
Malliavin calculcus with respect to a Hawkes

process

Dorian Cacitti-Holland ∗1, Laurent Denis †1, and Alexandre

Popier‡1
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1 Introduction

In this paper we aim to develop a local Malliavin calculus with respect to a

Hawkes process. Malliavin calculus is a mathematical framework used to study

the smoothness of random variables and functionals of stochastic processes, es-

pecially those driven by Brownian motion. The central concept is the Malliavin

derivative, a type of derivative that extends the classical notion of differentia-

tion to the space of random variables. This approach allows one to analyze the

regularity and differentiability of random processes, providing powerful tools for

studying stochastic differential equations (SDEs) and probabilistic systems. The

key ideas of Malliavin calculus were introduced by Paul Malliavin in the 1970s.

There is a huge literature on this subject, encompassing Malliavin calculus for

Lévy processes (see among others [16, 2, 9, 4] and the references therein).

Hawkes processes have been introduced by Alan Hawkes in the 1970s as a

class of self-exciting point processes. They are widely used to model events

or occurrences where the occurrence of one event increases the likelihood of

subsequent events in the near future. These processes have been used to model

earthquakes, and for some time now, they have been experiencing a renewed

interest due to their applications in finance and actuarial science [1, 7, 13].

A Hawkes process is characterized by an intensity function that depends on

both a baseline intensity and a history of past events. More specifically, the

intensity at time t is given by:

λ∗(t) = λ+

∫
(0,t]

µ(t− s)dNs

where λ is the baseline intensity, µ is a function that describes the impact of

past events, and N is the counting process that represents the occurrences of

events. The key feature of Hawkes processes is that the function µ is typically

a non-negative function, which means that past events increase the probability

of future events — hence the term ”self-exciting.”

Recently a Malliavin calculus with respect to the Hawkes process N is devel-

oped in [12] and [11]. Roughly speaking, the main ingredient consists to perturb

the system by adding a particle (or a jump) (see [12, Lemma 3.5]) leading to

a expansion formula for functionals of the Hawkes process [12, Theorem 3.13]).

Let us mention that the derivative operator is not local. With these results,

they are able to develop a Stein method (see [11]) and to compute some prices

of financial or insurance derivatives (see [12, Section 4]).

Our method is different and follows the approach of Carlen-Pardoux [6]. We

perturb the jump times and formally differentiate with respect to these jump

times. This allows us to define a local derivative, satisfying the chain rule. We

apply it to the study of absolute continuity for the law of Hawkes functionals

and to the computation of Greeks.
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Breakdown. The first step of our construction of a Malliavin derivative with

respect to a Hawkes process is to define a directional derivative with respect to a

function m ∈ H, where H is the ad hoc Cameron-Martin space. An integration

by parts formula is obtained thanks to the absolute continuity property of the

law of the perturbed jump times w.r.t. the initial probability measure (see

Proposition 2.7, Theorem 2.13, Proposition 2.15 and Corollary 2.16).

The second step is to define the Malliavin derivative D in all directions by

considering a Hilbert basis ofH. We obtain a local Dirichlet form (D1,2, E) which
admits a carré du champ Γ and a gradient D (see Proposition 3.1). Therefore we

get similar properties to the directional derivative as the chain rule. Moreover

we are interested in the associated divergence operator δ, for which we get an

explicit expression of δ(u) when u is predictable (see Proposition 3.4, Remark

3.5 and Corollary 3.7).

We then establish an absolute continuity criterion: conditionally to Γ[F ] =

(Γ[Fi, Fj ])1≤i,j≤d ∈ GLd(R), the random vector F = (F1, · · · , Fd) ∈ (D1,2)d

admits a absolutely continuous law with respect to the Lebesgue measure on Rd

(see Theorem 4.5 and Corollary 4.6).

This criterion is firstly applied to the solution of stochastic differential equa-

tion driven by the Hawkes process (see Theorem 5.9, Corollary 5.11 and Propo-

sition 5.13). As a second application, we compute Greeks for a financial payoff

when the underlying process is driven by the Hawkes process (see Proposition

5.17).

2 Framework and directional derivation

2.1 Setting and first notations

We consider the probability space (Ω,F ,P) where Ω is the space of càdlàg

trajectories

ω(t) =
∑
i

i1[ti,ti+1),

with 0 < t1 < · · · < ti < · · · .
We define

Nt(ω) =
∑
s≤t

∆ωs, t ≥ 0,

the process which counts the jumps between 0 and t, where ∆ws = ws − ws−
and ws− = limu→s− wu.

We assume that, under P, (Nt)t∈R+ is a Hawkes process with conditional

intensity

λ∗(t) = λ+

∫
(0,t)

µ(t− s)dNs = λ+

+∞∑
i=1

µ(t− Ti)1{t>Ti} = λ+

Nt−1∑
i=1

µ(t− Ti).

Throughout this paper, we suppose that
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Assumption 1.

• λ ∈ (0,+∞)

• µ : R+ −→ R+ differentiable with bounded derivative and such that

∥µ∥1 =

∫ +∞

0

µ(t)dt < 1.

We introduce (Ti)i∈N∗ the jump instants of the Hawkes process N , and, for

any n ∈ N∗, 0 < t1 < · · · < tn and s ∈ R∗
+:

λ∗(s; t1, · · · , tn) = λ+

n−1∑
i=1

µ(s− ti)1{s>ti}.

Thus, for any n ∈ N∗, on the event {Nt = n},

λ∗(t) = λ∗(t;T1, · · · , Tn).

We consider the P-complete right continuous filtration (Ft)0≤t≤T generated

by the Hawkes process N where T ∈ R∗
+ is a fixed time horizon.

We apply the same approach as in [6] to define the directional derivative

using the reparametrization of time with respect to a function in a Cameron-

Martin space.

Let L2([0, T ]) be the usual space of square integrable function on [0, T ] with

respect to the Lebesgue measure and H be the closed subspace of L2([0, T ])

orthogonal to the constant functions, i.e.,

H =

{
m ∈ L2([0, T ])

∫ T

0

m(s)ds = 0

}
. (1)

We denote m̂ =
∫ .

0
m(s)ds for every m ∈ H, then m̂(0) = m̂(T ) = 0. In

a natural way, H inherits the Hilbert structure of L2([0, T ]) and we denote by

∥ ∥H and ⟨·, ·⟩H the norm and the scalar product on it. From now on in this

section, we fix a function m ∈ H. The condition
∫ T

0
m(s)ds = 0 ensures that

the change of intensity that we are about to define simply shifts the jump times

without affecting the total number of jumps. Let us define

m̃ε(s) =


− 1

3ε if m(s) ≤ − 1
3ε ;

m(s) if −1
3ε ≤ m(s) ≤ 1

3ε ;
1
3ε if m(s) ≥ 1

3ε .

and mε ∈ H such that

mε(s) = m̃ε(s)−
1

T

∫ T

0

m̃ε(s)ds. (2)

We remark that 1
3 ≤ 1 + εmε(s) ≤ 5

3 (since − 1
3ε ≤ m̃ε(s) ≤ 1

3ε ).
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Lemma 2.1. We have the following convergence

||m−mε||H −→
ε→0

0.

Proof. We have ||m − mε||H ≤ ||m − m̃ε||H + ||m̃ε − mε||H with for the first

term, for almost every s ∈ [0, T ],

m(s)− m̃ε(s) =


m(s) +

1

3ε
if m(s) ≤ − 1

3ε

0 if − 1

3ε
≤ m(s) ≤ 1

3ε

m(s)− 1

3ε
if

1

3ε
≤ m(s).

(3)

Thus

|m(s)− m̃ε(s)| ≤
(
|m(s)|+ 1

3ε

)
1{|m(s)|≥ 1

3ε}
≤ 2|m(s)|1{|m(s)|≥ 1

3ε}
.

Therefore, by dominated convergence theorem,

∥m− m̃ε∥H −→
ε→0

0.

Indeed |m(s)|21{|m(s)|≥ 1
3ε}

−→
ε→0

0 and |m(s)|21{|m(s)|≥ 1
3ε}

≤ |m(s)|2 ∈ L1([0, T ]).

Now for the second term, as
∫ T

0
m(s)ds = 0 and by Cauchy-Schwarz inequality,

||m̃ε −mε||H =
1

T

∣∣∣∣∣
∫ T

0

m̃ε(s)ds

∣∣∣∣∣ = 1

T

∣∣∣∣∣
∫ T

0

(m̃ε(s)−m(s))ds

∣∣∣∣∣
≤ 1√

T
||m̃ε −m||H −→

ε→0
0.

We define the reparametrization of time with respect to mε as follow

τε(s) = s+ εm̂ε(s) =

∫ s

0

(1 + εmε(u))du, s ∈ R+.

Notice that τε(0) = 0, τε(T ) = T , and since 1 + εmε(s) ∈
[
1
3 ,

5
3

]
⊂ R∗

+, τε is an

increasing function hence invertible so the number and the order of jump times

between 0 and T remain unchanged. Moreover, a direct calculation gives

∀s ∈ [0, T ], τ−1
ε (s) =

∫ s

0

1

1 + εmε(τ
−1
ε (u))

du.

Let Tε : Ω → Ω be the map defined by, for any ω ∈ Ω,

(Tε(ω))(s) = ω(τε(s)),

TεF = F ◦ Tε for all F ∈ L2(Ω),

and Pε be the probability measure PT −1
ε defined on FT .
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2.2 Directional derivation

Definition 2.2. We denote

D0
m =

{
F ∈ L2(Ω) :

∂TεF
∂ε

|ε=0 = lim
ε→0

1

ε
(TεF − F ) in L2(Ω) exists

}
.

For F ∈ D0
m, DmF is defined as the limit

DmF =
∂TεF
∂ε

|ε=0 = lim
ε→0

1

ε
(TεF − F ). (4)

Definition 2.3. Let define the set S of “smooth” functions. We say that a map

F : Ω → R belongs to S if there exists a ∈ R, d ∈ N∗ and for any n ∈ {1, · · · , d},
a function fn : Rn → R such that:

1. The random variable F can be written

F = a1{NT=0} +

d∑
n=1

fn(T1, T2, · · · , Tn)1{NT=n}. (5)

2. For any n ∈ {1, · · · , d}, the function fn is smooth with bounded derivatives

of any order.

Remark 2.4. The space S is dense in L2(Ω,FT ,P).

Here are some basic properties of directional derivatives on S.

Lemma 2.5. Let j ∈ N∗ and T j = Tj ∧ T . Then T j ∈ D0
m and

DmT j = −m̂(Tj).

Proof. We first remark that, for any ω ∈ Ω,

Tj(ω ◦ τε) = τ−1
ε (Tj(ω)).

Then

|TεT j(ω)− Tj(ω) + εm̂(Tj)(ω)| =

∣∣∣∣∣(T j ◦ Tε)(ω)− T j(ω) + ε

∫ Tj(ω)

0

m(t)dt

∣∣∣∣∣
=

∣∣∣∣∣T j(ω ◦ τε)− T j(ω) + ε

∫ Tj(ω)

0

m(t)dt

∣∣∣∣∣ =
∣∣∣∣∣τ−1

ε (T j(ω))− T j(ω) + ε

∫ Tj(ω)

0

m(t)dt

∣∣∣∣∣
=

∣∣∣∣∣τ−1
ε (T j(ω))− τε(τ

−1
ε (T j(ω))) + ε

∫ Tj(ω)

0

m(t)dt

∣∣∣∣∣
=

∣∣∣∣∣τε(sε)− sε − ε

∫ τε(sε)

0

m(t)dt

∣∣∣∣∣ , with sε = τ−1
ε (T j(ω))

≤

∣∣∣∣∣τε(sε)− sε − ε

∫ τε(sε)

0

mε(t)dt

∣∣∣∣∣+ ε

∫ τε(sε)

0

|mε(t)−m(t)|dt

≤ ε

∣∣∣∣∣
∫ τε(sε)

sε

mε(t)dt

∣∣∣∣∣+ ε

∫ τε(sε)

0

|mε(t)−m(t)|dt

≤ ε
√
τε(sε)− sε

√∫ T

0

|mε(t)|2dt+ ε

∫ T

0

|mε(t)−m(t)|dt.
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We have

|τε(sε)− sε| = T j(ω)− sε =

∫ T j(ω)

0

(
1− 1

1 + εmε(τ
−1
ε (u))

)
du

≤
∫ T

0

(
1− 1

1 + εmε(τ
−1
ε (u))

)
du −→

ε→0
0.

Moreover limε→0

∫ T

0
|mε(t)−m(t)|dt = 0 and

∫ T

0
|mε(t)|2dt is bounded so that

we get by a dominated convergence argument that T j belongs to D0
m and

DmT j = −m̂(T j).

Proposition 2.6. Let n ∈ N∗ and f : Rn → R a function of class C1. Then

f(T 1, T 2, · · · , Tn) belongs to D0
m and

Dmf(T 1, T 2, · · · , Tn) = −
n∑

j=1

∂f

∂tj
(T 1, T 2, · · · , Tn) m̂(T j).

Thus S ⊂ D0
m and for any F ∈ S of the form (5),

DmF = −
d∑

n=1

n∑
j=1

∂fn
∂tj

(T1, · · · , Tn)m̂(Tj)1{NT=n}.

Proof. By the definition of Dm given by (4) we have

Dmf(T 1, T 2, · · · , Tn) =
∂Tεf(T 1, T 2, · · · , Tn)

∂ε
|ε=0

=
∂

∂ε
f(TεT 1, TεT 2, · · · , TεTn)|ε=0 =

n∑
j=1

∂f

∂tj

∂

∂ε
TεT j |ε=0

=

n∑
j=1

∂f

∂tj
DmT j = −

n∑
j=1

∂f

∂tj
(T 1, T 2, · · · , Tn)m̂(T j)

where the last equality is due to Lemma 2.5. We deduce the last assertion by

linearity using the fact that NT ◦ Tε = NT .

Proposition 2.7.

1. If F,G ∈ S then FG ∈ S and Dm(FG) = (DmF )G+ F (DmG).

2. We have the chain rule: If F1, F2, · · · , Fn ∈ S and Φ : Rn → R is a smooth

function then

Φ(F1, F2, · · · , Fn) ∈ S

and

DmΦ(F1, F2, · · · , Fn) =

n∑
j=1

∂Φ

∂xj
(F1, F2, · · · , Fn)DmFj .

