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Introduction

Consider the following situation: S is a closed oriented surface of genus g > 2, this surface
admits a hyperbolic metric. The set of all hyperbolic metrics over S can be quotiented by some
equivalence relations. We will study the quotient by orientation preserving isometries homotopic
to identity. This quotient space is the Teichmiiller space 7 (S) of the surface S and can be
endowed with a natural topology such that it homeomorphically identifies with R%9~6. Our goal
in this paper is to study a compactification of this set.

Consider the hyperbolic plane H?: the usual way to compactify it is to add the boundary
at infinity which consists of the equivalence classes of geodesics in H?. Similarly, Thurston’s
compactification of the Teichmiiller space consists in constructing its boundary as the set of
projective measured laminations PML(S) on S. We will follow Bonahon’s construction of this
compactification [Bon88| through the set of geodesic currents C(S). It consists in embedding
the Teichmiiller space of .S and the set of projective measured laminations over S into the set of
projective geodesic currents PC(S).

Theorem (Bonahon [Bon88|). A compactification of T(S) as a subset of the compact set
PC(S) is T(S) UPML(S).

I will give next a section by section summary of the paper.

The first section will recall a few facts about geometry and topology of surfaces. In particular,
we will see some properties of homeomorphisms and diffeomorphisms, or homotopy and isotopy,
which we will require later. As we will focus on hyperbolic surfaces, in particular closed hyperbolic
surfaces, we will recall some of their properties. The properties exposed in this section will be
used throughout the document.

In the second section, we recall the definition of a Teichmiiller space. Once we define the
notion of length over 7(S) and its topology, we will discuss two well-known theorems. The first,
the existence of Fenchel-Nielson coordinates over 7(.9), induces a homeomorphism with R9-6.
The second theorem is the 9g — 9-theorem which says that the class into the Teichmiiller space
of a hyperbolic metric over S is uniquely determined by the length of 99 — 9 fixed curves.

2.5.1k 9g-9 Theorem. There is a collection of simple closed curves ay, ..., agq_g on S such that
g
the following map is a proper embedding.

¢ TS) — R
p = (p(as))i=1,..,99-9

)
Following the idea that we want to compactify 7(.S) this theorem will help us to understand
divergent sequences in 7 (.5).

In the next section, we will continue studying Gromov hyperbolic spaces, mainly referring to
[GAIH90]. They will serve as an intermediate tool to study the action of the homeomorphisms
of a surface on the geodesics of the universal cover. Indeed, we will study quasi-isometries over
Gromov hyperbolic spaces. Naturally, the hyperbolic plane is Gromov hyperbolic, and so all
results about quasi-isometries over hyperbolic spaces apply to H?. As a consequence we will be
able to extend lifted homemophisms to OH? and to the geodesics of the universal cover of S. The
key result here is the Svarc-Milnor lemma which allows us to prove that lifted homeomorphisms
from closed hyperbolic surfaces are quasi isometries.

Svarc-Milnor Lemma. Let (X,d) be a proper simply connected geodesic metric space
and G a group whose action on X is cocompact by isometries and properly discontinuous. G is
finitely generated and for every xg € X the map g € G— g-x9 € X is a quasi-isometry.

We will give a proof of this theorem in section 3.1.
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Armed with this facts about Gromov hyperbolic spaces, in section four we can study the
main objects we will need to compactify: measured laminations and currents. We will first
study geodesic laminations. Geodesic laminations are compact subsets of S which are made
of complete disjoint simple geodesics. This space can be naturally endowed with the topology
induced by the Hausdorff distance and is independent from the metric over S. The object we will
use in the compactification are measured laminations: they are geodesic laminations equipped
with measures over transverse arcs. A positive multiple of a measure is also a measure so the set
MUL(S) of measured lamination can be projectivised to define PML(S). It is this set which will
appear as the boundary of 7(5).

The last thing we will need to understand Bonahon’s compactification of 7(.S) is the notion
of currents. After a brief study of geodesic currents we will see how it is possible to make 7(5)
and ML(S) subsets of C(S). A geodesic current for S is a measure over the set of geodesics G(S)
in the universal cover S of S. It is easy to identify ML(S) as a subset of C(S) but somewhat
more complicated for 7(S). One first need to define the Liouville measure on 7' (H?) and get an
identification between currents and geodesic flip and geodesic flow invariant measures on 7(S).
This identification will also lead to the compacity of PC(.5).

The last section aims to compactify 7(.S). For that purpose, we will use a tool introduced in
[Bon88|: the intersection number.

Theorem. The intersection number between free homotopy classes of closed curves admits
a continuous symmetric bilinear extension i : C(S) x C(S) — R..

This intersection number will prove that 7(.S) embeds in PC(S) and will induce a character-
isation of currents coming from measured laminations. With those elements we will be able to
prove that a divergent sequence in 7 (S) converges to a projective measured lamination in PC(S).
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1 Topology and geometry of surfaces

The topic this thesis is on surfaces, so we begin by recalling some properties of their geometry and
topology. In what follows, we suppose that the surfaces considered are connected and oriented.

1.1 Topological properties

Our study will be focused on compact connected oriented surfaces. It is well-known that such a
surface is either a sphere or a g-torus with a finite number of disks removed, see [Kin93| for a
proof. More precisely we have the Classification theorem.

Theorem 1.1.1 (Classification theorem). If S and S’ are compact oriented and connected sur-
faces with the same number of boundary components and the same Fuler characteristic then every
bijection between my(0S) and 7o(0S") is induced by a homeomorphism ® : S — S" which can be
moreover chosen orientation preserving or reversing.

If S and S’ are smooth then ® can be chosen to be a diffeomorphism and if S and S’ are
triangulated then ® can be chosen to be piece-wise linear.

Noting that cutting a surface along a simple non separating closed curve does not change
the Euler characteristic, it appears that every two such curves v and 4 in a compact connected
oriented surface S can be mapped one to the other one by a homeomorphism of S.

Such an homeomorphism may be seen as a change of coordinates: every complex simple closed
curve can be study through an “easy” one.

According to Theorem [1.1.1], a surface is topologically determined by it’s Euler characteristic
and the number |mp(9S5)| of boundary components. There is a third constant, the genus g(S),
which is deeply related to x(S) and |m(9S)].

Definition 1.1.2. If S is a compact oriented connected surface with |mo(0S)| = k (number of
connected components of the boundary), then the genus of S is

1

9(8) = 52— x(5) — b).

The genus has some geometrical interpretations:
o ¢(S) is the number of simple closed curves along which you need to cut S to make it planar,
o ¢(5) is the maximal number of simple closed curves which together don’t separate S.

These properties can be proven using the fact that the Euler characteristic does not change when
we cut a surface along a simple closed curve.

One can reformulate the classification theorem saying that two surfaces with same number
of boundary components and same genus are homeomorphic. Hence, up to homeomorphism, the
compact connected oriented surfaces are the following:

g=0 g=1 g=2 g=3
we(0S)| =0 Sphere Torus 2-Torus 3-Torus
|mo(
|m0(0S)|=1 Sphere\disk Torus\disk 2 — Torus\disk 3 — Torus\disk

m0(0S)| =2 | Sphere\2disks | Torus\2disks | 2 — Torus\2disks | 3 — Torus\2 disks

m0(0S)| = 3 | Sphere\3disks | Torus\3disks | 2 — Torus\3disks | 3 — Torus\3disks
= pair of pants

For more details on topology of surfaces see [Kin93] chapters 4 and 5.



1.1 Topological properties Marie TRIN

Besides the classification theorem, we will need in the following to understand the link between
isotopy and homotopy, or homeomorphisms and diffeomorphisms, on surfaces. The following
theorem is fundamental.

Theorem 1.1.3. Let S be a compact oriented surface other than the annulus or the disk, for any
v, € Diff(S) the following are equivalent

e  and Y are homotopic,
e  and ) are isotopic,
o o1 € Diffy(S).
Fact. The same equivalences as above are true for orientation preserving diffeomorphisms.

Thus we will talk indifferently about isotopy or homotopy between diffeomorphisms. About
being a homeomorphism or a diffeomorphism, we have the following theorem, for more details
see [FM11] section 1.4.

Theorem 1.1.4. Let S and S’ be two surfaces as above, if f : S — S is a proper homotopy
equivalence then f is properly homotopic to a diffeomorphism.

Especially, it applies to homeomorphisms between compact surfaces which are all homotopic
to a diffeomorphism. Combinig the two preceding theorems we have

Diff t(S)

Diff " (S Diff (S
Y homotopy = i )/isotopy = DHE( )/Diff(J{(S)
Homeo™ (S _ Homeo™ (S
( )/homotopy - ( )/Homeoar (S)

where Diff§ (S) and Homeog (S) are the identity components of Difft(S) and Homeo™(S). By
this way we can define the mapping class group of a surface.

Definition 1.1.5. The mapping class group of a closed oriented surface S is

Map*(S ) = Diﬂ:Jr(S )/homotopy

and the extended mapping class group is
Map(S) = Diﬁ(s)/homotopy

Example. For the torus we get Map(T) = GL2(Z) while Map™ (T) = SLy(Z).

