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Introduction

Formal methods and model-checking
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hy verifying real-time systems?

Real-time systems

/

3/53 Emily Clement Rob in timed




Why verifying real-time systems?
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Why verifying real-time systems?

7 | e syStems\.

Life Cost

Why verifying RTS?

Time to market Mass production
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Verifying real-time systems: model-checking

Property ¢
Model-
checking M = ¢?
algorithm
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Verifying real-time systems: model-checking

Safety property

Model- .
p Does the plane avoid
checking
7 obstacles?
algorithm
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Model-checking

e The model

Timed automata, timed games, weighted timed automata, timed
Petri nets...
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Model-checking

e The model

Timed automata, Timed games, weighted timed automata timed
petri nets...

e The property

Reachability A st_a%e can be _visite#i .
t on, arrival of a train/plane...

to lig
Biichi A state can be visited infinitely often
Liveness A (good) event will eventually happen
Safety A bad event will never happen

a car crash, a collision...
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e The model

Timed automata, Timed games, weighted timed automata timed
petri nets...

e The property

Reachability A state can be _vislitefd .
to light on, arrival of a train/plane...

Biichi A state can be visited infinitely often
Liveness A (good) event will eventually happen
Safety A bad event will never happen

a car crash, a collision...
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:
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Real-time systems modelling: timed automata

e Example: Scheduling system

Location

Acyclic timed automata:

C=

Linear timed automata:

Initial location Goal location
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Real-time systems modelling: timed automata

e Example: Scheduling system

Location Guard

Acyclic timed automata:

Action Clocks Qi

Linear timed automata:

Initial location Reset Goal location
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

lo,(0,0) 2=}
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

00,(0,0) =40, (1,1)
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

00,(0,0) 4o, (1,1)5°

6/53 Emily Clement Rob in timed




Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

fo,(o 0) éo,(l 1) —)Z1,(0 1)
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0 61 2
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

fo,(o 0) éo,(l 1)—)[1,(0 1) 61 (2 3)
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

0o, (0,0) 2=305, (1,1)"25%, (0,1) 254, (2, 3)725°
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

0o, (0,0) 25300, (1,1)°25%, (0,1) 25504, (2, 3)725%,, (2, 0)
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

lo, (0,0) =300, (1,1)°25%, (0,1) 2550, (2, 3)725%,, (2,0) 2=

523
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

lo, (0,0) =345, (1,1)"25%, (0,1) 2501, (2, 3)725%,, (2,0) 2530, (5, 3)
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

lo, (0,0) =300, (1,1)"25%, (0, 1) 25501, (2, 3)725%,, (2,0) 2530, (5,3) 5
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Real-time systems modelling: timed automata

e Example: Scheduling system

Acyclic timed automata:

C=

Linear timed automata:

a,x:=0

Zo,(o 0) éo,(l 1) —)Z1,(0 1) 61 (2 3) by: _042,(2 0) 427(5 3)—>€f,(5 3)
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Robustness in model checking

Delay perturbation
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Example of perturbed semantics: delay perturbation®

e Timed automaton A:

0<x<1 1<x<2
0<y<1 0<y<1
ai, y:=0 a

e Run with delay perturbations of at most § = 0.2

X

lo

1BFMI15.
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Example of perturbed semantics: delay perturbation®

e Timed automaton A:
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e Run with delay perturbations of at most § = 0.2

Lo A

1BFMI15.
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Example of perturbed semantics: delay perturbation®

e Timed automaton A:

0<x<1 1<x<2
0<y<1 0<y<1
ai, y:=0 a

e Run with delay perturbations of at most § = 0.2

1BFMI15.
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Principle of robustness

Property ¢
s
Robustness 5
analysis M p?
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The permissiveness problem
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Principle of robustness

Property ¢

s
Robustness 5

analysis M p?
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o |
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3 > 0st. M | ¢? '
1
The permissiveness problem !
v

5
sup{620|M|=ga}

The maximal-permissiveness problem
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Principle of robustness

Property ¢
o
Robustness 5
analysis M p?
PR
- - - - ! b = ~ ~
-7 ! S~
< X a
5 . 5
3 > 0st. M | ¢? I Fixo >0 M E ¢?
. . 1
The permissiveness problem ! The fixed permissiveness problem
v

5
sup{620|M|=ga}

The maximal-permissiveness problem
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Principle of robustness

Reachability
ey
Robustness 5
analysis M p?
S
- - - I - - ~
i ' RSN
5 \ 5
36 > 0st. M E 7 I Fixd > 0M | ¢7
. . 1
The permissiveness problem : The fixed permissiveness problem

v

s
‘ sup{(520|M|=<p} ’

The maximal-permissiveness problem
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Our model

The permissive semantics
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Our permissive semantics: a turn-based game

Player

- Opponent
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Our permissive semantics: a turn-based game

Player
- Opponent
2<x
0<x,y<2 0<y<2
NLEL LIV

a,y:=0 U b
o = [0» 2]
Permissiveness = 2
0o=0
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Our permissive semantics: a turn-based game

Player
- Opponent
2<x
0<x,y<2 0<y<2
(0,0) b ® (2,2)
a,y:=0 \_/ b
o = [0»2] h = [272]
Permissiveness = 2 Permissiveness = 0
bo=0 0 =2
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Our permissive semantics: a turn-based game

Player : maximises the permissiveness

Opponent : minimises the permissiveness

>
2<x
0<x,y<2 0<y<2
(0,0) L ® (2,2)
a,y:=0 U b
lo = [072] h = [272]
Permissiveness = 2 Permissiveness = 0
6o=0 6 =2