Proof.
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1. We assume that F,G ∈ S. Then

F = a1{NT=0} +

d∑
n=1

fn(T1, · · · , Tn)1{NT=n}

and

G = b1{NT=0} +

d∑
n=1

gn(T1, · · · , Tn)1{NT=n}.

So

FG = ab1{NT=0} +

d∑
n=1

(fn × gn)(T1, · · · , Tn)1{NT=n}.

Thus FG ∈ S and

Dm(FG) = abDm1{NT=0}+
d∑

n=1

Dm[(fn × gn)(T1, · · · , Tn)1{T=n}]

= 0−
d∑

n=1

n∑
j=1

∂(fn × gn)

∂tj
(T1, · · · , Tn)m̂(Tj)1{NT=n}

= −
d∑

n=1

n∑
j=1

∂fn
∂tj

(T1, · · · , Tn)gn(T1, · · · , Tn)m̂(Tj)1{NT=n}

−
d∑

n=1

n∑
j=1

fn(T1, · · · , Tn)
∂gn
∂tj

(T1, · · · , Tn)m̂(Tj)1{NT=n}

=

d∑
n=1

−
n∑

j=1

∂fn
∂tj

(T1, · · · , Tn)m̂(Tj)

 gn(T1, · · · , Tn)1{NT=n}

+

d∑
n=1

−
n∑

j=1

∂gn
∂tj

(T1, · · · , Tn)m̂(Tj)

 fn(T1, · · · , Tn)1{NT=n}

=

d∑
n=1

Dmfn(T1, · · · , Tn)gn(T1, · · · , Tn)1{NT=n}

+

d∑
n=1

Dmgn(T1, · · · , Tn)fn(T1, · · · , Tn)1{NT=n}.

Moreover

(DmF )G =

(
aDm1{NT=0} +

d∑
n=1

Dm[fn(T1, · · · , Tn)1{NT=n}]

)

×

(
b1{NT=0} +

d∑
n=1

gn(T1, · · · , Tn)1{NT=n}

)

= 0 +

d∑
n=1

Dmfn(T1, · · · , Tn)gn(T1, · · · , Tn)1{NT=n}
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and

F (DmG) =

d∑
n=1

Dmgn(T1, · · · , Tn)fn(T1, · · · , Tn)1{NT=n}.

Thus we obtain

Dm(FG) = (DmF )G+ F (DmG).

2. We assume that F, · · · , G ∈ S and Φ : R2 −→ R smooth. Then

Φ(F,G) = Φ

(
a1{NT=0} +

d∑
n=1

fn(T1, · · · , Tn)1{NT=n}, b1{NT=0} +

d∑
n=1

gn(T1, · · · , Tn)

)

= Φ(a, b)1{NT=0} +

d∑
n=1

Φ(fn(T1, · · · , Tn), gn(T1, · · · , Tn))1{NT=n}

= Φ(a, b)1{NT=0} +

d∑
n=1

(Φ(fn, gn))(T1, · · · , Tn))1{NT=n}.

Thus Φ(F,G) ∈ S and, according to the Proposition 2.6,

Dm(Φ(fn, gn))(T1, · · · , Tn)

= −
n∑

j=1

∂Φ(fn, gn)

∂tj
(T1, · · · , Tn)m̂(Tj)

= −
n∑

j=1

(
∂Φ

∂x
(fn, gn)

∂fn
∂tj

+
∂Φ

∂y
(fn, gn)

∂gn
∂tj

)
(T1, · · · , Tn)m̂(Tj)

=
∂Φ

∂x
(fn, gn)(T1, · · · , Tn)

−
n∑

j=1

∂fn
∂tj

(T1, · · · , Tn)m̂(Tj)


+
∂Φ

∂y
(fn, gn)(T1, · · · , Tn)

−
n∑

j=1

∂gn
∂tj

(T1, · · · , Tn)m̂(Tj)


=
∂Φ

∂x
(fn, gn)(T1, · · · , Tn)Dmfn(T1, · · · , Tn)

+
∂Φ

∂y
(fn, gn)(T1, · · · , Tn)Dmgn(T1, · · · , Tn).

Then

Dm(Φ(F,G)) = Φ(a, b)Dm1{NT=0}

+

d∑
n=1

∂Φ

∂x
(fn, gn)(T1, · · · , Tn)Dmfn(T1, · · · , Tn)1{NT=n}

+

d∑
n=1

∂Φ

∂y
(fn, gn)(T1, · · · , Tn)Dmgn(T1, · · · , Tn)1{NT=n}.
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Moreover

∂Φ

∂x
(F,G)DmF

=
∂Φ

∂x

(
a1{NT=0} +

d∑
n=1

fn(T1, · · · , Tn)1{NT=n}, b1{NT=0} +

d∑
n=1

gn(T1, · · · , Tn)1{NT=n}

)

×

(
aDm1{NT=0} +

d∑
n=1

Dmfn(T1, · · · , Tn)1{NT=n}

)

=

d∑
n=1

∂Φ

∂x
(fn(T1, · · · , Tn), gn(T1, · · · , Tn))Dmfn(T1, · · · , Tn)1{NT=n}

and

∂Φ

∂y
(F,G)DmG =

d∑
n=1

∂Φ

∂y
(fn(T1, · · · , Tn), gn(T1, · · · , Tn))Dmgn(T1, · · · , Tn)1{NT=n}.

Thus

Dm(Φ(F,G)) =
∂Φ

∂x
(F,G)DmF +

∂Φ

∂y
(F,G)DmG.

The case with more than two random variables is left to the reader.

2.3 Absolute continuity of Pε w.r.t. P
Evoke that Pε is defined at the end of Section 2.1. Let Eε be the expectation

under the probability Pε.

Let k ∈ N∗ and 0 < t1 < t2 < · · · < tk, knowing T1 = t1, · · · , Tk = tk
the process (Nt −Ntk)t≥tk is an inhomogeneous Poisson process with intensity

λ∗(s; t1, · · · , tk). We deduce the following conditional link for t ≥ tk:

P(Tk+1 > t|T1 = t1, · · · , Tk = tk) = P(Nt −Ntk = 0|T1 = t1, · · · , Tk = tk)

= e
−

∫ t
tk

λ∗(s;t1,··· ,tk) ds.

Thus the density of Tk+1 knowing T1 = t1, · · · , Tk = tk is

t 7−→ λ∗(t; t1, · · · , tk)e
−

∫ t
tk

λ∗(s;t1,··· ,tk) ds1{t>tk}.

We deduce that (T1, · · · , Tk, Tk+1) admits for density

(t1, · · · , tk+1) 7−→

(
k+1∏
i=1

λ∗(ti; t1, · · · , tk)

)
e−

∫ tk+1
0 λ∗(s;t1,··· ,tk) ds1{0<t1<···<tk+1},

where we used the fact that λ∗(s; t1, · · · , tk) = λ∗(s; t1, · · · , ti−1) if s ≤ ti.
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Let n ∈ N∗ and a smooth function f : Rn → R, we have

Eε[f(T1, · · · , Tn)1{NT=n}]

= E[(f ◦ Φ−1
ε )(T1, · · · , Tn)1{Tn≤T<Tn+1}]

=

∫∫
0<t1<···<tn≤T<tn+1

(f ◦ Φ−1
ε )(t1, · · · , tn)

(
n+1∏
i=1

λ∗(ti; t1, · · · , tn)

)
×e−

∫ tn+1
0 λ∗(s;t1,··· ,tn) dsdt1 · · · dtn+1

=

∫∫
0<t1<···<tn≤T

(f ◦ Φ−1
ε )(t1, · · · , tn)

n∏
i=1

λ∗(ti; t1, · · · , tn)dt1 · · · dtn

×
∫ ∞

T

λ∗(tn+1; t1, · · · , tn)e−
∫ tn+1
0 λ∗(s;t1,··· ,tn) dsdtn+1

=

∫∫
0<t1<···<tn≤T

(f ◦ Φ−1
ε )(t1, · · · , tn)φn(t1, · · · , tn)dt1 · · · dtn

=

∫∫
0<u1<···<un≤T

f(u1, · · · , un)(φn ◦ Φε)(u1, · · · , un)|det JΦε |du1 · · · dun

=

∫∫
0<u1<···<un≤T

f(u1, · · · , un)(φn ◦ Φε)(u1, · · · , un)

×
n∏

i=1

(1 + εmε(ui))du1 · · · dun

= E
[
f(T1, · · · , Tn)1{NT=n}Z

ε
n

]
,

where

Φε(u1, · · · , un) = (u1 + εm̂ε(u1), · · · , un + εm̂ε(un)), (6)

φn(t1, · · · , tn) =
( n∏

i=1

λ∗(ti; t1, · · · , tn)
)
e−

∫ T
0

λ∗(s;t1,··· ,tn)ds, (7)

det JΦε denotes the determinant of the Jacobian matrix of Φε and

Zε
n =

(φn ◦ Φε)(T1, · · · , Tn)
φn(T1, · · · , Tn)

n∏
i=1

(1 + εmε(Ti)). (8)

Let us emphasize that Assumption 1 is used to ensure that: λ∗(s; t1, · · · , tn) ≥
λ > 0. This yields:

Proposition 2.8. Pε is absolutely continuous with respect to P with density

dPε

dP
=

+∞∑
n=0

Zε
n1{NT=n} := Gε.

Remark 2.9. This series converges in L1 uniformly in ε because for f = 1

E[Gε] =

+∞∑
n=0

E[Zε
n1{NT=n}] =

+∞∑
n=0

Eε[1{NT=n}] = 1.
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Remark 2.10. In case of the Poisson process, φn is constant, equal to λn and

we have again the result obtained in [6] for standard Poisson processes

dPε

dP
=

NT∏
i=1

(1 + εmε(Ti)).

2.4 Limit behavior of the density Gε when ε → 0

We begin with a first result about the limits when ε tends to 0.

Proposition 2.11. For any n ∈ N∗, a.s.

lim
ε→0

Zε
n = lim

ε→0
Gε = 1.

Proof. Firstly we have the almost surely convergences

∀i ∈ {1, · · · , n}, εmε(Ti)
a.s.−→
ε→0

0.

Indeed we use (2) and (3) to get

m(s)−mε(s) = m(s)− m̃ε(s) +
1

T

∫ T

0

(m(r)− m̃ε(r))dr.

As Ti < +∞ a.s., for ε ∈ R∗
+ small enough,

|m(Ti)−mε(Ti)| =

∣∣∣∣∣ 1T
∫ T

0

(m(r)− m̃ε(r))dr

∣∣∣∣∣ ≤ 1

T

∫ T

0

|m(r)− m̃ε(r)|dr

≤ 1√
T
∥m− m̃ε∥H −→

ε→0
0.

See Lemma 2.1. Thus

εmε(Ti) = εm(Ti) + ε(mε(Ti)−m(Ti))
a.s.−→
ε→0

0.

So we have the convergence of the product in (8)

n∏
i=1

(1 + εmε(Ti))
a.s.−→
ε→0

1.

Secondly for the convergence of (6), for a.e. s ∈ [0, T ],

|m̂(s)− m̂ε(s)| ≤
∫ T

0

|m(r)−mε(r)|dr ≤
√
T∥m−mε∥H −→

ε→0
0.

In particular we have the uniform convergence on [0, T ] of m̂ε to m̂. Then, for

any i ∈ {1, · · · , n},

εm̂ε(Ti) = εm̂(Ti) + ε(m̂ε(Ti)− m̂(Ti))
a.s.−→
ε→0

0.
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Moreover

φn(Φε(T1, · · · , Tn)) = φn(T1 + εm̂ε(T1), · · · , Tn + εm̂ε(Tn))

=

n∏
j=1

λ∗(Tj + εm̂ε(Tj);T1 + εm̂ε(T1), · · · , Tn + εm̂ε(Tn))

× exp

(
−
∫ T

0

λ∗(s;T1 + εm̂ε(T1), · · · , Tn + εm̂ε(Tn))ds

)

=

n∏
j=1

(
λ+

j−1∑
i=1

µ(Tj − Ti + ε(m̂ε(Tj)− m̂ε(Ti)))

)

× exp

(
−λT −

n−1∑
i=1

∫ T−Ti−εm̂ε(Ti)

0

µ(u)du

)
.

Thus, as the function µ is continuous,

φn(Φε(T1, · · · , Tn))
a.s.−→
ε→0

φn(T1, · · · , Tn).

Therefore the a.s. convergence of Zε
n is proved. We have the same convergence

for Gε by dominated convergence theorem because

+∞∑
n=1

E[Zε
n1{NT=n}] =

+∞∑
n=1

E[1{NT=n}] = 1 < +∞.

This achieves the proof.

2.5 Integration by parts in Bismut’s way

Proposition 2.12. Under our setting

∂Gε

∂ε
|ε=0 =

∫
(0,T ]

(ψ(m, s) + m̂(s)µ(T − s) +m(s))dNs

where

ψ(m, s) =
1

λ∗(s)

∫
(0,s)

(m̂(s)− m̂(t))µ′(s− t)dNt (9)

=

∑Ns−1
i=1 (m̂(s)− m̂(Ti))µ

′(s− Ti)

λ+
∑Ns−1

i=1 µ(Ti − s)
.

Proof. Let n ∈ N∗ and let’s work on the event {NT = n}. From (8), we have

Zε
n =

(φn ◦ Φε)(T1, . . . , Tn)

φn(T1, . . . , Tn)

n∏
i=1

(1 + εmε(Ti)).

Thus, for any ε ∈ R∗
+, according to Proposition 2.11, Zε

n a.s. converges to

Z0
n = 1 and

Zε
n − 1

ε
=

(φn ◦ Φε)(T1, . . . , Tn)− φn(T1, . . . , Tn)

εφn(T1, . . . , Tn)

n∏
i=1

(1 + εmε(Ti))

+
1

ε

(
n∏

i=1

(1 + εmε(Ti))− 1

)
. (10)
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For the first term

(φn ◦ Φε)(T1, . . . , Tn)− φn(T1, . . . , Tn)

εφn(T1, . . . , Tn)

=
φn(T1 + εm̂ε(T1), . . . , Tn + εm̂ε(Tn))− φn(T1, . . . , Tn)

εφn(T1, . . . , Tn)

=

n∑
i=1

∫ 1

0

∂φn

∂ti
(T1 + αεm̂ε(T1), . . . , Tn + αεm̂ε(Tn))

εm̂ε(Ti)

εφn(T1, · · · , Tn)
dα

=

n∑
i=1

m̂ε(Ti)

φn(T1, · · · , Tn)

∫ 1

0

∂φn

∂ti
(T1 + αεm̂ε(T1), . . . , Tn + αεm̂ε(Tn))dα

a.s.−→
ε→0

n∑
i=1

m̂(Ti)

φn(T1, . . . , Tn)

∂φn

∂ti
(T1, . . . , Tn)

where the almost surely convergence is justified by, for any i ∈ {1, ..., n}, m̂ε(Ti)
a.s.−→
ε→0

m̂(Ti) and
∂φn

∂ti
bounded because µ admits a bounded derivative. And, as in

the proof of Proposition 2.11,

n∏
i=1

(1 + εmε(Ti))
a.s.−→
ε→0

1.

