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CHAPTER
ONE

INTRODUCTION (EN FRANCALIS)

Les processus ponctuels sont un type particulier de processus stochastiques dont une réalisa-
tion est un ensemble de points isolés du temps et/ou de 1’espace. Comme détaillé dans 'introduction
du livre de Daley et Vere-Jones [DV]J07|, I’analyse formelle des processus ponctuels a historiquement
permis 'étude des données de survie au sein d’une population puis I’émergence de la théorie du renou-
vellement et des probléemes de comptage avec les travaux de Poisson [Poi37]. Aujourd’hui, les processus
ponctuels sont des objets mathématiques tres étudiés en probabilité et en statistique car ils décrivent
de nombreux phénomenes aléatoires, notamment ceux évoluant dans le temps, dans des domaines tres
variés allant par exemple des sciences de I'information aux neurosciences, en passant par I’économie,
les sciences humaines et sociales, 1’écologie, ou encore 1’épidémiologie. Pouvoir définir des conditions
de détectabilité des comportements anormaux au sein des observations de ces processus et construire
des procédures pour détecter ces anomalies offrent ainsi un large champ d’applications en science des
données.

L'objectif de cette introduction est de présenter le probleme de la détection de ruptures dans la loi d’un
processus de Poisson : nous expliquons en quoi ce probléme est intéressant pour modéliser et étudier
des phénomenes concrets, nous proposons un aper¢u des principaux résultats obtenus historiquement
et au cours de cette these et présentons certains outils mathématiques utiles pour la résolution de ce
probléme dans les prochains chapitres. Plus précisément, nous rappelons dans une premiére section ce
qu’est un processus de Poisson, un probléme de détection de ruptures et présentons des motivations en
épidémiologie et en cybersécurité pour le probléme particulier de la détection de ruptures dans la loi
d’un processus de Poisson, puis nous spécifions le modeéle statistique étudié dans cette theése. Dans une
deuxieme section, nous énongons certains résultats théoriques de statistique sur lesquels sont basés la
plupart des raisonnements dans la suite de ce manuscrit, a savoir, la notion de quantile, des rappels sur
les tests statistiques simples et multiples ainsi que leurs criteres d’optimalité respectifs. Nous proposons
dans une troisiéme section un état de I’art pour les deux problémes étudiés dans cette these : le probleme
de la détection et de la localisation de ruptures dans l'intensité d’un processus de Poisson. Enfin, dans
une quatriéme section, nous donnons un apercu des prochains chapitres et des principales contributions
de cette thése. Certaines remarques de cette introduction, volontairement informelles, visent a proposer
un éclairage intuitif du probléme de la détection de ruptures dans la loi d’un processus de Poisson et
des outils mathématiques mis en ceuvre dans le reste du manuscrit.



I Deétection de ruptures dans la loi d’un processus de Poisson : motivations
et modele étudié

I.1 Le processus de Poisson

Dans cette these, nous étudions un processus de comptage (N;);>o, appelé processus de Poisson, du
nom du mathématicien francais Siméon Denis Poisson (1781-1840), permettant de modéliser 1’évolu-
tion temporelle de phénomenes aléatoires de type ponctuel. Pour tout t > 0, la quantité N; compte le
nombre d’occurrences, aussi appelées points ou instants de saut du processus, d’un évéenement ou d’un
phénomene aléatoire pouvant survenir a n'importe quel instant, dans l'intervalle de temps [0, ¢].

Définition 1.1 (Processus de Poisson homogene).
Un processus de comptage (N;);>( est appelé processus de Poisson homogeéne d’intensité A > 0 s’il vérifie
les propriétés suivantes :
1. Nyg=0,
2. (Ny)s»0 est a accroissements indépendants,
3. Le nombre de points ou d’instants de saut dans un intervalle de temps quelconque de longueur T
est une variable aléatoire de loi de Poisson de parametre AT.

Il est important de remarquer que le nombre de points observés dans un intervalle dépend seulement
de la taille de I'intervalle, et pas de sa localisation sur la droite réelle : on dit que les accroissements du
processus sont stationnaires.

Pour tout n dans N, on note X, le temps de la n-iéeme occurrence (avec la convention X; = 0) : le pro-
cessus (X ),en est alors appelé processus des temps d’arrivées et les variables aléatoires X, < X; < X, <...
sont appelées, comme vu ci-dessus, les points ou les instants de saut du processus. Ces instants de saut
caractérisent entierement le processus et on a

N; = Z]lxnst, t>0 .

n>1

Proposition 1.2.

Soit (N)so un processus de Poisson homogéne d’intensité A. Pour n dans N et conditionnellement a I’éve-
nement {N; = n}, le n-uplet (Xy,...,X,) a méme loi de probabilité que le n-uplet ordonné correspondant d n
variables aléatoires indépendantes et identiquement distribuées (i.i.d.), de loi uniforme sur [0, t].

Lorsque l'intensité du processus de Poisson varie dans le temps, on doit s’affranchir de la propriété de
stationnarité des accroissements du processus, on parle alors de processus de Poisson inhomogene.

Définition 1.3 (Processus de Poisson inhomogeéne).
Soit A une fonction strictement positive et localement intégrable. Un processus de comptage {N;, t > 0}
est appelé processus de Poisson inhomogeéne de fonction intensité (ou simplement d’intensité) A, s’il
vérifie les propriétés suivantes :

1. Ny =0,

2. (Ny)s»0 est a accroissements indépendants,

3. Le nombre de points ou d’instants de saut dans un intervalle de temps quelconque I est une va-

riable aléatoire de loi de Poisson de parametre L A(t)dt, ou dt est la mesure de Lebesgue.

Comme pour le cas homogene, on dispose d'une propriété sur la loi conditionnelle des points d’un
processus de Poisson inhomogene.

Proposition 1.4.
Soit (N})o un processus de Poisson inhomogeéne d’intensité A. Pour n dans N et conditionnellement a {N; = n},
le n-uplet (Xy,...,X,) a méme loi que le n-uplet ordonné correspondant a n variables aléatoires i.i.d. de densité

/\/fot A(s)ds sur [0, t].



I.2 Le probleme de la détection de ruptures

A partir de l'observation d’un processus de Poisson sur un intervalle de temps fixé et borné, on s’inté-
resse au probléme de la détection d’"une rupture dans la loi du processus, caractérisée par un changement
abrupt sous forme de saut, éventuellement transitoire, dans son intensité. Le probléeme plus général de
la détection de ruptures dans la loi de processus stochastiques intéresse les mathématiciennes et mathé-
maticiens depuis les années 1940-1950 avec les travaux fondateurs de Wald [Wal45], Girshick et Rubin
[GR52], Page [Pag54] ou Fisher [Fis58]. La littérature sur la détection de ruptures étant particuliere-
ment riche et abondante, nous ne pourrons pas présenter un état de l'art exhaustif. On trouvera par
exemple des apercus plus complets et le détail de certaines techniques de détection dans les ouvrages de
référence de Basseville et Nikirov [BN93], Carlstein et al. [CMS94|, Csorgo et Horvath [CH97|, Brodsky
et Darkhovsky [BD13b}BD13a], Tartakovsky et al. [TNB14a], ainsi qu’une bibliographie structurée de
différents articles de recherche sur la détection de ruptures dans un papier de Lee [Leel0].

Il existe deux approches permettant de formaliser mathématiquement 1’étude statistique des problémes
de détection de ruptures : le cadre en-ligne (ou on-line) et le cadre hors-ligne (ou off-line).

Dans le cadre en-ligne, le probleme de détection de ruptures est traité par une approche séquentielle : la
taille de I’échantillon ou la durée de 'observation n’est pas fixée au préalable et les données sont évaluées
au fur et a mesure qu’elles sont recueillies (en temps réel, par point ou par lot). analyse et le traitement
des données sont effectués instantanément avant l'arrivée de nouvelles observations et la détection de
ruptures repose alors sur le choix d’une statistique et du seuil qu’elle doit atteindre pour signaler une
détection. Cette démarche est typique de ’analyse séquentielle, I’échantillonnage ou l'observation du
processus est stoppé selon une regle d’arrét établie au préalable, des que des résultats significatifs sont
notés. Autrement dit, il s’agit de détecter une rupture le plus rapidement possible une fois qu’elle est
passée. Des critéres d’optimalité permettent de mesurer les performances des procédures de détection
en-ligne selon la nature des observations : on trouvera une présentation des critéres usuels d’optimalité
dans les articles de Lai [LaiO1], Moustakides [Mou08| ou Polunchenko et Tartakovsky [PT12]. On pourra
également consulter le livre de Siegmund [Sie85] pour une présentation détaillée des outils de ’analyse
séquentielle.

En opposition a la formulation séquentielle ou en-ligne du probleme de détection, la formulation hors-
ligne offre un cadre rétrospectif a la détection de ruptures. Dans le cadre hors-ligne, les observations
sont fixées et la détection de ruptures est traitée a posteriori. Deux questions distinctes se posent alors :
(1) détecter un nombre donné de ruptures ou estimer le nombre de ruptures dans la loi a partir des
observations,

(2) estimer un ou plusieurs parameétres des ruptures (instants de rupture, tailles des sauts,...) une fois les
ruptures détectées.

Comme l'expliquent Niu et al. dans [NHZ16], ces deux questions peuvent étre formulées ou interprétées
comme des problemes de tests statistiques simples ou multiples. Si ces deux questions sont générale-
ment traitées simultanément dans la littérature, les performances des procédures de tests et les aspects
d’optimalité ne sont pas toujours explicites ou étudiés théoriquement.

Pour les formulations en-ligne et hors-ligne des problémes de détection, on peut considérer un modele
bayésien ou un modeéle non bayésien pour la description des ruptures. Dans les modeles bayésiens, les
parametres des ruptures (comme les instants de saut par exemple) sont supposés aléatoires et on dispose
d’informations a priori sur leur loi alors que dans les modeles fréquentistes (ou non bayésiens), ils sont
déterministes et inconnus.

Dans cette thése, nous abordons la question de la détection optimale, au sens du minimax, d’une rupture
(éventuellement transitoire) dans la loi d’'un processus de Poisson pour une formulation hors-ligne et
non bayésienne du probleme. Nous proposons une étude minimax non asymptotique des problemes de
tests et une démarche progressive dans la construction de procédures de tests simples optimales pour
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la détection de ruptures puis dans la construction de procédures de tests multiples optimales pour la
localisation d’une rupture.

I.3 Des applications en épidémiologie et en cybersécurité

Afin de motiver ce probléeme de détection d’'un changement abrupt, transitoire ou non, dans l'intensité
d’un processus de Poisson, plusieurs applications peuvent étre envisagées. Nous nous concentrons sur
deux d’entre-elles, en épidémiologie et en cybersécurité.

Tout d’abord, la détection de ruptures dans le taux d’apparitions de certains évenements est un objectif
important en santé public ou en surveillance médicale (voir les travaux de Woodall [Wo006], de Shmueli
et Burkom [SB10] et de Tsui et al. [TCG"08]). Les méthodes de détection sont souvent basées sur 1’ob-
servation de séries temporelles ou de processus de comptage comme dans [RBC*07,|SZ10]. Le nombre
de données observées ponctuellement dans le temps est généralement modélisé par une variable aléa-
toire discrete de loi de Poisson (voir par exemple les articles de Levin et Kline [LK85] et de Sonesson
[Son07]) : une rupture dans la moyenne de la loi indique alors qu’un événement anormal s’est produit.
Généralement, on suppose que le processus d’intérét est un processus de Poisson (voir par exemple
[SBO3} Kul97 LW94]|) et que les données sont observées sur des intervalles de temps de longueur dé-
terministe puis agrégées (on pourra consulter les articles [SWC13, RPW15]| pour la description de ce
modele).

Comme l'explique Han et al. [HTAK10] et selon le schéma des observations, les méthodes usuelles pour
détecter des ruptures dans la loi des processus en épidémiologie reposent essentiellement sur trois types
de statistiques : les statistiques de scan (voir par exemple [GB99,INWO06| WMJ*08]), les statistiques de
sommes cumulées (ou statistiques CUSUM) comme dans [LK85/[Son07] et les statistiques des moyennes
mobiles pondérées exponentiellement (ou statistiques EWMA) utilisées dans [SSJT14]. Il est a noter
que les méthodes les plus populaires dans la littérature traitant de la détection de ruptures dans la loi
de processus observés en certains points du temps sont celles basées sur la statistique CUSUM. Cette
statistique, introduite par Page dans les années 1950 [Pag54| a été trés largement étudiée en pratique et
plusieurs résultats d’optimalité ont été démontrés : on citera par exemple les articles dédiés de Lorden
[Lor71], Moustakides [Mou86], Ritov [Rit90], Beibel [Bei96] et Shiryayev [Shi96]. Si historiquement les
approches basées sur la statistique CUSUM sont issues de 'analyse séquentielle pour des problemes
de détection en-ligne, elles peuvent étre adaptées pour des formulations hors-ligne (on renverra par
exemple a 'article de Galeano [Gal07] pour la détection de ruptures dans la loi d’un processus de Poisson
et a la review de Yu [Yu20] pour la détection de ruptures dans un cadre gaussien).

Les questions de cybersécurité, qui ont connu un essor considérable ces dernieres décennies, sont un en-
jeu important pour les gouvernements, les industries, la finance, la défense et la vie privée. Les compor-
tements malveillants et les tentatives d’intrusion comme les campagnes de spam, de phishing et les virus
informatiques sont des faits récurrents et deviennent de plus en plus difficiles a détecter. Des évenements
anormaux produisent généralement des changements soudains dans le trafic au sein d’un réseau et ces
attaques peuvent donc étre détectées en remarquant un changement dans le nombre moyen de paquets
observés dans I'intensité du trafic. On pourra consulter 'ouvrage de Basseville et al. [TNB14b] pour plus
de précision sur le modele. Enfin, les paquets au sein du trafic internet sont souvent modélisés par un
processus de Poisson (voir les articles [PT12], [CCLS03], [KMFBO04], [VSO09] ou [SKRO08]) : la détection
d’une anomalie s’interprete alors comme un probleme de détection de rupture dans l'intensité d’un
processus de Poisson.

Un probleme particulier, étudié par exemple par Soltani et al. [SGTH15], [SGTH20| et Wang et al.
[Wan18|, concerne les communications au sein d’un canal de paquets. Au sein d’un canal sur lequel un
émetteur autorisé envoie des paquets a un destinataire autorisé selon un processus de Poisson (supposé

10



homogene), un émetteur secret (non autorisé) souhaite communiquer des informations a un destinataire
secret sans étre détecté par un adversaire qui surveille le canal. Plusieurs modéles de communications
secrétes ont été étudiés par les auteurs cités. Par exemple dans [SGTHI15], '’émetteur secret est restreint
a insérer des paquets ou a ralentir le flux de paquets pour transmettre ses informations. La question de
la détectabilité de ces stratégies de communications secrétes s’interpréte donc comme l'optimalité de
la détection d’un segment dans l'intensité d’un processus de Poisson et est donc directement reliée au
point de vue minimax des problemes de tests décrit dans cette these.

Enfin, d’autres auteurs ont considéré un processus de Poisson pour modéliser les occurrences de cer-
taines cyberattaques ou d’intrusions au sein d’un systeme informatique : une modification soudaine de
I'intensité du processus témoigne alors d’un changement dans le régime d’attaque (voir les articles de
Daras |Dar14] et Holm [Hol13]| pour une description plus détaillée de ce modele).

I.4 Notations et modele statistique étudié : formulation hors-ligne et non bayésienne
Modéle statistique

On considere un processus de Poisson (éventuellement inhomogene) N = (Ny)[o,1], observé sur l'inter-
valle de temps fixé [0, 1], d’intensité A définie par rapport a une mesure A sur [0, 1] et dont la loi est notée
P,. Comme dans [FLRB11] et [FLRB13], on suppose que la mesure A sur [0,1] vérifie dA(t) = Ldt,ou L
est un réel strictement positif fixé et dt est la mesure de Lebesgue sur [0, 1]. Le choix de cette mesure par
rapport a laquelle est définie l'intensité du processus nous permettra de comparer nos résultats d’opti-
malité avec ceux obtenus dans d’autres modeles fréquentiels asymptotiques ou non-asymptotiques. On
peut en effet remarquer que si L est un entier naturel, I’hypothése sur la mesure A revient a considé-
rer le processus N comme le processus agrégé de L processus de Poisson indépendants et d’intensité
commune A définie par rapport a la mesure de Lebesgue : faire tendre L vers I'infini pourrait donc dé-
finir une asymptotique pour notre modéle. Dans toute la suite, insistons cependant sur le fait que nous
travaillons a L fixé, c’est-a-dire dans un cadre non asymptotique.

On rappelle qu'une rupture dans la loi du processus de Poisson est ici caractérisée par un saut dans son
intensité A, c’est-a-dire que A est de la forme

/\(t) = /\0 + 6]1(1’1](”, te [0,1] B

et qu’'une rupture transitoire dans la loi du processus est caractérisée par un segment dans son intensité,
c’est-a-dire que A est de la forme

/\(t) = /\0 + 51(’(,T+€](t)1 te [0, 1] ,

ou

» A € Rf est I'intensité de référence du processus,

» 0 € (—Ag, +00)\ {0} est la taille ou 'amplitude du saut (ou du segment),
» 7€ (0,1) est 'instant de rupture,

» {c(0,1—-1)estlalongueur du segment.

De maniére heuristique, il semble difficile de détecter des sauts dans l'intensité qui interviennent "proche
du bord" (c’est-a-dire dont les instants de rupture sont proches de 0 ou de 1) et de faibles amplitudes
(c’est-a-dire dont la taille est "petite"). De méme, il semble difficile de détecter des segments dont la
longueur est proche de 0 ou 1 pour de faibles amplitudes de sauts (voir Figure [1.1d). L'ensemble des
parametres de la rupture pour lesquels on peut espérer détecter un saut ou un segment via une pro-
cédure de test est appelé région de détectabilité. Comme nous le verrons dans la suite, cette région de
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détectabilité sera quantifiée par les critéres d’optimalité au sens du minimax que nous définissons dans
la prochaine section.

Ficure 1.1 — Trajectoires d’un processus de Poisson selon la forme de l'intensité (intensité constante,
avec un saut ou un segment) définie par rapport a dA(t) = Ldt avec L = 100. On suppose que I'intensité
de référence A est égale a 1. En abscisse, le temps t et en ordonnée la valeur du processus N;.

8 1 8 — 1
o _ I
& o _| i
© |
o l
‘o |
o _| |
= |
o ] 1
< |
o _| 1
o _] ~N |
N I
o - o - !
| | | | 1 | | | | | | I
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(a) Processus de Poisson homogeéne - intensité constante (b) Processus de Poisson inhomogéne - un saut non
(égalea AgL =100) transitoire dans I'intensité en T = 0.6 de taille 6 = —0.6
o :
N 1 1
hu o o | 1
9 1 I I
o _ I I
o — 0 ] :
«© | 1
o _| | |
o _| o | 1
© I 1
g % o
o | o | : :
N N 1 1
o o . :
l | | | T T T T T 1 f T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(c) Processus de Poisson inhomogene - un saut dans (d) Processus de Poisson inhomogéne - un segment
I'intensité en 7 = 0.2, de longueur ¢ = 0.4 et de taille dans l'intensité en 7 = 0.6, de longueur ¢ = 0.2 et de
6=0.8 taille 6 = -0.2

Notations

Introduisons a présent quelques notations utilisées dans toute la suite de ce manuscrit.

» Pour un processus de Poisson N = (N)[0,1], 'accroissement N, — N, est noté N(t;, 1] pour tout
71,7, dans [0,1] et E) et Var, désignent respectivement l’espérance et la variance sous la loi Py, c’est-a-
dire lorsque N est d’intensité A par rapport a dA(t) = Ldt.

» La distance notée d, est la métrique usuelle de L,([0,1]). On considére aussi le produit scalaire et la
norme de L,([0,1]) que I'on note respectivement {-,-), et || - ||5.

» Pour des réels x et p, x V y (respectivement x A p) désigne le maximum (respectivement le minimum)
entre x et v, et la fonction signe, notée sgn, est définie par sgn(x) = 1.9 — 1, et sgn(0) = 0.

» Pour un ensemble fini ©, |©| désigne le cardinal de ©.
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II Des tests simples aux tests multiples pour la détection et la localisation
d’une rupture. Optimalité au sens du minimax

II.1 Quantiles

Les valeurs critiques des tests simples que nous construisons dans les prochains chapitres sont définies
a partir des quantiles des statistiques de test. La notion de quantile est donc primordiale pour toute la
suite de ce manuscrit, nous en rappelons sa définition et certaines de ses propriétés.

Pour une variable aléatoire réelle X, on appelle fonction de répartition de X la fonction F : R — [0,1]
définie par
F(t)=P(X <t), VteR .
On appelle inverse généralisée de la fonction F, la fonction F~! définie par
FYu)=inf{t e R, F(t)>u}, Yue[0,1] .

Par construction, la fonction F~! est croissante et vérifie F~'(0) = —co. De plus, si {t € R, F(t) > u} = &
alors u = 1 et F~}(u) = +o0 (avec la convention inf(@) = +oo).

Si la fonction F est bijective de R dans (0, 1), alors elle est continue sur R et I'inverse généralisée de F
coincide avec I'inverse de F sur (0,1). L'inverse généralisée reste cependant définie méme si F n’est pas
bijective, en particulier lorsque F est la fonction de répartition d’une loi discrete. On peut a présent
introduire la notion de quantile.

Définition 1.5 (Quantile).

Soit X une variable aléatoire réelle de fonction de répartition F dont I'inverse généralisée est notée F~1.
Pour u dans (0, 1), la quantité F~!(u) s’appelle le quantile d’ordre u ou le u-quantile (de la loi) de X.

Remarquons que la fonction de répartition F d’une variable aléatoire réelle X et son inverse généralisée
F~! vérifient, pour tout réel t et pour tout u dans [0,1], la propriété suivante

Flu)<teu<F() . (1.1)

Cette propriété nous permet notamment d’obtenir des contrdles sur les quantiles. Illustrons cela en
établissant des controles sur les quantiles d’une loi de Poisson.

Lemme 1.6 (Controles des quantiles d’une loi de Poisson).
Le u-quantile pg(u) d’une loi de Poisson de paramétre & > 0 vérifie

—VE/u+E<pe(u) <VE/(-u)+& . (1.2)

Démonstration.
Soit N une variable aléatoire de loi de Poisson de paramétre &. D’apres I'inégalité de Bienaymé-Chebysheyv,

on a pour tout € > 0,
¢ ¢
PIN<—y/——+&|<u—-e<u et PIN>[Z+&|<u.
u—¢€ u

Ainsi, d’apreés la propriété (1.1),
4 4
< <q[——+€&,
u—e+(S pg(u)_ 1—u+é

et on obtient le résultat en faisant tendre ¢ vers zéro. I

Les controles du quantile d’une loi de Poisson déterminés par le lemme précédent, basés sur l'inégalité
de Bienaymé-Chebyshev, sont assez grossiers : des controles plus fins peuvent étre obtenus en utilisant
d’autres inégalités de concentration (voir par exemple le Lemme ou des inégalités exponentielles.

13



I1.2 Tests statistiques simples pour la détection de ruptures et vitesse de séparation mini-
max

Dans ce travail, le probléme de la détection d’une rupture (éventuellement transitoire) dans la loi d’un
processus de Poisson est vu comme un probléme de test simple de I’hypothese nulle (Hy) ”A € Sy” contre
I’alternative (H;) ”A € §;” dans le modeéle décrit précédemment. Sy désigne soit I’ensemble formé par
1 1 P 0 g p
une intensité constante fixée, dans le cas ou l'intensité de référence est connue, soit I’ensemble de toutes
les intensités constantes sur [0,1], dans le cas ou l'intensité de référence du processus est inconnue.
P
L'ensemble S; désigne, quant a lui, un ensemble d’intensités alternatives définies comme des fonctions
1 gne, q
positives et constantes par morceaux avec un saut ou un segment.

On rappelle qu’une fonction de test ou un test plus simplement (non randomisé) est une statistique ¢ a
valeurs dans {0, 1}, telle que I’hypothese nulle (Hj) est rejetée au profit de (H; ) si ¢(N) = 1. Prendre la
décision de rejeter ou non une hypothese au profit d’'une autre, c’est prendre le risque de commettre une
erreur.

Dans notre cas, le risque de premiére espéce d’un test ¢ est I’application définie sur Sy par A — Py(¢p(N) =
1). Pour un réel a dans [0,1], on dira qu'un test ¢ est de niveau « si son risque de premiere espece
maximal est inférieur ou égal a o :

sup P(p(N)=1)<a ,

AeS,
et on dira qu’il est de taille a si son risque de premiere espece maximal est égal a o :

sup Py(p(N)=1)=a .
AeSy
Le risque de deuxiéme espéce d’un test ¢ est I'application définie sur S; par A — Py(¢(N) = 0), et sa
puissance est I'application définie sur §; par A — Py(¢p(N) =1).

Il existe une premieére notion d’optimalité en théorie des tests basée sur le principe de Neyman et Pear-
son. Elle consiste a rechercher parmi les tests de niveau a, ceux dont la puissance est la plus grande
possible. Pour deux tests ¢, et ¢/, de niveau a, on dit que ¢, est uniformément plus puissant (UPP) que
le test ¢/, si pour tout A dans Sy, Py (¢4 (N)=1) > Py (¢, (N) =1). On dit alors qu'un test est uniformément
plus puissant parmi les tests de niveau «, s’il est de niveau «a et s’il est uniformément plus puissant que
tout test de niveau a. Cependant, si les tests du rapport de vraisemblance sont des tests uniformément
plus puissant dans certains cas particuliers, il n’existe pas de tests optimaux en ce sens dans la majorité
des situations. On pourra consulter 'ouvrage de Lehmann et Romano [LR05| pour une présentation de
cette théorie des tests de Neyman-Pearson et des tests uniformément plus puissants, ainsi que sa géné-
ralisation a des problemes plus complexes (tests sans biais, tests avec parameétres de nuisance...). Nous
allons maintenant définir une autre notion d’optimalité en théorie des tests basée sur le principe dit
minimax.

La notion d’optimalité minimax que nous allons définir ici est en accord avec le principe de Neyman-
Pearson et le point de vue non asymptotique que nous adoptons dans notre modele de détection de
ruptures. Ainsi, dans un premier temps, étant donné un niveau a dans (0,1) pour l'erreur de premiere
espéce, tout test non randomisé ¢ doit étre de niveau a. Dans un second temps, étant donné un niveau p
dans (0, 1) pour l'erreur de seconde espece, tout test de niveau a doit atteindre sur la classe d’alternatives
considérée, la vitesse de séparation minimax de niveaux «a et f définie comme suit.

En considérant la métrique usuelle d, de LL,([0,1]) et un test ¢, de niveau a de (H) contre (H; ), on
définit la vitesse de séparation uniforme de niveau  de ¢, sur la classe d’alternative S; (pour la distance

dy) par

S .
SRﬁO(q‘ba,Sl)sz r>0, sup Py(¢pa(N)=0)<B?} . (1.3)
/\681, dz( /\,80 )ZT
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Autrement dit, la vitesse de séparation uniforme de niveau $ pour un test (de niveau a) ¢, s’interprete
comme le plus petit réel r > 0 qui garanti le controle de I’erreur de premiere espece par « et le controle de
l'erreur de seconde espéce par § pour toute alternative A de §; a distance au moins r de I’hypothese nulle
(c’est-a-dire des intensités constantes). De maniere heuristique et pour un test ¢, donné, il s’agit de la
plus petite distance entre les hypothéses qui permet de bien "séparer" I’hypotheése nulle de ’hypothese
alternative, au sens ou les erreurs de premiére et de deuxieme espeéce sont controlées par des niveaux
fixés a priori. La vitesse de séparation minimax de niveaux « et p sur S; (pour d,) est alors définie par

S . S
mSRY . (S,) = inf SR (¢y,S,) (1.4
0(;/3 ! ¢ar SuPAeSO PA(¢a(N):1 )Sa ﬁ ((Pa ! ) )

ou l'infimum est pris sur tous les tests non randomisés de niveau «.

Remarque 1.1 (Notations).
Lorsqu’il n’y a pas d’ambiguité sur le choix de Sy, on notera simplement mSR, 4 (S1) (respectivement

SRg (a,S1)) pour désigner mSRi‘?ﬁ (S1) (respectivement SR‘;0 (ParSt)).

Heuristiquement, la vitesse de séparation minimax donne la distance minimale entre les intensités de
l'alternative S, et I’ensemble Sy nécessaire pour détecter convenablement la rupture, au sens ou il existe,
pour chacune de ces alternatives "suffisamment éloignées" de Sy, un test de niveau a dont l'erreur de
seconde espéce est controlée par . Enfin, on dira qu’un test ¢, de niveau a est un test minimax de
niveau f sur Sy si SRg(Pga,S1) est égale a mSR, (851 ), a une éventuelle constante multiplicative pres
qui peut dépendre de a, et d’autres parameétres de Sy, mais pas de L. Ces définitions, introduites par
Baraud |Bar02], traduisent dans un cadre non asymptotique les critéres minimax asymptotiques pour
les problemes de tests définis dans les travaux d’Ingster |Ing82||Ing84, Ing93|, et qui ont aujourd’hui
plusieurs extensions dans la littérature : on citera par exemple le critére asymptotique minimax avec
constantes de séparation exactes présenté dans [LT00].

Le calcul de la vitesse de séparation minimax pour un probléme de test s’obtient en deux étapes : le calcul
d’une borne inférieure puis d’une borne supérieure pour mSR, g(S;). Une borne inférieure minimax
pour la vitesse de séparation se déduit de la théorie de la décision par des arguments bayésiens classiques
énoncés par Le Cam, et explicités par Ingster |Ing82}|Ing84, Ing93| et Baraud [Bar02] respectivement
dans des cadres asymptotique et non asymptotique. Pour le cas particulier des problémes de test sur un
processus de Poisson, ces arguments sont résumés dans les deux lemmes techniques suivants, prouvés
dans [FLRBI1]. Le Lemme étant fondamental dans la suite du manuscrit pour le calcul de bornes
inférieures pour les vitesses de séparation minimax, on rappellera sa preuve.

Lemme 1.7.
Pour r > 0 et pour tout sous-espace S de 1.,([0,1]), soit S, = {A € S, dy(A,Sy) > r}. Pour a dans (0,1), on
définit
S,) = inf sup P (N)=0) .

PalSr) Postuprs, PBa(N)=)<a o A($alN)
(i) Si pa(S;) = B alors mSR, g(S) > 7.
(ii) Pour tous sous-ensembles S” et S de L,([0,1]) vérifiant S’ C S, on a po(S;) < pa(Sy) et mSR, 4(S') <
mSR, 4(S).

Lemme 1.8 (Lemme baysésien pour les bornes inférieures minimax).
Soit p une mesure de probabilité sur S, et soit P, la loi de mélange définie par

@:fmwuy
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Alors
dP# 2 1 1/2
(dPAO ) B '

2
Par conséquent, si a + f <1 etinf) s E), [(dPﬂ/dP/\O) ] <1+4(1-a-p)>? alors

1 .
Pal(S) 21 —a— E(/\trel«fSOE%

Pa(S) =B et mSR,4(S)>r .

Démonstration (voir [ELRB11]]).

L'infimum (respectivement le supremum) pris sur tous les tests simples ¢, de niveau a de I’hypothese
nulle (Hy) sera simplement noté inf, (respectivement sup%). En utilisant les notations du Lemme|1.7
on a pour tout Ay dans Sy,

0a(S,) inffza(qba = 0)dpu(A)

a

>1 —supJP,\M)a =1)du(A)

a

=1-supPyiga =1)

> 1 —sup(|Pu(pa =1) = Py (¢a = 1) +IPy, (¢a = 1))

>1-a-V(P,Py,)

ou V(P,, P),) désigne la distance en variation totale entre les mesures de probabilité P, et P) . D’apres le
Lemme de Scheffé (voir Lemme 2.1 de [Tsy08]), puis de 'inégalité de Cauchy-Schwarz, on a donc

21/2
K
dpy, '
Comme E, [dP,/dP) ] =1, on obtient finalement pour tout Ay dans S,
dp, \’
dP),

ce qui acheve la preuve. O

L
iy

1
pa(Sr) >2l-a- EE/\O[

1
>1-a-E,

1
pa(Sr)Zl_a_E\/E/\o -1,

Une fois qu’une borne inférieure est calculée pour mSR, 4 (S ), nous construisons une procédure de test
minimax, c’est-a-dire une procédure dont la vitesse de séparation est du méme ordre que les bornes infé-
rieures préalablement déterminées, offrant ainsi des bornes supérieures pour les vitesses de séparation
minimax.

Rappelons que nous déterminons des vitesses de séparation minimax pour la métrique d, de LL,([0, 1]).
Pour une alternative A de S; de la forme A = Ay + 61, 1¢] avec Ag € RS, 6 € (A, +00) \ {0}, T € (0, 1) et
¢ € (0,1 -], on calcule donc la distance d,(A,Sy) (aussi appelée énergie du signal ou rapport signal sur
bruit dans la littérature du traitement du signal ou des images). Notons que pour ¢ =1 — 7, l'intensité A
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est un élément de l’alternative pour le probléme de détection d’une rupture (non transitoire) dans la loi
du processus de Poisson. Dans le cas ou 1y est un parametre connu, on a Sy = {1} et donc

dy (A, {Ao)) = 161VE

Dans le cas ou I'intensité de référence A\ est inconnue, S) désigne I’ensemble des intensités constantes
sur [0, 1] et la distance de A a 'ensemble S est définie de maniere usuelle par d,(A, Sp) = inf) s, d2(A, Ao).

On a alors
dy(A,Sp) = olye(1-¢) .

On peut remarquer que si un test uniformément plus puissant existe pour un probléme de test, alors il
atteint la vitesse de séparation minimax sur la classe d’alternatives considérée. On dispose en effet du
résultat suivant :

Lemme 1.9.

Soient Sy et Sy deux sous-espaces de 1,([0,1]) et considérons le probleme de test de (Hy)”A € Sy” contre
(Hy)”A € 8,”. Soit a dans (0,1) et supposons qu’il existe un test ¢, uniformément plus puissant pour ce
probleme de test. Alors, pour la distance d; et pour tout B dans (0,1), SRg(d,S1) est une borne inférieure
pour mSR, g(S1).

Démonstration.
La preuve de ce lemme est immédiate : comme ¢, est un test uniformément plus puissant, on a pour
tout r > 0 et pour tout test ¢, de niveau «,

sup P\(¢po=0) < sup Py(¢y =0) .
AES,, dy(N,Sy)>r A€y, dy(1,Sy)=r

On a donc SRg(¢a,S1) < SR(¢, S1) pour tout test ¢, de niveau a. Alors, SRg(¢a,S1) < mSR, 4(S1) ce
qui achéve la preuve. 0

Enfin, pour les différents choix de Sy (selon que 'intensité de référence du processus est connue ou pas),
nous nous intéressons a plusieurs classes d’alternatives S; dont les éléments sont des intensités A avec un
saut ou segment de position et de taille connues ou inconnues. Suivant la terminologie introduite dans
les travaux de Spokoiny [Spo96], nous menons dans les chapitres[2]et [3|une étude minimax adaptative
compléte de ce probléme de détection de ruptures : quand au moins un des parametres de l’alternative
est inconnu, les procédures de tests minimax correspondantes sont dites minimax adaptatives par rapport
a ces parametres inconnus.

I1.3 Tests multiples pour la détection et la localisation d’une rupture et vitesse de sépara-
tion minimax par famille

En plus de sa détection, on peut aussi se poser la question de la localisation d’une rupture dans la loi du
processus de Poisson sur l'intervalle [0,1]. Chercher simultanément a détecter un saut dans l'intensité
et estimer l'instant de saut peut étre vu comme une réponse compléte a un probleme de détection de
rupture formulé dans un cadre hors-ligne. Comme l’expliquent Niu et al. dans [NHZ16|, les problémes
d’estimation de l’instant de rupture peuvent étre formulés comme des problémes de tests multiples.

Commencons par une heuristique illustrant les principales difficultés de la théorie des tests multiples.
Lorsque l'on teste plusieurs hypothéses nulles simultanément, on réalise un test multiple. Une procé-
dure de test multiple s’interprete alors comme un procédé permettant de prendre une décision pour
chaque hypothése nulle : on décide de la rejeter ou de ne pas la rejeter. Par rapport aux tests simples,
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si la démarche statistique est similaire pour chaque test individuellement, la multiplicité des tests en-
traine des spécificités. Par exemple, le principe de dissymétrie d’un test d’hypotheses simples n’est pas
toujours vérifié dans un probleme de tests multiples. C’est notamment le cas lorsque les hypotheses
nulles forment une partition de l’espace d’état du paramétre d’intérét : ne pouvant pas étre toutes vraies
simultanément, elles ne sont plus "privilégiées" contrairement aux hypothéses nulles des tests simples.
De plus, controler individuellement le niveau de chaque test par a peut ne plus suffire a garantir un
controle de 'erreur globale de la procédure de test multiple par a. Pour s’en convaincre, supposons que
l'on teste indépendamment n vraies hypothéses nulles simultanément au niveau a dans (0,1). La pro-
babilité d’obtenir au moins un faux positif, c’est-a-dire de rejeter (a tort) une vraie hypothese nulle, est
donc égale a

P("obtenir au moins un faux positif") = 1 — P("obtenir aucun faux positif")

=1—(1-a)" par indépendance.

Ainsi, méme si toutes les hypotheses nulles testées sont vraies, plus leur nombre augmente et plus on a
de chances de réaliser au moins un faux positif. Le probleme de la multiplicité est donc un enjeu majeur
dans un probléme de test multiple.

On suppose que l'intensité ) appartient & I'ensemble S des fonctions de la forme A = Ay + 0l(¢,1] avec

Ao > 0,8 € (=Ag,+00)\{0} et T € (0,1]. Remarquons que S contient en particulier les intensités constantes :
lorsque T =1, on a par convention A = 1. Selon que la taille du saut 6 est connue ou non, les probléemes
de détection et de localisation de I'instant de rupture 7 sont formulés ici comme des problemes de tests
multiples.

Suivant la terminologie de Goeman et Solari [GS10], on considere pour un entier non nul M une col-
lection d’hypothéses H définie par H = {Hy, k € {1,..., M}}, ou I'hypothése Hj est un sous-ensemble de
S. On appelle ensemble des vraies hypothéses nulles (ou plus simplement ensemble des hypothéses vraies)
I'ensemble 7 (1) = {Hy € H: A € Hi} et ensemble des fausses hypothéses nulles (ou ensemble des hypothéses
fausses), F(A) = H\ T (A). Le but est de tester simultanément pour toute hypothése Hy de H, Hy contre
S\ Hy, c’est-a-dire "Hj est vraie sous P," contre "H; est fausse sous P,", ou encore "Hj € T(A)" contre
"Hy € F(A)". Une procédure de test multiple R associée a la collection d’hypothéses H est une statistique,
dépendant de l'observation N, définie comme un ensemble d’hypotheses simples rejetées R C H, dont
l'objectif est d’inférer F (). Autrement dit, une procédure de test multiple est un ensemble d’hypothéses
nulles rejetées, c’est-a-dire un ensemble d’hypotheses nulles qui ont été jugées fausses par la procédure.
Dans le Chapitre [4} on utilisera un abus de notation en considérant 7 (1), (1) et R comme des sous-
ensembles de {1,...,M} au lieu de H afin de simplifier certaines expressions. Ainsi, 7 (1), F(A) et R
peuvent respectivement étre définis comme ’ensemble des indices des hypotheéses nulles vraies, fausses
et rejetées.

Toujours selon 'approche de Neyman-Pearson, on s’intéresse d’abord a l'erreur de premiére espece, liée
aux vraies hypotheses nulles rejetées et donc aux éléments de I'ensemble R N7 (A). Il existe plusieurs
critéres pour quantifier I’erreur de premieére espéce d’une procédure de test multiple. Les deux princi-
paux criteres, que l'on rencontre majoritairement dans la littérature, sont le Family-Wise Error Rate et le
False Discovery Rate.

Le critere du Family-Wise Error Rate (FWER) est défini sur la base de la probabilité de rejeter au moins
une hypotheése nulle a tort (c’est-a-dire d’obtenir au moins un faux positif) :

FWER(R) =supPy(RNT(A) = 2) .
Py
Le critére du False Discovery Rate (FDR) est plus récent et introduit par Benjamini et Hochberg [BH95].
Le FDR se définit sur la base de l'espérance de la proportion d’erreurs commises dans 1’ensemble des

18



hypotheses rejetées (c’est-a-dire la moyenne du taux moyen de faux positifs) :

IRNT (M)

FDR(R) =supE, RIV1

AeS

L’étude du FDR présente une difficulté majeure due au caractere aléatoire du dénominateur a I'intérieur
de l'espérance. La procédure de Benjamini-Hochberg (définie dans [BH95|) permet d’obtenir un controle
pour le FDR sous des conditions de dépendances particulieres entre les tests (voir par exemple les ar-
ticles de Benjamini et Yekutieli [BY01], de Guo et Rao [GRO8] ou le compte rendu de lecture de Roquain
[Roq11])). Notons que le controle du FDR est un controle plus faible que celui du FWER.

Dans toute la suite de ce manuscrit, nous considérons le critere du FWER pour le contrdle de 'erreur de
premiére espéce. Comme nous l’avons vu, controler chaque test individuellement au niveau « n’est pas
suffisant a priori pour assurer le controle du FWER au méme niveau «. Il est alors nécessaire de modifier
le niveau de chaque test, on parle alors de niveaux individuels ajustés ou corrigés. Historiquement,
la correction de Bonferroni (voir [Bon35]) est la premieére méthode permettant de corriger le niveau de
chaque test afin de controler le FWER. L'idée de cette correction est intuitive, il s’agit de diviser le niveau
individuel de chaque test par le nombre total d’hypothéses nulles testées. Cependant, lorsqu’il y a une
forte dépendance entre les tests ou que le nombre de vraies hypotheéses nulles est grand devant le nombre
total d’hypotheses testées, le FWER obtenu apres une correction de Bonferroni peut étre tres inférieur
a a. Cela signifie donc que peu d’hypotheses nulles sont rejetées par la procédure de Bonferroni, on
dit que la procédure est conservative. Depuis, de nombreuses procédures moins conservatives ont été
développées, comme celle de Holm |[Hol79] ou les procédures de type min—p décrites dans 'ouvrage de
Dudoit et van der Laan [DvdL08], afin de controler le FWER (et donc le FDR). On pourra trouver un
panorama détaillé de ces méthodes dans le compte rendu de lecture de Roquain [Roq11].

Pour définir un critére pour l'erreur de seconde espéce, une premiere approche consiste a considérer
des quantités analogues a celles utilisées pour les criteres de l'erreur de premiére espece. En effet, on
s’intéresse aux fausses hypothéses nulles qui ne sont pas rejetées et donc aux éléments de (H\R)NF(A).
Comme pour les tests simples et afin de définir une notion de puissance pour une procédure de test
multiple, on peut aussi s’intéresser aux fausses hypotheses nulles rejetées par la procédure, c’est-a-dire
aux éléments de R N F(A). La diversité des criteres pour 'erreur de premiere espece conduit alors a
plusieurs notions de puissance comme par exemple la puissance complete (probabilité de rejeter que des
fausses hypothéses nulles), la puissance minimale (probabilité de rejeter au moins une fausse hypothese
nulle) ou la puissance moyenne (moyenne de la proportion de fausses hypotheses nulles rejetées dans
I'ensemble des fausses hypotheses nulles). On trouvera une étude de ces notions de puissance pour
les tests multiples dans [BH95], [CLLM11]] et [WTW11]. Si les performances des procédures de tests
multiples en terme d’erreur de deuxieme espéce sont souvent étudiées en pratique, trés peu de critéres
de comparaison ou d’optimalité liés a I’erreur de deuxiéme espéce ont été définis et analysés en théorie.
A notre connaissance, seuls les articles de Lehmann, Romano et Shaffer [LRSO5] et Romano, Shaikh
et Wolf [RSWT1] fournissent des résultats d’optimalité de type maximin. Par analogie avec la notion
de risque pour un test simple, qui est défini comme la somme de l'erreur de premiere espéce et de
l’erreur de deuxieme espece, d’autres auteurs définissent une notion de risque pour une procédure de
test multiple et établissent des inégalités oracles (on pourra consulter par exemple [GWO02], [SC07] ou
[ACC17]). Nous allons maintenant définir un autre critere lié a I’erreur de deuxiéme espéce conduisant
a un critére d’optimalité au sens du minimax : la vitesse de séparation minimax par famille.

La vitesse de séparation minimax par famille ou minimax Family-Wise Separation Rate (nFWSR), introduite
par Fromont, Lerasle et Reynaud-Bouret [FLRB16], est un critére lié a 'erreur de seconde espece a la base
d’une théorie minimax pour les tests multiples dont le FWER est contr6lé par un niveau « dans (0,1).
Pour définir ce critére, qui vient généraliser la notion de vitesse de séparation uniforme (voir Chapitre|l]
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Section, les auteurs sont partis de l'observation que la plupart des tests (simples) adaptatifs au sens
du minimax sont construits sur un principe général d’agrégation, pouvant étre relié aux procédures de
Bonferroni, de Holm, ou de type min—p (on renvoie a [FLRB16] pour plus de détails).

Pour la distance d, associée a la norme usuelle || -||, de L,([0,1]) et r > 0, on définit pour tout A de S,

F(A)={HyeH: dy(A, Hy)>r} .

La définition de F.(A) fait intervenir la distance d,(A, Hy) entre A et 'ensemble Hy égale a d, (A, Hy) =
infy ey, d2(A,A’). De maniére heuristique, 7,(1) désigne I'ensemble des hypotheses Hy "éloignées" de A
qui devraient donc étre rejetées par la procédure.

Pour a et f dans (0,1), une classe d’intensités S C S et une procédure de tests multiples R dont le FWER
sur S est controlé par «, la vitesse de séparation par famille de niveau  de R sur S est définie par

FWSR;(R,S) =inf{r>0: inf Py(%(1) CR) 2 1)
€

=inf{r>0: supP\(FH(A)N(H\R)) <B} .
AeS

Intuitivement, le FWSR correspond a la plus petite distance qui permet de rejeter les hypotheses "éloi-
gnées" de A avec grande probabilité. La vitesse de séparation par famille minimax de niveaux a et p sur S
correspondante est alors définie par

FWSR,, 4(S) = inf FWSR;(R,S) ,
m ap(5) R: FV\}SR(R)Sa p(RS)

ot I'infimum est pris sur toutes les procédures de tests multiples dont le FWER est contrdlé par a sur S.
On dit qu’une procédure de test multiple R dont le FWER est controlé par a sur S est minimax de niveau
B sur § si FWSRg(R, S) est du méme ordre que mFWSR, 4(S).

Remarquons que si H est réduite a une seule hypothéese nulle Hy, mFWSR, g(S) = mSR,, 4(S). L'approche
minimax définie ici pour les tests multiples peut donc étre vue comme une généralisation de I'approche
minimax classique pour les tests d’une hypothése nulle. Le Lemme[I.10|montre d’autres liens entre ces
deux approches.

Le calcul de la vitesse de séparation minimax par famille pour un probléme de test multiple s’obtient,
comme pour le calcul de la vitesse de séparation minimax pour un probléme de test simple, en deux
étapes : le calcul d’une borne inférieure puis d’une borne supérieure pour mFWSR,, 4(S). Afin d’obtenir
une borne inférieure pour la vitesse de séparation minimax par famille, on peut utiliser un résultat
prouvé dans l'article de Fromont, Lerasle et Reynaud-Bouret [FLRB16] qui établit un lien entre le critére
minimax pour les procédures de tests multiples et le critéere minimax pour les procédures de test simple.

Lemme 1.10.
Si la collection d’hypotheses H est fermée (c’est-a-dire que pour tout Hy, Hy € H, on a H,NHy, € H), on obtient
en notant NH = ﬂkleHk,

mFWSR, 4(8) > mSR%‘(S) .

On rappelle (voir (1.3)) que

a

mSRQZ‘(S) =infinf{r>0: sup PP, =0)<B} ,
’ ¢ eS8, d(ANH)>r

ou le premier infimum est pris sur tous les tests simples ¢, de niveau a de I’hypothese nulle (Hy) "\ €
NH”, c’est-a-dire tels que sup .~y Pr(¢, =1) < a.
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De fagon heuristique, le Lemme[1.10]traduit I'idée naturelle selon laquelle tester plusieurs hypothéses
nulles simultanément est a priori "plus difficile" que de tester une seule hypothese nulle. Néanmoins, ce
résultat n’est vrai que sous des conditions particulieres (sur la distance considérée ou sur les hypotheses),
on trouvera un contre-exemple pour lequel le mFWSR est plus petit que le mSR dans [FLRB16]. On
dispose également d’un résultat de monotonie pour le FWSR :

Lemme 1.11.
Pour tous sous-ensembles S’ et S de 1L,([0,1]) vérifiant S" C S, on a mFWSR,, 5(S’) < mFWSR,, 5(S).

Une fois qu'une borne inférieure est calculée pour mFWSR, 4(S’), nous construisons une procédure
de test multiple minimax, c’est-a-dire une procédure dont la vitesse de séparation par famille est du
méme ordre que la borne inférieure préalablement déterminée, offrant ainsi une borne supérieure pour
la vitesse de séparation minimax par famille.

Enfin, toujours suivant la terminologie de Fromont, Lerasle et Reynaud-Bouret [FLRB16], nous menons
dans le Chapitre[4|une étude minimax adaptative de ce probléme de localisation d’une rupture : quand
au moins un des parametres de la rupture est inconnu, les procédures de tests multiples correspondantes
sont dites minimax adaptatives par rapport a ces parameétres inconnus.

IIT Un eétat de l’art...

III.1 ...pour le probleme de la détection d’une rupture

Cette sous-section, présentant un état de ’art pour le probléme de la détection d’une rupture, est tres
largement inspirée de 'introduction de 'article de Fromont, Grela et Le Guével [FGLG21].

Tests d’hypotheéses pour des processus de Poisson et 1a détection de ruptures

Les articles qui traitent de la détection d’une rupture dans la loi d’un processus de Poisson sont majo-
ritairement formulés dans un cadre en-ligne et dédiés a la construction de reégles d’arrét optimales. On
pourra par exemple citer [PS02], [HJ04], [BZ06], et [BDK06] pour des modeéles bayésiens et [DKW53al,
[IDKW53b], [IMHT11] ou [EKLS15, EKLS*17] pour des modeéles non bayésiens.

Dans le cadre hors-ligne, une part considérable des travaux de recherche concerne la construction de
procédures de tests asymptotiques. Tout d’abord, il est a noter qu'une partie des procédures hors-ligne
sont établies via une approche bayésienne comme celles décrites dans [AR86b], [RA86] et [Raf94] pour
la détection d’une seule rupture, et celles de [Gre95], [YYKO1] ou [SZ12] pour la détection de plusieurs
ruptures. Les procédures de test construites pour une description bayésienne des ruptures sont tres sen-
sibles aux lois de probabilité choisies a priori sur les instants de saut et/ou sur les valeurs de l'intensité
apres les sauts. D’autre part, il existe de nombreuses procédures hors-ligne non bayésiennes basées sur
les propriétés des processus de Poisson. Depuis les premiéeres procédures définies par Neyman et Pear-
son [NP28], Sukhatme [Suk36|, Maguire, Pearson et Wynn [MPW52], de nombreux auteurs ont construit
des tests de détection basés sur la distribution exponentielle des inter-arrivées du processus de Poisson
comme [MFP85], [Wor86|, [Sie88], ou plus récemment [AJ07]. Comme nous l’avons rappelé (voir Pro-
position , pour tout entier n et sachant que N; = #, les points d’un processus de Poisson homogene
sont indépendants et uniformément distribués sur [0, 1]. Ainsi, tout test d’uniformité sur [0,1] dans un
modele a densité peut étre directement appliqué conditionnellement a Ny, ou étre adapté pour tester
I’homogénéité d’un processus de Poisson. Plus proche des tests que nous proposons dans ce travail, plu-
sieurs autres procédures pour la détection d'une rupture sont basées ou inspirées des statistiques plus
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classiques du rapport de vraisemblance et de Cramér von-Mises ou Kolmogorov-Smirnov, avec diffé-
rentes stratégies de pénalisation ou de pondération comme celles proposées par Rubin |[Rub61], Lewis
[Lew65], ou Kendall et Kendall [KS80].

Les premieres études d’optimalité pour le probléeme de détection d’une rupture ont été proposées par
Deshayes et Picard [Des84,|[DP85] pour des tests de Kolmogorov-Smirnov et du rapport de vraisem-
blances pondérés. Dans ces travaux, la notion d’optimalité repose sur le critere asymptotique non local
de Bahadur [Bah67| et Brown [Bro71], et sur le critére asymptotique local introduit par Le Cam [LC70].

Plus récemment, certains auteurs se sont concentrés sur le probléeme plus général de la détection d’une
rupture dans la loi d’'un processus de Poisson inhomogeéne. On pourra citer notamment Dachian, Ku-
toyants et Yang [DKY16bl, Farinetto [Far17|] pour une étude non bayésienne ainsi que [DY15] et [Yan20]
pour une approche bayésienne de ce probleme.

Il convient maintenant de présenter certains travaux dont les résultats sont indirectement reliés a notre
probléme de détection de ruptures. Parmi ces travaux, il est important de mentionner le papier fon-
dateur de Davies [Dav77]| sur les tests d’ajustement pour des processus de Poisson. Les tests d’ajuste-
ment permettent de tester si les données ponctuelles observées sont bien une réalisation du processus
considéré. Plusieurs tests d’ajustement ou d’homogénéité pour des processus de Poisson contre une al-
ternative ou 'intensité du processus est croissante ont été comparés dans des études expérimentales, on
citera notamment les papiers de Bain et al. [BEW85]|, Engelhardt et al. [EGW90], de Cohen et Sackrowitz
[CS93] et de Ho [Ho93], [Ho95]. Les résultats expérimentaux ont montré que le test de Laplace et le Z
test, initialement introduits par Cox [Cox55] et Crown [Cro74], et dont des extensions ont été propo-
sées dans [Pen98], [AP99], et [BDNNO04], sont les plus performants pour la détection d’un saut positif.
Fazli et Kutoyants [FK05]|, Fazli [Faz07], et plus récemment Dachian, Kutoyants et Yang [DKY16a], se
sont intéressés au probléeme du test d’ajustement ou I’hypothese nulle correspond a un processus de
Poisson inhomogene donné, et ou les alternatives correspondent a une famille paramétrique de proces-
sus de Poisson inhomogenes. Enfin, le probleme de test qu'un processus ponctuel soit un processus de
Poisson homogene d’intensité connue contre des alternatives ou le processus appartient a une famille
de processus ponctuels auto-excités (processus de Hawkes) ou de processus ponctuels auto-corrigeés (dit
également processus de relachement de stress) a été traité dans [DK06| et [DK09].

Notons que les procédures de tests mentionnées précédemment n'ont pas été étudiées sous l'angle des
vitesses de séparation minimax que nous considérons dans nos travaux.

Quelques études minimax reliées au probléme de la détection de ruptures dans la loi d’un processus
de Poisson

A présent, nous allons présenter certains travaux qui traitent de 'optimalité, au sens du minimax, des
problémes de tests sur des processus de Poisson ou des problemes de détection de ruptures dans d’autres
modéles statistiques.

Concernant les tests d’ajustement ou d’homogénéité minimax pour des processus de Poisson, on peut
notamment citer les travaux de Ingster et Kutoyants [IKO7] et Fromont, Laurent et Reynaud-Bouret
[FLRB11], ou les hypotheses alternatives correspondent a des processus de Poisson dont les intensités
non paramétriques appartiennent a des espaces de Sobolev ou de Besov. Cependant, les procédures
de tests définies dans ces travaux ne sont pas dédiées a la détection de ruptures dans l'intensité d’un
processus de Poisson. De nombreuses études minimax ont été menées pour le probléme spécifique de la
détection de ruptures mais dans des modéeles statistiques différents.

En utilisant I’astuce de conditionnement par le nombre de points total observés sur un intervalle de
temps, on peut traiter le probléme de détection de ruptures dans la loi d’un processus de Poisson comme
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un cas particulier d’un probléme de détection de ruptures dans un modele de densité. De cette maniere,
Rivera et Walther [RW13] proposent deux tests permettant de détecter un saut transitoire positif basés
sur des statistiques de scan et d’agrégation pour le rapport de vraisemblance. Cependant, des difficul-
tés de déconditionnement font que les résultats d’optimalité présentés dans leur article ne sont pas
directement transposables a notre notion d’optimalité au sens du minimax. Dans le modele de densité,
Dimbgen et Walther [DWO08| ont également traité le probleme de la détection d’'une augmentation ou
d’une diminution locale de la densité ou du taux de défaillance (pour des études de fiabilité). Les auteurs
prouvent que leurs procédures de tests, basées sur des approches d’agrégation de statistiques d’ordre ou
d’accroissements locaux, satisfont des propriétés minimax asymptotiques adaptatives.

La bibliographie la plus complete sur les tests minimax pour la détection d’une rupture, transitoire ou
non, concerne le modéle gaussien classique. Dans ce modéle, on observe un vecteur gaussien (Y7,...,Y})
dont la matrice de variance-covariance est égale & 0%, ou I,, désigne la matrice identité et 0> un réel po-
sitif connu. Dans les résultats que nous énoncerons dans la suite, on supposera que ¢ = 1. La détection
d’une rupture (éventuellement transitoire) est ici caractérisée par la détection d’un saut ou d’'un seg-
ment dans le vecteur moyenne du vecteur gaussien. Comme dans notre modele de processus de Poisson,
plusieurs hypothéses peuvent étre faites sur la connaissance ou non de la valeur de référence du vecteur
moyenne et/ou de la taille du saut. De maniére générale, dans un probléme de détection de rupture ou
I’hypothese nulle correspond a I'absence de comportement anormal, la méconnaissance de la loi sous
I'hypothese nulle engendre des difficultés dans la calibration des tests de détection (voir par exemple
[ACCTW18])). Détaillons les principaux résultats obtenus a ce jour et a notre connaissance.

La premiere étude minimax de ce probleme de détection de ruptures a été menée par Arias-Castro et
al. en 2005 [ACDHO5] dans un cadre asymptotique. Les auteurs établissent les vitesses de séparation
minimax asymptotiques pour la détection d’un segment (avec un saut positif) a partir d'une moyenne
connue égale a zéro et en considérant la métrique ¢, sur le vecteur moyenne. Cette métrique, associée
a la distance L, entre les deux lois de probabilités gaussiennes correspondantes, fait aussi référence au
rapport signal sur bruit ou a I’énergie du signal qui sont souvent mentionnés dans I’analyse de modeles
de régression. Sous l’alternative, les coordonnées du vecteur Gaussien (Y7,...,Y,) vérifient dans ce cas
E[Y;] = 0lyic[r,r+0)) avec T € {1,...,n}, £ € {1,...,n+1 -7} et 6 > 0 : I'instant de rupture 7, la longueur
du segment ¢ et la taille du saut 6 étant des parametres inconnus. Les auteurs établissent une vitesse de
séparation asymptotique de l'ordre de +flogn avec une constante exacte égale a V2. Plus précisément,
ils prouvent qu’aucun test ne peut convenablement détecter la rupture si la condition sur la distance
oV =2(1+ 1)logn avec 11 > 0 n’est pas satisfaite et construisent des tests minimax adaptatifs asympto-
tiques basés sur l’agrégation des statistiques de Neyman-Pearson £~/ ngfl Y; sur tous les intervalles
possibles [T, +£) ou tous les intervalles dyadiques [k2/ + 1, (k +1)2/). Ce test agrégé va donc rejeter 1’hy-
pothese nulle (c’est-a-dire I’hypothése selon laquelle le vecteur moyenne du vecteur gaussien observé
est nul), s’il existe au moins un couple (7,€) ou (k, j) pour lequel la statistique de Neyman-Pearson cor-
respondante est "trop grande", relativement a la valeur critique du test. Cela justifie la terminologie de
statistiques de scan (notamment utilisée dans la littérature concernant le traitement du signal ou des
images) ou de statistiques agrégées (notamment employée dans la littérature sur les problémes de tests
minimax).

Quelques années plus tard, Chan et Walther [CW13|] ont construit trois autres tests, basés sur la méme
statistique de Neyman-Pearson, mais combinés a des schémas d’agrégation différents (avec I’ajout d’une
pénalisation par exemple). Ils démontrent que leurs tests sont consistants dés que la condition [5|V¢ >
v/2log(n/€) + b, avec b, — +oo est satisfaite, ce qui améliore légerement la borne inférieure démontrée
par Arias-Castro et al.; en effet, les auteurs autorisent ici ¢/n := €,/n a tendre vers 0 lorsque n tend
vers +oco. A noter qu’une borne inférieure similaire, mais énoncée dans un cadre non asymptotique, a
récemment été prouvée par Verzelen et al. [VFLRB21]. Cependant, les conditions énoncées par Chan
et Walther [CW13| et Verzelen et al. [VFLRB21]| pour la détection d'un segment dans la moyenne ne
sont pas directement transposables au cadre minimax considéré, la longueur inconnue ¢ du segment
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apparaissant dans le membre de droite de I'inégalité sur la distance |6|VZ.

Dans le cas particulier ou la taille du saut est connue et égale a 1, Brunel [Brul4| a également établi une
vitesse de séparation (dans un cadre asymptotique) de 'ordre de /logn/n en construisant un test basé
sur une statistique de scan pénalisée Y 71

i—r  Y;—{/2 qui est consistant dés que la condition ¢/logn — +oo
est satisfaite.

Toujours en considérant la métrique ¢, sur le vecteur moyenne, Gao et al. [GHZ20] se sont intéres-
sés a la détection d’un saut (c’est-a-dire une rupture non transitoire) dans la moyenne d’un vecteur
gaussien. Dans cet article, la valeur initiale (ou valeur de référence) de la moyenne n’est plus suppo-
sée connue et les vitesses de séparation sont établies. Sous l’alternative, les coordonnées du vecteur
gaussien (Yy,...,Y,) vérifient dans ce cas E[Y;] = py + 01 yie[r,n) avec (po,0) € R? et 7 €{2,...,n} : I'in-
tensité de référence yg, 'instant de rupture 7 et la taille du saut o étant des parametres inconnus. Ils
ont obtenu une borne inférieure pour la vitesse de séparation minimax de l'ordre de /loglogn. Plus
précisément, ils ont démontré qu’aucun test ne peut convenablement détecter un saut dans la moyenne
si la condition [8]y/(T - 1)(n+1—-17)/n > cy/loglogn n'est pas satisfaite, ol ¢ est une constante positive

vérifiant ¢ < V2. Verzelen et al. [VFLRB21] ont établi une borne inférieure non asymptotique égale a

V2(1-¢)(1 -n"1/2)loglogn pour une constante positive ¢ et pour n suffisamment grand. Cette borne
inférieure (non asymptotique) améliore le résultat de Gao et al. car elle fait apparaitre la constante
optimale pour la vitesse de séparation minimax. Pour le calcul d’'une borne supérieure, Gao et al.
[GHZ20] se sont inspirés du test asymptotique de Csorgo et Horvath [CH97], basé sur la statistique
de scan max < <, V1/t(n—1)| 7 Y; — (k/n) Y_I_, Yi|, dont ils démontrent l'optimalité a partir d’inégali-
tés asymptotiques du type Loi du Logarithme Itérée. Notons que cette statistique de scan est trés proche
des statistiques CUSUM qui sont tres largement utilisées dans la littérature traitant des problemes de
détection d’une rupture depuis les travaux Hinkley’s [HH70], mais aussi dans les problemes plus géné-
raux de détection de plusieurs ruptures ou elles sont au coeur des approches de segmentation binaire.
Verzelen et al. [VFLRB21] ont proposé quant a eux un test basé sur le maximum d’une statistique CU-
SUM pénalisée, avec une pénalisation qui dépend de la localisation de la rupture, et dont la vitesse de
séparation est d’ordre optimal /2loglogn. Ce résultat, associé a celui sur la borne inférieure, prouve
donc que la constante exacte pour la vitesse de séparation minimax du probléme de détection d’une
rupture dans la moyenne d’un vecteur gaussien est V2, comme pour la détection d’un segment.

Dans des modeéles gaussiens plus complexes, la question de la détection d’un segment dans la moyenne a
notamment été étudiée d’un point de vue minimax et asymptotique par Enikeeva et Harchaoui [EH19],
Enikeeva et al. [EMW18|, Liu et al. [LGS21] et Enikeeva et al. [EMPW20]. Ces modeéles integrent no-
tamment des propriétés d’hétéroscédasticité, de dépendance ou de parcimonie dans les alternatives.
Evoquons également des problémes de détection de rupture dans des modeéles plus généraux de séries
temporelles ou de champs aléatoires gaussiens : on pourra par exemple consulter [ACCD11,|/ACBLV18|
et les références citées dans ces articles.

II1.2 ...pour le probleme de la localisation d’une rupture

Nous commencons cette section par présenter un panorama des principales méthodes pour la localisa-
tion de ruptures dans la loi d’un processus stochastique. La littérature étant particulierement abondante
pour les modeéles gaussiens, nous illustrons ces méthodes pour un modele gaussien classique, dans la
continuité du modeéle présenté dans le Chapitre[I|Section[IIL.1} Dans un second temps, nous détaillerons
les principaux résultats obtenus dans la littérature pour le probléeme particulier de la localisation de
ruptures dans la loi d’un processus de Poisson.
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Localisation de plusieurs instants de rupture dans un modéle gaussien

Dans ce paragraphe, considérons un modeéle de ruptures multiples (Multiple Change-Point Model en
anglais ou MCM) formulé dans un cadre gaussien classique. On observe un vecteur gaussien (Y7,...,Y,)
tel que Y; = m; +¢; avec & ~ N(0,1) et my =my = ... =My | # My =My ) = ... = My, # My, = ... =
Moy # Mgy = = 1My, Autrement dit, le vecteur moyenne m = (my,...,m,,) est constant par morceaux et
les sauts interviennent aux temps 7 = (7y,..., 7). Dans ce modele, m et T sont des parametres inconnus
et le nombre de ruptures J est supposé petit devant n. L'objectif est de construire un estimateur 7 et des
intervalles de confiance simultanés pour le vecteur . De maniere intuitive, la localisation de ruptures
n'est possible que si les ruptures peuvent étre détectées. Comme nous l'avons vu dans la sous-section
précédente la question de la détectabilité des ruptures ou de la région de détectabilité s’exprime
souvent par une condition sur les distances entre les instants de rupture et les tailles des sauts. Par
exemple, l'article de Jeng et al. [JCL10] présente une procédure de sélection basée sur le rapport de
vraisemblance qui permet de détecter et localiser un nombre inconnu de segments dans la moyenne
sous certaines conditions de détectabilité, généralisant les résultats de [ACDHO5].