We will essentially work with closed surfaces so, we defined the mapping class group only in
that case. One can define it for surfaces with boundary however some additional elements come
into accounts, interested readers can refer to [FM11].

It is well-known that every map ¢ : S — S’ between surfaces induces a homomorphism
i : m1(S) — m1(S’) between fundamental groups. For some surfaces it is possible to go back
from homomorphism between fundamental groups to maps between surfaces.

Definition 1.1.6. Let X be a path-connected space and G a group, X is a Filenberg-MacLane
K(G,1) space if 7 (X) = G and X is contractible.

Example. For ezample, the torus whose universal cover is R? is a K(Z?,1) space. The universal
cover of the sphere is the sphere which is not contractible then S? is not Eilenberg-MacLane. We
will see later that every closed oriented surface of genus g > 2 is Eilenberg-MacLane.
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Now, homomorphisms from 71(X) to a group G are induced by maps X — X’ for any
K(G,1)-space X'.

Theorem 1.1.7. If X is connected and X' is K(G,1) for some G then every group homomor-
phism p: m(X) — G is of the form ¢, and ¢ : X — X' is unique up to homotopy.
Moreover, if p is an isomorphism then @ is a equivalence homotopy.

For more details about K(G,1)-spaces see [Hat02] section 1.B. The previous theorems can
be applied to the study of the mapping class group of a closed surface, the following corollary is
proved in [FM11].

Corollary 1.1.8. Let S be a closed surface of genus g > 1, there is an isomorphism between
Map(S) and Out(m1(S5)).

1.2 Hyperbolic surfaces

We will mainly be interested in hyperbolic surfaces. See [BP91] for details on their properties,
here we briefly recall some of them.

Definition 1.2.1. A Riemannian surface X is said to be hyperbolic if it is complete, has totally
geodesic boundary, and is locally isometric to H?.

A metric p on a surface S is said to be hyperbolic if the Riemannian surface X = (S, p) is
hyperbolic.

Equivalently, a hyperbolic surface X is a complete Riemannian 2-manifold which admits an
atlas {¢y : U — V'} where the U are opens subsets of X which cover X, the V are open subsets
of H? and the ¢y are isometries.

It is also equivalent to take a smooth 2-manifold S having an atlas with values in H? such
that the transition maps qﬁ&,l o ¢y are restrictions of global isometries.

Always equivalently, a hyperbolic surface is a complete Riemannian surface with constant
curvature —1.

Theorem 1.2.2. If S is a hyperbolic complete simply connected surface then S is isometric to
HZ2.
Up to isometry, there is a unique simply connected hyperbolic surface which is H?. If X is a

closed hyperbolic surface we even know that X = X/7T1 (X): where X is the universal cover. We

can endow the universal cover with the pull back metric, we obtain a simply connected hyperbolic
surface and the action of m1(X) on X by deck transformations is now by orientation preserving
isometries. According to Theorem X is isometric to H2. As a consequence, 71 (X) identifies

2
with a subgroup of the isometries of H? and every closed hyperbolic surface identifies with H /T
where T is a subgroup of PSLy(R).

We have a precise characterisation of hyperbolic closed Riemannian surfaces.

Theorem 1.2.3. Let X be a closed Riemannian surface, X is hyperbolic if and only if it is
2

diffeomorphically isometric to H/F, where I is a torsion free subgroup of PSLy(R) whose action

is discreet and free.

Remark. One can note that since H? is contractible, every closed hyperbolic surface is an
Eilenberg-MacLane space.



Marie TRIN

We would like to know which surfaces are hyperbolic. For the g-torus with g > 2 it is possible
to build it by gluing two by two the sides of a 4¢g-gone. As H? admits a tilling made of regular
4g-gones we have a hyperbolic structure on the g-torus.

For the closed surfaces of genus 1 and 0 we will use Theorem A closed surface satisfying
this theorem has a universal cover diffeomorphically isometric to H* and its fundamental group
is I'. As the sphere is simply connected, it is its own universal cover so the sphere does not
admit hyperbolic metric. For the torus, one can prove that there is no copy of Z? in PSLo(R)
which is torsion free and whose action on H? is discreet and free, as a consequence the torus
as no hyperbolic structure. Following those observations there is a characterization of compact
hyperbolic surfaces.

Proposition 1.2.4. Let S be a compact oriented surface, S admits a hyperbolic metric if and
only if x(S5) < 0.

If S has no boundary we find what we saw above, indeed, x(S) < 0 means g(S) > 1.

Example. As a consequence, the closed surfaces which admits hyperbolic metrics are the closed
surfaces of genus at least 2. For the surfaces with boundary, we will be interested in the pair of
pants, it has genus 0 and 3 boundary components, hence its Euler characteristic is —1 and the
pair of pants is hyperbolic.

2 Teichmiiller spaces

We have seen above that every closed surface of genus g > 2 admits at least a hyperbolic metric.
The goal here is to study some properties of the set of all hyperbolic metrics on a surface. We will
consider two equivalence relations over the set of hyperbolic metrics on S. They are linked by the
action of the mapping class group but differ in that one is easier to study than the other. That’s
why we will focus on the Teichmdiiller spaces. Most of the results of this section are available on
[EM11] chapter 10 and [BP91] section B.4. We will denote surfaces without fixed metric by S
and Riemannian surfaces by X.

2.1 Teichmiiller and moduli spaces

Choosing a surface S which admits a hyperbolic metric we introduce here two equivalence relations
on the set of hyperbolic metrics on S.

Definition 2.1.1. Let S be a closed oriented surface such that g(S) > 2. A marked hyperbolic
structure on S is a pair (X,¢) where X is a Riemannian surface with a complete hyperbolic
metric and ¢ : S — X is an orientation preserving diffeomorphism.

Two marked hyperbolic structures are equivalent (X1, ¢1) ~7 (Xa, ¢2) if there exists an ori-
entation preserving isometry i : X1 — Xso such that the following diagram commutes up to
homotopy.

S
N
i X2

Remark. One can define it for surfaces with boundary, in that case the marked surface X is
asked to have totally geodesic boundary.

X1

Consider the following application

{(X, ¢) marked hyperbolic structure on S} — {p hyperbolic metric on S}
(Xa ¢) = ¢;1PX
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where px is the metric on X.

If (X1, ¢1) and (Xa, o) are equivalent then ¢y 0io é1 : (S,¢5. px,) — (S, o px,) is an
Orientation Preserving Isometry Homotopic to the Identity (OPIHI).

The existence of an orientation preserving isometry homotopic to identity defines an equiva-
lence relation on the set of hyperbolic metrics on S and we have the following application :

{(X, ¢) marked hyperbolic structure on S}/NT _, {p hyperbolic metric on S }/OPIHI

It is a bijection an the reverse application is given by:

{p hyperbolic metric on S }/OPIHI —, {(X, ¢) marked }?yperbolic structure on S }/NT
P — id: S — (S, p)
As amap ¢ : (S, p1) — (5, p2) is an isometry if an only if @,p; = p2 then

{p hyperbolic metric on S }/OPIHI _ {p hyperbolic metric on S}/Din £(9)
where Diff{ (S) acts via push forward.

Definition 2.1.2. The Teichmiiller space of a closed oriented surface S with g(S) > 2 is defined
by

T(S) = {(X, ¢) marked hyperbolic structure on S}/NT

hyperbolic metric on S

{p hyp }/orientatz'on preserving isometry homotopic to id
hyperbolic metric on S

{p hyp }/Diﬁg( 5)

As discussed above, a closed oriented surface S is topologically characterized by its Euler
characteristic x(.5) or its genus ¢(5). Suppose that S is a closed surface with g(5) > 2 and set
S = {X hyperbolic oriented surfaces of genus ¢(S)}, there is the following equivalence relation
onS :

X1 ~pm X9 <= Jp: X7 — X5 an orientation preserving isometry .

Arguing as in the case of the Teichmiiller space, the set S/N A 18 in bijection with the set of
hyperbolic metrics on S up to the action of Diff 7 (S) by push forward.

Definition 2.1.3. The moduli space of S is the set
M(S) = Sy
{p hyperbolic metric on S}/Diff+(5’)‘
To clarify the relation between 7(.S) and M(S) note that we can define an action of Map™ (9)
on T(S) = {p hyperbolic metric on S}/Diffa'(S) given by
Y [¥]imap € Map™ () and [pl7 € T(S) : [Wlmap - [pl7T = [¥xplT,
where [y = {90 ¥ ¢ € Difif ($)} and [ply = {pp : € Difff ()},
We verify that the above formula is well defined as a group action :

o if 7)1 and v, are two diffeomorphisms then (11 0 ¥2) = Y14 0 Yoy and [¢1 © Yalmap - [PlT =
[Y1lmap - ([V2)map - [0]7),
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o if ¢ € Diff$ (S) then [¢)]map = Ltap* sy a0d [Ylmap - [pl7 = [uplT = [p]7 by definition of
the Teichmiiller space of .S,

o consider ¢ € Difft(9), ¢ € Diff§(S) and p a hyperbolic metric on S,

(pot)ep = @u(1hsp) 50 [© 0 Y]map - [P)T = [¥]map - [p]T and the definition does not depend
on the representative of [¢]map,

Yy (0xp) = (Yoip)sp where ¢ is isotopic to identity, thus ¥oy is isotopic to 1 and yoporp~! to
identity (all with orientation preserved) and there is ¢ € Diff§ (S) such that oporp=t = ¢

finally (¢ 0 ©)xp = ¢s(Vup) and [Y]map - [P«p]T = [¥]map - [pl7 and the definition does not
depend on the representative of [p]r.