Permissiveness of the run : min (|l|, |h|) = min(2,0) =0
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Our permissive semantics: a turn-based game

Player : maximises the permissiveness

Opponent : minimises the permissiveness

>
2 < x
0<x,y<?2 0<y<2
(0,0) L ® (2,2)
ay=0 \_/ b
lo = [172] h = [172]
Permissiveness = 1 Permissiveness = 1
bo=1 0 =1

Permissiveness of the run : min (||, |h|) = min(1,1) =1
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Our permissive semantics: a turn-based game

Player : maximises the permissiveness

Opponent : minimises the permissiveness

>
2 < x
0<x,y<?2 0<y<2
(0,0) =0y = ® (2,2)
a,y:=0 U b
lo = [172] h = [172]
Permissiveness = 1 Permissiveness = 1
bo=1 0 =1

Permissiveness of the run : min (||, |h|) = min(1,1) =1
> Opponent : worst-case environment

> Our goal: compute the player best strategy, whatever the opponent
decides
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Permissiveness: an infinite number of choices
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Permissiveness: an infinite number of choices

x<5
OO0
a,x:=0 U b,y:=0 U ¢

b,[2,3]

b,[2.9,3]

Choice of interval /, permissiveness = |/|

Current action/permissiveness

Player
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Permissiveness: an infinite number of choices

b,[29,3] \‘—\ (losv + 29[) —ANANS—>
Choice of interval /, permissiveness = |/| Choice of delay 6 € /

Current action/permissiveness All future permissiveness

Player Opponent
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Our model

Goal and contribution of this thesis
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Goal of this thesis: compute the maximal permissiveness

® Permissive
semantics: a
turn-based game

Player : Interval & action: (/,a)

Opponent : delay 6 € /

® Permissiveness

Player Opponent
maximises Minimises

Permissiveness

min (|lo|, |1x] . [l2] )

14 /53
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Reachability

Robustness 5
analysis M =97

issiveness of the
itial configuration

What is the maximal allowed perturbation?




Goal of this thesis: compute the maximal permissiveness

® Permissive
Reachability
semantics: a
turn-based game
Player : Interval & action: (/,a)
Opponent : delay 6 € | Robustness 5
analysis M =97
® Permissiveness
Player Oppornent issiveness of the
. - | configuration
maximised frinimises
What is the maximal allowed perturbation?

Permissiveness

min (|lo|, |1x] . [l2] )

7 ibuti Symbolic computation of the permissiveness for
scontybution linear TA, with controlled approximate results
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Goal of this thesis: compute the maximal permissiveness

® Permissive
Reachability
semantics: a
turn-based game
Player : Interval & action: (/,3)

Robustness 5
analysis M =97

Opponent : delay 6 € /

® Permissiveness

A CEEEE Permissiveness of the
D i initial configuration
maximises Tinimises

What is the maximal allowed perturbation?

Permissiveness

min (|lo|, |1x] . [l2] )

7 ibuti Symbolic computation of the permissiveness for
scontybution linear TA, with controlled approximate results

2nd contribution . . .
Symbolic computation of the permissiveness & the

/ Implemented strategy of the player for acyclic TA and TG
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Goal of this thesis: compute the maximal permissiveness

® Permissive
semantics: a

turn-based game
Player : Interval & action: (/,3)

Opponent : delay 6 € /

® Permissiveness

Player Opponent
maximises Minimises

Permissiveness

min (|lo|, |1x] . [l2] )

14 /53

1st contribution

2nd contribution

/ Implemented

3rd contribution

)' I Lh

mily Cl P

Reachability

Robustness 5
analysis M =97

Permissiveness of the
initial configuration

What is the maximal allowed perturbation?

Symbolic computation of the permissiveness for
linear TA, with controlled approximate results

Symbolic computation of the permissiveness & the
strategy of the player for acyclic TA and TG

Numerical computation of the permissiveness for

acyclic TA, with approximate results
in timed




The permissiveness function

A sequence of suboptimal functions
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A suboptimal sequence of functions

e Strategy of the player: maximises

n ( |ﬂ—0¢| ) 6(5i{:1fﬁ]Pi_1 (Z’,v—i-é[r]) >

Permissiveness of
the successor

Permissiveness
of the current ari=0

mode ([ A], 3)
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A suboptimal sequence of functions

e Strategy of the player: maximises

n ( |ﬂ—0¢| ) éei['lfﬂ]Pi_l (Elav'i_a[r]) >

Permissiveness of
the successor

Permissiveness
of the current =0

mode [a 3], a)

® Opponent strategy lemma (linear case):

player . ([Oé, ﬁ] , a) Opponent’s best stategy o or ﬁ

Jdnf Pia(lv+6[) _m.n(7>,-_1 (¢,v+alr), Pia (e',v+ﬁ[r]))
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The permissiveness function

e A recursive function

Pi(l,v) = sup ) (min (ﬂ - a, 5€i[rlfﬁ] Pio1 (0,v+0 [r])))

([ev,3].2) Ep-moves(£,v
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The permissiveness function

e A recursive function

Pi(l,v) = sup (min (ﬁ —a, inf Py (v +5][r] ))
([ev,3].2)Ep-moves(€,v) d€[er, ] ( )

For linear timed automata:

Pi (4, v) = sup (min (B — o, Pica (¢, v+ alr]), Pica (€, v+ Br])))