Comme l'expliquent Niu et al. [NHZ16|, le probleme de la localisation des ruptures peut étre formulé
comme un probleme de test multiple : on teste pour chaque j de {2,...,n} si j est un instant de saut.
Dans une formulation hors-ligne du probléme, Hao, Niu et Zhang [HNZ13] ont généralisé le critére du
FDR et ont testé des hypothéses définies par une fenétre glissante : pour tout j, on teste donc ’absence
ou la présence d’une rupture sur 'ensemble {j + 1 —h,...,j + h} ou h est un entier fixé bien choisi. Li
et al. [LMS"16] formulent aussi le probleme de détection et localisation des ruptures comme un pro-
bleme de test multiple et construisent une procédure qui assure le contréle du FDR. En particulier, la
méthode proposée par les auteurs permet de détecter un segment dans la moyenne lorsque la condition
de détectabilité (asymptotique) de Chan et Walther [CW13] est vérifiée. Enfin, ils démontrent que les
estimateurs issus de cette procédure sont minimax au sens du risque L, (1 < p < o0).

Dans un compte rendu de lecture pour le probleme de détection et de localisation de ruptures abordé
via des techniques d’estimation, Yu [Yu20] dresse les principales étapes pour la localisation des ruptures
dans un modeéle gaussien et présente les principaux résultats obtenus. Le plus souvent, deux approches
sont utilisées pour fournir des estimateurs pour les instants de rupture : celle basée sur la minimisation
d’un critere des moindres carrés pénalisé (ou plus généralement d’un critere de cotit pénalisé) et celle
basée sur les statistiques de type CUSUM.

L'estimateur construit a partir de la minimisation d’un critére des moindres carrés est égal a 'estimateur
du maximum de vraisemblance de 7 si le nombre ] de ruptures est connu. Quand le nombre de ruptures
est inconnu et doit étre estimé, on ajoute une pénalité a ’estimateur des moindres carrés comme le Cri-
tere d’Information Bayésien (voir [Yao88,[YA89]), des pénalisations inspirées de la théorie de la sélection
de modele (voir [Leb05]), des pénalités de type Lasso comme le Fused-Lasso [TSR*05] ou des pénalités
qui dépendent de ] et des distances entre les ruptures consécutives (voir [ZS07},/ZS12]). Couplé a un al-
gorithme de programmation dynamique, historiquement proposé par Fisher [Fis58] et Bellman [Bel61],
ces estimateurs basés sur un critére pénalisé permettent alors de retrouver les instants de rupture. De-
puis, de nombreux algorithmes de programmation dynamique ont été développés pour la détection de
ruptures, on pourra consulter par exemple [Rig10,KFE12].

Plutot que résoudre le probléeme d’optimisation globale d’une fonction de cotit pénalisée, on peut aussi
appliquer de fagon itérative une méthode de segmentation locale afin de détecter une rupture a chaque
étape. Historiquement, 1'utilisation de la statistique CUSUM a permis a Hinkley [Hin70] de détecter une
seule rupture au sein d’un vecteur gaussien en maximisant la statistique sur tous les instants de rupture
possibles. L'algorithme de Segmentation Binaire, introduit et étudié par Scott et Knott [SK74] et Vos-
trikova [Vos81] pour la détection de plusieurs instants de rupture, est une méthode qui fonctionne par
dichotomie : on applique l'algorithme de Hinkley sur tout l'intervalle puis récursivement, sur chaque
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segment délimité par les instants de rupture estimés. L’algorithme s’arréte quand plus aucune rupture
n’est détectée. Plusieurs extensions ont été proposées récemment, notamment celui de Wild Binary Seg-
mentation [Fry14, Fry18][WYR20] et celui de Circular Binary Segmentation [OVLW 04, VOO07].

Une méthode hybride a été proposée par Frick, Munk et Sieling [FMS14] : I'algorithme SMUCE (Simulta-
neous Multiscale Change-Point Estimator) qui consiste a estimer les ruptures en résolvant un probleme
d’optimisation globale a partir d’une agrégation de statistiques locales. Une extension de cette méthode
a été introduite dans [PSM17] pour un modele gaussien hétéroscédastique.

Dans un second temps, les estimateurs construits par les méthodes précédentes peuvent étre corrigés
ou ajustés avec des méthodes de post-processing : les instants de rupture estimés et jugés aberrants sont
supprimés [Fry18| ou raffinés par une maximisation locale d’une statistique CUSUM (voir par exemple
la Section 3.2 de [Fry14]). On citera également l’article de Lin et al. [LSRT16] consacré essentiellement
aux liens entre les erreurs d’estimation ¢, et les vitesses de détection ainsi qu’a la procédure de Fused-
Lasso pour laquelle une étape de post-processing est proposée.

Enfin, citons quelques autres méthodes populaires pour la localisation de ruptures dans la loi de pro-
cessus stochastiques. L'algorithme de Screening and Ranking (SaRa), qui peut étre vu comme une modi-
fication de I'algorithme de Segmentation Binaire, a été proposé par Niu et Zhang [NZ12] et on trouvera
le controle du FDR via le SaRa et la construction d’intervalles de confiance pour les instants de rupture
dans [HNZ13]. Enfin, Garreau et Arlot [GA"18] ont mené une étude minimax d’un algorithme basé sur
des noyaux (Kernel Change-Point algorithm) et on pourra consulter l'article de Arlot, Celisse et Har-
chaoui [ACH19] pour une description de l’algorithme.

D’autres études plus récentes abordent le probleme de la localisation de plusieurs ruptures sous l’angle
de l'estimation minimax, on renvoie par exemple aux articles [WYR18,|GHZ20, WYR20/VFLRB21| pour
plus de détails.

Localisation d’une rupture dans un modéele gaussien

A présent, spécifions certains résultats propres a I’estimation d’une seule rupture dans un modéle gaus-
sien classique. On observe un vecteur gaussien (Y7,...,Y,) tel que Y; = m; + ¢; avec ¢; ~ N(0,1) et
m; = po + 6lyjc[r,m) avec pg € R, 6 € R et T € {2,...,n}. Dans ce modele, I'intensité de référence p,
I'instant de rupture 7 et la taille du saut ¢ sont des parametres inconnus. L'objectif est de construire un
estimateur 7 de 7 tel que |7 — 7| soit "le plus petit possible". On notera m le vecteur moyenne (m1y,...,m,)
et 11 un estimateur de m. Remarquons qu’a partir d’un estimateur de m, on peut déduire un estimateur
de 7, 6 et pgy et que réciproquement, tout estimateur 7 de T permet de construire un estimateur de m par
une stratégie de plug-in :
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Ainsi, toute procédure d’estimation de la rupture peut étre interprétée comme un estimateur de m ou
de 7. L'estimateur des moindres carrés de m, qui est égal a ’estimateur du maximum de vraisemblance,

est donné par :
n

argmin,,, Z(Yi —m’)?.
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La statistique CUSUM évaluée en 1’ est égale a la différence pondérée des moyennes empiriques sur
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Un estimateur 7 est alors construit en maximisant la statistique CUSUM sur toutes les valeurs possibles
pour 7’. Dans le prochain paragraphe, 7 désignera ainsi l’estimateur de 7 construit a partir de la statis-
tique CUSUM ou a partir de I’estimateur des moindres carrés.

Les premiers travaux qui traitent de ce probléeme d’estimation, menés dans [Hin70, HH70] dans un cadre
asymptotique et pour une taille de saut 6 connue, ont établi que | — 7| = Op(1). Plus tard, les articles de
Dimbgen [Dum91] et Csorgo et Horvath [CH97] ont prouvé des résultats d’optimalité au sens du mini-
max dans un cadre asymptotique en utilisant la loi limite de |T—7| sous ’hypothese 0| V1 — 7/4/loglogn —
+o0 et pour des instants de rupture particuliers, proportionnels a n. Plus précisément, ils ont prouvé que
| — 7| = Op(1/6?), ce qui fournit une borne minimax d’aprés la Proposition 10 de [WS18] dés lors que
6% = O(1). D’un point de vue non asymptotique, Gao et al. [GHZ20] ont étudié le risque minimax qua-
dratique et ont obtenu un risque optimal (au sens du minimax) de 'ordre de loglog(n). En particulier, ils
ont montré qu’avec grande probabilité, |t — 7| < cloglog(n)/6? sous 'hypothése |5|V1 — T > ¢’+/loglogn,
ou c et ¢’ sont des constantes positives. Récemment, Verzelen et al. [VFLRB21]] ont démontré que |7 —7| <
c(1/5% + x) avec probabilité plus grande que 1 —exp(—c’x5?) ol ¢ et ¢’ sont des constantes positives, et
que cette borne est optimale. L'estimateur de 7 qui atteint cette borne est construit par la minimisation
d’un critere des moindres carrés pénalisé, avec un nouveau choix de pénalisation. Enfin, Verzelen et al.
[VELRB21| construisent des intervalles de confiance non asymptotiques pour T également basés sur une
statistique des moindres carrés pénalisée et un estimateur pour la taille du saut 6.

Estimation des instants de rupture dans la loi d’un processus de Poisson

Formulée dans un cadre en-ligne, la question de la détection de ruptures repose essentiellement sur le
choix d’une regle d’arrét. La procédure calcule récursivement la statistique de détection pour chaque
nouvelle observation, et lorsque la statistique dépasse un certain seuil, la procédure marque un temps
d’arrét pour signaler qu’une rupture s’est produite. La performance des temps d’arrét ainsi construits est
évaluée selon différents critéres basés sur 1’écart entre les vrais instants de rupture et les temps d’arrét
considérés. Le critére historique de Lorden [Lor71] est un critéere minimax qui consiste a minimiser le
pire retard a la détection pour une valeur donnée de la durée moyenne avant une fausse alarme. De-
puis, de nombreux auteurs ont proposé des modifications du critere de Lorden : on citera par exemple
le critére d’optimalité de Pollack et Siegmund [PS75], le critere de Lai [Lai98] ou celui de Moustakides
[Mou08]. Concernant le probléme particulier de la localisation de ruptures dans un processus de Pois-
son, on renvoie aux articles [PS02], [HJ04], [BZ06], et [BDK06] pour des modéles bayésiens et [DKW53al,
[DKW53b], [MHT11] ou [EKLS15, EKLS*17] pour des modeéles non bayésiens.

Pour la formulation hors-ligne, la localisation des instants de rupture dans la loi d’un processus de
Poisson repose sur des techniques d’estimation usuelles, le plus souvent dans une approche bayésienne
comme dans [RA86/|Raf94}|CGS92|. Lorsque le nombre de ruptures est inconnu, Shen et Zhang [SZ12]
ont proposé une sélection de modeéle basée sur la minimisation d’un critére d’information bayésien (BIC)
modifié afin de construire des intervalles de confiance bayésiens, aussi appelés intervalles de crédibilité
pour les instants de rupture. Récemment, Farinetto, Kutoyants et Top [FKT19] ont étudié un estimateur
bayésien pour la localisation d’une rupture : la loi, la consistance et 'efficacité de cet estimateur ont été
étudiées dans un cadre asymptotique. Dans l'esprit des tests multiples, Young Yang et Kuo [YYKO01] ont
proposé une procédure de segmentation binaire pour localiser les instants des ruptures et les tailles des
sauts au sein d’un processus de Poisson : a chaque étape de la procédure de segmentation binaire, on teste
I'absence de rupture dans I'intensité contre l’alternative formée des intensités avec une seule rupture
dans la loi du processus de Poisson. Les tests simples correspondants sont basés sur le facteur de Bayes ou
l'approximation BIC de ce facteur et permettent d’obtenir des estimateurs pour les instants de rupture.
Afin d’obtenir des estimés sur les intensités et les instants de saut, des algorithmes de type Monte-Carlo
par Chaine de Markov (MCMC) ont été proposés par plusieurs auteurs comme Green |Gre95] ou plus
récemment [NM19].
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Pour des descriptions non bayésiennes du probleme, les techniques d’estimation des instants de saut
utilisées dans la littérature reposent essentiellement sur ’estimateur du maximum de vraisemblance et
les statistiques CUSUM, dont les propriétés sont généralement démontrées dans un cadre asymptotique.
Dans l'article de Deshayes [Des84], les lois asymptotiques de I’estimateur du maximum de vraisemblance
sont établies selon différentes hypothéses et asymptotiques sur les paramétres de la rupture. Toujours
dans un cadre asymptotique, Akman et Raftery [AR86a] ont construit des procédures d’estimation ba-
sées sur l'agrégation des différences normalisées entre les intensités moyennes, dans l’esprit des statis-
tiques CUSUM. En supposant que l'instant de rupture n’est pas trop proche des bords de l'intervalle
d’observation, les auteurs ont établi la consistance faible de l’estimateur ainsi que sa loi asymptotique,
conduisant a la construction d’intervalles de confiance asymptotiques pour l'instant de rupture. Dans
son manuscrit de these, Loader [Loa90] traite entre autres du probléeme de l’estimation de I'instant de
rupture et de la construction d’intervalles de confiance asymptotiques (pour I'instant de rupture et pour
le couple formé de I'instant de rupture et de la taille du saut) a partir de la statistique du rapport de vrai-
semblance, conditionnellement au nombre de points observés et en supposant que l'instant de rupture
n'est pas trop proche du bord. Dans l'esprit des tests multiples, Galeano [Gal07] a proposé un algo-
rithme de segmentation binaire associé a une statistique CUSUM dont la loi asymptotique a été établie.
De plus, la consistance et la loi limite de I’estimateur de 'instant de rupture correspondant ont aussi été
prouvées, permettant ainsi d’obtenir des intervalles de confiance pour les instants de rupture.

Présentons a présent quelques travaux indirectement reliés a la localisation d’une rupture abrupte dans
la loi d’un processus de Poisson. Tout d’abord, Amiri et Dachian [AD21] se sont intéressés a la localisa-
tion d’une rupture non abrupte dans la loi d’un processus de Poisson, c’est-a-dire lorsque le saut dans
I'intensité d’une valeur constante a une autre n’est pas soudain mais intervient sur un petit intervalle de
temps et o1 la hauteur du saut est caractérisée par une fonction réguliére. A partir de l'observation de
n processus de Poisson indépendants dont l’'intensité posséde une rupture non abrupte, des estimateurs
de l'intervalle sur lequel a lieu la rupture sont construits. Lorsque la longueur de l'intervalle tend vers
zéro plus lentement que 1/n quand n tend vers l'infini, 'estimateur du maximum de vraisemblance et
les estimateurs bayésiens sont consistants, asymptotiquement normaux et asymptotiquement efficaces.
Si la longueur de I'intervalle tend vers zéro plus rapidement que 1/n quand # tend vers l'infini, le mo-
dele est non régulier et se comporte comme un modéle de rupture abrupte dans la loi : les estimateurs
bayésiens sont consistants, convergents (a la vitesse 1/n) et sont asymptotiquement efficaces. Un autre
probléme, plus général, a été étudié dans [CKT18]. Dans ce modeéle, I'intensité du processus de Poisson
contient une rupture de longueur connue et de hauteur caractérisée par une fonction connue. L'inten-
sité de référence constante étant fixée au préalable, seul l'instant de saut est inconnu. Le comportement
asymptotique et la consistance de I’estimateur du maximum de vraisemblance et des estimateurs bayé-
siens sont établis ainsi que 'efficacité asymptotique des estimateurs bayésiens. Enfin, Plummer et Chen
[PC14]| ont proposé une approche bayésienne pour la localisation de ruptures dans la loi d’un processus
de Poisson composé et un algorithme de type "fenétre glissante" est utilisé pour identifier les ruptures
multiples.

Procédures de tests multiples pour les processus de Poisson

Yang [Yan20] s’est intéressé au cas d’une rupture dans I'intensité d’un processus de Poisson a partir d’une
intensité de référence qui n’est plus constante mais est une fonction qui varie en fonction du temps.
L'intensité du processus dépend alors de deux parametres inconnus : 'instant de saut et un parametre
dans l'intensité de référence. A partir de l'observation de n trajectoires indépendantes d"un tel processus
de Poisson, un probleme de test multiple est étudié afin de décrire les parametres de la rupture. En
particulier, deux hypotheses nulles sont testées : une hypothese nulle porte sur la valeur du parametre de
I'intensité de référence et ’autre porte sur 'instant de rupture. Une étude asymptotique de ce probléeme
de test multiple est menée a partir du critere du FWER pour l'erreur de premiére espéce et une notion de
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puissance pour l'erreur de seconde espece. Afin de réduire les effets de la dépendance entre les tests, la
procédure de test Bayes Multiples est proposée et comparée (théoriquement et numériquement) a trois
autres procédures (Bayes Factor, Wald’s Multiple et Bayesian Estimator Multiple).

Enfin, Picard, Reynaud-Bouret et Roquain [PRBR18]| ont défini un nouveau cadre théorique traitant
des problémes de test multiple sur un continuum d’hypotheéses, c’est-a-dire sur un nombre infini et
non dénombrable d’hypothéses nulles. Ce travail, pertinent pour l'observation d’un processus en temps
continu, propose des procédures de scan sur des fenétres glissantes qui assurent le controle non asymp-
totique du FWER et du FDR dont les définitions ont été adaptées au continuum d’hypotheses. Cette
théorie est appliquée aux problemes particuliers du test d’homogénéité et du test de comparaison de
I'intensité de deux échantillons de processus de Poisson.

IV Apercu de la these et contributions

Chapitre 2 : Tests minimax et adaptatifs pour la détection d’une rupture éventuellement transitoire
dans un processus de Poisson d’intensité de référence connue

et

Chapitre 3 : Tests minimax et adaptatifs pour la détection d’une rupture éventuellement transitoire
dans un processus de Poisson d’intensité de référence inconnue

Article de référence :
[EGLG21]| Minimax and adaptive tests for detecting abrupt and possibly transitory changes in a Poisson process

Ces deux chapitres portent sur la détection optimale d’un saut ou d’un segment dans l'intensité d’un
processus de Poisson. Nous formulons ce probléeme de détection comme un probléeme de tests simples
et présentons une étude minimax non asymptotique. Nous établissons ainsi les vitesses de séparation
minimax pour :

— la détection d’une rupture éventuellement transitoire dans I'intensité d’un processus de Poisson a
partir d’une intensité de référence connue (Chapitre 2) et inconnue (Chapitre 3),

— la détection d’une rupture dans la loi d’un processus de Poisson caractérisée par un saut dans son
intensité, ou la détection d’une rupture transitoire dans la loi caractérisée par un segment dans
son intensité,

— la détection d’une rupture (éventuellement transitoire) de taille et/ou de longueur et/ou de loca-
lisation inconnue(s) dans la loi d’un processus de Poisson.

A notre connaissance, aucun de ces résultats minimax n’avait été établi pour un processus de Poisson

(voir le modele statistique décrit dans le Chapitre Section.

Ces chapitres offrent un panorama complet des différentes vitesses de séparation minimax pour ces pro-
blemes de détection, précisant ainsi les transitions de phase dans les vitesses. En considérant connu ou
inconnu chaque parameétre de la rupture 'un aprés l'autre, nous exhibons les parametres responsables
des différentes transitions dans les vitesses et précisons ainsi le colit de ’adaptation minimax de cha-
cun de ces parametres. Cette étude est menée a la fois lorsque l'intensité de référence du processus de
Poisson est connue (dans le Chapitre 2) et lorsqu’elle est inconnue (dans le Chapitre 3). Nous montrons
notamment une transition de phase dans l'ordre des vitesses de séparation minimax de +/loglog L/L pour
la détection d’un saut a 4/logL/L pour la détection d’'un segment, lorsque la taille et la localisation de
la rupture ainsi que la longueur du segment sont inconnues. Si cette transition de phase dans les vi-
tesses est similaire a celle observée dans le modele gaussien, certaines vitesses de séparation que nous
établissons ne sont pas connues, a notre connaissance, méme dans le cadre gaussien plus classique.
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Plus précisément, pour la détection d’un segment dans I'intensité d’un processus de Poisson, nous avons
prouvé que la vitesse de séparation est d’ordre /log L/L lorsque la localisation et la longueur du segment
sont inconnues, quelle que soit la connaissance de la taille du saut. La vitesse est d’ordre +/loglogL/L
lorsque seul I'instant de rupture est connu, et d’ordre V1/L dans tous les autres cas. Pour la détection
d’un saut dans I'intensité, les vitesses que nous avons obtenues sont cohérentes avec les résultats asymp-
totiques ou non asymptotiques disponibles en modele gaussien classique : la vitesse de séparation est
d’ordre y/loglog L/L lorsque la taille et la position du saut sont inconnues et d’ordre V1/L dans tous les
autres cas. Notons que nous avons obtenu ces vitesses dans un cadre non asymptotique, dans le cas ou
I'intensité de référence du processus de Poisson est connue et dans le cas ou elle est inconnue.

Afin d’obtenir des bornes inférieures pour les vitesses de séparation minimax des différents problémes
de test, nous utilisons principalement le Lemmeissue de la théorie bayésienne, le lemme de Gir-
sanov (voir le Lemme[2.1) et certaines propriétés des processus de Poisson. Une démarche progressive
a aussi été proposée pour la construction de tests minimax ou minimax adaptatifs. Nos procédures de
tests sont basées a la fois sur des statistiques linéaires proches des statistiques CUSUM utilisées en mo-
dele gaussien, inspirées et adaptées des tests de Neyman-Pearson utilisés lorsque tous les parametres
de la rupture (éventuellement transitoire) sont connus, et a la fois sur de nouvelles statistiques quadra-
tiques. Par leur construction, ces nouvelles statistiques quadratiques nous ont semblé plus appropriées
et naturelles pour estimer la distance d, entre l'intensité A et I'ensemble Sy considérée dans ce travail.
Cette discussion sur le choix de la statistique souleve de nouvelles questions théoriques sur ’agrégation
de tests bilatéraux, illustrées par la mise en ceuvre de ces procédures de tests sur des données simulées
dans une étude expérimentale.

Lorsque des parametres de la rupture sont inconnus, les propriétés d’adaptation au sens du minimax
de nos tests sont obtenues par des stratégies d’agrégation et de scan, toutes différentes selon la nature
des parametres inconnus. Les valeurs critiques associées a ces statistiques d’agrégation et de scan ont
également du étre ajustées afin de garantir le niveau non asymptotique « et les propriétés d’optimalité
au sens du minimax des procédures de tests correspondantes. Dans le Chapitre 3, le fait que I'intensité
de référence du processus soit inconnue complique l'ajustement des valeurs critiques : une astuce de
conditionnement, également décrite dans [FLRB11], a été utilisée pour remédier a cette difficulté.

L'obtention de contrdles non asymptotiques pour ces valeurs critiques est le point le plus délicat dans
les preuves des bornes supérieures des vitesses de séparation. Nous avons di utiliser des inégalités ex-
ponentielles et des inégalités de concentration tres variées. Dans le Chapitre 2, lorsque l'intensité de
référence du processus de Poisson est connue, ces inégalités exponentielles vont de résultats sur les
suprema de processus de Poisson avec drift, datant du milieu du vingtieme siecle, obtenues par Pyke
|[Pyk59] a des résultats tres récents démontrés par Le Guével [LG21] pour des suprema de processus de
comptage et leurs martingales ou martingales carrées associées. Dans le Chapitre 3, lorsque l'intensité
de référence est inconnue, nous avons utilisé des inégalités exponentielles pour le suprema ou le module
d’oscillation de processus empiriques et de U-statistiques établies par Mason, Shorack et Wellner [SW86]
et Houdré et Reynaud-Bouret [HRB03], ou des inégalités de concentration obtenues a partir des inégali-
tés de Bernstein et de Bennett (énoncées dans [BDR15]]) que nous avons combinées a des techniques de
chainage.

Chapitre 4 : Tests multiples minimax et adaptatifs pour la détection et la localisation d’une rupture
dans un processus de Poisson d’intensité de référence connue

Article de référence :
Minimax and adaptive multiple tests for detecting and localising an abrupt change in the intensity of a Poisson
process, avec Fromont Magalie et Le Guével Ronan. En préparation.
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Ce chapitre porte sur la détection et la localisation optimale d’un saut dans l'intensité d’un processus
de Poisson. Nous formulons ce probléeme de détection et de localisation comme un probléme de tests
multiples et présentons une étude minimax et non asymptotique. Nous établissons ainsi les vitesses de
séparation minimax par famille pour :
— la détection et la localisation d’une rupture dans l'intensité d’un processus de Poisson a partir
d’une intensité de référence connue,
— la détection et la localisation d’une rupture de taille connue, bornée inférieurement et inconnue
dans la loi d’un processus de Poisson.
A notre connaissance, aucun de ces résultats minimax n’avaient été établis pour un processus de Poisson
(voir le modéle statistique décrit dans le Chapitre|[1]Section[I.4).

Nous proposons un panorama des différentes vitesses de séparation minimax par famille pour ces pro-
blemes de localisation d’une rupture, précisant ainsi les transitions de phase dans les vitesses. En consi-
dérant connue ou inconnue la taille de la rupture, nous précisons le cotit de ’adaptation minimax pour
ce parametre. Cette étude de détection et de localisation simultanée d’une rupture, menée lorsque l’in-
tensité de référence du processus de Poisson est connue, peut étre vue comme un prolongement du
probleme de détection dans un cadre hors-ligne mené dans le Chapitre |2} Nous montrons notamment
une transition de phase dans l’'ordre des vitesses de séparation minimax par famille de V1/L lorsque la
taille est connue a /loglog L/L lorsqu’elle est inconnue. A partir des procédures de tests multiples mi-
nimax, nous construisons aussi des estimateurs et des intervalles de confiance de taille minimale pour
I'instant de rupture.

Plus précisément, nous avons prouvé que la vitesse de séparation minimax par famille est d’ordre V1/L
lorsque la taille du saut est connue et lorsqu’elle est minorée par une valeur donnée. Si la taille du saut
est completement inconnue, la vitesse est dégradée d’un facteur /loglogL ce qui est cohérent avec le
cout supplémentaire di a ’adaptation en la taille du saut observé dans le probléeme de détection (voir
Chapitre [2). Il est a noter que l'on peut retrouver les résultats obtenus pour les vitesses de séparation
minimax du Chapitre |2|a partir des résultats démontrés pour les tests multiples et les vitesses de sé-
paration minimax par famille. Ce fait est conforme a l'intuition : avant de pouvoir prétendre localiser
une rupture, il faut étre en mesure de la détecter. Néanmoins, il est remarquable que la multiplicité des
hypotheses dans la formulation des problemes de tests multiples ne dégrade pas l'ordre de la vitesse de
la mFWSR.

Afin d’obtenir des bornes inférieures pour les vitesses de séparation minimax par famille des différents
problémes de test, nous utilisons le Lemme[1.10] Ce lemme établit un lien entre le critére minimax pour
les procédures de tests multiples et le critere minimax pour les procédures de tests simples correspon-
dantes, nous permettant ainsi de minorer les vitesses de séparation minimax par famille par les vitesses
de séparation minimax obtenues pour le probleme de détection d’une rupture dans le Chapitre[2| Pour
prouver que ces bornes inférieures sont d’ordre optimal, nous construisons des procédures de tests mul-
tiples dont le FWER est controlé par un niveau fixé au préalable et dont le FWSR atteint (a une constante
multiplicative pres) les bornes inférieures. Pour chaque hypothese nulle, on considere le probleme de
test simple correspondant et utilisons des statistiques similaires a celles utilisées pour le probléme de
détection d’une rupture (voir Chapitre . Ainsi, lorsque la taille du saut est connue ou bornée infé-
rieurement, nous utilisons une statistique linéaire qui prend en compte la connaissance de la taille ou
de la taille minimale du saut. Lorsque la taille est inconnue, nous utilisons une statistique linéaire et
une statistique quadratique adaptées de celles définies dans le Chapitre |2| Les propriétés d’adaptation
au sens du minimax de nos procédures de tests multiples sont obtenues par des stratégies d’agrégation
et de scan, différentes selon la connaissance de la taille du saut. Les valeurs critiques associées a ces
statistiques d’agrégation et de scan ont du étre ajustées afin de garantir le controle non asymptotique
du FWER et les propriétés d’optimalité au sens du minimax des procédures de tests multiples. Nous
avons notamment prouvé que la vitesse de séparation par famille de chacune de nos procédures de tests
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multiples ne dépend pas du nombre d’hypotheses nulles testées. Ce fait remarquable offre un intérét a
un futur développement d’une théorie minimax pour les tests multiples d’un continuum d’hypotheéses.

Les controles non asymptotiques pour les valeurs critiques des procédures de tests multiples sont obte-
nus grace aux mémes outils que ceux utilisés dans le Chapitre |2} a savoir des inégalités exponentielles
pour les suprema de processus de Poisson avec drift démontrées par Pyke [Pyk59] et pour les suprema
de processus de comptage et leurs martingales ou martingales carrées associées démontrées par Le Gué-
vel [LG21]. La prise en compte de la multiplicité des tests sans dégrader l'ordre de la vitesse est le point
délicat dans les preuves des bornes supérieures des vitesses de séparation par famille. Nous avons d
adapter les résultats obtenus par Pyke [Pyk59| sur les suprema de processus de Poisson avec drift et
utiliser de nouvelles inégalités exponentielles démontrées par Le Guével [LG21]| pour les modules d’os-
cillations de martingales et martingales carrées définies a partir d’un processus de Poisson. Couplées a
une partition dyadique de I'intervalle [0, 1], ces inégalités exponentielles pour les modules d’oscillations
nous ont permis d’obtenir un controle assez fin de la probabilité qui intervient dans le calcul des vi-
tesses de séparation par famille sur chaque élément de la partition, garantissant ainsi le bon ordre dans
la vitesse.

Enfin, nous avons établi des liens entre les procédures de tests multiples minimax pour la localisation
de la rupture et des intervalles de confiance de taille minimale pour l'instant de rupture. S’il est bien
connu qu’un test simple de niveau « est intrinséquement relié a une région de confiance de niveau 1 -a,
une correspondance similaire peut étre faite pour notre probleme de localisation de rupture entre une
procédure de test multiple dont le FWER est contro6lé par a et un intervalle de confiance de niveau 1 —a
pour l'instant de rupture. L'apport de la connaissance du FWSR d’une procédure de test multiple nous
a ensuite permis d’obtenir des bornes sur la taille minimale des intervalles de confiance pour 'instant
de rupture. Associés aux procédures de tests multiples minimax établies au préalable, ces résultats nous
ont finalement permis de construire un estimateur puis un intervalle de confiance de taille minimale
pour l'instant de saut.
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CHAPTER
TWO

MINIMAX AND ADAPTIVE TESTS FOR DETECTING ABRUPT AND
POSSIBLY TRANSITORY CHANGES IN A POISSON PROCESS WITH A
KNOWN BASELINE INTENSITY

As a first step of work, and because this also addresses particular applications, we are here in-
terested in the problem of detecting an abrupt change in the intensity of the Poisson process N, when
its baseline is assumed to be known, equal to a positive constant function Ay on [0,1]. For the sake of
simplicity, the constant function Ay and its value on [0, 1] are often confused in the following. The null
hypothesis of the present section can therefore be expressed as (Hy) A € Sp[Ao] = {Ag}”, while the al-
ternative hypothesis varies according to the height, length and location of the intensity jump or bump
knowledge. All the possible sets of alternatives according to whether each parameter of the change
(height, location and length) is known or not, including the special case where the change is non transi-
tory (jump detection), are handled. For each sets of alternatives, lower bounds for minimax separation
rates are provided, as a preliminary basis for corresponding upper bounds (when appropriate, that is
when at least the height or the length is unknown). As explained above, these upper bounds are obtained
by constructing minimax or minimax adaptive tests, which are mainly based on aggregation of either
linear or quadratic statistics, coupled with adjusted critical values. A simulation study is presented in
Chapter Section whose aim is to compare linear and quadratic type tests, and also to compare
them with standard tests used to detect nonhomogeneity of Poisson processes in practice. Proofs of the
core results are postponed to Chapter[2]Section[TX} and proofs of technical results mostly based on expo-
nential inequalities and devoted to quantiles and critical values upper bounds are postponed to Chapter
2] Section[X] All along the chapter, we will introduce some positive constants denoted by C(a, B,...) and
Lyo(a, B,...), meaning that they depend on (a, §,...). Though they are denoted in the same way, they may
vary from one line to another. When they appear in the main results about lower and upper bounds,
we do not intend to precisely evaluate them. However, some possible, probably pessimistic, explicit
expressions for them are proposed in the proofs.

In order to further cover the full range of alternatives in a unified notation, we introduce for 6* in
(=Ag,+00)\ {0}, " in (0,1), € in (0,1 — 7*] the set Ss 1« -[Ag] of intensities with a change of height 67,
location 7* and length ¢ from A:

[Alt1]  Sg e [Ao] = (A:[0,1] = (0,4+00), VE € [0,1] A(£) = Ag + 8 L gey g ()} - (2.1)

Testing (Hy ) versus (Hy) ”A € Sg - p+[A¢]” falls within the scope of the Neyman-Pearson fundamental
lemma and a most powerful test exists, thus achieving the minimax separation rate over Ss ;« [ Ao].
Details are provided below. Notice that Ss- ;- ¢-[A] contains only one alternative A = Ag+ 0" (¢ +4¢+) but
we still use the notation Sy .+ s<[A¢] in the following to standardise the notations of the alternative sets.
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Then, when the question of adaptivity with respect to unknown parameters is tackled, the unknown
parameters are replaced by single, double or a triple dots in the notation Ss: ;+ o[ A¢].

Recall that for any alternative intensity A = Ag + 01 (¢ r4¢) with 6 in (=Ag,+0c0) \ {0}, T in (0,1), and ¢ in
(0,1 = 7], d2(A,Sp[Ag]) = |6|VE. Hence, as soon as A has a known change height 6 = 6* and a known
change length ¢ = ¢*, the distance d,(A, Sy[Ap]) is fixed, equal to |6*| V€. The B-uniform separation rate
of any level a test over Ss i« p<[Ag] Or Sy .. p[Ag] as defined by is therefore either 0 or +oo (with
the usual convention inf@ = +c0), as well as the minimax separation rate. In these only two cases,
studying our tests from the minimax point of view would have no sense. Nevertheless, once having
ensured that their first kind error rate is at most «, in order to follow the same line as the minimax
results obtained in the other cases, we establish conditions expressed as a sufficient minimal distance
dy(A,Sp[Ag]), guaranteeing that their second kind error rate is at most equal to some prescribed level .

I Uniformly most powerful detection of a possibly transitory change with
known location and length

Let us now give more details about the above problem of testing the simple null hypothesis (Hy) A €
SolAg] = {Ao}” versus the simple alternative hypothesis (H;) ”"A € Ss 1+ +[Ag]” With Sg« -+ p[A] defined
by . Notice that for any A in Ss. 1« <[ Ag], then

dy(A, Sol[Ao]) = 1671V .

Given « in (0,1), Neyman-Pearson tests of (Hy) versus (Hy) "A € Sg ¢« ¢+[Ao]” of size @ can be con-
structed. To this end, we recall Girsanov’s lemma (see [Bré81] for a proof).

Lemma 2.1 (Girsanov).

Let N = (Nj)se|o,1] be an inhomogeneous Poisson process with jump locations (X;);»1, with bounded intensity A
with respect to some measure A on [0,1], and with distribution denoted by Py under the probability P. Assume
that Ag is a bounded nonnegative function such that for every j > 1, Ao(X;) > 0 P-almost surely. Then

Py L) !
dTAO(N) _eprO ln(m)dNt—J; (/\(t)—AO(t))dAt] .

From this fundamental lemma, we deduce the likelihood ratio, for A in Sg - [ Ag],

(N)ZGXP[IH(I+§)N(T*,T*+€*]—5*€*L:| s (2.2)
0

dP,,

which leads to the following size @ Neyman-Pearson tests:

(Pia(N) = ]lN('[*,T*+€*]<p/\0pL(a) + 7/7(a)]lN(T*,T*+€*]:p/\O[*L(a:) if 0" <0, (2.3)
O1o(N) = I rrsegspy e (1ma) T 7T (L= @I rrst)mp, y(1-0) i 07 >0, '
where pg(u) denotes the u-quantile of the Poisson distribution with parameter &, and
. u =Py (N(T, T+ O] < ppeer () .
Y (u)= X - c YT =1-y(u) . (2.4)

Py (N(t*, T+ 0] = ppyerr ()
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Proposition 2.2 (Second kind error rates control for [Alt.1]).

Let L>1, @ and B in (0,1), Ag > 0, 6" in (—Ag,+00) \ {0}, T* in (0,1) and €* in (0,1 —t*]. Considering the
problem of testing (Hy) versus (Hy) ”A € Ss- - ¢-[A0]”, let ¢4 be the test ¢y , if 0" <0, (j)fa if 6* > 0 (see
for definitions of the tests). The test ¢ , is a most powerful test of size a. Moreover, Py(¢;,,(N)=0)<p
as soon as A belongs to Ss. 1« p<[Ao] with

0 (L, SolAo)) > V(A‘)”*)V/? Vhola (2.5)

Comments.

Notice first that the same result holds with Py(¢; ,(N) = 0) replaced by the second kind error rate
E [1 = ¢14(N)]. Then, as explained above, studying the present test from the minimax point is not
really relevant. One can however notice that the uniform separation rate of a most powerful test nec-
essarily provides the minimax separation rate over any set of alternatives. Since for A in Sg - ,-[A¢],

dy (A, Sp[Ag]) = |6*|VE*, the above proposition implies that if L > (\/(AO +0%)/B + \//\0/0()2/(6*25* ), then
Py(¢1,4(N) = 0) < B. Therefore, in this case, the f-uniform separation rate of ¢; , over Ss - p-[Ag] is
equal to 0, and consequently, the (a, f)-minimax separation rate mSR, g (Ss ,¢<[A0])-

Let us now consider the question of adaptation with respect to the change height only. To this end, we
introduce, for ¥ in (0,1) and ¢* in (0,1 — 7] the set

[Alt.2] S, . [Ao] ={A:[0,1] = (0,+00), 36 € (Ao, +00)\ {0}, Yt € [0, 1] A(t) = Ao+ 0L (¢ royr)(£)} 5 (2.6)
and we consider the problem of testing (Hy) versus (Hy) "A €S, ¢« p+[Ao]”.

The following result gives a nonasymptotic lower bound for the (a, f)-minimax separation rate over the
set of alternatives S, ;- p-[A(] of the parametric order L2, which is obtained from a now classical Bayesian
approach that originates in Le Cam’s theory and Ingster’s work [Ing93] in an asymptotic perspective, and
that has been next adapted to the nonasymptotic perspective by Baraud [Bar02]. The main points of this
approach are recalled in Chapter[1]Section|[II.2} and the complete proof can be found in Section [IX]of

Chapter|[2]

Proposition 2.3 (Minimax lower bound for [Alt.2]).
Let a,fin (0,1) such that a + <1, Ay >0, t°in (0,1) and €* in (0,1 —t*]. For all L > 1, the following lower

bound holds:
Aglog C
mSR (8, [Ao]) 2 4/ w, with Cop=1+4(1-a-p)* .

In order to prove that this lower bound is sharp with respect to L, we introduce a first bilateral test based
on the counting statistic N (7%, * + €*] of the above Neyman-Pearson tests. So let

(1)
$2,6(N) = LN (e st opy e (1-an)} + V(L= @)U N esp)mp, o (1-a0)
FUN e ) epagenton)) TV QLN )i} - (27)
where a; and «; in (0, 1) are determined by
ay+a,=a and E, [N(t5,7"+ f*]q)(;,;(N)] =aE, [N(t,T"+{7]] . (2.8)

Since our testing problem amounts to a problem of testing ”0 = 0” versus "6 # 0” in the exponential
model dPy/dP) (N) =exp[In(1+0/Ag)N(t*, 7% +{*] - 6¢*L], applying the result of Chapter 4.2 in [LR0O5]

allows to see that qb(zll)x is an Uniformly Most Powerful Unbiased (UMPU) test of size . We also prove
that it is f-minimax (up to a possible multiplicative constant) over the set of alternatives S, « s<[Ao] with
the following result.
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Proposition 2.4 (Minimax upper bound for [Alt.2]).
Let L>1, a,fin (0,1), Ag >0, 7" in (0,1) and £* in (0,1 —7*]. The test (i)(zll of (Hy) versus (Hy) "A €
S, [ Ao]” defined by (2.7)-(2.8) is of level a, that is P/\O((])(;’;(N) = 1) < a (it is even of size a, that is
EAO[(f)(Zl’L(N)] = a). Moreover, there exists C(a, p, Ao, T*,€*) > 0 such that
Cla, B, Ao, ")

\/Z »
which entails in particular mSR, g (S, ¢+ ¢-[Ao]) < C(a, B, Ao, 0*)/VL.

SRy (52,8, e[ Ao)) <

. . . 1 .
It is interesting to notice that the test (P(Z()x can also be written as

(1)
$2,0(N) = L%z 0 40 )py oo (1-ay)) yr(1- )L (04 )=py o (1-a0)}

+ ]l{N(T*xT*+5*]<ﬁAO£*L(a2)} + 7/_(0‘2)]1{N(r*,rwe*]:p%[%(az)} (29
where N (7%, T"+0*] = N(t*, T*+€*]-Ao¢*L and p ¢ (1) is the u-quantile of this recentered Poisson variable
under (Hy ). The statistic N(7*, 7*+¢*] being an unbiased estimator of L{1—A,, L(¢+,c*+¢:1)2 when A belongs
to S, ¢<[Ao), it is intuitively natural to reject (Hy) ”A = Ay” when it is too small or too large, with critical

values determining what "too small" or "too large" means based on the quantiles of N(t*, t* + ¢*] under
(Hp).

Since the distance considered in our minimax criteria is the IL,-distance d,, a more natural idea here is
to construct a test based on a statistic estimating d, (A, 1g) or d3 (A, Ag) when A € S, ;- -[Ag]. Such an
unbiased estimator of d%()\, Ag) is in fact given by the quadratic statistic Ty« i ¢+(N), where for 71,1,
suchthat 0 <7 <7, <1,

1
T.

0 N) = s (N (= (14 240L(r - 1N (11, 12] + LA - )?) (2.10)

This leads us to consider a second minimax test, defined by

(P(Z,Q(N) = 1T‘r",'r*+[*(N)>tA0,T*,T*+l'*(l_a) ’ (21 l)
where t) . . (u) denotes the u-quantile of the distribution of T ., (N)under (Hy).

Proposition 2.5 (Alternate minimax upper bound for [Alt.2]).

Let L>1, a,p in (0,1), Ag >0, °in (0,1) and €* in (0,1 —t*]. The test (j)(zz‘)l of (Hy) versus (Hy) "\ €
8.0 Ao)” defined by is of level a, that is P,\O(q)(;L(N) =1) < @, and there exists C(a, B, Ao, T5,€*) > 0
such that SRg(§5), S, - ¢-[Ao]) < Cla, B, Ao, €*)/ VL.

Comments.
Both tests (;[)(21(1 and (j)(zz; are therefore f-minimax (up to a possible multiplicative constant) over the set of
alternatives S, + <[ A¢], where the height of the change is unknown, with an optimal uniform separation

rate of the expected parametric order 1/VL. Despite the bilateral form of the test (j)(zlgt and the apparent
unilateral form of qb(zzz)x, these tests have in fact very close links that we detail in the following section.

Notice that the present study involves the particular non transitory change or jump detection problem,
with a known change location, taking ¢* = 1 —t*. The study of the general non transitory change or jump

detection problem (of unknown location) is conducted in Chapter[2|Section[V.1]as a particular case of
change detection problem, with unknown location and length.
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II Choice of the test statistics and links between the corresponding proce-
dures

Let us focus on the test (j)(;‘)x and confront it the UMPU test qb(zll)l To this end, we notice that

(2) _
¢2,a(N) - ]lN(T*,T*+€*]—/\0€*L>%(1+\/1+4/\0€*L+4€*L2tAO,,*,,*W(l—a))

+]lN(T",T*+€*]—/\OL€*<%(1—\/1+4/\O€*L+4€*L2tlolﬁ’ﬁw*(1—a)) :

The test (j)(zz()x can thus be clearly related to the test (]5(212Y expressed with the recentered statistic N(t*, 7"+
¢*] asin , with the only difference that its critical values are differently chosen. The choice made for

2 . . s . 1
({)(25)( has two main consequences: a negative one, which is that the test is not UMPU contrary to ¢‘2;,

and a positive one which is that it does not involve calibration of two levels a; and a; as in ({)(21(1‘ where
they have to satisfy (2.8), equivalent to

E), [(N(T*, T+ 0= prer(l-ay))l (N{ee 40P er(1-a1)50) ]
+Ey, [ (N(t', 7" + €] = payerlar) ) L4 e 41 e (22)<0) ]
taprer(l—ap)+azprer(az) =0 .
This calibration, which is already not so easy to execute when using such single bilateral tests, leads to an

additional difficulty when considering their aggregation. Correcting the individual levels of some tests

of the form of qb(zzl)l when they are aggregated is quite a classical question, that can be solved by using
principles of Bonferroni or min-p multiple tests. This question becomes particularly tricky for tests of

the form of (p(;‘)l: the arbitrary choice of a; = a, makes the aggregation more convenient in the following,
at the price to slightly degrade the final power of the aggregated test, especially when the distribution
of the involved recentered statistics N(7;,7,] is not symmetric with respect to 0. More details are given

in Chapter [2]Section

This last consequence, together with the fact that the test statistic T, ,(N) is an unbiased estimator
of ||I—IV”'TZ(A - /\0)||§ where Vg, ., = Vect((p(rlyrz] = ]l(rl,rz]/\/ﬁ) and I—IVHJ2 denotes the orthogonal
projection onto V, ., in IL,([0, 1]), which can be a starting point to generalise the present detection tests
to more complex change-point detection problems (for instance in nonconstant baseline intensities), has
led us to keep both types of tests all along our study whenever possible. Moreover, the tools used to
obtain the minimax results for both tests are very different, hence the proofs for the two tests can be
viewed as real alternate proofs of minimax separation rates upper bounds.

IIT Minimax detection of a transitory change with known length

The present section is dedicated to the problem of testing (Hy) ”"A € Sg[Ag] = {Ao}” versus alternatives
where the length of the change from the baseline intensity is known, with adaptation with respect to the
change location, and with or without adaptation with respect to the height of the change. We therefore
introduce, for £* in (0,1) and 6" in (=2, +o0) \ {0}, the two following sets:

[A1t.3] Sy, r-[Ag] = {/\: [0,1] — (0,+00), AT € (0,1 £*), Yt € [0,1] A(t) = A + 5*]1(%”5*](”} . (2.12)

[ALt4] S...0-[Ao] = {1[0,1] > (0,+0), 35 € (~Ag, +00) \ {0}, AT € (0,1 - ),
Vte[0,1] A(t) = /\0+5]1(T,H€*](t)} . (2.13)
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As seen in section [[] the knowledge of the change height 6" is not necessary to construct an Uniformly
Most Powerful (UMP) test of (Hy) versus (Hy) A € Sg 1+ p+[Ag]” as the test statistic, which is the exhaus-
tive statistic in the considered exponential model, does not depend on the value of 6*. This enables to
directly extend it to an UMPU test of (H) versus (H;) "A € S, ¢<[A¢]” based on the same exhaustive
statistic N(t*, 7* + €*].

The only significant question is hence the one of adaptation to the change location 7*.

A natural approach to handle this question is to take the same linear and quadratic statistics as the ones
used for testing (Hy) versus (Hy) A € Ss ¢« p<[Ao]” or (Hy) "A € S, 1+ ¢<[A0]”, but making 7* varying in
the whole set of possible change locations, or an appropriate restricted set of possible change locations.
This approach, known as statistics scanning in the signal and image processing literature or statistics
aggregation in the minimax testing literature, has close connections with multiple tests that were inves-
tigated in [FLRB16]| (see Chapter[2|Section[VI), and that will be exploited in Chapter[4|dedicated to the
change localisation problem.

We therefore first introduce the following linear statistic based aggregated tests:

(1)- _
¢3,a (N) - {minTE[Oll_p]N(T,T+€*]<p;0,(*(a)] ’

2.14)
(1)+ _ (
¢3,a (N)= ]l{max,qo‘l,g*]N(T,T+€*]>pj0,[*(1—a)} ’

where Py, (1) and p}o (1) respectively denote the u-quantiles of the distributions of min¢[o,1-¢-) N(7, T+

. 1)- 1
€] and max.¢[o,1-¢-| N (7, T+ €] under (Hj ). Notice that the tests cpé; and (j)(3 L): corresponds to the gen-
eral likelihood ratio tests for the one-sided alternatives.
From these unilateral tests, we construct the bilateral test

1 1)- 1
PYr(N) =5 (N)V LY (N) (2.15)
intended to address the change height adaptation issue.
Finally, considering M = [2/0*] and u, = a/[(1 — €*)M], the test statistic Ty/p1 k/me-(N) defined by (2.10)
and its u-quantile ) x/p k/m+¢-(4) under (Hp ), we introduce the quadratic statistic based aggregated test

<P(3§Z,a(N) = 11{ (2.16)

maxge(o,., f(lff")MT*H(Tﬁﬁm(N)_tao,ﬁﬁm( 1-u, ))>0} .
As the set Sy .. p[Ag] defined in is composed of alternatives with known change height 60" and
length ¢, the distance between any of its elements and So[Ao] = {Ao} is fixed, equal to |6*|V¢*. Therefore,
it is not discussed from the minimax point of view. We only provide sufficient conditions for the tests
(p(;();, (j,‘)(;()x_ and ¢(32/11,a to have a second kind error rate controlled by a prescribed level g under Py when
A € Ss..i[Ao]. The proofs of these results, postponed to Chapter Section mainly rely on sharp
bounds for the quantiles p;o’g*(a), p}o’p(l —a)and t) k/m kM0 (1 =1y ), that are deduced from two very
recent exponential inequalities for the supremum of a counting process and the oscillation modulus
of the square martingale associated with a counting process due to Le Guével |[LG21]. Recall that the
technical proofs of such quantiles bounds are detailed in Chapter[2|Section [X]

Proposition 2.6 (Second kind error rate control for [Alt.3]).

Let L>1, aand B in (0,1), Ay >0, 0" in (—Ag,+00) \ {0} and €* in (0,1). Considering the problem of testing
(Ho) vs. (Hy) "A € Sg..p-[Ao]”, let ({)(315) be one of the tests ({)(312: or ¢(32/1La if 8 > 0, and one of the tests
({)(31;_ or (j)(;zm if 8 < 0 (see (2.14) and (2.16) for definitions of the tests). The test (j)(;f) is of level a, that is
P/\O(qb(;’;z)(N) = 1) < a. Moreover, there exists C(a, B, Ay, 0*,€*) > 0 such that P,\(qb(;f)(N) = O) < B as soon

as A belongs to S .. p-[Ag] with

(a, B, Ay, 0%, %)
Nij .

C
dy (A, Sp[Ao]) 2
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Comments.

Remarking that for A in Sy .. p[Ag], d2 (A, Sp[Ao]) = 6% Ve, Propositionleads to exhibit a sufficient
minimal value Ly(a, B, A9, 0%,¢*) for L so that the second kind error rates of the above tests are con-
trolled by . Anecdotally, it furthermore shows that if L > Ly(a,f, Ag,0%,¢*), the p-uniform separa-
tion rate of the above tests over Ss .. ,[A¢] is equal to 0, as well as the (a, f)-minimax separation rate
mSRa’ﬁ (8(5*,",5* [/\Q] )

Turning now to the change height adaptation issue, the lower bound for mSR, g (S, - ¢-[Ao]) given in
Proposition directly leads, using the monotonicity property of the minimax separation rate recalled
in Lemma to the following lower bound for mSR, g(S...,[Ao])-

Corollary 2.7 (Minimax lower bound for [Alt.4]).
Let a,f in (0,1) such that a + p <1, Ay >0 and € in (0,1). For L>1,

Aoglog C
mSRa,Ig(S.,_.,g*[/\O])Z\/w, with Cpp=1+4(1-a-p) .

Proposition 2.8 (Minimax upper bounds for [Alt.4]).

LetL>1,aand fin(0,1), Ag >0, and €*in (0,1). Let qbil’f) be one of the tests ‘PEle)x and qb(;/lm of (Hy) versus

(Hy) "A €S8, p[Ao]” defined respectively by (2.15) and (2.16). Then qbg‘/xz) is of level «, that is P/\O(qbgf)(N) =
1) < a. Moreover, there exists C(a, , Ag,£*) > 0 such that

1/2 Cla, B, Ao, ")
SRy, clho]) = SHLEEEL

which entails in particular mSRa,ﬂ(S.,..,g»[)\o]) < C(a, B, Ao, ')/ VL.

Comments.
The proof of Proposition[2.8]mainly relies as the proof of Proposition|2.6Jon the quantile controls of lem-
mas|2.28Jand[2.27} respectively deduced from theorems 8 and 6 in [LG21]. This result with Corollary[2.7]

means that the tests ¢(4131 and ¢(32/L o of (Ho) versus (Hy) "A €S, p[A9]” are f-minimax. Moreover and
importantly, regarding the results obtained for [Alt.2], Proposition [2.8] with Corollary [2.7] also means
that minimax adaptation with respect to the change location can be achieved with a minimax separation
rate of the parametric order, hence without any additional price to pay (possibly except multiplicative
constants), as soon as the only change length is known. This may contrast with the common idea (maybe
spread by results in the jump detection problem where adaptation to the change location is equiva-
lent to adaptation to the change length) that adaptation to the change location is the main cause of an
unavoidable logarithmic cost. Here, by considering all the cases separately and step by step, we aim
at precisely exhibiting the various regimes of minimax separation rates: this allows us in particular to
specify - where relevant - the price to pay for adaptation to the different alternative parameters.

IV Minimax detection of a transitory change with known location

In this section, we consider the problem of testing the null hypothesis (Hy) ”"A € Sy[Ag] = {Ao}” versus
alternative hypotheses where the location of the change from the baseline intensity is known, with adap-
tation with respect to the change length, and with or without adaptation with respect to the height of the
change. Contrary to the study of Chapter [2|Section while adaptation to the change length only can
be done without any incidence on the minimax separation rate order, adaptation to the change height in
addition to the change length has a non-negligible impact. We therefore examine these two questions in
two separate subsections.
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IV.1 Known change height

Let us first investigate the problem of testing (Hy ) versus (Hy ) ”A € Sy« 1+ ...[Ao]”, where the set S5 1«..[A¢]
is defined for 0" in (-1, +o0) \ {0} and 7" in (0,1) by

[AIt5] Sy [Ag] = {A:[0,1] > (0,+00), (0,1 77), Yt €[0,1] A() = Ao+ 8" L sy (D)) - (2.17)

As explained above, we will see that the minimax separation rate over this alternative set remains un-
changed, of the parametric order L~"/2. A lower bound is easily obtained from the key arguments given
in Chapter|[T]Section[II.2] Therefore the major point here is the construction of a minimax adaptive test,
which has to take the knowledge of the change height 6" into account. In order to determine the most
relevant way to integrate this knowledge, we have used an exact expression for the probability distri-
bution function as well as an exponential inequality for the supremum of Poisson processes with shift,
both due to Pyke [Pyk59} Equation (6) and Theorem 3]. This has led to a new procedure which is rather
atypical regarding the other tests of this paper, and which can be related to Brunel’s [Brul4] scan test in
the Gaussian set-up.

Proposition 2.9 (Minimax lower bound for [Alt.5]).
Let a, B in (0,1) such that a+B <1, Ag >0, 8" in (—Ag,+00)\{0} and 7*in (0,1). Forall L > Aqlog Ca,ﬁ/(é*z(l—

),
Aglog C
mSRa,ﬂ(Sé*lT*,,_,[AO]) > \/ w, with Cop=1+4(1-a —,8)2 .

Let us now introduce the aggregated test

$s5,a(N) = 11[ , (2.18)

SUPe(0,1-1%) Sc)*,r’*,r*M(N)>5X0,5*,1*,L(1_a)}
where Ss 1, ,(N) is the statistic defined for 0 <7; <7, <1 by

_|6"L(T — 1)

5 , (2.19)

Sy (N) = sgn(6") (N1, 2] = Ao L(r2 ~ 7))

and s} s .., (u)is the u-quantile of sup,(g,i_r) Se+,c-,*+¢(N) under (H).

Lemma [2.29|provides a control of the quantile on’é* (1 —a), which is deduced from Pyke’s results

[Pyk59]|, and which is the main argument to prove that ¢5 , has an uniform separation rate of parametric
order L™/? and thus show that the lower bound of Propositionis sharp.

Proposition 2.10 (Minimax upper bound for [Alt.5]).

Let L>1, a and pin (0,1), Ag >0, 0" in (—Ag,+00) \ {0} and t* in (0,1). Let ¢s,, be the test of (Hy) versus
(Hy) A € st p,..[ Ao]” defined by (2.18). Then ¢s 4 is of level a, that is Py (¢s,(N)=1) < a. Moreover,
there exists a constant C(a, , Ag,0") > 0 such that

Cl(a, B, A, 0%)
\/z s

which entails in particular mSR, g (Ss+ ¢+..[Ao]) < C(a, B, Ao, )/ VL.

SRﬂ ( ¢5,ai Sé*,T*,---[/\O] ) <
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IV.2 Unknown change height

Now addressing the question of adaptation to the change height together with the change length, we
consider for 7¥ in (0, 1) the alternative set

S [Ao] = {/\ :[0,1] = (0, +00), 38 € (A, +00) \ {0}, A€ € (0,1 — %), V£ € [0,1] A(t) = Ao + 6]1(1*’T*+€](t)} .
(2.20)

A first preliminary result in fact shows that this set of alternatives is too large to be relevantly studied
from the minimax point of view: the minimax separation rate is infinite over it.

Lemma 2.11.
Let a and B in (0,1) such that a+p <1, Ay >0, and t* in (0,1). For the problem of testing (Hy) "A € So[Ao] =
{Ao}” versus (Hy) "A €S, p..[Ao]”, with S, r-..[Ag] defined by (2.20), one has mSR, g (S, ¢+ ..[Ag]) = +oo.

';

This preliminary result leads us to consider, for R > A, the restricted set of alternatives
[A1t.6] S, r-,..[Ao, R] = {1 :[0,1] — (0,R], 36 € (~Ag, R— Ap]\ {0},
e (0,1-7°), Yte[0,1] A(t)= Ao+ 511(1*,#%]0)} . (2.21)

For the problem of testing (Hy) "A € So[Ag] = {Ag}” versus (Hy) "A € S, 1+..[Ao, R]”, we then obtain the
following lower bound.

Proposition 2.12 (Minimax lower bound for [Alt.6]).
Let a,f in (0,1) with a + p < 1/2, Ay >0, R > Ay, " in (0,1). There exists Ly(c, B, Ao, R) > 0 such that for

LELO((X,[J’,/\O’R),
Agloglog L
mSR, 4 (8, r-..[ Ao, R]) = % .

Let us now assume that L > 3. In order to prove that the above lower bound is of sharp order (with
respect to L), we construct two aggregated tests: a first one based on a linear statistic and a second one
based on quadratic statistic as in ChapterSection

We thus consider the discrete subset of (0,1 —77) of the dyadic form

{eex=(1-1)2" ke (1. llog,Ll}} ,

and the corrected level u, = a/[log,(L)], which allow to define the two following tests:

(p(l) (N) = u \ u
6,a {maxkeu ,,,,, uugzu)(N(T”’T*Jrff*,k]*PAofr*’kL( 1-%¢) )>0} {maxks{l,,,.,[lugzu}(pAOZT*'kL( H)-N( v+ ] )>0}
(2.22)
where pg(u) stands for the u-quantile of the Poisson distribution of parameter & as in (2.3), and
(2) _
qb6r“(N) - 1{maxk€{1,,,,,Llug2LJ}(TT*,T*Jr[’T*’k (N)=tag,e et (1-Ug ))>0} ! (2.23)

where T, -,(N) is the quadratic statistic (2.10), and t, , (1) its u-quantile under (Hy).
Proposition 2.13 (Minimax upper bound for [Alt.6]).
Let a and B in (0,1), Ag > 0, R > Ay and t* in (0,1). Let (,‘[)(61’22) be one of the tests q[)él‘)x and ¢(62‘)X of (Hy)

versus (Hy) "A € S, -..[ Ao, R]” respectively defined by and (2.23). Then ({)(61,22) is of level a, that is

P/\O(¢>(6%{/12)(N) = 1) < a. Moreover, there exists C(a, B, Ao, R) > 0 such that

1/2 loglog L
SRﬁ(d)(M ),5.,1*,...[/\0,12])3C(a,ﬁ,/\o,R) ng ,

which entails in particular mSR, g (8. r..[Ao,R]) < C(a, B, A, R)y/loglog L/L.
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Comments.

The proofs of these upper bounds are mainly based on a sharp control of the quantiles p, (. 1 (1) derived
from the Cramér-Chernov inequality (see Lemma , and of the quantile t) ., () already used in
the proof of Proposition[2.6] This result, combined with its corresponding lower bound, brings out a
first phase transition in the minimax separation rates orders, from the parametric rate order 1/VL to
vloglogL/L. This means that adaptation with respect to both height and length of the bump has a
vloglogL cost, while adaptation to only one of these parameters does not cause any additional price,
nor adaptation to both height and location as noticed above. Though a comparable phase transition
has already been observed in Gaussian models when dealing with the jump detection problem (where
adaptation with respect to the location is equivalent to adaptation with respect to the length), up to our
knowledge, such results did not appear yet in the bump detection literature.

V Minimax detection of a possibly transitory change with unknown loca-
tion and length

”

In this section, we address the final problem of testing the null hypothesis (Hy) "A € Sp[Ag] = {Ao}
versus alternative hypotheses where both location and length of the change from the baseline intensity
are unknown, distinguishing the case where the change is transitory from the particular case where it is
not transitory.

Still adopting the minimax point of view, we will see that when considering the transitory change detec-
tion problem, adaptation to both change location and length has a minimax separation rate cost of order
vlogL, and this whether the change height is known or not. This highly contrasts with the study of
the particular non transitory change or jump detection problem, which makes two different regimes of
minimax separation rates appear, with a maximal cost of order y/loglogL for change height adaptation.

Let us underline that the non transitory change or jump detection problem can be viewed as perfectly
symmetrical to the above transitory change with known location detection problem (see Chapter Sec—
tion[[V). In the first problem, one can consider that the length of the change is unknown but the endpoint
of the change is known, while in the second problem the length of the change is unknown but the start-
ing point of the change is known. The study of the first non transitory change detection problem will
therefore use very similar arguments as the study of the second transitory change with known location
detection problem, finally leading to the same minimax separation rates. This is why we conduct it first
here.

V.1 Non transitory change

In order to investigate the problem of detecting a non transitory change or jump with unknown location,
but known height, we introduce for 0" in (—A(,+o0) \ {0} the alternative set

[Al7] Sg.i-.[Ao]={A:[0,1] = (0+00), AT € (0,1), Vi€ [0, 1] A(t) = Ag+ 8 L qy(1)} . (2.24)

This allows us to formalise the considered detection problem as a problem of testing the null hypothesis
(Hop) "A € Sp[Ao] = {Ao}” versus the alternative (Hy) "A € Ss-..1-..[Ag]”, with the corresponding minimax
lower bound stated below.

Proposition 2.14 (Minimax lower bound for [Alt.7]).
Let a and B in (0,1) such that a + <1, Ag > 0 and 6" in (—Ag,+o0) \ {0}. Forall L > Aylog Cmﬁ/é*z,

Aglog C
mSRa,ﬁ(Sg*,..,l_..[/\o])Z\/w, with Cop=1+4(1-a—p)* .
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Following the study and the notation of Chapter[2|Section[IV] we define the test

¢7,6}5 (N) = ]l{supTE(OJ) Sé*,r,l(N)>SXO,a’*,L(170[)} ’ (225)

where Sj. 1 1,(N) is the statistic defined by (2.19) and s} 5., (1) stands for the u-quantile of sup¢( 1) Ss+,,1 (IN)
under (Hy).

Proposition 2.15 (Minimax upper bound for [Alt.7]).
Let L>1, a and B in (0,1), Ag > 0 and 6" in (=Ay,+00) \ {0}. Let ¢p7 , be the test of (Hy) versus (H;) " €
Ss o 1-[Ao]” defined by (2.25). Then ¢ 4 is of level a, that is Py ($p7,,(N) =1) < a. Moreover, there exists a
constant C(a, B, Ay, 0%) > 0 such that
C(a, B, Ao, 0%)

\/f ’
which entails in particular mSR, 3 (Ss-...1-..[Ao]) < Cla, B, Ao, 6*)/VL.

SRﬁ ( ¢7,a156",--,1—..[/\o] ) <

i

Let us now tackle the question of adaptation with respect to the change height and therefore introduce
to this end a preliminary alternative set

S..1—[Ao]={A:36 € (A, +00)\ {0}, T € (0,1), Yt € [0, 1] A(t) = Ag + 0L 15(1)} - (2.26)
As in Chapter[2]Section[IV] we underline that the minimax separation rate over this set is infinite.

Lemma 2.16.
Let a,p in (0,1) such that a + < 1. For the problem of testing (Hy) ”"A € So[Ag] = {Ao}” versus (Hy) A €
S. .-l Ao]”, with S, .. 1 _.[Ao] defined by (2.26), one has mSR, 4 (S.,...1—..[Ag]) = +oo.

We thus consider for R > A, the more suitable set of alternatives bounded by R, defined by

[Alt.8]S. .. _.[Ao,R] = {/\: [0,1] = (0,R], 36 € (-Ap, R—Ag]\{0}, AT €(0,1), Yt € [0,1] A(t) = )\0+6]1(T,1](t)} .

(2.27)
Considering the problem of testing (Hy) A € Sy[Ag] = {Ag}” versus (Hy) "A € S...1-.[A0,R]”, we then
obtain the following lower bound.

Proposition 2.17 (Minimax lower bound for [Alt.8]).
Let a, B in (0,1) with a + f < 1/2, Mg > 0 and R > Ag. There exists Ly(a, B, Ag,R) > 0 such that for L >

Lo(a, B, Ao, R),
Agloglog L
mSRy 4 (S, 1[40, R]) 2 % .

