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Introduction

This document is my master thesis, it has been written during the second semester of the year
2019/2020. It consists of an exposition of some results of the paper | |, but we also try to
give details on the proofs of some classical facts that are just quoted briefly in the latter. The article
describes an ergodic method due to Linnik, which is used to answer the question of the equidistribution
of integer points on spheres (under some conditions). More precisely, if d is a given positive integer,
the 2-dimensional sphere of radius Vd is the following subset of R3 :

{(z,y,2) € R? | 2% +¢* + 22 =d}
We denote by Z3(d) the set of points where the three coordinates are integers :
5(d) = {(z,y,2) € 73| 2y 4= d}

There are several problems about %Z3(d) that are simply stated but remained unsolved for a long time.
For example, in increasing order of fineness, one may ask :

(1) When is #Z3(d) non-empty ? In other words : which integers can be written as a sum of three
squares of integers ?

(2) If non-empty, how large does #3(d) get 7

(3) If |%3(d)| gets large as d goes to infinity, how are the points of #3(d) distributed on the sphere
of radius vd ?

In this document, we answer question (1) in an almost self-contained proof, we just quote without proof
the Hasse-Minkowski local-global principle, as well as some known facts on p-adic fields. The precise
answer to question (1) is given by theorem 3.4.2, and states that the integers that can be written as
a sum of three squares of integers are those which are not of the form 4%(8b + 7) for some a,b € N.
Such integers will be called admissible.

We also give a lower bound to answer question (2), relying on Siegel’s theorem on the value at 1 of
L-functions attached to real primitive Dirichlet characters. The conclusion is that for every € > 0,
there exists a constant C'(g), depending only on ¢, such that for any d > 2 admissible and square-free,

%5(d)| > Cle)d>—*

(see section 4.4).
Finally, following | |, we discuss a discrete analogue of question (3), namely the question of how
the points of #Z3(d) get distributed in the discrete sphere modulo ¢ (under some conditions on the
integer q) :

wo(d.q) = {(@.5.2) € (2/42)°, 7* +7* +7* = d}

It is in the study of this last question that we use an ergodic approach due to Linnik.
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Comments on the plan of this document

Since the first two sections do not seem to be immediately related to our questions, let us explain
briefly the aim of each section and when it is used to answer questions (1), (2) and (3).

« In section 1 we collect some results from number theory that are usually taught in a graduate
course on the subject. The aim is to introduce notations that are used a lot in the following
sections. The statements which are really important to have in mind when reading the remainder
of this master thesis are :

- The fact that the ring of integers of a number field K is a Dedekind ring, denoted by Ok,
and the definition of the class group which follows from this fact. The class group is denoted
by Cl(Ok).

- The fact that Cl(Ok) is a finite abelian group. Its cardinality is called the class number of
the field K.

- The definitions and statements relative to the norm of an ideal in the ring of integers of a
number field.

« Section 2 deals with Dirichlet class number formula for imaginary quadratic fields. This formula
reveals a link between the class number of an imaginary quadratic field K = Q(v/—d) and
the value at 1 of the L-function attached to a certain Dirichlet character xp (where D is the
discriminant of the field K'). Although it can be proved completely in a modern way, using only
the theory of ideals, we chose to develop the connection with representations of integers by binary
quadratic forms. Indeed, it is interesting from an historical perspective to see how this formula
was proved at a time where the notion of ideal had not emerged yet.

« In section 3, we answer question (1) from the introduction. Some congruence conditions modulo
8 allow us to exclude some integers from the list of those which are a sum of three squares
of integers. Then, to prove that the remaining integers are indeed a sum of three squares, we
proceed in several steps. If d is a positive integer not of the form 4%(8b + 7) for some a,b € N,

- we use Newton’s lemma to write d as a sum of three squares in every Q, for p prime,

- then we use the Hasse-Minkowski local-global principle to find a representation of d as a
sum of three squares of rational numbers,

— and finally, we use the fact that the ring B(Z) of Hurwitz quaternions is left-euclidean to
find a representation of d as a sum of three squares of rational integers.

This is why the beginning of section 3 consists of an exposition of some generalities and arithmetic
properties of quaternions. They are a powerful tool to deal with questions related to sums of
three or four squares.

« Section 4 is central in this master thesis. This is where we introduce an action of the class group
of Q(v/—d) on %3(d)™ (which is roughly the set of orbits for the action of SO3(Z) on %3(d) by
left multiplication. These notations are introduced with more details in the core of the text). We
prove that (at least when d = 1 or 2 mod 4) this action is free and transitive, and this shows that
there is an explicit relation connecting |#3(d)| and the class number of Q(v/—d). By Dirichlet
class number formula (which is the subject of section 2), we can express it as the value at 1 of
some L-function attached to a real primitive Dirichlet character. Then we quote without proof
a famous theorem by Siegel which gives a lower bound for this value. This gives us an estimate
of |%5(d)| as announced in the introduction. In particular, the size of %Z3(d) goes to infinity as d
goes to infinity, so it is natural to wonder how the points get distributed on the sphere of radius

V.

« Insection 5, we focus for technical reasons on a discrete analogue of this question : the distribution
of the points of #3(d) in the sphere modulo ¢ denoted by #3(d,q) (see the introduction). We
use Linnik’s ergodic method to prove that they get equidistributed.
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1. Preliminaries

In this section, we give a quick review of some classical results in algebraic number theory that will be
used throughout this thesis. The goal is to set the notations and to explain what will be considered as
"well known" in this document. Most of these results are stated without proofs, I personally learned
them in the notes | |, but I will also refer to some books that contain the same statements. In this
section, all the rings we consider are commutative.

1.1 Some notations and conventions

If Ais aring, A* will always denote the set of invertible elements of A, also called the units of A.
An element a € A is in A* if and only if there exists b € A such that ab = 14 (since we are only
considering commutative rings in this section, this also means that ba = 14).

Two elements x,y € A are said to be associated if there exists u € A* such that y = uz. We denote
it by x ~ y.

We also introduce the convenient notations UFD and PID :

Definition 1.1.1. A principal ideal domain, denoted by PID, is an integral domain A in which every
ideal is principal, that is : of the form I = x A for some x € A.
A unique factorization domain, denoted by UFD, is an integral domain A such that :

(i) every non-zero element x € A can be written as a product x = up; ...p, where u € A* and the
pi’s are irreducible elements of A.

(ii) This decomposition is unique up to permutation and units : if © = upy...pr = vqy ...qs, then
r = s and there exists 0 € &, such that for alli € {1,...,7}, ¢i ~ Po(s)-

1.2 Integral extensions
First, we recall the definition of an algebra over a ring A.

Definition 1.2.1. Let A be o ring. An A-algebra is just a ring homomorphism ¢: A — B. The ring
B is naturally endowed with a structure of A-module : for all a € A and b € B, the product a - b is

given by o(a)b.

Now, if A is a ring and p: A — B is an A-algebra, we define the notion of an integral element of B
over A. An element b € B is said to be integral over A if there exists a monic polynomial P with
coefficients in A such that P(b) = 0. For example, Q(v/2) is a Z-algebra (the ring homomorphism
being just the natural inclusion), and /2 is integral over Z since the polynomial X2 — 2 is monic, with
coefficients in Z, and vanishes at /2.

The set of elements in B that are integral over A is a sub-A-algebra of B. It is called the integral
closure of A inside B. We say that B is integral over A if all the elements of B are integral over A (i.e.
if the integral closure of A in B is exactly B). When A is an integral domain, the integral closure of A
(without specifying in which A-algebra) always refers to the integral closure of A in its fraction field.
The following proposition will be useful in the study of extensions of Dedekind rings, since it roughly
states that the maximality of an ideal p in A is equivalent to the maximality of any prime ideal 8 C B
that lies over p (see the proof of proposition 1.5.6).

Proposition 1.2.2. Let ¢: A — B be an A-algebra. Suppose that B is an integral domain, that o is
injective, and that B is integral over A. In other words, we say that ¢ is an integral inclusion between
domains. Then A is a field if and only if B is a field.

Definition 1.2.3. Let A be an integral domain, and K its fraction field. We say that A is integrally
closed if it is integrally closed in K, that is : the only elements of K that are integral over A are the
elements of A.

An important (but not difficult) proposition is the following :



Proposition 1.2.4. UFD’s are integrally closed. In particular, PID’s are integrally closed.

Proposition 1.2.5. Let A be an integral domain, K := Frac(A), and L/K an algebraic field extension.
Denote by B the integral closure of A in L. If x € L, there exists a € A\ {0} such that ax € B. So
L = (A\ {0})"! B, which implies that L = Frac(B). Moreover, B is integrally closed.

This proposition is really elementary, but will play a role when we will check that the ring of integers
of a number field is a Dedekind domain. Finally, the following classical result allows us to justify easily
that some element of B is not integral over A.

Proposition 1.2.6. Assume that A is integrally closed, let K = Frac(A) and L/K be an algebraic
extension. An element of L is integral over A if and only if its minimal polynomial over K has
coefficients in A.

Taking again A = Z (which is integrally closed, because Z is a PID), and L = Q(+/2), we can conclude

that % is not integral over Z, because its minimal polynomial over Q is X2 — % : it is not in Z[X].

1.3 Traces and norms

Let A be aring, and M a free A-module of finite rank n. Let B = (ey,...,e,) be a basis of M over A.
If f € Enda(M) (i.e. fis an A-linear map from M to M), we can write the matrix of f in the basis
B : Matg(f) = (@i j)i<ij<n. Then we define :

TI‘(f) ="Tr ((ai,j)lgidgn) = Zai,i S A, and det(f) = det ((ai,j)1<i7j<n) € A.
1=1

These elements of A depend only on f and not on the choice of a basis of the A-module M.

Now, let B be a free A-algebra of rank n over A (i.e. it is free of rank n when we see B as an A-module
for the natural A-module structure coming from the definition of an A-algebra). For all z in B, the

multiplication by x :
m, : B — B
b — xb

belongs to End4(B), so we can consider Tr(m,) and det(m,) as above.

Definition 1.3.1. With the notations above, we define Trg/a(w) := Tr(m,) and N a(x) := det(my).
They are called the trace of x and the norm of x.

The following properties follow easily from the definition : for all z,y € B, for all a € A :
« Npja(ry) = Npja(z)Np/a(y)
« Trg/alax +y) = aTrga(x) + Trp/a(y)
« Npjala) =a"
. TrB/A(a) =na

Note that if L/K is a finite field extension, L is a K-algebra, of finite dimension as a K-vector space,
so we recover the notion of traces and norms of elements in field extensions. Let us state a few classical
results in this context. Recall that a field extension L/K is said to be separable when it is algebraic
and every element of L has its minimal polynomial over K which has only roots of multiplicity one in
some algebraic closure of K.

Proposition 1.3.2. Let L/K be a finite and separable field extension, of degree n. Let K be an alge-
braic closure of K. There are exactly n homomorphisms of K -algebras from L to K : HomK_alg(L,f) =
{o1,...,0n}. Then for all x € L, we have :

n

Trp/i(x) =Y oi(x) and Npj(z) =[] ou(x)
=1

i=1



But more generally, if we do not assume that L /K is separable, we still have an expression of Try, /i ()
and NL/K(JJ) in terms of the conjugates of x. Indeed, if L/K is a finite extension, x € L, and x1,..., Ty,
are the conjugates of z over K (i.e. the roots (counted with multiplicities) of the minimal polynomial
of x over K, in some algebraic closure K), then :

i=1

m mo\ [LE (@)
Trpp(x) = [L: K(2)] > 2 and Npjg(z) = (Hx) (1)
=1

Complete proofs of the preceding formulas for traces and norms in field extensions can be found in

[ |

The last part of the following proposition will be useful in the study of units in the ring of integers of
a number field.

Proposition 1.3.3. Let A be an integrally closed domain, K its fraction field, L/ K a finite extension,
and B the integral closure of A in L. Ifb € B, then Ny /i (b) € A, Trp i (b) € A. Moreover, b € B>
if and only if Ny, /i (b) € A*.

Proof. Since b € B, it is integral over A, so its minimal polynomial has coefficients in A by proposition
1.2.6. Therefore, the conjugates of b are also integral over B, because by definition, they share the
same minimal polynomial. Using the formulas given in (1) for the trace and norm, and the fact that
B is a subring of L, we deduce the first part of the statement. For the second part, let us take b € B,
and denote by P = X% 4+ a; X% + ... + a4_1 X + ag € A[X] its minimal polynomial over K. Then
the minimal polynomial of b=! over K is X%+ ai—;le’l 4+ Z—;X + i. Thus, by proposition 1.2.6,
b=! € B if and only if ay € A*. But if we look again at the expression of the norm given in (1), we
see that Ny /x(b) = ((—1)dad)[L:K(b)], which implies that aq € A* if and only if Nk (b) € A*. This
concludes the proof. O

Finally, let us stress that the behaviour of the trace map is very different depending on the separability
of the field extension. In fact, one can show that when L/K is not separable, the trace map Trr 18
zero, whereas when L/K is separable, the pairing

LxL — K

(z,y) = Trpg(ry)
is non-degenerate. This follows from Dedekind’s independence theorem.
This last fact is very useful because it gives rise to the notion of dual basis with respect to the trace
map. If (z1,...,2,) is a basis of L/K, there exists a unique basis (y1,...,yn) of L/K such that for all

1<4,j <n, Trp /g (wiyy) = 0ij.
This notion of a dual basis plays a central role to prove the following proposition :

Proposition 1.3.4. Let A be an integrally closed domain, K := Frac(A) and L/K a finite separable
field extension. Let B denote the integral closure of A in L. Then B contains a basis of L/ K and it is
a sub-A-module of a free A-module of rank [L : K| contained in L.

This statement implies the following result, which is very useful in number theory (when A = Z and
B = Ok is the ring of integers of a number field).

Corollary 1.3.5. Under the assumptions of the preceding proposition,

(i) If A is noetherian, then B is a finite A-algebra (i.e. it is finitely generated as an A-module). In
particular, B is also noetherian.

(ii) If A is a PID, then B is a free A-module of rank [L : K].



1.4 Discriminants

Definition 1.4.1. Let B be a free A-algebra of rank n, and let (z1,...,x,) € B™. We define the
discriminant of (x1,...,2,) as follows :

D(z1,...,x,) :=det ((TrB/A TiT5))1<i j< n) € A

€1 Y1
If | + | € B"and M € M, (A), and if we denote | : , then
Tn Yn
D(y1,...,Yyn) = det(M)?D xl,...,zn)

As a consequence, if det(M) € A, D(x1,...,2,)A = D(y1,...,yn)A. In particular, if (x1,...,2,)
and (y1,...,Yyn) are two bases of B/A, then there is a matrix M € GL,(A) such that

Y1 r1

so the ideals D(z1,...,z,)A and D(y1,...,yn)A are equal.

Definition 1.4.2. We denote by 0p/4 the ideal D(z1,...,2,)A, where (v1,...,27,) is any basis of
B/A. We call this ideal the discriminant of B/A.

Proposition 1.4.3. Under the assumptions of definition 1.4.1, assume moreover that A is a UFD. Let
(X1,...,xpy) € B™. If D(x1,...,2,) € A\ {0} is square-free, then x1,...,x, is a basis of B over A.

Note that in the context of number fields, A will be Z, which is a UFD, and B will be Ok (the integral
closure of Z in the number field K), so that this proposition will apply. Thus, the discriminant can be
used to detect bases of Ok as a Z-module.

Finally, let us give a characterization of the discriminant in a field extension, in terms of field auto-
morphisms. This can be useful to compute discriminants in quadratic fields for examples (because in
this case, the Galois group is easy to describe).

Proposition 1.4.4. Let L/K be a finite and separable extension of degree n, and let K be an algebraic
closure of K. Write Homg a1g(L, K) = {o1,...,0,}. Then for any basis x1,...,x, of L/K, we have
that

D(x1, ... 2n) = (det ((0i(2))1<ij<n))” # 0

1.5 Dedekind rings

We now recall some of the main results about Dedekind rings. These rings play a central role in number
theory, since when we take the integral closure of Z in some number field, we don’t always get a UFD
(and this is the reason why some early attemps to prove Fermat’s last theorem failed). However, we
always get a Dedekind domain, which is not exactly a UFD, but where we also have a nice unique
factorization property, at the level of ideals instead of elements.

Definition 1.5.1. Let A be an integral domain. We say that A is a Dedekind ring if :
(i) A is not a field
(ii) A is noetherian
(iii) A is integrally closed
(iv) Every non-zero prime ideal in A is mazimal.

PID’s that are not fields are Dedekind rings, but the converse is not true.
One of the main results about Dedekind rings is the following, that tells us that we have unique
factorization at the level of ideals.



Theorem 1.5.2. Let A be a Dedekind ring, and let I be a non-zero ideal of A. There exist pairwise
distinct non-zero prime ideals p1,...,p,, and positive integers oy, ..., a, such that :

I=p..opy

This factorization is unique up to the order of factors, and the primes that appear in the decomposition
are exactly the prime ideals of A that contain I.

In order to define the class group of a Dedekind ring, we need to introduce the notion of a fractional
ideal.

Definition 1.5.3. Let A be an integral domain, and K its fraction field. A fractional ideal of A is a
sub-A-module I of K such that there exists d € A\ {0} such that I C d1A.

We remark that a fractional ideal is nothing but a subset of K of the form d~'a for some ideal a C A.
Since fractional ideals appear a lot in the theory of Dedekind rings, we sometimes just call them ideals,
and say integral ideals when we want to stress that we speak about usual ideals of A.

We define operations on fractional ideals as it is usually done in the case of ideals :

. If I and J are two fractional ideals, we define I + J as the sub-A-module of K generated by IUJ.

« We define their product I.J as the sub-A-module of K generated by elements of the form xy, for
r€landyeJ.

It is easy to verify that IJ and I + J are still fractional ideals. A simple example of a fractional ideal is
the sub-A-module of K generated by an element x € K : I = xA. Such ideals are called the principal
fractional ideals.

When A is an integral domain, we will denote by Fr(A) the set of non-zero fractional ideals of A, and
by Princ(A) the set of non-zero principal fractional ideals.

When I is a fractional ideal, we also define ! as {z € K | 2I C A}, and we say that I is invertible
when the inclusion II-! C A is an equality. For example, a principal fractional ideal xA (for some
r € K*) is invertible, and its inverse is given by z~!A.

A corollary of the unique factorization at the level of ideals in a Dedekind ring is the following :

Corollary 1.5.4. Let A be a Dedekind ring. Then any non-zero fractional ideal of A is invertible.
Using this corollary, we deduce that Fr(A) can be given a group structure :
Fr(A) x Fr(A) — Fr(A)
(1,J) = IJ

where the unit element is A and the inverse of an ideal I is the ideal I~! defined above. This group is
abelian, and the set Princ(A) forms a subgroup.

Definition 1.5.5. When A is a Dedekind ring, we define its ideal class group as the quotient
Cl(A) := Fr(A)/Princ(A).

Finally, to finish this section, let us recall the vocabulary of ramification in extensions of Dedekind
domains.

Proposition 1.5.6. Let A be a Dedekind ring, K = Frac(A), and L/K a finite and separable field
extension. Denote by B the integral closure of A in L. Then B is still a Dedekind ring.

Proof. The fact that B is noetherian comes from corollary 1.3.5 (i). It is also integrally closed by
proposition 1.2.5. Finally, if 8 C B is a non-zero prime ideal, then o N A =: p is a non-zero prime
ideal of A. Since A is a Dedekind ring, p is maximal, hence A/p is a field. Now, the natural morphism
A/p — B/ is injective and integral, so B/ is a field by proposition 1.2.2, which is what we
wanted. O



For any non-zero prime ideal p in A, we say that a prime ideal 3 of B lies above p if PN A =p. We
denote it by B | p.

Any non-zero prime ideal p C A generates an ideal pB in B. By the previous proposition, B is a
Dedekind ring, so we can write pB as a product of non-zero prime ideals in B :

pB =[] B>
PBlp

e is called the ramification index of p at *B.
We also have that the natural embedding A/p — B/B is a finite field extension : we denote by fy its
degree, which is called the residual degree of p at . Then we have the following theorem :

Theorem 1.5.7.

Ze‘Bf‘ﬁ =[L: K]
PBlp

1.6 Number fields
Definition 1.6.1. A number field is a field K such that K/Q is a finite field extension.

If K is a number field, we denote by O the integral closure of Z in K. It is called the ring of integers
of the field K.
By corollary 1.3.5 (ii), we have the following fundamental theorem :

Theorem 1.6.2. The ring of integers Ok of a number field K is a free Z-module of rank [K : Q).

In particular, we can speak about the discriminant of a basis of Ok over Z. But here, the situation is
better than in the general setting : not only the ideal D(x1,...,z,)Z does not depend on the basis of
Ok over Z, but the number D(x1,...,x,) does not depend on the basis ! Indeed, if (z1,...,x,) and
(Y1, -.,Yn) are two bases of Ok over Z, then there exists M € GL,(Z) such that

Yn T

and then D(y1,...,y,) = det(M)?*D(x1,...,2,) = D(z1,...,7,) because det(M) € {£1}.

Definition 1.6.3. If K is a number field, we define its discriminant as D(zx1, ..., xy,), where (x1, ..., xy)
1s any basis of O over Z.

Now, if K is a number field, the extension K/Q is separable (because Q has characteristic zero, so
it is a perfect field), so Ok is a Dedekind domain by the general fact we recalled in proposition 1.5.6
(indeed, Z is a PID, hence a Dedekind domain).

Therefore, every non-zero ideal a in Ok can be written uniquely (up to the order of factors) as a
product of non-zero prime ideals :

a= H pvp(a)

pla
where the product runs over all the prime ideals containing a. In particular, the prime ideals in Z
(which are exactly the ideals of the form pZ for some prime number p) may not remain prime if we
look at the ideal generated in O. We can write pOg as a product Hp|p pe. and as we defined in the
section on Dedekind rings, we call e, the ramification index of p at p. Besides, for all p | p, the natural
ring homomorphism Z/pZ — O /p is a finite field extension, and we denote its degree by f,.

Given a prime number p, it is not easy to find the factorization of pOg as a product of prime ideals
in Og. We will see an example of ramification law in the case of quadratic fields (see proposition
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2.1.8). It is a situation where a simple congruence condition provides the shape of the factorization
(the number of prime ideals above pOf and the exponents appearing in the factorization). However,
it does not give explicitly the prime ideals above some prime number p.

As Ok is a Dedekind ring, we can also define the ideal class group of Ok (as we did in the section on
Dedekind rings). One central result in number theory is the following :

Theorem 1.6.4 (FINITENESS OF THE CLASS NUMBER). Let K be a number field. Then Cl(Ok) is a
finite group.

Now, we give some preliminary results in order to define the norm of an ideal of O . This notion
will play a role in the proof of Dirichlet’s class number formula, since we will see that counting
representations of integers by quadratic forms amounts to counting ideals with a prescribed norm.

Proposition 1.6.5. If x € Ok \ {0}, and if we denote by (z) the ideal generated by x in Ok, then

Nk q(®)| =[Ok /().

Proof. First, note that since x € Ok, NK/Q(.I') € Z by proposition 1.3.3, so that the equality we want
to prove makes sense.

Let us denote by n the degree of the extension K/Q. By theorem 1.6.2, we know that Ok is a free
Z-module of rank n. The ideal (x) (which is by definition a sub-Og-module) is in particular a sub-Z-
module of Ok. Thus, by the adapted basis theorem (for modules over a PID, in this case : Z), there
exists a basis (ey,...,e,) of Ok, an integer r < n, and positive integers cy, ..., ¢, such that

crlea| oo | e
(cie1,...,crey) is a basis of Ok over Z
But since the multiplication by x : Og — xOg is an isomorphism of Z-modules, the rank of xOg

is in fact also equal to n. This implies that » = n. Then we have O = 1Z & --- ® e, Z and
() =c1e1Z @ - - - @ cpenZ, hence

Or/(x) =~ (Z/c1Z) X -+ x (Z]cp,Z).

In particular, we have |Ok/(x)| = cica...c,. But on the other hand, since (eq,...,e,) is a basis of
Ok over Z, (zeq,...,xey,) is also a basis of Ok ! Thus, if we write each of these elements in the other
basis (c1e1,...,cnen) :

re| = a171(c161) + -+ Gl,n(cnen)
(2)
Tp = an,l(clel) + -+ an,n(cnen)
the matrix M := (a;;)1<i,j<n that appears is in GL,(Z). Indeed, it maps a basis of Ok onto another
basis of 2Ok
Now, let us denote by B the basis (e, ..., e,) of Ok over Z (it is in particular a basis for the extension

K/Q). Given an element y € K, we denote by 3 the column vector in Q" of its coordinates in the
basis (e1,...,e,) of K/Q. Then (2) precisely states that for all i € {1,...,n},

a;,1¢1
xre; =
;,nCn
because xe; = Z?Zl aijcje;. It is easy to verify that the vector Ze; € Q™ is the i-th column of the

matrix C'M, where C' denotes the diagonal matrix

&1
C1

11



In other words, C*Me; = Te;. This shows that C*M is the matrix of the multiplication by z in the basis
B of K/Q. Therefore, det(C*'M) = Ny q(x) = det(C) det(M) = %cica . . . ¢, (because det(M) € {1}
since M € GL,(Z)). This concludes the proof. O

Proposition 1.6.6. For all non-zero ideal a C Ok, Ok /a is finite.

Proof. If a is a non-zero ideal, we can take an element z € a\ {0}. Then Ok C a, so that Ok /a
identifies with a quotient of Ok /(x). As the latter is finite by the previous proposition, Ok /a is
finite. O

This proof also explains that any non-zero ideal a in O is a free Z-module of rank n. Indeed, for any
element z € a\ {0}, we have 2O C a C Ok. It follows from the adapted basis theorem for Z-modules
that there are integers r < s < n such that (x) is a free Z-module of rank r, and a a free Z-module of
rank s. But as we saw in the proof of proposition 1.6.5, (z) has rank n. This implies that this is also
the case for a.

Definition 1.6.7. If a C Ok is a non-zero ideal we define its norm as follows :
N(a) := |Og/a].
Proposition 1.6.8. If a,b are two non-zero ideals in Ok, then N(ab) = N(a)N(b).
Proof. See for instance | |. O

Proposition 1.6.9. If K/Q is Galois, with Galois group denoted by G, then for all a non-zero ideal
i Ok,

I #(a) = N(a)Ox.

ceG

Proof. See | |, proposition 14.1.2. O

Definition 1.6.10. Let K be a number field. We define the Dedekind zeta function of K as follows :
for all s € C such that Re(s) > 1,

1
Cr(s) =) N(a)®

aQOK

where the sum ranges over all the non-zero ideals of Ok .

This series defines an holomorphic function on {s € C | Re(s) > 1}. We remark that when K = Q we
recover the standard Riemann zeta function.

Proposition 1.6.11. The Dedekind zeta function from the previous definition has an Euler product
expansion : with the notations above, for all s € C such that Re(s) > 1,

=11 (o)

where the product ranges over all the non-zero prime ideals in Ok.

Proof. See for instance [Bri|. This formula expresses in analytic terms the unique factorization of ideals
into a product of prime ideals. O

12



2. The class number formula for imaginary quadratic fields

What we discuss in this section can be proved using only the modern language of ideals in the ring
of integers of a number field. However, this is not how the class group was first thought in the case
of quadratic fields. In this section, we will start by a quick review of standard facts on imaginary
quadradic fields, expressed in the modern language. But then, we will also describe how Gauss defined
the same class group with a very different point of view : it was defined as a set of equivalence classes
of binary quadratic forms with integral coefficients. It turns out that this point of view still has some
advantages, and we will use it in the proof of Dirichlet class number formula. This is also interesting
from an historical perspective, since this theory of equivalence of quadratic forms was a first step in
the development of the theory of rings and ideals.

2.1 Imaginary quadratic fields

In this section, we specialize the general results on number fields to the case of imaginary quadratic
fields.

Definition 2.1.1. A quadratic field K is a degree 2 extension of Q. It can always be written as
K = Q(V/d) for some squarefree integer d. Imaginary quadratic fields are those quadratic fields Q(v/d)
with d negative.

Remark. Each time we write \/m for m negative, we mean i/—m, the root with positive imaginary
part. This choice does not change the extension Q(v/d) (any square root of d in C would give the same
extension), but this convention will be important when we will introduce the notion of correctly ordered
basis of an ideal.

Let K = Q(v/d) be an imaginary quadratic field. By theorem 1.6.2, O is a free Z-module of rank 2.
In fact, we know a more precise statement : we can give a basis of Ok as a Z-module.

Proposition 2.1.2. O = Z + wZ with
Vd ifd=2,3 mod 4
w =
Livd ¢ =1 mod 4

Note that the extension K/Q is Galois, and that the two automorphisms of K are the identity and
the complex conjugation (indeed, since d < 0, the automorphism defined by Vd — —+/d is nothing
but the complex conjugation). Using proposition 1.4.4, we have that the discriminant of the field is

2 e
Dz(det(l w)) _ 4d if d =2,3 mod 4
1 w d ifd=1mod 4.

In any case, K = Q(vD) and O = Z + D“'T\/EZ. Note that this shows that the discriminant of a
quadratic field cannot be any integer. We will not need more than the following observation : D is
necessarily congruent to 0 or 1 modulo 4.

Definition 2.1.3. We will call a fundamental discriminant any integer that arises as the discriminant
of a quadratic field.

The units of Ok are also well known, and except for two exceptional cases, there are only +1 and —1.

