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Motivation

Let us consider the SDE

Xx
t = x +

∫ t

0
Ξ(Xx

s) ds +

∫ t

0
σ(Xx

s) dWs

of infinitesimal generator denoted L. Then, Hamilton-Jacobi-Bellman PDE{
f(x, ∂xu(t, x)σ(x))− ∂tu(t, x) + Lu(t, x) = 0

u(0, x) = g(x)
(1)

is linked with the following BSDE of finite horizon

YT,x
t = g(Xx

T) +

∫ T

t
f(Xx

s,ZT,x
s ) ds−

∫ T

t
ZT,x

s dWs

by the relation YT,x
t = u(T− t,Xx

t).
Can we describe the large time behaviour of such a BSDE? Yes!

Our assumptions

I Ξ and σ are Lipschitz continuous;

I σ(Rd) ⊂ GLd(R) and x 7→ σ(x)−1 is bounded;

I f is Lipschitz continuous with respect to (x, zσ(x)−1);

I Ξ is weakly dissipative: 〈Ξ(x), x〉 ≤ η1 − η2|x|2;

I σ has linear growth:

|σ(x)|2F ≤ r1 + r2|x|2 with
√

r2‖f‖lip +
r2

2
< η2.

An auxiliary BSDE

We consider the infinite horizon BSDE

Yα,x
t = Yα,x

T +

∫ T

t
{f(Xx

s,Zα,xs )− αYα,x
s } ds−

∫ T

t
Zα,xs dWs

where α > 0, which holds for every 0 ≤ t ≤ T <∞. Existence and
uniqueness of the solution of this BSDE is given by [BH98]. We define a
function vα : x 7→ Yα,x

0 . Our goal is now to study the limit when α→ 0.

Key estimates

There exists a constant C, such that for every α, x and x′,

|αvα(0)| ≤ C

|vα(x)− vα(x′)| ≤ C(1 + |x|2 + |x′|2)

|vα(x)− vα(x′)| ≤ C(1 + |x|2 + |x′|2)|x− x′|.

Convergence results

Along a subsequence (αn), we get:

I αnvαn(0)→ λ, for a convenient real number λ;

I vαn(x)− vαn(0)→ v(x), for a convenient function v;

I Zαn,x converges in L2
P,loc(Ω; L2(0,∞; Rd)) to a process Zx.

Taking the limit in the auxiliary leads us to

Yx
t = Yx

T +

∫ T

t
{f(Xx

s,Zx
s)− λ} ds−

∫ T

t
Zx

s dWs (2)

where Yx
t := v(Xx

t).

Uniqueness of the solution

Let (v, ζ) and (ṽ, ζ̃) be couples of functions such that:

I v, ṽ : Rd → R are continuous, have quadratic growth and v(0) = ṽ(0) = 0;

I ζ, ζ̃ : Rd → (Rd)∗ are measurable.

If, for all x ∈ Rd, the triplets (v(Xx
t), ζ(Xx

t), λ) and (ṽ(Xx
t), ζ̃(Xx

t), λ̃)
satisfy the EBSDE (2), then λ = λ̃, v = ṽ and ζ(Xx

t) = ζ̃(Xx
t) P-a.s., for

a.e. t ≥ 0 and for every x ∈ Rd.
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Large time behaviour

Let ξT be a real random variable FT-measurable, such that
|ξT| ≤ C(1 + |Xx

T|2), and consider the solution the finite horizon BSDE

YT,x
t = ξT +

∫ T

t
f(Xx

s,ZT,x
s ) ds−

∫ T

t
ZT,x

s dWs

Then,
YT,x

0

T
−→
T→∞

λ uniformly in every bounded subset of Rd. Moreover, if

ξT = g(Xx
T) with |g(x)| ≤ C(1 + |x|2) and

|g(x)− g(x′)| ≤ C(1 + |x|2 + |x′|2)|x− x′|, then, there exists L ∈ R
such that for every x and T

|YT,x
0 − λT− Yx

0 − L| ≤ C(1 + |x|2)e−νT

Application to Hamilton-Jacobi-Bellman PDE

Under our assumptions, Hamilton-Jacobi-Bellman equation (1) has a unique
viscosity solution u. Its large time behaviour is linked to the solution (v, λ) of
the ergodic PDE

Lv(x) + f(x,∇v(x)σ(x)) = λ

and we have

|u(T, x)− λT− v(x)− L| ≤ C(1 + |x|2)e−νT

Optimal ergodic problem

We consider:

I a separable metric space U;

I a bounded function R : U→ Rd;

I a Lipschitz function L : Rd × U→ R w.r.t. x ∈ Rd, uniformly in a ∈ U.

For any control a and horizon T, we set

Px,a
T = E

(∫ ·
0
σ(Xx

t)−1R(at) dWt

)
T

P

where E stands for Doléans-Dade exponential. We define the finite horizon and
ergodic costs as

JT(x, a) = Ex,a
T

[
g(Xx

T) +

∫ T

0
L(Xx

t, at) dt

]

J(x, a) = lim sup
T→∞

1

T
Ex,a

T

[∫ T

0
L(Xx

t, at) dt

]
We set the Hamiltonian

f(x, z) = inf
a∈U

{
L(x, a) + zσ(x)−1R(a)

}
(3)

For every control a, we have

JT(x, a) ≥ YT,x
0 , J(x, a) ≥ λ and lim inf

T→∞

JT(x, a)

T
≥ λ

Moreover, if the infimum is reached for every x and z in equation (3), then we
can find controls aT and a such that

JT(x, aT) = YT,x
0 and J(x, a) = λ

Finally,

|JT(x, aT)− J(x, a)T− Yx
0 − L| ≤ C(1 + |x|2)e−νT

And what to do next?

We are currently trying to extend those results to a multidimensional case, i.e.
study the large time behaviour of{

fl(x, ∂xul(t, x)σl(x), {um(t, x)}m6=l)− ∂tul(t, x) + Llul(t, x) = 0

ul(0, x) = gl(x)

for every 1 ≤ l ≤ k. Using randomisation techniques, we have a bridge
between this PDE and the BSDE

YT,x,n
t = gNn

T
(Xx,n

T ) +

∫ T

t
fNn

s
(Xx,n

s ,ZT,x,n
s ,HT,x,n

s ) ds

−
∫ T

t
ZT,x,n

s dWs −
∫ T

t
HT,x,n

s dN̂s

where N is a Poisson random measure over R+ × {1, . . . , k},
Nn

t = n +
∑k

l=1 lN ((0, t]× {l}) and

Xx,n
t = x +

∫ t

0
ΞNn

s
(Xx,n

s ) ds +

∫ t

0
σNn

s
(Xx,n

s ) dWs

 