Again, following the study and the notation of Chapter [2|Section[IV] we assume now that L > 3, we
consider the discrete subset of (0, 1) of the dyadic form

{e=1-2%kef1,..., llog, L)} ,

and we set u, = a/|log,(L)], which allows to define the two following tests:

(1) _
(P (N) {maxke“,__,u(,gzu]( N(Tkjl]_PAO(lfrk)L( 1-3 ) )>O} [manE“ ----- Llog LJ)(PAo(le)L( =y )_N(Tk 1] )>0} ’ (2'28)
where pg(u) stands for the u-quantile of the Poisson distribution of parameter &, and
(2) _
¢8,a (N) = ]l{maxke{l,...,Llogz LJ}(TTk,I(N)*tAO,rk,l( 1-u, ))>O} » (229)

where T, ., (N) is the quadratic statistic (2.10) and ty 1,1, (#) its u-quantile under (Hy ).
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Proposition 2.18 (Minimax upper bound for [Alt.8]).
Let a and p in (0,1), Ag > 0 and R> Ay. Let cf)gf) be one of the tests c{)gll)x and (;[)(822( of (Hy) versus (Hy) "A e

S.,..1-.[Ao, R]” respectively defined by (2.28) and (2.29). Then (])g’f) is of level a, that is P/\O(({)gf)(N) = l) <
a. Moreover, there exists a constant C(a, B, Ao, R) > 0 such that

1/2 loglog L
SR,g(¢g,a ),S.,..,l_..[/\o,R])SC(a,ﬁ,/\o,R)\/ B o8,

which entails in particular mSR, g (S.,..1-.[ Ao, R]) < C(a, B, Ao, R)/loglog L/L.

V.2 Transitory change

In this subsection, we address the transitory change detection problem, focusing here on the question of
adaptation to unknown location and length. As explained above, we will see that minimax adaptation
to these both parameters has the most important cost in the present study, whose order is as large as
ylogL, so that adaptation to the height will have no additional cost.

Let us first give lower bounds for the minimax separation rates, focusing on the case where the change
height is known since the general case where all three parameters, location, length and height of the
change are unknown then follows easily.

Hence, we introduce for 0* in (—Ag,+o0) \ {0} the alternative set

[A1£.9] S;....[ 1] = {1:[0,1] = (0,+00), AT € (0,1), I € (0,1-17), V£ €[0,1] A() = Ag + 6" T (g, 41(1)]} -
(2.30)

Proposition 2.19 (Minimax lower bound for [Alt.9]).
Let a,p in (0,1), Ag > 0 and 0" in (—=Ag,+00) \ {0}. There exists Lo(c, B, Ag,0%) > O such that for all L >
Lo(a, B, Ao, 0%),

Now considering the very general alternative set
S....[Ao] = {/\ :[0,1] = (0,+00), 35 € (=1, +00) \ {0}, AT € (0,1),

3 e(0,1-7), VE€[0,1] A(t)=Ag+0T(rg(t) , (231)
since it contains S, ;- ..[A¢] defined by for any 7* in (0,1), Lemma straightforwardly leads to

an infinite minimax separation rate lower bound.

Corollary 2.20.
Let a, B in (0,1) such that a + p < 1. For the problem of testing (Hy) ”"A € So[Ag] = {Ao}” versus (Hy) "A e
S....[Ao]”, with S.....[Ao] defined by , one has mSR 4 (S.,.....[Ag]) = +oo.

We therefore restrict the alternative set to the one defined for R > A, by

[A1£.10] S,....[ Ao, R ={A:[0,1] = (0,R], 35 € (<A, R= o]\ {0}, FT€(0,1), I € (0,1 -7),
Vte[0,1] A(t):A0+5]1(TM](t)} ., (2.32)
and deal with the problem of testing (Hy) "A € Sy[Ag] = {Ao}” versus (Hy) "A € S.....[Ao,R]”. This

Ao = R. Therefore, Proposition[2.19|has the following direct corollary, whose proof as well as the proof
of Corollary|2.20|is omitted for simplicity.
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Corollary 2.21 (Minimax lower bound for [Alt10]).
Let o, in (0,1) with a + p <1, Ag > 0 and R > Ag. There exists Lo(a, B, Ag,R) > 0 such that for all L >
Lo(a, B, Ao, R),
AglogL

mSRa,ﬁ (S.]..,...[/\O, R] ) > T .
In order to prove that the above lower bounds are sharp, we secondly construct two novel minimax
adaptive tests according to a scanning aggregation principle again. Since the lower bound shows an
additional cost for adaptation to change location and length of order 4/log L instead of at most +/loglog L
when dealing with adaptation to only one of these parameters, we do not necessarily need to consider a
dyadic set of aggregated tests. More precisely, setting u, = 2a/([L]([L]+ 1)), we define

¢ (N)=1 :
90 {maxke{o,...,ﬂ]—l},k’e{l,u,,[L]—k}( N( % % ]*PAok’L/m( 1-4¢) )>0}

v1 , , (2.33)
{maxke:o,...,m-u,k’eu AAAAA [L]—kI(PAOk’L/(LW(MTH)_N(%,% )>0}

and

(2)
N1 , 2.34
?9/10,0(N) { +k/(1—ua))>0} (2.34)

Proposition 2.22 (Minimax upper bound for [Alt.10]).
Leta,pin(0,1), Ag >0and R> Ay. Le tq[)(gl/lzo)a be one of the tests cj)gl/)lo o, and q[)<92/)10 o of (Hy) versus (Hy) "A €

S.....[ Ao, R]” respectively defined by (2.33) and (2.34). Then qb9/10 o Isof level a, that is Py ( ¢91//120 L(N)=1 ) <
a. Moreover, there exists a constant C(a,ﬁ, Ao, R) > 0 such that

log L
L s

(1/2)
SRg (4’9/10 @ So[ A0, R] ) < C(a, B, Ao, R)

which entails in particular mSR, g (S.....[ Ao, R]) < C(a, B, Ao, R)y/log L/L.

As in particular Sg....[A¢] is included in S.....[Ag, Ag + 0"] for any 0" > 0 and S.....[A(, Ap] for any 6"
n (-A¢,0), Proposition [2.22|has the following immediate corollary, which closes the study of possibly
transitory change in a known baseline intensity detection.

Corollary 2.23 (Minimax upper bound for [Alt.9]).
Let a, B in (0,1), Ag > 0 and 6" in (—Ag,+o0) \ {0}. Let ¢(91//12())a be one of the tests ¢(91/)10,a and ¢(92/)10,a of (Hy)

versus (Hy) "A € Sy ....[Ao]” respectively defined by (2.33) and (2.34). Then ¢(91//12o),a is of level a, that is

Py, ((;[)91/120 L(N)=1 ) < a. Moreover, there exists C(a, B, A, 0%) > 0 such that

logL
L s

(1/2) .
SI{[:"((!)9/1()0("S‘lb """ [AO])SC(aIﬁlAO;é )

which entails in particular mSR, g (Ss-,....[Ao]) < C(a, B, Ao, 0%)4/log L/L.

Comment.
The upper bounds in Proposition and Corollary combined with their corresponding lower
bounds, bring out a second phase transition in the minimax separation rate orders, from the rate order
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vloglog L/L when considering adaptation with respect to both bump height and length to /logL/L,
obtained when dealing with adaptation to at least bump location and length (with no additional cost
when adapting to the bump height). As comparable minimax separation rates were already known in
Gaussian models with [ACDHO05] and [Brul4], these results were more expected that some of the above
ones.

VI Choice of individual levels for aggregated tests and links with multiple
tests

Except the tests ¢ ., ¢7 ,, 4)(213‘ and ({)(22[)1 that are classical single tests, all the tests introduced in the
above study are based on aggregation principles. Among them, we can essentially distinguish two kinds
of such aggregated tests.

The first aggregated test type is of the form

or 1

qbaggl,a(N) = ]l{supeee Sg(N)>5K0(1—a)} {sup(,e@ SQ(N)>SXO(1—0¢/2)} v ]l{infgee Sg(N)<s;0(a/2)} ’

where:
* O is one possible parameter or couple of parameters among the location t or length ¢ of the
bump/jump in the alternative intensity, and © is a subset of possible values for 6,
* Sp is a statistic designed to test (Hp) "A = Ay" versus (H;) "A has a jump or a bump with parameter
or parameters 6", such that supy.g Sg(N) and infycg Sg(N) have computable, exactly or by a Monte
Carlo method, u-quantiles 510(”) and s;o(u) under (Hp).

The tests ‘1’(3%,);' (j)(;‘);, ‘{[’511,[)1' ¢s5,q and ¢y , can all be written in this way.

The second aggregated test type is of the form

¢agg2,a(N) = ]l{supﬁe(_)(SG(N)—SAO,G(l—ua))>O} or ﬂ{supeee(SG(N)—SAOYo(l—ua/2))>O} v ]l{supaee(s,\o_(,(ua/Z)—Sg(N))>O} ’

where:
* O is one possible parameter or couple of parameters among the location t or length ¢ of the
bump/jump in the alternative intensity, and © is a finite subset of possible values for 0,
* Sp is a statistic designed to test (Hp) "A = Ay" versus (H;) "A has a jump or a bump with parameter
or parameters 0", with computable (1 —u)-quantiles s o(1 —u) under (Hy),
* u, is an individual, adjusted and smaller than «, level of test.

The tests ¢<32/L’a, ¢(6{;, qb(éi)x, (j)g()x, (j)(;;, ¢(91/)10,a’ 4)(92/)10,& can all be written in this way.

Both ¢age1,0 and Pugero aggregated test types can thus be expressed as
]1{3969, S(?(N)>CA0,9,Q} or 1{366@, SQ(N)>C}\0'9’0{ or S@(N)<C§0'9’a} ’

where ¢y 0,0 = sf\o(l -a), cf\o 0o = sXO(l —a/2) and c/z\o 0,0 = 51,(a/2) do not vary with 0 in {gge1,, and
Cay0,a = S1,0(1-1g), C}\O,e,a =5y,0(1-u,/2)and 6/2\0,9’0( =5),,0(tq/2) vary with 6 in 445 o This therefore
means that these tests reject (Hy) when, scanning all the parameters or couples of parameters 6 in
6 € @} or {]ISQ(N)>C;0,6,& Vv ]]-S@(N)<C§0,6,a’ 9 € @}
rejects (Hy), which explains the name of scan aggregation principle. All the single tests Ls,(Ny>cy, 00 OF

L, (nysc! o Vg, v <c g0 11 the considered collections are of level a, but they can be in fact, individually,

0, at least one single test in the collection {]]'SO(N)>CA0

0,0’
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very conservative, otherwise their aggregation would not preserve the level a property in fine. In the
particular case of ;442 o, the single tests are of individual level u,, taken here equal to u, = a/|O|.

A better choice for u,, leading to a less conservative aggregated test, was first proposed in another
context by Baraud et al. [BHLO5]. In our context, this choice corresponds to u/, equal to

supju €(0,1), P,\O(supeeg(Sg(N)—s,\O’@(l —u)) > 0) < a} or
u, =4 supijue(0,1), (2.35)

Py, (supgeo ((So(N)=sx,0(1—1/2) )V (s1,,0(1/2) = So(N) ) ) > 0) < a} .

Since u, < ug, by definition, sy o(1—u,) <sy 0(1 —ug), 521,0(1 —1y/2) <5y 0(1 —1us/2) and s g(ua/2) <
$1,,0(tq/2). Any upper bound for s o(1 —u,) or sy g(1 —u,/2), or lower bound for s, g(u,/2), such as
those used in the proofs of the minimax separation rates upper bounds and deduced from the quantiles
bounds of Chapter Section [X} therefore remain valid for s g(1 —u,), sy,0(1 —uy/2) or sy, g(ua/2)
respectively. As a consequence, all the above tests of type (442 o but with u, instead of u,, that we can
denote by ¢;gg2,a' satisfy the same minimax properties as ¢,g¢2,4-

The fact that such adjusted aggregated tests (j);ggza are more powerful than ¢,g¢5  is not discernable
in minimax results whereas it is clearly noticeable in practice, is a known shortcoming of the present
nonasymptotic minimax point of view, where exact constants (making lower and upper bound match, up
to a possible negligible term) are not expected, which is not solved yet up to our knowledge in any testing
framework. Our simulation study presented in Chapter [2|Section [VIIT|focuses on the performances of

adjusted aggregated tests of the form ¢;gg2,a‘

Let us now turn to the links that can be highlighted between such minimax adaptive, aggregated tests
$agg2,a Or adjusted aggregated tests ‘P;ggla and multiple tests. The parallel between such aggregated
tests and multiple tests has been established in [FLRB16], as the foundation of a minimax theory for
multiple tests. Notice that when each single test ]186(N)>CA0,6,a in the collection {]15(3(N)>CA0,0.a’ 0 e @} can
be interpreted as a test of a null hypothesis (Hg g) "A € Sy 9” versus (Hy ) "A & Sy 9”, with Sy C NpeeSo,0,
it appears that our first choice of individual level u, = a/|©| can be related to a Bonferroni type mul-
tiple test of the set of hypotheses {(Hyg), 6 € ©}, while our second choice u}, defined by @ can be
related to a min-p type multiple test of the same set of hypotheses. As an example, recall that T, .,(N)
defined by is an unbiased estimator of ||HV11’12(/\ - )\0)||§ (see Chapter Section . Therefore,

involved in (j)(gz/)lo’a(N) can be viewed as single tests of

the single tests ]lTk/y'L'\,(k+k’)/[L‘\(N)>t/\0.k/[L'\,( kek? oy (1)

(Ho,(k/rin ki) "Iy (A = A0) = 07 versus (Hy riyeren) "1 gy (A — A0) # 07 Our aggre-
gated tests of the form ¢,g45 4 are thus clearly aggregated tests constructed from Bonferroni multiple
tests, while the corresponding adjusted aggregated tests of the form (P;ggZ,a are constructed from min-p
multiple tests of such collections of hypotheses (see [FLRB16] for some detailed study). To conclude,
notice that a control of the type I error rate of such aggregated tests ensures directly a control of the

FWER for the corresponding multiple tests.
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VII Summary and discussion

We present below a summary of the results stated above in a tabular form. Recall (c.f. (2.10) and (2.19))
thatfor0< 7 <1, <1,

1

m(N(Terz]z —(1+2XoL(to = ))N (11, 5] + AGLA (1, —Tl)z) ,

Trl,rz (N)=
Ss1,,5,(N) = sgn(0)(N(7y, 2] = AgL(t2 — 1)) — |07|L(T2 — 71)/2, and that pg(u) and t) ., (u) stand for
the u-quantiles of the Poisson distribution of parameter & and the distribution of T, .,(N) under (Hy)
respectively.

Non transitory change or jump detection
Alternative set mSRa,ﬁ Test statistics

86*,1*,1—1*[/\0] B N(T*, l]
8-,1*,1—’[*[/\0] L_l 2 N(T*’ 1]

TT*,I (N)
S, 1-[Ao] Lz SupTe(O,l)Sé*,T,l(N)

log] _
S...1-.[AoR] \/OgTOgL MaXe(1,..,|log, LJ}(N(l — 275, 1] = (1- ua/z))
V(Ppag2ir (1a/2)=N(1-275,1])

Transitory change or bump detection
Alternative set mSRa,ﬁ Test statistics

Ser,e,0:[Ao] - N(t*, v + "]
S.ee[Mo] L7172 N(t*, v + (']
TT*,T*+€*(N)
S e[ Ao] - maXxe(o,1-¢| N (7,7 +€*], mingejo,1-¢) N(T, T+ 7]
MAXke(0,.. [/ ”(Tm/km aeal e*(N)_t*szka'm/m*f*(l _u“))
S.,..e:[Ao] L~1/? maXqe[o,1-¢+] N(T, T+ €], mingepo,1-¢ | N (T, T+ 7]
MaXke(0,..,[(1-6)2/6T]- 1}(TW e (N) =ty e (1 —ua))

T e [/\0] L2 SUPse(0,1-17) Sé*,r*,r*+€(N)

loglog L . a oA
S.v[A0,R] \/% maxge(y,..., LlogzLJ}(N(T T+ (1=7) 27K =y (1o (1 —ua/2))
(P/\O(l—r*)z-kL(”a/z)—N(T* T+ (1-17)27K])

St [A0] \/IOI%L MaXke(0,.,[L]-1},kell,... fﬂ—k}(N([L]’ TIT ] pa k’L/[L](l ))
S, A0sR] V(Pagkm (%) - N( ])
Maxge(o,...[L1-1}kel1,...[L]-k} | T e (N) =1 & e (1- ua))

The present overview notably enables to highlight two main phase transitions in minimax separation
rates. A phase transition from the smallest parametric rate order 1/VL to the intermediate rate order
vloglogL/L, due to adaptation to both height and length of the bump when dealing with the bump
detection problem (BDP), or both height and location of the jump (which is in fact equivalent to adap-
tation to the bump length here) when dealing with the jump detection problem (JDP). A similar phase
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transition was already known in the independent Gaussian model when dealing with the JDP as ex-
plained in the introduction (see [GHZ20| and [VFLRB21]). But the tools used in this Gaussian model,
mainly based on Law of Iterated Logarithm exponential inequalities could not be used here, which led
us to circumvent the difficulty via new exponential inequalities of Le Guével [LG21] combined with a
dyadic type scan aggregation approach. Two points which seem important to us here are: first, in the
BDP, adaptation to both bump height and location can be conducted without any additional cost as
soon as the bump length is known; second, when adaptation to the length in the BDP or the location
in the JDP is considered, the knowledge of the bump or jump height suffices to cancel any price to pay
for adaptation. Up to our knowledge, such results were not known, even in classical Gaussian models.
Constructing minimax adaptive tests actually required a careful analysis of the shifted Poisson process.
Then, a phase transition from the intermediate rate order +/loglog L/L to the largest rate order /logL/L,
due to adaptation to both position and length of the bump when dealing with the BDP. Notice that this
rate is so large that additional adaptation to the height has no supplementary cost. Notice also that sim-
ilar minimax separation rates were already known in the independent Gaussian model: Arias-Castro et
al. [ACDHO05] handled the case where the height is unknown, while Brunel [Brul4] handled the case
where the height is known, equal to 1 (therefore positive) within the asymptotic perspective, with linear
statistics in the spirit of well-known CUSUM statistics. From this angle, our study provides nonasymp-
totic and Poisson processes counterparts for the Gaussian tools used in [ACDHO05] and [Brul4]. But we
furthermore introduce, in the unknown height case, a novel scan aggregated quadratic statistic, whose
interest is discussed in Chapter|2|Section|II}

VIII Simulation study

We study in this section the performance of our minimax adaptive tests from an experimental point of
view, by giving estimations of their size and their power for various distributions of the observed Poisson
process, characterised by a jump or a bump in its intensity. Motivated by some applications in epidemi-
ology and in cybersecurity, we check the feasibility of our new change-points detection procedures in
practice and compare them with existing procedures.

We focus here on the most general problems investigated in this chapter of detecting a change (a jump
or a bump) in the intensity A when the change location and height are unknown. The known baseline
intensity of A, denoted by A, is taken equal to 1 on [0, 1] in all the sequel. For several piecewise constant
intensities A with respect to the measure dA(t) = Ldt, where we have chosen L = 50, we take a level of
test a = 0, 05.

We compare the estimated powers of our procedures with more classical conditional tests previously
studied in practice by other authors. For instance Cohen and Sackrowitz [CS93], and Bain, Engelhardt
and Wright [BEW85] considered six well-known tests in the context of detecting increasing intensities
of a Poisson process. They showed that two of these six tests, namely the so-called Laplace and Z tests
(respectively studied first by Cox [Cox55] and Crow [Cro74]) are more efficient from a practical point of

view.

The Laplace test, denoted by (La) is based on the statistic Zfill X; - q%la)(l - a), where (Xj,..., Xy,) are

the points of the Poisson process N, and for all nin N, qi,Lu)(l —a) is the (1 — a)-quantile of the sum of
n independent random variables uniformly distributed on [0,1]. The Z test, denoted by (Z), is based on
the statistic 2 Zill log(Xi)Jrq](\i)(a), where for every nin N, qilz)(a) is the a-quantile of the chi-square dis-
tribution with 2n degrees of freedom. Note that these tests were especially designed to test homogeneity
versus an increasing trend, with rejection of homogeneity when they take positive values. Therefore,
we have had to adapt them to fit our context. More precisely, we decided to reject the null hypotheses
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(Hp) "A € Sp[Ag] = {Ao}” or (Hy) "A € Sf[R]” when Zx(La)(N) > 0, where

Ny
ZX an; 1—a/2)] (ﬁfka/z)—z;@
i=1

for the Laplace test (La), and when ZX(Z)(N) > 0, where

N,
:[2ZIOg(XZ-) a/2] [ ZZlog l—a/2)] , (2.37)
i=1

for the Z test (Z). Notice that a generalised version of the Laplace and the Z tests have been studied by
Pena [Pen98| and Agustin and Pena [AP99|. A simulation study has been performed for these gener-
alised procedures, but we have found that they have very similar estimated powers to the more classical
Laplace and Z tests for the considered alternatives. The results are therefore omitted in this section.

(2.36)

The minimax adaptive tests we introduced to detect a change with unknown parameters from such
a known intensity are based on two kinds of statistics. The first statistic is simply N(7y,7,], and is
therefore of linear nature, while the second statistic, of quadratic nature, is defined by

1

Ty, o, (N) = Dit,—1))

(N (Tl,T2]2 - (1 + 2/\0L(T2 -1 ))N (T],TZ] + /\%LZ(TQ - ’Cl)z) .

VIII.1 Detection of a non transitory change or jump

Let us recall that our tests are based on an aggregation principle which involves a scanning of the above
linear and quadratic statistics over a discrete subset of possible values for the change location on (0, 1).
The subset introduced in Chapter[2|Section|[V.1]is of the dyadic form

0, = {1 —27* ke {1,...,5}} .
Considering the alternative [Alt.8], the test statistic of our first procedure denoted by (CP1(0,)) is thus

7 (N) = maX((N(T, 1] —mou_T)L(l - ué”/z))v (pAO(l_T)L(u&”/z)—N(T, 1])) ,

€0,

where p) (1-¢)1 (1) is the u-quantile of a Poisson distribution with parameter A(1-7)L and uél) is defined

as in (2.35) by

u,(xl) :sup{u €(0,1), P/\O(max((N(T,l]—p/\o(l_T)L(l —u/2))V(pAO(l_T)L(u/2)—N(T,1]))> 0) < a} ,

T€®d
(2.38)
while the test statistic of our second procedure denoted by (CP2(0;)) is
2 2
T N) = max (T (V) 1,0 (117
where t) - . (1—u)is the (1 —u)-quantile of T, .,(N) under (Hy) and
uff) = sup{u €(0,1), Py, (m%x(TT,l(N) —ty, o1 (l—u )) > 0) < a} . (2.39)
ey

50



The null hypothesis (Hy) "A € So[Ag] = {Ao}” is rejected when T/\(Ol)a(N) > 0 for (CP1(®,)), or when
2
7% (N) > 0 for (CP2(©,)).

Noticing that the tests we use for the bump detection problem (see the following subsection) and the
jump detection procedure studied in [VFLRB21] are based on regular grids of possible values of change
location instead of the dyadic subset ®,, we also consider the same tests but replacing ®, by a regular
grid, with a cardinality close to the cardinality of ®,;, namely

2k +1
0, = {1—0, ke {0,...,4}} :
The corresponding tests are then respectively denoted by (CP1(0,)) and (CP2(®,)).

For all T in ©, or ©,, we have estimated the quantities u((Xl), uﬁf) and ) .1(1 - u&z)) by classical Monte

Carlo methods based on the simulation of 200 000 independent copies of a Poisson random variable
with parameter Ay(1 —7)L or T; ;(N) under (Hy). The approximations of ut(xl) and u((f) were obtained by
dichotomy, such that the probabilities or estimated probabilities occurring in (2.38) and (2.39) are less
than a, but as close to a as possible.

VIIL.2 Detection of a transitory change or bump

Let us consider the discrete set :

k k+k ,
@-{(%,?),ke{&...,ﬁw},k E{l,,50—k}} .

Considering the alternative [Alt.10], the test statistic of our first procedure denoted by (TC1) is

3 7 3 3 ’
T/\(O:)(X(N): max ((N(TIT]_p,\O(T’—T)L(l_uz(x )/2))V(p,\0(r/_T)L(u((X)/2)—N(T,T])) ’

(t,7’)e®

where p) (r—7)r(#) is the u-quantile of a Poisson distribution with parameter Ay(7" - 7)L and u,(f) is

defined, again as in (2.35) by

3 ’
ué) = sup{u €(0,1), PAO( max ((N(T,T 1=prg-or (1 —u/2))
(t,7')e®

v (p/\o(r’fr)L(”/2)_N(T,T’]))> O) < (X} , (2.40)

while the test statistic of our second procedure denoted by (TC2) is

(4) (4)
where ugl) is defined by
”1(14) =Ssup {” €(0,1), Py, ((anl,e)lg@ (Tr,r/(N) —ta e (1 - ut(x4))) > 0) < 0(} . (2.41)

The null hypothesis (Hy) A € So[Ag] = {Ao}” is rejected when T;SL(N) > 0 for (TC1), or when T/\(f,)a(N) >0
for (TC2).
As above, for all (7,7’) in ©, the quantities u(a3), u,(;l) and ) (1 - ugl)) have been estimated by Monte

Carlo methods based on the simulation of 200 000 independent copies of a Poisson random variable with

)

parameter Ay(7"—7)L or T; (N) under (Hy). The approximations of u((f’ and u((f) have been obtained by

dichotomy:.
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VIII.3 Simulation results

We compare the tests (La) and (Z) with (CP1(©;,)), (CP2(©;,)), (CP1(©,)) and (CP2(©,)) when addressing
the jump detection problem (described in|VIII.1), and with (TC1) and (TC2) when addressing the bump
detection problem (described in|VIII.2).

Estimated sizes

We first study the size of each test via simulation of 10 000 independent homogeneous Poisson processes
of intensity Ag =1 w.r.t. A on [0,1]. The probabilities of first kind error of all the considered tests were
simply estimated by the number of rejections divided by 10 000. The results are given in Table

Table 2.1 — Estimated sizes

La /
0.049 0.049
CP1(®,;) CP2(©®,)
0.046 0.048

CP1(©,) CP2(©,)
0.049  0.048
TC1 TC2
0.046  0.048

Notice that the estimated sizes of our tests always remain below the target 0.05, as expected from the
s 1) (2 4 L. . . . o
definitions of ug ), u,(x ), ufls) and ul(x ). It is in particular interesting to see that the Monte Carlo estimation,
which is calibrated according to a balance precision/running time, does not affect here the first kind

error rate control property.

Estimated powers
For both testing problems, we study the estimated power of each test under various alternatives.
Let us start with the jump detection problem. We consider alternative intensities A, 5 defined for all  in
[0,1] by
Ars(t)=1+ 51(1,1](t) ’ (2.42)

where 6 € {-0.8,-0.6,—0.4,-0.2,0.4,0.8,1.2,1.6,2}, and 7 = 0.5 (Table|2.2), T = 0.9 (Table|2.3) and 7 = 0.95
(Table. For each alternative, 1 000 independent inhomogeneous Poisson processes with intensity A, s
w.r.t. A on [0,1] have been simulated. The power of the considered tests has then been simply estimated
by the number of rejections divided by 1 000, leading to the results gathered in Tables|2.2}2.4

Let us now turn to the bump detection problem. We have considered alternative intensities A, , s defined
for all ¢t in [0,1] by
Ar,f,é(t) =1+ 6]1(1,T+€](t) ’ (2.43)

where 1 =0.2, 6 € {-0.8,-0.6,-0.4,-0.2,0.4,0.8,1.2,1.6,2} and £ = 0.1 (Table, ¢ =0.2 (Table | and
¢ = 0.5 (Table . For each alternative, we have simulated 1 000 independent inhomogeneous Poisson
processes with intensity Ag,,s w.r.t. A on [0,1]. The powers have been estimated for each test by the
number of rejections divided by 1 000, and the results are provided in Tables[2.5][2.7]
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Table 2.2 — Estimated probability of detecting a jump with T = 0.5

5= -08 -06 -04 -02 04 08 12 16 2

La 092 058 027 0.09 0.19 0.56 0.84 0.96 0.99

z 0.62 0.34 0.15 0.07 0.16 0.44 0.70 0.89 0.97
CP1(©®;) 1 093 0.44 0.13 040 090 1 1 1
CP2©®;) 1 087 0.35 0.09 040 0.90 1 1 1
CP1(®,) 1 0.91 043 0.14 042 090 1 1 1
CP2©,) 1 0.89 039 0.11 045 091 1 1 1

Table 2.3 — Estimated probability of detecting a jump with 7 = 0.9

0= -0.8 -06 -04 -02 04 08 1.2 1.6 2

La 0.13 0.10 0.07 0.06 0.08 0.15 0.24 0.39 0.51

z 0.07 0.06 0.04 0.06 0.06 0.09 0.12 0.20 0.29
CP1(®,4) 0.18 0.11 0.05 0.04 0.13 0.31 0.53 0.74 0.86
CP2(®,;) 0.17 0.09 0.04 0.04 0.15 0.33 0.56 0.78 0.88
CP1(®,) 0.44 0.20 0.09 0.06 0.10 0.25 0.49 0.68 0.84
CP2(®,) 0.09 0.08 0.04 0.04 0.13 0.33 0.59 0.79 0.89

Table 2.4 — Estimated probability of detecting a jump with 7 = 0.95

0= -0.8 -06 -04 -02 04 08 1.2 1.6 2

La 0.05 0.06 0.06 0.05 0.07 0.07 0.12 0.17 0.23

z 0.05 0.05 0.05 0.04 0.06 0.05 0.08 0.11 0.13
CP1(®;) 0.06 0.05 0.04 0.04 0.07 0.18 0.29 0.43 0.55
CP2(®,;) 0.05 0.04 0.04 0.04 0.09 0.23 0.35 0.50 0.63
CP1(®,) 0.10 0.08 0.06 0.06 0.07 0.11 0.17 0.27 0.37
CP2(®,) 0.04 0.04 0.04 0.05 0.08 0.15 0.24 0.36 0.47

Table 2.5 — Estimated probability of detecting a bump with € = 0.1

S =

-0.8

-0.6

-0.4

-0.2

0.4

0.8

1.2

1.6

2

La
z

0.08
0.07

0.06
0.06

0.06
0.05

0.05
0.05

0.06
0.05

0.07
0.05

0.11
0.06

0.14
0.04

0.19
0.05

TC1
TC2

0.13
0.06

0.08
0.05

0.06
0.04

0.04
0.04

0.08
0.09

0.17
0.20

0.28
0.31

0.48
0.54

0.71
0.74
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Table 2.6 — Estimated probability of detecting a bump with ¢ = 0.2

o= -08 -06 -04 -02 04 08 12 1.6 2
La 0.14 0.10 0.07 0.05 0.06 0.08 0.17 0.26 0.37
Z 0.08 0.07 006 0.05 0.04 0.04 0.03 0.05 0.04
TC1 0.52 0.21 0.10 0.06 0.12 0.34 0.65 0.88 0.96
TC2 0.18 0.07 0.05 0.05 0.14 0.38 0.71 0.90 0.97

Table 2.7 — Estimated probability of detecting a bump with £ = 0.5

o= -08 -06 -04 -02 04 08 12 1.6 2

La 0.18 0.10 0.07 0.07 0.04 0.04 0.06 0.07 0.09
Z 015 0.08 0.07 0.07 0.04 0.03 0.04 0.06 0.05

TC1 0.99 0.74 0.27 0.08 0.28 0.79 0.98 1 1

TC2 098 0.56 0.15 0.05 0.34 0.83 0.99 1 1

Comments

1. It first arises that our procedures have estimated powers significantly larger than the Laplace and
the Z tests for both testing problems corresponding to alternatives [Alt.8] and [Alt.10] in most
cases. The lower performances of the Laplace and the Z tests may be due to the fact that their
construction does not take the knowledge of 1, into account. Moreover, among our testing pro-
cedures, it is to note that both procedures based on the linear statistics (CP1) and (TC1) are mostly
more powerful than (CP2) and (TC2) in the case of negative change heights whereas the procedures
based on the quadratic statistics (CP2) and (TC2) are slightly more powerful when positive change
heights occur. More precisely, the better performances of the linear statistics to detect negative
jumps mainly concern the bump detection and the better performances of the quadratic statistics
to detect positive jumps mainly concern the jump detection when the change-point is close to 1.

2. The comparison of the estimated powers of the different testing procedures confirm the intuition
that detecting a bump is harder than detecting a jump. Moreover, the performances of each test
are very different according to the sign of the change height. In both jump and bump detection
problems, it is easier to detect a change with large negative jumps than a change with large positive
jumps, except for the cases where € = 0.1 in the bump detection problem and 7 > 0.9 in the abrupt
change detection problem. Indeed, in these cases, the estimated powers are close to the size of
the tests for small negative change heights. Note that this capability of our tests to better detect a
jump or a bump with negative height than with positive height can be explained by the fact that
the significant parameter to evaluate the detectability of a (transitory or not) change is not the
change height itself but the ratio between the minimum and the maximum values of the intensity.
In other words, this means that it is easier to detect an intensity increasing from 1 to 2 than an
intensity increasing from 100 to 101 whereas in both cases, the jump height is equal to one. In
the same way, it is hence easier to detect an intensity decreasing from 1 to 0.8 than an intensity
increasing from 1 to 1.2.

3. By comparing the estimated powers of our jump detection procedures based on the dyadic and
regular sets ©®; and ©,, one can take note that using the dyadic set is as expected more relevant
when the jump is close to the observation interval ending point, that is the most difficult to detect.
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4. Finally, for the bump detection problem, we have to notice that complementary experiments
showed that the estimated powers of (TC1) and (TC2) are equivalent for a same value of change
length whatever the values of the change location, which is not always true for the procedures (La)
and (Z): for a same change length, these procedures are more powerful when the change location
is close to 1.

IX Proofs of the main results

Notation

As explained in the Chapter |1} the main tools to prove our nonasymptotic minimax separation rates
upper bounds are exponential inequalities. Many of these exponential inequalities involve the function
g defined for every x > -1 by

g(x)=(1+x)log(l+x)—x . (2.44)

The inverse function of g restricted to |0, +oo[ is denoted by g~! and is defined on ]0, +oco[. For any x > 0,
one has:

g Hx)<2x/3 + Vax . (2.45)
The inverse function of g restricted to |—1,0[ is denoted by gﬁ_ll ol and is defined on ]0,1[. For all x in

10,1[, one has gﬁ_ll 0[(x) > —V2x and in particular

gﬁ_ll,o[(x) 2 _g_l(x) . (2.46)

These upper bounds for ¢! and gﬁ}w[ are deduced from a lower bound of g stated in [SW86/ Proposition
11.1].

Proof of Proposition

The first statement of Proposition[2.2]|directly results from the Neyman-Pearson fundamental lemma
and Girsanov’s lemma recalled in Lemma|2.1
Assume that 6* > 0 and notice that the assumption (2.5) leads to

5L /(AO +/f*)“ + w/AOC"‘:L . (2.47)

From (2.47), the quantile bound (1.2) and the Bienayme-Chebyshev inequality, we obtain

/ *L
Px\(qbir,a (N) = O) < P/\ [N(T*, T+ g*] < /\Oj + /\OZ*L]

(Ao +6%)0°L
B

<P N(T T+ 0] < (A +5)0L-

<p.
Assume now that —\j < 6* < 0 and notice that the assumption (2.5) leads to

5L < - /(AO +ﬁ6 L —,/Af L (2.48)
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As above, using (2.48), (1.2) and the Bienayme-Chebyshev inequality, we obtain

Py(¢14(N)=0) < PA(N(T’S T 0] > /\"fL + )\OK*L)

(Ao +6*)€*L]

<SP N(ThT+ 0> (Ag+ )L+

p

<B.

Proof of Proposition [2.3]

LetCop=1+4(l-a- B)?. Let us introduce for r > 0 the Poisson intensity A, defined by

— g pesey(t) for all £in [0,1] .

Ve

Notice that A, belongs to (S, < r-[Ag]), ={A €S, 1 p-[Ao], d2(A,Sp[Ag]) = 1}, as defined by Lemma- We
get from Lemma|[2.TJand Lemma|[2.24] _that

/\r( ) /\0+

dPy \?
(dPAO ) W)

Choosing r = (A log Ca,/g/L)l/2 then leads to E) | [(dP,\r/dP/\o)2 (N)] = Cq,p, and thanks to Lemma we
conclude that p, ( (S.re:[A0]), ) > and mSR, g (S, ¢ ¢-[A0]) 2 7.

Proof of Proposition [2.4]

The first statement of the proposition is straightforward.
As for the second kind error study, let us consider first A = Ao + 01 (¢ 4] in S, 1+ <[ Ag] With 6 > 0. From
the quantile bound (1.2), one deduces that

[Agl L
P/\(({)(;’;:O)SP/\(N(T*,T*-I—g*]S /\ifl +/\0€*L] ’

- P/\(N(T*, 40— (Ao +8)'L <50+

Yo'l
aq '

It remains to find a condition on d; (A, Sy[Ag]) which will guarantee that

_ 0L ’/\05* ’ /\0+6€* (249)

so that P/\(q[)(;; = O) < B thanks to the Bienayme-Chebyshev inequality.
Let us assume for instance that

M1, 1), 1
2(/\’80[/\0])22\/?(\/3+\/“_1]+/3\/FL'
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Since d, (A,8y[Ao]) = 8V€*, this implies
A 1 1 1
6\/522,/—0 —+— |+ ,
L(\/ﬁ \/a_l] pVEL

(VE 1\ R, 1
Ve ( > +2[3’\/FL]Z ( + ]

Using the basic inequality Vab < (a + b)/2 then leads to

0 A 1 1
N 2 A L L)
VRV [\/ﬁ va—l]
and conveniently follows.

Let us consider now A = Ao + 01y resp-] in S, 1« p<[Ag] with 6 in (=1, 0). From the quantile bound (1.2
again, one deduces that

PA(¢‘;‘L - O)SP/\(N(T*,T*-i-f*] z—,/)\(iL +/\0€*L]

:PA[N(T*,T*+€*]—(/\0+5)€*L2 —6C°L —

whereby

Xol'L
an ’

As above, it remains to find a condition on d, (A, Sy[A]) which will guarantee that

so that P/\(qb(;; = O) < B. Since dy (A, Sp[Ag]) = ~5V* and 6 <0, the following condition suffices

dz(/\:So[/\o])Z\//TO(\/l— \/1—)

Cla, B, Ao, " max(Z O(Lﬁ \/%]+ﬁ 6*'\//\_0(%4-

finally allows to conclude the proof.

Taking

<|»—n
a1l

)

Proof of Proposition [2.5]

The first statement of the proposition is straightforward.

Let us now consider A = Ag+01 (¢« 4] In S, - o[ Ag]- Since Ty r+1¢+(N) is centered under (Hy), £, ¢+ (1=
a) < \/Var/\o(TT*’T*M*(N))/a. From the variance computation of Lemmaunder (Hy), we derive the
upper bound #) 40 (1 — ) < (A /L)\V2/a.

Moreover, still using Lemma |2.26|but under (H;) now, one can see that Ey[Ty -.¢-(N)] = 62¢* (recall
that Tp« 1+, ¢<(N) is an unbiased estimator of d22()\, So[Ao] = 62¢7), and

4(Ag+0)0%*  2(Ay+9)?

Var (T, r40:(N)) = I + 12

57



Therefore,

a

% A 2 %
SPA(TT*,T*M*(N)—&ZK sfow/a—aze ) .

Cla, B, Ao, %)
\/Z ’

Cla, By Ao, &) = max(\/uo(\f \[) Vi \//T 36).

A
SP)\(TT*,T*+€*(N) < =0 _] ’

Assume now that

dy (A, SolAo]) 2

with

This implies

A_\ﬁ\ﬁ WE| 2[R L [2] 2PV
é€23max[L( oc+ ﬂ]'lbl\/?[\/f\/;-’-L ﬂf*]’ \/,B_L ,

and then

2€*> \//Tol()l@ \/7/\() —|| ) 2|5|\Z;‘/F,

hence, using YAy + 0 < VAo + VIol,

A Ao+ 0 Ag+ 0
820 > Ow/ ,/ 0™ % \s|Ver + \/7 U
LB B

2 LA 2 "
pA(¢<2,; =0) < Py| Ty oyir (N) = 820" < TO‘/E —6%¢ ]

Therefore,

. 4(Ag+0)0%0*  2(Ag+0)?
<Py oo prs(N) = 52" < \/E\/ ( OL) + (OLZ ) ]

Var) (T o0 (N))
B

< P/\ Tr*,r*+€*(N) - E/\ [ TT”,T"+€”(N)] < _\/

This concludes the proof.

Proof of Proposition

Let us first give a short proof for the tests q§3 " and ({)3 o
Start by remarking that the first kind error rates control of both tests is straightforward.
Since g1 (x) < 2x/3 + V2x for all x > 0 (see (2.45)), Lemma|2.28|leads to

p}olg*(l—a)§A0€*L+2 2Aplog(2/a)L+4log(2/a)/3 ,
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and
P e(@) 2 Aol'L—2+4/2)glog(2/a)L—4log(2/a)/3

Let us consider A = Ay + 0" 1 (¢ r1¢-] in Sg-,.. - and assume that

1 2A0log(2/a) Ag+06* | 4log(2/a)
A S[Ao]) = —] 2
2(A,80[A0]) \/f[ Iz \f ] ST

If 0* > 0, the condition (2.54) yields

(A +8%)0°L

O L>2 ZAolog(Z/a)L+§log(2/a)+ 3 ,

which entails

P N(t,t < 1-
A(tefg?xg] (Lt+]<py ol a))

SPA[ max N(tt+0]<(Ag+5 ) L— M]
te[0,1-¢7] /3

<P

P
< B with the Bienayme-Chebyshev inequality .

N(T,T 48] = (Ao + )L < - M]

This concludes the proof for q[)glg:r
If 0" belongs to (—Ag, 0), the condition (2.54) yields

(/\0 + 6*)€*L

4
—6C'L>2 2)\010g(2/a)L+§log(2/a)+ 5

We get then as above, with (2.53), (2.56) and the Bienayme-Chebyshev inequality,

P in N(t,t+€>p; .

SP,\( min N(t,t+ ] > Agl"L-2 2)\010g(2/a)L——10g(2/0()

te[0,1-¢%]

<Py min N6+ > (g +8)0L+ | L0
te[0,1-¢7] [3

<P/\

; )L
N(T, T+ = (Ag+5)L > (A“Té)e]
<p.
This concludes the proof for q{)(;g:
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Now, let us turn to the test (P(;ZL o AS above, start by remarking that the first kind error rate control of
this test straightforwardly follows from a basic union bound:

(2)
P/\o((i)3/4,a(N) =1 ) < P/\O(Tﬁ%M*(N) > t%’%w (1 —ua))
k=0
[(1-6)M1-1
o

= 1-0\M
L [a-en

fa

Let Ain Ss- .. such that A = Ag + 61, ¢4¢-) with T in [0,1 - ¢7], and assume that the following holds:

. . 2\3
dz(/\,SQ[/\()]) > %max[S /\O-;lé | s (4\/5(/}/034-'6 |) +8/\0(§%+v210g(3/ua)) ] ) . (257)
0

This entails

2 81 (2log(3/u,) 2 4V2(Ag+18")  8da(A,SolAo]) [ Ao +18]
dz(/\,S()[/\o])ZT(§W+\/210g(3/ua)) + \/BL + \/f ﬁ . (258)

Noticing that

(2) .
P ( N)=0 ) < P T
(#3722 (N) K0, [l M) A( y

We set k; = |[TM]. Since 0 < 7 <1 —¢*, k; actually belongs to {0,...,[(1 —¢*)M] -1}, and since M =[2/("],
k:/M <t <ky/M +¢€*/2. Therefore, using Lemmaequation , we get on the one hand

(0* + k/M —1)? . 520
Iz =4

_qx2
EA[T%’%+€*(N)] =0

that is
d3(1,So[Ao))

- , (2.59)

E/\[Tkﬁf,%Jre*(N)] >
and on the other hand with Lemma equation ,
AT (A + 8 k/ M+ =) (ke/ M+ 0 =1)2 2 (Aol + 8" (ke/M + £ —17) )2
- L 5*2 + ﬁ 5*2

2(Ag +18*)?
L2 '

VaI'/\I:T%’kMT_'_g*(N)]

< Ao +107)

< T d3(A,So[Ag]) + (2.60)

Moreover, Lemma|2.27|entails

log(s/ua>))2

2 px -1
tkﬁr’kﬁ+€*(l—ua)32/\0€ (g ( NolL
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with g‘l(x) <2x/3+V2x (see (2 ) which implies, w1th , and i 0) that

tkﬁr’kﬁrﬂe*(l —u,) < E/\[T%’%M*(N)] - \/V‘ar/\[T]zc\Z'ﬁ*e*(N)]/ﬁ .
We simply conclude the proof for qb(;/zl o With

PA(T%I%M*(N)SU

kr ke
M’ M

l1=1))

SP/\(T;}’H%*(N)—E/\[Tk k1+€*(N):| < —\/V31’/\|:TI;Z,II<VII+€*(N):|//3)

it At
M’M
<p.

Proof of Proposition[2.8]

The control of the first kind error rates of the two tests (j)g{l and ({)(32/11'& is straightforward using simple
union bounds.

(1) Control of the second kind error rate of qbillt)x

Recall from the proof of Proposition[2.6] equations (2.52) and (2.53), that

{p}o,g*(l—a/Z) < Agl'L+2424glog (4/a) L+ 4log(4/a)/3 (2.61)

p;o’g*(a/z) > Aol'L-2+2)glog(4/a)L —4log(4/a)/3 .
Let us first set A in S, .. o such that A = Ao + 61y, ¢4p:) with 0> 0 or 0 in (=10, 0), Tin (0,1 -¢*), and

2V, 210g(4/a) ] 1 ( 1

dy(1, So[Ao]) = 7 [ﬁ+ 7|3 glog(él/a)). (2.62)

The condition (2.62) entails

" |6Ves @ 1 210g(4/a) 1 (1
|6|\/€_2—2 +‘/Z[\/E+ ] 7lt3

and therefore, using the inequalities Vab < (a+ b)/2 and Va + b < va+ Vb for every a,b > 0,

" lol VAol 1 2log(4/a) | 4log(4/a)
RS +_[ﬁ+2 7 ]+§ N

10g(4/a)) ,

pL L

|6|+)\0 210g 4/0() 0 410g(4/a)
. 2.63
\/ t3 N} (2.63)

Then, assuming that 0 > 0, we conclude with the following inequalities:

1
P9 =0) < Pi( 9l =0)
< P N(t,t+ ] < 1-a/2
< ,\(tefg xg] + 7] pA (1=a/ ))
< Py (N(1,7+ 0] < Agl'L+ 242X log (4/a) L+ 4log(4/a)/3) with (2.6}
L
< Py N(T,T+€*]—(/\6+5)€*LS—1’%] with (2.63)
< P with the Bienayme-Chebyshev inequality .
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Assuming now that ¢ is in (-1, 0),

1 1)-
P(¢iaN)=0) < Bi(¢hr0N)=0)
< P,\(te[rg’llir_lg*]N(t,t+€*] > p/\o’g»(a/2))
< Py(N(1, 7+ 2 Agl'L-2y/2Xqlog(4/a) L 4log(4/a)/3) with (2.61)
< P|N(tot - (Ao +o)L> %] with (2:63)
< pB.

(ii) Control of the second kind error rate of (j)(;zm.
Let us now set Ain S, .. »- such that A = Ao + 61, ¢4¢-) with 6 >0 or 6 in (=1, 0), T in (0,1 -¢7), and

Ay Soldg]) = 2max| 120, 6V2 288
VBL  \JBEL’ pVEL
304108 (3/u2) 4+ V27B)  a\Tlog(3/u,)  2¥3(240) Aot (3/uy)
+ + . (2.64)
\/Ij V3L 5*1/4L3/4
Notice that entails that
8V, . 4V2 3/2 8
d2(A,Sy[Ag]) =3 dy(A, Sl A +— |, &2 (N, Sy Ag]) —— ,
2( 0[ 0]) max[ 2( 0[ 0])[\//3_[, ﬁf*L] 2 ( 0[ 0])5*1/4\/ﬂ_L
16Aglog(3/u,) 32log®(3/u,) 32v2Xglog¥?(3/u,) 41oV2
+ + + ,
L 9¢*L? 3132 VAL
and therefore
8vi, 4V2 3/2 8 16Aglog(3/u,)
d2(A, So[Ag]) = da(A, Sp[A +— |+ d7* (N, Sp[A +
2(A4:So[Ao]) 2 da (A, Sol 01)(@ \/ﬂ_pL] 2 (A4Sl 01)5*1/4\//8_L T

32log? (3/1,) 32v2Xolog¥?(3/u,) 4AgV2
+ + :
9¢+L2 3/ L3/2 \/EL

Since dy (), Sp[Ag]) = 16|VE* and /A + 6] < VA + V[d], this implies that

A3 Sol o)) _ 244+

4 - \/,B_L

+\/§(|6| + /\0)+4/\0 log (3/u, )+810g2(3/ua)+8\/2/10 1og3/2(3/ua)

dy (A, SolA
(Aol do) VAL L 9£*L2 3VEL32

(2.65)

Let us now prove that Py ( (j)(;/zl LN) = 0) < B. From the definition (2.16), we notice that

(2) _ .
P#5na®)=0)< o min o BT o) S

so that we only need to exhibit some k; in {0,...,[(1 —¢*)M]—1} such that

P/\(TkM,’kMT_'_g,,(N) Stk



As in the proof of Proposition we choose k; = | tM ], which leads (see (2.59) and (2.60)) to

d3(A,So[Ao))
EA[T%%W(N)] > (2.66)
e (Ao +10) (Ao +16])
4(Ap+10 2(Ag+ o
VarA[T%%W(N)] < Ong(/\,SO[AO]H OL—Z) (2.67)

From (2.65), (2.66) and (2.67), we derive that
4)olog(3/uy,) 8log®(3/uy) 8v2Aglog¥?(3/ug)

Ex| T ke o > Tk ke, g
/\[ kﬁfkﬁ+€ (N)] \/Var,\[ %;%*5 (N)]/ﬂ+ L + 9¢*[.2 + 3\/5113/2

The conclusion then basically follows from Lemma supplemented by the upper bound ,
which allows to see that

E/\I:TkMT’kMT_'_g,,(N):l > \/Var/\[T/;Z,IE+(*(N)]//3+tl&’lj\kr#(l —U,) ,

and the Bienayme-Chebyshev inequality, which entails

PA(T%'%W(N)SL‘ y *(l—ua))sﬁ .

ke ke
M’M

Proof of Proposition
Let Cpp=1+4(1-a -B)?, r=(Aglog Ca,ﬁ/L)l/2 and A, defined for all ¢ in (0,1) by
/\r(t) = /\0 + 6*]1(T*,T*+72/5*2](t) .

Notice that for all L > AglogC, ﬁ/(é*z(l — 1), r2/6*> < 1 —1* and A, belongs to (Ss+,1+,.[A0]), in the
notation of Lemma|[1.7] We get now from Lemma|[2.1]and Lemma [2.24]

dpy, r’L
o (dpo) W’l‘exp(ro)—cmﬁ'

Lemmasand then entail p, ( (Sse,+,[A0]), ) > f and mSR, g ( Sy v,..[Ao]) = 7

E,

Proof of Proposition

The first kind error rate control is straightforward. As for the second kind error rate control, let A =
Ao + 0" 1 (¢ r+4¢) belonging to S o« ...[Ag] with £in (0,1 - 7%) and satisfying

/\0+b* |o*|log (1/a)
[5* —a)l ]l o
d (/\ So[Ao] > m )\0 1 {6*>0} \/lOg /\0/ /\() — |5*|/2)) {=Ap<067<0}

(2.68)

Assume that 6* > 0 and recall that s} ., (1-a) defined in Lemma is a constant which does not
0r
depend on L. The assumption (2.68) implies

dy (A, SolAg]) = %max(zw //\Ogé* , /6*510’%(1 —a)] ,
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which yields

- L (l-a)
. Ao+ %) S/\,‘L(
b*€z4max[ (O[:L) , 02L ],
hence
0" Ao +6*)L
?ZLZ ( o+/3 ) +510,%(1—Or) . (2.69)
We get then
Pr(¢5,2(N )<PA[ sup 55*,1*,T*+€'(N)SSXO,CS*IT*,L(l—a)) ,
0’€(0,1-1%)
where

S5 se(N) = sgn(é*)(N(T*, vl - /\OL€’) _ISLE2

as defined by (2.19) and s} . .. (u) is the u-quantile of sup,¢ (g 1_r) S5+, c,c-+¢(N) under (Hp). From the
quantile upper bound (2.121), we deduce

((.[)501( ) )<P/\( sup Sé*,r*,r*+€’(N)< X (1 0()]
0’e€(0,1-1*)

*

SP/\(N(T*,T*+€]—(/\O+%)€L<X (1-a ))

SP,\(N(T*,T*+€]—()\0+5*)€L55X o,(l—a)_%gL)

o7

<Py N(T, 1"+ €] = (A +0")(L < - ‘(A0+ﬁb )KL] with (2.69)
<pg.,

with a last line simply following from the Bienayme-Chebyshev inequality.

Assume now that 6" is in (-1, 0). The assumption (2.68) implies

Ao + 6 |0*|log (1/a)
d(1, So[Ao) \/ \/10g (Xo/(Ag—T0" |/2)>]
which yields
) (Ao +5)C log (1/a)
o |€24max[ BL ' Llog(z\o/()\o—|5*|/2))]
Hence
101,y o [Ao+oneL log(1/a) ,
2 ﬁ log(/\o/(/\o—|5*|/2))
and then
o) log (1/a) oLz [ Lot
PR —(Ag+ 8L > |22 2.70
( 0= Tog e/ (Ay —lep2)) ~ 0+ p o
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We conclude with the following inequalities:

PA(¢5,a(N) = 0) < P/\( sUp Sy co+0r(N) <8} g (1= Of)]

0e(0,1-1)
SP,\(( lé;')a N(t, +€]_108(A$%z/_“|2 73] ) with (Z.121)
< P,\(N(T*,T* +{]> (/\o e )EL— log(/\i(;ng\:)/—()(|g*|/2)) )
<Py N(T, T 4 €)= (Ag+6)L > w] with (270}

< B with the Bienayme-Chebyshev inequality .

Proof of Lemma|2.11

Let Ag >0, " in (0,1), and ¢, a level-a test of (Hy) "A € Sy[Ag] = {Ao}” versus (Hy) "A € S, +..[Ao]”,
with
S. e[l = {/\ : A6 € (A, +o0)\ {0}, €€ (0,1 =77), A(t) = Ao+ 6]1(151*“;](1&)} ,

as defined by (2.20).

Letr>0and Ain S, ;- ..[A] satisfying d, (A, Sp[Ag]) = r. We compute

Pi(¢a(N)=0)=1=Py(§a(N) =1)+ Py (§a(N)=1)=Py, (¢o(N)=1)
21-a—|Py (pa(N)=1)=Pi(da(N)=1)]
>1-a-V(P,Py) ,

where V(P/\,P/\O) is the total variation distance between the probability measures Py and P, . Then,
using the Pinsker inequality (see for example Lemma 2.5 in [Tsy08]),

K(PyPy,)

)>1—a- )
¢a a 2

where K(P/\,P/\O) is the Kullback divergence between the probability measures Py and P, . We de-
duce from Lemmam 1.7| that if there exists A in S, ;-..[Ag] such that d; (A, 8y[Ag]) > r satisfying 1 —a -

JK(Py, Py, )/2 2 B, then mSR,5(S, ¢-,..[Ao]) =

Let us introduce for all £in (0,1 -7 ) /\ =Ao+rl7! 2]1 r+0)In S, - ..[Ao] which satisfies d»(A,, Sp[Ao]) =
r. Then, Lemma[2.1]entails

K(PAy,PAO):flog(ji )dP,\ log(1+ O\/_)(/\O+\/_)€L LrVe .

Hence choosing ¢ close enough to 0 — which is allowed as long as A, is not constrained to be upper
bounded by some given constant, K ( Py, Py, ) < 2(1-a - B)%. This entails

mSRa,ﬁ (S-,T”,---[AO] ) 27

for every r > 0 and allows to conclude that mSRa’lg (S.r..[Ao]) = +00
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Proof of Proposition

Assume that L>3 and o+ < 1/2.
Let C/ wp=4l-a- B)?, Kap1 =T(log, L)/C), plandforkin (1,..., Ky g1}, Ak = Ao + Ol o T+gk] with ¢ =

(1 —1*)/2F and &; = (Ao loglog L/(€;L))"?. Then d; (A, Sy[Ao]) \/ ologlogL/L for all kin {1,...,Ky 1}
and assuming that

s1-1*
240

loglogL
808> _ (R— A,

e < 71

A belongs to S ;- ..[Ag, R]. Recall that for any k in {1,...,K, g1} Py, denotes the distribution of a Poisson
process with intensity A, with respect to the measure A, and consider «, a random variable with uniform
distribution on {1,..., K, g}, which allows to define the probability distribution p of A,. From Lemma

2
1.8} we know that it is enough to prove E [(dP,/dP, ) ] <1+C’ ,toconclude that mSR, 3(S. ;+..[Ag,R]) >
) p 0 IS 0 a,p BT,

VAgloglogL/L.
By definition, (dP,/dP) )(N) = E [(dP/\K/dP/\O)(N)] (where E, denotes the expectation w.r.t. the uniform
variable «) and therefore

M k * %
N)= exp 10g1+—NT,T +4.|-LEo .
dP/\O( ) Ka,ﬁ,L kZ ( ( /\Q) ( k] k k)

Since € < € for all k' > k,

dpP 2 e S
l,{ k * * S
_(N)) = E exp(2log(1+—)N(T,T +€k]—2L€kék)
(dP/\o Kozv B.L k=1 /\0

Kapr—1 Kopr

K2 Z exp((log(1+%)+10g(1+%))N(T*,T*+€k1]+
apl k=1 k'=k+l 0 0

o
+ log(l + /\—k)N(T* + €, T+ O] — L O —L€k,5k/) .
0

Recall that under (Hy), N is a homogeneous Poisson process with intensity A1y with respect to the mea-

sure A, so
dPl,
J(5)]-
logL 2
og N

2
AN
'(\dp, ] | K

) Kapr—1 Kapr

K2

Kapr 2
1 Lfkék
o Lo

apL k=1

( Ll 6y 01 )
exp /\— .
aBl k=1 k=k+1 0

Then
Kn,ﬁ,L_l Kzl,[i’ L

- (loglogL)) (2.72)
apL apL k=1 k'=k+1

which entails

P\’ logL 2 l
: ”) ) " Kopr—1)ex (27710101,)
. (dPA0 Kopo Ki/u ; (Kapr—1)exp (272 (loglogL)
Kapr—1
<Caﬂlog2+ Z Kapr—1 exp( (loglogL)) ,
OfﬂL I=1
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Now taking 1 such that 0 <77 <1 - 1/v2,

dp 2 2 Ka,ﬁ,L_l .
E, ( ”) <C) zlog2+ Kypr—1 exp(Z_f(loglogL))
0 dP/\() 0(,[3 KliﬁyL Z—ZII ( (Xﬁ )
) L(log L)"] ’
= Cz’x,/i log2+— (Ka’ﬂ,L - l)exp(2_5(loglogL))
Kapr 1=
Ka,[},L_l
2 _1L
+— (Ka,ﬁ,L—l)exp(Z 2(loglogL))
Kmﬁ,L 1= (log L) ]+1
2C] ;log2 1 loglog L
, B +5 0g1og
If we assume now that
loglogL 2C’, log2 ,
exp( (f L)%/z) aﬂl_ — <1+(1 —lOgZ)Ca’ﬂ , (2.74)
2108 (logL) "™V

we finally obtain the expected result, i.e.

E/\O S1+C£,X,ﬂ .

2
dPy
dP),
To end the proof, it remains to notice that there exists Ly(a, , 1g, R) > 3 such that forall L > Ly(a, 8, Ag,R),

both assumptions and (2.74) hold.

Proof of Proposition

The control of the first kind error rates of the two tests qb(éll)x and q5(62; is straightforward using simple
union bounds.

(1) Control of the second kind error rate of ‘Pfsl()x
Let 1in S, ;- ..[Ag, R] be such that A = Ag + 01 (¢ r4¢), With 0 in (=19, R—A(]\ {0}, £in (0,1 - 7%), and such

that
2\/Rlog(Z/u,l) , 2\/2/\010g(2/ua)+2 51 R
3L L VBL VL

Let us prove that P, ( ({)(62(1\]) =0 ) <p.

dy (A, So[Ao]) = V2max (2.75)

Assume first that o belongs to (0,R — A(]. Noticing that

(1) ) : M-
Py| e ,(N)=0)< nf Py (N(T5 1"+ € ] < . 1- 2)),
/\( 6,a( ) ke{l"'}’LlogzLJ} /\( (7,7 k) P/\OeT,kL( ua/ ))

one can see that it is enough to exhibit some k in {1,...,|log, L]} satisfying
P/\ (N(’[*’ ™+ g’[*,k] < p/\ogr*,kL ( 1- ua/2)) < ﬂ .

We get from (2.75) that d% (A, So[Ag]) = 2R?/L which entails € > 2/L, so
(1 -7)271o8: LT < 2(1 - v*)/L < 2/L < € and € < (1 — t*)271*1. Therefore, one can find k. in {1,..., [log, L]}
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satisfying (1—1*)27% <€ < (1 -7*)27%*1, Consider now €. = (1-1*)27*= = k. Such that €/2 <{,. < (.
We get
6% >d3 (A, So[Ao])/2 . (2.76)

Moreover, we deduce from (2.75) that

Slog(2/ug) \/uo log (2/14,) Ao+
dr (A, SolAo]) = \/Emax[Z\/ 3l , 2 i +2 i |

and then with (2.76),

] olog(2/u,) \/2/\010g(2/ua) Ag+0
a@zmax[z\/ 2 - +2 |

This entails in particular 6¢; > 4log(2/u,)/(3L) as well as

21, log (2 /
5@22\/@[ 0 OgL( [ta) | A‘}jzé] .

Therefore,
2log(2/uy) 2Mglog(2/u,) Ao+ 6
. > o Al .
ol > Zmax[ 3L , VO T + AL ,
hence
2 L
oL > glog(2/ua) + \/ZAOZT*Llog(Z/ua) + MOWL% . (2.77)

On the one hand, since {,- < ¢, Lemma|2.24{gives E) [ N(t*,t* + {;.]] = Var [N(t*, 7" + {-]] = (A9 + )l L.
On the other hand, Lemma[2.25|gives

_1[log(2/uy)
1- 2)< L Lol =2 el
Prglr (1 =1qa/2) < Aol-L+ Aglr-Lg ( ALl )

with g71(x) < 2x/3 + V2x for all x > 0 (see (2.45)), which leads to

2
Page.r(1—1a/2) < AglpL+ 3 log (2/ug) + v2Aole-L1og (2/u,) -

Combined with (2.77), these computations yield

Var, [N(t*, 7 + € ]]
5 .

We conclude with (2.78) and the Bienayme-Chebyshev inequality successively:

EA[N(T, € + 6] 2 pageo (1 —ua/z>+\/ (2.78)

PN 4] £ pagn (1-10/2))

<P (N(T*,T* + 0] = Ep[N(T", "+ £]] < —/Var, [N (t*, * +€T*]]/ﬁ)
<P .
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Assume now that 6 belongs to (-1, 0) and notice that

(1) _ . P
PA(%'“(N) =0 ) = kE{l,..l.,rLllf)gz LJ}PA (N(T e+ L) = Pagest (1a/2)) -

Lemma 2.25|with (2.45) gives

Pageor (Ua/2) > AglpL— —log 2/ug) — 2ol Llog(2/uy) .
The same choice of k.- and ;- = £;- i . as in the above case where 0 € (0,R - A¢] entails
(Ao +0)L
ﬁ ’
and since Ej [ N(t*, "+ {-]] = Var [ N(t", 7" + €-]] = (Ao + 0)l- L = Ag€-L—|6|€,- L, we obtain in the same
way

|6|€T*LZ )\0€T*L—p/\ogﬁL(ua/2)+ (279)

PN, 4 0] paye,n (1/2))
<Py (N(T57 + L] = Ex [N(T', T + €] ] 2 yVar) [N (7", T + €] ]/B)
<B .

Finally leads in both cases to Py ( qb(é{;(N) =0 ) < B, which allows to conclude that

1) Rlog(2llog,L|/a) \/2/\010g(2Llog2LJ/a) R R
SRﬁ(¢6,a;S-,r*,---[/\0;R])5 \/Emax(Z\/ 3L , 2 [ +2 AR

(i) Control of the second kind error rate of (;5(623(
Let 1in S, ;- ..[Ag, R] be such that A = Ag + 01 (¢ r4¢), With 0 in (=19, R—A(]\ {0}, £in (0,1 - 7%), and such

that
1/3
ASO[AO]>>max[ Holog(3/ta) z,/z \/2”1"% ia) (21" yyopen, [l 3/e),

R V2R
ﬁ_L] (2.80)

16

Let us prove that Py ( (j)(;()x(N) =0 ) <B.
Noticing that

(2) _ .
PA(%'“(N) =0 ) = ke{l,..l.,rLllggz LJ}PA (TT*'“"T**(N ) Sy eeate, (1t )) ’

one can see that it is enough to exhibit some k in {1,...,|log, L]} satisfying
P)\ (Tr*,T*MT*_k(N) < t)\o,r*,r*+€ﬁk ( I-u, )) < /3 .

From (2.80), we deduce that dz(/\ So[Ao]) = 2R?/L which entails £ > 2/L. Therefore, as in the above
part (i) of the proof let k.« in {1,...,[log, L]} be such that (1 —7%)2~ ke < ¢ < (1-1*)27%*1, and consider
l.=(1-1)27k = ¢, “ k.- Then €/2 <l <{and

43 (A Soldol)

5%, >
t 2

(2.81)
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Moreover, we get from (2.80)

22,1 2vV2R1
2 (A, So[/\o])>max( Ao og (3/1q) 2‘/2 \/ V2 Og 3/ua)
4(§ 13 VORI [log (3/ug ) 3/% l )

On the one hand, this entails in particular d% (A, So[Ag]) > 128R? log2 (3/u4)/(9L?), and then, with (2.81),
d3 (1,80l Ao]) > 64d3 (1,8l Ao])log? (3/uq ) /(9L2Cy).
On the other hand, this yields

2)glog’ (3/u4)

64
d;(/\,so[/\o])z?dz(/\,SO[/\O])\/ L3€r* i

using the same arguments. Therefore

2 3
d3 (A, So[Ao]) > max(32—/\olog£3/u"‘) +8\/%§ bdlog” (3/ua) , 64 |2Aolog” (3/ua) ,

L’ 9L2,. 3 L3¢,
R
16d2(/\,80[/\0])1//3—L) .
Hence
d3 (A, So[Ao]) _ 4Aglog(3/uy) 2R 8log®(3/u,) 8 [2Aglog®(3/ug) R
3 > L + EI + 9L2€T* + g L3€T* + 2d2(/\,80[/\0]) ﬁ .
(2.82)

@)}

Since ¢+ < ¢, Lemma|2.26|gives E, [ T vve, (N)] =6%(,. and

45%(Ag+0)lp  2(Ag+0)?

