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RESUME ET NOTATIONS

Cette theése porte en grande partie sur 1’étude des Equations Différentielles Stochastiques (EDS) de
type McKean-Vlasov, qui sont de la forme

dX; = b(t,Xt,,ut) dt—i—U(t,Xt—,ut) dZy, t>0,

p = [X], (1)
Xo = 57

ou [X;] est la loi de Xi, Z = (Z¢)t>0 est un processus de Lévy indépendant de la donnée initiale &,
b:RT xR x P(RY) — RY et 0 : RY x RY x P(RY) — R4 P(R?) étant I'espace des mesures de
probabilité sur RY. Le systéme (1) est étroitement lié au systéme de N particules en interaction de type
champ moyen

dx;™N = o, XpN mN)dt + o(t, XN @) dzi, t>0, ie{l,...,N},

N
o =5 5Xf’N’ (2)
4 k=1
Xé’N — 5@7

ott (&%, Z%);>1 est une suite i.i.d. de méme loi que (&, Z). Plus précisément, I'EDS de McKean-Vlasov (1)
décrit la dynamique d’une particule quelconque du systéme (2) lorsque le nombre de particules N tend
vers 'infini. De plus, il est également attendu que celles-ci deviennent indépendantes asymptotiquement.
Il s’agit du phénomeéne de propagation du chaos.

Ce manuscrit présente les 5 travaux [Cav23|, [Cav22a], [Cav22b], [Cav2l] et [CL23], qui sont
brievement résumés dans la suite. L’article [CL23] a été accepté pour publication dans Discrete and
Continuous Dynamical Systems. Les travaux [Cav23] et [Cav2l] sont en révision respectivement a
Electronic Communications in Probability et a ESAIM: Probability and Statistics. Les autres articles
ont été soumis pour publication.

Dans le travail [Cav23], on s’intéresse au caractére bien posé de (1) sous des hypotheses lip-
schitziennes sur les coefficients b et o. Il est supposé que le processus de Lévy Z admet un moment
fini d’ordre 8 € [1,2]. Dans le cas ou o est constant égal a l'identité, on prouve des estimations
classiques de propagation du chaos au niveau des trajectoires par couplage pour le systéeme de particules
(2). On améliore les taux de convergence obtenus dans le cas particulier d’un systéme de processus
d’Ornstein-Uhlenbeck en interaction de type champ moyen dirigés par des processus a-stables, avec
a € (1,2).

L’objectif principal des travaux [Cav22a, Cav22b] est de prouver des estimations de propagation
du chaos faible pour 'EDS de McKean-Vlasov (1), o Z est un processus a-stable rotationnellement
invariant, avec a € (1,2). On suppose que o est constant égal a lidentité et que la dérive b est
holdérienne par rapport aux variables espace et mesure en un sens précis. Il s’agit plus précisément
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Résumé et notations

d’exhiber des taux de convergence vers 0 pour E|¢(7zY) — é(us)| et [E(d(@Y) — ¢(u))|, lorsque N
tend vers l'infini, ¢ étant dans une classe assez large de fonctions définies sur Pg(Rd), I’espace des
mesures de probabilité admettant un moment fini d’ordre 3. Pour cela, on étudie dans [Cav22b] les
propriétés régularisantes du semi-groupe, qui agit sur les fonctions définies sur Pﬂ(Rd), associé a 'EDS
de McKean-Vlasov (1). On décrit ensuite la dynamique du semi-groupe au moyen d'une Equation
aux Dérivées Partielles (EDP). Cela repose en grande partie sur la formule d’It6 le long d’un flot de
mesures de probabilité qui permet de décrire la dynamique de I'application ¢ € R — ¢ (). Celle-ci
est prouvée dans [Cav22a] pour des flots de lois marginales de processus a sauts définis avec une
mesure aléatoire de Poisson et une mesure de Poisson compensée. On utilise ensuite ces résultats pour
prouver des estimations de propagation du chaos faible dans [Cav22b]. Dans le cas ou la dérive b
n’est pas bornée, on prouve dans [Cav22a] le méme type d’estimations pour un systéme de processus
d’Ornstein-Uhlenbeck a-stables en interaction de type champ moyen, avec a € (1,2). Dans [Cav22b],
on controle également ponctuellement ’erreur entre la densité d’une particule et celle de la solution de
I’EDS de McKean-Vlasov limite, ce qui quantifie 'approximation de la loi d’'une particule par la loi de

I’EDS de McKean-Vlasov par rapport a la distance en variation totale.

Le travail [Cav21] porte sur la formule d’It6 le long du flot du lois marginales d’un processus d’It6
général de la forme

t t
Xt::/ bsds—i—/osst, >0,
0 0

ou B est un mouvement brownien et ou les processus b et o sont bornés, avec de plus ¢ uniformément
elliptique. Le but précis est d’affaiblir les hypotheses de régularité sur la fonction a laquelle on veut
appliquer la formule d’It6 le long d’un flot de mesures, au prix d’hypotheses d’intégrabilité. Cela a été
fait pour la formule d’It6 classique par Krylov dans [Kry09, Partie 2.10] en exploitant U'effet régularisant
du mouvement brownien grace a l'ellipticité du coefficient de diffusion o. Cet effet se traduit ici par
I'existence d’une densité pour la loi de X;, pour presque tout ¢ > 0, qui appartient a un certain espace
de Lebesgue. Ainsi, la formule d’It6-Krylov pour un flot de mesures qui est établie dans [Cav21] peut
étre appliquée a des fonctions appartenant a un espace de type Sobolev de fonctions définies sur ’espace
des mesures de probabilité.

Enfin, dans le travail [CL23], réalisé un collaboration avec Emeline Luirard, on ne s’intéresse plus
au comportement d’un systeme de particules quand le nombre de particules tend vers ’infini, mais au
comportement en temps long d’une seule particule dont la dynamique est détaillée dans ce qui suit. On
considere le systéme cinétique inhomogene en temps d’EDS défini, sur l'intervalle de temps [tg, +00), ou
to > 0, par

\a
dVy = —sgn(V) B
dX; = Vi dt,
(‘/toa Xto) = (’UO, xO)?

ou B, >0 et Z = (Zy)i>0 est soit un mouvement brownien, soit un processus a-stable, avec a € (1,2).

dt — X, dt + dZ,,

Cela décrit la dynamique d’une particule évoluant dans un potentiel quadratique et soumise a une force
de frottement inhomogene en temps, et qui tend vers 0 quand le temps tend vers l'infini. Différents
comportements asymptotiques sont établis en fonction des parametres 5, et «. Ils apparaissent a
travers la convergence du processus vitesse-position, correctement changé d’échelle en temps et en espace.
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Résumé et notations

Le manuscrit est structuré de la maniere suivante.

e La Partie I est une introduction générale aux travaux présentés dans ce manuscrit. Cette intro-
duction s’articule autour de deux chapitres. Dans le Chapitre 1, on présente les processus de Lévy,
notamment les processus a-stables, puis les EDS de type McKean-Vlasov, ainsi que leurs liens
avec les systémes de particules en interaction de type champ moyen. On introduit précisément la
notion de propagation du chaos au sens faible et fort. Enfin, on décrit heuristiquement la méthode
reposant sur le semi-groupe qui est utilisée dans les articles [Cav22a] et [Cav22b] et qui permet
de quantifier la propagation du chaos au sens faible. Dans le Chapitre 2, on présente les outils
essentiels pour mettre en ceuvre la méthode mentionnée précédemment : la notion de dérivation
pour des fonctions définies sur un espace de mesures, celle de projection empirique et enfin la
formule d’'It6 le long d’un flot de mesures.

e La Partie II est un résumé des résultats obtenus au cours de la these. On présente les résultats
démontrés, on les commente et les compare aux travaux déja existants et on donne également des
idées de preuves tout en discutant des hypotheses. Dans le Chapitre 3, on présente les travaux
[Cav23], [Cav22a] et [Cav22b], qui traitent des EDS de McKean-Vlasov dirigées par des bruits
de Lévy, principalement des processus a-stables, avec o € (1,2). Dans les Chapitres 4 et 5, on
présente respectivement les travaux [Cav21] et [CL23].

e La Partie III rassemble les articles [Cav23], [Cav22a], [Cav22b], [Cav21] et [CL23]. Ils correspondent
respectivement aux Chapitres 6, 7, 8, 9 et 10.

Notations. On rassemble ici des notations utilisées dans ’ensemble du manuscrit.

- (Q,F, (Fi)e>0,P) désigne un espace probabilisé muni d’une filtration satisfaisant les conditions

usuelles.
- P(RY) est I’espace des mesures de probabilité sur RY.
- dry est la distance en variation totale sur P(R?).
- Ps(R?) est 'ensemble des mesures pu € P(R?) telles que [pa |7|® du(x) < 400, pour 8> 0.
- Wps est la distance de Wasserstein d’ordre 3 sur Pg (RY), pour 3 > 0.
- [¢] désigne la loi d’une variable aléatoire &.
- 6, est la masse de Dirac en x € R<.
- gy = % Zszl 6z, est la mesure empirique associée & un vecteur © = (x1,...,ry) € (RH)N.
- 2, :=(0,...,2,...,0) € (RHN pour z € R? ot z apparait en k-éme position.
- B, est la boule ouverte de R?, pour la norme euclidienne, centrée en 0 et de rayon r > 0.
- B¢ désigne le complémentaire de la boule B, dans R?.
- a Ab est le minimum entre deux réels a et b.
- a Vb est le maximum entre deux réels a et b.

- sgn désigne la fonction signe sur R avec par convention sgn(0) = 0.
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Résumé et notations

- p/ est Pexposant conjugué de p € [1, +0o0], défini par % + % =1.

- LV (R%) est I'espace des fonctions mesurables f telles que pour tout R > 0, f € LP(Bg).

loc
- W™F(O) est I'espace de Sobolev des fonctions appartenant & L¥(O) et admettant des dérivées au
sens des distributions d’ordre 1 & m dans L¥(0O), ot O est un ouvert de R?. Il est muni de la norme
suivante, définie pour u € W™*(0O), par

lullwmeoy = Y, 110l r(o)-
aeN? |a|<m
- I/Vlgnck (Rd) est I’ensemble des fonctions u telles que pour tout R > 0, u appartienne & W% (BR).
- 14 désigne la fonction indicatrice d’un ensemble A.
- * désigne le produit de convolution entre deux fonctions ou mesures de probabilité lorsqu’il est
bien défini.
- R4 désigne I’ensemble des matrices sur R de taille d x d.
- A* est la transposée de la matrice A € R4*¢,
- A B est le produit scalaire usuel entre deux matrices A, B € R¥?, défini par A - B := Tr(A*B).
x

Yy
- C est une constante générique qui ne dépend que des parametres fixes du probleme considéré et

- (:U,y)T désigne le vecteur ( ) € R?, pour z,y € R.

qui peut changer d’une ligne a 'autre.
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PREMIERE PARTIE

Introduction : des concepts aux outils
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CHAPITRE 1

DES PROCESSUS DE LEVY AUX EQUATIONS
DIFFERENTIELLES STOCHASTIQUES DE
MCKEAN-VLASOV

1.1 Processus de Lévy

Les processus de Lévy, et plus particulierement les processus stables, sont au coeur de ce manuscrit.

Cette section vise a les introduire et a en donner quelques propriétés utiles dans la suite.

1.1.1 Motivation et définition

Les processus de Lévy forment une classe de processus aléatoires en temps continu fondamentale dans
le domaine des probabilités. Outre leur role important en mathématiques, ils sont largement utilisés dans
d’autres disciplines, ot on les connait généralement sous le nom de Lévy flights. En physique, ils sont
fondamentalement liés aux diffusions anormales (super-diffusion), qui sont des types de diffusions plus
rapides décrites par des lois de puissances reliant le déplacement moyen au temps. On pourra consulter
par exemple [MJCB14] pour une vue d’ensemble sur des modeles physiques de diffusions anormales.
Les processus de Lévy apparaissent naturellement en biologie pour décrire certains phénomenes, par
exemple les mouvements exploratoires d’étres vivants comme des animaux ou encore des cellules. Ils sont
également largement utilisés en finance. Donnons la définition mathématique des processus de Lévy ainsi
que quelques-unes de leurs propriétés essentielles.

Définition 1.1 (Processus de Lévy). Soit (2, F,P) un espace probabilisé. Un processus stochastique
Z = (Z)¢>0 a valeurs dans R? est un processus de Lévy s’il satisfait les conditions suivantes.

e Les trajectoires de Z sont presque slirement continues a droite avec des limites & gauche (cadlag)
et partent initialement de 0.

e Les accroissements de Z sont stationnaires, c¢’est-a-dire que pour tous réels 0 < s <t, Z; — Zs; a la
meéme loi que Z;_.

e Les accroissements de Z sont indépendants, c’est-a-dire que pour tous réels 0 < t1 < --- < ¢y, les
variables aléatoires Z;,, Z, — Zy,, ..., Zy, — Zy,_, sont mutuellement indépendantes.

On peut penser les processus de Lévy comme des marches aléatoires en temps continu puisque leurs
accroissements sont indépendants et stationnaires. Ils incluent de nombreux processus stochastiques
fondamentaux comme le mouvement brownien, les processus de Poisson et les processus stables, sur

lesquels nous reviendrons dans la suite.
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1.1. Processus de Lévy

1.1.2 Sauts d’un processus de Lévy

Puisque les trajectoires des processus de Lévy ne sont pas nécessairement continues, des sauts peuvent
avoir lieu a des instants aléatoires. La description détaillée des sauts d’un processus de Lévy se fait a
travers la notion de mesure aléatoire de Poisson.

Définition 1.2 (Mesure aléatoire de Poisson). Soit v une mesure o-finie sur R?\{0}. Une mesure aléa-
toire ponctuelle A/ sur RT x R\ {0} est une mesure aléatoire de Poisson avec intensité dt ® v si elle

vérifie les propriétés suivantes.
e Pour tout ¢+ > 0 et pour tout borélien A de RY\{0} tel que v(A) < +oo, la variable aléatoire
N([0,t] x A) suit une loi de Poisson de parameétre tv(A).

e Pour toute famille de boréliens (Q;); de R x R?, les variables aléatoires (N(Q;)); sont indépen-
dantes.

Le lien entre un processus de Lévy Z = (Z;):>0 et la notion de mesure aléatoire de Poisson se fait a
travers I’étude du processus de sauts défini, pour ¢t > 0, par AZ; := Z; — Z,—, ou Z;_ désigne la limite a
gauche de Z au point t. On définit alors, pour tout borélien A de R\ {0}

N([0,t] x A) := Card {s € [0,t], AZ; € A}.

Ainsi, N(]0,¢] x A) compte le nombre de sauts de Z & valeurs dans A et ayant lieu avant I'instant ¢.
En utilisant [App09, Théoréme 2.3.5], on vérifie que la mesure aléatoire N ainsi définie est une mesure
aléatoire de Poisson, d’intensité v donnée, pour tout borélien A de R¥\{0}, par

V(A) :=EN([0,1] x A).

On peut également vérifier que la mesure v est une mesure de Lévy au sens de la définition suivante.

Définition 1.3 (Mesure de Lévy). Une mesure o-finie v sur R? est une mesure de Lévy si elle vérifie :

V({01 =0 et /Rdl/\\z|2du(z) < +o0.

La mesure aléatoire de Poisson N associée au processus de Lévy Z, ou de maniere équivalente sa
mesure de Lévy v, encodent toutes les informations sur les sauts de Z. On peut montrer que si A est
un borélien de R? borné inférieurement, alors le processus (N([0,¢] x A));>0, qui compte les sauts de Z
a valeurs dans A, est un processus de Poisson d’intensité v(A). Ainsi plus A est chargé par v, plus le
processus a tendance & avoir des sauts a valeurs dans A. On peut facilement associer a ce processus une

martingale donnée par la définition suivante.

Définition 1.4 (Mesure aléatoire de Poisson compensée). Soit N une mesure aléatoire de Poisson sur
R+ x RN\{0} d’intensité dt @ v. Pour tout borélien A de R4\{0} borné inférieurement (i.e. inclus dans
le complémentaire d’une boule de rayon strictement positif), on pose, pour ¢t > 0,

N([0,t] x A) := N([0,t] x A) — tv(A).

N est appelée mesure aléatoire de Poisson compensée.

Le processus (N([0,t] x A));>0 est un processus de Poisson compensé et il s’agit d’une martingale.
On dit que N est une mesure & valeurs martingales. On renvoie a [App09, Section 4] pour la définition
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Partie I, Chapitre 1 — Des processus de Lévy aux équations différentielles stochastiques de McKean-Viasov

des intégrales stochastiques contre N et N. Mentionnons simplement que l'intégrale stochastique contre
la mesure compensée N est assez semblable & I'intégrale contre le mouvement brownien et définit une

martingale locale.

1.1.3 Décomposition de Lévy-Ito et symbole

A partir de la mesure aléatoire A" associée au processus de Lévy Z, on peut reconstruire entiérement
ce dernier grace a la décomposition de Lévy-1t6 [App09, Théoréme 2.4.16).

Théoréme 1.5. [Décomposition de Lévy-Ité] Soit Z = (Z;)i>0 un processus de Lévy d valeurs dans Re.
Alors, Z se décompose de la maniére suivante :

Zt:tb+aWt+/0t/]3 zﬁ(ds,dz)—k/ot/cz/\/(ds,dz), (1.1)

oube R o e R est une matrice symétrique positive et W est un mouvement brownien standard sur
R, indépendant de la mesure de Poisson N. Le triplet (b, A,v) est déterminé, de maniére unique, par

le processus de Lévy Z.

Réciproguement, tout processus de cette forme est un processus de Lévy.

Les deux premiers termes de (1.1) représentent la partie continue de Z, il s’agit d’'un mouvement
brownien avec une dérive déterministe. Les deux derniers termes sont des termes de sauts : le premier
porte sur les petits sauts et le second sur les grands sauts. Il y a presque siirement un nombre fini de
grands sauts sur chaque intervalle de temps borné et ils déterminent la finitude des moments de Z.
Quant aux deux termes centraux de (1.1), ils forment la partie martingale de Z.

Mentionnons également la forme particuliere de la fonction caractéristique de Z; qui se déduit de la

décomposition de Lévy-Ito.

Proposition 1.6. Pour tout t > 0, la fonction caractéristique de Z; est de la forme & € R4 — et¥(©)
avee, pour tout & € R?,

UE) =it~ Slo0"€ O+ [ o1z ely duly)

ot v est la mesure de Lévy associée o Z. La fonction v est appelée exposant caractéristique ou encore
symbole de Z.
1.1.4 Semi-groupe et générateur

Les processus de Lévy vérifient la propriété de Markov forte grace a I'indépendance et la stationnarité
de leurs accroissements. Cela permet de leur associer un semi-groupe d’opérateurs de Feller (voir [App09,
Théoreme 3.1.9]).

Proposition 1.7 (Semi-groupe). Soit f € C§(R%R), i.e. une fonction continue qui tend vers 0 en +oo.
On définit alors, pour tout t > 0,

Tif cz € R Tyf(x) == Ef(x + Zy).
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1.1. Processus de Lévy

La famille d’opérateurs linéaires (Tt)¢>0 définit un semi-groupe de Feller au sens suivant.
e Pour tout t > 0, CO(R%R) est stable par T;.
e La propriété de semi-groupe est vérifiée, i.e. pour tous s,t >0, Ty o Ty = Ti .

e Le semi-groupe est fortement continu, au sens ot pour tout f € CJ(R%R)
Tif — — 0.
T2~ Flloe 3 0

Au semi-groupe ainsi construit est associé son générateur infinitésimal £ qui décrit la dynamique du

semi-groupe.

Définition 1.8 (Générateur infinitésimal). On définit l'opérateur non-borné L dont le domaine est
I'ensemble des fonctions f € Co(R%; R) telle que (Tif — f)/t admette une limite, quand ¢ — 07, dans
Co(R%;R) muni de || - ||oo, €t on note cette limite Lf.

Pour toute fonction f appartenant au domaine de L, par la propriété de semi-groupe, T} f est solution
du probleme de Cauchy

La forme du générateur est explicitée grace a la décomposition de Lévy-Itd (1.1).

Proposition 1.9 (Générateur d’un processus de Lévy). Toute fonction f € C3(R%R), ie. f, Vf et
V2f sont dans CS(]Rd), appartient au domaine de L et on a, pour tout x € RY,

d
LI@) = b Vf@) + 5 3100 0o f @)+ [ Flat2) = @) = V(@) - 21p o do(e).

4,j=1

On renvoie a [Sat99, Théoréme 31.5] pour la preuve de ce résultat.

1.1.5 Processus a-stables

Les processus a-stables sont une classe importante de processus de Lévy et sont au coeur de cette

these.

Définition 1.10 (Processus a-stable). Un processus de Lévy Z est un processus a-stable, avec a € (0, 2],

si pour tout ¢ > 0, (Cl/aZt/c)tZO a la méme loi que (Z;)>0.

Un processus a-stable est donc défini par sa propriété d’auto-similarité. Cette propriété est en
particulier centrale dans le travail [CL23|, ou le comportement asymptotique d’un systéme cinétique
amorti et perturbé par un processus a-stable est étudié. Cela se fait a travers des changements d’échelle

en temps et en espace, qui sont liés en partie a la propriété d’auto-similarité du bruit.

Lorsque a = 2, on reconnait la propriété d’auto-similarité vérifiée par le mouvement brownien et on
peut montrer que Z est effectivement un mouvement brownien (voir [Sat99, Théoréme 14.2]). Lorsque
a € (0,2), un processus a-stable possede des sauts. Comme on I’a vu, ceux-ci sont décrits par une mesure
de Lévy qui possede, d’apres [Sat99, Théoreme 14.3], la forme générique décrite dans la proposition

suivante.
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Partie I, Chapitre 1 — Des processus de Lévy aux équations différentielles stochastiques de McKean-Viasov

Proposition 1.11. Soit Z un processus de Lévy a-stable, avec o € (0,2). Alors il existe une mesure
finie non nulle X sur la sphére unité S¥1 de R?, telle que v s’écrive en coordonnées sphériques z =

(r,0) € Rf x S4-1
dr

v(dz) = )\(dﬂ)m.

La mesure A décrit la répartition des sauts dans les différentes directions de ’espace.

Proposition 1.12. Soit Z = (Z;)1>0 un processus a-stable avec o € (0,2).

e On a léquivalence
Wt > 0, E|Z,)° < 400 & E|Z|% < +oo @/ 128 di(z) < +o0 & B € [0, ).
By

De plus, on a pour toutt >0
E|Z|® = t2E|Z,|°. (1.2)

e Sia>1, alors, pour tout t >0, on a

Zt:/ot/Rdzﬁ(ds,dz).

1l s’agit donc d’une martingale centrée.

Pour la preuve de ’équivalence du premier point, on renvoie a [Sat99, Théoreme 25.3]. L’expres-
sion (1.2) découle immédiatement de la propriété d’auto-similarité définissant un processus a-stable. La
preuve du second point découle essentiellement de la décomposition de Lévy-Ito (voir [Sat99, Remarque
14.6 et Théoreme 14.7]).

Définition 1.13 (Processus a-stable rotationnellement invariant). On fixe o € (0,2). Un processus
a-stable Z sur R? est dit rotationnellement invariant il existe C' > 0 tel que

dz
Ainsi, les sauts d’un processus stable rotationnellement invariants se répartissent uniformément dans
toutes les directions de I'espace. Dans la suite, on prendra C' = 1 pour simplifier. Notons que le géné-
rateur du processus a-stable rotationnellement invariant est donné, pour toute fonction f suffisamment
réguliere, par

o d

Az f(x) ::/ f(:):+z)—f(x)—Vf(x)~zTZ, z e R% (1.3)
Rd | 2|4t

Il s’agit du Laplacien fractionnaire. On peut le définir pour f € CI}JW(Rd;]R) avec v € (o —1,1] (i.e. f

est de classe C! sur R? et V f est bornée y-holdérienne). Cela vient du fait que

/ |z|7dv(z) < +o0 & v € (a— 1,1].
B1

La proposition suivante garantit ’existence d’une densité pour un processus stable rotationnellement

invariant et fournit des estimations de gradient sur celle-ci.
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1.2. Equations différentielles stochastiques de McKean-Viasov et systéme de particules en interaction champ
moyen

Proposition 1.14. Soit Z un processus a-stable rotationnellement invariant sur R, Alors pour tout
t > 0, Z; admet une densité, notée q(t,-), par rapport a la mesure de Lebesque et qui appartient a
C>®(R% RY). Introduisons, pour j > 0, la fonction p?, définie sur (0,400) x R, par

Pt,a) =t a(l+talz) T >0 zeR%

Alors on a les estimations de gradient suivantes : pour tout j € N, il existe une constante C; > 0 telle
que pour tout t > 0 et y € RY
|0ya(t,y)| < Cjt~=p’ (t,y).

La preuve de cette proposition se trouve dans [MZ22, Lemme 2.8]. Ces estimations sont l'un des

éléments clés du travail [Cav22b], comme on le verra dans la suite.

1.2 Equations différentielles stochastiques de McKean-Vlasov et sys-

teme de particules en interaction champ moyen

La majeure partie de cette these est consacrée aux EDS de type McKean-Vlasov et aux systemes de
particules en interaction de type champ moyen associés. Nous présentons ces deux notions et leurs liens

dans cette section.

1.2.1 Equations différentielles stochastiques de McKean-Vlasov

Une EDS de type McKean-Vlasov est de la forme générale suivante

dXt = b(t,Xt,,U,t) dt‘i‘O'(t,th,ut) Cth, t> 0,
pe = [ X, (1.4)

ou [X;] désigne la loi de X; et Z = (Z;)1>0 est le bruit directeur de I’équation. Les coefficients b et
o sont définis sur R x R? x P(R?), et & valeurs respectivement dans R? et R?*?. L’étude de ces
équations a commencé naturellement par le cas ou Z est un mouvement brownien. Elles ont été étudiées
pour la premiére fois par McKean [McKG66]. Celui-ci s’est intéressé a 1’équation de Vlasov, qui décrit la
distribution des particules chargées dans un plasma. La différence entre une EDS classique et une EDS
de McKean-Vlasov réside dans le fait que les coefficients b et o de I’équation dépendent non seulement de
la position de la solution, mais également de sa loi. Les EDS de McKean-Vlasov sont également appelées
EDS non-linéaires. Cela s’explique par le fait que, contrairement a une EDS classique, le flot des lois
marginales (f)r>0 de la solution de (1.4) est solution d’une équation de Fokker-Planck non-linéaire. En
effet, dans le cas ou Z est un mouvement brownien standard et ou o = Id, I’équation de Fokker-Planck

associée est )
at,ut = EAMt -V (:U’t b(ta 'aMt))? t Z Oa (15)

qui décrit une diffusion non-linéaire.

La premiére question qu’on peut se poser concerne le caractére bien posé de (1.4). Par bien posé,

on entend 'existence et 'unicité des solutions, qui peuvent étre considérées au sens fort ou au sens faible.
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Dans le cas des EDS linéaires, i.e. quand les coefficients b et o ne dépendent pas de la loi, il est bien
connu que le bruit permet de montrer le caractére bien posé, sous des hypotheses de régularité en espace
plus faible que lipschitzienne. 1l s’agit du phénomene de régularisation par le bruit. On renvoie a [SV79],
[ZvoT74], [Ver81] et [Flall] pour plus de détails a ce sujet. La dépendance des coefficients par rapport a
la loi dans (1.4) est plus complexe a traiter, comme illustré dans la suite. On sépare la discussion selon
que le bruit Z est un mouvement brownien ou un processus de Lévy plus général, et on se concentre sur
la variable mesure des coefficients.

Bruit brownien

Donnons quelques résultats sur le caractére bien posé de (1.4), dans le cas ot Z est un mouvement

brownien.

e Sans bruit ou avec un bruit qui peut dégénérer. Le choix de la distance utilisée sur
I’espaces des mesures est crucial, comme illustré dans ce qui suit, puisque les distances ne sont

pas équivalentes.

Si les coefficients b et o sont globalement lipschitziens sur R? x Pp(Rd), avec p > 2, localement
uniformément en temps, alors il existe une unique solution forte a (1.4). On renvoie a [Szn91,
Theoréme 1.1] et [CD18a, Theoréme 4.21] pour des preuves dans le cas p = 2. Ici, on travaille
avec la distance de Wasserstein W), qui est controlée par la distance LP sur les trajectoires. C’est
ce qui permet de prouver le caractere bien posé dans ce cadre.

Le contre-exemple de Scheutzow [Sch87], détaillé dans ce qui suit, montre que si on considere
cette fois la distance en variation totale sur P(R%), alors on perd le caractére bien posé sous des
hypotheses lipschitziennes et sans bruit. On n’a donc pas de théoréme de Cauchy-Lipschitz pour la
distance en variation totale. On se place en dimension d = 1, avec o = 0, et on pose, pour t € RT,
r €R, et u € P(RY),

bit.ap) = [ By) du(y),

avec b : R — R bornée et localement lipschitzienne. Alors, PEDS de McKean-Vlasov (1.4) peut
admettre plusieurs solutions. Ici, la dérive b est bornée et lipschitzienne par rapport a la distance
en variation totale. Cela montre que le choix de la distance sur P(Rd) fait dans les hypotheses
lipschitziennes est crucial car il influence le caractére bien posé de (1.4).

e Avec un bruit qui ne dégénere pas. On peut se demander ce qui se passe dans le méme cadre
que le contre-exemple précédent, mais cette fois en présence de bruit et avec ¢ = 1. En supposant
b seulement mesurable et bornée, Shiga et Tanaka ont prouvé dans [ST85] 1'unicité trajectorielle
pour (1.4). Le bruit permet donc de restaurer 'unicité qui fait défaut dans le contre-exemple de
Scheutzow [Sch87]. Il s’agit la encore d’un phénomene de régularisation par le bruit. De plus, ce
résultat a été étendu par Jourdain [Jou97] dans le cas ot la dérive b, définie sur Rt x R? x P(R?),
est bornée, lipschitzienne en variation totale par rapport a la mesure, et ou ¢ = Id. Le bruit
permet donc ici d’établir le caractére bien posé de (1.4), sous des hypotheses lipschitziennes

relatives a une plus grande classe de distances utilisées, par rapport a la variable mesure.

Mentionnons d’autres travaux plus récents qui tirent profit du phénomeéne de régularisation par
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le bruit pour des EDS de McKean-Vlasov. On peut citer par exemple Flandoli, Issoglio et Russo
[FIR17], Mishura et Veretennikov [MV21], Réckner et Zhang [RZ21], Chaudru de Raynal et Frikha
[CdRF22] et Chaudru de Raynal, Jabir et Menozzi [CdRJM23].

Contrairement a la variable spatiale, se passer du caractere lipschitzien par rapport a 'argument
mesure, relativement a une certaine distance, semble tres compliqué méme en présence de bruit.
On peut l'illustrer a travers le contre-exemple suivant, dii & Frangois Delarue. Si on considére (1.4)

avec

£E=0, o=1Id, et b(t,x,,u):5</Rdyd,u(y)),

ot b est holderienne et bornée. Alors, la fonction b est holderienne par rapport & Wy, mais V'EDS

(1.4) peut admettre plusieurs solutions. En effet, si X est solution, alors on a, pour tout ¢ > 0,
T
Xt = / b(EXS) ds + Zt.
0

En prenant lespérance, on remarque que Papplication ¢ € RT — E(X;) est solution de ' = b(y),

qui peut avoir plusieurs solutions puisque b est seulement héldérienne.

Bruit de Lévy

Intéressons-nous maintenant au caractére bien posé de 'EDS de McKean-Vlasov (1.4) lorsque Z est

un processus de Lévy général.

e Avec un bruit qui peut dégénérer. On commence par s’intéresser au cas ou Z admet un
moment d’ordre 2 fini. Jourdain, Méléard et Woyczynski ont démontré dans [JMWO7] que (1.4)
admet une unique solution forte sous des hypotheses lipschitziennes sur b et o, par rapport a la
distance de Wasserstein Wy pour Pargument mesure. On peut mentionner également, toujours
dans le cadre L2, le travail [NBK'20], ou les auteurs affaiblissent les hypothéses sur b et o
pour assurer 'existence et 'unicité d’une solution forte. En particulier, leur croissance n’est plus

nécessairement linéaire.

Dans le cas ou Z admet seulement un moment d’ordre 1 fini, toujours sous des hypotheéses
lipschitziennes, par rapport & Wj ici, on peut renvoyer & Graham [Gra92b|. L’intensité des sauts
du bruit I/(Rd), ol v est la mesure de Lévy de Z, est supposée finie dans ce travail. Cette condition
n’est pas vérifiée pour les processus a-stables. Dans [Gra92a, il n’est plus supposé que V(Rd) est
finie. Cependant, un point technique utilisé dans la preuve ne parait pas immédiat & justifier (voir
la Remarque 3.3). C’est pour cela qu’on s’intéresse, dans [Cav23] au caractére bien posé de (1.4),
ol Z est un processus de Lévy général admettant un moment d’ordre S € [1,2] fini, et ou les
coefficients b et o sont lipschitziens sur R? x Ps (RY). Lorsque 8 € (0,1), on ne peut pas travailler
avec la distance de Wasserstein W3 (voir la Remarque 3.4). Enfin, dans le cas ou Z n’admet pas
de moment fini, l'existence faible est démontrée dans [JMWO7] & travers I’étude du probleme de
martingale non-linéaire associé, et sous une hypothése lipschitzienne, par rapport a l'argument
mesure, relativement a une distance de Wasserstein modifiée. L’unicité n’est cependant pas établie.

e Avec un bruit qui ne dégéneére pas. Mentionnons deux travaux récents qui tirent profit du
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phénomene de régularisation stochastique pour des EDS de McKean-Vlasov dirigées par un bruit de
Lévy. Dans le cas holdérien, on renvoie a Frikha, Konakov et Menozzi [FKM21]. Plus précisément,
les coefficients sont lipschitziens par rapport & une distance sur P(R?), définie par dualité avec une
classe de fonctions tests bornées et holdériennes, qui métrise la convergence étroite. On renvoie
également a Chaudru de Raynal, Jabir et Menozzi [CdRJM23] dans le cadre d'une dérive sous
la forme convolution avec un noyau singulier appartenant a un espace de Besov. Dans ces deux
travaux, les bruits sont des processus a-stables.

1.2.2 Systémes de particules en interaction et propagation du chaos

Une des motivations pour étudier 'EDS de McKean-Vlasov (1.4) réside dans son lien étroit avec le
systeme de particules en interaction défini, pour N > 1, par

ax;N = b, XN mN)dt +o(t, XN wN)dzi, t>0, ie€{l,...,N},
N

ﬁiv = %ZéXf’N’ (1.6)
=1

=
, 3
XN =¢i

ot (£%,Z%);>1 est une suite i.i.d. de méme loi que le couple de variables indépendantes (¢, Z). 1l s’agit
d’un systéme de N particules soumises a des bruits i.i.d. (Zi)izl et interagissant via la mesure empirique
du systeme V. Ce type d’interaction est appelé champ moyen puisque chaque particule interagit avec
la distribution statistique de tout le systéme. Les particules (X%");<n sont identiquement distribuées
grace a la symétrie de l'interaction et le caractére i.i.d. des bruits et des données initiales. En revanche,
elles ne sont pas indépendantes puisque chacune interagit avec les autres. Le lien entre (1.4) et (1.6)
est que la dynamique d’une particule quelconque de (1.6) est décrite, lorsque le nombre de particules
N tend vers l'infini, par 'EDS de McKean-Vlasov (1.4). Une propriété plus forte liant une équation de
McKean-Vlasov & son systeme de particules en interaction est la propriété de propagation du chaos. Elle
stipule que la dynamique d’un nombre quelconque k de particules est décrit par k& copies indépendantes
de PEDS de McKean-Vlasov (1.4), quand le nombre de particules N tend vers l'infini. L’origine de la
notion de propagation du chaos remonte a Boltzmann et I’hypothese de chaos moléculaire a 'origine
de la théorie cinétique. La justification mathématique de ses travaux et de cette hypothése est restée
longtemps sans réponse. C’est Kac [Kac56] qui donne le premier une définition rigoureuse du chaos
et U'illustre sur un systéme simplifié. Il a ensuite été étudié par McKean [McK67], puis par Sznitman
[Szn91], lorsque les bruits (Z%);>1 sont des mouvements browniens. Mentionnons que, dans la définition
de la propagation du chaos donnée dans [Szn91], les données initiales (£%);>; sont supposées étre
seulement chaotiques au lieu d’indépendantes et identiquement distribuées.

Ces systeémes de particules en interaction de type champ moyen ont de nombreuses applications. En
physique, ils ont un role crucial en théorie cinétique, comme mentionné précédemment. Ils ont également
de nombreuses applications en biologie, notamment pour étudier la dynamique d’une population de
cellules, en neurosciences pour modéliser les interactions entre neurones, en sciences sociales pour décrire

des mouvements d’auto-organisation et aussi dans la théorie des jeux a champ moyen.

Donnons des définitions plus précises de la propagation du chaos au sens faible et au sens fort. Pour
une présentation exhaustive, on renvoie a [CD22a] et [CD22b].
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Définition 1.15 (Propagation du chaos faible). On dit qu’il y a propagation du chaos faible pour le
systéme de particules (1.6) si, pour tout k > 1, et pour tout ¢ > 0, la loi de (th’N, e ,th’N) converge,
quand N tend vers 'infini, vers la mesure produit ,u?k, ou (ut)e>o0 est le flot de lois marginales de 'EDS

de McKean-Vlasov (1.4).
D’apres [Szn91, Proposition 2.2], cette définition est équivalente & la propriété suivante.

Proposition 1.16 (Approximation de champ moyen). Il y a propagation du chaos faible pour le systéme
de particules (1.6) si et seulement si, pour tout t > 0, la suite de mesures aléatoires (i} )n>1 converge

en loi vers la variable aléatoire constante égale d ;.

Puisque ces deux notions sont équivalentes, on s’autorisera dans la suite a parler de propagation du
chaos faible dés lors qu’on prouve une des deux propriétés équivalentes de la Proposition 1.16.

On peut également s’intéresser a la propagation du chaos au niveau des trajectoires. Introduisons
des copies ii.d. (X%*°);>1 de I'EDS de McKean-Vlasov (1.4), ol les données initiales et les bruits sont
identiques & ceux du systéme de particules, c’est-a-dire (£%, Z%);>1. Il s’agit d’un couplage entre (1.4) et
(1.6).

Définition 1.17 (Propagation du chaos forte (ou trajectorielle)). On dit qu’il y a propagation du chaos

forte (ou trajectorielle) pour le systéme de particules (1.6) si, pour tout ¢t > 0,

1 & kN k,00
N k;mxt - X% v\

Mentionnons qu’on peut utiliser d’autres couplages que les (Xi’oo)izl définis ici avec les mémes
bruits que les particules (voir par exemple [Ebel6] et [GBM22]). La terminologie de propagation du
chaos faible ou forte utilisée ici provient des propriétés correspondantes pour les schémas numériques
d’EDS. De plus, la propagation du chaos forte entraine la propagation du chaos faible. En effet, s’il y a
propagation du chaos au sens fort, alors, pour tout & > 1, la loi de (th ’N, . ,Xf ’N) converge, lorsque
N tend vers l'infini, en distance de Wasserstein W; sur P;((R%)*) et donc en loi, vers uP*.

Dans les Définitions 1.15 et 1.17, la propagation du chaos est dite qualitative car il s’agit de résultats
de convergence sans vitesse explicite par rapport a N. Quand des taux de convergence explicites
par rapport a N sont prouvés, on dit que la propagation du chaos est quantitative. Précisons ce que
cela signifie pour la propagation du chaos faible et forte. On se place désormais sur un intervalle de
temps borné de la forme [0, 7], ou T > 0 est fixé. Mentionnons qu’on peut s’intéresser & quantifier la
propagation du chaos uniformément en temps, mais ces questions ne sont pas abordées dans la suite.

Concernant la propagation du chaos forte quantitative, compte tenu de la Définition 1.17, on peut
sans ambiguité dire qu’il s’agit de trouver une suite (ey)n>1 explicite par rapport & N, qui tend vers 0,
et telle que pour tout N > 1 et t € [0,T]

1 N
%2 E| XN — XF| < ep.
k=1

Bien siir, on peut utiliser une distance LP au lieu de la distance L' utilisée dans cette définition. Dans
le travail [Cav23], on s’intéresse & la propagation du chaos forte quantitative pour (1.4), avec un bruit
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de Lévy admettant un moment d’ordre 8 € [1,2] fini, et ou 0 = Id et la dérive b est lipschitzienne sur
RY x Py (RY).

En ce qui concerne la propagation du chaos faible quantitative, on peut envisager de la définir de
plusieurs manieres. En considérant la Définition 1.15, on peut dire que la propagation du chaos faible
quantitative consiste & trouver un controle explicite par rapport & N, et éventuellement k, sur la distance

’N, et la loi produit u?k , pour un choix de distance sur

entre la loi jointe de k particules, notée ,u,} K
P((Rd)k), et ce pour tout £ > 1. Dans la suite, nous ne chercherons pas a quantifier la propagation du
chaos faible de cette maniére. En tenant compte de la Proposition 1.16, on peut dire que la propagation
du chaos faible quantitative a pour objectif de trouver un contréle explicite par rapport a N sur la
distance entre la loi de la mesure empirique [fz)'], et la loi limite &,,, pour une certaine distance sur
P(P(R?)) (par exemple, la distance notée Wp, dans [CD22a, Définition 3.5]). Ce n’est pas non plus la
définition que nous allons adopter dans la suite méme si celle-ci entrainera un contrdle sur Wp, ([ ], 8,4, )-
On définit dans ce qui suit la propagation du chaos faible quantitative en utilisant des fonctions tests

définies sur P(RY).

Définition 1.18 (Propagation du chaos faible quantitative). Soit € une classe de fonctions définies sur
P(R?) & valeurs réelles, qui contient ’ensemble des fonctions ¢ telles qu'il existe ¢ : R? — R bornée par
1 et lipschitzienne de constante de Lipschitz inférieure & 1, tel que pour tout u € P(R%),

P(p) = /Rd pdpu.

On dit qu'il y a propagation du chaos faible quantitative (relativement a la classe de fonctions %) s'il
existe une suite explicite (en)n>1, qui tend vers 0, et telle que pour tout N > 1,t € [0,T] et ¢ € ¢

Elo(my ) — ¢(u)] < en. (1.7)

Il est également naturel de vouloir trouver un contrdle explicite par rapport a N sur

B () — (i) (1.8)

Le controle (1.7) permet, grace a la définition de Wp, donnée dans [CD22a, Définition 3.5 et (49)],
de déduire que pour tout N > 1 et ¢t € [0, 7]

Wo, ([, 8,) < e (1.9)

Comme mentionné précédemment, cela permet bien de quantifier la propagation du chaos faible a
travers la convergence de la mesure empirique du systéeme grice a la Proposition 1.16. Concernant le
controle de (1.8), il permet par exemple de quantifier la vitesse d’approximation de la loi d’une particule
par la loi du processus de McKean-Vlasov limite (voir la Remarque 3.25 pour plus de détails).

Lorsque Z est un mouvement brownien, les EDS de McKean-Vlasov et les systéemes de particules
ont été beaucoup étudiés. En plus de McKean [McK67] et Sznitman [Szn91], on peut mentionner par
exemple Gartner [Ga88], Méléard [Mé96], Malrieu [Mal03], Mischler et al. [MMW15], Jabin et Wang
[JW18], Lacker [Lacl8, Lac21], Tomasevi¢ [Tom20] et Jabir [Jab19]. Le développement récent des jeux a
champ moyen a donné une nouvelle impulsion pour étudier ces systémes et le phénomene de propagation
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du chaos. En particulier, cela a mis & disposition un nouveau formalisme ainsi que de nouveaux outils,
comme la notion d’équations maitresses, qui sont des EDP sur 'espace des mesures de probabilités.
Cela a permis de revisiter ou de généraliser quelques uns des travaux précédents. Dans cette direction,
on peut renvoyer au livre de Carmona et Delarue [CD18a], ainsi qu’a Chaudru de Raynal et Frikha
[CdRF22, CdRF21], Chassagneux et al. [CST22], Delarue and Tse [DT21] et Jourdain et Tsé [JT21].
Ces nouveaux outils sont aux coeur de cette theése, en particulier dans les travaux [Cav22a] et [Cav22b].

On présente maintenant quelques travaux sur la propagation du chaos dans le cadre d’EDS de
McKean-Vlasov dirigées par des processus de Lévy. Le cas ou le bruit est un processus de Lévy général
ayant un moment d’ordre 2 fini est traité par Jourdain, Méléard et Woyczysnki [JMWO07]. Les auteurs
établissent des estimations de propagation du chaos forte dans L? sous des hypotheses lipschitziennes sur
les coefficients de 'EDS, par rapport & Ws pour 'argument mesure. Toujours dans le méme cadre lip-
schitzien, on fait référence & Neelima et al. [NBK™20], ot les auteurs relaxent les hypothéses de [JMWO07].

Intéressons-nous maintenant au cas ou le bruit n’admet plus un moment d’ordre 2 fini. Dans [Gra92a],
en suivant ’approche de Sznitman [Szn91] dans le cas brownien, Graham établit un résultat de propa-
gation du chaos faible qualitatif sous des hypotheses lipschitziennes sur les coefficients de 'EDS, par
rapport a Wy pour 'argument mesure. L’EDS est dirigée par une mesure aléatoire de Poisson et une me-
sure aléatoire de Poisson compensée, et sa solution admet un moment d’ordre 1 fini. Enfin, en dimension
1, on peut mentionner Frikha et Li [FL21], ou les auteurs étudient une EDS de McKean-Vlasov dirigée
par une mesure de Poisson compensée avec des sauts positifs. Ils prouvent des inégalités de propagation
du chaos forte dans L', sous des hypotheses lipschitziennes "d’un c6té" en espace sur les coefficients (car

les sauts sont positifs), par rapport a Wi pour Pargument mesure.

1.2.3 Propagation du chaos faible quantitative : méthode basée sur le semi-groupe

On présente ici une méthode permettant de prouver la propagation du chaos faible quantitative,
au sens donné dans la Définition 1.18. Cette stratégie a été originellement décrite dans [CD18a,
Chapitre 5, p. 506 — 508], inspirée par [CDLL19] et [MMW15]. Elle a été utilisée notamment dans
[CST22, DT21, CdRF21]. Cette méthode a été développée uniquement dans le cas d’un bruit brownien
et Pobjectif des travaux [Cav22a, Cav22b] est de la mettre en ceuvre lorsque Z est un processus a-stable,
avec a € (1,2). Mentionnons qu'une autre méthode permettant de prouver la propagation du chaos
faible quantitative se trouve dans [MMW15]. En particulier, les auteurs étudient la propagation du

chaos pour un modele de collisions inélastiques pour ’équation de Bolzmann, qui présente des sauts.

Semi-groupe associé a ’EDS de McKean-Vlasov (1.4)

Fixons un horizon de temps fini T et § € [1,2]. On suppose que 'EDS de McKean-Vlasov (1.4) est
bien posée au sens faible, et que si la donnée initiale £ admet un moment d’ordre S fini, alors c’est le
cas pour la solution en tout temps. On note alors [X; "] € P(R?) 1a loi de la solution de (1.4) au temps
t € [s,T), initialisée au temps s par une variable aléatoire de loi p € Pz(R?). Soit ¢ : Ps(RY) — R une
fonction. On définit alors, pour 0 < s <t <T et pu € Pg(Rd),

Ts () = o([X]"]). (1.10)
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Cela définit le semi-groupe a 2 parametres associé a I’'EDS de McKean-Vlasov (1.4), qui vérifie la relation
fondamentale
VO<s<7<t<T, Tst=Tsr0oTrs

Il est alors naturel de vouloir étudier le probleme de Cauchy associé afin de décrire la dynamique
du semi-groupe a travers son générateur. On renvoie a la Sous-section 1.1.4 pour la définition du semi-
groupe, agissant sur les fonctions définies sur R, associé & un processus de Lévy. Puisque le semi-groupe
agit ici sur les fonctions définies sur Pﬁ(Rd) a valeurs réelles, on est amené a se poser la question de
la différentiabilité de telles fonctions. Deux notions de différentiation sont présentées dans le Chapitre
2 : la dérivée au sens de Lions ou L-dérivée (quand = 2) et la dérivée plate, qui est la notion avec
laquelle nous avons travaillé dans cette thése. Dans le cadre des EDS linéaires, la dynamique du semi-
groupe est décrite a l'aide de la formule d’It6. On est ainsi amené a s’intéresser a ’équivalent de la
formule d’It6 classique dans le cadre présent, a savoir une formule d’It6 le long d’un flot de mesures de
probabilité. 1l s’agit plus précisément de décrire la dynamique de I'application t € [0,T] — &([X;"])
sous des hypotheses de régularité sur ¢. Dans le cadre brownien et en prenant 5 = 2, la formule d’It6 le
long d’un flot de mesures de probabilité est présentée dans le Théoreme 2.28 du Chapitre 2. Dans le cas
d’un bruit de Lévy plus général et avec 5 € (0, 2], cela a été établi dans [Cav22a] (voir le Théoreme 3.9).
Grace a cette formule d’It6, on peut établir que, sous des hypotheses de régularité, 7, ;¢ est solution de
I’EDP de Kolmogorov rétrograde suivante

OsToad(n) + LsToad(p) =0, Y(s,p) € [0,) x Pg(RY), (1.11)

ou .Z; est un opérateur différentiel qui agit sur les fonctions définies sur Pg(Rd) suffisamment réguliéres,
et est le générateur du semi-groupe.

Meéthode pour prouver la propagation du chaos faible quantitative

Soit ¢ : Pg(Rd) — R une fonction suffisamment réguliere. On considere la fonction U définie, pour
(t, 1) € [0,7] x Pg(R?), par
U(t, p) = Terd(p).-

L’objectif pour prouver la propagation du chaos faible quantitative est de controéler

o(y) — ¢lur) = U(T. 1y ) — U(T, pr).

On commence par calculer la dérivée de l'application t € [0,T) +— U(t,7"), & condition que U
soit suffisamment réguliere. Pour ce faire, on doit utiliser la dynamique du systéme de particules.
Il s’agit donc d’appliquer la formule d’It6 classique & la projection empirique de U, définie par
(t,x1,...,zn) € [0,T] x (RHN s U (t, Ly, 5$k), et au systéeme de particules (1.6). La notion
de projection empirique, qui est donc au ccoeur de la méthode, est présentée dans le Chapitre 2. En
particulier, on fait le lien entre les dérivées partielles spatiales de la projection empirique et la dérivée,
par rapport a la mesure, de la fonction U qu’on projette via la mesure empirique.

Le point crucial est de remarquer que lapplication ¢ € [0, 7] — U (t, ) est constante puisque 'EDS
de McKean-Vlasov est supposée bien posée au sens faible. Il est donc naturel de s’attendre & ce que
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1.2. Equations différentielles stochastiques de McKean-Viasov et systéme de particules en interaction champ
moyen

la dérivée en temps %U(t,ﬁi\f ) tende vers 0, lorsque N tend vers linfini. Le calcul de cette dérivée
fait apparaitre 'EDP (1.11) vérifiée par U, et un terme d’erreur puisque le systéme de particules n’est
qu’une approximation de la dynamique de McKean-Vlasov. Puisqu’on veut un résultat quantitatif, on
doit estimer précisément ce terme d’erreur pour obtenir un taux de convergence explicite par rapport a

N. Cela nécessite des contrdles sur U et sa dérivée par rapport a la mesure.
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CHAPITRE 2

BOITE A OUTILS : CALCUL DIFFERENTIEL
SUR LES ESPACES DE MESURES DE
PROBABILITE

Le calcul différentiel pour des fonctions définies sur un espace de mesures de probabilité, qui est
présenté dans ce chapitre, est 'un des outils essentiels de cette these comme expliqué dans le chapitre
précédent. On commence par définir les espaces usuels de mesures de probabilité sur lesquels on va
travailler et les distances dont ils sont munis. Ensuite, on décrit deux notions de dérivation : la dérivée
au sens de Lions et la dérivée plate. On donne des exemples et on mentionne le lien entre ces dernieres.
Dans cette theése, on travaillera seulement avec la dérivée plate. La notion de projection empirique, au
coeur d’un des résultats de la these est également présentée. Enfin, on introduit la formule d’It6 le long
d’un flot de mesures qui est I'un des sujets et outils principaux de cette these.