([ev.3],2) Ep-moves(£,v)

lim P; (¢, v) = the permissiveness on (¢, v)
I—+00
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The permissiveness function

e A recursive function

Pi(l,v) = sup (min (ﬁ —a, inf Py (v +5][r] ))
([ev,3].2)Ep-moves(€,v) d€[er, ] ( )

For linear timed automata:

Pi (b, v) = sup (min (B — o, Pica (¢, v+ alr]), Pica (€, v+ Br])))

([ev.3],2) Ep-moves(£,v)
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The permissiveness function

e A recursive function

Pi(L,v) = sup (min (ﬁ —a, inf Pia(l,v+46 [r])))
([ev,3].2)Ep-moves(€,v) d€la,B]

For linear timed automata:

Pi (L, v) = sup (min (8~ a, Pica (¢, v+ alr]), Pica (¢, v+ B[r])))

([ev, 3],2) Ep-moves(£,v)

lim P; (¢, v) = the permissiveness on (¢, v)
I—+00

; limit reached in d; steps

o Goal

Compute v — Pq, (£, v) knowing v — Py,_1 (¢, v)
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Example of permissiveness function

o A linear timed automaton

0<x<1 1<x<2

0<y<1 0<y<1
lo m Le
a;, y:=0 U a2

e lIts permissiveness on (g and /3

y y
e E P
U 1oyt 5
I
1 T 1 .y,
N -y 1-y
SN
1—x
xX—y
— > x X
1 2 1 2
(a) Permissiveness on £g (b) Permissiveness on ¢1
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How to compute the permissiveness function ?

e Goal: find the o and 3 that maximises:

min ( B —al, Piea(@,v+alr]), Piea (',v+B[r]) )
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How to compute the permissiveness function ?

e Goal: find the o and 3 that maximises:

min ( B —al, Piea(@,v+alr]), Piea (',v+B[r]) )

e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function
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How to compute the permissiveness function ?

e Goal: find the o and 3 that maximises:

min ( B —al, Piea(@,v+alr]), Piea (',v+B[r]) )

e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function

e Steps: for each couple of cells (hy, hg)

2T S Sihaty)

(a) Step 1: compute S(ha hg)
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How to compute the permissiveness function ?

e Goal: find the o and 3 that maximises:

min ( 1B —al, Pica (€, v+alr]), P (e',v+/3[r]))

e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function

e Steps: for each couple of cells (hy, hg)

2T S Sihaty) /4

(b) Step 2: compute the possible

(a) Step 1: compute S(ha hg) P
« ani
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How to compute the permissiveness function ?

e Goal: find the o and 3 that maximises:

min ( 1B —al, Pica (€, v+alr]), P (e',v+/3[r]))

e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function

e Steps: for each couple of cells (hy, hg)

interval to

, / M be played
" A Sthahe)
A ’ 7 /a
(a) Step 1: compute S(h hg) (b) Step 2: compute the possible (c) Step 3: compute the optimal
"B o and 3 o and 3
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Why compute an approximation of the permissiveness function?

e Exact symbolic algorithm
> A non-elementary algorithm
> A symbolic computation
> An overtilling computation:

y
_ml
S T — [
|
11y

0 2

0 1

(b) Permissiveness computed by our tool

(a) Permisseveness on (g

Rob in timed
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Symbolic computation with controlled approximated results

Computing binary and levelled permissiveness
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Goal of an approximate permissiveness function

> A symbolic computation
> A controlled approximate value
> Reduce the number of cells
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Binary and Levelled permissiveness

e Binary permissiveness principle

Fix p > 0 and ¢, compute S (¢, p) = {v | permissiveness of (¢, v) is greater than p}

e Permissiveness function e Binary permissiveness, p =0
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Binary and Levelled permissiveness

e Binary permissiveness principle

Fix p > 0 and ¢, compute S (¢, p) = {v | Py, (¢, v) > p}

e Permissiveness function e Binary permissiveness, p =0
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Binary and Levelled permissiveness

e Binary permissiveness principle

Fix p > 0 and ¢, compute S (¢, p) = {v | Py, (¢, v) > p}

e Permissiveness function

e Some reductions

23/53 Emily Clement

e Binary permissiveness, p = 1/2
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Binary and Levelled permissiveness

e Binary permissiveness principle

Fix p > 0 and ¢, compute S (¢, p) = {v | Py, (¢, v) > p}

e Permissiveness function e Binary permissiveness, p = 1/2

e Some reductions
> Linear Lemma : for linear TA, S (¢, p) is a polyhedron.
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e Binary permissiveness principle

Fix p > 0 and ¢, compute S (¢, p) = {v | Py, (¢, v) > p}

e Permissiveness function

e Some reductions

e Binary permissiveness, p =1

1> Linear Lemma : for linear TA, S (¢, p) is a polyhedron.
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Binary and Levelled permissiveness

e Binary permissiveness principle

Fix p > 0 and ¢, compute S (¢, p) = {v | Py, (¢, v) > p}

e Permissiveness function o Levelled permissiveness for {0,1/2,1}

e Some reductions
> Linear Lemma : for linear TA, S (¢, p) is a polyhedron.

d
> Levelled permisst fecuces binary permissi
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Permissiveness and binary functions

e Permissiveness e Binary, p =10
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Permissiveness and binary functions

e Permissiveness e Binary, p =10

e Sequence of suboptimal permissiveness functions

Pi(l,v) = sup min (8 — o, Pic1 (¢, v+ alr]) ,Pica (¢ v+ B[r]))