Vary [ T rere. (N) ] = T =0
This leads with to
d3 (A, So[Ao])
EA[TT*,meﬁ (N )] > 2= 2 , (2.83)
and 5 )
4d5 (A, So[Ao])R 2R
Var,\[TT*’T*MT* (N)] <2 - o (2.84)
With (2.83) and (2.84), the inequality yields
41glog(3/u,) 81og2(3/ua) 8 (24 10g3(3/ua) Var, [ T et (N)]
E, [ iy (N)] > - t—omr*3 T + 2 . (2.85)

Moreover, Lemma|[2.27|gives

log (3/uq) |\’
AoleL ’

g et (1—1) <2130, ( ¢! (
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where ¢g7!(x) < 2x/3 + V2x for all x > 0 (see (2.45)), and then

4Aglog(3/u,) 8log?(3/u,) 8 |[2Aglog®(3/uy)
bg st (1= ta) < L 9L2(,. 3\ L3¢,

<E, [ TT*,T*+€T* (N) ] — \/Var/\ [ Trf;wfﬁ (N)] |

We obtain with the Bienayme-Chebyshev inequality

P/\(TT*,T*+€T* (N) < t/\O,T*,T*+€T* ( 1- Uy ) )

Var [ T ese,.(N)]
<Py| Te it (N) S By [ T e, (N) ] = 7

Sﬁ;

which entails P, ( ¢ (N)=0 ) < B.
This finally allows to conclude that

SRﬂ(‘Péa’ {40 R ])<max( \/2/\010g(3L10g2LJ/a) ) {2 \/2\/_Rlog(3Llog2LJ/a)’

2 1/6 1/3\/10g(3|_10g2LJ/a) R @
4(3) AVeR : ,16‘/&, |

Proof of Proposition
LetCpp=1+4(1-a —B)%, r=(Aglog Ca,ﬁ/L)l/2 and A, defined for all ¢ in (0,1) by

/\T(t) = /\0 + 6*]1(]71’2/5*2,1](t) .

Notice that for all L > AylogC, /5 , we have r <|6*| and A, belongs to (Ss-..1-..[Ao]), in the notation of
Lemmau 1.7| We get now from Lemma-and Lemma-

dP, r2L
o[ o] oe( 3 -

Lemmasand then entail p, ( (Sso1-.[A0] )r) > f and mSR,, g (Ss-,..,1-.[Ao]) =7

Proof of Proposition

The first kind error rate control is straightforward. As for the second kind error rate control, let A =

Ao+ 0"1 (¢ 1] belonging to Ss. .. 1_.[Ag] with T in (0, 1) and satisfying
Ao+ 0 |o*|log (1/a)
d, (A, a)l 1y 5
2(A, SolAo)) \f , \[07S (5°>0) +\/log (ho/ (Ao — o y2)) Lio<e<0)

(2.86)
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Then the proof essentially follows the same line as the one of Proposition|2.10|just replacing ¢ by (1 —1).
Assume that 6" > 0 and recall that sj{oléi/z (1 —a) defined in Lemma is a constant which does not

depend on L. The assumption (2.86) implies that

B4, SlAo)) (\/A“b* VoS, z (e ]

%(I—T)LZ\/(AO+6*;(1_T)L+SXO’();(l—a) . (2.87)

Then we get from the quantile upper bound (2.122)

which entails

(¢7a( )= )<P/\[ sup Sé*,r’,l(N)SSX o*(l_a)]

7€(0,1) 0z

SP,\(N(T,I]—(/\0+%)(1—1)LSSX ﬁ(l—a))

SP,\(N(T,I]—(/\0+5 (1 - T)L<SA0L(1—6¥)—§(1—T)L)

(Ao +07)(1

N(T,l]—(/\0+6*)(1—T)LS—\/ g _T)L] with (2.87)

<P

<B .

Assume now that 6" is in (-1, 0). The assumption (2.86) implies that

Ao+ 6 |0*|log (1/a)
dy(A, Sp[Ao]) > —=
2(A,SolAo)) f \/ \/10g (Ao/(Ao—10° |/2)>]

|6*|(1_T)LZ\/(/\0+6*;(1—T)L+ log(1/a)

which entails

2 log ( Ao/ (Ag—1671/2))
and then
|6%| log(1/a) . (Ag+0*)(1-7)L
(/\0— > )(1—T)L—log(/\o/(/\o_wvz))—()\0+6)(1—T)LZ\/ 3 : (2.88)

We conclude with the following inequalities, deduced from (2.122), (2.88) and the Bienayme-Chebyshev
inequality successively:

P/\((PZDK(N) = 0) < P,\[ sup Sé*’r[/'l (N) < Sj\o,é",T*,L(l - CY)]
7’€(0,1)

|07 log(1/a)
SP*(( 2 )“ LN S T (T 1o |/z>>)

(Ao +6%)(1-1)L
p

<P

N(1,1]= (Ag+8%)(1 - T)L > \/

<p.
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Coming back to the formulation of assumption (2.86), we therefore can take in the statement of Propo-
sition|2.15

Ao+ 0* |o*|log (1/a)
,6%) =2 ,/ 0 , [orst L (1—a)l Ty s
(OC ﬂ /\O max /\ (5 {6*>0} \/log 0/ /\O _|6,(.|/2)) {—Ag<0*<0}

Proof of Lemmal2.16

Let Ay > 0 and ¢, a level-a test of the null hypothesis (Hy) A € Sp[Ag] = {Ag}” versus the alternative
(Hy) "A € S..1_.[Ao]”, with S...1_.[Ao] defined by (2.26). Let us fix some r > 0. As in the proof of
Lemma we can argue that if there exists A in §,. 1_.[A¢] such that d;, (A, Sp[Ag]) > r satisfying

1-a-JK(Py,Py,)/22 B, then mSR, 4 (S...1-.[Ag]) > .

Let us introduce for all Tin (0,1), A, = /\Q+r(1 -7)” 1/2]1(%1] inS,..1_.[Ao] which satisfies d5(A,, Sp[Ag]) =
The end of the proof follows the same line as the one of Lemma noticing that

K(P/\r,P,\O):log(l—k )(I—T)L—Lr\/l—’r ,

r 7
— " A+ —
Ao 1—’()( 0 Vi-7

and choosing 7 close enough to 1 in order to get K ( Py, Py, ) < 2(1-a—p)?, which yields mSR, 5 (S..1-.[Ao]) =
r for all » > 0 and allows to conclude.

Proof of Proposition

Assume that L > 3 and a + < 1/2. As in the proof of Proposition we consider C:x,[)’ = 4(1 -
a—p)?, Kap1 =[(log, L )/C, /3'| and for kin {1,..., Ky g1}, Ak = Ao + 0Ly, 1) wWith 7 = 1 — 2% and & =

(2KAgloglog L/L)"/2. Then, for every k in {1,..., Kaprh d2(Ak,SolAo]) = y/AgloglogL/L, and assuming
that

loglog L < (R-1)?

[VCs T 22
Ak belongs to S..1_.[A¢, R]. The proof then essentially follows the same arguments as the proof of Propo-
smon- Thus considering a random variable x with uniform distribution on {1,..., K, 4} and the

, (2.89)

probability distribution p of A, we aim at proving that E, | [(dP /dPy, ) <1+ Ca,ﬂ, with P, defined as in
Lemma in order to conclude that mSR, 4(S...,1-.[A0,R]) = y/Agloglog L/L.

By definition,
K
ap, 1 & 5
# k N
N)= log(1+ —|N(t,1]-L(1- .
M=) exp(og( +A0) (w0 1] 101 - w0

Since 1 > 14 for all kK’ > k,

dP 2 1 Ka,ﬁ,L 6
M k N
(N)) exp(2log(1+—)N(Tk,l]—2L(1—Tk)bk)
(dp/\o KiﬁL ; /\0
Ka,ﬁ,L_l Kll,ﬁ,L
2 Ok Ox
K2 Z exp((log(1+A—O)+log(1+A—0))N(Tk/,l]

af L k=1 k'=k+1

+ log(l + i—k)N(’l’k,Tkr] —L(1 —1)0r — L(1 — 1) 01 |
0
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hence

Ka sz -1 Kﬂt
dp, \? 1 L(1 - 13)0? 2 T L(1 = 7380
Exl-—=11|= exp + exp| ———— | -
Ao l\ap K? A K? A
Ao a,p,L k=1 0 afLl k=1 k=k+1 0

2
We then obtain the same expression of E | [(dP,,/ dP,\O) as in Equation (2.72), and the proof ends exactly
as the one of Proposition just replacing (2.71) by (2.89)

) in the final argument.

Proof of Proposition

This proof is very similar to the one of Proposition For the sake of completeness, we nevertheless
detail it below.
The control of the first kind error rates of the two tests ({)(81()1 and (j)gzzt is straightforward using simple
union bounds.

(1) Control of the second kind error rate of qb(sll)x
Let Ain S...;_.[Ag, R] be such that A = A + 61,1}, with T in (0,1), 6 in (=Ag, R—A¢]\ {0}, and such that

2\/Rlog(Z/Ma) 2\/2/\010g(2/“a)+2 R R
3L L BL" L
as in -

We prove here that Py ( q’)g’()l(N) =0 ) < B, assuming first that 6 belongs to (0,R — Ag].
Noticing that

dy(A,8[Ao]) > V2max

) (2.90)

(1) _ .
Fa ( Ps.a(N) =0 ) < ke{l,..l.,rLllf)gzLJ}P/\ (Nt 11 < paga-pe (1= 100/2))

one can see that it is enough to exhibit some k in {1,...,|log, L]} satisfying
P, (N(’Ck, 1]< PAy(1-1)L (1- ua/Z)) <p.

Let k, = [-log,(1 —7)|+ 1. Since 0 < 1 -7 < 1, k; > 1. Moreover, from {2.90), we obtain d3 (1, Sy[A¢]) >
2R?/L which entails (1 —7) > 2/L and k, < llog,(L/2)] +1 < |log, L]. Consider now ;=1 — 27, which
satisfies (1-7)/2<1-1 <1-7aswellas

S*(1-1 ) >d3 (X,S[Ao])/2 . (2.91)
We get from
5log(2/ug) \/ 2Aglog (2/u,) Ao+
dz(/\,So[)\o])Z\/Emax[Z\/ 3l , 2 7 +2 i |
which gives with

5log (2/ug) \/2/\0 log (2/11) Ado+6
04/1 TkTZmax[Z\/ 3L , 2 T +2 AL .

This entails in particular 6( -7 ) > (4/3)log(2/u,)/L and also

) 2Aglog(2/u, //\ +0
b(l—rk7)221/1—rk1[ Ooi( " )+ %L ]
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Hence,

o(1-m )L > %108(2/%)“/2/‘0(1 _TkT)Llog(2/ua)+\/(A0+6)(ﬁ1 -, )L

On the one hand, since 7 > 7, Lemma|2.24|gives E, [ N(7x_, 1] ] Var,\[N Tk, 1]] = (Ao + 6)(1 - Tx, )L.
On the other hand, Lemmaﬁ 2.25|with the inequality (2.45) give

(2.92)

Profi g (1= 1a/2) < do(1 =7y )L+ 510g(2/ua) + 220 (1 -, ) Llog (2/uy) -

Combined with (2.92), these computations yield

EA[N (1, 11] 2 pagiig 1 (1 - 1a/2) + \/Var,\ [N (., 11]/8 . (2.93)

The Bienayme-Chebyshev then leads to
P/\(N(Tk,: 1 <pagi-g, (1 - ua/2)) <p.
Assume now that 0 belongs to (-1, 0) and notice that
Py (@ha(N)=0) <

Lemma |[2.25|with (2.45) gives

inf Py(N(t, 1] > _ 2)) .
e 1 ( (T 1] 2 pag(1-go)r (a/ ))

2
Pag(1-r )L (#a/2) 2 Ao (1 - 1) L= Zlog (2/us) — V240 (1 -1 ) Llog(2/u,) -

The same choice of k, as in the above case where 6 € (0, R — Ay] thus entails

(Ao+8)(1-1 )L
|6|(1—Tk1)LZ/\0(1_Tkr)L_pAO(l_Tkr)L(ua/2)+\/ - (/5 = ’

and since E/\[N(Tkr,l]] = Var,\[N(TkT,l]] = (A +6)(1 —TkT)L = )\0(1 —Tk,)L—|5|(1 —TkT)L, we obtain
in the same way

(2.94)

PA(N (11,112 Py (10, 1 (80/2)) < P2 (N (3, 11 Ea [N, 11] 2 Vara [N (e, 11]/8)
<B.

Finally, (2.90) leads in both cases to Py ( ({)(Sll(N) =0 ) < B, which allows to conclude that

SRﬁ(({b(S%z)er [Ao,R )<\/_max( \/Rlog(Zl_;z&LJ/a) , 2\/2A010g(2E082LJ/06) 4 /ﬁ%, %) .

(i) Control of the second kind error rate of qbgzl
Let 1in S,.1-.[Ao, R] be such that A = Ao + 61,1}, with 7 in (0,1), 6 in (=4, R~ 0]\ {0}, and such that

2A,1 ’ 2V2RI1
2 (A, So[/\o])>max( Ao Og (3/1q) +24(2 \/ V2 Og 3/ua)
4(2 1/3 /\1/6R1/3 log 3/ua \/_R
3 | V

75

2.95)




as in (2.80).

Let us prove that this implies that P, ( qbgi)x(N) =0 ) <B.

Notice that

(2) 3 )
P(gfan=0)s, .;r&ggﬁ RALSTSERNSTIETNE

to see that one only needs to exhibit some k in {1,...,|log, L]} satisfying

Py(Tot(N) <ty g1 (1-11)) < B

to obtain the expected result.
As in the above part (i) of the proof, let k, = [~log,(1-7)]+1and 73 =1- 2%, From (2.95) which in
particular entails d% (A,80[Ao]) = 2R?/L, we get that k, actually belongs to {1,...,[log, L|}. Furthermore,
by definition,

5 (1= )2 d3 (A, Sp[Ao])/2 (2.96)

Now, we also deduce from (2.95) that

L (A SolAo]) >max( 2/\Olog 3/uy) P /2 \/_Rlog 3/ua)
4(3)1 Aé/ﬁRV%/—lOg(?’/”“) , 16‘/5] .
3 L BL

This entails on the one hand that d% (A,8o[Ao]) = 128R%1og? (3/u, )/(9L?), and with , d§ (A, So[Ao]) =
64d3 (A, So[Ao] )log? (3/uy)/(9L? ( -7, )) On the other hand, we deduce that

64

3
d3 (A, Sl Ao]) > ?dz()\,SO[AO])J 2Aqlog” (3/ug)

L3(1-7 )

Therefore

1 4]og? 20 log®
d%(A,SO[AO])zmax(32M+8\/§B,6Og—(3/u“),6—4 2o log (3/ua)
L PL or2(1-7.) 3\ 3(1-7,)

16d2(/\:50[/\0])\/ﬁEL) :
Hence,

d3 (A, So[Ao]) _ 4Aglog(3/uy) \/’ 2R 8log? (3/%) 8 |2X¢log>(3/ug) R
> + + - +2d,(A, Sp[A — .
2 L BL 9L2( 7, "3 13(1-7) 2, Sol 0])\//3L

(2.97)
Since i > 7, Lemma|2.26|gives that E, [ T, , 1( ] o? ( -1, ) and
Ao+ ( 1- ) 2(Ag +06)?
Var,\[TTkrll(N)] + (22
From , we get
d3 (A, So[Ao])
Ey[ Ty, 1(N)] 2 I (2.98)
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Moreover,

4d3 (), So[Ao])R . 2R2

Var/\[TTkT'l(N)] < T 2

(2.99)

With (2.98) and (2.99), the inequality yields

Ey|[ Ty, 1(N) |2

4Xlog(3/uy) N 810g2(3/ua) N 8 2/\010g3(3/ua) N \/Var/\[TTkT,l(N)]
L or2(1-7. ) 3\ L3(1-7.) B '

Furthermore, Lemma gives

4Aglog(3/u,) 8log?(3/u,) 8 |2Aglog®(3/uy)
Ergg 1 (1= 1g) < olog( “)+ g (3/uq +54M

L 9L2(1—Tkr) L?’(l—TkT)

SEA[T%I(N)]—\/VMA[TZT’](N)] }

and the Bienayme-Chebyshev leads to

Py T (N) < a0 (1=100) | <

This entails the expected result Py ( qbgc)y(N )=0 ) < B, and finally allows to conclude that

SRﬁ(¢§fﬁ,,S AR ])<max( \/2Aolog(3Llog2LJ/a) 5 /2 \/2\/_Rlog(3|_log2LJ/a),

4(2) /\(1)/6R1/3\/10g(3L1082LJ/0¢)’16 5’@ .
3 L BL" L

Proof of Proposition
Let L > 2. For all k in { - |'L3/4'|} let us define Ay(f) = Ag + 0" L(q ¢ 4¢)(t) With 7 = k/L, and € =
AglogL/(26*°L). Then Ay belongs to Sy-.....[Ao] for all k in {1,..., |'L3/4'|} as soon as

[L34] A ologL
L 26*2L

<1, (2.100)
and it satisfies

d3 (A So[Ao]) = AglogL/(2L) .
Considering a random variable ] uniformly distributed on { LILY 4]} and the distribution y of A; and

using Lemma one can see that it is enough to prove that E,\O[(dP,,/dP,\O) ] <1+4(1-a-p)? to obtain
the expected lower bound. By definition, (dP,/dP) )(N) = E; [(dP/\]/dP/\O)(N)], therefore

dP 1 |'L3/4'|
M
N)= E 1
dP/\o( ) rL3/4] L eXP( og(

0 )N(’Ck,’[k +€]—L5*€) .
Ao
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We then expand the square as
3/4
dp )2 ! 5
M
— | (N)=—%1= exp(Zlog(1+
(dp/\o |—L3/412 ; A
|-L3/4-|71 |-L3/4-|

Z exp(log(l + i—)N(Tk,Tk +{]
k=1 Kk'=k+1 0

*

)N(’Ck,’l’k +{] - 2L6*€)
0

2
+ |'L3/4'|2

*

0 )N(ka,’(kr +{]- 2L6*€] .
Ao

+10g(1 +

For k in {1,...,|’L3/4'| -1 }, setting Ky (k) = max(k’ € {k+ 1,...,|’L3/4'|} T < T +€), we may write

dp, \’? . TE 5
‘ k=1

I'L3/4-|_1 |'L3/4-|

5){'
+W eXp(lOg(l'f'/\—)N(Tk,Tk‘f‘g]
k=1 k'=Ky(k)+1 0

<

+10g(1 + io

)N(Tk/, (9% +€] - 2L5*€]

b [L¥*1-1 Kq(k) 5
* [L3/472 Z Z eXP(log(l + A_O)(N(Tk’ ]+ N (1, T + £])
=1 K=kl

*

i )(N(Tk/, T+ €]+ Nt + €, 7 + £]) - 2L6*€] .
0

+log(1 +

Under (Hy), N is a homogeneous Poisson process with intensity Ay with respect to the measure A. Thus

ip \2 N , 5 T Kotk 52
Ey (—") (N)| =55 + =37103 (IL¥*=Kok) + =573 exp( (rk—rkfw))
'|\apy, [L34] " [L/AP2 ; RTERE ; 1«; Ao
3/4 -1 |—L3/4-|_1 Ko(k)
VL 2 "L 2VL 52
— 5 s ) (Kb s Y ) ek
3/4 3/472 Z 3/472
R I e e g o ! Ao
3/4 ~1
VL 2 S 2VL (s, ()
<t (TL¥*1- Ko (k) + (e M0-1) .
3/4 3/472 Z 3/4
L2 [LYRS = [L>%]
Since Ky(k) > k+ 1 for all k in {1,. L [LY4-1 }, notice that
[-L3/4-]71 rL3/4-|72 3/442
Y (-kkns Y k<L
k=1 k=1
hence 5 ,
ap, N
Ex || 75 | N[ <1+ —5m = :
dP/\o |'L3/ 1e0 /Ao =1
Finally, assuming that
52/ X
VL ¢ Mot ] <4(l-a-p)?, (2.101)

[L3/4] ¢0"*/A0 — 1
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we get

<1+4(1-a-p)* .

dap
E), ( K

dP,,

Noticing that there exists Ly(a, §, A9, 0%) > 2 such that for all L > Ly(a, 8, Ag,6"), both assumptions (2.100)
and (2.101) hold then allows to end the proof.

2
) (N)

Proof of Proposition

The control of the first kind error rates of the two tests ¢(91/)10 , and (j)(gz/)lo o 18 straightforward using simple
union bounds.
(1) Control of the second kind error rate of qb(gl/)lo o

Let 1in S.....[Ao, R]. We may fix 6 in (=g, R—A(]\{0}, Tin (0,1), £in (0,1—-7) such that A = Ao+ 01 (7 r4¢)-
We assume by now that

4Rlog (2/u,)) \/ 2)0log (2/ug) R R
> —, — .
dz(A,SO[AO])_\/?max(\/ m ,2 - +2 5L VT (2.102)

and we prove the inequality P, ( qb(gl/)w’a(N) =0 ) <B.

Assume first that 6 belongs to (0,R — A(]. Noticing that

(1) . . ’
P N)=0]< f f Py (N(k/TLY, (k+ k") /TLT] < ) 1- 2)),
*(%/10'“( ) )_ kel L1} el LK) (N Gk KT < g (1= 40/2)

one can see that it is enough to exhibit some k in {0,...,[L1—1} and k; in {1,...,[L] - k¢} satisfying
Py (N (ko/[L1, (ko + k) /TLT) < pagigrsriy (1 - 1a/2)) < B

We get from (2.102) that

d3(A,So[Ao]) = 3R*/L>38%/[L] , (2.103)

which entails
¢>3/[L1and Tt <1-3/[L] . (2.104)

We therefore can define ky = min(k € {0,...,[L]- 1}, T <k/[L]) and k{j = max(k’ € {1,...,[L] - ko}, (ko +
k")/TL1 <t +¢), so that T < ko/[L] < (ko +k{)/TL1< T +¢.
Since by definition ko/[L]-7 < 1/[L]and 7+ — (ko + k;)/[L] < 1/[L], notice that

k(,) _ kO k0+k6 2
7h —‘"((m”)*(”"‘ﬁ))”‘m '

This, combined with (2.104) and the expression of d22 (A, So[Ao]) = 62¢, implies that

k! 2 42(),8A
0 5 (A, S[Ao]) - 22 5 2 Selol) (2.105)

<2
T L] 3

which yields with

k, 481og (2/uy)) \/2)\010g(2/ua) //’\O+5
0 ] >max[\/3—L, 2 T +2 AL ] . (2.106)
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We then deduce on the one hand
ok}, . 4log(2/uy)

[L] 3L ’

ok [k [, [2Aolog(2/ua) , [Ao+
mz FH[Z T +2 AL ],

which together can be synthesized in

5k6>zmax[M, [ [ holog g \/ﬁ]]
[L] 3L (L] I oL

okjL N 2log(2/u,) . 2log(2/u,) AgkyL . (Ao+0)kyL
[L] 3 [L] BIL]

From Lemma|2.24] we easily deduce that

Ex[N(ko/TLY, (ko + k§ )/TL1]| = Vary ( N (ko/L1, (ko + kg )/1L1]) = (Ao + 8)k)L/[ L], and from Lemmal2.25

and on the other hand

Hence

(2.107)

AokoL  AokiL . (log(2/u,)[L
Pagkyrrry (1 —1qa/2) < 00 070 1( 8l a)H)

+ ’
[L] [L] AokoL
Using the upper bound (2.45), this leads to

AokoL  2log(2/ug) \/210g(2/ua)iok6L (2.108)

, 1- 2)<
PaokL/iry (1 —ue/2) < T + 3 7%
The inequality (2.107) therefore entails

Ex [N (ko/ [T (ko + k)TN T > pagigurey (1= a/2) + yVary (N(ko/[L (ko + K )T )/6 . (2109)
We conclude with (2.109) and the Bienayme-Chebyshev inequality:

Py (N (ko/TLY, (ko + ko) /TLT] < Pagkgrsey (1= 14a/2))

{5 oy -
<p.

[L1" TL L1 1L
Assume now that 6 belongs to (-1, 0) and notice that we have here

<P,

0

(1) _ - : /
Po(95h0alN)=0) _inf inf | PUNGSLY (ks K)/IL 2 pagenin (46/2))

Lemma and give

AokoL  2log(2/u 2log (2/uy) Agk)L
Pagk/ry (Ua/2) > ool 2log( “)_\/ a) A0fo%

[L] 3 [L]
The same choice of ky and k|, as in the previous case yields

kO k0+k6 _ kO k0+k6
o e

,L
Om’

, L
2 S = o+ 00 = U - ok
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so
Py(N(ko/TLY, (ko + k§) /TL1) 2 pagksrsiy (4a/2)) < B

in a similar way, notably replacing o by |9 (except when it is involved in A( + 9) in the rest of the proof.

Coming back to the assumption and the definition of u,, one can finally claim that

4Rlog ([L1(TL1+1)/a) 210 log (TL1([L1+ 1)/a) R R
SRﬁ((P(;/)]O,a’S‘r"r"‘[/\o’R]) < \/gmax[\/ & 3L ’ 2\/ 0798 L +2 /j)_L y %] s

which ends the proof for the test 4)(91/)1 ar

(i) Control of the second kind error rate of ¢(93)10,a'
Let Ain 8. .. ..[Ag, R]. There exist ¢ in (=Ag, R—Ao]\ {0}, Tin (0,1), £in (0,1 —7) such that A = Ao+ 01 (¢, ¢4¢)-
Let us assume now that

1 I
2(/\:50[/\0])2max(12\/%’ 430 ogL(3/ua /3\/_1{ /\/_R og 3/1/la
321/3(6.1,) /ORI [log (3/uy) 3/ua 24 ,%] . (2.110)

and prove that it entails Py ( (j)(gz/)w,a(N) =0 ) <p.
As in (i), we begin by noticing that

(2) .
P( NzO)s inf in (T @« (N) <t w (1 —u ),
2 Por10aN) ke{0,...[L1-1} k’e(L,...[L]-k) it Ny <), R iamiey ( o)

so it suffices to find kq in {0,...,[L]— 1} and k) in {1,...,[L] -k} satisfying

L1 TL1

P/\(Tko ko+k) (N)St/\ ko Kotk (1- Ma))ﬁﬁ ,
0T 7T

to obtain P/\((P(92/)10,a(N) =0 ) <p.
We get from that d% (A, So[Ao]) = 3R?*/L > 36%/[L] which entails
¢>3/[L1and Tt <1-3/[L] . (2.111)

We therefore can define ky = min(k € {0,...,[L]1-1}, T < k/[L]) and k; = max(k’ € {1,...,[LT-ko}, (ko +
k')/TL1 <t +¢), so that T <ko/[L] < (ko +k{)/[L] < T +¢.

As in (i) above, starting from the remark that ky/[L1—17 < 1/[L] and 7 + ¢ — (ko + k;)/[L] < 1/[L], which
implies k{/[L1> ¢ —2/[L], we obtain, combined with and the expression of d22 (A, So[Ao]) = 62¢:

» kg 262 d3(A,So[Ao])
d2 (A, So[A 2o 2.112
m> 3 (A, So[Ao]) - I > 3 ( )
Moreover, we get from
1 ) 2|61
4y (Ao Ag]) > max| 4 3Aplog(3/us) 3x/§()\0+(>)’2\/\/‘|5| 0g(3/ua)l
L \/BL L
1 -
321/3(6,)1/0|5]1/3 M,M /\0+a]’
L BL
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which entails

48Mplog(3/uy) 12V2(Ag+6) 328%log?(3/uy,) 32v6X0|5|10g>? (3/u,
d%(a,souonmax( 0108 (3/tta) | 12V2(h0+9)  320°10g" (3a) | 32¥6Lolollog™™ (3/ua)
L VBL L2d2 (A, So[Ao]) L32d; (A, SolAo])
24\//\04—6612(/\,80[/\0]))
N

Then with (2.112),

2 3/2
B0y Ao]) > max| 1820108 (3/ta) | 12V +0) 32108 (3/1g )L 321087 (3/uy) [24o[L]
L VAL 3k)L 132 k)

24\//\0+5d2(/\;50[A0])]
VAL ’

hence

d3(A,8[ o)) _ 4Aolog (3/u,) ) V2(Ao +90) . 8log? (3/u, )[L1 8log*?(3/uy,) [2A0[L]
3 L VAL 9k, L2 313/2 K}
L VAo +ods A,8o[A0])
VBL

] . (2.113)

Using Lemma we compute

[L1” TL]

ki d2(A,So[Ao]) .
EA[TkO ko+k6(N)]=52ﬁ>% with (2.112) ,
and

4(Ao+0)0% k) 2(Ay+0)?
Var/\(TkO k0+k[’)(N)):(+|__£)_]+((i—2

L1’ T
4(Ao+0)d3 (N, SolAo])  2(Ag+06)2
< I + 2 .

These computations combined with (2.113) leads to

4)glog(3/u,) 810g2(3/u )IL] 810g3/2(3/u ) [2A0[L]
E/\|:Tk0 ko+k{ (N)]> T a’l, 9k6L2‘1 + TEE a k(’) + Var/\ TkO ko+k) (N) /ﬁ .

Ak (AR
(2.114)
Furthermore, Lemma gives
202k (i {log (3/u, )[LT\\
t/\ ko kO*"(,)(l_u(X)— 2 O(g 1( g/\ k/a )) 4

0L T [L1 okoL
where g71(x) < 2x/3 + V2x for all x > 0 (see (2.45)), and then

8log?(3/u,)[L] 8log*?(3 2X0[L]  4Aglog(3

t ko k0+k6(1_ua)s Og ( /ua)l— ]+ Og ( /uD() Ol— -|+ 0 Og( /ua) . (2115)

PO 9k; L2 31372 k; L
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It follows from 42.114D and dZ.llSD that

E/\|:Tk0 ko+ky (N)]>t/\ ko k0+k(’)(1_ua)+\/var/\(Tk0 ko+kg (N))/ﬁ ’

0L 7T [

L1 L]

whereby

P\ Ty, reiy (N) <t

L1 L]

Ao,

ko ko+kg (1-u, )) <P Tko ko-+kg (N)<E, ko ko+ky ] Var,\ ko ko+kg (N) )/ﬁ
PTLIY T [L1” TL] [IATA [FALTA

The Bienayme-Chebyshev inequality allows to conclude that

P/\(Tko k0+k6(N)§t ko k()*k(’)(]-_uoz))sﬁ .

L1’ T 0/ TL7” 7L

Coming back to the assumption (2.110) and the definition of u,, one can finally claim that

SRﬁ(qb(;/)m,mS.,.,,...[AO,R])Smax[zx\/ 340 10g(3m(m”) /3‘” \/ V2Rlog( 3“1 [L1+1)/2a)
24 / \/7 32153(64 1/6R1/3\/108(3FL-|(|_L-|+1)/205)]

which ends the proof for the test (;[)(92/)1 0.a

X Technical results for minimax separation rates upper bounds

Lemma 2.24 (Moments of a Poisson distribution).
Let X be a Poisson distributed random variable with constant intensity & > 0.
1. The Laplace transform for X is given by

VceR, Elexp(cX)]=exp[&(exp(c)—1)].
2. The first moments of X are given by the following formulas:
E[X]=& E[X?]=&2+& E[X°]| =& +382+ &, E[X* = &%+ 687 +7E% + &,

and its central moments are given by E[(X —E[X])?] = & and E[(X - E[X])*] = 3&2 + &.

Recall that a rough quantile bounds for the Poisson distribution, based on the Bienayme-Chebyshev
inequality, is given by Lemmal[1.6] The further Lemma provides a more refined control using the Cramér-
Chernov inequality.

Lemma 2.25 (Sharp quantile bounds for the Poisson distribution).
The u-quantile pg(u) of the Poisson distribution with parameter & satisfies

(é—ég_l(log(éﬂ))VOSpg(u)sé+§g‘1(log(1/((§;u))) . (2.116)
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Proof.
Let N be a Poisson random variable with parameter £. The Cramér-Chernov inequality applied to this
Poisson random variable gives that for all x > 0,

P(N - & > x) <exp(-&g(x/&)) ,

and for 0<x < ¢,
P(N - & < —x) <exp(—-&g(—x/&)) .

The first exponential inequality gives
P(N>§+gg—1(log(1/(§;u))))3u ,

which leads to the upper bound of Lemma The second inequality gives that for all u > ¢~ and all
e such that u > u —¢ > e™¢, using (2.46),

]P’(N <c-gg! ( log(l/((su —¢)) )) < ]P’(N <s +Egﬁ_11'0[(10g(1/‘(; —¢)) ))

<u-—-¢e¢<u .

By letting ¢ tend to zero and by continuity of g~!, this leads to the lower bound of Lemma for any
u>e. Since 0 < g(1)< 1 and ¢! is increasing on ]0,+co[, 1 = g7'(g(1)) < g7'(1), hence for 0 < u <e7¢,

g_l(M)Zg_l(l)21 .

3
Therefore in this case & — &g~} ( bg%ﬂ ) < 0. The conclusion follows from the remark that for any u in
[0,1], ps(u) > 0 as some quantile of a Poisson distribution. O

Lemma 2.26 (Expectation and variance of Ty, ,(N)).
Let 11,7, be in (0,1) such that 0 < 1y <1, <1, A\g > 0and T, ., (N) be defined by (2.10). Assume that N(ty,7,]
follows a Poisson distribution with parameter Lx with x > 0. Then

2
x
E[TTI,TZ(N)P(m—/\ox/n—ﬁ) , (2.117)
" dx [ «x 2oy g2
Var(TTl’TZ(N)):T(TQ—Tl —/\0) +ﬁm . (2.118)
Proof.

Set m; the moment of order i of N(ty,7,]. Since N(ty,7;] follows a Poisson distribution, m, = m + m%

and ) N
2 0 2

=—m'——m; + A(Tr — 1),

LZ(TZ—Tl) 1 L 1 0( 2 1)

with m; = Lx. This straightforwardly leads to the first statement of Lemma Notice now that

E[Ty,,r,(N)]

1
L2 (1p— 1)

A A
((N(Tlsz] —my)? +mi +(2my = 1)(N(ty,15] = my) - ml)_%(N(TlfTZ]_ml)_%ml

+ /\(2)(’[2 —Tl) ,

ﬂMﬂN)Z
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which entails
1

TN =Bl T, (N = s

((N(leTz] —my)? + (2my = 1)(N(1y, o] = my) = ml)_ TO(N(Terz] —my).

Considering the moment ¢; of order i of the centered variable N(t, 7,] - my, one obtains

1 2 2 473
Var(Ty, .,(N)) = I35, 1)) (c4 +(2my —1)"cy + my+2(2my —1)c3 — 2m1c2) + 2 c
41,
P (s (2my —1)cy).
Bty - 1)) (c3+(2my —1)cy)
Applying Lemma finally leads to the second statement of Lemma|2.26) O

Lemma 2.27 (Quantile bound for T ,(N)).
Let A\g >0, u in (0,1) and assume that N is a homogeneous Poisson process of intensity Ay with respect to the
measure A. Let ty ¢ o (1—u) be the (1—u)-quantile of T, r,(N) defined by (2.10). Then forall 0 <1, <7, <1,

log(3/u) ))2
WLt —1) )

where g is defined by (2.44).

Proof.
Notice first that under the assumption of Lemma|2.27} Ty, .,(N) can be written as

! t 2 1 £)\2
TT»Tz(N):U (P(”'T”]()(dNt—AoLdt)) —f ((P(TTT]()) dN,
0 0

with @(¢, ¢,] = L(¢,,,)/ VT2 — T1- Applying the exponential inequality of Theorem 6 in [LG21], we obtain

forall x>0 )
||HT T ||2L ||H’[ T Hoo X
(T, (N)>x)§3exp(— vl otg L2 =11,
e ”HTI,TQHgO ”HT],Tz”%’L 2
where Hy, +,(t) = @(¢,,1,](t)/L, g is defined by (2.44) and IHz, 7,12, is the Ly-norm of Hy, ., in ([0, 1], AgLdt),
that s |[Hy, |13 ; = [, [Hey e, (1)2AoLdt = Ao/L. This leads to

]P(T'[I,TQ(N) >X) < 3eXp(_/\OL(T2_T1)g(AO\/%\/§)) ‘

We therefore obtain ]P’( Ty, 0, (N) > x) <uifx> 2/\5(’[2—11 ) (g‘1 (log(3/u)/(AgL(ty —17))) )2 and the result
follows. O

Lemma 2.28 (Quantile bound for max/min.¢[g,1—¢-] N (7, T+ £7]).
Let L>1. The (1 — a)-quantile pf\oﬁ(l — @) of maxqe(g,1—¢+] N(T, T + €] under (Hy) satisfies

log(2
P} g*(l—a)sAoL€*+2/\0Lg_1(M) .
0/ /\0L

The a-quantile p;o’g*(a) of min (g, 1—¢-) N (T, T + €*] under (Hy ) satisfies

_ _1 [log(2/a)
" > AgL0 -2 Lot =2 ,
P, (@) 2 1010 =241 ( o

where g is defined by (2.44).
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Proof.
We define M! = Lt(dNu — AgLdu) for all s, > 0. Let x > 0 be such that

x> ALl +2XoLg™! (mgA(_zza)) . (2.119)
0

Since

P max N(t,t+&]>x|=P max M > x— ) L
A (re[o,lé*] ( ] ) /\O(TE[O,1€*] ‘ 0

<P, | max [M!|>x-AoLC*| ,
/\O(s,te[O,l]I s 0 )

Theorem 8 in [LG21] ensures that
x—AoLl*
P M!|>x— L") < 2exp|-AoLg[—22—]] -
*0(&52?531' AZx )‘ eXp( o g( 220L ))

Then (2.119) entails

- AoLl*
2exp(—/\0Lg(x2/,\—00L)) <a,

leading to Py (maxe[g,1-¢-] N (7,7 +{*] > x) < a. The (1 — @)-quantile pX (@) of max e ¢ N(T, T+ "]
under ( Hy) therefore satisfies p}oj*(l — a) < x for every x such that (2.119) holds. In particular,

log(2
Pt g*(l—a)s/\oL€*+2/\0Lg‘1(M) .
0/ A(]L

Let us consider now x in R and ¢ in (0, 1) satisfying

-1 (log(Z/(a(l -¢)))
1oL '

x < ALl —2)oLg (2.120)

Using (2.120) and Theorem 8 in [LG21] again, we obtain
P,,| min N(t,t+¢]<x|=P | max -MI* >2Le"—x
Ao\ refo,1-¢1] ( ] ) Ao (TE[Q,Elii(f"] ‘ 0

< P,\U( max]lM_fI > AgLl* —x)

s,t€[0,1
< 2exp(—/\0Lg(%0£x))
<a(l-¢)
<a

Thus the a-quantile p;oyg*(a) of min ¢(,1_¢-) N (7, T+ "] under (Hy ) satisfies p;oyg*(a) > x for every x such

that (2.120) holds. In particular

Py, (@) > AgLE" = 2XoLg

_1 [log(2/(a(1 —¢)))
AoL

for every ¢ in (0,1). The result then follows by continuity of g~!. O
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Lemma 2.29 (Quantile bound for supse(g 1_¢) Se,0r,0+£(N))-

Lety>0and L>1. Let (N[\O)tzo be an homogeneous Poisson process with a known constant intensity AgL >0

w.r.t. the Lebesgue measure. Then, the u-quantile of the supremum suptZO(N[\0 — (Ao + y)Lt) does not depend
on L, and will therefore be denoted by sf\o’y(u). Now considering SK,&*,T*,L(u)' the u-quantile under (Hy) of the

Statistic supyeg 1) Ss, e +¢(N) With S v -4 ¢(N) defined by (2.19), we have for all L > 1

St n(#) S 530,15*/(2(/”) );"he” >0, (2.121)
og(1/(1-u * * ’
el S GaoaTera))  When 0" €(=45,0)

Proof.

Equation (7) in [Pyk59] directly enables to state the first part of the result.

Under (Hy), since the processes (N (7%, T* + €])se(0,1-7+) and (N (0, £])¢e(0,1-1+] are left-continuous and have
the same finite dimensional laws, we get

d . |67
sup  Sgrorpe(N) = sup (sgn(é J(N(0,€]— AofL) - 5 ZL).
e(0,1-77) 0e(0,1-7")

Assume first that 0* > 0. We compute

P/\O( sup S(S*,T*,-[*+€(N) > Sj\—o,é*/Z(u))
£e(0,1-1*)

< IF’{ sup (N’\O(O,t] —(/\o + % )Lt)> 530,6*/2(”)]

t€[0,+00)

Sl_u ’

by definition of SXO} s/2(1). This allows to conclude that the first part of (2.121) holds.
Assume then that 6 belongs to (-1, 0). For all x>0,

5’(—
P/\O( sup Sb*lT*'T*+€(N)>x]:P/\O( sup (()\0—| I)ZL—N(O,f])>x) .
e(0,1-1) ¢e(0,1-7") 2

Theorem 3 in [Pyk59] then entails
Py, ( sup  Sgppre(N) > x] <exp(-wx) ,
€e(0,1-1%)

where w is the largest real root of the equation Ay(1—-e7) = w( Ay —[0*]/2). Notice that w >log(Ao/(Ag —[0%|/2)).
Then, correctly choosing x in the above exponential inequality leads to

log (1/(1-u))
P su Sst oo i p(N) > - <l-u,
*°[ee<o,113f> et ) o o (o 10°2))

which implies the second part of (2.121). O

Lemma 2.30 (Quantile bound for sup, g 1) Ss+,7,1(N))-
Let L > 1. With the same notation as in Lemma and Ss+,1(N) defined by , the u-quantile Sxo,é*,L(”)
of the statistic SUPe(0,1) So%,1,1 (N) under (Hy) satisfies

Stporp (1) < 510,15*/(2(;(!) );vhen 0">0, (2.122)
og(1/(1-u . % .
5:{0,6*,L(”) < m when 6" € (—AO,O) .
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Proof.
Under (Hy), since the processes (N(t,1])r¢(0,1) and (N (0,1 - ])r¢(,1) are left-continuous and have the
same finite dimensional laws, we get

5*
| |’l’L .
2

sup Sé*’m(N)i sup (sgn(é*)(N(O,T]—/\OTL)—
7€(0,1) 7€(0,1)

The result then follows from the same arguments as in the proof of Lemma by noticing that when
>0,

PAO( sup 55*,1,1(N)>5X0,6*/2(”))
7€(0,1)

S}P’( sup (N/\O(O,t]—()\o+%)Lt)>s}0,5*/2(u)] ,

t€[0,+00)

and when 6" belongs to (-1, 0),

5*
P/\O[ sup Sgr1(N) >x] :P/\O( sup ((/\0— l )tL—N(O,t]) >x]
7€(0,1) te(0,1) 2

for all x > 0. OJ
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CHAPTER
THREE

MINIMAX AND ADAPTIVE TESTS FOR DETECTING ABRUPT AND
POSSIBLY TRANSITORY CHANGES IN A POISSON PROCESS WITH AN
UNKNOWN BASELINE INTENSITY

In this chapter, we turn to the problem of detecting an abrupt change in the intensity of the Pois-
son process N when its constant baseline is not assumed to be known anymore. This detection problem
probably more largely fits applications, especially with epidemiological data for which it is often more
realistic not to assume that the baseline intensity of the underlying Poisson process is known. In the
present chapter, we therefore consider the null hypothesis expressed as (Hy) ”A € S§§[R]”, where S§[R]
is the set of all possible constant intensities upper bounded by a given R > 0. As in Chapter|2] we con-
sider various alternative hypotheses, that are defined according to the persistent or transitory nature of
the change, and its height, location and length knowledge. All the possible sets of alternatives according
to whether each parameter of the change (height, location and length) is known or not, including the
special case where the change is non transitory (jump detection), are handled. For each sets of alterna-
tives, lower bounds for minimax separation rates are provided, as a preliminary basis for corresponding
upper bounds (when appropriate, that is when at least the height or the length is unknown). As ex-
plained above, these upper bounds are obtained by constructing minimax or minimax adaptive tests,
which are mainly based on aggregation of either linear or quadratic statistics, coupled with adjusted
critical values. A simulation study is presented in Chapter[3|Section[VII] whose aim is to compare linear
and quadratic type tests, and also to compare them with standard tests used to detect nonhomogeneity
of Poisson processes in practice. Proofs of the core results are postponed to Chapter|[3]|Section [VIII} and
proofs of technical results mostly based on exponential inequalities and devoted to quantiles and critical
values upper bounds are postponed to Chapter [3]Section All along the chapter, we will introduce
some positive constants denoted by C(a,B,...) and Ly(a,f,...), meaning that they depend on (a,,...).
Though they are denoted in the same way, they may vary from one line to another. When they appear in
the main results about lower and upper bounds, we do not intend to precisely evaluate them. However,
some possible, probably pessimistic, explicit expressions for them are proposed in the proofs.

In order to further cover the full range of alternatives in a unified notation, we introduce for 6* in
(-R,R)\ {0}, 7" in (0,1) and ¢* in (0,1 — 7*] the set Sj. . ..[R] of intensities with a change of height &7,
location 7* and length £* from an unknown A in S;[R], and still upper bounded by R,

(A1) SY . . [R] = {/\ .[0,1] = (0,R], FAg € (=" V 0,(R-5") AR],
Vte[0,1] /\(t):A0+6*1(T*,T*+€*](t)}. (3.1)

Though it is not as immediate as in Chapter testing (Hy ) versus (H; ) "A € S5, . »[R]” also falls within
the theory of UMP tests, and an Uniformly Most Powerful Unbiased (UMPU) test can be constructed by
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using a conditioning trick (see details below). As above, when the question of adaptivity w.r.t. some
unknown parameters is tackled, the unknown parameters are replaced by single, double or triple dots
in the notation S, .. .[R].

Notice that for any intensity A such that A(t) = Ao+ 01 (¢ r1¢)(t) for 6 in (=R, R)\ {0}, Tin (0,1), £in (0,1 -]

and Ay in (-6 V 0,(R—0) AR],
d>(\, SUIR]) = I8IE(T =) .

Hence, as soon as an alternative intensity has known change height 6 = 6" and length ¢ = ¢*, the distance
dy(A,SF[R]) is fixed, equal to [6*]/€*(1 —¢*). Hence, the f-uniform separation rate of any level «a test
over S5, .. »[R] or 8§, ,.[R]is either 0 or +co, and so is the (@, f)-minimax separation rate. In these cases,
our tests are not studied from the minimax point of view. As in Chapter[2] we nevertheless establish
conditions, expressed as a sufficient minimal distance d,(A, Sj[R]), guaranteeing that their second kind

error rate is controlled by j.

I Uniformly most powerful detection of a possibly transitory change with
known location and length

Let us first focus on the problem of testing (Hg) " € S[R]” versus (H; ) "A € Sg. . ».[R]” with S, . ..[R]
defined by for 6" in (-R,R)\ {0}, 7" in (0,1) and ¢* in (0,1 — t*]. Assume here that A belongs to
{A:[0,1] > (0,R], 36 € (-R,R), Ay € (=6 V 0,(R=0) AR], A = Ag + 0L ro4)} D SG[RJUSS. . o[R]. In
this model parametrised by (0, Ag) in {(0,Ag), 0 € (-R,R), Ag € (-0 V 0,(R—9) A R]}, the distribution P, is
dominated by P; (see Lemma|[2.1), with a likelihood ratio given by

(dPy/dP,)(N) = o(108(1+5/20)N (T, 7' +€ 1+10g(Ag)N(0,1]-L(Ag+5¢'~1))
Reparametrising the model by 6; =log(1+ /1) and 6, =log(A), this likelihood ratio becomes
(dp/\/dpl ) (N) — e—L(692(1+(691 —1)5*)—1)691N(T*,T*+€*]+92N(O,1] . (32)

Our testing problem can then be viewed as a problem of testing (H,)”6; = 0” versus (H;)”60; < 0” or
(Hy)”6, > 0” (depending on the sign of 0*) in an exponential model with natural parameters 6 = (6,6,)
and sufficient statistics (N (7%, 7* +¢*],N(0,1]), and where 0, can be interpreted as a nuisance parameter.
From and Lemma 2.7.2 of [LR0O5] we can deduce that given N; = n, the conditional distribution
of N(t*,7* +{*] defines an exponential family with respect to some measure v,,, with natural parameter
01, and is in particular free of 6,. In this conditional framework, one knows that there exists an UMP
test of (Hy) versus (H; ) of the Neyman-Pearson form. Recalling that given N; = n, N(t*, 7" + {*] has the
same distribution as a binomial random variable Y}, ;- with parameters (1,£*), such conditional Neyman-
Pearson tests lead us to consider the unilateral tests defined by

{ 1 (N) = IN(erst by, (@) + VN o) (QOIN (e v 462ty () I 67 <0, (3.3)

OYa(N) = IN(e st by, - (1-0) + Yiny o)1 = OUN(e e 09=by, o (1-a) I 67> 0,
where for all nin N, b,, ;-(u) denotes the u-quantile of the distribution of Y, /-, and

Vit (1) = (1 = B(¥y, 0 < by - (W)V/B(Yr = by (1)), Y o (1) = 1= ¥y (10) (3.4)
From Theorem 4.4.1 in [LRO5]] and the remark below its proof, we obtain the following result.

Proposition 3.1 (Uniformly Most Powerful Unbiased tests).
Let L>1, ain (0,1), 6" in (-R,R)\ {0}, ¥ in (0,1) and €* in (0,1 — ©*]. For the problem of testing (Hy) v.s.

(Hi) "A €Sy . o[R]”, let @Y , be the test ¢y, if 6" <0, ¢y if 6> 0 (see (3.3)). Then E, [¢i"a(N)|N1 = n] =
a for all Xin Sy [R] and ¢Y , is an UMPU test.
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In order to follow the same line as the minimax results obtained when regarding other alternative
hypotheses with unknown height and/or length change, we further study which minimal distance
d,(A, S [R]) guarantees a second kind error rate control.

Proposition 3.2 (Second kind error rates control for [Alt".1]).

Let L>1, ain (0,1), 6" in (-R,R)\ {0}, * in (0,1) and €* in (0,1 — ©*]. For the problem of testing (Hy) v.s.
(Hy)”Ae Sg*’r’g*[R]”, let qb’fa be the test cpl; if6* <0, qbi’; if 6* > 0. Then there exists C(a, B, R,£*) > 0 such
that Py(¢7 ,(N) = 0) < B if A belongs to S, . ,.[R] with

C(a, B, R, %)

7 (3.5)

dy(A, S5 [R]) =

Comments.

Noticing that for any A in S5, . ..[R], dz(/\ Sy[R ) = |0"[/€*(1 — €*), the above proposition implies that
if L > C%*(a,B,R, ")/ (6*25*( — 7)), then Py(¢7] ,(N) = 0) < B. Therefore, in this case, the f-uniform
separation rate of ¢ , over Sy, . ,.[R]is equal to 0, and so is the corresponding (a, f)-minimax separation
rate mSR,, 5(Sy. . . [R]).

In order to address the question of adaptation to the change height, we consider the problem of testing
(Ho) vs. (Hy) "A€SE. ..[R]”, where for R>0, t"in (0,1) and {*in (0,1 —77],
[Al2] S ,.[R] = {/\ :10,1] = (0,R], FAg € (0, R], 36 € (=g, R— o]\ {0
VEe[0,1] A(f) = Ay + 5]1(T*,T*+€*](t)} . (3.6)

Unsurprisingly, with the Bayesian arguments already used to prove Proposition|2.3} one obtains a lower
bound for the minimax separation rate over S" . ,.[R] of the parametric order 1/VL

Proposition 3.3 (Minimax lower bound for [Alt".2]).
Let a and B in (0,1), R>0, t°in (0,1) and €* in (0,1 —t*]. For all L > (2log Calﬁ/(Rf*)),

R(1-¢*)1ogCq,p '
mSR g (Sl - [R]) 2 \/ o7 , with Cop=1+4(1-a-p)?
In order to prove that this lower bound is sharp, we construct two minimax adaptive tests.

The first one is based on the linear statistic N(7*,t* + ¢*] and is very similar in spirit to the test (1)2 o
defined by ., except that the associated critical values are based on the conditional distribution of
N(t*, 7"+ ¢*] given N; = n under (H) instead of the unconditional distribution (which is not free from
the unknown constant baseline intensity under (Hj)). Let

1
D20 (N) = In(e 4095y, o (1-a0) + Vi, o)1 = @D IN @ 040 )by, (1)
+ AN (e s )<by, (@) F VN, e) Q) IN (e w4 8]ty () o+ (327)

where 7/ and Yiner) 1€ defined by - by, ¢<(u) denotes the u-quantile of the binomial distribution
with parameters (n,€* ) for all nin N, and o, and a5y in (0,1) are determined by

{a1+a2:a,

3.8
E,\[N(T*, (- +€*]ci)§,(;)(N)|N1 = n] = aE,\[N(T*, T+ 0] (3.8)

N, = n] VAeSUR].
Theorem 4.4.1 of [LR0O5] again (but considering the bilateral test) shows that qbz’(;) is UMPU.
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The second one is based on a quadratic statistic deduced from an estimation of the L,-distance be-
tween A in S.Ifr*,e*[R] and S{[R]. For 0 < 7y < 1, <1, we define ¢y = 1o and P ¢, = (L(r,,0] —
(1o —11) Yo /\/ T, - 71)(1 =12+ 11), so that (g, ¢, ,) is an orthonormal family. Denoting by ITy, and
HW the orthogonal projections onto Wy = Vect(g) and Wy, ., = Vect(l,bo, U Tz) in L,([0,1]) respec-
tlvely, the quadratic statistic

1
L (n-1)(l-1+1)

((N(TI:TZ]_(T2_71)N(Oxl])2+(T2_Tl)(N(TIJTZ]_(TZ_TI)N(Oxl])
—(1 —T2+T1)N(T1,T2]) B (39)

is an unbiased estimator of |[I'T W, oy (A=TTw, (A ))||2 We therefore consider the particular statistic T. e (N)
which is an unbiased estimator of the squared IL,-distance between A in S" . ,.[R] and the set of constant
intensities, leading to the test defined by

Pra (N) =110, (Nt e, el1-) (3.10)

where t;, . . (u) is the u-quantile of the distribution of T/ . (N) given N; = n under (Hp).
Since this conditional distribution under (Hy) is the distribution of the renormalised U-statistic

Lszm Dr,0(U))

l¢]

based on a n-sample (Uy, ..., U,) of i.i.d. uniform random variables, we use an exponential inequality for
U-statistics of order 2 due to Reynaud-Bouret and Houdré [HRBO3] to control the quantiles ¢, ; . (u) in
theory (see Lemma , and Monte-Carlo methods to evaluate them in practice.

Proposition 3.4 (Minimax upper bound for [Alt".2]).

Let L>1, a, B in (0,1), R>0, T in (0,1) and € in (0,1 - ). Lt({)21/2

be one of the tests qb;(l) and ({);(j)

of (Ho) versus (Hy) "A € S". . [R]” respectzvely defined by - 3.8) and (3.10] - Then (j)2 ul172) g of level a,
that is SUP jesu(R P,\ qbz 01/2 N)=1)<a (¢2,a is even of size ). Moreover, there exists C(a, ,R,*) > 0 such
that

u(1/2) (ar /3)} ng*)

SRg(¢5 St o [R]) < NG ,

which entails in particular mSR, 5(S”. ,.[R]) < C(a, B, R, %)/ /VL.

Comments.
This result proves that both tests (l);(;) and 4);(5 ) are therefore p-minimax (up to a possible multiplicative
constant) over the set of alternatives S". .[R], where the height of the change is unknown, with an

optimal uniform separation rate of the parametric order 1/VL, as expected regarding results for (j)(;()x
and ¢(22‘)X in Chapter

Notice that this study involves the particular non transitory change or jump detection problem, with a
known change location, taking £* = 1 — t*. Following the same layout as Chapter[2} we investigate the
jump detection problem with unknown location in Chapter[3|Section [[V.1]
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II' Minimax detection of a transitory change with known length

In this section, we deal with the problem of testing the null hypothesis (Hy) ”A € S{[R]” versus alterna-
tives where the length of the change from the unknown baseline intensity is known, with adaptation to
the change location, and with or without adaptation to the change height. We therefore introduce for ¢*
n (0,1) and 6" in (-R, R) \ {0} the two following sets:

[AIt*.3] S%  .[R] = [/\ :[0,1] = (0,R], Adg € (=8 VO,(R—5*) AR], AT € (0,1 - ),
Vte[0,1] /\(t):/\0+5*]l(rlﬂg*](t)}, (3.11)

[Alt*.4] S* .[R]={A:[0,1] > (0,R], AXg € (O, R], F5 € (~Ag, R= Ao]\ {0}, FT€(0,1-£),
Vte[0,1] A(t):AO+5]1(T,M](t)}. (3.12)

Adapting the ideas of Chapter [2|Section[III} we handle the question of adaptation to the change location
7" by introducing aggregated tests based on the same linear and quadratic statistics as those used for

testing (Hy ) versus (H;) A e Sg s [R]” above. We thus set on the one hand the unilateral tests

’

N onr)(@) (3.13)

b3, (N) = Limin, o g1/ Nz 22 (1/2))<b
¢3’a (N) = ﬂmaxte[o'l_[*/\(l/z)] (T T+0* /\ 1/2 ]>bN A(1L/2) (1-a) »

and the bilateral test 0 0 0
1 1)- 1)+
Pia (N) = @3, (N)V 30 (N) (3.14)
where b;’g(u) and b;’g(u) respectively denote the u-quantiles of the conditional distributions of min ¢(g,1—¢]

N(t, 7 +¢] and max.¢[,1-¢] N (7, T + €] given Ny = n under (Hy), for all nin N and ¢ in (0,1/2]. Then, we
introduce on the other hand the aggregated test

H’V‘*e» Nl’m'm“

(2)
¢35, (N)=1 , (3.15)
3/4a {maxke[() ..... ra-em-ul T« Nt %(1—Ma))>0}

where M = |'2/(€*( =N, g = a/[(L=CIMY, T )pp 1aise- 18 defined by (3.9) and ¢/, p 0 nr,p- (1) is the
u-quantile of T, k/M wmse-(N) given Ny = n under (Hp).

Since the set Sy, .[R] of (3.11) is composed of alternatives with known change height ¢* and length ¢*,
the distance between any of its elements and S [R] is fixed, equal to |6*|]3/¢*(1 - £*). Hence, for this set,
we only provide sufficient conditions for the tests (j)g‘(; * ({)g,(;)_ and (P;/(i)a to have a second kind error
rate controlled by a prescribed level [5 when Ae S” ot [R]. Asin Proposition the key points of the

proofs of the following results for q53 , and ¢3 o " are sharp lower or upper bounds for the involved

quantiles bn £A(1/2) ( ) and bn oA 1/2)( a), Wthh are deduced from inequalities for oscillations of empirical

processes found in [SW86] (see Lemma|3.21|for details). The result for (1)3/4,& relies on the control of the
quantile t; . . (u,) obtained in Lemma|3.20 via the exponential inequality for U-statistics of order 2 due
to Reynaud-Bouret and Houdré [HRB03], as in Proposition

Proposition 3.5 (Second kind error rate control for [Alt".3]).
Let L>1, a and B in (0,1), €* in (0,1) and 6" in (—R,R) \ {0}, and consider the problem of testing (Hy) v.s.

(Hy) "A e Sgﬂ'_.]g*[R]” Let q[)g(;/z) be one of the tests ¢§‘(;)* q’)Z/(i)a if 0 > 0, and one of the tests (j)?}?f or
(j)g/(i)a if 6" < 0 (see (3 and (3.15| -) The test (1)3 u(1/2) 4 of level a, that is sup 0eSU[R] P/\O((j)3 01(/2 N)= 1) <a
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u(1/2
3,a

Moreover, there exists C(a, , R, 0%,€*) > 0 such that PA((j)
with

)(N) = 0) < B as soon as A belongs to Sg*,,_’g»[R]

C(a, B, R, 0%, C7)

dy (A, S5 [R]) = VL

Comments.

Remarking that for A in Sy ,.[Ao], dQ(A,S(')‘ [R]) = 0%\ € (1 — %), Propositionprovides a sufficient
value Ly(a, B, R,0%,¢) for L so that the second kind error rates of the three tests is controlled by . If
L > Ly(a, B,R, 6%, €"), their f-uniform separation rates over Sg*,..,g*[R] is equal to 0, as well as the (a, f)-
minimax separation rate.

Now considering the alternative set S” ,.[R], that is the change height adaptation issue, the follow-

ing lower bound is directly deduced from the lower bound for mSRa,ﬁ(S.”T* g*[R]) and the monotonicity
property of the minimax separation rate recalled in Lemma

Corollary 3.6 (Minimax lower bound for [Alt".4]).
Let a and B in (0,1), R>0and £ in (0,1). For all L > (2log C, g/(RCY)),

R(1-¢%)logC
mSRa,ﬁ(S.if..,g*[R])Z\/ ( 2)L BZaf  ith Cop=1+4(1-a-p) .

Proposition 3.7 (Minimax upper bounds for [Alt".4]).

Let L>1, a,fin (0,1), R>0and " in (0,1). Let ¢Z’(;/2) be one of the tests (PZ’(;) and qbgl/(i)a of (Hy) versus

(Hy) "A € 8" ,.[R)", defined by (3.14) and (3.15). ¢}, W2N) =

1) < a, and there exists C(a, ,R,€*) > 0 such that

Vs of level a, that is sup, csug| PAO((PZ

(1/2

Ca,p,R, )
SRy (b3 LSt [R)) < P

i

which entails in particular mSRarﬁ(S_ﬁ_’g*[R]) < C(a, B, R, *)/VL.

Comments.

Proposition and Corollarymean that the tests (PZ,(;) and (Pg‘/(i)a are minimax. Together with
the ones obtained for [Alt".2], the two above results finally mean that, as when the baseline intensity
is known, adaptation with respect to the change location can be achieved with a minimax separation
rate of the parametric order, that is without any additional price to pay (possibly except multiplicative
constants) as soon as the only change length is known.

IIT Minimax detection of a transitory change with known location

We consider the problem of testing the null hypothesis (Hy) ”A € Sj[R]” versus alternative hypotheses
where the location of the change from the baseline intensity is known, with adaptation to the change
length, and with or without adaptation to the height. As in ChapterSection we see that adaptation
to the length can be done without any incidence on the minimax separation rate order, while adaptation

to both height and length leads to a cost factor of order 4/loglogL.
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II1.1 Known change height

Let us first investigate the problem of testing (H) versus (H;) A € S% . [R]”, where for R > 0, 6" in

(-R,R)\ {0} and 7" in (0,1), &7,

[A1t“.5] S% . [R]={A:[0,1] = (O,R], Ao € (~6"VO,(R-&)AR], 3¢ € (0,1 -7"),
VEe[0,1] At)=Ag+ 6 U(eer(D) . (3.16)

As in Chapter [2] Section [IV] the most intricate point here is the construction of a test achieving the
minimax separation rate over S§. .. _[R], which will be proved to be of the parametric order 1/ VL, and
therefore necessarily taking the knowledge of the change height 6" into account. The test we propose
is largely inspired from the aggregated test ¢5 , defined by -, where the test statistic is slightly
adapted to compensate for the lack of the baseline intensity knowledge. Since the critical value can not
be taken as a quantile of the test statistic, whose distribution under the null hypothesis is not free from
the unknown baseline intensity anymore, we use the same conditioning trick as in the above sections.

Proposition 3.8 (Minimax lower bound for [Alt".5]).
Let a, B in (0,1) with a+f <1, R> 0, 8" in (R, R)\{0}, 7" in (0,1). For L > ((R-5") AR)log Cy,p/( 25"7*(1 - 1)),

R—-0*)AR)logC
mSR, g (Sg*,T*’_.,[R]) > \/(( ) ZL) 8 a'ﬂ, with Cop=1+4(1-a - ﬁ)

Let us now introduce the test

u = ’
(PS’Q(N) - ]l{supr(O,lJr*)SS*,r*,T*+(’(N)>SI\;rl,é*,r*,L(l_a)} i’ (317)
where S}, . Tz( ) is the statistic defined for 0 <7y <1, <1by
5 (N) = 580N (11, 72] = (02 = 70Ny )= L2 = 7)1~ 12 4 0)/2 (3.18)

and sn s+, (1) is the u-quantile of SUP/e(0,1-7%) Sé* o +¢(N) given Ny = n under (Hy).

The main argument of the following upper bound is a control of the conditional quantile s * ner e (l1—a)
provided in Lemma [3.22] and which is deduced from a refined Bernstein inequality based on some
chaining techniques.

Proposition 3.9 (Minimax upper bound for [Alt".5]).

Let L>1, a,Bin (0,1), R>0, 6" in (=R, R)\ {0} and t* in (0,1). Let 5 , be the test of (Hy) versus (Hy) "A €

Sy . [R]” defined by (3.17). 5 , is of level a, that is Sup y est(r] P (¢g{a(N) = 1) < a. Moreover, there
exists a constant C(a, B, R, 6) > 0 such that

SRﬂ ( ¢?,a’5§»,1*,...[R] ) <

which entails in particular mSR, g (S” _IR] ) < C(a, B, R, ")/ VL.
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I11.2 Unknown change height
Now addressing the question of adaptation to the change height and length together, we consider for
R>0and t*in (0, 1) the alternative set
[Alt".6] S” .[R] = {/\: [0,1] = (0,R], Ay € (0,R], 6 € (=Ag,R=Ap]\ {0}, €€ (0,1 -77),
Vie[0,1] A(f)=Ag+ 5]1(T*,T*+g](t)] . (3.19)

For the problem of testing (Hg) ”A € Sy[R]” versus (H;) ”A € 8¥.. .[R]”, we obtain the following lower
bound.

Proposition 3.10 (Minimax lower bound for [Alt".6]).
Let a,f in (0,1) with a + p < 1/2, R> 0 and t* in (0,1). There exists Ly(a, B, R, T*) > 0 such that for L >

Lo(a, B, R, T%),
Rt*loglogL
SRy (S [R]) > | KT 10BIBL

Let us assume now that L > 3. In order to prove that the above lower bound is of sharp order (with
respect to L), we construct two aggregated tests: a first one based on a linear statistic and a second one
based on a quadratic statistic as in Chapter [3|SectionII]

We thus consider the discrete subset of (0,1 —7*) of the dyadic form

(e =(1-7)27% kell,...llog, L]} ,

and u, = a/|log,(L)], which allows to define the two following tests:

¢6,C¥ ( = {maxkellw’uogzu}(N(’[",T"-I—g.[*'k] f kNl bN] - k(l ))>0}

]l{maxke{l,..,,\_logz LJ}( ENI,(T*,,(( M )N (7%, 7+ ]+ O i N )>0} » (3:20)
where 1_7,,,12_11 (u) is the u-quantile of N(7y,7,]—-(t,—71)N; given N; = n under (Hj ), that is the u-quantile
of a recentered binomial distribution with parameters (1, (7, — 71)), whose sharp bound is obtained via
Bennett’s inequality (see Lemma for details), and

4)2(5)(1\7) = 11{ , (3.21)

where T/ . (N) is the quadratic statistic defined in and t; . . (u) still denotes the u-quantile of its
conditional distribution given N; = n under (Hj).