2.1 Espaces de mesures de probabilité

On commence par introduire les espaces de mesures de probabilité classiques utilisés dans ce manus-

crit. On trouvera les preuves des résultats de cette section dans [Vil09].

2.1.1 Définitions

Définition 2.1. On note P(R?) 'ensemble des mesures de probabilité sur R?. Il est muni de la topologie

de la convergence étroite, ou convergence en loi.

On introduit également la distance en variation totale. La convergence pour cette derniere implique

la convergence étroite.

Définition 2.2 (Distance en variation totale). La distance en variation totale sur P(R?) est définie,
pour p,v € P(RY), par

drv(uv) =~ sup | [ fdu—v).

2 Ifllo<1

R4

Lorsque u et v ont des densités par rapport & la mesure de Lebesgue, on a

dTV(M? V) =

A Eri

1 ’ dp  dv
dr dzx

Ll'

On fixe 8 € [0 + 00).
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Définition 2.3. On définit
Po(h) = {ue PEY, [ ol du(e) < +oc )
R

Si u € Pg(R?), on dira que p admet un moment d’ordre 3 fini. Lorsque 3 = 0, Py(R?) = P(R?).

Soient u,v € P(R?). On note IT(u,v) 'ensemble des mesures de probabilité 7 € P(RY x R?) ayant
comme lois marginales u et v. De telles mesures de probabilité sont appelées plans de transport entre p
sur v. On rappelle la définition de distance de Wasserstein.

Définition 2.4 (Distances de Wasserstein). Soit 8 € (0, +00). L’application Wy définie par

P@ (Rd) X Pﬁ(Rd) — R+

e

Wg :

(11,) o |t [ ey dn(ay)
el ()
R4 xR4

est une distance sur Ps(R?), appelée distance de Wasserstein.

Remarque 2.5. Une réécriture plus concise de la distance de Wasserstein est la suivante

11

B
Vu,v e Pa(RY), Wpa(p,v) = inf ElU-V|? ,
p s(RY), Walw,v) (mMV]V | |>

ou on note [U] la loi de U.

L’inégalité de Holder entraine directement la comparaison des distances de Wasserstein de la propo-

sition qui suit.

Proposition 2.6. Soient 1 < p < q < +o0, alors W, < W,.

2.1.2 Convergence en distance de Wasserstein

Soit B € (0,400). On s’intéresse maintenant au lien entre la convergence d’une suite pour la distance

de Wasserstein Wy et la convergence étroite.

Définition 2.7. On définit

Cop(RY) = {f € CCRER), (1+]- )77 £() € QRER) | 5 CYRYR).

Théoréme 2.8. Soient (,)n € Ps(RON et u € Ps(RY). On note — la convergence étroite des mesures
de probabilité. Alors, il y a équivalence entre les assertions suivantes.

(1) pin 5 .

) V1 €Cop®, [ Fdpn = [ sdu.
& m=n et [ ol du@) = [ el duGa).

n—-+o0o

(4) pn —p et lim Sup/ |17 dpun () = 0.
je|>R

R*}+OO n

32



2.2. Dérivée de Lions

2.1.3 1Inégalité de convexité

Soit 8 € [1,400). L’inégalité suivante, dite de convexité, s’avere utile pour obtenir certaines majora-

tions.

Proposition 2.9. Soient pi1, p2,v1,v2 € Ps(RY) et a € [0,1]. Alors on a linégalité dite de convexité
suivante
W5 (e + (1= @)z, av1 + (1= a)r) < aWg (1) + (1= )W (2, v2)

Preuve. On prend un plan de transport optimal 7y envoyant pq sur v1 et un plan optimal ms envoyant

W sur vo. On considere la probabilité
7 =am + (1 — a)m € P(R? x RY).

On remarque que les lois marginales de 7 sont ap; + (1 — a)us et avy + (1 — a)rve. Ainsi on a

Wg(a,ul + (1 — a)pe,avy + (1 — a)rr)

S/ & —y|” dn(z, y)

R4 xR4
—af —yldm@y)+ -0 [ eyl dn(y)
R x R4 Rdx R4

= aWj (g, m1) + (1 = )W (juz, v2).

On a également I'inégalité suivante.

Proposition 2.10. Soient u,v € Pg(RY). Pourt € [0,1], on définit my := v+t(u—v). Alors sit € [0,1]
et h tel que t+h €[0,1], on a
W5 (megn,mi) < [hWS (n,v).

Preuve. On suppose h > 0, autre cas étant symétrique. Pour cela on remarque qu’on peut écrire

(1—(t+h)vr+tu
1-h '

(1—(t+h)v+tu

Mirn = hp+ (1 —h) 11

et my=hv+(1—h)

et on applique l'inégalité précédente. O

Les résultats de cette sous-section se généralisent immédiatement au cas 5 € (0,1) en retirant les

puissances 3 des distances Wy qui apparaissent.

2.2 Dérivée de Lions

On fixe u : Po(R?) — R. Il existe plusieurs maniéres de dériver la fonction u. On commence par
présenter la dérivée de Lions ou L-dérivée introduite par Lions dans son cours au Collége de France [Lio]
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sur les jeux a champ moyen. Soit (2, F,P) un espace probabilisé complet et sans atomes. Pour tout
1 € Po(RY), il existe X € L2(Q, F,P,R?) de loi . On définit alors

u{ L*(Q, F,P;RY) =R
X = (X)),

ou [X] désigne la loi de X. La fonction @ est appelée lifting de w.

Définition 2.11. On dit que u est L-différentiable si 4 est Fréchet-différentiable et on note Du sa
différentielle, identifiée a son gradient. De méme, on dit que u est contintiment L-différentiable si % est

Cl au sens usuel.

Remarque 2.12. Si X € L*(Q, F,P;R%), la différentielle de % en X est notée Dii(X). Cette notation
porte légérement confusion car on peut avoir 'impression que Du(X) est 'image de la variable X par
une certaine application déterministe, ce qui n’est a priori pas le cas. La proposition suivante, tirée de

[CD18a, Proposition 5.24 et 5.25], apporte une précision a cette remarque.

Proposition 2.13. Si u est L-différentiable, la loi du couple (X, Du(X)) ne dépend que de la loi de
X et pas de la variable X de loi donnée. De plus, la variable aléatoire Du(X) € L*(Q, F,P;R?) est
o(X)-mesurable et pour tout pn € Pa(R?), il existe une fonction mesurable O, u(u) : RT — RY telle que

pour toute variable aléatoire X de loi p, on a

Remarque 2.14. L’application d,u(u) appartient a L?(u), donc est définie seulement u-presque-partout.

Mentionnons la propriété fondamentale de représentation de la L-dérivée.
Proposition 2.15. Supposons que u est continiment L-différentiable. Alors pour tout p € Po(R?), il
existe une version de O,u(p) € L2(R%, 1), telle que lapplication
(1,0) € Po(RY) x BY 1 Q) (v),
soit mesurable, ot on munit Pg(Rd) de la tribu borélienne associée a la topologie induite par Wsy. De
plus, st O u(p) posséde une version continue, alors les deux versions coincident sur le support de f.

Pour la preuve, on pourra consulter [CD18a, Proposition 5.33].

2.3 Dérivée plate

Présentons maintenant une autre notion de dérivation pour les fonctions définies sur un espace de
mesures de probabilité. Il s’agit de la notion de dérivée plate, qui est celle utilisée dans cette thése. On
travaille sur Pg(Rd) avec 8 € [0,400). Bien str il y a un lien fort entre les deux notions de dérivation

lorsque 8 = 2 comme nous le verrons dans la suite.

Définition 2.16. Soit u : Pg(Rd) — R. On dit que u admet une dérivée plate s’il existe une application

o . dy  md ., 9
Sl (n,v) € Pg(RY) x R* = 6mu(u)(v) eR

continue qui satisfait les propriétés suivantes.

34



2.3. Dérivée plate

(1) Pour tout K C Pz(RY) compact, il existe Cic > 0 telle que

o

Vo € RY, sup | u(u)(v) < Ci(1+ o))

HEK

(2) Pour tout u,v € Ps(R9)
(i / /dé—u (ti+ (1 — D) (0) d( — v)(v) dt.
RrRd OM

Cette notion utilise la convexité de Ps(R%). En fait, il s’agit d’une dérivée au sens de Gateaux sur
I’espace de mesures signées finies.

Remarque 2.17. Si u admet une dérivée plate, alors u est continue par théoréme de convergence dominée.

Donnons une caractérisation de la dérivée plate qui peut étre utile quand on veut la calculer en

pratique.

Proposition 2.18. Soit %u : Pg(Rd) x R = R une application continue vérifiant le premier point de
la Définition 2.16. Alors u admet %u comme dérivée plate si et seulement si pour tout p,v € PB(Rd),
Uapplication t € [0,1] — u(tp + (1 — t)v) est dérivable avec

d
Sulti+ (1- / wltp + (1= ) (v) d(p — v)(v).
Preuve.  On fait la preuve lorsque § € [1,+00), le cas § € [0,1) se traitant de fagon complétement

analogue. Le sens indirect est immédiat puisque la dérivée est continue par rapport a ¢ (par convergence
dominée), on peut donc intégrer entre 0 et 1. Pour le sens direct, on fixe pu,v € Pg(Rd). On note pour
t€[0,1], m¢ :==tu+ (1 —t)v. On fixe t € [0,1] et h > 0 tel que t+h € [0,1], le cas h < 0 étant analogue.
Par définition de la dérivée plate on a

u(mern) — u(my) / /R u(vmern + (1 —v)my)(v) hd(p — v)(v) dv
=i [ sulm) (@) d(p 1))
R
+h /0 /R d (;nu(mm F (1= A)m)(v) — (sfnu(mt)(u)> d(p — v)(v) d\.

Il s’agit donc de montrer que le dernier terme est un o(h). Soit (hy,,), une suite strictement positive qui
tend vers 0. Alors, pour (v, \) € R? x [0, 1] fixé, on a

%U(AmtJrhn + (1= X)my)(v) — iu(mt)(v)

n—+oo dm
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En effet, on a d’apres les Propositions 2.9 et 2.10

Wg(kmmn + (1= N)my,my) < /\Wg(mHhM me)
< WS (M, mi)
S hnw/g (,U,, V)

— 0.
n—-+00

W,
De plus, puisque myip, —{ my, on déduit que 'ensemble {Amyn, + (1 = XN)my, A € [0,1], n > 1} est
relativement compact. Il existe donc C' > 0 telle que

0 0
YA e [0,1], ¥n > 1, Vo € RY, %u()\mtﬂln + (1 =X)my)(v) — %u(mt)(v) <201+ |[v]?).
Le théoréme de convergence dominée assure donc que
/1/ (5U(Am + (1= Am) () — ~u(m )(U)) d(p— v)(v) dX = 0
0 Rd 6m t+h/n t 5m t :LL *
D’ou le résultat. U

Pour des fonctions dépendant en plus du temps et de l'espace, on introduit ’espace suivant de
fonctions C' qui sera utile dans la suite.

Définition 2.19. On définit C1([0, 7] x R? x P3(R%)) comme I'espace des fonctions continues u : [0, 7] x
RY x Pg(R?) — R vérifiant les propriétés suivantes.

(1) Pour tout pu € Pg(R?), 'application u(-, -, 1) appartient a C*([0, 7] x RY) avec dyu et d,u continues
sur [0,7] x R? x Pg(RY).

(2) Pour tout (¢,z) € [0,T] x R%, Papplication u(t, z,-) admet une dérivée plate (y,v) € Ps(RY) x RY —
Su(t,z, 1) (v) tel que s-u est continue sur [0, 7] x R x Pg(RY).

om
d dy 1 : ; ) 1 d )
P ) ) om P U Sm.
(3) Pour tout (t,z,u) € [0,T] xR?x Pg(R?), 'application 5>-u(t,z, i) est de classe C* sur R* et 0, 5>-u
est continue sur [0, 7] x R? x Pg(R?) x RY.

2.4 Exemples

Donnons deux exemples de calculs de dérivées plates sur Pg(Rd) pour 3 € [0, +00).

Ezemple 2.20. On se donne ¢ € C°(R%, R) telle qu’il existe C' > 0 vérifiant
Vo e RY, |(v)] < C(1+ |v]?).

On considere
u:p € Pg(Rd) — /Rd¢du.
Alors pour tout p € Pg(RY)
—u(p) = ¢

om
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2.4. Exemples

En effet, pour u,v € Pg(RY), on a

= [ [, oty dtu =)o) .

Lemme 2.21. Soit f € CO(R? x R%R) telle qu’il existe C > 0 vérifiant
Vo € R [f(z,y)] < C(1+ |z)” + [y)°).

Alors Uapplication (u,z) € Pg(R?) x R /d f(z,y)du(y) est continue.
R

Preuve.  Soit (un)n et (zn)n telles que
W,
Un, = uw et x, —x.

W,
Soit € > 0, comme jt,, — p, le Théoréme 2.8 assure que j,, — p, donc la suite est tendue et

lim su/ z|? du,(x) = 0.
R-5too non |x|2R| I dpn(2)

Il existe donc R > 0 tel que

sup/ dpn(z) <€ et sup/ 2| dpn (z) < e,
|z|>R |z|>R

n>1 n>1

On a donc
\/fxn, Jdjin (y /fmydm\
‘/ (0, y)dpn(y / I, y)dpn(y ’ ‘/ f (@, y)dpun(y )—/Rdf(x,y)du(y)‘
/|y|< |f(@n,y) — f(@,9)ldpn(y +/ 1f (zn,y) — (2, 9)|dpn(y)

| [ $@dim) ~ [ 1ty >\ (2.1)

Le théoreme de Heine assure que pour n assez grand et pour tout y € Bg, la boule centrée en 0 et de
rayon R

|f(-7:nay) - f(m,y)| <ee.

Donc pour n assez grand

[ 15ny) = Fa i) < e
lyl<R

Le second terme de du membre de droite de (2.1) est majoré par
[ c@+ el +1al? + 2y1%) diin(y).
ly|>R
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Puisque pour n assez grand, |z,| < || 4+ 1, on déduit que pour n assez grand
/ M) = o y)ld(y) < C2+ 2|7 + (J2] +1)7 + 2)e.
y

Le dernier terme du membre de droite de (2.1) tend vers 0 d’aprés le Théoréme 2.8 puisque
f(z,-) € Cyp(RY), d’out le résultat. O

Ezemple 2.22. On se donne h € CO(R? x R% R) telle qu’il existe C' > 0 vérifiant
Va,y € RY, [h(z,y)| < C(1+ |z” + [y|”),

et on considere

w:p € Py(RY) = h(w,y) du(z) dp(y).
R4 x R4

Alors, on a pour tout u € Ps(RY) et v € R?

) = [ 0da) + [ 5w duty)

Le candidat pour la dérivée plate est bien continue sur Pg (Rd) x R? par le lemme précédent. De plus,

on a

‘/Rd h(y, v)du(y) + /Rd h(v,y) d,u(y)‘ <20 <1 + ol + /Rd ME du(y)) ’

ce qui montre la condition de croissance que doit vérifier la dérivée plate. Enfin, fixons
p,v € Pg(RY) et t €[0,1]. On a

ultn+ (1= tw) = [ [ hew)dv -+ tn = v) @) dw + =) )

En développant et en dérivant, on obtient

Lt + (1= ty)

dt

— [ [ e av@de -+ [ [ by dow) - o))
Re JR Re JR

w2 [ [ bl dn =)@ =)

— [, [ e+ ta =)@ dp -+ [ [ b de+ e - 0)e)de - (e
R JR Re JR

—/dm i+ (1= 0v)(v) d(u — v)(v).

D’ou le résultat.

2.5 Lien entre dérivée de Lions et dérivée plate

Les deux notions de dérivation pour une fonction u définie sur Po(R?) introduites précédemment
sont distinctes. On a vu que la dérivée plate consiste a dériver t € [0,1] — u(tu+ (1 —t)v). En revanche,
la L-dérivée permet en particulier de dériver les applications de la forme ¢t € [0,1] — u([tX + (1 —¢)Y])),
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2.5. Lien entre dérivée de Lions et dérivée plate

ou [X] = pet [Y] = v. On a évidemment pas de maniére générale [tX + (1—1)Y] = t[X]|+ (1 —¢)[Y]. Une
bonne maniére de comprendre [tX + (1 — ¢)Y] est de voir cette mesure de probabilité comme la loi de

la variable 1y<; X + 1y>.Y, ou U est une variable indépendante de X et Y et distribuée uniformément
sur [0, 1].

Commencgons par donner un contre-exemple d’une fonction qui admet une dérivée plate mais qui
n’est pas L-dérivable.

Contre-exemple 2.23. On considere 'application moment d’ordre 1 définie par

PQ(Rd) — R
“{ po [ lelduo)

Cette application admet comme dérivée plate 'application constante égale a | - | d’apres "'Exemple 2.20.
Montrons que u n’est pas L-dérivable. Le lifting de u est I’application

i:X e L*(Q,F,P;RY — E|X|.

Si u était L-dérivable alors pour tout X € L?(Q, F,P;R%), I'application ¢t € R — E|tX| serait dérivable
par composition. Ce n’est pas le cas comme on le voit en prenant X = 1.

On fixe toujours u : Po(R?) — R et on cherche maintenant comment passer d’une dérivée plate & une
L-dérivée.

Proposition 2.24. Supposons que u admet une dérivée plate %u On suppose de plus que pour tout
1€ Pa(RY), Lu(u) est différentiable et vérifie les propriétés suivantes.

7 om
(1) L’application (p,v) € Po(R?) x R &,%u(p)(v) € R? est continue.
(2) Pour tout compact K C Po(R?), il existe Cxc > 0 telle que pour tout v € R?

O () (w)

< .
8”5m < Cx(1+ |v])

sup
per

Alors, la fonction u est L-dérivable. De plus on a
Vi € Po(RY), Byulp) = 0 —u(p).
La preuve de ce résultat se trouve dans [CD18a, Proposition 5.48].

Donnons maintenant un résultat assurant qu’une fonction L-dérivable admette également une dérivée
plate. Il provient de [CD18a, Propositon 5.51].

Proposition 2.25. Supposons que u est L-dérivable et que sa L-dérivée est globalement lipschitzienne.

On suppose également que pour tout p € Po(RY), on peut trouver une version de Oyu(p) telle que
(11,0) € Pa(RY) x R 5 Bu(p1)(v),

est continue. Alors u admet une dérivée plate qui satisfait I’hypothése (2) de croissance sous-linéaire

uniformément sur les compacts de PQ(Rd) de la Proposition 2.2/.
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2.6 Projection empirique

Comme on ’a vu dans la Sous-section 1.2.3, la notion de projection empirique, définie dans ce qui

suit, est un objet crucial pour prouver la propagation du chaos faible quantitative. Fixons § € [0, +00).

Définition 2.26 (Projection empirique). Soit u : Pg(R?) — R. Pour N > 1, la projection empirique
d’ordre N de u, qu'on note u', est définie par

W im = (2, a) € ®RYY o (@),

ot il 1= % 0z, est la mesure empirique du vecteur x.

T

Le résultat suivant permet d’assurer que la projection empirique est de classe C'.

Lemme 2.27. Soit u Pﬁ(Rd) — R wune fonction admettant une dérivée plate 5-u qui vérifie les

propriétés suivantes.

(1) Pour tout pu € Ps(R?), 2 u(p) € CHR%R).
(2) Leapplication (p1,v) € Pg(R?Y) x R? i 0, s2-u(u)(v) € RY est continue.
Alors, pour tout N > 1, la projection empirique u’¥ de u est de classe C' sur (RY)N. De plus, pour
tout x = (z1,...,2n) € (RHN etiec {1,...,N},

1 1)
amiuN(xlﬁ"'va) Na 5m (Mm)(wl)

Preuve. On fait la preuve dans le cas § > 1, le cas 5 € [0,1) étant analogue. Par définition de la

dérivée plate, on a pour x = (z1,...,zy),h = (h1,...,hy) € (RHN

u™(x + h) —u (x)
N
= X g )
b Z/ / { Wil + (1 — w)El ) (z; + thy) —av;nu(ufj)(mi)] - hy dt duw.

On majore le dernier terme du membre de droite de ’égalité précédente par

dt dw.

|—f (T (1= W) i+ the) — B (i) ()

Pour conclure 4 la différentiabilité de u”, il suffit de voir que pour i € {1,..., N}

dtdw — 0.
h—0

o
w(Wigsn + (1= w)g ) (v + thi) = Qs —u(fig ) (i)

Or on a

1 N
W 1—w)El, my) < = |hl? > 0.
ngL[l(?l] 5(wuw+h+( )vaﬂm)_ Nk: ’ k’ ho0
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La continuité de l'intégrande par rapport a (u,z) € Pﬁ(Rd) x R% permet de conclure que u” est C! et
que pour tout i € {1,...,N}
)

1
Oy ul (21, aN) = Naxﬁu(ﬁév)(%)

2.7 Formule d’It6 le long d’un flot de mesures de probabilité

On introduit enfin le dernier outil qui est nécessaire a la méthode décrite dans la Sous-section 1.2.3 :
la formule d’It6 le long d’un flot de mesures de probabilité.

2.7.1 Le résultat

On considere un processus d’'Ité de la forme
t t
X :X0+/ bsds+/ osdBs, t>0,
0 0

ou Xy € L2(Q,.7-"0,IP’;Rd), b et o sont des processus progressivement mesurables & valeurs dans R? et
R9*4 respectivement, et ott B est un mouvement brownien sur R?. On note également p; = [X;] pour
tout t € RT et on suppose dans dans un premier temps que les hypothéses sur b et o assurent que
t € RY — py € Po(R?) est continue. Fixons une fonction u : Po(R%) — R. Le but de la formule d’'It6
le long d’un flot de mesures de probabilité est de décrire la dynamique de t € RT +— u(u), comme le
fait la formule d’Itd classique pour t € R* — f(X;), ot f : R? — R. Dans le cadre classique, la formule
d’It6 requiert de la régularité sur la fonction f. Il en est de méme pour la formule d’Ité pour un flot de
mesures qui est énoncée dans le résultat suivant. Celui-ci se déduit de [CD18a, Théoréme 5.99], ou il est

énoncé avec la L-dérivée, et de la Proposition 2.24.

Théoréme 2.28. Soit u : Po(R?) — R une fonction C' au sens de la Définition 2.19 et telle que pour
tout 1 € Po(R?), &,%u(u) est C' et 922w est continue sur Po(RY) x RE. On suppose que u vérifie les

v om

hypothéses de la Proposition 2.24 et que pour tout compact K C Pa(R%)

2

82£u(,u)(v) dp(v) < 4o0.

vom

sup /
nek JRe

On note toujours py = [X¢] et on suppose que
T
VT > 0, E/ 1bs|? + |os|* ds < +oc.
0

Alors, pour toutt € RT, on a

) = ulpo) + [ B (B (X)) s+ 5 [ B (02 ul) (X)) ds,

2 mu
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*
S

ol as = o0’ et ou pour toutes matrices A,B € R A.B := Tr(AB*) désigne le produit scalaire

canonique.

2.7.2 Motivations et applications

La formule d’It6 de long d’un flot de mesures de probabilité a été développée sous 'impulsion de
la théorie des jeux a champ moyen et des EDS de McKean-Vlasov. Les jeux a champ moyen ont été
introduits indépendamment par Caines, Huang et Malhame [CHMOG6] et par Lasry et Lions [LL07]. La
notion de Master equation ou équation maitresse a été introduite par Lions dans son cours au College
de France [Lio] dans le but de décrire les jeux & champ moyen. Les équations maitresses sont des EDP
définies sur un espace de mesures de probabilité. La formule d’It6 le long d’un flot de mesures est I'un
des outils qui permet d’établir ce genre d’équations. On renvoie au cours de Lions [Lio], aux notes écrites
par Cardaliaguet [Carl0], et les deux livres écrits par Carmona et Delarue [CD18a, CD18b] pour plus
de détails sur les jeux a champ moyen et les équations maitresses. Mentionnons également Bensoussan,
Frehse et Yam [BFY15] et Carmona et Delarue [CD14], ou des équations maitresses sont établies, grace
a la formule d’It6 le long d’un flot de mesures dans [CD14]. La question de 'existence et 'unicité de
solutions classiques a ce type d’équations a été étudiée notamment par Cardaliaguet, Delarue, Lasry et
Lions [CDLL19] et par Chassagneux, Crisan et Delarue [CCD15].

Comme expliqué dans la Sous-section 1.2.3 (voir (1.11)), la formule d’It6 le long d'un flot de
mesures permet d’associer naturellement une EDP sur I'espace des mesures de probabilité & une EDS
de McKean-Vlasov, plus précisément & son semi-groupe qui agit sur les fonctions définies sur un espace
de mesures. On peut I'appeler également équation maitresse. Cela s’avere étre un outil important pour
étudier le flot de mesures associé a une EDS de McKean-Vlasov, comme expliqué dans [CD18a, Chapitre
5]. Le lien entre une EDS de McKean-Vlasov et son EDP sur l'espace des mesures est au coeur du
travail de Buckdahn, Li, Peng et Rainer [BLPR17], ou les auteurs montrent que 'EDP est bien posée
au sens classique et que sa solution s’exprime grace au flot de mesures associé a la solution de 'EDS de
McKean-Vlasov. Parallelement, Chassagneux, Crisan et Delarue adoptent une approche similaire dans
[CCD15]. Ils étudient le flot généré par un systéme progressif-rétrograde d’EDS sous des hypotheses
plus faibles sur les coefficients de I’équation. Ces deux travaux ont été motivés par les jeux a champ
moyen et la formule d’Itd pour un flot de mesures y joue un role clé. De plus, dans [CM17], Crisan et
McMurray s’intéressent a ces EDP sur ’espace des mesures avec une condition terminale irréguliere
en utilisant le calcul de Malliavin. Ils mettent en lumieére un effet régularisant en ce qui concerne la
différentiabilité de la solution de 'EDS par rapport & la loi initiale, et ce malgré le fait que le bruit
brownien dans I’équation est seulement de dimension finie. Ce type d’effet régularisant par rapport a
la mesure est également au cceur du travail [Cav22b] et permet de prouver la propagation du chaos
faible quantitative comme expliqué dans la Sous-section 1.2.3. Mentionnons également que I’équation
maitresse associée au semi-groupe a été utilisée récemment par Jourdain et Tse [JT21] ou les auteurs
prouvent un théoreme central limite pour le systeme de particules en interaction. Enfin, la formule
d’It6 le long d’un flot de mesures est un outil important quand on étudie des problemes de controles
d’EDS de McKean-Vlasov. Elle permet d’obtenir un principe de programmation dynamique qui décrit

la fonction valeur du probléme, comme présenté dans [CD18a, Chapitre 6].

Comme dit précédemment, la formule d’It6 le long d’un flot de mesures de probabilité est au coeur
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2.7. Formule d’It6 le long d’un flot de mesures de probabilité

de cette these. Dans le travail [Cav21], on affaiblit les hypotheses de régularité du Théoréme 2.28 sur la
fonction u a laquelle on peut appliquer la formule d’It6. En particulier, on ne demande plus que pour tout
1 € P2(R?), 1a fonction %u(u) soit C? au sens classique mais seulement qu’elle soit C! et que &,%u(u)
appartienne a un certain espace de Sobolev. Il s’agit la encore d’un effet régularisant du bruit. Dans le
travail [Cav22a), la formule d’It6 est établie pour un flot de lois marginales d’un processus a sauts défini
par des intégrales stochastiques contre une mesure de Poisson et une mesure de Poisson compensée.
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CHAPITRE 3

PROPAGATION DU CHAOS QUANTITATIVE
POUR DES EDS DE MCKEAN-VLASOV
DIRIGEES PAR UN PROCESSUS o~-STABLE

Dans ce chapitre, on présente les résultats issus des travaux [Cav23], [Cav22a] et [Cav22b].

3.1 Caractere bien posé et propagation du chaos forte pour une EDS
de McKean-Vlasov dirigée par un processus de Lévy général :

cadre lipschitzien

Dans cette section, on présente les résultats de [Cav23]. L’objectif premier de ce travail est d’établir
le caractere bien posé d'une EDS de McKean-Vlasov dirigée par un bruit de Lévy général admettant
un moment d’ordre 5 € [1,2] fini et sous des hypothéses lipschitziennes classiques, par rapport a la
distance de Wasserstein W3 pour la variable mesure. Ce résultat, bien que tres naturel, ne semblait
pas avoir déja été prouvé dans un cadre aussi général (voir la Remarque 3.3). Le second objectif
de ce travail est de prouver la propagation du chaos forte quantitative sous des hypotheses plus
restrictives, typiquement avec un coefficient de diffusion devant le bruit constant égal a 'identité. On n’a
pas besoin ici des outils introduits dans le Chapitre 2 puisqu’on s’intéresse a la propagation du chaos forte.

Rappelons que (2, F, (F;)>0, P) est un espace probabilisé filtré. On considére N une mesure aléatoire
de Poisson sur RT x R\ {0} avec intensité dt ® v, ot v est une mesure de Lévy. On introduit alors

Z = (Z;)1>0 un processus de Lévy sur R? qui s’écrit, pour tout ¢ > 0,

th/ot/B zﬁ(ds,dz)+/0t/cz/\f(ds,dz).

On suppose que pour un certain 3 € [1,2], on a

/ |2|P dv(z) < +oc.
By
Cela équivaut a supposer que pour tout ¢ € R*, Z; a un moment d’ordre 3 fini d’aprés [Sat99, Théoréme

25.3).
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3.1. Caractere bien posé et propagation du chaos forte pour une EDS de McKean-Viasov dirigée par un processus
de Lévy général : cadre lipschitzien

3.1.1 Caractere bien posé

On s’intéresse dans un premier temps au caracteére bien posé de 'EDS de McKean-Vlasov suivante

dXy = by( Xy, o) dt + o(Xy—, ) dZy,  t € [0,T],
e = [ X4l (3.1)

ou T est un horizon de temps fixé, £ une variable aléatoire Fp-mesurable indépendante de Z admettant
un moment d’ordre 3 fini, b : [0, 7] x R? x Ps(RY) — R et o : [0,T] x R? x Pg(R?) — R*? sont des
fonctions vérifiant les hypotheses suivantes.

Hypothése (H1). Il existe C > 0 telle que pour tout ¢ € [0,7], z,y € R? et u,v € Pg(R?), on a

[b:(, 1) = ey, V)| + low(, 1) = o1y, v)| < Cllz =yl + Wp(p, v)), (3.2)

et
be(z, )| + |oe(z, p)| < C(L + || + Ma(p)),

1
ou Ma(p) = (fRd || du(:v)) ? pour u € Pg(RY).
Il s’agit des hypotheses lipschitziennes et de croissance sous-linéaire usuelles.

Théoréme 3.1. Sous I’Hypothese (H1), il existe une unique solution forte (Xt)iejor) @ 'EDS (3.1)
pour toute donnée initiale & € LP(Q, Fo; R?). De plus, le flot de lois marginales (/Lt)te[(),T] appartient a
Co([0,T; Ps(RY)) et on a

Esup | X;|® < 4oo0. (3.3)

t<T

Remarque 3.2. On peut ajouter un terme de la forme (Bt + XW;);>0 & Z, ot B € RY ¥ € R4 est
une matrice symétrique positive de taille d x d, et W est un mouvement brownien standard sur R%. En
utilisant la décomposition de Lévy-Ité6 du Théoreme 1.5, on peut donc considérer un processus de Lévy
général Z ayant un moment d’ordre 5 € [1, 2] fini.

Remarque 3.3. Dans [Gra92a], Graham énonce un résultat qui inclut notre théoréme pour 5 = 1. Cepen-
dant, la justification de I'inégalité de Burkholder-Davis-Gundy utilisée pour passer de I’équation (1.5)
a (1.6) n’est pas claire car c’est le crochet oblique qui est utilisé au lieu du crochet droit qui apparait
habituellement dans cette inégalité. L’argument ne semble pas immédiat, c’est pour cela qu’on prouve
d’une autre maniere le Théoreme 3.1.

Comparons ce résultat aux travaux déja existants. Lorsque § = 2, le caractére bien posé de (3.1)
a été prouvé par Jourdain, Méléard et Woyczynski [JMWO07]. Dans ce travail, I'existence au sens faible
d’une solution est prouvée, quand S = 0, a travers le probléme de martingales non-linéaire. Cependant,
I'unicité n’est pas montrée lorsque § = 0. Quand § = 1, un résultat similaire au Théoréme 3.1 est prouvé
par Graham [Gra92b, Théoreme 2.2]. Les différences principales sont les suivantes. Premiérement, dans
[Gra92b], il n’y a pas d’intégrale de Poisson compensée N dans la définition de Z et v(R?) est supposée
finie. Deuxiémement, lorsque la dérive b n’est pas bornée, il est supposé dans [Gra92b] que Xy a un
moment fini d’ordre 2, ce qui n’est pas le cas dans le Théoréme 3.1. Aussi, en conservant nos notations,
il est supposé l'existence d’une constante C' > 0 telle que pour tout t € [0,T], x € R? et 1 € Py (]Rd), on
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2
+ /B o (x, 12| du(2) < C(1 + |af?). (3.4)

1

|/B§ or(x, pu)zdv(z)

Cela suggere que o est bornée par rapport a la variable mesure. De plus, (3.4) suggere fortement que

/ 122 du(2) < +oc.

BY

C’est le cas par exemple si o = Id. Cette condition sur v est équivalente au fait que pour tout ¢t € R,
Z; a un moment d’ordre 2 fini, ce qui n’est pas supposé dans le Théoreme 3.1 puisque § € [1,2]. Dans
le cas ou o est uniformément elliptique, i.e. oo* est définie positive uniformément par rapport a ses
variables, et bornée, on renvoie a [FKM21]. Dans ce travail, Frikha, Konakov et Menozzi prouvent le
caractere bien posé de (3.1) sous des hypotheéses holdériennes sur les coefficients par rapport aux variables
espace et mesure. Ce résultat peut étre appliqué dans le cadre lipschitzien mais on ne suppose pas ici
que o est uniformément elliptique. De plus, une autre hypothese faite dans [FKM21] est que pour tout
(t,z) € [0,T] x R?, les fonctions p € P(R?) +— by(z, 1) et u € P(R?) — oy(x, 1) ont des dérivées plates
bornées sur P(R?). Cela assure, au moins lorsque les coefficients dépendent linéairement de la mesure,
que les coefficients sont bornés par rapport a la variable mesure, ce qui n’est pas le cas dans le Théoreme
3.1

Remarque 3.4. Lorsque 8 € (0,1), le résultat d’unicité du Théoréme 3.1 est faux sans une hypothese
de non-dégénérescence sur o. Donnons un contre-exemple simple en posant, pour ¢t € [0,T], x € R? et
n e 'PB (Rd)

bu(oap) i= [ Jal du@). o) =0, et €i=0.

L’Hypothese (H1) est clairement satisfaite. De plus, toute solution de 'EDS de McKean-Vlasov corres-
pondante est déterministe puisque la donnée initiale I'est et qu’il n’y a pas de bruit. On remarque alors

que le probléme est équivalent a résoudre 1’équation différentielle

y(t)=ly®)°, telo,T),

qui admet plusieurs solutions. Cependant, sous 'Hypothese (H1), il existe au moins une solution forte
a 'EDS de McKean-Vlasov (3.1). On renvoie a la Section 6.4 pour une preuve de ce résultat qui repose

sur le théoreme de point fixe de Schauder.

Idée de preuve du Théoréme 3.1. On fixe p = (ut)iejo,r) € C°([0,T); Ps(R)) et on considere I'unique
solution de

{ dX} = by(X}', ) dt + op(XI ) dZy,  t € [0, T, (3.5)

Xt =c¢.

Les coefficients (¢, z) € [0, T] xR = by(x, uy) et (t,x) € [0, T] xR = o4(x, y1) de 'EDS sont lipschitziens

et & croissance au plus linéaire en espace, uniformément en temps. D’apres [Foul3, Proposition 2], on a

Esup | X#)? < +0.
t<T

48
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L’application
5 { CO([0,T); Pa(RY) - — C°((0,T]; P(R?) 36)
' i ([(XE e '
est donc bien définie, et le but est de montrer qu’elle admet un unique point fixe en utilisant le théoréeme
de Banach. Pour cela, on doit estimer Esup,<,|X# — X¥|?, pour t € [0,T]. Pour obtenir ce contréle,
on utilise la méthode utilisée par Fournier dans [Foul3, Proposition 2], qui a déja été utilisée dans le
contexte d’EDS de McKean-Vlasov par Frikha et Li dans [FL21] pour prouver l'estimation de moments
(3.3). Il s’agit d’abord de controler Esup,<, |X# — X¥|% entre les temps de sauts de taille plus grande
que 1 du bruit Z, par des outils de calcul stochastique usuels (on se rameéne au cadre L?). Ensuite, on
étudie ce qui se passe aux instants des sauts de taille plus grande que 1. On parvient alors & prouver
qu’il existe une constante C' > 0 telle que pour tout n > 1

@

n n n Tn
sup WH(6"(n)e,0"()) < € (15)7 sup Wi,
0<s<T nl /) o<s<r

ce qui permet d’appliquer le théoreme du point fixe de Banach. O

3.1.2 Propagation du chaos forte

On considere le systéeme de N particules en interaction suivant, qui est associé a (3.1), et donné par

dxp™ = by (XPN N dt + oy (XN EN) dzi, te(0,T), i€ fl,... N},

N
H{V = % > 5Xg,N, (3.7)

ot (Z%,&");>1 sont i.i.d. de méme loi que (Z,&). Le systéme de particules est bien défini d’apres [App09,
Théoréme 6.2.9]. On introduit alors des copies i.i.d. de 'EDS de McKean-Vlasov (3.1), notées (X*>);>1,
ot les données initiales et les bruits sont respectivement (£%);>1 et (Z%);>1. On prouve alors le résultat
suivant de propagation du chaos forte quantitative. On suppose que € [1,2), le cas f = 2 étant traité
dans [JMWO07] et [NBK*20].

Théoréme 3.5. L’Hypothése (H1) est remplacée par l'hypothése plus forte suivante. On suppose que
UHypotheése (H1) est vérifiée avec W1 au lieuw de Wg dans U'hypothése lipschitzienne (3.2) et que o = Id.
Alors, il existe une constante C > 0 telle que pour tout N > 1

1_4q . d
, , NB ~ st d=1,2 ou d>3etf <%,
sup Esup [ X[V — X/ < C . P<a (3.8)
SN <T N~a, si d>3etf> %,
et )
N7l s d=1,2 ou d>3etf < 4%,
sup EW (i, i) <CQ° J - (3.9)
te[0,T) N7a, si d>3etf>7%.

Remarque 3.6. La méthode utilisée dans la preuve du Théoréme 3.5 ne peut pas étre appliquée avec un
coefficient non-constant o sous I’'Hypothese (H1) (voir la Remarque 3.7). Cela semble rester un probleme

ouvert.

49



Partie II, Chapitre 3 — Propagation du chaos quantitative pour des EDS de McKean-Viasov dirigées par un
processus a-stable

Comparons ce résultat aux travaux déja existants. Commencons par le cadre L?. Dans [JMWO07],
Jourdain, Méléard et Woyczynski traitent le cas d’'un bruit de Lévy général admettant un moment
d’ordre 2 fini. Les auteurs exhibent des taux de convergence pour la propagation du chaos forte dans L?
sous des hypotheses lipschitziennes sur les coefficients b et o, par rapport a Ws pour 'argument mesure,
qui sont similaires a I'Hypotheése (H1). Toujours dans le cadre lipschitzien, par rapport a W ici, on peut
également mentionner Neelima et al. [NBK'20], ot un résultat de propagation du chaos du méme type
est prouvé, relaxant les hypotheses de [J]MWO07]. Dans le cas ou le bruit admet seulement un moment
d’ordre 1, on peut citer [Gra92a], ou Graham prouve la propagation du chaos faible qualitative sous des
hypotheses lipschitziennes, par rapport a la distance de Wasserstein Wy pour 'argument mesure. L’EDS
de McKean-Vlasov est dirigée par une mesure aléatoire de Poisson et sa mesure de Poisson compensée.
Dans le cas unidimensionnel d = 1, Frikha et Li [FL21] s’intéressent a une EDS de McKean-Vlasov
SDE dirigée par une mesure de Poisson compensée et ayant des sauts positifs uniquement. Les auteurs
prouvent une estimation de propagation du chaos forte dans L', sous des hypotheses lipschitziennes "d’un
seul coté" en espace sur les coefficients, par rapport a Wy pour 'argument mesure. On obtient la méme vi-

tesse de convergence dans notre résultat. Cela n’est pas étonnant car elle provient directement de [FG15].

Preuve du Théoréme 3.5. Pour prouver (3.8), on écrit pour ¢ € [0, 7]
) . t . .
XN = X0 = [ B0 ) — (X, ) s
0
En utilisant ’hypothése lipschitzienne sur b, il existe C' > 0 telle que pour tout ¢ € [0, 7]

sup Esup [ X5V — X6
<N r<t

t . . t
<C [ supBIXIN - Xi<|ds + C [ EWi(iY, ) ds
0 i<N 0

t , , t
<C [ supBIXIN — X0 |ds +C [ EW\GY, i) + EWA (R ) s
0 i<N 0

N
1 os .z i,00). .
ou fiy == >, 0 Xk est la mesure empirique associée aux (X"*°);>;. Puisque

N
N - 1
Wl(#évvﬂév) < N Z |X§7N - X§7m|7
k=1

I'inégalité de Gronwall assure qu’il existe C' > 0 telle que pour tout N > 1

. . T
supEsup X = X} < € [ BWAGY ) . (3.10)
i<N  t<T 0

On conclut alors en utilisant [FG15, Théoréme 1] puisque (X%*°);>1 est une suite i.i.d. et que

sup sup IE|XZ’°°|ﬁ < +o00,
i>1 te[0,T)
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par I'inégalité de Gronwall. L’inégalité (3.9) découle de (3.8) et [FG15] en écrivant

sup EWi (7, pe) < sup EWy (Y, i) + sup EWi(fif), ue)

te[0,77] te[0,77] te€[0,77]
< sup supE|X;™ — Xp%| + sup EWi (i, ).
te[0,T)i<N t€[0,T)]

O]

Remarque 3.7. La méthode ne semble pas se généraliser au cas d’un coefficient de diffusion o non-constant
sans hypothese supplémentaire sur Z. En effet, d’apres 'inégalité de BDG, on aurait

E

t . . —~
/ / oo (XN V)2 — 0y (X0, 152 N (ds, dz)
0 JB;

1

t , , p
<C ([ [ 1ot i) - o (X0, )PP N(ds. d)
1
A priori, on ne peut pas contrdler cette quantité par

t . .
| sup BIXIY = X0+ WY, ) ds,
0 <N

puisque [p |2|dv(z) n’est pas nécessairement finie. Par I'inégalité de Jensen, on peut obtenir un contrdle

par

t ) ) 2
[/‘&qﬂﬂX@N——X?WP—%EWGQ@CMQ2d% ,
0 i<N

ce qui ne suffit pas pour conclure.

On étudie maintenant un cas particulier pour lequel on peut améliorer les taux de convergence obtenus
dans le Théoréme 3.5. Supposons que Z = (Z;)¢>0 est un processus a-stable sur R, avec a € (1,2).

Soient A, A, B € R%*? des matrices de taille d x d. Le systéme de particules considéré est (3.7) avec
€€ L, Fo; RY),  by(x, p) == Ax —|—A'/dyd,u,(y) et oy(x,p) = B.
R

Cela correspond a un systéme de processus d’Ornstein-Uhlenbeck a-stables en interaction. En gardant
les mémes notation, que pour le Théoreme 3.5, on a le résultat suivant de propagation du chaos forte

quantitative.

Théoréme 3.8. Il existe une constante C' > 0 telle que pour tout N > 1

1 1
. . In(N)aNa~', si d=1,2 ou d>3eta< L,
swmwmﬂ—ﬁﬂgc((ﬂ) - -1 (3.11)
SN t<T ", si d>3eta> 4%,
et
1 1
In(N)aNa~', si d=1,2 ou d>3eta< L,
aup EW () < ¢ ) . = (3.12)
te[0,7) N4, st d>3eta> d%‘ll.

Idée de preuve du Théoréme 3.8. La preuve de (3.11) consiste a raffiner la preuve de (3.8). L’idée clé
est de retirer les sauts de taille plus grande que le nombre de particules N de tous les bruits dans une
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premiere étape. On définit donc, pour i > 1 et ¢t € [0, T

. t —.
Iy = / / 2N (ds,dz),
0 /Bn

N . , s L s , 1,00
ot N est la mesure de Poisson compensée associée a Z'. On considére alors, pour i € {1,..., N}, Xy
I'unique solution de

AXyY = AXyYdt+ ARXY dt+ BdZi,, te(0,7], ie{l,...,N},

pne = (X, (3.13)
X5 =&

Notons que les variables aléatoires (X;:\}OO)iSN sont ii.d. pour N > 1 fixé. On fait de méme avec le

systéme de particules en introduisant (X]i\’,N)iS ~ l'unique solution de

AXN = AXEN g b AL S XEN gy Bazi . te[0.T], ie{l,... N
Nt — Nt + szl Nt + Nt 6[ , ], lE{ ey }’
N
NG = % - 3.14
AN = N]; Oxegs (3.14)
Xy =€
Le premier objectif est de contréler 'erreur L' entre X]i\’[N et XN et également entre X}l\’,oo et X% pour

tout ¢ € {1,..., N}. On prouve que ces erreurs sont de 'ordre de N 1=a e qui correspond au taux de
décroissance de

et on déduit que

sup E sup \XZ’N — X">°| < CN'™® 4+ sup Esup |X]ZV]¥ - levof . (3.15)
i<N  t<T i<N  t<T ’ ’

Le dernier terme du membre de droite est contrdlé grace & [FG15]. Dans lecasond=1,d=2oud >3
et a < d/(d — 1), on travaille dans P,(R?) et on montre que

sup E| X %1% < Cln(N).
t<T ’

Cela vient du fait que

/1§|Z|§N " dv(z) = O (In(N)).

—+00

Dans les autres cas, on travaille dans Pg(R?), pour 8 € (1,a) bien choisi.

3.2 Caractere bien posé et propagation du chaos faible pour une EDS
de McKean-Vlasov dirigée par un processus a-stable : cadre hol-
dérien

Dans cette section, on présente les résultats des travaux [Cav22a] et [Cav22b].
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3.2.1 Présentation du probléme

Commengons par introduire le probleme général. Soit Z = (Z;);>¢ un processus a-stable sur R?,
avec a € (1,2), qu’on suppose rotationnellement invariant. On s’intéresse a 'EDS de McKean-Vlasov

suivante

dXt == b(t, Xt, [Xt]) dt + dZt, t e [0, T],
Mt = [Xt], (316)
Xo=¢, [5] :MGP(Rd)v

ou T > 0 est fixé, [¢] est la loi de la variable aléatoire £ qui est indépendante de Z et avec un coefficient
de dérive général b : [0,7] x R? x P(R?) — R? Les hypothéses précises sur b seront précisées dans la
suite. L’objectif final est de prouver la propagation de chaos pour le systéme de particules en interaction
de type champ moyen associé et défini, pour N > 1, par

dx N = b, xPN aN)dt +dzi, te[0,T), ie{l,...,N},

N
ﬁév = %Z(ng,N, (3.17)

ott (Z%,£Y);>1 est une suite i.i.d. de méme loi que (Z,€).

Comme évoqué dans la Sous-section 1.2.2, la propagation du chaos peut étre abordée au sens faible,
c’est-a-dire au niveau de la convergence en loi au travers la convergence de la mesure empirique 7", ou
au sens fort, c’est-a-dire au niveau des trajectoires par couplage (voir les Définitions 1.15 et 1.17). La
propagation du chaos faible quantitative consiste plus précisément dans notre cadre a trouver un taux
de convergence explicite par rapport & N pour E|o()) — ¢(ut)| et |E(d(FY) — d(ut))|, pour ¢ dans une
classe suffisamment large de fonctions définies sur un espace de mesures (voir la Définition 1.18). Ce sont
de tels contréles qu’on prouve dans [Cav22a, Cav22b]. On travaille dans [Cav22b] sous les hypotheses

suivantes.
Hypothése (H2).

(1) Le coefficient de dérive b est continu et globalement borné sur [0, 7] x R? x P(R9).

(2) Pour tout (¢,p) € [0,T] x P(R?), I'application b(t, -, u) est n-holdérienne sur RY, pour un certain
n € (0,1] fixé et uniformément par rapport a (¢, u) € [0,T] x P(R?), c’est-a-dire qu'il existe C' > 0
tel que pour tout t € [0,T], u € P(R?) et 21,z € R?

|b(t,.’E1,M) - b(t’xQ?M)| < C|{L‘1 - ‘T2’n'

(3) Pour tout (t,x) € [0, 7] x R, I'application u € P(R?) s b(t, z, 1) admet une dérivée plate telle que
%b(t, x, 1)(-) est n-holdérienne sur R? uniformément par rapport a (¢, z, 1) € [0,7] x R x P(R?)
et %b est bornée sur [0, 7] x R? x P(R?) x R,

(4) Pour tout (t,z,v) € [0,T] x (R%)?, I'application u € P(R?) %b(t,x,,u)(v) admet une dérivée
plate %b(t, x, 1) (v,-) qui est n-holdérienne uniformément par rapport a (¢, z, u,v) € [0, T] x R? x
P(R?) x R? et %b est bornée sur [0, T] x R? x P(R%) x (R%)2.
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Ces hypotheses sont analogues a celles faites dans [CdRF21] dans le cas brownien. Les deux princi-
paux objectifs de [Cav22a] et [Cav22b] sont de montrer que la méthode présentée dans la Sous-section
1.2.3 se généralise dans le cas d’EDS a sauts, et d’observer quels sont les changements sur les taux de
convergence pour la propagation du chaos faible par rapport au cas brownien traité dans [CdRF21].
Le difficultés principales sont les suivantes. Premiérement, la dépendance par rapport a la mesure
du coeflicient de dérive b est générale ce qui requiert le calcul différentiel sur I’espaces des mesures
de probabilités présenté dans le Chapitre 2. Deuxiémement, comme b n’est pas lipschitzien, on doit
bénéficier d’'un effet de régularisation par le bruit. Troisitmement, comme Z n’admet pas un moment
d’ordre 2 fini, une difficulté supplémentaire est 'impossibilité de travailler dans L?. On ne peut donc
pas utiliser les outils développés dans ce cadre pour les jeux a champ moyen. De plus, la présence de
sauts induit des difficultés supplémentaires pour développer ces outils.