For the second term

n∏
i=1

(1 + εmε(Ti))− 1 = ε

n∑
i=1

mε(Ti) + ε2
∑

1≤i<j≤n

mε(Ti)mε(Tj) + · · ·+ εn
n∏

i=1

mε(Ti).

Thus∏n
i=1(1 + εmε(Ti))− 1

ε
=

n∑
i=1

mε(Ti) + ε
∑

1≤i<j≤n

mε(Ti)mε(Tj) + · · ·+ εn−1
n∏

i=1

mε(Ti).

with, for any i ∈ {1, . . . , n},mε(Ti)
a.s.−→
ε→0

m(Ti). Thus

∏n
i=1(1 + εmε(Ti))− 1

ε

a.s.−→
ε→0

n∑
i=1

m(Ti).

Therefore

Zε
n − Z0

n

ε

a.s.−→
ε→0

n∑
i=1

m̂(Ti)

φn(T1, . . . , Tn)

∂φn

∂ti
(T1, . . . , Tn) +

n∑
i=1

m(Ti)
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with, for any i0 ∈ {1, . . . , n} and 0 < t1 < · · · < tn ≤ T ,

1

φn(t1, . . . , tn)

∂φn

∂ti0
(t1, . . . , tn)

=
∂

∂ti0
ln(φn(t1, . . . , tn))

=

n∑
i=1

∂

∂ti0
ln(λ∗(ti; t1, . . . , tn))−

∂

∂ti0

(∫ T

0

λ∗(s; t1, . . . , tn)ds

)

=
1

λ∗(ti0 ; t1, . . . ti0−1)

∂λ∗

∂ti0
(ti0 ; t1, . . . , ti0−1) +

n∑
i=i0+1

1

λ∗(ti; t1, . . . ti−1)

∂λ∗

∂ti0
(ti; t1, . . . , ti−1)

− ∂

∂ti0

(∫ T

0

λ∗(s; t1, . . . , tn)ds

)
.

Evoke that for any i ∈ {i0 + 1, ..., n} and s ∈ [0, T ],

λ∗(ti0 ; t1, . . . , ti0−1) = λ+

i0−1∑
j=1

µ(ti0 − tj),

λ∗(ti; t1, . . . , ti−1) = λ+

i−1∑
j=1

µ(ti − tj),

λ∗(s; t1, · · · , tn) = λ+

n∑
j=1

µ(s− tj)1{s>tj}.

Thus

∂λ∗

∂ti0
(ti0 ; t1, . . . , ti0−1) =

i0−1∑
j=1

µ′(ti0 − tj),

∂λ∗

∂ti0
(ti; t1, . . . , ti−1) = −µ′(ti − ti0),∫ T

0

λ∗(s; t1, . . . , tn)ds = λT +

n∑
j=1

∫ T

tj

µ(s− tj)ds

= λT +

n∑
j=1

∫ T−tj

0

µ(s)ds,

∂

∂ti0

∫ T

0

λ∗(s; t1, . . . , tn)ds = −µ(T − ti0).

Therefore

1

φn(t1, . . . , tn)

∂φn

∂ti0
(t1, . . . , tn)

=

∑i0−1
j=1 µ′(ti0 − tj)

λ∗(ti0 ; t1, . . . , tn)
−

n∑
i=i0+1

µ′(ti − ti0)

λ∗(ti; t1, . . . , tn)
+ µ(T − ti0).
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Then

n∑
i0=1

m̂(Ti0)

φn(T1, . . . , Tn)

∂φn

∂ti0
(T1, . . . , Tn)

=

n∑
i0=1

m̂(Ti0)

∑i0−1
j=1 µ′(Ti0 − Tj)

λ∗(Ti0 ;T1, . . . , Tn)
−

n∑
i0=1

m̂(Ti0)

n∑
i=i0+1

µ′(Ti − Ti0)

λ∗(Ti;T1, . . . , Tn)

+

n∑
i0=1

m̂(Ti0)µ(T − ti0)

=

n∑
i0=1

i0−1∑
j=1

m̂(Ti0)
µ′(Ti0 − Tj)

λ∗(Ti0 ;T1, . . . , Tn)
−

n∑
i0=1

i0−1∑
i=1

m̂(Ti)
µ′(Ti0 − Ti)

λ∗(Ti0 ;T1, . . . , Tn)

+

n∑
i0=1

m̂(Ti0)µ(T − Ti0)

=

n∑
i0=1

 1

λ∗(Ti0 ;T1, . . . , Tn)

i0−1∑
j=1

(m̂(Ti0)− m̂(Ti))µ
′(Ti0 − Ti)) + m̂(Ti0)µ(T − Ti0)

 .

Finally

Zε
n − Z0

n

ε

a.s.−→
ε→0

n∑
i0=1

 1

λ∗(Ti0 ;T1, . . . , Tn)

i0−1∑
j=1

(m̂(Ti0)− m̂(Ti))µ
′(Ti0 − Ti) + m̂(Ti0)µ(T − Ti0) +m(Ti0)

 .

Then we would like the same result for
∂Gε

∂ε
|ε=0. We have, according to Propo-

sition 2.11,

∂Gε

∂ε |ε=0
1{NT=n} = lim

ε→0

Gε − 1

ε
1{NT=n} = lim

ε→0

Gε1{NT=n} − 1{NT=n}

ε

= lim
ε→0

Zε
n1{NT=n} − 1{NT=n}

ε
= lim

ε→0

Zε
n − 1

ε
1{NT=n}

=
∂Zε

n

∂ε
|ε=01{NT=n}.

Therefore

∂Gε

∂ε
|ε=0 =

+∞∑
n=1

∂Gε

∂ε
|ε=01{NT=n}

=

+∞∑
n=1

∂Zε
n

∂ε
|ε=01{NT=n}.

=

NT∑
i0=1

 1

λ∗(Ti0 ;T1, . . . , TNT
)

i0−1∑
j=1

(m̂(Ti0)− m̂(Tj))µ
′(Ti0 − Tj) + m̂(Ti0)µ(T − Ti0) +m(Ti0)


=

∫
(0,T ]

(ψ(m, s)dNs + m̂(s)µ(T − s) +m(s))dNs

where ψ is given by (9).
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Theorem 2.13. For any F ∈ S,

E[DmF ] = E
[
∂Gε

∂ε
|ε=0F

]
.

Proof. We consider F = fn(T1, · · · , Tn)1{NT=n} ∈ S. Then, as the vectors

(τ−1
ε (T1), · · · , τ−1

ε (Tn)) and (T1, · · · , Tn) are in the compact set [0, T ]n and the

function fn is smooth, there exists a constant C = C(fn, n, T ) ∈ R∗
+ such that∣∣∣∣TεF − F

ε

∣∣∣∣ =
|fn(τ−1

ε (T1), · · · , τ−1
ε (Tn))− fn(T1, · · · , Tn)|

ε
1{NT=n}

≤ C
∥(τ−1

ε (T1), · · · , τ−1
ε (Tn))− (T1, · · · , Tn)∥

ε
1{NT=n}

= C
∥(τ−1

ε (T1)− T1, · · · , τ−1
ε (Tn)− Tn)∥

ε
1{NT=n}

= C sup
1≤i≤n

|τ−1
ε (Ti)− Ti|

ε
1{NT=n}

(∗)
≤ C

∫ T

0

|mε(s)|ds1{NT=n}

≤ C

∫ T

0

|mε(s)−m(s)|ds1{NT=n} + C

∫ T

0

|m(s)|ds1{NT=n}

≤ C21{NT=n} + C

∫ T

0

|m(s)|ds1{NT=n}

where the last inequality is true for ε small enough because mε
H−→

ε→0
m according

to Lemma 2.1, and the inequality (∗) is due to the equality

Ti = τε(τ
−1
ε (Ti)) = τ−1

ε (Ti) + ε

∫ τ−1
ε (Ti)

0

mε(s)ds.

Thus, by dominated convergence theorem and E[TεF ] = Eε[F ] = E[GεF ],

E[DmF ] = E
[
lim
ε→0

TεF − F

ε

]
= lim

ε→0
E
[
TεF − F

ε

]
= lim

ε→0
E
[
Gε − 1

ε
F

]
.

Hence, as F = fn(T1, · · · , Tn)1{NT=n},

E[DmF ] = lim
ε→0

E
[
Gε − 1

ε
fn(T1, · · · , Tn)1{NT=n}

]
= lim

ε→0
E
[
Gε1{NT=n} − 1

ε
fn(T1, · · · , Tn)1{NT=n}

]
= lim

ε→0
E
[
Zε
n − 1

ε
fn(T1, · · · , Tn)1{NT=n}

]
= lim

ε→0
E
[
Zε
n − 1

ε
F

]
.

Let us come back to the definition (10) of the growth rate of Zε
n. For the last

term in (10), we have

1

ε

[
n∏

i=1

(1 + εmε(Ti))− 1

]
a.s.−→
ε→0

n∑
i=1

m(Ti)
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and∣∣∣∣∣1ε
[

n∏
i=1

(1 + εmε(Ti))− 1

]∣∣∣∣∣ ≤
n∑

i=1

|mε(Ti)|+ ε
∑

1≤i<j≤n

|mε(Ti)mε(Tj)|+ · · ·+ εn−1
n∏

i=1

|mε(Ti)|.

We know that (T1, · · · , Tn+1) admits for density

(t1, · · · , tn+1) 7−→

n+1∏
j=1

λ∗(tj ; t1, · · · , tn)

 e−
∫ tn+1
0 λ∗(s;t1,··· ,tn) ds1{0<t1<···<tn+1}.

Thus, for any Borel function f : Rn −→ R,

E[f(T1, · · · , Tn) | NT = n] =
E[f(T1, · · · , Tn)1{Tn≤T<Tn+1}]

P(NT = n)

=
1

P(NT = n)

∫
Rn

f(t1, · · · , tn)

 n∏
j=1

λ∗(tj ; t1, · · · , tn−1)

 e−
∫ tn
0

λ∗(s;t1,··· ,tn−1)ds

×
(∫ +∞

tn

λ∗(tn+1; t1, · · · , tn)e−
∫ tn+1
tn

λ∗(s;t1,··· ,tn)dsdtn+1

)
1{0<t1<···<tn≤T}dt1 · · · dtn

=
1

P(NT = n)

∫
Rn

f(t1, · · · , tn)

 n∏
j=1

λ∗(tj ; t1, · · · , tn−1)

 e−
∫ tn
0

λ∗(s;t1,··· ,tn−1)ds

×
[
−e−

∫ tn+1
tn

λ∗(s;t1,··· ,tn)ds
]+∞

tn
1{0<t1<···<tn≤T}dt1 · · · dtn

=
1

P(NT = n)

∫
Rn

f(t1, · · · , tn)

 n∏
j=1

λ∗(tj ; t1, · · · , tn−1)

 e−
∫ tn
0

λ∗(s;t1,··· ,tn−1)ds

×
(
1− e−

∫ +∞
tn

λ∗(s;t1,··· ,tn)ds
)
1{0<t1<···<tn≤T}dt1 · · · dtn.

Therefore (T1, · · · , Tn) knowing {NT = n} admits for density

(t1, · · · , tn) 7−→ 1

P(NT = n)

 n∏
j=1

λ∗(tj ; t1, · · · , tn−1)

 e−
∫ tn
0

λ∗(s;t1,··· ,tn−1) ds

×
(
1− e−

∫ +∞
tn

λ∗(s;t1,··· ,tn)ds
)
1{0<t1<···<tn<T}

with, for any 0 < t1 < · · · < tn < T and any j ∈ {1, · · · , n},

λ∗(tj ; t1, · · · , tn−1) = λ+

j−1∑
i=1

µ(tj − ti) ≤ λ+ n∥µ∥∞.

Thus the density of (T1, · · · , Tn) knowing {NT = n} is bounded by

(t1, · · · , tn) 7−→
1

P(NT = n)
(λ+ n∥µ∥∞)

n
1{0<t1<···<tn<T}.
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Therefore, for any I ⊂ {1, ..., n},

E

[∣∣∣∣∣∏
i∈I

mε(Ti)

∣∣∣∣∣
]

≤ 1

P(NT = n)
(λ+ n∥µ∥∞)

n

×
∫
[0,T ]n

∣∣∣∣∣∏
i∈I

mε(ti)

∣∣∣∣∣ 1{0<t1<···<tn<T}dt

≤ 1

P(NT = n)
(λ+ n∥µ∥∞)

n
∫
[0,T ]n

∏
i∈I

|mε(ti)|dt

=
1

P(NT = n)
(λ+ n∥µ∥∞)

n
Tn−|I|

∏
i∈I

∫ T

0

|mε(ti)|dti

=
1

P(NT = n)
(λ+ n∥µ∥∞)

n
Tn−|I|

(∫ T

0

|mε(t)|dt

)|I|

≤ 1

P(NT = n)
(λ+ n∥µ∥∞)

n
Tn−|I|

(∫ T

0

|m(t)|dt+ 1

)|I|

.

The last inequality is justified by the convergence proved in Lemma 2.1.

For the first term in (10), we have, due to εmε(Ti)
a.s.−→
ε→0

0, for any ε small

enough, ∣∣∣∣∣
n∏

i=1

(1 + εmε(Ti))

∣∣∣∣∣ ≤ 2n

and

(φn ◦ Φε)(T1, · · · , Tn)− φn(T1, · · · , Tn)
ε

=

n∑
k=1

∫ 1

0

∂φn

∂tk
(T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .) dα m̂ε(Tk).

Let us define

ψn(t1, · · · , tn) =
n∏

i=1

λ∗(ti; t1, · · · , tn).