Remark. If we consider the elements of T(S) as classes of hyperbolic marked structures on S,

then the action is given by [Ylmap - (X, )7 = [(X,d 0 Yl

PrOpOSition 2.1.4. With the above action
] (S —

Proof. Consider T(S) and M(S) as quotients of the set of hyperbolic metrics on S.
If the following applications are well defined then they are inverses of one other.

[P]M = [[p]'T] map Hp]’r]map = [P]M

o If p and p’ represent the same element of M(S) then there is ¢ in Difft(S) such that
p = 0sp.

However ([p]7]map = {[¥)map - (o7 | [¥]map € Map™(S)} = {[¢upl7|¢ € Diff*(5)} so
(7 € [[p)T)map and finally [[p']7]map = [[p]T]map and the first application is well defined.

o Now, if [[¢]7]map = [[p}7]map then there is [¢)]map € Map™(S) such that [¢]map - [pl7 =
[']7- It means that 3¢ € Diff7(S) : [thupl7 = [p']7 and T € DiffH(S), p € lefar(S')

px(1hup) = p'. However p.(1xp) = (¢ 0 ))sp where p o9 € Diff *(S) thus [p]sm = [p/]ar an
the reverse application is well defined.

2.2 Length function

We have defined two quotient spaces, the moduli space and the Teichmiiller space. The moduli
space is easier to imagine as two hyperbolic metrics over S are equivalent in M(S) if they are
isometric, however we will work with the Teichmiiller space. It is often easier to work with 7(S)
rather than with M(S). For example, length functions are defined on 7(S) and not on M(S).

Let S be a closed oriented surface of genus at least 2 and p a hyperbolic metric on S. If « is
a simple closed curve in S and [¢] its free homotopy class then [a] contains a unique p-geodesic
a,. We can define £,([a]) as the length £,(c,) of the unique geodesic representative a, of [a] on

(S p).

Theorem 2.2.1. Let T be an element of T(S) and S(S) the set of free isotopy classes of simple
closed curves in S. The length function lx is well defined.

lg : S(S) — Rt
[o] = L([o]) if T=[p]

9
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Proof. We want to show that the definition of /5 does not depend on the representing of ¥.

Let p and p’ be two metrics on S which represent the same element of 7(S): there is an
orientation preserving isometry isotopic to identity ¢ : (S,p) — (S,p) and p/ = p.p. Let
H :]0,1] x S — S be an isotopy such that Hy = id and H; = ¢. As a consequence, if « is a
simple closed curve in S the map H.(«(+)) is a free isotopy between « and ¢(«) and ¢ preserves
[a].

Moreover, ¢ is an isometry so it maps geodesics to geodesics and preserves the lengths:
o(a,) = oy and £y(y) = Ly () thus

Lo ([e]) = by () = Lp(ap) = E([al).
We have shown that ¢« is well defined. O
Remark. If we consider elements of T(S) as hyperbolic marked structures then ¢z becomes

lg N S(S) — Rt
[ = L ([2(a)]) i T=[(X, ).

As shown above, the application is well defined because the isometry ¢ is isotopic to identity.
For M(S) the quotient is by isometries but they are not necessarily isotopic to identity, thus
isotopy classes are not preserved. There is no length function on M(S). Length function will
have a key role in the next results.

2.3 Topology of T(S)

To equip 7 (S) with a topology we are going to identify 7 (S) with a space with a well-known
topology.

Theorem 2.3.1. If g > 2 is the genus of S, then T (S) is in bijection with DF(m(5), PSL?(R))/PGL2(R)

where DF(m1(S), PSLa(R)) is the set of discrete and faithful representations p : m(S) —
PSLy(R) and PGL2(R) acts on this set by conjugation.

Remark. PSLy(R) is the group of orientation preserving isometries of H? and PGLo(R) the
group of isometries.

Proof. Constructing a discrete faithful representation from (X, ®) a marked hyperbolic structure:

® : S — X is a diffeomorphism thus @, : m;(S) — m1(X) is an isomorphism, moreover m(X)
could be identified with the group of deck transformations which is discrete and whose action on
X is free, properly discountinuous and by orientation preserving isometries. Take 7 : H?2 —» X
an isometry comming from the hyperbolic structure on X, we have the following discrete and
faithful action

p 7T1(S) — PSLQ(R)
[o] = nto®.([e])on

We want to prove that that if we change the isometry n or the representative (X, ®) then the
new representation is conjugated in PG Ls(R) to p.

1

o If 1/ is another isometry between H? and X then n~!on/ = v is an isometry of H? thus

v € PGLy(R) and p' = v tpv,

o if (X', ®') represents the same element of 7(S) as (X, ®) then there is an isometry i : X —
X' such that i o @ is homotopic to ®'. Thus i, o ®, = &/ and the definition of p does not
change.

10
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Take p : m1(S) — PSLy(R) a faithful discrete action: as p(71(5)) is discrete in PSLy(R) its

action on H? is properly discontinuous. If this action is not free then there is [a] € 71(S)
non-trivial such that p([a]) has a fixed point zy in H?. Therefore p([a]) = f is a non-trivial
rotation of H?. Moreover, f comes from an element of 7 (S) and has therefore infinite order:
Vn € N, f™(z9) = z9. The set {f™|n € N} is infinite, which is not compatible with a properly
discontinuous action: the action is free.
p(m1(9)) is torsion free since 71(S) is and its action on H? is free and properly discontinuous
2

thus / o(m1(S)) is a hyperbolic surface X, with fundamental group p(71(S)) and universal cover

H2. As H? is contractible, X is a Eilenberg-MacLane space and according to Theorem/[1.1.7 there
is a homotopy equivalence ¢ : S — X such that ¢, = p. Such a map is continuous and between
compact surfaces with no boundary so it is proper and according to Theorem[1.1.]} ¢ is homotopic

to a diffeomorphism ® and finally we obtained (X, ®) a hyperbolic marked structure on S.

This marked structure is defined up to the choice of p on its conjugacy class. If p' = vpr=! is

conjugated to p then the following map is an isometry and the marked structures from p and p’
are the same element of 7(S).

2 2
sy = sy
£ RN )

O

We are going to use this bijection to endow 7 (.S) with a topology. If S is the genus g > 2 sur-
g

face then m1(S) = (a1, ..., aq, b1, ...,bq| [] [as, b;] = 1). Consider DF(m(S), PSL2(R)) as a subset
i=1

g
of HOHI(?Tl(S),PSLQ(R)) = {Al, ..,Ag,Bl, ...,Bg S PSLQ(R)| H [AuBz] = Id} C PSLQ(R)29. If
=1

we have a section of DT /PG L, = DF then we have an identification of 7(S) as a subset of

PSLy(R)% where there is a well-known topology. If Ay, ..., Ay, By, ..., By represent an element of
DF(mi(S), PSLy(R)) then they are hyperbolic elements of PSLa(R), all of them fix a geodesic
a; or b; in H? which have an attractive and a repulsive endpoint a$® and a; *° or b2° and b; *.
In the conjugacy class of Ay, ..., By there is a unique element such that a?® =i, a; > = —i and

$° = 1 since the action of PGL2(R) on [ is three transitive.

0
aq

by —i

The map from DF /PG L, to DF which associates to every element the representative de-
scribed above provides us section of the quotient and thus we have endow 7 (.S) with a topology.

11
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2.4 The Fenchel Nielsen coordinates

The Fenchel Nielsen coordinates on 7 (.S) consist in associating to each marked hyperbolic struc-
ture X on S a unique system of coordinates based on a fixed pants decomposition of S. Since with
a certain gluing of 2g — 2 pairs of pants we can construct the g-torus for every g > 2, Theorem
[7.7.]]makes clear that every hyperbolic closed surface admits at least a pants decomposition. We
have some precision about this decomposition in [FM11] pages 248-249.

Theorem 2.4.1. Let S be a closed surface of genus g > 2, S admits a pants decomposition made
of 2g — 2 pairs of pants which are obtained cutting along 3g — 3 simple closed curves and all the
pants decomposition of S are of this type.

Let P be a (topological) pair of pants with boundary components a;, as, ag and Y a hyper-
bolic surface with totally geodesic boundary equipped with an orientation preserving homeomor-
phism ® : P — Y (de. a hyperbolic marked structure on P).