([cx,B],2) Ep-moves(£,v)
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Permissiveness and binary functions

e Permissiveness e Binary, p =10

e Sequence of suboptimal permissiveness functions

Pi(l,v) = sup min (8 — o, Pic1 (¢, v+ alr]) ,Pica (¢ v+ B[r]))

([v,B],2) Ep-moves(£,v)

e Sequence of suboptimal binary function

Bi (£, v) = sup inf (1”5[,]63’,_1([;’,,) (4, v, s, p))

([, +p],a) Ep-moves(£,v) SE[a,a+p]
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Algorithm intuition: compute S; (¢, p) knowing S;_1 (¢, p)

. e e oo~ — Can we find an enabled
.L/' interval of size p?

i . i . i . i
T T x T T X

1 2 1 2

Rob in timed
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Algorithm intuition: compute S; (¢, p) knowing S;_1 (¢, p)

. e e oo~ — Can we find an enabled
.L/' interval of size p?

. I
X T

1 2 1 2

e Steps:

> Compute Si—1 (¢, p)
> Fourier-Motzkin: compute the set of v s.t. there exists o > 0 s.t.:

vta,vtat+plEg
vtalyl,v+a+plyl € Si-1(,p)
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0
x+y+a—-32>0

System of linear inequalities (S)
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0 Fourier-Motzkin
x+y+a—-320 Eliminate o

System of linear inequalities (S)
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0 Fourier-Motzkin (T
x+y+a—-320 Eliminate o -

x+1§x+y—3j

System of linear inequalities (S) System of linear equations of
{(oy) [Fa st (xy, ) verify (S)}
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0

Fourier-Motzkin (T

x+y+a—-32>0

System of linear inequalities (S)

L x+1§x+y—3j

Eliminate o

System of linear equations of
{(y) | Fa st (x,y,a) verify (S)}

e Computing the set of (x,y) € R% s.t. Ja s.t.
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0 Fourier-Motzkin (T
x+y+a—-32>0

x+1<x+y-—3
Eliminate y=3)

System of linear inequalities (S) System of linear equations of

{(x,y) | Ja s.t. (x,y,a) verify (S)}

e Computing the set of (x,y) € R% s.t. Ja s.t.

0<a

vtalkg
vtatpEg

v+aly] € Sica (¢, p)
v+a+ply] € Si-1(l,p)
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0 Fourier-Motzkin -
= —x+1<x+y-—3
X+y+a—-3>0 Eliminate @ - y=3)
System of linear inequalities (S) System of linear equations of

{(x,y) | Ja s.t. (x,y,a) verify (S)}

e Computing the set of (x,y) € R% s.t. Ja s.t.

0<a

0<a 0<x+a<l
v+akEg 0<y+a<l
viatplEg 0<x+a+p<1l

v+aly] € Sica (¢, p)
vt+atplyl €Si-i(f,p)

0<y+a+p<l1
0<x+a<l
0<x+a+p<l1
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0 Fourier-Motzkin -
= —x+1<x+y-—3
X+y+a—-3>0 Eliminate @ - y=3)
System of linear inequalities (S) System of linear equations of

{(x,y) | Ja s.t. (x,y,a) verify (S)}

e Computing the set of (x,y) € R% s.t. Ja s.t.

0<a 0<

v+akEg 0<x+a<1l
vita+pEg 0<y+a<l
v+aly] € Sic1 (¢, p) 0<x+a+p<l
v+a+plyl €Sic1 (¢, p) 0<y+a+p<l
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0 Fourier-Motzkin -
= —x+1<x+y-—3
X+y+a—-3>0 Eliminate @ - y=3)
System of linear inequalities (S) System of linear equations of

{(x,y) | Ja s.t. (x,y,a) verify (S)}

e Computing the set of (x,y) € R% s.t. Ja s.t.

A<a,a<B,0<C

a>0

a > —x
0<a a<l-x
vtalkg a>—y
viatplEg a<l-y
v+aly] € Sic1 (¢, p) a>-—x—p
v+a+ply] € Si-1(l,p) a<l-x-p

a>-—y—p

@El=y=p
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Fourier-Motzkin algorithm

e The principle of the algorithm

x+a—-1>0 Fourier-Motzkin -
= —x+1<x+y-—3
X+y+a—-3>0 Eliminate o - =3
System of linear inequalities (S) System of linear equations of

{(x,y) | Ja s.t. (x,y,a) verify (S)}

e Computing the set of (x,y) € R% s.t. Ja s.t.

A<a,a<B,0<C

a>0
a > —x
0<a a<l-x
vialkg az-—y max (A) < min (B
v+alyl €S 1(¢,p) a>-—x—p 0=<¢C Sysi=P
v+a+ply] € Si-1(l,p) a<l-x-p
a>-—y—p
@El=y=p
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Upper bound complexity

e Upper bound complexity for..

Binary permissiveness algorithm:

o ((4cg)2'd‘)(—_—\ longest path between

£ and a goal location

maximal number of constraints of any guard
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Upper bound complexity

e Upper bound complexity for..