Thus

φn(t1, · · · , tn) = ψn(t1, · · · , tn)e−
∫ T
0

λ∗(s;t1,··· ,tn)ds.

Therefore, as µ is differentiable,

1

φn(T1, · · · , Tn)
∂φn

∂tk
(T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .)

=

[
1

ψn(T1, · · · , Tn)
∂ψn

∂tk
(T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .)

− ∂

∂tk

∫ T

0

λ∗(s;T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .)ds

]
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with, for the first term

ψn(t1, · · · , tn) =
n∏

i=1

λ+

i−1∑
j=1

µ(ti − tj)1{ti>tj}

 .

Thus

|ψn(t1, · · · , tn)| ≥ λn

and for any 0 < t1 < · · · < tn < T ,

∂ψn

∂tk
(t1, · · · , tn) =

n∑
ℓ=1

ℓ−1∑
j=1

∂

∂tk
(µ(tℓ − tj)1{tℓ>tj})

n∏
i=1,i̸=ℓ

(
λ+

j−1∑
i=1

µ(ti − tj)1{ti>tj}

) .
Therefore∣∣∣∣∂ψn

∂tk
(t1, · · · , tn)

∣∣∣∣ ≤
n∑

ℓ=1

ℓ−1∑
j=1

∥µ′∥∞
n∏

i=1,i̸=ℓ

(
λ+

j−1∑
i=1

∥µ∥∞

)
≤ n2∥µ′∥∞ (λ+ n∥µ∥∞)

n−1
.

Now for the second term ∣∣∣∣∂λ∗∂tk
(t1, · · · , tn)

∣∣∣∣ ≤ n∥µ′∥∞.

Thus, as, for any α ∈ ]0, 1[, T1 < · · · < Tk−1 < Tk + αεm̂ε(Tk) < Tk+1 +

εm̂ε(Tk+1) < · · · ,∣∣∣∣∣ (φn ◦ Φε)(T1, · · · , Tn)− φn(T1, · · · , Tn)
ε

1

φn(T1, · · · , Tn)

n∏
i=1

(1 + εmε(Ti))

∣∣∣∣∣
≤ 2n

(
n2∥µ′∥∞ (λ+ n∥µ∥∞)

n−1

λn
+ Tn∥µ′∥∞

)
n∑

k=1

|m̂ε(Tk)|

≤ n22n

(
n∥µ′∥∞ (λ+ n∥µ∥∞)

n−1

λn
+ T∥µ′∥∞

)
where the last inequality is due to the uniform convergence of m̂ε to 0.

Therefore we get a control (independant of ε)∣∣∣∣Zε
n − 1

ε

∣∣∣∣ ≤ Cn,T,λ,µ.

Thus, by dominated convergence theorem,

E[DmF ] = E
[
lim
ε→0

Zε
n − 1

ε
F

]
= E

[
∂Gε

∂ε
F

]
.

Then, by linearity, we deduce the same equality for any F ∈ S.

Remark 2.14. For F = 1 in E[DmF ] = E
[
∂Gε

∂ε
|ε=0F

]
we get: E

[
∂Gε

∂ε
|ε=0

]
=

0.
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Note that we can also prove this property with the expression of the Propo-

sition 2.12:

E
[
∂Gε

∂ε
|ε=0

]
= E

[∫ T

0

(ψ(m, s) + m̂(s)µ(T − s) +m(s))λ∗(s)ds

]

= E

[∫ T

0

(∫
(0,s)

(m̂(s)− m̂(t))µ′(s− t)dNt + (m(s) + m̂(s)µ(T − s))λ∗(s)

)
ds

]

=

∫ T

0

∫ s

0

(m̂(s)− m̂(t))µ′(s− t)E[λ∗(t)]dtds+
∫ T

0

(m(s) + m̂(s)µ(T − s))E[λ∗(s)]ds

=

∫ T

0

∫ s

0

(m̂(s)− m̂(t))µ′(s− t)g(t)dtds+

∫ T

0

(m(s) + m̂(s)µ(T − s))g(s)ds

=

∫ T

0

(∫ T

t

(m̂(s)− m̂(t))µ′(s− t)ds

)
g(t)dt+

∫ T

0

(m(s) + m̂(s)µ(T − s))g(s)ds

=

∫ T

0

(
[(m̂(s)− m̂(t))µ(s− t)]

T
t −

∫ T

t

m(s)µ(s− t)ds

)
g(t)dt

+

∫ T

0

(m(s) + m̂(s)µ(T − s))g(s)ds

=

∫ T

0

(
(0− m̂(t))µ(T − t)− 0−

∫ T

t

m(s)µ(s− t)ds

)
g(t)dt

+

∫ T

0

(m(s) + m̂(s)µ(T − s))g(s)ds

= −
∫ T

0

m̂(t)µ(T − t)g(t)dt−
∫ T

0

m(s)

(∫ s

0

µ(s− t)g(t)dt

)
︸ ︷︷ ︸

=g(s)−λ

ds

+

∫ T

0

(m(s) + m̂(s)µ(T − s))g(s)ds

= 0

where we note g(s) = E[λ∗(s)] which satisfies, according to [14],

g(s) = λ+

∫ s

0

µ(s− t)g(t)dt.

2.6 Directional Dirichlet space

Proposition 2.15 (and definition of D1,2
m ). The quadratic bilinear form on

L2(Ω), (S, Em) defined by

∀X,Y ∈ S, Em(X,Y ) = E[DmXDmY ],

is closable. We denote by (D1,2
m , Em) its closed extension. As a consequence, Dm

is also closable and we still denote by Dm its extension which is well-defined on

the whole space D1,2
m .
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Proof. Let (Xn)n∈N be a sequence in S converging to 0 in L2(Ω) and such that

lim
n,k→+∞

Em(Xn −Xk) = lim
n,k→+∞

E[(DmXn −DmXk)
2] = 0.

Thus (DmXn)n∈N is a Cauchy sequence in L2(Ω), so it converges to an element

Z in L2(Ω). Then, let Y be in S, we have by integration by part formula:

E[DmXnY ] = E[Dm(XnY )]− E[XnDmY ]

= E
[
XnY

∂Gε

∂ε
|ε=0

]
− E[XnDmY ].

The last equality comes from Theorem 2.13. Since Y
∂Gε

∂ε
|ε=0 and DmY belong

to L2(Ω), we get, by dominated convergence theorem,

∀Y ∈ S, E[ZY ] = lim
n→+∞

E[DmXnY ] = 0.

Hence Z = 0 by density. We deduce thanks to [5, Proposition 1.3.2] that (S, Em)

is closable.

As a consequence, for any X ∈ D1,2
m , there exists a sequence (Xn)n∈N ∈ S

converging to X in D1,2
m since for all n, k ∈ N

Em(Xn −Xk) = E[|DmXn −DmXk|2]

we deduce that (DmXn)n∈N is a Cauchy sequence in L2 hence converges to an

element that we still denote DmX and defines in a unique way the extension of

Dm to D1,2
m .

Corollary 2.16. Proposition 2.7 and Theorem 2.13 remain valid for any F ∈
D1,2

m .

3 The local Dirichlet form

3.1 Definition using a Hilbert basis

We would like to define an operator D with domain D1,2 ⊂ L2(Ω) and taking

values in L2(Ω;H) such that

∀F ∈ D1,2,m ∈ H, DmF = ⟨DF,m⟩H =

∫ T

0

DtFm(t)dt.

Let (mi)i∈N be a Hilbert basis of the space H. Then every function m ∈ H
can be expressed as

m =

+∞∑
i=0

⟨m,mi⟩Hmi.

We now set

D1,2 =

{
X ∈

+∞⋂
i=0

D1,2
mi
,

+∞∑
i=0

∥Dmi
X∥2L2(Ω) < +∞

}
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and

∀X,Y ∈ D1,2 E(X,Y ) =

+∞∑
i=0

E[Dmi
XDmi

Y ].

We also note E(X) = E(X,X). Then, according to [5, Proposition 4.2.1],

Proposition 3.1. The bilinear form (D1,2, E) is a local Dirichlet form admitting

a carré du champ Γ and a gradient D given by, for all X,Y ∈ D1,2,

Γ[X,Y ] = ⟨DX,DY ⟩H

and

DX =

+∞∑
i=0

Dmi
Xmi ∈ L2(Ω,H).

As a consequence D1,2 is a Hilbert space equipped with the norm

∥X∥2D1,2 = ∥X∥2L2(Ω) + E(X).

Moreover, as S is dense in each D1,2
mi
, i ∈ N, S is dense in D1,2.

Proof. We start by proving that (D1,2, E) is a Dirichlet form on L2(Ω) in sense

of Definition 2.14 of [4]:

• The bilinear form (D1,2, E) is a closed form on L2(Ω). Let (Xn)n∈N ∈
(D1,2)N such that E[(Xn)

2] −→
n→+∞

0 and

lim
n,k→+∞

+∞∑
i=0

E[(Dmi
Xn −Dmi

Xk)
2] = lim

n,k→+∞
E(Xn −Xk) = 0.

Then, for any i ∈ N,

lim
n,k→+∞

E[(Dmi
Xn −Dmi

Xk)
2] = 0.

However, according to Proposition 2.15, the operator Dmi
is closable.

Thus

lim
n→+∞

E[(DmiXn)
2] = 0.

Let ε ∈ R∗
+. There exists n0 ∈ N such that, for any n, k ≥ n0,

+∞∑
i=0

E[(DmiXn −DmiXk)
2] ≤ ε

4
.

Thus for any j ∈ N,

j∑
i=0

E[(DmiXn −DmiXk)
2] ≤

+∞∑
i=0

E[(DmiXn −DmiXk)
2] ≤ ε

4
.
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Therefore

j∑
i=0

E[(Dmi
Xn)

2] ≤ 2

j∑
i=0

E[(Dmi
Xn −Dmi

Xk)
2] + 2

j∑
i=0

E[(Dmi
Xk)

2]

≤ ε

2
+ 2

j∑
i=0

E[(DmiXk)
2]

with
∑j

i=0 E[(DmiXk)
2] −→

k→+∞
0. Thus there exists k = kj ∈ N such that

j∑
i=0

E[(Dmi
Xk)

2] ≤ ε

4
.

Therefore
∑j

i=0 E[(Dmi
Xn)

2] ≤ ε and

+∞∑
i=0

E[(Dmi
Xn)

2] ≤ ε.

To conclude we get

E(Xn) =

+∞∑
i=0

E[(Dmi
Xn)

2] −→
n→+∞

0.

Therefore (D1,2, E) is a closed form on L2(Ω).

• The closed form (D1,2, E) satisfies:

∀F ∈ D1,2, F ∧ 1 ∈ D1,2, E(F ∧ 1) ≤ E(F ).

Indeed let F ∈ D1,2 and i ∈ N. Thus, by definition of D1,2, F ∈ D1,2
mi

. We

have to prove that F ∧1 ∈ D1,2
mi

and that Emi
(F ∧1) ≤ Emi

(F ). According

to the definition of D1,2
mi

in Proposition 2.15, there exists (Fn)n∈N ∈ SN such

that Fn
L2(Ω)−→
n→+∞

F and Dmi
F = limn→+∞Dmi

Fn exists in L2(Ω). For any

n ∈ N, there exists an ∈ R, dn ∈ N∗ and fn1 : R −→ R, . . . , fndn
: Rdn −→ R

smooth functions with bounded derivatives of any order such

Fn = an1{NT = 0}+
dm∑
m=1

fnm(T1, · · · , Tm)1{NT=m}.

We consider a sequence of smooth functions (ϕk)k∈N with bounded deriva-

tives of any order such that we have the uniform convergence of ϕk to the

function x 7−→ x ∧ 1 and ∥ϕ′k∥∞ ≤ 1 for any k ∈ N. Thus

ϕk(Fn) = ϕk(an)1{NT=0} +

dm∑
m=1

ϕk(f
n
m(T1, · · · , Tm))1{NT=m} ∈ S.

Moreover the following convergence in L2(Ω) holds:

F ∧ 1 = lim
n→+∞

lim
k→+∞

ϕk(Fn).
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Therefore F ∧ 1 ∈ D1,2
mi

and

Dmi(F ∧ 1) = lim
n→+∞

lim
k→+∞

Dmi(ϕk(Fn))

with for any n, k ∈ N, by the chain rule,

Dmi
(ϕk(Fn)) = ϕ′k(Fn)Dmi

Fn.

Thus

Emi
(F ∧ 1) = E[(Dmi

(F ∧ 1))2] ≤ E[(Dmi
F )2] = Emi

(F ).

Therefore

E(F ∧ 1) =

+∞∑
i=0

Emi(F ∧ 1) ≤
+∞∑
i=0

Emi(F ) = E(F ).

Now we prove that Γ is a carré du champ of the local Dirichlet form (D1,2, E)
in sense of Definition 2.19 in [4]. Indeed the application Γ is a positive symmetric

continuous bilinear form from D1,2 ×D1,2 into L1(Ω) such that, for any X,Y ∈
D1,2,

E[Γ[X,Y ]] = E[⟨DX,DY ⟩H]

= E

[
+∞∑
i=0

⟨DX,mi⟩⟨DY,mi⟩

]

= E

[
+∞∑
i=0

Dmi
XDmi

Y

]
= E(X,Y )

where we used the fact that the family (mi)i∈N is a Hilbert basis in H.

To conclude we prove that the operatorD is the gradient of the local Dirichlet

form (D1,2, E) in sense of its definition at the page 16 in [4]. Indeed:

• For any X ∈ D1,2, as (mi)i∈N is an orthonormal basis in H,

∥DX∥2H =

∥∥∥∥∥
+∞∑
i=0

DmiXmi

∥∥∥∥∥
2

H

=

+∞∑
i=0

(DmiX)2 = Γ[X].

• Let Φ : R −→ R is a Lipschitz function and X ∈ D1,2. Then, according to

Remark 3.3, Φ(X) ∈ D1,2 and D(Φ(X)) = Φ′(X)DX where Φ′(X) is the

Lebesgue partial derivative of Φ almost everywhere defined.

Corollary 3.2. For all n ∈ N∗ and j ∈ {0, ..., n}, writing T j = Tj ∧T , we have

DT j =
T j

T
− 1[0,T j ]

.
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As consequence for all

F = a1{NT=0} +

d∑
n=1

fn(T1, · · · , Tn)1{NT=n} ∈ S,

we have F ∈ D1,2 and

DF =

d∑
n=1

n∑
j=1

∂fn
∂tj

(T1, · · · , Tn)
(
Tj
T

− 1[0,Tj ]

)
1{NT=n}.