On décrit maintenant la structure de la présentation des travaux [Cav22a] et [Cav22b]. Comme
on I’a vu dans la Sous-section 1.2.3 qui présente la méthode basée sur le semi-groupe pour établir la
propagation du chaos faible quantitative, un des outils essentiels est la formule d’Itd le long d’un flot de
mesures de probabilité. Dans un premier temps, on présente donc la formule d’It6 le long de flots de lois
marginales de processus a sauts définis par des intégrales contre une mesure de Poisson et une mesure
de Poisson compensée. Celle-ci est prouvée dans [Cav22a]. L’autre objet fondamental de cette méthode
est évidemment le semi-groupe associé a (3.16), dont la dynamique est décrite a 'aide de la formule
d’'Tt6. Ainsi, dans un second temps, on va donc s’intéresser au caracteére bien posé de (3.16), ce qui est
nécessaire pour établir la propagation du chaos et qui permet de définir le semi-groupe (voir (1.10)).
Cela est prouvé dans [Cav22b] sous des hypotheses plus faibles que 'Hypothese (H2). On a également
vu dans la Sous-section 1.2.3 que la méthode requiert une certaine régularité sur le semi-groupe, des
estimations sur celui-ci, et de connaitre sa dynamique qui est décrite par une EDP de Kolmogorov
rétrograde. Ces propriétés reposent sur I’étude de la densité de transition associée a (3.16), en particulier
sur des estimations sur ses dérivées par rapport aux variables espace et mesure. La Proposition 1.14
donnant des estimations de gradient sur la densité de transition de Z s’avére cruciale a cette étape, et
c’est pour cela qu’on se restreint ici au cas ou Z est rotationnellement invariant. Ces propriétés sur la
densité de transition de (3.16) seront présentées juste avant d’en déduire la régularité et les estimations
qui en découlent sur le semi-groupe, ce qui a été prouvé dans [Cav22b] sous ’'Hypothese (H2). On présente
ensuite les résultats de propagation du chaos faible quantitative obtenus dans [Cav22b] pour le systeéme de
particules (3.17) sous I'Hypothese (H2), ainsi que dans [Cav22a] pour un systéme particulier de processus
d’Ornstein-Uhlenbeck a-stables en interaction de type champ moyen, avec a € (1,2). Enfin, on termine
par présenter un dernier résultat issu de [Cav22b]. 1l s’agit de quantifier la vitesse d’approximation de
la loi d’une particule de (3.17) par la loi du processus de McKean-Vlasov limite au niveau des densités.
On prouve une estimation ponctuelle entre la densité d’une particule et la densité du processus limite,
ce qui permet de quantifier la vitesse d’approximation au niveau des lois en variation totale. La méthode
repose sur des idées analogues a celles présentées dans la Sous-section 1.2.3, mais en utilisant la densité
de transition de ’'EDS de McKean-Vlasov au lieu du semi-groupe.
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3.2.2 Formule d’It6 le long d’un flot de mesures associé a des intégrales stochastiques
de Poisson

On présente ici la formule d’It6 pour un flot de mesures associé a un processus a sauts, qui est
démontrée dans [Cav22a]. Comme expliqué précédemment, il s’agit d'un des outils essentiels qu’on

utilise dans [Cav22a] et [Cav22b] pour prouver des estimations de propagation du chaos faible.

On fixe (Q, F, (Fi)t>0, P) un espace probabilisé filtré. On introduit une mesure aléatoire de Poisson N/
sur [0, 7] x R\ {0} avec intensité dt @ v, oul v est une mesure de Lévy, et on note N (ds, dz) := N (ds, dz) —
ds dv(z) la mesure compensée associée a N. On s’intéresse ici au processus a sauts X = (X)) défini

par
¢ ¢ . t
vVt € [0,T], X; := Xo +/ bs ds +/ H(s,z) N(ds,dz) —|—/ K(s,z) N(ds,dz), (3.18)
0 0 JB 0 JBg

ot h:[0,T] xQ — R4 H :[0,T] x By xQ — R4 et K :[0,T] x BS x Q — R? sont des processus

prévisibles. La loi de X est notée p.

Fixons les hypotheses sur le processus (Xt);c[o,7]- Soient 8 € (0,2] et v € [0,1] tel que 3 <1++. On
fait les hypotheses suivantes.

(M) La variable aléatoire X appartient a L?(Q, Fo;R%) et on a

T
E/ 1b|PVE ds < 4o0. (3.19)
0

(J1) 11 existe un processus prévisible (Ef s)se[o,7], Supposé localement borné presque stirement, et

tel que
~ T ~
ps.Vs € [0,T], V= € By, |H(s, 2)| < |HL||z| et IE/ / (1 EL||2) " di(z) ds < 400, (3.20)
0 B1

(J2) On a
E K(s,2)|? dv(z)ds < +oo. .

Les Hypotheses (M), (J1) et (J2) et la condition 3 < 1+ v permettent d’assurer que p; € Pg(RY)
pour tout ¢ € [0,7]. Comme on le verra dans la suite, 'Hypothese (J1) est, de plus, liée a la régularité
holdérienne en espace du gradient de la dérivée plate de la fonction pour laquelle on veut prouver la

formule d’Ito.

On énonce maintenant la formule d’It6 le long du flot de mesures (p1¢)e(o,77-
Théoréme 3.9 (Formule d’'Itd). On suppose que les Hypothéses (M), (J1), et (J2) sont satisfaites.
Soit u : Pg(]Rd) — R une fonction admettant une dérivée plate %u vérifiant les propriétés suivantes.
(1) Pour tout u € Pg(RY), la fonction %u(,u) € CY(R%R) et &,%u est continue sur Ps(R?) x R4

(2) Si~y >0, pour tout compact K C Ps(R?), il existe Cic > 0 tel que

5
d _ < — Y
Yu e K, Ve, y € RY, ﬁv—amu(u)(x) Oy 6mu(,u)(y) < Cklx —y|”.
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(3) Pour tout compact K C Pg(R?), on a

5 #
Op— d <+ B> 1,
sup /R LG5 -ulp) (V)] dp(v) < Hoo i
sup sup ‘8v6u(u)(v) <400 sif <1,
veER pe om

ou B est l’exposant conjugué de 3. On a alors, pour tout t € [0,T],

- U(Mo)

= / (005 us><Xs> b.) ds (3.22)

“, =l

5
+/0 /31 E [(Smu(ﬂs)(Xs + H(s,2)) = 5 —ulps) (X,-) = Qs —u(us)(X,-) - H(s, 2) | dv(2) ds.

ps) (Xo= + K (s,2)) = =—ulps)(X,-) | dv(z)ds

)
om

Les hypotheses (1) et (3) sont naturelles pour assurer que le premier terme du membre de droite de
(3.22) ait bien un sens. Ces hypotheses sont analogues a celles de la formule d’It6 du Théoréme 2.28
dans le cas brownien. L’hypothese (2) est directement liée & 'Hypothese (J1) sur le processus considéré.
Ces deux hypothéeses permettent de montrer que le dernier terme du membre de droite de (3.22) est bien
défini.

Remarque 3.10. L’hypothese (3) est impliquée par ’hypothese plus forte : pour tout compact K C P@(Rd),
il existe C'xc > 0 tel que

0
Oy —u(p)(v)| < Cic(1+ [0 51).

Yo € RY, sup
om

nex

Lorsque 8 > 1, cela découle de I'inégalité de Holder.

Remarque 3.11. 1l existe déja dans la littérature des formules d’It6 le long d’un flot de mesures associé a
une semi-martingale générale a sauts. Cela a été établi indépendamment par Guo, Pham et Wei [GPW20]
et par Talbi, Touzi et Zhang [TTZ21]. Un point commun entre ces deux travaux est que le processus
considéré est supposé avoir un moment d’ordre 2 fini, ce qui n’est pas le cas dans le Théoréme 3.9.
Ce cadre L? n’est pas adapté quand la mesure de Poisson N est associée & un processus a-stable avec
a € (0,2) puisqu’il posseéde seulement des moments finis d’ordre § < «. La formule d’Ité6 du Théoréme
3.9 peut étre utilisée dans ce cadre puisque § € (0,2]. Une autre différence entre notre formule d’'It6
et [GPW20] est que 'on ne suppose pas que GU%U est bornée si f > 1. De plus, dans [TTZ21], il est

supposé que pour tout pu € Po(R?), la fonction %

u(p) est de classe C? sur R?, ce qui n’est pas le cas
ici. Cette hypothese est remplacée dans notre cadre par le fait que 8v%u(u) est supposée y-holdérienne
uniformément par rapport & u € Pg(R?), olt v apparait dans 'Hypothese (J1) qui est liée a I'intégrabilité

du processus sur les petits sauts.

Idée de preuve du Théoreme 3.9. On commence par localiser le processus en introduisant la suite de
temps d’arrét (7),)p>1 définie, pour n > 1, par

Ty, :=inf{t € [0,T], |X;| >n ou |Hy| >n}AT,
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ot H a été introduit dans I'Hypotheése (J1). On définit alors le processus localisé X™ et son flot de
mesure u', pour tout t € [0, 7], par

XI' o= Xopg, et pl = L(XD). (3.23)

Comme X est cadlag et H est presque stirement borné, T,, = T pour n plus grand qu’une constante

aléatoire. Le processus X" approche X au sens ou presque siirement sup | X;* — Xy —+> 0. De plus,
t<T n—-—+0oo

Ps(R?
pour tout ¢t € [0, T, uy o (&) Lt

On établit alors la formule d’It6 le long du flot de mesures (u}'):. Pour cela, on subdivise l'intervalle
[0,¢] en posant, pour m > 1 et k € {0,...,m}
k
ty = —t.
k m
En linéarisant la somme télescopique des accroissements de u le long de la subdivision (¢]'), avec la

dérivée plate et en utilisant la formule d’It6 classique en espace appliquée a la dérivée plate, on a

ou

k+1

a —u(Mk)(X”) b ds dr,

X

m—

,_.o

Ir:
i
m 1
I3 :=

k+

= fonn
0 /()1E/tk+;:T /BC {inu(Mf)(X:_ + K(s,2)) — (;:nu(Mf)(Xg_)} dv(z) dsdr,
/ / /\;n / [5u(Mk)(X" + H(s,2)) — %U(Mf)(xg_)

—H(s,z) - 81,(5(:nu(Mf)(X?_)} dv(z) dsdr,

ott MF := ru?zlﬂ +(1-r) ,u?;cn. En laissant tendre m vers l'infini par continuité, on déduit que pour tout
n>1lettel0,T]

u(py') — u(pg)
=5 [ (9 ) (X2 b ) ds (3.24)

e[ c [5u<uz><X§_ K (s.2)) — ) (X2 dv(z) ds
ATy, i 5 o 5 -
+IE/ /31 [ )X +H(s,z2)) — %u(us)(Xs_) — 871@“(%)()(3—) - H(s, )| dv(z) ds.

Il reste ensuite a faire tendre n vers l'infini, essentiellement par continuité et convergence dominée

grace aux résultats d’approximation par localisation du processus X . L’hypothése holdérienne sur &,%u
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intervient car on utilise, pour la domination, que presque stirement pour tout s € [0,t], z € B;, n € N

()X - H(s, )| < ClH(s, 2)".

D u) (XD 4 H (s, 2) — Sy (X]) ~ D

om om

Cela découle de la formule de Taylor avec reste intégral. On peut alors conclure grace a I’'Hypothese

(J1). Les Hypotheses (M) et (J2) permettent de passer a la limite n — 400 dans les deux premiers
termes du membre de droite de (3.24).

O

On peut également étendre la formule d’It6 du Théoréeme 3.9 au cas o la fonction u dépend aussi du
temps et de 'espace. On introduit une autre mesure aléatoire de Poisson M sur [0, 7] x R? admettant
7 comme mesure de Lévy. On définit alors, pour t € [0, 7

t t N t
Y: ::YO—G—/ ﬁgds—}—/ I(s,z)/\/l(ds,dz)—l—/ J(s,z) M(ds,dz),
0 0 JB; 0 JBe¢
ou Yy est Fo-mesurable et k, I et J sont des processus prévisibles avec

T T
/ |ks| ds +/ / 11(s, 2)[*™F +1J(s, 2) > dr(2)ds < +00  p.s.
0 0 /B

oul € (0,1] est fixé.

Théoréme 3.12 (Extension de la formule d’1t6). A la place de (3.19), (3.20) et (3.21) dans les Hypo-
théses (M), (J1) et (J2), on suppose que

E]X0]5+Esup|bs|5”+/ EsupyK(t,z)Wdy(zH/ Esup(|FL||2)) " dv(z) < 400,  (3.25)
t<T B¢ t<T Bi (<T

avec 3 < 1+ . De plus, on suppose que pour tout t € [0,T] et z € RY, K(-,z) et H(-,z) sont presque
surement continus en t.

Soit u: [0,T] x R® x Pﬁ(Rd) — R une fonction continue qui vérifie les propriétés suivantes.

(1) Pour tout p € Ps(RY), z € R? u(-,z, ) est continument dérivable et yu est continue sur [0,T] x
R4 x Pg(R?). De plus, pour tout t € [0,T], u € Ps(R?), u(t,-, n) est de classe C* sur R avec d,u
continue sur [0, T] x RY x Ps (RY) et tel que Oyu(t,-, ) est T-héldérienne uniformément par rapport
atetu.

(2) Pour tout t € [0,T], x € RY, la fonction u(t,x,-) admet une dérivée plate %u(t,x, () telle que
%u est continue sur [0, T] x Pg(RY) x R? et pour tout compact K C R x Pg(R?), il existe Cic > 0

tel que

vt € [0,T), ¥(z, p) € K, Yo € RY, < Cie (1 + [v]?).

ot 1))

De plus, on suppose que pour tout t € [0,T], x € R, u € Ps(R?), %u(t, x, 1) est différentiable et
que &,%u est continue sur [0,T] x R? x Pg(RY) x R4,

(3) Si~ >0, pour tout compact K C R? x Pg(R?), il existe Cx. > 0 tel que

Bo-u(t, 2, 1) () — By——ult, 2, ) ()| < Ciclw — /|1

T 'e RY
Vt € [0,T], Y(z,pn) € K, Vv, v € R, 5 5
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(4) Pour tout compact K C R? x Pﬁ(Rd)v on a

B/

)
v ) ) 17
0, 5mu(t z, ) (v)|  dp(v) < +oo  si B>

1)
av %u(ta xz, /J’) (U)

sup sup /
t€[0,1] (z,u)ek /R

sup sup sup
t€[0,T) veER (z,u) €L

<40 st fp <1

Alors, la fonction (t,z) € [0,T] x RY = wu(t,z, ;) est de classe C* et Oypult,-, py) T-héldérienne
uniformément par rapport a t. De plus, on a presque sirement pour tout t € [0,T]

t Y;ﬁnut) (O 1/Oalu()

/ Opu(s, Ys, iis) ds+/ (8 —u(s, Ys, ps)(Xs) -b3> ds

o/
+//B [ (s, Yo 1) (X +H(s,z))—%u(s,n,us)@—)

—&)%u(s, Y, ps) (X 4-) - H(s, z)} dv(z)ds (3.26)

sl Yoo ) (X, + K (5,2)) = (s, Yo s (%,0)| do(z) s

o
om

t t
+/ al?u(sa Y;nus) *Rs ds +/ / U(S, sz* + J(Sv Z)v MS) - u<37 Yrs*a,“s) M(ds7 dZ)
0 0 JBg
t —
+/ / u(s,Yy— + 1(s,2), us) — u(s,Yy—, ps) M(ds, dz)
0 JB;
t
+ / / u(s,Yo— + 1(s, 2), pus) — u(s, Y-, pus) — Ogu(s, Yy, ps) - I(s, 2) dm(2) ds,
0 JB1

ot (Q, F,P) est une copie indépendante de (0, F,P) et (b, H, K, X )est une copie de (b, H, K, X).

L’idée est ici de dériver t € [0,T] — wu(t,z, ) et d’appliquer ensuite la formule d’It6 classique en

temps et en espace pour le processus Y.

3.2.3 Caractere bien posé de 'EDS de McKean-Vlasov et convergence des itérées
de Picard

Avant de s’intéresser a la propagation du chaos, il est nécessaire de vérifier que 'EDS de McKean-
Vlasov (3.16) est bien posée. Comme expliqué au début du Chapitre 3, on aura besoin dans la suite
d’étudier la densité de transition associée et donc d’initialiser le probléme en un temps s € [0, 7] fixé.

On considere ainsi

(3.27)

dXP5 = b(t, X4 [X)%)) dt +dZy, te s, T,
Xst=¢, [ =pePRY,

ou & est indépendante de Z.

Dans cette sous-section seulement, on suppose que la dérive b : [0,7] x R? x P(R?) — R? vérifie
I’hypothese suivante au lieu de (H2), qui est plus faible.

Hypothése (H3).
(1) La fonction b est mesurable et bornée sur [0, 7] x R? x P(R9).
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(2) Pour tout (¢, p) € [0,T] x P(RY), Papplication b(t, -, 1) est n-holdérienne sur R? uniformément par
rapport & (t, ) € [0,T] x P(R?), avec n € (0,1], i.e. il existe C' > 0 tel que pour tout ¢ € [0, 7],
p € P(RY) et w1, 29 € RY
|b(t, x1, 1) — b(t, z2, p)| < Clzg — x2|".

(3) Pour tout (t,z) € [0,T] x RY, I'application b(t, x, -) est lipschitzienne par rapport & la distance en
variation totale dry, uniformément par rapport a (t,z) € [0,T] x R, i.e. il existe C' > 0 tel que
pour tout ¢ € [0,7], z € R et iy, p2 € P(RY)

|b(tax7ul) - b(t,ZU,/J,Q)‘ < CdTV(Ml?N’?)‘

On s’intéresse ici au caracteére bien posé au sens faible de (3.27), c’est-a-dire au niveau des lois, ce
qui se fait a travers I’étude probleme de martingales non-linéaire associé a (3.27), dont on rappelle la
définition.

Définition 3.13. Pour (s, u) € [0,T) x P(R?) fixés, on dit quune mesure de probabilité P sur I’espace
de Skorokhod des fonctions cadlag D([s,T]; R?), muni de sa filtration canonique (Ft)tefs,r)> avec lois
marginales (Py)iers 7 € CO([s, T; P(R?)) est solution du probléme de martingales non-linéaire associé &
(3.27) avec condition initiale ;1 au temps s si le processus canonique (yt);e[s,) vérifie les deux conditions
suivantes.

(1) On a Ps = p.

(2) Pour tout ¢ € C;’Q([s, T] x R%), le processus défini, pour t € [s, T|, par

¢(t7 yt) - (Z)(S, ys) - /st (ar + LE)) ¢(7", yr) dr

est une (D([s, T]; RY), (Fi)¢, P)-martingale issue de 0 au temps ¢ = s et ou

LY f(t, @) = b(r,z,P,) - 0o f(t, ) + A2 f(t,-) (), (3.28)
avec A? le générateur de Z défini par (1.3) (Laplacien fractionnaire).

On peut maintenant énoncer le résultat d’existence et d’unicité faible pour I'EDS (3.27) qui est
prouvé dans [Cav22b].

Théoréme 3.14 (Caractére bien posé). Sous [’Hypothése (H3), le probléme de martingales associé a
(3.27) est bien posé pour toute donnée initiale p € P(RY). En particulier, 'EDS (3.27) admet une
unique solution faible. De plus, pour tout P € C°([s,T]; P(R?)) avec P, = pu € P(R?), on peut définir
)

3 ~-\m . . .
par récurrence X™ comme l'unique solution faible de

{dXY”’ = 0(t, X, (X)) dt+ dzi, te s, T, 529

X" =g

avec [£] = u et ([Yl(fo)])te[svip] = P. Alors, en notant P* l'unique solution faible de (3.27) avec donnée
initiale u € P(R?) au temps s, on a

sup dpyv(PFL[X™) — o (3.30)
tels,T) m—+00
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Idée de prewve du Théoréme 3.14. On considere 'espace C%([s, T]; P(RY)) qui est complet pour la dis-
tance ds r définie pour P, Q € C([s, T]; P(R%)) par

Clsj(P7 Q) = Sup dTv(Pr,QT).
re(s,T)

On introduit alors I'espace
Asryui={P € Cls, T P(RY), Py = u},

qui est également complet pour d, 7. Pour tout P € A, 1, on considere I'unique solution faible de 'EDS
linéaire suivante ou le flot de lois est fixé égal a P

5,6, P

dxX5 = o, X9 P dt + dZ,  t € [s,T),
X — ¢

Cette EDS linéaire est bien posée d’apres [MP14]. On peut ainsi définir une application Z : A7, —
As 1 telle que pour tout P € A1, et t € [s,T], Z(P); = [Xf’E’P]. On remarque alors que les solutions
du probléeme de martingales correspondent exactement aux points fixes de I'application Z. Il reste a
montrer que Z admet une itérée contractante sur (As 1, ds ) pour appliquer le théoréeme du point fixe
de Banach. On utilise pour cela la méthode parametrix, justifiée par les points (1) et (2) de 'Hypothese
(H3). Elle permet d’exprimer la densité de Yf’é’P en fonction de P notamment. Donnons-en l'idée

principale de maniere heuristique. On considére 'EDS linéaire suivante

{de@ = b(t, X3 dt +dZ,, te€ s, T),

S, __
X =z,

ou b est mesurable borné. Sa densité de transition p(s,t,x,-) est solution (fondamentale) de 'EDP de

Kolmogorov rétrograde

Osp(s,t,x,y) + Lep(s, t,-,y)(x) =0, V(s,x) €[0,t) x RY,

p(s,t,x,-) — d, au sens faible,
s—=t—

ot pour tout (t,z) € [0, T] xRY, Ly f(t, ) := b(s,z)- 0 f(t, )+ A% f(t,-)(x). On réécrit alors le probléme

comine

8Sp(s,t,x,y) + A%p(57t> ay)(x) = (A% - Ls)p(87t7 "y)(x)v V(S’x) € [O’t) X Rd’

p(s,t,z,-) — 0z, au sens faible.
s—t—
Or la solution fondamentale associée a 'opérateur 0 + A% est donnée par la densité de transition de

Z notée p(s,t,x,-) :=q(t — s,y — x), ou q(t,-) est la densité de Z; donnée par la Proposition 1.14. Cela

assure qu’on a la représentation suivante de la densité p

p(st,@,y) = (s, t,0,y) + 5@ |(Ls — A% )p| (s,t,2,9),
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t
fogtsitay) = [ [ frw gt zy) dzdr
s JR

lorsque l'intégrale est bien définie. En itérant, on obtient alors

oo
p(s,t,x,y) Zﬁ(s,t,fc,y)—l—Zﬁ@%k(s,t,x,y) (331)
k=1

=p(s,t,z,y) + p @ H(s,t,x,y), (représentation implicite)

ou

H(s,t,2,y) == b(s,x) - 0xD(5,t,2,y)

est le noyau parametrix et ou p est appelé proxy (densité de référence). Les estimations de gradient
sur p de la Proposition 1.14 permettent de montrer que la série dans (3.31) converge, b étant borné.
C’est pour avoir ces estimations et les développements en série parametrix qui en découlent qu’on se
restreint au cas d’un bruit a-stable rotationnellement invariant. On pourra consulter [KK18] et [MZ22]
pour plus de détails sur la méthode parametrix dans ce cadre-la, ou encore la Section 8.10 de ce manuscrit.

Grace a ces développements, on peut controler la différence des densités associées a deux flots de
mesures P,Q) € Agr,. Ainsi, en utilisant le point (3) de 'Hypothese (H3), on contrdle la distance
ds7(Z(P),Z(Q)) en fonction de ds7(P,Q), ce qui permet d’appliquer le théoréme du point fixe de
Banach.

O

Remarque 3.15. Le caractére bien posé était déja démontré dans [FKM21] avec un coefficient de diffusion
non constant devant le bruit Z. Dans ce travail, le théoréeme du point fixe utilisé dans la preuve est
seulement appliqué en temps petit, ce qui suffit pour établir le caractere bien posé par recollement des
solutions. Cependant, on a besoin dans la suite d’avoir la convergence des itérées de Picard sur tout
I'intervalle de temps [s,T]. C’est pour cela qu’on refait la preuve de ce résultat dans la version plus
simple ici ot o = Id. On utilise le développement en série parametrix (3.31) complet contrairement a la
représentation implicite utilisée dans [FKM21], ce qui permet d’obtenir ce résultat global.

3.2.4 Régularité de la densité de transition et probleme de Cauchy associé

Une fois le caractére bien posé établi, on s’intéresse dans [Cav22b] a la régularité de la densité de
transition associée a 'EDS de McKean-Vlasov (3.27). Comme on 1’a mentionné précédemment, il s’agit
d’une étape cruciale pour étudier ensuite les propriétés régularisantes du semi-groupe dont on a besoin
pour prouver la propagation du chaos avec la méthode présentée dans la Sous-section 1.2.3. On introduit

donc, pour z € R?, le flot découplé associé & (3.27) solution de

X7 = b(t, X;O0 X7V dt + dZy, t e [s,T),

(3.32)
Xomh =g € RY,
ol on note [X ] := [X;*°] si € est de loi y. La notation fait sens puisque [X;*] ne dépend de & qu’a travers

7x7/“’t

sa loi d’apres le caractere bien posé du probléme de martingales. La loi de X;"** admet une densité notée
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p(u, s,t,z,-), de méme que la loi de X;* notée p(u, s,t,-). De plus, ces deux densités vérifient la relation

suivante qui provient du caractere bien posé du probléme de martingales du Théoreme 3.14

p(/"sat’y) = /de(u,s,t,m,y) d:u(x) (333)

On étudie alors la régularité de la densité découplée p(u,s,t, z,y) par rapport aux données initiales
(5,7, 1) € [0,t) x R? x Pg(R%), avec B € (1,a), et on exhibe 'EDP de Kolmogorov rétrograde dont elle

est solution.

Théoréme 3.16. Soient (t,y) € (0,T] x R? fivés. Sous I’Hypothése (H2), lapplication (u,s,x) €
Ps(RY) x [0,1) x R+ p(u, s,t,2,y) appartient a C(Ps(RY) x [0,t) x RY) (voir la Définition (2.19)), et
est solution de ’EDP de Kolmogorov rétrograde suivante

Asp(p, s, t,2,y) + Lop(-, 8, y) (1, 2) =0,  Y(u,s,z) € Pg(RY) x [0,t) x RY,

p(p, s, t, z,-) fawd 0z, au sens faible, (3.34)
ot L est défini, pour toute fonction suffisamment régulicre h sur R? x Pg(R?), par
Lsh(p, ) := bs, @, p) - Ouh(p, z) + /Rd (A + 2) = h(p, x) = 2 Oah(p, )] ,szw
+ /R bls.vp) &)%h(,u,x)(v) du(v) (3.35)
+ /Rd /Rd %h(ﬁ%x)(v +2) - %h(u,m)(v) ~z 8v%h(u,m)(v) gﬁa dp(v).

De plus, il existe une constante positive C telle que pour tous j € {0,1}, p € Pg(RY), 0< s <t <T
et x,y,v € R

@p(js, 5. t,2,)| < Ct—5) 59 (t — 5, — w), (3.36)
A% p(u, 5,8, ) ()] < Ot = )0t — 5,y — ), (3.37)
5 e
i 5,t,0,y) (v)| < Clt = )" 170 0t — s,y — ), (3.38)
et
o 5 19

A% | pls )| @) <€ - 97— sy - ), (339

ot p? est définie pour (t,z) € (0,400) x R par
Pt z) =t a1+t alz]) o, (3.40)

Remarquons que l'estimation de gradient (3.36) est la méme que celle de la densité de transition
p du processus a-stable rotationnellement invariant Z (voir la Proposition 1.14). D’autres estimations,
typiquement des contrdles holdériens, sont prouvées dans le Théoréme 8.18. Ils servent non seulement
a prouver le Théoreme 3.16, mais également dans la suite pour établir des controles holdériens sur le
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gradient de la dérivée plate du semi-groupe, dont on expliquera I'importance dans la suite.

Remarque 3.17. Introduisons, pour (s,u) € [0,7] x Ps(R?), l'opérateur L¥ associé a I'EDS linéaire
obtenue en gelant 'argument mesure des coefficients de 'EDS de McKean-Vlasov (3.27) égal a u. Plus
précisément, il est défini, pour toute fonction f sur R¢ suffisamment réguliére, par

Vo e RY,  LEf(2) = b(s,2,p) - Ouf(z) + A2 f(2).

Alors, pour toute fonction h sur Pg (RY) x R? suffisamment réguliére, on a
Lsh(p,x) = Lh(p, ) +/ [h (k, @ )} (v) du(v).

Idée de preuve du Théoréme 3.16. Comme la dépendance par rapport a u de [X;"'] est abstraite, on

considere les itérées de Picard définies récursivement, pour m > 0, par

{dx PO = b, xp Y ) dt 4 dz,, e [s,T), (3.41)

X3 — e ] = p e Pa(RY),

ol [th’“’(m)} = [Xf’g’(m)] et ol pour tout t € [s, T}, [X;" (0)] p € Ps(R?) est une mesure de probabilité
quelconque fixée. On considere également la version découplée

(3.42)

ax; e = (e, X (PO ) de v dzy, e [T,
X3 = g e R,

Les lois [th’”’(m)} et [ X, (m)] ont des densités p,,(u, s, t, ) et pm(u, s, t,x, ) qui vérifient la relation
(3.33). On montre que ces densités convergent ponctuellement, lorsque m tend vers l'infini, vers les den-
sités limites p(u, s,t,-) et p(u, s, t,z, ) grace aux développements en série parametrix et au Théoréme
3.14. On établit également que les applications (s,z, u) € [0,t) x R? x Pg(R?) = py(u, s,t,2,y) sont Ct
pour tout t € (0,7] et y € R? par récurrence et en utilisant des développements en série parametrix des
densités. On prouve également des bornes et des controles héldériens uniformes en m sur les dérivées
qu’on veut controler. Une fois ces estimations démontrées, on conclut en utilisant le théoréme d’Ascoli
que les densités limites ont la régularité C' voulue. De plus, en passant & la limite dans les controles
précédemment montrés sur les densités p,,,, qui sont uniformes en m, on déduit les inégalités correspon-
dantes pour la densité limite p. Pour établir que la densité découplée est solution de 'EDP (3.34), on
fixe h € [0, s]. En utilisant le caractére bien posé du probléeme de martingales prouvé au Théoréme 3.14
et la propriété de Markov qui en découle, on obtient

p(p, s — hyt,x,y) = Ep([XS"H], s, ¢, X570k y). (3.43)

On peut alors appliquer la formule d’Ité du Théoreme 3.12 a la fonction (u,z) € Pg(Rd) x R4 —
p(u, s,t,x,y). En prenant l'espérance, on obtient

S
Ep([XSh#], 5,8, XSThor y) = p(u, s,t,2,y) +/ hﬁrp(-,s,t,-,y)([Xf_h’“],Xf_h“’“)d?“-
o
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Il s’ensuit que

1

1 $ S— s—n,r
E(p(M,S - hvt,xvy) 7p(u7s7t’$’y)) = E /7h Eﬁrp(-,s,t, '7y)([Xr h“u]er P ,,u) dr,

et on conclut donc que

1
E(p(:u’ s = h7ta$ay) _p(/'é787t7$ay)) h—> ‘Csp('a Sata ,y)(/J,.’L‘)

—0t

O

Concernant la densité non découplée p, on a le résultat suivant qui se prouve de maniére analogue

au résultat sur la densité découplée.

Théoréme 3.18. Soient (t,y) € (0,T] x RY fizés. Sous I'Hypothése (H2), Uapplication (u,s) €
Ps(RY) x [0,¢) — p(u, s,t,y) appartient ¢ C(Ps(RY) x [0,t)) (voir la Définition 2.19), et est solution
(dite fondamentale) de I’EDP de Kolmogorov rétrograde suivante

Osp(p, s, t,y) + Zop(-, 5,4, y) (0) =0, V(i s) € Pg(RY) x [0, 1),

(3.44)
p(u, s,t,-) —; M, ausens faible,
ou L5 est défini, pour toute fonction h définie sur 'Pg(Rd) suffisamment réguliére, par
0
L) = [ b0, - 05 b)) dp(o) (3.45)
Rd m
o o 4] dz
[ L G+ 2) = b)) = 2 00 Fh) | i dn).

3.2.5 Etude du semi-groupe et EDP de Kolmogorov rétrograde

Grace aux résultats précédents sur la densité de transition de 'EDS de McKean-Vlasov (3.27), on
s’intéresse dans [Cav22b] au semi-groupe associé¢ a I'EDS de McKean-Vlasov (3.27) agissant sur les
fonctions définies sur Pg(R?), ot on rappelle que 3 € (1,a) est fixé. Pour une fonction ¢ : Pg(R?) — R
fixée, I’action du semi-groupe sur ¢ est donnée par la fonction U définie par

U(t, ) = ¢([X3"]), V(t,p) € [0,T] x Pg(R?), (3.46)

ou [er,i“ | est la loi de la solution de ’'EDS de McKean-Vlasov (3.16) au temps 7', ou la loi initiale est u
au temps t. Plus précisément, notre but est d’étudier les propriétés régularisantes du semi-groupe, c’est-
a-dire le gain de régularité entre ¢ et U par rapport a la variable mesure. Ces propriétés régularisantes
proviennent directement des propriétés sur la densité de transition de 'EDS de McKean-Vlasov (3.27)
présentées dans la sous-section précédente.

Définissons plus précisément ’espace de fonctions de type Holder sur lequel on fait agir le semi-groupe.

Définition 3.19. Soit § € (0,1]. On définit Pespace C(19)(Pg(R?)) comme I'ensemble des applications
continues ¢ : PB(Rd) — R admettant une dérivée plate telle qu’il existe une constante positive C' telle
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que pour tout u € Pg(Rd), vy, v € RY

O ) (wn) — () (02)] < Clor — vl

om om
Le théoréme suivant précise les propriétés régularisantes du semi-groupe agissant sur ¢(1-9) (PB(Rd))
et décrit sa dynamique grace a une EDP de Kolmogorov rétrograde.

Théoréme 3.20 (EDP de Kolmogorov rétrograde). Soit ¢ € C19) (Pg(R%)). Alors, sous I'Hypothése
(H2), Uapplication U définie par (3.46) appartient a C°([0,T] x Ps(R%)) N CL([0,T) x Ps(RY)) (voir la
Définition 2.19) et satisfait les propriétés suivantes.

e Il existe une constante positive C telle que pour tout t € [0,T), p € Pg(R%), v € R?

0, Ut w)(w)| < o — 1’5 (3.47)

om

o Pour tout v € (0,1] N (0, (2ac — 2) A (n + a — 1)), il existe une constante positive C' telle que pour
tout t € [0,T), p € Pa(RY), v1,v9 € R

00Ut 1) (1) — B 2 Ut 1) (02)

1—n

< O(T — )= o1 — va7. (3.48)

De plus, U est solution de '’EDP de Kolmogorov rétrograde suivante

{atU(t,u) + AUt ) (1) =0, V(t,p) € [0,T) x Pg(RY), (3.49)

U(T,p) = ¢(n), Yp € Pa(RY),

ot %L, a été défini par (3.45). 1l s’agit de l'unique solution de (3.49) parmi toutes les fonctions appartenant
a CO([0,T] x Ps(RY)) N C([0,T) x Pg(R?)) wérifiant (3.47) et (3.48).

Les controles (3.47) et (3.48) avec 7 > o — 1 permettent d’appliquer la formule d’Ité6 du Théoréme
3.9 le long du flot de lois marginales associé & 'EDS de McKean-Vlasov (3.16). La condition v > o — 1
permet de vérifier 'Hypothese (J1) requise dans le Théoréeme 3.9 puisque pour un tel ~, on a

/ |27 dv(2) < +oo,
B1

ou v est la mesure de Lévy de Z. Cela sert notamment a prouver (3.49), mais également a prouver
la propagation du chaos faible quantitative. En effet, comme présenté dans la Sous-section 1.2.3, on
aura besoin d’appliquer la formule d’It6 classique a la projection empirique de U et au systeme de
particules (1.6). D’aprés le Lemme 2.27, la projection empirique de U est seulement de classe C! sur
[0,T) x (]Rd)N . Ainsi, 'utilisation de la formule d’Itd classique pour la projection empirique de U et le
systéme de particules est justifiée par le controle holdérien (3.48), avec v > a — 1. La justification est
complétement analogue au fait que 'Hypothese (J1), vérifiée ici pour v > o — 1, permet d’assurer qu’on
peut appliquer la formule d’It6 du Théoreme 3.9, le long du flot de lois marginales de la solution de
I’EDS de McKean-Vlasov (3.16).

Remarque 3.21. Dans [Cav22a], on décrit également la dynamique du semi-groupe pour I'EDS de
McKean-Vlasov (3.16) avec un coefficient de diffusion o. On travaille sous I'hypotheése que 'EDS est
bien posée au sens faible et sous des hypothéses de régularité sur la fonction U pour pouvoir appliquer la
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formule d’It6 du Théoréme 3.9. L’étude de la densité de transition faite dans [Cav22b] permet justement

de prouver la régularité requise sur U qui est énoncée dans le théoréme précédent.

Idée de preuve du Théoréme 3.20. Pour la régularité par rapport a u € Pﬁ(Rd) et les inégalités (3.47) et
(3.48), cela découle des controles sur la densité de transition mentionnés dans la sous-section précédente
et prouvés dans [Cav22b] (voir le Théoreme 8.18). Donnons l'argument qui permet d’établir que U est
solution de 'EDP (3.49). Soient ¢ € [0,7) et h € [0,t]. D’apres la propriété de Markov provenant du
caractere bien posé du probleme de martingales associé a (3.27), on déduit que

Ut~ o) = S(X5 ")) = (X)) = 0, (X1,

En appliquant la formule d’It6 pour un flot de mesures du Théoréme 3.9 a la fonction U(t, ), on obtient

Ut —h,p) =Ult,p +/ (a =-Ult, £, (XY (X p(s, X, [sz])) .
+/t h /Rd (5m t [X ’"‘“])(Xﬁ‘h’“z)—imU(t, [T ()

KB
om

dz
|Z|d+a

05U X (X 1)

— ! t—h,u
—Umm+A%%an& ]) ds.

Par continuité, on montre que

%wu—mm—me%;aXW@?W%

et donc que pour tout t € [0,T) et u € Ps(RY)

L’unicité découle également de la formule d’Itd pour un flot de mesures.

3.2.6 Propagation du chaos faible quantitative

On présente maintenant les résultats de propagation du chaos faible quantitative (voir la Définition
1.18) obtenus pour le systeme de particules en interaction (3.17) associé & (3.16). Rappelons les notations.
Soit (Z™)p>1 une suite i.i.d. de processus a-stables de méme loi que Z et ("), une suite i.i.d. de variables
aléatoires de loi commune py € Ps(R%), ott B € (1,a) est toujours fixé. Le systéme de particules est

défini par
dxPN = ot XN, mN)dt +dzi, te[0,T), ie{l,...,N},
N
=4 Zaxg,N, (3.50)
I
xpN = ¢l
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On écrit ce systéme sous forme vectorielle. On pose, pour t € [0,T] et « = (z1,...,zx) € (RO
Ztl b<t7x17ﬁjwv) XtLN
z¥ =1 |, bV(tx) = : , et XN = S (3.51)
ZtN b(uxNaﬁiV) XtN’N

Le systeme de particules (3.50) peut alors étre réécrit comme

dXN =bN(t, XN)dt +dzZ), te[0,T),
61

. (3.52)
eN

Comme les processus (Z™),>1 sont indépendants, le processus (ZN )t>0 définit un processus a-stable
sur (RN qu'on qualifie de cylindrique. L’EDS linéaire (3.52) est bien posée au sens faible en utilisant
[CSZ18, Corollaire 1.4 (ii4)] puisque sa dérive b" est héldérienne en espace, uniformément en temps.
Cela se déduit de I'Hypothese (H2) en linéarisant avec la dérivée plate pour étudier la partie projection
empirique. Le processus limite est solution de 'EDS de McKean-Vlasov (3.16) initialisée au temps s = 0
par une variable aléatoire £ de loi yg € Ps(RY). On note (11¢)1ej0,7) le flot de lois marginales de la solution.
Définissons maintenant ’espace de fonctions tests utilisé pour quantifier la propagation du chaos faible.

Définition 3.22. Pour ¢ € (0,1] et L > 0, on définit 'espace Cf"s) (Ps(RY)) comme I'ensemble des

fonctions continues ¢ : PB(Rd) — R admettant des dérivées plates d’ordre 1 et 2 %gb et %qﬁ telles que
pour tout p € Ps(RY), v1,v2,v},v) € RY

5 00(0) = 5-0()02)

S L‘Ul — V2 67

et
52

52
‘&#Mmmwb—&#MM%w@SLWrWﬁ+vLWW)

Remarquons que Cém) (Ps(RY)) est contenu dans C19)(Pg(R?)), défini & la Définition 3.19. Ainsi, le

Théoreme 3.20 qui décrit la régularité et la dynamique du semi-groupe associé a (3.16) s’applique pour
o€ 622,5) (P5(RY)). On peut maintenant énoncer le résultat de propagation du chaos faible quantitative
prouvé dans [Cav22b].

Théoréme 3.23 (Propagation du chaos faible quantitative).

Soit § € (0,1], L>0etye (0,1]N(0, (6 +a—1)A(2a—2)A(n+a—1)) fixés. Alors, sous I’Hypothése
(H2), il existe une constante positive C' = C(d,T,«, 3,(H2),v,0,L), croissante par rapport a T, telle
que pour tout ¢ € Cf’é) (Ps(RY)) et N > 1

Elp(my) — o(pur)| < CEWA (@), o) +

: (3.53)

et

E(s(z7) — ¢(ur))| <~ (3.54)
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Remarque 3.24. Tout d’abord, mentionnons que le terme de donnée initiale EW; (7, pio) peut étre traité
en utilisant [FG15], en particulier dans le cas ou pp admet un moment fini d’ordre supérieur a 5. En
effet, si pp € Py(R?) avec ¢ > 1, on a

_1 _(1—1) .
N2+ N a) si d=1 et q#2,

EW () o) C N3+ N+ N (73 s d=2 et q#2, (3.55)
Nfé—i—N*(l*%), si d>3 et q;éd%'ll.

Remarque 3.25. Précisons 'intérét de 'estimation (3.54). Il s’agit d’un résultat qui quantifie approxi-
mation du semi-groupe associé a 'EDS de McKean-Vlasov (3.16) par sa projection empirique évaluée
en le systeme de particules (3.17). De plus, grace a (3.54), on peut quantifier la vitesse d’approximation

de la loi d’une particule par la loi du processus limite de McKean-Vlasov par rapport a la distance de

lo(@) —e(y)|

= pour ¢ : RY — R. L’ensemble

Wasserstein Wi. En effet, notons [[¢||Lip 1= sup,.,

¢ = {¢> : Pg(RY) = R, Jp : R R, avec |¢|lLip < 1, et ¢(p) = / pdp, Vp € %(Rd)}
R

est contenu dans C§2’1)(73/3(Rd)). Ainsi grice a (3.54) et au théoreme de Kantorovich-Rubinstein [Vil09,

Remarque 6.5], on déduit

sup Wi([X; ], ;) = sup  sup E@(XE’N)—/ @ dypug
t€[0,T] te[0.7] @, e llLip<1 Re

N
1 k,N
= sup sup IE( E o(X; )) —/ o duy
0T o Ielp<t | \N 21 R

= sup  sup E/ sodﬁiv—E/ o du
t€[0,7] ¢, lellLip<1 R? R?

E(7i) — E ()|

= Ssup Sup
te[0,T] €€

Cr

<L (3.56)

oury € (0,1]N(0,(0 +a—1) A (2a—2) A (n+ a — 1)), et en utilisant le fait que la constante C' du

Théoreme 3.23 est croissante par rapport a 7T'.

Prenons formellement o« = 2 dans le théoreme précédent, qui correspond au cas brownien traité
dans [CdRF21]. Alors, on peut prendre v =1 et § = 2 dans le Théoréme 3.23. Les taux de convergence
prouvés dans le Théoréme 3.23 sont les mémes que ceux prouvés dans [CdRF21, Théoréme 3.6], i.e.
N~z pour (3.53) et N~ pour (3.54). De plus, en dimension d = 1, on retrouve avec (3.53) le méme
taux de convergence que celui obtenu dans [FL21] pour la propagation du chaos forte dans L', puisque
EW1 (G, o) < ONF! par [FG15].

Dans [Cav22a], on étudie également la propagation du chaos faible quantitative, mais cette fois pour
un systeme particulier de processus d’Ornstein-Uhlenbeck stables en interaction de type champ moyen
qu’on présente dans ce qui suit. Le bruit Z = (Z;)¢>0 est un processus a-stable, avec o € (1,2), non-
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dégénéré au sens ou sa mesure de Lévy

dr
v(dy) = dA(e)m
vérifie qu'il existe p > 0 tel que pour tout = € R?
plaf < [ 1@, 0) dx(6). (3.57)
Sd—

On fixe A, A’, B € R¥ des matrices de taille d x d telles que B est inversible et A et A’ commutent.
Soit 4 € [1, ). En gardant les mémes notations que pour 'EDS de McKean-Vlasov (3.16) et le systéme
de particules (3.50), notre but est d’établir des inégalités de propagation du chaos faible pour le systéme

suivant
, A 1 M .
ax;N = AXPNdt+ AN xPNat+ Bdzl, te[0,T], i€{l,...,N},
N = (3.58)
xgt =¢,
vers 'EDS de McKean-Vlasov limite
{ dX; = (AX,+ A'EX,)dt+ BdZ, tel0,T], (3.59)
Xy =¢&. '

Remarquons que le résultat du Théoreme 3.23 ne s’applique pas pour ce systeme puisque le coefficient
de dérive, défini pour p € P (RY) et 2 € RY, par

bla, ) = Az -+ A’ [ yduy)

n’est pas borné par rapport aux variables espace et mesure. On prouve néanmoins dans [Cav22a] le
résultat suivant.

Théoréme 3.26. Il existe une constante positive C' = Cr, indépendante de ¢ € CEZ’U(PQ(]Rd)) et de
N > 1 et croissante par rapport a T, telle que pour tout ¢ € C§2’1)(775(]Rd)) et N>1,ona

In(N)=
E \cb(ﬁ% - d)(/f«T)‘ < CEWA(@, o) + erlv(f\i)l, (3.60)
et o
E(6(77) — ¢(ur))| < CEWI () s po) + No-l- (3.61)

De plus, si py appartient ¢ Po(R%), on a pour tout ¢ € CEZ’I)(Pg(Rd)) et N>1

E(p(mr') — ¢(ur))| < (3.62)

Na—1°

Avant de présenter les preuves des Théoréemes 3.23 et 3.26, comparons les vitesses de convergence qui
y sont obtenues. L’inégalité (3.54) du Théoreéme 3.23 est meilleure que I'inégalité (3.62) du Théoreme
3.26, ce qui est naturel puisque les hypotheses sont plus fortes dans le Théoreme 3.23. En ce qui concerne
les inégalités (3.60) et (3.53) de ces deux théorémes, on peut remarquer qu’on a une meilleure vitesse
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dans le cas du systeme de processus d’Ornstein-Uhlenbeck malgré que le coefficient de dérive est non-
borné par rapport aux variables espace et mesure dans ce cas-la. Cela ne semble pas naturel puisque
les hypotheses sont plus fortes dans le Théoreme 3.23. L’explication est que le systéme de processus
d’Ornstein-Uhlenbeck en interaction est un systeme particulier dont les coeflicients sont linéaires. On
utilise la méme idée que celle présentée dans la preuve du Théoreme 3.8 qui établit la propagation du
chaos forte qualitative pour ce systeme. Il s’agit de considérer le systeme de particules et 'EDS de
McKean-Vlasov limite pour lesquels on a retiré des bruits les sauts de taille plus grande que le nombre
de particules. Tout comme dans le Théoréeme 3.8, l'explication du facteur logarithmique dans (3.60)
provient du fait que

“d ~ In(N).
/1<|Z<Nz| v(z) o~ (V)

Comparons maintenant les vitesses de convergence obtenues dans le Théoréme 3.26 a celles prouvées
au niveau des trajectoires par la méthode de couplage dans le Théoreme 3.8. On peut tout d’abord
mentionner que dans le Théoréme 3.8, on n’a pas besoin de faire ’hypothése (3.57) de non-dégénérescence
sur v, ni de supposer que la matrice B est inversible. Plagons-nous dans le cas ot la loi initiale pg admet un
moment d’ordre 2 fini. L’inégalité (3.60) quantifie la propagation du chaos a travers la mesure empirique
(voir (1.9)). Moralement, elle permet de quantifier EWy (7%, pr). On dit "moralement" car pour que ce
soit le cas, il faudrait prendre la borne supérieure sur les fonctions ¢ utilisées sous l'espérance, ce qui
n’est pas le cas. L'inégalité (3.60) conduit au méme taux de convergence que celui obtenu dans (3.12)
d’apres (3.55). En revanche, si on s’intéresse uniquement a la vitesse d’approximation de la loi d’une
particule par le processus limite de McKean-Vlasov, I'inégalité (3.62) permet de montrer, grace a la
Remarque 3.25, que

sup WA (IX2™], ) <

_— 3.63
te[0,1) Nea-l (3.63)

A priori, on ne peut pas obtenir un taux de convergence aussi fort avec la méthode de couplage mise en
place dans le Théoreme 3.8. De plus, 'avantage d’avoir des estimations comme (3.60) ou encore (3.53)
dans le Théoreme 3.23 plutot que des controles comme ceux du Théoréme 3.8 obtenus par couplage est
qu’on sépare le terme de donnée initiale d’un terme de reste générique. Cela peut étre utile si on a une
meilleure vitesse de convergence vers 0 de EW; (ﬁév , o) que les taux de convergence généraux prouvés
dans [FG15].

Les preuves des Théoremes 3.23 et 3.26 reposent sur la méthode présentée heuristiquement
dans la Sous-section 1.2.3. La différence majeure entre les preuves de ces deux résultats réside
dans le fait que pour le systéme de processus d’Ornstein-Uhlenbeck traité dans le Théoreme 3.26,
il y a I’étape préliminaire, mentionnée précédemment, qui consiste & retirer les sauts de taille plus

grande que le nombre de particules IV des bruits du systéme de particules et de 'EDS de McKean-Vlasov.

Idée de preuve du Théoréme 3.23. On note pour tout i € {1,...,N} et t € [0, 7]

) t —.
Z :/ / 2N (ds,dz),
0 Jrd

ot N7 est la mesure de Poisson compensée associée & Z*. On introduit également NV, N et vV qui
désignent respectivement la mesure aléatoire de Poisson, la mesure aléatoire de Poisson compensée, et
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la mesure de Lévy associées au processus a-stable cylindrique ZV, défini par (3.51). On considere alors
U la solution de 'EDP de Kolmogorov rétrograde (3.49), avec condition terminale ¢ au temps 7', définie
par (3.46).

L’idée importante est de remarquer que lapplication ¢ € [0,T] — U(t, ) est constante puisque
I'EDS de McKean-Vlasov (3.16) est bien posée. Grace a la régularité de U montrée au Théoreme 3.20,
on peut appliquer la formule d’Ité & la projection empirique & = (z1,...,2x5) € (ROY = U(t,7) (voir
le Lemme 2.27 pour la régularité et I'expression des dérivées partielles de la projection empirique) et au
systeme de particule (3.52). Ainsi, on obtient pour tout ¢ € [0,T)

U7 ) = Ut ) = (U0,780) = U0, o))

t
:/ 0,U (5,7 ds
0
1 al t d —N i,N i,N
PR ) Ol ) s X ) s
t
I
0 (Rd)N
t U(s, 7Y Us,i¥x )| N (ds, d
+ 77 - 77 ’
/0 /(Rd)Nﬂ{|z|21} [ (s MXivﬁz) (s MX?)} (ds, dz)

¢ .
+/ / [U s, i —Ul(s, iy }J\/’ ds,dz
0 J®HN{|z|<1} (s xy y2) = Uls g ) ( )

=L+ DL+ I3+ 1s+Is.

S

Uls. Y 1)~ Ulssio ) = 0 (s, ) - 2] v (2) ds (3.64)

Remarquons que I3 se réécrit de la facon suivante, grace a 'indépendance des processus stables (Z?);,

—N —N
13—2/ /Rd)N { (s NX;V_+5Z-)_U(37MXSN_)

1 ) PN
N@ 5 —U(s, MXN JX) - 2| dv(z)ds,
ot Z; := (0,...,0,2,0,...,0) € (RY)N pour z € R? et ol z apparait sur la i-eme coordonnée. L’objectif

est ensuite de faire apparaitre 'EDP vérifiée par U qui va permettre de simplifier cette expression.
Contrairement au cas brownien traité dans [CdRF21], elle n’apparait pas directement et il faut la forcer
a apparailtre et controler ensuite le terme d’erreur que cela induit. Pour la faire apparaitre, on linéarise

I3 avec la dérivée plate en écrivant

e[ L5

- Z/ L[ Tt ts,mt OGN 4 2) = ot mt ) (X)

5 v b -
+ LU e )0 = U, (XN z)] dw dv(=) ds

g U (s, )+ 2) - (anU(s,u% )(z) — avéilU(s,u;V(g () - z] dv(z) dily (z) ds

om s om

=:I3 4+ I3 B,

ot ml , , = fwﬁ%N_Jrz.i +(1- w)ﬁ%N_. En utilisant P'EDP de Kolmogorov rétrograde (3.49) et (3.64),
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on obtient la décomposition suivante

U(H) — Ut ) = (U(0,7) = U(0, o))

- % / /]Rd/ [5m S’Z’w)(XégV +2) - %U( SZQU)(X;LN)

5 : 5 :
+ —U(s, ixn JXIN) = —U(s, Ty n V(X2 + 2)| dwdv(z)ds

om Sm
t N
+/0 /(Rd)Nm{|z>1} |:U(87M§N+z) —U(s, iy~ )} N (ds, dz) (3.65)
t N
+/0 /(Rd)Nﬂ{|z<1} [U(S’“%iv—ﬂ) - U(S’f‘%g_)} N (ds, dz)
=ILip+ 1+ Is.