Thus ®(ay),P(ag) and ®(as) denote the geodesics of the boundaries components of Y (now
we will forget the ®). For every ¢ # j € {1, 2,3} there is a unique Y-geodesic J; ; joining «; and
aj orthogonally.

Cutting along the J; ; one obtains a decomposition of the pair of pants into two right angled
hexagons with three non consecutive edges of the first one equal to three non consecutive edges
of the second one.

02,3

Proposition 2.4.2. If a marked hyperbolic hexagon is a hexagon with one vertex marked then
every hyperbolic right angled marked hexagon is uniquely determined, up to orientation preserving
isometry, by the length of three non consecutive edges, starting at the marked vertex and going in
the forward direction.

A proof of this proposition is exposed in [FMI11] page 289.

In our decomposition we mark the intersection point between o; and 03, therefore the
hexagon is uniquely determined by the length of 431,023 and d12 and the two hexagons in the
decomposition of Y are the same and are uniquely determined by the length of aq,a9 and ag.
These leads to the following theorem.

12



2.5 The 9g-9 theorem Marie TRIN

T(P) — RE
T = (lz(),lz(a2), lx(as))

One can find more details about the study of the pair of pants in [FMI11] section 10.5.

Theorem 2.4.3. is an homeomorphism.

Now, go back to our closed oriented surface S and recall that it admits pants decompositions.
Fix one such decomposition and call v1,...,734—3 the curves along which we cut. If (X, ®) is a
marked hyperbolic structure on .S, the structure of each pant in the decomposition is uniquely
determined by the lengths of the curves v; in X. It gives the first 3g — 3 coordinates of the Fenchel
Nielsen system: the length parameters. The 3g — 3 last ones consist in specifying the way how
we glue the pants: they are the twist parameters.

Let (1,..., 8, be a set of curves in S such that in every pant of the decomposition the j3;
consist in three disjoint arcs joining the boundary components two by two.

The idea of the twist parameters is to fix a “canonical way” to glue the pairs of pants and
measure how the way we glue to obtain X is different from the canonical gluing.

We already know that in every pant of the decomposition their are three unique geodesics
which join orthogonally and two by two the boundary components. As seen before they cut the
boundary components into two equal arcs: say that the canonical way to glue the pants is to
match the feet of the geodesics. By this way the different arcs of the [; in the pants will not
necessarily correspond: the twist parameter 6; near «a; is the angle we have to turn the pants
near «; to glue the arcs of the 3; together.

Theorem 2.4.4. If their is a fized system of curves a;, B as above in S then the following

FN : T(S) — RY?®xR3 As
T — (fg(o&l), . fg(agg_g), 91(‘3), . 939_3(‘1)).

a consequence T (S) is homeomorphic to R69~6.

map is a homeomorphism:

One can find more details about this decomposition in [FM11] section 10.6.

Remark. There is as many “Fenchel Nielsen” coordinates as ways to define the “canonical glu-
ing”. This canonical gluing can be seen as a section for L : T — (bz(ar), ..., lz(asg—3)) for which
the fibers in T(S) are the orbits for the action by twist along the a; of R373. One can refer to
|BBES13] for more details about this construction.

2.5 The 9g-9 theorem
As an extension of Theorem we can define a function from 7(S) to Ri(s) with

¢ TS - RS®

13
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Theorem 2.5.1 (9g-9 theorem). There is a collection of simple closed curves a, ..., agg—g on S
such that the following map is a proper embedding.

0 T(S) — R
T = (lz(®))i=t,..,99-9

We will not prove this theorem but the reader can refer to [FM11] page 300. However we can
use it to study divergent sequences in 7 (.5).

Corollary 2.5.2. If (T,)nen € T(S)Y is unbounded then there exists o a simple closed curve in
S such that the sequence lz, (c) is unbounded in R .

3 Gromov hyperbolic spaces

In this section we are going to use Gromov hyperbolicity to deduce properties of hyperbolic
surfaces. In particular, this will allow us to study the action of homeomorphisms in the boundary
of the universal cover of a surface and on its geodesics. Gromov hyperbolic spaces are studied in
greater detail in [GAIH90].

3.1 Quasi-isometries

The main topic of this section are quasi-isometries: if X and X’ are hyperbolic surfaces and
@ : X — X' a lift on the universal covers of a homeomorphism ¢ : X — X’ then ¢ is a
quasi-isometry.

Definition 3.1.1. Let (X, d) and (X', d’) be two metric spaces. They are said to be quasi-isometric
if there exist two positive constants ¢, X and two maps f : X — X', g : X' — X such that the
following holds:

e Va,ye X, d(f(z), f(y)) < Ad(z,y) +c,

o Va'iy' € X', d(g(2'),9(y") < Ad'(2',y) + ¢,
e Yz e X, dg(f(x),z) <c

e Va' e X!, d(f(g(2))),2") <e.

Now give a characterisation of this property in terms of maps called quasi-isometries.

Definition 3.1.2. With (X,d) and (X', d") two metric spaces, a map f: X — X' is a
(A, ¢)-quasi-isometric embedding if

Va,y € X, yd(e,y) - e < d(f(@), f)) < Adlzy) +

Two (X, ¢)-quasi-isometric embeddings f : X — X' and g : X' — X are (), ¢)-quasi-inverses
if there is a positive constant & such that:

e Vo e X, dg(f(z)),x) <9,
o Va' e X', d'(f(g(2)),a’) <é.

Hence a map f:(X,d) = (X', d') is a (A, ¢)-quasi-isometry if it admits a (A, ¢)-quasi-inverse.

A computation proves that every f and g as in Definition are (A, max(c, 3c/)\))-quasi-
inverses. Hence, two metric spaces are quasi-isometric if and only if there exists a pair of quasi-
isometries between them.

14



3.1 Quasi-isometries Marie TRIN

Example. The natural injection and the integer part are quasi-inverses between Z and R

The main example of quasi-isometric metric spaces may be constructed endowing finitely
generated groups with metric structures.

Let G be a finitely generated group. A finite set of generators S is said to be symmetric if it
does not contain 1¢ and it is its own inverse (je. S~ = S). If S is such a generating set then
define ¢g(g), for all g € G, the S-length of g, as the length of the shortest reduced word in the
alphabet S which is equal to g. For example ¢g(1g) =0 and if s € S then fg(s) = 1.

Definition 3.1.3. If S is a symmetric generating set of G then g endows G with a left invariant
metric associated to S':

ds(h,g) = ts(g~"h)

For example, the fundamental group of a hyperbolic closed surface admits a metric space
structure with the previous construction.

What is important is that, up to quasi-isometries, we can talk about the metric of a finitely
generated group.

Proposition 3.1.4. If S and S’ are to symmetric generating sets of G thenid : (G,dg) — (G, dgr)
18 a quasi-isometry.

Proof. If | = magc(ﬁgf(s)) and ' = m%x(ﬂg(s)) then for every element g in the group, ¢s(g) <
s€ ses’

[4s(g) and lg/(g) < 1.ls(g) and the identity map is a (max(l,1’),0)-quasi-isometry. O

The reason why this example is interesting is because of the Svarc-Milnor lemma ([BH99]
page 140): it implies that a group acting on a space is, under certain conditions, quasi-isometric
to the space it acts on.

Theorem 3.1.5 (Svarc-Milnor Lemma). Let (X, d) be a proper simply connected geodesic metric
space and a group G whose action on X is cocompact, via isometries, and properly discontinuous.
G is finitely generated and for every xg € X the map g € G— g-x9 € X is a quasi-isometry.

Proof. As the action of G is cocompact the diameter d of X/G is finite.

For zy € X fixed, consider the following set: Toy  Tnl
S ={g € Gld(xo, gzo) < 3d}.

T, = hx
If h is an element of G then cut a geodesic o

between xg and hxg into segments of length T“.\_* |
at most d and note x; the successive points z 1o
of this decomposition with x,, = hxzg. By X

definition of d, there exists for all ¢ €
{0,...,n} g; € G such that d(z;, g;xo) < d,
with go = 1g¢ and g, = h. So for every
i we have d(g;7o,gi+170) < d(gizo, ;) +

d(zi, xip1) + d(Zit1, git120) < 3d.

Iy

Since the action is via isometries, g, ! gi+1 € S. Thus g;+1 = ¢g;8; where s; € S and h = g, =
Sp—1...s1. Finally S is a generating set for G.
The action is properly discontinuous so S have to be finite and G is finitely generated.

As the action is by isometries S is symmetric and induces a notion of length ¢¢ on G, and

. . c . . d(zo,hxo)
with the preceding, for i a point in G' we obtain £g(h) < === + 1.
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We now want to prove that evy : ¢ € G +— gzg € X is a quasi-isometry, for that, consider
m:x € X — g, € G where g, is such that d(z, g,x0) < d. For z,y € X and g,h € G we have

s(g: ' gy)
d(gzx0, gyxo)

ds(maz, my)
+1

7(d(gz20,2) + d(w,y) + d(gyw0,9)) + 1
sd(z,y) +3

VAN VANIRVAN

d(xg, Sp...s1x0) since S generates G

d(xo, $nS0) + d(Snxo, SpSn—170)

+d($nSn—1, SnSn—1Sn—2%0) + ...