In particular this expression does not depend on the basis (mi)i∈N.

Proof. We have

DT j =

+∞∑
i=0

Dmi
T jmi = −

+∞∑
i=0

m̂i(T j)mi = −
+∞∑
i=0

∫ T

0

mi(s)1{0≤s≤T j}dsmi

=

+∞∑
i=0

〈
T j

T
− 1[0,T j ]

,mi

〉
H
mi =

T j

T
− 1[0,T j ]

.

Notice that the term
T j

T
is mandatory to belong to H defined by (1).

We get the chain rule for the operator D on D1,2

Remark 3.3. For any F1, . . . , Fn ∈ D1,2 and smooth function Φ : Rn −→ R,
Φ(F1, . . . , Fn) belongs to D1,2 and

DΦ(F1, . . . , Fn) =

n∑
j=1

∂Φ

∂xj
(F1, . . . , Fn)DFj .

Moreover we can extend this result with a Lipschitz function Φ thanks to Propo-

sition 4.3 where we replace
∂Φ

∂xj
is the Lebesgue partial derivative of Φ almost

everywhere defined. (référence à trouver dans Bouleau-Hirsch Proposition 2.1.5

?)

3.2 Divergence operator by duality

Let δ : L2(Ω,H) −→ L2(Ω) be the adjoint operator of D. Its domain, Dom(δ),

is the set of u ∈ L2(Ω,H) such that there exists c ∈ R∗
+ such that

∀F ∈ D1,2,

∣∣∣∣∣E
[∫ T

0

DtFutdt

]∣∣∣∣∣ ≤ c∥F∥D1,2 .

Hence, for all u ∈ Dom(δ), δ(u) is the unique element in L2(Ω) such that

∀F ∈ D1,2, E[δ(u)F ] = E[⟨u,DF ⟩H] = E

[∫ T

0

utDtFdt

]
.

We now introduce the set S̃ of elementary processes u of the form

u =

n∑
i=1

Aimi, n ∈ N∗, Ai ∈ D1,2.

26



Proposition 3.4. For all u in S̃, we have u ∈ Dom(δ) and

δ(u) =

∫
(0,T ]

(ψ(u, s) + û(s)µ(T − s) + u(s))dNs −
∫ T

0

Dt(u(t))dt

where ψ is defined by (9).

Proof. Let u = Ami0 with A ∈ D1,2 and i0 ∈ N. For any F ∈ D1,2 we have∣∣∣∣∣E
[∫ T

0

DtFutdt

]∣∣∣∣∣ ≤ E

[∫ T

0

|DtF ||Ami0(t)|dt

]

≤ ∥F∥D1,2

√√√√E

[∫ T

0

|A|2|mi0(t)|2dt

]
= ∥F∥D1,2 ∥A∥L2(Ω) ∥mi0∥L2(0,T ) = c ∥F∥D1,2

with c = ∥A∥L2(Ω) ∥mi0∥L2(0,T ). Thus u ∈ Dom(δ) and for any F ∈ D1,2

E[δ(u)F ] = E

[∫ T

0

utDtFdt

]
= E

[
A

∫ T

0

mi0(t)DtFdt

]

= E

[
A

∫ T

0

mi0(t)

+∞∑
i=0

DmiFmi(t)dt

]

= E

[
A

+∞∑
i=0

Dmi
F

∫ T

0

mi0(t)mi(t)dt

]

= E

[
A

+∞∑
i=0

Dmi
F ⟨mi0 ,mi⟩H

]
= E[ADmi0

F ].

Thus, integrating by parts:

E[δ(u)F ] = E[Dmi0
(AF )]− E[FDmi0

A]

= E
[
∂Gε

mi0

∂ε |ε=0
AF

]
− E[FDmi0

A]

= E
[(

∂Gε
mi0

∂ε |ε=0
A−Dmi0

A

)
F

]
.

Therefore, because ⟨DA,mi0⟩H =
∑+∞

i=0 Dmi
A⟨mi,mi0⟩H = Dmi0

A,

δ(u) =
∂Gε

mi0

∂ε |ε=0
A−Dmi0

A

=

(∫
(0,T ]

(ψ(mi0 , s) + m̂i0(s)µ(T − s) +mi0(s))dNs

)
A−

∫ T

0

mi0(t)DtAdt

=

∫
(0,T ]

(ψ(Ami0 , s) + Âmi0(s)µ(T − s) +Ami0(s))dNs −
∫ T

0

Dt(Ami0(t))dt

=

∫
(0,T ]

(ψ(u, s) + û(s)µ(T − s) + u(s))dNs −
∫ T

0

Dt(u(t))dt.

We deduce the result for any u ∈ S̃ by linearity.
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Remark 3.5. We can retain that:

1. For all m ∈ H and A ∈ D1,2,

δ(mA) = δ(m)A−DmA.

2. For all m ∈ H and A,F ∈ D1,2,

E[ADmF ] = E[Fδ(mA)].

3. For all u ∈ H we have Du = 0 and

δ(u) =

∫
(0,T ]

(ψ(u, s) + û(s)µ(T − s) + u(s))dNs.

Remark 3.6. Contrary to the standard Malliavin calculus on the Wiener space

(see [16]), we do not have a priori the inclusion of D1,2 ⊗ H in Dom(δ) (see

Example 3.4 in [6] where µ = 0).

Corollary 3.7. If u ∈ L2(Ω,H) is a predictable process then

δ(u) =

∫
(0,T ]

(ψ(u, s) + û(s)µ(T − s) + u(s))dNs

Proof. We establish this result for an elementary process of the form:

u(t) = f01[0,t1](t) +

n−1∑
j=1

fj(T 1, · · · , Tn)1]tj ,tj+1](t)

where n ∈ N∗, tj =
jT
n , f0 is a constant, for any j ∈ {1, · · · , n}, fj is an infinitely

differentiable function from Rn into R vanishing outside the simplex

∆j
n = {(x1, · · · , xn) ∈ Rn, 0 < x1 < · · · < xn ≤ tj}

and fn−1 = −f0 −
∑n−2

j=1 fj . This last condition ensures that u belongs to

L2(Ω;H). As a consequence, we can rewrite u as

u(t) = f0

(
1[0,t1](t)−

T

n

)
+

n−1∑
j=1

fj(T 1, · · · , Tn)

(
1]tj ,tj+1](t)−

T

n

)
,

this proves that u belongs to S̃. We have, by Proposition 3.4 and Corollary 3.2,

Dtu(t) =

n−1∑
j=1

n∑
i=1

∂fj
∂xi

(T 1, · · · , Tn)DtT i1]tj ,tj+1](t)

=

n−1∑
j=1

n∑
i=1

∂fj
∂xi

(T 1, · · · , Tn)

(
T i

T
− 1[0,T i]

(t)

)
1]tj ,tj+1](t).

Now, since fj vanishes outside ∆j
n, we have for any j ∈ {1, · · · , n− 1} and any

i ∈ {1, · · · , n}
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∂fj
∂xi

(T 1, · · · , Tn)1[0,T i]
(t)1]tj ,tj+1](t) = 0.

Moreover for any i, as u is valued in H,∫ T

0

q∑
j=1

∂fj
∂xi

(T 1, · · · , Tn)
T i

T
1]tj ,tj+1](t)dt =

T i

T

∂

∂xi

∫ T

0

u(t)dt = 0.

Therefore ∫ T

0

Dtu(t)dt = 0,

Hence from Proposition 3.4 we deduce that

δ(u) =

∫
(0,T ]

(ψ(u, s) + û(s)µ(T − s) + u(s))dNs.

We conclude by using a density argument. Indeed if u ∈ L2(Ω,H) is a pre-

dictable process, there exists a sequence (un)n∈N of elementary processes as

above converging to u in L2(Ω,H) and clearly δ(un) converges to
∫
(0,T ]

(ψ(u, s)+

û(s)µ(T−s)+u(s))dNs. Since δ is a closed operator, we conclude that u belongs

to Dom(δ) and that

δ(u) =

∫
(0,T ]

(ψ(u, s) + û(s)µ(T − s) + u(s))dNs.

Proposition 3.8. Let F ∈ D1,2 and X ∈ Dom(δ) such that

Fδ(X)−
∫ T

0

DtFXtdt ∈ L2(Ω),

then FX ∈ Dom(δ) and

δ(FX) = Fδ(X)−
∫ T

0

DtFXtdt.

Proof. For any G ∈ S

E[δ(FX)G] = E

[∫ T

0

FXtDtGdt

]

= E

[∫ T

0

Xt(Dt(GF )−GDtF )dt

]

= E

[
δ(X)GF −G

∫ T

0

XtDtFdt

]

= E

[
G

(
Fδ(X)−

∫ T

0

DtFXtdt

)]
.
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In particular if X = m ∈ H ⊂ Dom(δ) then δ(m) =
∫
(0,T ]

(ψ(m, s) +

m̂(s)µ(T − s) +m(s))dNs and
∫ T

0
DtFm(t)dt = DmF . Hence we have

δ(mF ) = F

∫
(0,T ]

(ψ(m, s) + m̂(s)µ(T − s) +m(s))dNs −DmF.

Remark 3.9. We do not have the Clark-Ocone formula because for F = NT ∈
D1,2 we have NT ̸= E[NT ] and DtNT = 0. Indeed, for any m ∈ H and ε ∈
R∗

+, TεNT = NT .

4 Absolute continuity criterion

4.1 Local criterion

Lemma 4.1. The distribution of (T1, · · · , Tn) conditionally to {NT = n} has a

density
kn : Rn −→ R+

(t1, · · · , tn) 7−→ κ(t)∫
Rn κ(s)ds

with, for any t = (t1, · · · , tn) ∈ Rn,

κ(t) = 1{0<t1<···<tn≤T}

(
n∏

i=1

λ∗(ti; t1, · · · , tn)

)
e−

∫ T
0

λ∗(s;t1,··· ,tn)ds.

Proof. Let f be a measurable function on Rn. Then

E[f(T1, · · · , Tn) | NT = n]

=
E[1{NT=n}f(T1, · · · , Tn)]

P(NT = n)

=
E[1{Tn≤T<Tn+1}f(T1, · · · , Tn)]

P(Tn ≤ T < Tn+1)

=

∫
0<t1<···<tn≤T<tn+1

f(t1, · · · , tn)φ(t1, · · · , tn+1)dt1 · · · dtn+1∫
0<t1<···<tn≤T<tn+1

φ(t1, · · · , tn+1)dt1 · · · dtn+1

with

φ(t1, · · · , tn+1) =

(
n+1∏
i=1

λ∗(ti; t1, · · · , tn)

)
e−

∫ tn+1
0 λ∗(s;t1,··· ,tn)ds

=

(
n∏

i=1

λ∗(ti; t1, · · · , tn)

)
λ∗(tn+1; t1, · · · , tn)e−

∫ tn+1
0 λ∗(s;t1,··· ,tn)ds

=

(
n∏

i=1

λ∗(ti; t1, · · · , tn)

)
e−

∫ tn
0

λ∗(s;t1,··· ,tn)ds

×

(
λ+

n∑
i=1

µ(tn+1 − ti)

)
e−

∫ tn+1
tn (λ+

∑n
i=1 µ(s−ti))ds.
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Thus ∫
T<tn+1

φ(t1, · · · , tn+1)dtn+1

=

∫ +∞

T

(
λ+

n∑
i=1

µ(tn+1 − ti)

)
e−

∫ tn+1
tn (λ+

∑n
i=1 µ(s−ti))dsdtn+1

= e−
∫ T
tn
(λ+

∑n
i=1 µ(s−ti))ds.

Therefore

E[f(T1, · · · , Tn) | NT = n] =

∫
Rn f(t)κ(t)dt∫

Rn κ(t)dt
=

∫
Rn

f(t)kn(t)dt

with, for any t = (t1, · · · , tn) ∈ Rn,

κ(t) = 1{0<t1<···<tn≤T}

(
n∏

i=1

λ∗(ti; t1, · · · , tn)

)
e−

∫ tn
0

λ∗(s;t1,··· ,tn)ds

×e−
∫ T
tn
(λ+

∑n
i=1 µ(s−ti))ds

= 1{0<t1<···<tn≤T}

(
n∏

i=1

λ∗(ti; t1, · · · , tn)

)
e−

∫ T
0

λ∗(s;t1,··· ,tn)ds,

which implies the conclusion of the lemma.

Now fix n ∈ N∗, as usual C∞(Rn) denotes the set of infinitely differentiable

functions on Rn. We consider the following quadratic form on C∞(Rn):

en(u, v) =
1

2

∫
Rn

n∑
i,j=1

∂u

∂ti
(t)

∂v

∂tj
(t)

(
ti ∧ tj −

titj
T

)
kn(t)dt

and

en(u) = en(u, u).

Proposition 4.2.

1. (C∞(Rn), en) is closable, its closure (dn, en) defines a local Dirichlet form

on L2(kn(t)dt) and each u ∈ dn is a B(Rn)-measurable function in L2(kn(t)dt)

such that for any i ∈ {1, · · · , n} and for almost all

t̃ = (t1, · · · , ti−1, ti+1, · · · , tn) ∈ Rn−1,

the function

s 7−→ u
(i)

t̃
(s) = u(t1, · · · , ti−1, s, ti+1, · · · , tn)

has an absolutely continuous version ũ
(i)

t̃
on [ti−1, ti+1] such that

n∑
i,j=1

∂u

∂ti
(t)

∂u

∂tj
(t)

(
ti ∧ tj −

titj
T

)
∈ L1(kn(t)dt)

where
∂u

∂ti
=
∂ũ

(i)

t̃

∂s
.
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2. The Dirichlet form (dn, en) admits a carré du champ operator γn and a

gradient operator D̃n given by

γn[u, v](t) =

n∑
i,j=1

∂u

∂ti
(t)

∂v

∂tj
(t)

(
ti ∧ tj −

titj
T

)
and

D̃n
s u(t) =

n∑
i=1

∂u

∂ti
(t)

(
ti
T

− 1[0,ti](s)

)
for all u, v ∈ dn, t = (t1, · · · , tn) ∈ Rn and s ∈ [0, T ].

