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Introduction of the equations

The Markovian BSDE driven by a Brownian motion W

T T
Y = g(X-r)+/ F(s, X, Ys,Zs)ds/ ZsdWs
t

t

t t
X = x0+/ b(s,Xs)ds+/ o(s, Xs)dWs
0 0

where T€R: g :R™" — R, F: [0, T]xR" xR xR — R
and xg €ER,b: [0, T| x R™" — R™, 5 : [0, T] x R™ — R™*9 are
the parameters, and (X, Y, Z): Q x [0, T] — R™ x R x R the
unknown.
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Introduction of the equations

The Markovian BSDE driven by a Brownian motion W and a
random Poisson measure 7

¢

T T
Yy = g(XT)+/ F(s,Xs, YS,ZS,US(-))ds—/ ZsdWs
T t t
_ / / Us(e)(de, ds),
t E

t t
X = xo—l—/ b(s,Xs)ds—l—/ o(s, Xs)dWs
0 0

+/Ot/Eﬁ(s,Xs,e)7"r(de,ds).
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Singular terminal condition and liquidation problem

We assume that the terminal condition £ = g(X7) can be equal to
infinity :
P(§ = +00) > 0.
This is useful to apply the following results to the liquidation
problem where we minimize the functional
ft)

)
Heva) =& ([ ulad? + 2clA)ds + Az
t

where

S
As = x+/ audu, a€ L}t,+o0) a.s.
t
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Singular terminal condition and liquidation problem

Indeed
min J = J(t,a")

S /Yy q—1
AL = xpexp (—/ <u> du)
t \Tu

and (Y, Z) the minimal supersolution to the BSDE with the driver

with

y|9 7ty
F(t,Xa}GZ) = _(P— 1)’ qu_l
t

+ 7t

But do we have
liminf Yy =& 7
t—T

to avoid an extra cost due to the liquidation constraint.
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Theorem for the BSDE driven by a Brownian motion

Many assumptions about the parameters b, o, g and F to obtain
the continuity of the process Y.

Assumption 1

0b
@ b bounded continuous, C! with respect to x, — with

Ox;
polynomial growth.
. . do 0%co*
@ o bounded, continuous, C? with respect to x, —, ———
0x;” 0x;0x;

bounded, oo A-uniformly elliptic.

To obtain a Malliavin differentiable solution X and a control on its
density.
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Theorem for the BSDE driven by a Brownian motion

© F continuous and x-monotone with respect to y.

@ F C! and uniformly Lispchitz with respect to z.
Q@ I >1YpeN,3IK,cRL, Vte [0, T], xR,z € R,

sup [F(t,x,y,2)| < Kp(1+ |x|* + |z]).
lyl<p

To obtain solutions (Y, Z") to the truncated equations
T T
Y = g(XT)/\n—i—/ Fn(s, Xs, Ys”,Zs”)ds—/ ZMdWs, 0<t<T,
t t
with
Fo(s,x,y,z) = F(s,x,y,z) — F(s,x,0,0) + F(s,x,0,0) A n.
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Theorem for the BSDE driven by a Brownian motion

© g measurable C! Lipschitz on each {x € R™, g(x) < n}.
Q@ S={xeR™ g(x) =+o0} closed.
Q@ g(X7)1k(XT) € L2(Q, F1) for all compact K of R™\S.

Q F(t,x,0,0) >0forall te[0, T],xeR™.
@ There exist g > 1and n: [0, T] x R™ — R* whose inverse
is polynomial growth such that

Vte[0,Tl,x e R™ y e R,z e RY,
F(t,x,y,z) — F(t,x,0,2z) < —n(t,x)|y|?.

To obtain a minimal supersolution (Y, Z) to the equation with
Y =limp— 400 Y" and a suitable a priori estimate on Y.
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Theorem for the BSDE driven by a Brownian motion

F
@ F C! with respect to y, ?)_y locally bounded.