Proposition 2.1.4. Let d be a squarefree negative integer. Denote by K := Q(\/g) the imaginary
quadratic field generated by a square root of d, and by w the number of units in Og. Then :

e ifd=—1, O = {1, +i}, hence w = 4.

i

e ifd= -3, OF = {£1,£pu, +p*} where p = ezT, hence w = 6.

13



e ifd=—-2o0rd< -3, O ={£1}, hence w = 2.

The idea to prove this proposition is to use proposition 1.3.3, which tells us that an element a +bv/d €
Ok is a unit if and only if Ny /q(a + bv/d) € {£1}. But since Ny /q(a + bv/d) = a? — db* with d
negative, there are not so many solutions. The study of units in real quadratic fields is more difficult
since when d is positive, the equation a? — db?> = 1 is a kind of Pell-Fermat equation, which can have
infinitely many solutions.

As we remarked in the preliminaries on number fields, every non-zero ideal in O is a free Z-module
of rank 2 (since K/Q is an extension of degree 2 here). We will sometimes use the phrase "(«, 3) is
an integral basis of a " to say that («, ) is a basis of a as a Z-module, i.e. a = aZ @ SZ.

Proposition 2.1.5. Let a be a non-zero ideal in O, and let (o, B) be an integral basis of a. Then we
have :

det (Z g) = +vD N(a).

Proof. See | |, theorem 76 for the analogue statement in any number field. We give a proof only
in the case of imaginary quadratic fields, but the ideas are the same. We know from the section on
number fields that a is a free Z-module of rank 2. By the adapted basis theorem, there exists a basis
(e1,e2) of Ok over Z, and positive integers ¢1, c2 such that

c | e
(c1e1,c2e9) is a basis of a
Then since O = e1Z @ esZ and a = c1e1Z @ coexZ, we deduce that

OK/CL ~ (Z/61Z) X (Z/CQZ)
hence N(a) = |Ok /a| = cica.

Now, since cje; and cgeg belong to a = oZ @ SZ, there exists a unique M € Mo(Z) such that

ci1€é1 «
=M
(eee) =21 ()
But as (cie1,coe2) is also a basis of a, we have that M € GLy(Z) in fact. In particular, it has

determinant +1. Now, if we take the complex conjugates in this equality, and use the fact c¢1,co and
the coefficient of M are real, we obtain :

cr 0 (e1 €1 a @
_|1=M -
(5 o) )G 3)
Finally, we transpose this equality, take determinants, and use proposition 1.4.4 to interpret det (Zl ?)
1 €2
as i\/f), where D is the discriminant of K. This gives the announced result. O

Definition 2.1.6. We say that a basis («, B) of an ideal a in O is correctly ordered if the sign is
positive, that is : if we have

det (a ﬁ) = +vD N(a).
a p
Proposition 2.1.7. If a is a non-zero ideal in Ok, with basis (a, B) over Z, we have :

N(a) = ged (Ng/q(a),Ng/q(8), Trg g (aB))

Proof. Adapted from | |, chapter 4. We proceed in several steps :

14



« We prove that if k € Z is a common divisor of Ng/q(a), Ng/q(8) and Trg/q (ozB) in Z, then k
divides o and af in Ok.

To prove this, we just notice that Ng/q (a—f) = k—lzNK/Q(a)NK/Q (B) But with proposition
1.3.2 it is clear that N /q (B) = Ng/q (B). Therefore, the two norms on the right hand side are
divisible by k by assumption, so we can conclude that Nx/q (%) eZ.

We also have Trg/q (%) = %TrK/Q (ag), and since we assumed that Trg /q (aB) is divisible

by k, we get : Trg,q (a—]f) € Z. Since the coefficients of the minimal polynomial of Q—E over
Q are, up to the sign, the trace and the norm we just computed, we deduce that this minimal

polynomial has coefficients in Z. By proposition 1.2.6, this implies that a—f belongs to O, and
this is what we wanted to show.

« Next, we prove that aa is a principal ideal of the form kO, with
k:=ged (Ng/q(@), Ng/q(B), Tri/q (aB)) .

By definition, a@ contains a@, B and af + @B. Therefore, it also contains the Z-module
generated by these three elements, which is exactly kZ. In particular, k € aa, hence kOg C aa.
Conversely, ad = (aZ + BZ) (@Z + BZ) = aaZ+ SaZ+aSZ+ BBZ. But by definition, k divides
aa and 5 in Z, hence in O, and the preceding point shows that k also divides @3 and o/ in
Ok . Therefore, aa C kOg, so we have equality.

. Finally, we know by proposition 1.6.9 that aa = N(a)Og. Therefore, N(a)Og = kOk. But if we
intersect with Z we get that kZ = N(a)Z, and since k and N(a) are both positive integers, we
must have equality.

O

Now, let us study the question of how prime numbers ramify in an imaginary quadratic field. By
theorem 1.5.7 and the fact that in our case [K : Q] = 2, we see that there are not many possibilities
for the ramification of a prime number p : only three cases can occur.

o either p is inert : pOk is a prime ideal p in Ok . In this case, the ramification index of p at p is

1, and so the residual degree equals 2, meaning that O /p is a degree 2 extension of Z/pZ. In

particular we have N(p) = p?.

. or pis totally ramified : p = p? for some prime ideal p C O. In this case the ramification index
at p is 2, so the residual degree is 1, meaning that the inclusion Z/pZ — Ok /p is also surjective.
In particular, we have N(p) = p.

o or pis split : p = pp’ for some distinct prime ideals p,p’ C Ok. In this case, the residual degree
at each of these two primes has to be one, so that N(p) = p = N(p’).

Proposition 2.1.8. Let K = Q(v/d) be a quadratic field with discriminant denoted by D. If p is a
prime number, we have :

o p is split if and only if (%) =1
o p is inert if and only if (%) =-1
o p is totally ramafied if and only if (%) =0

where (1;) denotes the Kronecker symbol. For odd primes p, it is just the usual Legendre symbol, but

for p =2, it is another convention, that we explain in appendiz B.
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Proof. For this exact statement, see | |, theorem 90. The proof of this ramification law is also
nicely done in | |, but the result is expressed in terms of (4) instead of (Q), so it requires some
little changes.

O

According to the definition of the Kronecker symbol, we can give a reformulation of the ramification
law for the prime 2 :

o 2 is split if and only if D =1 mod 8
« 2 is inert if and only if D =5 mod 8
o 2 is totally ramified if and only if D = 0 mod 4.

Note that the ramification law for the prime 2 seems to miss some possible congruences for D, but
in fact it does not. Indeed, as we already observed, a discriminant of a quadratic field can only be
congruent to 0 or 1 modulo 4.

2.2 Classical theory of binary quadratic forms

The main interest of this section is the study of binary quadratic forms with integral coefficients.
Namely, we will focus on forms
©(X,Y) = aX?+bXY + cY?

where (a,b,c) € Z3.

Definition 2.2.1. If ¢ is a binary quadratic form as above, we define its discriminant D as follows :
D = b — dac.

Note that D can only be congruent to 0 or 1 modulo 4.

We remark that the matrix of ¢ in the canonical basis of R? is Mat, := <b72 bf), which has
b2

determinant ac — %, so that the discriminant of ¢ is nothing but —4 det(Mat,). This will be useful
to prove that easily that the discriminant is invariant under some group action that we are going to
define on the set of quadratic forms.

Since our aim is to use this point of view to prove Dirichlet class number formula for imaginary
quadratic fields, we restrict to the case where D < 0.

There are some natural questions about these forms :

« Which integers are represented by ¢ (that is : for which m € Z does there exist (u,v) € Z? such
that o(u,v) = m ?) For instance, if p(X,Y) is given by X2 + Y2, this is the famous question of
which integers are the sum of two squares.

« Once we know that ¢ represents some integer m, how many pairs (u,v) satisfy p(u,v) =m 7

For instance, in the case of the form p(X,Y) = X2 + Y2, we have the following result :
Theorem 2.2.2. Let n be a positive integer. Write
n— H pvp(n)
p prime

We have that n is the sum of two squares if and only if for all prime p such that p = 3 mod 4, v,(n)
is even. Moreover, the numbers of pairs (u,v) € Z? such that n = u? + v? is 4(d1(n) — ds3(n)), where
d;(n) denotes the number of positive divisors of n that are congruent to i mod 4.

16



Let us come back to the general case of a binary quadratic form ¢(X,Y) = aX? + bXY + cY? with
negative discriminant D. We remark that

4ap(X,Y) = 4a® + 4abXY + 4dacY? = (2aX + bY)? + (dac — b*)Y? = (2aX + bY)? + |D|Y2

Therefore, ¢ is either definite positive (if a > 0) or definite negative (if @ < 0). Since replacing ¢ by
— turns a positive form into a negative one, and conversely, the study of the integers represented by
a form with negative discriminant can be reduced to the case where ¢ is positive definite (i.e. a > 0).
Finally, to study the question of which integers are represented by a given form, we can assume that the
form is primitive, i.e. that ged(a,b,c) = 1. Indeed, if d denotes ged(a, b, ¢), then écp is primitive, and to
get the set of integers represented by ¢, it suffices to multiply by d the set of integers represented by ég@.

This is why we introduce the following set, for all D negative integer such that D = 0,1 mod 4 :

ot .— primitive binary quadratic forms p(X,Y) = aX? 4+ bXY +cY?
D such that @ > 0 and b? — 4ac = D

Note that QE is non-empty, since the following quadratic form :

X2 - pDy? if D=0 mod 4

X,Y) =
o4 Y) {X2+XY+14DY2 if D=1 mod 4

is an element of QB We will call it the principal quadratic form of discriminant D (this terminol-
ogy will make more sense when we will explain the link between these quadratic forms and ideals in
Q(v/D)). Maybe it is also worth insisting on the fact that elements in Q7 are assumed to be primitive,
although it does not appear in the notation.

This remark on the existence of a principal form of discriminant D shows that an integer is the
discriminant of a binary quadratic form if and only if it is congruent to 0 or 1 modulo 4. This
motivates the following definition.

Definition 2.2.3. An integer A € Z is said to be a discriminant if A =0 mod 4 or A =1 mod 4.

Now, let us denote by I' the modular group SLy(Z). We define, for all ¢ € QB and o = <: ?) erl,

7 (X,Y) := p(aX + BY,7X +6Y)

Proposition 2.2.4. For all 0 € T and for all p € QF,, we have that ©° € QZ’;. Moreover, if o,7 € T,
then ™ = (p?)7, hence
I'x 9, — 9}
(0,0) = ¢

defines a right group action of I' on QB.

Proof. First, we take ¢ € Qj{, and o € I', and we want to check that (7 is still in QZ’;. We write

o= <: ?) and p(X,Y) := aX?+bXY +cY? (as before).

In terms of matrices, we have

p(X,Y) = (X Y) (b?Q bf) G/()

(X, Y)=(X Y) o <b;‘2 bf) o (;() .
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Therefore, the matrix of the quadratic form ¢ is :

@ <b?2 b?) o

Computing the determinant of this matrix (using the fact that o has determinant 1) shows that ¢
has the same discriminant as .

Besides,

W (X,Y) = p(aX + BY,yX +6Y)

= a; X%+ b, XY +¢,Y?

with
as = ac® + bay + ey = p(a,7)
boe = 2aaf + b(ad + B) + 2¢v6
co = aB? +bB6 + 6 = o(B,6).

This shows that the coefficients of ¢ are still integers. Moreover, since ¢ is positive definite, a, > 0,
so that 7 is also positive definite (note that to go from a, > 0 to ¢ positive definite, we use the fact
that the discriminant is negative, so it is important to prove first that the discriminant is preserved).
Finally, it remains to show that ¢ is still primitive. But from the equations for a,, by, ¢, we see that
ged(a, b, ) divides the coefficients of . Thus, if we do the same computations with o~! instead of
o, we would prove that ged(ae, by, cy) divides all the coefficients of ¢, hence divides ged(a, b, c) = 1,
so ¢ is also primitive, and this finishes the proof that the action of I stabilizes QB. The second part
of the statement is straightforward. O

Two elements of QE are said to be equivalent if they are in the same I'-orbit, i.e. ¢ ~ @ if and only if
there exists o € I such that ) = 7. We will denote by [¢] the orbit of ¢ under the action of T, that
is :

o] ={¢”, c €T} ={Y € Q} | ¥ ~ ¢}

It is not hard to prove that two equivalent forms represent the same integers, so that we only need to
study a representative set for this action to study representations of integers by elements of QJDF.

Definition 2.2.5. A binary quadratic form o(X,Y) = aX? +bXY +cY? € QE 1s said to be reduced
if its coefficients satisfy —a <b<a<candb>0ifa=c.

We are going to prove that every element in Q}S is equivalent to a unique reduced form, so that the
set of reduced forms is a representative set for the equivalence classes of QE under the action of T
However, this strange condition on the relative sizes of the coefficients does not seem natural at all.
So we start by explaining why this is a natural choice of representatives.

In fact every binary quadratic form ¢ € QE can be factored into a product of two linear factors over
C:

P(X,Y) =aX? +bXY +cY? = a(X + 2,Y)(X + Z,Y)

where 2z, = b+2\6{5, and we choose the root v/'D :=iy/=D so that 2, € H = {z € C | Im(z) > 0}. This
gives us a natural way associate a unique point in H with each form in QE. We call z, the principal

root of . Now, the nice thing is that I' also acts on H in the following way :

I'xH - H

(7)) - =

and this action is compatible with the action on quadratic forms !
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Proposition 2.2.6. Let ¢ € QE; and let o = (i ) € I'. Then the principal root of ¢ is

Proof. Since T is generated by the two matrices S := (é D and T := ((1) _01> , it suffices to prove

the statement for the action of these matrices. Still denoting ¢(X,Y) = aX? + bXY + cY?, we prove
the statement for the matrix 7. We have that p” (X,Y) = ¢(=Y,X) = cX? —bXY +aY?, so that its

principal root is %. Let us show that this is also the image of 2, after the action of 7" : namely
-1

2o "

-1 —2a  —2a(b—-vD)  -2a(b—VD) —2a(b—+vD) -b+VD

zp b++vVD (b+VD)(b— VD) b2 — D b2 — (b2 — 4dac) 2¢
This proves the statement for the action of the matrix 7', and similar computations give the result for
the matrix S, hence the conclusion. O

Using this observation together with the usual knowledge of the action of I' on H, we see that each
p € Qj{) is equivalent to a unique form whose principal root is in the standard fundamental domain
for the action of I" on H :

1 1
9::{26H| —2<Re(z)<0,z|>1}U{z€H]0<Re(z)<2,|z|>1}

And in fact, a simple computation shows that the condition to have the principal root in Z is exactly
equivalent to the condition to be a reduced form (see definition 2.2.5). This shows that the set of
reduced forms is indeed a representative set for QF /~.

Proposition 2.2.7. For a given discriminant D < 0, there are only finitely many reduced forms with
discriminant D. In other words, the quotient QE/N 1s finite.

Proof. Let p(X,Y) = aX?+bXY + cY? be a reduced form of discriminant D. Then [b] < a < ¢, so
that 4b% < 4ac. Replacing 4ac by b — D we obtain : 4b> < b? — D, hence |b| < \/%. Thus, there are

only finitely many choices for b (recall that we require b € Z), and for each b, there are only finitely
many (a,c) € Z? such that b> — D = 4ac. O

Definition 2.2.8. We denote by h(D) the number of equivalence classes of forms in QE, i.e. the
number of elements in QJDF/N. It is colled the class number of discriminant D. This is also the number
of reduced forms with discriminant D.

Now, to study representations of integers by quadratic forms, the notion of automorphs is important.
For a given ¢ € QE, we say that ¢ € I' is an automorph of ¢ if 7 = ¢. In terms of matrices,this
means that ‘oMat,o = Mat,.

Proposition 2.2.9. Let D be a negative discriminant. Then each ¢ € QB has ezactly w automor-
phisms, where w is the number of units in Q(v/D).

Proof. See | |, lemma 5.5 and corollary 5.6. O
Note that thanks to proposition 2.1.4, we know exactly w :

4if D=-1
w=1{6if D=-3 (3)

2 otherwise
We started this section on quadratic forms by some motivating questions. One of them was the question
of which integers are represented by a given quadratic form. In fact, this question is quite difficult,

and we will only give conditions for an integer to be represented by some binary quadratic form of
discriminant D (not by a fixed form).
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Definition 2.2.10. Let ¢ be a binary quadratic form. We say that an integer m is properly represented
by ¢ if there exist u,v € Z, coprime, such that ¢(u,v) =m.

The following proposition gives a very simple condition for m to be properly represented by some form
of discriminant D.

Proposition 2.2.11. Let m € Z be a positive integer. Then there exists ¢ € QE such that m is
properly represented by ¢ if and only if D is a square modulo 4m.

Proof. | |, lemma 5.10. (where the statement is also more precise). O

Now, given a discriminant D < 0, let us denote by S = {¢1,...,¢n} a representative set for QF / ~
(in particular, h = h(D) is the class number). For all i € {1,...,h}, we denote by r;(n) the number of
distinct representations of n by ¢; :

ri(n) = [{(z,y) € Z* | pi(x,y) =n}|

Note that this number is finite. Indeed, if ¢ is a binary quadratic form with discriminant D < 0,
say ¢(X,Y) = aX? + bXY + cY?, and if (z,y) is a representation of some integer n by ¢, then
ax?®+bry+cy? = n. This implies that 4a?z? +4abzy+4acy® = 4an so that (2azx +by)? — (b* —4ac)y? =
4an ie. (2ax + by)? + |D|y? = 4an. But a,b,c,n being fixed, it is clear that there are only finitely
many (x,y) € Z? satisfying this last equality.

Finally, we also introduce the notation Rp(n) for the number of representations of n by a representative
set of Qf/~. Explicitly :

h
Rp(n) := Z ri(n).

=1

Theorem 2.2.12. Let n € Z be a positive integer such that gcd(n, D) = 1. Then :

Rp(n)=w (i)

mln

where w is given by (3) and (Q) is the Kronecker symbol (see appendiz B).

Proof. See | |, theorem 5.9 for a proof only based on quadratic forms. We chose to give an
alternative proof later, using the connection between this theory and the modern point of view on the
class group (in terms of ideals). O

2.3 Unification of the two points on view on the class group
This section is mostly based on | |.
Associating a quadratic form with an ideal : Let K := Q(\/Zl) be an imaginary quadratic field,

with discriminant D. We are given an ideal a C Ok, and the question is : how do we define an
associated element of Q$ ?

Let us consider a correctly ordered Z-basis (a, 3) of a (see definition 2.1.6). We assign to the ideal a
the following form (which depends on a but also on the basis) :

Ni/q(aX +BY)  (aX + BY)(@aX + BY)
N(a) N N(a) '

Pa,(c,p) (X> Y) =
Let us check that this form is indeed in QB If we expand the numerator, we get :

(aX + BY)(@X + BY) = aaX?+ (af + fa) XY + [BY?
= Ni/q(a)X? + Trg)q(aB) XY + Ng/q(B)Y?
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But thanks to proposition 2.1.7, we know that the ged of these three coefficients is exactly N(a), so
Pa,(a,8)(X,Y) has coefficients in Z and it is primitive.

Moreover, since we are working with imaginary quadratic fields, the norm of a non-zero element is
always positive, so the leading coefficient of ¢q (o g)(X, Y') is positive. Finally, let us prove that the
discriminant of this form is D. By definition, it is

(QB + 55)2 —doafB
N(a)? '

But this equals
—= a2
(a8 — Ba)
N(a)?
which is exactly D by proposition 2.1.5.
This concludes the proof that the form we associate with the ideal a and the basis («, 3) is indeed in

Q;,

Associating an ideal with a quadratic form : Now let D be a fundamental negative discriminant
(see definition 2.1.3). Let d be a negative squarefree integer such that K := Q(v/d) has discriminant
D. We assume that we are given a binary quadratic form ¢ € QB, and we are wondering how we can
define an associated ideal in O.
We write

P(X,Y) = aX? + XY +cV? = a(X + 2,Y)(X +7,Y)

where 2z, = bg\a@ is the principal root of ¢. We assign to ¢ the ideal

a, :=a(Z+Z,Z)

b—vD _ b+D _ D+vD D+VDrm _
T =Ty T T €L+l =

which is indeed contained in O since a € Z C Ok and z, = *—

Op since b+ D = b+ (b*> — 4ac) = 0 mod 2.
Note that a, is a priori only a sub-Z-module of Ok, and not clearly an ideal : there is something to
prove here. We want to show that a,Ox C a,. Since O = Z + D%@Z, we have :

4,0k = (aZ ML mz) (z + Mz)

2 2
— VD D++D —vVD\ (D++VD
gaz+b Z 4ot V274 b + Z.
2 2 2 2
— ——

So it just remains to prove that aD‘Bi\/B and (%) (D+T\/5> are also in a.

. aD“‘T\/E:a%—a%6aZ+%Zbeca,useD+b:b2—4ac—|—bEOmod2.

(=2) (P47) = (/) (P4) = 222 1 (858) (fP) < a2 4 22 e
b?> — D = 4ac so bZZD c€aZ and D —b="b>—4ac—b=0mod 2 so % eZ.

Thus, a, is an ideal of Of.

Connection between the two points of view : With the notations above, the aim is to prove
that there is a bijection between Cl(Ok) and QF,/ ~. More precisely, we are going to show that the
two associations we described above induce bijections inverse one to the other at the level of classes.
Let us explain how it works. We take [I] € Cl(Ok), and we choose a an integral ideal of Ok that
is equivalent to I (i.e. such that there exists A\ € K* such that a = (A)I). Then we choose («, ) a
correctly ordered Z-basis of a, and we define the form ¢, (, g) as above. Finally, we take the class of

qu,(a,ﬁ) in QE/N

There are many things to verify :
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(i) First, we have to check that the class of ¢ (4,3 does not depend on the choice of a correctly
ordered basis («, ). This will prove that we have a well defined map form the set of integral
ideals of Ok to QE/N :

a — [pq]

(ii) Then we have to verify that two equivalent integral ideals are mapped to the same class of binary
quadratic forms. This will prove that the map

[1] € Cl(Ok) = [pa]
does not depend on the choice of an integral ideal a in [I].

(iii) Once we know that we have a well defined map from Cl(Of) to Qf/ ~, it remains to explain
why this map is a bijection.

Proof. (i) Let abe anon-zero ideal in O, and let («, 3) and (v, §) be two correctly ordered bases of a
(which is a free Z-module of rank 2). Then there exists o € GLy(Z) such that (v 6) = (o ) 0.

Then 5 8
¥ e
G 8- %)

and so if we take the determinant in this equality, we get : v'DN(a) = v/DN(a)det(c). Thus,

det(o) = 11i.e. 0 € SLa(Z). Denote o := <CCL Z) We have

Ng/o(yX +dY)
Pa,(v,8) (X,Y) = /QN(U,)
_ Ng/q((@a+ Be)X + (ab+ Bd)Y)
B N(a)
B N(a)
= Soa,(a,ﬁ) (CLX + bY, cX + dY) = QD;(Q’B) (X, Y)

Thus ©q (4.6) = 7 (@.8)’ and o € SLg(Z), so they are in the same equivalence class. Therefore,

the class of the form we assign to an ideal a and a correctly ordered basis («, #) actually does
not depend on the choice of such a basis, so we just denote [p4] instead of [@a,(aﬁ)]

(ii) Now, suppose that a and b are two integral ideals of Ok that define the same class in Cl(Ok).
Let A € K* be such that a = (A)b. Let («, 3) be a basis of a and (v, d) be a basis of b. Then
(A, Ad) is a basis of (A\)b = a. So there exists

o (‘CL Z) € GLy(Z)

such that (a [5’) o= ()\fy )\5). But then we have

a f (A A

a 5)7 W )
Taking the determinant of this equality gives v/ DN(a)det(o) = |A\|2>V/DN(b) (since («,3) and
(7,9) are respectively correctly ordered bases of a and b). This implies that det(o) > 0, and

since we already know that det(o) € {1} (because o € GLy(Z)), we deduce that o € SLa(Z).
We also deduce that
’)\|2 _ N(a)

= N (4)
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(iii)

and using the fact that Ng q())
Pp,(+,6) (X, Y). Therefore, [¢,] =

Then :

£ (XY = Ng/qla(aX + ;121)-1- B(cX +dY))
B NK/Q((aa + Be)X + (ab+ Bd)Y)
N(a)
_ Ngj(MX +AdY)
N N(a)
~ Ng/q(MNg/q(yX +6Y)
N(a)

= A\ = |A]? and equality (4), we conclude that ¢ (@ B)(X’ Y) =
0o in @/ ~.

o Surjectivity : Let ¢ = aX?2+bXY +cY? € QB We want to show that there exists an ideal

a in Ok such that [p4] = [¢].
Consider a := aZ + %Z = a(Z + Z,Z). This is an ideal of Ok as we proved above.

Since /D is not real, (a, 6_5/5) is a Z-basis of a. Therefore, the norm of a is given by

proposition 2.1.7, and is easily seen as the content of the form :

<aX+b_*/EY> (aX+b+\/5Y>.

2 2

But this form is nothing but ap(X,Y), and so it has content a (as

\
N(a) = a. Now, a direct computation shows that the basis (a, bi%@)

ordered, and that

is primitive). Thus,

=: (a, B) is correctly

Pa,(a,B) (X7Y) = .
This shows that [p4] = [¢].

Injectivity : Let a, b be two ideals of Ok, take (a, B) (resp. (7,6)) a correctly ordered basis
for a (resp. for b), and suppose that ¢ (4, 8) ~ @p,(v,5)- The aim is to show that there exists
A € K* such that a = (A\)b. For brevity, let us denote :

Ny /q(aX + BY)
F(X,Y) = @a (X, Y) = = N(a)
and
Ng/oq(vX +9Y)
G(X,Y):= ¥b,(v,6) = /QN(b)
b

The assumption F' ~ G gives us a matrix o = <CCL > € SLa(Z) such that G = F7, i.e.

d

N(b) N N(a)

(VX +8Y)FX +3Y)  ((aa+ Be)X + (ab+ Bd)Y) ((@a + Be)X + (ab+ Bd)Y) .

aa+PBec _ v

By looking at the zeros of the polynomial G(X, 1), we see that abigd = 3 Or %, so there

exists A € K™ such that :

aa + fe= Ay o aa+ fe= Ny
r —
ab+ Bd =\ ab+ Bd = \o

(=2}

However, in the second case, we would have :
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a B (a b\ _ (AT X6

a B)\c d)  \ M N/~
Since ad — be = 1, taking the determinant leads to N(a)v/D = —|\|?N(b)v/D, hence a sign
contradiction. Thus, only the first case can happen. In this case, we have that (A\y, AJ) is
deduced from («, 8) by multiplication by o € SLy(Z). This implies that (Ay, Ad) is also a

basis of a, hence a = (A)b and this concludes the proof.
0

Remark. We can use this bijection to endow QE/N with a group structure, which corresponds to the
composition law originally considered by Gauss. This composition law is discussed at the beginning of
chapter 22 of | |. Quite recently, Manjul Bhargava discovered a very elegant way to look at Gauss
composition law, see [ /.

Counting representations of an integer : We still assume that D is a negative fundamental
discriminant, and denote by K = Q(\/&) an imaginary quadratic field of discriminant D. As in the
end of section 2.2, let us denote by S := {¢1,...,¢n} a representative set for Qf/ ~. We also use
again the notation r;(n) for the number of representations of n by a quadratic form ¢;, that is :

ri(n) :=| {(x,y) c 7> | pi(z,y) = n} |.

We are interested in the total number of representations of n by our complete system of representatives

onE/N:

Rp(n) ==Y _ri(n).
i=1
In fact, we are going to show that this is more or less equivalent to counting ideals of Ok with norm

equal to n. More precisely, we have the following theorem.

Theorem 2.3.1. Let w := ‘(’)[X(‘ be the number of units in Ok (see proposition 2.1.4). Let us denote
by pi(n) the set of representations of n by @;, so that r;(n) = |pi(n)|. There is a surjective w-to-1 map
from the disjoint union of the sets p;(n) to the set of integral ideals a of Ok such that N(a) =n. In
particular, Rp(n) = w #{a integral ideal in Ok | N(a) = n}.

Proof. (Adapted from | |). Let us stress that in this statement, we use the notion of disjoint union
for sets that are non necessarily pairwise disjoint. Indeed, if (z,y) is a representation of n by ¢; and
p; for some i # j, we will map it to two different ideals, one when we consider (z,y) as an element of
pi(n), and one other ideal when we consider (z,y) as an element of p;(n).

For all i € {1,...,h}, if we write
0i(X,Y) = a; X% + b; XY + ;Y2

let us denote by («ay, 3;) the basis (ai, bi_Q\/B) of a,, (the ideal associated with ¢;, as described in the

paragraph about associating an ideal to a quadratic form). Then we proved (see the point (iii) of the
paragraph connecting the two points of view on the class group) :

Pag,,(aiBi) = Pi
Now, let us explain how to assign an ideal of norm n to any representation of n by one of the ;’s.
Let (x,y) be a representation of n by ¢; € S. Then we have that
n = ¢;(z,y)
= ‘Paw,(ai,,&-) (xﬂ y)

_ Nk/q (i + Biy)
N(ag,)
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Using the fact that Ok is a Dedekind domain, and that («;x + Biy) Ok C a,,;, we can deduce that
there is a unique ideal b C Ok such that

(aia: + Bzy) OK = Cl%b. (5)

But if we take the norms, we get N ((auz + Biy) Ok) = Ng/q(air + Biy) = N(a,, )N(b) on one hand,
and on the other hand, we also have Ny ,q (i + B;y) = nN(ay,). Therefore, this unique ideal b has
norm n, and this is the ideal we assign to the representation (z,y).