Binary permissiveness algorithm:

o ((4cg)2'd“)(—_—\ longest path between

£ and a goal location

maximal number of constraints of any guard

Levelled permissiveness algorithm {po, - - , pm}:

O ((m+1) (4c)**)

number of levels
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Case of acyclic timed automata

0<x<1A0<y<1 m 1<x<2A0<y<1
Lo 41 Le
= U

1<x<2A0<y<1
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Case of acyclic timed automata

0<x<1A0<y<1 m 1<x<2A0<y<1
Lo 41 Le
= U

1<x<2A0<y<1

e |ts permissiveness function on £

y . . permissiveness
—oo : :
1
1-y
1-y
lix—y A e
2 ~
P
1
2
0 X
[ 1 2
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Case of acyclic timed automata

0<x<1A0<y<1 m 1<x<2A0<y<1
Lo 41 Le
= U

1<x<2A0<y<1

e Issues with binary permissiveness

...... D 2_

e w.we—— Can we find an enabled
. interval of size p?

28 /53

Rob in timed

Emily Clement



Contribution during this thesis

Conclusion & Future work
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Contributions during thesis

e Symbolic algorithm

> A non-elementary algorithm
> Restricted to acyclic timed automata o

> Exact result
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> Exact result

e Binary and levelled permissiveness

> A doubly-exponential algorithm
> Linear w.r.t the number of levels

> Restricted to linear timed automata

> Controlled approximation of the per-
missiveness
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Contributions during thesis

30/53

e Symbolic algorithm

> A non-elementary algorithm

> Restricted to acyclic timed automata ’@“—?o)@

7.3)
> Exact result

e Binary and levelled permissiveness

> A doubly-exponential algorithm
> Linear w.r.t the number of levels
> Restricted to linear timed automata

> Controlled approximation of the per-
missiveness

e Numeric algorithm

0t

> A doubly-exponential algorithm :-::,'..W

> Restricted to acyclic timed automata

Ervor ¢

> Stability not proven :

00 00 10 20
Terse of sampling step «

Rob

Emily Clement in timed

020 40 60 80 100 120 T
Inverse of sampling step «

0



Current & future work related to the thesis

e Symbolic algorithm

> Cyclic TA
> Implementation of acyclic TA =

> Minimise the overtiling
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Current & future work related to the thesis

e Symbolic algorithm

> Cyclic TA
> Implementation of acyclic TA

> Minimise the overtiling
e Binary and levelled permissiveness

> Acyclic (and cyclic) TA
> Implementation with pplpy

e Numeric algorithm

07 10

o s o
> Cyclic TA | e NNV
> Prove the stability B i :
> Implementation of polyhedral guards h n‘ R n—m IR

Taerse of sampling step « Inverse of sampling step «
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Formal method and robotics

Model controlled cars with fixed trajectories

Joint work with Nicolas Perrin-Gilbert> & Philipp Schlehuber®

32/53

2|SIR, Sorbonne université, Paris, France
3LRDE, EPITA, Paris, France
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Example of our problem

Ge
[ ]
B
Tl el K
1
1
A 1
R T o=
1 ]
1 ]
1 ]
1 1
1 1
1 |
1 |
1 ]
1 ]
1 ] C
1 L °
1 1
1 1
Ga ! N gs
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o Goal
> Avoid collision

> Reach all goals
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o Goal
> Avoid collision

> Reach all goals

e Our model
> We controll each cars, with (Stop, Go)
> All cars have the same speed

> Represent the non-collision conditions in the timed automaton

34/53 Emily Clement Rob in timed




o Goal
> Avoid collision

> Reach all goals

e Our model
> We controll each cars, with (Stop, Go)
> All cars have the same speed

> Represent the non-collision conditions in the timed automaton

e Formal methods:

R
Model with "Q_’Q_’©
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Conclusion: Goal of the post-doc

Vehicule Reachability
TA model property
c';"e‘;dk?r'l'g Can A, B and C
7
algorithm reach Ga, Gs, Gc
¥ N
v X
Satisfied Counter-example
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Appendix
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Appendix

Other contribution: an exact symbolic computation®

4ciMm20.
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A symbolic backward algorithm

e Strategy of the player: maximises

n ( |ﬂ—0¢| ) 6(5i{:1fﬁ]Pi_1 (Z’,v—i-é[r]) >

Permissiveness of
the successor

Permissiveness
of the current =0

mode [a 3], a)
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A symbolic backward algorithm

e Strategy of the player: maximises

n ( |ﬂ—0¢| ) éei['lfﬂ]Pi_l (Elav'i_a[r]) >

Permissiveness of
the successor

Permissiveness
of the current =0

mode [a 3], a)

® Opponent strategy lemma (linear case):

player . ([Oé, ﬁ] , a) Opponent’s best stategy o or ﬁ

Jdnf Pia(lv+6[) _m.n(7>,-_1 (¢,v+alr), Pia (e',v+ﬁ[r]))
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The permissiveness function

e A recursive function

Pi(l,v) = sup ) (min (ﬂ - a, 5€i[rlfﬁ] Pio1 (0,v+0 [r])))

([ev,3].2) Ep-moves(£,v
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The permissiveness function

e A recursive function

Pi(l,v) = sup (min (ﬁ —a, inf Py (v +5][r] ))
([ev,3].2)Ep-moves(€,v) d€[er, ] ( )

For linear timed automata:

Pi (4, v) = sup (min (B — o, Pica (¢, v+ alr]), Pica (€, v+ Br])))

([ev.3],2) Ep-moves(£,v)

lim P; (¢, v) = the permissiveness on (¢, v)
I—+00
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The permissiveness function

e A recursive function

Pi(l,v) = sup (min (ﬁ —a, inf Py (v +5][r] ))
([ev,3].2)Ep-moves(€,v) d€[er, ] ( )

For linear timed automata:

Pi (4, v) = sup (min (B — o, Pica (¢, v+ alr]), Pica (€, v+ Br])))