+d(Sn.-Sn—kT0, Sn--Sn—kSn—k—1%0) + ...
+d(sp...82x0, Sp...5120)

d(xo, spxo) + ... + d(x0, Sp_kxo) + ... + d(x0, S120)
3dls(g)

Finally ds(mz, my) < max(},3d)d(z,y)+3 and d(evoh, evog) < max(2,3d)ds(h, g)+3. Moreover

d(z, evogz) = d(x, gzx0) < d and ds(g, Gevog) = ds(9, Ggzo) < w + 1 < 2 by definition of
g and evg. Thus, G and X are quasi-isometric and evg is a quasi-isometry whatever x.

d(xOJ ng)

IA I

IA I

O

Therefore, if X is a closed hyperbolic surface with its fundamental group acting by deck
transformatlons on the universal cover X then 71 (X) is quasi-isometric to X and to H2. Following
this remark, let us go back to hyperbolic surfaces.

Corollary 3.1.6. Let X and X' be closed hyperbolic surfaces and ¢ : X — X' a homeomorphism,
every lift ¢ : X — X! of p is a quasi isometry.

Proof. Fix some base-points in X and X’ and a lift of this base-points in the universal covers, all
of them noted x*.

As ¢ is a homeomorphism the induced map ¢, : 71 (X, *) — 71 (X', %) is an isomorphism and
with well chosen generating sets in the fundamental groups ¢, is an isometry.

According to the Svarc-Milnor Lemma g€ m(X,x) — gx e X and g € m (X', %) —
gx € X' are quasi-isometries. We even know that lifted morphisms are m-equivariant, in other
words for z € X and g € m we have ¢(gz) = ¢«(g)@(z). As a consequence the following diagram
commutes and ¢ is a quasi-isometry as a composition of quasi-isometries.

X’/

Lo

771( a*) 7)771()(/7*)

3.2 Gromov hyperbolic spaces

Quasi-isometries have a particular behavior in spaces called Gromov hyperbolic spaces. From
now on suppose that all the metric spaces are geodesics, meaning that there is a shortest path
between every two points: if z,y € X are at distance d then there is a isometry ¢ : [0,d] — X
with base-point « and endpoint y. Such a geodesic path will be noted [z,y]. A map g: R — X
is a minimizing geodesic if every sub-segment is a geodesic path.

We note that the geodesic path g between z and y is not necessarily unique: in H? there is a
unique geodesic path between two points while not in S? (between the poles there are infinitely
many).
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Definition 3.2.1. Let (X, d) be a geodesic metric space and § a positive constant.
The space X is said to be d-hyperbolic if in every geodesic triangle A = [z, y] U [y, z] U [z, x]
all edges verifies that all of its points are at distance at most & of the union of the other two.
One says that X is (Gromouv)-hyperbolic if it is 0-hyperbolic for some ¢.

The above condition over triangles is called a Rips condition. There are equivalent condi-
tions to define hyperbolic spaces. One introducing the Gromov product: (y|2), = (d(z,y) +
d(z,z) —d(y,z)). It is equal to 0 if z € [y, z] and min(d(z,y),d(z, z)) if not. In that case, X is
d-hyperbolic if for every x,y, z,w € X (x|2)y > min((z|y)w, (y|2)w) — d. There exists other defi-
nitions introducing some quantities on triangles. To find more informations see [GAIH90] chapter
2.

Theorem 3.2.2. The hyperbolic plane is Gromouv-hyperbolic.

Proof. A property of hyperbolic triangles is that their area is 7 minus the sum of their angles, as
a consequence, there is no hyperbolic triangle of area grater than .

Let & be three times the radius of a 7 area disc in H2. If A is a triangle with a point of an
edge at distance larger than § of the other two then A contains a half disc of radius ¢ (centered
at this point) which strictly contains a disc of radius /3. Thus, the area of A is larger than the
area of this disc: the area of A is strictly larger than m, we noticed earlier that it was impossible.
We have proved that H? is §-hyperbolic. O

We will from now on call quasi-geodesic (resp. quasi-segment, resp. quasi-ray) a quasi-
isometric embedding from R (resp. [a, b], resp. [0,00)). We want to know how far from geodesic
paths are quasi-segments. The following theorem is admitted here, one can find proofs in [GdIH90]
pages 82 and 101, but we are going to apply it to prove that quasi-isometries preserve Gromov
hyperbolicity.

For this we introduce the Hausdorff distance. If (X,d) is a metric space then we have an
induced function on the set of nonempty closed subsets of X called the Hausdorff distance:

dig(U,V) =inf{e > 0|V(u,v) € U x V, d(u,V) < ¢, d(v,U) < &}.

It is not a distance as it might take infinite values but if verifies the triangle inequality.

Theorem 3.2.3. Let § > 0, A > 1 and ¢ > 0 be three constants.

There is a constant H (0, A, c) such that in every d-hyperbolic space (X,d) and for every x,y €
X, if g is a (A, ¢)-quasi-geodesic and ¢’ a geodesic between x and y, then dg(Im(g),Im(g")) <
H(d, ), c).

There exists a constant ﬁ(é, A, ¢) such that in every proper d-hyperbolic space (X, d) all the
(X, ¢)-quasi-geodesics are at distance at most H(X,0,¢) of a minimizing geodesic.

The same result is true for quasi-rays.

We are now able to apply it to prove that quasi-isometries preserve Gromov hyperbolic spaces.

Corollary 3.2.4. Let (X,d) and (X',d’) be geodesic metric spaces with f : X — X' and g : X' —
X some (A, ¢)-quasi-isometries. Suppose that X is d-hyperbolic then X' is Gromov hyperbolic.

Proof. With the same notations as in the corollary consider A = [z,y] U [y, 2] U [z, 2] a geodesic

triangle in X’ and A’ = [gx, gy| U [gy, gz] U [92, gx] a geodesic triangle in X with vertices gz, gy
and gz.
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dH([x7Z]7[y7Z]U[y7x]) < dH([xvz]a g[m,z)
+ dH(fg[x,Z],fg( y,Z]U[l’,y]))
+ dH(fg( x,z]U[m, ),[.CL‘,y]U[y,Z])
< ¢ f and g are (), ¢)-quasi-isometries
+ Mu(glz, 2], 9([z,y] Uy, 2])) + ¢ f is a (A, ¢)-quasi-isometric embedding
+ ¢ f and g are (), ¢)-quasi-isometries
dr(glz, 2], g([z,y] Uy, 2])) < du(glz, 2], [9z,92])
+ du([gz, 92], (92, 9y] U 9y, 92])
+  du([gw, gyl Ulgy, 92], 9([z,y] U [y, 2]))
< H(d,\¢) By the previous theorem
+ 6 X is a d-hyperbolic space
+ H(,\c) By the previous theorem

We have therefore proved that dg([z, 2], [y, 2] U [y, z]) < 3¢+ A(d+2H (6(0, A, ¢)) and with the
same computations every side of J is at distance at most 3c+A(0+2H (6(0, A, ¢)) of the union of the
other two. So, we have proved that X’ is Gromov hyperbolic with 6’ = 3¢+ A(6+2H (6(d, A, ¢)). O

3.3 Notion of boundary

Since we want to extend lifted homeomorphisms to the boundary of H? we need to study the
boundary of a Gromov hyperbolic space.

Definition 3.3.1. Let (X, d) be a Gromov hyperbolic space. Two quasi-rays are said to be equiv-
alent if they are at finite Hausdorff distance: the boundary 0X of X is the set of equivalence
classes of quasi-rays.

Fact. The quasi-rays f and g are equivalent if and only if sup d(f(t),g(t)) < co.
>0
In H?, the ordinary boundary is the set of equivalence classes of geodesic rays, with Theorem
[3.2.3it is clear that the previous definition of boundary is the same as the well-known one.

We can endow the boundary with a topology thanks to a
neighborhood basis for every point of 0X. Fix a base point
xo € X, in every class of 0X there is at least a geodesic
ray v based at xg.

If t,r are positive real numbers and v a geodesic ray based
at xo, then the (¢, r)-neighborhood of [7] is the set V; ,([7])
of all classes of geodesic rays based at zg which path
through the ball of center (¢) and radius 7.

We construct a topology with the basis of neighborhood
given above.

It is now possible to extend quasi-isometries to the boundary.

Theorem 3.3.2. Let (X,d) and (X',d") be two proper §-hyperbolic spaces. Every (), c)-quasi-
isometry f: (X,d) — (X', d') induces a well defined homeomorphism Of between the boundaries:
aof : 00X — 90X’
[a] = [feal
Proof. If f : (X,d) — (X',d’) is a (), ¢)-quasi-isometry and « : Ry — X a quasi-ray then
foais a quasi-ray in X’ and if [y] denotes the equivalence class of the quasi-ray v then we set

Of([a]) := [f o al.

