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TD 11: SOBOLEV SPACES

EXERCISE 1 (Warming).
1. Show that u(x) = |z| belongs to W12(—1,1) but not to W2(—1,1).

2. Check that v(z) = f}?(j% belongs to L?(R) but not to WH2(R).

3. Show that H'(IR?) is not included in L>°(R?).
Hint: Consider a function of the form x — x(|z|) |log |z||

1/3

EXERCISE 2 (Optimality in the Sobolev embeddings). Let 1 < p < d and « € [1,00]|. By using a

homogeneity argument, show that if there exists a continuous injection W1 (R?) < L%(R%), then
dp

necessarily p < a < T

EXERCISE 3 (Some properties of H*(R?)).
1. Show that H*'(R%) embeds continuously into H%2(R%) for s; > ss.
2. Check that 6y € H*(R?) for s < —d/2.

3. (a) Prove that if s > d/2, the space H*(RY) embeds continuously to C%,(R%), the space of
continuous functions u on R? satisfying u(z) — 0 as |z| — +oo.

(b) State an analogous result in the case where s > d/2 + k for some k € N. Deduce that
Neer H*(RY) € CF(RY).
(c) Let U C R? be open. Deduce from the above question that (g Hi (U) = C=(U),
where we set
H; (U) = {ue L*(U) : Vo € D(U), pu € H*(RY)}.
4. Let us now consider s € (d/2,d/2+ 1).
(a) Show that for all a € [0, 1] and all z,y,¢ € R%:

‘eiz-é . eiy-é‘ < 217a|x . y‘a’ﬂa.
(b) Deduce that for all a € (0, s — d/2), there exists a constant C'(«) > 0 such that for all

u € S(RY) and z,y € RY,

ule) —u@)| _

(c) Conclude that H*(R?) embeds continuously to C®(R%).
5. Assuming that s belongs to [0,d/2], the purpose is now to prove that H*(R?) — LP(R?),

where p = 2d/(d — 2s). To that end, let us recall that for all u € LP(R"™),
iz, = [ o 4l > A} ax

Considering u € S(RY) and Ay > 0, we set uj ) = FH1Lgj<a, @) and ugy = F (L a, ).



(a) Prove that
Vo € RY  Jupa(z)] < CACT 2| go.

Deduce that there exists some Ay such that |{|u; x| > A/2}| = 0.
(b) Show that for this choice of Aj,

o0
lulls, < 4p / X7 [ug 0|2, A

(c¢) Conclude.

EXERCISE 4 (Trace on an hyperplane). Let us consider the function
Yo : (@, zq) € CPRY) = (!, 24 = 0) € CF°(RITY).
Prove that for all s > 1/2; the function 7y can be uniquely extended as an application mapping
HS(]Rd) to Hs—l/Q(Rd—l)'
Hint: For all ¢ € C§°(RY), begin by computing the Fourier transform of the function Yo¢.

EXERCISE 5 (An estimate). Let 0 < o < 1 and p > 1 be positive real numbers. Show that there
exists a positive constant Cy , > 0 such that for all u € C§°(R),

lu(z) —u(y)|\? dedy \'? .
(//I%ded < |l‘ — y‘a |SC _ y|d < Ca,pHuHLp(Rd)||VU||LP(R¢1).

Hint: Consider the two regions {|z —y| > R} and {|z — y| < R}, where R > 0 is to be chosen.

EXERCISE 6 (Composition). Let U and U’ be two open subset of R?.

1. Let H : U' — U be a C'-diffeomorphism such that the Jacobian Jac(H) and Jac(H ') belong
to L>. Prove that for all u € W'P(Q), we have uo H € WP (€)') and that for all 1 <1i < d,

ayi(u o H) = Z(axgu © H)ayiHj'

J=1

2. Let us now consider a function G € C} (R) satisfying G(0) = 0. Show that for all u € WP(U),
we have G ou € W1P(U) and that for all 1 < j < n,

0z, (G ou) = (G ou)dy,u.

3. Do we need to assume that G’ is bounded when d = 1?7