([ev.3],2) Ep-moves(£,v)

lim P; (¢, v) = the permissiveness on (¢, v)
I—+00

; limit reached in d, steps
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The permissiveness function

e A recursive function

Pi(L,v) = sup (min (ﬂ —a, inf Pioi(C,v+46 [r])))
([, 3],2) Ep-moves(£,v) d€la,p]

For linear timed automata:

Pi (L, v) = sup (min (B — o, Pica (€, v+ alr]), Pica (¢, v + B[r])))

([x.3],2) Ep-moves(£,v)

lim P; (¢, v) = the permissiveness on (¢, v)
I—+00

; limit reached in d; steps

e Goal of our algorithm

Compute v — Pg, (¢, v) knowing v > Py,—1 (¢, v)
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Steps of the algorithm (linear timed automata)

e Goal: find the o and 3 that maximises:

min ( B —al, Piea(@,v+alr]), Piea (',v+B[r]) )
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Steps of the algorithm (linear timed automata)

e Goal: find the o and 3 that maximises:
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e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function
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Steps of the algorithm (linear timed automata)

e Goal: find the o and 3 that maximises:

min ( B —al, Piea(@,v+alr]), Piea (',v+B[r]) )

e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function

e Steps: for each couple of cells (hy, hg)

2T S Sihaty)

(a) Step 1: compute S(ha hg)

40 /53 Emily Clement Rob in timed




Steps of the algorithm (linear timed automata)

e Goal: find the o and 3 that maximises:

min ( 1B —al, Pica (€, v+alr]), P (e',v+/3[r]))

e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function

e Steps: for each couple of cells (hy, hg)

S
,' //N/ (hashg) //
(a) Step 1: compute S (b) Step 2: compute the possible
(he vhﬂ) & and 3
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Steps of the algorithm (linear timed automata)

e Goal: find the o and 3 that maximises:

min ( 1B —al, Pica (€, v+alr]), P (e',v+/3[r]))

e v i— P;(¢,v): a 2-Lipschitz piecewise-affine function

e Steps: for each couple of cells (hy, hg)

interval to

, / M be played
" A Sthahe)
A ’ 7 /a
(a) Step 1: compute S(h hg) (b) Step 2: compute the possible (c) Step 3: compute the optimal
"B o and 3 o and 3

40 /53 Emily Clement Rob in timed




SEE

41 /53) qios 2

Emily Clement

in timed




(b) Step 2
7/
/.,

,
L5

41 /53\ qios 2

e Permissiveness on /1: maximise
min (/B —0577)0 (£f7v+a)a730 (€f7V+/6))

Y

(a) Permissiveness on 7y (b) Permissiveness on /¢

Fixing the cells of arrival of the successors h. and hs: (&)
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’,

A Sih i)

(a) Step 1

(b) Step 2
7/
/.,

,
L5

41 /53) qios 2

7/
,
e
/
hg,
,
7/
,
’
g

e Permissiveness on /1: maximise
min (/8 _057730 (£f7v+a)a7)0 (éfv V+/6))

y Y

(a) Permissiveness on 7y (b) Permissiveness on ¢

Step 1: computing S(,,a,,,ﬁ) (Fourier-Motzkin algorithm)

Rob
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41 /53) qios 2

e Permissiveness on /1: maximise
min (8 — a, Po (br, v+ ) , Po (br, v + B))

y Y

(b) Permissiveness on ¢

(a) Permissiveness on 7y

Step 2: computing the intervals of a and 3 (Fourier-Motzkin algorithm)

Iy =15 = [max(0,1—x),min (2 —x,1 —y)]

Rob in timed

Emily Clement



e Permissiveness on /1: maximise
min (/8 _057730 (£f7v+a)a7)0 (éfv V+/6))

y Y

(a) Permissiveness on 7y (b) Permissiveness on ¢

Step 3: computing the optimal « and 3, s.t a < 3, that maximises...

Rob in timed
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e Permissiveness on /1: maximise
min (8 — a, Po (br, v+ ) , Po (br, v + B))

y Y

(a) Permissiveness on 7y (b) Permissiveness on ¢

Step 3: computing the optimal « and 3, s.t a < 3, that maximises...

min (8 — o, Pic1 (¢, v+ a[r]) , Piey (¢, v + B[r]))

Rob in timed
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e Permissiveness on /1: maximise
min (8 — a, Po (br, v+ ) , Po (br, v + B))

y Y

(a) Permissiveness on 7y (b) Permissiveness on ¢

Step 3: computing the optimal « and 3, s.t a < 3, that maximises...

min (8 — «, 400, +00)

Rob in timed
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e Permissiveness on /1: maximise
min (8 — a, Po (br, v+ ) , Po (br, v + B))

y Y

(a) Permissiveness on 7y (b) Permissiveness on ¢

Step 3: computing the optimal « and 3, s.t a < 3, that maximises...

min (5 — o, +00, +OO) (Technical lemma)

Rob in timed
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e Permissiveness on /1: maximise
min (8 — a, Po (br, v+ ) , Po (br, v + B))

y Y

(a) Permissiveness on 7y (b) Permissiveness on ¢

Step 3: computing the optimal « and 3, s.t a < 3, that maximises...

min (5 — o, +00, +OO) (Technical lemma)

o =max(0,1 —x),8"  =min(2—x,1—y)