: oF :
@ F C! with respect to x and Ix locally polynomial growth
.
with respect to y. I

To obtain Y Malliavin differentiable and to use
DY =2

and the Malliavin by parts integration to control the term in Z by
using the control of the term in Y/
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Theorem for the BSDE driven by a Brownian motion

First theorem

If we assume the previous assumptions and if g < 3, there exist

2(g—1
o € O,L and C € R* such that
qg+1

Vs e [0, T],x e R™, z € RY,

|F(s,x,0,z) — F(s,x,0,0)| < C(1 + |x|*)|z|*
then P-a.s.
Iitrr_1>i¥f Y: =€
With the previous assumptions and different calculus

E(p(Xr)Yr) = fimlim E(p(X)Y?)

for every function ¢ C? whose compact support is included in
{g < +o0}.



Counter-example for the BSDE with jumps

Can we have a similar theorem for the second equation ?

T T
g(X7) + / F(s, %o, Yo, Zs, Us(-))ds — / Z.dw,
t t

.
—/ / Us(e)i(de,ds), 0<t<T
t E

Xt = xO+/ )ds—l—/t o(s, Xs)dW,
//ﬁ(sXs, fi(de,ds), 0<t<T.

Yt
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Counter-example for the second equation

Second theorem

With a Poisson process N, a simple process X = N, a quadratic
driver

T T
Y: = g(X7) —/ YsstS—/ UsdNs, 0<t<T
t t
and a function g given by

g(x) = (+OO)1{x2xo} + go(x)l{x<xo}.

We have the solution

1
Yi= T_¢ tl{t<T} +g(XT)1{t=T}7 0<t<T.

In particular lim;_, 1 Y: = 400 > g(X7).
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Counter-example for the second equation

The truncated BSDEs
T T B
Y =g(X7)An— / Y2 Y2 |ds — / UldNg, 0<t<T.
t t

And the associated IPDEs

{ g[:(t,x)—Au(t,x)—u(t,x)|u(t,x)] = —Au(t,x+1)
U(T,X) = g(X)7
{ 88utn(t,x)—)\u”(tjx)_ Un(t,X)’u"(t,X)’ _ —)\Un(t,X—i—l)
u(T,x) = g(x)An.
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Counter-example for the BSDE with jumps

We show step by step that, for x > xp and t € [0, T,

1
t,x) = "(t,x) = ——
U(,X) T_ ¢ U(,X) T—t‘i‘%
Then, for x € [xo — 1, x0],
ou” 1
t Au(t,x) — u"(t, x)|u"(t = A——/—71
8t( X)) — Au"(t, x) — u"(t, x)|u"(t, x)] T—t—i—%
u"(T,x) = n.
Thus, noting 1, an explicit auxiliary function,
1 1
u"(t,x) = —————= — Pp(t,x) —> = u(t, x).

T—t—{—* n—+oo | — t
n

And finally we can reiterate the previous reasonning to obtain the
theorem.
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Associated Euler scheme

To understand the behavior of the solution u"(+, x) for
x € [xo — 1, x0[, we studied the convergence of the numerical
scheme for the ODE

1
u'(t) = Au(t) — u(t)|u(t)] = .
u(T) = R"jr
-
O=th<fh <..<tnh=T, hN:N.
un(tn) = x
and

un(ter1) = un(te) — hnf(te, un(te))

with i

f(t,u):)\—i—uz—)\T_t.
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Associated Euler scheme

Convergence
For all @ € 10,1],

max un(te) — —
0<k<|aN| wlti) T — ti| N—+oo

The implicit backward Euler scheme can be written explicit then

. 1 :
we show that limpy_ 1o un(to) = 7 and conclude using the

convergence results about the forward Euler scheme.
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Associated Euler scheme

Backward Euler Numerical Method for T = 1,A = 10 and y = 10 Backward Euler Numerical Method for T = 1, A = 10 and N = 1000
120 { — Limit Solution — Limit Solution
~-- Numerical Scheme for N=100 300 --- Numerical scheme for x = 0
Numerical Scheme for N=10000 Numerical Scheme for x = 150 !
100 { —:- Numerical Scheme for N=1000000 /

2504 —:- Numerical Scheme for x = 300 i

Figure: Backward Euler Numerical Method for T =1 and A = 10. On
the left, x = 10; on the right N = 1000.
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