Now, we need to explain that the map we define this way is indeed w to 1. First of all, equation (5)
tells us that [b] = [a,,]7! in Cl(Ok). This implies that if (z,y) and (u,v) are two representations of n
by different forms (¢; and ¢; for i # j), then they will never be mapped to the same ideal. Therefore,
we just need to show the to following points :

. if b arises from a representation of n by some ;, then there are exactly w representations of n
by ¢; that lead to the same ideal b.

. every integral ideal b in Ok of norm n arises in this way (i.e. comes from a representation of n
by one of the p;’s).

Suppose that b comes from a representation (z,y) of n by ;. Then the other representations (u,v)
of n by ¢; leading to the same ideal b are exactly those for which (a;u + Biv) Ox = (x + Biy) Ok
But two principal ideals are equal if and only if their generators are the same modulo multiplication
by a unit. So the other representations (u,v) are exactly the (u,v) such that a;u+ Biv = p(a;x + Biy)
for any p € O. Since each p gives a different element of a,, (we recall that a,, is an ideal of Ok, so
it is stable under multiplication by elements of Of) and since (o, 8;) is a Z-basis of a,,, we have the
following :

For all € O there exists a unique (u,v) € Z* such that a;c+ B;d = p(a;z + Biy). This proves that
there are exactly w representations of n by ¢; that are mapped to b.

Finally, let b be an integral ideal of norm n, and let us prove that there exists a representation of n by
one of the ;’s that is mapped to b.

As § = {p1,...,pp} is a representative set for QE/N, the associated ideals describle completely the
class group :
CI(OK) = { [a%’]’ I<i< h}

Therefore, there exists a unique i € {1,...,h} such that [6] = [a,,]"". Then the ideal a,,b is a principal
ideal of Ok, contained in a,, = a;Z + 3;Z. So there exists (z,y) € Z* such that

ag,b = (iz + Biy)Ok. (6)
Then if we take the norms in this equality and use the fact that N(b) = n and that for all z € O,

N(20k) = Ng/q(z), we get that (z,y) is a representation of n by the form ¢, (a3, = ¥i- Besides,
equality (6) tells us that this representation of n is mapped to the ideal b, and this finishes the proof. [

Thanks to this theorem, we will be able to prove the simple expression for Rp(n) stated without proof
in theorem 2.2.12. A key step is the following lemma.

Lemma 2.3.2. Let K = Q(\/d) be an imaginary quadratic field (in fact the result also holds in any
number field). For all n € N*, let us denote by F(n) the number of integral ideals of O of norm n.
Then F is a multiplicative function, that is : for all a,b coprime integers, F(ab) = F(a)F(b).

Proof. For all ¢ € N*| let us denote by .#(c) the set of ideals ¢ in O such that N(c¢) = ¢ (so that
F(e) = [7(e)]).

Let us prove that when a and b are coprime positive integers, the map
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F(a)x (b)) — F(ab)
(a,b) — ab

is a bijection (this will show the multiplicativity of F). First of all, this map is well-defined, because
for all (a,b) € #(a) x Z(b), N(ab) = ab thanks to proposition 1.6.8.

Now, let ¢ € #(ab), and let us prove that we can write ¢ = ab with N(a) = a and N(b) = b, and a and
b uniquely determined.

If such a factorization exists, let us write a = p{" ... p%* and b = p_o' ... poit" (using the fact that
O is a Dedekind domain, so we have an essentially unique factorization of ideals into products of
non-zero prime ideals). For the moment, we don’t know whether or not the same prime ideals appear
in the factorization of a and b. There could exist ¢ € {1,...,s} and j € {1,...,¢} such that p; = ps;.
But in fact, we are going to prove that this cannot happen. For all ¢, we denote by p; the unique prime
on which p; lies above, that is : the unique rational prime such that p; N Z = p;Z. Then the norm of
p; is some positive power of p; (just because Z/p;Z — Ok /p; is a finite field extension). As a and b
are coprime, the equalities N(a) = N(p1)*' ... N(ps)® = a and N(b) = N(psy1)® ... N(pspe)¥tt = b
show that all the p;’s are distinct, since they lie above distinct primes. Therefore, the factorization
¢ =ab = pf ... pPpostt .. pest’ is the factorization of ¢ into a product of distinct non-zero prime
ideals. This shows that a and b are uniquely determined : if we write the factorization of ¢, the ideal a
is the product of the prime factors that lie above the prime divisors of a, whereas b is the product of
the prime factors that lie above the prime divisors of b. Conversely, one checks that with this choice,

we obtain a € #(a) and b € .Z(b). O

Thanks to the multiplicativity of F, we just need to focus on the study of F(p¥) for p prime. This is
the aim of the next proposition.

Proposition 2.3.3. For all p prime and k € N,

£

i=0
Proof. See | |, lemma just before theorem 148.
First, let us recall an argument that we already used in the proof of the previous lemma : if a =
pt. . p?r (factorization as a product of distinct non-zero prime ideals), and if we denote by p; the

prime p; lies above, then N(a) = N(p1)®* ... N(ps)* and each N(p;) is a power of p;. Thus, if an ideal
a C Ok has norm equal to p* for some prime number p, this means that the only prime ideals that
appear in the factorization of a are lying above p.

Now, let us start the proof of the proposition. Let p be a fixed prime number, and k£ > 1. If a is an
ideal in O such that N(a) = p*, then by what we just recalled, this means that a is a product of
prime ideals lying above p. Thanks to proposition 2.1.8, we have three distinct cases :
(i) (%) = —1 : in this case, p is inert, meaning that the ideal pOx =: p is a prime ideal in O.
Since the ideals lying above p are exactly the ideals that appear in the factorization of pOg as
a product of non-zero prime ideals, we get that p is the only prime ideal lying above p. Thus, a
has to be of the form p* for some u > 0. Then p* = N(a) = N(p*) = N(p*Of) = p**. Therefore,
if k is even, there is exactly one ideal in O of norm p* (and it is the ideal generated by pg in
Ok). If k is odd, then there is no ideal of norm p* in Og. Thus :

F( k)_ 11if k£ is even
P 7= N0t k is odd

in agreement with the equality in the proposition.
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P
As above, this means that an ideal a of norm pF is necessarily a power of p : a = p*. Then

p¥ = N(a) = N(p)*. But N(p) = p (see the section 2.1, where we recalled some facts about
imaginary quadratic fields), hence u = k. Therefore, there is a unique ideal of norm p*, and it is

a:=pF. So
P k D 7
F(pk)—l—l—l-Z(p)
=1

(ii) <Q> = 0 : in this case, p is totally ramified i.e. pOx = p? for some non-zero prime ideal p.

(iii) <%> = +1 : in this case, p is split, that is pOg = p1ps for two distinct prime ideals p; and po.

Then an ideal a of norm p* is necessarily of the form pips for some u,v € N. But the condition
N(a) = p* combined with fact that N(p;) = p = N(p2) implies that u + v must be equal to k.
Thus, we have k + 1 possibilities for (u,v) (namely the tuples (i, k — i), for ¢ € {0,...,k}). This
shows that there are k + 1 ideals of norm p¥. So

l%ﬁ):k+1:1+§§<i>i

and this finishes the proof.

O

Corollary 2.3.4. Using the multiplicativity of F' and the previous proposition, we deduce that for all
n € N¥,

D
rn =2 (%)

Combining this result and the link between F and the number of representations of n by a complete
system of non-equivalent binary quadratic form (theorem 2.3.1), we finally have a proof of theorem
2.2.12, in the case where D is fundamental discriminant (and, to me, it looks like we don’t need the
assumption ged(n, D) = 1 anymore).

Theorem 2.3.5. Let D be a negative fundamental discriminant, and let n € Z be a positive integer.
Then : 5
R = —
-5 (2)
mln
where w is given by (3) and (£) is the Kronecker symbol (see appendiz B).
Proof. Follows immediately from the preceding corollary and theorem 2.3.1. O

According to a semester project report | |, to have a nice correspondence between forms of dis-
criminant D and ideals in quadratic fields when D is not a fundamental discriminant, one needs to
work with orders in quadratic fields, and not only ring of integers.

2.4 Dirichlet class number formula for imaginary quadratic fields

For this section, the following references have been of great help : | |, who took inspiration from
[ | (and the latter refers to the book of Davenport | D.

The aim is to prove the following theorem, which makes a connection between the value at 1 of the

Dirichlet L-function associated with the character (Q) and the class number of the imaginary quadratic

field K = Q(vVD).
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Theorem 2.4.1 (DIRICHLET CLASS NUMBER FORMULA). Let D be a negative fundamental discrimi-
nant, K = Q(v/d) an imaginary quadratic field with discriminant D. Let us denote by xp := (2) the
Kronecker symbol (see appendiz B). Then

L(1,xp) = |Cl Ok)|

w/|D
where w still denotes the number of units in Ok .

Proof. With the notations introduced before, the main idea is to evaluate in two different ways the
quantity

hm — ZRD

« The first way : we replace Rp(n) by its expression in terms of xp (theorem 2.3.5). This gives

N N
1 w
LS o) = & S w Y xolm = > ol
n=1 n=1 mln 1<mi<N 1<m2\ml1
~———
{AJ terms
_w N (m)
- N m Xp(m
1<m<N

We would like to approximate L%J by %, in order to have a partial sum of L(1, xp). The problem
is that if we are not subtle, we will get

m
1<m<N 1<m<N 1<m<N

N N N
— — — < e <N
> |n - ¥ Som)< 3 || - 5 powm)
<
which is not a sufficiently good inequality to conclude that :

lim % > L}J\;J xp(m) = lim % > %XD(m):L(LXD)-

Noo
1<m<N

Thus, we split the sum at some rank k£ (to be determined later), and control differently the first
terms and the last terms.

= e 2 Ee 3 [2fun

1<m<N 1<m<k k<m<N
For the lowest values, we use just approximate L%J by % as follows :
N N N
— = A <
> 5w - ¥ Swm) < ¥ |[5] ] o)<k )
1<m<k 1<m<k 1<m<k
<

<

whereas for the highest values we proceed like this :

> HJ xo(m)= 3, >, xo(m)= 2. xolm)

k<m<N k<m<N 1< 1<e< ¥ pam< Y
m
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So that :

]
| =
>
S
3
/AN
]
>
S
3
/1
S
=
@

k<m<N 1<e< | k<m< &

<|D| by lemma A.4

Thus, if we choose k := |v/N |, we obtain :

= [2ome £ (Yo = [

1<m<N 1<m< |V N| |[VN|<m<N
N
= > Exp(m)+0(m)+0(m)
1<m<|VN]

thanks to (7) and (8). Note that the implied constants in the "O(v/N)" can depend on D since
we work with a fixed discriminant. Then :

and so :

N
5 3" Rp(n) — wL(l, xp) )
n=1

(here we used the fact that the L-function associated with yp is still well-defined at 1. This is a
consequence of the general fact that we recall in appendix A, proposition A.8).

The second way : we use the definition of Rp(n). Let us denote by S := {¢1,...,¢n} a complete
system of non-equivalent forms modulo the action of SLo(Z) on QF (for instance, one can take
the ¢;’s reduced in the sense of definition 2.2.5). Note that h = |Cl(O)| by the correspondence
we proved between binary quadratic forms and the class group. We recall that we introduced
the notation

ri(n) == {(z,y) € Z* | pi(z,y) = n}.
and that Rp(n) was defined as the sum of the numbers r;(n). Thus,

1 Y 1 L& O
PR DM ILUEDIOMID

N
1
Now, we are going to prove that N Z ri(n) converges as N goes to infinity, and that the limit

n=1

does not depend on 4. Let us denote ¢; = aX? + bXY + cY?, with b2 — 4ac = D and a > 0.

N
Then the sum 1+ Z ri(n) equals the number of pairs of integers (u,v) belonging to the domain

n=1

& = {(z,y) € R* | az® + bay + cy* < N}
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(the +1 is just here to count the solution (0,0), which is the only representation of 0 by ¢; since
we work with forms that are positive definite).

As in the famous Gauss circle problem, we can prove that the number of integer points in the
domain & (which is the area of the plane delimited by an ellipse) is the area of the domain -+
an error term of the size of the perimeter. This can be proved by covering & by unit squares

centered at the integer points. I refer to | | for more details on this part. In the end, we get
that
N
1 ; = Area(&) + O(VN
+ nz:ln(n) = rea(&) + O(VN)

We don’t do the computation and take as a fact that
27

il

Area(&) =

2

vo< /1D

so that This is indeed independent of 7, and so we deduce that

uMz

21h
¥ ZRD N3 (10)

Comparing the limits obtained via the two methods (equations (9) and (10)) gives the Dirichlet class
number formula for imaginary quadratic fields :

2

]

L(1,xp) = |Cl(Ok)

Besides, there is a strong connection between L( - ,xp) and the zeta fonction of K = Q(V/d).

Proposition 2.4.2. For all s € C such that Re(s) > 1,

Ck () = C(s)L(s, xD)

Proof. Let s € C such that Re(s) > 1. By proposition 1.6.11, we have

Gt =11 (1 N(i)s)l

We split this product in three parts : a product over the prime ideals lying over a split rational prime,
a product over the prime ideals lying over a totally ramified rational prime, and a product over the
inert primes.

> —1

We can replace N(p) by its value, according to the paragraph above proposition 2.1.8. This gives :

LG G )

p split p|p p tot. ram. p|p p inert p|p

D= T H( o) = 1T O0-xor) * TI(-5

p split p|p p tot. ram. p|p p inert p|p

two factors only one factor only one factor
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hence

o L) I (2 ()

p split p tot. ram. p inert
1\ ! 1\7! 1\ !
M) L) )
p p p split p p inert p

Here we used the identity 1— 1% = (1 - I%) (1 + }%) In this last factorization of (k, the first product
is the Euler product of the Riemann Zeta function, and the second part is exactly

)

p

which is equal to L(s, xp) by proposition A.6 (in the appendix on L-functions). This gives the result.
O

Since we know that ( has an analytic continuation to C with a single pole at s = 1, where the residue
equals 1, we deduce the following corollary :

Corollary 2.4.3. Let K = Q(V/d) be an imaginary quadratic field with discriminant D. Then we

have :
2

w/|D]

We proved this statement only for imaginary quadratic fields, but in fact if K is any number field, a
similar analytic formula for the class number also holds. A precise statement and a proof can be found

in | I

ress—1Cx (s) = |Cl(Ok)|

31



3. Sums of three squares

The aim of this section is to start the core of this master thesis, namely the study of integer points
on spheres. We answer the first question that arises when studying such a problem : "when are there
integer points on a sphere 7".

The sphere of radius v/d is the set of points (z,y,z) € R? such that 22 + y? 4+ 22 = d. We will denote
by %3(d) the set of integers points :

H3(d) = {(x,y,2) € VA | 2?4yt 422 = d}

The question we try to answer in this section is "for which values of d is #5(d) non-empty 7"

In other words, which integers can be written as the sum of three squares of integers 7

Once we know when it is non-empty, the next natural question is to estimate the size of this set. That
is why we also introduce a notation for the number of integer points : r3(d) := |#3(d)|.

In this thesis, we focus on the case of two-dimensional spheres, but the question is also interesting
in other dimensions. For all m € N*, we will denote %Z,,,(d) the set of (z1,...,2,) € Z™ such that
2?4+ .-+ 22 = d and by r,,(d) the cardinality of %,,(d) : the number of representations of d as a
sum of m squares.

For spheres of dimension 1, the question becomes : which integers are the sum of two squares 7 (or
equivalently : when is %2(d) non-empty 7). The classical way to answer this question is to work in
the ring Z[i] of gaussian integers, where the question becomes : which numbers arise as the norm of a
gaussian integer 7 By multiplicativity of the norm, it is even sufficient to answer the question : which
prime numbers arise as the norm of a gaussian integer 7 We obtain the following reformulation of
theorem 2.2.2 :

Theorem 3.0.1. For all d € N*, Z5(d) is non-empty if and only if every prime factor p of d sal-
isfying p = 3 mod 4 appears with an even power in the factorization of d. Moreover, the number of
representations of d as a sum of two squares is also known :

ra(d) := |Z2(d)| = 4(d1(d) — d3(d))

where d;(d) denotes the number of divisors of d (not necessarily prime) that are congruent to i modulo

4.

Proof. At the end of | |, there is a nice problem, with a lot of intermediate questions leading to
this result, starting almost from highschool level. O

For three-dimensional spheres, the result is also well known, and there is an elegant proof due to Venkov
(| I, [ |) which follows exactly the steps of the proof of the two-square theorem, except that
the ring Z[i] is replaced by the (non-commutative) ring of Hurwitz quaternions (we give more details
in the sequel).

Theorem 3.0.2. Every natural number d € N is a sum of four squares, i.e. for all d € N, %4(d) is
non-empty. Moreover, there is also a formula for the number of representations :

ra(d) = |Z4(d)] =8 > m

m|d, 4m

Proof. For the fact that every integer d > 0 is a sum of four squares, the proof based on quaternions
is detailed in | |, chapter III, or also in | |- For the number of representations (this part of
the statement is called Jacobi’s four-square theorem), many methods and references are given in this
mathoverflow discussion :

https://mathoverflow.net/questions/84897/proofs-of-jacobis-four-square-theorem. O
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Now, our aim in this section is to get a statement similar to theorems 3.0.1 and 3.0.2 for sums of three
squares. We start by reminders on Hurwitz quaternions, since they will be useful at the end of the
proof. Indeed, using a local-global principle, we will be able to deduce, starting from representations
as sums of three squares in Q,,, representations of an integer as a sum of three squares in Q. Then,
it is the fact that the ring of Hurwitz quaternions is euclidean (and some corollaries of this fact) that
will allow us to deduce representations as sums of three squares in Z.

3.1 Quaternions

This section contains generalities on quaternions, that one can find in | | section 5.7, or | ,
chapter IIT (in both references, the aim is to prove the four-square theorem using quaternions). How-
ever, we use the same notations as in | |, because it is our main reference for the proof of the
three-square theorem.

We denote by B(Q) the Q-algebra of Hamilton quaternions. It is a Q-vector space of dimension 4,
with a basis denoted by (1,4, j, k). The multiplication in B(Q) is defined by the rules :
?=j*=k"=—1and ij = —ji = k.

Endowed with this multiplication, B(Q) is a non-commutative Q-algebra. The elements of B(Q) are
called quaternions. They can all be written uniquely as u + ai + bj + ck with (u, a,b,c) € Q*.

Definition 3.1.1. If = u+ ai + bj + ck € B(Q), we define :
o its conjugate T :=u — at — bj — ck
o it reduced trace Tr(x) =z + 7T = 2u
o its reduced norm N(zx) := 2T = u® + a® + b + ¢?

Note that for all x,y € B(Q), we have x +y =T+ 7 but Ty = 7 T (it reverses the order of multiplica-
tion).

One can view B(Q) as a subset of M3(C) by identifying 1 with 1 := ((1] (1)>, i with I := <(1) Bi)’

0 1
-1 0
generated by these four matrices :

0 i

j with J := < ) and k with K := <i O>' Then B(Q) is the sub-Q-vector space of My(C)

B(Q) = {u1 +al +bJ +cK, (u,a,b,c) € Q4}

It is easy to verify that the trace of a quaternion coincides with the trace of the associated matrix, and
that its norm is nothing but the determinant of the associated matrix when we see B(Q) as a subset
of M3(C) under the above identifications. This gives an easy proof of the following properties.

Proposition 3.1.2. If z,y € B(Q), then
. Tr(z + y) = Tr(z) + Tr(y)
« N(zy) = N(z)N(y)
. 22 — Tr(z)z + N(z) = 0.

We also have that B(Q) is a division ring : for every z € B(Q)\ {0}, N(z) > 0 and we have x% =1.

As % belongs to B(Q), this shows that any non-zero quaternion is invertible, and its inverse is given

by % Therefore, the set of units in B(Q), denoted by B*, is nothing but B(Q) \ {0}. It is a non
commutative group for the multiplication of quaternions, and it is not hard to prove that its center,
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denoted by Z(B*), is Q*1. We will often forget the "1" because we see Q as a subset of B(Q) by
identifying Q and Q1. We also introduce the notation

PB* := BX/Z(BX) = BX/Q* (11)

Since elements of Q* commute with all the other quaternions, conjugation by those elements is the
identity of B*. This is why the group that we are naturally led to consider when working with inner
automorphisms of B* is PB*. We will see this in section 4.1.

Definition 3.1.3. We denote by B(O)(Q) the set of trace-free quaternions, also called pure quaternions :
BO(Q) := {r € B(Q) | Ta(x) = 0} = {ai+bj +ck, (a,,c) € Q*}
Finally, we also introduce the ring of Hurwitz quaternions :
1+i+j+k
2
It is the set of quaternions u + ai + bj + ck where u, a, b, ¢ are either all in Z or all in Z + %
It is not hard to check that B(Z) is a subring of B(Q), and a free Z-module of rank 4 (a basis is
given by 7, j,k,d) : we say that it is an order of B(Q). This order looks less natural to consider than

Z +7Zi+7Zj+ Zk, but it has nicer properties. First of all, the norms of elements in B(Z) reach exactly
the same integers as the norms of elements in Z + Zi + Zj + Zk, i.e.

B(Z):=Z1+Zi+Zj+Zk+Z6, where :=

N(B(Z)) = N(Z + Zi + Zj + Zk) = {v® + a* + V* + 2, (u,a,b,c) € Z1}.

This is an important fact in the proof of the four-square theorem, since the right-hand side is exactly
the set of numbers that can be written as a sum or four squares, but on the left hand side, the ring
B(Z) has nice properties. The main result is that B(Z) is (both left and right)-euclidean. Let us make
this statement more precise.

Theorem 3.1.4. B(Z) is left-euclidean with respect to the reduced norm i.e. for all x € B(Z) and
y € B(Z) \ {0} there exists a unique (q,7) € B(Z)? such that

r=qy+r
N(r) <N(y)
Similarly, B(Z) is right-euclidean with respect to the reduced norm (the property required is the same,

just replace v = qy+r by v = yq+r).
Proof. See | |, chapter III. O]

In particular, this implies that every left ideal is principal (and similarly for right ideals).

Corollary 3.1.5. Let a C B(Z) be a left ideal (i.e. an additive subgroup of B(Z) such that B(Z)a C a :
we just require stability under multiplication on the left by elements of the ring). Then there exists y € a
such that a = B(Z)y. Similarly, any right ideal b of B(Z) is of the form yB(Z) for some y € b.

Proof. The proof is the same proof as in the commutative case, when we show that an euclidean ring
is a PID. Let a be a left ideal of B(Z). If a = {0} then we just have to take y = 0. Otherwise, when
a # {0}, there is an element of minimal non-zero norm : let us denote by y € a such an element. It
satisfies

N(y) = min N(v/).
(y) v (¥)

Then of course B(Z)y C a (just because y € a and a is a left ideal). Conversely, if x € a, let us write
the euclidean division of x by y (theorem 3.1.4) : there exists a unique (¢, 7) € B(Z) such that

r=qy—+r

N(r) < N(y)
Then r = x —qy € B(Z) and its norm is less than N(y). By minimality of N(y), this implies that » = 0,
hence z = qy € B(Z)y. This proves that a = B(Z)y. The case of right ideals goes the same way. [
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Corollary 3.1.6. If M C B(Q) is a finitely generated left B(Z)-module, then M is of the form B(Z)z
for some z € B(Q). Similarly, any finitely generated right B(Z)-module is of the form zB(Z).

Proof. Let M = B(Z)x1 + - -+ B(Z)z,, be a finitely generated left B(Z)-submodule of B(Q). For all
m € {1,...,n}, we can write T, = U + Ami + bpj + ek for some (Um, @m, b, cm) € Q*. Therefore,
if we multiply by some integer r sufficiently large to clear all the denominators of the wy,, dm, bm, cm
for all m, then rM C B(Z) and so rM is a left ideal in B(Z). So we can find y € B(Z) such that
rM = B(Z)y by the preceding corollary. Thus, M = B(Z)z with a := ¥ € B(Q). Note that we used
the fact that 1B(Z) = B(Z)2, which is true because Q1 is contained in the center of B(Q) (it is fact
equal to the center). O
Corollary 3.1.7. If R is a subring of B(Q) which is finitely generated as a Z-module, then it is
conjugate to a subring of B(Z).

Proof. Let R = Zx1+ - - -+ Zx, be a subring of B(Q), finitely generated as a Z-module. Then RB(Z),
the right B(Z)-submodule of B(Q) generated by R, consists of the finite sums of elements of the form
zy, where x € R and y € B(Z). It is easy to see that z1,...,z, generate RB(Z) as a B(Z)-module.
The preceding corollary then shows that there exists z € B(Q) such that RB(Z) = 2B(Z). This implies

2 'Rz C 2 'RRB(Z) C » 'RB(Z) = z '2B(Z) = B(Z)
So 27! Rz is a subring of B(Z), and this concludes the proof. O

Finally, another important fact about the arithmetic of B(Z) is that the units are well known.

Proposition 3.1.8. The group of units in the ring B(Z), denoted by B(Z)* is exactly the set of
elements of norm 1. The explicit list is as follows :
+tltitjtk
B(Z)* = {11, i, g, £k, —22 J }
Proof. Recall that a quaternion z = ul + ai + bj + ck is in B(Z) if and only if u, a, b, ¢ are either all in
Zor allin Z + % From this it is easy to see that the norm of a Hurwitz quaternion in always in N.

« If z € B(Z) is invertible (in B(Z)), then there exists 2z’ € B(Z) such that zz’ = 1. Then by
multiplicativity of the norm : N(2z)N(z’) = 1. But since N(z),N(z’) € N, this implies that
N(z) =N(z/) = 1.

« Conversely, if z € B(Z) has norm 1, then 2z = 1, and Z € B(Z) since B(Z) is clearly stable under
conjugation. Thus, z € B(Z)* and 27! = 7.

Now it is easy to see which elements of B(Z) have norm 1, and this leads to the explicit list given. [

3.2 Sums of three squares in Q,

As we said at the beginning of the section, the strategy to prove the three-square theorem is to use a
local-global principle, together with the fact that finding representations as a sum of three squares is
easier in Q, than in Q. The reason why we can find roots of polynomials more easily in Q, is because
Newton’s lemma holds in such fields. This lemma is sometimes called Hensel’s lemma too. Let us give
a statement for complete non-archimedean valued fields, Q,, with the p-adic value being a field of this
kind.

Theorem 3.2.1 (NEWTON’S LEMMA). Let (K,|-|) be a complete non-archimedean valued field, with
ring of integers Ok . Let P € O [X] and a € Ok. Assume there exists € € [0, 1] such that

[P(e)] < €| P'(a)]

Then, there exists a unique & € Ok such that P(&) =0 and |a — &| < | P'(a)].
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Proof. See for instance the notes | |. O

Let us see how this lemma can be used to study sums of three squares in Q,. The reference | |
helped me understanding the next two propositions. First, we assume that p is odd.

Proposition 3.2.2. Let p be an odd prime and d € Z. Then d is the sum of three squares in Z, (so
it is a sum of three squares in Q).

Proof. We look at the equation x? + y2 + 22 = d. We choose to look for solutions (z,y, z) € Z]?; with
z = 1. Then the question is to show that there are p-adic integers x,y € Z, such that 2 +y?+1=d,
ie. 22+ 1 =d —y> But while z runs over F,, z? takes % distinct values in F,, (because when p
is odd, there are % squares in F' and % non-squares. So if we also count zero, which is a square,
we obtain that the number of squares in F, is %) This implies that 22 + 1 also takes % distinct
values in Fj,. The same argument shows that while y runs over F,, d — y? takes % distinct values in

F,. In other words, if we denote

A:={2*+1, z€F,} and B:={d—¢*, y € F,}

we have |A| = |B| = %. As [AUB| = |A|+ |B| — |AN B| < p (because AU B C Fp), this implies
that AN B # 0.

Let x,y € Z be such that that their reduction modulo p (denoted Z,7%) satisfy 72> +1 = d — 72 in
F,. Then the polynomial P(Z) := Z? + 2% + y? — d is in Z[Z] C Z,[Z]. Moreover, 1 € Z C Z,, and
|P(1)|, < % because by the choice of z and y, 1+224y? —d is divisible by p. Besides, }3 = %|P/(1)\]2) since
P'(1) = 2, which has p-adic absolute value equal to 1 since p is odd. Thus, we have |P(1)|, < e|P'(1)]2,
with € = % € [0, 1], so Newton’s lemma applies. In particular, it tells us that there exists z € Z,, such

that P(z) = 0. Then (x,y,2) € Z3 is a representation of d as a sum of three squares in Z,. O
Now, let us deal with the case p = 2.
Proposition 3.2.3. If d € Z is not of the form 4*(8b+ 7), then it is the sum of three squares in Qo.