It remains to prove that 0f is well defined. If o and § are two equivalent quasi-rays in X,
supd(a(t), 5(t)) = h < oo and for t € Ry
>0
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d(f(a(?)), f(B1)) < Ad(a(t),B(t)) +c
< M +c
Thus sup d(f o a(t), f o B(t)) < co and f o« and f o are equivalent quasi-rays in X’ and 9f is

>0
well defined.
Moreover, if g is a quasi-inverse for f then dg = df~'. With the same computations as above
it is clear that 0f and Og are continuous for the above topology. O

As a consequence, for X and X’ two closed hyperbolic surfaces if ¢ : X — X’ is a homeomor-
phism, it induces m-equivariant quasi-isometries ¢ : X — X’ which lead to maps 8@ : X — 90X,

Property 3.3.3. Let X and X' be two closed hyperbolic surfaces, if o : X — X" and ¢ : X — X'
are homotopic then they induced the same applications between X and X' for some lifts.

Proof. Let H : [0,1] x X — X' be a homotopy with Hy = ¢ and H; = ¢. This homotopy
lifts to a homotopy H : [0,1] x X — X’ with Hy = ¢ a lift of ¢ and H; = ¢ a lift of ¢. For
every & € X, E[te[o,l] (Z) is a a continuous path between $(Z) and ¢(z) and so d(@(Z), d(z)) <
U (ﬁte[()’l] (%)) = €x'(Hyepo,1()). Since X is compact x € X + £x/(Hyep,1)()) is bounded:

3d>0:VieX d@i), o) <d.

As a consequence, if o is a quasi ray in X its images through ¢ and é are at bounded distance
and 09 = 0¢. O

4 Laminations and currents

This section will be dedicated to the study of sets of geodesics. First, geodesic laminations which
are compact subsets of surfaces made of geodesics and later geodesic currents which are measures

on G(X).

If X is a closed hyperbolic surface there is a canonical bijection between the set of unoriented

geodesics G(X) in X and 0X x 0X — A/E where A is the diagonal and (z,y) = (y,x). Then 0p
naturally induces a map @, : G(X) = G(X').

Corollary 4.0.1. If ¢ : X — X' is a homeomorphism between closed hyperbolic surfaces then
every lift ¢ of ¢ induces a 1 -equivariant homeomorphism ¢g : G(X) — G(X') where the spaces
of geodesics are equipped with the uniform convergence on compact sets.

We note that ¢ maps a geodesic g to the unique geodesic of X’ which is at bounded distance
of the quasi-geodesic ¢ o g.

Fact. It follows directly from Property|[3.3.5 that ifo: X = X" and ¢ : X — X' are homotopic
then they induce the same applications between G(X) and G(X').

If X and X’ are two copies of a closed surface S of genus at least 2 endowed with different
hyperbolic metrics then id : X — X' induces a homeomorphism between G(X) and G(X'). Thus
it is possible to speak about G(S) without reference to the metric.

Remark Remark that if X and X' are the same element of T(S) then there is an isometry
: X = X" and X and X’ are isometric too. Isometries map geodesics to geodesics so, if X = X'
in ’T( ), then the map iq maps a geodesic to its image trough i.
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4.1 Geodesic laminations

Now we work on a closed hyperbolic surface X, it means a closed surface S of genus at least 2
endowed with a hyperbolic metric p. The main reference of this section is [CBS&§].

Definition 4.1.1. A geodesic lamination A on X is a non-empty compact subset of X which is
a disjoint union of simple complete unoriented geodesics. The geodesics are called the leaves of A
and we will note L(X)'| the set of geodesics laminations on X.

Example. For instance a union of disjoint simple closed geodesics is a geodesic lamination.

The surface X is closed and so compact, as a consequence the Hausdorff distance on (X)), the
set of closed subsets of X, is a distance and induced a topology. K(X) is compact for this topology
as X is compact. As a consequence, we can endow L£(X) with a topology whose properties we
will see later.

Given a geodesic v in X, a lift 4 of « is a complete geodesic in X such that its projection is 7,
note y = 7r*1~('y) the set of all the lifts of v with 7 : X — X the projection: it is a m (X )-invariant
subset of G(X). The same construction with geodesic laminations give a correspondence between

a geodesic lamination A and a closed non empty and 1 (X)-invariant subset A of G(X) made of
disjoint geodesics.

Proposition 4.1.2. Let X and X' be two closed hyperbolic surfaces, every homeomorphism
¢ € Homeo(X, X') induces a homeomorphism @y : L(X) — L(X').

Proof. We even know by Theorem that every lift ¢ of ¢ induces a m-equivariant homeo-
morphism @, between G(X) and G(X’), this application will map closed non empty and 1 (X)-
invariant subset of G(X) made of disjoint geodesics to closed non empty and m(X’)-invariant
subset of G (X ) made of disjoint geodesics. If we prove that this map does not depend on the lift
then it will induce a well defined homeomorphism ¢, : £(X) — L(X').

Let ¢ and ¢’ be two lifts of ¢, they differ from a deck transformation « € 71 (X): ¢’ = poa

and @} = pgoa. If )\ is the subset of G(X) corresponding to a geodesic lamination A then gb’g(i) =
) (

Pg(a(N)), but X is 71 (X)-invariant so a(A) = X and thus Pp(A) = cﬁg(i) and p(A) = 7o @y 5\)
does not depend on the lift and is a homeomorphism because ¢, is a homeomorphism. ]

Reasoning as with the geodesics, if X and X’ are two copies of S endowed with different
metrics, where S is a closed surface of genus g > 2, then we can pass from L£(X) to £(X’)
homeomorphically: even if there is no notion of geodesic on S, we can talk about £(S) the set of
geodesic laminations on S.

By definition, a geodesic lamination is a compact subset of X which admits a decomposition
as union of geodesics. This decomposition is unique but to see this we first need the following
observation.

Consider two geodesics which are close near a given point. Intuitively, if their directions are
too different then they will meet. This observation leads to the following lemma.

Lemma 4.1.3. If A = | 7z @s a decomposition of a geodesic lamination into geodesics then the
z€el
direction of v, at x varies continuously with X.

As a consequence, a geodesic lamination A € £(X) is a strict subset of X. Indeed, as the
direction of the geodesics varies continuously, a decomposition of A into disjoint simple closed
geodesics induced a non vanishing vector field on A, but a vector field on a closed orientable
(connected) hyperbolic surface admits at least one singularity so A is proper.

1£ will be used as a notation for the Liouville measure too, the context will prevent any confusion.
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Lemma 4.1.4. A geodesic lamination in a closed oriented hyperbolic surface has no interior and
has a unique decomposition as a union of disjoint simple geodesics.

Proof.~ Fix a decomposition of A € L(X) into geodesics and suppose tha:c A contains an open ball
B. If \is a lift of A and B a lift of B then we can consider « an arc into B such that at every point
x of «a, the lifted geodesic 7, is transversal to «. This is possible thanks to lemma See X
3 2

as H? and define ¢ 0, xR — %\CH
(87 t) = Yals) (t)
Ya(0) and 7Y4(1) Which contains balls of arbitrarily large diameter. Take a ball of diameter larger

. The image of ¢ is a region of H? bounded by

than the one of X, we have a lift of X covered by A and by projection X is covered by \: we
have seen above that it is impossible. Hence we have proved that A\ has no interior.

The first part of the proof is based on the existence of a transverse arc so, with the same
reasoning we prove that there is a unique decomposition into geodesics. O

The only example of geodesic lamination we gave is the union of simple closed curves. The
following property gives a way to construct some others.

Proposition 4.1.5. The closure of a non-empty disjoint union of simple geodesics in X is a
lamination.

Proof. Let L be a disjoint union of simple geodesics and L its closure, we have to prove that each
point of L\ L belongs to a geodesics 7 included in L and that all the geodesics in L are disjoints.

Let (x,,)nen be a sequence in L which converge to a point x of X and note =, the geodesic
through z,, in L for every n.

For every n the direction of v, at x, is a point of RP! which is a compact set then the
sequence of the directions admits a sub-sequence (we may forget that it is a sub-sequence for the
rest) which converges. Let « be the unique geodesic through x with this limit direction.

If y is a point at distance d from z in v and y,, at same distance from x,, in ~,, as geodesics
are solutions of an ordinary differential equation whose flow is continuous in every variable, the
yn converges to y and then v belongs to L.

In light of the foregoing, every geodesic of L can locally be approached by geodesics of L.
Then, if two geodesics ~y, 7/ of L intersect transversely in z (if the intersection is not transversal
then they are equal), they can be approach as close as possible by two geodesics 3, 8’ of L and
such B and S’ will intersect transversely but that is excluded. A similar argument can be made
to prove that the geodesics of L are simple. We have proved that L is a geodesic lamination. [J

The last point on our brief study of geodesics laminations is to look at the topology. The
natural topology on £(X) is the Hausdorff topology induced by the Hausdorff metric on (X).
But another way to deal with the topology on £(X) is to consider it as a closed subset of the
projective tangent bundle PT(X) where PT(X) = {(z,d)|x € X, d € RP'}. This set appears as
a bundle on X with the following commutative diagram:

PT(U) =~ U x RP!