Les termes Iy et I5 sont alors majorés grace a l'inégalité de Burkholder-Davis-Gundy pour obtenir
(3.53), ou en utilisant le fait que ce sont des martingales centrées pour (3.54). Dans tous les cas, on utilise
des majorations et controles holdériens prouvés pour la fonction U, notamment ceux du Théoréme 3.20.
Typiquement pour Is, I'inégalité de Burkholder-Davis-Gundy dans L? et la borne (3.47) sur &,%U

assurent que

C

.
N5

1
E|ls| < (E|I5|°)7 <

Concernant le terme I3 g, on doit distinguer les grands sauts des petits sauts en le réécrivant comme

I Lg [t 1 18 5U XN 4
S’B_N;A /Bl/[)/O (U(STTL mszw)( + Z)

0 _ iN
_81)%[](5,#%81\7_)()(87 + AZ)) czdAdwdv(z) ds
LN 0 - i,N
+¥ Z/ /C/O szw)(X )_%U(s,u%£>(X8_ +Z)
+ iU(S N )(Xz,N) _ iU( )(XZ,N) dwdy(z) ds
5 U, B JXE) = 5O (s m ) (X |

On parvient alors a borner E|I3 g| grdce aux majorations et contréles héldériens prouvés sur U, no-
tamment ceux du Théoréme 3.20. On s’intéresse enfin au terme de donnée initiale U (0, 75’) — U (0, o).
Pour démontrer (3.53), on remarque que U (0, -) est lipschitzienne par rapport a Wi en linéarisant avec
la dérivée plate et en utilisant (3.47). Pour prouver (3.54), on développe ce terme en linéarisant avec la
dérivée plate et on le controle en utilisant le caractere i.i.d. des données initiales et les estimations sur U.
On conclut la preuve du Théoréme 3.23 en laissant tendre ¢ vers T' par continuité puisque U (T, -) = ¢.
O

Idée de prewve du Théoreme 3.26. Dans le cas du Théoréme 3.26 pour le systeme de processus
d’Ornstein-Uhlenbeck, on doit adapter la méthode. En effet, comme le coefficient de dérive est non-
borné, on n’a pas les mémes controles sur U que ceux Théoreme 3.20. En particulier, le gradient de
la dérivée plate n’est plus borné en espace, comme c’est le cas dans (3.47). Cela fait apparaitre dans
les calculs, notamment pour controler le terme d’erreur I3 p dans (3.65), le moment d’ordre 2 de la
mesure de Lévy v qui est infini. Pour résoudre ce probléeme, on tronque les sauts de taille plus grande
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que le nombre de particules N des bruits de 'EDS de McKean-Vlasov (3.16) et du systéme de particules
(3.50), comme fait dans le Théoréme 3.8. Dans le Théoréeme 3.8, cette étape de troncature des grands
sauts permettait uniquement d’améliorer les taux de convergence obtenus dans le Théoreme 3.5, pour le
systeme particulier de processus d’Ornstein-Uhlenbeck. Ici, cette étape est nécessaire si on veut appli-
quer la méthode reposant sur le semi-groupe décrite précédemment pour prouver le Théoréme 3.23. On

ZNt —/ / ds dz),
By

t (XnN.t)iejo,), la solution de 'EDS de McKean-Vlasov

consideére ainsi, pour ¢ € [0,7],

dXNﬂg = b(XN,ta ,U'N7t) dt+ B dZN7t, t e [0, T],
png = [Xngl, (3.66)
Xo =¢,

ou b(x, ) == Az+A’ [paydp(y). On note Uy la fonction définie par (3.46) associée & (3.66). On consideére
également pour i € {1,...,N} et t € [0,T]

) t —
Zyy = / / 2 N*(ds, dz)
0 JBn

et le systeme de particules tronqué
dX]@{j — b( ’f,ﬂ%t)dthBdZ}'\,’t, telo,T], ie{l,...,N},
_ 1
= 3 Oxy
. =1 ’
Xy =€

En utilisant le lemme de Gronwall, on contréle, comme dans la preuve du Théoréme 3.8, les erreurs faites

avec les EDS initiales par

C
Nal

(Wl(ﬂt aMNt) +Wipngt, p1e)) <

Cela provient du fait que
C
J ) < o
comme utilisé dans la preuve du Théoreme 3.8. On utilise ensuite la méthode décrite précédemment pour
prouver le Théoréme 3.23 afin contrdler

El¢(rn.r) — o(un)| et [E(S(EN.r) — dlunr))l,

en utilisant cette fois la fonction Uy et PEDP associée a (3.66). On prouve les controles dont on a besoin
sur Uy en utilisant I’expression de la densité de transition découplée associée & (3.66), qui est ici explicite

et donnée par
N(/L,S,t,ﬂ?,y) = 4N (t -8y = etAw - Kt/RdydM(yO )

olt g (t,-) est la densité du processus Ornstein-Uhlenbeck stable tronqué [j e*")4BdZy s et t € [0,T] >
K une fonction explicite. On n’a ainsi pas besoin de mettre en place la méthode basée sur les itérées de
Picard et la méthode parametrix utilisées dans [Cav22b] pour prouver le Théoréme 3.20. Pour prouver ici
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les controles dont on a besoin sur Uy, on utilise le résultat suivant démontré dans [Cav22a], qui établit

des controles uniformes en N sur gy.

Proposition 3.27. Pour tout N > 1 et pour tout t € (0,T], qn(t,-) € C®(R%RY). De plus, pour tout
BeN etye [0, ), il existe une constante C' > 0 qui dépend seulement de T, d, «,n, 3, telle que pour
tout N € N

y—18l
@ .

/d 12|08 qn (t, 2)| do < Ct (3.67)
R

L’hypothese (3.57) de non-dégénérescence sur la mesure de Lévy et Uinversibilité de la matrice B
sont cruciales pour prouver cette proposition.

O]

3.2.7 Vitesse d’approximation de la loi d’une particule par le processus de McKean-
Vlasov limite au niveau des densités

On conserve les mémes notations que dans la sous-section précédente pour présenter le résultat
quantitatif sur Papproximation de la loi d’une particule du systéme (3.50) par la loi du processus de
McKean-Vlasov au niveau des densités. On travaille sous I'hypothese suivante qui assure l’existence
d’une densité pour le systéme de particules.

Hypothése (H4). On suppose que pour tout ¢ > 0, les particules X} = (th’N, e ,XtN’N) définies
par (3.50), avec condition initiale g € Pg(RY) au temps 0, admettent une densité sur (R%)™ notée

pN(,u’07 0) ta )

Remarque 3.28. Le résultat d’existence d’une densité ne peut pas s’obtenir directement en utilisant la
méthode parametrix dont on a parlé précédemment dans ’heuristique de preuve du Théoréme 3.14. En
effet, le bruit du systéme de particules Z% est un processus a-stable cylindrique sur (]Rd)N , c’est-a-dire
ayant des coordonnées d-dimensionnelles indépendantes. Cela implique que la mesure de Lévy est
dégénérée au sens ou elle est supportée uniquement sur les axes d-dimensionnels de (Rd)N .

Lorsque d = 1, 'Hypothese (H4) est impliquée par I'Hypothese (H2) en utilisant [CHZ20a, Théoréme
1.1]. En effet, 'Hypothese (H2) assure que la la dérive du systéme de particules & = (x1,...,zy) €
(RHYN — (b(t, 23,15 ) )ieq1,... N} est holdérienne uniformément par rapport ¢ € [0, 7). Si on veut se passer
de I'Hypothese (H4) en dimension d > 1, il s’agirait de voir si [CHZ20a, Théoréme 1.1] se généralise dans
ce cadre-la.

M

Sous I'Hypothese (H4), la premiére particule admet une densité notée p''" (uo, s, ¢, -). Elle est donnée,

pour tout y; € R%, par

pLN(MO?O?tv yl) = / pN<,u07 07t7y17y27 o 7yN) dZ/2 .. dyN
(R4)N-1

Par échangeabilité en loi, toutes les particules ont la méme loi. Rappelons enfin que p(uo,0,t,-), définie
par (3.33), est la densité de p, qui est la loi de la solution de 'EDS de McKean-Vlasov (3.16) au temps
t avec donnée initiale g € Pg(R?) au temps 0.
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Théoréme 3.29. Soient v € (0,1]N(a—1,2a—2)A(n+a—1)) et v € [a —1,1] fixés. On définit,
pour u € Pg(RY), t € (0,7 et y,z € R

w(0.ty) = [ Pty —a)dula) et F() = 1o 1m, (2) + Lo (o),

ou p¥ est définie par ) )
0 ~a —= —d—a
pt,x) =t"a(l+1t o))

On pose également ¢ := — (1 — m) € (0,1) et on note B la fonction Béta définie, pour x,y > 0, par

«

1
B(z,y) = / (1— ¢)" o1 gy,
0
Alors, sous les Hypothéses (H2) et (H/), les propriétés suivantes sont satisfaites.

e (Borne sur la densité d’une particule). Il existe une constante positive C =
C(d,T, e, B, (H2),7) telle que pour tout o € Pg(RY), t € (0,T], y e R et N > 1

Ck+1 pk(1=¢) [kl
N(10,0,2,y) < Caolpo,0,t,y) + Z N RO H B(j -) (3.68)

k
Z /]Rd x q0 (:LLOa 0 t s Y — Z Zz) H Z] dV Z]
IeP; el 7j=1

ot Py désigne [’ensemble des parties de [’ensemble {1,...,k} et par convention
q0 (NO? 07 t,y — Zie@ zl) ‘= do (1““07 07 t, y)

e (Estimation ponctuelle d’approxrimation de la densité d’une particule). Il existe une
constante positive C = C(d, T, «, B, (H2),7,7') telle que pour tout g € Pg(R%), t € (0,7T], y € R?
et N >1

[P (10,0, ) — p(uo, 0.t,y)|

<t W M) [ ()0 y — ) (o) (3.69)

oo okt k-1
2 e O TIBGA = 0,1 -0 ) BA+E1-¢).1-()
k=1 Jj=1

Z/ %(Mo,oty Z%)Hfz] dv(z;).

IePy, el 7j=1

e (Estimation sur Uapproxzimation de la loi d’une particule en variation totale). Il existe
une constante positive C = C(d, T,a, 3,(H2),7) telle que pour tout pg € Ps(R?), t € (0,T] et
N>1

C {14y
dry (X)) < 5o t' ™7 (L4 M (o)), (3.70)
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et

sup_dry (X)) < (14 Ma—1(po))- (3.71)

t€]0,7] Ne—1

Comparons ce résultat avec l’estimation (3.56) par rapport a la distance de Wasserstein W;. On
trouve le méme taux de convergence N~7 avec v € (0,1] N (0, (2ac — 2) A (n + a — 1)). Cependant,
dans (3.70), il y a une singularité en temps de méme que dans [CdRF21, Théoréme 3.5], et qui n’est
pas présente dans (3.56). Cette singularité en temps peut étre retirée si on veut seulement le taux de
convergence moins bon N1~ qui est le méme que celui obtenu dans (3.63) pour le systéme de processus
d’Ornstein-Uhlenbeck en interaction. De plus, on retrouve le taux de convergence N~! prouvé dans

[CdRF21, Théoréme 3.5] dans le cas brownien en prenant formellement o = 2 dans le résultat précédent .

La méthode utilisée pour prouver estimation ponctuelle (3.69) repose sur des idées analogues a
celles présentées dans la sous-section précédente concernant le Théoreme 3.23. Elle a été employée dans
le cas brownien dans [CdRF21]. Au lieu de considérer le semi-groupe associé a I'EDS de McKean-
Vlasov, on travaille directement avec sa densité non-découplée, qui est solution fondamentale de 'TEDP de
Kolmogorov rétrograde (3.34). L’idée est d’étudier la dynamique de I’application s € [0,t) — p(7Y, s,t, )
pour tout y € R%. Les deux ingrédients sont alors les suivants. D’un coté, on quantifie par rapport & N
erreur entre Ep(iil, s,t,5) et p(us, s,t,y) = p(uo,0,t,y). De 'autre c6té, on prouve que lorsque s tend
vers t, alors Ep(fzY, s,t,y) converge simplement vers la p"V (10,0, t, y).

Idée de preuve du Théoréme 3.29. On commence par donner 'idée de la preuve de la borne (3.68) sur
la densité d’une particule. En appliquant la formule d’It6 & la fonction (s, x) = (s,z1,...,2n) € [0,t) X
RHN — p(Ed, s, t,y) = & SN p(Ed, s, t, xp,y) et en gardant les mémes notations que dans la sous-
section précédente, on a

S
p(EY s, t,y) — p(my ,0,t,y) = / Orp(al v, t,y) dr

+ — Z/ Op— Mr,rty)(X N) b(rXZ_,ﬁr)d

s N o

+Z1/0 Jios {p(’“‘xq%fv”’y) Py ity) (372
1 g i, N

Na sm ('“XN 1t y)(X,5) 2| dv(z)dr

+/ /Rd N’XN +z,’l” t y) (ﬁ%{vht y)N (d?”, dZ)

=L+ 1+ I3+ 4.

En utilisant les controles prouvés sur les dérivées de p, on prouve que I, définit une vraie martingale et
que
El, = 0. (3.73)
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En linéarisant avec la dérivée plate, on décompose I3 de la maniere suivante

_ S 19 _N d —N
I3 —A /]Rd /]Rd |:MP(NX7{V_7T7tvy)($+Z) - %p(uxi\r_,ﬁt,y)(l‘)
0

O b 1) (0) 2| dv() i (o) dr

1 s 1rs 5 N PN
— . ty) (X 7 ty) (X"
+N;/o //0 [5m (s 8 ) (X 2) = 5mp(“X,.N-’T’ S +Z>]

bt st )6 = opl 1)) dwan() dr
1 N s 1 ) ; § ;
e [ e K ) = ) ()
o

om

5 p(ﬁ%]\i,r,t, y)(X;_N + z)} dw dv(z) dr

5 PN
=+ 7p(lu'f)V(1\777r7t7y)(X:~7— )_
= Iz3a+I3p+ 130,
ott m = wﬁﬁerZ.i + (1 - w)ﬁ%,\i. En prenant lespérance dans (3.72) et en utilisant 'EDP de

T,Z,w

Kolmogorov rétrograde vérifiée par p du Théoreme 3.18, on déduit que
Ep(Y, s,t,y) = Ep(@,0,t,y) + Els p + El3 0. (3.74)

On parvient alors & montrer, en utilisant les estimations prouvées sur les dérivées de la densité p, que

|El3 5| + |El3 0|

C S
<= / / (b= 1) FYE(PO(E =y — XN 4 )2t =y — XN — ) du(z) dr. (3.75)
N7 0 JRrd r r
Par le méme raisonnement que dans le preuve de [CdRF21, Théoréme 3.5], on obtient

lim Ep(7l, s,t,y) = p"" (110, 0,1, ). (3.76)

s—t—

L’argument repose sur le développement en série parametrix de p et le fait que p(s,t,-,y) — Jy, au
s—t~

sens faible. En utilisant que p(uo,0,t,y) est majorée par qo(uo,0,t,y), on déduit de (3.74), (3.75) et
(3.76) que pour tout ¢ € (0,77, po € Pa(RY), y e Réet N > 1

M(10,0,t,y) < Cqolpo, 0, t,y) +7/// (t—r) " f)P =1y —w—2)
Rd JRA
+p (t —ry— w)]pl’N(,u,o, 0,r,w)dwdv(z)dr.

En itérant cette relation implicite, on parvient a démontrer la borne (3.68) sur p'V

Pour prouver l'estimation (3.69), on utilise le lemme suivant qui se démontre en linéarisant avec la

dérivée plate et en utilisant les estimations démontrées sur la densité p et ses dérivées.

Lemme 3.30. Pour tout v € [a — 1,1], il existe une constante positive C > 0 telle que pour tout
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o € Pa(RY), t € (0,T], y e RY et N > 1

C 1 1ty
B, 0,t,y) = p(1o, 0,1, )| < Nt - +MW(“O))/W(1 + 1z (t,y — @) dpuo(z).

Expliquons maintenant comment on déduit I'estimation (3.69). On revient & l'identité (3.74) & laquelle
on soustrait p(uo,0,t,y) de chaque coté, et on utilise (3.74) et (3.75) pour obtenir

‘Ep(ﬁé\]? s, t, y) - p(NOa O, t, y)‘ < ‘Ep(ﬁ(j)va Ov t, y) - p(MOa Oa t, y)’ + |EI37B’ + ’EI?’,C" (3'77)

On utilise alors la borne (3.68) sur p'V obtenue précédemment et (3.75), qui assurent que

00 k41 k—2
Bl 5+ [Blscl < 3 S th079 (H B((1-0).1- <>) B(L+ (k=1)(1-¢),1-0)
k=1 j=1

k
Z /(]Rd)k @ ('LLO’O’t’y N Zzz> H f(z5) dv(z;).

IeP, i€l j=1

En combinant I'inégalité précédente, le Lemme 3.30 avec ' € [ — 1,1], et en prenant la limite s — ¢~
dans (3.77) grace & (3.76), on conclut la preuve de (3.69).

Les estimations (3.70) et (3.71) découlent directement de (3.69). En effet, il suffit d’'intégrer (3.69)
pour y € R%. En utilisant I’asymptotique de la fonction Béta, on conclut la preuve de (3.70) (en prenant
7' =~ dans (3.69)) et (3.71) (en prenant v/ = o — 1 dans (3.69)).

O

3.3 Perspectives

3.3.1 Propagation du chaos faible avec un coefficient de diffusion non constant

Une premiéere piste de recherche pour généraliser le travail [Cav22b] est d’étudier le cas ou il y a un
coefficient de diffusion o : (¢, 2, 1) € [0, T] x R? x P(R?) — R¥*? devant le bruit Z dans (3.16) qui n’est
plus constant. Pour ce faire, il serait intéressant d’étudier si on peut se servir des outils utilisés dans
[MZ22]. En particulier, on pourrait utiliser le fait que la densité de 'intégrale d’une fonction déterministe
contre le processus a-stable rotationnellement invariant Z peut étre exprimée a I'aide d’un mouvement
brownien et d'un §-subordinateur indépendant, ainsi que les développements en séries parametrix utilisés
dans [MZ22]. On peut également envisager d’autoriser les coefficients b et o & ne plus étre bornés et de
traiter une partie des cas critique et super-critique o < 1 en utilisant les outils de [MZ22], c’est-a-dire
en utilisant le flot rétrograde associé a I’équation différentielle ordinaire sous-jacente pour pouvoir écrire

les développements en série parametrix.

3.3.2 Propagation du chaos au niveau des densités

Nous avons commencé a réfléchir aux perspectives présentée dans cette sous-section avec Paul-Eric

Chaudru de Raynal.
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Dans le Théoreme 3.29, on prouve un résultat quantitatif sur I’approximation de la densité d’une
particule par la densité du processus de McKean-Vlasov limite, qui est inspiré de [CdRF21, Théoréme
3.5] dans le cas brownien. On note, pour k € {1,..., N}, p"(u,0,t,-) la densité sur (R?)¥ de k particules
au temps t et initialisées au temps 0 par des variables i.i.d. de loi . On peut se demander si on peut
procéder de méme pour obtenir une estimation de propagation du chaos sur

k
H p(/‘”’? 07t7y]) _pk7N(,u707tay17 v 7yk) )
j=1

pour t € (0,T] et yi,...,yx € R%, afin d’exhiber une majoration, explicite par rapport a N et k. Cela
permettrait de quantifier la vitesse de propagation du chaos vis a vis de la distance en variation totale.
Au lieu de considérer la densité découplée p(pu,s,t,x,y), solution de 'EDP de Kolmogorov rétrograde
(3.34), on est amené a considérer H;?:l (1, s, t,x5,y;5), qui est la densité découplée de k copies i.i.d. de
I'EDS de McKean-Vlasov, initialisées respectivement en les z; € R?. L’application (s S, T1, .., Tk) €
Ps(RY) x [0,8) x (RE)F H§:1 p(, s,t,xj,y;) vérifie une EDP analogue a (3.34). Il s’agit alors de voir
comment adapter le reste de la preuve de [CdRF21, Théoréme 3.5] dans le cas brownien ou du Théoréme
3.29 dans le cas stable. Cela permettrait de quantifier la propagation du chaos en contrélant la distance
en variation totale entre la loi de k particule ,u% FN ot 1a loi u?k, ou (Mt)te[O,T] est le flot de lois marginales
de PEDS de McKean-Vlasov limite. De plus, comme mentionné dans la Sous-section 1.2.3, a partir du
résultat de propagation du chaos faible quantitative du Théoreme 3.23, on peut quantifier la distance
entre la loi de la mesure empirique [fz)'] € P(P(R?)) et §,, (voir (1.9)). On peut se demander si on peut

A 1:k,N N . ; . .
alors retrouver un controle entre p, """ et ,u?k a partir de ce résultat, et pour une certaine distance sur

P(RF).

3.3.3 Propagation du chaos au niveau des trajectoires par couplage

On peut également se demander si on peut prouver la propagation du chaos au niveau des trajec-
toires par couplage pour (3.16), sous des hypotheses holdériennes sur la dérive b, qui sont analogues
a IHypothese (H2). Plus précisément, on introduit (X%*°);>1 des copies i.i.d. de (3.16) ol les bruits
et les données initiales sont les mémes que pour le systéme de particules (1.6). L’objectif est d’exhiber
des taux de convergence, explicites par rapport & N, pour EW, (@, ur) et SUPy << N E|X§’N — Xéi’oo].
On pourra utiliser la transformation de Zvonkin, comme fait dans [CARF21], qui permet de retirer la
dérive irréguliere afin de rendre b lipschitzienne, au prix d’un coefficient de diffusion o qui n’est plus
constant mais lipschitzien. La premiere étape serait donc d’établir un résultat de propagation du chaos
au niveau des trajectoires pour (3.1) dans le cas ou b et o sont lipschitziens, avec o non constant, et Z
est un processus a-stable. Le cas o = Id a été traité au Théoreme 3.5 et il s’agirait donc d’ajouter un
coefficient lipschitzien o général, ce qui ne semble pas trivial (voir la Remarque 3.7). La seconde étape
consisterait a ajouter un terme source & 'EDP de Kolmogorov rétrograde (3.49), pour pouvoir utiliser
la transformation de Zvonkin dans ce cadre McKean-Vlasov. Cela a été fait dans le cas brownien dans
[CdRF22, CdRF21].
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3.3.4 Problemes de contrdole pour des EDS de McKean-Vlasov dirigées par des
processus de Lévy

Grace a la formule d’It6 le long d’un flot de mesures du Théoréme 3.9, on peut envisager de s’intéresser
a des probléemes de contréle pour des EDS de McKean-Vlasov dirigées par des processus de Lévy. Il s’agit,
grace a la formule d’It6, de mettre en ceuvre une méthode basée sur un principe de programmation
dynamique, comme présenté dans [CD18a, Chapitre 6]. Dans le cas d'un bruit & sauts L2, cela a été par
Guo, Pham et Wei dans [GPW20]. On peut donc envisager de considérer des bruits de Lévy ayant un
moment d’ordre § € (0, 2] grace au Théoreme 3.9.
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CHAPITRE 4

FORMULE D’ITO-KRYLOV LE LONG D’UN
FLOT DE MESURES DE PROBABILITE

Dans ce chapitre, on présente le travail [Cav21].

4.1 Objectif

Fixons 7" > 0 un horizon de temps fini, d,d; € N* avec d; > d, et (B;)i>0 un (Ft)s>o-mouvement
brownien de dimension d;. On s’intéresse au processus d’It6 sur RY défini, pour ¢ € [0, T, par

t t
X; = X0—|—/ bsds—i—/ s dBs, (4.1)
0 0
ott Xo € L2(Q, Fo;RY), b:[0,T] x Q@ = R¥ et o : [0,T] x Q — R¥% sont des processus progressivement
mesurables. On notera, pour ¢t € [0, T, u; := [X¢] la loi de X; et a la matrice oo*. On fait les hypotheses
suivantes.

(A) Il existe K > 0 tel que presque siirement
Vit € [0,T], |b] + |ov] < K.
(B) 11 existe 6 > 0 tel que presque stirement
Vt € [0,T), VA € RE az ) - A > 5N

Le travail [Cav2l] repose sur [Kry09, Section 2.10], ou Krylov prouve une formule d’It6 pour
application t € [0,7] — f(X;), avec f appartenant & un certain espace de Sobolev sur R? (voir le
Théoreme 4.4). Le but de ce travail est d’établir, de fagon analogue, une formule d’It6 le long du flot
(tt)tefo,r) avec des hypotheses de type Sobolev sur la fonction w : Po(RY) — R & laquelle on veut
appliquer la formule d’It6. En particulier, I’'objectif est d’affaiblir les hypotheses de régularité habituelles
pour appliquer la formule d'It6 (voir le Théoreme 2.28), au prix d’hypotheses d’intégrabilité. Plus

6

précisément, on ne demande plus & ce que pour tout u € Pa(R%), 'application s—u(p) soit C2, mais

seulement que QU%U(M) appartienne a un espace de Sobolev.

Avant de présenter les résultats de [Cav2l], mentionnons d’autres extensions de la formule d’Ito
pour un flot de mesures. Cette derniere a été établie pour des flots de mesures associés a des semi-
martingales cadlag L? générales. Cela a été fait indépendamment par Guo, Pham et Wei dans [GPW20],
qui ont étudié des problemes de contréle d’EDS de McKean-Vlasov a sauts et par Talbi, Touzi et

Zhang dans [TTZ21] qui ont travaillé sur un probléme d’arrét optimal en champ moyen. Dans ces deux
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travaux, des principes de programmation dynamique sont établis grace a la formule d’It6. Dans le cas
de processus a sauts n’admettant pas un moment d’ordre 2 fini, on renvoie au Théoréme 3.9 présenté
dans le chapitre précédent. On peut également mentionner les formules d’It6-Wentzell-Lions pour des
fonctionnelles dépendant d’un champ aléatoire de type It6 et d’un flot de mesures qui ont été prouvées
par Dos Reis et Platonov dans [dRP22].

4.2 Contexte : inégalité de Krylov et formule d’It6-Krylov

Le résultat sur lequel repose ce travail est I'inégalité de Krylov [Kry09, Théoréme 4, Section 2.3].
Elle est rappelée dans le théoreme suivant.

Théoréme 4.1 (Inégalité de Krylov). Soit b : Rt x Q — RY et o : RT x Q — R4 deux fonctions
progressivement mesurables. On suppose que p,dy > d. De plus, on suppose qu’il existe K >0 et § >0
tels que pour tout (t,w) € RT x 0

|br(w)] + |ov(w)| < K,

et
YA e R (06™) (W)X - A > 8|2

Pour X une variable aléatoire d valeurs dans R¢ et mesurable par rapport d Fy, on définit le processus
d’Ité X = (X¢)e>0 par

t t
VtZO,Xt:X0+/bsds+/asst.
0 0

Soit A > 0. Alors, il existe une constante N = N(d,p, A\, 0, K) > 0, telle que pour toute fonction mesurable
f:Rt xR - R
[e.e]
E [ e At X0l dt < NIl ok
On utilise plus précisément le corollaire suivant.
Corollaire 4.2. Si b et o satisfont les Hypothéses (A) et (B), il existe Ny = N1i(d,p, 8, K,T) > 0, tel

que pour toute fonction mesurable f:[0,T] x R* = R, on a

B [ 1505, Xl ds < Nl flles oy

L’inégalité de Krylov garantit ’existence d’une densité par rapport a la mesure de Lebesgue pour pg,
pour presque tout s € [0, 7], ainsi qu'une propriété d’intégrabilité sur cette derniere. C’est précisément
de ce résultat que provient l'effet régularisant utilisé dans la suite pour prouver la formule d’Ito.

Proposition 4.3. Sous les Hypothéses (A) et (B), il existe une fonction p € L'([0,T] x R4 RY) N
LD ([0, T] x RGR™) telle que pour toute fonction mesurable f - [0,T] x R4 — R

/T Ef(s,Xs)ds = / f(s,2)p(s, x)dx ds. (4.2)
0 [0,T]xR4

Si T est un temps d’arrét tel que (Xi)iepo,r) appartient presque sirement a Br sur l’ensemble {7 > 0},
alors

IE/ s)ds < /[0 . f(s,2)p(s,x)dx ds. (4.3)
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De plus, pour presque tout s € [0,T), s = [X,] admet p(s,-) comme densité et p(s,-) € LTV (R?) pour
presque tout s € [0,T] par Fubini-Tonelli.

Idée de preuve de la Proposition 4.3. On considére la mesure p définie pour A € B([0,T]) ® B(R?) par

T
= / E14(s, Xs)ds.
0

D’aprés I'inégalité de Krylov, pour tout f : [0,7] x R? — RT mesurable, on a

T
| BfaX)ds = [ fls.a)du(s,n) < Clflles o (14)
0 [0,7] xRd

Le théoréme de Radon-Nikodym assure qu'il existe p € L'([0, 7] x R% R™) tel que pour toute fonction
mesurable f :[0,7] x R? — R+

T
/ Ef(s, Xs)ds = / f(s,z)p(s,z)dxds. (4.5)
0 [0,7]xR4

L’application f € L+1([0,7] x RY) s f(s,x)p(s,z) dx ds est une forme linéaire continue sur
[0,T] xR¢

L0, T) x R%) d’aprés (4.4). On déduit par dualité que p appartient a L4+1"([0, 7] x R%) et on conclut
par un argument de classe monotone.

O
Enoncons enfin la formule d’It6-Krylov [Kry09, Théoréme 1, Section 2.10].

Théoréme 4.4 (Formule d’It6-Krylov). Soit f : R? — R une fonction continue telle que sa dérivée au
sens des distributions Vg appartient a l’espace de Sobolev Wli’ck(Rd), pour k > d+1. Sous les Hypothéses
(A) et (B) surb et o, on a presque sirement pour tout t € [0,T]

f(Xt)Zf(Xo)Jr/OtVf(Xs)'bsds+/OtVf(X (05dBy) /v2 - ag ds.

4.3 Formule d’It6-Krylov le long d’un flot de mesures et exemples

On présente ici la formule d’It6-Krylov le long du flot de mesures (put)e[o,7], défini comme la famille
de lois marginales de (4.1). Notre but est de tirer profit de l'effet régularisant du bruit, qui ne dégénere
pas grace a 'Hypothese (B). Cet effet provient plus précisément de l'existence des densités p(t,-)
de la Proposition 4.3 et de leur propriété d’intégrabilité. Si on regarde la formule d’It6 (4.6), Peffet
régularisant provient notamment des espérances qui moyennisent, par rapport a la variable d’espace, les
dérivées de 5-u sur toutes les trajectoires de (X¢)s>0. En effet, la régularisation par le bruit intervient
umquement a travers la variable spatiale de la dérivée plate et pas a travers la variable mesure comme
on le verra dans les hypotheses. Ce n’est pas surprenant car espace Po(R?) est de dimension infinie
alors que le bruit brownien est de dimension ﬁnie On ne peut donc pas espérer un effet régularisant
important par rapport a la variable mesure de 5-u. Le fait qu'un bruit de dimension finie ne peut
pas avoir un effet régularisant total sur Pa(R%) est illustré dans [Mar20] dans le contexte des EDS de
McKean-Vlasov. Ce phénomene de régularisation, lié a ’existence d’une densité et de bonnes propriétés
sur celle-ci, est comparable a celui présenté dans la Sous-section 3.2.5 pour le semi-groupe associé a une
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4.8. Formule d’Ité-Krylov le long d’un flot de mesures et exemples

EDS de McKean-Vlasov dirigée par un processus a-stable. Ici, on a seulement l'existence d’une densité
pour presque tout temps et une propriété d’intégrabilité sur cette derniere alors que dans la Section 3.2,

on a des bornes ponctuelles sur la densité et ses dérivées.

Introduisons tout d’abord ’espace de mesures sur lequel nous allons travailler. Celui-ci est adapté
aux propriétés démontrées précédemment sur la densité p. Soit (pp)n>1 une approximation de l'unité sur
R4, c’est-a-dire une suite de fonctions positives C* telles que pour tout n > 1, [pa pn(z)dz = 1 et py
est nulle en dehors de la boule By ,.

Définition 4.5. On définit #(RY) comme l'espace des mesures p € Po(R?) admettant une densité ‘;—g
par rapport a la mesure de Lebesgue qui appartient & L(dH)I(Rd). On munit 2 (R%) d'une distance d»

satisfaisant les conditions suivantes.
(H1) Pour tout n > 1, pu € (P2(RY), Wa) = p* pp € (Z2(R?),d») est continue.

(H2) Pour tout p € Z(R?), u* p, — p pour la distance d.
n—-+oo

Remarquons que pour tout n > 1 et u € Po(RY), u* p, € P(R?). En effet, sa densité est donnée
par x — pn * i(x) = [ga pn(® — y) dp(y). L'inégalité de Jensen assure quelle appartient a L(@+D"(R?).
L’espace ,@(Rd) apparait naturellement puisque d’aprés la Proposition 4.3, il existe p € L'([0,7T] x
R%RT) N LEAD ([0, T] x RY: RT) tel que pour presque tout ¢ € [0, 7], 1y admet comme densité p(t, -) et
appartient donc a ,@(Rd). Donnons deux exemples de choix pour la distance d.

Ezemple 4.6. La distance de Wasserstein Wy satisfait clairement les Hypotheses (H1) et (H2) de la
Définition 4.5. D’autres distances possibles, qu’on note dj, sont définies, pour k € [d + 1,400, u,v €

P (R?), par
dp dv

dr dz

dk(u7 V) = ‘ Lk/(Rd)

La distance dj, est bien définie puisque pour p € 2(R%), % e LY(R%) N LD (R, qui est contenu
dans L¥ (R%) par interpolation.

Introduisons maintenant I’espace de fonctions définies sur Po(R?) pour lequel nous allons prouver la
formule d’It6-Krylov.

Définition 4.7. On définit W;(RY) comme l'espace des fonctions continues u : Pa(R?) — R admettant

une dérivée plate éimu telle que pour tout u € Z(R?), la fonction 5%“(#) admet des dérivées au sens des

distributions d’ordre 1 et 2 dans L* (Rd), pour un certain k > d + 1, et vérifie les propriétés suivantes.

d
(1) L’application y € (Z(R9),dp) — dpsu(p) € (Wl’k (Rd)) est continue pour un choix de distance
do vérifiant (H1) et (H2).

(2) Tl existe o € N tel que k > (14 )d et pour tout compact K C Po(RY) et p € KN 2 (RY)

‘ Lk’(Rd)> '

Remarque 4.8. (1) Nous avons choisi de travailler avec la dérivée plate plutot que la L-dérivée. On

O=u(y)

| z
v 5m Wl,k(Rd)

dx

SCK<1+‘

pourra voir la Remarque 4.12 pour une justification de ce choix.
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(2) L’espace Wi (R?) contient les fonctions vérifiant le point (1) de la Définition 4.7 avec (P2(R%), W)
au lieu de (Z(R9),d»). En effet, le second point est clairement vérifié avec a = 0 comme K est
compact.

)] 1oy P

rapport a la mesure p. Elle permet de tirer profit & la fois de la continuité du flot Pa(R?), mais

(3) L’hypothese (2) de la Définition 4.7 permet de contrdler la croissance de ‘ &,%u

aussi des propriétés d’intégrabilité de sa densité.

(4) Le théoréme d’injection de Sobolev [Brel0, Corollaire 9.14] assure que pour tout pu € 2 (R%),
%u(u) est de classe C'(R%R) et que &J%u(u) est bornée et y-holdérienne, o v := 1 — %.
Appuyons sur le fait qu’on n’a pas besoin de supposer que %u(,u) € W2k(R?) car il n’y a pas besoin
d’hypothese d’intégrabilité sur la dérivée plate %u puisqu’elle n’apparait pas dans la formule d’It6
le long d’un flot de mesure (voir le Théoréme 2.28).

On peut maintenant énoncer la formule d’It6-Krylov pour les fonctions dans Wi (R?) démontrée dans
[Cav21].

Théoréme 4.9 (Formule d'It6-Krylov). On suppose toujours que les Hypothéses (A) et (B) surb et
o sont satisfaites. Soit u une fonction de Wi (R?). Alors on a pour tout t € [0,T]

) = )+ [ B (osulu) (5 1) ds 5 [ B (02 ulu) (X)) ds. (46)

Donnons maintenant des exemples de fonctions dans Wi (R?).

Ezemple 4.10 (Fonctionnelle linéaire). Soit g € C°(RY; R) admettant une dérivée au sens des distributions
Vg € (WHF(R%))4 pour un certain k& > d + 1. Alors, la fonction

{P2(Rd) —R

- o

En effet, le théoréme d’injection de Sobolev [Brel0, Corollaire 9.14] assure que Vg € L>®(R%) puisque

k > d+ 1. Ainsi g est & croissance au plus linéaire et donc pour tout p € Po(RY), %u(u) = g (voir

appartient a Wy (R9).

I’Exemple 2.20), qui satisfait clairement les hypotheses (1) et (2) (avec a = 0) de la Définition 4.7.

On s’intéresse maintenant au cas multilinéaire.

Ezemple 4.11 (Polynoémes sur I'espace de Wasserstein). Soient N > 2 et g € CO((R)V;R) vérifiant les
propriétés suivantes.

(1) Tl existe C' > 0 tel que pour tout = (z1,...,zy) € (RH)Y
l9(@)| < C(+ a1 + - + [an ).
(2) La dérivée au sens des distributions Vg appartient a (W5HF(RH)V))N pour un certain k €

[Nd, +o0].

Alors la fonction
Py(RY) — R
B g(x1,.. . an) dp(r) ... dp(ow),
(RHN
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4.4. Stratégie de preuve

appartient & Wi (R?) pour dgp = dy.

Remarque 4.12. (1) Dans la Définition 4.7, les dérivées distributionnelles d’ordre 1 et 2 de %u(u) ne

sont pas nécessairement des fonctions intégrables pour tout p € Pa(R%). Bien siir, c’est le cas dans
I’Exemple 4.10 puisque la dérivée plate ne dépend pas de la mesure u. Cependant, dans I’Exemple
4.11 avec N = 2, la dérivée plate est donnée par

L)) = /Rdg(wy) dp(y) +/Rdg(y7v) dp(y), (4.7)

om

d’apres I’Exemple 2.22. Formellement, la dérivée distributionnelle par rapport a v de la premiere

intégrale dans (4.7) est

[, 0valv. ) du).
R4

Ce terme n’a aucune raison d’étre bien défini pour tout pu € Po(R?) car on a seulement supposé que
Vg € (WHF(R24))24 avec k > 2d. En effet, pour k = 2d, on sait seulement par injection de Sobolev
que Vg appartient a (L"(R??))%¢ avec r € [2d, +oo[. Cela justifie aussi notre choix de travailler
avec la dérivée plate plutot que la L-dérivée. En effet, la L-dérivée de u serait égale a &)%u(,u)
d’aprés la Proposition 2.24, terme qui n’est pas bien défini pour tout p € Ps (Rd) comme on ’a vu.

Ainsi u n’est pas nécessairement L-dérivable.

Nos hypotheses sur les dérivées spatiales de %u dans la Définition 4.7 sont faites seulement sur
P2 (R?) plutét que sur tout Iespace Po(R?) essentiellement car dans la formule d’Ité (4.6), ces
dérivées apparaissent seulement dans une intégrale et le long du flot (i) se[o,7] qui appartient a
P (RY) pour presque tout s € [0, T]. Cependant, on suppose que u est continue sur Po(R?) car le
flot s € [0,T] — ps € P2(RY) est continu mais j; n’a aucune raison d’appartenir & Z(R%) pour
tout t € [0,7] et encore moins d’étre continu pour d .

L’exemple suivant illustre le théoréme pour une fonctionnelle non-linéaire en la mesure.

Ezxemple 4.13. Soient F' € C'(R;R) et g € CO(R% R) admettant une dérivée distributionnelle Vg appar-
tenant a (W1*(R%))? pour un certain k > d + 1. Alors

u{ Pa(R?) —R
' po = F(fgagdp)

appartient & Wi (R?) pour dgp = Wh.

4.4

Stratégie de preuve

On commence par montrer que les termes qui apparaissent dans la formule d’It6 (4.9) sont bien

définis. Pour cela, on utilise le caractére borné de b et o, ainsi que les propriétés d’intégrabilité de la

densité p(t,-) de p (voir la Proposition 4.3) et enfin le contrdle de ’

av%u(M)HWLk(Rd) fait dans les

hypotheses. On régularise ensuite u par convolution en posant, pour n > 1,

u™ g € Po(RY) = u(p * py).
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Cela régularise la dérivée plate spatialement puisqu’on a, pour tout u € Po(R?) et v € RY,

d

om

0 o

5t (00) = [ S o) @)puv =) dw = S ) # pul).

On vérifie qu’on peut appliquer la formule d’It6 pour un flot de mesures classique rappelée au Théoreme
2.28. On obtient que, pour tout n > 1 et t € [0, 7],

W) =)+ [ B (0 u) (X0 0 ) ds+ 3 [ B (B (u)(X,) 0, ds

Il reste ensuite a laisser tendre n vers +oo en utilisant notamment la continuité de

pe (PRY),dsp) — ﬁv%u(u) e WHHRY).

&,%u(,u)“ permet de justifier I'utilisation du

Le contrdle de la croi ta o d ‘
€ controle de la croissance par rapport a ,U, e lek(Rd)

théoreme de convergence dominée.

4.5 Extension au cas ou la fonction dépend aussi du temps et de
I’espace

Dans [Cav21], on démontre aussi la formule d’Tt6-Krylov pour une fonction u : [0, 7] x R% x Py (RY) —
R. On introduit I'espace de fonctions généralisant W; (R%).

Définition 4.14. On définit Wo(R?) comme I’espace des fonctions continues u : [0, T] x R? x Po(R?) — R
vérifiant les propriétés suivantes pour une distance d qui satisfait les Hypotheses (H1) et (H2) de la
Définition 4.5.

(1) Pour tout (z, 1) € R? x Po(RY), u(-,z, 1) € C' et dyu est continue sur [0, 7] x R? x Py(RY).

(2) Tl existe k1 > d + 1 tel que pour tout (t,u) € [0,T] x 2(RY), u(t,-, u) € Wli’fl (R9) et pour tout
tel0,T] et R>0

d 1,k d
e (PRY),dy) = dpult, 1) € (W (Br))",
est continue et J,u et d;u sont mesurables par rapport a (¢,z, ) € (0,17 X X .
i dyu et 02 bl A 0,7] x R x 2(R?

(3) Pour tout (t,x) € [0,7T] x R, u(t,x,-) admet une dérivée plate %u(t,x, -)(+) qui est continue sur
[0,T] x R? x Po(R?) x R?, et tel que pour tout compact K C R? x Po(R?) et ¢ € [0,T], il existe
C > 0 tel que pour tout v € R?

dz < C(1 + |v]?).

sup ’ut x, 1) (v)
(z,p)EX

(4) 1l existe ky > 2d tel que pour tout (t,u) € [0,7] x Z(R%), 2 s=u(t, -, p)(-) admet une dérivée
distributionnelle par rapport & v d’ordre 1 et 2 et telle que pour tout t € [0,7] et R > 0

) )
p & (PR d5) o> (Ouplts o) () 0 St ) () € (D (B R)x (D (B x RO,
est continue et mesurable par rapport a (¢,z, i, v) € [0,T] x R? x 2(R?) x RY,
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4.6. Perspectives

(5) Tl existe a1, as € N avec k; > (20 + 1)d, ky > (oo + 2)d tel que pour tout compact I C Po(R?)
et pour tout R > 0, il existe Cx g > 0 tel que pour tout u € KN Z(R%)

aq
< + ‘
Lkl(BR)} =R ( Lk 1(Rd)>

)
sup{ + 1|07 —ult, -, p) (") } < Ck.r (1 + ‘ ) :
t<T Y om Lk2(BgxR4) L Q(Rd)

Remarque 4.15. Le controle de ’hypothese (3) est assez naturel. Si la borne supérieure était prise seule-

dp
du

sup {1 0ru(t, s )i ) + [t 10)
t<T

dp ||
dx

L¥2(BrxR4) ‘

v%u(ta K H)()

ment sur un compact de Pg(Rd), ce serait assuré par la définition de la dérivée plate. Or nous avons
besoin de controéler egalement 5,-u localement uniformément par rapport a la variable z € R? du fait de
la convolution en espace et en mesure qui est utilisée naturellement dans la preuve. Les hypotheses (2),
(4) et (5) sont des généralisations de celles présentes dans la Définition 4.7, adaptées au cadre présent.
Dans I’hypothese (5), la condition sur ks et ay change un peu en comparaison & la condition analogue
dans la Définition 4.7. C’est essentiellement dii au fait qu’on & affaire & des fonctions définies sur R?? au

lieu de R? & cause de la variable spatiale de la fonction wu.

On énonce maintenant ’extension de la formule d’It6-Krylov. On considere toujours le flot de lois
marginales (i)¢e[o,7] du processus X défini par (4.1). Soit également (7s)se(o,7] €t (7s)sefo,7] deux pro-
cessus progressivement mesurables & valeurs respectivement dans R? et R4%1 et vérifiant les Hypotheses
(A) et (B). On pose, pour t < T,

t t
& = fo—}—/ nsds—f—/ s dBs,
0 0

ou &y est une variable aléatoire Fy-mesurable a valeurs dans R4,

Théoréme 4.16 (Extension de la formule d’It6-Krylov). Soit u une fonction dans Wa(R?). On a presque
strement pour tout t € [0,T]

ul(t 0, 1) = (0, €0, o) + / @t o) + Dot o) o) s+ 3 [ (s, ) -3
[ B (0l (K0 5 ) ds 5 [ B (025 uts o) () ) ds - (49)
+ [ Ol o) - (o),
ou (2, F,P) est une copie de (Q, F,P) et (X,b,7) une copie indépendante de (X,b,0).
La preuve de ce résultat repose sur la méme idée que celle du Théoreme 4.9. Elle est cependant plus
technique.

4.6 Perspectives

La perspective présentée dans cette section vient d’étre abordée en collaboration avec Paul-Eric
Chaudru de Raynal et Stéphane Menozzi.
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Le but est d’exhiber des taux de convergence pour la propagation du chaos du systéme de particules

associé a 'EDS de McKean-Vlasov suivante

dX; = /Rd b(t, Xy —y) du(y) dt +dBy, t€[0,T],
Ht = [Xt]7

(4.9)

oil B est un mouvement brownien et b € LI((0,T); LP(R)) avec p, ¢ € [1,00) vérifiant la condition de
Krylov-Rockner % + % < 1. La propagation du chaos qualitative, i.e. sans taux de convergence, a déja
été prouvée dans [Tom20] et également dans [HHMT20], oi un principe de grandes déviations est établi.
Pour un résultat de propagation du chaos quantitative dans le cas d’interactions singulieres, on peut
mentionner [Han22], ou la propagation du chaos est quantifiée en terme d’entropie. Notre objectif est
d’obtenir des estimations de propagation du chaos analogues & celles du Théoreme 3.23. Pour ce faire,
on peut appliquer les résultats de [CARF21] avec une dérive b régularisée par convolution. Ensuite, le
but est de prouver des estimations sur la solution de 'EDP de Kolmogorov rétrograde associée a (4.9)
avec une dérive régularisée, qui doivent étre uniformes par rapport au parametre de régularisation. Cela
permettrait de quantifier la propagation du chaos d’une maniere différente qu’en terme d’entropie et on
n’aurait besoin d’aucune hypothese structurelle sur la dérive b contrairement a [Han22], ot il est supposé
que b ne dépend pas du temps et que V -b = 0. On aurait également besoin de 'inégalité de Krylov pour

gérer 'approximation par une dérive réguliére.
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CHAPITRE 5

COMPORTEMENT ASYMPTOTIQUE D’UN
SYSTEME CINETIQUE INHOMOGENE EN
TEMPS DANS UN POTENTIEL QUADRATIQUE

Dans ce chapitre, on présente le travail [CL23], réalisé en collaboration avec Emeline Luirard.

5.1 Présentation générale du contexte

On commence par présenter le contexte général dans lequel s’inscrit l'article [CL23], ainsi que les

travaux auxquels il fait suite.

On s’intéresse au comportement asymptotique d’un systéme modélisant une particule avec vitesse
V € R et position X € R. La particule évolue dans le potentiel quadratique U : x ‘%2, avec une force
de frottement inhomogene en temps b, et est soumise a une force aléatoire représentant ’interaction avec
I’environnement. La dynamique de la particule est décrite par le systéme Hamiltonien amorti suivant,

perturbé par un processus a-stable L avec « € (1,2],

AV = dL, — b(t, V) dt — VU(X) dt,
dX, = V; dt, (5.1)
(V;‘,oaXto) — (U07 ':UO)'

Les systéemes Hamiltoniens stochastiques, c’est-a-dire lorsque b = 0, ont été largement étudiés.
Comprendre leur comportement asymptotique est I'un des enjeux principaux. Le processus Hamiltonien,
ou énergie, associé au systéme (5.1) lorsque b = 0 est défini par H; := 1|V;|? + U(X,). Par exemple,

le comportement en temps long du processus Hamiltonien correctement changé d’échelle a été étudié
dans [AK94]. Le cas d’un systeéme aléatoire Hamiltonien amorti a été abordé dans [Wu01] (voir aussi les

références dans cet article).

Le comportement en temps long d’une particule libre, c’est-a-dire sans potentiel U, a également déja
été étudié. On mentionne notamment [GO13], [FT21], [GL21a], [GL21b]. Méme dans le cadre homogene
en temps, divers comportements asymptotiques peuvent étre observés. Par exemple, lorsque L est un
mouvement brownien, qu’on notera B dans la suite, 'EDS suivante de type Langevin a été étudiée dans
[FT21]
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potentiel quadratique

p Vi
214 V72

dV; = dB; —

dX; = Vi dt.

Dans ce systeme, la force de frottement se comporte comme —B, lorsque |v| est grand, ce qui implique
heuristiquement que le processus vitesse se comporte, loin de zéro? comme un processus (signé) de Bessel
de dimension 1 — p. Différents comportements asymptotiques pour le processus position apparaissent
alors en fonction de la valeur de p. Plus précisément, lorsque p > 5, en utilisant un changement d’échelle
approprié, les auteurs prouvent que le processus position se comporte asymptotiquement comme un
mouvement brownien. Un processus a-stable apparait comme dynamique limite pour la position lorsque
p € [1,5). L’indice d’auto-similarité « est alors une fonction de p qui interpole les puissances des change-
ments d’échelle % (mouvement brownien) et % (processus de Bessel intégré). Ce dernier processus apparait
asymptotiquement lorsque p € (0,1). Cependant, les outils utilisés dans ce travail, notamment la notion
de mesure invariante, fonction d’échelle et mesure vitesse sont limités a des coefficients homogenes en

temps.