Proof. Let us write d = 4°d’ with 41 d’ (we just factorize the highest power of 4 that we can). Then it
is sufficient to show that d’ is a sum of three squares in Qs. Indeed, if we can write d’ = 22 + y? + 22,
then

d = 4ad/ — (2ax>2 4 <2ay)2 + (2112,)2

so it is also a sum of three squares in Qy. Now since d’ is not divisible by 4, and not congruent to 7
modulo 8 by assumption, we have d’ = 1,2,3,5,6 mod 8. Now, we have the following table :

2 + 1?4+ 2° mod 8

NN =IO
=l Ll k=1

el Bl Bl Rl B R
| O W N =

which tells us that for any possible value of ¢’ modulo 8, there exist x,y € Z such that 22 + 3% +1 =
d’ mod 8. Then, the polynomial P(Z) := Z% + 22 + y? — d’ belongs to Z[Z] C Z2[Z] and satisfies
8| P(1), so |P(1)|]2 < 5. On the other hand, P'(1) = 2, so |P'(1)|]z = 3. Thus, |[P(1)|2 < e|P'(1)]?
with € = % € [0,1[. So we can apply Newton’s lemma to obatin the existence of a root z € Zs for the
polynomial P. Then (z,y, z) € Z3 is a representation of d’ as a sum of three squares in Qa. O
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3.3 Hasse-Minkowski local-global principle
In order to prove the three-square theorem, we will use a well known local-global principle. In this

section, we just state the result and refer to | |, or | | for a proof.

This theorem is about representations of rationals by quadratic forms over Q, so we start by introduc-
ing some notations and vocabulary about quadratic forms.

Let K be field of characteristic different from 2, and let V' be a vector space over K. Then a quadratic
form on V is a map ¢: V — K satisfying

(i) for all z € V and all A € K, g(\z) = \2q(x).
(i) the map (z,y) € V xV = q(z+y) —q(x) — ¢q(y) is a bilinear form.

We also define the bilinear form associated with ¢ to be the map b: (x,y) — % (q(x +y) —q(z) — q(y))
(here we use the assumption char(K) # 2). This form is clearly symmetric. Two vectors z,y € V
are said to be orthogonal (with respect to the quadratic form ¢) if b(x,y) = 0. Finally, we say that
q is non-degenerate when the only vector which is orthogonal to every vector of V' is 0 i.e. when the
implication "b(x,-) = 0y» = 2 = 0y" holds for all x € V.

Definition 3.3.1. Let o € K*. We say that a quadratic form q: V — K represents « if there exists
z €V such that ¢(x) = a.

We will only work with the quadratic form "sum of three squares" over Q3. In this case, the base field
is Q, and the vector space is V := Q3. The quadratic form we study is (writing = = (21, 22, 73)) :

g Q — Q

T x%+x%+x§

The bilinear form associated with g3 is the standard dot product on Q3 :

T U1
ba(z,y) =22 | - | v2 | = z1y1 + 22y2 + 23y3
€3 Y3

so that g3 is non-degenerated.

Although we will only need Hasse-Minkowski theorem for the quadratic form g3, let us give the state-
ment in a slightly more general setting :
Let ¢: Q™ — Q be a quadratic form in n variables. It can be the "diagonal form" :

r=(z1,...,2p) —> o+ 412

but also any homogeneous polynomial of degree 2, in n variables, with coefficients in Q. For any
prime number p, we can view Q as a subfield of the field Q, of p-adic numbers, so the homogeneous
polynomial defining ¢ can also be seen as a polynomial with coefficients in Q,. Thus, we may extend
q to a quadratic form on Qy, just by applying the same polynomial to entries (X1,...,@p) € Qp.
Similarly, the inclusion of Q inside R allows us to extend ¢ to a quadratic form on R". We will
still denote these quadratic forms by ¢ : they are given by the same homogeneous polynomial with
coefficients in Q, we just apply the polynomial to entries in a larger field. With this little abuse of
notation, if a € Q*, we will say that g represents a over Q, (resp. R), if there exists (z1,...,zy) in
Q, (resp. over R") such that q(z1,...,z,) = a.

Theorem 3.3.2 (HASSE-MINKOWSKI). Let n > 2 and let ¢: Q™ — Q be a non-degenerate quadratic
form. Then for all a € Q*, q represents a over Q if and only if it represents a over R and over Q,
for every prime number p.
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In other words, if we apply this to the quadratic form g3 : for all a € Q*, the equation
:c% + :U% + :L‘% =a
has a solution (1,22, z3) in Q3 if and only if it has a solution in R? and a solution in Q?) for every
prime p.
3.4 The three-square theorem

We can finally prove the three-square theorem. The question was studied by Legendre, but the proof
he gave in 1798 was incomplete, because he assumed the existence of primes in arithmetic progressions,
and this result was only proved by Dirichlet 40 years later. The first complete proof was published by
Gauss in his Disquisitiones Arithmeticae (1801). We start by a lemma on squares modulo 8.

Lemma 3.4.1. If z,y,2 € Z, 2°> + y?> + 22> # 7 mod 8. Moreover, 2% + y?> + 2°> = 0,4 mod 8 if and
only if x,y and z are even.

Proof. Reducing modulo 8 all the 22 for z € {0,...,7} leads to the following table :

zmod8 [0]1|23[4]|5|6
2mod8 |01 [4]1]0]1]4]1

In particular, for all z € Z, 22 = 0,1 or 4 mod 8. From this, one can just check every possibility and
see that for all z,y,2z € Z, 22 + y? + 22 # 7 mod 8 : the following trees list all the possibilities for
22 + 4% + 22 modulo 8.

x? y2 22 2 + y2 + 22 x Y z 2 + y2 + 22

0 (0) 0 O,
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Moreover, we notice that 22 4+ y? 4+ 22 = 0,4 mod 8 if and only if 22, y? and 22 are not congruent to 1
modulo 8, and this happens if and only if x,y and z are all even numbers. O

Theorem 3.4.2 (LEGENDRE-GAUSS). An integer d € N is the sum of three squares if and only if it
is not of the form 4*(8b+7) for some a,b € N.

Proof. First, let us explain why the condition is necessary. Assume for a contradiction that there exists
a number of the form 4%(8b+ 7) which is representable as a sum of three squares. Define ag as follows :

ap :=min{a € N | 3b € N,4%(8b + 7) is a sum of three squares}.

Then ap > 1 because a number of the form 8b + 7 cannot be a sum of three squares (by the previous
lemma). Let b € N and (x,v, z) € Z3 be such that 4% (8b+7) = 22 +y% +22. Since ag > 1, 22 +y> + 22
is divisible by 4, so it is congruent to 0 or 4 modulo 8. But this is only possible if x,y and z are even
(by lemma 3.4.1). Then we can divide by 4 and get :
B N 2 Y\ 2 2\ 2
e = (5 (2)'+ )
(86 +7) 2 + 2 + 2

Since x,y and z are even, this is a representation of 4%0~1(8b 4 7) as a sum of three squares, which
contradicts the minimality of ag. Thus, no integer of the form 4%(8b + 7) is representable as a sum of
three squares.

Conversely, if d is not of the form 4%(8b+ 7), then for any prime p, the equation z2 +y? + 22 = d has a
solution (x,y,z2) € Qg (by propositions 3.2.2 and 3.2.3). Moreover, since d > 0, it also has a solution
in R. Therefore, the Hasse-Minkowski local global principle gives us a solution in Q? : there exists
(a,b,¢) € Q3 such that a® 4 b? + ¢ = d. In other words, there exists z € B())(Q) such that N(z) = d.
Since z is a pure quaternion, we have Z = —z, hence N(z2) = 27 = —22, so we deduce that 22 = —d.
In particular, Z[z] = Z + Zz, so that Z[z] is finitely generated as a Z-module. As it is also a subring
of B(Q), corollary 3.1.7 implies that it is conjugate to a subring of B(Z). Let ¢ € B(Z) be such that
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qZ[z]q~" C B(Z). Then in particular gzq~' € B(Z), but gzq~ ' also belongs to B(?)(Q) because being
trace-free is stable under conjugation (if we see B(Q) C M2(C), this is just saying that two similar
matrices have the same trace). Thus, ¢z¢~' € BO(Q) N B(Z) = {ai + bj + ck, (a,b,c) € Z*} and
N(gzq~1) = N(2) = d, which proves that d is the sum of three squares of integers. O

Definition 3.4.3. An integer that can be represented as a sum of three squares of integers will be called
admissible.

To get back to the notations of the introduction of this section on sums of squares : d is admissible if
and only if #5(d) is non empty.
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4. Counting representations as a sum of three squares

We know from theorem 3.4.2 that #Z3(d) is non empty if and only if d is not of the form 4%(8b 4 7) for
some a,b € N. The question we want to study now is the size of Z3(d). We will only study the case
where d is square-free, in particular d is congruent to 1, 2, 3, 5 or 6 modulo 8 (the other possibilities
are either excluded by the "square-free" assumption, or by the condition in theorem 3.4.2). In fact we
can split the situation in two cases : either d = 1,2 mod 4, or d = 3 mod 8. There is a slight difference
between the two cases, and we will only give a full proof in the first case.

Given an admissible, square-free integer d > 2, such that d = 1,2 mod 4, we will denote by K the
field Q(v/—d). As we will see, there is an action of C1(O) on %Z5(d)*, where Z3(d)" is the quotient
of #3(d) under the natural action of SO3(Z)" (the notations are introduced in the section below).
We prove in section 4.3 that this action is free and transitive, and this will lead to a surprising and
beautiful relation between the class number of K = Q(v/—d) and |%5(d)|.

4.1 Geometric aspects of quaternions

In this section, we explain in detail some identifications that are useful to understand the action that
will allow us to count the number of representations of an integer as a sum of three squares. This will
give us a geometric point of view on some algebraic operations involving quaternions.

As B(Q) is not commutative, the action of B* (= B(Q) \ {0}) on B(Q) by conjugation is often non
trivial. For all x € B*, we define

% + B(Q — B(Q)

z —  xzz !

(the "conjugation by z"). It is a Q-linear map from B(Q) to itself, which is invertible (the inverse
being 7,-1). Of course if ¢ € Q* and x € B*, we have 4, = v, (because Q* = Z(B*)). Thus, the
automorphism 4, only depends on the class of z in the quotient PB*. We denote the class of x by [z].
This just means

2] = {qz, ¢ € Q*}.
Then we have a group action of PB* on B(Q) :
PB* xB(Q) — B(Q)
([x], 2) = Ye(2) = zzat

Since trace-free quaternions are stable by conjugation by any element, this allows us to restric the
action to BO(Q) :

PB* x BO(Q) — BO(Q)

([z], 2) = ve(2) = pzat

Now, (B(Q),N) is a quadratic space which is isometric to (Q3,| - ||3) (where || - ||z denotes the
restriction of the usual euclidean norm on R?, restricted to Q). Indeed,

(a,b,¢) € Q= ai + bj + ck € BO(Q)

defines an isometry between those quadratic spaces. Note that even if we sometimes say that there is a
"natural" way to identify B(?)(Q) and Q?, it is only natural once we have chosen the basis of B (Q)
to be (i,7,k). Once we have made this identification, we may wonder what is the counterpart in Q3
of the action of PBX on BO)(Q) ?

Indeed, we can think of the automorphism 7, as an invertible linear map on Q? i.e. an element of
GL(Q?). But is it any kind of linear map ?

41



Definition 4.1.1. We denote by O3(Q) the linear isometries of (Q3,| - ||3), that is : the subgroup of
GL(Q?) made of the endomorphisms f: Q> — Q3 such that for all x € Q3, || f(z)]|3 = ||=||3.

We denote by SO3(Q) the subgroup of O3(Q) made of the elements with determinant equal to 1.

By multiplicativity of the norm, we have : for all z € BX, for all z € BO(Q), N(zzz~1) = N(2), so
that ~, acts on B(Y(Q) by isometry. So if we transport this in Q* via our natural identification, we
see that 7, (seen as a transformation of Q3) is an element of O3(Q). In fact, it is even an element in
SO3(Q), but this is less immediate. We will need some extra work to understand this.

First, let us remark that the quadratic form N on B(O(Q) is an euclidean norm : it comes from an
inner product on the Q-vector space B (Q). Indeed, if z = ai+ bj + ck and y = di + ej + fk are two
elements of B()(Q), define
Tr(zy)

2
Then a simple computation shows that (z,y) = ad + be 4 cf, so that under the identification between
B(O)(Q) and Q3, this inner product is just the usual euclidean inner product on Q3.

<:L‘,y> =

Definition 4.1.2. If (E, (-,-)) is an inner product space, a reflection of E is a linear isometry s: E — E
with a hyperplane as a set of fized points, and which acts as —id on the orthogonal complement.

In this setting, if z € E\ {0}, let us denote by 7, the reflection with hyperplane z*. Then it takes the
following form : for all y € F,

(y, =)
Te(y) =y =2
’ (Bl
where || - || denotes the norm associated with the inner product (-,-) i.e. ||z[|? = (z, ).

So if we go back to our space (B(?(Q), N), reflections take the following form :
For all z € B(Q), the reflection of B())(Q) with hyperplan 2z is the map 7, given by the explicit
expression : for all h € BO)(Q),

Tr(hT) .
N(z)

But if we come back to the definition of the trace and norm of a quaternion, we can simplify this
expression as follows :

Tz(h) = h —

72(h) = h— (hT + hz) (27) "'
=h—hzz ‘o 's—Tht ‘'z 'z
= —ahz !

But as z and h are in B)(Q), we have T = —z and h = —h, hence 7,(h) = —zhz~! = —v,(h).

With this description of the reflections in B(0)(Q), we are ready to prove that B> acts by positive
isometries on Q3. We just need a last very famous result, that we will not prove here.

Theorem 4.1.3 (CARTAN-DIEUDONNE). If (E, q) is a n-dimensional non degenerate quadratic space,
then every linear isometry of (E,q) is a product of at most n reflections.

Proof. see for instance | |, chapter VIII. We will not use the full result, in fact we just need to
know that any isometry is a product of reflections, the fact that it is a product of "at most n" can be
forgotten for our immediate purpose. O

Proposition 4.1.4. For all x € BX, 7, (seen as a transformation of Q3) belongs to SO3(Q).
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Proof. Assume for a contradiction that there exists € B* such that 7, € O3(Q) \ SO3(Q). Then
by Cartan-Dieudonné’s theorem, we can write v, as a product of reflections : v, = 75, ... 7, where
z1,..., 2, € BO(Q)\ {0}. Now because reflections have determinant —1 and 7, too, we must have
r odd. Using the expression of reflections in B(O)(Q) we just discussed above, and the fact that r is
odd, we get that for all h € BO(Q), y4(h) = —(x1...2,)h(zy ... 2,)" . Let us put y := 1 ...z, As

h = —h, we have :

for all h € BO(Q), 7.(h) = yhy ™"

But this equality also holds when h € Q, since both sides equal h in this case (using the fact that the
elements of Q commute with all the other quaternions). Since B(Q) = Q1 @ B((Q), we deduce that
for all h € B(Q), vz(h) = yhy~!. This is impossible because on the left hand side we have ~,, which is
a surjective multiplicative function of h, whereas on the right hand side, we have an anti-multiplicative
function of h (recall that for all w,z € B(Q), wz = Z w), which is also surjective. To make the
contradiction clearer maybe : Let us denote by f, the map h yhy~'. We just proved that fy = Ve
Now let us take h, b’ € B(Q) such that v, (h) = i and 7, (h') = j. Then v, (hh') = v, (h)vz(h') = ij = k.
But on the other hand, we also have v, (hh') = f,(RR') = f,(F') fy(h) = x(h')yz(h) = ji = —k, hence
a contradiction. O

Proposition 4.1.5. The map
PB* — S03(Q)

[z] = %

1S a group isomorphism.

Proof. 1t is easy to prove that it is a group homomorphism. To prove the injectivity, it suffices to
remark that if 7, is the identity on B()(Q), then z commutes with all the elements in B(Q), so
x € Z(B*), and this precisely tells us that [z] is the unit element in PB*. Finally, let us prove the
surjectivity. Let o € SO3(Q). Then by Cartan-Dieudonné’s theorem, o is a product of reflections.
For determinant reasons, it is the product of an even number of reflections in B(O)(Q). So there exists
r even, and z1,...,z, € BO(Q)\ {0} such that 0 = 7, ...7,,. By the description of reflections in
B()(Q), we know that for all m € {1,...,r}, for all h € BO(Q), 7, (h) = —7a,,(h). This implies
(since 7 is even) that for all h € BO(Q), o(h) = v4,..,.(h). Thus, the isometry o € SO3(Q) indeed
arises as the conjugation by some element in B*. O

Corollary 4.1.6. Ifz,y € B(O)(Q) have the same norm, then there evists z € BX such that y = zxz~ 1.

Proof. With the isomorphism of proposition 4.1.5, we can see this question more geometrically. What
we have to prove is that if 7,y € Q? are such that ||z|3 = ||y||3, then there exists ¢ € SO3(Q) such
that y = o(x). If 2 = y, then o = id works. Now, when x # y, the reflection s of Q3 with hyperplane
(y — ) maps x to y. Indeed, since ||z|2 = ||y we have

2 2
(y+zy—=z) =ylz — (y,z) + (z,y) — [lz[lz =0

so y +x € (y — z)*. Therefore,

s(y+z)=y+zx

s(y—x)=x—y
hence s(z) = y. Now the problem is that s is a reflection, so it is not in SO3(Q). Let ¢ be any reflection
with respect to an hyperplane containing = and y (it is the hyperplane spanned by x and y when they
are not colinear, but in the case where x = —y, we just take an hyperplane containing the line generated
by z and y). Then t o s € SO3(Q) since we compose two reflections, and (¢ o s)(z) = t(y) = y since ¢
is the identity on a plane containing x and y. So we can take o := t o s and it gives us a rotation of
Q? mapping z to y. 0

Now, inside B* we have a particular subgroup : the group of invertible Hurwitz quaternions B(Z)*.
What is the geometrical effect (on Q) of the conjugation by those particular elements ? This is what
we will try to answer now.
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Definition 4.1.7. We denote by O3(Z) the subgroup of O3(Q) made of the isometries that preserve
the lattice Z3. Similarly, we denote by SO3(Z) the elements of O3(Z) that have determinant 1.

Let us make a few remarks on this definition. We denote by
1 0
€1 — 0 , €9 = 1 , €3 = 0
0 1

the canonical basis of Q3. By definition, an element of O3(Q) is a linear map u: Q* — Q® which
preserves the standard inner product on Q3 :

Vo,y € Q°, (u(x), u(y)) = (z,y)

From this, it is easy to see that the image of the canonical basis of Q3 by w is still an orthonormal
basis. Thus, the matrix of u in the canonical basis of Q3 is a matrix whose three columns form an
orthonormal basis of (Q3, (-,-)). Now, among those matrices, which ones are in O3(Z) ? If M € 03(Q)
has to preserve Z3, then the image of ey, which is the first column of M, has to be in Z3, but also has
to be of norm 1. Thus, it is of the form

+1 0 0
0 or | £1 ] or 0
0 0 +1

If we apply the same argument to ez and es, we see that the columns of M are all of the form above,
and since they have to be orthogonal, we get that M is a permutation matrix where we allow signs.

Proposition 4.1.8. |O3(Z)| = 48 and |[SO3(Z)| = 24.

Proof. Choosing M € O3(Z), it is the choice of a (3 x 3) permutation matrix : there are 3! = 6 such
choices, and then we can choose to put either +1 or —1 for each non-zero entry of the permutation
matrix, so we have 23 = 8 possibilities. This gives |O3(Z)| = 6 x 8 = 48. To show that [SO3(Z)| = 24,
there are several ways to see it. For instance one can say that the determinant is a surjective group
homomorphism O3z(Z) — {£1}, and the kernel is exactly SO3(Z). Another way to get the result is to
say that when we have to choose if we put a +1 or a —1 for the entry in the last column, we don’t
have the choice anymore since the value of the determinant is prescribed. O

Every element of SO3(Z) permutes the three coordinate lines in Q3. Indeed, if o € SO3(Z), each e;
is mapped to *e; for some j, and so if we forget about the signs, and just remember the axes, we
see that o induces a permutation of the axes. Let us detail an example to see what happens. Take
o € SO3(Z) the element with matrix in the canonical basis of Q3 :

0
M:=|-1
0

o O =

0
0
1

It satisfies o(e;) = —e2, o(e2) = e1 and o(ez) = e3. So o exchanges the "z-axis" (Qe;) and the
"y-axis" (Qez), while the z-axis remains invariant. The induced permutation on the coordinate lines
is the transposition (1 2).

Definition 4.1.9. We denote by SO3(Z)" the subset of SO3(Z) made of the rotations which induce
an even permutation of the azes.

As we said before, each matrix of SO3(Z) can be constructed as follows : we start from a (3 x 3)
permutation matrix, and then we allow some coefficients that are equal to 1 to take the value —1, with
the restriction that the determinant should be equal to 1. Then the elements of SO3(Z)" are exactly
those we construct in this way starting from the matrix of an even permutation. Since the elements of
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G3 with signature 1 are the identity, and the two 3-cycles (1 2 3) and (1 3 2), it is easy to deduce
the list of the elements in SO3(Z)". Indeed, the matrices attached to our three even permutations are

1 00 0 01 010
01 0],({1 0 O0)Jand (O O 1
0 01 010 1 00

and by 3-linearity of the determinant, only the changes of an even number of signs will preserve the
determinant. From the first one we deduce the following elements of SO3(Z)* :

1 00 1 0 0 -1 0 0 -1 0 0

01o0)],{0 =1 0], 0 1 O and 0 -1 0

0 0 1 0O 0 -1 0 0 -1 0 0 1
From the second one we deduce :

0 0 1 0O 0 -1 0 0 -1 0 0 1

10 0],{2 0 O0},|-1 0 O and -1 0 O

01 0 0 -1 0 0 1 0 0 -1 0
while the last one gives us :

01 0 0 -1 0 0 1 0 0 -1 0

00 1,10 0 -1},10 0 —1] and 0 0 1

1 00 1 0 0 -1 0 0 -1 0 O

The twelve matrices we just enumerated form the set SO3(Z)™"

The reason why we introduce this subset of SO3(Z) is because it is exactly how the elements of B(Z)*
act on QB. Let us give a more precise statement.

Proposition 4.1.10. The group homomorphism

B(Z)* — 503(Q)
x — Ve

induces an isomorphism B(Z)* /{£1} — SO3(Z)*.

Proof. 1did not find a more elegant proof than just doing the (quite tedious) computations, I am open
to any suggestion. Recall that

+l1+i+j+k
EKZY%:{jﬂ,iLiﬁjigzé‘j},
and that we have the following rules for the multiplication in B(Q) :

2 _ 2 2

2 = — 1, ij = —ji =k, jk=—kj=1iand ki = —ik = j.

Let z := u+ ai + bj + ck be an element of B(Q).
o First, let us see how the conjugation by ¢ acts on the z. We have :

izi~l = iz(—i) = i(u+ ai + bj + ck)(—i) = (ui + ai + bij + cik)(—1)

=—(ui—a+0bk—cj)i=u+ai—bj—ck

Similar computations can be done to deduce jzj~! and kzk™ 1.
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« Now, for the other "type" of units in B(Z), let us explain with € := W (because the other

units look the same, up to some signs changes). Since ¢ € B(Z)*, it has norm 1 and we have

e~ = (this is a first important thing to notice, computing e ! is not difficult). Thus,

1
526_1:Z(1+i+j+k)(“+ai+bj+6k)(l_i_j_k)

Then the computation is a bit tedious, but in the end a lot of terms simplify and we obtain
cze l =u+ci+aj + bk.

I checked the two examples above, and for the other units I chose to trust the following table, given in

[ |. Note that for all € € B(Z)*, 7. = 7_¢, so we just need to do do the computations for half of
the units.
€ e(u+ ai+bj + ck)e!
1 u+ai+bj + ck
i u+ai —bj —ck
j u—ai+bj —ck
k u—at —bj + ck
LHiTek u+ ci+ aj + bk
# u—+ci—aj — bk
%ﬂ‘_k u—ci+aj — bk
%—W u—ci —aj + bk
1=ioik u+bi+ cj + ak
W u+bi —cj —ak
% u—>bi+cj—ak
W u—bi —cj+ ak

From this table we easily deduce the result stated in the proposition. Indeed, let us consider (for
instance) ¢ := w Since v (u + ai + bj + ck) = u + bi — ¢j — ak, we deduce that the isometry of
Q? corresponding to 7. is :
a b
b|— | —c
—a

whose matrix in the canonical basis of Q3 is

0 1 0
0 0 —1]€S03(z)*
-1 0 0

We do the same for each ¢ € B(Z)*, and we see that the ~.’s always induce a transformation of Q3
which is in SO3(Z)™", and that, in fact, they reach all the elements in SO3(Z)*. This shows that the
group homomorphism
B(Z)* — SO3(Z)*
N Ve

is well defined and surjective. Now ~. is the identity of Q3 if and only if ¢ € B(Z)* N Z(B*) =
B(Z)* N Q* = {£1}, hence the isomorphism claimed in the proposition.
O

Corollary 4.1.11. We have SO3(Z) = SO3(Z)"Uv11:S03(Z)*. In other words, a matriz M € SO3(Z)
can be realized as the conjugation by a quaternion v € B(Z)* U (1 +1)B(Z)*.
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Proof. 1t suffices to check that the conjugation by 1+ i gives a rotation v;4; which is in SO3(Z) but
not in SO3(Z)*. A similar computation as the ones above shows that ~1y; is the rotation of Q3 with
matrix

1 0 0
00 -1
01 0
in the canonical basis of Q3. This is an element of SO3(Z), and it is not in SO3(Z)™" since in terms of

permutation of the axes, it just permutes the y-axis and the z-axis, and the transposition (2 3), as
any transposition, has signature —1. O

4.2 Definition of an action of an ideal class group on the representations

Let d > 2 be a square-free admissible integer. We denote by K the imaginary quadratic field Q(v/—d).
We recall that #3(d) denotes the set

{(a,b,c) € Z> | a®> +b* + % = d}

and that it can be seen as a subset of B(O)(Q) : the set of all the pure quaternions z := ai + bj + ck,
where (a,b,c) € Z3, such that N(z) = d. It will be convenient to introduce a notation for the pure
quaternions with coefficients in Z :

B (z) := BO(Q) N B(Z) = {ai + bj + ck, (a,b,c) € Z°}
With this notation, we can see Z3(d) as the following subset of B(0)(Q) :

#3(d) = {z € BY(Z) | N(z) = d} = {x € BY(Z) | 2* = —d}
where the second equality comes from the fact that for pure quaternions, T = —x, so N(x) = 27 = —22.
Thus, any representation of d as a sum of three squares gives us a square root of —d in B(0)(Z) C B(Q),
hence another "copy" of the field K = Q(v/—d).

Let us take some time to ensure that the fact that B(Q) is not commutative does not lead to any issue.
Let © € %3(d), that we see as an element in B(®)(Z). We consider the map

ev, : Q[X] — Qlz]
P — P(x)

This map makes sense because x is an element of the Q-algebra B(Q), so we can evaluate polynomials
at x. Moreover, it is a morphism of Q-algebras, and what is important to notice is that we only use
the fact that the mutiplication in B(Q) is Q-bilinear, and we don’t need commutativity. It follows that
the kernel of ev, is an ideal of Q[X]. Since Q[X] is a PID, there exists a unique monic polynomial
7, € Q[X] such that ker(ev,) = (7). Now since x € #3(d), we have 22 + d = 0 so that 7, divides
X2 4 d. But the latter is irreducible in Q[X], so we have m, = X2 + d. Therefore, ev, induces an
isomorphism of Q-algebras between Q[X]/(X2+ d) and Q[z]. In particular, Q[z] is a field so we have
Q[z] = Q(z). Thus, we really get a field extension of Q, obtained by adjoining a square root of —d,
so this gives a natural identification with Q(v/—d).

More precisely, for all € %3(d) (seen as a subset of B(0)(Z)), we denote by ¢, the Q-linear map

K —= Q)
V—d — =

Then this map is an isomorphism of Q-algebras. This will allow us to transport ideals of O inside
the quaternions, and it is the key idea to define an action of C1(Of) on the representations of d as a
sum of three squares. The isomorphism ¢, is integral in the sense that the rings of integers on both
sides correspond via ¢g.
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Lemma 4.2.1. Assume that x € %5(d) for some admissible, square-free d = 1,2 mod 4. Let us denote
by O, the ring of integers of Q(x) (i.e. the set of elements in Q(x) thatl are integral over Z). Then
we have Oy = Z[z] = B(Z) N Q(z). In particular 13(O) = Oy.

Proof. We prove that O, C Z[z] C B(Z) N Q(z) C O,.

. If y € O, then y € Q(z) : we write it as a + bz where (a,b) € Q2. If b = 0, then y is in
Q, and is integral over Z. This implies that y € Z since Z is integrally closed. In particular,
y € Z[z]. Otherwise, b # 0 and the minimal polynomial of y over Q is of degree at least 2. But
by proposition 3.1.2, we know that the polynomial X2 — Tr(y)X + N(y) vanishes at y. Thus,
this must be the minimal polynomial of y over Q. Since y € O, it has coefficients in Z (see
proposition 1.2.6). We deduce that :

Tr(y) =2a € Z
{N(y) =a’+b?dcZ (12)

Here we used the fact that © € Z3(d) to compute the trace and norm of a + bx. Multiplying the
second line by 4 leads to (2a)?+ (2b)2d € Z, hence (2b)2d € Z since 2a € Z. But this implies that
2b € Z because d is square-free, so it cannot balance eventual denominators of 2b. Therefore,
we can take u,v € Z such that @ = § and b = §. Then the fact that a® 4+ b?d € Z implies that
u? + v%d = 0 mod 4.

_ If v is even, then v? = 0 mod 4, hence v? = 0 mod 4, so u is even too. In this case a,b € Z,

so y € Zx].
_ If v is odd, then v? = 1 mod 4, hence u? +d = 0 mod 4. As 0 and 1 are the only squares
modulo 4, and d is square-free, we must have 4> = 1 mod 4. But then d = —1 mod 4, which

is not the case by assumption. So this case cannot happen.
So we proved the inclusion O, C Z[z].