S

UcCX.

So PT(X) is a compact 3-manifold and is metrizable such that the map p is continuous, as
a consequence IC(PT'(X)) is compact for the topology of the Hausdorff distance. Now, we can
embed £(X) into KL(PT'(X)).

Every geodesic v of X admits a lift 4 = {(z,d)|x € v, d direction of v at z} in PT(X) such
that every point of PT(X) lies in a unique lifted geodesic. It is now possible to lift a geodesic
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lamination with A = {§|y C A}, thereby we obtain a closed subset of PT(X) and the set £(X)

lifts with £(X) = {\\ € L(X)} € K(PT(X)).

Theorem 4.1.6. The Hausdorff distances on K(X) and K(PT (X)) induce the same topology on

L(X) and L(X) is compact for this topology.

Proof. The continuous function p : PT(X) — X induces a continuous function pj : A =\, for ev-
-1 . S

ery geodesic lamination A and we can consider its inverse o A A . .

z + (z,direction of 7, at x)
which is continuous by Lemma So p) is a homeomorphism and \is compact as A is compact
and then closed too. We can consider £(X) as a subset of (PT(X)).

p« LX) — LX)
A = p
If we prove that L is compact then p, will be a homeomorphism and £ will be compact: that

is what we want to prove.

Hence, is bijective and continuous.

Consider a sequence of lifted geodesic laminations (A, )neny and A € K(PT(X)) the limit of

this sequence. We want to show that A is a lifted geodesic lamination: A = A

Take A = p(A), as A is a closed subset of a compact, A is compact and by continuity of p the
set A is compact and non-empty for the same reason.

Let (a,d,) be a point of A, there is a sequence of points (z,,d,) € An which converges to
(a,d,) then the z,, converge to a and the directions d,, to d,, and for the same reason as in m

the closed set \ is a geodesic lamination and A = p;1(\) = A is a lifted geodesic lamination.

We have then proved that £ is a closed subset of K(PT(X)) which is compact, thus £ is
compact and the proof is complete. O

We have seen that geodesic laminations are defined on a closed surface S, fix such a surface
S of genus at least two, we want to add some measures to the geodesic laminations to obtain the
set of measured laminations ML(S) on S.

Definition 4.1.7. If A is a geodesic lamination on S, a transverse measure on A is a collection
of Radon measures A\; on I for every arc I transverse to L such that:

e if J C I is a subarc of I then \j = (A\1)5,

e if I and J are homotopic via a homotopy H fixing the leaves of L then \j = (Hy oHo_l)*)\I.

A measured lamination is a a geodesic lamination endowed with a transverse measure. The pair
will be noted A too.

For example, consider L = a7 U ... U o, a finite union of closed simple geodesics and assign
to each geodesic a positive weight ¢;, if A consists in counting the intersections taking in account
the weights then (L, \) is a measured lamination: for A a Borel subset of I a transversal arc,

n
Ar(A) = Y ty|EN L|. If L is made of a single geodesic o with weight 1 then the corresponding

=1
geodesic lamination is noted piq.

We can endow ML(S), the set of measured laminations on S, with a topology: A, converge
to A if for every arc I which is not contained in any simple complete geodesic and every f : I — R
we have

/fd/\n] — fd/\].
I n—4oo Jr

Remark that measured laminations can be multiplied by positive numbers so we can defined

the set of projective measured laminations PML(S) = ML(S) \ {0}/]R+’ it is this set that we
will use for the compactification of 7(.5).
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One can prove that PML(S) is a finite dimensional sphere. The reader can find a proof of
the following statement in [AL10].

Theorem 4.1.8. If S is closed oriented surface of genus at least 2 then PML(S) is homeomorphic
to 6977,
4.2 Geodesic currents

The last element we need for the compactification is the notion of currents. We will compactify
T(S) by embedding 7(S) and PML(S) in the set C(S) of geodesic currents.

Definition 4.2.1. Let X be a hyperbolic surface, a geodesic current on X is a w1(X)- invariant

radon measure on G(X).

If S is a closed surface of genus at least 2 we can talk about geodesic currents without
specifying the metric on S. As seen before, if we have two distinct metrics on .S then there is a
mi-equivariant bijective correspondence between the associated sets of geodesics in the universal
cover. As we can push-forward the measures it is not necessary to precise the metric over S.

The space of geodesic currents is endowed with the weak* topology: a sequence (fin)nen
of currents converges to a current p if for every continuous R-valued and compactly supported

functions f € C.(G(5),R) the following holds:

 fdpn, — / .
/g<S) Hr St Jggz T

Example. We can embed S(S) the set of free isotopy classes of simple closed curves into C(5)
as follows. Let a be the geodesic representing an element of S(S) and & its preimage in S, &
is a discrete m1(S)-invariant subset of G(S), as this set is w1 (S)-invariant the associated Dirac
measure & is a geodesic current. Using the same construction, every geodesic v in S induces a
current 4.

Remark. We noticed that G(S) identifies with 95 x 95 — A/E and thus to St x 8t - A/E. An
open basis for the topology on Q(S') with this identification is provided by the pairs {(eiel,ei(’?),
(€% e94)) such that the 0; satisfy 01 < 0y < 03 < 0, and 04 — 01 < 27.

Hence, to define a geodesic current it suffices to give the measure of such sets.

As an example, construct an injective map from ML(S) to C(S).

Suppose given a measured lamination A of S. If {(e%, ¢?2), (¢ ¢¥4)} is as in the remark,

then there is a unique geodesic segment I which joins orthogonally the geodesics (ewl,eie‘*) and
(€i02, 6203).

ith
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If this segment is transverse to \, the preimage of A in S, then this arc descends to an arc in S
transversal to \. We define the measure of the open set {(e%1,¢/2), (¢! ¢?1)} as the \-measure
of the transversal arc in S. If the arc is not transverse then the measure is 0. The corresponding
current is noted .

Proposition 4.2.2. The previous construction is an injection of ML(S) into C(S).

Proof. The construction of a measure associated to a measured lamination is described above.

One can remark that this measure is supported on X as the A-measures are supported on A,
proving that the application is injective. O

We can use the same process to define geodesic currents from measures on the unit tangent
bundle 7! (S) which are invariant under geodesic flip and geodesic flow.

Consider p a flip and flow invariant measure on T'(S) and {(e1, ), (¢%,¢%4)} and I as
above, the current /i on G(S) associated to u satisfies

A e%), (e, e™)}) = 20( | Fi(D))

te[0,1]

where fi is a lift of z on T%(S).
This construction appears as a bijective correspondence illustrated in [ES] chapter 3.

Theorem 4.2.3. If ¥ is a hyperbolic surface then there is a bijective correspondence between
C(X) and the set of geodesic flip and geodesic flow invariant measures on T (X).

We are going to use this identification to construct geodesic currents from elements of the
Teichmiiller space T (.9).

Corollary 4.2.4. Let S be a closed surface of genus at least 2, each element of T(S) identifies
with an element of C(S).

We will see later that the following construction is an embedding.

Proof. Liouville measure on T*(H?): There is a bi-invariant measure on PSS Ly (R) called the Haar

measure. We can use it to construct a flip and flow invariant measure on T'(H?) called the
Liouville measure.
The group SLa(R) acts on T'(H?) by homography with

<a b> ( _,)_(az—i—b T )
c d) VT cz+d’ (cz+d)2"

This action is free and transitive and the stabilizer of (¢, <(1))) is £15, thus PSLo(R) identifies

to T (H?) via the orbit of Vy = (i, (1)) ). Thereby, the Liouville measure £ is defined on T*(H?)

from the Haar measure. It remains to prove that it is flip and flow invariant.

et/? 0
0 e %2
Fy(Vo) and Fi(g- Vo) = g - F;(Vo). Thus the action of the geodesic flow over T (H?) correspond

to the multiplication on the right by matrix of SLy(R). The Haar measure is invariant by right
multiplication and thus £ is geodesic flow invariant.

If F is the geodesic flow then for every ¢ € R and g in PSLs(R) we have Vo =
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Now <(1) 01> Vo = (4, (_01)) and if g - Vo = (z,?) then g(? 01) Vo = (2,-7). As

((1) _01> € SLy(R) the Liouville measure on T (H?) is invariant under geodesic flip.

Note £ the Liouville measure on 7" (H?), it is a flip and flow invariant measure.

Liouville currents: Let p be a hyperbolic metric on S and note X the hyperbolic surface
(S, p), it induces a isometric diffeomorphism ¢, : X — H? which itself define a homeomorphism
¢pg: G(X) = G(H?). A

According to Theorem the Liouville measure £ on T!(H?) descends to a current £ on
H?2: a Radon measure on G(H?) since H? is its own universal cover. The Liouville measure is
invariant under the action of PSLy(R) then the associated current is invariant too. We can

pull-back the current £ via ©p.g» We obtain a 1 (S)-invariant Radon measure on G() since 71 (S)
identifies with a subgroup of PSLy(R). Moreover, if ¢, and gpfo are to different isometries for p
then they differ from a deck transformation which identifies with an element of PSLy(R) then
the corresponding pull-back metrics are the same. We have then construct a current ﬁp over S.