Dans [GO13], [GL21a] et [GL21b], toujours dans le cas ou U = 0, la force de frottement b a une forme
particuliere et dépend du temps. Plus précisément, le systeme considéré est le suivant

sgn(Ve) [Vi|”

dVi =dB; —p 1B

dX; = V; dt.

d, (5.2)

La force de frottement est inhomogene en temps et dépend de parametres positifs 3, v et p. Lorsque
la particule se déplace lentement, la mécanique classique assure que la force de frottement est linéaire,
i.e. v = 1. Lorsque la particule évolue dans un régime turbulent, la mécanique des fluides assure que
v = 2. C’est pourquoi dans un cadre général, on suppose que la force de frottement s’écrit comme
v — —psgn(v)|v|”. De plus, l'intensité de la force de frottement peut dépendre du temps a travers
le coefficient de friction ¢ — p;. Pour une particule évoluant dans un fluide, c’est le cas par exemple
si la viscosité du fluide ou encore la géométrie de la particule évoluent avec le temps. C’est pour
cette raison qu’une dépendance en temps est ajoutée a la force de frottement dans [GO13], [GL21a]
et [GL21b]. Dans ces travaux, il est supposé que p; = t%. L’objectif principal derriere ’étude de
ce modele est de comprendre la compétition entre la force de frottement, qui tend a immobiliser la
particule mais de moins en moins efficacement au fur et a mesure que le temps passe, et le bruit qui
la perturbe constamment. La Proposition 1.12 assure, par propriété d’auto-similarité de L, que E [|L;|]
est proportionnelle a ta. Cela montre que L; agit a une échelle typique de ta et donc que, lorsque «
décroit, cela perturbe la vitesse avec des valeurs typiques plus élevées. L'intérét des travaux mentionnés
précédemment est d’étudier le comportement asymptotique du systéme en fonction des différents pa-

rametres et sous les prisme de la compétition entre les deux actions opposées mentionnées précédemment.

Donnons deux exemples importants dans le cas brownien avant d’expliquer plus en détails les
résultats de [GO13, GL21a, GL21b]. Lorsque 5 = 0, le coefficient de frottement ne décroit pas avec le
temps. Par un argument d’ergodicité, le processus vitesse converge vers son unique mesure invariante et
donc, le processus position changé d’échelle (E%Xt /e)t>0 se comporte comme un mouvement brownien
lorsque ¢ tend vers 0. Lorsque "8 = +o0", i.e. lorsqu’il n’y a pas de force de frottement, le processus
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1 3
vitesse-position changé d’échelle (e2V}/.,e2 X,/ )10 converge en loi vers (Bt,fg B, ds)t>0. Lorsque
B > 0, la force de frottement disparait asymptotiquement : elle ralentit le systéme de moins en moins
efficacement et on s’attend a une transition entre les deux cas extrémes mentionnés précédemment, tant

sur le processus limite que sur le changement d’échelle utilisé.

Dans [GO13], les auteurs étudient la convergence en loi, lorsque ¢ tend vers l'infini, de rV;, pour
une certaine vitesse de convergence ry. Dans [GL21a], les résultats obtenus dans [GO13] sont étendus
au processus vitesse-position. Plus précisément, les auteurs étudient la convergence en loi du processus
changé d’échelle (7, vV} e, e x Xy/-): pour deux taux de convergence 7.y et r. x. Ces résultats ont été
enfin généralisés dans [GL21b] pour un bruit directeur a-stable. Pour étre plus précis, trois régimes
asymptotiques sont mis en lumieére dans ces travaux en fonction des parametres 3, v et «, l'indice

d’autosimilarité de L.

e Lorsque la force de frottement b décroit suffisamment vite vers 0 avec le temps, c’est-a-dire lorsque
[ est assez grand relativement a «y et «, le processus vitesse-position changé d’échelle se comporte
comme 8’il n’y avait pas de frottements et converge donc en loi vers le processus de Kolmogorov
(L, [o L), comme dans le cas extréme "3 = +o00" mentionné précédemment dans le cas brownien et
avec le méme changement d’échelle (r.y, 7. x) == (5%,5“5).

e Lorsque les parametres (3, v et « s’équilibrent, le processus limite est toujours de la forme cinétique
(V, Jo V), mais le processus V n’a plus la méme loi que le bruit et est ergodique.

e Lorsque la force de frottement ne décroit pas suffisamment vite pour étre négligée, le processus
limite n’est plus sous forme cinétique. Le processus vitesse changé d’échelle converge en lois finie-
dimensionnelles vers un bruit blanc. Dans ce cas, le comportement asymptotique est en quelque
sorte une interpolation entre les deux cas extrémes 8 = 0 et "8 = +00", ce qui est expliqué par la
décroissance plus lente de l'intensité de la force de frottement avec le temps.

5.2 Systéme étudié et comportement en temps long

Dans [CL23], on s’intéresse au comportement asymptotique de la solution du systéme cinétique d’EDS
suivant, défini sur I'intervalle de temps [to, +00), ot ty > 0

_ Vil
dV; = dL; — sgn(Vy) - dt — X, dt,

dX, =V, dt, (SKE)
(‘/toaXto) - ('UO, 930)-

La force de frottement est inhomogéne en temps et dépend de deux parameétres positifs 5 et ~.
Le processus directeur L est soit un mouvement brownien, soit un processus a-stable symétrique, i.e.
rotationnellement invariant en dimension 1, avec o € (1,2). Il s’agit du méme modele que (5.2), avec
une force de rappel supplémentaire qui provient du potentiel quadratique. Plus précisément, notre
but est d’étudier le comportement, lorsque ¢ — 0, du processus position-vitesse changé d’échelle
(Zt(s))t = (TE(Xt /o> Vi /5)T)t>0’ pour un taux de convergence r. approprié. L’'une de nos motivations
est d’analyser comment la présence du potentiel quadratique influence les résultats obtenus dans
[GL21a, GL21b] a travers l'effet confinant qu’a le potentiel quadratique sur la position X. En effet,
Ieffet confinant se fait sur la position de la particule et ne disparalt pas asymptotiquement contrairement
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a la force de frottement. Il s’agit ici d’étudier une compétition entre la force de frottement et le potentiel

quadratique, qui freinent et confinent la particule, contre le bruit qui perturbe sa vitesse.

Le systeme sous-jacent sans bruit et force de frottement est ’oscillateur harmonique classique

= — Ty,

~+~

v

Ty = Ug.

~~

Le comportement intrinsequement oscillatoire induit par le potentiel quadratique empéche le processus
changé d’échelle Z(®) de converger en loi en tant que processus. Cependant, on parvient & prouver que
ses lois marginales de dimension 1 convergent. Afin d’obtenir la convergence de tout le processus, I'idée
cruciale est de retirer, en un certain sens, les oscillations présentes dans le systéme. Plus précisément,

on pose Y; := @t_l(Xt, V)T, ot ©; est la rotation sur R? d’angle —t, définie par

0, = ( cos(t) sin(t)) .

—sin(t) cos(t)

On énonce maintenant les principaux résultats démontrés dans [CL23]. Le théoréme suivant traite le
cas ou le bruit L est un mouvement brownien (o = 2). Il porte sur la convergence en loi dans l’espace
des fonctions continues C((0, +00), R?) muni de la topologie associée & la convergence uniforme sur tout
compact.

Théoréme 5.1 (Cas brownien, i.e. o = 2). On définit q := re 1= 13 et on pose (Y;(E))tzgto =

B
v+
(rg@t_/i(Xt/E, Vt/S)T)t>at0' Soit B un mouvement brownien standard sur R2.

e (Régime sur-critique i.e. 2q > 1). Le processus y©) converge en loi vers <B%)t>0'

e (Régime critique i.e. 2q¢ = 1). Supposons qu’on est dans le cas linéaire v = 1. Le processus 148
converge en loi vers (ﬁ fot \/Est)t>0, qui est le processus Gaussien centré dont le noyau de

2
covariance est donné par K(s,t) := (Z\/\/% L.

e (Régime sous-critique i.e. 2q < 1). Supposons qu’on est dans le cas linéaire v =1 et que 8 € (%, 1).
Le processus Y€ converge en lois finie-dimensionnelles vers le processus Gaussien centré dont le
noyau de covariance est donné par K (s,t) := %sﬂl{szt}fg.

Supposons maintenant que a € (1,2). On note v 'exposant caractéristique (symbole) du processus
a-stable symétrique L. Il découle de [Sat99, Théoreme 14.15 p. 86] qu’il existe a > 0 tel que pour tout
£ eR,

$(§) = —alg]”. (5.3)
Dans le théoréme suivant, la convergence en loi se fait dans I’espace des fonctions cadlag D((0, +o0), R?),

c’est-a-dire les fonctions définies sur (0,+00) qui sont cadlag sur tout segment contenu dans (0, +00),
qui est muni de la distance de Shorokhod.

Théoréme 5.2 (Cas stable, i.e. a € (1,2)). Supposons que v € (0,«). On définit q = %, re =
ez et on pose (Yt(s))pgto = (Tae;/i(Xt/su Vt/E)T) . Soit L le processus a-stable rotationnellement
- t>eto
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invariant sur R?, dont Uexposant caractéristique est donné par
9 . - a 2
EeR — —C|¢&||¥, avec C:= 2—/ |cos(x)|* d.
™ Jo

o (Régime sur-critique i.e. g > 1). Le processus Y€ converge en loi vers (Lt)is0-

e (Régime critique i.e. aq = 1). Supposons qu’on est dans le cas linéaire v = 1. Le processus y©

converge en lot vers le processus de type-Lévy (% fot \/Edﬁs)t>0.

e (Régime sous-critique i.e. aq < 1). Supposons qu’on est dans le cas linéaire v =1 et que B € (%, 1).
Alors, pour tout (ti,--- ,tq) € (O,—i—oo)d, (Yt(f), - ,Y;Ef)) converge en loi vers la mesure produit
fiy @ -+ @ g, o piy est la mesure de probabilité dont la fonction caractéristique est donnée par

2 ~ e
£CR? s exp (—ac el tﬂ) .

Remarque 5.3. La symétrie de L est seulement utilisée pour assurer le caractére bien posé de (SKE)
lorsque v < 1.

Remarque 5.4. Le processus Hamiltonien associé & notre systéme est donné par

L e, o 1 2 1 2
H, .= - |V — | Xe|* = = ||1Ze|]” = = | Y2 -
vi= g T+ S 1K =S 127 = 5 Y]
En combinant les résultats des théorémes précédents avec le continuous mapping theorem, on déduit
la convergence du processus Hamiltonien changé d’échelle (Ht(g))t>0 := (r2Hy/.)1>0 lorsque & — 0, soit
en tant que processus dans les cas critique et sur-critique, soit en lois finie-dimensionnelles dans le cas
sous-critique.

Par exemple dans le cas brownien sur-critique, le processus Hamiltonien limite est donné par

(HD)i>0 = (%HB% 12)¢>0. C’est un carré de Bessel, qui est solution de

1
dH? = \/H? dB; + §dt, HY =0,

ol B est un mouvement brownien standard sur R. On remarque qu’on retrouve le méme processus
Hamiltonien limite que dans [AK94, Théoréme 2.1] pour le systéme non-amorti. L’explication est la
suivante : si la force de frottement décroit suffisamment vite avec le temps, c’est-a-dire si 3 est assez
grand, alors le processus Hamiltonien changé d’échelle se comporte asymptotiquement comme si il n’y
avait pas de frottements.

Comme corollaire de nos deux théorémes, on obtient la convergence en loi, lorsque ¢ tend vers l'infini,
de =15 (X, Vy)T
Corollaire 5.5. On pose (Zt(a))tzsto = (rs(Xt/aa‘/;f/g)T)tzsto; ot r. = £a. Le processus Z'©) ne
converge pas en loi, cependant sous les mémes hypothéses que dans les Théoremes 5.1 et 5.2, on déduit

la convergence en loi ry (X4, V)T lorsque t — oo vers des limites explicites.

Dans le cas brownien, la limite est soit N(0, %Ig) dans les régimes sur-critique et sous-critique, ou

N(0,11,) dans le régime critique.
1 9 q
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Dans le cas stable, en gardant les mémes notations que dans le Théoréme 5.2, la fonction caractéris-

tique de la limite est donnée, pour tout & € R?, par

e exp (—C~' H§||O‘) dans le régime sur-critique,
e exp (— (1+ %)71 C H£||a) dans le régime critique,
® exp (—%CN‘ ||€HO‘) dans le régime sous-critique.

Ici, le changement entre les différents régimes apparait a travers les différents parametres d’échelle
pour les lois limites. Mentionnons également que dans le cas brownien, la position et la vitesse deviennent
indépendantes en temps grand puisque la matrice de covariance de la loi limite gaussienne est diagonale.
Cependant, ce n’est plus vrai dans le cas a-stable avec a € (1,2). En effet, la loi limite est une loi stable

rotationnellement invariante sur R?, qui ne peut pas avoir des coordonnées indépendantes.

De fagon similaire a [GL21a, GL21b], on met en lumiére trois régimes asymptotiques déterminés par
la méme relation entre les différents parametres du probleme. Cependant, le taux de convergence de la
position X est différent de celui prouvé dans [GL21a, GL21b], lorsque U = 0. L’explication heuristique
est que la présence du potentiel quadratique permet au bruit de propager plus facilement de I’équation
sur la vitesse a celle sur la position, qui est donc plus diffusive en quelque sorte. On pourra consulter
[FEPV17] pour plus de détails a ce sujet. Remarquons également que le processus position tend a croitre
moins vite dans notre cas que dans le cas Y = 0. Par exemple, dans le régime sur-critique brownien,
X; se comporte en loi asymptotiquement comme N (0, %) dans notre cas, mais comme N (0, %) dans le
cas U = 0 traité dans [GL21a]. La différence des variances s’interpréte comme le fait que le potentiel

quadratique confine la particule a travers la force de rappel qu’il induit.

5.3 Stratégie de preuve

Dans notre modele, les équations sur la vitesse et la position ne peuvent pas étre traitées de facon
indépendante comme dans [GL21a, GL21b] puisqu’elles sont couplées. L’idée est d’écrire le systéme sous
forme vectorielle, et d’utiliser la méthode de variation de la constante qui permet de se ramener & un

systeme sans potentiel en dimension 2.

Régime sur-critique. La formule d’It6 pour un produit assure que, pour t > to,

1 (Xt B¢ v 0 t [—sin(s)
o;! _o! °+/@1 ds + dL., 5.4
! <Vi> fo (ViO > o \sgn(V) el " i cos(s) (5-4)

S

ol on rappelle que ©; est la rotation d’angle —t. On a alors, pour tout t > ety,

t/e Y
v =cney (m>+€‘l’/ o il as . (5.5)
t,

Vo 0

tle [_ &
M = ca / ( Sm(s)) dLs.
to cos(s)

Pour traiter la convergence en loi du processus M), lorsque ¢ — 0 et dans le cas ou le bruit est
brownien, on tire profit de la théorie des processus Gaussiens. La convergence est donc caractérisée par
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la moyenne et la fonction covariance. Dans le cas ou le bruit n’est pas brownien, on doit étudier la
convergence en loi d’une intégrale de Wiener-Lévy, c’est-a-dire I'intégrale d’une fonction déterministe
contre le processus stable L. Le point clé est que de tels processus ont des accroissements indépendants
méme si ce ne sont pas forcément des processus de Lévy. On utilise alors la fonction caractéristique

pour étudier la convergence des lois finie-dimensionnelles.

Les deux premiers termes du membre de droite de (5.5) peuvent étre négligés car tendent vers 0 dans
LY (2, P) grace a l'estimation de moments suivante qu’on démontre.

Proposition 5.6. Pour tout k > 0 dans le cas brownien ou pour tout k € [0,a) si a < 2, il existe une

constante Cy 1, > 0 telle que

vVt > to, E {H(Vi, Xt)THH} < Cn,totg- (5.6)

C’est a cette étape qu’apparait la distinction entre le régime sur-critique et les deux autres. En effet,
dans les régimes critique et sous-critique, le second terme du membre de droite de (5.5) ne tend pas
vers 0 dans L' (£2,P), lorsque ¢ — 0. De plus, la tension du processus changé d’échelle (Yt(a))bo, lorsque
€ — 0, est prouvée grace a la Proposition 5.6 dans les régimes critiques et sur-critiques. Remarquons
également que Pestimation (5.6) est la méme que celle prouvée seulement pour le processus vitesse dans

[GL21a, GL21b].

Régimes critique et sous-critique. Dans ces deux régimes, on se restreint au cas d’une force de
frottement linéaire en espace, i.e. v = 1. La méthode de changement de temps utilisée dans [GL21a] et
[GO13] ne semble pas s’adapter ici car les équations sur la vitesse et la position sont couplées. Le cas
linéaire nous permet d’utiliser 'Equation Différentielle Ordinaire (EDO) linéaire sous-jacente, c’est-a-dire

lorsqu’il n’y a pas de bruit, qui est

(1)

2" (t) + —5 T x(t) =0, t>t. (5.7)

On établit notamment un développement asymptotique a ’ordre 1 des solutions de cette EDO et de leur
dérivée, lorsque § > % C’est la seule raison qui induit cette restriction sur 8 dans nos résultats. De plus,
on considere la résolvante (R;):>¢, de cette EDO, qui est solution, a valeurs dans les matrices de taille

2 x 2, de
0 1
R£=< 1>Rt, t > to,
-1 -

avec une donnée initiale R;, au temps ¢y qu’on ne précise pas. Soit f la fonction définie, pour ¢ > 0, par

OTE

exp (— 2?177/;)) sinon.

Grace aux développements asymptotiques mentionnés précédemment, on montre que lorsque t tend vers
I'infini, R; se comporte comme f(¢)©;, pour certain choix de donnée initiale Ry,. On écrit alors, grace a
la formule d’It6, pour t > tg
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X X ¢ 0
Rt—l (Vt> _ R;)l <Vt0> + Rgld (L ) )
t to to s

On multiplie cette équation par e *“4R; et on fait le changement d’échelle décrit dans les Théorémes 5.1

et 5.2. On obtient alors, pour t > &ty,

t 1= ~
v —etp (L) @y <v§> + @y M, (5.8)

ou
eftARt

O, = V¢ >0, et M -:le(t) gl Vi > ety
S f@) ’ b e)Jyy 7 L)’ -

Le comportement asymptotique de R; assure que ®; converge vers Iy lorsque t tend vers l'infini. Le

premier terme du membre de droite de (5.8) tend donc vers 0 quand e — 0. Il suffit alors d’étudier la
convergence du processus M (€, lorsque ¢ — 0. La convergence en loi ou en lois finie-dimensionnelles de ce
dernier est traitée de facon analogue au régime sur-critique, mais repose cette fois sur le développement

asymptotique de la résolvante R;.

5.4 Perspectives

De nombreuses questions restent ouvertes. Dans le cas linéaire v = 1, le comportement asymptotique,
lorsque 8 € (0,1/2], n’a pas été établi. On s’attend a la convergence, en lois finie-dimensionnelles, vers
le méme type de processus que lorsque 8 € (1/2,1), c’est-a-dire un processus ayant des marginales
indépendantes (bruit blanc). On est tenté de dire que les lois limites sont les mémes que lorsque
B € (1/2,1), puisque leur expression a toujours un sens lorsque 8 € (0,1/2]. Le point technique qui
manque pour traiter ces cas est le développement asymptotique des solutions de I'EDO (5.7).

Dans le cas non-linéaire v # 1 et dans les régimes critiques et sous-critiques (i.e. quand la force
de frottement ne peut pas étre négligée), on n’a aucune idée des processus limites. La seule conjecture
qu’on puisse faire est que, dans le régime sous-critique, le processus changé d’échelle converge encore,

en lois finie-dimensionnelles, vers un bruit blanc, comme dans le cas linéaire.

On pourrait également envisager de considérer un systéme de particules en interaction de type champ
moyen. Chaque particules évoluerait selon (SKE), avec des bruits i.i.d. et avec un terme d’interaction
de type champ moyen supplémentaire. Cela ouvrirait a des questions de temps long sur les systemes de
particules, ou encore sur ’'EDS de McKean-Vlasov correspondante.
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CHAPTER 6

WELL-POSEDNESS AND PROPAGATION OF
CHAOS FOR LEVY-DRIVEN
McKEAN-VLASOV SDES UNDER LIPSCHITZ
ASSUMPTIONS

This chapter corresponds to the article [Cav23]. It is in revision in FElectronic Communications in
Probability.

Abstract. The first goal of this note is to prove the strong well-posedness of McKean-Vlasov SDEs
driven by Lévy processes on R? having a finite moment of order 3 € [1,2] and under standard Lipschitz
assumptions on the coefficients. Then, we prove a quantitative propagation of chaos result at the level
of paths for the associated interacting particle system, with constant diffusion coefficient. Finally, we
improve the rates of convergence obtained for a particular mean-field system of interacting stable-driven
Ornstein-Uhlenbeck processes.

6.1 Introduction and results

Let us fix (Q, F, (Ft)i>0,P) a filtered probability space and N a Poisson random measure on R* x
RY\ {0} with intensity dt ® v, where v is a Lévy measure, i.e.

v({0}) =0 and /Rd LA |22 dv(z) < 400,

where aAb denotes the minimum between to real numbers a and b. We denote by N (dt,dz) :== N(dt,dz)—
dt®@dv(z) the associated compensated Poisson random measure. We consider Z = (Z;)¢>0 a Lévy process
on R written, for all t > 0, as

Zt:/ot/B zﬁ(ds,dz)—i—/ot/czj\/(ds,dz),

where B is the open ball of R? centered at 0 and of radius 1 and B¢ is its complementary in R,

We assume that there exists § € [1,2] such that the Lévy measure v satisfies

/ |12)? dv(z) < +o0.
B

c
1
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This is equivalent to assume that for any t € R™, Z; has a finite moment of order 8 by [Sat99, Theorem
25.3]. Let us denote by Pﬂ(Rd) the space of probability measures on R? having a finite moment of order
B, which is endowed with the Wasserstein metric Wg. We are interested in the well-posedness of the
following Lévy-driven McKean-Vlasov SDE

dXt = bt(thut) dt—"o-t(Xt—nut) dZt’ te [OvT]v
Mt = [Xt], (61)
Xo = €& € LP(Q, Fo; RY),

where 7' is a fixed finite horizon of time, [X;] denotes the distribution of X; and b : [0, 7] x RY x Pg(R%) —
R% and o : [0, 7] x R? x Ps(RY) — My4(R) are measurable maps, My(R) being the space of matrices of
size d x d on R. The first motivation to study (6.1) lies into its connexion with the following mean-field

interacting particle system

dX;N = by(XpN ) dt+ o XN EN)dzi, te[0,T), ie{l,...,N},

N
m = 2 Oy, (6.2)

where (Z°%,£Y);>1 are i.i.d. with same distribution as (Z, ). The link between (6.1) and (6.2) is that for
any k > 1, the dynamics of k particles is expected to be described by k independent copies of (6.1) when
the total number of particles N tends to infinity. This is the so-called propagation of chaos phenomenon.
It was originally studied by McKean [McK67] and then investigated by Sznitman [Szn91] when Z is a
Brownian motion. For a detailed review on the topic of propagation of chaos, we refer the reader to
[CD22a, CD22b).

We are going to work under the following Lipschitz assumptions.

Assumption (H1). There exists a constant C' > 0 such that for all ¢ € [0,7], 2,y € R? and p,v €
Ps(RY), we have

16:(, 1) = ey, V)| + low(, 1) — o1y, v)| < Cllz =yl + Wp(p, v)), (6.3)

and
bt (z, )| + |ot (@, p)| < C(1+ |z + Mp(p)),

a1
where My (1) = (faa |2/ dpu(2)) ™" for p € Py(R),

6.1.1 Well-posedness of the McKean-Vlasov SDE (6.1)

Theorem 6.1. Under Assumption (H1), there exists a unique strong solution (Xt)ejo,r) to (6.1) for
all initial datum & € LP(Q, Fo;RY). Moreover, the flow of marginal distributions (tt)tepo,m) belongs to
C0([0,T); Ps(RY)) and we have
Esup | X;|? < +o0. (6.4)
t<T
Remark 6.2. We can easily add a term of the form (Bt + XW,)>0 to Z, where B € R? ¥ € My(R)
is a symmetric positive semidefinite matrix of size d x d and W is a standard Brownian motion on R
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Using the Lévy-1t6 decomposition given in [App09, Theorem 2.4.16], we can thus consider a general Lévy

process Z having a finite moment of order 5 € [1,2].

Remark 6.3. In [Gra92a], Graham proves a theorem including our result for 5 = 1. However, the justifi-
cation of the Burkholder-Davis-Gundy (BDG) inequality used to justify the passage from (1.5) to (1.6)
is not clear. Indeed, it is the angle bracket that is used instead of the sharp bracket, which appears in the
standard BDG inequality. The argument does not seem immediate. That is why we prove it differently
in Theorem 6.1.

Let us compare our result with the existing literature. When 8 = 2, the well-posedness of (6.1) was
proved by Jourdain, Méléard and Woyczynski [JMWO07]. In this work, the weak existence is also proved
when 8 = 0 through the relative nonlinear martingale problem. However, uniqueness is not shown when
S = 0. When 5 = 1, a result similar to Theorem 6.1 is proved by Graham in [Gra92b, Theorem 2.2].
The main differences are the following. Firstly, in [Gra92b], there is no integral with respect to the
compensated Poisson random measure N in the definition of Z. Secondly, in the case where the drift b
is unbounded, it is supposed in [Gra92b] that Xy has a finite moment of order 2, which is not the case in
Theorem 6.1, and also that, keeping our notations, there exists C' > 0 such that for all ¢t € [0,7T], z € R
and p € P(R?), we have

2

|/B§ or(x, pu)zdv(z)

+ [ o) dv(z) < €O+ faf?). (65)
By

It suggests that o is bounded with respect to its measure variable, which is not the case in Theorem 6.1.

Moreover, (6.5) strongly suggests that

/ |2|? dv(z) < +oc.

By

It is the case when o = Id for example. However, this condition on v is equivalent to the fact that for
any t € R", Z; has a finite moment of order 2, which is not supposed in Theorem 6.1 since 3 € [1,2].
In the non-degenerate case, i.e. when o is uniformly elliptic, we refer to [FKM21]. In this work, Frikha,
Menozzi and Konakov prove the well-posedness of (6.1) under Holder assumptions on the coefficients
with respect to both space and measure variables. Of course, this result can be applied to Lipschitz
continuous coefficients but in Theorem 6.1, we do not assume that the diffusion coefficient o is uniformly
elliptic. Moreover, another assumption made in [FKM21] is that for all (t,z) € [0,7] x R%, the maps
p € PRY) s by(z,p) and p € P(RY) + o4(x, ) have bounded linear derivatives, where P(R?) is
the space of probability measures on R%. Note that, at least when the coefficients depend linearly on
the measure, this assumption implies the boundedness of the coefficients with respect to the measure
variable. This is not the case here.

Remark 6.4. Notice that when 5 € (0, 1), the uniqueness result of Theorem 6.1 is false without a non-
degeneracy assumption on the diffusion coefficient o. Let us give a simple counterexample by setting, for
t €1[0,7), z € R? and p € Ps(RY)

(o) i= [ ol dute), orlww) =0, and =0,

Assumption (H1) is clearly satisfied. Moreover, the solution to the corresponding McKean-Vlasov SDE
is deterministic since there is no noise and the initial distribution is deterministic. We easily remark that
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the problem is equivalent to solve the ordinary differential equation

{ (1) =ly®)?, telo,1],

It is well-known that there exists several solutions to this problem. However, under Assumption (H1),
there exists at least one strong solution to the McKean-Vlasov SDE (6.1). We refer to Appendix 6.4 for
a proof of this result.

6.1.2 Propagation of chaos for the interacting particle system (6.2)

We now focus on the propagation of chaos for the interacting particle system (6.2). Under Assumption
(H1), the SDE (6.2) admits a unique strong solution by [App09, Theorem 6.2.9]. Propagation of chaos can
be understood in the weak sense, i.e. in distribution through the convergence of the empirical measure
7™V, or in the strong sense, i.e. at the level of paths by coupling. Our aim is to prove quantitative strong
propagation of chaos. Let us introduce the i.i.d. copies of the limiting McKean-Vlasov SDE (6.1), which
are denoted by (X»°);>1, where the initial data and the noises are respectively (£%);>; and (Z%);>1. We

assume that 8 € [1,2) since the case § = 2 is treated in [JMWO07] and [NBK™20].

Theorem 6.5. Assume that Assumption (H1) holds true with Wy instead of W in the Lipschitz control
(6.3) and with o = Id. Then, there exists a constant C > 0 such that for all N > 1

1
, , NB_l, if d=1,2 or d>3andf < %,
sup E sup |XZ’N - Xyl <C ) / - P (6.6)
i<N t<T N=a, if d>3andfB> %,
and )
N37loif d=1,2 or d>3andfB < %,
sup EW1 (a1, i) < C . . = (6.7)
t€[0,T] N7a, if d>3andp > =

Remark 6.6. The method used in the proof of Theorem 6.5 cannot be applied to prove quantitative
strong propagation of chaos with a general non-constant diffusion coefficient o under Assumption (H1).

It remains, to the best of our knowledge, an open problem.

We now compare our result with the existing literature. In [Gra92a], Graham proves qualitative weak
propagation of chaos, i.e. without rate of convergence, under Lipschitz assumptions for an interacting
particle system driven by a Poisson random measure and its compensated measure. It is supposed that
the Poisson random measure is associated with a Poisson process having a finite moment of order 1
and that the set of jumps is discrete. Jourdain, Méléard and Woyczynski treat in [JMWO7] the case of
a general Lévy noise having a finite moment of order 2. The authors exhibit rates of convergence for
the strong propagation of chaos in L? under standard Lipschitz assumptions on the drift and diffusion
coefficients b and ¢ which are similar to Assumption (H1). Still in the Lipschitz framework, we mention
Neelima et al. [NBK*20], where quantitative strong propagation of chaos is proved in L?, relaxing the
assumptions of [JMWO07]. In the one-dimensional case, Frikha and Li [FL21] study a McKean-Vlasov
SDE driven by a compensated Poisson random measure with positive jumps. They give a rate of conver-
gence for the strong propagation of chaos in L' under one-sided Lipschitz assumptions on the coefficients.
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Let us now study a particular example for which we can improve the rates of convergence obtained
in Theorem 6.5. Assume that Z = (Z;)¢>0 is an a-stable process on R? with o € (1,2). Let us fix also
A, A, B € M4(R) matrices of size d x d. We are interested in the interacting particle system (6.2) and
the limiting McKean-Vlasov SDE (6.1) with

€€ L*(Q,Fo;RY), by(x,p) = Az + A’ /Rd ydu(y) and o¢(z, p) = Id.

This corresponds to a system of interacting stable-driven Ornstein-Uhlenbeck processes. Keeping the
same notations as in Theorem 6.5, we have the following quantitative propagation of chaos result.

Theorem 6.7. There exists a positive constant C' such that for all N > 1

1 1
A . In(N))aNa"t if d=1,2 or d>3ando< %,
sup Esup [ X/ — X < C ( (1 ) ¥ - -1 (6.8)
<N t<T —a, if d>3anda> 4%,
and )
1
In(N))aN="1, if d=1,2 or d>3anda< %,
sup EWl(ﬁivmut) <C ( (1 )) f o -1 (69)
te[0,7) N4, if d>3anda > d%‘ll.

6.2 Proof of Theorem 6.1

Let us fix 11 = (put)seqo.r) € C°([0,T; Pg(R?)). By using [App09, Theorem 6.2.9], we deduce that the
SDE

{ dX{ = by(X{', ) dt + on( XL, ) dZy, ¢ €[0T, (6.10)

Xb =¢ e LP(Q, Fo; RY),

admits a unique strong solution X*. Moreover, note that the coefficients of this standard SDE (¢,z) €
[0, 7] x R% = by(z, py) and (¢, ) € [0,T] x R v oy(x, j1y) are at most of linear growth with respect to
the space variable z, uniformly with respect to ¢ € [0, T|. By using Proposition 2 in Fournier [Foul3], we
get that
Esup | X#)? < 0.
t<T

The map

o { Co((0. 71 Po(RY) = C°((0, 71 Po(RY) (6:11)

o= ([X#])tE[O,T]
is thus well-defined. The goal is now to prove that ¢ has a unique fixed point thanks to the Banach fixed
point theorem. This is enough to prove the strong well-posedness of (6.1). The space C°([0, T]; Pg(R%))
is endowed with the uniform metric associated with Ws. We fix u,v € C°([0,T]; Ps(R?)) and we aim
at estimating Esup,<, | X! — X?|%, for t € [0,T]. We employ the method used by Fournier in the proof
of [Foul3, Proposition 2], which was used in the context of McKean-Vlasov SDEs by Frikha and Li in
[FL21] to prove the moment estimation (6.4). The first step is to consider the SDE (6.10) without the
big jumps term. Namely, we assume that for &1, & € LP(Q, Fo; R?), and for all ¢ € [0, 7]

t t —
Xf:§1+/0 bs(Xﬁ,,us)ds—l—/O /B os(X!, ps)z N (ds, dz), (6.12)
1
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and
t t —
th’:§2+/ bs(X;,ys)ds+// oo(XV, vg)2 N (ds, dz). (6.13)
0 0 /B

Note that by definition of ¢, & is equal to &, however in the next step of the proof, we need to take
different initial data for the SDE. Using the Lipschitz assumption on the coefficients, Jensen and the
BDG inequalities, we obtain that for a constant C' = C'r depending only on T and which can change
from line to line, we have for all ¢ € [0, T

s<t

E (sup Xt — XY | 51,§2>
2 t 2 b o
<Clla-ef+ [B(X0-XUP|&.6) ds+ [ Whuv)ds].
Gronwall’s lemma ensures that
t
E (Slilg XK — XY)? | 51@2) <COlé - &P+ C/o W5 (s, vs) ds.

It follows from Jensen’s inequality that

o[@

E (SUP|X5 - XY7 | 51,52) < (E <SUP | Xt — X2 | §1,§2>>
s<t s<t

@

< Cler— &l + 0 ([ Wi, ds)

Taking the expectation yields for all ¢ € [0, 7]

ol@

t
E (sup | X — Xg|ﬂ> < CE|& - &P+ C (/ W3 (s, vs) ds> : (6.14)
0

s<t

Let us now add the big jumps. We denote by (7},),>1 the sequence of jumping times of (Z;):>o having
a size greater than 1, and by (AZ,),>1 the associated sequence of jumps, which is an i.i.d. sequence

c

14
of random variables with common distribution V(‘g},) and independent of (7,),>1. We can write the
: >

restriction of the Poisson random measure ' on Rt x B as

> 0t Az

n>1

which is independent on the restriction of N"on R* x B1\{0}. Let us denote by G the o-algebra generated
by (T,)n>1. Notice that on the time interval [0, 77), X* and X" defined in (6.10) are respectively solutions
to (6.12) and (6.13) with & = &». Thus, using (6.14) with the conditional expectation with respect to G
instead of the expectation, we deduce that

NI

tATy
E( sup | XF — XY|P | Q) <C ( Wg(us,ys)ds> . (6.15)
0

S<tAT
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Let us now deal with the first big jump of Z, which occurs at time 77. We have

Xéfl — X%l = X;l, - X;; + (O’T1 (X;f"u’Tl) —on (X;f’ VT1)> AZl.
It follows from the Lipschitz assumption on ¢ that

X5 — X5 P < C\X’Jl— - X;l—l’g(l +[AZ ) + WS (v )| AZ P

Since AZ; is independent of G and E|AZ;|® < 400, we deduce by (6.15) that almost surely on the set
{Th <T}

[N

E(|1Xf - X417 [ 9) 1re < ©

tAT
WﬁQ (15, vs) ds
0

We thus have by the preceding inequality and (6.15)

+ Wg(:uTl y VT )] .

E (Xt — Xiur 1’ | 6)
=E <|X§f1 - X717 g) 1< +E (|Xt” - X717 g) 17>

tATY 2
<C ( WE(NSJ/S) d5>
0

+ WE(NTU v )] :

Following the same lines and using (6.14), we prove that for any n > 1

E( sup | XL - XY g)

tAT R <s<tATp41
B
2

IB t/\Tn+1 9
< C (B (X, ~ Xi ' 16) + ([ 77 Whv) ds

] , (6.16)
and

E ( sup |XE— x| g) (6.17)

tAT <s<tATp41

5 t/\Tn+1 9 2 9
<C|E (‘X;j\Tn - XtV/\Tn’ ‘ g) + /t/\T Wﬁ (s, vs) ds + Wﬁ (MTn+1>VTn+1) )

where C' is independent of n. Reasoning by induction, we deduce that for a constant C' > 1 depending
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only on T, we have

E( up |X5—X§|ﬂ|g>
AT <s<tATp41

[Nl

ntl | o ATkt o
<C Z /t Wﬁ(us,us) ds
| k=0

Ny
r B8
2

< Cn+1 1 1-8 A Tnt1 W2 d
< (n+1)72 ; 5 (s, vs) ds

by Jensen’s inequality and with the convention that Tj = 0. Thus, for a certain constant K > C, one
has for all j <n

t/\Tj SS<t/\Tj+1

B
i tAT 41 2 n
E( sup [ XE - X7 g) < K772 [(/0 WE(MS,Vs)dS> + Wg(uTk7VTk>] :

Summing the preceding inequality over j € {0,...,n}, we deduce that

E( sup \Xé‘—Xs”|5|g>

0<s<tATp+1

B
Kn+3 tAT 41 2 n
< / Wips,vs)ds |+ > W, (uz,,vr)| - (6.18)
1-K 0 P

Let us denote by (/V¢):>0 the Poisson process associated with the jumping times (7},),>1 which has an
intensity A = v(BY). One has

E(Sup IXS”—X?\B>

0<s<t
(o)
=Y E (E < sup |X* — XV|9 | g> 1Nt:n>
= 0<s<t
(o]
=E (E < sup | XL — XY)7 | Q) 1t<T1> +) E (E ( sup | X — XY | g) 1Tn§t<Tn+1>
0<s<t = 0<s<t
<E (IE ( sup | XH — X§|B | g) 1t<T1>
0<s<tATy
(o]
+ Z E (E < sup | X - XV)P ’ g) 1Tn§t<Tn+1>
— 0<s<tAThi1
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Using (6.15) and (6.18), we obtain that for any ¢ € [0, T]
E ( sup | X% — X:ﬁ>
0<s<t
b2
<C (/0 Wg (/~L37 Vs)>

© KTL+3 t/\Tn+1 n
+ Z 1— KE ([(/0 Wﬁz(um Vs) dS) + Z Wg(,UTk, VTk)] 1Tn§t<Tn+1) (619)
n=1

<C (/Dt WE(MS,VS)>§

]
o0 Kn+3 5
+21_KIF’(Nt:n ((/ Wﬁ Ms,us)ds> +E<ZWB UT,, VT, |Nt—n>).

@

NI

n=1 k=1

Let us recall that the conditional distribution of (T1,...,T),) given Ny = n admits the following density

with respect to the Lebesgue measure

n!
(tl, . e 7tn) € [O, t]n — t?lt1<"'<t"'

This yields

(p s vry) th —n> = Ot]” 1y <<ty ZWB (Hty, viy,) di .. dty

=(3w)

k=1

Injecting this equality in (6.19), we get
E ( sup | X% — XW)
0<s<t
8
K"+3 )" 2 n [t
Z ( ) (</ Wﬁ ,us,VS)d5> +t/o Wg(us,us)ds)
8
2

e ([ Wit

This proves the existence of a constant C' > 0 depending only on 7" such that for all ¢ € [0, T

(/Ot Wg(ﬂs,l/s) als)g + /Ot Wg(us, Vs) ds] . (6.20)

Note that (6.20) is true if 5 € (0, 1) since we have only used that 0 < § < 2. Changing again the constant

E(sup |X§‘—X§\ﬂ> <C
0<s<t
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C, Holder’s inequality yields for all ¢ € [0, T

B

sup W5 (9()s, (1)) < E ( sup | XY Xé’W) <c ( / t Wg<us,us>ds)2 . (6.21)

0<s<t 0<s<t

Raising the preceding inequality to the power 3 2 and reasoning by induction, we prove that for any n > 1
and for any ¢ € [0, 7]
e CF
sup WB (QS ( )Sa¢ (V)S) < ] sup W,B(Ns,Vs)
0<s<t n: o o0<s<t

which yields

@

TTL
sup WH(6" (), 6" (v),) < C™ (,) sup_ W5 (jus, vs).
0<s<T n. 0<s<T

This proves that for n large enough, ¢" is a contraction on C°([0,T]; P5(R?)). The function ¢ has thus
a unique fixed point by the Banach fixed point theorem, which concludes the proof.

6.3 Proof of Theorem 6.5 and Theorem 6.7

Proof of Theorem 6.5. To prove (6.6), we write for all ¢ € [0, T]
XZN ZOO / bt XZN,:U’s 7bt(Xsi’oo7:u’S) ds.

Using the Lipschitz assumption on b, there exists C' > 0 such that for all ¢ € [0, T

sup Esup | X5 — x50

<N r<t
t . . t

<C [ supE[XN — Xi%[ds+C / EWL (T, ) ds
0 <N

<C SupE|XZN Xzoo‘ds+c EWl(IL’LS HU’S )+EW1(MS wus)d
0 i<N

N 4
where filY := & 3 0,k is the empirical measure associated with (X*°°);>1. Using that

Xk

N
N - 1
Wl(,uév,,us N Z vaN _ X§700|
and Gronwall’s inequality, there exists C' > 0 such that for all N > 1

. . T
supEsup | )V = X} < € [ BWAGY o) . (6.22)
i<N  t<T 0

We conclude using [FG15, Theorem 1] since (X%*);> are i.i.d. and

sup sup E[X]°)® < 00
i>1 t€(0,T]
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by Gronwall’s inequality. The inequality (6.7) follows from (6.6) and [FG15] because

sup EWi(z), ) < sup EWi(), i) + sup EWi(fipY, )

te[0,7) te[0,T] te[0,7T
< sup supE|X{N — X7+ sup EWi (i), ).
tel0,T)i<N t€[0,T]

Proof of Theorem 6.7. Let us prove (6.8). As a first step, we remove the jumps of size larger than the
number of particles N from all the noises. We thus define, for i > 1 and ¢ € [0, T]

) t —.
AT ::/ / 2 N'(ds,dz),
’ 0 JBy

where N is the Poisson random measure associated with Z¢ and N7 its compensated Poisson random
measure. We define, for all ¢ € {1,..., N}, X;™° as the unique solution to

AX3 = AXJYdt+ AEXY dt+ BdZy,, t€[0,T], ie{l,...,N},

pne = [XNE (6.23)
Xio =€

For any N > 1 fixed, the random variables (Xf&oo)ig ~ are i.i.d. We proceed similarly for the particle
system by defining (X]Z\’,N)ig ~ as the unique solution to

N i N 1 X kN ; .
dXy, = AXy, dt + A5 X Xy, dt+BdZy,, t<l[0,T], i€{l,...,N},
? b k:l b )
N
=N .1 , 6.24
AN = W 2 O (6-24)
Xio =€
The first objective is to control the L'-error respectively between X}(,N and X%V and between XJ"\}OO and
X4 forall i € {1,..., N}. We write for all ¢ € [0, T

N N t N , t .
X =X = [ — e s+ B [ N ds,dz),
N

Using the fact that b is Lipschitz continuous on R? x P;(R%) and BDG’s inequality, there exists C' > 0
independent on N > 1 and ¢ € [0, 7], which can change from line to line, such that for all ¢ € [0, T]

sup E sup |X]lvj\£ - XN <cC
<N r<t ’

N
¢ N iN b1 JN iN
supE| Xy, — X7 | ds + N E E| Xy — X2 ds
0 ’ 0 ‘ ’
J=1

i<N
1
t _ 2
+supE<// |z|2NZ(ds,dz)> ]
i<N 0 J/Bg,

Using the subadditivity of the square root and the fact that the integral with respect to N is a discrete
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sum, one has for all t € [0, 7]

(/Ot/;;, |Z|2j\/i(ds>’,clz)>é - /Ot/]cv 2| N (ds, d=).

It follows that

. ,
sup Esup [ Xy, — X2V
i<N <t ’

[t . , t .
<C / sup E| X5 — X0N| ds + E/ / |z| N*(ds, dz)]
0 i<N ’ 0 JBS

[t : A t
=C /supIE|X]1\’,A;—X;’N|ds+// |z|du(z)ds]
0 i<N ’ 0 JBS

[t » : ©  dr
<C / EIXHN - xiN|g / .
= 0 18;111\)7 ‘ N,s s | s+ N r rlta

Gronwall’s inequality ensures that

sup E sup ]X}V]\tf — XN <N (6.25)
i<N t<T ’

We similarly get that for some constant C' > 0 independent of N

sup E sup |X]Z\,°7f> — X} < CN'"®, (6.26)
i<N  i<T ’

The triangle inequality, (6.25) and (6.26) yield

sup Esup | X" — X/°| < ON'™ 4 sup Esup | X5 — X% (6.27)
i<N  t<T i<N t<T ’ ’

The second term in the right hand-side of (6.27) is controlled as in the proof of Theorem 6.5. We get
that there exists C' > 0 such that for all N > 1

. . T
SupEsup |X;\7[],¥ - X}\’[?:| < C/ EWl(ﬁ%,m :uN,S) ds. (628)
i<N  <T 0

As the random variables (X4™);i<n are i.i.d. when N is fixed, we are going to use [FG15, Theorem 1]
to control EW; (ﬂ%s, pN,s) uniformly with respect to s € [0,T]. We start by controlling the moments
of X}Qw. Let us fix 8 € [1,a]. Gronwall’s inequality ensures that there exists C' > 0 such that for any
te[0,7T)
EIXyYI < ngpE\va,slﬂ-
s<t

If 8 < a and since Z admits a finite moment of order 3, it is clear that

sup sup IE|X]ZV°§

# < sup supE|Z4 | < +oc. (6.29)
N>1s<T N>1s<T '
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If 8 = a, BDG’s and Jensen’s inequalities yield
, t . 2
Bz < CB ([ [ 1PN (ds.d2)
0 JBy
[ t , 3 t ‘ 3
<C (IE/ / ]z\QNZ(ds,dz)> +E </ / \z|2/\/z(ds,dz)>
0 JB; 0 JBN\B1
[ % t . B
<C (t/ |z]2dy(z)) +E (/ / ’Z‘QNZ(dS,dZ)> (6.30)
By 0 JBN\B1
S ¢l +/ 7.1+a‘|

< Cln(

Ifd=1,d=2ord>3and a < 3%, it follows from (6.30) and [FG15] that for all N > 1

(N*§+N”1) if d=1,
sup IEWl(uNt,uNt) C(l]a(N))é (N~ > In(N +1) + Nﬁfl), if d=2,
t€[0,17]
(N"a+Nab), if d>3anda# 5%

Since a < 2 and if d > 3, we have assumed that a < d%'ll and thus é >1-— é, we deduce that for all
N>1

sup IEWl(uNS,,uNS) < C(In(N ))iNéfl. (6.31)
t€[0,T]

In the case where d > 3 and o > %, let us introduce 3 € (di ) By (6.29) with this choice of
and [FG15], for all N > 1

1
sup Wl(uNt,,uNt) <CN™ 4. (6.32)
t€[0,T]

This ends the proof of (6.8) thanks to (6.28) and (6.27) since 1 < a — 1 because in the case where
d23anda>d%d1,thenoz—12§.

For the proof of (6.9), keeping the same notations as in the proof of Theorem 6.5, we have

sup EWi (@, i) < sup supE[X;Y — X0+ sup EWL(AY, ).
t€[0,T] te[0,T] i<N te[0,T]

The first term in the right hand-side of the preceding inequality is controlled by (6.8). For the second
one, we use the following decomposition

sup EW1 (i)', ) < sup EWL(fiy, i) + sup EWL(fiN,, pive) + sup EW1(une, pue)
t€[0,T] t€[0,T] t€[0,T] t€[0,T

=0+ 1+ Is.

Using (6.25) and (6.26), we get that
I+ I3 <CN'™, (6.33)
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For I, the inequalities (6.32) and (6.31) prove that for all N > 1

1 (6.34)
N™ad, if d23anda>%.

Gathering (6.33) and (6.34) ends the proof of (6.9) as previously.

6.4 Appendix: Existence of a solution to (6.1) when € (0,1)

Let us fix f € (0,1). We have seen in Remark 6.4 that in this case, uniqueness for (6.1) fails to
be true under Assumption (H1). However, the existence of solutions to (6.1) is given in the following
proposition.

Proposition 6.8. We assume that Assumption (H1) is satisfied and that there exists 6 > 0 such that

/ ]2+ du(2) < 4.
B

i
Then, there exists a strong solution (Xi)ejo,m to (6.1) for all § € LA(Q, Fo; RY). Moreover, we have

E sup | X;|?+ < +oc0. (6.35)
t<T

Proof. The strategy relies on a compactness argument. Let us denote by Dp := D([0,T];R%) the Sko-
rokhod space, i.e. the space of cadlag R%valued functions defined on [0,T]. We endow Dp with the
Skorokhod metric d, which makes it Polish (see [Basl1, Section 34]). By definition of d, we have for any
f7 ge DT
d(f,9) < If —9lls = sup |fi — gl.
t€[0,T]

The previous inequality becomes an equality if g = 0. We also denote by Pz(Dr) the space of probability
measures 1 € P(Dr) such that

A0 du(h) = [ 1715 dn() < +ox.

Dr

It is endowed with the Wasserstein metric of order § defined, for any u,v € Pg(Dr), by

W) = it [ d(f.g)dn(f.g)
m€ll(p,v) JDrx D

where IT(p, ) denotes the set of probability measure on Dy x Dp having u and v as marginal distributions.

For any fixed ¢ € [0,T], we define the projection m; : f € Dy — f; € R%. It is a measurable function so

that if u belongs to P(Dr), we can define y; € P(R?) as the push-forward measure of y by ;. Notice

that if u € Pg(Dr), the function t € [0,T] — w; belongs to D([0,T]; Ps(R%)). Let us fix u € Pg(Dr).

Reasoning as in the proof of Proposition 6.1, the standard SDE

{ dX} = by(X}', ) dt + oo (X1 ) dZy, ¢ € [0, T, (6.36)

X} =¢e P F)
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admits a unique strong solution X* such that
Esup | X#)? < 0.
t<T
The following function is thus well-defined

5 { Ps(Dr) — Pa(Dr) (637

noo= [(Xf)te[o,T]]

The goal is to prove that ¢ has at least one fixed point using Schauder’s fixed point theorem. By the
estimation (6.20) obtained in the proof of Theorem 6.1, we have

8
2

Ws(9(1). 6(v)) < E ( sup | XY~ XZW) <c ( [ Whter) ds> . (6.39)

0<s<T

Let us show that this implies the continuity of ¢. Consider (u"), € Ps(Dr) a sequence which converges
towards p € Pg(Dr) with respect to Wg. For almost all ¢t € [0,T], the sequence (uj'), converges in
distribution to p; (see [Bil99, Section 13]). Let us fix such a t € [0,7]. We aim at proving that the
previous convergence holds true with respect to Ws. By [Vil09, Definition 6.8], it is enough to prove that

lim sup/ |z|Pdud (z) = 0.
|z[>R

R—+o00 n

But since

z|Pdul (z) = Baum
ol we@ = [P

|fe| >R

< / d(f,0)%du" (),
d(f,0)>R

4%
we conclude using that g —% . Thus, for almost all ¢ € [0,T], (u})n converges to p; with respect to
W3. Coming back to (6.38), and using the dominated convergence theorem justified since

sup [ 1 () < +oc.

7’7,21 DT

we conclude that ¢ is continuous. Following the same lines as to prove (6.20), we show that for some

constant C = Cr > 0
T 5
1+ (/ Mg(,us) ds)
0

Bri={ue Pa(Dr), [ 1 du) < R}.