3. The structure (Rn,B(Rn), kn(t)dt, dn, γn) satisfies for every d ∈ N∗, u =

(u1, · · · , ud) ∈ (dn)
d,

u∗[det(γn[u]) · knνn] ≪ νd

where γn[u] denotes the matrix (γn(ui, uj))1≤i,j≤d, νn (resp. νd) the

Lebesgue measure on Rn (resp. Rd) and u∗[det(γn[u]) · knνn] the image

measure defined by, for any B ∈ B(Rd),

(u∗[det(γn[u]) · knνn])(B) = [det(γn[u]) · knνn](u−1(B))

=

∫
u−1(B)

det(γn[u, u](t))kn(t)dt.

Proof. We prove this result thanks to [4, Proposition 2.30 and Theorem 2.31]

with

k = kn, d = d̃n, ξij(t) = ti ∧ tj −
titj
T
,

where d̃n is the set of B(Rn)-measurable functions u ∈ L2(kn(t)dt) such that

for any i ∈ {1, · · · , n} and for almost all

t̃ = (t1, · · · , ti−1, ti+1, · · · , tn) ∈ Rn−1,

the function

s 7−→ u
(i)

t̃
(s) = u(t1, · · · , ti−1, s, ti+1, · · · , tn)

has an absolutely continuous version ũ
(i)

t̃
on [ti−1, ti+1] such that

n∑
i,j=1

∂u

∂ti
(t)

∂u

∂tj
(t)

(
ti ∧ tj −

titj
T

)
∈ L1(kn(t)dt)

where
∂u

∂ti
=
∂ũ

(i)

t̃

∂s
and set for any u, v ∈ d̃n:

en(u, v) =
1

2

∫
Rn

n∑
i,j=1

∂u

∂ti
(t)

∂v

∂tj
(t)

(
ti ∧ tj −

titj
T

)
kn(t)dt.

The function k = kn : Rn −→ R+ is measurable and the functions ξi,j are

symmetric Borel function. We have to check if the two assumptions (HG) of [3]

are satisfied.
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Condition 1. For any i ∈ {1, ..., n} and νn−1-a.e. t ∈ Bn−1 with

Bn−1 =

{
t̃ = (t1, · · · , ti−1, ti+1, · · · , tn) ∈ Rn−1

∫
R
k
(i)

n,t̃
(s)ds > 0

}
,

we have 0 < t1 < · · · < ti−1 < ti+1 < · · · < tn < T because else κ
(i)

t
=

κ(t1, · · · , ti−1, ·, ti+1, · · · , tn) = 0 and
∫
R k

(i)

n,t
(s)ds = 0. Thus, for any ti ∈

]ti−1, ti+1[,

k
(i)

n,t
(ti) = κ(t1, · · · , tn) > 0

because λ > 0 and µ ≥ 0. Therefore

kn(t1, · · · , tn) =
κ(t1, · · · , tn)∫

Rn κ(t)dt
> 0.

In particular kn(t1, · · · , tn) is invertible and

(kn(t1, · · · , tn))−1 =

∫
Rn κ(t)dt

κ(t1, · · · , tn)

= 1{0<t1<···<tn≤T}

(
n∏

i=1

(λ∗(ti; t1, · · · , tn))−1

)
e
∫ T
0

λ∗(s;t1,··· ,tn)ds
∫
Rn

κ(t)dt.

Therefore ti 7−→ (kn(t1, · · · , tn))−1 is integrable on R because it is only the

integral of a continuous function on [ti−1, ti+1] and equal to 0 on R\[ti−1, ti+1].

Condition 2. For any t = (t1, · · · , tn) ∈ Rn and any c ∈ Rn, such that

0 = t0 < t1 < t2 < · · · < tn < T = tn+1,

n∑
i,j=1

ξij(t)cicj =

n∑
i,j=1

(
ti ∧ tj −

titj
T

)
cicj

=
1

T

n∑
i=1

ti (T − ti) c
2
i +

2

T

∑
1≤i<j≤n

ti (T − tj) cicj

This double sum can be split as follows:

n∑
i=1

ti (T − ti) c
2
i =

n∑
i=1

i∑
k=1

(tk − tk−1)

n∑
ℓ=i

(tℓ+1 − tℓ)c
2
i

=

n∑
k=1

(tk − tk−1)

n∑
ℓ=k

(tℓ+1 − tℓ)

ℓ∑
i=k

c2i

=

n∑
k=1

(tk − tk−1)(tk+1 − tk)c
2
k +

n−1∑
k=1

(tk − tk−1)

n∑
ℓ=k+1

(tℓ+1 − tℓ)

ℓ∑
i=k

c2i
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and

2
∑

1≤i<j≤n

ti (T − tj) cicj = 2
∑

1≤i<j≤n

i∑
k=1

(tk − tk−1)

n∑
ℓ=j

(tℓ+1 − tℓ)cicj

= 2

n−1∑
k=1

(tk − tk−1)
∑

k≤i<j≤n

n∑
ℓ=j

(tℓ+1 − tℓ)cicj

= 2

n−1∑
k=1

(tk − tk−1)

n∑
ℓ=k+1

(tℓ+1 − tℓ)
∑

k≤i<j≤ℓ

cicj

Coming back to the initial sum, we have

n∑
i,j=1

ξij(t)cicj =
1

T

n∑
k=1

(tk − tk−1)(tk+1 − tk)c
2
k

+
1

T

n−1∑
k=1

(tk − tk−1)

n∑
ℓ=k+1

(tℓ+1 − tℓ)

 ℓ∑
i=k

c2i + 2
∑

k≤i<j≤ℓ

cicj


=

1

T

n∑
k=1

(tk − tk−1)(tk+1 − tk)c
2
k

+
1

T

n−1∑
k=1

(tk − tk−1)

n∑
ℓ=k+1

(tℓ+1 − tℓ)

 ℓ∑
i,j=k

(ci + cj)
2


≥ 1

T

n∑
k=1

(tk − tk−1)(tk+1 − tk)c
2
k.

Thus, for any compactK ⊂ {(t1, · · · , tn), 0 = t0 < t1 < · · · < tn < T = tn+1},
there exists c ∈ R∗

+ such that, for any (t1, · · · , tn) ∈ K,

n∑
i,j=1

ξij(t)cicj ≥
c2

T

n∑
k=1

c2k.

The hypotheses (HG) of [4, Proposition 2.30] being satisfied, we conclude

that (d̃n, en) is a local Dirichlet hence (C∞(Rn), en) is closable and its closure

(dn, en) is such that dn ⊂ d̃n. The last assertion is a consequence of [4, Theorem

2.31].

Using this result, we consider ∥·∥dn the norm on dn defined by, for any

u ∈ dn,

∥u∥2dn
= ∥u∥2L2(kn(t)dt)

+ 2en(u).

4.2 Global criterion

We remind that for any F ∈ L0(Ω), there exists a ∈ R and fn : Rn −→ R, n ∈
N∗, measurable such that, P-almost surely,

F = a1{NT=0} +

+∞∑
n=1

fn(T1, · · · , Tn)1{NT=n}. (11)
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Proposition 4.3. Let F ∈ L0(Ω) of the form (11). Then F ∈ D1,2 if and only

if fn ∈ dn for any n ∈ N∗ and

+∞∑
n=1

∥fn∥2dn
P(NT = n) < +∞.

In this case

∥F∥2D1,2 = a2P(NT = 0) +

+∞∑
n=1

∥fn∥2dn
P(NT = n).

Proof. Let F = a1{NT=0} +
∑d

n=1 fn(T1, T2, · · · , Tn)1{NT=n} be in S. Then

as a consequence of Corollary 3.2, F belongs to D1,2 and

E(F, F ) = E

[∫ T

0

|DsF |2 ds

]
= 2

d∑
n=1

P (NT = n)en(fn).

Hence

∥F∥2D1,2 = a2P(NT = 0) +

d∑
n=1

∥fn∥2dn
P(NT = n).

We conclude using a density argument. Indeed, if F belongs to D1,2, there exists

a sequence (F k)k in S converging to F in D1,2. Now if for any k

F k = ak1{NT=0} +

+∞∑
n=1

fkn(T1, T2, · · · , Tn)1{NT=n}

with fkn ∈ C∞(Rd) and fkn = 0 for n large, then clearly for all n, k, ℓ:

∥fkn − f ℓn∥2dn
P(NT = n) ≤ ∥F k − F ℓ∥2D1,2

hence (fkn)n converges to an element fn in dn, a
k tends to a real number a and

we get that

F = a1{NT=0} +
+∞∑
n=1

fn(T1, T2, · · · , Tn)1{NT=n},

and

∥F∥2D1,2 = lim
m→+∞

∥F1{NT≤m}∥2D1,2 = a2P(NT = 0) +

+∞∑
n=1

∥fn∥2dn
P(NT = n).

Conversely, if F ∈ L0(Ω) of the form (11) is such that fn ∈ dn for any n ∈ N∗

and
+∞∑
n=1

∥fn∥2dn
P(NT = n) < +∞,

then define for any m, Fm = a1{NT=0} +
∑m

n=1 fn(T1, T2, · · · , Tn)1{NT=n} by

approximating each fn for n ∈ {1, · · · ,m} by a sequence of functions in C∞(Rd)

we easily get that Fm belong to D1,2 and

∥Fm∥2D1,2 = a2P(NT = 0) +

m∑
n=1

∥fn∥2dn
P(NT = n).
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Then (Fm) is a Cauchy sequence in D1,2 converging to F in L2, this ends the

proof.

Remark 4.4. We can summarize the equalities between the Dirichlet structures

(Ω,FT ,P,D1,2,Γ) and (Rn,B(Rn), kn(t)dt, dn, γn), n ∈ N∗: for any F ∈ D1,2 of

the form (11)

1.

∥F∥2L2(Ω) = a2P(NT = 0) +

+∞∑
n=1

∥fn∥2L2(kn(t)dt)
,

2. For a.e. s ∈ [0, T ],

DsF =

+∞∑
n=1

D̃n
s fn(T1, · · · , Tn)1{NT=n},

with

D̃n
s fn(T1, · · · , Tn) =

n∑
i=1

∂fn
∂ti

(T1, · · · , Tn)
(
Ti
T

− 1[0,Ti](s)

)
,

3.

Γ[F ] =

+∞∑
n=1

γn[fn](T1, · · · , Tn)1{NT=n},

4.

E(F ) =
+∞∑
n=1

en(fn)P(NT = n),

5.

∥F∥2D1,2 = a2P(NT = 0) +

+∞∑
n=1

∥fn∥2dn
P(NT = n).

Theorem 4.5. Let d ∈ N∗ and F = (F1, · · · , Fd) ∈ (D1,2)d. Then, noting

Γ[F ] = (Γ[Fi, Fj ])1≤i,j≤d,

the image measure F∗[det(Γ[F ]).P] is absolutely continuous with respect to the

Lebesgue measure νd on Rd.

Proof. Let B ⊂ Rd such that νd(B) = 0. We would like to get

0 = (F∗[det(Γ[F ]).P])(B) =

∫
F−1(B)

det(Γ[F ](ω))dP(ω)

=

∫
Ω

det(Γ[F ](ω))1B(F (ω))dP(ω) = E [det(Γ[F ])1B(F )] .

But, according to Proposition 4.3, there exist a ∈ R and fn ∈ (dn)
d, n ∈ N∗

such that

F = a1{NT=0} +

+∞∑
n=1

fn(T1, · · · , Tn)1{NT=n}.
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Thus

Γ[F ] = Γ[F, F ] =

+∞∑
n=1

γn[fn](T1, · · · , Tn)1{NT=n}.

In particular

det(Γ[F ])1{NT=0} = 0,

for any n ∈ N∗,

det(Γ[F ])1{NT=n} = det(γn[fn](T1, · · · , Tn))1{NT=n}

and also

1B(F )1{NT=n} = 1B(fn(T1, · · · , Tn))1{NT=n}.

Therefore

det(Γ[F ])1B(F ) =
+∞∑
n=1

det(γn[fn](T1, · · · , Tn))1B(fn(T1, · · · , Tn))1{NT=n}

and, according to Lemma 4.1,

E [det(Γ[F ])1B(F )]

=

+∞∑
n=1

E
[
det(γn[fn](T1, · · · , Tn)1B(fn(T1, · · · , Tn)1{NT=n}

]
=

+∞∑
n=1

E [det(γn[fn](T1, · · · , Tn)1B(fn(T1, · · · , Tn) | NT = n]P(NT = n)

=

+∞∑
n=1

(∫
Rn

det(γn[fn](t))1B(fn(t))kn(t)dt

)
P(NT = n)

=

+∞∑
n=1

((fn)∗[det(γn[fn] · knνn)])(B)P(NT = n).

However, according to Proposition 4.2 applied to fn ∈ (dn)
d, the measure

(fn)∗[det(γn[fn] · knνn)] is absolutely continuous with respect to νd. Thus, for

any n ∈ N∗,

((fn)∗[det(γn[fn] · knνn)])(B) = 0

and

E [det(Γ[F ])1B(F )] = 0.

This concludes the proof.

Corollary 4.6. Let d ∈ N∗ and F = (F1, · · · , Fd) ∈ (D1,2)d. Then, condition-

ally to Γ[F ] ∈ GLd(R), the law of the random variable F is absolutely continuous

with respect to the Lebesgue measure νd.
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5 Applications

5.1 SDE and density of the solution

We consider the stochastic differential equation

Xt = x0 +

∫ t

0

f(s,Xs)ds+

∫
(0,t]

g(s,Xs−)dNs, 0 ≤ t ≤ T, (12)

or in the differential form

dXt = f(t,Xt)dt+ g(t,Xt−)dNt, X0 = x0.

We assume that:

Assumption 2. The functions f, g : [0, T ] × Rd −→ Rd are measurable and

satisfy

1. For any t ∈ [0, T ], the maps f(t, ·), g(t, ·) are of class C1.

2. supt,x(|∇xf(t, x)|+ |∇xg(t, x)|) < +∞.

3. For any x ∈ Rd, the map g(·, x) is differentiable.

Remark 5.1. Since NT admits moments of any order (See [15]), according

to [17, Chapter V.3 Theorem 7 and Chapter V.4 Theorem 10], there exists a

unique solution X to (12) such that sup0≤t≤T |Xt| ∈ L2(Ω).

We consider the deterministic flow Φ defined by the solution of the ordinary

differential equation (ODE in short)

Φs,t(x) = x+

∫ t

s

f(u,Φs,u(x))du, 0 ≤ s ≤ t ≤ T, x ∈ Rd.