Rob in timed
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SEE

(b) Step 2
7/
/.,

,
L5

41 /53\ qios 2

e Permissiveness on {y: maximise

min (8 — a, P1 (b1, v + @), P1 ({1, v + 5))

y

x
1 2

(a) Permissiveness on £g

Let us fix ha = hg = A

Emily Clement Rob

in timed

Y

(b) Permissiveness on ¢



’,

A Sih i)

(a) Step 1

(b) Step 2
7/
/.,

,

41 /53) qios 2

7/
,
e
/
hg,
,
7/
,
’
g

e Permissiveness on {y: maximise
min (8 — a,P1 (l1,v+ ), Py (b1, v+ B))

y Y

x

y
t
1 2

(a) Permissiveness on £g (b) Permissiveness on ¢

Step 1: Computing the corresponding entry set Sis, hs)
(Fourier-Motzkin algorithm)

Rob
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e Permissiveness on {y: maximise
min (8 — a,P1 (l1,v+ ), Py (b1, v+ B))

y Y
-0
X .
Strae)
i
7
’
> x
1 2
(a) Permissiveness on £g (b) Permissiveness on ¢

Step 2: Computing the set of possible & and 3 (Fourier-Motzkin algorithm) :

1= 15 = [0.min (1 - x,1 - )]

Rob in timed
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e Permissiveness on {y: maximise
min (8 — a, P1 (b1, v + @), P1 ({1, v + 5))

y Y

7]
’
’
7 -
7

Shaha)

x

y
t
1 2

(a) Permissiveness on £g (b) Permissiveness on ¢

Step 3: For y < x: Computing the optimal a and §in [0,1 — x]?, s.t
a < 3, that maximise:

min (ﬁ —a,l-a+x,1- ﬂ + X) (Technical lemma)

Rob in timed
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e Permissiveness on {y: maximise
min (8 — a, P1 (b1, v + @), P1 ({1, v + 5))

(a) Permissiveness on £g (b) Permissiveness on ¢

Step 3: For y < x: Computing the optimal a and §in [0,1 — x]?, s.t
a < 3, that maximise:

min (ﬁ —a,l-a+x,1- ﬂ + X) (Technical lemma)

Rob in timed
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e Permissiveness on {y: maximise
min (8 — a, P1 (b1, v + @), P1 ({1, v + 5))

(a) Permissiveness on £g (b) Permissiveness on ¢

Step 3: Same for x < y: Computing the optimal a and 3 in
[0,1—y]? st a < 3, that maximise:

min (8 — a,1-a+ x,1- 3+ x) (Technical lemma)

Rob in timed
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Technical Lemma

f:ra-a+b
g:c-p+d Technical lemma argsupmin (h, 7, )
h:B—a «,BeD

Domain D of a and 3 Output

Input
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Technical Lemma

fra-a+b
g:c-p+d Technical lemma argsupmin (h, 7, )
h:B—a «,BeD

Domain D of a and

Input I >|< 1
a= Pl v+alr]) B Pi (¢, v+ B[r])

Output
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Technical Lemma

f:a-a+b
g:c-p+d
h:B—a

Domain D of o and

Technical lemma argsupmin (h, 7, 2)
a,BeD

Output

Input

e When a>0and ¢ < 0:

p . .
| B>a y
1 1 B=a
LAl s
Y E:
i
i
i
"o e Bk
4 /
77 1
v '
705 ]
47077
422Y !
4 1 ¢ 0 t t a
Mo M.
Ma T
(a) Domain D (b) min(f, g, h) on Ri
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Technical Lemma

fra-a+b
g:c-p+d
h:B—a

Domain D of a and 8

Technical lemma argsupmin (h, f, g)

a,BED

Output

Input

e When a>0and ¢ < 0:
8 s
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Complexity and issues

e The algorithm

> Limited to acyclic timed automata
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e The algorithm

> Limited to acyclic timed automata
> Upper bound time complexity: non-elementary

> Complexity: grows with the number of cells, of clocks and d;
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Complexity and issues

e The algorithm

> Limited to acyclic timed automata
> Upper bound time complexity: non-elementary

> Complexity: grows with the number of cells, of clocks and d;

e Causes of the high complexity

> Overtiling
> Exploration of all couple of cells (ha, hg)

7/
.
7/
7/
hy,
7/
e
.
7/
2

’ 7
. ,(;_/ S(hahs)

interval to

be played

rd

(a) Step 1: compute S(h hg) (b) Step 2: compute the possible (c) Step 3: compute the optimal
B a and 8 « and 8
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Implementation

> Based on pplpy
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Implementation

> Based on pplpy
> Covers the case of linear timed automata with polyhedral guards
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Implementation

> Based on pplpy
> Covers the case of linear timed automata with polyhedral guards
> Runtime results on our examples:

|Clocks| | Nb. of transitions Runtime for /o Runtime for /1 | Runtime for £ | Runtime for /3
2 2 0.82 (2 cells) 0.059 (2 cells) - -
2 2 0.071 (6 cells) 0.062 (3 cells) - -
2 2 0.73 (24 cells) 0.034 (3 cells) - -
2 3 38.16 (582 cells) 1.01 (25 cells) | 0.09 (3 cells) -
3 4 19.95 (234 cells) 0.41 (12 cells) | 0.56 (6 cells) 0.14 (6 cells)
3 4 143.48 (1825 cells) | 0.39 (12 cells) | 0.59 (6 cells) 0.14 (6 cells)
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Implementation