« Now, if y € Z[z], then we write y = a + bz for some a,b € Z. Since x € #Z3(d), there are integers
¢,d,e such that © = ci + dj + ek. Thus, y = a+ bz = al + (bc)i + (bd)j + (be)k is a quaternion
with all its coefficients in Z, so it is in B(Z). This proves the inclusion Z[z] C B(Z) N Q(x).

o Finally, if y € B(Z)NQ(z), then since y € B(Z), we have N(y), Tr(y) € Z. Thus, the polynomial
X2 —Tr(y)X + N(y) is a polynomial with coefficients in Z, that vanishes at y, showing that y is
integral over Z. This gives us the inclusion B(Z) N Q(x) C O,.

To get the "in particular" part of the statement : proposition 2.1.2 tells us that for our condition on d,
we have Og = Z [v/—d], hence 1,(Ok) = Z[z] = O,. We did not give the proof of proposition 2.1.2,
but in fact it is exactly the same as what we have just done to show that O, = Z|x]. O

Remark. In the case d = 3 mod 8, the statement is almost the same, we still have
O, =B(Z) N Q(z) = 1(Ok),

and the only difference is that it is not equal to Z[x] (but this dichotomy is not so surprising given
proposition 2.1.2).

Now, we define the action of Cl(Ok) on the representations step by step. Let z € #3(d) and let I
be a (possibly fractional) ideal of O. It is finitely generated as a Z-module, so 1, (I) is also finitely
generated as a Z-module. Therefore, B(Z)¢,(I) is a finitely generated left B(Z)-submodule of B(Q).
By corollary 3.1.6, there exists ¢ € B* such that B(Z)u,(I) = B(Z)qg~'. This way, we can think of our
ideal I of Ok as an element g € B*. Of course, ¢ is not uniquely determined, and we will explain how
this issue is handled. Now, define y := ¢~ 'zq. Let us prove that y is also an element in %3(d).

« y € BO(Q) since z € BO(Q) and being trace-free is preserved under conjugation.
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« N(y) = N(x) = d by multiplicativity of the norm.

« To get the conclusion, it remains to show that y € B(O(Z). As y € B(O(Q), it just remains to
show that y € B(Z). But we have :

y=q 'zq € B(Z)q 'wq = B(Z)to(I)zq = B(Z)to(I)te(V—d)qg = B(Z)1z(IV~d)q
C B(Z):z(I)q

because I/—d C I since I is an Ok-submodule of K and v/—d € Ok. As B(Z)w.(I) = B(Z)q !,
we obtain that y € B(Z).

This seems to give us a way to associate to each pair (I,z) an element y which is a possibly new
representation of x as a sum of three squares. The problem is that the element ¢ is not uniquely
determined, so the new element y € %#5(d) that we define depends on some choices. Let us explain
how to overcome this difficulty.

The element ¢ is defined as a non-zero quaternion such that B(Z)c,(I) = B(Z)g~!. The other r € B*
such that B(Z)q~! = B(Z)r~! are exactly the elements of the form r = ¢e, where ¢ € B(Z)*. Now, if
we take r = ge instead of ¢ to define our new element in %3(d), we obtain 3/ = (ge) 'z(qe) = e 1ye.
In other words, different choices of the element ¢ (which "represents" the ideal I inside B(Q)) lead to
elements of %Z3(d) that only differ by conjugation by an element of B(Z)*.

This is why the space on which Cl(Og) will act is not Z3(d), but the quotient space
Rs(d)* = B(2)"\Zs(d)

that is : the set of orbits of #Z3(d) under the action of B(Z)* by conjugation. The orbit of an element
z € #3(d) will be denoted by [z]. By definition, we have

[z] = {exe™!, € € B(Z)*}

and ;:273(00+ = {[z], x € Z3(d)}. This is the "algebraic" point of view on %(d)ﬂ because we define
it via conjugation in B*. However, the previous section on the geometry behind these algebraic oper-
ations provides another interpretation of this quotient. Indeed, in view of proposition 4.1.10, if we see
the elements of %3(d) as points on the sphere of radius V/d in Q?, the set Z3(d)" is also the quotient
SO3(Z)"\Z5(d) (where the action of SO3(Z)" on #5(d) is just the multiplication on the left)

We use the notations introduced in section 1.5 : Fr(Og) denotes the group of non-zero fractional ideals
of Ox. What we have done so far allows us to define a map

Fr(Ok) x Z3(d) — R5(d)+

(1, ) = [yl
where y = ¢ 'aq for any ¢ € B* such that B(Z)w,(I) = B(Z)g~!. Now, let us prove that the image
of (I,z) only depends on [z]. If 2’ € [x], let us write 2/ = exe~! for some ¢ € B(Z)*. Our aim is to

prove that the image of (I,2’) by the map in (14) is the same as the image of (I, z).
We have 1,/(I) = et (I)e™!, hence

(14)

B(Z)tp(I) = B(Z)eto(I)e™ = B(Z)t,(I)e™?
(using the fact that ¢ € B(Z)*, so that B(Z)e = B(Z)). Thus, if ¢ € B* is such that B(Z),(I) =
B(Z)q™!, then r := eq is such that B(Z)i(I) = B(Z)r~!.
Therefore, the image of (I, ) is [¢ ' zq| while the image of (I,2') is [r~'a'r]. But

rYe'r = (eq) texeeq) = ¢ layg

hence the conclusion. So we have a well defined map

Zs(d)

—
= [y] =: 1.[x]
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Proposition 4.2.2. The map above is an action of the group Fr(Ok) on %(d)# In other words,
. Jor all [z] € Z3(d)t, Ok.[z] = [z]
e Jor all I,J € Fr(Ok) and for all [x] € B5(d)*, 1.(J.]Jz]) = (I]).[]

Proof. For the first point : we have 1,(Ok) = Oy by lemma 4.2.1, hence B(Z)t,(Ok) = B(Z)O, =
B(Z)(B(Z) N Q(x)). But since 1 € O,, we have B(Z) C B(Z)O,, and conversely, we have

B(Z)(B(Z) N Q(x)) € B(Z)

because B(Z) is a subring of B(Q). Thus, we have B(Z):,(Ok) = B(Z)1, so Ok.[z] is defined as
[17121] = [z].

Now let us prove the second point. Let I, J € Fr(Og), and let ¢, s € B* be such that

Then (IJ).[z] = [s~'xs| and J.[z] = [¢ 'zq]. Let us set y := ¢ 'zg. We want to compute I.[y].
For this we need to find a generator of the left B(Z)-module B(Z)¢,(I). Since y = ¢ 'zq, we have
ty(I) = ¢ iz (I)g, hence

ls € BX as an element such that

Thus, in order to define I.[y], we can take r := ¢~
B(Z)uy(I) = B(Z)r™"

Then I.[y] = [ryr] = [(q_ls)_l q lzg (q_ls)} = [s7'@s] = (1J).[z]. This gives the conclusion :
I.(J[z]) = (I1J).[z]. O

Finally, what we want to show now is that this action induces an action of Cl(Ok) on :@??g(d)*. In
order to do this, we prove that for any I in Fr(Ok), for any A € K*, the "action" of A\ on %Z3(d)™ is
the same as the action of I.

Let I € Fr(Ok), A € K*, and « € %3(d). We have
B(Z)z(A) = B(Z) 1y (1)t (N)

because I\ = Al (in K everything commutes). So if ¢ € B is such that B(Z)i,(I) = B(Z)q™!, then
it suffices to take r := 1, ()\*1) q to have

B(Z)1y (M) = B(Z)r™*

Then (AI).[z] = [rtar] = [¢7 Nz (A1) ] = [¢7w (AW=dA™Y) ¢]. As K is commutative,
M/ —d\! = /—d, hence

(AD)-fa] = [¢700 (V=d) | = [¢"'2q] = LIa]

Summary : All these verifications can be a bit long to read, and there is a risk of forgetting what we
are doing, so let us summarize here.

We have an action of Fr(Og) on %(d)* working as follows : given a (possibly fractional) ideal I of
Ok and x € #3(d) (that we think as a pure quaternion of norm d with coefficients in Z), we consider
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the left B(Z)-module B(Z)i,(I). By previous results on quaternions, we can find ¢ € B* such that
B(Z)u,(I) = B(Z)q~!. This way, we can think of our ideal I as an element ¢ in BX. Then the action
of I on x is just the conjugation by ¢q. So we define I.z as y := ¢ 'zq. The only issue is that ¢ is not
uniquely determined, it is determined up to multiplication by an element in B(Z)*. Thus, y is only
determined up to conjugation by an element of B(Z)*. This is the reason why we cannot really define
directly an action of Fr(Og) on %Z3(d), but only on a quotient of #Z3(d) :

Z3(d)* == B(2)*\%s(d)

Finally, we checked that for all I € Fr(Og), and for all A € K*, the ideals I and AI have exactly the
same action on %Z3(d)™. Therefore, we have in fact a group action of Cl(Ok) :

CHOK) x Z3(d)T — R3(d)+
1], [z] = L[z]

where we denoted between brackets the class of I in the class group of K. The aim of the next section
is to prove that this action is in fact free and transitive.

4.3 Conclusion on the number of representations

In this section we prove that when d = 1,2 mod 4, the action of Cl(Og) on %(d)Jr is free and tran-
sitive. We say that %(d)* is a Cl(Og)-torsor. This fact will give us almost immediately the size of
Z3(d) in terms of the class number of Q(v/—d). The proofs presented here follow the article | ],
which gives a modernized version of some of the results in Venkov’s original papers | | and | |-
We start by three technical lemmas.

Recall that if = € %3(d), we can see it as an element in B()(Z) such that N(z) = d, or equivalently
2?2 = —d. We proved that there is an isomorphism of Q-algebras between Q(v/—d) and Q(z) (just
given by v/—d +— ). So Q(z) is in fact an imaginary quadratic field, it’s just that we did not embed
it inside C by choosing a square root of —d in C. Instead, we took a square root x in B(O)(Z). But
as it is a number field, all the facts we recalled in section 1.6 apply to Q(x). In particular, its ring of
integers O, is a Dedekind ring, so it makes sense to talk about fractional ideals of O, and their inverse.

Lemma 4.3.1. If a is a fractional ideal of Oy then B(Z)aN Q(x) = a.
Proof. First, since 1 € B(Z), we have a C B(Z)a, so
a CB(Z)anQ(x).

Now, to prove the other inclusion we first remark that (B(Z)aNnQ(z))O, = B(Z)anQ(x). Indeed, the
inclusion "D" is clear because 1 € O,, and the inclusion "C" just follows from the fact that a0, C a
(because a is a sub-O,-module of Q(z)). Now since O, is a Dedekind ring, every non-zero fractional
ideal is invertible : so we can consider a~! (i.e. the fractional ideal of O, such that aa=! = a~la = O,).
Then we have :

This finishes the proof. O

Lemma 4.3.2. If x € #3(d) then {a € B(Q), azx = za} = Q(x).
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Proof. Let us consider the conjugation map

% B(Q — B(Q)

z —  zzr !

It is a Q-linear map i.e. an endomorphism of B(Q) which is a Q-vector space of dimension 4. Since
22 = —d, we have (’ym)2 = 7y_4 = id because —d € Q* = Z(BX). Thus, the polynomial P := X2 — 1
satisfies P(y;) = 0, so the eigenvalues of v, are in {£1}. Let us prove that —1 is indeed an eigenvalue
for 7,. If 1 were the only eigenvalue of 7,, then its minimal polynomial would be X — 1 (since it must
divide P). So v, would be the identity, which is equivalent to = € Q*. But this is not the case since
22 = —d < 0. Therefore, —1 is an eigenvalue of v,. Let us take t € B(Q)* such that 7,(t) = —t. Then
it is easy to prove that (1,x,t, xt) is a basis of B(Q), and in this basis, the matrix of -, is

10 0 O
01 0 0
00 -1 0
00 0 -1
This shows that {a € B(Q) | 7z(a) = a} = Q + Qz = Q(x), and this gives the lemma. O

Lemma 4.3.3. If x,y € #3(d), then {a € B(Q),za = ay} is a left-Q(x)-vector space space of rank 1
(hence of rank 2 over Q).

Proof. Let z,y € #3(d). In particular, they are two elements in B(?)(Q) with the same norm, so
corollary 4.1.6 tells us that we can find ¢ € BX such that y = ¢ '2zq. Then for all a € B(Q),

ra=ay <= za=aq 'zq <= z(aqg ') = (ag )z

< aq¢ ' €Q(z) (bylemma 4.3.2)
— a € Q(x)q

We are now ready to prove the Cl(Og)-torsor structure.

Proposition 4.3.4. The action of Cl(Ok) on %(d)* is free, that is : for any [I] € Cl(Ok) and any
[z] € #3(d)T, we have

[I].[z] = [x] = [ is a principal fractional ideal.

Proof. 1f [I].[z] = [z], we can find ¢ € B such that B(Z)¢,(I) = B(Z)q~! and ¢ 'z¢ = z. By lemma
4.3.2, this implies that ¢! € Q(x), so that O,q¢ ! is a (principal) fractional ideal of Q(x). Besides,

B(Z)Lx(l) = B(Z)qil = B(Z)Oz’qil

because B(Z)O, = B(Z). Now, if we intersect the equality above with Q(z), and use lemma 4.3.1, we
get that 1, (I) = Opq~ " (since (1) and O,q~ ! are two fractional ideals in Q(z)). Therefore, ¢, (1) is
a principal fractional ideal (generated by ¢~!), and we deduce that I is principal because

I=1 (1) = 1007 = Ok (g7
0

Remark. Note that so far, we did not need the assumption "d = 1,2 mod 4". The fact that there is
a free action of the class group of Q(v/—d) on %Zs(d)™ holds true for any d admissible, square-free. It
s only for the transitivity statement that we need to assume d = 1,2 mod 4.

In order to prove the transitivity of the action, we introduce the following notation : for all z,y € #Z3(d),
Apssy i ={A€B(Z) | zA = Ay}

Let us collect some easy properties of this set in a lemma :
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Lemma 4.3.5. o Forall z,y € #3(d), Ny—sy is a free-Z-submodule of B(Z) of rank 2.
e Foralla € B(Z), za+ay € Ayy

Proof. For the first assertion, we remark that A, is a sub-Z-module of B(Z). Since B(Z) is free of
rank 4, we deduce that A,_,, is a free Z-module of rank less than or equal to 4 (by the adapted basis
theorem for modules over a PID). In fact, lemma 4.3.3 tells us that {« € B(Q), za = ay} is a Q-vector
space of dimension 2, and from this fact, one can easily prove that the rank of A,_,, as a Z-module is
equal to 2.

The second point is just a verification, using the fact that since x and y belong to #Zs(d), they satisfy
2 =9y% = —d. O

The transitivity rests on the following lemma, that we will only prove at the end of the section because
it is quite technical.

Lemma 4.3.6. When d = 1,2 mod 4, we have : for all z,y € #3(d), we have B(Z)Ay—, = B(Z).

Proof. See the end of the section. It is this lemma that fails when d = 3 mod 8, in fact the alternative
B(Z)A;—, = B(Z)(1+14) can also happen in this case, as it is stressed by | | (but not proved). O

Using this lemma, we are now able to prove the following proposition.

Proposition 4.3.7. When d = 1,2 mod 4, the action of Cl(Ok) on R3(d)T is transitive, that is : for
all [z], [y] € #3(d)™T, there exists [I] € Cl(Ok) such that [I].[z] = [y]

Proof. Let x,y € #3(d). The aim is to find a fractional ideal I of Ok such that I.[z] = [y]. It is easy
to see that A,y is a left Oy-module. Indeed, we know that O, = Z[x] (see lemma 4.2.1), so it suffices
to show that if A € A,_,,, then A € A,_,,, and it is a straightforward verification.

The only issue for us is that we would like to see A, as a fractional ideal of O, so that it corresponds
via ¢, to an ideal of Ok. But A,_,, may not be contained in Q(x). In fact, corollary 4.1.6 tells us that
there exists ¢ € BX such that y = ¢~ 'zq, and then by lemma 4.3.3, we have A,_,,, C Q(z)g. Thus, if
we consider Agg_wq_1 instead of A, it will work. Indeed, Agc_wq_1 is still a left O,-module, and it is
contained in Q(z). As Q(z) is commutative, A,_,q ! is also a right O,-module i.e. an Oy-submodule
of the quadratic field Q(x).

To show that it is a fractional ideal, it just remains to find r € O, \{0} such that r (Axﬁyq_l) C O,. For
this, it suffices to remark that if we denote by m the lowest common multiple of the denominators that
appear in the coefficients of ¢! (when we write ¢~! in the basis (1,14, j, k) of B(Q)), then we can take
r = 2m. Indeed, A,—,, C B(Z), so any A € A,_,, has its coefficients in %Z, so 7Ag~ ! has coefficients in
Z. In particular rA\qg~! € B(Z)NQ(z) = O,. Thus A,_,,q ! is indeed a non-zero fractional ideal of O,.

Now, let us prove that if we take the fractional ideal of Ok

I:= L;1 (Axﬁyq_l)

it satisfies I.[z] = [y]. We have B(Z)i,(I) = B(Z)Ay—yq ! = B(Z)q™! by the key lemma 4.3.6. Thus,

L[z] = g q] = [y]
so [I] is an element of Cl(Og) mapping [z] to [y] : this finishes the proof. O

Remark. As we just proved, the fact that the action of Cl(Ok) is transitive tells us that for each
[z], [y] € %(d)“‘, there exists an element [I] of Cl(Ok) such that [I].[x] = [y]. But since we also know
that the action is free, this element [I] is unique ! This is why we introduce a notation for this unique
element of the class group : let us denote by [Ay—,] the unique [I] in Cl(Ok) such that [I].[z] = [y].
With the notations of the proof above, [Ay—,| denotes L;1 (Az_wq*l). Let us insist that there is an
abuse of notation, because Ay is not a fractional ideal in Ok, so it does not really make sense to
consider its equivalence class in the ideal class group of Ok .
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Let us now conclude on the question of the number of representations of an integer as a sum of three
squares.

Theorem 4.3.8. Let d > 2 be a square-free admissible integer. As above, we denote by K the imaginary
quadratic field Q(v/—d). Let us denote by hy its class number i.e. hi := |Cl(Ok)|. Then the number
of representations of d as a sum of three squares of integers is given by the following relations :

o |#3(d)| = 12hg when d = 1,2 mod 4
o |#3(d)| = 24hk when d =3 mod 8

Proof. As we said at the beginning of this section, we will only prove the result in the case where
d = 1,2 mod 4. In this case, we just proved that there is a free and transitive action of Cl(Ok) on

Z3(d)*. Thus, if we fix any point [2] € Z3(d)T, the orbit map

CI(OK) — %3(d>+
[l = [1][x]

is a bijection, so |%(d)+| = |Cl(Ok)| = hk.
To conclude, we need to show that |%Z5(d)| = 12|%s(d) ™.

One geometric approach is the following : recall that %(dﬁ = SO3(Z)"\%3(d) : the set of orbits for
the natural action of SO3(Z)" on Z3(d) (seen as a subset of Z3). If we prove that this action is free,
we will have that each orbit is made of exactly 12 = [SO3(Z)™"| points, and this gives the result. So
we just need to prove that for all M € SO3(Z)™", if Mz = x for some z € #3(d), then M = id. T did
not investigate this approach further, but it should be possible given the explicit description of the
elements of SO3(Z)™.

Another approach is to view @;(dﬁ as B(Z)*\#3(d) : the set of orbits for the action of B(Z)* by
conjugation (when we view %3(d) as a subset of B(9)(Z)). Then we want to show that for all z € %3(d),
its orbit

[z] = {exze™! | e € B(Z)*}

is made of 12 elements. In order to do this, it is sufficient to show that the stabilizer of x is {%1},
because then we will have a bijection

B(Z)" /{£1} = [4]

and since B(Z)* is made of 24 elements, this will give the conclusion. So let us consider ¢ € B(Z)*
such that ez~ = 2. Then ¢ € Q(z) by lemma 4.3.2, so € € B(Z)* N Q(z) = OF. But O, = Z[z], so
we can write € = a + b, and the fact that ¢ € B(Z)* tells us that N(¢) = 1, so a? + b*d = 1, which
implies that b =0 and a € {1} (because d > 2).

Thus, we have |%3(d)| = 12|%5(d)*| = 12hx. 0
Finally, let us go back to the proof we left earlier, of an important but technical lemma.
Proof of lemma 4.3.6 : Let z,y € %Z3(d) for some d > 2, square-free, d = 1 mod 4 (the case d = 2 mod 4

is similar). The aim is to show that
B(Z)A,—y, = B(Z).

First, we remark that B(Z)A,_,, is a left ideal of B(Z), so we can use corollary 3.1.5 to find an element
p € B(Z) such that :
B(Z)Ay—y = B(Z)p.

Then B(Z)A,—y = B(Z) if and only if p € B(Z)*, if and only if N(p) =1 (see proposition 3.1.8). We
will do it in two steps :
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. Step 1 : we prove that 2 { N(p).

Since Ay—y € B(Z)p and the norm is multiplicative, we have N(p) | N(A) for all A € A,_,,.
Therefore, it suffices to find an element A € A,_,, such that 2 N(X) to get the conclusion of this
step 1.
Recall the following general fact (stated in lemma, 4.3.5) : since 22 = y? = —d, a straighforward
verification shows that for all & € B(Z), za + ay € A,y (this will be used below).
Now, let us write z = 214 + x2j + @3k and y = y1i + yoj + ysk. Since 23 + 23 + 23 = N(z) =
d = 1 mod 4, two of the x;’s must be even, and one of them has to be odd. Let us assume, for
instance, that

r1 =22 =0mod 2 and z3 =1 mod 2

It is the same for y : one of the y;’s is odd while the two others are even.

(i) If y1 = y2 = 0 mod 2 and y3 = 1 mod 2 : denote by

wo = +y= (1 +y1)i+ (w2 +y2)j + (3 + y3)k
wi=wzi+iy = —(x1 +y1) + (3 —y3)j + (y2 — x2)k

Then wo and wy are in Ay, since they are of the form za + ay for some a € B(Z).
Moreover, we remark that their coefficients in the basis (1,4, j, k) are all even, so % and =
are in B(Z), hence in A,_,,. Now, let us prove that one of them has a norm which is not

divisible by 2. We have
N(wp) — N(w1) = 4z2y2 + 423y3 = 4 mod 8

so there exists € € {0,1} such that N(w.) # 0 mod 8. Then 2 { N (%) so we can take X to
be <. This gives an element in A, such that 2 N(X).

(ii) If 3 = y3 = 0 mod 2 and y = 1 mod 2 : we consider w := x(1 4+ j) + (1 + j)y. As it is of
the form xa + ay for some o € B(Z), it belongs to A,_,,. Besides, we have

w=—(z2+y2) + (x1 — 23 +y1 +y3)i + (v2+y2)j + (v1 + 23 — Y1 + y3)k

and we remark that all the coefficients of w are odd, so § € B(Z). Thus A := § belongs to
Ay—y. Moreover, if we go back to the definition of the norm, expand everything, and take

into account the parity conditions on the x;’s and y;’s, we see that :
N(w) =4 mod 8

hence 2 { N(A).
(iii) It works as in case (ii), starting from w := z(1 + k) + (1 + k)y.

Thus, we covered all the possibilities for y when x is such that 1 and zo are odd and x3 is even.
The other cases for the parity of the coefficients of  can be done by similar arguments. The case
d = 2 mod 4 is also similar. This step 1 is the one that fails when d = 3 mod 8 : in this case we
cannot exclude the possibility that 2 | N(p).

o Step 2 : we prove that for all p odd prime, pt N(p).

Assume for a contradiction that there exists an odd prime number p such that p | N(p). With
the notations of the case (i) in step 1, we have wp,wi € Az—y. In particular, they belong to
B(Z)Ay—y = B(Z)p ie. pis a right divisor of wy and wy in B(Z). Therefore, it is also a right
divisor of i(wp + iwy) = iz — xi. This implies that N(p) | N(iz — xi) = 4(23 + 23), hence
p | 4(z% + 23). As pis an odd prime, we conclude that p | 23 + 3.

Then, we do the same thing with w; replaced by wi := zj + jy (resp. wf := xk + ky), we
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have j(wo + jw)) = jo — xj (resp. k(wo + kw)) = kx — zk), and N(p) | N(jz — zj) (resp.
N(p) | N(kx — zk)). We conclude as above that p | 22 + 23 (resp. p | 27 + 23). Thus,

23+ 23 =0mod p
22+ 22 =0mod p
2?2 4+ 23 =0 mod p

which implies 1 = x5 = 23 = 0 mod p, because the matrix

— = O
_ o

1
1
0

is in GL3(F,) (its determinant is 2, which is invertible modulo our odd prime p). But then
d = 22 + 23 + 22 = 0 mod p?, contradicting the fact that d is square-free. This finishes the
proof. O

4.4 Siegel’s theorem and estimate of the size of %;(d)

In this section, we discuss the following theorem on the size of %5(d).

Theorem 4.4.1. For any € > 0, we have
A2~ <. |B3(d)| <. d2te
for all d > 2 admissible and square-free.

The notation <. is introduced more precisely later in this thesis (see here), since it becomes more
convenient only towards the end of the proof of the main equidistribution theorem. But we can already
explain what it means in this particular statement. Theorem 4.4.1 states that for any € > 0, there
exist two constants c(g), C(g), depending only on €, such that for all d > 2 admissible and square-free :

Cle)d2 < |B3(d)| < ce)dz e

The most difficult estimate is the lower bound, which comes from a famous theorem by Siegel, that
we will quote without proof. This theorem gives a lower bound for the value at 1 of some L-functions
attached to real Dirichlet characters. By Dirichlet class number formula, this gives an estimate of the
behaviour of the class number of Q(v/—d) with respect to d. Finally, since we proved an exact formula
connecting this class number and the size of %Z3(d), Siegel’s theorem provides in fact an estimate of
the size of Z3(d).

Theorem 4.4.2 (SIEGEL, 1935). For any € > 0, there exists an ineffective constant Cy(g) > 0 (de-
pending only on €) such that for any q > 2, and for every real primitive Dirichlet character modulo q,
we have

01(8)

&

L(1,x) >

Proof. We refer to | | (and the extended proofs given in | ), or | I O

Remark. The constant implied in the lower bound given in this theorem is ineffective since it depends
on the existence or not of a real zero close to 1 of Dirichlet L-functions attached to real characters: the
so-called Siegel zero.

Now, let d > 2 be a square-free integer. Dirichlet class number formula (see theorem 2.4.1) applied to
the imaginary quadratic field K = Q(v/—d), tells us that :

w
|ICl(OK)| = o |D|L(1, xp)
s
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where w is the number of units in Ok, D is the discriminant of K, and xp is the Kronecker symbol.
By the facts gathered in appendix B, xp is a real primitive Dirichlet character modulo |D|, so the
estimate from Siegel’s theorem for the value of L(1, xp) applies. Taking into account that D = —d or
—4d (see the beginning of our section 2.1 on imaginary quadratic fields), we obtain that there exists a
constant Co(¢), depending only on ¢, such that for every d > 2, square-free,

CUOK)| > Cale)da~
(where K still denotes Q(v/'—d)).

Finally, we use theorem 4.3.8, which gives us a connection between the class number of Q(y/—d) and
|%5(d)|. We find that for any e > 0, there exists a constant C'(¢), depending only on ¢, such that for
all d > 2 admissible and square-free,

[%3(d)| > C(e)d> (15)

In particular, |%3(d)| tends to infinity as d goes to infinity among the admissible, square-free integers.
But once we know that we have more and more integers points as the radius grows (among the ad-
missible integers, of course), we may ask the question of the distribution of these integers points on
the sphere. Are they evenly distributed 7 Or do certain regions of the sphere "attract" more integer
points 7 This is the type of questions we are going to discuss in the next section.

One may also ask if we have an interesting upper bound for |#5(d)|, in order to know if the previous
lower bound is the best we can hope for. In fact, the question of the upper bound is more elementary.
In the appendix on L-functions, and more precisely : in proposition A.9, we prove an elementary upper
bound for L(1, x) when x is a non-trivial Dirichlet character. It implies that there exists a constant ¢
such that for all ¢ > 2 and for any non-trivial Dirichlet character modulo ¢ :

L(1,x) < cln(q)

In particular, for any £ > 0, there exists a constant c(e), depending only on &, such that for any ¢ > 2,
and for every real primitive Dirichlet character modulo ¢, we have :

L(1,x) < ci(e)g”

Now by the same arguments as above, we can deduce that for any € > 0, there exists a constant ¢(¢),
depending only on ¢, such that for all d > 2 admissible and square-free,

|%5(d)| < e(e)dzte (16)

Combining (15) and (16), we obtain that the growth of |#3(d)| (among the admissible, square-free
values of d) is approximately the same as v/d.
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5. Equidistribution of the integer points on the discrete sphere

The first equidistribution result regarding the integer points on spheres was proved by Linnik in the
late 50’s, using dynamical ideals.

Theorem 5.0.1 (LINNIK). As d — 400 among the admissible, square-free, integers satisfying d =
+1 mod 5, the set
X
—, X € %3 d } - SQ
{J& ’ @)
becomes equiditributed on the unit sphere So with respect to the Lebesque probability measure.