Proposition 3.11 (Minimax upper bound for [Alt".6]).
Let a,fin (0,1), R>0, t°in (0,1), and let ({)6 “072) be one of the tests 4)2( and 4)6 of Hy)versus (Hy) "L €

. ..[R]” respectively defined by (3.20) and (3.21] - Then (],’)6 ul1/2) 4 of level a, that is sup) csu(r) P, ((j)é ;/2 (N)=1 )

S a. Moreover, there exists C(a,ﬁ,R,T ) > 0 such that

(1/2) .. [loglogL
SRﬁ(%a , .,T*,...[R])SC(a,ﬁ,R,T )\/?,

which entails in particular mSR, g (S“T[R] ) < C(a,B,R,7%)/loglog L/L.
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IV Minimax detection of a possibly transitory change with unknown loca-
tion and length

Let us discuss as final stage the problem of testing the null hypothesis (Hy) ”A € S [R]” versus alterna-
tives where both location and length of the change from the unknown baseline intensity are not known,
distinguishing as in Chapter |2| Section the transitory change case from the non transitory change
particular case.

From the minimax point of view, we will emphasize that regardless if the baseline intensity is known
or not, adaptation to both location and length of the change has the same minimax separation rate cost
of order 4/logL in the transitory change case, and of order /loglogL at most (possibly cancelled by the
change height knowledge) in the non transitory change case.

Since the non transitory change or jump detection problem, that we here study first, can be viewed as
perfectly symmetrical to the transitory change with known location detection problem, our study uses
tools and arguments that are very similar to the ones used in Chapter|3|Section [III}

IV.1 Non transitory change

In order to investigate the problem of detecting a non transitory change with unknown location, but
known height, we introduce for R > 0 and 6" in (—R, R) \ {0} the alternative set

[A1t".7] 8%, [R]={1:[0,1] > (0,R], FAg € (=5 V 0,(R-5") AR], AT € (0,1),
Vte[0,1] A(t):Aom*n(T,”(t)} . (3.22)

Considering the problem of testing the null hypothesis (Hy) ”A € S¢[R]” versus the alternative hypoth-
esis (Hy) "A € S5, ;__[R]”, we obtain the following lower bound.

Proposition 3.12 (Minimax lower bound for [Alt".7]).
Let a,fin (0,1) with a+ p <1, R>0and 6" in (=R,R) \ {0}. For all L >2((R-0") AR)log Ca,ﬁ/é*Z,

R-95*)AR)logC
mSRa,/g(Sg*,_‘llﬂ_[R]) > \/(( ) 2L) 8 a’ﬁ, with Cpp=1+4(1-a —[)’)2 .

Following the study and the notation of Chapter[3|Section [T} we define the test

u = ’
¢7,0{ (N) - ]l{supre(o’l)s(;*’r’l (N)>51\71’()*’L(1_a)} ’ (3.23)

where S/, o, 1,(N) is the statistic defined for 0 <7 <7, <1by (3.18) and 5;1+5* 1 (1) is the u-quantile of the

conditional distribution of SUP¢(0,1) S5 . 1(N) given N = n under (Hy).
Notice that a control of this conditional quantile s;:é*yL(l — a), provided in Lemma and deduced

from the same chaining trick combined with Bernstein’s inequality as in the proof of Lemma is the
main argument of the following result.

Proposition 3.13 (Minimax upper bound for [Alt".7]).

Let L>1, a and pin (0,1), R > 0 and &" in (-R,R)\ {0}. Let ¢7 , be the test of (Hy) versus (Hy) "A €
S5. .1_.[R]” defined by . Then ¢ , is of level a, that is SUP 1 c5%(R] Py (¢7 4(N) =1) < a. Moreover,
there exists a constant C(a, , R, 0%) > 0 such that

C(a, B, R, 0%)
SRg( Y ,,S% ,_[R]) s ————,
ﬂ(¢7,a L | ]) VL

which entails in particular mSR, g (Sg*'__'l__.[R]) < C(a, B,R,6")/VL.



To address the question of adaptation to the change height, we introduce the alternative set
[A1t".8] S”. | _[R] = {)\: [0,1] = (0,R], Ay € (0,R], Jo € (Ao, R—Ap]\ {0}, T €(0,1),
Vte[0,1] A(H)=Ag+ 5]1(1,110)} . (3.24)

and we consider the problem of testing (Hg) “A € Sy[R]” versus (Hy) "A € S | [R]".
As usual, we start with a lower bound for the corresponding minimax separation rate.

Proposition 3.14 (Minimax lower bound for [Alt".8]).
Let a,fin (0,1) with a + p < 1/2 and R > 0. There exists Ly(c, B, R) > 0 such that for all L > Ly(«, 8, R),

Rloglog L
mSRe (87,1 [R]) 2 \/? _

Let us assume now that L > 3. In order to prove that the above lower bound is of sharp order (with
respect to L), we consider the discrete subset of (0, 1) of the dyadic form

Dy = {2-’2 kel2,..., Llogz(L)J}} U {1 27 ke {l,...,LlogZ(L)J}} )

we set u, = a/(2[log,(L)] - 1) and we define the two following tests:

u(l)
Ps,0 (N) = Limax, o (N 1]-(1=0N, ~Byy o (1-110/2))50} ¥ Lmaxeep, (b, 1o (1a/2)-N(r,1]+(1-0)N, )50} + (3:25)

where b, | _.(u) is still the u-quantile of N(z,1]—(1-7)N; given N; = n under (Hy), that is the u-quantile
of a recentered binomial distribution with parameters (1,1 —7), and

u(2) _
¢8,a (N) - ]1{maXTEDL(TT/,I(N)_tI’\IlJJ( 1-u, ))>0} ’ (326)

where T/ . (N) is the quadratic statistic defined by (3.9), and t; , . (1) denotes the u-quantile of its
conditional distribution given N; = n under (Hj).

Proposition 3.15 (Minimax upper bound for [Alt".8]).

Let a,fin (0,1), R> 0, and let q)g(l/z) be one of the tests ¢§,(;) and (j)g,(j) of (Hp) versus (Hy) "A € S" | _[R]”

y
defined by (3.25) and (3.26)). Then cpg’(;/z) is of level , that is sup su(g) P, ((j)g’(;m(N) =1 ) < a. Moreover,

there exists a constant C(a, ,R) > 0 such that

172 u 10 10 L
SRﬁ(fPZ,(a >,8.,..,1_..[R])SC(a,/3, R)\/? )

which entails in particular mSR, g (5”1_[R]) < C(a, B,R)+/loglogL/L.

IV.2 Transitory change

Let us investigate now the transitory change detection problem, focusing on adaptation to unknown
location and length. As in Chapter[2]Section we will prove that minimax adaptation to these two
parameters together has a cost of order as large as /logL, so that adaptation to the height will have
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no additional cost. We therefore treat the two corresponding alternative sets quasi-simultaneously. For
R>0,06"in (-R,R)\ {0}, let
[A1t".9] 8% | [R]={A:[0,1] = (0,R], FAg € (~6"V 0,(R-6°) AR], AT € (0,1), € (0,1-7),
Vie[0,1] A(t)=Ag+ 5*]1(T,Hg](t)} . (3.27)
[Alt".10] S .[R]={A:[0,1] = (O,R], Ay € (0,R], 6 € (-Ag,R— A(]\{0}, AT €(0,1), I € (0,1 1),
Ve [0,1] A(t) = Ao+ 0L (gr4q)(t)} - (3.28)

As usual, we begin by giving lower bounds for the minimax separation rates over these two alternative
sets, noticing that the case where the change height is known can be straightforwardly extended (as a
simple corollary then) to the general one, where all three parameters, location, length and height of the
change are unknown.

Proposition 3.16 (Minimax lower bound for [Alt".9]).
Let a,p in (0,1) with a + p <1, R >0, 0" in (-R,R) \ {0}. There exists Lo(a,,R,0*) > 0 such that for

L>Lo(a, B, R, &%),
e EEIARST

Since SZ...[R] includes Sy, . [R], Proposition directly leads to the following corollary, whose proof
is omitted for simplicity.

Corollary 3.17 (Minimax lower bound for [Alt".10]).
Let a,fin (0,1) with a + p <1 and R > 0. There exists Ly(a, f,R) > 0 such that for all L > Ly(a, B, R),

RlogL
mSR, 4 (8L, .[R]) > < f ,

In order to prove that the above lower bounds are sharp, we then construct two minimax adaptive tests,
based on an aggregation principle. In order to customise the tests developed in Chapter[2|Section[V.2]to
the lack of knowledge of the baseline intensity, we consider the linear statistic N(7y,7,]— (7, —7;)N; and
the quadratic statistic T/ ., (N) defined by (3.9), combined with the conditional trick already used in the
above studies through the u-quantiles 1_7,”2_11 (u) and t; . - (u) of the conditional distributions of these
statistics given N; = n under (Hj). Introducing M =[L/logL],

K= {(kK), kef0,...,[L1- 1Lk efl,...,[L1-k}} ,
kP = {(K), kef0,..., M —1},K €{1,...,M; —k}}\ {(0, M)} ,

and the corrected levels u,(xl) =2a/([LN(JL]+ 1)) and u,(f) =2a/(Mp(Mp +1)-2), we can thus propose the

two following tests:

u(1)
¢ N)=1
9/10,a( Kk kik|_ K 7 m
max(k’k,)eK(Ll)(N(m,ﬁ —mN]—le’%(l—ua 12) )0

v1 P W0 VN (£ Kk T4 &N oo (3.29)
M rertd Nl,%(ua )— (W’W]er s
and o
u
P : o (3.30)
max(k,k')acf’ MLLIX;I];/(N) N %’k**f(l_u“ )>0



Proposition 3.18 (Minimax upper bound for [Alt".9] and [Alt".10]).
Let a,p in (0,1), R> 0 and 6" in (-R,R) \ {0}. Let (j)g/(i{)z; be one of the tests (j)g/(h))a nd ¢3/(122)a defined by
(3.29) and (3.30). Then ¢9/10a is of level a for the problems of testing (Hy) versus (H;) "A € Sy. . [R] or

(Hy) ”A e Sk, .[R]”, that is sup, oestr] Pag ((j)g/%z; (N)=1 ) < a. Moreover, there exist C(a, 5, R, 5*) >0 and

C(a, B,R) > 0 such that

(1/2) ou .. [logL
SRy (Bbf16ar St RT) < Cla RS 22,

1
SRy (04100 S5.R1) < Cla,pRIy <25

These upper bounds entail both mSR, g (S .... [R] ) < C(a,B,R,6")y/logL/L and mSR, g (S“[R] ) <

C(a, B, R)y/logL/L.

A

V Adjustment of individual levels for aggregated tests

As in Chapter 2[Section|VI} we discuss here the possibility of adjusting the individual levels of the single
tests involved in our aggregated tests to make them more powerful.

Most of the tests introduced in the present Chapter are based on aggregation principles coupled with
conditional tricks. Among them, we can again distinguish aggregated tests of the form

or 1

u _
¢agg1,a (N) = ]l{supeee So(N)>s, (pa)} {Supgee So(N)>sy, (1704/2)} v ]l{infgeg So(N)<sy, (oc/2)} ’

where s (1) and s;, (1) respectively denote the u-conditional quantiles of supy.g Sg(N) and infgeg Sg(N)

given N; = n under (Hj) (concerning q[);(;)_, qb;(;)Jr, (j)z’(;), ¢5, and ¢7 ), from aggregated tests of the
form

u —
Pagg2,aN) = Lisup, o (So(N)=sx; 0(1-112))>0} OF Lsupyo(So(N)-s, 0(1-1/2))>0} ¥ Lisupyeo (sn0(1a/2)-So(N) )50} 7

sy,0(u) being the u-conditional quantile of Sy(N) given Ny = nunder (Hy) and u, = a/|O]| (as ¢§‘/(i)a, ({)Z(;),

u(2) ,u(l) ,u(2) ,u(l) u(2)
¢6,a ’ (PS,a , (PS,a ’ ¢9/10,a’ ¢9/10,a)'

Notice that for any Aj in Sj[R], when N ~ P, , the distribution of Sy(N) given N; = n is free from A,.
Moreover, similarly to (2.35), a better choice than u, can be made for levels of the single tests involved
in aggregated tests of the form ¢ g2 o(N), namely u;, , equal to

sup{u €(0,1), Sup/\oesg[R]PAO(SUPQE@(SG(N)—Sn,a(l -u))>0 |N1 = n)s oc}

or sup{u €(0,1), SUP ) eSH[R] P/\O(SUPQGG)(SQ(N) —Sp0(1=1u/2))V (sy0(u/2)—Sg(N))>0 ’Nl = n) < a} :
(3.31)

Since for all nin N\ {0} u, < u,, ,, by definition, s, (1 —u;, ,) <s,,0(1 —ty), Sy0(1 —1t 4/2) < 5,0(1 —1y/2)
and s, 9(u,/2) < 5,,0(u;, o/2) therefore all the above tests of type cpgggz , but with u, replaced by ul’\,l’a,
that we can denote by ¢, ,, satisfy the same minimax properties as ¢} agg2,ar OUT simulation study
presented in Chapter.Sectlonmfocuses on the practical performances of these adjusted aggregated

tests (PaggZ,a
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VI Summary and discussion

As in Chapter |2|Section we present a summary of the results stated above. Recall (c.f. (3.9) and
(3.18)) that for 0 <7y <1, <1,
1

T, o (N)= (6t )(1-tatts )((N(Tl;fz]—(Tz—Tl IN(0,1)?+(7 - 71 ) (N(t1,12] = (12— T3 )N(O,1])—(1—T2+T1)N(T1rT2]) ,
S, (N):sgn(é*)(N(Tl,Tz]—(T;_—Tl)Nl)—|5*|L(T2—T1)(1—T2+T1)/2, and that b, ¢,_, (u) and £, . (u)

respectively stand for the u-quantiles of N(t;, 73] - (7, —71)N; and T/ . (N) given Ny = n under (Hy).

Non transitory change or jump detection
Alternative set mSR, 5 Test statistics

8(1; T, 1-7* [R] - N(T*,l]
S _[R] -2 N(1]
T (N)
Ss...1-.[R] L2 sup o1y S5 i (N)
" logl -
SRl B maxeen, (N(6 1] (1 0Ny =By o (1= 0/2) )

v(EN],l_T(ua/z) —~N(t,1]+(1- T)Nl)
maXqep, (TT”1 (N)- tf\II,T’l (1-u, ))
Dy ={27K ke (2. llogy(D)uf{l -2 kefl,..., Llogz(L)J}}
Transitory change or bump detection
Alternative set mSR, s Test statistics

Sse - [R] - N(t", "+ "]
S R L~ N/(T,T + 7]
Tr T+ (N)
Ss...e[R] - maxqe(o,1-¢:7(1/2)] N(T, T+ A (1/2)],
min c[o,1-¢-a(1/2)) N (T, T+ € A (1/2)]
maXke(o,... r<1f€*>M171}(T +(N) =t} ,ﬁﬁw(l —ua))
= [2/(€'(1 - )]
St R L~172 maXe(o,1-¢-n(1/2)] N (T, T+ € A (1/2)],
min e(o,1-¢-n(1/2)) N (T, T+ € A (1/2)]

maXge(o,..., lf*)M]—l}(T; K, (N) Nl x Lw(l—“a))

e ; MMt M’ M
- -
85*,1*,...[1{] L SUP/e(0,1-7) S r*,1*+€(N
loglog L oo 1] 1T 7
Sl IR] \/—OgLOg MaXge(1,..,|log, LJ}( (T LT+ 5F ]— Lt N1—bN1,1;7];*(1—Ma/2))
v(bN e (14/2) =N e )
maxXge(t,..., [logzLJ}( s (N)_ ;\71 R (1 ua))
s T
logL Kk kek'] K 7 Y
Syl R] \/ L~ MaXke(o,.,[L1-1}k'€(L,...[L]-k} (N (m’ﬁ]‘le ‘bwlrﬁ(l ‘“T))
Sk...[R] V(bwl,%(“T)‘N(m'F_]]““ ruNl)

’ ) 2
maXxke(o,...,M; -1},k’{1,.... Mk} (Tk M(N) — tN PR (l - ug ) ))
(k,k’)=(0,M;) Mg’
M; =[L/logL]
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As compared with the above overview in Chapter 2|Section[VII] this one enables to see that the minimax
separation rates do not suffer from the lack of knowledge of the baseline distribution: they indeed
remain of the same order as in the problem of detecting a change from a given intensity, with the same
phase transitions. Of course, these results are obtained at the price of a more important complexity of
the test statistics, whether they are of linear or quadratic nature. This, combined with the need to use
conditional quantiles instead of direct quantiles as critical values, brought in more technical arguments
in the proofs. It can be furthermore noticed that up to our knowledge, except in the work of Verzelen et
al. [VFLRB21] for the jump detection problem, this specific case of an unknown baseline distribution is
in general not treated in the basic Gaussian model, where the only presence of a signal (that is a bump
or jump from zero-mean) is tested.

VII Simulation study

We study in this section the performance of our minimax adaptive tests from an experimental point of
view, by giving estimations of their size and their power for various distributions of the observed Poisson
process, characterised by a jump or a bump in its intensity. Motivated by some applications in epidemi-
ology and in cybersecurity, we check the feasibility of our new change-points detection procedures in
practice and compare them with existing procedures.

As for the simulation study of Chapter[2} we focus here on the most general problems investigated in
this chapter of detecting a change (a jump or a bump) in the intensity A when the change location and
height are unknown. The baseline intensity of A, denoted by A, is taken equal to 1 on [0,1] in all the
sequel. For several piecewise constant intensities A with respect to the measure dA(t) = Ldt, where we
have chosen L = 50, we take a level of test & = 0,05.

We compare the estimated powers of our procedures with the Laplace test and the Z test recalled respec-
tively in and (2.37). The minimax adaptive tests we introduced to detect a change with unknown
parameters from such an unknown intensity are still based on two kinds of statistics. The first statistic,
of linear nature, is N(7y, 7] — (7, — 11)N (0, 1], while the second statistic, of quadratic nature, is defined

1
L2(1y—1 ) (1 -1+ 1y)

T} o (N) = ((N(z1, 2]~ (1= )N (O, 1) +(r — 1) (N(r, 7] = (12 = 7 )N(O, 1)

—(1 —T2+T1)N(T1,T2]) .

VII.1 Detection of a non transitory change or jump

The aggregation approach we used to construct our new tests to detect a jump from an unknown baseline
intensity consists in scanning these linear and quadratic statistics over a discrete subset of possible
values for the change location on (0,1). The subset introduced in Chapter Sectionis of the dyadic
form

Q! = {2—’<, ke {2,...,5}}u{1 27 ke {1,...,5}} .

Considering the alternative [Alt".8], the test statistic of our first procedure denoted by (CP1%(®})) is
thus

TY(N) = max((N(T, 1]-(1-1)N(0,1]= by, 1 (1 - u‘b}la/z))

u
€0

v(ENl,l_T(uﬁl),aQ)—N(r, 1+(1-0N©,1]))

102



where b, |_.(u) is the u-quantile of a recentered binomial distribution with parameters (1,1-7) and u,(qlc)Y

is defined for all n in N as in by

u,(:,l = sup{u €(0,1), sup P/\O(max((N(T,l]—(l —T)N(0,1]= b, (1 —u/2))
AoeSY(R] [=CH

V(B e (0/2) = N(z,1]+ (1 —T)N(O,l]))> 0[N, = n) < a} . (3.32)
The test statistic of our second procedure denoted by (CP2"(©})) is

2 ’ ’ 2
TR0 = max (T, (N) = 0 (1- )

u
€0,

where t;, . . (u) is the u-quantile of the conditional distribution of T/ . (N) given Ny = n under (Hy)
and u,‘f; is defined for all #n in N by

uff,i:sup ue(0,1), sup P/\O(max(TT'l(N)—tI’\, Tl(1—14))>0|N1=n)$0( . (3.33)
AoeS{IR]  \T€O; T v

Then, the null hypothesis (Hy) ”"A € Sj[R]” is rejected when TS)(N) > 0 for (CP1%(©})), and when
T2 (N) > 0 for (CP24(©")).

As in the known baseline case (see ChapterSection VIII), we have also considered the same tests, but
replacing the dyadic set ©} by the regular set

e :{% ke{l,...,9}} .

The corresponding testing procedures are then denoted by (CP1%(0;/)) and (CP2%(09}))

The quantities u,(q},)x, u,(ng( and t/

men(l— uffg() have been estimated by Monte Carlo methods based on the
simulation of 200 000 samples of n independent copies of a recentered binomial random variable with
parameters (1,1—7) and of a uniform random variable on [0, 1]. These samples were used to approximate
the conditional probabilities occurring in (3.32) and (3.33). The approximations of u,(}gl and u,(fo)[ were

obtained by dichotomy.

VII.2 Detection of a transitory change or bump

Let us consider the discrete sets

k k+k
= _— ey , ’ 1;”'7 - ’
0, {(50, = ),ke{O, 49}, k' € { 50 k}}

and

0, = {(%,k;;‘ ) kel0,...,12}, kK’ €{l,...,13 k), (k,k')i(O,l?a)}} .

Considering the alternative [Alt".10], the test statistic of our first procedure denoted by (TC1*) is
(3) _ , , T (3)
T (N)= max || N(7, 7] (t"=1)N(0,1] = by, - | 1 - UN, of2

(7,7)e©,

V(ENL,T’—T(u;\?I),a/2)_N(T’T/] +(t"=7)N(0, 1])) ,
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where b, ;_.(u) is the u-quantile of a recentered binomial distribution with parameters (1,7’ - t) and
“Sz)x is defined for all n in N by

uifo)(:sup{ue(o,l), sup P/\o( max ((N(T,T’]—(T'—T)N(O,l]—l_Jmf_T(l—u/2))
A0€SER] (1,7')€0,

v(Bn,T/_T(u/z)—N(r,r’H(T’—T)N(0,1]))> 0 'Nl :n)Sa} . (3.34)

while the test statistic of our second procedure denoted by (TC2¥) is

(4) 4)
T,a (N)= (Tgl’?e)é)z (Tr’,r’(N) - tI/\]pT,T' (1 - uNl,a)) ’
where uif) is defined for all n in N by
u,(fg(:sup ue(0,1), sup P/\O( max (T{T,(N)—tl’\, m'(l_”))>0|N1 :n)Sa . (3.35)
/\0€$6‘[R] (T,T’)E@Q ! e

The null hypothesis (Hy) ”A € Sf[R]” is rejected when T,(;)(N) > 0 for (TC1"), and when T,(,f)(N) > 0 for
(TC24).

The quantities u,(fg,, u,(fg( and t/ il)

e u,(1 «) have been estimated by Monte Carlo methods based on the
simulation of 200 000 independent copies of a recentered binomial random variable with parameter
(n,7' ) and 200 000 independent copies of T, ,(N) given N; = n under (Hj) obtained from the sim-
ulation of 200 000 samples of #n i.i.d. random variables uniformly distributed on [0,1]. These samples

have been used to approximate the conditional probabilities occurring in (3.34) and (3.35). The approx-

imations of u,(f,)x and uifc)r have been obtained by dichotomy.

VII.3 Simulation results

We compare the tests (La) and (Z) with (CP1%(©})), (CP2*(®7)), (CP1"(®;)), and (CP2"(©;')) when ad-
dressing the jump detection problem (described in|VII.1), and with (TC1*) and (TC2") when addressing
the bump detection problem (described in [VII.2).

Estimated sizes

We first study the size of each test by simulating 10 000 independent homogeneous Poisson processes
of intensity Ay = 1 w.r.t. A on [0,1]. The probabilities of first kind error of all the considered tests have
been estimated by the number of rejections divided by 10 000. The results are given in Table[3.1}

Table 3.1 — Estimated sizes

La /
0.050 0.049
(CP1"(8F)) (CP2"(©]))
0.047 0.046
(CP1*(©7)) (CP2%(O/))
0.046 0.047
TC1* TC2%
0.049 0.049
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Notice that the estimated sizes of our tests always remain below the target 0.05, as expected from the
definitions of u,(;g(, u,(f,l, uisc)y and u,(fg[: the Monte Carlo estimation procedure does not affect this first

kind error rate control property.

Estimated powers
For both testing problems, we study the estimated power of each test under various alternatives.

For the jump detection problem, we consider the same alternative intensities A, 5 as in the known base-
line intensity case (see ChapterSection VIII|equation (2.42)), defined for all ¢ in [0, 1] by

/\T,é(t) =1 +5]l(r,1](t) ’

where 6 € {-0.8,-0.6,-0.4,-0.2,0.4,0.8,1.2,1.6, 2} but with 7 varying in {0.05,0.1,0.5,0.9,0.95}.
For each alternative, we have simulated 1 000 independent inhomogeneous Poisson processes with in-

tensity A, s w.r.t. A on [0,1], and the powers have been estimated for each test by the mean number of
rejections. The results are gathered in Tables

Concerning the bump detection problem, we have considered the same alternative intensities Ay, s as
in the known baseline intensity case (see Chapter Section VIII|equation (2.43)) defined for all ¢ in [0, 1]
by

A0.2,6,5(t) =1 +01(0.2,0.24+¢(t)
where 6 € {-0.8,-0.6,-0.4,-0.2,0.4,0.8,1.2,1.6,2} and ¢ varying in {0.1,0.2,0.5}. For each alternative, we
have simulated 1 000 independent inhomogeneous Poisson processes with intensity Ay,,s w.r.t. A on
[0,1]. The powers have been estimated for each test by the mean number of rejections, giving the results

presented in Tables

Table 3.2 — Estimated probability of detecting a jump with 7 = 0.05

0= -0.8 -06 -04 -02 04 08 1.2 1.6 2

La 0.19 0.10 0.06 0.05 0.05 0.06 0.07 0.09 0.10

YA 0.36 0.18 0.09 0.06 0.05 0.09 0.13 0.17 0.24
CP1* 0.34 0.16 0.09 0.06 0.05 0.08 0.09 0.14 0.20

0.22 0.10 0.06 0.05 0.06 0.07 0.07 0.10 0.14

oY)
d
©7) 034 0.17 010 0.06 0.05 0.06 0.07 0.11 0.16
©r)
®/) 0.23 0.11 0.07 0.05 0.06 0.06 0.07 0.09 0.13

Table 3.3 — Estimated probability of detecting a jump with 7 = 0.1

0= -0.8 -06 -04 -02 04 08 1.2 1.6 2

La 0.41 0.17 0.08 0.06 0.07 0.09 0.13 0.19 0.24

z 0.54 0.26 0.12 0.07 0.08 0.14 0.27 0.39 0.54
cP1*(®%) 0.54 0.25 0.11 0.07 0.06 0.11 0.20 0.35 0.49
cp2#(®%) 0.55 0.27 0.12 0.07 0.05 0.09 0.17 0.28 0.43
CcP1*(®)/) 0.53 0.24 0.10 0.06 0.07 0.13 0.24 0.42 0.60
cP2*(®)) 0.54 0.27 0.11 0.07 0.06 0.11 0.21 0.39 0.56
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Table 3.4 — Estimated probability of detecting a jump with T = 0.5

0= -0.8 -0.6 -04 -02 04 08 1.2 1.6 2

La 0.91 0.60 0.28 0.09 0.19 055 0.85 0.96 0.99

z 0.62 0.35 0.17 0.08 0.16 045 0.72 0.88 0.97
CP1*(®%) 0.92 0.55 0.22 0.07 0.15 0.49 0.83 0.96 1
cp2#(®@7) 0.90 0.51 0.20 0.07 0.14 046 0.81 0.95 0.99
CP1*(®)) 0.93 0.58 0.25 0.09 0.16 0.53 0.85 0.97 1
cP2*(®F) 0.91 0.56 0.23 0.08 0.16 0.51 0.84 0.96 1

Table 3.5 — Estimated probability of detecting a jump with 7 = 0.9

0= -0.8 -06 -04 -02 04 08 1.2 1.6 2

La 0.13 0.10 0.07 0.05 0.08 0.15 0.24 0.37 0.53

z 0.08 0.08 0.06 0.04 0.06 0.10 0.13 0.20 0.27
cp1¥(®@4) 0.17 0.10 0.07 0.05 0.09 0.22 036 0.57 0.73
cp2#(®@%) 0.14 0.09 0.05 0.04 0.10 0.24 0.39 0.60 0.75
cP1*(®F) 0.22 0.13 0.07 0.05 0.08 0.20 0.36 0.58 0.75
cp2#(®F) 0.15 0.09 0.05 0.04 0.09 0.22 0.40 0.61 0.79

Table 3.6 — Estimated probability of detecting a jump with 7 = 0.95

0= -0.8 -06 -04 -02 04 08 1.2 1.6 2

La 0.07 0.06 0.06 0.06 0.06 0.08 0.12 0.16 0.23

z 0.05 0.05 0.06 0.05 0.06 0.06 0.08 0.10 0.12
CP1*(®%) 0.06 0.05 0.05 0.04 0.09 0.14 0.22 0.31 0.46
cp2#(®%) 0.05 0.04 0.05 0.04 0.10 0.15 0.25 0.35 0.50
cP1*(®F) 0.08 0.05 0.07 0.05 0.06 0.08 0.13 0.20 0.29
cP2*(®}) 0.06 0.05 0.06 0.05 0.07 0.09 0.15 0.22 0.32

Table 3.7 — Estimated probability of detecting a bump with € = 0.1

S =

-0.8

-0.6

-0.4

-0.2

0.4

0.8

1.2

1.6

2

La
z

0.08
0.08

0.06
0.06

0.07
0.07

0.05
0.06

0.06
0.05

0.08
0.04

0.10
0.04

0.13
0.05

0.19
0.06

TC1*
Tc2*

0.12
0.11

0.09
0.07

0.07
0.07

0.05
0.05

0.06
0.06

0.14
0.13

0.26
0.25

0.37
0.35

0.59
0.56
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Table 3.8 — Estimated probability of detecting a bump with ¢ = 0.2

o= -08 -06 -04 -02 04 08 12 1.6 2
La 0.14 0.10 0.08 0.06 0.07 0.11 0.18 0.29 0.39
z 0.09 0.09 0.07 0.05 0.05 0.04 0.04 0.05 0.05

TC1* 042 0.19 0.09 0.06 0.09 0.24 0.47 0.71 0.87

TC2* 0.29 0.17 0.08 0.06 0.10 0.24 0.46 0.70 0.86

Table 3.9 — Estimated probability of detecting a bump with £ =0.5

o= -08 -06 -04 -02 04 08 1.2 1.6 2

La 0.15 0.12 0.07 0.06 0.04 0.04 0.05 0.07 0.09
z 0.15 0.11 0.07 0.06 0.04 0.05 0.04 0.04 0.05
TC1* 0.83 045 0.17 0.08 0.12 0.37 0.67 0.89 0.98
TC2* 0.83 0.44 0.17 0.08 0.13 0.39 0.68 0.89 0.98

Comments

1. Considering the single change-point or jump detection problem, it first arises that among the (La)
and (Z) procedures, neither is preferable to use: the Laplace and Z tests can have very low powers
depending on when the change occurs. One can notice that their performances are significantly
smaller than the ones of our procedures (CP1*) and (CP2*) when the jump occurs near to one, while
the estimated powers remain comparable in the other cases. Moreover, it is worthwhile to note
again that the jump detection problem in a Poisson process is not a symmetric problem. Indeed,
it is easier to detect large negative jumps occurring close to zero than close to one, and easier to
detect large positive jumps occurring close to one than close to zero.

2. Considering the transitory change or bump detection problem, our procedures have estimated
powers significantly larger in all cases than the Laplace and Z tests. Moreover, we have to men-
tion that complementary experiments (omitted in this study) showed that the estimated powers of
(TC1*) and (TC2") are equivalent for a same value of change length whatever the change location,
which is not true for the procedures (La) and (Z).

3. Among our testing procedures, the estimated powers are quite similar in most cases. Nevertheless,
it is to note that the procedures (CP1*) based on the linear statistics, are slightly more powerful
than the procedures (CP2") based on the quadratic statistics, for some positive jumps occurring
near 0 and for some negative jumps occurring near 1, whereas the procedures (CP2*) are slightly
more powerful for some positive jumps occurring near 1. As expected, the aggregated tests based
on dyadic sets are significantly more efficient that the ones based on regular sets when the change
occurs near 0 or 1. For the bump detection problem, the main difference in the estimated powers
concerns the case ¢ = 0.2 where the better performance of the linear statistics based test (TC1*)
as compared with the quadratic statistics based test (TC2) to detect large negative jumps is pro-
nounced.

4. The comparison of the simulated powers of the different testing procedures confirm again the intu-
ition that detecting a bump is harder than detecting a jump. The simulation study also highlights
that it is substantially easier to detect a jump or a bump with negative change height than with
positive change height probably for the same reasons as in the above known baseline intensity case

(see Chapter[2|Section|VIII).
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VIII Proofs of the main results

Proof of Proposition

By definition of b,, (1) as the u-quantile of a binomial distribution with parameters (1, £*), the Bienayme-
Chebyshev inequality easily gives

bue(1—a)<nl +nt*(1-€)/a ,

for all n in N. It also gives for every n in N and every € >0, b, p-(a) > nl* — \/nZ*(l —0*)/(a —¢€). Therefore,

letting ¢ tending to 0,
by o-(a) > nl* —/nt*(1-£*)/

(i) Assume first that 0 <6" <R and let A in Sj. . ,.[R].
Setting I(A fo t)dt <R, the assumption . 3.5) leads to

e 1| 200+ e |1 1)

51— 0)L / )\o+5*€* f *(1-¢%) [I(A)L+2 %]’

and since I(A) = Ag + 0*C",

Hence

[1(A)L+2 %Jew M[lu)uz %]—(Aoﬂs*)ms— M. (3.36)

We get then the following inequalities
Py(p1a(N)=0)
=Py (N(", 7" + ] < by, -(1-0a))
=Py (N(t, 7"+ ] < by, (1 - ), [Ny —I(A)L] < 2\/W)
+Py(N; <I(A)L=2yI(N)L/B )+ Py ( Ny > I(A)L+2yI(A)L/B)
<Py (N(T, T+ €] < by, (1 - ), [Ny = I(A)L] < 24/I(A)L/B ) + g

Ny (1 —¢%)
44

<P Nt + ) <N, € + L INy = I(A)L] <2 I(/\)L/ﬁ]+

N

<P N T+ <

N

[24

I(A)L+2 %]6*4_ M[[(A)L+2 I(/\)L] +

2(/\0 + 6*)€*L

<P N(TT+ 0] - (g + 0L < — 3

] + g (thanks to )

< B (Bienayme-Chebyshev) .

This concludes the proof of (i).
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(ii) Assume now that —R < &" < 0 and let A in S§. _. .[R]. The assumption (3.5) entails

|5*|«/€*(1—z*)2% \/2(A0+6*)+2\/ IHe +Jl[1u)+z M]

B(1—¢%) B(1-¢) a BL
Hence
L5 (1-0)L > /ﬂ%;}ﬂ”g* /1(2)L+Jg*(la€*)[1(/\)L+2 I(;)L],
and then

[I(A)L—z %]f—imtm[m)uz %]—(Aom*)zmz —2“0*;*)“,

We get then
Py(¢1%(N)=0)
=Py (N(, 7" + €] > by, r-(a) )

=Py (N(t%, 7"+ €] > by, ¢-(a) , IN; = I(A)L] < 24/T(A)L/B)
+Py(Ny < I(A)L=2yI(A)L/B ) + Py (Ny > I(A)L+ 2y I(A)L/B )

<Py (N(¢", 0"+ €] > by, (@), Ny ~ (D)L < 2{TI(VL/B ) + g

e e R ) Y

<P | N, T+ 0] > .

IAL |, (1= I(A)L B
(A)L-2 7]64—[1(/\)“2 T] +s

2(/\0 + 6*)5*14

<P | Nt v+ €)= (Ag+ 5L > ;

P
]+ 5 (thanks to (3.37))
< p (Bienayme-Chebyshev) .

This concludes the proof of (ii).

Proof of Proposition
Let us set A\g = R/2 and introduce for r > 0 the Poisson intensity A, defined for all ¢ in [0,1] by

r
A () = Ag+ ——1  poyp(t) .
r( ) 0 5*(1—5*) (T*,T +€]( )

Notice that when 0 < r/4/¢*(1 —€*) < R/2, A, belongs to
(8" .[R]), = {1 €8". [R], dy(A,So[R]) > 7} ,
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as defined in Lemma[1.7] We get from Lemma|2.1Jand Lemma|[2.24]that

ar, \* ] r2L
0 (dp/\o) (N)‘|_exp(/\0(1_€*)) ‘
Choosing r = (Ag(1 - €*)1og Cy,p/L)"/? then leads to E, [(dPA/dP,\O)2(N)] = Co p-

For L > 1 such that 21og C, 4/(£"L) < R, we obtain 0 < r/4/¢*(1 —*) < R/2 whereby A, belongs to (S”.. .[R]),
and Lemmaallows us to conclude that p ( ( St o[R] )r) > f and mSR, g (S-Ifr*,€*[R]) >r.

E,

Proof of Proposition [3.4]

The first statement of Propositionis straightforward, just noticing that for every A in S¢[R]

(1/2)

Ej, [<Pza

(1/2)

(N )] EAO[EAO[%a

Let us assume that A € S” +[R], that is there exists A¢ in (0,R) and 6 in (=Ag,R = Ag] \ {0} satisfying
A(t) = Ag + 0L (= pope) (2 )forall tin [0,1].

)|N1”§a.

Let us first consider the test cj)2 o (N) and assume

R¢* 1 R
Jy - i g* \/ - \/alAaz(R+2\/ﬁ:L)]' (3.38)

We may write (j);(;)(N )= (j)'f;z (N) V(j)'f,’;l (N) by definition of the tests ¢}, and qb’f; in . We therefore

. 1 -
obtain Py (95 (N) = 0) = Py (¢117, (N) =0, g7, (N) =0).
From the assumption (3.38) and the same computations as in the proof of Proposition 3.2} we get

dy(, SY[R)) =
\/_

(qblf;z )<P/\(N(T*,T*+€*] > le,g*(az))Sﬁ ’
when -5 <6 <0 and
Pr(914,(N)=0) <Py (N(T, T + €] <y, e(1-a1) )< B ,

when 0 <0 <R-A,.
The result of Proposmon.for the test qbz . (N) follows with

o 2R R¢* 1 R
C(a,B, R, )_m+2m+\/al /\(XQ(R+2\/;) .

Let us consider then the test (PZ,(?(N)‘ We get from Lemma|3.20
’ C 2.77 1-¢ ¢* 5 2.77
tn,T*’T*M»(l—a)SE(Snlog(7)+3max( 7 ,m)log (T)) .

Now, the Bienayme-Chebyshev inequality and the bound jo x)Ldx < RL give

P,\(N1>RL+,/ ﬁ) g
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This yields Py (ty, . poppo (1= @) 2 C'(a, B, R€*, L)) < p/2 with

27 277 . o 2 (222
C’(arﬁ;R,ﬁ,L)=C(5RM+5\/¥IOgL(3—/§)+3max(l_f £ )log ( . )] .

L

Noticing that

P/\((p;’f)(N):O) (T s (N) < C B RS )+ Py (Hy o1 =) > Cl@, B R L))

this enables to write

N ™

pl( “2(N) = o) <P (Tl (N) < C'(@, BREL) ) +

1/2
2R [ 4R
dy(A, SY[R]) > — 4. [=— ,|=+2LC'(a,8,R,¢*, L ) 3.40
2(ASp | ])>\/— (\/ (\/EJF (a, B )) ] (3.40)
which ensures

: . 1/2
ISV (1= 07) > %max(4\/2(/\0+6ﬁ(1 mlal)y [4(’\0 +j%1 midl) +2Lc'(a,ﬁ,R,€*,L)) ] .

(3.39)

Assume now

We get then

2px(1 _ pr (/\0+61 g " " /\0+61 g)) ’ "
0 (1 €)22max[\/ AL |5|\/€ 1-¢%) \/EL +C(a,ﬂ,R,€,L)] ,

and using the simple facts that a+ b < 2max(a,b) and Va+b < Va+ Vb for all a,b>0,

2 (1-0) > \/%( 4(Ao + 6L(1 —5*))525*(1 —e)+ 2(Ao +5L(21 malaW CllapREL) . (3.41)

Furthermore, Lemmaglves E)T/. ere-(N)] = 6%0*(1 -¢*) and

, 200 +06(1—€*)> 4(Ag+06(1—-¢ . .
Var (T, o, (N) ) = =22 L(2 )7 | A L( ))5%(1—5),

so0 (3.41) leads to

EA[T]. gy )]2\/2Var,\(TT'*’T*+€*(N))//J’+C'(a,/a’,R,€*,L) :

Combined with (3.39), this inequality entails

2 ’
PA((!,;I(Q)(N) =0 ) < P/\(TT’ vser(N)=EA[T/. o (N)] < \/2Var,\(TT*’T*+€*(N) VB |+ g ,
and the proof ends with the Bienayme-Chebyshev inequality, thus giving
2
P(@5d N =0)<p .
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The result of Proposmon.for the test (j,‘)2 a N) then follows with

C(afﬂ,R,ﬁ*)zmax[él‘/% (j%+2€(51210g(277)+5,/ 5 10g(277)+
€>{- 1_6* 277 1/2
3max(1 e )1og2(‘7)]) ]

where the constant C is defined in Lemma|3.20

Proof of Proposition [3.5]

Start by remarking that the control of the first kind error rates of the three tests (f);(;)Jr, q[)g(;)f and 4);}2) o 18
straightforward, considering the same conditioning trick as in the beginning of the proof of Proposition

above.

Let us first address the statement of Propositionfor (j)g’(;)Jr
Let L > 1 and let us consider A = Ao+ 0" 1 (¢ r1¢+) in S5, . [R] with 6* > 0. Notice that

u(l)+ _ _ "
PA(%’“ (N)= O)_ PA(te[Ol eai((l/z)]N(t'Hg N a))

<P (N(t,T+€ A(1/2)] < N a)) .
One deduces from Lemmathat for every n in N\ {0},

bt peniyp(1 - @) < (€ A(1/2))n + 2 8 ( 1g(3czyo))’

with g defined by (2.44), and then from the inequality g~ (x) < 2x/3 + V2x for all x > 0 (see (2.45)),

b ponyoy(1— @) (€0 (1/2))n+4,/nlog(320) 1g(320).

Since b} 1 —a) =0, the above control holds in fact for every n in N, whereby

0,6* /\(1/2)(

3

2 109(320)
).

320
bltl €A1/2)(1 a)< (A (1/2))N; +4 Nllog( )+—log

Setting I () = I(A)L + /2L with I(A) = [ A(t)dt, and

Q(a, B0, L) = 01, 1 () + 4\/1A,L(ﬁ)1og( 520 )+ 33—21 g(%) , (3.42)
we obtain for € in (0, 1/2]
pA(qbgf;)*(N) 0 ) <PUN(T, T+ A(1/2)] < Qla, B, A(1/2), 1))+ Py(N; > L1 (B)) -
Therefore
PA(¢§’§)+(N) =0 ) <Py (N(t, T+ A(1/2)] < Q(a, B, 0" A(1/2),L)) + g , (3.43)
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with

Q(Ol,ﬁ,[*/\(l/2),L)§(g* )(/\0+é*€*L+ /£+4\/ RL+ /2RL 10g(320)

321 g(320) . (3.44)

since I(1) = Ay + 0"¢* < R. Let us now assume that

ppm—— 2R 2R 4 R\, (320
dy (A, SUR]) = 6'E (1 - €) > (1—€*)L(\/;+ /ﬁ(g*/\%)+€*/\%\/(R+,/ﬁL)log( a)

32log(320/a)

3(eA)VE

] . (3.45)

Then

s e (e e o B 2 e 2)

With (3.44) and using R > A + 0%, this implies

2(Ao+6 )L(g*

; %) (e* )(/\Q L5

51 —6*)(5* A % )L > Q(a, B, " A(1/2),L) +\/

and

Q(a, B, A(1/2),1) < (Z*/\%)(AO+6*)L—\/2(/\0/3+6*)L(5*/\%) ,

By simply using the exact computation of E)[N(t,7+¢*A(1/2)]] and Var,[N(t,7+¢* A(1/2)]] which both
equal (Ag+0")(£* A(1/2))L, one can notice that this is equivalent to

2Var [N (7,7 +¢* A (1/2)]]
7 )

Coming back to (3.43), one finally deduces from the Bienayme-Chebyshev inequality that

PA(¢§S)+(N) = o) <Py (N(t, T+ A (1/2)] < Q(a, B, €5 A (1/2),L))+§ <B .

Qa, B, N(1/2),L) < Ej[N(t, T+ A (1/2)]] -\/

Let us now address the statement of Propositionfor ¢§S)_
Let L > 1 and let us consider again A = Ay + 0" 1 (¢ r4¢] in S§. . [R], but with —15 < 6" < 0 here. Notice
first that

u(l)- . "
PA(¢3,0[ (N) = 0) = P/\(te[o,lr_r?l/’\l(l/z)]N(t’t-i-g (1/2)] N A 1/2)( ))

<PUN(T T+ A1/2)] 2 by pop1n(@)) -

From Lemma|3.21} one deduces that
N % 320
by, o n(1/2)(@) 2 N1 (€A (1/2)) = 44/ 2N, 1og(7) _
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Setting for ¢ in (0,1/2],

Q'(a,B,6,L) = CT(\)L - 2¢ %-441@)@4 % 2log(%), (3.46)

with I(1) = fol A(t)dt as above, this entails

pA(¢§,‘j>‘(N) =0 ) <P (N(t, 7+ A(1/2)] 2 Q(a, B, €' A (1/2),1))
+ Py (Ny € [I()L - 24TVL/B H(A)L + 2 T(VL/B ] )

The Bienayme-Chebyshev inequality therefore leads to

P,\(q[)z’(;)_(N) _ o) <PUN(T T+ A(1/2)] 2 Qe B0 A(1/2), 1))+ £, (3.47)

N

with

Q'(a, 0" A(1/2),1) 2 (5*/\%)(A0+6*€*)L—2(€*/\%), /%-4,/1%“2, /%,lzlog(%) . (3.48)

since I(A) = Ag + 6*¢* belongs to (0, R].
Let us furthermore assume that

) - R 2R 4 R 320
dz(/\,SO[R])z,/—(1_6*)L(21/E+ /ﬁ(g*/\%)+€*A%w/R+2‘/ﬁ—L,/210g(—a )] (3.49)
Then
. N 2R(C*A(1/2))L . 1\ [RL RL 320
15 |(1—e)(€ /\E)LZ\/ ; +2(£ /\5),/?+4w/RL+2‘/71/210g(7).

With (3.48) and the bound R > A + 6%, this yields

p

From E,[N(t,t+€* A(1/2)]] = Vary[N(t, T +€* A (1/2)]] = (Ao + 6¥) (€* A(1/2)) L, we then deduce that

15°1(1 —5*)(5* A % )L > \/Z(AO +o)(¢A(1/2))L +(€* A % )(/\O £S5 C)L- Q' A(1/2),L) .

2Var [N(t,7+€* A (1/2)]]
7 )

Inserting this inequality in (3.47) and using the Bienayme-Chebyshev inequality again, we finally obtain

Q'(a, p,€° A (1/2),L) > E5[N(1,7T + £* A (1/2)]] +\/

pA(¢;‘f;)‘(N) —0 ) <Py (N(T, 7+ A (1/2)] 2 Q(a, B, €' A (1/2),L))+§ <B.

This concludes the proof for the test cp;(;)_.

Let us finally turn to the test qbZ/(i)a.
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Let L > 1 and let us consider A = Ay + 0" L (¢ 1¢- in Sg*"_’g*[R] satisfying

1 2.77 2R 2 77
dy(A,SH[R]) > 2max(ﬁ[\/10CRlog( ~ )+2 f L3/4\/10C,/ )
1 1-¢ 2.77 2R
1 Py .
+L\/6Cmax(1_€* 7 )og( i ),8 ﬁL] , (3.50)
C being the constant defined in Lemma

In order to prove P/\(¢g/(i?a(N) = 0) < B, noticing first that

P(d“? (N)=0) < inf (T’ N)< ¢ 1- )
A(q53/4,a( )=0) ke{O,...,r(llrlé*)M] 1 77%( ) Nl,ﬁ,ﬁw*( Ug)

we only need to exhibit some k; in {0,...,[(1 —€*)M] -1} such that

P/\(TkT ke Z(N)St;\]lkf ke g*(l_ua))gﬂ .

M’M M

MMt
C'(ug, B, RO, L SR—1 o8 %) +5, 2R —log(2 2 +3 - ¢ 10%2(2417)
, max , .
abr L B L32 AN B L?
Since Lemma|3.20]with the Bienayme-Chebyshev inequality together entail

Vi ’ % ﬁ
Pt 1 (1= 100) > Clua BRELL) )< 5

Let

k, only needs to satisfy
P, (T’

ko ke e
o+

(N) < C’(ua,ﬁ,R,Z*,L)) < g . (3.51)

Using now the simple facts that (a +b)? > a®> + b? and a+ b < 2max(a, b) for all a,b > 0, (3.50) entails

log (37 2R log (37 e 1-e\og’(37)) sk
—(Lu )+5\/%—L(3/2 )+3max(1_€,g 7 ) Lzu ) +L\/B

8V2R
+ S e =) .
Vi

Further using Va+b < Va+ Vb for all a,b > 0, by definition of C’(u,, 8, R,¢*, L), this yields

d3(A, SY[R]) = 4C|5R

*2*1_* 42 R*Z*l_x—
Mzc’(ua,ﬁRe* ) \/R BRE(1-C) (3.52)

4 g Lp

Let us set k; = [tM]. Since 0 < T < 1—¢*, k; actually belongs to {0,...,[(1 —¢*)M] -1}, and since M =
[2/(€(1=€)1, ke/M <t <k /M+(€*(1-¢")/2. Therefore, since we get in particular k,/M <t <k,/M+{*,
using Lemma @l (equations (3.165) and (3.166)) with x = Agk./M, v = A" + 6(k;/M + €* — 1) and
z=Ag(1 =€ —k/M)+ (Tt —k,/M), we get on the one hand

(1 =)+ k/M —1)? RS
(1-07) = 4 ’

[T gy ) =2
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and on the other hand

) 2 y . Ko\ 20°—1 \\
Var/\[T,;\}’;;\}+€*(N)]—ﬁ(/\0+b (1—6 +(T—M)m))

4 10, t-kJM\ . ) k. \ 201
+f6 7 (Z T ) Ap+0" 1= +|1 Mlea-m))

Using again the fact that 7 — k,/M < (£*(1 — €*)/2, we obtain

<1

) ko \ 20 -1
OS1—€ +(T—M)m

for all £*in (0, 1), leading to

Var [Tk' .
womtl

2 * 4 * * % % 2 4 Q¥ % %
(N)] s(ﬁ(/\om P42 (Ao +5) 720 (1= ))néi>0+(ﬁag+f%o 201 ¢ ))]15%0 ,
whereby
, 2R?

Combined with these computations, (3.52) leads to

+ %5*25*(1 -0 .

EA[Tk’ ) (N)]ZC’(ua,[)’,R,E*,LH\/ZVar,\[Tk’
b :

ke, oo
o+l

(N)]//s .

The Bienayme-Chebyshev inequality finally allows to obtain (3.51), which ends the proof.

Proof of Proposition 3.7

As for the other Bonferroni type aggregated tests, the control of the first kind error rates of the two tests
({)Z(;) and qﬁg/(i)a is straightforward using simple union bounds.

(1) Control of the second kind error rate of cng).
Let us first set A in S"_ ,.[R] such that A = Ag + 01 (¢ ¢4¢ with Tin (0,1-¢), Ag in (0,R], 0 in (0,R—A] or
0 in (-1, 0), and

" & R 2R 4 R 640\  32log(640/a)
dZ(A'S"[R]’2‘\}(1—€*>L(2\[ﬁ+\/ﬁ(m%)+€*A%\/2(R+2\/;)1°g( o) 3(5*A%)ﬁ]'

This condition ensures that (3.45) and (3.49) both hold, but with a replaced by a/2. Then, it suffices to
notice that if 6 € (0,R— Ag],

SRR R AN
and if 6 in (=1, 0),

PA(quf;)(N) - o) < PA(qb(;O)[_/Z(N) _ o) .
Since (3.45) and (3.49) hold with a/2 instead of a, by using exactly the same arguments as in the
proof of Propositi we obtain P/\(qb(;(l;z(N) = 0) < B when 6 € (0,R - Ay] on the one hand, and

Py ( cj)(;:/z(N) = O) < B when ¢ in (=1, 0) on the other hand.
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In any case, whatever the value of 6 in (—1g, R— 1]\ {0}, one has
1
PA(¢)Z}(&)(N) = o) <B.

(ii) Control of the second kind error rate of cj)g/(i)a.
Letussetnow 1in 8" ,.[R]such that A = 1g+61 (¢, r1¢ with Tin (0,1-£%), Agin (0, R], 6 in (=g, R—A(]\{0}

as above, but with
u 1 2.77 R 2 77
dy(A, Sy [R]) > Zmax(ﬁ[\/wCRlog( i )+2 /ﬁ L3/4\/10C1/ )

1 - 2.77 2R
+L\/6Cmax(1_g* 7 )log( ” ),8 ﬂ_L) )
so that (3.50) holds.

Following the same arguments as in the proof of Proposition [3.5](with the only change of § instead of
0*), we prove that

Pi( 94/ =0)<p .

This ends the proof, just taking for instance C(a, 8, R,€") as the maximum between

640\ 32log(640/a)
\jl 5* \/7 \/ A €*A2\/ R+2 g( )+ 3(£1 %) ]

d
R L e o S e IE e e RN

an

m([\/(

Proof of Proposition [3.8]

Assume that (R—5) AR)log C
-0")AR)log B
L> ) 3.53
26*27*(1 —1*) (353)

and set
(R=06*) AR)logC, s
= L 3.54
' \/ 2L (3.54)
The assumption (3.53) ensures
r2 <5t (1-1") < 6'%/4 , (3.55)

which enables us to define A, for tin (0,1) by

. i . 1 5*2 —4r2
/\r(t) = /\() +0 ]1(.[*,1_*_'_57](1') with /\0 = ((R— o )/\ R) and &, = 5 1- T .

First, €, belongs to (0, 1-7*) for all 7%in (0, 1). Indeed, if 7* < 1/2 the result is straightforward by definition
of ¢, and if * > 1/2 the result follows from (3.55).
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Moreover, the definition of € implies 6*2¢,(1 —¢,) = r? and ensures that A, belongs to (Sze e [R])r-
Furthermore, we get from (3.53) that L > (24ylogC, /3)/6*2 and then 1 - AylogC, ﬁ/(Lé*z) > 1/2 Wthh

leads to
) Aplog Ca’/g (1 Aplog Ca’ﬁ ) 52 (1 ( 21plog Ca,ﬁ )2]

< =
’ L L5 4 L5
hence 6*2¢, < Aylog Ca,p/L. We then obtain from Lemmaand Lemma|2.24

dpy \? L5*2¢,
. (dp/\o) (N)l_exp( o )<Ca’/5 .

Lemmasand then entail p((Sg*,T*’._.[R]) ) > p and mSR,, ﬁ(S” _[R]) > .

Proof of Proposition [3.9]

The control of the first kind error rate is straightforward, and even more strong by using the same condi-
tioning trick as in the proof of Proposition

3.4} in fact, for every Agin Sj[R]and nin N, E; [¢E,Q(N)'N1 = n] =

PAO((Pg,a(N): 1’N1 ZH)Sa, SO

VAo € SHIR], Py (k ,(N)=1) = EAO[PAO(‘PM |N1)]

Let us turn to the control of the second kind error rate of ¢5 ..
Set Ain 8. . [R] such that A = Ay + 6L (¢ r+1¢) With Ag in (0" V 0,(R-6") AR] and £ in (0,1 - 77), and
satisfying

(3.56)

dz(A’So[RDZimax( FI00R 7 ), 2,2, ]

B’ 2\2pR
where Q(2R, 9%, a) is the quantile upper bound defined by Lemma|3.22} and which does not depend on
L. The condition (3.56) ensures that [6*\/¢(1 - £) > [6*|//2BRL, that is, using the fact that £(1 —¢) < 1/4,

2

L2 3.57

2 (3.57)

Setting I(A fo t)dt as in the proof of Propos1t10n with I(1) < R (and therefore obviously 2R —

I(A) > R), since 7) also entails L > 2R/(BR?) we obtain
2I(X)

b2 aR-100%

(3.58)
Notice now that (3.58) and the Bienayme-Chebyshev inequality yield
P\(Ny > 2RL) = Py(Ny —I(A)L > L(2R - I(A))

ZI(A)L]

<P | Ny -I(AN)L> sg .

p

This leads to

P/\(¢E"Q(N):O)§P/\(€ ;soulp )sb e (N) S8 s (1-a), Ny 52RL]+§ )
’ T*
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and Lemma allows to write that

N

(¢501( )<P/\( sup Sb ,T r+€’( )SQ(2R,5*,0¢)]+
0’e(0,1-1%)

<Py(S;

o, T +0

(N) < Q(2R,5*,a))+§ :

Moreover, the assumption (3.56) implies

[6¥/E€(1 =€) > %max( |6*|Q(2R, 6%, ax), 2 %) ,

which entails

|62 |€(1 -{)L > 2max(Q(2R,6*,a),

2R{(1-0)L
—5 |

hence

|62 |6(1 —{)L > 2max

Q(2R, 5", a), \/2(/\0 +0%(1 ;g€))€(1 —-0)L ] ‘

Noticing that E,[S;. eseN)]=10716(1 = €)L/2 and Var,\(Sé*’T*’T»M(N)) =(Ap+0"(1-0))(1-¢€)L, we get

(N)] = Q(2R, 8", a) + \/ZVar(Sb ; oM (3.59)

Therefore,

N ™

Pr($5a(N)=0) < Py(S} o rese(N) Q2R &",a) ) +

S(g T, T +€(N))
p

2Var( B
<P/\ Sb’cr+€(N) E/\[Sbrr[+g(N)]S_ +E

<Bg,

with a last line simply following from the Bienayme-Chebyshev inequality.

Proof of Proposition

Assume that L > 3 and a + < 1/2, and set Ay = R/2. As in the proof of Proposition we consider
aﬂ = 4(1 - a - p)?, Kqp1 = [(log, L)/C] ﬁ] and for k in {1,...,Kq g1}, Ak = Ag + Ox L+ ro4g,) With & =
(1-1*)/2% and & = (Agloglog L/(¢;L))/?. Then, for all k in {1, ..., Kq,g,1}, noticing that £ <1 -1%, we get

dy ( Ak, So[R]) > v/ Agt*loglog L/L. Furthermore, assuming that

loglogL < R(1-1%)
L1+1/c,;,ﬁ = 4 ’

(3.60)

one obtains that A belongs to S”T[R]

Recall also that for all k in {1,...,K, g1}, P), denotes the distribution of a Poisson process with intensity
Ak with respect to the measure A, and consider x, a random variable with uniform distribution on
{1,...,Kq,g,}, which allows to define the probability distribution y of A,.. From Lemma- 1.8} we know that

it is enough to prove E/\O[(dP”/dP/\ ) ]<1+C) a,p tO conclude that mSR, (S . > \/R’l' loglog L/(2L).
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The same calculation as in the proof of Proposition (see (2.73)) gives for 1y such that 0 <5 <1-1/ V2,

dp, 2 2C, 4log2
dPy,

logL

loglog L
E, glog )

2(logL)1/2

1
<Cyplog2+ (logL)"" 2 +exp(

If we assume now that

loglogL | 2C, zlog2 ,
( (E L)%/z) oL — <1+(1-log2)C; 5 , (3.61)
2108 (IOgL)l -7
we finally obtain the expected result
dpl‘ 2 ’
E/\O (dT/\O) S1+Ca,[5 .

To end the proof, it remains to notice that there exists Ly(«, 8, R, t*) > 3 such that forall L > Ly(«, 8, R, T°),

both assumptions (3.60) and (3.61) hold.

Proof of Proposition

As for all our Bonferroni type aggregated tests, the control of the first kind error rates of the two tests

q[)g’(;) and 4)2’(2) is straightforward using simple union bounds and the conditioning trick of the above
proofs for upper bounds.

(i) Control of the second kind error rate of q,‘)g'(;).

Let Ain 8¥. [R]be such that A = Ay + 61 (¢ 1+4¢) With Ag in (0,R], 0 in (=19, R—Ao]\ {0} and £in (0,1 -7%)
and assume that

" R |1+t [log(2/u,) 1+7*| [2log(2/u,) 2R 2R
dz(/\,SO[R])ZZmax(\lg\/ - \/ I G {\/ T \fR+,/ﬁ—L+‘/ﬁ—L
(3.62)

Let us prove the inequality PA(¢E’(;)(N) = 0) < B. Applying Lemma|2.24} we get for all kin {1,...,[log, L]}
and Cpp = (1 - )27k

V1 —T*R]
) —\/i .

Ey[N(t", " +€T*,k] _éT",kNl] = 5(51*']( AE)(1 —fT*'k V)L , (3.63)
and

(/\Q(l _ZT*,k) + 6(1 — 2&[*’]{ +€T*,k€))€’[*,kl‘ if gT*,k < ¢ ,

3.64
(Molgr g+ 00(1 = o) ))(1 = Ly ()L 3 o > € (3.64)

Var,\ [N(T*, T* +€T*,k] _g’(",kNl ] = {

Assume first that o belongs to (0,R — A(]. Noticing that

u(1) _ . . % =
Py(g (N)—0)ske{lp.{ILllggzLJ}P,\(N(T T+ Lo ) = e )Ny S by g, (1= 10/2))

one can see it is enough to exhibit some k in {1,...,|log, L]} satisfying
Py(N(T T + €] = Lo g N1 < By, (1= 116/2)) S B
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Under the condition 13.62b, we have d3 (A, S¥[R]) > 2R?*(1 — 7*)/L which ensures the inequality £(1 - ¢) >
—L108,

2(1-7)/L>(1-1%)2 '] and then
. 1-7*
1-71 >€>M. (365)
From (3.65), we deduce the existence of k, in {1,...,|log, L]} satisfying (1 -7 N27ke < £ < (1 - 1)27 ket
that is
Coojp SO <Ll jn (3.66)
Then
g’f*,k[ S e < g’[*,k[—l ,
L—lpp, ~ 1=C 1L,
and
g’l’*,k[ _ g’(*,k[—l 1 _g’l’*,k[—l g’[*,k[ > g 1 _g’(*,k[—l
1 —g,l-*’ke 1 —gr*’ké_l 1 —gr*’kf grl—*’ke_l 2(1 _6) 1 —gT*’ké
—_——— ~———
> =1
1-¢ 2
But
L-lejn  1-T T
l_gr*,kg a ke —(1-7%) ~ 1+7
so we finally obtain
g’[* k( T* €
- . 3.67
1—€Tw’k[>1+’f*1—€ ( )
The condition (3.62) then gives on the one hand
2 1+t [log(2/u,)
Ve(1-¢)> —VR ,
oviL=0)= \/5\/_\/ T \/ L
and using the fact that 6 <R
(o 4log(2/u,)
1- >
o === —3 ’
which entails with (3.66) and (3.67| -
4log(2/u,)
8l i, (1-0) > 3—L”‘ . (3.68)
On the other hand, yields
ST 0) [ [2log( 2/ua / ZR [2 ]
which entails with (3.66) and (3.67)
2log (2
(15)/ [/og/uaf 2R/]
T k[
whereby
[210g(2/u / [2R  [2R
Ol (1 =€) = 24fCr 1 (1 —ZT*’kg)[ gT“) R+ ﬂ_L + ﬁ (3.69)
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Thus, with (3.68) and (3.69), the condition leads to

4log(2/uy) [21log(2/u,) f [2R [2R
(%T*:ké(l_g)zmax[T'Z\MT*,k(;(l_Zr",kg)[ 1 R+ /3_L+ ﬁ_L

Using the fact that 2max(a,b) > a+b for all a,b > 0, we get

/ / A [
651»’k((1—€)L2%10g(%)+1/€r*,k€(l—ZT*,ké) Zlog(%)JU(AH 2L;( )+ ZEL , (3.70)

where we recall that I(A) stands for fol A(t)dt.
Moreover, with (3.66), the equations (3.63) and (3.64) lead to E, [N(T*, T+ Lo g, ] =l Ny ] =60, (1 -
OL and Var, [N(t', 0 + €] = Lo Ny | = (Ag(1 = Cor ) 4 5(1 = 2 + € kOl kL < Lpv (1~ € )RL. S0

(3.70) entails

.. 2 2 " / 2 2LI(A
E/\[N(T ’T +€T*,ke]_€T",k(N1] Z glog(_)-{_ €T*,k€(l _ZT*,kg) 210g(_)4 LI(A)—'_ A
Uy Ug B

+ \/2Var/\ [N(T*, T+ ok, | = ok, N1 ]//3 . (3.71)

N —
N———

The total probability formula then ensures that
P/\ (N(’[*’ ™+ g’r*,k[] - gr*,kéNl < Blee-z*,k( ( 1- ua/2 ))

S13/\[1\](7:—*1 T* + g’[*,k{] - gT*,ngl S E/\[N(T*l T* + g’[*,ké] - gT*,ngl]

- 2 2
- \/2Var/\ [N(T*, T+ ek, | = ok, N1 ]//3] + P/\(lergr*,kg (1-u,/2)> 3 log( )

™
n/M\/J(%)J LI(A) + 2L;(/\)] .

From the Bienayme-Chebyshev inequality, we deduce on the one hand that the first right hand side term
is upper bounded by /2, and on the other hand that

P, 3

N2 L1 A]ﬂ

This last inequality, combined with Lemma which follows from a simple application of Bennett’s
inequality, leads to

- 2 2 / 2 2LI(A
Py le'gT*’kg(l—ua/2)>glog(z)+,/€ﬁke(1—€T*,k[) 210g(z)JLI(/\)+ ﬁ( )]Sg .

We therefore conclude that

Py(N(T, T + L, ] = Lo, Ny < BNy £y, (1- ua/2))<B
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so, as expected, PA(‘PE,(;)(N) =0)<B.
Assume now that 0 belongs to (-1, 0) and notice that

u(l) _ . T =
Prldge (N)=0)<  inf | PN Cooi] = Gt 2 B (4a/2)) -

One can see it is enough to exhibit some k in {1,...,|log, L]} satisfying

P/\ (N(T*, T* +€T*,k] _&E*,kNl > ENIIZ'[*,I( ( ua/2)) < ﬁ .