> Based on pplpy

> Covers the case of linear timed automata with polyhedral guards

> Runtime results on our examples:

|Clocks| | Nb. of transitions Runtime for /o Runtime for /1 | Runtime for /> | Runtime for /3
2 2 0.82 (2 cells) 0.059 (2 cells) - -
2 2 0.071 (6 cells) 0.062 (3 cells) - -
2 2 0.73 (24 cells) 0.034 (3 cells) - -
2 3 38.16 (582 cells) 1.01 (25 cells) | 0.09 (3 cells) -
3 4 19.95 (234 cells) 0.41 (12 cells) | 0.56 (6 cells) 0.14 (6 cells)
3 4 143.48 (1825 cells) | 0.39 (12 cells) | 0.59 (6 cells) 0.14 (6 cells)
> Runtime results on a case where the number of cells is constant:
T T T
520
0<x<1 0<x<1 b
0<y<1 0<y<1 —~
& a1 qé 1+
=]
S
0<x<1
o<y<1 |® x o
(b) imes d
(@)Am timed transitions (m)
Emily Clement Rob in timed
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The overtiling

e Example of overtiling

y
|
1 [
1
1L
0 2
0 1

(a) Permisseveness on /g (b) Permissiveness computed by our tool
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The causes of the overtiling

> Redundancy in the technical lemma
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The causes of the overtiling

> Redundancy in the technical lemma

> Maximisation/Minimisation (when comparing candidate permissiveness
functions)
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The causes of the overtiling

> Redundancy in the technical lemma

> Maximisation/Minimisation (when comparing candidate permissiveness
functions)

e Example of maximisation: computing max(f, g)

Y y

24 DA

. DU

14 : :

i :

h : :
1 J x T B x

1 2
@l =1 oy (k) g 80 (5, ) = (1 —x) /2, 81 (s ) =1 — y

46 /53
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The causes of the overtiling

> Redundancy in the technical lemma

> Maximisation/Minimisation (when comparing candidate permissiveness
functions)

e Example of maximisation: computing max(f, g)

(a) Wrong result (b) Correct overtilled result max (f, g)
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The causes of the overtiling

> Redundancy in the technical lemma

> Maximisation/Minimisation (when comparing candidate permissiveness
functions)

e Example of maximisation: computing max(f, g)

y y
24 2 ......................
—0o0 —0o0
14 - 14
fi o
Efz 8o
X | b x
1 2 1 2
(a) f (b) Overtilled representation of g
46 /53 Emily Clement Rob in timed




Acyclic timed automata

e Example of an acyclic timed automata

0<x<1A0<y<1 m 1<x<2A0<y<1
Lo {1 lr
= U

1<x<2A0<y<1

o (1st contribution) Its permissiveness on £

y . . permissiveness

1-y

47 /53 Emily Clement Rob in timed




Computing the union of several polyhedra

e Case of two polyhedra
Solved in 2001 by Bemporad, Fukuda and D. Torrisi®:
> Computing convex hull by removing inequalities

> Solving a linear program

5 BemporadFTO01.
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Computing the union of several polyhedra

e Case of two polyhedra
Solved in 2001 by Bemporad, Fukuda and D. Torrisi®:
> Computing convex hull by removing inequalities

> Solving a linear program

e Case of several (> 3) polyhedra
Open problem...

5 BemporadFTO01.
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Appendix

Other contribution: an numerical approximative computation
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Algorithm

initial configuration

(%o, (0,0))

interval sampling

. r---
delay sampling 1 J0.0

ho ha hm
>~
NS ~
Y ~ N
N N
S1.0 SN S dum
N Y ~
N ~ -
Ay ~

~

A

R\
((ff, Vl,U)) ((Zf, V1,1)) (Cr,va,m)
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Algorithm

((o, (0,0))
|
|
! Y
I
!

lon

3rd step: Backtracking on
intervals

2nd step: Backtracking on
delays

(lryvim)

((Zf, V1,1))

Rob in timed

(ff, Vl,o))
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Upper bound complexity

Exploring 5 _ <" (\Imax\)2>
? s

intervals
Linear TA?

No

o ((2~B)"l) o ((B- Msﬂl)d‘)
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Implementation: runtime results

e A linear example

T
L
60 - g
~ )
8 40 ;
£
5
g 20 —
0<x<1 1<x<2 ©
0<y<1 0<y<1 L B
Lo /l:\ @ 0 | I I
y=0"\_/ 0 100 200
a0 a Inverse of sampling step s
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Implementation: runtime results

e A linear example

T T
L
60 - B
- [ 4
8 40 ;
£
S
E 20| R
0<x<1 1<x<2 o«
0<y<1/‘\o<y<1 ol B
Lo Y 2 I I I
U 0 100 200
a0 a Inverse of sampling step s
e An acyclic example
400 o
(4
- o
\% .
= 'a
S
s
- J
W) essresa /;\ aona () of ¢ ‘ ; |
=0 0 50 100
1<x<200<y <1 Inverse of sampling step s
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Implementation: precision results

Error ¢ = Computed permissiveness — correct permissiveness
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Implementation: precision results

Error ¢ = Computed permissiveness — correct permissiveness

e A linear example

1072
ol e T —
o ¥ i

w L]

s .

& 4F, 1
0<x<1 1<x<2 6 -
0<y<1 /7™ 0<y<1 <::) -

0 A £ ! | |
: U 0 100 200
a0 ar Inverse of sampling step s
e An acyclic example
1072
o ]
— i
s
& H
o2 ]
.
0 0<x<100<y<1 /;\ 1<x<270<y <1 p -— ! :
° = N ’ 0 50 100
1<x<200<y <1 Inverse of sampling step s
Emily Clement Rob in timed
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