This means that if we denote by red,, the scaling map

redes @ Z3(d) — 5o
1
X — ﬁx

then the number of elements of #5(d) falling inside some subset Q C Sy, divided by the total number
of points in #Z3(d), converges as d goes to +00, to the area of 2 (with the notion of area given by the
renormalized Lebesgue measure on So, so that area(S2) = 1). In other words

|red71(Q)\
w77 VT Q
(%3 ()] dotec area(©2)

where the limit is taken among the integers d satisfying the conditions in the theorem. In fact, the
condition d = 4+1 mod 5 is the Linnik condition at the prime 5, it is equivalent to the statement "the
prime 5 is split in Q(v/—d)" (thanks to proposition 2.1.8). This condition can be replaced by Linnik’s
condition at any arbitrary prime p > 3 : then the limit must be taken among the d’s such that p is split
in Q(v/—d). This condition will ensure that the trajectories we define on %3(d) are "interesting", in
the sense that they will visit many SO3(Z)-orbits of #5(d). Indeed, we are going to define trajectories

on %s5(d) in a way that lifts the action of the subgroup [p]Z of Cl (OQ(M)) on Z3(d)", where p is a
prime ideal above p. But if p is inert, then [p] is the trivial element of CI ((’)Q(\/jd)>, and if p is totally

ramified, then [p] is an element of order 2 in the class group. In both cases, the action of [p]Z is rather
simple at the level of SO3(Z)"-orbits. We want the trajectories to reach more orbits, and this is why
there is this Linnik’s condition.

In the article [ |, the authors mention the fact that removing this condition was considered a
very difficult problem. It is only thirty years after the work of Linnik that this question was solved,
by a totally different approach, by Duke (see | |), and independently by Fomenko and Golubeva
(see | |)- T did not have time to read about their proofs, since the aim of this master thesis was to
understand Linnik’s original method, but let me give a few keywords for readers interested in learning
more about this. In Duke’s approach, the idea is to use a Weyl criterion adapted to the equidistribution
problem. The Weyl sums that appear are Fourier coefficients of half-integral weight modular forms.
Then, proving the equidistribution result is equivalent to proving non-trivial bounds for these Fourier
coefficients.

To illustrate the ideas of the ergodic method with less technicalities, we will focus on a discrete analogue
of theorem 5.0.1. Namely, we will look at the distribution of the congruences of the points in %Z3(d).
For ¢ an integer coprime with d, let us denote by %#3(d, ¢q) the sphere modulo ¢ :

Ro(dq) = {(,7,%) € (2/aZ)*, @+ + 3 = d}
We will discuss the proof of the following theorem.

Theorem 5.0.2 (LINNIK). Let q be a fized integer, coprime with 30. Asd — 400 among the admissible,
square-free integers satisfying d = +1 mod 5 and ged(d, q) = 1, the set

{x mod ¢, x € Z3(d)} C %3(d, q)

o8



becomes equidistributed on %s3(d,q), with respect to the uniform measure.

In other words, if we denote by red, : Z3(d) — #3(d, q) the reduction modulo ¢ of the three coordinates,
the theorem asserts that for all X € #5(d, q),

|red;1(i)| 1
(#5(d)|  d—too |X3(d, q)|
Once again, the condition d = £1 mod 5 is Linnik’s condition at 5, but the same theorem holds for any
prime p > 3, replacing the condition "¢ coprime with 30" by "¢ coprime with 6p", and "d = +1 mod 5"

by "d such that p splits in Q(v/—d)". In fact, we will explain the proof of a refinement of this theorem,
which asserts that this equidistribution is "almost uniform" in X.

More precisely, for any X € #3(d, q), denote by devy(X) the deviation at X :

dova(x) = =2 Ol gy -
evy(X) = ——-——|%5(d, q)| —
%53 (d)]
Theorem 5.0.2 is then equivalent to : for all X € Z3(d,q), devy(X) o 0. We will discuss the
—+o00
following refinement :
Theorem 5.0.3 (| |, Theorem 1.8). Fiz v,0 > 0 and suppose that q¢ < Az and ged(q, 30) = 1.

Then the fraction of X € #3(d, q) for which |devy(X)| > :

[{x € #5(d, ), |deva(X)| > 5}
[ %3(d, q)]

tends to zero as d — +oo (with d = +1 mod 5, admissible, square-free).

In this theorem, one can also replace Linnik’s condition at 5 by the condition at any fixed prime p > 3
(this is what we will do).

Let us sketch the main ideas of the proof :

« Let us denote by p and p’ the ideals above p in the ring of integers of K = Q(v/—d). Consider
the subgroup [p]% of C1(Ok). This subgroup acts on %3(d)*. The first step consists in lifting
this action to an action of [p]Z on %3(d). This is the aim of section 5.1.

« Once we have an action of [p]% on %3(d), we attach to each point x € %3(d) a trajectory on
3(d) : it is roughly defined as the sequence of points ([p]'x);cz (but in fact, we need to keep
track of the transition matrices which allow us to go from one point of the trajectory to the next
one, so a trajectory consists of a little bit more data than just the sequence of its points).

« Then, we endow %5(d,q) with a graph structure, and we define trajectories on %3(d,q) by
reducing modulo ¢ the trajectories on #3(d), while keeping track of the transition matrices.

« Finally, we prove theorem 5.0.3 by contradiction. If we assume that the result does not hold, then
many points of #Z3(d) (essentially all of them) will give rise to trajectories on %Z3(d, ¢) which will
be exceptional, in the sense that they will satisfy a large deviation inequality. Then, we prove
that this implies that many non-backtracking walks on the graph %5(d, q) will be exceptional.
But the fact that #5(d, q) is an expander will ensure that the number of exceptional walks must
actually be rather small. Thus, we will get a contradiction because we will find that too many
walks satisfy the large deviation inequality.
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5.1 Lifting the action of [p|% to %3(d)

In section 4.2, we defined an action of the class group of Q(v/—d) on %Nf),(ci)Jr when d is square-free
and admissible. We considered this quotient ?Zz,(d)Jr of %3(d) merely because for any ¢ € B(Z), the
left-ideal B(Z)q is the same as B(Z)eq for any ¢ € B(Z)*. Taking a quotient of %#3(d) was a way to
get an action which does not depend on the choice of a generator of an ideal in B(Z). However, if we
allow ourselves to choose arbitrarily a generator, we will be able to lift the action to #5(d). Although
it is less canonical to work with %#5(d) instead of %(d)Jr (arbitrary choices are made), this will give
rise to trajectories on #3(d), and the study of these trajectories is the core of the ergodic method we
aim to present here.

Let d be an admissible square-free integer, and let K be Q(v/—d). Let p > 3 be a rational prime which
is split in K. Write
POk = pp’

Then we have the following proposition :

Proposition 5.1.1. For any x € %5(d) (viewed as a trace-free quaternion), there exists z € B(Z),
unique modulo multiplication on the left by an element of B(Z)* such that B(Z)i(p) = B(Z)z. Besides,

N(z) = p.

Proof. As p C Ok, we have 15(p) C 1,(Ok) = O = B(Z) N Q(z) (see lemma 4.2.1). In particular

B(Z)ux(p) € B(Z), so it is a left-ideal of B(Z). By corollary 3.1.5, There exists z € B(Z) such that
B(Z)iz(p) = B(Z)z. Moreover if 2/ € B(Z) is such that B(Z)z = B(Z)z/, then N(z) | N(z/) and
N(z') | N(z), hence N(z) = N(2'). Now, 2/ € B(Z)z' = B(Z)z, so we can write 2/ = ez for some
¢ € B(Z). Taking the norms in this equality gives us N(¢) = 1 i.e. ¢ € B(Z)*. This shows the first
part of the statement.

Let us prove that N(z) = p. We have :
B(Z)12(pOk) = B(Z)i(p)ta(Ok) = (B(Z)Oz)p = B(Z)p

Since pOg = pp’ C p, B(Z)1:(pOk) C B(Z)ty(p), hence B(Z)p C B(Z)z. This implies that N(z)
divides N(p) = p?, so N(z) € {1, p, p*}.

« If N(2) = 1, then B(Z)z = B(Z) = B(Z)1,(Ok). Thus B(Z)iy(p) = B(Z)tx(Ok). By lemma
4.3.1 we would get that p = Ok, which is a contradiction.

. If N(2) = p?, then we use the inclusion B(Z)p C B(Z)z to find u € B(Z) such that p = uz. Taking
the norms leads to N(u) = 1 i.e. uw € B(Z)*. Then B(Z)p = B(Z)z, wich implies p = pOk (again
by lemma 4.3.1) : contradiction.

This proves that N(z) = p. O

Let us denote by H,, the set {z € B(Z), N(z) = p} and by ’ﬁ; the quotient B(Z)*\H, (the set of orbits
for the action of B(Z)* on H, by left multiplication). We denote by [z] the orbit of z, so in other
words we have

2] = {ez, e € B(Z)*}
and H, = {[2], 2 € H,}.

The above proposition tells us that for all x € Z3(d), there exists a unique [z] € 7/-2;, such that
B(Z)i.(p) = B(Z)2' for any 2’ € [z]. At this point, what we did in the previous section was to define
the image of [z] € %(d}“‘ under the action of [p] € C1(Ok) as [y] = [zxz71]. The advantage is that
this image [y] does not depend on the choice of a representative for the orbit [2] € 77]3. But a drawback
is that it does not give a unique point in #Z3(d) as the image of x, but rather a set of points. However,
if we choose an arbitrary representative set of the quotient 7/-5,, say {z1,...,2p+1} (we will explain
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why \771,| = p+ 1), this will allow us to define a real image of z in #Z3(d). Indeed, it suffices to take
the unique i such that B(Z)w.(p) = B(Z)z;, and then define y := zxz;'. Then by definition, the

equivalence class of y in #3(d)™ corresponds to the action of [p] on [z], so in this sense, we can say
that we lift the previous action of [p]% on %3(d)* to an "action" on %3(d).

Remark. We put the word action between quotes because we think of y = zmz{l as the point of %5(d)
obtained by the action of [p] on x, bul we do not claim that this defines a real group action of [p]% on
H3(d). For instance, if the representative set {z1,...,2p41} is not stable under taking the inverse, the
equality [p].[p'].x = & may not hold for some x in Xs(d).

Now our aim is to explain how we choose a set of representatives for 7%. This set is easier to describe
in terms of matrices, so that is why we try to interpret the elements z € H, in terms of their matrix
v: € SO3(Q) (the matrix of the conjugation by z).

Definition 5.1.2. Let us denote by M, the set of rotations "with denominator p" :
M, :={M € S03(Q) | pM € M3(Z) but M ¢ M3(Z)}
Since SO3(Z) = SO3(Q) N M3(Z), we have
My = (M € S05(Q) | pM € My(Z)} \ S04(2)

Lemma 5.1.3. The map z — v, (see the section 4.1 on geometric aspects of quaternions) induces
a map from H, to M,. In other words, the rotation corresponding to the conjugation by a Hurwitz
quaternion of norm p is a matriz with denominator p.

Proof. This can be seen as a consequence of the following fact on Hurwitz quaternions :

if z is a Hurwitz quaternion such that all its coefficients in the basis (1,4,7,k) are in Z + %, we can
always find a unit € in B(Z)* such that €z has coefficients in Z.

This is proved in | |, chapter III for instance.

Indeed, let us take z € H, (a Hurwitz quaternion of norm p), and let ¢ € B(Z)* be such that ez
has coefficients in Z. Then ~., = 7.7., and we know from proposition 4.1.10 that =, is an element of
SO3(Z)T. Therefore, if we prove that 7., € My, we will get that v, = 7717, € M,. Indeed, 7. is just
a permutation matrix with eventual signs, so it will not create denominators. Thus, we are reduced to

the case where z is a quaternion of norm p with coefficients in Z. In this case, as 2~ = % = %, it is
clear from the formula _
Z
() = 2
: p

that the matrix 7, satisfies the condition py, € M3(Z). It remains to check that v, ¢ SO3(Z). But
if v, € SO3(Z), then since SO3(Z) = SO3(Z)* U ~14:503(Z)" and SO3(Z)* is the image of B(Z)*,
we would find an element v € B(Z)* U (1 + ¢)B(Z)* such that v, = v, (see proposition 4.1.10 and
corollary 4.1.11). Then there exists A € Q* such that z = Av. Let us write A = a/b with a,b two
coprime integers. Then if we take the norm in the equality z = A\v we obtain b?N(z) = a®N(v), hence
b2 | N(v). As v € B(Z)* U (1 +4)B(Z)*, its norm is either 1 or 2, which implies that b = 1. We
deduce that N(z) = p = a®N(v). As p is square-free, this implies that a®> = 1, but then p = N(v) : this
is a contradiction since N(v) € {1,2}, and p is an odd prime. This finishes to prove that v, € M,,.

Thus, z + 7, induces a map from H, to M, : the rotation corresponding to a Hurwitz quaternion of
norm p is a matrix with denominator p. O

Now, SO3(Z) acts on M), by left multiplication, and we denote by ./\//lvp the quotient SO3(Z)\M,,.

Proposition 5.1.4. The map z — 7, induces a bijection between 7/-2; and /f\;l;,

Proof. + The previous lemma tells us that z — 7, defines a map from H, to M,,. Now, we compose
this map with the surjection mapping a matrix to its class modulo the action of SO3(Z). We
obtain

e H, — ./\A/l;
z  +— SO3(Z)y.
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The aim is to prove that this map is surjective, and that ¢(z) = ¢(2’) if and only if there exists
e € B(Z)* such that 2’ = ez.

If 2,2 € H, are such that ¢(2) = ¢(z’) then there exists § € SO3(Z) = SO3(Z)" U~14+,S03(Z)*"
such that 7, = dv,. In other words, there exists v € B(Z)* LU (1+¢)B(Z)* such that v, = 7,7..
This implies that there exists A € Q* such that 2’ = \vz.

- If we assume that v € (14 ¢)B(Z)*, then N(v) = 2, so when we take the norms we obtain
p = 2X\%p, hence \ = :l:% . this is a contradiction since v/2 ¢ Q.

— Thus, we are necessarily in the case where v € B(Z)*. Then if we take the norms we obtain
A2 = 1,50 A € {&1} and this gives the conclusion : 2’ = +vz with v (and also —v) in
B(Z)*.

Conversely, if 2/ = vz for some v € B(Z)*, then v, = v,7v, and v, € SO3(Z) by proposition
4.1.10. Thus, SO3(Z)7y, = SO3(Z)~..

Let us prove the surjectivity. We want to prove that for any M € M,, the orbit SO3(Z)M
contains a matrix -, for some x € H,.

Let M € M. In particular, M € SO3(Q), so proposition 4.1.5 tells us that we can find x € B*
(a non-zero element of B(Q)) such that M = ~,. Moreover, for all A € Q*, yaz = 7z, S0 we can
kill all the eventual denominators in the coefficients of x, and assume that x has coefficients in
Z. For the same reason, we can divide by the greatest common divisors of all the coefficients of
x, and still get that the corresponding rotation is the same. Thus, we can write M = v, where
x =a+ bi+ cj + dk is a quaternion with a,b,c,d € Z and ged(a, b, c,d) = 1.

Then we can compute the matrix of «, : it suffices to write xiz™!,zjz~!, 2kx~! in the basis

i, j,k (recall that 271 = <Z=). We obtain

N(x)
1 a?+b%—c2—d? 2(be — ad) 2(ac + bd)
T =R 2(ad + be) a?+c? — b — d? 2(cd — ab)
@\ 9(bd - ac) dab+cd) a4+ d— P — I

Since vy, = M € M,, the matrix py, has coefficients in Z. Therefore :

3a2 -2 — % - d? B 4pa’
N(z) ~ N(z)

Tr(pyz) =p -peZ

hence :
4pa’

N(z)

Now, looking at the coefficient (1, 1) of the matrix, we also have that

€ Z. (17)

a?4+ b2 —c2—d?

N(z)
must be an integer. But it is equal to
2p(a® + b?)
N 7
so if we multiply by 2 we get that
dpa®  4pb?
——+ — —2p€Z.
N@) " N@)
As we already know from the computation of the trace, the first term is an integer, hence :
4pb?
€Z. 18
N@) (18)
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Similar computations with the other diagonal coefficients of the matrix lead to

2

4pc? 4dpd
Z and Z. 19
N@) €Z an N@) S (19)

We deduce from (17), (18) and (19) that N(z) | 4p ged(a?,b?, ¢?, d?) = 4p. Thus,
N(z) € {1,2,4,p,2p, 4p}

- If N(z) =1 : then z is a Hurwitz quaternion of norm 1, so it is in B(Z)*, and we know that
in this case the matrix v, is in SO3(Z)". But this contradicts the fact that v, = M € M,
since we excluded SO3(Z) from the matrices of M,,.

- If N(z) =2 : then 2’/ := (1 4 i)z still has coefficients in Z. Let us write it as
¥ =d+bi+dj+dEk.

Then we have N(z') = (a/)? + (b))% + (¢)? + (d')?> = N(1 +i)N(x) = 4. But is is easy to

see that the only way that a sum of four squares can be congruent to zero modulo 4 is

that the four integers have the same parity. Thus, o/, b, ¢ and d’ have the same parity, so
$/

that %l is a Hurwitz quaternion. Besides, it has norm 1, so % € B(Z)*. We deduce that

v € SO3(Z)". But since 2 € Q* = Z(BX), Yo = Vo = V1+iVz. Thus,
2 2

Y = '71_+1f7:v’ € SO3(Z>

since both v14; and 7,7 belong to SO3(Z). This contradicts the fact that v, = M € M,,.

- If N(x) = 4 : then a® +b?> + 2 + d? = 4, and a,b, ¢, d are all integers. So we don’t have
many possibilities. Either one coefficient equals +2 and all the others are zero, or all the
coefficients equal 1. In any case, § is a Hurwitz quaternion, and its norm is one, so

5 € B(Z)*, hence 7, = vz € SO3(Z). This contradicts the fact that 7, € M,,.
Thus, N(z) € {p,2p,4p}. Now,

~ if N(z) = 4p : then a® + b? + 2 +d? = 0 mod 4, and it is easy to see that this implies that
all the coefficients have the same parity. Therefore, § is a Hurwitz quaternion, and it has
norm p. Since v, = Yz we obtain the conclusion because we wrote M as the conjugation

by a Hurwitz quaternion of norm p.

- if N(z) = 2p : In this case, we cannot write M as a +, for some z € H,, but we are going
to prove that in the orbit SO3(Z)M, there is such a v,. In fact it is the same trick as in
the case N(z) = 2 : we consider 2’ := (1 +4)x. This is a quaternion with coefficients in Z,
and norm 4p (= 0 mod 4). Hence all the coefficients of 2’ have the same parity. So %/ is a

Hurwitz quaternion of norm p, and

Vo = Vet = 14i% € SO3(2)M
- if N(z) = p : then there is nothing to do, M = =, is the rotation associated with a Hurwitz
quaternion of norm p.

O

Remark. This proof sheds light on an important point : the map z — 7, is not surjective from
Hy, — M,,. We really need to take the SO3(Z)-orbits to be able to "reach” any element of M,, (up to
multiplication by an element of SO3(Z)). Indeed, the case N(x) = 2p in the proof shows that sometimes,
M € M, cannot be written as v, for some z € H,, but one needs to take a Hurwitz quaternion of norm
2p instead. Howewver, the orbit SO3(Z)M contains some 7y, where z € H,.
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This proposition makes a connection between some subset of matrices with denominator p that we
introduce below and Hurwitz quaternions of norm p. It is very important in order to understand why
this strange set of matrices has a something to do with the action of [p] and [p’] on Z5(d)™.

Definition 5.1.5. Let us denote by A, the set of matrices M € M, such that their reduction modulo
3 15 equal to the identity matriz.

Let us stress that since p > 3, it is invertible modulo 3, so it makes sense to look at the reduction
modulo 3 of a matrice with denominator p. For instance, when p = 5, the matrices

1 5 0 0 1 5 0 0
A::3 0 -4 3 andD::g 0 4 3
0 -3 —4 0 -3 4
are both in M5 (they are easily seen to be in SO3(Q) and to have denominator 5). However, A € As
whereas D ¢ As. Indeed, 5 = —1 mod 3, so when we reduce A and D modulo 3, the factor % becomes
—1. Hence
5 0 0 -1 0 0
A=—-—10 -4 3 |=-[0 -1 0 |=I3mod3
0 -3 —4 0 0 -1
whereas
5 0 0 -1 0 0
D=—10 4 3]=—|0 1 0] #I3mod3
0 -3 4 0 0 1
In fact, it is not hard to find the list of all the elements of As : they are matrices of denominator 5, so

we look for matrices of the form

1 (911 12 a3
5 a1 G22 023
as1 as2 ass

where the entries a;; are all integers. Moreover, we look for elements that are in SO3(Q), so each
column must be of norm 1, so if we take into account that we factored by %, this means that for all
1<y <3,
2 2 2 _
a17j + 0127]‘ + a’37j =25

But this does not have many solutions in integers ! Up to permutation, we are either in the case
02 +02 + (£5)? = 25 or in the case 02 4 (£3)% 4 (£4)% = 25. Moreover, we cannot have all the columns
with only one non-zero coefficient equal to +5 because in this case the matrix obtained is in SO3(Z),
and we excluded these from the definition of matrices with denominator 5. Taking into account the
orthogonality conditions between the columns, and the condition modulo 3, we end up with

As={A,B,C,A", B~ C™!}

5 0 0 -4 0 3 -4 -3 0
where A=3(0 -4 3 |, B=%:[0 5 0 |andC=1|3 -4 0
0 -3 —4 -3 0 —4 0 0 5

Note that A, is symmetric : if A € A, then A~ = 4 € A,.

Lemma 5.1.6. A, is a set of representatives for ./T/l/p,

Proof. As we already mentioned, 1 makes sense modulo 3 since p is a prime number strictly larger
than 3. Therefore, we are allowed to consider the reductions modulo 3 of the elements of M, (because
they are matrices of denominator p). Given a matrix v € M,,, we denote by 7 its reduction modulo 3.
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Since v € SO3(Q), it is easy to prove that 7 € SO3(F3) : the group of isometries with determinant 1
of the quadratic space (F3,q) where ¢ denotes the "sum of three squares" quadratic form :

q Fg — F;

= T4y 7

nl < gl

The multiplication on the right by 7 is a bijection of SO3(F3), so there exists a unique matrix M
(depending on 7¥) such that M7 = I3 (the identity element of SO3(F'3)).
Now, we remark that the reduction modulo 3

is an isomorphism, because the matrices of SO3(Z) have coefficients in {0, 1, —1}. Therefore, the unique
M that we found before corresponds to a unique element of SO3(Z), that we still denote by M (it is
exactly the same matrix, except that we do not think of the coefficients —1,0 and 1 as elements of
Z/3Z but as elements of Z). Then M~ € SO3(Z)~y and reduces to the identity modulo 3 : it belongs
to Ap,. This proves that for all v € M, there exists a unique element of A, in the orbit SO3(Z)~.

Hence A, is a set of representatives for M,,. O

It is in terms of these matrices that we are going to define trajectories on %Z3(d).

5.2 Definition of the trajectories on %5(d)

Given a point x € Z3(d), we are going to define in two different ways a trajectory on %s(d) attached
to x. The first definition relies on a proposition of | | that we were not able to prove completely.
However, this first approach gives rise to trajectories which are non-backtracking by definition, and this
property is needed in the proof of our main theorem. On the other hand, we will give another way to
define trajectories, which relies more explicitly on the "action" of [p]Z on %3(d). These two definitions
coincide, but this fact seems very difficult to prove without going through the "adelization" part of
the article we are studying. Understanding this point will be our aim in the following weeks or months.

§5.2.1 A first definition

The following proposition will allow us to define trajectories in a very elementary way. Indeed, one only
needs to know the definition of the matrices in A, (see definition 5.1.5), so if we take the statement as
a blackbox, it really seems like a magical set of rotation matrices, which happen to have nice properties
with respect to the integer points on the sphere.

Proposition 5.2.1 (]| |, proposition 2.5). Suppose that p > 3 is a prime number which is split
in Q(v/—d). Then for all x € #3(d), there are exactly two matrices w € Ay, such that wx € #3(d).

In the next paragraph on the alternative definition of the trajectories, we prove that for all x € A,
there are at least two matrices as in this proposition. But we were not able to prove that there are at
most two.

Now, let x € #3(d). Thanks to this proposition, there are exactly two matrices in A, say wg, w1, such
that wix € %3(d) and wy 'x € %Z3(d). We define

X1 :=wix and xX_q1 := wo_lx

Then starting from x1, the same proposition tells us that there are two matrices mapping x; to a point
which is still in %5(d). But we already know that w; ' is one of these two matrices, since w; 'x; = x.
So we denote by ws the other one, and define

X9 = wWoX1q
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In other words, we take the unique matrix in 4, which maps x; to an integer point and which does
not make us backtrack.

In this way, we can apply proposition 5.2.1 at each step, and define a sequence of integer points (x;);cz.
This sequence can be represented by the starting point x =: xg, and a sequence (w;);ez of matrices in
A, such that w;11 # w; L The i-th point of the trajectory is defined inductively by the rule

Xi+1 = Wi+1X;

Since (w;);cz satisfies the property w11 # wi_l, we say that it is a reduced word in the alphabet A,,.
In terms of the trajectory, this means that it is not backtracking. Let us stress that with this definition
of the trajectories, the fact that we obtain non-backtracking trajectories is immediate, it just comes
from the way we choose the element of A, to define the next point.

§5.2.2 A second way to define trajectories

Let x = (z,9,2) € Z3(d). As before, we identify x with the quaternion i + yj + zk € BO)(Z). We
know from proposition 5.1.1 that there exists a unique class [a] € 771, such that B(Z)ux(p) = B(Z)a
for any & in [«]. Under the bijection of proposition 5.1.4, this class [a] corresponds to a unique class
[M] € /\f/\l/p. Since A, is a set of representatives for /% by lemma 5.1.6, the class [M] is represented

by a unique matrix in A, say wx 1. Then we define x; as wx 1x.

Since w1 is in the same SO3(Z)-orbit as 74, our new point x; is in the same SO3(Z)-orbit as v, (x).
But because « is such that B(Z)wx(p) = B(Z)«, we know from section 4.2 (more precisely : the argu-
ment is given at equation (13)) that v,(x) € #Z3(d). Thus, x; € Z3(d).

This is great because at first sight it is not obvious that we can find a matrix w € A, such that
wx € #3(d). Indeed, the elements of A, are in SO3(Q), so we know that wx will still be on the sphere
of radius v/d, but the fact that the coordinates will remain integers for at least one w did not seem
clear to me without this interpretation in terms of quaternions.

Besides, recall that we defined (in a neighbourhood of proposition 4.2.2) [p].[x] as [ya(x)] (here the

brackets around x and v,(x) denote SO3(Z)*-orbits, i.e. elements of #3(d)"). Thus, x; is in the
same SO3(Z)-orbit as (any element of) [p].[x]. We think of it as the point obtained from x after the
"action" of [p].

Similarly, starting from x;, we look for § € H, such that B(Z)wx, (p) = B(Z)S, then we define wx o
as the unique element of A, which is in the same SO3(Z)-orbit as v, and set x5 := wx2x1. We can
continue this process to define a sequence (x;);>o of integer points on the sphere of radius v/d (where
Xo = X is our starting point).

But we can also go in the other direction, that is : instead of looking at a lift of the action of [p] at
each step, we can look at the effect of a lift of the action of [p’] = [p]~!. So, starting from x, we look
for o/ € H,, such that B(Z)ux(p’) = B(Z)d/, and then denote by w;}% the unique matrix in A, which is
in the SO3(Z)-orbit of .. Then we define x_; as w;%)x. For the same reasons as we evoqued for the
definition of x1, this point x_1 is also in #Z3(d). Note that w;’(l) # wx 1 because B(Z)ix(p) # B(Z)ux(p)
(this follows from lemma 4.3.1 and the fact that p # p’). Indeed, since the left B(Z) ideals are not
equal, their generators are in two different classes of 7/-53, so they correspond to two different classes in
./\//lvp : this implies that they are represented by distinct elements of A,,.

Then we can go on, look for 8’ € H,, such that B(Z)ux_, (p’) = B(Z)p’, then find w;l_l € A, (unique)
such that yg is SO3(Z)-equivalent to w;ylfl, and define x_o € #3(d) as w;lflx_l, and soon ...

Note that we proved a part of proposition 5.2.1 :
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Proposition 5.2.2. For all x € #3(d), there are at least two matrices w € A, such that wx € #3(d).

Proof. When defining the trajectory (x;);cz in the paragraph above, we proved that the matrices wy 1
and w;}) are distinct and satisfy the property. O

Remark. For i > 0, x;41 is obtained from x; via the "action” of [p] (because we consider B(Z)ux,(p)
to define it), and x_(; 41y is defined from x_; via the "action” of [p']. However, it does not seem so
clear that this defines a real group action of [p]% on #3(d). For instance, we should have [p].[p].x = x,
but the way we defined the actions of [p| and [p'] on the points of %3(d) does not seem to allow us to
prove this easily.

Another issue that we have at the moment is that with this definition, it does not seem obvious at
all that the trajectories are non-backtracking. Here, we present an attempt to prove this fact, but we
could not conclude. In this attempt, we see that this question is in fact related to the remark above.
We hope that leaving this attempt in this thesis will clarify why there is something not obvious to
prove to see that we really defined an action of [p]Z.