The same choice of k; as above leads, with (3.63) and (3.64), to E;[N (7", T +€r« k, | =l i N1 | = =[0[Cr i, (1 -
€)L and Var [N(7", T + o g, | = €k, N1 ] < Cpo g, (1 = € )AL < Lo g, (1 = €k, )RL. With very similar ar-
guments and calculations (mainly replacing ¢ by |0| and using the lower bound for le’gT*’kf (uqy/2) of
Lemma as above, we also conclude that condition (3.62) implies

Py(N(T, T + € g ] = loo g N1 2 Dy, 0,0, (Ual2)) < B

and Py(¢, (N) = 0) < .
Since log(Z/ua) 10g(2|_10g2 L|/a)and L > 3, there exists C(a, ,R, ) > 0 such that

[/\/1+T\/log 2/% 1+T [21og ( 2/ua / 2R /2R Vl TR]
2max
[loglog L
C(a,B,R,T7) —ogLog ,

which allows to conclude the proof.
(ii) Control of the second kind error rate of (j)g’(i).
Let A in 8. _[R] such that A = A5 + 01 (1 4] with A in (0,R], 6 in (=Ag, R~ Ao]\ {0} and € in (0,1 - 77)
and assume that
. 4 Jlog (2.77
d>(\, SU[R)) > l+*’L’ max| vacl V3R log(2.77/uy) \/E( 2R) og ( =4 /Ug) \/_log (2.77/uy)
T L L 24/2LloglogL

ﬁ \/m\/i \/1+T \/loglogL] » 372)

where C is the constant defined in Lemma|(3.20} and let us prove P/\(q’)g’(j)(N) =0)<pB.
Noticing that

2 . ’ ’
P/\((Pg,(a)(N) =0)< inf Py (TT*,T*MT*,;«(N) = tN];T*,T*‘Ff-[*,k (1-u, )) ’
one only needs to exhibit some k in {1,...,|log, L]} satisfying

P/\(TT T+l k(N)<tNIT T+l k(l—ua))ﬁﬁ ’

in order to prove the result.
Under the condition , we first obtain d%(/\,Sg[R]) > 16R?*(loglogL)/L which ensures £(1 - ¢) >
16(loglog L)/L as well as

16loglogL and 1> 16loglogL '

>
L L

(3.73)
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Moreover, since 16(loglog L)/L > 27108211 > (1 — 7*)27L1og: L] we obtain

. 1-7*
1-7 >€>m. (374)
From (3.74), as in the above part (i), we deduce that there exists k, in {1,...,|log, L]} satisfying (1 —
)27 ke <0< (1 -1*)27%+1 that is
Cojy SC<lppy . (3.75)

As above again, this leads to the same inequality as (3.67), i.e.

*

g’f",k( T '€

> . 3.76
1= lpy, 1+T1-0 (3.76)
Applying Lemma we get with (3.75)
’ 2 2 tek
EA[Ty pse,., (N)]=0°(1-0) T=¢.. ' (3.77)
" “ Uik,

and

- 2 lp l,.
Var/\[TT’*,T*MT*,k((N)] = %(AO + 5(1 -1 —e)_f—"‘f)) +%52(1_5)2T_fkf(10 + 5(1 -1 —z)f—"‘f)) .

1 gT*,k( 1 _g’l'*,kg 1 _Z’[*,kg
(3.78)
Using (3.76),
’ T
EAT, e, (N)]>62€(1—€)1+T* , (3.79)
and with (3.75) we obtain
, 2R? 4R
Var, [ T vt (N)] <20 . (3.80)

On the one hand, using a° + b? < (a+ b)? for a,b > 0, the condition (3.72) ensures that

* log (2.77 log (2.77 log?(2.77
625(1_5)221-’-1— C 5R Og( /ua)+5 % og( /ua)+30g ( /ua) + 2R ,
T* L B L3/2 8LloglogL L\/B

and on the other hand

6%(1-0)> P (2\/§|5|\/€(1 —6)) ,

T*

hence

: log (2. log (2. log? (2.
625(1—5)221+T max| clsr og(2 77/““)+5 2Rlog(2 77/ua)+3 0g“(2.77/uy) N 2R ’
* L B L3/2 8LloglogL LB

2 %a\/m -5)) .

Finally, with the inequality a + b < 2max(a, b), we get

* 2
S T log (2.77/u,) 2R1og(2.77/u,) 3log*(2.77/u,)\ 2R 2R -
6°L(1-¢) C(SR—L +5 VEREE + 8LToglogL +Lx/ﬁ+2 —Lﬂlélx/f(l f),

1+t~
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that is, with (3.79), (3.80) and using Va+b < va+ Vb,

log (2.77/uy,) 2R log(2.77/uy)  3log?(2.77/ug)
— 45,/ +
L B L3/2 8LloglogL

AT se,.,, (N)] 2 C[5R

\/2Var,\[TT et k{(N)]/ﬁ . (3.81)
Furthermore, (3.73) and (3.75| - ) lead to

1 < L d 1 < L
n ’
Cr, 8loglogL neq —lrr, 16loglogL

and therefore
l - g’[*,k[ g’f*,kg

g’l’*,kg ]' - g’[*,kg

)< L (3.82)

max( 8loglog L

We set now

3 log(2.77/uy) 2R log(2.77/uy) Cog,  1=Crog, \log?(2.77/ug)
Q(a'ﬁ'L'ngrﬁkc)_C[SRf+5 B 3 Tomax V=leg,” Lok, L2 ’

and with (3.82), the condition (3.81) ensures that

BT, )]ZQ(a,ﬁ,L,R,kg)+\/2Var,\[TT’ - k[(N)]/ﬁ . (3.83)

The Bienayme-Chebyshev inequality leads to

e A]ﬂ

B -2

and combined with Lemma|3.20|and the fact that I(1) < R, we obtain

, g
P (s, (1= tt0) 2 QB L R o)) < 5 (3.84)

Asa consequence,

N ™

(N) < Q@ B, LR Coog )|+

7 7
PA(TT*,T*-{-[T*;{ (N) < tNl,r*,r*+€,*k (1-uy)) <Py TT ST+ g
ke Ke 4

whereby we finally obtain with (3.83) and the Bienayme-Chebyshev inequality

PATL ey, (N) S ey, (1= ) < B

ke

The proof is ended by noticing that there exists C(a, 8, R, t*) > 0 such that

1/4
) log (2.77
LT x| vac| vaR, /108277 1) | \/g(zR) Vlog(2.77/ua) mog (2.77/15) +z\£< L
T L ﬁ L3/4 I2L—10g10g ﬁ / \/Z

1+t 2R1 loglogL loglogL
W \/1+r\/ ] Clp RON=7

as log(2.77/u,) =log(2.77|log, L|/a) and L > 3.
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Proof of Proposition

Assume that
2((R=6")AR)logC, g

L> 52 , (3.85)
and set
(R=06*) AR)1logCp p
= = 3.86
' \/ 2L (3-86)
The assumption (3.85) entails
5+
2
, 3.87
re< 1 ( )
which enables us to define A, by A,(t) = Ag + 0" 1y, 1)(¢) for £ in (0, 1), with Ag = (R-6*) AR and
1 V6*2 —4r2
T, = E 1+ T .

Thanks to (3.87), 7, belongs to (0,1) and satisfies 6*>7,(1 — 7,) = r?, that is A, belongs to (Sg*,..,k-.[R] )r.
Moreover, the inequality 1 — A(log Ca,/g/(Lé*z) > 1/2 comes from and yields

Aplog C AplogC
1’2 < 0108 a,p 1— 0 Og a,p
L L5*?

6*2 1 ] 2/\010gca’[3 2
I G S A I

hence 6*2(1 - 1,) < Aglog Ca,p/L. We get now from Lemmamand Lemma@

Py \’ L(1 - 1,)5*2
(F:o) (N)}:exp(—/\i )<Ca,ﬁ .

E),

Lemmasand then entail p((Sgﬁ’"’l__'[R])r) > and mSR, 4(Sy. . [R]) =T

Proof of Proposition

The control of the first kind error rate is strailhtforward, and even more strong by using the same condi-

tioning trick as in the proof of Proposition|3.9} in fact, for every Ao in Sj[R]and nin N, E | [‘Pg,a(N)'Nl = n] =

Py (94 (N) = 1[Ny =0 ) <

Let us turn to the control of the second kind error rate of ¢ .
Set Ain Sy, [R] such that A = Ay + 61,1 with Ag in (=6"V0,(R-6) AR] and 7 in (0, 1), and satisfying

dy(A, S§[R]) = %max(\/|6*|Q(2R,6*,a), 2, /%, o7} ] , (3.88)

22BR

B -

where Q(2R, 0%, a) is the constant, not depending on L, defined in Lemma and used in Lemma

The condition (3.88) ensures that [6*[/7(1 —7) > [6*]/4/2BRL, and therefore, using the fact that
t(1-1)<1/4,

L> = . (3.89)



Settlng I(A fo t)dt, we obtain with I(1) < R (and therefore obviously 2R —I() > R) and the fact that
9) entails L > 2R/(ﬂR2)

21(A)
v 3.90
~(2R-I(1))*B (390
Notice now that (3.90) and the Bienayme-Chebyshev inequality yield
Py(Nj > 2RL) = Py(N; —=I(A)L > L(2R - I(A)))
<P,|N, -I(A\)L> 2L B
B 2
This leads to
Py( 9% ,(N)=0)< PA( sup Sf.. 1 (N)<sy o (1-a), Ny < 2RL]+§
’€(0,1)
<Py sup S . (N)<Q(2R, 6 a) |+ B with Lemma|3.24
ve@1) 2
, . LB
<Py(S4 11 (N) S Q2R 8% ) ) + 5 -
Moreover, the assumption (3.88) implies
* 2 2R
0" T(l—7) > —max( |0*|Q(2R, 6%, @), 2 —) ,
VL p
which entails
|52 l’c(l —T)L > 2max[ Q(2R, 6%, @), MT(;%T)L] ,
whereby
¥ 2 >* 1-1)L
LA MRS 2max[Q(2R,5*,a), \/ (Ao +9 ;)T( v) ] .
Noticing that E,[S. 1 (N)]=16%t(1-7)L/2 and Var(S;. 21(N)) = (A +0"1)T(1 — 1)L, this leads to
2Var(S;,
E/\[Sé*,T,l(N)] = Q(th 6*; a) + \/% . (391)
Therefore,
, 2Var(S;. ,(N)) )
Pr($5(N)=0)< PA[sa 1 (N)=Ea[S5. 1 (N)] < —\/ (’ﬁ“ +§ with (3.91)
<pg,
with a last line simply deduced from the Bienayme-Chebyshev inequality.
Setting
i - - 2R 0%
C(a, B,R,5%) = 2max O*|Q(2R, 6%, ), 2| —,
(a, B, R, 07) ( 16°1Q( ) 53 \/25_12]

allows to conclude the proof.
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Proof of Proposition

Assume that L > 3 and a +f < 1/2. We consider C(’X’ﬂ =4(1-a-p)? Kqpr = [(log, L)/C(’Lﬁ'|, Ap =R/2 and
forkin{l,...,Ksp 1}, Ak = Ao + 6k L(g,1) with 7 = 1 - 27% and 6 = (2¥A¢loglog L/L)'/2. Then, for every k
in{l,...,Kgp} d> ( A Sy [R] ) > y/RloglogL/(4L), and A belongs to S | [R] assuming

loglogL R
[1-1/Co < 4 (3.92)

The proof then essentially follows the same arguments as the proof of Proposition|2.17|
Considering a random variable x with uniform distribution on {1,...,K, g1} and the probability distri-

2
bution y of A,, we aim at proving that E/\O[(dPﬂ/dP/\o) ]<1+ C;(’ﬁ, with P, defined as in Lemma in

order to conclude that mSR, 4(S". ;__[R]) > y/RloglogL/(4L).
The same calculation as in the proof of Proposition and Proposition gives for 7 such that

0<n<1-1/v2,
dp, 2 ZC;’ﬁlogZ
ap,

Ex, logL

Bl loglogL
<C,plog2+ (logL)WJr% +exp(ﬁ) .

2(logL)1/2

If we assume now that

loglogL)| 2C,glog2 ’
(2(1§gﬁ/z) ( = - <1+(1-log2)C; 5 , (3.93)

logL)l_"_ﬁ

2
dp,
dP),
To end the proof, it remains to notice that there exists Ly(a, 8, R) > 3 such that for all L > Ly(a, 8, R), both

assumptions and hold.

we finally obtain the expected result, that is

<1+C’

E,, ap -

Proof of Proposition

As for all our Bonferroni type aggregated tests, the control of the first kind error rates of the two tests

1 2) . . . . e .
(j)g(a) and (Pg(a) is straightforward using union bounds and the conditioning trick of the above proofs for
upper bounds. Let us now turn to the second kind error rates.

(1) Control of the second kind error rate of qbg’(;).
Let in S | [R]such that A = Ag+01 (4,1}, with Ag in (0,R], T7in (0,1), 0 in (Ao, R—A(]\ {0}, and assume

that
" [log (2/uy) [log(2/u,) [2R 2 [6R 2

Let us prove that under this assumption, P/\(({)g'(;)(N) =0)<B.
Applying Lemma we get for all 7" in Dy

E)N(T,1]-(1-1)Ny]=6(t"ATt)1-7" V1)L , (3.95)
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and

Var [N(T/, 1]-(1 —T’)Nl] _ {(/\0(1 -)+ot'(1-1)T’L if /<1

Assume first that 6 belongs to (0,R— Ag].
Noticing that

Py(¢gy (N)=0) < inf Py(N(T,1]=(1 = )Ny < by, 1_e(1 - 10a/2))

€Dy
one can see that it is enough to exhibit some 7’ in Dj such that
P/\ (N(T,r l] - (1 - T/)Nl < ENl,l—T'(l - ua/z)) < ﬁ .

Under the condition li we have d22(/\, SyIR]) > 2R?/L which entails

2
1-7)>—.
T(1-1)>%

(Ao’ + (' —t+7't)(1-7)L if ' >71 .

(3.96)

(3.97)

On the one hand, if 7 belongs to (0,1/2), the condition (3.97) implies the inequalities 27> t>2/L >
27198, L] and the existence of k, in {2,..., [log, L]} satisfying 27 <7 < 27k+1 We set Tk, = 2% and then

Tp, ST< T 1,

whereby
Tk, T Tk,—1

< ’
-7 1-t 1-7,4

and therefore

T,  Th-1 1=Tgr T, 1 7 1-T
1_Tk1_1—Tk171 1—Tk1 Tk, -1 21-71 1—’Ck1
~——— ~——
>%T :%
But X
— Tk, - 1 2
kel _ o .2
-7, 2ke—1 73
so we finally obtain
Tk T

> .
-1, 3(1-1)

(3.98)

(3.99)

On the other hand, if 7 belongs to [1/2,1), the condition (3.97) implies the inequalities 1 — 27 l<rc
1-2/L <1 —2718:L] and the existence of k, in {1,..., llog, L] — 1} satisfying 1 — 2R <r<1-27F1 We

set Ty, =1- 2% and we obtain
Tk, ST <T+1 »
whereby
T T Tkl ,
-5, —1-t l-7 4

and therefore

Te, Tkl 1=Teo1 Tk, >1 (S
-7, 1-Tw 1-T% T4 21-T74
—_—— —  —
> =
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But

so we finally get

> . 3.101
-7, 3(1-1) ( )

Recall that I(A) = fol A(t)dt < R and notice that the assumption (3.94) leads to

0 T(l—T)Zmax(ﬂ%Z\/ﬁ, ﬂ%z\@\ I(A)+,/%}:\)+% M) (3.102)

In particular, (3.102) gives on the one hand
log (2
%t(1-1)> 4RM ,
which entails, using (3.98), (3.100) and the inequality 0 <R

OT(l -1 ) > 410‘%(#“) .

Then, (3.99) and (3.101) ensure that 7(1 -7, )/(3(1 - 7)) < 7t and thus

_ 4log(2/u,)

3.103
3T I ( )

ot (1-1) 2

On the other hand, it follows from 2) that

6(Ag+0
6\/T log 2/ua 2\/— I 2;[/ \/_ 0 Tk

which entails with (3.99) and (3.101)

5(1_1)\/1fk;k 2\/10g(i/ua)2ﬁ Ay 21(1) \/2‘ (Ao+af,{)’

that is

St (1)L > 2 /72“{1(1 e )WETog (| I00) + \/2;(2\) N 2\/2Tk1(1 - Tk,;g(Ao +07; )L . (B.104)

Thereby, with (3.103) and (3.104),

/ 2LI(A 27 (1 =1 )(Ap + 07
5Tk1(1—T)L22max[ log( ) \ Tk, (1= 7)) 210g JL[ \/ \/ K k(Ao kJL

hence

27 (1 =1, )(Ao + 07, )L
ﬁ ’

0Tk (1-7)L > Q(a,[j,L,TkT)+\/ (3.105)
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with

Q(“’ﬁ'L’Tkr)zélog(ui)+m\/@du(m 2L

Furthermore, with (3.98) and (3.100), the expressions of E, [N(t,1] - (1 — t’)N; ] and Var, [ N(t/,1] - (1 -

given in (3.95) and (3.96) entail

EA[N(ti,1]-(1 -1 )Ni] =0ty (1 -7)L ,
Vary [N (1, 1= (1= 1 )N1 | < (Ao + 67 ), (1 = 7 )L

(3.106)

The Bienayme-Chebyshev inequality leads to

P/\ Nl ZLI(/\)-F Sg

7

2LI(M)
B

and combined with Lemma(3.23} we get that

(3.107)

N

Py (b 1x, (1 - 1a/2) 2 Qe B, L7y, ) ) <
We conclude with the following inequalities:

Py(N(7g,, 1] = (1 =1 )Ny S sy, 1 (1= 14g))
< P,\(N(TkT, 1]-(1 -7 )N; < Q(a, B, L, rkT)) + g with

< P/\(N(TkaI] — (1 =1 )N1 = E;[N(7g, 1] = (1 = 1 )Ny |

\/2Var/\ [N(t, 11— (1 -7 )N |
< j—

p
< p with the Bienayme-Chebyshev inequality again.

+§ with (3.105) and (3.106)

Assume now that 6 belongs to (-1, 0) and notice that we have also

Py(pg (N)=0)< inf Py (N(7',1]= (1= )N; > by, 1_0/(1a/2)) -

€Dy

The same choice of 7;_as above leads, with (3.95) and (3.96), to E;[N (i, 1]—(1 -7 )N;] = =|d|7x (1 -7)L
and Var; [N T 1] = (1 =7, Nl] < A7, (1 — 7, )L and we obtain, with very similar arguments and cal-

culatlons (mainly replacing 6 by |0] and using the lower bound for bN -7, (4q/2) deduced from Lemma

, that the assumption (3 implies

PA(Nmf,u—(l — T N1 2 by, 1, (#0/2)) <,

u(l)
s0 Py ( qu a =0)< /3
Since 10g(2/ua =log(2(2[log, L] —1)/a) and L > 3, there exists C(a, 8, R) > 0 such that

( [log (2/u,) Z/ua IR, [log( 2/ua 10g(2/uq) , /= | \/ﬁ \/_\/@ \/7 ]<c 5R,/1°g1°gL (3.108)

which allows to conclude the proof.
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(ii) Control of the second kind error rate of (pg'(j).

Let Ain 8 | [R] such that A = Ay + 01 (1) with Ag in (0,R], T in (0,1) and 6 in (-Ag, R — A¢] \ {0} and
assume that

dy(1, S¥[R]) > max \/30CR10g(2,77/ua) + /30Clog (2.77/u,) (ﬁ )1/4+ 3VClog(2.77/u,) o 3R
' B L L3/ p 24/LloglogL L\/E

2R loglogL
IZJE, 4R\/T] , (3.109)

where C is the constant defined in Lemma|3.20
Let us prove the inequality P/\(qbg’(j)(N) = 0) < B. Notice first that

2 . ) ’
Py(¢g (N)=0) < inf Py( T/ (N) <ty o (1-14))

7’eD;

so one only needs to exhibit some 7’ in D} satisfying

Py (T} (N) <t on(L=110) ) < B

to obtain the expected result.
Under the assumption (3.109), we get d22(/\, Sy[R]) > 16R?(loglog L)/L which entails

1
S 6loglogL .
L

Assume first that 7 belongs to (0,1/2). The condition (3.110) leads to 7 > 16(loglog L)/L and since L > 3,
we get the inequality 16(loglogL)/L > 2711°¢:L] and the existence of k, in {2,..., [log, L]} satisfying 27k <
T < 27k+1 Setting Tk, = 27k« we can prove as in the above case (i) that

T(1-1) (3.110)

Tk, ST <T,_1 , (3.111)

and .
k T
> . 3.112
-7, 3(1-1) ( )

Moreover, since 7 < 1/2 and by definition of k. ,

( Tk, 1—Tkr) -7, 2-7
max , = < .
1 - Tk, Tk, Tk, T
Since (3.110) implies 7 > 16(loglog L)/L, we get
T 1-1 L
max | — — k) o . (3.113)
-7, T, 8loglogL

Assume now that 7 belongs to [1/2,1). The condition (3.110) entails 7 < 1-16(loglogL)/L and since L > 3,
1-271 <t <1-271°%: Ll Hence, there exists k, in {1,...,[log, L] — 1} satisfying 1 - 2% <7 <1 -27K~1,
Weset =1- 27% and we obtain as in the above case (i)

Tk, ST<Tg 41 , (3.114)

and .
k T
> . 3.115
-7, 3(1-1) ( )
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Moreover, since Ty belongs to [1/2,1), we get using (3.114)

T, 1-7, Tk, T
max , = <
-7, 7, -7 1-7
Since (3.110) yields 1 — 7 > 16(loglogL)/L, we get also
T 1-7
max (e ZTke) L . (3.116)
-1, 7, 16loglogL
Applying Lemma we obtain with (3.111) and (3.114)
T
E\[T, ((N)]=62(1-1)2—=, (3.117)
ks 1 — Tk,
and
4 T T 2 T ?
’ _* 2 ke k. ! k.
Var,\[TTkT,l(N)] =87 (1-1); - Ao+6(1-1)7 _TkT)+ E[A(ﬁé(l -1 - (3.118)
On the one hand, we finally get with (3.112) and (3.115),
, o%t(l-t
EA[T;, 1(N)]> — ) , (3.119)
and on the other hand, using (3.111) and (3.114),
, 46%t(1-71)R  2R?
Vary [T/, (N)] < - T (3.120)

Notice that the assumption (3.109) entails

6%1(1 - ) > max

30CRlog(2.77/u,) N 30Clog(2.77/uy,) 2R N 9C10g2(2.77/ua) N 12R
L L3/2 B 4LloglogL LB ’

12081 —7) i—lg] ,

hence

15CRlog(2.77/u,) 15Clog(2.77/u,) [2R 9Clog*(2.77/u,) 6R 2R
2 ) > 8 a a o a _ i
o‘t(l-1)> T + KL 3 + SLloglogL +L\/E+6|6|\/T(1 T) T

(3.121)

Using and , the condition then leads to

log (2.77/u,) 2R 1og(2.77/u,)  3log?(2.77/uy)
—— +5,[— + = .
L B L3/2 8 LloglogL
(3.122)

EA[T], ,(N)]- \/2Var,\[TT’kT’1(N)]//3 > C(SR

Now, if we set

3 log(2.77/uy) 2R 1og(2.77/uy) T, 1-1 \log?(2.77/ug)
Q(a,ﬂ,L,R,TkT) = C(SR#"’S ?T+3max 1 —TkT, TkT 2 ,

(3.123)
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combined with (3.113) and (3.116), the condition yields

EA[T, ,(N)]- \/ZVar,\[TT’kT’l(N))]/ﬂ > Q(a, B LR Ty,) - (3.124)

Furthermore, from the inequality

2LI(A
P/\ NIZLI(/\)-I— A Séx
B 2
Lemma and the fact that I(1) < R, we deduce that
PA(tl’\,l’TkT’l(l — 1) 2 Q(a, f, LR, 7)) < g . (3.125)

We finally obtain using successively (3.125), (3.124) and the Bienayme-Chebyshev inequality

PUT; ((N) <ty o1 (1=ua) S Py(TY 1 (N) < Q(a,B, LR )) +o

L a(N) < —y2vary [T, ))]/ﬁ)+§

< PA(T,’kT'l(N) E\[T,

<p.
Since log(2/u,) = log((4|log, L] - 2)/a) and L > 3, there exists C(a, 8, R) > 0 such that (3.109) is implied

by
u loglogL
d(1, SY[R]) > C(a,ﬁ,R)\/% ,

which concludes the proof.

Proof of Proposition

Let L>2andset Ag =(R-96")AR
For all k in {1 [L3/4]}, let us define Ay(t) = Ag + "Ly, ¢ ¢)(t) with 74 = k/L and € = AglogL/(25°L).

Then, as soon as
[L34] .\ (R-6*)AR)logL

<1, 3.126
L 2621 (3.126)
A belongs to S5. . [R] for any k in {1,. o [L3/4]j. If in addition
*2
logl 0 (3.127)

L ~(R-—6)AR

Ay satisfies for all k in {1,..., [L34] },

R-06")AR)logL
42 (A, SuIR)) > (B2 AR)logl
4L
Using Lemma and considering a random variable J uniformly distributed on { LY 41} and the

distribution y of A, one can see that it is enough to prove that E,\O[(dPH/dP,\O) ]<1+4(1-a-p)*to
obtain the expected lower bound. The same calculation as in the proof of Proposition|2.19|leads to

(dP” )Z(N)lﬂ VL e hir

+ - .
dP/\o |'L3/4'| e Ao —1
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Therefore, assuming that
VI 0 /(R=6AR | |
|'L3/4‘| 29 */(R-6)AR _ 1

<4(l-a-p)*, (3.128)

we get the expected result, that is

dpl" 2 2
N (dPA ) (N)|<1+4(1-a-p)

We then conclude the proof noticing that there exists Ly(a, 8, 0%, R) > 2 such that the assumptions (3.126),
(3.127) and (3.128) hold for all L > Ly(a, B, 5%, R).

Proof of Proposition

As for all our Bonferroni type aggregated tests of Chapter [3]dedicated to change detection from an

L . , . 1 2) .
unknown baseline intensity, the control of the first kind error rates of the two tests qbg/(l()) , and cj)g/(lé .18
easily deduced from union bounds and the conditioning trick of the above proofs for upper bounds. We
therefore focus here on the second kind error rates.

(1) Control of the second kind error rate of qbg/(i())la.
Let Ain S, _[R] such that A = Ao+ 61, r4¢), With Ag in (O,R], Tin (0,1), 6 in (=Ag, R~ Ap]\ {0} and £ in

(0,1 -1). By now, we aim at proving that P, ( qbg/% 2(N)=0 ) < B as soon as we assume that

Rlog 2/u£3) 2log 2/14,l
dz(/\,S(’f[R])>max(ZJ (L ), J \/R+ ,IZR \/_R] (3.129)

Let us first consider the case where 6 belongs to (0, R — Ag].
Noticing that

P(qb”(l) (N)—0)< inf inf py N[ RO K g 1—£
P90 =)= oy ke,k U \TLY TLT | 7L T Nerm 2 ]|
one can see that it is enough to exhibit some kg in {0,...,[L]—1} and k; in {1,...,[L]—ko} such that

ko k0+k'] K, _ u)
PN N <b 1- 2 .
( (rm T m[ e

We get from that d3()\, S¢[R]) > 3R%/L > 3R?/[L] which entails
0(1-0)>3/[L] . (3.130)
Assume first that € < 1/2. The condition leads to
¢>3/[L1and Tt <1-3/[L] . (3.131)

Therefore, we can define ky = min(k € {0,...,[L]-1}, T <k/[L]) and k; = max(k” € {1,...,[L] - ko}, (ko +
k’)/TL] < T +¢), so that T < ko/[L] < (ko + ky)/[L] < T+ {. Since by definition k¢/[L] -t < 1/[L] and
T+ — (ko +kg)/[L]1 < 1/TL], we get that

ko ko ko +k, 2
m‘g_((m_T)*(”g_ L] ))>€_ﬁ’
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and then, combining with (3.131),

k¢
773 - (3.132)
Lemma|2.24(leads to E; [N (ko/[L1, (ko + k§)/TL1] - (kg/TLT)Ny | = 8(1 = €)Lks/TL] and
ko kotkgl ko ] K, k) \\ kg
Var,\[N(m, o ]—le]_(AO(]L—m)+5(1—(2—5)m))ML
With (3.132), we obtain on the one hand
ko k0+k(’)] K, ] 5
E N[22, 22 0| _ 2o N s Qe - o)L 3.133
*[ (rm T TR R R (3.133)

On the other hand, k{/[L]1< ¢ < 1yields 0 <1—(2—-{)ky/[L] < 1 -ky/[L]. Moreover, using k)/[L] < { again
and the fact that £ < 1/2 one obtains

(K
[L] Il

) 01-¢), (3.134)

and we finally get

ko+k)] Kk
Var/\[N(& M]— ONy [<(Ag+8)(1-0)L . (3.135)

[L1 L] [L]

Recall that I(1) = Iol A(t)dt and notice that (3.129) entails

(1)
6log(2/ua ) 2log 2/ua
5/C(1 —¢) > max 24 - , 2;L \/AO“S ,

thereby
210g(2/ucr 2log 2/ua
2I /\0 + 6
0l(1 -¢) > 2max T 1 5 ﬁL \/ ,
and then

g€(1-€)L> log( \/ o1- €,/2Llog , 2;1 \/25 L(Ao+0) 5136

Thus, with (3.133) and (3.135), the inequality ensures that

ko ko+k’] k} ] ( 21
E \|IN —1 1 € 2L1
[ (ru | %8|y T Og ﬁL
J2Var/\[N(rkT°1,k0r¥(] F"Lé]Nl]

p

+

(3.137)
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Furthermore, we deduce from the inequality

2LI(A
combined with Lemmal[3.23]that
(1
ple 1= s Qg L)< £ (3.138)
o R 2 | =R =g '
with
, 2 kg k, 2 2LI(A)
Q(a,p, L, ky) = log( ]+ \/|-L-| ( ix )\/210g[ﬁ]4 LI(A)+ 5 (3.139)
Using , the inequality (3.137) leads to
kO k0+k/ k, , kO k0+k6 k(,)
E/\[N(m, i ] ix ] Q(a,[},L,kO)+\/2Var/\[N(m, iR ]—I_L_INl]/ﬁ , (3.140)

and we conclude with the following inequalities

ko k0+k’] K, _ ul))

PyIN|—=, N <b 1-—

*( (ru i |t m[ 2
(1)

<P (N ko kotkol kON <Qa, LK)+ b v 1= |5 Qa, LK)
<P AT AR B L kg NP, > |2 Qlasp Lk
B

kg
|—L-| L | |‘L'| N1 <Q(a, [5 L, ko))"" - Wlth

kO k0+k, ] k(,] [ ( kO k()+k’ ] k(’) ]
P N;-E,|N N
*[ AT R R AT T

I/\

(ko k0+k,_

IA

k k k/ /
_\/2Var,\[N((LO] orJLr] ] 73 ]/ﬁ)+— with (3.140)

< B with the Bienayme-Chebyshev inequality .

Assume now that £ > 1/2. We define ky = max(k € {0,...,[L]-1}, T > k/[L]) and k) = min(k’ € {1,...,[L] -
ko), (ko+k’)/TL1 > T+¢) so that ko/[L] <7 < T+ < (ko +k;)/[L]. Notice that the condition entails

1-¢>3/[L] . (3.141)

Since by definition of k and k|, T —ko/[L1< 1/[L]and (ko + k;)/[L]1— (7 +€) < 1/[L], then, with ,

Ko _ Kotk o pyverro KO s (- s e 1ML <1 - 1717 < 1
— = T T——— - - .
L1~ L1 [L]
In the same way, we can also obtain with that
k, ko) (k0+k6 )) 2 1-¢
1- =1-{- + —(t+0)])]|>1-€—— > —— . 3.142
L] (( i)\ o TMEE (3.142)

137



Furthermore, by definition of kj and k), one has k)/[L] > ¢ and since £ > 1/2,
kg (1 Ko )<£(1 0)
|—L] [L1) .

From Lemma we therefore deduce

ko k0+k(’)] k, ] ( K, )
E\|N|—, - N, |=60|1- L
*[ (rm | L]

> 25(1 —¢)L with (3.142) ,

and since ky/[L] > ¢,

(/\ £+é€(1—k—/))(1
°TL] [L]

ko+ki | Kk
v | My

LY 11 | 101

<o)

< (Ag+0)0(1-0)L with (3.143) .

Thus, the condition (3.136) also yields

kO k() + k
[N ( Ly 701 |—L1

where Q(a, 8, L, k(’]) is defined by (3.139) and we conclude that

ko k0+k’] K, _ u)
PN N <b pll-—||<
( (i | H[ 2 ))*

with the same arguments as above.

LT [L]

Let us then treat the case where 6 belongs to (-1, 0). We start by noticing that

k ktK
[LY L]

k/

ke{0,...,[L]-1} k’€{1,...,[L]-k}

P(#50aN)=0) < inf inf P,\[N(

The same choice of ky and k| as in the case where 6 belongs to (0, R — 1] leads to

ke ko+k)] K, I516(1 - O)L
[N(m' L] ]_GN1]<_ 3

Var [N(ko k°+k} k,N ]<)\ &(1 Ko )L< Ko (1
4 L1 [L [L] T L)~

ko ko+kj] K ] ul
P (N(rL-l |_L_| ] leZle ;{L,][T Sﬁ ’

and

and we obtain

k/ ’ ko k0+k
Q(alﬁlleo)J’- 2Var/\ N -,

[L]

(3.143)

following the same lines of proof as above, but with ¢ replaced by || except when it is involved in Ay +9,

and using the lower bound for EN K, (u(()})/Z) deduced from Lemma|3.23

ISV
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Coming back to the assumption (3.129) and the definition of ui,l), one can finally claim that

SRﬁ(¢9/m,s" IR ])<ma ( \/Rlog(rﬂ(ruﬂ)/a) \/210g([L'| L]+ 1)/a) \/7 \/7

—] . (3.144)

VL

which leads to the result stated in Proposition |3.18| for (])g/(i()) o, and the set Sk, ..[R] of the alternative

[AIt".10]. Since S§. [R]C SE, .[R] for any 6" in (=R, R) \ {0}, the same result holds for ¢’L9‘/(i<)),a and the
set 5. .[R] of the alternative [Altll 9]. Notice that in this case, the constant C(a, §,R) involved in the
upper bound can be refined, benefiting from the knowledge of 6*, which explains the formulation with
C(a, B, R, 6") instead of C(a, 8, R) in Propositionm

(ii) Control of the second kind error rate of (j)g/(lz()) o

Let Ain S, [R] such that A = Ay + 01 (¢, ¢4¢), with Ag in (O,R], T in (0,1), 6 in (=1, R~ 4]\ {0} and £ in
(0,1 —1). We assume by now that

60CRlog(2.77/u§3>) S \I/A \/60c1og(2.77/u,§3)) 10g(2‘77/ug2>) —
dy(A,SY[R]) = max( +( — +6VC +2

L B 13/4 W L \/E ’

24‘/ w/310gL] (3.145)

where C is the constant defined in Lemma
Let us prove that this assumption implies P, qbg;f()) 2(N)=0 ) <B.
As above, we invoke that

inf inf  PT, .L(N)<t ,(1—u(2))),
ke(0,..., My 1} K'e{1,..,M; —k) A( A/}[(L’lez( ) Ny, i, Sk “

(k,k")(0,M)

(2)
PA(‘PZﬂo,a(N) = 0)5

to argue that we only need to exhibit some k¢ in {0,...,M; -1} and kj in {1,..., M| —kq} such that (ko, k;) =
(0, M}) satisfying

PA(T:co ko kg (N)<t ko kotky (1 ua )]<ﬁ

Ny, "ML ML

My’ Mg,

Recalling that M| =[L/logL], we get from 3.145 that d2(A,S¥[R]) > 3R?log L/L > 3R?/M| which entails
{(1-0)>3/M; . (3.146)

Let us first consider the case where € < 1/2.

The condition (3.146) leads to
€>3/M, , (3.147)

and therefore, we can define ky = min(k € {1,..., M -1}, T <k/M}) and k) = max(k’ € {1,..., M —ko}, (ko+
k’)/Mp < T +¢), so that T < ko/M| < (ko +ky)/Mp < T+ (. Since by definition ko/M; — 7 < 1/M| and
T+ — (ko +ky)/Mp < 1/M, notice that

k(,) _ kO k0+k6 2
ATL—Z—((E—T)-F(T'FZ— ML >€—ML,
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and then, combined with (3.147),

(3.148)

Lemma(3.19|gives E, I:Tklo/ML (ko+k, )/ML(N)] = 6%(1-0)*(ky/My)/(1-k)/M}), and with (3.148) and the facts

that 1 - >1/2 and 1/(1 -k)/Mp) > 1, we get

2
E, {T’ko btk (N)l > %6(1 -0 . (3.149)
My’ ML
Lemma 3.19]also gives
, 2 1-2-0ky/ML\® 4, , ki/M;p 1-(2-0O)ky/M;
T , = — — 1- - - ,
Var) A}}),%(N)l Lz(/\0+b 1K/M; +L6 (1-20) T=R/M; Ag+0 TR/M;
L L

(3.150)
and since ky/M < ¢ < 1, notice that 0 <1 —(2-{€)k)/Mp < 1 —k{/M|. Moreover using k)/M| < ¢ again,

one obtains
ko/Mp 14

< )
1-Kk/M; - 1-¢

(3.151)

Therefore, using (3.151),

, 2 4 2 4
Vary | T/, (N) S(ﬁ(z\0+6)2+Z(/\0+6)62€(1—€))]lé>0+(ﬁ/\g+z/\052€(1—€))115<0 ,
My’ ML
hence
2R?> 4R
Vary [ T) 0 (N) _—2+T(52€(1—£) . (3.152)
My’ My,

Now, on the one hand, notice that the assumption (3.145) ensures that

2
60CRlog(2.77/u§f)) SR \I/A \/ 60C10g(2.77/u¢(1 )) 10g(2.77 /uff)) —
+( ) L3/4

|6|\/€(1—€)2¢ I 7 +6\/C(ML—1) +2

L L\/E ’
which entails

a1 log(2.77/u‘(12)) R 10g(2.77/u¢(12)) log2(2.77/ugz)) 24R
0°¢(1-€) > 60CR———— 60C1/—— 36C(M -1 . (3.153
( ) > I + B 13/2 + (Mp-1) 12 + \/EL ( )

On the other hand, the same assumption (3.145) ensures that |5]y/¢(1 — €) > 24+/2R/(BL), which leads to

6%0(1—-¢) > 24 ;—Izwh/m—é) . (3.154)

Therefore, (3.153) and (3.154) imply

10g(2.77/u((12)) 2Rlog(2.77/u¢(f)) log2(2.77/ué2)) 12R
520(1-0)>2 C|30R——— L +30, | == ———— L +18(M; -1 ,
(1-0> max(( I ]WEL

uﬁi’gam] ,
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SO

< 1-0=C|5 I 1372 L2

52 log (2.77/uff’) sRlog (2.77/u£,2)) log? (2.77/1423) )
R——— 145 ?—+3(ML—1)—

2R 2R
4t |a|\/ 1-¢) . (3.155)
\/EL

Thus, with (3.149) and (3.152), the inequality (3.155) ensures that

log(2.77/u22)) PR 10g(2.77/u,(12)) 10g2(2.77/u£¥2))
EAlTkO k0+k (N):|ZC(5R++5 ?T+3(ML—1)T)
+ \/2Var/\
2L | _ B
B

My’ Mp
—_— 2 s
combined with Lemma and the upper bound I(1) < R, leads to

T o (N)l/ﬁ . (3.156)

My’ Mg

Furthermore, the inequality

Py Ny ZLI(/\)+

P/\(tl’\hlko s (1 )> Q(a B, L, ko)] g , (3.157)

with

(2) (2) 2 (2)
, log(2.77/ua ) 2R10g(2.77/ua ) KM, 1-k)/M; log (2.77/14,1 )
Q(a, B, L kg) = C| SR—————+45 F—+3max .

L3/2 1-ky/Mp" ky/M; L?
(3.158)
Since kj/Mp <€ <1/2, one has
ky/M 1-k)/M 1-k)/M
max 0/,L , ,O/ L): ,0/ L M,L 1<M;-1,
1-ky/Mp ky/Mp ko/Mp k,
and the inequality (3.156) leads to
E, T’LO ok, (N)}zQ(a,ﬁ,L,k6)+\/2Var,\ T;;o kwk(,)(N)}/ﬁ . (3.159)
Mp” Mg My’ Mg

We conclude with the following inequalities

’ , 2
PA[TkOkO%(N)st 0 il (1_ug>)]

N
My’ M LMy ™M

7 7 7 2 7
<p|T k0+k6(N)<Q(a,ﬁ,L,ko)]+P/\[tN . ko%(1_ug>)2Q(a,/3,L,k0)]

ko
My L Mp M

My’ Mg
<P[T] o (N) < Qa, B, L, ko)]+— with (3.157)

My’ ML
<SPT, sy (N)=Ep ko k0+k’ l \/2Var,\ T’0 iy (N )]/ﬁ +3 with (3.159)
ML’ My My, MM

< p with the Bienayme—Chebyshev inequality .
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Let us then consider the case where € > 1/2.

We define ky = max(k € {0,...,M; -1}, T > k/M;) and kjy = min(k’ € {1,..., M —ko}, (ko +k’)/Mp > T+{) so

that kO/ML <t<T+€< (ko +k6)/ML

Notice that the condition (3.146) entails
3
1-0>— .
M,

(3.160)

Since by definition of ko and k{, T —ko/M < 1/M| and (ko + k)/M| — (T + €) < 1/M], then, with (3.160),

k(') B k0+k6
M, M My

In the same way, we can also get with (3.160)

% ko+k, _
1—ﬁ0:1—5—((1—"—")+(M—(T+£)))>1—e—i>u .

L M, M, M 3

Furthermore, by definition of kj and k| again, one has k;/M > ¢, so

1-ky/M _1-¢
KM, €

From Lemma|3.19, we deduce the expectation
Ex [T vty ko sk v, (ND] = 62€% (1= ko/ML )/ (Ko/ML)

which satisfies with (3.162) and € > 1/2

EA| T ]>—€1 0)

O/ML k0+k /ML

Lemma|3.19|also gives the variance

T

0 k0+k
Mp” Mg

which satisfies with (3.163)

%
an L’ kM

k,/M;

(N)l:%(/\0+6€

0L T— K M, (-3 M)+ 1M, <1

1-kj/My )2+ 462521—k(’)/ML( i Lok

(3.161)

(3.162)

(3.163)

) 2 2 4
Vary | T, . (N) (E(AOM) 42 025(1 (Ao +5))113,>0 +( 523+ 100701 —6))]154) ,

ML’ ML,

thereby
2R?> 4R
Vary | T, g (N) | 5+ 82(1-¢) .
My’ ML
Finally, since kj/Mp > >1/2, (3.161) leads to
max ( O/ML 1 _,k(,)/ML = k(/)/,]\/IL = k6 5 < ML -1

As in the above case where ¢ < 1/2, we can therefore prove that the assumption (3.145) leads to (3.159),

that is

E,

T;O ko+kj (N)}/ﬁ ’

My’ My

Tko k0+k0( ):! 2 Q(a;ﬁ;L,k6)+\/2Var/\

My’ Mg
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with Q(a, B, L, k(')) is defined by (3.158). We then use the same final arguments as in this case, to conclude
that

’ 2
P/\(Tko k0+k’ (N)St k0+k (1—1/{2))]5!‘3 ‘

N
My’ Mg 1ML ML

Coming back to the assumption (3.145), we can thus affirm that

2
o J6OCRlog(2.77/u‘(xz)) SR\ \/6oc1og(z.77/u,§>) \/_log(2.77 /u(<12>)
SR ( o/inSY IR )S 6VC—M—M—m—+
p|Po/10,07Sover[R] max( L +( ) [3/4 * JLlosL

) o

which, since M} =[L/logL] and uf) =2a/(Mp (Mg +1)-2), leads to the result stated in Proposition
for (i)g/(f()) ., and the set Sk, ..[R] of the alternative [Alt".10].

Since Sy. . [R] C 8%, .[R] for any 6" in (=R, R)\ {0}, the same result holds for <j)9/10 » and the set Sy,

of the alternatlve [Altu 9]. Again, notice that in this case, the constant C(a, §, R) could be reﬁned thanks
to the knowledge of 6, which justifies the formulation with C(«, 8, R, 6*) instead of C(a, §,R) in Propo-

sition

IX Technical results for minimax separation rates upper bounds

Lemma 3.19 (Expectation and variance of T/ . (N)).

Let Ty and 7, in (0,1] such that 0 < Ty < 1, < 1 and let N be a Poisson process such that N(0,7;], N(7q, 73],
and N(t,,1] follow a Poisson distribution with respective parameters Lx > 0, Ly > 0 and Lz > 0. Considering
the statistic T, . defined by (3.9), one has

2
T)— T 1—T2+T1
N = PSS Ellehaia U I 3.165
= (e - 22T (3.165)
and
’ 2 T)— T 1-1,+1
Var(TTl@(N))—L—(1 T2+T1(x+z)+ P——
4(1-1+r7 T)—T 2 T)—T 2
— L2 1 2~ U 2~ U
+ = +2z)+ 3.166
L( Ty, —T1 )( 1—T2+T1(x Z)) [(1—T2+T1) (x Z) y] ( )

Proof.
Notice that the statistic T’ can be written as

’ 1 -7

fe(N) = 5| T (N ]+ N(w, 1)° = (N (0,7 ]+ N(w, 1))

l-1H+71
Il S S

F— (N(Tl,rz]2 _N(T1,Tz]) —2N(71,72](N(0,71]+ N (1o, 1])l ]
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Set, as in the proof of Lemma m; and #1; the moments of order i of N(t,7;] and (N(0, 7]+ N(ty,1])
respectively, and ¢; and ¢; the corresponding centered moments of order i. Then, by independence of
N(0,7;], N(t1,72] and N(ty,1], and since m, = m% +my, Wiy = ﬁi% + 11y with m; = Ly and #1; = L(x + 2),

1 T, —T1 _ _ 1—T2+T1 B
E[TT,I,TZ(N)]ZE m mz—m1)+ﬁ(m2—m1)—2m1ml
-1 I-1+7
-z 22 gy,
l-1,+m T —1T1

which gives (3.165). Moreover,

) I ©n—-1

heN) =13 m((N(o,n]+N(rz,1])2—(N(o,n]+N<Tz,1]))

+%(N(Tﬂz]z—N(Tl»Tz])—2N(T1xT2](N(0:T1]+N(T2;1])l :
and then
Ty, (N) = E[T, 1,(N)] %[%((N(o, 7]+ Ny, 1]= )+ (27 = 1) (N(O, 7] + N (e, 1] = iy = it |
+ 1_Tﬂ((N(ﬁ:Tz] —m1)? +(2my = 1)(N(t1,72] = my) — ml)
T, — 171

= 2N (e, o] = ) (N (0, 7]+ N, 1] =ty 41y ) = 2y (N(0, 1]+ N (3, 1] —ﬁﬁ)} .
This entails

2
, 1 T)—T - _ S _ _ _
Var(TTl,Tz(N)): ﬁ[(ﬁ) (C4+(2m1 —1)2C2+m%+2(2m1 —1)C3—2m1C2)
-1+
+(ﬂ

2
) (C4 +(2my —1)%cy + m% +2(2m; —1)c3 — 2m1c2)
-1

_ 2 _ _ Ty — 1T _ _ _
+4(C2m2+m1C2)+2(C2—m1)(C2—m1)—4m1m(C3+(2m1—1)C2)
1-1+
— i ﬂ(C3+(2m1—l)cz)l .
T)— 1T

This leads using Lemma to

2 2
1 - 1-
Var(T;, .,(N)) = F[(%) (4L3(x+ z)% + 2L2(x+z)2) + (%;Tl) (4L3y3 + 2L2y2)

+ 4(Ly(L2(x +2)2 + L(x+2))+ L*p’L(x + Z)) - 4Ly% (L(x+2z)+ (2L(x+z)— 1)L(x + 2))
—ThtT
1-
AL+ 2)— 2T Ly 2Ly - 1)Ly)l .
Ty — 1T
The second statement of Lemmal|3.19|given in (3.166) finally follows from direct computations. O
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Lemma 3.20 (Conditional quantile bound for T/ . (N)).

Assume that N is a homogeneous Poisson process with a constant intensity Ay with respect to the measure
A = Ldt. For t; and 7, in (0,1) such that 0 < Tl < 12 <1, uin (0,1) and nin N, let t; . . (1 —u) the
(1 — u)-quantile of the conditional distribution of T/ . (N) defined by (3.9) given the event {Ny = n}. Then

, -
Ty, —T1 l1-1,+m

1-1,+m T)— T )10 2(277))
u 7

, C 2.77
tn,rl,rz(l - u) < ﬁ(SVllOg(T)ﬁ— 3max(

withC:min»o(e(l+e‘1)2(2.5+326‘1)+((2\/§(2+e+5‘1)) (1+e¢) /\/_)

Proof.

For n > 2 and conditionally on the event {N; = n}, the points of the process N obey the same law as a
n-sample (Uy, ..., U,) of i.i.d. random variables uniformly distributed on (0,1). ¢ (1 —u)is thus equal
to the (1 — u)-quantile of the following U-statistic of order 2

n i-1
nL 2 = L2 Z I)DTI ’(2 l;brl T2 ]) = ZZHL,TI,TZ(UZ'I Uj) ’

i#j= i=2 j=1

l’lTl Ty

where Hy 1, -, (x,9) = 2¢T1,T2(x)(,brl,rz(y)/L2 for any x and v in [0, 1].

Since for all 0 < 7; <7, <1, ¢y, 4, is orthogonal to 1y (in L,([0,1])), the variables ¢, ., (U;) are centered
and we can apply Theorem 3.4 in [HRB03]. We obtain that there exists some absolute constant C > 0
such that for all x > 0 and for all n > 2

P(T, | o100 2 C(AVE+ Apx + Agx™? + Agx?)) < 2.77¢7

n,L,tl, 12 =

where

A} =n’E[Hy,q, .,(Uy, Us)?]

n i-1
A, = sup (‘ {ZZHLMZ U, Upfi(U, l

i=2 j=1

n-1
gjz(Uj)] <1, f; and g; Borel measurable functions | ,
j=1

Ay = sup |HL,T1,T2(x’y)| .
x,v€(0,1]

From Theorem 3.4 in [HRBO03], notice that the constant C can be taken equal to

C= min(e(l +e1)2(2.5+32e71 )+ ( (2V2(2+¢e+ e v+ 5)2/\/5)) .

>0

Let us now evaluate A;,A;, A3z and Ay.
Since the function ¥, ;, has a L,-norm equal to 1 and the U;’s are independent, we get

]2 4n?

4n?
At = FE[IP%,TZ(UI) =T
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The independence of the U;’s and the Cauchy-Schwarz inequality applied twice also yields

‘E

n i-1

3" Y Hy o (U, U fi(Ug(U)

i=2 j=1

! 1
% Zl,J\ lpTl Tz fl dx L lprl,rz(}/)g](}))d})‘

-1
% \/ Z (v)dy
=1

ZJ

—JE[f ~E[g’(U))]

hence A, < 2n/L?. Moreover,

:_WJ%@%W

velo1]

=—SUPIP ®)
L4 y€l0,1] et

4n (1—T2+T1 Ty, —T1 )
= — max

L* -1  1-1+1

To conclude,

(1—T2+T1 T)— T )

2
2 2
Ay = ﬁ( sup |¢T1;T2(x)|] = ﬁmax -1 ' 1-n+1

x€[0,1]
We finally obtain for all x > 0 and for all n > 2

T, — T 1-1+7

l-1,+7 Ty —T
+2max( 272 l)xz]]32.77ex
Tr,—T 1—T2+’l'1

C l1-tH+71 Ty —T
]P(TT:,L,TI,TZ Zﬁ(Zn\/an 2nx+2\/nmax( 2t 27l )x3/2

Then notice that for all x >0

l1-1,+71 TH—T l-1,+71 TH—T
2\/nmax( 2 1 2 1 x3/2Snx+maX 2 1 2 1 x2,

T, —T1 ’ 1-1,+1 T, — T ’ l-1,+1
whereby
p(T’ > & (onvr+snrs3max[ 1220 2o o)) o) g7 (3.167)
X ’ —_ . . .
n,L11T2—L2 T, — T 1—T2+T1

By convention, (3.167) also holds for n in {0,1} such that T’ , , = 0. We then obtain for all # in N and
=log(2.77/u) (which satisfies x > 1 for all u in (0, 1))

’ C 2.77 1—T2+T1 T, — 1T 2 2.77
IP>(TH'LT1T22L2(51110&%(7)+?)max( -1 1-Ty+1 log (7) su

This allows to end the proof. O
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Lemma 3.21 (Conditional quantile bound for max/min (g 1-¢) N(7, T +£]).
Let L>1and 0 <{<1. For any n in N\ {0}, the (1 — a)-quantile b} ,(1 — a) of the conditional distribution of
maxqe(o,1-¢] N (T, T + ] given Ny = n under (Hy) satisfies

2
by (1—a)<{n+ gg_ (—log( 520 )) ,
where g is defined by (2.44). Moreover, b ,(1-a) = 0.

For any n in N, the a-quantile b, () of the conditional distribution of min e[o,1_¢] N(7, T +{] given Ny = n
under (Hy ) satisfies

by (@) > tn—4 2nlog(3aﬂ) .

n,

Proof.
Let nin N\ {0}. If Uy,..., U, denote independent uniform random variables on (0, 1), let us consider the
empirical process U,, associated with these random variables, defined for 0 <t <1 by

1 n
i=
Let £in (0,1/2] and x > 0 satisfying
x2n€+gg_ (—1 g(320)) . (3.168)

Then, we may compute for all Aj in (0, R)

ter[r(}ellxﬂ[z]lx st Z]lx <f] X | Ni = ”J
1< X
=P/\ [ter[lg?Xg] [E; X, <t+€ — Zﬂxq ]>\/ﬁ(z—€)|N1:n]

SP,\O( max |U (t+0€)— n(t)|>\/ﬁ(z—€)|N1=n)

te[0,1

Py,| max Nt t+€]>x|N1:n]_
te[0,1-¢]

<P/\O[max max |U,(t+2z)- n(t)|>\/ﬁ(g—€)’N1:n] .

0<z<1 tG[O 1- Z]

We shall use now an inequality for controlling the oscillations of the empirical process which is due to
Mason, Shorack and Wellner, and which can be found in Chapter 14 of [SW86] page 545 under the name
of Inequality 1. We get

n X
sup P max N(t,t+{€]>x|N _n)<320ex (—— (2(——5)))
/\OG(ER) /\O(te[OI -{] | ! P Zg n

< a using .

This yields bt ,(1-a)<nl+ ng~'(32log(320/a’)/n)/2 for every n in N\ {0}, which is the first statement
of Lemma The fact that b+ (1 —a)=0is obvious.
Now let again nin N\ {0}, ¢ > 0 and v in R satisfying

320
<nl—44/2nl . 1
y<nl nog(a_g) (3.169)
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We compute for all Aj in (0, R)

. . y
Py, tel[‘lol’lll’_lg]N(t,t-f-f] <y | Ny = n] :P/\O(ter[l(},llrig](U”(Hg)_U"(t)) < \/E(; —5) | Ny = n)
_P/\O( max (Un(t)—Un(t+€))2\/ﬁ(€—z)’len)
te[0,1-L] n

SP/\O[max max (Un(t)—Un(t+z))Z\/E(€—%)|N1:n] .

ogzg% te[0,1-z]

Applying now the second part of Inequality 1 page 545 in [SW86], we obtain

: n v \?
P N(tt+0) <y | N =n)|<320 ——(e——)
/\Osel(lgR) Ao(ter[{)l,llrlé’] (Lt+ll<y | ! n) xp ( 32 n )

<a-¢e<a using .

This entails b;’g((x) > nl — 4\/2nlog(320/(a—£)) for all € > 0. With ¢ tending to 0, we get b;’g((x) >

nl — 4+/2nlog(320/a '), which leads to the second statement of Lemma with the obvious fact that
by (a)=0. O
0,0

Lemma 3.22 (Conditional quantile bound for sup,¢(g 1) Sé*,r*,r*+€(N))'

Let L>1and ny>1. Forall 0 < n <nyL, the (1 — a)-quantile s;fé* o (1 —a) of the conditional distribution of
SUPse(0,1-1) Ssr ze.r-4¢(N) given Ny = n under (Ho) with S§. . . ,(N) defined by (3.18) satisfies

’

SnJ,ré*,T*,L(l - 0‘) < Q(”o; o, a),

where

Q(no, 6", a) =log(2)

(619 +|6*|) (619 + 2|6*|/3) l ( 72 ) g + 0|
3a

5*2 3] 318
Proof.
First recall that (see (3.18))

S/

N E sgn(é*)(N(T*, T+ 0] - ON, ) _|5e(1=0)L/2
Since N is an homogeneous Poisson process, the processes (N, N(t*, T+€])e(0,1-r+] and (N1, N (0, €])e(0,1-1]
have the same finite dimensional law and since N is a right continuous process, we get that sup,cg 1)
Sé*,"f*,r*+€(N) is distributed as
|67

(1-0)L) .
e(1-0)

sup (sgn(é*)(N(O,Z]—ZNI)—
£e(0,1-7%)

As seen above, for n > 1 and conditionally on the event {N; = n}, the points of the process N obey the

same law as a n-sample (Uy,..., U,) of i.i.d. random variables uniformly distributed on (0, 1). Therefore,
considering the empirical distribution function F,, associated with this sample defined for 0 <t <1 by

1 n
Falt)=~) Txe
i=1
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conditionally on the event {Nj = 1}, Sup;c(g 1) S5 1+ -, ¢(N) is distributed as

sup (sgn(b*)(nFn(Z)—n€)— 10 '47(1 —Z)L) .
Ce(0,1-7) 2
Notice first that for all n > 1 and for all x >0
6* *
IP’( sup (sgn(é*)(nFn(Z)—nf)— | |Z(l —€)L) > x] < IP’[ sup (sgn(é*)(nFn(f) —nl) - 10 |€(1 —Z)L) > x] .
0e(0,1-77) 2 £€(0,1) 2

Moreover, since the process ( —(nF,(£) - n€)) 1 has the same distribution as the process (nF,,(l -{)—

C€(0,
n(1—€)) , one has when 6* < 0

£€(0,1)
]P{ sup (sgn(é*)(nPn(Z)—nZ)—mf(l—€)L)>x]:IP’[ sup (nPn(l—€)—n(l—€)—m€(l—€)L)>x]
e(0,1) 2 e(0,1) 2

"Z'e(1—€)L)>x) .

= IP’( sup (nFn(f) —nl—
C€(0,1)

Therefore, whatever the sign of 6%,

P[ sup (sgn(é*)(nFn(& —nl)— 10 |5(1 —€)L) > x] < IP’( sup (nFn(E) —nl — 10 |Z(l —€)L) > x] s
e(0,1-1) 2 e(0,1) 2
and
]P{ sup (sgn(é*)(nFn(€)—n€)—|6 |€(1—€)L)>x]§]P’( sup (nFn(€)—n€—|6 |€(1—€)L)>x]
£€(0,1-7%) 2 2€(0,1/2] 2

|62*|€(1 —Z)L) > x] . (3.170)

+1P’( sup (nPn(f)—M—
2e(1/2,1)

Let us now prove that on the one hand

IP( sup (nPn(€)—n€— LAy —€)L) > Q(no,é*,a)] <4 (3.171)
e(0,1/2] 2 2
and on the other hand

o]

N R

IP’( sup (nPn(€)—n€— (3.172)
le

(1/2,1)

. Z(l—€)L)>Q(n0,5*,a)]S

Let 1 <n <ngL. Set C(6%,ng) = 0|/ (6ny) and C’ (0%, ng, n) = {exp( %% )J
For all k in {0,...,C’(8%,ng,n) — 1}, we define

;. _ 3+20(5"mg) log(k+1)
K7 T3C(6% ng)2 n ’

and

3+ 2C(6% ng) log(C’(6*,ng,n) + 1) ) Al

Conormom = 3C(6%,19)? "
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Notice that with such definitions, ¢; belongs to [0,1/2] for all k in {0,...,C’(6",ng,n) =1} and €c/(5 ny,n)
belongs to (1/2,1].

Applying Bernstein’s inequality, as stated in equation (2.6) in [BDR15][page 12], one obtains for every
x>0 and every kin {1,...,C’(0%, ng, n)}

21 —x
]I”(nFn(€k) > nly + \2n€e(1 — €p)(x + 21ogk) + W) < ‘;(—2 .

A union bound therefore gives for every x > 0

>1-—e

2
P(vk €{1,...,C/(8", ng,m)}, nF,(€) < nly +~2nb(1 — L) (x + 2logk) + = 8% 231"%") 1-Z

Using the inequality V2ab < aC(6*, ng) + b/(2C(6%, ng)) and the fact that € +— nF,(€) is nondecreasing, we
get

2logk  x+2logk
P(Vke{l,...,C’(é*,no,n)}, VE € (Gy, O], nE,(€) < nly + C(8", ng)nCe(1 ;) + -o=08% | XF Og]

2C(onng) 3

7.(2

>1-—e™ .
= 6€

Therefore, with probability larger than 1 —t?e™*/6, for all k in {1,...,C’(5*, 19, n)} and all € in (£_1, k],

3+2C(6%, 1) 3+2C(6%, 1)

nF, (€) <nl, + C(6%, ng)nli(1 — &) +xm + logkm
=nli + C(6", ng)ntr(1 —4£;) +x%{f;’£0) + C(6%,ng)ni_q
<nl + C(6%, no)nti(1 — &) +x%€i§;’30) + C(6%, ng)nl
=nl + C(6",ng)nl(1 —€) + C(6", ng)nl + n(€y — ) + C(6", no)n (€ (1 =€) —€(1 - ¢)) +x%€i’on)o)
<nl + C(6", ng)nl(1 —€)+ C(6", ng)nt + n(€y — €) + C(6", ng)n(1 —€) (€, — €) +x%(f;’0n)0)

3+2C(8%my) o 3+2C(5",no)

<nl+ C(6%, ng)nl(1 —£€)+ C(6", ng)n€ + (1 + C(6%, ng)(1 1)) 3C (o, m? 0g2+x 6C(o" o)

Finally, we have proved that with probability larger than 1 — 7t?¢ /6, for all £ in (0,1/2],

. . 3+2C(0%n 3+2C(0%n
T’IFn(g) <nl+ 3C(6 ,no)n0L€(1 —Z) + (1 + C((S ,nO))Wlogz—i_xW}m))()) ,
hence
|67 . a
Pl sup |nF,(¢)—nl——C(1-0)L]|<Q(ngo%a)|[>1-=,
€(0,1/2] 2 2
that is (3.171).

Define now ¢; = 1 -¢; for all k in {0,...,C’(6",n9,n)} and notice that £; belongs to [1/2,1] for all k in
{0,...,C’(6%, ng,n)— 1} and €’C,(6* ny,n) DelONgGS to [0,1/2).
Applying Bernstein’s inequality again, one obtains for every x > 0

2logk 2
B|Vk € (1,...,C'(6% 0, m)), nFy(Gy) < by + |20, (1 —51;1)(x+210gk)+“—°g] >1- e

3
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With the same computations as in the above case, we get

x+210gk+x+2logk
2C(5*,1’l()) 3

P|Vk € (1,...,C'(8", no,n)}, Y€ € [€},€]_,), nF,(€) < n€)_+C(5",no)nl;_, (1-€,_,)+

2
T
>1——e™™ .
6

Therefore, with probability larger than 1 —t?e™*/6, for all k in {1,...,C’(6%, 19, n)} and all £ in [5,’{,61’(_1),

, . , , 3+2C(6%ng) 3+2C(6% ng)
< - JTe-\ w0 2T,
nF,(€) <nl,_, +C(6", no)nl;_(1-€;_;)+x 6C(o",y) +logk 3C(6, 1g)
’ * ’ ’ 3+ 2C(6*, Tlo) Gk ’
:nfk_l + C(é ,no)ngk_l(l _gk—l) +XW + C(é ,Tlo)i/l(l _gk—l)
’ * ’ , 3+ ZC((S*, nO) *
<nly_ +C(0", no)nly_ (1 -€,_;)+ x—6C((5*,n0) + C(6%,ng)n(1-2)
<nl -+ C(8",no)nl(1— ) + (8", no)n(1 =) + n(€)_, —€)+ C(&",mo)n(1 - ) (€, —€) + 2 +2C(0% no)
6C(6*, 7’10)
. . . 3+2C(6%n 3+2C(6%n
<nl+C(6%,ng)nl(l1—£€)+ C(6%, ng)n(l =€)+ (1 + C(0%, ng)(1 —€))Wlog2+xw .
Finally, we have proved that with probability larger than 1 —t?¢™/6, for all £ in [1/2,1),
. . 3+2C(6%n 3+2C(0%n
nF,(€) <nl+3C(6%, ny)ngLl(1 —€)+(1+C(0 ,no))WIOgZ +xW ,

hence
lézlf(l —€)L) < Q(no,é*,a)] >1 —% )

P( sup (nFn(€)—n€—
e[1/2,1)

that is (3.172). Combined with (3.170), the equations (3.171) and (3.172) conclude the proof using the
obvious fact that SOT(S‘,T*, [(1-a)=0. 0

Lemma 3.23 (Conditional quantile bounds for N(7;, ;] — (1, — 71 ) Ny). i
Let L > 1, u in (0,1), 7y and 7, such that 0 < 7y < 1y < 1 and n in N. The u-quantile b, ., . (u) of the
conditional distribution of N(ty,7,]— (7, — T1)Ny given Ny = n under (Hy) satisfies

- glog(l/u) —\n(ty =) (1 =2+ 11)y/2log(1/u) < by 1, o, (11)

< 2 1og(1/(1 ~ ) + \n(T ~ 1)(1 -~ + 11y 2ToB (/T 1)

Proof.