Esup |X')? <C
t<T

(6.39)

Let us define, for R > 0,

This is a closed and convex subset of Pz(Dr), which is stable by ¢ for R large enough owing to (6.39)
and since 3 € (0,1). In the following, we fix R > 0 such that ¢(Bg) C Bg. It remains to prove that
®(BR) is relatively compact in Pz(Dr) to conclude that ¢ admits a fixed point by Schauder’s theorem.
Let us fix (u"), a sequence of Bg. In a first step, we prove with Aldou’s criterion (see [Bas11, Theorem
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34.8]) that ([(X#n)te[OVT]])n is tight, and thus relatively compact in P(Dy). For ¢t € [0,T] and A > 0, we
have

n ]_ n
PX!"| > 4) < LB
< £
— A,B .
This yields for all ¢ € [0, T]
lim sup P(|X/""| > A) = 0. (6.40)
A—>+OO n

Let (7,)n be a sequence of stopping times and (d,), a sequence of real numbers converging to 0. We
assume that 7, < T and 0 < 75, + 0,, < T for any n > 1. It remains to prove that for any fixed € > 0

For A > 0 which will be chosen latter, we set
T =inf {t <7, [X}"] > A}

Markov’s inequality yields

— XM >

|

P(IX7,

1 " .
5 ) S P(Th <T)+ FE(X7 15, — X7, P 1ry>7). (6.41)

Notice first that

(6.42)

Then, by the triangle inequality, we have

Tn+0n n
[ b ds
Tn

E(1X} 5, — X |P1ry>r) <E (

B
lra>r

Tn+0n " N B
E oo (X! 1)z N(ds, dz)| Lrgsr
B
Tn+5n B
=h+L+13

We now estimate I, I» and I3. Using the linear growth assumption on b, we have for a constant C' > 0
independent of n

B

(Tn+6n) ATy n
n<Ee|f C(L+ X5 + Mp(p3) ds

W AT
< Cl6,°(1 + A® + RP).
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Thanks to BDG’s and Jensen’s inequalities, we obtain that

B
L <E

B8
(T80 ATT . 3
SOE( / Ll P N s, dz) )
T B1

(Tn+0n)ATY " N
/ [ o Xt )z Nids, d2)
T B1

WATT

W AT

B
(Tn462)ATT bl
<O+ A%+ RY)E (E/ A/ 1212 du(2) ds)
T B1

W AT

< C(1+ A% + RP)|6,)%.

Since 3 < 1, the subadditivity of the map | - |# yields

oo )

(Tn+on )NTY "
sxa(/ e ;‘_,uz>|ﬁ|zrﬁfv<ds,dz>>
T B¢

W AT

(’rn—l-(sn)/\TAL
<O+ A% 1 R E/ / 1217 du(z) ds
T B¢

WATR ;

(Tn+0n)ATY n
/ o XI )z Nds, d2)
T B

WATY ¢

< C(1+ AP 4+ RP)|5,|.
Using (6.41), (6.42), and the upper-bounds obtained previously for I1, Iy and I3, we deduce that

n n R C 8
P(IXY 5, = X0 > 0) < o5+ 5 (1+ AP+ RP)(10n] + [0n]7 + 0] 2)-

Since R is fixed, we can choose A large enough and then let n tend to +o0o to obtain that (Xf:Jr 5, —
X#"),, converges in probability to 0. Thus, ([(an)te[O,T]])n is relatively compact in P(Dr). The relative

compactness in Pg(Dr) follows from the fact that

sup Esup | X¥|*H < +o0.
ueBp ST

Indeed, this is a consequence of [Foul3, Proposition 2], since for all t € [0,T], u € Bg and z € R?
b1 (, )| + |oe(, )| < C(L+ [z] + R),

and

/ 12 du(z) < +oo.

By
We have proved that ¢(Bpg) is relatively compact in Pg(Dr). Thus, Schauder’s fixed point theorem
yields the existence of a solution to (6.1). The moment estimation (6.35) directly follows from [Foul3,

Proposition 2]. O
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CHAPTER 7

ITO’S FORMULA FOR THE FLOW OF
MEASURES OF POISSON STOCHASTIC
INTEGRALS AND APPLICATIONS

This chapter corresponds to the article [Cav22al. It has been submitted for publication.

Abstract. We prove 1t6’s formula for the flow of measures associated with a jump process defined
by a drift, an integral with respect to a Poisson random measure and with respect to the associated
compensated Poisson random measure. We work in Pg(Rd), the space of probability measures on R?
having a finite moment of order 5 € (0, 2]. As an application, we exhibit the backward Kolmogorov partial
differential equation stated on [0, 7] x Pz(R?) associated with a McKean-Vlasov stochastic differential
equation driven by a Poisson random measure. It describes the dynamics of the semigroup acting on
functions defined on Pg(R?) associated with the McKean-Vlasov stochastic differential equation, under
regularity assumptions on it. Finally, we use the semigroup and the backward Kolmogorov equation to
prove new quantitative weak propagation of chaos results for a mean-field system of interacting Ornstein-
Uhlenbeck processes driven by i.i.d. a-stable processes with a € (1,2).

7.1 Introduction

Let us fix (9, F, (Fi)i>0,P) a filtered probability space satisfying the usual conditions and N a
Poisson random measure on [0,7] X R?, for some finite horizon of time 7' > 0, with intensity measure

dt ® v, where v is a Lévy measure, i.e. v({0}) =0 and
/ min(|2[2, 1) dv(z) < +oo.
Rd

We consider the jump process X = (X¢);e[o,7) with values in RY defined, for all ¢ € [0,T], by
t t . t
X, = X, +/ by ds +/ / H(s,2) Ni(ds, d2) +/ / K(s, ) N(ds,dz),  (7.1)
0 0 J{lzl<1} 0 J{l=|=1}

where N (ds,dz) = N(ds,dz) — dsdv(z) is the associated compensated Poisson random measure, b,
H, K are predictable processes and Xy is JFp-measurable. The distribution of X; is denoted by py.
The assumptions made on Xy, v, b, H and K (see Section 7.2) ensure that for all ¢ € [0,7], us be-
longs to Pg (R9), the space of probability measures having a finite moment of order /3, for some 3 € (0, 2].

In this work, we are interested in Itd’s formula for the flow of probability measures (u)icfo,77- This
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formula describes the dynamics of the map ¢ € [0,7] + u(s), for some function u : Pg(RY) — R.
It6’s formula for a flow of probability measures has been developed over the last decade to deal with
mean-field games, which were initiated independently by Caines, Huang and Malhame in [CHMOG6]
and by Lasry and Lions in [LLO7]. An important object introduced by Lions in his lectures at College
de France [Lio] is the master equation related to a mean-field game, which is a Partial Differential
Equation (PDE) stated on the space of probability measures. We refer to [Lio, Carl0, CD18a, CD18b]
for more details on mean-field games and associated master equations. As for the standard It6 formula,
[t0’s formula along a flow of probability measures allows to associate a PDE stated on the space of
probability measures to a McKean-Vlasov Stochastic Differential Equation (SDE), which is the related
master equation in this context. The well-posedness of these equations was studied for example in
[CCD15, BLPR17, CDLL19, CM17, CdRF22]. Moreover, the problem of propagation of chaos for a
mean-field interacting particle system towards the corresponding McKean-Vlasov SDE can also be
tackled using the associated PDE on the space of measures. It turns out to be an efficient tool to
prove the quantitative weak propagation of chaos of the empirical measure (7Y); of the particle system
towards the flow of marginal distributions of the solution to the McKean-Vlasov SDE (p):. More
precisely, a quantitative weak propagation result consists in finding an explicit rate of convergence with
respect to N for E|u(y) — u(pr)| and [Eu(zd) — Eu(ur)| and for u belonging to a certain class of
functions defined on the space of probability measures. This strategy was originally described in Chapter
5 of [CD18al. It was adopted for example by Chaudru de Raynal and Frikha in [CdRF22, CdRF21], by
Chassagneux, Szpruch and Tse in [CST22] and by Delarue and Tse in [DT21]. Let us also mention that
this PDE on the space of probability measures has recently been used in [JT21] to prove a central limit
theorem for interacting particle systems. Finally, [t6’s formula for a flow of measures is also a key tool
to tackle McKean-Vlasov control problems. Indeed, it induces a dynamic programming principle which
describes the value function of the problem as presented in [CD15] or in Chapter 6 of [CD18a] (see also

the references therein).

In the first part of this work, we focus on Itd’s formula for the flow of measures (p); associated with
(7.1) and for a function u : Pg(R?) — R with 8 € (0,2]. It states that if u is regular enough, we have for
all t € [0,T]

u(pt) — u(po)
_ /tE<a 2 (us)<Xs)-bs) ds
b [ E [l (X4 K52 = i) ()] dvte) s

om

+/ /|Z<1 [(SmU ps) (X + H(s,z)) — %u(us)(Xsf) — 87,%14”8)()(5,) CH(s,2)| dv(2)ds,

where %u denotes the linear (functional) derivative of u (see Definition 7.1). The precise assumptions
are given in Section 7.2 (see Theorem 7.2). In the Brownian setting, 1t6’s formula for a flow of measures
is proved for example in [BLPR17] (see Theorem 6.1) or in Section 3 of [CCD15] and Chapter 5 of
[CD18a] (see Theorem 5.99) under less restrictive assumptions. Let us also mention [dRP22, Cav21]
for some recent extensions of It6’s formula for a flow of measures in the Brownian case. Concerning

jump processes, [td’s formula has recently been extended to flows of measures generated by cadlag
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semi-martingales. It was established independently by Guo, Pham and Wei in [GPW20], who studied
McKean-Vlasov control problems with jumps and by Talbi, Touzi and Zhang in [TTZ21] who worked
on mean-field optimal stopping problems. A common point between these two works is that the jump
process considered has a finite moment of order 2. However, this framework is not adapted when
the Poisson random measure N stems from an a-stable Lévy process with a € (0,2) since it only
has finite moments of order § < «. It6’s formula given in Theorem 7.2 can be applied for these
processes since 8 € (0,2]. Another difference between this work and [GPW20] is that we do not
assume 8U%u to be uniformly bounded if § > 1. Moreover, the authors of [TTZ21] assume that for
all € Po(RY), the function su(u) is of class C? on RY, which is not the case in this paper. It is
replaced here by the ~-Holder continuity of 87,%11(“) uniformly with respect to u € Pg(Rd), where ~
is such that = — |z[1™7 € L1({|z] < 1},v). The strategy of the proof is the following. First, we localize
X = (Xy): using stopping times and we precise in Proposition 7.13 in which sense the sequence of
stopped processes (X"),, approximates X. Then, we establish It&’s formula for the flow of measures
associated with the stopped process (X}'); thanks to a standard method of time discretization. We
finally let n tend to infinity essentially by using the approximation results of Proposition 7.13. More-
over, we extend [t6’s formula for functions depending also on the time and space variables in Theorem 7.8.

Then, we consider a general Lévy-driven McKean-Vlasov SDE, which is assumed to be well-posed in
the weak sense, of the form

dXt = bt(Xt,,U,t) dt‘l‘O’t(Xt—,ut) dZt, te [O,T],
e = [Xt]a (72)
Xo=¢€ LP(Q,F),

where [X}] denotes the distribution of the random variable X;, 5 € (0,2]. The coefficients b and o are
assumed to be at most of linear growth when § > 1 or uniformly bounded when 5 < 1 and Z = (Z;); is
a Lévy process on R? having the following Lévy-Ité6 decomposition

7, = / /{z|<1} (ds, d2) +/ /{ PN, d2),

and a finite moment of order 5. Our aim is to describe the dynamics of the semigroup acting on functions
defined on Ps(RY) associated with the McKean-Vlasov SDE (7.2). For a fixed function u : Pg(R%) — R,
the action of the semigroup on wu is given by the map ¢, defined by

b { 0,7] x Pg(RY) — R 73)

(tp) — u([ X3 M),

where [X;_t’“ | denotes the distribution of the solution to (7.2) at time T starting at time 7" — ¢ from
a random variable ¢ with distribution p. As in [CD18a], we prove using It6’s formula for a flow of
measures that, under regularity assumptions on ¢y, the function (¢, ) € [0,T] x Pg(R%) = ¢ (T —t, 1)
is a classical solution to a backward Kolmogorov PDE on [0, 7] x Ps(R?%) (see Theorem 7.16).

Finally, we prove new quantitative weak propagation of chaos results, in the sense previously defined,
for a mean-field system of interacting stable Ornstein-Uhlenbeck processes defined as follows. We assume
that the driving process Z = (Z;); is an a-stable process on R? with o € (1,2) and with a non degenerate
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Lévy measure (see (7.50)). More precisely, we introduce (Z"),, an i.i.d. sequence of stable processes having
the same distribution as Z = (Z;), A, A’, B matrices of size d x d such that B is invertible and (X{)y
an i.i.d. sequence of random variables with common distribution uy € Pg(R?), for some 3 € [1, ). The
particle system is the unique solution to the following classical SDE on (RN, for N > 1

N

, , 1 , .
ax;N = AXPN dt+ AN xPNat+ Bdzl, te[0,T], i€{l,...,N},
| N et (7.4)
xoN = Xi.
We denote by X = (X¢); the solution to the corresponding McKean-Vlasov SDE
{ dX; = (AX; + A'EX,)dt + BdZ,, te[0,T), (7.5)
Xo = 5’ .

where the distribution of £ is uyg.

The propagation of chaos phenomenon was originally studied by McKean in [McK67] and later by
Sznitman in [Szn91]. It states that for any & > 1, the limiting behaviour of (X", ... X®N) when N
tends to infinity, is expected to be described by k independent copies of the McKean-Vlasov process
(7.5). It can be shown in the weak sense i.e. in distribution or in the strong sense i.e. at the level of
paths by coupling. It has been of course widely studied in the Brownian case. Let us focus on some
works dealing with propagation of chaos for mean-field systems with jumps. In [Gra92a], following
the approach of Sznitman [Szn91] in the Brownian case, Graham proves weak propagation of chaos
under Lipschitz assumptions on the coefficients for a mean-field system driven by a Poisson random
measure and its compensated measure. He works in the L' framework i.e. the Poisson random measure
is associated with a Poisson process having a finite moment of order 1. The set of jumps of the noise
is also assumed to be discrete, which is not the case for stable processes for example. In the case of a
McKean-Vlasov SDE driven by a general Lévy process having a finite moment of order 2, we refer to
Jourdain, Méléard and Woyczynski [JMWO7]. The authors prove rates of convergence for the strong
propagation of chaos in L? under standard Lipschitz assumptions on the coefficients. Moreover, it has
also been established in [NBK"20] by Neelima et al. under relaxed assumptions. We also mention
[MMW15] where Mischler, Mouhot and Wennberg exhibit conditions yielding rates of convergence for
the propagation of chaos. As an application, they study an inelastic Boltzmann collision jump process.
Finally, let us also refer to [FL21], where Frikha and Li study a one-dimensional McKean-Vlasov SDE
driven by a compensated Poisson random measure with positive jumps. They prove explicit rates of
convergence for the strong propagation of chaos in L' under one-sided Lipschitz assumptions.

Concerning our mean-field system of interacting stable Ornstein-Uhlenbeck processes (7.4), we are
interested in quantitative weak propagation of chaos. Let us denote by i}’ the empirical measure of the
particle system (7.4) and by p; the distribution of X;. We prove in Theorem 7.20 that there exists a
constant C' > 0 such that for any u : Pg(R?) — R in a certain class of regular functions described in
Theorem 7.20 and N > 1, one has

E fu(ay) — u(ur)| < CEWA (), po) + Cln(N) = N= 1, (7.6)
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where Wi is the Wasserstein metric of order 1. We also show that if pg € Pg(Rd), one has
E(u(my) — u(pr))| < CN'™. (7.7)

As a consequence of (7.7), if g € P2(R?), one has the following mean-field limit estimate

C
sup Wi ([X; "], ) < b

. 7.8
t€[0,7) - No-l (7:8)

Of course, the rate of convergence is better at the level of semigroup i.e. in (7.7) than in (7.6). Notice
that if we formally take ov = 2, which corresponds to the Brownian case treated in [CdRF22, CdRF21],
we recover the same rates of convergence, up to the factor In(N) in (7.6), as in Theorem 3.6 of [CARF21],
even though the drift is unbounded here. In dimension d = 1, we recover with (7.6) the same rate of
convergence proved in [FL21], for the strong propagation of chaos in L!, since EW; (ﬁév i) < CN R
by [FG15]. Notice that if 9 belongs to P2(R), then using [FG15], we have a better rate of propagation
of chaos since (7.6) becomes
E|u(@) — u(ur)| < € m(N)z N&L.

In [Cav23], quantitative strong propagation of chaos is proved for (7.4). We refer to Remark 7.22 for a
precise comparison of the rates of convergence. In particular, the estimate (7.8) is better than the one
that can be deduced from [Cav23, Theorem 3.

The method that we use relies on regularity properties and estimates on the solution to the backward
Kolmogorov PDE ¢, defined in (7.3) (see Proposition 7.24). This strategy was originally described in
Chapter 5 of [CD18a] (pages 506 — 508), inspired by [CDLL19] and [MMW15], and was employed for
example in [CST22, DT21, CdRF21], as mentioned above. Let us describe the main ideas. We begin by
computing the time derivative of the map t € [0,T) + ¢, (T — t,7i)) by applying the standard Itd’s
formula for the empirical projection (¢, z1,...,2x) € [0,T7] x (RN = ¢, (T —t, A 5wk) and for
the particle system. Noting that the map t € [0,T] — ¢, (T — t,ut) is constant, we naturally expect
that the time derivative previously computed tends to 0 as N converges to infinity. This convergence is
shown with an explicit rate of convergence using the PDE satisfied by ¢, and some estimates on ¢,,.
Finally, we express u(fiy ) — u(ur) = ¢u(0, 7)) — ¢u(0, 1) as the sum of ¢, (T, 7)) — ¢u(T, po) plus a
remainder term related to the time derivative previously estimated. Since the initial data are i.i.d., the
first term is controlled by standard estimates, for example those in [FG15].

An important difference between the jump case in comparison with the Brownian case is that
the Kolmogorov PDE satisfied by ¢, does not directly appear when we apply It&’s formula for the
empirical projection of ¢, and for the particle system. In order to use the backward Kolmogorov PDE,
we thus have to control the corresponding error term. To do this and because of the unboundedness
of the drift, we need to remove the big jumps of the driving processes in a first step. The key
point is to consider the solutions to (7.4) and (7.5) driven by truncated noises for which we remove
the jumps bigger than the number of particles N. We need to perform this truncation procedure
to control the error term mentioned above. This is essentially because the moment of order 2 of
the Lévy measure v appears in our computations due to the unboundedness of the drift. We refer to
Remark 7.23 for more details. The presence of the factor In(N) in (7.6) comes from this preliminary step.
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Let us eventually emphasize that this mean-field system of interacting Ornstein-Uhlenbeck processes
is a first application. We aim at showing that this method, already used in the Brownian setting, and
leading to quantitative weak propagation of chaos results, can be generalized in the context of jump
processes. Our next goal is to follow the same strategy to establish quantitative weak propagation of
chaos results for a general class of Lévy-driven McKean-Vlasov SDEs, under mild regularity assumptions
on the coefficients, as done in [CARF21].

The paper is organized as follows. In Section 7.2, we state and prove It6’s formula in Theorem
7.2 and Theorem 7.8 for the flow of measure of Poisson stochastic integrals. In Section 7.3, and more
precisely in Theorem 7.16, we use our Itd’s formula to derive the backward Kolmogorov PDE on the
space of measures describing the dynamics of the semigroup associated with a general Lévy-driven
McKean-Vlasov SDE. Then, in Section 7.4, we study the mean-field system of interacting stable
Ornstein-Uhlenbeck processes and we prove in Theorem 7.20 quantitative weak propagation of chaos.
Appendix 7.5 is devoted to the proof of moment estimates, which are uniform with respect to the
truncation of the big jumps, on the density and its derivatives of a stable Ornstein-Uhlenbeck process.
Finally, in Appendix 7.6, we prove the regularity properties and the controls required in Section 7.4
on the solution to the backward Kolmogorov PDE associated with (7.5) driven by the truncated stable

process mentioned above.
Let us finally introduce some notations used several times in the article.

Notations

- Ps(RY) denotes the set of probability measures u on R? such that [z4 |z|® du(z) < +o00, for 8 > 0.
It is equipped with the Wasserstein metric of order § denoted by W3, which makes it complete.
Denoting by II(u,v) the set of couplings between two probability measures p,v € Pg(R?), the
metric Wy is defined by

min(%,l)
_ . 1B
Wiluv) = _int (/R el dw(m,w) |

S TARE SN, 8z, denotes the empirical measure, for & = (z1,...,zy) € (RH)V.

- 2,:=(0,...,2,...,0) € (RHN for z € RY, where z appears in the k-th position.

- B, is the open ball in R? centered at 0 and of radius  for the euclidean norm.

- B¢ denotes the complementary of B;.

- 14 denotes the indicator function of some measurable set A.

- p is the conjugate exponent of p € [1, oo] defined by % + 1% =1.

- a A b denotes the minimum between a and b.

- a Vb denotes the maximum between a and b.

- (' is a generic constant that may depend only on the fixed parameters of the problem and which

may change from line to line.
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7.2 It0’s formula for the flow of measures of Poisson stochastic inte-
grals
7.2.1 Assumptions and It6’s formula for a flow of measures

Let v be a Lévy measure on R?, i.e. v({0}) = 0 and
/ 12> Aldv(z) < +oo.
Rd

We introduce a (Fy)se(o,7)-Poisson random measure N on [0, 7] x R\ {0} with intensity measure dt ® v,
and we denote by N (ds, dz) := N (ds, dz)—ds dv(z) the compensated Poisson random measure associated

with V. Let us define the jump process X = (X¢);c(0,7] by
Vi € [0,7], X _X0+/ b ds+/ H(s, z) Ni(ds, d2) +/ K(s,2)N(ds,dz), (79
By

where b : [0,T] x Q — R% H : [0,T] x By x Q — R and K : [0,T] x B x Q — R are predictable
processes. The distribution of X; is denoted by p.

Let us fix our assumptions on (X;); in order to establish It&’s formula for the flow (p);. We assume
that there exists two constants 5 € (0,2] and v € [0,1] such that 8 < 1+ ~ and satisfying the following

properties.

(M) The random variable X belongs to L?(2, Fy; R?) and we have

T
IE/ b5V ds < 4-00. (7.10)
0

(J1) There exists a predictable process (Hy) selo,7] Which is assumed to be almost surely locally
bounded and to satisfy

~ T ~
a.s.Vs € [0,T], Vz € By, |H(s, 2)| < |H||2|, and 1[«:/ / (| EL||2) " du(z) ds < +o0. (T.11)
0 B1

(J2) We have
T
SZﬁl/Z S Q. .
E [ /f|K<,>rd<>d<+ (7.12)

Definition 7.1 (Linear derivative). A function u : Pg(RY) — R is said to have a linear derivative if
there exists a function %u € CO(’P[g(Rd) x R%; R) satisfying the following properties.

1. For all compact subset K C Pg(R?), there exists a constant Cic > 0 such that

< Ox(1+[0]).

)
Vi e K, Yo € RY, %u(,u)(v)

2. For all u,v € Ps(RY), we have

/ /R —u(tp+ (1 =t)v)(v) d(p —v)(v) dt.

aom
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We now state It6’s formula along the flow of measures (1it):c[0,77-

Theorem 7.2 (Ito’s formula). Suppose that Assumptions (M), (J1), and (J2) are satisfied. Let u :

Ps(RY) — R be a function having a linear derivative %

u which satisfies the following properties.
1. For any pu € Pg(RY), the function %u(,u) € CY(R%:R) and &,%u is continuous on Pg(RY) x R4
2. If v > 0, for any compact K C Ps(R?), there exists Cxc > 0 such that
0 2l
Oy —u(p) (@) — Ovz—u(p)(y)| < Cxlz —y|".

om om

Yu ek, Ve,y € R,

3. For any compact K C Pg(R?), we have

5 B
sup [ o, ()| du(w) < oo, if 5> 1,
nek JRA om
sup sup |9y~ u(p)(v)| < 400, FH <1,
veRE pek m

where 3 is the conjugate exponent of 8 when B > 1. Then, we have for all t € [0,T]

u(pe) — ulpo)
_ /t]E <3 55 w(jis)(X,) - b8> ds (7.13)

<[ e | ) (X + K(s.2)) — 2 u(u)(X,0)| dv(z) ds
] B[ (X 4 H2) — Sl (Xe) - 0l () - H(s,2)| () s

Remark 7.3. Assumption (3) is implied by the following stronger assumption: for all compact K C
Ps(R?), there exists Cic > 0 such that

Yo € RY, sup < Cx(1+ v 1551).

peKX

(1) (v)

Yom

When 8 > 1, it follows from the fact that 5'(8 — 1) = 3.

We specify in the three following corollaries the particular case where the Poisson random measure
is associated with an a-stable Lévy process Z = (Z;); with a € (0,2). Consider o : [0,T] x Q — R4 a
predictable process such that

T
IE/ los|'T7 ds < +oo,
0

for some v € [0,1] which will be specified. Fix also Xy and b satisfying Assumption (M) for some
B <1+ ~. In this example, the process X considered is defined, for all t € [0, 7], by

t t
Xi=Xo+ [ bods+ [ odz.
0 0
Corollary 7.4 (Sub-critical case). Assume that o € (1,2), 8 € (1,) and vy € (a—1,1]. Then, the process

X = (Xy)¢ satisfies Assumptions (M), (J1) and (J2) with K (s,2) = H(s,z) = 0sz. Letu: Pg(R%) — R

be a function having a linear derivative %u which satisfies the following properties.
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1. For any p € Ps(RY), the function %u(,u) € CY(R%:R) and &,%u is continuous on Pg(R?) x R4

2. For any compact K C Pg(R?), there exists Cxc > 0 such that

0 pu()() = Oy 1)) < Cila ="

Yuek,v RY
/’Le 9 w?ye ) 5m 5m

3. For any compact K C Pg(R?), we have

5 s
—u(p)(v)|  du(v) < +oo.

Do om

sup /
nek JRe

Then, Ité’s formula (7.13) holds true for X and u.

Corollary 7.5 (Super-critical case). Assume that o € (0,1), 8 € (0,«) and v = 0. Then, the process

X = (Xy): satisfies Assumptions (M), (J1) and (J2) with K (s,z) = H(s,z) = 0sz. Letu: Pg(R?) — R

be a function having a linear derivative %u which satisfies the following properties.

1. For any p € Ps(RY), the function 2-u(u) € CH(R%GR) and Oy5>-u is continuous on Pg(RY) x R
2. For any compact K C Pg(R?), we have

J
Yo € RY, sup sup &,%u(u)(v) < 400.

veERT pe

Then, Ité’s formula (7.13) holds true for X and u.

Corollary 7.6 (Critical case). Assume that o =1, 8 € (0,1) and~y € (0,1]. Then, the process X = (X¢):
satisfies Assumptions (M), (J1) and (J2) with K(s,2z) = H(s,z) = osz. Let u : Pg(R?) — R be a

function having a linear derivative %u which satisfies the following properties.

1. For any p € Pg(RY), the function 5%”(#) € CY(R%R) and 8v5imu is continuous on Ps(RY) x R4
2. For any compact K C Pg(R?), there exists Cxc > 0 such that
J

0 gli) (&) — Oy ~u(i)(v)| < Ol — ol

Yue kK, Ve, y € R,

3. For any compact K C Pg(R?), we have

< +00.

002 u(y1)(v)

m

Vo € R?, sup sup
veERT pe

Then, Ité’s formula (7.13) holds true for X and u.

Let us give an example of a function u which satisfies the assumptions of the three preceding corol-
laries. We take d = 1 to simplify the computations.

Ezample 7.7. Let 8 € (0,2). For € > 0, consider a function y. of class C2 on R such that

- Vo € R, x.(x) € [0,1],

- Xe is equal to 1 on [—2¢,2¢]¢ and to 0 on [—¢,¢].
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Define the function u by

Vi € Po(R), u() = [ lafx(x) dula).
Then, u satisfies the assumptions of Corollaries 7.4, 7.5 and 7.6 with v = 1.

Proof. An easy computation shows that u has a linear derivative given, for all u € P3(R) and v € R, by

2 () (v) = ol xe(o),

which is clearly of class C2. Moreover, one has for all 4 € Pg(R) and v € R

4 _
Vi € Py(R), Yo € B, 0y u(yn)(v) = Bsen(v)lol xo(v) + ol X (v).
Thus, the condition in Remark 7.3 is satisfied, i.e. for all © € Pg(R) and v € R

J

v —u(p)(v)| < C(1+ 07 1g21).

Moreover, we have for all © € Pg(R) and v € R

327@“(#)(@) = B(8 — Dsgn(v) o]’ *xe(v) + [v]”xZ (v) + 28sgn(v)[v]”~ ' xL(v).

The right-hand side term is clearly bounded on R, and thus Assumption (2) in Theorem 7.2 is satisfied
with v = 1 by the mean value theorem. O

We now extend I[t6’s formula in the case where the function u depends also on the time and space
variables. Let us introduce M another Poisson random measure on [0, 7] x R?\{0} with Lévy measure
7. Then we define, for ¢ € [0, T

t ¢ . t
Y, ::Yo—l—/ /isds—k/ I(s,z)/\/l(ds,dz)+/ / J(s,z) M(ds,dz),
0 0 /B 0 /B¢

where Yj is Fyo-measurable, x, I and J are predictable processes with

T T
/ 4 ds +/ / (s, 2)|"*F + [I(s, 2)[2 dm(2) ds < +00  as.
0 0 By
for some I' € (0, 1].

Theorem 7.8 (Extension of Itd’s formula). Instead of (7.10), (7.11) and (7.12) in Assumptions (M),
(J1) and (J2), we assume that

EIXo|" + Esup|b ™! + [ Esup|K(t ) du(z)+ [ Esup(Hill)™ du(z) < o0, (7.14)
t<T B¢ t<T By t<T

with B < 14 . Moreover, we assume that for all t € [0,T] and z € RY, K(-,2) and H(-,z) are almost

surely continuous at t.
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Let u:[0,T] x R% x Pﬁ(Rd) — R be a continuous function satisfying the following properties.

1. For any p € Ps(RY), z € R u(-, 2, 1) is continuously differentiable and Oyu is continuous on
0, 7] x RY x Pg(RY). Moreover for any t € [0,T], n € Ps(RY), ult,-, ) is of class C* on RY with
Oyu continuous on [0, T] x R? x Pg(R?) and such that dyu(t, -, p) is T-Hélder continuous uniformly
with respect to t € [0,T] and u € Ps(RY).

2. For anyt € [0,T), x € RY, the function u(t,z,-) admits a linear derivative %u(t, x,-)(-) such that
%u is continuous on [0,T] x RY x Pg(RY) x R and for all compact K C RY x Pg(RY), there exists
Cx > 0 such that

1)
vt € [0,T], ¥(x, p) € K, Yo € RY, |=—ult,z, u)(v)| < Ce(1+ [v]).

Moreover, we assume that for anyt € [0,T], z € RY, p € Pﬁ(Rd) u(t,xz, p) is differentiable and
that &,5 u is continuous on [0,T] x R? x Pz(R?) x RY.

3. If v > 0, for any compact KK C R? x Pﬁ(Rd), there exists Cic > 0 such that

) Fm

)
vt €10,T), V(z, 1) € K, Vu,0" € R?, |9, u(t,z, p)(v) — Bv%u(t, z, 1) (V)| < Cxlv — |7,

9
om

4. For any compact K C R? x Pg(R?), we have

5/

J
Ovs —ult,x, p)(v)]  du(v) <+oo, if f>1,

6
(%%u(t, xZ, :u) (U)

sup sup /
t€[0,7] (z,u)ek /R

sup sup sup
t€[0,T] veR? (z,u)EL

<400, fp<L1.

Then, the function (t,z) € [0, T]xR% — wu(t, x, ps) is of class C*, with dyu(t, -, i) T-Hélder continuous

uniformly with respect to t. Moreover, we have almost surely for all t € [0,T]

t }/;ﬁnu't) —’LL(O %7/1/0

—/ Dru(s, Y, 1) ds+/ ( (5, Yo 1) (Xs) - b) ds
b s Yoo (Ko + (s, 2) = (e Yoo ) (5, ) s
] B[l Vo) (Ko 4 H(s,2) — (s Vi) (5, )
(s Yo p) (X, ) (s, 2)] o) s (115)
+ [ ot Vo) wads+ [ 5 i (5 2) ) Ve ) M, )
[ Yo T2 ) = Yo ) M (s, 02

t
[l Yo 4 12000 = uls, Y ) = Dpuls, Vo) - 1(s.2) dm(2) ds,
0 JB;

where (Q, F,P) is an independent copy of (Q, F,P) and (b,H,K,X) is a copy of (b, H, K, X).

Before proving Itd’s formulas of Theorem 7.2 and Theorem 7.8, we gather in the next section some
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useful properties of the process X and on its flow of marginal distributions (u;);. We also introduce the

localization of X that is at the core of our proof.

7.2.2 Preliminary study of the process and localization

We introduce the driving Lévy process Y defined, for ¢ € [0,T7], by

Y; = /Ot /Blz./V(ds,dz)—i—/ot/fzj\/(ds,dz). (7.16)

The jumping times of Y associated with jumps of size greater than 1 are denoted by (Tn)n and the
associated jumps (Z,), are defined, for all n > 1, by

Zy = 0Y5 =Yg — Yy

The sequence (T, 41 —1},)p is i.i.d. with common distribution exponential of parameter v(BY) and (Z,),
is independent of (T,),, with common distribution ( ) We can write, for ¢ € [0, 7]

t o Nt
/ / N(ds,dz) = Zoly o, =Y Zn,
0 1 n=1 " n=1

[e.e]

where N; := Z 1y < is the associated Poisson process. Let us begin with the continuity of the flow
k=1

(hut)e

Proposition 7.9. There exists a constant C' > 0 such that for all stopping time T and for all 0 < s <
t <T, one has

IEi)(t/\’r - Xs/\Tiﬁ

(E/st\buw\/ldu)ﬁﬁ (//131 (r, 2)|" T du(2) d?“)+ +E// T‘Z|Bdl/()d].

(7.17)

Thus, the map t € [0,T] — u; € Pg(Rd) is continuous. Moreover, we have the following moment estimate

Esup | X < 4o0. (7.18)
t<T

Proof. For the drift term, we work in L?V1(Q). In fact, Jensen’s inequality ensures that

tAT
/ bu du
SAT

Then, a discussion on the relative position of 7 with respect to s and ¢ yields

BVl

tAT
E < CIE/ bV .
SAT

tAT Bv1

t
E by du gCi«:/ by |PVY du.

SAT

The compensated Poisson integral is treated in L'*7(Q) since 8 < 1 + ~. The Burkholder-Davis-Gundy
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(BDG) inequality together with the fact that 1+~ < 2 imply that

tAT N SAT N 1+~
H(r,z) N(dr,dz) — / H(r,z) N(dr,dz)
B 0 B
tAT H—TW

<CE ( / / H (r, 2) 2N (dr, dz)) (7.19)

sAT JBj

m

—ce( Y HGvP

SATr<tAT
<CE Y |H(rdY,) (7.20)

SATLIr<tAT

tAT
— 1+~
C’E/ /131 |H (r,2)|" ™ N (dr, dz)
tAT
—C’IE/A /B |H (r, 2)|"7 dv(z) dr

gma// \H (r, 2)|" du(z) dr
s JB;

Finally, for the Poisson integral, we work in L?(Q) and we begin with the case 3 < 1. In this case, the
same computations as done for the compensated Poisson random integral yield

B B

n) ]‘s/\T<Tn§t/\T

tAT
/ K (r, z) N(dr, dz)

ns

< CE/:/C K (r, 2)|° du(z) dr. (7.21)

Let us now deal with the case f € (1,2]. Writing artificially the Poisson integral as a compensated

Poisson integral and using BDG’s and Jensen’s inequalities, we deduce that

tAT

K(r,z) N(dr, dz)

c

tAT B tAT B
<C E/ BCK(T ,2) N (dr, dz) —|—IE/ K(r 2)dv(z)dr ]

<C E/MT/ K(r,2)> N (dr,dz) —HE/MT/C (r, 2)|P dv(z)d ] (7.22)
<C E/MT/ (r, 2)|° N(dr, dz) +E/t/\T/c|K(r,z)|5dy(z)d7"]

tAr '
< CIE/ / K (r, 2)[% dv(2) dr

< CIE/S /f K (r, 2)[ dv(2) dr

We have thus proved that (7.17) holds true. From this, we deduce that the map t € [0, 7] — p; € Ps(R?)
is continuous using the dominated convergence theorem and Assumptions (M), (J1) and (J2).
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For the moment estimate (7.18), Jensen’s inequality ensures that

t
/ bs ds
0

The upper-bound is finite owing to Assumption (M). For the compensated Poisson integral, we work in
L*7(Q) since 8 < 1 + 7. Reasoning as in (7.19), it follows from BDG’s inequality that

BV1

sup

T
< C’E/ 1PV ds.
t<T 0

14y

14y T 2
<CE (/0 /31 |H(s,z)|2/\/(ds,dz)>

T
< C’E/ / |H(s,2)|"" dv(z) ds
0o /B

which is finite thanks to Assumption (J1). Finally, for the Poisson integral, we have

<E</ / K (s, 2)| N (ds, dz))ﬁ.

Reasoning as in (7.21) if 8 < 1 and as in (7.22) if § > 1, one deduces that

/Ot/fK(s,z)J\/(ds,dz) g SCE/()T/f’K(S’z)‘ﬁdV(Z)dS

The upper-bound is finite by Assumption (J2).

E sup
t<T

/t H (s, 2) N (ds, dz)
B1

E sup
t<T

/ K(s,z)N(ds,dz)
BC

E sup
t<T

We now introduce the localization of process X.

Definition 7.10 (Localized process and approximate flow). Let us introduce the sequence of localizing
stopping times (7},), defined, for all n > 1, by

Ty, :=inf{t € [0,T], |X¢;| >n or |Hy|>n}AT,

where H was introduced in Assumption (J2). Then, we define the localized process X™ and its flow of
marginal distributions, for all ¢ € [0, 7], by

X{ = Xinr, and puf = [X7]. (7.23)

Remark 7.11. Since X is a cadlag process and H is almost surely locally bounded, it is immediate that
almost surely T,, = T, for n bigger than some random constant.

Let us start with the continuity of the sequence of approximate flows (u"), and a uniform moment

estimate as in Proposition 7.9.

Proposition 7.12. We have
supE[X] — X"|° — 0, (7.24)
n s—t

which yields the continuity of the map t € [0,T] — uy € Pg(]Rd) for all n > 1. Moreover, the following
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uniform moment estimate holds true

Esupsup | X!'|® < +oc. (7.25)
n>1¢<T
Proof. Tt follows immediately from Proposition 7.9. O

We can now state the main approximation result that we will use to prove Theorem 7.2.

Proposition 7.13 (Approximation). We have almost surely

sup | X} — Xi| — 0.
t<T n—-+o0o

P (R
Moreover, for all t € [0,T], u} o (&) Lt

Proof. The first point is a direct consequence of the fact that 7,, = T a.s. for n large enough (see
Remark 7.11). For the convergence in Ps(R?), we show that E| X} — X;|® — 0, for any ¢ € [0, T]. This
is a consequence of the first point and of the dominated convergence theorem by (7.25). O

We end this preliminary section with a compactness result on the sequence of approximate flows
(1" )

Proposition 7.14. The set {u!, n > 1,t € [0,T]} is relatively compact in Pg(RY).

Proof.  Let (ug))r be a subsequence of {ui, n > 1, ¢ € [0,T]}. Up to extracting a subsequence, we
can assume that sy — s € [0,7]. If there exists ko such that ny = ny, for infinitely many & > 1. The

continuity of t € [0,T] — u: " allows to conclude that along this subsequence

PB(Rd) ng,
N?: > s O

Otherwise, we can assume that ny — +o0o. The triangle inequality yields
Wl pis) < sup Walpiy, 1) + Wa (™ ps)-
nz

The first term of the right-hand side of the preceding inequality converges to 0 owing to Proposition
7.12, as well as the second one by Proposition 7.13. O

7.2.3 Proof of Theorem 7.2 and Theorem 7.8

Proof of Theorem 7.2. In 1td’s formula (7.13), there are three types of integrals: the drift term, the
small jumps term coming from the compensated Poisson integral and the big jumps term stemming
from the Poisson integral. They will be always treated separately in the proof. Let us fix t € (0,7] and

prove It6’s formula at time ¢.

Step 1: All the terms in Itd’s formula (7.13) are well-defined.
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If 8 > 1, the drift term is well-defined since Hélder’s inequality implies that

T T /B T 3 /8
/ E ds < (E/ |bs|” ds) (E/ ds> .
0 0 0

The right-hand side term is finite thanks to Assumption (M) and Assumption (3) in Theorem 7.2 since

J

Oy =—u(ps)(Xs)

1)
Op—u(ps)(Xs) - bs sm

om

(14¢)eejo, is compact in Ps(RY) by Proposition 7.9. If 3 < 1, Assumption (3) in Theorem 7.2 ensures
that there exists C' > 0 such that

T
| E
0

which is finite thanks to Assumption (M). We consider now the big jumps term in (7.13). The growth

]

T
2 . <
Ous—u(js)(X,) by | ds _C’E/O by ds,

condition in the definition of the linear derivative (see Definition 7.1) and Assumption (J2) ensure that
J 4] P P
E|—u(pus)(Xe- + K(s,2)) — —u(ps)(Xe=)| < C | 14+ Esup | Xs|” + |K(s,2)|]” | .
om om s<T

The right-hand side term belongs to L!([0,7T] x Bf,ds ® v) because of the moment estimate (7.18) in
Proposition 7.9 and Assumption (J2). We finally focus on the small jumps term. Note that if v = 0 and
since we have assumed that 5 < v+ 1, then 5 < 1 and Assumption (3) in Theorem 7.2 ensures that for
all compact K C Pg(R?), there exists Cx > 0 such that for all v € R, we have

< Ck.

O () (w)

om

8

sup
peK

Thus, the mean value theorem yields for all s € [0,7] and for all z € By

5

D) (X H(s,2)) ~ () (X,) — H(s,2) - 0o puu)(Xo)| < OlH(s,2)] (7.26)

om om

= C|H(s,2)|*™.
If v > 0, then (7.26) holds true. Indeed, it follows from Taylor’s formula and Assumption (2) in Theorem
7.2 that for all s € [0,T] and z € By
’5
om
= [} [oesm e (Ko 4 785, 20) = D) ()| - H s, 2)
= 0 v(smu Hs s— T TS, 2 U(Smu Hs s~ s, z)ar

< C|H(s,z)|1+7.

() (X + H(s,2)) = 5-uln) (X, ) = H(s,2)- 005 u(n) (X, )|

—u U
om m

(7.27)

Assumption (J1) allows us to conclude that the small jumps term is well-defined in both cases.

Step 2: It6’s formula for p".

We fix n > 1 and we aim at proving [td’s formula (7.13) for the localized process X™ defined, for all
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t €[0,T], by X} = Xyat,- For m > 1, we define the following subdivision of [0, ¢] by
Wk € {0, m}, = oy
PICIENCIEY 9 k o« m .

We will omit the index m in the sequel and denote by (tx); this subdivision. By definition of the linear

derivative, one has for all k € {0,...,m}

i) ) = [ B (S u(MKE) — puMDOE) ) (729

where MF := T, T (1 — )i, , omitting again the dependence in n and m. Let us denote by F' the
function %U(Mf) Note that F is of class C! et VF is y-Hélder continuous. We can apply the standard
It6 formula for F and X™ by Assumption (J1), which yields almost surely for all ¢ € [0, T]

tATy,
F(XP) = F(XD) + / VF(X™) - by ds
0

tA\Ty
+ /0 / : [F(X3- + K(s,2)) — F(X;1)] N(ds, dz) (7.29)

sl

tATh 7
+/0 /1 [F(X;- + H(s,2)) = F(X)] N(ds, dz)
[F(

tA\Th
'
0

X +H(s,2z)) — F(X“)—H(s,z)- VF(X")] dv(z) ds.

T

1

Now, we aim at taking the expectation in the previous formula. The compensated Poisson integral

is centered. Indeed by definition of T},, we have almost surely for all s € [0,¢ A T},) and for all z € B;
X2 |+ [H(s,2)| < 2.

Thus, the mean value theorem ensures that for some constant C,, > 0 depending only on n and F, we
have almost surely for all s € [0,t A T},) and for all z € By

[F(XT + H(s,2)) - F(XI)2 < Cal H(s, 2)P"

Thus, by definition of 7}, and by Assumption (J1), one has almost surely for all s € [0,¢ A T},) and for
all z € By
|F(X™ + H(s,2)) — F(X™)]* < n?Cpz|?.

From this inequality, we deduce that
AT, )
E/ / \F(XT 4 H(s,2)) — F(X™)]? du(z) ds < +oc.
0 Bi
It follows that the compensated Poisson integral in (7.29) is a true centered martingale. For the Poisson

integral in (7.29), we use the growth property of F' coming from the definition of the linear derivative.
It yields

|[F(X™ + K(s,2)) - F(X™)| < C <1 + sup | X, % + |K(s,z)yﬁ> .
s<T
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Thus, Assumption (J2) and the moment estimate (7.18) in Proposition 7.9 prove that
ATy,
IE/ / IF(X™ 4+ K(s,2)) — F(X™ )| dv(z) ds < +oc.
1
This yields
AT,
E / / [F(X™ + K(s,2)) — F(X™ )] N(ds, dz)
0 i
ATy,
_E / / [F(XT + K(s,2)) — F(X™)] dv(z) ds.
0 i

Taking the expectation in the other term of It6’s formula (7.29) can be done arguing as in Step 1. It

follows that

ATy,
EF(XP) = EF(XZ) +E / 0,F(X™) - by ds (7.30)
0
ATy,
+ IE/ / [F(XT + K(s,2)) — F(X™)] dv(z)ds
O C
Ny p
+E / / [F(X™ + H(s, 2)) — F(X™) — H(s, 2) - ,F(X")] dv(z)ds.
0 B
Recall that F is equal to %U(Mf) Thus, by using (7.28) and (7.30), one has
u(/"bt —u IU’O Z /‘I’tk+1 iu“tk) (731)
k=
=5+ I+ I3,

where

m—1 1 tk+1/\Tn 5
I = / IE/ Oy ——u(MF)(X™) - by ds dr,
0 t m

k=0 kATn 1)
m—1 .1 tr1/ATh 5 i 5 )
SV / MO+ K (s,2) = 2| do() dsdr
k=0 k n
I m—1 1E te1/ATh 5 Mk X . 5 Mk .
= o n + j n_
’ k:O/O t AT / {&nu( ) (s,2)) — 5mu( )(X™)

CH(s, 2)- 6U(;:nu(Mf)(X§_)] dv(z) ds dr.

Our goal is now to let m tend to infinity in (7.31). For the small jumps term I3, it can be rewritten

as
tATn 5
I _/ IE/ / { WM/ (X 4 H (s, 2)) — ——u(MIm/Hy(X™)
B om
J
—H(s,z) - 8U%u(MTLmS/tJ)(X;l_) dv(z) dsdr,
where |-] is the integer part function and since |ms/t| is equal to k if and only if s € [t txy1). The
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continuity of the flow s € [0, 7] — u? € Ps(R?) ensures that for all r € [0,1] and s € [0, ]

Mi_mS/tJ — M?v

m——+o0
for the Wasserstein metric Wg. The continuity of 5 - and Dy 5, U on Pﬁ(Rd) x R? implies that

]

)
v |ms/t| n v |ms/t] ny _ . v |ms/t| n
(M) (X 4 H (s, 2)) = < u(MES) (X) = H(s,2) - Oy —u(ME™/0) (X 1)

J
m
o )X+ H(s,2) — 5ol (X) — H(s, 2) - sl (XL ),
m—+oo om0V S ’ dm TS ’ Yom TENTS
Note that the set {vp? + (1 — v)u?, s,t € [0,T], v € [0,1]} is compact in Pg(R?) thanks to Proposition
7.14. As done at the end of Step 1 in (7.26) and (7.27), Assumption (2) in Theorem 7.2 guarantees that
the integrand in I3 is bounded, up to some multiplicative constant, by |Hg|**7|z|**7. Assumption (J1)
proves that this quantity belongs to L([0,1] x [0,#] x By x Q,dr ® ds ® v ® P). Thus, the dominated

convergence theorem ensures that I3 converges, when m — 400, towards

tAT, 1) o on 5 e 5 .
E /0 /B 1 LSmu(us)(Xs +H(s,2)) = =u(uf) (X[-) = H(s,2) - avému(us)(xs)] dv(z) ds.

Using the same arguments, we get that

m——+00

L — E/ /[ X+ K (s,2)) — élu(ug)(xg)] du(2) ds.

From the growth condition in the definition of the linear derivative, we deduce that almost surely for all
s€[0,T],r€0,1],z€ B;,neN

%U(Mk)(Xn + K(s,2)) — (anu(Mf)(X;‘_)’ <C (1 + SE?’XSW + \K(s,z)]5> .

The upper-bound belongs to L'([0,1] x [0,#] x Bf x Q,dr ® ds ® v ® P) by Assumption (J2). This
justifies the use of the dominated convergence theorem, as we did for I5. Finally, I; can be handled in
the same way, the domination being an immediate consequence of the localization of the process and the
continuity of 81)%11. Letting m tend to infinity in (7.31), one has for all ¢ € [0, T

u(pi') — w(pg)
tATy
_E/ ( SN b) ds (7.32)
HE/MTn/C[ (X + K(s,2)) — (;:n () (X)) dv(z)ds
tATy
—I—E/ /31 X+ H(s,z2)) — 5(:)1 ()X )—80%10(”?)()(;3)-1{(8&) dv(z) ds
=: A; 4+ Ag + As.

Step 3: It6’s formula for X.
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Our goal is now to let n tend to infinity in It6’s formula (7.32) for the localized process. For the
left-hand side term of (7.32), we have seen in Proposition 7.13 that for all ¢t € [0, 7], when n — oo

Ps(RY)
pe = .

The continuity of u on Pg(R?) ensures that u(u}) — u(p:). For the right-hand side of (7.32), let us start
with the limit of A; when n tends to +oo. It follows from the continuity of 8,,%21 and from Proposition
7.13 that almost surely for all s <t

0 o 0
81;%“(.“5)()(5 ) - bsls<r, n_>—+>oo av%u(MS)(XS) - bs.

For p < 1, we use the dominated convergence theorem justified by Assumption (3) in Theorem 7.2
and Assumption (M). For 8 > 1, we conclude with a uniform integrability argument in the space
L'([0,t] x Q,ds ® P). Indeed, notice that b € L?([0,t] x Q,ds @ dP) and

t B’
o,

U ds < 400,
om

suplE
n>1 0

(1) (XS ) Ls<r,

thanks to Assumption (3) of Theorem 7.2 and the relative compactness of {u?, n > 1,0 <s < T} in
Ps(R?) of Proposition 7.14. Thus, the sequence ((&}%U(MQ)(X;Z) . bSlSSTn)SG[O,t]>n is uniformly inte-
grable in L(]0,t] x 2, ds ® P). This comes from the fact that if (X,), is a sequence of R%-valued random
variables bounded in L# and Y € L7, then (X, - Y),, is uniformly integrable. It is clearly bounded in
L' by Holder’s inequality. Moreover, if A is a measurable set, then we have for all n > 1

/L 1
E(| X0 - Y1a) < sup(E|Xa|”) ¥ (E(Y]714))7.
n_
The conclusion follows from the fact that Y is uniformly integrable. We have thus proved that

tos
A —» n-«:/o Ours () (X.) - by ds.

n—-+0o

We now focus on the big jumps term As. The continuity of %u and Proposition 7.13 prove that almost
surely for all s € [0,t], z € Bf

O i) (X + K (5,2)) — - uu(yis) (X, ).

iu(ug)(xg’; + K(s,2)) — iu(u;”‘)(X;i) a0 3 om

om om

The growth assumption in the definition of the linear derivative together with Assumption (J2) ensure

that for all s € [0,t], z € Bf,n € N
‘5u( X 4 K(s,2)) — () (X" )’ < (14sup| Xl + K (5, )|
5m lu’s s~ Y (Sm :u‘s s~ — SSE_])” S ) .