Proposition 5.2.3 (THE TRAJECTORIES ARE NON-BACKTRACKING). For alli € Z,

—1
Wxit1 # Wy

Attempt. We already proved it for ¢ = 0, but the the way we defined the trajectory does not allow us
to repeat exactly the same argument for other values of i. Indeed, for ¢ = 0, we defined wy ; and wy %)
using the actions of [p] and [p’] on the point x, so the fact that they are distinct essentially came from
the fact that B(Z)ix(p) # B(Z)x(p’). Now, the issue we have when considering ¢ # 0, for instance
i > 0, is that x;_1 is not a priori defined from x; via the action of [p/] : it is x; which is defined
from x;_; via the action of [p]. Tt is not clear that [p’] acts on x; via the inverse of the matrix of A,
corresponding to the action of [p] on x;_;. More explicitly :

« We construct x; starting from x;_1 by considering the left ideal B(Z)tx, ,(p), writing it in the
form B(Z)y,, for some Hurwitz quaternion «; of norm p, and then we denote by wy ; the unique
matrix in A, which is left SO3(Z)-equivalent to 7,,. The point x; is then defined as wx ;x;—1.

« On the other hand, if we want to define the point obtained from x; via the action of [p’], we follow
the same steps : write B(Z)ix, (p’) = B(Z)7,;, and (w;m)*1 the unique element of A, which is
left SO3(Z)-equivalent to Yo, We obtain a new point

which belongs to %Z3(d).

At this point, we would like to prove that w;ﬂ = wWx,, but for the moment, we have not found
an elementary argument. However, as we will discuss in the next paragraph, our two definitions
of trajectories coincide, and with the first definition, there is nothing to prove, the trajectories are
non-backtracking by definition. d

Admitting this proposition, this means that we can represent the trajectory (x;);cz as follows : it is
the data of a starting point x = xg, and a word Wx = (wx)icz in the alphabet A, satisfying :

-1
Wx,iXi—1 = X; and wy j+1 # wy;

Definition 5.2.4. A word (w;)icz in the alphabet A, satisfying the property w;i1 # w;l is said to be
reduced.

Example : Let us take d := 29, and K = Q(+/—d). The integer d is admissible and square-free. This
follows from theorem 3.4.2, but since 29 is not very large, we can just try a little bit to find several ways
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of writing it as a sum of three squares. For instance we have 29 = 52 + 22 4+ 02, or 29 = 42 4 32 + 22,
The two prime ideals above 5 in Ok are

p:=(5,1+vV—d) and p’ = (5,1 — vV—d)

(where the brackets mean that we are taking the ideal of Ok generated by the two elements inside the
brackets). Now, let us start from some xg € #3(d), for instance

b
Xp = 2
0

To define x;, we first need to find o € B(Z) such that B(Z)ix,(p) = B(Z)a. But
B(Z)ux,(p) = B(Z)5+ B(Z)(1 + xo),

hence such a quaternion « must be a right divisor (inside B(Z)) of both 5 and 1 + x. Besides, we
know that we can look for a in the list

L:={1+2i,1+2j,1+2j}

as the latter is a set of representatives for Hurwitz quaternions of norm 5, modulo the action of units.
For all z € L, z is a right divisor of 1 + x¢ inside B(Z) if and only if (1 + x¢)z~! € B(Z). So we
just have to compute (14 x¢)z~ ! for all 2 € L, and see which one still belongs to B(Z). After a few
attemps, we obtain :

(1+x0)(1—2j) = (1 +5i+25)(1 —2j)
=1+5i+2j—2j — 10ij — 45>
=1+5i—10k+4
=5+ 5i — 10k

hence

(14 x0) (14 2j) " = (14 xo) (1_52’> € B(Z).

Thus, « := 1 + 2j satisfies B(Z)tx,(p) = B(Z)a. Now, let us see which element of Aj is in the same
SO3(Z)-orbit as v,. We have

-3 0 4
-4 0 -3

let us mention that there is a possibility to use WolframAlpha to find the rotation corresponding to a
given quaternion :
https://www.wolframalpha.com/input/?i=draw+1+},2B0i+}2B2j+%2BOk+as+a+rotation+operator

This matrix -, is easily seen to be in the same SO3(Z)-orbit as the matrix B~! € As. Indeed,

0 0 1 -3 0 4 —4 0 -3
0O 1 0 0 5 0]=(0 5 0
-1 0 O —4 0 -3 3 0 —4
Then we define
-4 0 -3 5 —4
x1: =B lxg==[ 0 5 0 21 =1 2
3 0 -4 0 3
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Similarly, one can check that B(Z)ux, (p) = B(Z)(1 — 2k), and that ;o is SO3(Z)-equivalent to the
matrix C' € As. Hence :

1 -4 -3 0 —4 2
X9 :=Cx1 = 3 3 —4 0 2 | =14
0 0 5 3 3

Similarly, in the other direction, we have B(Z)ux(p") = B(Z)(1 — 25) and y1—2; is in the same SO3(Z)-
orbit as B € As. Thus, we define

1 -4 0 3 5 —4

X_1:=Bx= = 0 5 0 21 =1 2

-3 0 —4 0 -3

This way, we obtain the following truncated trajectory :

2 2 L[4 L[5 (4 2 2
5l [—a)| S 2 | (2) B2 ]S -4 |5
0 -3 -3 0 3 3 0
X_3 X_9 X_1 X0 X1 X9 X3

Remark. We will see that the properties of these trajectories lead to a proof of an equidistribution result.
But one can also find another interest to the process described above : finding new representations as
a sum of three squares. Indeed, when d = 29, it is not difficult to find all the possible representations,
but if d is very large, it can be very long. However, the matrices of A, can help us to find new
representations starting from an initial one. For instance let us consider

d := 32591826 = 56892 + 23% + 476>

5689
Let us denote byxg := [ 23 | € Z3(d). Asd =1 mod 5, the prime 5 is split in Q(v/—d), so we know
476
that there are at least two matrices in As, say w and w', such that wxg € %3(d) and w'xy € Z3(d).
Since |As| = 6, we just have to do siz products of a (3 x 3)-matriz by a column vector, so it is really
economic. We find that

5689 —4565
A 'xg= | =304 | and Cxo= [ 3395
367 476

hence two new representations of d as a sum of three squares :
d = 56897 + (—304)2 + 367> and d = (—4565)? + 3395 + 4762

In fact, in the article [ |, they prove that exactly two elements w € As are such that wxy € %5(d).
What we proved here just explains thatl there are at least two, corresponding to the actions of [p] and
[p'] (the elements of C1(Of) corresponding to the two prime ideals above 5), and this is sufficient for
us. If d Z +1 mod 5, we can replace the prime 5 by another prime p which is split in Q(v/—d), and
work with A, instead of As.

This remark raises an interesting question : can we use these trajectories to find all the representations
of d as a sum of three squares 7 In other words, will the trajectory reach all the SO3(Z)-orbits of
s3(d) 7 This would be great because, as we said, this would be a very efficient way to find representa-
tions as a sum of three squares, since at each step, we just have to do six matrix multiplications, and
we know that two of them will give us a possibly different representation. This question is related to
the question : is the subgroup [p]% all or almost all of the group C1(Of) ? This is a "seemingly difficult
question" according to | |, but apparently, people believe that this happens for infinitely many
d. So let us just say that it is reasonable to hope that our trajectories will reach all the SO3(Z)-orbits
of %3 (d)
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§5.2.3 The two definitions of the trajectories coincide

As we will need to combine the properties of our two definitions of the trajectories, we admit the
following fact :

It can be shown that the two previous definitions of the trajectories on #5(d) coincide. In particular,
the "action" of [p]% on %3(d) as defined in the previous paragraph is a real group action, and the
trajectory defined with this point of view is non-backtracking.

This highly non-trivial statement comes from the fact that a finite version of the graph %s(d) can be
identified with a finite quotient of the Bruhat-Tits tree of PGL2(Q,) (an explicit (p + 1)-valent tree).

5.3 The graph structure on %5(d,q)

Let p > 3 be a prime number, et ¢ be an integer coprime with 6p (this condition is used in theorem
5.6.1, but will remain a bit obscure because we do not prove this theorem). Then in particular, ¢ is
coprime with p, so p is invertible modulo ¢g. Thus, we can reduce the elements of .4, modulo ¢, since
they are matrices of denominator p. Let us denote by 7 these reductions modulo ¢. It is easy to see that
since A, C SO3(Q), they act on #3(d,q) : for all X € #3(d,q), for all v € A, ¥ X € #3(d,q). This
endows #3(d, q) with a structure of a |Ay|-regular undirected graph by joining each vertex X € #3(d, q)
to the vertices ¥ X, v € A,. In fact, it is a multigraph : we allow multiple edges between two vertices
and edges connecting a vertex to itself. Indeed, there might exist two matrices 71,72 € A, such that
¥1 X =7y X =:y. In this case, we will draw one edge corresponding to 7y, and one different edge,
corresponding to 72, to connect X and y. By an abuse of notation, we will also denote by #5(d, q) this
graph. Since |A,| is the degree of this graph (that is : the number of edges meeting at each vertex),
it is crucial to know this cardinality in order to have a better understanding of this graph.

Proposition 5.3.1. We have |A,| =p+ 1.

Proof. David E Speyer’s answer on mathoverflow : https://mathoverflow.net/questions/84897/
proofs-of-jacobis-four-square-theorem, and Claude Quitté’s answer on Les-Mathématiques.net :
http://www.les-mathematiques.net/phorum/read.php?5, 1821586 helped me a lot.

As A, is a set of representatives for ./\A/l; and ]./\A/l;,] = \7%| by proposition 5.1.4, we have |A,| = \7%\
Moreover, any orbit [z] € H), is made of 24 elements of H, because |B(Z)*| = 24. Thus,

Hp = 24’7%‘-

So |Ap| = p+ 1 if and only if |H,| = 24(p + 1). This reduces the question to counting the Hurwitz
quaternions of norm p.

. Step 1 : for any x € B(Z), the index of the principal ideal xB(Z) inside B(Z) equals N(z)?.

B(Z) is a free Z-module of rank 4, with basis B := (i, j, k,d) (for example), where d denotes
%(1 + i+ j + k). Therefore, we can repeat the arguments of the proof of proposition 1.6.5, and
conclude that the index of xB(Z) inside B(Z) is equal to the absolute value of the determinant
of the multiplication by = (as a Z-linear map from B(Z) to itself). Now, if z = a + bi + ¢j + dk,
one can check that :

zi=(a+0b)i+ (b+d)j+ (b—c)k — 2b6
zj=(c—d)i+(a+c)j+ (b+c)k—2ch
zk = (c+d)i+ (d—b)j+ (a+d)k —2d6
6= (0b+c)i+(c+d)j+b+d)k+(a—b—c—d)

So the matrix of the multiplication by x in the basis B of B(Z) is the following :
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a+b c—d c+d b+c
b+d a+c d—0 c+d
b—c b+c a+d b+d
-2b —-2¢ —-2d a—-b—-—c—d

Mat575(mz) =

The determinant of this matrix is (a? 4 b? + ¢ + d?)?, that is : N(z)?. In fact, the computation
is easier if we proceed as follows : B is a Z-basis of B(Z), but it is also a Q-basis of B(Q), so we
can see Matg 3(m;) as the matrix of the multiplication by = (on the left) as an endomorphism
of B(Q). Thus, the determinant of this matrix is the same as the determinant of Matc ¢(my)
where C = (1,1, j, k) is the usual basis of B(Q).

Thanks to this first step, we deduce that if z € #,, then the index of 2B(Z) inside B(Z) is equal
to p2. But conversely, if I is a right ideal of B(Z) of index p?, then by corollary 3.1.5 it is of the
form zB(Z) for some z € B(Z), and the latter must have norm p in order to have the correct
index. Therefore, the map z — 2B(Z), from H,, to the set of right ideals of B(Z) of index p?, is
well defined and surjective. Besides, for a given right ideal 2B(Z), there are exactly 24 elements
of M, mapping to this ideal (they are exactly the elements ze where € runs over B(Z)*). Hence
|H,| equals 24 times the number of right ideals of B(Z) of index p®. So |A,| = p + 1 if and only
if there are exactly p + 1 such ideals.

Step 2 : we reduce to the question of counting ideals in B(Z)/pB(Z).

If z € Hp, then N(2) = 2Z = p € 2B(Z), so pB(Z) C 2B(Z). Hence all the right ideals of B(Z) of
index p? contain pB(Z). It is well known that the natural surjection map 7: B(Z) — B(Z)/pB(Z)
induces a bijection between right ideals of B(Z) containing pB(Z) and right ideals of B(Z)/pB(Z).
Moreover, this correspondence of ideals preserves the index. Thus, the number of right ideals of
B(Z) of index p? equals the number of right ideals of B(Z)/pB(Z) of index p?.

Step 8 : B(Z)/pB(Z) ~ Ms(F,).

By the same counting argument as in the proof of proposition 3.2.2, we can find u,v € Z such
that u? + v? = —1 mod p. Let us define the following four elements of Ms(F)) :

1 0 0 1 u v v —U
1= (O 1),1. (_1 0),.]. ( _u> and I (_u _U>

Then I?=J?=K?=-1and [J=—-JI =K, JK=—-KJ=1and KI = —IK = J. Thanks
to these relations, we can define a ring homomorphism

¢: B(Z) - Ma(F))

as follows : first, we set ¢(1) =1, ¢(i) = I, ¢(j) = J and ¢(k) = K. Then we extend it to all the
elements of B(Z) by linearity : if z = a + bi 4+ ¢j + dk is a Hurwitz quaternion with coefficients
in Z, there is no issue, we map it to al 4+ bl 4+ ¢J + dK, but how do we do if & has coefficients
in Z + % 7 In this case, we just remark that since p is an odd prime, 2 is invertible modulo p,
so we can find m € Z whose reduction modulo p is the inverse of the class of 2 mod p. Then, if
r=g+ %i—i— 57+ %k’ where a,b, ¢, d are odd integers, we define ¢(z) as mal+mbl +mcJ +mdK.
Note that since we are looking at matrices with coefficients in F,, this does not depend on the
choice of the integer m satisfying 2m = 1 mod p.

Let us prove that this ring homomorphism is surjective. It suffices to prove that ¢ reaches the
four matrices E; ; of the canonical basis of My (F)). It is even sufficient to prove that ¢ reaches
the matrices 2E; ;. Indeed, if 2 € B(Z) is such that ¢(z) = 2E;; then it suffices to take an
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integer m whose reduction modulo p is the inverse of 2 (it exists), and then mz is still in B(Z)
and ¢(mz) = me(z) = E; ;. Now we have the following relations :

1—-uJ—vK =2F;
I —vJ+uK =2F,
—I —vJ +uK =2FE3;
1+uJ+vK =2F>5

hence ¢(1 —uj — vk) = 2E1 1, ¢(i —vj + uk) = 2E; 2 ... This proves that ¢ is surjective.

Finally, it remains to show that ker(¢) = pB(Z). We have that (1,7, J, K) is a basis of the
F,-vector space Ma(F)) (because it is made of 4 elements, and generates My (F)), as we have
just seen while proving the surjectivity). Therefore, ¢(a + bi + ¢j + dk) = 0 if and only if
a,b,c,d =0 mod p (with the convention that we replace % by the class of m modulo p when we
have a Hurwitz quaternion with coefficients in Z+3). This is equivalent to a+bi+cj+dk € pB(Z).
Thus, ¢ induces a ring isomorphism

B(Z)/pB(Z) ~ My(Fy)

. Step 4 : counting right ideals of Ma(F)).

By the preceding step, we are reduced to the question of counting the right ideals of index p?
inside M (F)). By the correspondence explained in the appendix C, these ideals are in one to
one correspondence with the vector subspaces of F,, of index p, that is : the lines in F,. There
are p + 1 such lines, hence the conclusion.

O

Remark. We proved that the number of Hurwitz quaternions of norm p (for p odd prime) is 24(p+1).
This means that the number of solutions to the equation

a2+b2+02+d2:p

where a, b, c,d are either all in Z or all in Z —{—% is equal to 24(p + 1). So we are not far from proving
the formula given in theorem 3.0.2 for the number of representations of p as a sum of four squares.

This proposition tells us that %5(d, q) is a (p + 1)-regular undirected graph : each vertex X € %#3(d, q)
has (p+ 1) edges that are incident to it. We say that each vertex has valency (or degree) p + 1.

Example : Let us take d =29, p =5 and ¢ = 7. Since 5 x 3 = 15 = 1 mod 7, we can replace the
coefficient % in front of the matrices in A5 by a multiplication by 3 when we compute the reduction
modulo 7. We obtain that the reductions modulo 7 of the matrices in As are :

1 0 0 2 0 2 2 -2 0
A=(0 2 2|,B=(0 1 0fandC=(2 2 0
0 —2 2 -2 0 2 0 0 1

and their transpose. The points of #5(d, q) are the (z,y,z) € (Z/qZ)3 such that :
2?4+ +22=d=29=1mod 7
Up to permutation of the coordinates, the points of #5(d, q) are :
(5,2,0) (4,3,2) (1,0,0) (6,0,0) (2,2,0) (5,5,0) (3,3,2) (4,4,2) (5,3,3) (5,4,3) (5,4,4)

(here we identify the elements of Z/7Z with their unique representative in {0,...,6}). With the help
of a computer, we find that there are 42 points in %5(d, q).
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Starting from the point X = (5,2,0), let us draw the edges joining it to other vertices of #3(d,q).
These are the points y =7 X for v € As. On the figure below, we put arrows with the matrices that
made us go from X to y, but it is just to clarify. In the end, we forget about these arrows, and view

H3(d, q) as an undirected graph.

(5.4.4)

Lo (5.9)

FIGURE 1. The edges joining X = (5,2,0) to the ¥ X, v € As.

Then, starting from each of our 6 new vertices, we can draw edges joining them to their images under
the action of the matrices of As. If we do several extra steps we obtain the following part of the graph
Hs3(d,q) (but it is hard to represent the whole graph, since it has 42 vertices, each of them with 6

incident edges. .. )
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FIGURE 2. A part of the graph %5(29,7).

We just saw that the structure of the graph %3(d, q) depends a lot on the arithmetic properties of the
integers involved. The number of edges meeting at a fixed vertex essentially depends on the number
of ways to write p as a sum of four squares. One may also ask : how many vertices are there 7 This is
also an arithmetic question, since we need to understand the number of solutions to the equation

?+yt+2i=d

in Z/qZ. Heuristically, we can guess that the answer will be roughly ¢?, because once z and y are fixed
(¢ choices for their values), then either d —z? —y? is a square modulo g, and in this case there are two
solutions z to the equation above, or d — 22 — 3 is not a square modulo ¢, and in this case there is no
solution. Since there are roughly as many squares as non-squares modulo ¢, this gives us the conclusion
of this heuristic. However, this argument can be made more rigorous : using the chinese remainder
theorem, we reduce to the case whre ¢ is a power of a prime number, and in this case estimates follow
from classical computations on Gauss sums. This leads to the following result.

Proposition 5.3.2. For any € > 0, one has

q2—a <e |<%3(da Q)‘ <e q2+8

for all ¢ = 2 and for all d coprime with q.

5.4 Trajectories on %3(d,q)

To each point x € #5(d), we want to attach a trajectory on the graph #Z3(d,q) : a first idea could be
to reduce modulo ¢ the coordinates of the points of the trajectory of x on #3(d), as defined in section
5.2. So the trajectory associated with x € Z3(d) would be the sequence (X;);ez, where X; denotes
redy(x;), and (x;)iez is the trajectory of x = xg on #3(d). However, if we do that, there is the risk
that "too many" distinct points on %s(d) give rise to the same trajectory, because the congruence
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properties of the x;’s will be the same, despite the fact that we started from different trajectories on
Z3(d). So in order to get many different trajectories, we also take into account the edge connecting X;
and X;4+1. Thus, to each x € #3(d), we attach a marked walk on %3(d, q) consisting of a marked base
point Xp and the choice, for each i, of an edge joining X; to X;t1.

Definition 5.4.1. With the notations of section 5.2 for the transition matrices, the trajectory of the
point x € #3(d) is
Iy :=A{X, (wxi)iez}

By the previous section, we know that the elements of A, label the edges of our graph #3(d,q).
Therefore, I'x defines a walk on #3(d, q) : starting from Xy := X, we go to X; = Wx,1Xp via the edge
labeled wy 1, then we go from X; to Xo = Wy 2X; via the edge labeled wy 2, and so on. In the other
direction, we define X_1 as W, %xo, and we draw the walk going from X_; to Xg via the edge labeled
Wx,0, and so on. 7

Finally, for any integer £ > 1, we define W,Ee) (resp. T’
walk) of length 2¢. Explicitly :

sf)) to be the truncated word (resp. truncated

(0)
Wx = (wx,ferl? Wy, —0425 -+ wx,()
and
0) _ (%
'y’ = (X, Wy, —f+1, Wx,—0+2 - - - 7wx,4)

Example : We continue in the setting of the previous examples : p =5, d =29 and ¢ = 7. Consider
the truncated trajectory on #5(d) from the example in section 5.2 :

2 (4 L[5 L[4 2
S 2 |22 | S |-
-3 -3 0 3 3
X_92 X_1 X0 X1 X2
We reduce this trajectory modulo 7 :
2\ —— 3\ — [\ — [3\ -~ [2
3| (2] 25 (2] 2 (2] 5 (3
4 4 0 3 3
X_2 X_1 X0 X1 X2

This gives the following truncated walk Fg) :

\ p | % | :
! S (300) — (o
/ Fen :
. \ f :

FIGURE 3. The truncated walk T'®) on the graph #3(29,7), for x = (5,2,0).

6]



Let us stress that the trajectories arising as I'x cannot be arbitrary walks on the graph %5(d,q).
Indeed, by proposition 5.2.3, the word Wy satisfies the condition wx ;11 # w;% for all 4 € Z. Thus,
the walk cannot traverse the same edge twice in succession. However, this does not prevent 'y from
going from X to ¥ and then right after from y to X. But it has to use different edges. More informally,
a walker following the trajectory I'x is allowed to go back to a vertex she has already visited, but is
not allowed to backtrack.

Definition 5.4.2. A non-backtracking marked walk on the graph %s(d,q) is the data (X, (w;)icz) of
a base point X, and a reduced word (w;)icz in the alphabet A, (see definition 5.2.4). The sequence of
vertices visited by the walk can be determined inductively by the rule that X;41 ts the verter arrived at
by following the edge labeled w;y1 starting from X;.

Example : we make this example mostly to stress an important point : this definition includes all
the possible non-backtracking walks on %#5(d, ¢), not only the ones arising as the reduction modulo
q of a trajectory on #3(d). For instance, if we keep the same values as in the previous examples
(d =29,p="5and ¢ = T7), the point (6,0,0) belongs to #Z3(d, q), but it is easy to see that no point of
Hs3(d) reduces to this point modulo q. However, we can define a non-backtracking marked walk with
marked point X = (6,0,0). Consider the (truncated) word (A, B,C,B~', A, B). It gives rise to the
following truncated walk on #Zs3(d,q) :

3 3 5 6 5 5 2
HON [N N ICN R NN V0 =S (1 IECN () RECI
4 3 0 0 5 3 4
X_3 X_9 X_1 X0 X1 X9 X3

5.5 Spacing properties of trajectories

As we already mentioned, it is possible that distinct trajectories on %s(d) give rise to the same
trajectories on #3(d, q), at least for a certain time. Indeed, even if we start from two different points

x and x" in #3(d), they may have the same reduction modulo ¢, and the truncated words Wy) and

Wg) may coincide. In this section, we try to develop criteria to measure the closeness of trajectories.

Proposition 5.5.1 (SHADOWING LEMMA, | |, proposition 2.11). Let x,x" € #3(d). Let £ > 1.

o The truncated words W,Eé) and Wg) coincide if and only if x = +x’ mod p’.

o The truncated walks Fg) and Fiﬁ) coincide if and only if, in addition, x = x’ mod q.
Let us denote by x.x' the usual scalar product of these two vectors in Q3. If Fg) and Fg) coincide,
then :
xx' =dmod ¢¢ and x.x = +d mod p**

Proof. We admit the first point. It is proved in the article, but in a part entitled "adelization" which
introduces a lot of notions that are new to me, I would need a lot more time to understand this part.
However, let us give a reformulation of the statement, in order to understand what it means, and why
it is difficult. Let us denote Wx = (w;)iez and Wy = (w})icz.

For ¢ = 1, the condition Wi = W)(f) means that (wp,w) = (w(), w}). Equivalently, this means that
when we define the trajectories of x and x’ on %Z3(d), we take the same matrix wg € A, to define x_;
(as wy 'x) and x'_; (as wy 'x’ ) and the same matrix wy € A, to define x; (as wix) and x} (as w1x).
Therefore, the meaning of the first point is that the fact that x and x’ are p-adically close forces us
to choose the same matrices in A, for a long time, when defining the trajectories of these two points
on %s5(d). Since matrices in A, are rotations of Q3, we can also reformulate it as a condition for the
trajectories of x and x’ to be parallel for a long time.

Now, if we go back to section 5.2 to remember how these matrices of A, are chosen, we see that the

condition Wi = W)((,l) is equivalent to the following equalities of ideals of B(Z) :

B(Z)1x(p) = B(Z)tx (p) and B(Z)x(p') = B(Z)ex (')
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(where p and p’ still denote the two ideals above p in Q(v/—d)). But it does not seem easy to make
a connection between the p-adic closeness of x and x’ and the fact that the ideals of B(Z) associated
with the action of p and p’ on x and x’ are the same.

The second point is clear, since the walks coincide if and only if they have the same marked point and
the same transition matrices. The condition "x = x’ mod ¢" is exactly the condition "having the same
marked point".

Finally, if the two truncated trajectories are equal, then x = 4+x’ mod p’ and x = x’ mod ¢. This
implies that (x — +x').(x — £x’) = 0 mod p* and (x — x').(x — x’) = 0 mod ¢>. If we develop the
first congruence, and take into account that x.x = d = x'.x/, we obtain +£2x.x’ = 2d mod p**. Since
p is an odd prime, we can multiply by the inverse of 2 modulo p, and this gives x.x’ = +d mod p**.
Similarly, the second congruence leads to x.x’ = d mod ¢2. Note that ¢ is also odd because we assumed
q coprime with 6p.

O

Notation : In order to avoid carrying too many constants we will use the notations "f < ¢" and
"f > g" in the sequel. These notations are used a lot in analytic number theory, and differ a little
bit from the notation f = O(g), so let us take some time to make some precisions. We follow the
introduction of | |-

« The notation f = O(g) : we consider a topological space X, and a point xg € X. Let f and ¢
be two real valued functions defined on a neighbourhood of zg in X, not necessarily defined at
xg. We say that

f=0(g) when x — xo

if there exists a neighbourhood V of 2y in X and a constant C' (depending a priori on zy and V)
such that [f(x)| < Cg(x) for all x € V' \ {xo}.

« The notation [ < g : we consider two functions f,g defined on a set X (not necessarily a
topological space), and with real values. Then we say that :

f<gonY CX

if there exists a constant C' such that for all x € Y, |f(z)| < Cg(x). We will refer to such a
constant C' as an implicit constant (because is does not appear when writing f < g). Besides,
C' can depend on other parameters (g, for instance), and in this case if we want to stress on
which parameters it depends, we will write f <. s g.

The difference is that in the second case, the subset ¥ must be written explicitly, whereas in the
first case, the neighbourhood V' is implicit, and could be replaced by a smaller neighbourhood of x.
The notation O refers to an asymptotic behaviour, whereas the notation f < g can be used for an
equality that holds everywhere where f and g are defined. Very often, the subset Y is clear from the
context. For instance when we gave an estimate of [#3(d)| in section 4.4, we could have replaced the
long sentence "for all £ > 0, there exists a constant C(e), depending only on ¢, such that for all d > 2
admissible and square-free, |%3(d)| > C(E)d%_a" (and the analogue statement for the upper bound)
by the more compact notation :

for any € > 0, d2—¢ <, |%5(d)| < d27¢ for all d > 2 admissible and square-free.

But in the sequel, we will sometimes omit the set in which d ranges, since in the whole study of our
equidistribution problem, d is assumed to be admissible and square-free.

Proposition 5.5.2 (LINNIK’S BASIC LEMMA, | |, proposition 2.12). Let e € Z be such that
le| # d. The number of pairs (x,x') € %5(d)? with scalar product x.x' = e is <. d°.
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Proof. We admit this proposition. It is proved in | |, pages 24 and 25, using a construction called
the orthogonal complement construction, which is not hard to understand once one knows about the
action of Cl(Ok) on %5(d)™. The reason why we admit this lemma is that the second part of the
proof relies on the notion of a quadratic form represented by another quadratic form, and we did not
have time to read more about this vocabulary. O

Observe that since x.x = x'.x’ = d, we have |x.x'| < d by Cauchy-Schwarz inequality. Hence if |e| > d,
there is no pair (x,x’) € %#3(d)? with scalar product equal to e. Besides, if || = d, a pair (x,x’) such
that x.x’ = e satisfies the case of equality in Cauchy-Schwarz inequality, so x’ must be proportional to
x. As they have the same norm, this implies that x = +x’, and the sign is determined by the sign of
e. This shows that there are |%3(d)| pairs with scalar product equal to d : namely the pairs (x,x), for
x € #3(d), and |#3(d)| pairs with scalar product equal to —d, namely the pairs (x, —x) for x € Z3(d).