From ﬁp to L if p and p' are the same element T in 7(S) then there is an isometry isotopic
to identity i : (S,p) = X — (5,p) = X'. Note H the isotopy with Hy = id and H; = i.
We can lift H to H : [0,1] x § — S. If ¢, : X’ — H? is an isometric diffecomorphism then
Py © H, : X — H? is an isometric diffeomorphism and we can take Pp = Py © H,. Since H; is
isotopic to identity then Hi, = id and p and p’ induce the same map on lifted geodesics: we can
talk about Lz instead of ﬁp. O

The compacity of PC(S) also derives from Theorem With this theorem we can associate
to every element of PC(.S) a unique probability measure in 7" (S). The set of flip and flow invariant
probability measures is a closed subset of Prob(T"(S)), the set of all probability measures on
TY(S) so, it suffices prove that Prob(T'(S)) is compact. It is possible to prove that the set of
probability measures over a compact set is weak™ compact, since S is compact T (.9) is compact
and it follows that PC(S) is.

Corollary 4.2.5. PC(S) is compact for the quotient topology.

5 Compactification of Teichmiiller spaces

In this section we explain how 7T (S) UPML(S) can be seen as a compactification of 7(S).
Everything here will be based on the notion of intersection number between currents. It allows to
prove that there is an embedding in which extends to PC(.S). It also gives a characterisation
of the currents which come from geodesic laminations. It is by bringing together these properties
that we will be able to prove that divergent sequences in T (S) converge to projective measured
laminations in PC(.5).

5.1 Intersection number

In order to construct the intersection number over C(S) we consider the subset DG (S) of G(S) x
G(S) made of the pairs of geodesics which intersect transversely. We have some interpretations
of this space.

{a, B € G(S)|a and B intersect transversely}

= {{a,b},{c,d} € (S')?|a and b are not in the same components of S'\{c,d}}

{(@, [u], [v])[(2, [u]), (z, [v]) € PT(S), [u] # [v]}

DG(S)
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The action of m1(S) on S extends to a free and properly discontinuous action on DG((S))

and DG(S)/

!
m1(S)-invariant measure on DG(S) and induces a measure, also noted u ® v, on DG(S).

() = DG(S). For every pair of currents (u,v) in C(S) the measure p ® v is a

Definition 5.1.1. Let S be a closed surface of genus at least 2, if p and v are two currents then
their intersection number is

i, v) = / dp ® dv
DG(S)

Theorem 5.1.2. The intersection number is continuous, bilinear and symmetric from C(S)xC(.S)
to Ry and corresponds to the classical intersection number between geodesics.

Proof. i is obviously symmetric and bilinear, we have to prove that it is continuous and finite
and that it corresponds with the classical intersection number for geodesics.

1 has values in ]Rf: The only thing we have to prove is that ¢ has finite values. Take p and v
to currents, note DG(S) a lift of DG(S) in DG(S) and A a lift of S in S.

i) = weu(DG(S))

— weu(DGS) ~
< u({geodesics in S through A}) - v({geodesics in S through A})

However, S is compact then A is compact and u, v are Radon measures, so i(u, ) < oo.

Intersection number between geodesics: Take o and 8 two geodesics on S, they induce the
currents & and § with i(&, 8) = & ® B(DG(S)) = danp(DG(S)) = |an ]. We find the classical

definition of the intersection number between geodesics.

Continuity of i: Intuitively, the continuity of ¢ may come from the continuity of the operator
® and the fact that DG(S) embeds in G(S) x G(S). The map (u1,v) = p® v|pg(s) is continuous
and ¢ is also continuous. One can find a detailed proof in [Bon86] section 4.2. O

Continue with the property of the intersection number when it applies to the Liouville currents.
We start with a link between intersection number and length functions which allows us to say
that the identification of 7(.S) as a subset of C(S) via Liouville currents is an injection.

Proposition 5.1.3. Let S be a closed surface of genus at least 2, if T € T(S) and o a simple
closed curve in S then i(Lz, &) = lz(a).
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Proof. Take oo and T as in the proposition and I a segment of 4 which cover v once. We note
¢ : S — H? an isomorphism done by .

i(Ls,a) = Lz a(DG(S))

Lz ({Geodesics ini S meeting I})

¢« Lz (p({Geodesics ini S meeting I}))
= L({Geodesics ini H? meeting ¢(I)})

= Clly2(9(1))

= Cfg(a)
The constant C' does not depends on the element T of 7(S) and disappears if we rescale the
Liouville measure. ]

Proposition 5.1.4. With the same notations as above i(Ls, Lg) = 72|x(S)|.

Proof. We have a canonical projection p : DG(H?) — H? and we can push-forward L& L toa
measure in H2. Since the Liouville measure is P.SLo(R)-invariant the measure we obtained by
push-forward is a measure on H? invariant by PSLy(R): it is a multiple of the volume form.

However the area of a hyperbolic surface is a multiple of |y(S)| then i(Ls, £7), which consists

in integrating along Lz x L, is a fixed multiple of the area. One can prove that with the same
rescaling of the Liouville measure as in Proposition the constant is 7. O

About the rescaling of the Liouville measure, one can find more details in [Bon8§].
Corollary 5.1.5. If S is a closed surface with g > 2 then T (S) — C(S) — PC(S) are embeddings.

Proof. Applying the 9g — 9-theorem there is some simple closed curves 71, ..., Y94—9 in S such that
two elements of the Teichmiller space are the same if and only if these 99 — 9 curves have the

same length in each of them. Therefore, it follows from Proposition that 7(S) — C(9) is
injective, we don’t prove the continuity here.

Now, if there is ¢t € Ry and two elements T and ¥ in 7(S) such that L5 = L then
X (8)| = i(Ls, Ls) = i Ly, Lz) = 2w |x(S)].
As a consequence t = 1 and T (S) — PC(S) is injective. O

To concludes this section we give a characterisations of the elements of C(S) which are mea-
sured laminations thanks to the intersection number.

Proposition 5.1.6. Let p be a current, there is A\ € ML(S) such that p = X if and only if
i(p, ) = 0.

Proof. Start with p a current such that i(u, ) = 0. Its support Supp(u) is a closed 71(S)-
invariant subset of G(S) since a current is a m; (S)-invariant measure. If there is in Supp() two

geodesics «, 8 which intersect transversely then they descend to a pair (w(«),n(8)) in DG(S)
such that p2(7(a), m(B))) # 0, its follows that u?(DG(S)) # 0. As a consequence, the support of

1 is the preimage in S of a lamination A. Moreover, u naturally defined a transverse measure on
A inspired from the construction on A, such that A = p.

Reciprocally, if A is a measured lamination the support of A ® A in DG(S) is among the
elements (o, ) € DG(S) where a C A, f C X\ with o and § intersecting transversely: such an

element does not exist by definition of a lamination. As a consequence i(\,A) = 0. O]

This property immediately proves that PML(S) is a closed subset of PC(S), and we also
deduce the following corollary.

Corollary 5.1.7. T(S) and PML(S) are disjoint subsets of PC(S).
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5.2 Effective compactification

Theorem 5.2.1 (Bonahon [Bon88|). A compactification of T(S) as a subset of the compact set
PC(S) is T(S) UPML(S).

Proof. Consider (%,,)nen a sequence in 7 (S) which converges in PC(S) to a point [u] € PC(S)\T (S).
Going back to C(S), their exists a sequence of positive real numbers ¢, such that the sequence

t,.Lz, converges to fi.
Applying Theorem there is a simple closed curve « in S such that T}Lrgo lz, () = 0.

But 7 is continuous so
tnls, (@) = tyi(&, Lx,) = i(d, tnLs,) = (&, 1) < o0
and lim ¢, = 0.
n—0o0

As a consequence,
A A . . 4 4 . A 4 2 . 2
i(a,a) = T}LIIC}O i(tnLs,,tnLs,) = nh~>nc}o t2i(Ls,, Lg,) = 72 |x(S)| 71151(}0 t; =0.

Applying Proposition 1t is a measured lamination.
Moreover PML(S) is closed so T(S) UPML(S) is closed in a compact: it is compact. O
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6 Notations

Xx(S): Euler characteristic of S Map™(S): Mapping class group of S
C(5): Geodesic currents on S ML(S): Set of measured laminations on S
g(S): Genus of S 71(S): Fundamental group of S
. Xg (X): Sets of complete unoriented geodesics mo(S): Connected components of S
0

PT'(S): Projective tangent bundle of S

Gp: Connected component of 14

S(5): Free isotopy classes of simple closed

KC(S): Set of closed subsets of S curves on S

L(S): Set of geodesic laminations on S T (S): Teichmiiller space of S

M(S): Moduli space of S T'(S): Unit tangent bundle of S
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