover, Y{ = v* (XX) and Z{"* = 7% (X{).
For a subsequence, when o — 0:

v (x) —v*(0) — v(x), av®(0) — A, 2% (x) = C(x).
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How do we solve them?

Auxiliary BSDE of infinite horizon: for x € RYand0<t< T < o0,

T T
[ (X2, Z8%) — a V2] ds —j Z8%dW,,

Yéx,x _ Yilx_,x +J
t

t

where we introduce a new parameter a > 0.

Theorem (Briand, Hu '98)

This BSDE has a unique solution (Y**,Z%*) with Y** bounded continuous
and Z%* € Mloc (0,oo,]Rd).

Moreover, Y{ = v* (XX) and Z{"* = 7% (X{).
For a subsequence, when o — 0:

v (x) —v*(0) — v(x), av®(0) — A, 2% (x) = C(x).

X

Define Y* = v (X¥) and Z" = 7 (X¥), we get:

Yi=Yr+ tT v (x2.25) -4 dsfjjfidws-
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Ergodic BSDEs What does it look like?

How do we solve them?

How do we solve them?

Theorem (Hu, L. '17)
We consider the EBSDE (under the previous assumptions)

T T
YE = vi +J [0 (X, Z) = A] ds—J ZXdWs.
t t
It has a solution (v (X*),T(X*),A) where V is locally Lipschitz, has
polynomial growth, v(0) = 0, and { is measurable.
This solution is unique among the triples (v (X*),{ (X*),A) where v is
continuous, has polynomial growth, v(0) = 0 and { is measurable.
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Large time behaviour of finite horizon BSDEs

Large time behaviour of solutions of finite horizon BSDEs

Consider the BSDE, for 0 <t < T:
T T T T T
X
YT X = g (X%) +L y (xx277) ds—L zlxdw;

where g has polynomial growth, of degree .
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T T T T T
X
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T,x
0

— A uniformly on bounded subsets of RY.
T—oo

o 15t pehaviour:
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Large time behaviour of solutions of finite horizon BSDEs

Consider the BSDE, for 0 <t < T:
T T T T T
X
YT X = g (X%) +L y (xx277) ds—L zlxdw;

where g has polynomial growth, of degree .

Theorem (Hu, L. '17)

T,x
0

— A uniformly on bounded subsets of RY.
T—oo

o 2" pehaviour: there exists L € R, such that:

o 15t pehaviour:

Vx €RY, Y *-AT-Y5 — L
T—o0
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Large time behaviour of solutions of finite horizon BSDEs

Consider the BSDE, for 0 <t < T:
T T T T T
X
YT X = g (X%) +L y (xx277) ds—L zlxdw;

where g has polynomial growth, of degree .

Theorem (Hu, L. '17)

T,x
0

— A uniformly on bounded subsets of RY.
T—oo

o 2" pehaviour: there exists L € R, such that:

o 15t pehaviour:

Vx €RY, Y *-AT-Y5 — L
T—o0
o 3" behaviour: for any & > 0 small enough,

WX €RY, VT >0, |V ¥ = AT = Vg — L] < G (14 i) 70T,
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Large time behaviour of finite horizon BSDEs
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Thanks for your attention!
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