Corollary 5.5.3. For any € > 0, one has :
d
{xx) e (a2, 1O =19} <. 125(0)] + (1 + W)

Proof. We decompose the set with respect to the value of x.x’ :

{(x,x’) € %3(d)?, TY = r“,’} = | {(x,x') € #3(d)?, T =TY) and x.x' = e}

X
ecZ
=:A =:Ae

By the previous observation, the sets on the right hand side are empty if |e| > d, hence :

A=) A

le|]<d
Now, we bound the terms where |e| = d by the number of pairs such that x.x" = e, that is : |#5(d)].
This gives :
Al < 2A%3(d)] + D |Ac|
|

el<d

Besides, by proposition 5.5.1, if x and x” are such that F(Z,) = F)(f), then

X

x.x' = d mod ¢*
x.x' = +d mod p(29)

So if e does not verify the congruences (20), the set A, is empty. Thus,

Al <20Z3(d) + D A
le]<d
e=d mod ¢2
e=+d mod p2¢
By Linnik’s basic lemma (proposition 5.5.2), we have the following estimate : for any ¢ > 0, |A.| <. d°.
Hence :

Al < | Za(d)| +d° Y1
le|<d
e=d mod ¢>
e=+d mod p?*
It remains to count the number of terms of this last sum. Since p and ¢ are coprime, there is a
unique integer satisfying the conditions e = d mod ¢? and e = d mod p?’ in any interval of integers of
length ¢%p?¢, and the same holds with the condition e = —d mod p?* (this is a reformulation of chinese
remainder theorem). Let us write the euclidean division of d by ¢*p?* :

d
d= (q2p25)m + b, with m = {WJ and 0 < b < q2p2£
q°p
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Then the interval {0,.. d} is made of m successive intervals of length ¢%p?‘, and a last interval

of length strictly less than ¢?p?**. Each of these intervals contains at most 2 integers satisfying the
congruences (20). Thus, there are at most 2(m + 1) integers e such that 0 < e < d, e = d mod ¢? and
e = +d mod p?*. We do the same argument for negatlve values of e, and conclude that the number
of terms of the sum is bounded by 4(m + 1). As m < 2 e this number of terms is also bounded by

4 (1 + 2 25> Since the constants become implicit in the notation "<", we obtain

d
|A| <. |%3(d)| + d° (1 + q2p%>

as we wanted.

O

Remark. In the previous statement, if £ is chosen so that ¢>p** ~ V/d ~ |%3(d)|, then the upper bound
is <. date for any € > 0 (here we use the upper bound for |%s(d)| from section 4.4). In particular,

since
4l = {x,x) e (@, IO 1D = > [{x e (0, 1 =1}
XE%g(d)

we have

e;(d) Hx’ e #s(d), T = rSf)H <, dite
XEXS
~+/d terms

()

which implies that the map x +— I'x’ is essentially injective.

5.6 Expander graphs

The theory of expander graphs is a very wide subject, that I did not have time to explore. The
introduction of these notes (which have now become a book), by Emmanuel Kowalski, gives many
points of view and motivations on expander graphs : https://people.math.ethz.ch/ kowalski/
expander-graphs.pdf

We will use the fact that Z5(d, q) is an expander :
Theorem 5.6.1. For all q coprime with 6p, the graph %Zs(d,q) is an expander.

Once again, this statement comes from the fact %Z3(d, ¢) can be identified with a finite quotient of the
Bruhat-Tits tree of PGL2(Q,).

However, we will only use the following consequence of this fact, namely a large deviation inequality
for non-backtracking walks on %Z3(d, q) :

Corollary 5.6.2. Fiz n,e > 0. For any subset B C %5(d,q) with |B| > n|%s(d, q)|, the fraction of
non-backtracking walks Tz of length 2¢ centered at any fized point X of %#s(d, q) which satisfy :

|I's N B] B | B
20+1  |Z3(d, q)|
is bounded by c1 exp(—cal), where c1,ca are strictly positive constants depending only on €,m. In other

words, if we denote by Ay the set of all non-backtracking walks of length 20 (see definition 5.4.2), and
by M the subset of Ay made of the walks satisfying the inequality above, then :

=€

1M _

Ay S < c1 exp(—caf).
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In this statement (and everywhere below), |I's N B| denotes the number of indices i € {—¢, ..., ¢} such
that X; (the i-th point of the walk I'y) belongs to B. So we may interpret the term [I'g N B|/(2¢ + 1)
as the fraction of the time that the walk I'x (of length 2¢) spends inside the subset B.

On the other hand, if we endow %3(d, ¢) with the uniform probability measure, the term |B|/|%5(d, q)|
is the probability of B. To put it differently, it is the probability that an element X € #5(d, q), taken
at random with uniform distribution, belongs to B.

Since the graph %3(d, q) has good connectivity properties (this is a way to interpret theorem 5.6.1), it
is natural to expect that a typical walk will spend a fraction of the time in B which is approximately
the probability of being in B. Thus, the inequality in the corollary is a large deviation inequality. The
walks satisfying this inequality are "exceptional”, and so there should not be many such walks. The
corollary states that the fraction of such walks decays exponentially with £.

5.7 Conclusion of the proof

We can finally prove theorem 5.0.3. Let p > 3 be a prime number, and let ¢ be an integer coprime
with 6p. Our aim is to prove a refinement of the fact that the points of #3(d) become equidistributed
in Z3(d, q) (with respect to the uniform measure) as d goes to infinity among the values of d such that
p is split in Q(v/—d) and d is coprime with gq.

More precisely, let us fix v,6 > 0, and suppose that ¢? < d2=" (in our refinement, ¢ is no longer fixed,
it just has to grow slowly compared to d). Then our aim is to prove that the fraction of X € #5(d, q)
such that

|devg(X)| > o

tends to zero as d goes to infinity. As in the statement of the theorem, dev,(X) denotes the deviation
at X :
[red, * (%)
[Z3(d)]
1

|%3(d7q)|
that is : the gap between the proportion of the points of #3(d) that reduce to X modulo ¢, and m
(which is the expected asymptotic result if the equidistribution indeed holds).

Let us denote
Bs .= {x € #3(d,q), devy(X) > 6} and By := {X € #3(d,q), devy(X) < =6}

We want to prove that
| {x € #3(d, q), |deva(X)| > 6} |

—
|%3(da Q)| d—+00
As {X € #3(d,q), |devy(X)| > 6} = Bs U By, it suffices to show that

0

|Bs| |Bs |
—— — 0 and ——2*— — 0
|%5(d, q)| d—+oc \R5(d, q)| d—s-+oo

The proof goes the same way for the two limits above, so we just focus on the the first one.

Let n > 0. We want to show that for all d large enough, |Bs| < n|#s(d,q)|. Let us assume that
|Bs| > n|%5(d, q)|, and look for a contradiction for all d large enough.

§5.7.1 Useful lemmas
Lemma 5.7.1. Let B be a subset of %#5(d,q) and £ > 1. Then

_ 1 ¢
red, ' (B)| = 55 > I B
xER3(d)

where \I’g) N B| denotes the number of i’s in {—{,..., L} such that the i-th vertex X; of I'x is inside B.
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Proof. Since the action of [p]’ on %5(d) permutes %5(d), we have : for all i € {—(,... ¢},

red, ! (B)| = Z 1= Z 1

Xeﬁg(d) XE%3(d)
redq(x)eB redq ([p]ix)eB

Now, we sum over i € {—/,...,¢} and divide by 2¢ + 1. This gives :

1 1
“1(B) = — 1=~ ¥
red Bl =gy 2 2. =gy 2 InB

x€X3(d) i€{—L,....0} x€ZX3(d)
redq([p]"x)eB

Lemma 5.7.2. If d is large enough, there exists an integer £ > 1 such that :
1
];I%(d)l < ¢°p* < pl%#s(d)| (21)

Proof. First, note that it is not restrictive to assume d large enough, since we are looking for a
contradiction when d is large enough. This lemma is where we use the assumption

P <dr

Thanks to theorem 4.4.1, we know that for any ¢ > 0, d2 ¢ <. |%3(d)|. Therefore, for € := &, there
exists a constant C such that for all d > 2 admissible and square-free,

dz=5 < C|%s(d)].

So for d large enough, we have :

q2 < d%*l/ < idéfg < |‘%3(d)|
Cp p
Thus, ¢* < "%pﬂ, and this implies the lemma. O

Now, we choose £ as in the previous lemma, and we apply lemma 5.7.1 to B = Bs. We deduce that the

I nBs|
20+1

average over #Z3(d) of satisfies :

Ly It N Bs|  [red; ! (Bs)]
| %3 (d)| 20+1 [ %5(d)|

Now, for all X € Bs, we have (by definition of By)

xE%3(d)

]redq_l(i)] 1
w@l - )
Informally, this means that the points of #5(d) tend to reduce to X modulo ¢ a little bit more often
than what would be the perfect equidistribution behaviour. Now since red;l(B(;) = ses, redgl(i),
we deduce that

d-N(B B
red o)l 1B
|%3(d)| |%5(d, q)|
Hence : ©
1 ‘Fx r_][5(5| |B5|
—— > (149)
Hy(d)] L 20 #5(d,q)]

But we started this proof by contradiction by assuming |Bs| > n|%s(d, q)|, so
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1 T N Byl L

A L 2T ldg)

+6n (22)
We will derive a very basic consequence of this inequality, but since the notations are a bit heavy, we
state what we use in an independent lemma.

Lemma 5.7.3. Let z1,...,x, € [0,1], and let A, B be two positive real numbers. Suppose that

1 n
— E r; > A+ B
n

=1

Then the number of indices i such that x; > g + A is strictly larger than %n.

Proof. We have

1 1 1
- Ty = 5 Ty + - Ty
n
=1 1<i<n 1<i<n
<B4+ A
a:L>§+A iS3F

Now, if the number of terms of the first sum on the right hand side is less than or equal to %n, then

we have : ) B
n 2 TS g
1<i<n

Z‘i>g+A

using the fact that the x;’s are less than or equal to 1. Since the second sum is less than or equal to
g + A, we conclude that

1 n
—Y @ <A+B.
ni—l

This contradicts the assumption. Thus, the number of indices i such that x; > g + A is strictly larger
than Zn.
2

[l
§5.7.2 Conclusion of the proof
We apply lemma 5.7.3 to our inequality (22), and derive that the number of x € %#3(d) such that
(0)
I'x’NB B )

20+1 [ %#3(d, q)| 2

is strictly larger than %‘%3(61)‘. Let us denote by L the set of x’s in %#5(d) such that the inequality
(23) holds :

(0)
L:= {x € #3(d), T 05| > 1B5| 577}

2041 [ %#3(d, q)| 2

We just proved that |L| > %”|<@3(d)|. Now, we apply the lower bound from theorem 4.4.1 for the size
of #3(d). This gives us : for any € > 0,
L] > g d2¢

Note that we can interpret (23) as follows :

if x is such that (23) holds, this means that the walk Fg) 1§ exceptional in the sense that it spends too
much time in |Bs|, compared to what we expect to be the typical behaviour of a walk on %3(d,q).
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(0)
Indeed, |F§£2185‘ is the amount of time that the walk Fgf ) spends inside B, and we compare it with the
size of |Bs| inside #3(d, q). It is natural to think that since the graph %#5(d, ¢) has "good connectivity

properties", a typical walk on %3(d,q) will spend half of the time in a subset of #3(d,q) made of
M points. The fact that #3(d, q) has "good connectivity properties" follows from theorem 5.6.1,
but we did not have time to explore the wide subject of expander graphs, so this phrase will remain

between quotes.

Thus, we have proved that if we assume for a contradiction that |Bs| > n|%s(d, q)|, then there are at
least | L| points x in #3(d) whose corresponding trajectory is exceptional in the sense of (23). Moreover,
|L| satisfies : for any € > 0,
1

L] > d27°
So, informally : essentially all the points in Xs(d) give trajectories Fg) that are exceplional.
Now, we are going to use corollary 5.5.3 to deduce that many trajectories on #s(d, q) are exceptional,
and in fact, too many : this will contradict the large deviation equality from corollary 5.6.2, and con-
clude the proof.

For the moment, we just know that essentially all the points x in %#5(d) give exceptional truncated

walks I‘,(f ). But the problem could be that they all give the same truncated walk, so that this would
not give us any information on the number of trajectories with this exceptional behaviour. This is why
it is natural to use corollary 5.5.3 to prove that in fact, different points essentially lead to different
truncated walks.

Notation

« Let us denote by Ay the set of non-backtracking marked walks of length 2¢ on #5(d, q), in the
sense of definition 5.4.2.

« Let us denote by M the set of exceptional paths of length 2¢ on %#5(d, q) :

M = {F(@ € Ay such that T 0 By o 577}

20+1 \#3(d, q)| 2

Note that in the set M, some paths may not arise as the trajectory I‘g) attached to a point of #5(d),
we really take into account all the possible paths in the sense of definition 5.4.2.

Lemma 5.7.4. The fact that |L| > s, d2~¢ implies that :
1
M| > 5,d2"¢

Proof. We consider the map
f L - M

XHFg)

which maps a point in L to its attached truncated walk (which is in M, by definition of L). This map
is not injective in general, but if we denote by ~ the equivalence relation on L defined as follows :

X~ X = Fg) :F(Z,)

then f induces an injective map
f L/~ - M
x|~ T¥
(here we denoted by [x] the equivalence class of x, that is : [x] = {x" € L, x’ ~ x}). This implies that

M| > |L/~].
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Therefore, it suffices to prove that for any ¢ > 0, |L/~| >, 5, d27¢. Let us take {x1,...,%,} a set of
representatives for L/ ~, and let us denote by X; := [x;] the equivalence class of each of these points.
Note that r = |L/~| is the quantity we want to bound from below.
We have
1 T T
A2 egq |LI =D 1K <V | DX
i=1 i=1

(where the last inequality follows from Cauchy-Schwarz inequality), hence :

r
d%_g <<€,5,77 \/7j Z |XZ‘2 (24>
=1

On the other hand, if we denote by C' the number of pairs (x, x’) yielding the same truncated trajectory :

C = {(x,x) € Z5(d), TY =TV}

)

corollary 5.5.3 tells us that
1
C < dzte

(more precisely, we use the remark following corollary 5.5.3, and our choice of an integer ¢ satisfying

(21)).

Now,
I YD VIR ED DI i
x€Z#3(d) x'€Z3(d) xeL x'eL
£ 4
r=ry r=ry
and
-
>0 =2 >t
xelL x'eL i=1 xeX; x'elL
rO_r® @
——
| X;| terms
hence :
T
2
> D 1= IX|
xeL x'el i=1
r@_p®
Thus,

Y IXiP < C <. a3t (25)
i=1

Combining (24) and (25), we obtain :

-
A28 Legn V| Y 1Xil2 <. Vi dEte

which implies
1
TS5y d2TE
Since this holds for any € > 0, this 3¢ is not a problem, and we get the conclusion, because for any
e >0,
1 e
A2 ° L 591 = |L/~| < |M]|.
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Thus, the number |M| of marked truncated paths I'®) on %5(d, q) such that (23) holds satisfies : for
any € > 0,
1
| M| >e.dm d2—°

But on the other hand, we are going to find an upper bound for |M|. The total number of non-
backtracking marked paths of length 2¢ on the graph %5(d, q) equals
Ael = |23(d, q)| (p+ 1)p*

(the first factor corresponds to the choice of a marked point, the second to the choice of a first edge
starting from our marked point, so we have p + 1 = |Ap| choices, and then for all the other edges we
only have p choices since we cannot take the edge which would make us backtrack).
As for any € > 0, |%5(d, q)| < ¢°>T¢ (see proposition 5.3.2) and ¢?p* < p|%5(d)| (by assumption (21)),
we deduce that

(Al = |Zs(d, @) (p+ 1)p* ! <. d> (26)

Now, among all those non-backtracking paths of length 2¢, the proportion satisfying (23) is at most
c1 exp(—cal), where ¢1,co > 0 depend only on ¢ and 7 (this comes from corollary 5.6.2). Explicitly,
this means that

|M|
L —cof
|Ae\ C1 GXP( 02)

As a purely technical consequence, we obtain the following upper bound for |M]|

Lemma 5.7.5. There exists 7 := 7(3,n) > 0, depending only on 6 and n, such that for any ¢ > 0,

1
| M| e d2™7
Proof. see below, in order not to let technicalities overtake the conclusion of the proof. O

Thanks to this upper bound, we derive that for any € > 0,
1 1
d2"* <<a,6777 |M‘ <<a76,77 dz"7te

and this gives a contradiction for d large enough. Indeed, if we take € := % (for instance), then :

1_ 7 1_2r
dz73 Lgp [M| <5y d27 3

for all d > 2 admissible and square-free. This is impossible for d large enough, and this concludes the
proof. O

Remark. We used theorem 4.4.1 to estimate |%5(d)|, and this theorem relied on Siegel’s theorem,
where the constant is ineffective. Thus, this proof does not provide an effective equidistribution rate.
With this approach, one does not know from which value of d the fraction of X such that |devg(X)| > ¢
falls below .

Proof of lemma 5.7.5 : Since we chose ¢ as in equation (21), we have %lﬁg(d)] < ¢®*p*. Besides,

dz ¢ <. |%5(d)|, so we obtain that for any € > 0, there exists a constant C(g), depending only on &,
such that

Taking logarithms, this yields :

1

In(C(e)) + (2 - e> In(d) — 2In(q) < 2¢In(p)

Now, we use the fact that ¢ < d2™ to deduce that 21In(g) < (3 — v) In(d). Thus,

In(C(e)) + (; - g> In(d) — (; - v) In(d) < 2¢1n(p)
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which implies that

Therefore, the inequality

coming from corollary 5.6.2 implies that

|M| < c1exp

(_62 In(C(e)) +2(py —¢) ln(d)> A

Thus, if we put
ColV >0
TiI=—
2p

it depends only on §,n (because co only depends on § and 1), and the previous inequality shows that :
|M| e 5.y d77d25/ P |A|
Finally, we also know from equation (26) that
A| <. dzte

hence
1 c:
|M| <<E,6777 diiT“F(ﬁJrl)S

Since this holds for any € > 0, we can conclude that for any € > 0,

‘M| Le,dn d%ﬁiT
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Appendix A.

Classical facts about Dirichlet characters and their L-functions

Our presentation of the facts on Dirichlet characters follows a lot | I

Given a group G, a character of G is just a group homomorphism from G to C*. We denote by G the

set of characters : R
G := Homg,,(G,C*)

It is a group for the following law : given ¢, € G, define ¢1p as g € G — ©(g9)¥(g) (endowed with
this law, Gis a subgroup of the group of functions from G to C*). We call it the dual of G. The
unit element in G is the so-called trivial character : the character which is constant equal to 1. Note
that even if G is not abelian, G is always an abelian group. Thus, when G is not abelian, G is not
isomorphic to G. What is less clear is the fact that when G is a finite abelian group, G and G are
isomorphic. We will not prove it in detail here, but let us say a few words about the proof : the idea
is that it is not hard to see that when G is a finite cyclic group, G =~ é, and then we use the struture
theorem of finite abelian groups to decompose any such group as a direct product of cyclic groups. Let
us also remark that as long as G is a finite group, the characters of G take values in the |G|-th roots
of unity in C*.

Characters of finite abelian groups satisfy orthogonality relations that are very useful in analytic
number theory.

Theorem A.1 (Orthogonality of characters). Let G be a finite abelian group, with unit element denoted
by e.

(i) For all x € G, we have

Z (2) |G| if x =1 (i.e. if x is the trivial character)
€Tr) =
R NPT

zeG

(ii) For all x € G, we have

X€G

|G|l ifz=e
> x(@) = .
0 ifrx#e
The main examples of characters we will encounter are the following :

« One can take the group G to be (Z/nZ,+), and in this case the characters of G are called the
additive characters modulo n

« Another example that will be of interest to us is the case where G is the group of units (Z/nZ)*.
Then a character of G is called a multiplicative character modulo n.

Definition A.2. Let q be an integer larger than or equal to 1. Given a multiplicative character modulo
q (i.e. a group homomorphism x: (Z/qZ)* — C*), we defined the so-called "Dirichlet character”
attached to x as follows :

B {x(n mod q) if ged(n,q) =1

0 otherwise

In other words, if the reduction of n modulo ¢ is in (Z/qZ)™, then we map n to x(n mod ¢), and if not,
we just map n to 0. We will still denote by x this Dirichlet character, and we say that it is a "Dirichlet
character modulo ¢". It follows from the definition that x defines a completely multiplicative function
onZ:
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Vm,n € Z, x(mn) = x(m)x(n)
and that x is ¢g-periodic. We say that x is a real Dirichlet character if it takes values in R.

Remark. FEven if we take for x the trivial multiplicative character modulo q (which is constant equal
to 1), the attached Dirichlet character is not constant, since it takes the value O for every integer which
15 not prime to q.

If we start from a multiplicative character x modulo ¢, we can construct a character modulo dgq for
any integer d > 1 as follows :

The natural ring homomorphism Z/dqZ — Z/qZ induces a group homomorphism between the groups
of units, say ¢: (Z/dqZ)* — (Z/qZ)™, and then ' := x o ¢ defines a multiplicative character modulo
dq. We say that x’ is induced by x.

Definition A.3. A multiplicative character x modulo q is said to be primitive if it is not induced by
a character modulo g’ for some ¢' | q a proper divisor of q. Then we say that q is the conductor of x.

In fact, any Dirichlet character y is induced by a unique primitive character, say x’, and we define the
conductor of x to be the conductor of x’.

Let us state the following simple corollary of the orthogonality of characters in the context of our
Dirichlet characters (we use this lemma in our proof of Dirichlet class number formula).

Lemma A.4. If x is a non-trivial Dirichlet character modulo q, and I C N is an interval of N, then

> x(@)

el

< v(q)

where @ is the Euler’s totient function.

Proof. Let us write I = {m,m +1,...,m + n}. Then by orthogonality of characters and the fact that
we extend x by 0 at the integers not prime to ¢, we have

m+q—1 m-+2g—1
> =0 > xb=0,...
k=m k=m-+q

Therefore, in the sum over I, we can forget all the intervals {m + jq,...,m+ (j + 1)¢g — 1} for all
j € N such that m+ (j + 1)¢ — 1 < m + n. Then we are reduced to the case where the length of I is
strictly less than ¢. And in this case the sum consists of at most ¢(q) non-zero terms, which all have
absolute value equal to 1. O

Now let us give the definition and some classical results about the L-functions attached to Dirichlet
characters. The proofs can be found in | | or | | for instance.

Definition A.5. Let ¢ > 1 be an integer, and let x be a Dirichlet character modulo q. The L-function
associated with x is the holomorphic function define for s € C such that Re(s) > 1 by :

= x(n)

ns
n=1

L(Sv X) =

Since for all n € Z, |x(n)| = 0 or 1, this series is indeed absolutely convergent for any s with Re(s) > 1.

Proposition A.6. These L-functions admit an Fuler product expansion : namely, with the notations
of the previous definition, one has :

for all s € C such that Re(s) > 1, L(s,x) = H (1 - X(f)>
p
2

where the product ranges over the prime numbers.
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A useful tool in the study of L-functions is the summation by part :

Lemma A.7. Let (an)n>1 be a sequence of complex numbers, and let f: ]0,+oo[— C be a function
with continuous deriwative on |0, 4o00[. For all x > 1, let us denote by A(x) the truncated series with

general term ay, that is :
A(z) := Z an

1<n<x

Then, for allxz > 1 :

5 anfn) = Aw)fa) - [ A0t

1<n<x

Moreover, if A(x)f(x) — 0, and if the series or the integral converges, then
T—r+00

00 +00
> an () = - / A()f/(H)dt

Proof. See | |, lemme 2.2.1. page 29. O

One can use this summation by part, together with lemma A.4 to derive the following important
property :

Proposition A.8. When x is non-trivial, the series defining L(-,x) converges on the half plane
{s € C | Re(s) > 0}
Proof. See | |, remarque 3.2.6. page 61. O]

In particular, this proposition allows us to speak about the value of L(1,x), since the L-function is
well defined at 1.

Another consequence of lemma A.7 is the following upper bound for L(1, x) that we use in section 4.4
to estimate the size of Z3(d).

Proposition A.9. Let g > 2, and let x be a non-trivial Dirichlet character modulo q. Then
IL(1,x) < In(g) +1

Proof. We apply lemma A.7 to f(x) = % and a, = x(n). By lemma A.4, we have that for all z > 1,
|A(x)| < ¢(q). From this, it is easy to check that the assumptions of the last part of lemma A.7 are
satisfied and to derive the following equality :

S~ X() _ _ [
Y A== (8

1<n<t

X(n)) t%dt

Then we split the integral in two parts, one from 1 to ¢, and the other one from ¢ to +0c0. In the first
integral, we remark that for all ¢ < ¢, we have

> x(n)

1<n<t

and in the second integral we just bound the absolute value of the sum by ¢. Then

q 1 o0 1
Lol < [ g [ G =) +1
1 q

89



Appendix B.

Definition of the Kronecker symbol

First we recall the definition of the Legendre symbol for odd primes. if p is an odd prime number, we
denote by (F;)Q the set {22, x € F;}. Then, for all @ € Z, we define the Legendre symbol <%> as
follows :

+lifae (F))°
(Z) ={-1ifaeF;\ (FY)
0 ifa=0inF,
(where @ denotes the class of a modulo p).

Proposition B.1. (5) 15 a Dirichlet character modulo p.

It satisfies the famous quadratic reciprocity law :

Theorem B.2 (QUADRATIC RECIPROCITY LAW). If p,q are two odd primes, then

()= w ()

Proof. There is a nice proof relying on the reduction of quadratic forms over R and over finite fields
in | |- O

We extend the symbol to the denominator 2, but we have to restrict the numerator. Proposition 2.1.8

is our motivation to set these values for (%)

Definition B.3. Let D be a discriminant (i.e. D € Z and D = 0,1 mod 4). We set :

D +14f D=1 mod 8
<>: —14f D =5mod 8
0 i D=0mod4

Finally, we extend this symbol for any positive integer n by setting (%) := 1 and if n > 2 has the
factorization into prime factors n = 2% ... p%»

(2)=G)G) -G

The symbol (2) is called the Kronecker symbol. We will sometimes denote it by xp. Note that it is
only well defined when D is a discriminant, and when n is positive. It can be extended to negative
values of n (see | |), but we will not need it. By definition, the Kronecker symbol is completely
multiplicative, but to see it as a Dirichlet character modulo D, we need to show that the value (%)
only depends on the class of n modulo D.

Proposition B.4. If m,n are two positive integers such that n = m mod D, then

D\ (D
m) \n)’
In particular, (Q) represents a Dirichlet character modulo D for positive integers n.

Proof. See | |, theorem 137. It is in the proof of this fact that we see that it is important to
assume D = 0,1 mod 4. O

Proposition B.5. If D is a fundamental discriminant, then the Kronecker symbol (Q) s a real
primitive Dirichlet character modulo |D].

Proof. See | | theorem 4.35. O
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Appendix C.
A correspondence between right ideals of M, (K) and subspaces of K"

Let us give a more detailed explanation of the correspondence between right ideals of My(F,) and
subspaces of F% that we used in the proof of proposition 5.3.1.

Let K be a field, and let n > 1. Let us denote by Z,(K) the set of right ideals of M, (K), and by
Vn(K) the set of vector-subspaces of K". Define

S ¢ LK) —
I = E:UEIIHNUJ

and

T : Vo(K) — Z,(K)
1% = {ue My(K) | Im(u) CV}

It is easy to see that if V' € V,,(K), then T'(V) is indeed a right ideal of M,,(K), so that the map T
is well defined. Let us also remark that when I € Z,,(K), we can rewrite S(I) differently. Denote by
(e1,...,en) the canonical basis of K™, then

SI)=> Kuler) =Y Ku(es) =+

uel uel

Indeed, we have > _; Ku(e;) C >, c;Im(u) = S(I). To prove the converse, it suffices to prove that
for all w € I, Im(u) C > o;Kv(er). Let y = u(x) € Im(u) for some u € I. Then we can find
w € My (K) such that w(e;) = z, and then y = (uow)(e1) € >, c; Kv(er) since uow € I because I
is a right ideal of M,,(K).

« We have T'o S = idg, (k) : let I € Z,(K) and let us denote by V := S(I) and I' := T(S()).
Then if u € I, Im(u) CV =3, ;Im(v), so uw € T(V) = I'. This proves that I C I'. Conversely,
if w e I, then v/ (e1) € V, so we can write it uj(e1) for some w; € I. Similarly, u/(e2) = ua(e2)
for some ug € I, and so on. In the end, we can write v/ =uj 0 E1 1 +ugoEyo+ -+ upEp, €1
since I is a right ideal. This proves that I’ C I, hence the conclusion.

« Wehave SoT =idy, (k) : let V € V,(K), and let us denote by I = T(V) and V' = S(T(V)). By
definition of I, for all w € I, Im(u) C V,s0 V' = 3" ;Im(u) C V. Conversely, if 2 € V, then
we can consider u € M,,(K) such that u(e;) = z and for all ¢ > 2, u(e;) = 0. Then Im(u) C V,
so u € I. Thus, z € Im(u) for some u € I, so x € V.

Thanks to these two points, we deduce that 7" and S are two bijections inverse one to the other. They
give us a one to one correspondence between the right ideals of M,,(K) and the vector-subspaces of K.

Moreover, the bijection T raises the index to the power n, that is : if V' C K™ is a sub-vector space of
index d, then I :=T(V) is a right ideal of index d" inside M, (K). Indeed, consider the map

Yot Mu(K) — (K" /V)"
u = (ule) + V.. u(en) +V)

It is a surjective K-linear map, and its kernel is exactly the set of v € M, (K) such that Im(u) C V,
that is : I. Thus, we have an isomorphism of K-vector spaces :

M (K) /T~ (K"/V)"

and the statement on the index follows from this fact. For instance (and this is what we use in the proof
of proposition 5.3.1), under this correspondence, the right ideals of Ma(F,) of index p? correspond to
the vector subspaces of Fg of index p.
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