Using Assumption (J2) and the moment estimate (7.18), one has

t
E/ / <1+sup|X5]’8+\K(s,z)]’8> dv(z)ds < +o0.
0 /B¢ s<T
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Thus, the dominated convergence theorem yields

Ao 2 B [ 06+ K 2) = St (X ) | vl .

n—+00
Eventually, we let n tend to infinity in the small jumps term A3 thanks to the dominated convergence
theorem. For the domination, we use the relative compactness of {u2?,n > 1,0 < s < T} in Pg(Rd)
given by Proposition 7.14 and Assumption (2) in Theorem 7.2. Reasoning as in the end of Step 1 in
(7.26) and (7.27), we have almost surely, for all s € [0,¢], z € By, n > 1

X+ H(s,2) = ()X = Do) (X - H(s,2)| < ClHE (s, 2)[

om

It follows from Assumption (J1) that the dominated convergence theorem can be applied. It yields

tAT}, 5 5
Ay 7H—+>OOIE/ /Bl [ (X + H(s,2)) = = ul(ps)(Xom) = Bz —u(yss) (X,-) - Hs, 2) | d(2) ds.
We conclude the proof by taking the limit n — 400 in (7.32). O

Proof of Theorem 7.8. Tt is enough to prove that the map (¢,z) € [0,T] x R? — wu(t,z, ps) is of class
C!. Then, we conclude by applying the standard Itd’s formula for this function and for the process (Y;);
since € R? s dyu(t,x, py) is T-Holder continuous uniformly in time. Let us fix £ C R? a compact
subset, z € K, t € [0,7] and h € R such that ¢t + h € [0,T]. We have

U(t + hv x, Mt—l—h) - U(t, z, Ht) = [U(t + h’a z, ,U't—‘rh) - U(t, €, Mt—l—h)] + [U(t, z, Mt-i—h) - u(t7 x, Ht)] .
The continuity of dyu on [0, 7] x R? x Pg(R?) ensures that
1 t+h
ﬁ“(t + h, @, pegn) — ult, @, pesn) = E/t Opu(s, T, fit4n) ds
t .
}:6 atu( » Ly Mt)

Then, using 1t6’s formula of Theorem 7.2, we obtain that

u(t, @, pvn) — u(t, @, 1)

= /tHhE <8v£1u(t,x,us)(Xs) : bs> ds (7.33)
+/tt+h /BfE [(;:nu(t 2 1) (X + K(5,2)) — ——ult, , 11s)(X )} dv(z)ds
+ /tt+h /B1 E Lsfnu(t,x,us)(Xs + H(&Z))%U(tax’%)(*}cs*)

—av%u(t, x, ) (Xg-) - H(s, z)] dv(z) ds.

First, note that the function (s,t,z) € [0,T]> x K — E (&,%u(t,x,us)(Xs) . bs> is continuous. In-
deed, it easily follows from the continuity of 81)%11 and b, the fact that for all t € [0,7T], X;- = X3
almost surely, and from a uniform integrability argument. The uniform integrability of the family
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(Ov%u(t, x, ps)(Xs) - bs> (4.2 I0TI XK comes from the integrability assumption on b and from Assump-

tion (4) in Theorem 7.8. It follows from the dominated convergence theorem that the function

(s,t,z) € [0,T]? x K — E {;u(t,z,,us)(Xs— + K(s,2)) — gu(t,x,,us)(Xs—) dv(z)
B¢ m m

is continuous. Indeed, the domination is easily deduced from Assumption (2) in Theorem 7.8, the as-
sumption on K and from (7.18). Finally, the function

(s,t,x) € [0,T)? x K
St ) (X H(5,2) = 2t ) (Xy) = Ot o) (X,) - H(s,2)] ()

0
[ E
B, Lom
is also continuous using the dominated convergence theorem. Indeed by Assumption (3), we find that
almost surely for all z € K, z € By, s,t € [0,7]

St i) (X H(s,2) = st i) (X, ) = 0ot g ) (X, ) - H(s,2)

< C'sup(|Hyl[2])".
s<T
This shows that
1
E(u(tv €, /’Lt-l-h) - U(t, €, Ht))
1)
3 (Ot ) (X0 b )

B[t i) (X 4+ K (12) -t ) (%) d()

By

+ E

Dt ) (X H(1,2)) — st 2, ) (Xi-) = oot ) (X,-) - H (1 2)] do(z),
By m m m

We have thus proved that t € [0, 7] — u(t, z, 1) is differentiable with Su(t, -, 1) continuous on [0, T]x R?
and that It6’s formula (7.15) holds true.
O

7.3 Backward Kolmogorov PDE on the space of measures and empir-
ical projection

In this section, we use [t6’s formula to derive the backward Kolmogorov PDE on the space of measures

associated with a general Lévy-driven McKean-Vlasov SDE. More precisely, it describes the dynamics

of the associated semigroup acting on functions defined on the space of measures under regularity as-

sumptions on it. In the Brownian case, it has been done in Chapter 5 of [CD18a] and in [CdRF22]. Let
us introduce Z = (Z;); a Lévy process on R? which has the following Lévy-Ité6 decomposition

Zy = /Ot /Blzﬁ(ds,dz) +/Ot/fz/\/'(ds,dz), (7.34)

where N is the associated Poisson random measure with Lévy measure v. We fix our assumptions on
the Lévy process Z. We assume that there exists 8 € (0,2] and v € [0, 1] with § < 14 v and such that
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the Lévy measure v satisfies the following properties.

(J1°) We have
/ |2|77 dv(z) < +oo0. (7.35)

B1

(J2%) For all ¢t € [0,T], Z; has a finite moment of order S i.e.
/ 121 du(z) < +o0. (7.36)
By
Note that we can always take v = 1 by definition of a Lévy measure. We are interested in the following

McKean-Vlasov SDE

dX; = bt(Xt,,ut) dt—i—O't(Xt—,,ut) dZy, te€ [O,T],
e = [ X4, (7.37)
Xo=¢ e LP(Q,F),

where b : [0, 7] x R? x Pg(R?) — R? and o : [0,7] x R? x Pg(R?) — R¥*? are measurable. We make the
following assumptions on the McKean-Vlasov SDE (7.37).

(H1) There is weak existence and uniqueness for (7.37), for any initial time s € [0,T') and for any
initial distribution ug in Pg(RY).

(H2) If 8 > 1, there exists C' > 0 such that for all ¢ € [0, 7], z € R? and p € Pg(R?)

[be(z, p)| < C (1 + 2| + Mp(n)) »
|o¢(@, p)| < C, (7.38)

1
where Mg(p) = (fRd || du(w)) .
If 3 < 1, there exists C' > 0 such that for all ¢t € [0,7], z € R? and u € Ps(R%)
be(z, )| + |oe(z, p)| < C. (7.39)

(H3) The coefficients b and o are continuous on [0, 7] x R? x Pg(R?).

We refer to [Cav23] for a well-posedness result, in the strong sense, in a Lipschitz framework. Notice that
under these assumptions, an immediate adaptation of Lemma 4.1 in [FL21] ensures that (u); belongs
to CY([0, T]; Ps(R?)) and that
E sup |X/|® < +o0. (7.40)
t€[0,T

The action of the semigroup associated with (7.37) is given in the following definition.

Definition 7.15 (Semigroup). For a function u : Ps(RY) — R, the action of the semigroup associated
with the McKean-Vlasov SDE (7.37) on the map w is given by the function ¢, defined by

%:{ 0,T] x Pg(RY) — R (7.41)

(to) = u([Xg ")),
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where [X; ~b#] denotes the distribution of any solution to (7.37) at time 7T starting at time 7' — ¢ from
any random variable £ with distribution p. This makes sense by the well-posedness assumption (H1)
for (7.37).

Theorem 7.16 (Backward Kolmogorov PDE). Assume that (H1), (H2), (HS8) hold and that the
function ¢, satisfies the following properties.

1. The function ¢, belongs to C°([0,T] x Ps(R9); R), Oy, exists and is continuous on (0,T] x Pz(RY),
and 5> ¢, and 9, 52-¢, exist and are continuous on (0,T] x Pg(RY) x R

2. If v > 0, for any compact K C Pg(Rd) and a > 0, there exists C > 0 such that for all p € K,
r,y €R? and t € [a,T)

o )
0=l 1)(2) = D0l 1)) < Clo =

3. For any compact K C Pg(R?) and a > 0, we have

ﬂl

mﬁﬂammw dp(v) < +oo if B> 1,

sup sup /
t€fa,T) pek JRE

sup sup sup
t€la,T] peK veR?

gt )| < 400 AL

5

Then, the function ¢, satisfies

e e
where the operator %; is defined, for any s € (0,T) and p € Pg(R?), by
Lidu(s, 1)
/855¢< 1)) b0, 10) dp(o)
//‘ 2 (s )0+ 000, 1)2) — s, 1)(0)| dz) d(e) (7.43)

2 (s )0+ 010, 1)2) — G5, 1)(0) — Do, 1)(v) - (v, 1)2) | (=) du(v).

1,

Proof. First, note that by definition of ¢, and thanks to the well-posedness assumption (H1), the
function ¢ € [0,7] — ¢ (T — t, ) is constant. Differentiating with respect to ¢ the function t —
¢(T —t, ) thanks to 1t6’s formula of Theorem 7.8 and the regularity assumptions made of ¢,, one has
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for all t € [0,T)

0= _at¢u<T - ta ,ut)

[, auiqbu(T — ) () bl ) ()

+/ / { b ) (v + (0, ) 7) — %%(T - t,ut)(v)} dv(2) dpig(v)

Lo L [ = o+ oo )2) = 56T = )0
—&;%%(T — . )(0) (02w, ) )| () ).

We conclude the proof by noting that the flow of measures (1) associated with the McKean-Vlasov
SDE (7.37) can be initialised at time ¢ with any measure yu € Pg(R%). O

Let us recall the definition of empirical projection.

Definition 7.17 (Empirical projection). Fix u : Pg(R?) — R. For all N > 1, the empirical projection
uN of v is defined for all ¢ = (z1,...,2x) € (RY)N by

N

Ma) = u(my),

u

=z

where 7Y = % Z dz; is the empirical measure.
j=1
We also state the following Lemma on the link between the regularity of u and «V. The proof is
completely analogous to [CD18a, Proposition 5.91].

6

Lemma 7.18. Let u Pﬁ(Rd) — R be a function admitting a linear derivative 5-u satisfying the

following properties.
1. For all p € P(RY), L-u(p) € C2(RER).
2. The functions Ov%u and 626 u are continuous on Pg(R?) x RZ

3. For all v € RY, the function p € Ps(R) — 811%“(#)(”) has a linear derivative

J

(Ma 'U/) = iavi

! Rd
2, o)) €

which is C1 with respect to v' and such that &, 57 0u 5mu is continuous on Pz(RY) x RY x R

Then, for all N > 1, the empirical projection u”™ of u is of class C2. Moreover, we have for all

x=(21,...,2n5) € RYYN andi,j € {1,...N}

1, 96
axiuN(mla'--a:L'N) ]\7a om (:u:c )( )
and 1, 6,6 1,y 6
N — O — (N o 2 Y N )
8wjaziu ([131,...,32']\]) - Nzav 5mav(5mu(/”'w)<xux]) + 1= JN8U5 u(:u’w)(‘xj)

We consider now the mean-field interacting particle system associated with the McKean-Vlasov SDE
(7.37). The goal is to approximate in some sense .Zu (72 ) by the generator of the particle system applied
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to the empirical projection u’V of w. This will be crucial to prove quantitative weak propagation of
chaos using the Kolmogorov backward PDE associated with (7.37), as explained in Chapter 5 of [CD18a].

Let us introduce the particle system associated with (7.37) and some notations used in the sequel. We
denote by (Z™), an i.i.d. sequence of Lévy processes having the same distribution as Z = (Z;); defined
n (7.34), and by (X{),, an ii.d. sequence of random variables with common distribution 1o € Pg(R%).
For a fixed integer N > 1, the system of N particles associated with (7.37) is defined as the solution to
the following classical SDE on (R%)", provided that it is well-posed in the weak sense,

dX;N = by(XpN ) dt+ o XN B ) dZE, te[0,T), i <N,

N
A =5 Y Oy, (7.44)

We can write for all ¢ € {1,..., N} and for all ¢ € [0, 7]

Zf:/ot/B z/vi(ds,dz)+/0t/cz/\fi(ds,dz),

where N is the Poisson random measure associated with Z¢. Then, we set for all ¢ € [0, T]]
7z
ZN = | | e RHN
7z
As the Lévy processes (Z"), are independent, the process (Z¥); is a Lévy process in (R)V. Its Poisson

random measure NV and its Lévy measure vV are defined as follows. For all ¢ : [0,T] x (RN — R¥,

one has

N . ( )

/ /Rd é(s,2) N (ds, dx) Z/ Rdgb ooy 0,24,0, ..., 0) N (ds, dx;)
_ Z / (s, &) Ni(ds, dz), (7.45)

=170 JR
where &; := (0,...,z,...,0) € (RHN for 2 € RY, where x appears in the i-th position. For all ¢ :
(RHN — R*, one has

&;) dv( 7.46
L 9@ Z (@) dv(x). (7.46)

Note that since the processes (Z"),, are independent, for all ¢ € [0, T], the support of the random measure

NN(t,dx) is contained in
N-1

U {Opa} x R® x {Opa}V 177  (RHN
1=0
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Let us define for all t € [0,T], & = (21,...,zy) € (RN

be(@1, 7)) or(1,y) 0 0
by (2) == : e ®RYY and ol (z):= 0 .  RNAxNd
(o, iz 0 0 olenm)
x;N
Thus, writing XtN = : , the SDE (7.44) defining the particle system can be rewritten as
XN

dx =bM(XN)dt + oM (XN)dz, te0,T),

(7.47)

Let us finally recall the definition of the family of operators (L¢); associated with the particle system
(7.44). For any f : (R*)N — R of class C? and for any x = (x1,...,2y) € (RY)Y, we define L;f by

LY @)= b @) V@) + [ f@t ol @)2) - f@) - Vi) (o @)21a)dv(z). (749

(RN

Proposition 7.19. Let u : P@(Rd) — R be a function satisfying the assumptions of Theorem 7.2 with B
and vy satisfying (7.35) and (7.36), and Lemma 7.18. Assume moreover that %%u and éb%@vﬁu exist
and are uniformly bounded on Ps(RY) x RY x RY. Then, we have for allt € [0,T] and x = (x1,...,7N) €
(RE)N

B 1 Y L) B 5
L arseeva) = G+ 32 [ [t o+ oo 1)2) = utmd ) )
5 o o
~ @) o+ or(on, 1)) — - o) dw vz
1
= Zu(iy ) + O (N) ;
where mf, ,, = wﬁi\;at(w Mz T (1 —w)@El, for w € [0,1].

The last term is interpreted as an error term and we will need to control it to prove our propagation
of chaos estimates in Section 7.4.

Proof. We easily check that we can apply the operator L; to the empirical projection ¥ thanks to the
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regularity assumptions. It yields for all € = (x1,...,2x) € (RH)V
1Y 5
LN (@) = = 3 b 0y ) ()
k=1
E3 [ ) — 1Y) — 0 ) o1 )21 1) ()
2 Jo Frtaun) —ulfie) = oz e @) - (orlons e )Le

k
1 N 1 5 k N 6 k
F 2 Loy gt oo )2) = ot ) )
0
) ) - (o1, )2 ) o d(2)
i)+ =3 [ [ otk o+ o)) = Al )
= Ziu(fiy Nk:1 i o 5mu my o )Tk + oe(Tk, iy )2 5mu My ) (Tk
0 )
= [ ) o+ ou(oni)2) ) )| dwdv(e),

It remains to show the bound on the error term between L) u (x) and Zu(f)). We split the domain

of integration R? of the last integral into By and B§ and we first consider the integral over B{. Defining

k ek =N _ =N =N
MG e =T o + (L= Tl =iz + "Wy, ()5 > We have

L) _ 0
S J) ok an + ontan i2)2) = 5tk ) o)
0 )
~ [l o+ oo )2) - 5 o) dw dv(z)
= 3 Lo [ g tmbn ) oo )2, ot 7)) (7.49)

— (Mg, ) (T + o (xp, I ) 2, $k):| dr dw dv(z)

o 0
k Ny, 9 O k
0y W stk ) s+ o T2)2) — St ) ) | drdw d(a)

Since %%u is uniformly bounded and v(Bf) < 400, we deduce that

15 5
- k —N v k
/f /0 5mu(mt’Z’W)(xk + 0t(Tr, Ty )2) 6mu(mt,z,w>(xk)

[ a2 — 5ol o) | dw )

<

=zl

For the integral over Bj, one has
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1§ o
L[ stk o+ ol i)z) - Sk ) @)
B1J0 m

— [ o+ oo )2) — 5 )| (2

0 0
[ ot b i)2) — 0o + hos(an,i)2) | - (o1 12)2) dh d di(z)
1J[0,1]? m m

Il
HCU\

o 0 _ _
= 5 o o [ o b o+ B Y )2+ o, 7))

4 5 _ _
- %Gv%u(mﬁzwm)(xk + hoy(xp, TN ) 2, xk)] (oe(zp, B ) 2) drr dh dw dv(z)

. 1 0 J k N —N N :|
=% /31 /[0’1]4 [8U/ 5m8v 5mu(mt72’wm)(wk + hoy(xk, Ty )2, Tk + Lo (xg, Ty ) 2) (0t(Tk, Ty )2)
(o, B ) 2) dl dr dh dw dv(z).

We conclude the proof using that o and 0y 52-0, 52-u are bounded and that I, 121> dv(2) is finite.
O

7.4 Propagation of chaos for a mean-field system of interacting stable

Ornstein-Uhlenbeck processes

We now study a nonlinear stable Ornstein-Uhlenbeck process driven by an a-stable process with
€ (1,2), which can be written, by [Sat99, Remark 14.6 and Theorem 14.7], for t > 0

Zy :/Ot/ﬂgdzﬁ(ds,dz).

We assume that Z is non degenerate in the following sense. Writing y = 76 € R¥\ {0} with » € R} and
6 € S% !, where S*! denotes the unit sphere in R?, the Lévy measure v of Z decomposes as

dr
v(dy) = dp(9) 1

where 4 is a non-zero finite measure on S%~!. We assume that v satisfies the following non-degeneracy

assumption.
(ND) There exists 7 > 0 such that for all A € R?
WA [ IO du(o) (7.50)

Let A, A", B € M4(R) be matrices of size d x d such that B is invertible and such that A and A’
commute. Let us also fix 8 € [1,a), and ¢ € LP(Q, Fy) with distribution uo € Pg(R?). We study the
following nonlinear SDE

(7.51)

{ dX; = (AX; + A'EX,)dt + BdZ;, t€[0,T],
Xo=¢.
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Note that weak uniqueness holds for SDE (7.51) i.e. the distribution of (X;); depends only on the

distribution pg of £ and not on the random variable £ chosen.

We consider the mean-field system of interacting Ornstein-Uhlenbeck processes associated with (7.51).
Let us denote by (Z"),, an i.i.d. sequence of a-stable processes having the same distribution as Z = (Z;),
and by (X@), an i.i.d. sequence of random variables with common distribution g € Pg(R%). For a fixed
integer N > 1, the system of N particles associated with (7.37) is defined as the unique solution to the
following classical SDE on (R%)V

N
. ) 1 . .
dxiN = Ax}N dt+ Al S xPNdat+Bdz), telo,T], i€{l,...,N},

j=1 (7.52)

owN _ oy
Xy = Xj.

We now state our quantitative weak propagation of chaos result in the next theorem.

Theorem 7.20. Let € be the class of continuous functions u : Pﬁ(Rd) — R admitting two linear

derivatives %u and %%u such that %u(,u) and %%u(u) are Lipschitz continuous with Lipschitz

constant smaller than 1. Then, there exists a constant C = Cp independent of u € € and N > 1 and

non-decreasing with respect to T such that for allu € € and N > 1, we have

1
In(N)=
E[u(m) - u(ur)| < CEWAG, o) + CUDE (7.53)
and o
[E(u(ar) — u(pr))| < CEWA(E, po) + o=t (7.54)
Note that in the particular case where the initial distribution pg belongs to Po(R?), we have
[E(u(fiy) — u(pr))| < No 1 (7.55)
Remark 7.21. e The initial data terms can be handled using [FG15], in particular in the case where
po has more moments than (3. Indeed, one has if pg € P,(RY)
N_%—I—N_(l_%), if d=1 and g¢#2,
EW (1) ,1m0) <C3 N3 (1+N)+N (79, if d=2 and q#2, (7.56)
N-i 4 N3 if d>3 and q# L.

e Let us denote by ||¢[|Lip 1= sup,, w for ¢ : R? — R. The set

{¢  Po(RY) = R, 3p: RY > R, with lpllip < L andé() = [ odp, Vi € PB(Rd)}

is contained in %. This allows quantify the approximation of the distribution of one particle by
the limiting McKean-Vlasov process with respect to Wj. Indeed, we have by the Kantorovich-
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7.4. Propagation of chaos for a mean-field system of interacting stable Ornstein-Uhlenbeck processes

Rubinstein theorem [Vil09, Remark 6.5] and if g € Po(RY)

sup Wi([X M), ) = sup  sup ESO(X,:I’N)—/ @ dpuy
tE[O,T] te[O,T] P, H‘PHLipSl Rd

N
1
= sup  sup |E <N Zw(Xf’N)) —/Rdsodut
k=1

tE[O,T] @5 Hﬂp”Lipgl

= sup  sup E/ wdﬁiV—E/ o iy
te[0,T] o, [l¢llLip<1 R? R?

—sup  swp [E6GE) - Eo(u)]
tE[O,T] @5 HQO”Lipsl

C

< a1’ (7.57)

since the constant C' in Theorem 7.20 is non-decreasing with respect to 7'

Remark 7.22. Let us now compare the rates of convergence obtained in Theorem 7.20 with those proved
in [Cav23, Theorem 3] at the level of paths by coupling. We assume that the initial distribution g
belongs to P2(RY). The estimate (7.53) quantifies the propagation of chaos through the convergence of
the empirical measure. It allows morally to control EW; (Y, ur). We say "morally" because it would be
true if the we could take the supremum over all functions u € % inside the expectation, which is not
the case in Theorem 7.20. The rate of convergence in (7.53) is the same as in [Cav23, Theorem 3|, if we
use (7.56) to control the initial data term in (7.53). However, if we have a better rate of convergence
for EWy (7, po), then the rate of convergence in (7.53) can be better than the one in [Cav23, Theorem
3], in particular when d > 3. Moreover, concerning the convergence of the distribution of one particle
towards the distribution of the limiting McKean-Vlasov process, the estimate (7.57) is better than the
one deduced from [Cav23, Theorem 3].

Remark 7.23. In order to obtain our propagation of chaos estimates, we follow the method presented in
[CD18a, Chapter 5, pages 506 — 508]. We need to apply the operator L} associated with the particle
system, defined in (7.48), for the empirical projection & € (RN s ¢, (t, k) of ¢,, which was defined
in Definition 7.15. In order to use the backward Kolmogorov PDE satisfied by ¢,,, we need to control the

difference between LY ¢, (t, 1Y) and %, (t, Y ), as done in Proposition 7.19. However, the assumptions
6 4
sm ém

we can only show (see Proposition 7.24) that for any fixed ¢ € (0,7, u € Pg(R?), and v,v' € R?

on ¢,, made in this result are not satisfied. Indeed, for this interacting Ornstein-Uhlenbeck system,

2O ()0, 0)| < O )1+ ). (759)
This is due to the unboundedness of drift which is only at most of linear growth with respect to z € R?
and p € Pi(RY). The error term in (7.49), in the proof of Proposition 7.19, is not directly well-defined
since [ga |22 dv(z) is infinite. To get around this difficulty, we will consider, in a first step, truncated
versions of the operators LY and .% by removing the big jumps of the noises. Namely we replace v by
the restriction of v on the ball By, where N is also the number of particles of the system. For example,
in the proof of Theorem 7.20, the terms (7.71), (7.72) and (7.74) are not well-defined without removing
the big jumps.

We thus set for ¢ € [0, 7]
3 —
Iy = / / 2N (ds, dz). (7.59)
0 /By
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Then, we consider the McKean-Vlasov SDE (7.51) driven by Zy. Its solution is denoted by (Xn); and

satisfies

(7.60)

dXny = (AXNy+ A'EXNy)dt + BdZy,, te€][0,T),
Xo=¢e LP(Q,F).

We denote by upy; the distribution of Xx; and by ¢n, the solution to the backward Kolmogorov PDE
associated with the McKean-Vlasov SDE (7.60) defined in Definition 7.15.

Before proving the preceding theorem, we state in the following proposition regularity properties and

bounds on ¢y, that we will use.

Proposition 7.24. For allu € ¢ and N > 1, the function ¢n,, satisfies the following properties.

1. The function ¢n., belongs to C°([0,T] x Ps(R);R), Orpn.u exists and is continuous on (0,T] x
Ps(RY). Moreover %QZ)NM &,%(ﬁ]\/,u and 83%@\7,“ exist and are continuous on (0,T] x Pg(RY) x
Re.

2. The functions %&;%Qﬁj\m and 81}/%61)%@\]7” exist and are continuous on (0,T] x ’Pg(Rd) x R¥ x
R%.

3. There exists three continuous functions on (0,T] denoted by g1, g2 and gs such that g; is globally
bounded on [0,T] and go € L*(0,T) which satisfy the following properties. For allu € C, N > 1,
t € (0,T], p € Pg(RY) and v,v" € RY, one has

ol 1) (0)] < 01(1),

9 om

5
om

B alt ) (0)

Vem T

)
Oy &,%qb]\;,u(t,u)(v,v/) < ga(t), (7.61)

< g3(t).

The proof is postponed to the Appendix (Section 7.6).

We can now prove the propagation of chaos estimates of Theorem 7.20 for the mean-field system of

interacting Ornstein-Uhlenbeck processes (7.52).

Proof of Theorem 7.20. We assume that the matrix B equal to the identity I since it does not change
anything to the proof. Let us fix N > 1. As we did in (7.59) for Z = (Z;), we remove the big jumps of
the i.i.d. copies (Z¢); of Z by defining for all i € {1,..., N} and ¢ € [0, 7]

) t —.
Zy s = / / 2N (ds,dz).
’ 0 JBNn
For the sake of clarity, we set for z € R? and u € P;(R?)
b(x,p) = Ax + A’/ xdu(x).
R4
Then, we consider (Xy); the nonlinear Ornstein-Uhlenbeck process driven by Zy together with X % =
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(le\;];[, e ,Xﬁ’tN )¢ the associated interacting particle system, i.e. the solutions to

)

dXNJ, = b(XNJ, ,U,NJ) dt + dZNJ, t e [0, T],
pne = [Xnl, (7.62)
XN,O = 5 € Lﬁ(QaF0)7

and _ A ‘
AXy = b(XNY, AN ) dt+dZy,, te€[0,T], ie{l,...,N},
_ 1
Ny =~ Z Oy (7.63)
XN 0= Xo
Note that the particles (X N ,...,X]J\\,[’N) have the same distribution. Let us also emphasize that we

remove the jumps that are bigger than the number of particles N. Recall that the operator £y associated
with (7.62) defined in Theorem 7.16 is given, for all s € [0,7] and u € Pg(R?), by

Lndnals. 1) / 9, —qm(s 1)(0) b(v, 1) dpu(v) (7.64)

+/Rd /BN { ONuls, m)(v+2) = f@vu(s ) (v) — %W,u(s,ﬂ)(v) 2| dv(z) dpu(v).

In order to establish (7.53), our aim is to control E|¢n (T — t, 1Y) — ¢u(T — t, t)| with respect to
t € [0,T) and uniformly with respect to N. We decompose it in the following way

Elgpnu(T — .70 ) — onu(T — t, )|
< Elgnu(T = .0 ) — dnalT — N )| + Elonu(T — 67N ) — dnu(T = t, i)
+Elonu(T —t, unyg) — dnu(T —t, )]

Since &,%(ﬁ]\@u is bounded on [0, 7] x Ps(R?) x R? uniformly with respect to N by Proposition 7.24, we
deduce by the Kantorovich-Rubinstein theorem that for some constant C' > 0, we have for all N > 1,
t€[0,7), u,v e Ps(RY)

[ONu(T —t, 1) — dnu(T — t,v)] < CWi(p,v).

Thus, we obtain

Elonu(T — t, 1) — dnu(T — t, )| < CEWA(TY  BiNy) + Elonu(T — t,aN) — dnu(T —t, ne)|
+ CEW: (N, fit) (7.65)
=: Ay + Ay + As.

First, we deal with A;. Note that we can write, for ¢ € [0, T,

t
X]Ii;ftv_th’N:/O(b(X]’%gvﬁ%s)_b(Xnyvﬂs dS—/ /C ZNk dS dz)
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Using the fact that b is Lipschitz continuous on R? x P;(R%), one has for all ¢ € [0, 7]

[ t1 XN , . t
EXxyy —xiN <o /0 E|X§‘3§-X§N|ds+/o NZE|X{V’fZ—X§’N|ds+/O /B 2| dv(2) ds]
j=1 N

<C tE|Xk,N Xk’N|d ti al E|Xj’N Xj,N|d L
—= 0 N,s = “*s s+ ONJZ::l N,s = “*s S+Na_1 :

Gronwall’s inequality ensures that there exists a constant C' > 0 depending only on T" and such that for
any t € [0,T]

N
kN C
Ewl(lut 7:U’Nt < = Z - Xt | < Na—1° (766)
We follow the same lines of reasoning to treat As. Indeed, writing for all ¢ € [0, T
t
Xova = Xo = [ (0w pa) = b Ko ) s+ [ / N(ds,dz),
we deduce as previously that there exists C' > 0 such that for any ¢ € [0, 7]
EW:(unt, pe) < (7.67)

Nal

It remains to treat the term A, in (7.65). Using Lemma 7.18 and the regularity properties satisfied
by ¢n.. stated in Proposition 7.24, we obtain that the empirical projection (¢, ) € [0,T) x (RN
N (T —t, 1Y) belongs to CH2([0, T) x (RY)N). Moreover, for all t € [0,7) and & = (z1,...,2y) € (RH)Y

we have

) av%(ﬁN,u(T_taﬁgcv)(ml)

Dudn (T — b1y ) = N :

8v%¢N,u(T - taﬁg)(xN>

We denote by NN the Poisson random measure associated with ZV defined in (7.45) and by v its
associated Lévy measure defined in (7.46). Applying the standard 1t6 formula for this function and the
(RN _valued process (Xﬁt)t and noticing that the map t € [0,T] — ¢n (T —t, uny) is constant, we
obtain that for all ¢ € [0,T)
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On (T =t TN ) = Sl T =t i) = (Ol 1,7 = dnu(T o))
/ atﬁbNu - S, ﬁ%,s) ds
—N i, N i,N
+N;A%meﬂﬁmﬂ%yﬂ%www

t
+/ / [¢N,U(T—S,M§N ) = Ona(T— s, ) = Ouona(T — 5,7 ) 2| dv¥(2)ds
0 J(Bn)N N,s— N, N

' N
+// [ ulT = 5.7 = onal(T = 5,1y }N ds,d 7.68
0 J(Bn)NN{|z|<1} Pnul i MXﬁ,sfz) Ol 5 NXJI\\,T’S_) (ds, dz) ( )

! —N
—1—// [ (T — s, 5N — dnu(T — s, 7'y }N ds,dz
o Jsogazy 170 Py )~ Ol ixy ) (ds, dz)
=hL+L+L3+1+Is.

Note that
t
uT—s,*N _ uT_Sy—N :l dl/Nz ds
/0 /(BN)Nﬂ{|z|21} [¢N’ ( 'quys,ﬂ-z) PNl Hxn~ 7) (2)

is well-defined. Indeed, recalling that for z € R, £; = (0,...,0,2,0,...,0) € (R*)", where z appears in
the i-th coordinate, one has by definition of vV in (7.46)

t
/ / b
(BN)NN{|z|>1}
//Rd (Bx)N{|z|>13 (%)

_Z/ /Rd (Bn) Nm{\z|>1}( Zi)

,u(T - s?ﬁf)\](£57+z) - ¢N,U<T - S?ﬁ%}\\rf )’ dI/N(Z> ds

T = s ) = OwalT = sy )| ¥ (2 s

N,s—

(T S;ﬁ%x 7+z*,-) — onu(T — s,ﬁf,\f(g )' dv(z) ds

B Z/ /BN\BI ¢Nu - NXII\\JI,stFZz') n (ZSN’“(T — 5 'U’Xx B )‘ dy(z) ds
<3 Ba\B1 ¢>Nu —s,mL, (X3 + hz)||z] dwdv(z) ds
<¢ [ m —ﬁw/ 2] dv(2),
Bn\B1
where m’;,z,w = wﬁ])\é\r 4z T (1-— w)ﬂ%N . We conclude since g; is bounded by Proposition 7.24.
N,s— g N,s—
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Using the form of the Lévy measure of the particle system in (7.46), we can write

I3 = Z/ /BN)N |:¢Nu Saﬁ%Ns__i_fi) — (bN,u(T — s7ﬁéV(N )

N,s—
1 7
N s ¢Nu( S,ﬁ%x 7)(X]\’,J’\Sf_)-z dv(z)ds
1t y
=~/ L [ [ xalr = st XY +2)

o _ i N 1 N iN
D xalT = s, XY ) = 20 falT = s i XS 2] dwdotz) ds,

where m?, e = wily XN 4 .+ (1 —w)ah XN . In order to make appear the backward Kolmogorov PDE

(7.42), we decompose Ig in the following Way

= [ [mowadT = sy )2 - foonaT sy o)

v prona(T = 5.7y (@) 2| d(e) () ds

- 5 | n
Xz,N 9 T_ i Xz’
/ /BN/ |:5m¢Nu szw)( N,s— +Z) 5m¢N,u( S,ms%w)( N,s—)
i J ;
b L@ = sy ) = @ = s 7w XG4 2)| dwdv(z) ds
6m N,s— s 5m N,s— »S
=:I3 4+ I3 B.

Since (X ]I\\,f s)sefo, is cadlag, we deduce that almost surely, for almost all s € [0, 1],

—N _ =N _ =N
HxN = HxN = HNs-
N,s— N,s

Thanks to the backward Kolmogorov PDE (7.42) in Theorem 7.16 applied with § € [1,«) and v = 1
and justified by Proposition 7.24, one has

t
L+ +134= /0 —0ipNu(T — S?ﬁ%7s) + LNoNu(T — S?ﬁ%,s) ds

=0.
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Thus, we obtain the following decomposition
(ZSN,U(T - tﬂﬁ%,t) - (bN,u(T - ta ,uN,t) - <¢N,U(T7 ﬁév) - (bN,u(Tv /'LO))
1 're i iN g i iN
— S [ ol = sl L DORY - 2) 5 onalT —smd )G )
i=1 N
0 _ iN g _ 0N
+ %@VM(T — S"L&x,)(X]\”:S_) — %ch,u(T — s,ué\égf)(XA’,’s_ +2)| dwdv(z)ds

t
)
0 JBN\B1

" /Ot /Bl {QSN’U(T B S’Hévfj\\,”s_ +z) — onu(T — Saﬂgzv )] /T[N(ds, dz)

N,s—

)] N (ds, dz) (7.69)

Onal(T =5,y ) = onal(T = 5 ixy

= IS,B +I4 +I5.

It follows that for all ¢ € [0,T)

Elonu(T — t,7ing) — onu(T —t, uny)| < Elonu(T 1)) — dnu(T po)| + E(1I3,5] + | Iu] + |I5]). (7.70)

We treat each term separately. For I3 g, we write

I3

_1§:/t/ / {3 id, (T — i )(Xz‘,N +he)
a Ni:l 0 JBy J]0,1]2 U(;m Nyu S’ms,z,w N,s— z

) —_N i, N
_ 31;%¢N,U(T —s, ’uXﬁf )(XN7S_ + hz)] -zdhdwdv(z)ds

1 Lt d 0 ; iN iN
= A2 BN UT_ ’ ézwr Xy o 7X’ - 71
N2;/0 /BN /[071}3 Lsma 5m¢N’ ( Mg 2w ) (X o= T h2, Xig -+ 2) (7.71)

J J ; ;
- 73v%¢N,u(T — 5, m; )(XA’[JZ, + hz, XJ\}],Z* )} - zdr dhdwdv(z)ds

) S,z w,r
om W

1 Xt § 6 4 N N
= — 10— ONu(T —s,m%, 0 ) (X +hz, X+ k
N2 1/:2:1 A /;N %071}4 |:8U (5ma 6m ¢N7 ( s, m 1~y )( N,S + z N,S + Z)Z:|

- zdkdr dh dw dv(z) ds,

P We deduce that there exists a

‘ i =N _ =N =N
where my ., = rmy L, + (1= 1)Iyny = Hyxn +TWiyy
N,s— - N,s

N,s
constant C' > 0 independent of N such that for all ¢ € (0,7]

1 XLt
E|I < — E// T — 8|21 dv(z) ds
13,5 NQE ; BNgz( )|2|° dv(z)

C

< Na—l :

(7.72)

Let us recall that mf, , , = wﬁ])\é N 4z +(1—w)ﬁ§ ~ - It follows from the Cauchy-Schwarz inequality
N,s— v N,s

and the L?-isometry of compensated Poisson random integrals that there exists a constant C' > 0
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independent of N such that we have for all ¢ € (0, 7]

2
t ~N
E|I,| < IE// T — 5.7 — bnalT =5,y YN (ds, d
= ( ( 0 (BN)Nm{|z|<1}¢N’ T-e MXJJJ,S—“) Pru(l =8 “Xﬁ,s—) (ds, dz)

N

2 3
_ <ZE/ / AT =5, yz) = owalT = sy )| dv(2) ds> (7.73)
N 5 . - 2 %
= Z / /B / U%QSN,H(T—S,m;Z’w)(XJZ\’,’S,—l—hz)'zdhdw dv(z)ds
i=1
N 2
< (Z / 7 191(T = 5) 2 C2[af du 2 >d>
<

%\Q

Finally, for I5, BDG’s inequality and the fact that « € (1,2) yield, for all ¢t € [0,T),

1
t —N A\ @
E[<E// (T — s, 1Y — N (T — s, 1Y N (ds,d
ol = < ( 0 Jpeepen O TR ) O = By JN (s, d2)

t
gc(E [ / / N
0 J(Bn)NN{|z|>1}

Q=

N,s—

2 bl
,U(T_Saﬁﬁﬁ _+z)_¢N,u(T_S7ﬁf)V(N )’ NN(dS,dZ)‘| )

1
<C IE/ (T — s, — dnu(T — s, 'Y ‘a N(ds,d © (74
- ( (By)NN{|21>1} Nl = s MXQ,S—“) Pl = HX%,S—) N s, dz) | (7.74)
:C<Z // / Ui(bN,u(T mszw)(XZN + hz) - zdhdw du(z)ds)
=1 BN\Bl
N
<C E// g T—35)| |z|%dv >
(g o, | 9 )| Il (e d
1
< oy a.
Nli-%

As a consequence of (7.69), (7.72), (7.73), (7.74), and the fact that (o« — 1) A 3 > 1 — L, there exists
C > 0 such that for all N > 1 and ¢t € [0,T)
In(N)=
n @
EloN (T — 1 7iNg) = v (T =t ve)| < Elon (T 7") = ona(T: po) |+ O

@

(7.75)

Note that our assumptions ensure that the function ¢n (T, -) is Lipschitz continuous with respect to the
Wasserstein metric Wy uniformly with respect to N. It is a consequence of the Kantorovich-Rubinstein
theorem since %(ﬁN,u(T, ) is Lipschitz continuous uniformly with respect to u and N by Proposition
7.24. We thus obtain for all N > 1, ¢ € [0,T)

1
In(N)«
El¢nu(T — t,iN) — Onu(T — t, pve)| < CEWH (G, po) + C ]él_)l : (7.76)

«
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Using (7.65), (7.66), (7.67) and (7.76), we deduce that for all t € [0,T)

In(N)a

1-L
[e3

We conclude the proof of (7.53) by letting ¢ tend to 7" thanks to the continuity of ¢x,. The estimate
(7.54) is also proved. Indeed, coming back to (7.69), we see with the previous computations that I, and
I5 are centered because of the martingale property of compensated Poisson random integrals. We thus
obtain that

E(¢nu(T — i) — dNul(T =t pne))| < [E(bnu(T,700) = dn (T p0))| + Ells ).

The initial data term is handled in the same way as previously and the control of E|I3 g| has already
been done in (7.72). As a consequence, we obtain that for all ¢ € [0,T)

C
[E(onu(T =t 1) = onu(T =t )| < CEW(EY o) + 7=

and we conclude by letting ¢ tend to 7. Finally, to prove (7.55) in the case where the initial condition
belongs to Po(R?), we use the same argument as at the end of the proof of [CdRF21, Theorem 3.6 page
44]. To do this, we remark that, thanks to Proposition 7.24, for a constant C' > 0 independent of N, we
have for all 4 € Pg(R?) and for all v,v' € R?

)

(T, 1) (0, 0)| < L+ o) (1 + o).

It yields

C
[E(onu(T: 7 ) = S ulTs po))| < 3

which ends the proof.

7.5 Appendix: Estimates on the density of a truncated stable
Ornstein-Uhlenbeck process

Fix Z := (Z;); an a-stable process on R, with a € (1,2). Let us denote by A the Poisson random
measure associated with Z and by A its compensated Poisson random measure. We can write, for any

t T
€ 0,77, t B
Zt:/o /Rdz./\/'(ds,dz).

Writing y = 76 € R4\ {0} with 7 € R} and 6 € S, where S¢~! denotes the unit sphere in R?, the Lévy

measure of Z decomposes as
dr
v(dy) = d#(e)ma

for ;i a non-zero finite measure on S%!. We assume that v satisfies the following non-degeneracy

assumption
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(ND) There exists > 0 such that for all A € R?
WAR < [ IO du(6).
Sd—1

In Appendix 7.5, we denote by (-,-) the usual scalar product on R? for the sake of clarity. The Lévy
symbol associated with Z is given, for A € R?, by

o) = [ [0 1] dvty).
R4
We introduce, for § € (0, +o00], the truncated symbol 15 defined, for A € R?, by
U = [ [ —1—iy)] dv(y). (7.77)
ly| <6
It corresponds to remove the jump of size bigger than § from Z.

We now remove the jumps of Z; having a size bigger than té, which is the typical scale of the a-stable
process. Let us fix t € (0,7]. We define Z' = (Z}), by

/ /|>m (du,dz),

Z=7)+ 22,

and Z2 := Z, — Z!. Thus, one has

where Z! and Z? are independent Lévy processes with Lévy symbols respectively given, for all A € R9,
by
PHA) = Yoc(N) =91 (\) and 9*(N) =4, 1 (N).

to to

We also introduce, for N € N such that N > Ti, the truncated stable process defined, for s € [0, T,

by
ZN.s :—/ / N (du, dz). (7.78)
z|<N

We set for s € [0,7]

73, = // N (du, dz),
ta<\z|<N

Zj‘(,sz—/ /1 zdv(z) du.
’ 0 Jta<|z|<N

We have the following decomposition for Zy

and

Zng =27 + Z]%/,t + Z?V,t?

where the three random variables in the right-hand side term of the preceding equality are mutually

independent.

Let A,B € M4(R) be two matrices such that B is invertible and 7" > 0 a finite horizon of time.
The Ornstein-Uhlenbeck process Y = (Y;); associated with Z is defined as the solution to the following
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well-posed SDE
dY, = AYdt + BdZ;, te€[0,T],

starting at ¢t = 0 from 0. Using [t6’s formula, one can see that Y can be expressed as
t
Y; = / =94 dz,, tel0,T). (7.79)
0

We also consider the truncated Ornstein-Uhlenbeck process (Y ;); defined by (7.79) with Z replaced by
the truncated stable process Zy. It thus writes, for ¢ € [0, T

)

t 5 t N t ~
Vg = / e=94Baz? + / AR AZY  + / AR AzZy,
0 0 0

= Y2+ Y3, + YV, (7.80)

We begin with the existence of a density for the small jumps process Y2 of the truncated stable
Ornstein-Uhlenbeck process Yx, and on some decay and moment estimates on it.

Proposition 7.25. For all t € (0,T] the distribution of Y2 has a density with respect to the Lebesgue
measure p>(t,-) which belongs to the Schwartz space S(R?) of reqular and rapidly decreasing functions.
Moreover, for any m > 0, and for any multi-index 3 € N?, there exists a constant Crm,g > 0 such that
for allt € (0,T] and x € RY, one has

~ C’Tm, z "
R (t,w)| < tmﬁ (1 + LJ) . (7.81)

Moreover, for all v > 0, there exists a constant C' > 0 depending only on T, d, a,~, 8,m such that for

all t € (0,
/Rd 2|08 (¢, 2)| de < O (7.82)

Proof. We fix t > 0. Reasoning as in [Sat99, page 105], the characteristic function of }fo is given by the

function .
pe R — ¢y(p) := exp (/ V}(B*e* A p) ds) ,
0
where A* denotes the transpose matrix of a matrix A. Changing variables in v := 3 and p := -1, one
to
has for p € R?
1
o1(p) = exp /t /ta / ei<B*€SA*P:’”9> —1- i<B*eSA*p r8) dpu(6) i ds
! 0o Jo Jsi1 ' rita
I A « 1 d
_ WB*eWA ptaph) 1 /¥ tvA* é P
exp </0 /0 /qu e 1 —i(B*e™ p,tapb) du(0) T+a dv
1
= exp (/ wl(B*e“’A*tép) dv) .
0
Reasoning as in [CHZ20b, Lemma 3.2], there exists n > 0 such that for any ¢ € R?
Re(¢1(q)) < —n(lg|* A lg]*). (7.83)
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We have thus for any p € R?

exp (/01 1/11(B*et”‘4*tip) dv)‘ = exp (/01 Re(wl(B*et“A*tép)) dv)

1
< exp <—77/ | B*etv4 tip]a A |B*etv4A t(lxp|2dv> .
0

We now prove that there exists np > 0 such that for all s € [0, 7] and for any ¢ € R4
B¢ q| > nrlg] (7.84)
First, note that

|B*€sA*q|2 — <BB*65A*q’ esA*q>
|2

I

> e’ g

for n; > 0 since BB* is positive-definite because B is invertible. We prove that there exists 7o > 0 such
that for any ¢ € R? and s € [0, 7]

4|2 > malq)?,

which will conclude the proof of (7.84). Reasoning by contradiction, there exists (s,), € [0,7]" and
(@n)n € (RHN with |g,| = 1 for all n and such that for all n

(e5n A . (7.85)

S|

6snAQn7 C,In> <

By compactness, one can assume that (s,), converges to s € [0, 7] and that (g, ), converges to ¢ € R?,

with |g| = 1. Letting n tend to infinity in (7.85), we obtain that ¢ = 0 since e*# is invertible. This is a

contradiction.

Thus, there exists a constant 77 > 0 such that for any ¢ € R? and t € [0, T

1
exp (/0 Y1 (B*e A q) dv)’ < exp (—nT]q\a A \q!Q) . (7.86)

This proves that the characteristic function of ¥;> belongs to L*(R?). It follows that the distribution of
}~’t2 has a density with respect to the Lebesgue measure denoted by $?(t,-) and given, for all 2 € R%, by

1 . 1 * 1
~2 _ —i(x,p) * VAT, S
pe(t, ) o)’ /Rde exp (/O P1(B*e™ tap) dv> dp
Changing variables in ¢ := ta p yields
d . T
p2(t, ) = Q/ el<q7t°1*> ex (/11/} (B*etv A )dv> d
p ) - (27T)d Rd p 0 1 q q
Let us define for all t > 0 and ¢ € R?

9:(q) := exp < /0 1 Y1 (B et ) dv) :
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We have proved in (7.86) that for any ¢ € R?
1g¢(q)] < e~ mr(lal®Alal®) (7.87)

It follows that for any ¢ > 0, (¢, -) belongs to C>®°(R) and that for any multi-index 8 € N?

aws
0% (t,x) = 15(27:)61/]1@6 < o >(_iQ)BQt(Q) dq. (7.88)

Now, we prove that for all ¢ € (0,7] g; € C*°(R?). For the derivatives of order 1, we differentiate
under the integral to obtain that for j € {1,...,d}

bt : tvA i(B*etvA” ¢, pf) dp
o= ([ [ [, iolepo] (e =1 ) dule) s dv) (o).

where [v]; denotes the j—th component of a vector v € R%. This term is well-defined since the mean

value theorem and the continuity of ¢ € [0,7] + e ensure that there exists C7 > 0 such that for all
g €RY vel0,1],0 St

¢ilape™ A BY) _ 1‘ < Crlqlp. (7.89)

We can easily prove by induction that for any b € N, 9%g;(q) exists and can be expressed as a linear

combination of terms of the form

N 1,1 M, tvApg i{q,pet? A BA) 1 2u(8 dp p
l:rll /O/O/Sd—ljl;[l[pe }kj (6 N Ml:l) w( )p1+a vl | gi(q),

where N > 1, M; > 1 and k; € {1,...,d}.

Using (7.87), we deduce that there exists two constants C' > 0 and D > 1 depending on T" and b such
that for all ¢ € (0,7] and ¢ € RY

N 1 1 My tvA < tvA BO} dp D (| |a/\‘ |2)
|| || e’ Bo et\hre —1a—1) du(6 dv <C(1+ e Mgl Aal) |
l1/0 /J /Sdil j=1 [p }kl ( M 1) ©) ptte lae(@)} < 1 ™)

Indeed, the only difficulty appears when M; = 1 since fol p pf% is equal to infinity. However in this case,
we can use (7.89) and the fact that

1 d
2 ap
/O P p1+a < F-o0.
This shows that for all multi-indices a,b € N¢
sup [|¢"0"g¢(q)l| 1y ety < +o0. (7.90)
t<T
We easily see that the same estimates hold replacing ¢ € R? — g;(¢) by ¢ € R? — (—iq)®g:(¢). Thus,
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one has for any m >0

sup sup {(1+ [2))™ | Fy((—ig)°a(@)@)|} <€ 3 sup |07 ((=ig) ai(0))]
t<T gzcRd ~END, |y|<m t<T

LL(R4)
< 400,

where F; denotes the Fourier transform with respect to the variable g € RY. Using (7.88), it follows that
for a constant C' = Cr, 8 > 0, we have for all ¢ € (0,7 and for all € R

_ C x|\
‘3[3202(@%)’ S o (1 + ‘1’) :
t o ta
This ends the proof of (7.81). The moment estimate (7.82) directly follows from (7.81) by choosing
m large enough and from a change of variables.
O

We can now study the density of the truncated Ornstein-Uhlenbeck process Yy defined in (7.80).

Proposition 7.26. For all N > 1V Ts and for all t € (0,T] the distribution of Yy has a density
with respect to the Lebesgue measure denoted by pN (t,) € C®(R%RT). Moreover, for any 8 € N and

v € [0, ) there exists a constant C > 0 depending only on T,d, o, n, B, such that for any N € N and
t € (0,7

y=18l

[ JaP 102" (t.a) do < €t (7.91)
R

The same results hold for (Yy):, defined in (7.79), which has a density p(t,-) satisfying the moment
estimate (7.91).

Moreover, for any N > IVTs and to € (0,T], pn belongs to CH>®([tg, T] x R?) and p™ (t,-), O™ (¢, ")
belong to S(R?) uniformly in time on [ty,T]. More precisely, for all m > 0, and for any multi-index
B € N, there exists a constant Cio,mm,g,N > 0 such that for all x € R?, one has

sup |00p™ (t,2)| < Ciomm v (14 [2]) 7, (7.92)
te(to,T)
and
sup 000N (¢, 2)| < Clg rm,pv (14 [2)) 7", (7.93)
te(to,T)

Proof. Proof of (7.91). Let us fix ¢ € (0,T]. We recall that we have decomposed Yy as the following
sum of three independent random variables

Yn: = YtQ + YJ%T,t + Ylilf,t
- t t
=Y? +/ /1 e=)AB2 N (ds, dz) —/ /1 e Bz du(z) ds.
0 Jta<|z|[<N 0 Jta<|z|<N

The density of Yy ; is thus given for all z € R? by
pN(twr) = ]E(ﬁZ(t?‘T - Y/Jij},t - Y/]éf,t))
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The regularity of p™ (¢, -) follows from Proposition 7.25 by differentiation under the integral. We now fix
v € [0, ). Then, we write by Fubini-Tonelli’s theorem

L P iogp o)l de = [ ol @t~ Vi, = Vi)l do

< C/]Rd (‘:U|'Y + E[?&”’Y + E’?]éf,t”y) |85132(t,x)‘ de.