Let n> 1. Under (Hj) and conditionally on N; = n, N(7y,7;] - (1, — 71)N; follows a recentered binomial
distribution with parameters (1,7, — ;). Applying Bennett’s inequality as stated in Theorem 2.28 in
[BDR15] to Y !, (X; — (1 — 71)) where (Xy,...,X,,) is a sample of i.i.d. random variables with a Bernoulli
distribution with parameter 7, — 7; , we obtain for all x > 0

X
sup Py, (N(t,0]-(th—11)N;y>x|Ni=n)<exp|l-n(tr,-t)(l -1 +7 .
Aoesgp[R] Vo (N(T1, 2] = (T2 — 11)Ny > x [Ny = 1) p{-n(ta—1)(1 -1 +11)g n(rz—rl)(l—rz+rl)))
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It directly follows that

- -1 log(1/u) )

b,z (1 —1) (=1 )(1 -T2+ 11)g nt-1)1-t+1)

The upper bound (2.45) for ¢~! and the fact that EO,Tz—Tl (1 —u) =0 allow to conclude for the first part of

Lemma 3.23l Then, following similar arguments, but applying Bennett’s inequality to } ", (1, — 1) - X;)
and using the continuity of g~! as in Lemma one obtains the second part of Lemma O

Lemma 3.24 (Conditional quantile bound for SUP¢(0,1) S:S*,m (N)).
Let L>1and ng > 1. Forall 0 < n < nyL, the (1 — a)-quantile s;;b—*,L(l — a) of the conditional distribution of
SUP.e(0,1) 5,1 (N) given Ny = n under (Hp) with S. | (N) defined by (3.18) satisfies

sis (1= a) < Q(ng, 8", )

where Q(ng, 5", a) is defined in Lemma|3.22)

Proof.
Notice first that SUPre(0,1) Sé*,m(N) is distributed as
. |67]
sup [sgn(6*)(N(0,1-7]-(1-7)Ny)——7(1-7)L
t€(0,1) 2

Now, recall that for n > 1 and conditionally on the event {N; = n}, the points of the process N obey
the same law as a n-sample (Uy,...,U,) of i.i.d. random variables uniformly distributed on (0,1) and
consider the empirical distribution function F,, associated with this sample defined for 0 <t <1 as in
the proof of Lemma Then, conditionally on the event {N; = n}, SUP¢(0,1) Sé*,r,l (N) is distributed as

|52*|’l’(1 - T)L) .

sup (sgn(é*)(nFn(l —-7)—-n(l- T)) -
7€(0,1)

Since the process (=(nF,(1-7)~n(1-1))),¢(0,1) has the same distribution as the process (1nF,(7)=1T)¢(0,1),
whatever the sign of 0%, sup,¢(g1)S;- 1 () is distributed as

|62*|T(1 —T)L) .

sup (Tan(T) —-nt -
7€(0,1)

The proof now follows the same line as the proof of Lemma just replacing ¢ by t and using the fact
that slofé*,L(l —a)=0. O
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CHAPTER
FOUR

MINIMAX AND ADAPTIVE MULTIPLE TESTS FOR DETECTING AND
LOCALISING AN ABRUPT CHANGE IN A POISSON PROCESS WITH A
KNOWN BASELINE INTENSITY

In this chapter, we focus on the question of simultaneously detecting and localizing a single
change point in the intensity of the Poisson process N when its baseline is assumed to be known, equal to
a positive constant function A on [0, 1], and on the construction of change point estimation procedures.
The results of this chapter go further than the minimax study done in Chapter[2]since it also consider
the change point localisation in addition to its detection. We formulate this change point localization
problem as a multiple testing problem, and we present a nonasymptotic minimax study.

As in the previous chapters, we consider various sets of intensities that are defined according to the
change height knowledge. For each sets, lower bounds for minimax family-wise separation rates are
provided, as a preliminary basis for corresponding upper bounds. As explained in Chapter [T} these
upper bounds are obtained by constructing minimax or minimax adaptive multiple tests, which are
based on aggregation of either linear or quadratic statistics, coupled with adjusted critical values. In
Chapter [4|Section[III} we draw a parallel between minimax multiple testing procedures and confidence
intervals for the jump localisation and when appropriate, it is shown that the confidence intervals are
of minimal length. Proofs of the results are postponed to ChapterSection All along the chapter, we
will introduce some positive constants denoted by C(a, §,...) and Ly(a, 8,...), meaning that they depend
on (a,pB,...). Though they are denoted in the same way, they may vary from one line to another. When
they appear in the main results about lower and upper bounds, we do not intend to precisely evaluate
them. However, some possible, probably pessimistic, explicit expressions for them are proposed in the
proofs.

I Minimax multiple test for detecting and localising a jump with a known
change height
In this section, we focus on the case where the height of the possible jump from A in the intensity A of

the Poisson process N is known, equal to 0" in (-1, +o0) \ {0}. Hence, for Ag > 0 and 0" in (—A¢, +o0) \ {0},
we introduce the set S[A(, 0*] of intensities with one jump of height 6* from A, at location 7, that is

S[Ao, 8 = {A:[0,1] > (0,+00), T € (0,1), Yt € [0,1], A() = Ag+ 5" T 13(1)) (4.1)

and the set S[ Ay, 8] = S[Ag,6* ]U{A() of intensities with at most one jump of height 6" from A at location
7. By convention, we say that the intensity A in S[Ay,0*] is constant and equal to Ay when its jump
location 7 is equal to 1.
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In the aim of localising the jump location, we consider for M in N¥, the collection of hypotheses Hy; 5 =
{Hi[Ao,0%], k €{1,...,M}} where for all k € {1,..., M},

Hi[ A, 81 ={1:[0,1] = (0, +00), I € [k/M, 1], ¥t € [0,1], A(t) = Ao + 6 L 1)(1)} -

Notice that for all k in {1,..., M}, the hypothesis Hy[A¢, 6] is included in S[A, 5*] and that Hy[Ag, 6*] =
{Ao}. Moreover, since the hypotheses are nested in the sense that

HM[/\(),é*] C HM—l [/\0,6*] CcC...C Hl[/\o,é*] ,

the collection H), s is closed under intersection (that is any intersection HNH’ of two hypotheses H and
H’in Hy; 5 also belongs to Hyy s ). In particular (\Hyy 5+ = Hpp[ Ao, 0] = {Ao} and then, for the considered
multiple testing problem, given prescribed levels a and g in (0,1), a lower bound for the (&, )-minimax
Family-Wise Separation Rate over S[1(, 6] can be deduced from Lemma

mFWSRa,ﬂ(S[/\(),(S ]) > mSR (S[/\(), ] y

where mSR{ 0} (S[Ao,07%]) is the (a, B)-minimax Separation Rate over S[ A, 6*] for the problem of testing the

null hypothesw A=Ay versus "A = Ay”, defined by . Since mSR (S[/\O, *]) corresponds to the
minimax separation rate of the jump detection problem with known basehne and jump height studied
in Chapter [2]Section[V.1} the Proposition[2.14|finally leads to the following lower bound.

Proposition 4.1 (Minimax lower bound).
Let o and B be fixed levels in (0,1) such that a + <1, Ay > 0 and 6" in (—Ag,+o0) \ {0}. For all M in N* and
forall L> Aglog Ca,ﬁ/éd,

. /\ologCa,ﬁ P
mFWSRa’ﬁ(S[Ao,é ]) > f’ where Ca’lg =1 +4(1 - —/3)

In order to prove that the above lower bound is sharp (possibly up to a constant), we secondly construct
a minimax multiple testing procedure. Let us begin with a preliminary remark which provides a rough
upper bound for the mFWSR.

Remark 4.1.

Let r > 0 and M in N*. Recall that for A in S[Ag,0"], F(A) = {Hi[Ao, 0] € Hprs d2(A, Hi[Ag, 0%]) > 1}
with d, (A, Hi[Ag, 0%]) = [0*|VK/M — Tl <i/p for all k in {1, } One has the following straightforward
assertion

VA1eS[A, 0] FEN) =0 = r>|5 . (4.2)

In particular, for all multiple testing procedure R,
FWSRg(R, S[Ag,0%]) <[67] . (4.3)

Therefore, with the lower bound established in Proposition we get that for all M in N* and for all
L> Aylog Ca,ﬁ/5*2,

AplogC
\/@<mFWSRaﬁS[/\Of 5 <5°] with Cp = 1+4(1-a~p)’

A noteworthy fact highlights by the previous inequality is that mFWSR, 3(S[A¢, 0%]) is bounded by quan-
tities which does not depend on the choice of M.
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To construct a multiple test whose p-Family-Wise separation rate over S[1(, 6] achieves, possibly up to
a multiplicative constant, the minimax lower bound for mFWSR, 4(S[Ag, 0]) established in Proposition
4.1} we use the closure method of Marcus et al. [MPG76] applied to single tests of the null hypotheses
Hi[Ag, 0] in Hyy 5+ versus the alternatives S[Ag, "]\ Hx[Ao, 0] respectively. For k in {1,..., M}, let ¢, ; be
the test defined by

$1k(N)=1Ls, (N)>sy i(1-a) (4.4)

where Sy is defined by

k k * k
Sé*,k(N) = tE(SOlj(gM)(Sgn(é*)(N(t,M]—/\0L(M—t))— |62|L(M—t)) y (45)

and s i (u) is the u-quantile of Sy j under Hy[A(, 0*].

These simple tests, which take the knowledge of the change height 6" into account, are inspired of the
one defined in and considered in Chapter[2]Section which achieves the minimax separation
rate of the simple testing problem of detecting a single change point in the intensity of a Poisson process
when the jump height is known.

We then define k; = sup{k’ € {1,...,M}, ¢1, = 0} Vv 0, leading to the definition of our multiple testing
procedure R : )
R] = {Hk[Ao, 6*] t k > kl + 1} B (46)

where we recall that sup @ = —co.

Studying the FWSR of the proposed multiple test from a nonasymptotic point of view necessarily in-
volves to quantify or at least to derive a sharp upper bound of the quantiles sg ;(1).

The following lemma, which generalises the result of Lemmal[2.30]and which is deduced from an early
result of Pyke [Pyk59|, allows in particular to see that the quantile of the supremum of a homogeneous
Poisson process with intensity £L > 0 (with respect to the Lebesgue measure on [0, +c0)) and with some
well chosen drift can be upper bounded by a positive constant not depending on L. This will be a key
point of the proof of Theorem[4.3|below, providing an upper bound for the FWSR of our multiple test
R4 over S[Ag, 5]

Lemma 4.2.

Let L>1,&>0and o > 0. Let (Nf)tzo be an homogeneous Poisson process with a constant intensity EL > 0
defined with respect to the Lebesgue measure. Then for all u in (0, 1), the u-quantile ofsupt>0(Nf —(E+0)Lt),
denoted by qz(u,0), is a positive constant which does not depend on L. -

Comment.

Notice that when ¢ tends to infinity (Nté — (& + 0)Lt) tends to —co almost surely which ensures that
supt>0(Nf — (& +0)Lt) is finite almost surely. Therefore, IE”(supt>O(Nt5 — (& +0)Lt) > x) tends to 0 when x
tends to +co. Gathering this remark with the equation (7) in [Pyk59] then straightforwardly leads to the
above result.

We can now state the main result of this section, showing that our multiple test R, has a Family-Wise
error rate over S[ g, 0*] controlled by @, and is minimax over S[Ag, 0*].

Theorem 4.3 (Minimax upper bound).
Let L > 1, a and B be fixed levels in (0,1), Ag > 0 and 6" in (—Agy,+o0) \ {0}. Then, there exists a constant
C(a, B, Ay, 0%) > 0 such that the multiple testing procedure Ry defined by (4.6) satisfies for all M in N*,

Cla, B, Ao, &)

FWER(R) < @, and FWSRg(R,S[Ag,0"]) < min|[57], Nij
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In particular, for all M in N* and for all L > (C(a, 8, Ao, 6*)/6*)2,

mEWSR, (5[4 87) s S )

Comment.

This result, combined with its corresponding lower bound, shows that the minimax family-wise sep-
aration rate over the alternative set S[Ag,6*] is of parametric order L™"/2. For M = 1, recall that the
minimax family-wise separation rate is equal to the minimax separation rate since only one hypothe-
sis is tested. In this case, we recover in particular the minimax separation rate established in Chapter
Section [V.1]dealing with the change-point detection problem with known baseline and jump height.
By the way, the proof of Theoremneeds the condition on the distance between A in S[(,0*] and
Hp[Ag,6*] = {40} established in Proposition [2.15]to prove the upper bound for the minimax separation
rate of jump detection problem. It is worth noting that the multiplicity of the hypotheses in our mul-
tiple testing framework does not affect the rate of the mFWSR which remains in the parametric order
whatever the value of M.

II' Minimax multiple test for detecting and localising a jump with an un-
known change height

In this section, we tackle the question of adaptation with respect to the change height and the jump
location, and therefore introduce to this end a preliminary set for Ay > 0,

S[Ao] ={1:[0,1] = (0,+00), (0, 7) € {(=Ag, +00) \ {0}} x (0,1), Yt € [0,1], A(t) = Ag+OL((,1)(t)} - (4.7)

As in ChapterSection a lower bound for the (a, )-minimax Family-Wise separation rate over S[Ag]
is determined using Lemma and the (a, f)-minimax Separation Rate dealing with simple testing
problem for the null hypothesis (Hy) ”A = {1o}” versus the alternative (H;) ”A € S[Ay]”. However, recall
that the Lemma underlines that the (a, B)-minimax Separation Rate over S[Ay] is infinite.

We therefore consider, for R > A, the more suitable set of alternatives bounded by R, defined by:
S[/\(),R] = {/\ : [01 1] - (O,R], 3(5r T) € {(_/\OJR_ /\0] \ {O}} X (0, 1)1 Vte [0: l]x /\(t) = /\O + 5]1-(T,1](t)} .

In the aim of localising the jump location, we consider for M in N¥, the collection of hypotheses Hy; r =
{H¢[Ao,R], k €{1,...,M}} where, for all kin {1,..., M},

HelAo, Rl = (A 3(5,7) € {(~Ag, R= Ag] \ {0} x [k/M, 1], V£ €[0,1], A() = Ag+ 61 11(t)} -

In particular, for all k in {1,...,M]}, the single hypothesis H[Ag, R] is included in the set S[A¢,R] =
S[Ag,R]U {Ap} of intensities bounded by R with at most one jump. As in ChapterSection we say
that the intensity A in S[A(, R] is constant and equal to Ay when its jump location 7 is equal to 1 and we
notice that Hys[1g, R] = {Ao}-

The collection H), r is closed under intersection because the hypotheses are nested: Hy([A, R] C Hy_1[Ao, R] C
... C Hi[Ao,R], and in particular (\Hpr = Hy[Ag, R] = {A¢}. Then we get by Lemma that for o and
Bin (0,1),

mFWSR,, 5(S[Ao, R]) = mSR.'% (S[A0,R]) ,
where mSRﬁ%}(S[/\O, R])is the (a, B)-minimax Separation Rate over S[A(, R] which corresponds to the min-
imax separation rate of the jump detection problem with known baseline studied in Chapter|[2]Section
Therefore, Proposition [2.17|ensures the following lower bound.
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Proposition 4.4 (Minimax lower bound).
Let a and B be fixed levels in (0,1) such that a + p < 1/2, Ay > 0 and R > Ay. There exists Lo(a, f, Ag,R) > 0
such that for all M in N* and for all L > Ly(a, , Ao, R),

mFWSR, 4(S[ Ao, R]) > \/% .

Let us now construct a multiple test whose f-Family-Wise separation rate over S|y, R] achieves, possibly
up to a multiplicative constant, the above minimax lower bound for mFWSR, (5[0, R]).
We begin with a preliminary remark which provides a rough upper bound for the mFWSR.
Remark 4.2.
Let r > 0 and M in N*. Recall that for A in S[Ag, R], F(A) = {Hk[Ao,R] € Hpr, d2(A, Hk[Ag,R]) > 1} with
dy(A, Hi[ Ao, R]) = [0|VK/M — Tl <4/ for all k in {1,..., M}. One has the following straightforward asser-
tion

YAeS[Ag,R], /() =2 < r>=A3V(R-1g) . (4.8)

In particular, for all multiple testing procedure R,
FWSRg(R, S[Ag,R]) < AoV (R=Ag) - (4.9)

Indeed, let ¥ > 0 be such that r > 1y vV (R— Ap). Then for all A in S[A(,R], F(A) = @ and then Py(F(A) C
R)=12>1-p for all multiple testing procedure R and for all A in S[A(,R].
Therefore, with the lower bound established in Proposition we get that for all M in N* and for L

large enough
loglogL
N/AOO% < mFWSR,, 5(S[Ag, R]) < Ag V (R— Ag) -

Again, it is noteworthy that mFWSR,, 4(S[A¢, R]) is bounded by quantities which does not depend on the
choice of M.

Following the discussion of Chapter[2]Section[II} we define two different minimax multiple tests: the first
one is based on counting statistics and the second one is based on quadratic statistics. Both statistics are
inspired of the ones considered in Chapter 2] Section which achieve the minimax separation rate
of the jump detection problem. Both multiple testing procedures are defined according to the closure
method of Marcus et al. [MPG76] applied to single tests of the null hypotheses Hi[A(, R] in Hy g Versus
the alternatives S[A(, R] \ Hi[ Ao, R] respectively.

We consider the corrected level u, = a/|log, L] which allows to define the two following multiple tests.

Let us begin with the minimax multiple testing procedure based on counting statistics and let k in

{1,...,M}. We then consider a simple test (;[)(21,1 for the null hypothesis Hi[1(, R] versus the alternative
S[Ag, R]\ Hg[Ag, R] defined by

MaXje(1, . [logy L] }[N( ﬁ( 1-27 )’ﬁ] P AgkL ( 1‘%“ )]>0}
M2]
v 1
{max

where pg(u) stands for the u-quantile of the Poisson distribution of parameter &.

je{ 1,....llogy L] }

. (4.10)
P ()N (127 >,m]>o}

We consider 12(21) =sup{k’€{1,..., M}, ({)(21,1 =0} v 0 and we define our multiple testing procedure R(ZI) by

RV = (H[Ao,R]: k> kM +1) . (4.11)
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We establish in Theoremﬁthat our multiple test R(zl) has a FWER over S[ Ay, R] controlled by a and is
minimax over S[ Ay, R].

Theorem 4.5 (Minimax upper bound).
Let L >3, a and f be fixed levels in (0,1), Ay > 0, R > Aq. Then, there exists a constant C(a, p, Ao, R) > 0 such

that the multiple testing procedure R(zl) defined by satisfies for all M in N*,

loglog L
FWER(RY) < @, and FWSR4(RY,S[ A, R]) Smin(max(Ao,R—/\o), Cla, B, Ao, R)y| —B-28 ] .

L

In particular, there exists Ly(a, B, Ao, R) > 0 such that, for all M in N* and for all L > Ly(a, B, A9, R),

loglogL

Now, let us turn to the second minimax multiple testing procedure, based on quadratic statistics. For

k in {1,...,M}, we consider a simple test (;[)(22,1 for the null hypothesis Hi[Ao, R] versus the alternative
S[Ao, R]\ Hi[Ag, R] defined by

(2) _
¢2J<(N) B ]lmaxjs[l ttogo 1} ( Tk (N)=tj(1=114))>0 (4.12)

where for all jin {1,...,[log, L]},

2M( [k 1y kT k 1y k]) 24k 1y k] A2k
n'k(N)‘LTk(N(M(l_E)’M] _N(M(l_E)ﬂ]]_TN(M(l‘E)’M]*m’ (4.13)

and t; x(u) is the u-quantile of T; ; under Hi[Ao, R].
We set 12(22) =sup{k’e{l,...,M}, qb(zzll =0} v 0 and we define our multiple testing procedure R(zz) by
R = (H[Ao,R]: k> kP +1) (4.14)

We establish in Theorem |4.6|an alternate minimax upper bound for mFWSR,, 5(S[A¢, R]) using the mul-
tiple testing procedure R, .

Theorem 4.6 (Alternate minimax upper bound).
Let L >3, a and f be fixed levels in (0,1), Ay > 0, R > Aq. Then, there exists a constant C(a, p, Ao, R) > 0 such

that the multiple testing procedure R(Qz) defined by satisfies for all M in N*,

loglog L

FWER(RY) < a, and FWSR4(RY,S[Aq, R]) < min(max(/\o,R ~ o), C(a, B, Ao, R)4/ T] .

In particular, there exists Ly(a, B, Ao, R) > 0 such that, for all M in N* and for all L > Ly(a, B, Ao, R),

loglogL
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Comment.

This result, combined with its corresponding lower bound, brings out a phase transition in the min-
imax family-wise separation rate orders, from the parametric order 1/VL (see Chapter Section to
vloglogL/L. This means that adaptation with respect to both location and height of the abrupt change
has an unavoidable logarithmic cost, while adaptation to only the change height does not cause any ad-
ditional price. A comparable phase transition has already been observed in the particular case where
M =1 dealing with the change-point detection problem investigated in Chapter[2]Section By the
way, the proofs of Theorem and Theorem [4.6] need the conditions on the distance between A in
S[Ao,R] and Hy[Ag, R] = {Ao} established in Proposition[2.18|to prove the upper bound for the minimax
separation rate of the simple testing problem of detecting an abrupt change in the intensity of a Poisson
process. It is worth noting again that the multiplicity of the hypotheses in our multiple testing frame-
work does not affect the rate of the mFWSR which remains in the order +/loglog L/L whatever the value
of M.

IIT Links between minimax multiple testing procedures and minimal length
of confidence intervals for the jump localisation

In the sequel, the subset S stands for S[ 1y, 8] or S[Ag, R], H to the related collection of hypotheses H, s
or Hysr and Hi to the corresponding hypothesis H[Ag, 0"] or H[Ag,R] for all k in {1,..., M} with M a
non-zero integer. Given the observation of an inhomogeneous Poisson process N = (N;)s¢[o,1] with an
unknown intensity A in S defined with respect to the measure A, a (1 — ¢)-confidence interval for the
rupture location 7 on S is a real interval I, not depending on the unknown parameters such that

infP(tel)>1-¢ .
AeS

Since A belongs to S, recall that we set T = 1 by convention if A = Ay on [0,1]. Notice that the interval
I, can be defined from an estimator 7 of 7 and could depend on known parameters of the problem.
The relationships between confidence intervals for the rupture localisation 7 on S and multiple testing
procedures are summarized in the following lemmas.

First, it is well known that an a-level test for a single null hypothesis is intrinsically related to a (1 — a)-
confidence region, and that a similar correspondence can be made between a FWER controlling proce-
dure and a confidence interval (see for example [ABR10]).

Lemma 4.7.
Let M in N*. From any multiple procedure R on 'H such that FWER(R) < a, one can build a (1-a)—confidence
interval 1, for T on S defined by I, = {x € [0,1]: x < ((sup{k € {1,...,M}: Hy ¢ R} +1)/M) A 1}. Conversely,

from any (1 — a)-confidence region I, for T on S, one can build a multiple testing procedure R on 'H such that
FWER(R) < a which is defined by R = {Hy € H, k/M > sup{x € [0,1], x € I, }}.

We are then interested in finding the smallest confidence interval for the estimation of the jump location
of the intensity. We consider D[0, 1] the space of cadlag functions on [0,1] and MD the set of all the
measurable real functions defined on D[0, 1] taking values in [0, 1]. We then focus on confidence intervals
of the form (¢p(N)—a,p(N)+ b] where a,b > 0 and ¢ in MD. One may think about ¢(N) as an estimator
of 7. We define the minimal length of (1 —¢)-confidence intervals for the estimator ¢(N) of T with A in S
by
Lo(¢p,S)=infla+b:a,b>0,inf Py(t € (p(N)—a,¢(N)+b])>1-¢} ,
AeS

and the minimal length of (1 — ¢)-confidence intervals for 7 with A in S by
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L(S) =inf{L.($,S): ¢p € MD} .

II1.1 Confidence interval for the jump localisation when the change height is known

The following lemma gives bounds for the minimal length of confidence intervals for the estimation
problem of T when the change height is known.

Lemma 4.8.
Let L>1, aand in (0,1), Ay >0, 6" in (—Ag,+o0) \ {0} and M in N*. Consider first a,b > 0 and ¢ in MD
such that

inf Py(te(¢p(N)-a,¢p(N)+b)>1-a . (4.15)
AeS[1p,6%]

The multiple testing procedure R on Hyy s+ defined by R = {Hy € Hpy 5+ k/M > (N ) + b} is satisfying
FWER(R) < a, and FWSR,(R,S[A¢,0%]) < |0 |Va+1b .

In particular, we get for all M in N*,

mFWSR,, ,(S[Ag, 0%])?
5*2

La(S[A0,8"]) =

Conversely, consider r > 0 be such that r > mFWSR,, g(S[Ag,0%]) and a multiple testing procedure R on Hyy s
satisfying the two inequalities FWER(R) < a and FWSRy(R,S[Ag,6%]) < r. Set k=suplke{l,...,M}, H e
R}V 0 and © = k/M. The interval I 5 Mg defined by I s ppr = (£ —12/8%2,% + 1/M] then satisfies

inf P/\(T S Ir,é*,M,R) >2l-a-p .
AeS[Ao,0%]

In particular, we get that for all M in N*,

- 1 mFWSR, 4(S[Ag,6°])?
Lap(SlA0,6) < -+ — :

This lemma, combined with Proposition and Theorem allows us to construct a minimal confi-
dence interval for the jump localisation from a multiple testing procedure. Assume that we observe a
Poisson process N = (Nj);e[o,1] on the interval [0, 1], with intensity A in S[Ag,6*] with respect to some
measure A on [0,1], where 1y, 6" and L are known parameters. We shall estimate the jump location
using a multiple testing procedure.

For @ in (0,1/2), if we assume that L > max(AglogC, g, C(a/2,a/2, Ao, 6" )2)/6*2, Lemma Proposition
[4.1]and Theorem[4.3|ensure that for all M in N*,

Aolog C, — o1 Clal2,a/2,),6%)?
WSﬁa(S[Ao;é ])SM+ Lo°2

where C, =1 +4(1 —2a)? and C(a/2,a/2, Ay, 9") is defined in Theorem|4.3

We then aim at providing a confidence interval for 7 of minimal length. To this end, we consider for
L>(C(a/2,a/2,)y,6)/5%)?, the collection of hypotheses Hyy 5 = {H[Ao,0°], k € {1,..., M}} with

*2
M= Lo S| (4.16)
C(ar’2,a/2,Ay,6%)
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We then apply our multiple testing procedure R; introduced in Chapter [4| Section |I| Recall that we
define
ky =sup{k’e{1,....M}, 1 =0}VvO ,

with ¢ ; defined by (4.4), leading to the definition of our multiple testing procedure R :
Rl = {Hk[/\o,é*] k> f(l + 1} .

We introduce an estimator of the location of the intensity jump by

.k
T= M (4.17)
Corollary 4.9.
Let a in (0,1/2), Ay > 0 and 6" in (=Ag,+00) \ {0}. For L > (C(a/2,a/2, Ay, 5*)/8*)* and M defined in ,
the interval
. 1 1
(=3 5

is a (1 — a)-confidence interval for the jump localisation on S[Ay,&*] which achieves, up to a constant, the
minimal length of such confidence intervals.

III.2 Confidence interval for the jump localisation when the change height is unknown

When the change height 6" is an unknown parameter, the notion of minimal confidence interval is quite
irrelevant. Indeed, the minimal length for confidence intervals on the whole space S[Ag, R] is almost
always equal to 1 and then, the interval [0,1] is a confidence interval of minimal length.

Lemma 4.10.
Let a in (0,1/2), Ag > 0 and R> Ay. Then forall L > 1,

L,(S[Ao,R]) =1 .

The Lemma invites us to consider a smaller set for the intensities A of the Poisson process. There-
fore, we focus on intensities whose jumps are large enough. For 1y > 0 and A in (0, Ay) we introduce the
set Ssa[Ap] of intensities whose jumps are at least of height A:

SsalAo] ={A:[0,1] = (0,+00), 6 € {(=Ag,—A]U[A, +0)}, AT € (0,1), Yt €[0,1], A(t) = Ag+ 01 (7,15(t)} .
(4.18)
However, the following lemma underlines that the («, §)-minimax Separation Rate over this preliminary
alternative set is infinite and then, the arguments used with Lemma provide an infinite (a, f)-
minimax Family-Wise separation rate over Ssa[Ag].

Lemma 4.11.
Let a and B be fixed levels in (0,1) such that a + p < 1. For Ay > 0 and A in (0, Ay), considering the testing
problem (Hg) ”A = Ay” versus (Hy) " A € Sspa[Ao]” with Ssa[Ao] defined by (4.18), one has

mSRY (S54[Ao]) = +oo .

We therefore introduce, for g >0, R> Ay and A in (0, Ag A (R— Ag)), the more suitable set Ssp[Ag, R] of
intensities bounded by R whose jumps are at least of height A from Ag:

SoalAo,R]={A:[0,1] = (0,R], 36 € {(~Ag,~A]U[A,R=Ag]}, FT €(0,1), Y €[0,1], A() = Ao+ 0T (r,1)(1)) -
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In the aim of localising the jump location, we consider for M in N*, the collection of hypotheses H A r =
{He[Ao, A R], k €{1,...,M}} where for all k in {1,..., M},

Hi[Ao, A R] = {1:35 € ((=Ao,~A]U[A, R = Ao]}, T € [k/M, 1], Yt €[0,1], A(t) = Ao + 6T g 1)(H)) -

Forall kin {1,..., M}, notice that the hypothesis Hy[ A, A, R]is included in the set Sxz[Ag, R] = Ssa[ Ao, R]U
{Ao} of intensities bounded by R and with at most a change whose height is lower bounded by A.

Since the set Ssa[Ag, R] includes S[A(, A] defined in for all Ain (0,49 A (R = 1)), the Lemma([1.11]
combined with Proposition[4.1]leads to

Proposition 4.12 (Minimax lower bound).
Let a and B be fixed levels in (0,1) such that a + p <1, Ay >0, R> Ay and A in (0, 19 A (R—Ag)). For all M in
N*and for all L > Aylog Ca,ﬁ/A2,

/\0 log CO(,[)’ 2
mFWSRa'ﬁ(SzA[/\(),R]) > f’ where Ca,ﬁ =1+ 4(1 - —ﬁ) .

To define a multiple testing procedure whose p-Family-Wise separation rate over Ssa[Ag,R] achieves,
possibly up to a multiplicative constant, the above minimax lower bound for mFWSR,, 5(S>a[A0, R]),
we construct for k in {1,..., M} a simple test for the null hypothesis Hy[Ag, A, R] versus the alternative
Ssa[Ao,R]\ Hi[Ag, A, R]. More precisely, we define the test ¢5 for all k in {1,..., M} by

$3k(N)=Ts,  (N)ssar(1-ar2) Y Ls_, ((N)>s_ax(1-ar2) » (4.19)
where for all 6 in R*, Sy x(N) is defined in (4.5) by

k k k
SM‘N)=te(so‘,*k‘/’M)(sg“‘é)(N(“M]‘“L(M‘f))‘@L(ﬁ‘f)) '

and sp x(u) (respectively s_a x(u)) is the u-quantile of Sp x (respectively the u-quantile of S_5 ;) under
Hi[Ao, A, R]. These simple tests, which take the knowledge of the minimal value A of the change height
into account, are closed to the ones considered in ChapterSection
We then define k; = sup{k’ € {1,...,M}, ¢34 (N)=0}VO0,leading to the definition of our multiple testing
procedure Rj :

Rs = {H[Ao,AR]: k>k5+1) . (4.20)

The following lemma, deduced from a result of Loader [Loa90], ensures that the quantile of a homoge-
neous Poisson process with intensity £L > 0 and with a well chosen drift is an increasing function of &.
This will be a key point of the proof of Theorem[4.14|below, providing an upper bound for the FWSR of
our multiple test R3 over Ssa[Ag, R].

Lemma 4.13.
Let £ >0 and o > 0. For all u in (0,1), the function & +— qs(u,0) is increasing, where qg(u, o) is defined in
Lemmal4.2]

Comment.

Let (Nf)tzo be a homogeneous Poisson process with a constant intensity £L > 0. For all x > 0, an Abel
transform on the exact expression of ]P’(suptZO(Nf — (& +0)Lt) > x) given in [Loa90, Theorem 2.2] shows
that A — IP’(suptZO(Nf — (& +0)Lt) > x) is increasing. The above result then follows easily.

The following theorem shows that the multiple test R3 is minimax over Ssx[A¢, R] and its proof follows
essentially the same ideas of the proof of Theorem[4.3|with the argument given in Lemma[4.13] For the
sake of clarity and completeness, the proof of Theorem is detailed in Chapter[4]Section |V.4
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Theorem 4.14 (Minimax upper bound).

Let L > 1, a and B be fixed levels in (0,1), Ag > 0, R> Ay and A in (0, A9 A (R—Ay)). Then, there exists a
constant C(a, B, Ag, A, R) > 0 such that the multiple testing procedure R defined by satisfies for all M
in N¥,

C(a, B, Ao, A/ R)

FWER(R3) <a, and FWSR[;(Rg,,SzA[/\(), R]) < min /\0 V (R - /\0) , \/f

In particular, for all M in N* and for all L > (C(a, B, 1o, A, R)/(Ag V (R=Ag)))?,

C(a, B, Ao, A,R)
MFWSR,, 4(Ssa[Ag, R]) < — 220228
B(S=alA0,R])) Vi

Comment.

This result, combined with its corresponding lower bound, shows that the minimax family-wise separa-
tion rate over the alternative Ssa[ g, R] has the same parametric order L™/? as the case where the height
of the jump is known (see Chapter[4]Section [[) whatever the value of M. Then, when the change-point
location is unknown, it is the possibility for the jump height to be close to zero (and not the fact that
it is unknown) which deteriorates the mFWSR with a logarithmic factor (see Chapter[4]Section [II). For
M =1, the lower bound and the upper bound established in Proposition and Theorem com-
plete the minimax study for the detection of an abrupt change in the intensity of a Poisson process from
a known constant baseline considered in Chapter[2]Section when both location and height of the
change are unknown but with a minimal known value for the jump height, the minimax separation rate
of the simple testing problem (Hy)”A = Ay” versus (Hy)”A € Ssa[Ag, R]” is of parametric order V1/L.

Now, let us turn back to the construction of a confidence interval of minimal length for the jump location.
The following lemma gives bounds for the minimal length of confidence intervals for the estimation
problem of T when the change height is lower bounded by A.

Lemma 4.15.
Let L>1, aand fin (0,1), Ag >0, R> Ay, Ain (0,19 A (R—Ay)) and M in N*. Consider first a,b > 0 and ¢
in MD such that

_inf  Py(te(¢p(N)-a,¢(N)+b])>1-a . (4.21)
A€S3A[A0R]

The multiple testing procedure R on Hyy a g defined by R = {Hy € Hppar, k/M > ¢(N) + b} is satisfying
FWER(R) < a, and FWSR,(R,S>a[A0,R]) < (Ag A(R=Ag))Va+b .
In particular, we get that for all M in N¥,

mMFWSR,, o (Ssa[ Ao, R])2
(Ao A (R=Ag))?

L4(Ssa[Ao,R]) >

Conversely, consider r > 0 be such that r > mFWSR, g(S>a[Ao,R]) and a multiple testing procedure R
on HaaR satisfying the two inequalities FWER(R) < a and FWSR4(R,Sxa[Ao, R]) < 7. Set k = suplk €
{1,...,M}, Hy € R} and t = k/M. The interval I AR defined by I p prr = (T — /A%, t +1/M]| then satisfies

7i1‘1f P/\(TEI,,,A’M,R)Z l-a-p.
A€Sp[A0.R]

In particular, we get that for all M in N*,

L mFWSR,, 5(S>a[Ao, R])?

£a+ﬁ(ng[/\0:R]) Vi A2
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This lemma, combined with Proposition[4.12]and Theorem|4.14] allows us to construct a minimal con-
fidence interval for the jump localisation from a multiple testing procedure. Assume that we observe a
Poisson process N = (Ny)se[o,1] on the interval [0,1], with intensity A in S>a[Ag, R] with respect to some
measure A on [0,1], where Ay, A, R and L are known parameters. We shall estimate the jump location ©
using a multiple testing procedure.

For a in (0,1/2), if we assume that L > max(1qlog Ca,ﬁ/Az, C(a/2,a/2, /\O,A,R)z/(/\(z) V(R-214)?), Lemma
Proposition 4.12|and Theorem [4.14|ensure that for all M in N¥,
1 C(a/2,a/2,10,AR)?

< La(S>alAo R]) S 72+ T :

AplogC,
L(A3 A (R=Ag)?)

where C, =1 +4(1 —2a)? and C(a/2,a/2, Ay, A, R) is defined in Theorem

We then aim at providing a confidence interval for 7 of minimal length. To this end, we consider for
L>(C(a/2,a/2,Ay, A R)/A)?, the collection of hypotheses Hys a g = {Hi[Ao, A R], k €{1,..., M}} with

2
M= LA | (4.22)
C(a/2,a/2,19,A,R)

We then apply our multiple testing procedure R 3 defined in and we introduce an estimator of the
location of the intensity jump by

(4.23)

>
I
<&

Corollary 4.16.
Let a in (0,1/2), Ay > 0, R> 0 and A in (0, Ag A (R— Ag)). For L> (C(a/2,a/2, Ao, A,R)/A)? and M defined

in (4.22), the interval

. . 1
-—, + —_—
(T MM
is a (1 — a)-confidence interval for the jump localisation on Ssa[Ag, R] which achieves, up to a constant, the
minimal length of such confidence intervals.

IV Simulation study

From an experimental point of view, we study in this section the performance of the change location
estimators build from the minimax adaptive multiple testing procedures, by giving estimations of their
risk for various distributions of the observed Poisson process, characterised by a jump in its intensity.
Motivated by some applications in epidemiology and in cybersecurity, we illustrate the feasibility of our
new estimation approach in practice.

As for the simulation studies of Chapter[2]and Chapter [3} we focus here on the most general problem
investigated in this chapter of localising a single change in the intensity A when the change height is
unknown. The known baseline intensity of A, denoted by A, is taken equal to 1 on [0, 1] in all the sequel.
For several piecewise constant intensity A with respect to the measure dA(t) = Ldt, where we have chosen
L =50, we simultaneously test the M = 25 hypotheses of the collection H;5 g = {Hi[Ao,R], k € {1,...,25}}
where, for all k in {1,...,25},

Hi[Ao, Rl ={A: 3(6,7) € {(=Ao, R= A] \ {0} x [k/25,1], Vt € [0,1], A(t) = Ao+ 0L (1 1)(2)} ,
and we consider multiple tests associated to the collection H,5  that control the FWER by a = 0.05.
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The minimax adaptive multiple tests we introduced in Chapter [4|Section [[]to localise the change with
unknown heigh from such a known intensity are based on two kinds of statistics: a linear one and a
quadratic one. In order to define an estimator for the rupture location from the linear statistics based
multiple tests (see (4.11)), recall that we consider

ALy sup{k’ €{1,...,25}, cpf,) =0}voO,

where qb?(” is the simple test defined for k in {1,..., 25} by

’

Ny =1 v 1
{maxjsu 44444 SI[N(zks(l_zj)lzg]_pW(l_”z(le)c/Z)}o} {manE(l »»»»» 5)[17@(“2;/2)—1"(%(1—2’]' )'2](5]]>0}
21 21
where pg(u) stands for the u-quantile of the Poisson distribution of parameter . Following the same
idea of ChapterSection 1"} stands for an adjusted individual level for the test cj);(l) defined by

a,

) k i\ k
Uy k :sup{u €(0,1), P/\O(je?lli.),(s}((N(z_S(l_z ]),2—5] —p%(l —u/2))

v (pw(u/2)—N(2£5(1—2_7),2](—5]))>0)Sa} .

2-1

(4.24)
Finally, the first estimator for the rupture location, denoted by 7, is then defined by
R
=—. 4.25
U =75 ( )

Now, let us turn to the minimax multiple testing procedure based on quadratic statistics (see (4.14)),
which provide a second estimator for the jump location. Recall that we consider

k? =sup{k’e(1,...,25), 4)9 =0}voO,

where qbf) is the simple test defined for k in {1,...,25} by

’

2)
maxje(1,.,5 }(Tj,k(N)*tj,k( 1*”2,;( ))>0

where for all jin {1,...,5},

- 2 A2k
TN = =2 [N i(1—1),i _N ﬁ(l—i),i ~ AN £(1_i),£ L
I 25| 2k 25 2i )" 25 25 2i )" 25 25 21 )25 2i
t]-,k(u) is the u-quantile of Tj,k under Hi[Ag, R], and “((12,11 is an adjusted individual level for the test (j)f)

defined like in the discussion of Chapter [2|Section[VI by

2
Uy ) = sup{u €(0,1), Py, (je?f,f‘ffs}(Tf"‘(N) —tik(1-u))> o) < a} . (4.26)

Finally, the second estimator for the jump location, denoted by 75, is then defined by

(4.27)



For all kin {1,...,25} and all j in {1,...,5}, we have estimated the quantities uM u? and tj,k(l 2 )

ak’ ok a,k

by classical Monte Carlo methods based on the simulation of 200 000 independent copies of a Poisson

process random variable with parameter Agk/2/~! or T;  under Hi[Ag,R]. The approximations of uLll)(

and “((1211 were obtained by dichotomy, such that the probabilities or estimated probabilities occurring in

(4.24) and (4.26) are less than a, but as close to a as possible.

We evaluate the performance of both estimators for different intensities of the Poisson process. Let us
consider intensities A, s defined for all ¢ in [0,1] by

/\T,é(t) =1 +5]1(1,1](t) ’

where 6 € {-0.8,-0.5,0.5,1,2}, and 7 = 0.2 (Table, 7 =0.5 (Table , 7=0.8 (Table and T =0.9
(Table [4.4), or when (6,7) = (0,1) (Table[4.5). For each intensities A, s described above, we compute the
risk of the corresponding estimators 7; and 7, defined respectively by (4.25) and (4.27), denoted by

r(ti, 1) =Ey [t -], and (1, 7) =Ey [l —7]] .

For each considered intensities, 1 000 independent Poisson process with intensity A, s w.r.t. A on [0,1]
have been simulated and the risks r(7;, ) and r(7,,7) have been estimated by classical Monte Carlo
method.

Table 4.1 — Estimated risk for the jump location estimators with 7 = 0.2

0= -0.8 -0.5 0.5 1 2

r(t,T) 0.198 0.721 0.756 0.429 0.048
r(T,T) 0.242 0.743 0.753 0.429 0.045

Table 4.2 — Estimated risk for the jump location estimators with = = 0.5

0= -0.8 -0.5 0.5 1 2

r(T,T) 0.194 0.430 0.458 0.268 0.053
r(T,T) 0.220 0.449 0.456 0.263 0.053

Table 4.3 — Estimated risk for the jump location estimators with 7 = 0.8

0= -0.8 -0.5 0.5 1 2

r(t,t) 0.154 0.190 0.186 0.145 0.048
r(Ty,7) 0.160 0.192 0.185 0.144 0.047

Table 4.4 — Estimated risk for the jump location estimators with 7 = 0.9

0= -0.8 -0.5 0.5 1 2

r(t;,T) 0.091 0.097 0.092 0.078 0.041
r(T,7) 0.093 0.097 0.091 0.076 0.040
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Table 4.5 — Estimated risk for the jump location estimators with t=1and 6 =0

r(m, ) (1)
0.002  0.002

Comments
1. It first arises that our jump location estimators are close to the target 7 for large positive jumps and
when the change point occurs near to 1. Nevertheless, the estimated risks of the estimators build
from minimax and adaptive multiple tests are very large in other cases: when the jump does not
occur near to 1, the presence of false negative hypotheses deteriorates the estimation of the change
location, especially for small change heights (that is to say when the change-point is more difficult
to detect). Therefore, the simulations study confirms that the tricky point in practice is the choice
of the number of hypotheses M that are simultaneously tested by the multiple testing procedures.
2. Moreover, among our two estimators, it is to note that 77, defined from multiple tests based on
linear statistics, offers better performances than 7,, defined from multiple tests based on quadratic
statistics, for negative jump heights when the jump location does not occur near to 1. Finally,
the simulations study highlights that it seems to be more difficult to localise the change for large

negative jump heights than for large positive jump heights. Notice that this fact was also observed
for the detection problem (see Chapter 2|Section[VIII]and Chapter [3|Section|VII).

V Proofs of the main results

V.1 Proof of Theorem

By now, for g > 0, 6" in (—Ag,+o0) \ {0} and M in N*, the simple hypothesis Hi[A(, 0] is simply written
Hj for short. We begin with a lemma which gives an upper bound for the quantile ss (1 — @) of Ss
under Hj. It highlights in particular that we can bound this quantile by some constants which do not
depend on k, L and M. The proof of Lemma([4.17|follows the same ideas of the one of Lemma[2.30}

Lemma 4.17 (Control of the quantiles).
Let a in (0,1), Ag > 0 and 6" in (—Ag, +00)\{0}. For all M in N*, for all L > 1 and for all k € {1,..., M}, one has

55*7k(1—a)§q,\0(1—a,%) ifo*>0 ,

—log o . .
ssk(l—a) < ——5— if —1p<0"<0
10%( ‘Aoig*/z’) ’

where q) (1 —a,0%/2) is defined in Lemma

Proof of Lemma

Let k in {1,...,M}. Under (Hy), N is a homogeneous Poisson process on [0,k/M] of intensity 1y with
respect to the measure A, and since the processes (N (t,k/M]);e(0,k/m) and (N (0,k/M — t]);(0,k/m) are left
continuous and have the same finite dimensional laws, one obtains

(4.28)

a

Ss k sup (sgn(é*)(N(O,t]—/\oLt)—|6*|Lt) . (4.29)

te(0,k/M) 2
Assume first that 6* > 0. The equality (4.29) simply reads in this case

*

o
sup (N(O,t]—(/\0+—)Lt) )
te(0,k/M) 2

d
Ssrk =
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and we get for all A in H,

0" 0" 0"
(o >an(1-05)) =2 _sup (Wh0n-(00 5 Jua)>an,(1-0. )

SIP’( sup (N/‘O(O,t]—(/\o+%)Lt)>q/\0(1—a,%)] B

te[0,+00)

where (N[\O)tzo is a homogeneous Poisson process of intensity 1oL with respect to the Lebesgue measure
on R*. By definition of q, (1 -a,0/2) (see Lemma, this leads to sup cy, Py ( Ssk>4qy, (1 -a,0%/2) ) <
a and the first part in holds by definition of the quantile ss (1 — a).

Assume now that 0" belongs to (-1, 0). For all x > 0 and for all A in Hy,

P/\(Sé*’k>x):P,\( sup ((/\0— |62*|)Lt)—N(O,f]>X]

te(0,k/M)

:IP’[ sup ((/\0—Ié*l)Lt)—N"°(O,t]>x]
te(0,k/M) 2
o S ).

Theorem 3 and equation (15) in |[Pyk59] yield for all A in Hy, Py (Ss x> x) < exp (—wx) where w is the
largest real root of the equation Ay(1 —e™) = w(Ag—10"/2). A straightforward study of the function
x> Ag(l—e™)—x(Ag—10"]/2) on R therefore ensures that w satisfies w > log(Ao/(Ag—10*|/2)). If we
assume that x > —loga/log(A¢/(Ag —[6"1/2)), then sup, .y Py (Ss k> x) < a and the second part of (4.28] -
holds by definition of the quantile ss (1 — a).

Let us turn back to the proof of Theorem and first recall that for A in S[Ay,0*], 7(A) = {Hy €
Hum,s+ » A € Hi} is the set of true hypotheses.

Proof of Theoremn

For all k in {1,..., M}, recall that Hy stands for Hy[Ag, 6*]. We start with the control of FWER(R;) over
S[Ay,8*], and for A in S[A, 5*] we compute to this end

PURINT(A)=@)=Py(Tke{l,...,[TM]}, k>k +1, A € Hy)

because A belongs to H|;prj and not to H¢pr)41- If T <1/M then P\ (R N7 (1) = @) =0, and if T > 1/M
one has

Py(RiNT(A)#@)="Py(k; +1 < [TM])
A(¢1 LTMJ_l)

/\( 5 leM(07) > S5 v (1 — ))

I/\

that is FWER(R ;) is bounded by a.
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Let us compute now an upper bound for FWSRg(R{,S[Ag,0%]). We shall consider in our results the
following constant

* 6* 10 3/
C(a:ﬁ: /\Oré ) = zmax[ |6*|[\/q/\0 (l —0(,?)4- %16’50

10g ( Ag+6*/2

|6%| —loga 3(Ag + 6*
4| drp+o° 1—5; 8% 1 ),<s<0| 2 Ao +2Y ,
3" 2 Ao _ B
log Tor072

(4.30)

where g, (1-a,6/2) for 0" > 0 and q,,.s(1 = p/3,|6"|/2) for -1y < 6" < 0 are two positive constants
defined in Lemma Recall that leads to FWSR4(R1,5[Ag,6°]) < |67|. Now, assume that L >
(Cla, B, Ao,é*)/c‘i*)2 and let r > 0 be such that

C(a, B, A, 07)
\/z s

16> 7 > (4.31)

where C(a, B, 1¢,6%) is defined by (4.30).

Recall that for A in S[A, 0*], F(A) = {Hy € Harse» d2(A, Hy) = r} with dy(A, Hy) = [6*|Vk/M — t1 </, and
that to bound FWSRg(R1,S[A¢,0%]) by r, it is sufficient to obtain Py (%(1) CRy) > 1 - for all A in
S[Ag, 0%

We consider A in S[Ag,6%] of the form A = Ag + 0"1(;,1) with T in (0,1). If (1) = @, we easily get
Py (F(A)CcRy) =12=1-B. We therefore assume by now that A is satisfying F,.(1) = @, and we define

k, = min{tM <k’ <M, 8> (k'/M —1) > r?} . (4.32)
By virtue of {F(A) C Ry} = {k, > ki + 1}, we want to prove the following inequality
Py(ky 2 k) < B

to obtain the expected result.
First, if k, = M then

P/\(ié] Zkr) :P/\(iel :M)
=Py (p1,m =0)

=Py (Ssem < ssom(1—a))

:P,\[ sup (sgn(é*)(N(t,l]—/\oL(l—t))—
te(0,1)

|62*|L(1 —t)) <ss M1 —a)) .

By definition of k,, since the condition (4.31) ensures in particular that

y 2 ! o |6*|log(1/a) Ao +0°
l-1t>— * 1-—a,— |1, 1_) <5<0, 2 ,
0"Vl -7 > \/Zmax(\/b q,\o( @ ) 50 T | ( ;) ) 10<5*<0 B

0
08\ X072

we immediately obtain that

léz*lL(l—t))555*’M(1—a)]3ﬁ ,

P/\( sup (sgn(é*)(N(t,l]—/\oL(l —t))-
te(0,1)

according to the minimax study of the change-point detection done in Proposition which involves
the statistic sup,¢ (o 1) (sgn(6”) (N (¢, 1 ]=AoL(1—=1))—|0*IL(1 —1¢)/2).
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Assume by now that k, <M -1, and we compute

Py (ki = kr) =P\ (Ik >k, $1x=0)

=Py (Fk 2k, S5k <554(1 - )
, k k 5% ( k
=P\ |dk >k, sup (sgn(b*)(N(t,—]—/\ L(——t))— L(——t))SS(*,k(l—a)]
( te(0,k/M) M| "M 2 \M ’

SP,\(EIk >k, sgn(é*)(N(T,%]—/\oL(M—T))—@L(%—1) <ssk(l —a)) . (4.33)

Assume first that 6* > 0.

We use in Lemmato get

PA(ﬁlzk)<PA(3k>k,,N( ,AI;]—(/\OJr%)L(%—T)Sq,\o(l—a,%))
(keikM]( (T,Alj[] )\0+§)L(%—1))5q%(l—a,%))
(se[kn/lz&u( TS]( 5*)L(S_T))S%°(1_a’%))

e

gt oo ) o )

where Z, = N (k,/M,t]—(Ag+6*/2)(t —k,/M)L for t in (k,/M, 1]. Let us write J for the interval

]Z[()\o+5*)(]l\<—;1—r)L_\/3(/\o+6*)(kr/M—T)L; (/\0+5*)(§—/}—1)L+\/3(/\0+5*)(kr/M—T)L‘ |

I/\

B B
(4.34)

+(A°+§)(%_T)L’ N(T,%]G])

Using the total probability formula, we get

P/\(lzlzkr)ﬁp/\( inf Z, <4y, ( 0 )—N(T,%

se(k/M,1] )
M-1)L
'p, N(r,%]mom*(% T . \/uoﬂs ) (k,/M ) ]
k, k k M-1)L
+P, N(T,M]>(/\o+6*(ﬂr T L+\/3 Ao+ (k/M — ) ]
. 5 k, 5\ [ k, k, 28
< o — = or i | A or
_P,\(Se(l:rr}{dll]ZSSq,\o(l ,2) N(T,M +()\0+ )(M T)L,N(T,M]e])

(4.35)

with the Bienayme-Chebyshev inequality. To compute this last probability, we consider a simple Poisson
process (N[‘OJré )i>o of intensity (Ay + 6*)L with respect to the Lebesgue measure on R*, which is the
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distribution of N; for t greater than k,/M. We then obtain

5" k 5\ [ k k
P _inf Zo<an(1-a S )-N(ngs |+ (Ao S )| -t )t N o
/\(se(kl,r/lM,l] 5"“0( * 2) N(TM]+ fot3 (M T) N(TM]EJ)

se(k,/M,1] 2 2 B
5* o o\ o[k
=P inf (N*O*" Jt —( —)Lt)g (1_ ,_)__ gL
(te(O,ir—lk,/M] (0,81 ={ Ao+ 2 14 « 2 2\ M t

+\/3(/\0+6*)(k,/M—T)L]
; .

By definition of k, in , the condition gives with

. ke 2 - o* log(3/8) Ag +0*
o M—Tz%max[\/é_\/q,\o(l—a,?)er,2\/5 T] . (436)

/\0+5*/2

On the one hand, (4.36) leads to 6*Vk,/M —© > 2V6*/L+/q,, (1 —a,5*/2) +10g(3/B)/log (Ao + 6*)/ (Ao + 6*/2)),
and then 6" (k,/M — 1)L > 4(q,\0 (1-a,07/2)+1og(3/B)/log((Ag+07)/(Ag +6*/2))). On the other hand,

yields 0*vVk,/M -1 > 44/3(Ag+6*)/(BL) and then 6" (k,/M — )L > 4y/3 (Ao +6*)(k,/M —7)L/B.
This leads to

6*(%—1)L24max[q%(l—a,%)Jr log(/\3/+l5;3 ,\/3(/\o+6*)(kr/M—T)L]l
log (1,457 P

and using the fact that a + b < 2max(a, b) for all a,b > 0, one obtains

o\ O [k, 3(Ag+0*)(k,/M—-1)L log(p/3)
A )“\/(O ; el 2
og(74572)
which is equivalent to
o'\ O [k, 3(Ag+0*)(k,/M—-7)L Ag+0” B
l-a,—|-=|—=-7]|L 1 <Z. 4.
exp[[q“( o5 )55 +\/ p \Tooz)|T5
Notice that since f < 1, ensures
* * * M_ L
q/\o(l—a,%)—%(%—T)L+\/3(AO+6)(ﬁkr/ v <0 . (4.39)

We therefore may apply Theorem 3 and equation (15) in [Pyk59]| to obtain

P| inf (N/\0+‘Y(O,t]—(AO+é—)Lt)Sq,\(l—a,é—)—é— K g 2ot (k/M-T)L
te(0,1-k,/M] 2 0 2 2\ M p

Sexp[[q%(l_a,g)_g(%_ )L+\/3(/\o+(5*)(l;<,/M—r)L]w] ’
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where w is the largest real root of the equation (1y + 0*)(1 —e™“) = w(Ag+06"/2). The root w satisfies
w >log((Ag+0*)/(Ag+07/2)), and then

P nf (N/\o+b 0,t —(/\ +—)Lt)§ (]_ ’_)__ _r r -7
[te(oj—k,/M] ( ] 0 2 qx, a T|L+

DM W 3(Ao+8") (k/M-7)L Ao+
Sexp[[‘ho(l a,z) Z(M )L+\/ 5 ]log(,\0+5*/2)] ,

which entails with (4.38]

c ‘ ) + —6* | _ 2 " kr [ (/\0 yr)(kr/]\/l —T ) /3)
Aog+0 0 _ ) 5
[t (0’11 kr/M](N ( ;t] (/\0 2 ) t)<q/\0(1 a,—z ) ( ) +\/3 +0 I B '

Gathering this inequality with (4.35) leads finally to P, (121 > kr) <B.

Now, assume that —15 < 0* < 0.

We proceed as in the case 0 > 0. Let us define to this end X; = N (k,/M,t]—(Ay—|0*/2)(t —k,/M)L for
all t in (k,/M,1]. Applying the inequalities (4.28) and (4.33), we get

. 5" k k
pA<klzkr)spA[3k2kr,(AO_I;)L(M_T)_N(T,M

- log a ]
S
log 173

) ~loga ( k, ] ( 6% )( k, )
<P inf (-X))<——+N|71,—|[-{Ao— ——-T|L| .
A [se(kr/M,l]( s log( W ) M "2 [\ M

Using the interval ] defined by (4.34), we obtain using the total probability formula and the Bienayme-
Chebyshev inequality

R ) —loga k, |6*|)(kr ) ( k,
Pylk; >k, )<P f (Xg)———+N|1,—|-[Ay- ——17|L, N|1,— | €
/\( 1 r) /\[SE(klrr/lM,l]( S) log(m) (T M] ( 0 2 M T T M ]
k, | Kk 3(Ag+0%) (k,/M—1)L
+P/‘\ N(T,M]<(A0+5)(M T)L \/ ﬂ
+P N(T,£]>(/\0+5*)(—r— )L+\/3(A0+6)(kr/M_T)L]
M p
. —loga k, [0*] \ [ &, k, 2B
<P f (-X)<——=—+N|1,—|-[Ay- ——1|L, N|1,— —_— .
I R T Y TR A A (9 )
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We conclude the proof giving an upper bound for this last probability. We compute

) —loga k, ( |6%| )( k, ) ( k,
P fo(X)<s— 8% N[, 5| (a- B ol N7 i |e
/\(se(lg/lM,l]( s) log(m) (T M] -5 N3¢ 3y ]

<P inf (—Xs)S_lo—g/\a—m(ﬁ_T)LjL g+ &) (/M ~7)L
se(k,/M,1] 108()\0T§*|/2) 2 '

1 S|  k N (k,/M—-1)L
=P, sup XsZLi+l(§2|(Mr_T)L_\/3(AO+5)( v/ T)
se(k,/M,1] log ( T-o72 ) P
SP[ sup (N/\oﬁ-é*(olt]_(/\o_@)[‘t)z— logi +§(%—T)L_\/3(/\0+6)(kr/M—T)L] ,
te(0,1] log( X072 ) P

(4.41)

By definition of k, in , the condition gives with ,

o |k, 2 - 7 B 167 —loga 3(Ag +0%)
51 17 Tz\/zmax[wwqw(l 77 e 2 ,

(x872) P

which ensures, as in the case 6* > 0, that

loga |5*|(kr ) \/3(/\0+6*)(kr/M—T)L ( B |5*|)

—°_ 4 L —7|L- 2 Qo | 1= 3 :
A 0

log(22,) 2\ M B 32

We therefore obtain with (4.41)

. * 1 ) ) -
S (NA”‘)(O,t]—(/\O—lézl)Lt)z oga +Iézl(k _T)L_\/3(/\o+6)(kr/M o)L
te(0,1] log( T o2 ) f

SIP’[ sup (N’\O“Y(O,t]—(AO— lil)Lt)Zq,\oﬂy(l—g, 1o l)

te(0,1]
B
3

IA

by definition of g, ,5 (1 -/3,[6"/2) in Lemma The proof is then complete using (4.40).

V.2 Proof of Theorem/[4.5]

For Ay > 0 and R > 1, the simple hypothesis Hi[A(, R] is denoted Hy for short and recall that u, stands
for a/[log, L]. Recall that an upper bound for the u-quantile ps(u) of the Poisson distribution of param-

eter £ > 0 is given by Lemma|2.25|(equation (2.116)).
For 7in (0,1), let us define now k, = min{k’ € {1,..., M}, k' > tM} and

jolk) = ~1og, (1= )] A Llog, (1)) (4.42)
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for k > k;, in order to get j.(k) in {1,...,|log,(L)]} as well as the inequalities

k 1 k 1
M(l EETGE ) TS M(l - zjr(k)) (4.43)

under the following condition
[—1og2(1 —% ﬂ < llog,(L)] - (4.44)

We shall consider also a cover of the interval [k;, M], denoted P = U;I;f)l [x;,%;,1) where W in N* is the
cardinal of the cover P and the real xy < ... < xy satisfy xg = k; and xy > M. Note that the two
real x; and x;;; may depend on Ao, 7,L,M and k,. We will write } | 5)cp for the sum over each dis-
joint interval [c,d) of the cover P. Assuming (4.44), the key argument in the proof of Theorem
will consist on giving an upper bound for the probabilities Py(supyep(p kr2-ietv/nm(1 = 1q/2) = N(k(1 -
277:/M, k/M]) > 0) and Py (supgep(N(k(1 - 2770y /M, k/M] = Pagkr2-ich/m(ta/2) 2 0), instead of the
probabilities P/\(supksz(pAOkszj,(k)/M(1 —ua/2) = N(k(1 = 277<)/M, k/M]) > 0) and P/\(supksz(N(k(l -
277 /M, k/M] - Pagkr2-iw/p(Ua/2) 2 0) in order to get more refined bounds. The following techni-
cal lemmas allow us to bound P/\(Supke[c,d)(p/\OkLZ’fT(k)/M(1 —1,/2) = N(k(1 = 277&)\/M, k/M]) > 0) and
PA(supke[Cld)(N(k(l —277-k)/M, k/M]=p kr2-ieti/m(4a/2)) 2 0) for each interval [c, d) of the cover P, using
an exponential inequality related to the oscillation modulus of some martingales developed in [LG21]
Theorem 8].

Lemma 4.18.
Let L >3, M in N*, a and B be fixed levels in (0,1), Ay > 0 and R > A. For A in S[Ag, R], assume (4.44) and
that the following inequality holds for all interval [c,d) of the cover P:

) 1 [ log(2/ug)M2ixk) d _ log(2W/B)
P L b e e

(4.45)

inf | ———
kéﬂ,d)( M 2ix(k)

where the function g is defined by (2.44). Then, when 6 >0

Z pA[ sup (pagkra-roym(l = 4a/2) = N(k(1 = 27®)/M, k/M] ) zo]s B,
[cd)ep  \keled)

and when 6 <0

Z pA[ sup (N (k(1—27<0)/M,k/M] = py xro-iiym(1a/2) ) 2 o]g B .
[cd)ep  \keled)

Proof of Lemmal4.18|

Let A in S[Ag, R] be such that A = Ag + 61,1}, where 6 in (=Ag, R~ 4]\ {0} and 7 in (0, 1). Notice that for
all kin {1,...,M} and j in {1,...,|log, L]}, the counting statistic N (k(1 — 277)/M, k/M] can be written

—7 k.
N(k(1-27)/M,k/M] :Mk(/{v_fz,j)/M+Bk(1_2_;)/M,k/M ) (4.46)

where forall 0 <s<t, M! = Lt(de — Ax)Ldx) and B, ; = Lt A(x)Ldx is the bias of N(s, t].
Assume first that 0 < 6 < R— Ag. For [¢,d) in P we define

L _ . _ ,
Ocd = kéﬂfd)(Bk(1—z—1r<k))/M,k/M = Pagkr2-icm(l = Ha/z)) )
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and we prove that

S
f ‘
Oca = kéﬁ,d)( M2i:(k)

Let k in [c¢,d) and we compute

(5—Aog‘1 ( log(Z/::£Z£42] ))) . (4.47)

] k .
Br1—2-ie0y/n kM — Pagkr2-ietoym (1 —1a/2) = (Ao + O)Lm = Pagkr2-ichym (1 = ue/2) with (4.43)

L ] loe(2/11. \M 2M27®
= szkr(k)( — Ao 1( 8 /M;O)kL with (2.116) ,

that is (4.47). Notice in particular that the condition (4.45) ensures that for all k in [c,d),

Br(1—2-ie0ym k/m — Pagkra-ietym (1 —1a/2) 20 . (4.48)

Using the condition (4.45) again we obtain

O d _ log(2W/B)
Ocd 2 2(M ‘T)L(A“é)g 1( (d/M -1)L(X +9) )

which is equivalent to

(1)
d pc,d
2exp[—(M—T)(/\0+6)Lg[ z(d/M—r)L(/\o+5)]

Finally, we get the following inequalities

sé . (4.49)

P,\( sup (pagkro-iroym(l = 1a/2) = N(k(1 = 277<®)/M, k/M] ) 2 o)
kelc,d)

= PA(kSI[lIZ (p/\okLZ-]'r(H/M(l —Ua/2) = Bi(1—2-ictyn /M — M k(1 2 )M ) > 0] with (4.46)
€|c

k .
(3k €led), IM /fwz eyl Z Br(i-2-e 0y My~ Pagkra-iewm (1= ”a/z)) with (4.48)
K
P/\(Elke D IME ol 0 )
( sup |M! >0, d]w1th- ,
s,te[t,d/M]

and Theorem 8 in [LG21] leads to

(1)
d Ocd

Pl sup MYz | <2ex —(——r))\ +o)L 2 .

A(s,te[f,f/M]l 12 0ca Pl =31 =7 )P+ L8| a0 Liny + )

Therefore (4.49) yields

Sl

pA( sup (pagkra-rym(l = a/2) = N(k(1 = 277<®)y/M, k/M] ) > o) <
kelc,d)

and the result follows summing over all the interval of the cover P.
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Assume now that -1y < 6 < 0 and define for [¢,d) in P

pfd) = inf

kelod) ( p/\OkLZ*J'r(k)/M(ua/Z) = Br(1-2-ic0y/m k/m ) .