Proposition 5.2. On the set {NT = 0}, we have

Xt = Φ0,t(x0), 0 ≤ t ≤ T.

And, for any n ∈ N∗, on the set {NT = n}, we have

Xt = [ΦTn,t ◦Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2
◦Ψ(T1, ·) ◦ Φ0,T1

](x0), Tn ≤ t ≤ T,

where

Ψ(t, x) = x+ g(t, x), 0 ≤ t ≤ T, x ∈ Rd.

Proof. We proceed by induction. On the set {NT = 0} we have

Xt = x0 +

∫ t

0

f(s,Xs)ds, 0 ≤ t ≤ T.

Thus for all t ∈ [0, T ], Xt = Φ0,t(x0).

On the {NT = 1} we have, for any t ∈ [0, T1),

Xt = x0 +

∫ t

0

f(s,Xs)ds.
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Thus Xt = Φ0,t(x0). Then for any t ∈ [T1, T ] we have

Xt = XT1− +

∫ t

T1

f(s,Xs)ds+

∫
[T1,t]

g(s,Xs−)dNs

= XT1− +

∫ t

T1

f(s,Xs)ds+ g(T1, XT1−)

= Ψ(T1, XT1−) +

∫ t

T1

f(s,Xs)ds.

Hence

Xt = ΦT1,t(Ψ(T1, XT1−)) = ΦT1,t(Ψ(T1,Φ0,T1(x0)))

= [ΦT1,t ◦Ψ(T1, ·) ◦ Φ0,T1
](x0).

We assume that the equality is satisfied on {NT = n} for n ∈ N∗ :

Xt = [ΦTn,t ◦Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2
(·) ◦Ψ(T1, ·) ◦ Φ0,T1

](x0), Tn ≤ t ≤ T.

Let consider the set {NT = n+1}. The process X satisfies, for any t ∈ [Tn+1, T ],

Xt = XTn+1− +

∫ t

Tn+1

f(s,Xs)ds+

∫
[Tn+1,t]

g(s,Xs−)dNs

= Ψ(Tn+1, XTn+1−) +

∫ t

Tn+1

f(s,Xs)ds.

Thus

XT = ΦTn+1,T (Ψ(Tn+1, XTn+1−)).

However, as we are on {NT = n + 1}, we are also on {Nt = n} for any t ∈
[Tn, Tn+1). According to the recurrence hypothesis,

Xt = [ΦTn,t ◦Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2
◦Ψ(T1, ·) ◦ Φ0,T1

](x0).

Thus, by continuity of the map Φ with respect to t,

XTn+1− = [ΦTn,Tn+1 ◦Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2 ◦Ψ(T1, ·) ◦ Φ0,T1 ](x0).

Therefore

XT = ΦTn+1,T (Ψ(Tn+1, XTn+1−))

= ΦTn+1,T (Ψ(Tn+1, [ΦTn,Tn+1
◦Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2

◦Ψ(T1, ·) ◦ Φ0,T1
](x0)))

= [ΦTn+1,T ◦Ψ(Tn+1, ·) ◦ ΦTn,Tn+1 ◦Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2 ◦Ψ(T1, ·) ◦ Φ0,T1 ](x0).

The statement is proved.

We continue this section with the same ideas as in [8]. As the following

results are formal computations, they are proved in the same way.
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Remark 5.3. The process ∇xΦ satisfies, for any 0 ≤ s ≤ t ≤ T and x ∈ Rd,

∂

∂t
∇xΦs,t(x) = ∇xf(t,Φs,t(x))∇xΦs,t(x), ∇xΦs,s(x) = Id.

Thus

∇xΦs,t(x) = exp

(∫ t

s

∇xf(u,Φs,u(x))du

)
, 0 ≤ s ≤ t ≤ T.

Definition 5.4. We define the process K as the derivative of the flow generated

by X, solution of the SDE

Kt = Id +

∫ t

0

∇xf(s,Xs)Ksds+

∫
(0,t]

∇xg(s,Xs−)Ks−dNs, 0 ≤ t ≤ T.

From now we assume that:

Assumption 3. For any (t, x) ∈ [0, T ]× Rd,

det(Id +∇xg(t, x)) ̸= 0

and (Id +∇xg)
−1 is uniformly bounded.

We now define the process K̃ as the solution of

K̃t = Id −
∫ t

0

K̃s∇xf(s,Xs)ds

−
∫
(0,t]

K̃s∇xg(s,Xs−)(Id −∇xg(s,Xs−)(Id +∇xg(s,Xs−))
−1)dNs.

Following [4, Proposition 8.7], we have:

Lemma 5.5. Processes K and K̃ satisfy

KtK̃t = Id, 0 ≤ t ≤ T.

Moreover:

KTi
= (Id+∇xg(t,XTi−))KTi−, K̃Ti

= (Id+∇xg(Ti, XTi−))
−1K̃Ti−, i ∈ N∗.

Definition 5.6. We define the process (Ks
t )0≤s≤t≤T by:

Ks
t = KtK̃s, 0 ≤ s ≤ t ≤ T.

Similarly to [8, Proposition 6.4], we get the following result.

Proposition 5.7. Let φ : [0, T ]× Rd −→ Rd defined by:

∀(t, x) ∈ [0, T ]×Rd, φ(t, x) = f(t, x+g(t, x))−(Id+∇xg(t, x))f(t, x)−
∂g

∂t
(t, x).

Then XT ∈ D1,2 and, for a.e. s ∈ [0, T ],

DsXT = −
∫
(0,T ]

Kt
Tφ(t,Xt−)

(
t

T
− 1[0,t](s)

)
dNt.

Moreover

Γ[XT ] =

∫
(0,T ]

∫
(0,T ]

Kt
Tφ(t,Xt−)(φ(u,Xu−))

∗(Ku
T )

∗
(
u ∧ t− ut

T

)
dNtdNu.
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Thanks to this expression of DXT and Γ[XT ], we can deduce results about

the absolute continuity of the law of XT using Corollary 4.6.

Corollary 5.8. If we consider the event

C =

{
det

(∫
(0,T ]

∫
(0,T ]

Kt
Tφ(t,Xt−)(φ(u,Xu−))

∗(Ku
T )

∗
(
u ∧ t− ut

T

)
dNtdNu

)
> 0

}

then if P(C) > 0, the law of XT conditionally to C is absolutely continuous with

respect to the Lebesgue measure on Rd.

Proof. It is a direct consequence of Proposition 5.7 and Corollary 4.6.

Theorem 5.9. In dimension d = 1, if for any t ∈ [0, T ] and x ∈ R,

φ(t, x) = f(t, x+ g(t, x))− f(t, x)− ∂g

∂x
(t, x)f(t, x)− ∂g

∂t
(t, x) ̸= 0,

then, conditionally to {NT ≥ 1}, the law of XT is absolutely continuous with

respect to the Lebesgue measure on R.

Proof. As d = 1 we have, according to Proposition 5.7,

DsXT = −
NT∑
i=1

KTi

T φ(Ti, XTi−)

(
Ti
T

− 1[0,Ti](s)

)
.

Let ω ∈ Ω such that

Γ[XT ](ω) =

∫ T

0

|DsXT (ω)|2ds = 0,

then, for almost every s ∈ [0, T ], DsXT (ω) = 0. Thus, for almost every s ∈
[TNT (ω), T ], we get, writing Ti instead of Ti(ω),

NT (ω)∑
i=1

KTi

T φ(Ti, XTi−)
Ti
T

= 0.

Then for almost every s ∈ [TNT (ω)−1, TNT (ω)]

NT (ω)−1∑
i=1

KTi

T φ(Ti, XTi−)
Ti
T

+K
TNT (ω)

T φ(TNT (ω), XTNT (ω)−)

(
TNT (ω)

T
− 1

)
= 0.

Therefore, by subtracting the two equations, we get

φ(TNT (ω), XTNT (ω)−) = 0

then
NT (ω)−1∑

i=1

KTi

T φ(Ti, XTi−)
Ti
T

= 0.
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Thus, by considering s ∈ [TNT (ω)−2, TNT (ω)−1] then s ∈ [TNT (ω)−3, TNT (ω)−2],

..., we get, by successive iterations, for any i ∈ {1, · · · , NT (ω)},

φ(Ti, XTi−) = 0.

Therefore, by contrapositive, if φ(t, x) ̸= 0 for any t ∈ [0, T ] and x ∈ R then

Γ[XT ] > 0 on the set {NT ≥ 1}. Thus, according to Corollary 4.6, condition-

ally to {NT ≥ 1}, the law of XT is absolutely continuous with respect to the

Lebesgue measure on R.

Example 5.10 (Linear with constant coefficients in dimension d = 1). We

consider X the solution of the linear SDE

dXt = (aXt + b)dt+ (αXt− + β)dNt, 0 ≤ t ≤ T, X0 = x0, (13)

where x0, a, b, α, β ∈ R satisfy

aβ − αb ̸= 0.

In this case we have, for any t ∈ [0, T ] and x ∈ R,

φ(t, x) = a(x+ αx+ β) + b− ax− b− α(ax+ b) = aβ − αb ̸= 0.

Then, according to Theorem 5.9, conditionally to {NT ≥ 1}, the law of XT is

absolutely continuous with respect to the Lebesgue measure on R.

Corollary 5.11. We assume that d = 1 and the parameters f, g do not depend

on t ∈ [0, T ]. We consider the Wronskian of f and g:

W (f, g) = g′ × f − f ′ × g.

Thus if the function f is of class C2 and

∀x ∈ R, |W (f, g)(x)| > 1

2
∥f ′′∥∞∥g∥2∞

then, conditionally to {NT ≥ 1}, the law of XT is absolutely continuous with

respect to the Lebesgue measure on R.

Proof. As the parameters f and g do not depend on t, we have, for any t ∈ [0, T ]

and x ∈ R,
φ(t, x) = f(x+ g(x))− f(x)− g′(x)f(x).

Then, by Taylor expansion, there exists yx ∈ R such that

φ(t, x) = g(x)f ′(x) +
1

2
g(yx)

2f ′′(x)− g′(x)f(x) =
1

2
g(yx)

2f ′′(x)−W (f, g)(x).

Thus, if there exists x ∈ R such that φ(t, x) = 0 then, according to the assump-

tion,

|W (f, g)(x)| = 1

2
g(yx)

2|f ′′(x)| ≤ 1

2
∥g∥2∞∥f ′′∥∞ < |W (f, g)(x)|

which is absurd. Therefore φ(t, x) ̸= 0 for any t ∈ [0, T ] and x ∈ R. We conclude

by using Theorem 5.9.
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Example 5.12. We consider X the solution of the SDE in dimension d = 1

dXt = cos(Xt)dt+ sin(Xt−)dNt, 0 ≤ t ≤ T, X0 = x0, (14)

where x0 ∈ R. In particular

∀x ∈ R, |W (f, g)(x)| = 1 >
1

2
=

1

2
∥cos′′∥∞∥sin∥2∞.

Thus, according to Corollary 5.11, conditionally to {NT ≥ 1}, the law of XT is

absolutely continuous with respect to the Lebesgue measure on R.

Proposition 5.13. If there exists ℓ ∈ N such that for any n ≥ ℓ, 0 ≤ t1 <

· · · < tn ≤ T and x1, · · · , xn ∈ Rd, the family (Kti
T φ(ti, xi))1≤i≤n spans Rd

then, conditionally to {NT ≥ ℓ}, the law of XT is absolutely continuous with

respect to the Lebesgue measure on Rd.

Proof. Let ω ∈ {NT ≥ ℓ} such that Γ[XT ](ω) is non invertible. Then, as it is a

nonnegative symetric matrix, there exists u ∈ Rd\{0} such that

u∗Γ[XT ](ω)u =

∫ T

0

(u∗DsXT (ω))
2ds = 0.

Then, according to Proposition 5.7,

0 =

∫ T

0

(u∗DsXT (ω))
2ds =

∫ T

0

u∗ NT (ω)∑
i=1

KTi

T φ(Ti, XTi−)

(
Ti
T

− 1[0,Ti](s)

)2

ds.

Thus, for almost every s ∈ [0, T ],

u∗
NT (ω)∑
i=1

KTi

T φ(Ti, XTi−)

(
Ti
T

− 1[0,Ti](s)

)
= 0.

We deduce, as in dimension d = 1, that, for any i ∈ {1, . . . , NT (ω)},

u∗KTi

T φ(Ti, XTi−) = 0

which is absurd because (KTi

T φ(Ti, XTi−))1≤i≤NT (ω) spans Rd.

Remark 5.14. Necessarily we have ℓ ≥ d.

Example 5.15 (Linear with constant coefficients in dimension d ∈ N∗). We

consider X the solution of the linear SDE

dXt = (AXt + b)dt+ (MXt− + β)dNt, 0 ≤ t ≤ T, X0 = x0, (15)

where x0, b, β ∈ Rd and A,M ∈ Rd×d such that

det(M + Id) ̸= 0, AM =MA

and if there exists ℓ ∈ N such that, for any n ≥ ℓ and 0 ≤ t1 < · · · < tn ≤ T ,

the family

(exp(A(T − ti))(Id +M)n−i(Aβ −Mb))1≤i≤n

spans Rd. In this case we have:
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• The process K defined by Definition 5.4 satisfies

Kt = Id +

∫ t

0

AKsds+

∫
(0,t]

MKs−dNs, 0 ≤ t ≤ T,

i.e.

dKt = AKsds+MKs−dNs, 0 ≤ t ≤ T, K0 = Id,

i.e., for any t ∈ [0, T ], as AM =MA,

Kt = exp (At)
∏

0<s≤t

(Id +M∆Ns) = exp(At)(Id +M)Nt .

• As det(Id +M) ̸= 0 then we can consider the process K̃ = K−1 defined

just above Lemma 5.5:

K̃t = Id −
∫ t

0

AK̃sds−M(Id +M)−1

∫
(0,t]

K̃s−dNs, 0 ≤ t ≤ T,

i.e.

dK̃t = −AK̃tdt−M(Id +M)−1K̃t−dNt, 0 ≤ t ≤ T, K̃0 = 1,

i.e., for any t ∈ [0, T ], as AM =MA,

K̃t = exp(−At)
∏

0<s≤t

(
Id −M(Id +M)−1∆Ns

)
= exp(−At)(Id −M(Id +M)−1)Nt

= exp(−At)(Id +M)−Nt .

• The process (Ks
t ) is equal to, for any 0 ≤ s ≤ t ≤ T ,

Ks
t = KtK̃s

= exp(A(t− s))(Id +M)Nt−Ns .

• According to Proposition 5.7, we consider the function φ : [0, T ]×R −→ R
defined by, for any t ∈ [0, T ] and x ∈ R,

φ(t, x) = A(x+Mx+ β) + b− (Id +M)(Ax+ b)

= Aβ −Mb.

Therefore, according to the assumption about the spanning property, we get the

following result by Proposition 5.13: conditionally to {NT ≥ ℓ}, the law of XT

is absolutely continuous with respect to the Lebesgue measure on Rd.

This is the case for example when A = Id, M is a diagonalizable matrix with

d distinct eigenvalues (different to −1 to have det(M + Id) ̸= 0): there exists

λ1, · · · , λd in R\{−1} (distinct) and P ∈ GLd(R) such that

M = P

 λ1 (0)
. . .

(0) λd

P−1,
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and v := [P−1(β−Mb)]j = [P−1β−DP−1b]j ̸= 0 for any j ∈ {1, · · · , d}. Thus,
for any n ≥ ℓ, 0 ≤ t1 < · · · < tn ≤ T and i ∈ {1, · · · , n},

exp(A(T − ti))(Id +M)n−i(Aβ −Mb)

= eT−tiP

 (1 + λ1)
n−i (0)

. . .

(0) (1 + λd)
n−i

P−1(β −Mb).

Therefore the family (exp(A(T − ti))(Id +M)n−i(Aβ −Mb))1≤i≤n spans Rd if

and only if the family
 (1 + λ1)

n−1v1
...

(1 + λd)
n−1vd

 , · · · ,

 (1 + λ1)v1
...

(1 + λd)vd

 ,

 v1
...

vd




spans Rd. The determinant of the last d vectors of this family is related to a

Vandermonde determinant:

v1 · · · vd
∏

1≤i<j≤d

(λj − λi)

which is not null. Therefore, conditionally to {NT ≥ ℓ}, the law of XT admits

an absolutely continuous law with respect to the Lebesgue measure on Rd.

5.2 Application to Greek computation

We consider an asset price whose dynamics is given by

dSt = rStdt+ σSt−dÑt, S0 = x0, (16)

where N is a Hawkes process with conditional intensity λ∗, r the interest rate,

σ the volatility and x0 the initial wealth. In other words we have

dSt = (r − σλ∗(t))Stdt+ σSt−dNt.

Thus, if we write αt = r − σλ∗(t) then the dynamic is equivalent to

dSt = αtStdt+ σSt−dNt, S0 = x0. (17)

We also consider an European option

C = E [f(ST )]

with f a function which can be not continuous as f = 1[K,+∞[ for example for

a binary European option, and we interest to compute Greeks as

∆ =
∂C

∂x0
, Γ =

∂2C

∂x20
, ρ =

∂C

∂r
, ν =

∂C

∂σ
.

In the sequel x denotes a real number in an interval ]a, b[ which can be equal

to x0, r or σ.
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We consider a class L of real functions f of the form

f(y) =

n∑
i=1

Φi(y)1Ai
(y), y ∈ R, (18)

where n ∈ N, Φi is continuous and bounded and Ai is an interval with endpoints

in T = T0 ∪ {−∞,+∞} with the set T0 ⊂ R defined by:

T0 =

{
y ∈ R lim

n→+∞
sup

a<x<b
P
(
F x ∈

]
y − 1

n
, y +

1

n

[)
= 0

}
.

Proposition 5.16. Let ]a, b[ be an interval of R. Let (F x)a<x<b and (Gx)a<x<b

be two families of random variables such that the maps x ∈ ]a, b[ 7−→ F x ∈ D1,2

and x ∈ ]a, b[ 7−→ D1,2 are continuously differentiable. Let m ∈ H such that

for any x ∈ ]a, b[ on

{
∂F x

∂x
̸= 0

}
DmF

x ̸= 0

and such that mGx
∂Fx

∂x

DmF x
is continuous in x in Dom(δ). Thus for any f ∈ L

the map x 7−→ E[f(F x)] is continuous differentiable and

∂

∂x
E[Gxf(F x)] = E

[
f(Sx0

T )δ

(
Gxm

∂Fx

∂x

DmF x

)]
+ E

[
∂Gx

∂x
f(F x)

]
.

Proof. We follow the proof of [8, Proposition 7.2]. First if f ∈ C1
b (R) then, as

the maps x 7−→ F x and x 7−→ Gx are differentiable, the map x 7−→ Gxf(F x) is

differentiable and, for any x ∈ ]a, b[,

∂

∂x
(Gxf(F x)) =

∂Gx

∂x
f(F x) +

∂F x

∂x
f ′(F x)Gx.

Then, as f ∈ C1
b (R),Dmf(F

x) = f ′(Fx)DmF
x, and, asDmF

x ̸= 0 on

{
∂F x

∂x
̸= 0

}
,

∂

∂x
(Gxf(F x)) =

∂Gx

∂x
f(F x) +

∂F x

∂x

Dmf(F
x)

DmF x
Gx.

Thus, according to Remark 3.5 and mGx
∂Fx

∂x

DmF x
∈ Dom(δ),

E
[
∂

∂x
(Gxf(F x))

]
= E

[
∂Gx

∂x
f(F x)

]
+ E

Gx

∂F x

∂x
DmF x

Dmf(F
x)


= E

[
∂Gx

∂x
f(F x)

]
+ E

δ
mGx

∂F x

∂x
DmF x

 f(F x)

 .
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Finally, as the function x 7−→ ∂

∂x
(Gxf(F x)) is continuous, we have

∂

∂x
E[Gxf(F x)] = E

[
∂

∂x
(Gxf(F x))

]
and the result follows in that case. For the general case (f ∈ L) we conclude as

in [8, Proposition 7.2], using an approximation argument.

As in [10], if we can apply the Proposition 5.16 with

F x = Sx
T , Gx = 1{NT>0}, x ∈ ]a, b[,

then we can compute the Delta conditionally to {NT ≥ 1}

∂

∂x0
E
[
1{NT>0}f (S

x0

T )
]
= E

f(Sx0

T )δ

m1{NT>0}

∂S
x0
T

∂x0

DmS
x0

T

 .
The solution of (16)

dSt = Stαtdt+ σSt−dNt, S0 = x0,

is given by

Sx0
t = x0 exp

(∫ t

0

αsds

)
(1+σ)Nt = x0 exp

(
rt− σ

∫ t

0

λ∗(s)ds

)
(1+σ)Nt , 0 ≤ t ≤ T.

In particular

Sx0

T = x0 exp (rT − σΛT ) (1 + σ)NT

with

ΛT =

∫ T

0

λ∗(s)ds = λT +

NT∑
i=1

∫ T

0

µ(s− Ti)1{Ti≤s}ds

= λT +

NT∑
i=1

∫ T

Ti

µ(s− Ti)ds = λT +

NT∑
i=1

∫ T−Ti

0

µ(s)ds

= λT +

NT∑
i=1

µ̂(T − Ti).

Thus the map x0 7−→ Sx0

T is continuously differentiable and

∂Sx0

T

∂x0
= exp (rT − σΛT ) (1 + σ)NT =

Sx0

T

x0
.

To computeDSx0

T we cannot use the results of Section 5.1 because the paramater

of the SDE f : (t, x) 7−→ αtx is not deterministic. However we can directly

compute DSx0

T . Indeed we have

TεΛT = ΛT ◦ Tε

= λT +

NT ◦Tε∑
i=1

µ̂(T − Ti ◦ Tε)
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where NT ◦ Tε = NT because τε(T ) = T . Therefore

TεΛT − ΛT

ε
=

NT∑
i=1

µ̂(T − Ti ◦ Tε)− µ̂(T − Ti)

ε

L2(Ω)−→
ε→0

NT∑
i=1

(µ̂(T − Ti))
′DmTi =

NT∑
i=1

µ(T − Ti)m̂(Ti).

Thus ΛT ∈ D0
m and

DmΛT =

NT∑
i=1

µ(T − Ti)m̂(Ti) =

∫
(0,T ]

µ(T − t)m̂(t)dNt.

Since DmNT = 0 (see Remark 3.9), we get, by chain rule, Sx0

T ∈ D1,2
m and

DmS
x0

T = −σSx0

T DmΛT = −σSx0

T

NT∑
i=1

µ(T−Ti)m̂(Ti) = −σSx0

T

∫
(0,T ]

µ(T−t)m̂(t)dNt.

Thus we have to choose a function m ∈ H such that, for any t ∈ [0, T ], m̂(t) = 0

if and only if t ∈ {0, T}. In this case we get

1{NT>0}

∂S
x0
T

∂x0

DmS
x0

T

= −
1{NT>0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)
= −

1{NT>0}

σx0
∫
(0,T ]

µ(T − t)m̂(t)dNt
.

Finally, according to Remark 3.5, m1{NT>0}

∂S
x0
T

∂x0

DmS
x0

T

∈ Dom(δ) because we

have m ∈ H and 1{NT>0}

∂S
x0
T

∂x0

DmS
x0

T

∈ D1,2
m , and

δ

m1{NT>0}

∂S
x0
T

∂x0

DmS
x0

T


= −δ(m)

1{NT>0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)
+Dm

(
1{NT>0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)

)

= −δ(m)
1{NT>0}

σx0
∫
(0,T ]

µ(T − t)m̂(t)dNt
+Dm

(
1{NT>0}

σx0
∫
(0,T ]

µ(T − t)m̂(t)dNt

)
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with, on {NT > 0},

Dm

(
1{NT>0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)

)

= −
σx0

∑NT

i=1Dm(µ(T − Ti)m̂(Ti))

σ2x20

(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2

= −
∑NT

i=1[m̂(Ti)Dm(µ(T − Ti)) + µ(T − Ti)Dmm̂(Ti)]

σx0

(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2

=

∑NT

i=1 m̂(Ti)µ
′(T − Ti)DmTi

σx0

(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2 −

∑NT

i=1 µ(T − Ti)m(Ti)DmTi

σx0

(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2

= −
∑NT

i=1 µ
′(T − Ti)m̂(Ti)

2

σx0

(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2 +

∑NT

i=1 µ(T − Ti)m(Ti)m̂(Ti)

σx0

(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2

= −

∫
(0,T ]

µ′(T − s)m̂(s)2dNs

σx0

(∫
(0,T ]

µ(T − s)m̂(s)dNs

)2 +

∫
(0,T ]

µ(T − s)m(s)m̂(s)dNs

σx0

(∫
(0,T ]

µ(T − s)m̂(s)dNs

)2 ,
and, using Remark 3.5,

δ(m) =

∫
(0,T ]

(ψ(m, s) + m̂(s)µ(T − s) +m(s))dNs

=

NT∑
j=1

(ψ(m,Tj) + m̂(T − Tj) +m(Tj))

=

NT∑
j=1

(
1

λ∗(Tj)

∫
(0,Tj)

(m̂(Tj)− m̂(t))µ′(Tj − t)dNt + m̂(T − Tj) +m(Tj)

)

=

NT∑
j=1

(∑j−1
i=1 (m̂(Tj)− m̂(Ti))µ

′(Tj − Ti)

λ+
∑j−1

i=1 µ(Tj − Ti)
+ m̂(T − Tj) +m(Tj)

)
.

Thus we deduce the following expression of the Delta:

Proposition 5.17. We have

∂

∂x0
E[1{NT≥1}f(ST )]

= E

f(Sx0

T )δ

m1{NT>0}

∂S
x0
T

∂x0

DmS
x0

T


= −E

[
f(Sx0

T )δ(m)1{NT>0}

σx0
∫
(0,T ]

µ(T − t)m̂(t)dNt

]
− E

f(Sx0

T )
∫
(0,T ]

µ′(T − s)m̂(s)2dNs

σx0

(∫
(0,T ]

µ(T − s)m̂(s)dNs

)2 1{NT>0}


+E

f(Sx0

T )
∫
(0,T ]

µ(T − s)m(s)m̂(s)dNs

σx0

(∫
(0,T ]

µ(T − s)m̂(s)dNs

)2 1{NT>0}

 .
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Remark 5.18. Any term in the expression of ∆ can be written from the Hawkes

process N , the jump instants (Ti)i∈N∗ and the parameters T, λ, µ, µ̂, µ′,m, m̂ and

f :

Sx0

T = x0 exp (rT − σΛT ) (1 + σ)NT ,

ΛT = λT +

NT∑
i=1

µ̂(T − Ti),

δ(m) =

NT∑
j=1

(∑j−1
i=1 (m̂(Tj)− m̂(Ti))µ

′(Tj − Ti)

λ+
∑j−1

i=1 µ(Tj − Ti)
+ m̂(T − Tj) +m(Tj)

)
,

∫
(0,T ]

µ(T − t)m̂(t)dNt =

NT∑
i=1

µ(T − Ti)m̂(Ti)

∫
(0,T ]

µ′(T − t)m̂(t)2dNt =

NT∑
i=1

µ′(T − Ti)m̂(Ti)
2

∫
(0,T ]

µ(T − t)m(t)m̂(t)dNt =

NT∑
i=1

µ(T − Ti)m(Ti)m̂(Ti).

In other words, if we simulate a sample of Hawkes process then we can approach

∆ conditionally to {NT > 0}.

Remark 5.19. On {NT = 0}, the process Sx0 is deterministic and we have to

know the derivative of the function f to compute ∆.

Remark 5.20. For the other Greeks we can notice that

∂2Sx0

T

∂x20
= 0,

∂Sr
T

∂r
= TSx0

T

∂Sσ
T

∂σ
=

(
−ΛT +

NT

1 + σ

)
Sx0

T .

Then we can deduce similar expressions of the other Greeks conditionally to

{NT > 0}. For Γ =
∂2C

∂x20
we can start by writing

Gx0 = m1{NT>0}

∂S
x0
T

∂x0

DmS
x0

T

,

∂2

∂x20
E[1{NT>0}f(S

x0

T )] =
∂

∂x0
E [f(Sx0

T )δ (Gx0)]

= E

f(Sx0

T )δ

Gxm

∂S
x0
T

∂x0

DmS
x0

T

+ E
[
f(Sx0

T )
∂

∂x0
δ (Gx0)

]

where we apply two times Proposition 5.16 with different processes G.
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