As for the case where 0 > 0, the equations (2.116) and (4.43) entails that for all k in [c,d)

g ( log(2/ug)M2J<(*) ))

Lk
Pagkr2-ie®/m(Ual/2) = Bra—o-ietympm =~ IYoTAC (|5| TokL

and we get

(k)
00 e (B (151 oot 082 02 \
Ocd le)(M2] (l |- Aog ( kL . (4.50)

The condition (4.45) ensures on the one hand that for all k in [c,d)

Pagkr2-ie®/m(Ual2) = Br—o-ietympsm = 0 (4.51)

and on the other hand that

(2)
d pc,d
26XP[‘(M_T)(A°+5)Lg[ 2(d/M —7)L(Xg+0)

Finally, we get the following inequalities

]sé . (4.52)

P,\( sup (N(k(l — 277K/ M, k/M] —p,\OkLg—jT<k>/M(ua/2)) > 0]
kele,d)

k/M .
<PA(3k e led), IME, ol 2 p/\OkLz_;T(k)/M(ua/Z)—Bk(l_z-jr(k))/M’k/M) with {£51]

2
<Py(Tkefed), MY 0l 2 000

< PA( oup M) > pf;] with (£23)
s,te[,d/M] ’

and we conclude with the same lines as above using the Theorem 8 in [LG21], the inequality (4.52) and
summing over all the interval of the cover P. O

Lemma 4.19.
Let L >3, M in N*, a and B be fixed levels in (0,1), Ag > 0 and R > Ay. For A in S[Ag, R]|, assume (4.44) and
that for all interval [c,d) of the cover P one has

a/M-t
/M-t 7

(4.53)

and

c [2R [log(2/u,) _2log(2W/p) \/z\olog(Z/ua) \/Rlog(z\lf/ﬁ)
0] I Tz2max( 3\/ T + T , 4 3 +38 T . (4.54)

Then the inequality (4.45) is satisfied.
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Proof of Lemmal[4.19).
Let A in S[Ag, R] such that A = A + 61, ;] where ¢ in (=Ag, R~ A] \ {0} and 7 in (0, 1). Assume first that
0 <6 <R-Ajand let [c,d) in P. Notice that (4.54) entails on the one hand

[c Aolog(2/uy) \/Rlog(Z\P/ﬁ)
o M—TZS[\/ i +2 i ] )

and then, since 1g+ 6 <R,

5(1\%_T)Lzsm[,//\Qlog(%)+2\/(A0+6)10g(¥)] ,

hence, using (4.53),

c d/M - T <
6(M_T)LZ4\/ M= T [w/)\olog +2\//\0+610g )] (4.55)

On the other hand, (4.54) yields

/i_ /ﬁ log(2/u,) 2log(2W/p)
o M T>2 3 \/ I + T ,

c 86 (log(2/u,) 2log(2W/p)
62( _T)Z?( r L )

and then, since 6 <R,

hence

6(%—7)L2§10g(%)+?10g(%) . (4.56)

Gathered together, the condltlons 5) and (4 6 glve

()21 2 )+§k,g(%),2&(%4)1{Jmog(%)ﬂwmog(g)]] ,

and since 2max(a,b) > a+b for all a,b > 0, we get

%5(ﬁ—7)L = glog(u—za) + glog(%)+ \/2(%—1)L[\//\Olog(%)+2\/(A0+6)10g(%)] ,

hence
1 c 2 2 d 4 2W A\Y d
o[ S —e)L-Z1 22,L1 L) s Zlog[ )4 24 )2 Llog| — | £ - <] .
o) o ) oot ) <) = 1 52 e 27 ) <
(4.57)

Moreover, the condition (4.43) ensures that for all k in [c,d),

1( k k k

E(M_T)<M2]T(k) SM—T , (458)



and we then obtain

Using a lower bound for ¢g~! recalled in (2.45), we finally obtain for all k in [c,d),

1.{c 2 2 2\(d Lk [ log(2/ug)M2Jk)
S5( = —r)L-Zlog[ = |-y [240Llog = |[ = -7 ) < —=— (65— Ag”! a ,
26(M T) 30g(ua) \//\0 Og(ua)(M T)—Mzmm(é Aog ( AokL

1 c 2 2 2 d . Lk _1( log(2/u )M 2i<(k)
S5 £ o )-Z10g[ = )y [200Ll0g| = [ £ — 7)< inf [ _[5-pg! a _
26(M T) 3Og(ua) \/AO Og(ua)(M T)—kéﬂ,m(Mzh(k)(é Aog ( AokL

(4.59)
Using (2.45) again, we get

4 PAVY ! 2W\(d d _ log(2W/B)

Finally, (4.59) and (4.60) combined with (4.57) lead to the expected result.

If we assume that -1y < 0 < 0, the proof follows the same lines as above just replacing o by |0| except
when it is involved in Ag + 0. U

Let us turn back now to the proof of Theoremand first recall that for all A in S[Ag,R], 7 () = {H €
Ha,r» A € Hi} is the set of true hypotheses.

Proof of Theorem
Recall that Hy stands for Hi[A(, R]. We begin with the control of FWER(R(;)) over S[Ag, R]. To this end,
we compute for all A in S[Ag, R]

PA(R(;) AT ()) ¢®):PA(3k e(l,...,M}, H,eRY), H, eT(A))

:P/\(Elke{l,...,LTMJ}, k> k4, /\er)

because A belongs to H|p) and not to Hi¢pp41- If T < 1/M then P,\(R(zl) NT(A)= @) =0 < a, and if
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7 > 1/M one has

<P (3je(l,...,log, L}, N(LTMJ(1 = 277)/M, |[TM /M) > py | entjr-ipm (1 = 1a/2))
+Py(Fj €(1,..., llog, LI, N(LtM (1 = 279)/M, [ TM J/M] < p., enja-iom (4a/2))

[log, L]
< ) Py N(LeMI(1 =27)/M, [ TMYM] > ) e im (1= ta/2))
j=1
[log, L] .
+ ) Py(N(LTM(1 = 27)/M, [TMI/M] < pyevjrz iz (4a/2))
j=1
[log, L] llog, L]
< Z Uy/2 + Z u,/2<a,
j=1 j=1

which proves the control of FWER(R(;)) by «a.

Let us compute an upper bound for FWSRﬂ(R(Zl),S[)\O, R]). Recall that leads to FWSRﬂ(R(Zl),S[)\O, R]) <
Ao V(R-Ap). Now, assume that

C(a, B, A, R, L)\
( Ao V(R=Ap) ) ’

where

Cla, f, Ao, R, L) = Zmax[ ?Jlog(%)_'_ZIOg( 2rlo§2u )

4\/)\010g(%)+8\/1210g(%),

2|log, L /
2\/Aolog(%)+ %, %, %y/loglogL ,

and let r > 0 be such that

C(a,B,A9,R, L)

Recall that for A in S[Ag, R], F(A) = {Hy € Hpr s do(A, Hy) > r} with da(A, Hy) = |8|VA/M — Tl <j/ for all
k in {1,...,M}. To bound FWSR/;(R(;),S[)\O,R]) by r, it is sufficient to prove that for all A in S[Ay, R],
P, (E(A) c R(Zl)) >1-p.

Let us consider then A in S[Ag, R] such that A = Ag + 01,1} where ¢ in (=g, R~ 1]\ {0} and 7 in (0, 1).
If /(1) = @, we get that Py (]-',(/\) C R(zl)) =1>1-4, so by now we assume that A is such that 7.(1) = @.
We define

/\0\/(R—/\0)>7’Z (461)

k, = min{tM <k’ <M, 6*(kK'/M -1)>1%} , (4.62)
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and with the relationship {F.(1) C R(zl) }={k, > I%gl) + 1}, we have to prove the following inequality
£(1)
P, (k2 > kr) < (4.63)
to obtain the expected result.

First, if k, = M then

= P/\(Vj €{L,...,log, L]}, N((1-27),1] < py1oi(1 —ua/2), N((1-27),1] > pA0L2‘f(ua/2)) :

By definition of k,, since the condition (4.61) ensures in particular that

— 2Rlog(2/u,) \//\Olog(2/ua) 2R R
o] V1 122max[\/ 3L , 2 i + BL’ VoL’

we immediately obtain that

Py(Yj € (L,..., [logy 1), N((1=27),11 < pyrai(1 —1a/2), N((1=27),1] 2 py 151(1a/2)) < B
according to the minimax study of the change-point detection done in Proposition which involves

the statistic max;¢(;,. LlogzLJ}((N((l —-271),1] —Par2-i(1 —ua/2))\/ (p,\oszj(ua/2)—N((1 —-270), 1]))

Assume by now that k, <M -1, and we compute then

PA(IQ‘Z” > k,) _p, (3k > ke, b)) = o)
=Py(Fk 2k, Vi€ (L,..., llog, LI} N(k(1 = 27)/M,k/M] < py kra-im(1 = a/2),
N(k(1=271)/M, k/M) 2 prkra-ism(1a/2)) - (4.64)

Assume first that 0 <6 < R— 1. Then (4 ensures that

pA(zz;“ > kr) <Py(3k > ky, Vi€ (L., [logy LI} N(K(1=27)/M,k/M] < py o iy (1 = 1a/2)

<Py (Fk 2 ky, N(k(1 = 277<®)/M, k/M] < py groieioym(1 = 1a/2))

where j. (k) is defined by . The assumption entails that r > 7Ry/loglogL/L and then for all
k >k,

52(%—1)2491{ (4.65)

,loglogL
—7 -
Since 6 < R, we therefore get k/M—1 > 49loglog L/L, which leads to the condition (4.44] - ) for L > 3. Indeed,
for all L > 3, we have 49loglog L/L > 27108211+ which entalls k(1 —27Uog: LI+ ) /M > 7. As a consequence,
we have —log,(1 —tM/k)+1 < |log, L| which implies (4.44). Then for all k > k,, j(k) defined by (4.42) is

such that j. (k) belongs to {1,...,[log, L|)} and satisfies 1;
Consider now the following partition of cardinality W = [log,(L)]:

[og,(L)]-1 [log,(L)1-1 ‘
Lok, = [tM + 2'(k, —tM) ; T™ + 2"+ (k, — TM)) .
i=0 i=0
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The condition (4.65) yields 1/(k,/M — ) < L < 219811 and M + 2(Mog(LN=D+1 (kM) > M, so that
[og,(L)1-1
(ks M] C Lemik, -
As a consequence

[log,(L)]-1
A 1 s
Fa (k(z > r) Z Py(3k € Lepg,i, N k(1= 2770/ M k/M] = py g aeietom (1= 4/2) < 0)

i=

[og,(L ﬂ 1
- pA[ sup (=N (k(1 = 27<®)/M, k/M]+ py xroewym(1 = 1q/2) ) 2 0

i0 kel pmik,
The proof is then completed applying Lemma|4.18| Recall that (4.44) is satisfied and notice that

TM+2+ (k,—TM)

M L 4.66
TM+2i (k,—TM) - (4.66)
— M T

that is (4.53). Then, by definition of k, (see (4.62)), the condition (4.61) gives

o1/ K _Tzzmax( [2R \/log(ZLlogzLJ/a)+210g(2f10gzL1/ﬁ);
M 3 L L

4\//\0 log(2|log, L|/a) . 8\/R10g(2|'10g2 L1/B)
L L ’
and since ™™ + 2/(k, — M) > k, for all i in { ..,[log,(L)] -1}, the inequality (4.54) is satisfied. As a

consequence of Lemma|4.19} the condition (4 is satisfied by the cover UHOg2 Ir,M,i,k, and we may
apply Lemma|4.18|to conclude the proof.
Now, if we assume that -1y <9 <0, then ensures that

P, (k >k ) <P (k> k,, Vje(L,...,[log, LI}, N(k(L=27)/M,k/M]> py s im(ia/2)) .

where j. (k) is defined by (4.42) and the proof essentially follows the same line as above. O

V.3 Proof of Theorem

For Ay > 0 and R > A, recall that the simple hypotheses Hi[Ag,R] are denoted Hy for short and that u,
stands for a/|log, L|. For kin {1,...,M} and j in {1,...,[log, L]}, we set for all x>0

=Ty -

T; x which is defined by (4.13) can then be written

T:

ik = Uj,k + 2Vj,k + Cj,k , (467)
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where

1 2 1
Uj,kzé[(fo PjataaN, - () - | <pﬁk<x>de] , (468)

1 (! ! [ k
Vj,k:ZL (Pj,k(x)(de_/\(x)de)(L Pjk(x)A(x)dx - Ag m] , (4.69)

and Cj; is the squared bias of T x

1 k 2
Cix= (JO (pj,k(x))\(x)dx—/\m/m] . (4.70)

We begin by giving an upper bound for the quantile ¢; ; of T;; under (H). The proof of Lemma
follows the same ideas of the one of Lemma the key argument to obtain the following upper
bound is the use of an exponential inequality established in [LG21} Theorem 6] for the square martingale

([N, = AoLdx)) = [ dN,.

Lemma 4.20 (Control of the quantiles).
Let L>3, ain (0,1), Ag >0and R> Ay. Forall M in N*, for all j in {1,...,|log, L]} and for all k in {1,..., M},
we have the following inequality

2kA3 ( _y( M2i . (3llog,(L)] ||\’
tj,k(l—”a)ﬁm(g ()\OLklog( " ))) , (4.71)

where the function g is defined by (2.44).

ProofofLemma
Letkin {1,...,M}and jin {1,...,[log,(L)]}.

Under the hypothesis (H), N is a simple Poisson process on the interval [0,k/M], of intensity A, with
respect to the measure Ldt, so that the equality (4.67) reduces to T = U; x where

M?2J A 2 A
=2 [ [ (l_y)(de_AOde)] ™

k k

. 2
; & &
4 _Zl‘fé U”M (AN, - AQde)] - I”M AN,
0 0

We then apply inequality (8) of Theorem 6 in [LG21] in order to get for all x > 0 and for all A in Hy,

s 2 s 2 j 2
xkL ALk ( M2 [xkL
PA[ sup ((L(de—AOde)) —JO de]>W]s3exP( Mon' g(AOLk /M21+1]] ,

0<s<—k—
2IM

where ¢ is defined by . To conclude, we obtain for

LKA (M2 (3
=2m \& \ ork %8\, ’
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that for all A in Hy,

Py(Tyx > x) = Py (Uj > x)

s 2 S 2
<P| sup ((J-(de—)\ode)) —f dN, | > XL
0<s<+ (\Jo 0 M2
2IM
<3ex ~AgLk ( M2J | xkL?
=P\ Ty 8| ALk V M2

Suar

and holds by definition of the quantile. O

As for the proof of Theorem let us define for 7 in (0,1), k; = min{k’ € {1,..., M}, k"> tM} and

jo(k) = ~1og, (1= T )] A log, (1)) (4.72)

for k > k;, in order to get j.(k) in {1,...,|log,(L)]} as well as the inequalities

k 1 k 1
wli- 201 Jersgili- 2jf<k>) (473)
under the following condition
[—bgz(l —% ﬂ < llog,(L)] . (4.74)

Following the same idea of the proof of Theorem|4.5| we shall consider also a cover of the interval [k,, M],
denoted P = U}ZBI [x;,x;+1) where W in N* is the cardinal of the cover P and the real xy <... < xy satisfy
xo = k¢ and x¢ > M. Note that the two real x; and x;,; may depend on A, t,L,M and k.. We will write
) c,d)ep for the sum over each disjoint interval [c, d) of the cover P. Assuming , the key argument in
the proof of Theorem will consist on giving an upper bound for the probability P (supyep(t;,(k)k(1 -
ug) = Tj,(k)k) = 0) instead of the probability Py (supysy (), (k)k(1 = 1a) = T (k)k) = 0), in order to get a more
refined bound. The following technical lemmas allow us to bound PA(Supke[c,d)(th(k),k(l —ua)=Tj (k)k) = 0)
for each interval [c,d) of the cover P, using exponential inequalities related to the oscillation modulus
of martingales or square martingales developed in [LG21].

Lemma 4.21 (Control 1).

Let L >3, M in N*, a and p be fixed levels in (0,1), Ag > 0 and R > A(. For A in S[Ay, R], assume and
that the following inequality holds for all interval [c,d) of the cover P :

L2 c 1 ,(c kA2 (L (M2i®  (3llog,(L)] |\’
T(M_T)[Zb (M_T)_kiﬁg,)[ij(k)M(g ( AoLk 1Og( o )) =

d .  log(20w/p) 2
8((M—T)(/\0+6)Lg ((d/M—T)(/\0+6)L)) , (4.75)

where the function g is defined by (2.44). Then

y P/\( sup (_U fjr<k>,k<1—“a)—CjT<k>,k)
[cd)ep  \Kkeled)

\%

o
~——
IA
N

; +
jie(k)k 5
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Proof of Lemmal[4.21]
Let A in S[A(, R] be such that A = Ay + 61,1}, where 6 in (—=Ag,R— o]\ {0} and 7 in (0,1). Let [c,d) in P
&7

and notice that for k in [c,d), (4.70) and (4.73) ensure the inequality

k1 1 ,(k
o _s2 K 1ok
Ciatknk =37 255 > 39 (M T) ) (4.76)
which combined with (4.71) in Lemma(4.20|gives
Gk > Lk k(1 —1g) (4.77)

. - 2
Let us define now M! by M! = (Lt(de - /\(x)de)) —Lt dN, for all 0 <s <, in order to write with (4.68)

U B M2i(k) M
]T(k)’k - kL2 k/M( 1—-2-Jz(k) )

We define also &, 4 by
i L%k Cj i)k — Lk k(1 —1tq)
" keled) M2ic(k) 2 ’

éc,d

and we prove now that

L2 ¢ 1.,(c kA2 [ (M2 3llog,(D)] )\
Ef'd27(M_T)[Z(S (M_T)_kiﬁﬂ)[zmkm(g (/\OLk 1°g( a ))) ' (4.78)

Notice first that (4.75) leads to

; 2
1 ,(c kA M2ick) 3|log,(L)]
252 ) 1 >0 .
1° (M T) kiﬁfi)[zmkm E\ 0k BT« 20

The inequality (4.73) then ensures that

L’k >L2 k
M2jck) = 2 ’

and with (4.71) and (4.76), we get for all k in [c,d)

2k C —t; 1-u 2
L’k Cikpk — k(1 — tg) L(c T)(léz(c T)

M2 2 2 \m 1

kA2 ( ., (szr<k> | (3Llog2(L)J)))2
— Su - (0]
ke[c’%) RGN AoLk 8 a

which is (4.78). Using the condition (4.75) we then obtain

log (20W/p) g
)

d )
5C'd28((M_T)M°+5)Lg 1((d/M—T)()\Q+6

which is equivalent to

d 1 gc,d ;B
1oexp[_(M_T)()\0+6)Lg[(d/M—T)L(A0+5)‘/?]]Sﬁ . (4.79)
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Finally, we get the following inequalities:

£ 1-u,)-C;
PA( sup (_U]}(k),k+ jeh)k{ 2&’ h(k»k)z o]
kelc,d)
Cj —tj 1-u
T e Sl B Y (2
< P,\(E]k €lc,d), M,’j//ﬁ(lfz,mk)) > 5C,d)

sza[ sup |M:|zec,d] with (@73)

site[t, 4]
and applying inequality (15) of Theorem 8 in [LG21],

- d 1 éc,d
pA[ sup IMslzéc,d]s10eXP[‘(M‘T)“0+5)Lg{(d/M—r)L(Ao+5) 8 ]]

s,te[r,ﬁ]

To conclude, 1) yields
ti k(1 —1a) = Ci (k)k )

P/\( sup (_UjT(k),k"' i 5
kelc,d)

B
> < —
—0]—2\1/ ’

and the result follows summing over all the interval of the cover P. O

Lemma 4.22 (Control 2).
Let L >3, M in N*, a and B be fixed levels in (0,1), Ag > 0 and R > Ay. For A in S[Ag, R, assume (4.74) and
that the following inequality holds for all interval [c,d) of the cover P :

L(1,c kA2 [ (M2 (3]log,(D)] ) )\

H(§5 (M_T)_kiﬁﬂ)[zme &\ A 8T s ) )
log (4W/B)

(d/M—-t)(Ag+o)L ]’

ZZ(%—T)(AO—FCS)Lg_l( (4.80)

where the function g is defined by (2.44). Then

t; (1-u,)-C;
Z jo(k),k a) = Cjik)k B
P/\[ Sup (_fojr(k),k-’- )ZO]SE .
[cd)ep  \kelod)

Proof of Lemma
We proceed as in the proof of Lemma Let A in S[A(,R] and [¢,d) in P. We may fix ¢ in (-Ay,R -

Ao]\ {0} and 7 in (0,1) such that A = A+ 01, 1}. For all 0 < s <t we define M! by M! = Lt(de — A(x)Ldx)
in order to write with (4.69)

1 | M2ik) 1
Viikk = p (J; Pj (k) k(X)A(x)dx = Ag

2k pg | kM (1270 )

ol

k ] AFM

We define also C 4 by

-1
k

27 (k) M

Ci.tknk — i (kpk (1 — 1)

=L inf ,
Z;c,d n 4

kele,d) Y M2ix(k)

1
L Pj. (k) k(X)A(x)dx — Ao
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and we prove that

. 2
L1,(c kAG [ M2:B 3]logy(L)]
Cc’d Z m {gé (M - T) - ksel[lcgl)[ 2j1(k)+1M g /\0Lk log o ' (481)

A straightforward calculation gives for all k in [c,d)

-1

LVk ! [k L
—_— i X)A(x)dx = Agr| ———| = — ,
YR J; Pj. (k) k(x)A(x) 0\ S5 H
and then with (4.71) and (4.76), we get
-1
LVk 1 k Ci .tk = ok k(1 —ug)
—_— ' X)AMx)dx— A ‘ LA T >

kAZ M2i®) (3]log,(L)] )\
L l.SZ(L—T)— sup | ———— 0 gt log Llog,(L)] ,
|6| 8 M kG[C,d) 2]1(k)+1M /\0Lk a
which entails (4.81). Using the condition (4.80) we obtain

d
Cc’d Zz(M—T)(/\O‘Fé)Lgl(

log (4W/B) )
(d/M—-1)(Ag+0)L |’

which is equivalent to

d Ced /5
2 | == L d <= . 4.82
eXp( (M T)(Ao“s) g(2(d/M—T)L(/\0+6) =2 (4.82)
Finally, we get the following inequalities
t; 1-u,)-C;
P/\( Sup 2V, s+ joti k(1= a) = Gk 0]
kele,d) 2

C; —t: 1-u
sPA(Bke[C,d), VAE je(k).k Jrik%k( “)) with (4.77)

Mk/M

< P/\ (Hk S [C; d)y k/M(1-2-iz(k)

>Ced )

SPA[ sup lelzcc,d] with @&73) ,

s,te[r,%]

and Theorem 8 in [LG21] leads to

d C
pA[ sup |M£|2Cc,d]5zexp(_(A_/I_T)(/\0+5)Lg(Z(d/M—CTI;iL(/\O‘*‘é))).

ste[t L]

Therefore yields

t; 1-u,)-C;
P)\[ Sup 2V o+ jeti (1= ta) = G 0)3 b
ke[c,d) 2 pAVY

and the result follows summing over all the interval of the cover P.
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The following lemma gives some conditions on the cover P to ensure the inequalities (4.75) and (4.80)

in order to apply Lemma (4.21|and Lemma

Lemma 4.23.
Let L >3, M in N*, a and B be fixed levels in (0,1), Ay > 0 and R > A,. For A in S[A(, R], we assume (4.74),
that for all interval [c,d) of the cover P

d/M—T:2

c/M—-1 ’

(4.83)

and that the following inequality holds

1 20W | 3|1 L 1 3|1 L
19| ﬁ—erax(SZ\/S_R Og(g /ﬁ),gm\/ og(3|log, J/a),2~321/3~/\(1)/6R1/3\/ og(3llog, J/a),

L L

2.(§)1/4@\/10g(3|_1c;g2LJ/a)’ 128VR 1og(4L\If/ﬁ)] | (4.84)

Then the inequalities (4.75) and (4.80) are satisfied.

Proof of Lemma
Let A in S[Ag, R] such that A = Ag + 01 (1) where 6 in (=19, R~ 1]\ {0} and 7 in (0, 1). Let [c,d) in P, k in
[c,d) and notice that (4.73) ensures that 2/+X)M/k < 2/(c/M — t). Combined with (2.45), we deduce that

2

kA2 M 2i(k) 3|1log, (L
Ssup — ko (gl( log( Log,( )J))) <
kele,d) 2J=(k) pp AoLk a
log (3|log, L log? (3|log, L log®?2(3|log, L
o og(3llog,L)/ar) 8log”(3llog, L)) 1 8 8 (Sllog,Lya) 1 (4.85)
L 9 L2 c/M-1t 3 L3/2 Ve/M -1

Moreover, applying the inequality (2.45) again, we obtain for all u in R}

-1 log (u) 2log (u) 2log (1)
g ((d/M—T)(/\0+5)L)S\/(d/M—T)(/\O+6)L * 3(d/M—1)(Ag+0)L (4.86)

To get , notice first that (4.86) applied with u = 20W/ leads to

2
d L log(20w/p) 32 20w d 20w
8{(M—T)(/\0+6)Lg1[(%_T)(/\0+6)L]] S?lOgZ(T)-l‘16(M—T)(A0+5)L10g(T)+

%ﬁ\/%—n//\o+6\/flog3/2(%) . (4.87)

Using (4.85) and (4.87), it is enough to prove that

L_Z(c )(iéz(c )_(uolog(ﬂlogzu/a)+§log2(3Llog2LJ/a) 1

2\m M~ L 9 L2 M-t
8 —log*?(3llog,L)/a) 1 32 ,(20W d 20W
3\//\_0 L3/2 \/m Zglog (T)+16(M—T)(/\0+6)L10g T)'F
%ﬁw/%—nh\o+6ﬁlog3ﬁ(%) (4.88)
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to get - Let us prove that (4.84) implies (4.88). From (4.84), we get in particular
log (20W 1 3|log, L log (20W
B A%_Qmax(ﬁ@ og ( . //5);4@\/ og ( Long Va) L6VR, 108 (20%/B)

L s

2. 321/3)\3)/6R1/3\/108(3L12g2 L|/a) } (256 )1/4\/— log ( Zgw/ﬁ) ,

2.(2)1/4\/§\/log(3|_10g2LJ/a)] ,
3 L
and using the fact that a+ b < 2max(a, b) for all 4,b in R*, one obtains

VY 1 3|log, L
16V3R 10g(2£) /B) +2\/@\/ og ( L(;ng V/a) )
8VR log ( 22‘1'/5) 321/3Aé/6R1/3\/108(3L10g2 L)/a)

L s
(@)1/4@ 10g(20‘I’/[3)+(g)1/4@\/10g(3|_10g2LJ/a)] '

c
0|4 /— — T > max
N

3 L 3 L (4.89)

For all 4,b in R* and s in (0,1), since (a + b)* < a° + b%, we deduce from (4.89) that

log (20W log (3[log, L
B M—’c>max[\/768R—og( - 1) | 549, 08308, L/a)

L s

3/2 loe¥2 (3|100. L 173
210g™ (20W/B) , 5, ioplos”” (3llog, J/a)J ’

3/
( S12R 13/2 13/2

(@Rzlogz(ZO\I’/ﬁ) 32R2log (3|_log2LJ/a)) /4] ' (4.90)

3 L? 3 L?

Then (4.90) entails on the one hand

3/2 3/2 1/3
c spplog”? (20w/8)  — log””(3|log,L)/)

that is

3/2 log®? (20W/ log®?(3|log, L|/
3( € 372108 ( B) og™( Llog, Va)
|0 (—M—T) >512R —L3/2 +324/ApR 72 ,

which gives

L3/2

of € log 20‘1’//3 log¥?(3|log, L)/a)
S (M T) léwi(mzwhmo — TP 1 324/A0l0| .

On the other hand, we get that

1/4

5] %_T . (@Rzlogz(zowﬁ) +gR2log2(3uog2LJ/a))

3 L2 3 L?

that is

2 2 2
af € 256 ,log”(20W/B) 32 ,log”(3|log,L)/a)
I b 2 ’
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and then

o € 1 @‘zlogz(m\lf/ﬁ) 32 ,log?(3|log, L)/a)
0 (M 7)252((:/1\/1—1)( 50 T30 B :

We therefore obtain

log (20W/B) log(3|log,L|/a)

L ’

1 512 log®? (20W/B) log®?(3|log, L)/a)
5 \/7[ =5 1ol + 0= |o|\/_ o7 ,
1 256 ., log® (20W/p) 32 ;log” (3llog, L)/a)
02 (¢/M—-1)\ 9 L? 9 L? ’

52(%_1)23max(256()\0+5) +840

and using the fact that a+ b+ ¢ < 3max(a, b, c) for all 4,b,c in R”, it yields

log (3[log, L
62(§—1)2256(/\o+6)—10g(20\p/ﬁ)+8/\o 8 Long Ve),

1 512 log3/2 (20%/p) log¥?(3|log, L)/a)
v | S B R g los Gl tlie) ),

1 &6210g2(20\lf/ﬁ) . 262log (3llog,L)/ax)
52 (c/M-1)\ 9 L2 9 L2

We use now (4.83) to get

(4.91)

log(20W/B)d/M -t log(3|log,L|/a)
T M1 +81p T +
3/2 3/2
1 2562 d/M T\/—log (20¥/B) .32 \/—Olog (3llog, LJ/a)
Ve/M-t\ 3 L3/2 3 L3/2
1 (@mgz(zow,ﬁ) . 321og’ (3|_log2LJ/a))

52(ﬁ—1)2128(/\0+5)

M-\ 9 L? 9 L?

which can be rewritten as

152(i—1)— 2/\Olog(3|_log2LJ/az) +§log2(3|_log2LJ/01) 1 +§\/A—log3/2(3|_log2LJ/a) 1

4 \M L 9 L2 /M-t 3 L3/ VoM -1
64log? (20w/B) 1 d/M -1 log(20W/B) 64V2 [d/M-1 1 log®?(20W/B)

N Y B ey Bk e SR SR Vi v By vy sl A £ 75 ’

that is Let us prove now that ( is satisfied. Using (4 and ( with u = 4W/p, it is

enough to prove that

191\8° \m L 9 12 /M-

4 —log¥?(3llog,L)/a) 1 4,
+§V/\() L3/2 ’—C/M_T Zg ( )+2\/ A0+6 ——T LlOg
4 92)
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Let’s prove that (4 implies (4 . From (4.84), we get in particular

o] ﬁ—'{2max[16w/§\/—log(i\y/ﬁ) , 8\/2—/\0\/10g(3|_10Lg2LJ/a) , 128VR —log(ﬁlL‘I’/ﬂ) )

128\3 6 1/3\/108(3L10g2LJ/a) 128 \!/4 \/IOg(SI-lOg?LJ/a)
(5) M°r () R L ’

which leads, using the fact that a + b < 2max(a, b) for all 4,b in R*, to

19| __T>max /2R |log (4W/B) 4‘I’/ﬁ 4\/ﬁ\/log Bllog, LV/a) ooz [1o8(4¥/B) 4\1///3
128\ 1/6 s \/10g(3L10gzLJ/a) 128 \1/4 \/10g(3tlogzu/a)
(5) e () = ; o (a99)

With the same computations as before, (4.93) yields

52(ﬁ_r)>4ma (3| llog(flf/ﬂ) o Olog<3uig2u/a)’ Wives l°g(iq’/ﬁ)|6| /%_T,

Qlél\//\—log3/2(3|_log2LJ/a) 1 25210g2(3L10g2LJ/a) .
O L oIVe/M =7 " 9 L? 82 (c/M-1))

(4.94)

Since a+ b+ c+d < 4max(a,b,c,d) for all a,b,¢c,d in RT, (4 ensures using (4

62(ﬁ—r)_ 3| llog(4\ll/[3 430950 log ( 4‘1’//3 log (4W/§), 5 / 48, log(SLlogQLJ/a)

32

log? (3|log, L)/a) 1 ] log®?(3|log, LJ/(X ) 1
5 —1olV/A )
L? 52(C/M— + | VAo L3/2 |o|Ve/M —t
that is (4.92) . O

Let us turn back now to the proof of Theoremand first recall that for all A in S[Ag,R], 7 () = {H €
Ham,r » A € Hi} is the set of true hypotheses.

Proof of Theorem
Recall that Hy stands for Hi[Ag, R]. We begin with the control of FWER(R?,_Z)) over S[ Ay, R]. To this end,
we compute for all A in S[Ag, R]

P/\(R(Zz)mT(A)ig):P/\(er{1,...,M}, Hy e RY, erT(/\))
:PA(er{l,...,LTMJ}, k> kP4, /\er) )
because A belongs to H|p) and not to Hi¢pp41- If T < 1/M then P,\(R(zz) NT(A)= @) =0 < a, and if
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7 > 1/M one has
(2) _ b 1(2)
PA(R2 NT(A)= @)_ Py(ky"+1<|[T™]))

(2)
= P/\((PQ,LTM_] = 1)
= P/\ (El] € {1,...,|_10g2LJ}, Tj,|_TMJ > tj,LTMJ(l —Ma))

[log, L]
< Z P/\(Tj,LTMJ > tj,LrMJ(l_ua))

which proves the control of FWER(R(22) ) by a.

Let us compute an upper bound for FWSRﬁ(R(Zz),S[/\Q, R]). Recall that leads to FWSRﬁ(R(Zz),S[/\Q, R]) <
AoV (R—=Ap). Now, assume that

C(a, B, Ao, R,L)\*
L>( 1oV (R=1g) ) ’

where

Cla,po Ao R L) = max(nsx/ﬁ\/log( % ) , 4\/2/\0 log( % ) + 2\/21{\/%, 16\/§,

3|llog, L
max(8y24o, 2:32'/3- AJ°R?, 2-(32/3)/VR, 2R) 1og( X J)]

and let r > 0 be such that

Cla, B, Ao R, L
NV (R-Ag) > 7z S@B Ao RL)
VL

Recall that for A in S[Ag, R], % (A) = {Hy € Harr, do(A, Hy) > 7} with dy (A, Hy) = [0|VE/M — 11 </ for all
k in {1,...,M}. To bound FWSRﬁ(R(;),S[/\O,R]) by r, it is sufficient to prove that for all A in S[A(,R],
P, (]—;(A) ch’) >1-8.

Let us consider then A in S[Ag, R] such that A = A5 + 61,1} where 0 in (=19, R— Ao]\ {0} and 7 in (0, 1).

(4.95)

If 7(A) = @, we get that Py (J’-",(/\) C R(ZZ)) =12>1-p, so by now we assume that A is such that F.(1) = @.
We define
k, = min{tM <k’ <M, 6*(kK'/M -1) > 1%}, (4.96)

and with the relationship {#.(1) C R(22) }=1{k, > 1222) + 1}, we have to prove the following inequality
P, (12(22) > kr) < (4.97)

to obtain the expected result.
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First, if k, = M then

=Py(Yj (L., llogy LI}, T < tjm(1-1a))

where for all jin {1,...,|log, L]},
2 1y .7 1 210 1 A2
Tj,M(N)—ﬁ(N((l _E)’l] N((l— > ) 1])_TN((1_5)’1]+E .
By definition of k,, since the condition (4.95) ensures in particular that
1/3
18] (_1—T>max( 2)\olog 3/uq) L9 /2 \/2\/_Rlog 3/ua)] 4(5) AVoRI/ log(i/ua),
16 [ R, V2R
BL” NL )’

we immediately conclude that

Py(Yjell,..., llogy Ll}, Ty < tjm(1-1)) <P,

according to the minimax study of the change-point detection done in Proposition which involves
the statistic maxje1,..,|log, y(Tim =t m)-

Assume by now that k, <M —1, and we compute then

PA(l%‘f) > kr) =P, (Hk >k, Py = 0)
=Py(Fk =k, Vie(l,..., llogy LI}, Tix <tjx(1-1y))
<Py (Fk 2k, Ty ok < b ok (1-1ta))
= Py ( 3k 2 ks Uj ok + 2V + Crriok = k(1= ) O

where j,

(k) is defined by (4.72). The assumption (4.95) entails that r > 2R+/log(3[log, L]/a)/L and then
for all k > k,

52(%—r)z4R21°g(3U°g2LJ/“) . (4.98)

L

We therefore get k/M — v > 4log(3|log, L|/a)/L, which leads to the condition (4.74) for L > 3. Indeed,
for all L > 3, we have 2log(3|log,L]/a)/L > 271°¢: L] which entails k/M(1 - 2~ LIng +1) > 1. As a conse-
quence, we have —log,(1 —tM/k)+1 <|log, L] which implies l-| Then for all k > k,, j,(k) defined by
(4.72) is such that j. (k) belongs to {1,...,|log, L])} and satlsﬁes

Consider now the following partltlon of cardinality W = [log, (L )'| :

[og,(L)]-1 [log,(L)1-1 ‘
Lok, = [tM + 2'(k, —tM) ; T™ + 2"+ (k, — TM)) .
i=0 i=0
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The condition (4.98) implies 1/(k,/M — 1) < L < 2M°&:(D1 and M + 2(1082(L1=D+1 (g tM) > M, so that

[log,(L)1-1
[kr;M] c IT,M,i,k, .

[§)

~
I
o

Asa consequence

[og,(L)1-1
A(2
P/\ (k(z ) > kr < Z P/\ (Elk € IT,M,i,k,’ UjT(k);k + 2VjT(k),k + Cj,(k),k - tj,(k),k(l - Ma) < 0)

Mog,(L)]-1
= P A[ sup  (=Uj, ok = 2Vj, ok = Cj. ook + 1,0,k (1= 140) ) > 0]

k€l pik,

[og,(L)1-1

t; 1-u,)-C;

< ) P/\[ sup (—Ujr(k),k+ it 2“ ]T(k)’k)zo]
=0 kel ik,

[og, (L)1-1
t; 1-u,)-C;
+ Z P, sup —2Vj (k),k ]T(k)’k( a) Lk 201 .
; kel i o 2

=0 T,M,i,ky

The proof is then completed applying Lemma and Lemma Recall that (4.73) is satisfied and
notice that

T™M+27 (k,—TM)

M —
TM+2i (k,—TM) =2, (4.99)
- M

that is (4.83). Then, by definition of k, (4.96), the condition (4.95) gives

o %_TZmax[lzg\/ﬁ\/log(ZOFIEgzLVﬁ),C(AOIR)\/log(3LloLg2LJ/a)] ,

where C(Ay,R) = max( 821X, , 2-32173. )\(1)/61{1/3 , 2-(32/3)Y4yR, 2R), and since T + 2/ (k, —TM) >k,
for all i in {0,...,[log,(L)] - 1}, the inequality (4.84) is satisfied. As a consequence of Lemma the

two conditions (4.75) and 14.80p are satisfied by the cover szlzogsz(Lﬂ—l It m,ik, and we may apply Lemma
4.21|and Lemma|4.22|to conclude the proof. O

V.4 Proofs of Section [II1
Proof of Lemmal4.7]

Let R be a multiple testing procedure on H such that FWER(R) < a and let A in S. Recall that we define
I,byl,={xe[0,1]: x <((sup{ke{l,...,M}, H, ¢ R}+1)/M) A 1}. If T < 1/M, one obtains immediately
that P\(trel,)=1>1-a,and if T > 1/M we get

a>Py\(RNT(A)=@)=Py(dH, € H, H, € R, A€ Hy)
=Py(dke{l,...,|tM]}, H, € R, A € Hy)

because A belongs to H|jr) and not to H¢pr+1- Then

Py@kefl,...,[tM]}, HyeR, A€ Hy) > Py(t€1,)
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because on the event {7 € I}, one has H|y;| in R. Therefore P\(7 € I,) > 1-a for all A in S which proves
the first part of the lemma.

Conversely, let A in S and let I, a (1 — a)-confidence region for T on S. Set R = {H;, € H, k/M > sup{x €
[0,1], x € I,}} and notice that if T <1/M then P,(RN7T (M) = @)=0<a.If T > 1/M, we get

P\(RNT(A)=@)=P,(dH e H, H.€R, A€ Hy)
=Py (3kefl,...,|[TtM]}, k/M >sup{x€[0,1], x€I,}, A € Hy)
[TM ]
)

=1 —Pl(sup{xe [0,1], xe1,} >

:P/\(sup{xe [0,1], xel,} <

S

On the event {t € I}, T <sup{x €[0,1], x € I,} and since | tM |/M < t, we obtain that | TM |/M < sup{x €
[0,1], x €1,}. Then
PARNT(A)=2)<1-Py(t€l,),

and Py\(RNT(A) = @) <a for all Ain S which is the expected result.

Proof of Lemmal4.8]
The control of FWER(R) over S[(,5*] by a is a consequence of the second part of Lemma
Now, let A in S[Ay, 0*] and notice that on the event {t € (¢(N)—a,p(N) + b]}, if Hy belongs to {Hy €
Hy,s» k/M —7 > a+Db}, then k/M >t +a+b and since $(N)+b < t+a+b, we obtain k/M > ¢(N) + b that
is Hy belongs to R. Then (4.15) leads to
l1-a<Py(te(p(N)-a,¢(N)+b])<P,({Hr € Hpp500 K/ M—T>0a+b}CR) .
Therefore, for all A in S[Ag, 7],
1-a <Py ({Hy € Hypo, 82 (/M =7)28(a+b)} CR)
=Py(F eV e R)
and then FWSR (R, S[A¢,0"]) < [|0*|Va + b. In particular one has mFWSR,, ,(S[Ag, 07]) <[0*|Va + b hence

mFWSR,, (S[Ag,97])2
5*2

Ea (E[AOI 6*]) =

which proves the first part of the Lemma.
Assume now that R is a multiple procedure on H,y; s- satisfying FWER(R) < a and FWSR4(R, S[Ag,07]) <

r. Recall that we define an estimator of 7 from R by 7 = k/M where k = sup{ke{l,...,M}, H g R} Vv 0. If
T <1/M then Py(t > 7+ 1/M)=0<a and if T > 1/M, we get for all A in S[A, "],

a>Py\(RNT(A)=@)=P(JH; € HM,é*; HyeR, H €T (M)
=Py(3dke{l,...,|tM]}, H, € R, A € Hy)

because A belongs to H|;)1) and not in H|;p}4+1- On the event {t > 7 + 1/M}, k < |tM] and then Hm)
belongs to R. This leads to Py(k €{1,...,|[tM ]}, H € R, A€ Hy) > Py(t >t +1/M)and

Py(t>T+1/M) <«
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for all A in S[Ay,5*]. Moreover, since FWSRg(R, S[Ag,0°]) < r, one has P\(%(1) CR) > 1 - for all Ain
S[Ag, 07]. We get then
B2 PAFN) N (Hygo \R) = ) = Py(Ak € {1,..., M}, do(A, Hy) > 1, Hy € R)
=P,k e{[tM7,...,k}, *(k/M -1) >, Hy ¢ R)
> Py(k/M -t >712/8"%) ,

and one obtains Py ( T<T- r2/5*2) < B for all A in S[A(, 0*]. This inequality remains true for A = Ay (and
T = 1). Finally,

2
,
inf P/—\(Te (f——, T4+ —
A€S[Ag,5] 6*2 M

)Zl—a—ﬁ.

Proof of Lemma|4.10

Let ain (0,1/2), A9 >0, R> Ag and L > 1. Taking ¢(N) = a = b = 1/2, we obtain L,(S[A¢,R]) < 1. Assume
now that £,(S[Ag,R]) < 1. We may fix ¢ in MD such that £,(¢,S[Ao,R]) <1, and then there exists a > 0
and b > 0 such thata+b <1 and

inf Pyte(¢p(N)-a,p(N)+b])>1-a .
1€8[AoR]

On the one hand, for A = 15 we get
Py, (1€ (@(N)=a,¢(N)+b]) > 1-a ,
hence P, (¢(N)=1-b)>1-a.Since 1 - b > g, this yields P, (¢(N)>a) >1-a and
Py (¢p(N)<a)<a . (4.100)
On the other hand, for every ¢ in (0,R— Ay] and every 7 in (0, 1),
Py(t € (p(N)~a,p(N)+b]) > 1 -a
with A = A + 61 (,,1)- Using the Girsanov lemma (see Lemma|2.1), one computes

! 5 ]
Py(t € (p(N)—a,p(N)+b]) = Ey, [eXP(J 10%( /\0/\:: )dNt —-o(1~- T)L)]lre((])(N)—a,¢(N)+b]

7

so letting o tends to 0, we obtain by dominated convergence that for every 7 in (0, 1):
Py (te(p(N)-a,¢(N)+b))21~a .
In particular, when 7 tends to 0, this leads to

Py (¢p(N)<a)21l-a . (4.101)

Therefore, (4.100) and (4.101) leads to

l-a<P(p(N)<a)<a .

This entails a > 1/2 which is a contradiction.
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Proof of Lemma|4.11

Let Ap > 0 and ¢, a level-a test of (Hy) "A = Ay” versus (Hy) "A € Ssp[Ag]”, with Ssa[Ag] defined by
(4.18).
Let r >0 and A in Ssp[Ag] such that d; (A, {1y}) > r. We have

M Pa(N)=0)=1=P\(pg(N)=1)+ Py (Pa(N)=1) =Py (¢a(N)=1)
21-a =[Py (¢a(N)=1)=Py(Pa(N)=1)]
>1-a-V(P,B, ),

where V(P/\,P/\O) is the total variation distance between the probability measures Py and P, . Then,
using the Pinsker inequality (see for example Lemma 2.5 in [Tsy08]),

K(PyPy,)

Pr(ga(N)=0) 2 1-a -\ —— =2,

where K (P/\,P/\O is the Kullback divergence between the probability measures Py and Py . As in the
we thus deduce that if there exists A in Ssp[Ag] such that d, (A, {Ag}) > r satisfying

(P/\,P/\ ) 2 > B, then mSR (S>A[/\0])

For r > A, let us introduce for all 7 in (0,1), A, = Ay + r(1 — T)_1/2]1(T}1] in Ssa[Ap], and such that
dy(A,, {Ao}) = r. Then, the Girsanov lemma (see Lemma i entails

proof of Lemma

=~

l-a-

dP),

r r
K(P/\,P/\O) J\log(dp/\o)dp/\ 10g(1+/\O\/—lj)(/\o-f'\/l—j)(l_'r)l;_lﬂ’\ll_’[ .

Hence choosing 7 close enough to 1 — which is allowed as long as A, is not constrained to be upper
bounded by some given constant, K ( Py, Py, ) < 2(1 - a - p)%. This entails

mSR /5 (S>A[/\O] >r, forallr>A,

which allows to conclude that mSREX/}%} (SsalAo]) = +oo0.

Proof of Theorem

By now, for 1y >0, R>0and A in (0, Ag A (R— Ag)), the simple hypothesis Hi[1(, A, R] is simply written
Hj for short. The following lemma gives an upper bound for the quantiles s (1 — a/2) (respectively
s_a k(1 —a/2)) of Sy (respectively of S_, i) under Hy, and its proof follows the same lines as the one of
Lemma|[4.17] just replacing 6* by A when 6* > 0 and by —A when 6" < 0. It highlights in particular that
we can bound these quantiles by some constants which do not depend on k, L and M.

Lemma 4.24 (Control of the quantiles).
Let ain (0,1), Ag >0, R>0and Ain (0, Ag A(R—Ag)). For all M in N*, for all L > 1 and for all k € {1,..., M},

one has
s 7 -3 q ) »
s:kf(l—z%))gﬁ ) (4.102)

log( %72 )

where g (1 —a/2,A/2)is defined in Lemma
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Let us prove the Theorem and first recall that for A in SsA[Ag,R], 7(A) = {Hy € Hpyar » A € Hy} is
the set of true hypotheses.

Proof of Theorem
For all k in {1,..., M}, recall that Hy stands for Hi[1p, A, R]. We start with the control of FWER(R3) over

SsalAo,R], and for A in Ssp[Ag, R] we compute to this end

PARsNT(A)=@)=Py(Fke{l,...,[TM]}, k> ks +1, A € Hy)

because A belongs to H|;prj and not to H¢pr)41- If T <1/M then Py (R3N7 (1) = @) =0, and if T > 1/M
one has

PA(R3NT(N) = @) =Py (ks +1 < |tM])

(‘Pa [tM] = 1)
Py ( AeM|(N) > sp om (1= 06/2)) +P/\(S—A,|_TMJ(N) > s A emy(1 - a/2))

Al
N

I/\

that is FWER(R3) is bounded by a.

Let us compute now an upper bound for FWSRg(R3,S>a[ Ao, R]).
Let r >0 and M in N*. Recall that for A in Ss5[Ag, R],

A) = {Hi[Ao, A R] € Hpp A g d2(A, Hi[Ag, A, R]) > 1}

with dy(A, Hi[Ag, A, R]) = [0|Vk/M — t1 </ for all kin {1,..., M}. One has the following straightforward
assertion
VYle SzA[/\(),R], .7:,;(/\) =g & r2> /\0 \Y% (R— Ao) ,

and in particular, for all multiple testing procedure R,
FWSRg(R, SxalAo, R]) < Ao V (R = Ag).

Indeed, let r > 0 be such that r > Ay V (R— Ag). Then for all A in Ssx[Ag, R], F () = @ and then Py(F. (1) C
R)=12>1-p for all multiple testing procedure R and for all A in Ssx[A¢, R].

Now, assume that L > (C(a, 8, A9, A, R)/(Ag V (R—Ap)))? and let r > 0 be such that

C(a, B, A9, A,R)

/\0V(R—A0)>T \/Z ,

(4.103)

where C(a, B, A9, A, R) is defined by

A log(3/
Cla 20, A R) = 2max(¢R— AOJ a, ( =33 ) - E0R

log(7,%577)

A log(2/a) 3R
Vo] da,- (1—5,—)+g—,2‘/—], (4.104)
04| 91p-A 3’7 log(ﬁ) B

where ), (1 -a/2,A/2) and q,,_A(1 - B/3,A/2) are two positive constants defined by Lemma
To bound FWSRg(R3, Ssa[ Ao, R]) by 7, it is sufficient to obtain Py (F(1) C R3) > 1-p for all 1in Syp[Ag, R].
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We consider A in Ss4[Ag, R] of the form A = Ay + 01 (1) with Tin (0,1) and 6 in {(=1g,—A]U[A, R~ A¢]}.
If (1) = @, we easily get Py (F,(1) CR3) =1 >1— . We therefore assume by now that A is satisfying
F(A) = @, and we define

k, =min{tM <k’ <M, 6*(k'/M -7) > r?} . (4.105)

By virtue of {F.(1) c R3} = {k, > ks + 1), we want to prove the following inequality

Py (ks 2 k) < B (4.106)
to obtain the expected result.
First, if k, = M then
P/\(ieg > kr) = p/\(i%j, :M)
=Py (¢3,m =0)
=Py (Sam(N) <spm(1-a/2), Soam <s_am(l—a/2)) . (4.107)

Assume that A < 6 < R— A and notice that (4.107) ensures
Py (ks > k) < Py (Sam(N) < s (1 - /2))

< Py (Sam(N) <4y, (1 -a/2,A/2)) using (4.102]
<Py (N(t,1]= (Ao + A/2)(1 - T)L < g, (1 - a/2,A/2)) . (4.108)

By definition of k,, the condition (4.103) entails in particular that

oVl—-t2> %max(\/(R—)\o)q/\o(l —%,%), 2\/§

6V1—T2%max[\/6q/\o(1—%,%), 2\/107“5] . (4.109)

Therefore, we get on the one hand V1 -7 > 2\/5q,\0 (1—a/2,A/2)/VL and then 6(1-7) > 4q,,(1-a/2,A/2)/L,
and on the other hand 6V1 -1 > 4\/(A0 +0)/(BL), hence 6(1 — 1) > 4\/(/\0 +0)(1 -7)/(BL). Thus, using
2max(a+b)>a+bforalla,b>0, (4.109) leads to

’

and then

ar,(1-a/2,A/2)  [(Ag+6)(1-71)
6(1—1)22[ T + AL ,
and since 6/2 < 60— A/2, we get
A a A (Ag+0)(1-7)L
(a—5)(1—T)L2M(1—E,5)+\/T . (4.110)

Moreover, one has E;[N(t,1]—(Ag+A/2)(1 —7)L] = (6 - A/2)(1 — 1)L, Var[N(t,1] - (Ao + A/2)(1 —T)L] =
(Ao +6)(1-1)L, and then gives

Py (ks> k) < Py (N(T,1] = (Ag+6)(1 - T)L < g, (1 - a/2,A/2) = (5— A/2)(1 - T)L)

<Py (N(1,1]= (Ao + 6)(1 =)L < —/(Ag + 6)(1 - T)L/B) with
< B with the Bienayme-Chebyshev inequality .
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Secondly, assume that —1 < 6 < —A and notice that (4.107) yields
Py (ks > k) < Py (S_am(N) < s_pm(1 - a/2))

-1 2
< P,\[S_A,M(N) < L:(/)] using (4.102)
log( YooAT2 )

<P (4.111)

A —log(a/2)
—N(T,1]+(/\ ——)(l—r)Ls—] .
2 log( %72 )

By definition of k,, the condition (4.103) also entails in particular that

6|Vl —T > %max[ M, 2\/5] )

log (1,277 )

o _m[ llog(2/) \/ﬁ] |
\/z log( /\O—OA/2) ﬁ

and then, using the inequality 2max(a+b) > a+ b for all a,b > 0 again,

hence

Is|

5 (1-7)L>

-~ log( %2477 )

log(2/a) \/(/\0 +8)(1-7)L
; .

Since [6|/2 < 16| — A/2, we finally get

(4.112)

A
e ,
( 2 log(—/\ofA/2 B
and since Ej[-N(t,1]+ (1o —A/2)(1 —7)L] = (|6] = A/2)(1 — T)L and Var;[-N(t,1]+ (Ag - A/2)(1 - 7)L] =
(Ao +0)(1 — 1)L, we conclude with the following inequalities

log(2/a) \/(Ao+6><1—r>L
)

_NW,HHAO_I&DH_T)KM_(|5|_g)u_m]

P/\(lzg,Zkr)SP/\ 1Og(LA/)
Ao—A72

(Ao +0)(1-T)L
p
y

<P

=N(7,1]+ (Ao —0])(1 =)L < —\/

] with (4.112)

< B with the Bienayme-Chebyshev inequalit
which concludes the first part of the proof when k, = M.
Assume by now that k, <M -1, and we compute

Py (ks 2 k) = Py (3k > ky, b3 = 0)
=P (Hk >k, SA,k(N) < SA,k(l -a/2), S—A,k < S—A,k(]- -a/2)) . (4.113)

Assume first that A <06 <R-A,.

The equality (4.113) leads to
Py(ks 2 k) <Py (Fk 2 ky, Spx <sa(l-a/2))
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and we use in Lemmato get

A k A
P/‘\(k32k )<P/\(3k>kr, Sup (N(t,M]—(/\0+E)L(M—t))ﬁq,\o

<n [

(kll?fMl( ( M]_( M

sPA( inf ( (1,5]- /\0+%)L(S—T))Sq,\o(l—%, )
[
.

U >k, N( T,

0+
/\0+

se[k/Ml]
k A
L| & inf Z.<a [1-22
(M T)”qukl,r}m] 5“’“0( 2))

A
2 -
(e 5)
a A k, AN( Kk,
inf Z <q/\0( —,—)—N(T, (/\0+E)(M—T)L) ,
where Z, = N (k,/M,t]—(Ag+A/2)(t—k,/M)L for t in (k,/M, 1]. Let us write J for the interval

- 2’2
(/\o+5)(zl\<—/1—r)L \/3()\0+5)(kr/M—T)L; (A0+6)(%_T)L+\/3(A0+6)(kr/M_T)L

e(k,/M,1]

J=

p P

(4.114)
Using the total probability formula, we get

a é) N T%] (A0+é)(%—r)L,N(1,%]e])

Py (ks Zkr)SP,\( inf Z, Sq,\o(

se(k,/M,1] 2’ (

k, kr 3(Ag+0)( k/M )L
+P/\ N(T’M]<(/\O+6 M T)L \/

k k 3(Ag+9) k/M T)L
P - i L 0
+ Py N(T,M]>(/\O+b M ’l’) +\/ ]

, a A k, k, k, 26
<P f Z,< 1-—,= |- S Il -7|L,
- A(se(kl,r/lzvf,l] S_q’\‘)( 2 2) N TM]+(AO+2)(M T) N( M]EI)
(4.115)

with the Bienayme-Chebyshev inequality. To compute this last probability, we consider a simple Pois-

son process (Nt,\0+5)t20 of intensity (Ag + 0)L with respect to the Lebesgue measure on R*, which is the
distribution of N; for t greater than k,/M. We then obtain

. a A k, AN( k, k,
P/\(Se(klyl’/llf/fjl]zsﬁq,\o(l—2,2)—N(T,M:|+(/\O+2)(M—T)L,N(T,M e]J
<p| inf zo<q (1-%2)-(6-2)(K_r)ps [PorO /M-I
se(k,/M,1] 0 2°2 2 I\ M B
; A a A A\ k
— s /\()+b _ - < _ - =1_ _ = or
T e e A e e o T

+\/3(A0+6)(kr/M—T)L]
; .

200



By definition of k, in (4.105), the condition (4.103) gives with (4.104),

|k - 1
bﬂﬁr—rz%max[‘/gq%o(l—%,%)Jr%,2\/5 /\Ogé]- (4.116)

Ao+A/2

On the one hand, leads to 6Vk,/M —t > 2V6/L\/q/\0 (1-a/2,A/2)+1og(3/B)/log((Ag+A)/(Ag+A/2)),
and then & (k,/M - )L > 4(q,, (1-a/2,A/2) +1og(3/B)/log (Ao + A)/(Ag+A/2)) ). On the other hand,

yields svk,/M =7 > 44/3(X +0)/(BL) and then & (k,/M —7)L > 4+/3 (Ao +0)(k,/M —7)L/p. This

leads to
k. _a A log(3/B) 3(Ag+0)(k/M—1)L
5(M T)L24max[q/\0(l E’E)+ ), ,

Ao+A
log( /\OTA/Z B

and using the fact that a + b < 2max(a, b) for all a,b > 0, one obtains

M

qu(l_%’%) 6(kr )L+\/3(/\0+6)(kr/M—r)L< log(p/3)

2 P - log(iﬁﬂ%) ,

hence using the fact that 6 > A,

a A ANk, 3(Ao+8) (k/M—7)L _ log(p/3)
q*°(1‘5’3)‘(5‘5)(M‘T)L+\/ B = o) (+117)

The inequality (4.117) is equivalent to

a A A\[ k, 3(Ag+0)(k,/M—1)L Ag+6 B
oo (153 {35 5o PR DA ) 8

Notice that since <1, (4.117) ensures

S L 8 e e

We therefore may apply Theorem 3 and equation (15) in [Pyk59] to obtain

A\ Ky 3(Ag+0)(k,/M—1)L

)‘(5‘3)(M‘T)“\/ p ]
A\ (s k, k,/M —

Sexp[[q%(l_%’E)_(b_%)(M—T)L+\/3(A0+6)(ﬁ/M T)L]w] ,

where w is the largest real root of the equation (1g + 0)(1 —e ) = w(Ag+A/2). The root w satisfies
w >log((Ag+0)/(Ag+A/2)), and then

: Ao+ B A Ca A\ (o ANk ) 3(Ag+6)(k,/M—7)L
P(iew,llr—llg/M](N (01 (A0+2)Lt)g%(l 2’2)(0 2)(M i B

a A A\[ k, 3(Ag+0)(k,/M —1)L Ao+0
Sexp[[%(l‘5’5)‘(5‘3)(M‘T)L+\/ p ]1°g(Ao+A/z)] |

) A o
P inf N/‘\O+b 0,t]-( A —|Lt]< 1-—,
(te(O,llr—lk,/M]( (0.1] ( 073 ) ) %( 2




which entails with (4.118)

: A a A
. /\0+b _ — < - — |- ‘
P(te(oﬁr—li{,/M](N (0.1 (AO+2)U)_%°(1 2’2) ( )(

Gathering this inequality with (4.115| m ) leads finally to P,\(

Now, assume that —1y < 6 < —A.

We proceed as in the case 6 > 0. Let us define to this end X; = N (k,/M,t]—(Ag—A/2)(t-k,/M)L for all
tin (k,/M,1].

The equality leads to

Pi(ks 2 k) < Py (Fk 2 Ky, S_ax(N) <sap(1-a/2)
and applying the inequality ,
3 —log(a/Z))]

PA(I%3zkr)5PA[3k2kr, (/\ A)L(ﬁ—f)—N(T,ﬁ <

3(Ao+0) (k/M-T)L) _ B
) B T3

Elﬂ

=
. —log(a/2) ( k, ( A )( k, )

<P f (X)x——=———+Nl|t,—|[-|Ag-—=||=-7]|L] .
A[se(ﬁf}M,u( s) 10g(ﬁ) oM I N\mT

Using the interval | defined by , we obtain using the total probability formula and the Bienayme-
Chebyshev inequality

. . —log(a/2) k, ANk, k,
PA(,%Zk»sm[%%}(_xs)<_)+N(T,M]_(AO_E)(M_T)L v(e k]

log(/\ A2
+PA[N(T,%]<(A0+5)(%—1)L—\/3(AO+O)(2r/M_T)L]
+ Py N(T,]Ii—/}]>(/\o+(5)(zl\<—;1—r)L+\/3(/\0+6)(2r/M_T)L]
i —log(a/2) k, A\/[ Kk, k, 2B
<P f (Xg)<—————+N|t,—|-[2o-=]||=-7|L, N —_— .
I e R ] RUE [ R 11
(4.120)
We conclude the proof giving an upper bound for this last probability. We compute
i —log(a/2) k, AN[ k, k,
P fo(-X)<—2" N[t |=[Ag=-2 L -7|L, N[7, -2
/\(se(klrr}M'l]( S)_log(ﬁf (TM o-5 377 o€
<p| inf (x)< —log((/J\z/Z) —(I(Sl—é)(k——r)L+ 3(Ag+0)(k,/M—-1)L
se(k,/M,1] 1og(%_—gu) 2\M B
T I o P e
se(k,/M,1] log ( /\[)_—0A/2 ) B
<P| sup (N%*"'(O,t]—(,\o_é)u)z—IOg(“A/z) +(|5|_é)(ﬁ_r)L—\/3(A°+6)(kr/M_T)L ,
t€(0,1] 2 log(/\o_—"A/z) 2 M ﬁ
(4.121)
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By definition of k, in ( 5) and the condition (4.103), we get with (4.104),
k, 2 B A) log(2/a) [3R
o ——T>—max VA awl1-5=l+—"" 2. /=
o] Vi [ OJ‘L\OA( ) log( " ) 3

To-A/2

/ A log(2/a) 3(1g+0)
|9 max[ |Jq/\O_A(1_E,_)+ , 2 ] .
32 log(/\ A/z) P

Therefore, as in the case 6 > 0, this leads to

@(__ )L (1_E é) log(2/a) \/3(/\0+6)(kr/M—T)L
>\ M T|L>q),- 37 +10g(/\ A/2)+ g ,

’

hence

and then, since |8 > A,

log(a/2) ( A )( k, ) \/3(/\0 +8) (/M —-7)L ( B
-G R TR | >aquoal1-L,
log( 1,247 ) 2)\M p b

We then obtain
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o 21T g () p
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<
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by definition of g, 5 (1~ /3,A/2) in Lemma The proof is then complete using .

Proof of Lemma|4.15

The control of FWER(R) over Ssa[Ag, R] by a is a consequence of the second part of Lemma
To prove the first part of the lemma, one obtains by the same lines as for Lemmathat for all A in
SEA[/\O: R]I since |6| < /\0 A (R - /\0)1

1-a <Py ({Hc € Hyar 6% (k/M-1)28*(a+b)}cR)
< Py({Hi € Hyape 6% (K/M=7)2 (AJA(R=Ag)*)(a+b)} CR)

= P (R nragars M ER) -
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Then FWSR,(R,Ssa[A0,R]) < (A A (R— Ag))Va+b and in particular one has mFWSR,, ,(S>a[A0,R]) <
(Ag A(R=Ag))Va+Db hence
mFWSRa,a (SZA[/\OrR])2

Lo(SsalAo,R]) 2 (Ao A (R—Ag))?

which proves the first part of the lemma.
Assume now that R is a multiple procedure on Hy A g satisfying FWER(R) < & and FWSR(R, S>a[ Ao, R])
< r. Recall that we define an estimator of 7 from R by 7 = k/M where k = supf{k e{l1,...,M}, H, ¢ R} V0.

Following again the same lines as the proof of Lemma we get that for all A in S5A[Ag, R],
P(t>7T+1/M)<a .

Now, since FWSR3(R, S>a[Ao, R]) < 7, one has P)(F (1) CR) > 1 - for all Ain Sya[Ag, R]. Since [0] > A,
we get then

{1,...,M)}, dy(\,Hy) >, He 2 R)
{rtM7,..., k), 6*(k/M—=1)> % Hi € R)

and one obtains Py ( T<T- r2/A2) < B for all A in Ssp[Ag, R]. This last inequality being true for A = A,
(and 7 =1), we finally get

2 1
inf P/\(Te(f—r—,’f-f——
15410 R] A M

)Zl—a—ﬂ.
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Tests minimax et adaptatifs pour la détection et la localisation d’une rupture dans un

processus de Poisson

Mots clés : Processus de Poisson, Détection de ruptures, Tests minimax, Tests adaptatifs, Tests

multiples minimax, Tests multiples adaptatifs

Résumé : Motivés par des applications en
cybersécurité et en épidémiologie, les résultats
présentés dans cette thése portent sur la
détection et la localisation d'une rupture
soudaine dans un processus de Poisson. Nous
nous intéressons d’abord a la détection d’'une
rupture caractérisée par un saut (rupture non
transitoire) ou un segment (rupture transitoire)
dans lintensité d’'un processus de Poisson a
partir d'une constante. Nous proposons une
étude minimax non asymptotique compléte des
problémes de tests associés, lorsque lintensité
de référence est connue ou inconnue.
L’adaptation au sens du minimax pour chaque
paramétre de la rupture (taille, localisation,
longueur) fournit un apercu exhaustif des
différents ordres des vitesses de séparation
minimax. En second lieu, on aborde la question
de la détection et la localisation simultanées

d’'un saut dans lintensité d’'un processus de
Poisson quand lintensité de référence est
connue, et de la construction d’estimateurs
pour l'instant de saut. Ce probléme, formulé
comme un probleme de tests multiples, est
étudié d'un point de vue minimax non
asymptotique. L’adaptation au sens du
minimax en la hauteur du saut et en l'instant de
rupture est considérée et deux régimes pour
les vitesses de séparation minimax par famille
sont établis. Aussi, une correspondance entre
des procédures de tests multiples minimax et
des intervalles de confiance pour linstant de
rupture est explicitée. Les tests simples et
multiples minimax ou minimax adaptatifs sont
basés sur des statistiques de comptage
inspirées des tests de Neyman-Pearson ou des
statistiques = quadratiques, pouvant étre
combinées a des stratégies d’agrégation.

Minimax and adaptive tests for the detection and the localisation of an abrupt change in a

Poisson process

Keywords : Poisson process, Change points detection, Minimax tests, Adaptive tests, Minimax

multiple tests, Adaptive multiple tests

Abstract Motivated by applications in
cybersecurity and epidemiology, this thesis
addresses the problem of detecting and
localising an abrupt change in a Poisson
process. Firstly, we are interested in the
detection of a change in the intensity of a
Poisson process characterised by a jump (non
transitory change) or a bump (transitory change)
from constant. We propose a complete study
from the nonasymptotic minimax testing point of
view when the constant baseline intensity is
known or unknown. The question of minimax
adaptation with respect to each parameter
(height, location, length) of the change is
tackled, leading to a comprehensive overview of
the various minimax separation rate regimes.
Secondly, we focus on the issue of
simultaneously detecting and localising a non
transitory change in the intensity of a Poisson

process when the baseline intensity is known,
and on the construction of change point
estimation procedures. This problem,
formulated as a multiple testing problem, is
studied from the nonasymptotic minimax
perspective. The question of minimax
adaptation with respect to the change height
and location is broached and we identify two
regimes in the minimax family-wise separation
rate. A correspondence between minimax
multiple testing procedures and confidence
intervals for the jump localisation is also
established. The minimax or minimax adaptive
tests and multiple tests are based on simple
linear counting statistics derived from Neyman-
Pearson tests or quadratic statistics, possibly
combined with aggregation strategies.