Using the moment estimate (7.82), it remains to prove that for a constant C' > 0 independent of N, one
has for all ¢t € [0, 7]
E|YS, " +E|Va,|" < Cta.

For 17]\3”, note that [ f 1 ]z]]\f(ds dz) has the same distribution as ta fo Ji<pzy 12| N (ds, dz). This can
be seen easily using the characterlstlc function. Moreover, since v < «, we have

~

|| N (ds,dz)| < +o0.

1<z|

We thus obtain that for all ¢ € [0, 7]

Y

E[YZ, =E =4 Bz N(ds, dz)

1
ta <|z|<N

~

< CrE |z| N (ds, dz)

tw <|2|

< Crpta.

Finally, for f/fu, one has for all ¢t € [0,T]

dr v

E|Yy, =E e=94Brg o du(9) ds

1
to <r<N JSd-1

tl/a 1

(t—s)A
— / /Sd1 Bedu(e)d

< CTLLE.

This concludes the proof of (7.91). The same reasoning holds for the moment estimates on (Y;);.

Proof of (7.92) and (7.93). As in the proof of Proposition 7.25, we obtain the following expression
for the density of Y,V

1 , t *
N _ —i{x, * _sA d
P (t,x)W/Rde ( p>exp</0 Yy (B*e p)ds) dp, =€ R,

where ¢ was defined in (7.77). We follow the same lines as in the proof of Proposition 7.25. Indeed,
reasoning as in Lemma 3.2 in [CHZ20b], there exists 7 > 0 such that for any ¢ € R?

Re(¥n(q)) < —n(la|* Alal), (7.94)
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It follows that for some constant 77 > 0, one has for all p € R%, t € [0, T).
¢ A* 2
exp ([ on(B e p)ds) < exp(~tnr(al” AlaP).

Moreover, we prove that there exists C' > 0 such that for any ¢ € R¢

[Yn(a)| < Clg|?, (7.95)
Indeed, using Taylor formula, one has
[N (g)] < / |9 — 1 —i(g,y)| dv(y) +/ | — 1 —i(g,y)| dv(y)
lyl<lq|~* lg|~'<ly|l<N
<[ ClyPlaPdviy) + 2+ lally| v (y)
ly[<lq|~* lgl~1<lyl<N

< Clal*(Jal™")* ™ + lg|* + Clql(Jg) ")
< Clq|*.

Thanks to (7.95), we prove by differentiation under the integral that p?v € C%*°((0, 7] x R%) and that
for all t € (0,7] and = € R?

1 . * t * SA*
o (0.5) = o e e (B e pex ( /O U (B e p) ds) dp.

As for (7.90), we prove that for all multi-indices a,b € N, we have

sup
tefto,T)

paag (sz(B*etA*p) exp (/Ot Uy (B*e A p) ds))

LA(RY)

= CtO,T,a,b,N < +00.

The same reasoning used in the proof of Proposition 7.25 allows to deduce (7.92) and (7.93).

7.6 Appendix: Proof of Proposition 7.24

Proof of Proposition 7.24. We recall that X denotes the solution to SDE (7.60) driven by the truncated
stable process (Zy,); defined in (7.78). We fix (¢, ) € (0,T] x Ps(R?%) and X, a random variable with
distribution p. Applying It6’s formula for the function f : (¢,z) € [0, +00) x R? i e~t4
forallt >0

x, we obtain that

t t
Xy = e Xo+ / e(t_S)AA'IEXNﬁ ds + / e(t=9)Ap dZN s-
0 0
By differentiating the map ¢ € Rt + e " EXy,, we deduce, since A and A’ commute, that for all t > 0
]EXN,t — et(A+AI)EX07
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since Zy is a centered process. It yields for all £ > 0

t , ¢
XNyt = e Xy + (/ e(t=9)A gl s(A+A7) ds) EXy + / et=94p dZn s
0 0

—: e X + KEXo + Y. (7.96)

The process (Yn ) has been studied in Appendix 7.5. By Proposition 7.26, for ¢t > 0, it admits a density
pN(t,-) satisfying the moment estimates (7.91) and the Schwartz estimates (7.92) and (7.93). Since the
moment estimates (7.91) are uniform with respect to N, we denote Xy by X, for the sake of clarity,
and we omit all the indices N in the following. By Proposition 7.26 and (7.96), we deduce that X; has
a density with respect to the Lebesgue measure depending on the initial data pu € Pg(]Rd) and denoted
by q(u,t,-). Moreover, using (7.96), we have for all y € R?

q(p,t,y) = /de(t, y — ez — KM (p)) du(z), (7.97)

where p = p" is given by Proposition 7.26, and M () := [pa = du(z), for u € Pi(RY).

We deduce, using Proposition 7.26, that q(u,-,%) is of class C' on (0,T] and that ¢(-,¢,y) admits a
linear derivative given for all v € RY by

5%@7(/1’7757:9)() p(t,y — ev — K, M(u / Ayp(t,y — e e — Ky M () - (Kpv) du(z).

It is easy to see by differentiation under the integral that for all ¢t € (0,7] and y € R¢, 2 s=q(u,t,y) is of
class C' and that one has for all v € R?

5
05 alhst )(v) =~ O,p(ty — Mo~ K () = [ K70,plt,y — e — K () du(a).
Using Proposition 7.26, we see that ;¢ is continuous on Pg (RY) x (0,T] x R? and that 5 q and 9, -> 5-q
are continuous on Pg(R%) x (0,7] x R? x R%

Let us fix u € C. Since SDE (7.51) is time-homogeneous, the associated function ¢, is thus given,
for any pu € Pg(R?) and for any t € (0,T], by éu(t, 1) = u(@(u,t)), where 0(u,t) == q(u,t,y) dy is the
distribution of any solution to SDE (7.51) starting as ¢t = 0 from the distribution u € Pg(R?). Moreover,
reasoning exactly as in the proof on Proposition 2.3 of [CdRF21], we prove using Proposition 7.26 that
¢, satisfies the regularity properties (1) and (2) of Proposition 7.24. For the time derivative, it ensures
that

0t ) = [ o0, ) () ua i) .
Moreover, one has for all v € R?

bultm)0) = [ o0, 5 (6, 9) () d,

om
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and that
5 5
o5 —du(t, 1) (v) = —/ TU(H(M, £)(y)e' ™t dyp(t,y — v — KM () dy (7.98)
L 00 ) ) K 0yt — €= KM () dit)
Using Proposition 7.26, we obtain that for all z € R?
/d dyp(t,y — o — KM (n)) dy = 0. (7.99)
R
We can thus write (7.98) in the following centered form
0o (1, 1)(v)
v 5m u 7/'1' v
_ 0 g tA
== [ (G0 (0) — 5O ) o+ KM () ) 0,p(t.y — 4o — KoM (1) dy

- / . / ] (fu(f?(u,t))(y) = %u(@(u,t))(et“‘x—i—KtM( ))) K;oyp(t,y — e — KM (1)) dp(z) dy.
Re JR m m

Using the Lipschitz assumption on %u as well as the moment estimate in Proposition 7.26, we deduce
that there exists C' > 0 depending only on T, which may change from line to line, such that for any
veR?

05 tult, 1)

<c [ ity dy
Rd

<C. (7.100)

Similarly, one has for all v € R?

72t 1))

= /Rd (5?”“(9(% )(y) — %u(@(u, t))(ev + KtM(/L))) etA*asp(t, y — et — K, M(p))etd dy.

)

Using the Lipschitz assumption on 3 -u as well as the moment estimate in Proposition 7.26, we deduce

that there exists C' > 0 depending only on T, such that for any v € R?

B bl )(0)

<c [ lwldipty)ldy
Rd

< Ct . (7.101)

Following again the same lines as in Proposition 2.3 of [CdRF21], we obtain that for all v € R?, the
function &,%qﬁu(t, )(v) admits a linear derivative given for all v/ € R? by
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5
2 e pult )

) .
= _/R ——u(0(, 1)) (y, ¥ ) Dy (t, y — Ao — KM (u)p(t,y' — 40’ — KoM () dy dy’

24 dm dm

ii AP tA
+/IR3d om (5mu(9(’u’t))(y’y>e 8yp(t,y e v — K M(p))

Oyp(t,y' — o — KiM () - (K') dy dy’ dp(x)

0 .
[ 5orulOa D) W) BEplt,y — e — KM () K/ dy

dom

_/Rd %u(e(u,t))( VK Oyp(t,y — et — KM (u)) dy

- /md %%“(Q(Mt))( YK Oyp(t,y — e — KM (u))p(t,y' — e — KoM () dy dy' dp(x)

b [ a0, ) (0 KT Opltsy — € — KM ()

(ayp(t, y — el — K, M(p)) - Ktv') dy dy' du(z") du(x)

J :
[ 5Ol ) K70ty = 0 — KM () Kro! dy d(a).

By differentiation under the integral, we deduce that for all v, v’ € R?

5 6 )
a’l)’%av%qsu(u :U’) (Ua v )

5 6 .
:/R ——u(0(, 1)) (y, y) e Dyp(t,y — e v — KM (1)) @ e 0yp(t,y — e’ — Ky M (w)) dy dy’

24 dm om

j ¢ . .
+ / ——u(B(pu, 1)) (y, v ) Ayp(t, y — e — KM (p)) @ K[ oyp(t,y' — o — KM (p)) dy dy dp(x)
R3d 5m om

b a0 ) ) Oty — o — KM () Ko dy

b 0,0 ) K70ty — 40— KM () dy
Rd 0T

3d Om om

b B, )) (3Kl — € — KM ()

@ (Kioyp(t,y — e’ — KM (p)) dydy' dp(z) dp(a’)

b [ o0l ) ) K7 Gy — e — KM () Ko dy dp(z).
R2d O

b [ a0 )) (VK Opltsy = € = KD (1) ¢ D,p(t,y' = 40! = Kb (1) dy dy’ di)

It follows from (7.99) that we can write
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5.6 ,
8@’%8v%¢u(tv M)<U7 v )

= e <5fn 00, 0) 1) = a0 ) o+ KoM (), 40+ KM )
etA” Oyp(t,y — ety — KM (p)) ® etA*ayp(t, y — A — KM () dy dy
+ /Rgd (5;5511(9(#, )y, y') — %%U(G(u, ) (e + KM (p), ez + KtM(M))>
A oup(t,y — v — KM (1) @ Kfdyp(t,y' — et e — KM (1)) dy dy' dp(z)

+ [ (G006 0)0) = S0 0) o+ KM () €4 05(t.y 0~ KM () K dy

m om

4 (o o0 D)) = 5 S0, )(e e + KM (), e + KM () )
R3d

+/d (55“(9(/1,@)(3/) - 5U(9(u7t))(6tAv’+KtM(u))) K;9pp(t,y — e — K M(u))et dy
R

om om om om
K;oup(t,y — eta — KyM(p) @ eV 0yp(t, y' — e — KM () dy dy dp()

)
+/R4d <(5fn§6u(9(ﬂ,t))(y,y,) %%U(Q(M’t))(etAx+KtM(,LL),€tACL',—|—Kt )
K7 0yp(t,y — e — KM () @ (K7oyp(t,yf — 2’ — KiM(p))) dydy du(x) du(z')

[ <6U(‘9(/~Lat))(?/) — 0 )+ KoM (1)) K; 33ty — e — KoM () K dy duo)
R m

om

)

Using the Lipschitz assumption on 3-u and 5~ 56 u, as well as the moment estimate in Proposition

7.26, we deduce that there exists C' > 0 depending only on T such that for any v, v’ € R?

5
Oyt — 5m qﬁu(t w)(v,v")

< C(/ lyl|0;p(t, y) !dy+/ lyl|Oyp(t,y \dy/ |0,p(t y)!dy)
< Ct =, (7.102)

Note that the right-hand side term belongs to L' (0, 7)) since o € (1,2). Thus, (7.100), (7.101) and (7.102)
ensure that the point (3) is Proposition 7.24 is satisfied. It concludes the proof. O
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CHAPTER 8

QUANTITATIVE WEAK PROPAGATION OF
CHAOS FOR STABLE-DRIVEN
McKEAN-VLASOV SDEs

This chapter corresponds to the article [Cav22b]. It has been submitted for publication.

Abstract. We consider a general McKean-Vlasov stochastic differential equation driven by a rotationally
invariant a-stable process on RY, with a € (1,2). We assume that the diffusion coefficient is the identity
matrix and that the drift is bounded and Holder continuous with respect to both space and measure
variables, in some precise sense. The main goal of this work is to prove new weak propagation of chaos
estimates for the associated mean-field interacting particle system. We also establish a pointwise control
on the difference between the density of one particle and the density of the limiting McKean-Vlasov SDE.
Our study relies on the regularizing properties and the dynamics of the semigroup associated with the
McKean-Vlasov stochastic differential equation, which acts on functions defined on Pg(R?), the space of
probability measures on R? having a finite moment of order 8 € (1, ). More precisely, the dynamics of
the semigroup is described by a backward Kolmogorov partial differential equation defined on the strip
[O,T] X 'Pg(Rd).

8.1 Introduction

In this work, we are interested in the following McKean-Vlasov Stochastic Differential Equation
(SDE) driven by Z = (Z;); a rotationally invariant a-stable process on R?, with a € (1,2),

dX: = b(t, Xe, [Xy]) dt +dZ;, t€]0,T],
pe = [ Xy, (8.1)
Xo=¢ [(=peP®?),
where T' > 0 is fixed, [£] denotes the distribution of the random variable { which is independent of Z,
P(R?) is the space of probability measures on R? and where b : [0,T] x R? x P(RY) — R? is the drift

coeflicient. This kind of SDEs are also called nonlinear SDEs since the associated Fokker-Planck equation

solved by the flow of marginal distributions () is nonlinear. We also focus on the associated mean-field
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interacting particle system defined, for all N > 1, by
dXN = vt xPN gy dt +dzi, te[0,T), ie{l,...,N},

N
=4 Z Oxes (8.2)

where (Z°%,£Y);>1 are i.i.d. copies of (Z,€¢). The connection between (8.1) and (8.2) is that the McKean-
Vlasov SDE (8.1) describes the dynamics of one particle of the system (8.2), when the number of
particles N tends to infinity. A stronger property that is also expected to hold true in general is the
so-called propagation of chaos. It states that for all £ > 1, the dynamics of k particles is described
when N tends to infinity by k& independent copies of the limiting McKean-Vlasov SDE (8.1). This
was originally studied by McKean [McK67] and then investigated by Sznitman [Szn91], when Z is a
Brownian motion. These mean-field systems have many applications for example in physics (kinetic
theory), in biology to study the motion of a cell population for example, in neuroscience to model the
interactions between neurons, in social sciences to describe self-organization behaviors and also in the

Mean-Field Games theory.

Propagation of chaos can be considered in the weak sense, i.e. in distribution through the convergence
of the empirical measure i’V (see [Szn91]), or in the strong sense, i.e. at the level of paths by coupling.
The terminology of weak and strong propagation of chaos used here is based of the corresponding
properties for numerical schemes for SDEs. It can be qualitative or quantitative when a rate of
convergence is shown. By quantitative weak propagation of chaos, we precisely mean to find a rate of
convergence of E|¢(iilY) — ¢(ue)| and |E(p(7) — ¢(ue))|, for ¢ in a large class of functions defined on
the space of probability measures.

When Z is a Brownian motion, McKean-Vlasov SDEs and mean-field systems have been widely
studied. In addition to McKean [McK67] and Sznitman [Szn91], one can mention for example Gértner
[G&88], Méléard [Mé96], Malrieu [Mal03], Mischler et al. [MMW15], Jabin and Wang [JW18], Lacker
[Lacl8, Lac21], Tomasevi¢ [Tom20] and Jabir [Jab19]. For a detailed review on the topic of propagation
of chaos, we refer to [CD22a, CD22b]. The recent development of Mean-Field Games has given a new
impulsion to study these systems and the associated propagation of chaos. In particular, it provides a
new formalism and new tools, such as the notion of master equations, which are Partial Differential
Equations (PDEs) on the space of measures, that allow to revisit or generalize some of the preceding
works. In this direction, one can mention for example the book of Carmona and Delarue [CD18a],
Chaudru de Raynal and Frikha [CdRF22, CdRF21], Chassagneux et al. [CST22], Delarue and Tse
[DT21] and Jourdain and Tsé [JT21]. Such new tools are at the core of this work.

It is natural to consider other types of noise such as Lévy processes, which are also largely used to
model physical systems (Lévy flights and anomalous diffusion), see e.g. [MJWO01] for the physical point of
view and [JMWO05] for the mathematical point of view. The propagation of chaos phenomenon has also
been studied for McKean-Vlasov SDEs driven by Lévy processes. In [Gra92a], following the approach of
Sznitman [Szn91], Graham proves qualitative weak propagation of chaos under Lipschitz assumptions
(with respect to the 1- Wasserstein metric W, for the measure variable) for a mean-field system driven
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by a Poisson random measure and its compensated measure. He works in the L' framework, i.e. the
Poisson random measure is associated with a Poisson process having a finite moment of order 1. When
the driving noise is a Lévy process having a finite moment of order 2, we refer to Jourdain et al.
[JMWO07]. The authors prove quantitative strong propagation of chaos in L? under standard Lipschitz
assumptions on the drift and diffusion coefficients (with respect to the 2-Wasserstein metric W3). We
also refer to Neelima et al. [NBK™20] where quantitative strong propagation of chaos is proved in
L%, relaxing the assumptions of [JMWO07]. We also mention [MMW15], where Mischler, Mouhot and
Wennberg exhibit conditions leading to weak propagation of chaos estimates. As an application, they
study an inelastic Boltzmann collision jump process. In the one-dimensional case, Frikha and Li [FL21]
study a McKean-Vlasov SDE driven by a compensated Poisson random measure with positive jumps.
They prove quantitative strong propagation of chaos in L' under one-sided Lipschitz assumptions on
the coefficients (with respect to W; for the measure variable).

The aim of this work is to prove quantitative weak propagation of chaos for (8.1), assuming that
the drift b is bounded and Hoélder continuous in some precise sense with respect to both space and
measure variables (see Assumption (H3) for the precise assumptions). The method that we used relies
on the semigroup acting on functions defined on P(R?), associated with the McKean-Vlasov SDE.
We will give more details below. The study in the Brownian case has been made by Chaudru de
Raynal and Frikha [CdRF22, CdRF21], under similar assumptions. The main difficulties here are the
following. Firstly, the dependence of the drift b with respect to the measure variable is general, so that
differential calculus for functions defined on Pgz(R?) is needed. We use the notion of linear (functional)
derivative (see Definition 8.35). Secondly, since the coefficients are not Lipschitz continuous, one needs
to benefit from a regularization by noise phenomenon, in particular to prove the well-posedness of (8.1).
Thirdly, since Z is a Lévy process having an infinite moment of order 2, another difficulty here is the
impossibility of working in L?. It is thus impossible to rely on the tools, mentioned above, developed
for Mean-Field Games in the L? framework. Moreover, the presence of jumps induces supplementary
technical difficulties to develop such tools.

In the first part of this work, the weak well-posedness of (8.1) is established through the related
nonlinear martingale problem by using the Banach fixed point theorem applied on a suitable complete
metric space (see Assumption (H2) and Theorem 8.2). Notice that the well-posedness of (8.1) was
already shown in [FKM21] by using the same fixed point argument. The fixed point theorem is only
proved to hold in small time in [FKM21], which is enough for the well-posedness. However, in the
following, we need to apply the Banach fixed point theorem on the whole time interval [0, 7] in order to
use Picard iterations to approximate the solution to (8.1). That is why we do the proof a bit differently
to obtain this result.

We then study the regularity of the transition density associated with (8.1), in particular the dif-
ferentiability with respect to the initial distribution u € Pz(RY), with 8 € (1,a), where Ps(R?) is the
space of probability measures p on R? having a finite moment of order 3. Let us introduce, for z € R¢
and s € [0,T), the following decoupled stochastic flow associated to SDE (8.1)

{d XPOH = b(t, XU (X)) dt + dZy, € [s,T], 3

ST,
XS7 7“_1"
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where [X;"] denotes the distribution of the solution to (8.1) at time ¢, starting at time s by any random
variable ¢ with distribution p € Pg(R?). The notation [X;"*] makes sense since by weak well-posedness,
the distribution of the solution to (8.1) depends on the initial condition only through its distribution .
The distributions of X;"** and X;"*" admit densities respectively denoted by p(u, s,t,z,-) and p(u, s, t, ).
Moreover, they satisfy the following relation stemming from the well-posedness of the martingale problem

plssitiy) = [ plpssita.y) dulo) (8.4)

Let us fix t € (0,7] and y € RY. We study the regularity of the map (s, z, u) € [0,¢) x R? x Pg(R?) —
p(p, s,t,x,y) and we prove in Theorem 8.4 that p is solution to the following backward Kolmogorov PDE

8519(,&, S, t, xvy) + £5p(', S, t, ',y)(,u,x) =0, V(M) S, l’) € Pﬁ(Rd) X [Oa t) X Rda

(8.5)
p(p, s, t,x,-) - 0z, in the weak sense,
where L is defined, for smooth enough functions h on Pg(R?) x R%, by
dz
Lahlp ) 2= b5, 2,00 - Och(p, ) + [ G+ 2) = ) = 2 Duhion )]
)
b M0 m) 05l ) (0) dio) (8.6)

1) 4] 4] dz
%h(u,x)(v +2z) - %h(u,x)(v) — 6v%h(u,:r)(v) [z du(v),

s

where % denotes the linear derivative (see Definition 8.35). Estimates and Hoélder controls on the

derivatives of p with respect to s, z and p are proved in Theorem 8.18 under Assumption (H3) by using
Picard iterations and the parametrix method.

Once that the regularity of the transition density has been studied, we focus on the regularizing
properties of the semigroup, acting on functions defined on Pg(R?), associated with (8.1). It is at the
core of the method to prove the propagation of chaos. For a function ¢ : Pg (RY) — R, the action of the
McKean-Vlasov semigroup on ¢ is given by the function U defined by

U (t,p) € 10,T] x Ps(RY) = ¢([X7"]), (8.7)

where [erp’”] denotes the distribution of the solution to (8.1) at time 7" and starting at time ¢ with a
random variable ¢ with distribution u € Pg(R?). More precisely, we prove that if ¢ : Ps(R?) — R has a
linear derivative that is uniformly Holder continuous, then the map U defined by (8.7) is more regular.
Moreover, estimates and Holder controls on the derivative of U with respect to the measure variable are
proved. Inspired by [CD18a] (see (5.128)), [CDLL19] and [CdRF22], we describe the dynamics of the
semigroup in Theorem 8.9 by showing that U is the unique classical solution to the backward Kolmogorov
PDE

{atU(t, 1)+ LU () =0, Y(t,p) €[0,T) x Pa(RYD), 55

U(T,p) = ¢(u), Ve Pa(RY),
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where % is defined, for smooth enough functions h on Pg(Rd), by

Litlp) = [ 600010 0o () () d(v) 59
oL mhwv 2) = S h()() 2By b)) ﬁw@

Then, we use the preceding results to prove quantitative propagation of chaos for the particle system
(8.2) towards the limiting McKean-Vlasov SDE (8.1).

Firstly, we prove in Theorem 8.12 weak propagation of chaos estimates for the particle system
(8.2), as defined above. We refer the reader to Remark 8.14 for a comparison with the existing
literature. The method that we use relies on the solution to the backward Kolmogorov PDE (8.8) U
defined in (8.7), and thus on the McKean-Vlasov semigroup. This strategy was originally described
in [CD18a, pages 506 — 508], inspired by [CDLL19] and [MMW15], and was employed for example
in [CST22, DT21, CdRF21]. Let us describe the main ideas. We begin by computing the time
derivative of the map t € [0,7) — U(t,7i") by applying the standard It6 formula for the empirical
projection (¢t,1,...,zy) € [0,7] x (RHN — U (t, %fo:l 5%) and for the particle system. Not-
ing that ¢ € [0,T] — U(t, ) is constant, we naturally expect that the time derivative previously
computed tends to 0 as N converges to infinity. This convergence has to be shown with an explicit
rate of convergence using the PDE satisfied by U and some estimates on U. Finally, we express
oY) — d(ur) = U(T, @) — U(T, pr) as the sum of U(0, 7)) — U(0, o) plus a remainder term related
to the time derivative which was previously estimated. Since the initial data are i.i.d., the first term is

controlled by standard estimates, for example those in [FG15].

Secondly, we focus on the approximation of the distribution of one particle of the system (8.2) by
the limiting McKean-Vlasov process at the level of densities in Theorem 8.16. We prove a pointwise
error bound between the density of one particle and the density of the limiting McKean-Vlasov SDE.
This allows to quantify the decrease with respect to N of the total variation distance between the
distributions of one particle and the solution to the McKean-Vlasov SDE. The method used to prove
this result relies on similar ideas than presented in the preceding paragraph. It was used in the Brownian
case in [CARF21] (see also references therein). Instead of considering the semigroup associated with the
McKean-Vlasov SDE, we work with the not decoupled density of the solution to the McKean-Vlasov
SDE (8.1), which is somehow a fundamental solution to the Backward Kolmogorov PDE (8.8) (see
Theorem 8.7). Denoting by p(u, s, t, -) the density of the McKean-Vlasov SDE (8.1) at time ¢ and starting
at time s from a random variable with distribution p € Pg (R9), the idea is to study the dynamics of the
map s € [0,t) — p(il, s, t,y), for any y € R?. The two ingredients are the following. On the one hand,
we quantify the error with respect to N between Ep(Y, s,t,) and p(us, s, t,y) = p(i0,0,t,%). On the
other hand, we prove that when s tends to ¢, then Ep(zi¥, s,t,-) converges pointwise to the density of
one particle at time ¢ and starting at time 0 from pg.

The paper is organized as follows. In Section 8.2, we present our results and we comment them.
The proofs are given in the next sections. Section 8.3 is dedicated to prove the weak well-posedness of
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the McKean-Vlasov SDE (8.1) (Theorem 8.2). Then, we study the regularity of its transition density
in Section 8.4 (Theorem 8.18). Section 8.5 is devoted to the proof of the regularizing properties of the
semigroup and the backward Kolmogorov PDE that describes its dynamics (Theorem 8.9). In Section
8.6, we prove the quantitative weak propagation of chaos result (Theorem 8.12) and in Section 8.7 the
error bound for the approximation of the distribution of one particle by the limiting McKean-Vlasov
SDE at the level of densities (Theorem 8.16). We prove in Section 8.8 the technical proposition leading
to the regularity of the transition density and the related estimates stated in Theorem 8.18. In Appendix
8.9, we gather some definitions and propositions related to differential calculus for functions defined on
P(R?) or Pg(R%). Finally, Appendix 8.10 aims at presenting the parametrix method and estimates on
the density of the solution to a linear stable-driven SDE, which are the core of the proof of Theorem 8.18.

Let us finally introduce some notations used several times in the article.

Notations

- P(R?) denotes the set of probability measures on R?.
- dpy is the total variation metric on P(R?).

- Ps(RY) denotes the set of probability measures y on R? such that [z |z|® du(z) < 400, for 3 > 0.
It is equipped with the Wasserstein metric of order 8 denoted by W3, which makes it complete.
Denoting by II(u,v) the set of couplings between two probability measures p,v € Pﬁ(Rd), the
metric W3 is defined by

LA1
. 18 p
Wilur) = _inf (/R el dw(az,m) .

- Mpg() denotes the moment of order 3 of u € Pg(R?) defined by

A1
Mylp) i= ([ lol” du(o))
Rd
- [£] denotes the distribution of the random variable &.
-mh = SV, 8z, denotes the empirical measure, for = (z1,...,zy5) € (RH)N.

- 2,:=(0,...,2,...,0) € (RHN for z € RY, where z appears in the k-th position.
- B, is the open ball in R? centered at 0 and of radius r for the euclidean norm.
- B¢ denotes the complementary of B;.

- a A'b denotes the minimum between a and b.

- a Vb denotes the maximum between a and b.

- B denotes the Beta function defined, for all z,y > 0, by
1
B(z,y) = / (1= ¢)" o1 g,
0

- (' is a generic constant that may depend only on the fixed parameters of the problem and which
may change from line to line.
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8.2 Overview on the main results and comments

Let us fix Z = (Z;); a rotationally invariant a-stable process on R? with o € (1,2). Tts associated
Poisson random measure is denoted by N and the compensated Poisson random measure by N. Since
€ (1,2), by [Sat99, Remark 14.6 and Theorem 14.7|, we can write for all £ > 0

Zy :/Ot/Rdz/f\fv(ds,dz).

The density of Z; is denoted by ¢(t,-) and the Lévy measure v of Z is given by

dz

dv(z) = e

The generator of Z is the fractional Laplacian A% which is defined for all f € C; TY(RER), with y > a—1
(i.e. f belongs to C}(R%R) and V£ is y-Hélder continuous) and for all z € R?, by

Abf(@) = [ (@ +2) = fla) = V(@) =) dv(z). (8.10)

We are interested in the following stable-driven McKean-Vlasov SDE

dX;S =b(t, X0 (X)) dt+ dZy, e [s,T), 6.11)
X3t =¢ [l=pePRY,
where [¢] denotes the distribution of the random variable £ and s € [0, 7).
Let us define, for k > —a the function p¥ on (0, +00) x R? by
VE> 0,2 € RY pF(t,z) =t (14t az]) "ok, (8.12)

These functions are related to gradient estimates on the transition density ¢ of the stable process Z (see

Lemma 8.43). Some useful properties of these functions are given in Lemma 8.42.

8.2.1 Well-posedness of the nonlinear martingale problem and Picard iterations

The first point is to prove the existence and uniqueness, in the weak sense, of the solution to (8.16).
Let us first recall the definition of the nonlinear martingale problem associated with (8.16).

Definition 8.1. Let us fix (s,u) € [0,7) x P(R?). We say that a probability measure P on the Sko-
rokhod space D([s, T]; R?), endowed with its canonical filtration (F;);, with time marginal distributions
(Pe)sesr) € CO([s, T); P(R?)) solves the nonlinear martingale problem associated to the SDE (8.11) with
initial distribution u at time s if the canonical process (?Jt)te[sj] satisfies the two following conditions.

1. We have P; = p.
2. For any ¢ € ng([s, T] x R%), the process defined for t € [s, T] by

ot u0) = 65,90 = [ (0 + IE) olr,e) dr
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is a (D([s, T];RY), (Fi)s, P)-martingale starting from 0 at time ¢ = s and where

LEf(t,x) == b(r,z,P,) - O f(t,x) + A2 f(t,-)(z). (8.13)

We assume that the drift b : [0, 7] x R? x P(R?) — R satisfies the following properties.

Assumption (H2).

1. The drift b is measurable and globally bounded on [0, 7] x R% x P(R9).

2. For any (t,u) € [0,T] x P(R?), the map b(t,-, ) is n-Hélder continuous on R? uniformly with
respect to (t, 1) € [0,T] x P(R?), with n € (0, 1], i.e. there exists C > 0 such that for all ¢ € [0, T,
p € P(RY) and x1, 79 € RY

|b(t7$17.u) - b(t,:l}g,/,b)‘ < C‘$1 - x2|77‘

3. For any (t,z) € [0,T] x R?, the map b(t,x,-) is Lipschitz continuous with respect to the total
variation metric dry uniformly with respect to (t,z) € [0, 7] x R?, i.e. there exists C' > 0 such that
for all t € [0,T], z € R? and yu1, 2 € P(RY)

|b(t7 €, Ml) - b(ta €, /‘62)‘ < CdTV(/‘Ll’ :U’Q)
We can now state the weak well-posedness result.

Theorem 8.2 (Weak well-posedness). Under Assumption (H2), the martingale problem associated with
the McKean-Viasov SDE (8.11) is well-posed for all initial distribution p € P(R?). In particular, the SDE
(8.11) is well-posed in the weak sense. Moreover, for any P € C°([s, T]; P(RY)) with Py = u € P(R?), we

(m)

can define recursively X' as the unique weak solution to

{dx§m> = b(t, X (X)) dt +dzy,  te s, T), 1)

XM = ¢

with [£] = u and ([YEO)]),:G[&T] = P. Then, denoting by P* the unique solution to the martingale problem
associated with (8.11), with initial condition p € P(R?) at time s, we have

sup drv(PF, (X)) — 0, (8.15)

te(s,T) m—+00

where dpy is the total variation metric.

This result is proved in Section 8.3.

Remark 8.3. The well-posedness of the nonlinear martingale problem was already proved in [FKM21].
Therein, the fixed point theorem is only shown to hold in small time since it is enough to prove the well-
posedness. However, we will need in the following the convergence of the sequence of Picard iterations
on the whole interval [s,T]. That is why we do the proof a bit differently. Instead of using the implicit
parametrix expansion, we write the complete parametrix expansion, which yields this global result.
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8.2.2 Cauchy problem for the transition density associated with the McKean-Vlasov
SDE

Now that the well-posedness has been established, we focus on the regularity of the transition den-
sity associated with (8.16). In particular, our aim is to study its regularity with respect to the initial
distribution p. To do this, we fix s € [0,T), f € (1,«) and we consider the following stable-driven

McKean-Vlasov SDE

AXPE = b(t, X4, (X0 dt + dZy, L€ [5,T], (8.16)
X3¢ =¢,  [6) =pePs(RY).

The associated martingale problem is well-posed using Theorem 8.2 and there is weak existence and
uniqueness for the SDE (8.16). Moreover the distribution of X; £ depends only on p and not on the
choice of the random variable £ such that [{] = p and we denote it by

(X = (X0, (8.17)

We introduce, for z € R, the following decoupled stochastic flow associated to SDE (8.16)

dX)0 = b(t, X0 (XM dt +dZy,  t e [s, T,
{ ; (t, X708 (X)) t [, 7] (8.18)

Xomh = g ¢ R,
The distribution of X} admits a density denoted by p(u, s, t,,-) by using the parametrix expan-

sion given in Theorem 8.41. The distribution of X;"* has also a density denoted by p(u, s, t, ). Moreover,
it satisfies the following relation stemming from the well-posedness of the martingale problem

plssitoy) = [ pliss.tiz,y) du(a). (8.19)

We introduce the following assumption, which is stronger than Assumption (H2).
Assumption (H3).
1. The drift b is jointly continuous and globally bounded on [0, T] x R? x P(R%).

2. For any (t,u) € [0,7] x P(R?), the map b(t, -, ) is n-Hélder continuous on R?, for some fixed
n € (0, 1], uniformly with respect to (¢, u) € [0, T] x P(R%), i.e. there exists C' > 0 such that for all
t€[0,T), u € P(RY) and x1, 29 € R?

‘b(t?xlau) - b(t7x27ﬂ)| < C|.’IJ1 - :C2’77.

3. For any (t,z) € [0,T] x R? the map u € P(R?) > b(t,z, 1) has a linear derivative such that
%b(t, z, 11)(+) is n-Holder continuous on R? uniformly with respect to (t,z, u) € [0, T] x R% x P(R%)
and 52-b is bounded on [0, 7] x R? x P(R?) x R

4. For any (t,z,v) € [0,T] x (R%)2, the map pu € P(R?) s (%mb(t, x, pt)(v) has a linear derivative such
that %b(t,x, 1) (v, -) is n-Hélder continuous uniformly with respect to (¢, , u,v) € [0,7] x R? x

P(R?) x R% and %b is bounded on [0,7] x R? x P(R?) x (R%)2.

We need this stronger assumptions in order to study the regularity with respect to the initial

distribution of the transition density p.
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Let us now state in the next theorem the backward Kolmogorov PDE satisfied by the decoupled

transition density p as well as some important gradient estimates on p.

Theorem 8.4. Let us fix (t,y) € (0,T] x RY. Under Assumption (H3), the mapping (i, s, x) € Ps(R?) x
[0,2) x R+ p(u, s,t,2,y) belongs to CL(Pg(R?) x [0,t) x RY) (see Definition 8.36), and is solution to
the following backward Kolmogorov PDE

s, s, t,2,y) + Lap(-, 5, y) (1, 2) =0, V(u,s,z) € Pg(RY) x [0,¢) x RY,

(8.20)
p(p, s,t,x,-) — 0z, in the weak sense,
where Lg is defined, for smooth enough function h on ’Pg(Rd) x R, by
dz
Lahlan ) s=b(s,,10) - Ouh(p,2) + [ [hlpo +2) — h(p,x) =2 b0, )] s
5
0y-"h(y, 21
+ [ B0 Db, ) (0) dia() (8.21)
) ) ) dz
L L gm0 2) = Sl 2) () = 2 0 g, 2)(0)| - ),

Moreover, there exists a positive constant C > 0 such that for all j € {0,1}, p € Ps(R?), 0 < s <
t<T and z,y,v € R?

109 (11, 5., 2, y)| < C(t—5) 5 pl(t — 8,y — ), (8.22)
IASp(u, sty y)(2)] < Ct— )71 p(t — s,y — 2), (8.23)

O ply, 5,2, )(0)| < Ot — 8518 01— 5,y — ), (8.24)

and

‘Ag Lsfnp(,u, st x, y)] (v)| <C(t— s)fépo(t — s,y — ), (8.25)

where p? was defined by (8.12).

The proof of this theorem is postponed to Section 8.4. More precisely, certain other estimates (see
Theorem 8.18), in particular Hélder controls, are needed not only to prove the preceding theorem, but
also to exhibit the regularizing properties of the semigroup associated with (8.16) which are presented
in the next subsection.

Remark 8.5. Contrary to the Brownian case (a = 2) studied in [CdRF22, CdARF21], we do not need to
prove C? regularity with respect to z € R% and p € Ps (R9). This would impose stronger assumptions.

Remark 8.6. Let us introduce, for (s,u) € [0,T] x Ps(R?), the operator L¥ associated with the linear
SDE related to the McKean-Vlasov SDE (8.16), i.e. where the measure argument is frozen equal to .
It is defined, for smooth enough function f on R¢ by

Vo e RY,  LEf(xz):=b(s,z,p) - O0pf(x) + A2 f(z).
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Then, we have for all smooth enough function i on R x Ps (R%)
p w9
‘csh(:ua :E) =Ly h(:ua )(1:) + L 7]7!(,“’ $) (’U) d,u(v)
R4 om
Let us now deal with the not decoupled density of the McKean-Vlasov SDE (8.16).
Theorem 8.7. Let us fix (t,y) € (0,T] x RY. Under Assumption (H3), the mapping (11, s) € Ps(R?) x
[0,£) = p(p, s,t,y) belongs to C1(Pz(RY) x [0,t)) (see Definition 8.36), and is solution to the following

backward Kolmogorov PDE

dsp(p, s, t,y) + Zop(-, 5,6, y)(0) =0, V(i s) € Pg(RY) x [0, 1),

(8.26)
p(u, s,t,-) = in the weak sense,
where £ is defined, for smooth enough functions h on Pﬂ(Rd), by
)
Loh(p) = / b, v, 1) - Durs —h()(0) dp(v) (8.27)
Rd m
) ) ) dz
L L [0 ) = S 0) == 0w () (0)| i duto).

We do not give the proof of this result since it follows from the same reasoning as in the proof of
(8.20) in Theorem 8.4 presented in Section 8.4 (see also [CdRF21, Theorem 3.3] for the proof in the

Brownian case).

8.2.3 Backward Kolmogorov PDE on the space of measures

We can now focus on the study of the semigroup associated with (8.16), acting on functions defined
on Pg(R%). Let us recall that 8 € (1,«) is fixed. For a fixed function ¢ : P3(R%) — R, the action of the
semigroup on ¢ is given by the map U defined by

Ut p) == ¢((X7"]),  V(t,p) €[0,T] x Pg(RY), (8.28)

where [X;F’“ ] is the flow of marginal distributions of (8.16), where the initial distribution is equal to
at time ¢ and was defined in (8.17). We aim at studying the regularizing properties of the semigroup,
i.e. the gain of regularity between ¢ and U with respect to the measure variable. This will be crucial
to prove the propagation of chaos. The regularization of ¢ by a smooth flow of probability measures is
presented in Proposition 8.39.

We define the space of functions on which the semigroup acts.

Definition 8.8. Let us fix § € (0,1]. The space C(19)(Ps(R?)) is defined as the set of continuous
functions ¢ : Pg(R?) — R admitting a linear derivative such that there exists a positive constant C such
that for all u € Ps(RY), vy, ve € RY

O (41 (01) — () (w2)| < Clor — al?

om om
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We state in the next theorem the regularizing properties of the semigroup acting on C9) (Pg(R%))
and we describe its dynamics through the backward Kolmogorov PDE that it satisfies.

Theorem 8.9 (Backward Kolmogorov PDE). Let us fix ¢ € C%9)(Pg(RY)). Then, under Assumption
(H3), the function U defined in (8.28) belongs to C°([0, T] x Pg(R4))NC([0,T) x Ps(R?)) (see Definition
8.56) and satisfies the following properties.

e There exists a positive constant C' such that for all t € [0,T), u € Ps(RY), v € R?

4]

0,5V t,11)(v)

6—1

<CO(T—t)=. (8.29)

o Forally € (0,1] N (0,(2a — 2) A (n+ « — 1)), there exists a positive constant C' such that for all
t€[0,7), u € Pg(RY), vy,v2 € RY

0y LUt 1) (01) — BT (8, ) ()

om om

§—1—v
S C(T — t) o ‘1)1 — V2 'Y. (830)

Moreover, U is solution to the following backward Kolmogorov PDE

{atU(t,u) + AUt ) () =0, V(t,p) €[0,T) x Ps(RY), (8.31)

U(T7 M) = ¢(N)> V€ P/B(Rd)v

where & was defined in (8.27). It is the unique solution to (8.31) among all functions in C°([0,T] x
Ps(RY)) N CH([0,T) x Pg(R?)) satisfying (8.29) and (8.30).

We prove this result in Section 8.5.

8.2.4 Quantitative weak propagation of chaos

We are now going to use the regularizing properties and the dynamics of the semigroup given in
Theorem 8.9 to prove quantitative weak propagation of chaos for the mean-field interacting particle
system associated with (8.16). Let us introduce (Z"), an i.i.d. sequence of a-stable processes having
the same distribution as Z and (X{'), an i.i.d. sequence of random variables with common distribution
Lo € Pg(]Rd), where 5 € (1, ) is still fixed. For any N > 1, the system of N particles associated with
(8.16) is defined as the unique solution to the following classical SDE

dX;N =b(t, XN @) dt +dzi, te(0,T], iefl,... N},
N
L = D Oy, (8.32)
A =t
XN = xi.

This linear SDE on (R%)Y is well-posed in the weak sense using [CSZ18, Corollary 1.4 (i4)] since its
drift coefficient is Holder continuous in space uniformly in time. The limiting McKean-Vlasov SDE is
(8.16) starting at time s = 0 from any random variable ¢ with distribution po € Ps(R?). We denote by
(11t)tefo,r) the flow of marginal distributions of its solution. Let us define the space of test functions that

we use to quantify the weak propagation of chaos of the particle system (8.32) towards the McKean-
Vlasov SDE (8.16).
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Definition 8.10. For ¢ € (0,1] and L > 0, we define the space C(LQ’(S) (P5(RY)) as the set of continuous
functions ¢ : Pg(R?) — R admitting two linear derivatives %gb and %Qﬁ such that for all u € Pg(R?),
vy, v, v}, vh € RY
) )
(1) = 5 0ln) ()] < Ller v’

and

0 / /
B (01,0h) = 5502, 0h)| < Ll = val® + [of = vhl?)

Remark 8.11. Note that C(Lz’é) (Ps(RY)) is a subspace of C(19)(Pg(R?)) defined in Definition 8.8.

We now state our quantitative propagation of chaos result.

Theorem 8.12 (Quantitative weak propagation of chaos).
Let us fiz 6 € (0,1], L > 0 andy € (0,1]N(0, (6 +a—1)A(2a—2)A(n+a—1)). Then, under Assumption
(H3), there exists a positive constant C = C(d, T, «, B, (H3),~,9d, L), non-decreasing with respect to T,

such that for all ¢ € Cg’é)(Pg(Rd)) and N > 1, it holds

C
Elo(i7) — ¢(ur)| < CEWL(1', o) + fuE (8.33)

Moreover, there exists a positive constant C = C(d,T,«, 8, (H3),v,0, L, Mi(up)), non-decreasing with
respect to T', such that for all ¢ € C](—JQ’J) (Ps(RY)) and N > 1, it holds

() - 6(ur)] < o5 (331

The proof is given in Section 8.6.

Remark 8.13. 1. The initial data term in (8.33) can be handled using Fournier and Guillin [FG15],
in particular in the case where pp has more moments than 5. Indeed, one has if pg € Pq(Rd) with

q=>1
N*%—i—N*(l*é), if d=1 and g¢#2,
EW: (15, po) < C N-2In(1+N)+ N0=3) if d=2 and ¢ £2, (8.35)
N—d+ N*(lfé), if d>3 and q# diil.

2. Let us justify why the estimate (8.34) is interesting. Firstly, this result quantifies the approxima-
tion of semigroup associated with the McKean-Vlasov SDE by its empirical projection defined in
Definition 8.37 applied to the particle system. Secondly, it allows to quantify the approximation
of the distribution of one particle by the distribution of the limiting McKean-Vlasov process with

respect to W1. Indeed, denoting by ||¢||Lip := sup,, w for ¢ : RY — R, the set

= {¢> : Ps(RY) — R, Jp: R — R, with ||¢]|rip < 1, and ¢(u) = /d ©dp, Y € Pg(]R{d)}
R

is contained in C{Zl)(Pg(Rd)). Thus, the estimate (8.34) and Kantorovich-Rubinstein’s theorem
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[Vil09, Remark 6.5] ensure that

sup Wi([X/N], ) = sup  sup Ew(th’N)—/ o dpuy
t€[07T} tE[O,T] ® ”(/’”Lipgl R4

1 N
= sup  sup E<NZ¢(Xf’N)> _/RdSDdHt

t€[0,T] ¢, [lllLip <1

= sup  sup E/ sodﬁiV—E/ o dp
te[0,7] ¢, [lollLip<1 R4 R4

= Ssup Ssup
tel0,T] pe€¢

< r
_N'Y’

E(7i) — B ()
(8.36)

where v € (0,1]N(0, (2a—2)A(n+a—1)) and since the constant C' in Theorem 8.12 is non-decreasing
with respect to T'.

Let us now compare our result with the existing literature.

Remark 8.14. 1. Let us formally take @ = 2, which corresponds to the Brownian case treated in
[CdRF21]. Then, we can take v =1 and 3 = 2 in Theorem 8.12. The rates of convergence proved
in our theorem are precisely those proved in [CdRF21, Theorem 3.6], i.e. N =2 for (8.33) and N—!
for (8.34).

2. In dimension d = 1, we recover with (8.33) the same rate of convergence obtained in [FL21], for
1
the strong propagation of chaos in L', since EW; (%)), p10) < CN5 ! by (8.35).

3. In [Cav22a], the example of a nonlinear Ornstein-Uhlenbeck process is treated using the same
method. It corresponds to take

b(t, o, p) =z + /Rd ydu(y).

However, there is preliminary step in the proof, which consists in removing the jumps larger than
the number of particles N from all the noises. This is due to the unboundedness of b with respect
to both space and measures variables in this case, which yields weaker estimates on the semigroup.
It is proved in [Cav22a] that there exists a positive constant C' such that for any ¢ € C%Q’l)(Pﬂ(Rd))

In(N)a
E[o(i) — o(ur)] < CEWA () + O (8.7

1-1 7
[e3

which is better than (8.33) in spite of our stronger assumption of boundedness on b. Indeed, by

removing the large jumps in a first step, we can take 5 = « in (8.33), up to the logarithmic factor

present in (8.37). This factor precisely comes from the fact that [, <y [2[* dv(z) Nt In(N),
=1%l= —400

which is the price to pay to take 5 = « in (8.33). The estimate (8.34) is better in our framework
since the rate of the corresponding estimate in [Cav22a] is N'~® and we can take v > a — 1 in
Theorem 8.12. This is natural since the drift is unbounded in [Cav22a].
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8.2.5 Quantitative approximation of the distribution of one particle by the limiting
McKean-Vlasov process at the level of densities

We keep the same notations as in the preceding subsection. We present here the quantitative prop-
agation of chaos result at the level of densities for the particle system (8.32). Let us first introduce the

following assumption which deals with the existence of a density for (8.32).

Assumption (H4). We assume that for any ¢ > 0, the particles (X;"",..., X}"") defined by (8.32)
with initial distribution pg € Pg(R?) at time 0 have a density on (R%)"™ denoted by p” (uo, 0,1, ).

Remark 8.15. When d = 1, notice that Assumption (H4) is implied by Assumption (H3) using
[CHZ20a, Theorem 1.1]. Indeed, Assumption (H3) ensures that the map = = (21,...,zy) € (RH)N

(b(t, xiaﬁjxv))ie{l,...,N} is Holder continuous uniformly with respect to ¢ € [0,T]. If we want to avoid As-
sumption (H4) in dimension d > 1, we need to study if we can extend [CHZ20a, Theorem 1.1] to this

framework.

Under Assumption (H4), the density of the first particle exists and is denoted by p™(uo, s,t,-). It
is given, for all y; € R?, by

N(uo,O,t,yl)z/ P (10,0,t, 91,92, ..., yn) dya . . . dyn.
(RI)N—1

Note that by exchangeability, all the particles have the same distribution. Let us recall that p(uo,0,¢,-),
defined in (8.19), is the density on R? of 11, which is the distribution of the solution to the McKean-Vlasov
SDE (8.16) at time ¢ with initial distribution pg € Pg(R?) at time 0.

Theorem 8.16. Let us fir vy € (0,1]N(a—1,2a—2)A(n+a—1)) and +' € [a — 1,1]. We define for
p € Ps(RY), t € (0,T) and y,z € RY

(i, 0.t,9)i= [ Pty =o)dute), and () = oL, (2) + |2/ L ),

where p° was defined by (8.12). We also set ¢ := — (1 - QTTV) € (0,1) since v € (0,2a — 2), and we
denote by B the Beta function defined, for all x,y > 0, by

1
B(z,y) = /0 (1—t)~ e 1rv g,

Then, under Assumptions (H3) and (H4), the following properties are satisfied.

e (Upper-bound for the density of one particle). There exists a positive constant C =
C(d, T, , B, (H3),7) such that for all o € Ps(R?), t € (0,T], y € R? and N > 1

Ok+1 4k(1=¢) (k=1
M (p0,0,t,y) < Cao(uo, 0,t,y) + Z RO [1B8G1-¢),1-0 (8.38)
j=1

k
Z/ q0 <M0707t7y—22i> H Zj dV Zj

IeP, iel j=1

where Py, denotes the set of all subsets of {1,...,k} and by convention qo (f10,0,t,y — > icp i) =
q0 (,U,(), 07 t) y)
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e (Pointwise estimate for the approximation of the density of one particle). There exists
a positive constant C = C(d, T, «, 8,(H3),7,7") such that for all py € Pg(Rd), te (0,7T], y € R?
and N >1

[P (10,0, ) = b0, 0, £,9)| < ]\(]J 1 My ))/ (L+|2")p°(t,y — @) dpao ()

0 Ck—i—l k—1
*ZWWH) [1BGAQ=0.1-¢) | BA+k(1-¢),1-C)
k=1 j=1

(8.39)

Z/ qo(uo,Oty Zz)ﬁ Fz7) dv(z).

I€P;, el

e (Estimate for the approximation of the distribution of one particle in total variation).
There exists a positive constant C = C(d,T, o, B,(H3),v) such that for all initial distribution
Mo € ’Pg(Rd), t€(0,7] and N > 1

C {1ty
dry (X)) < 555t « (14 M (o)), (8.40)
and
sup_dry (X)) < ~omp (1 Mo (o). (8.41)
te[0,7)

The proof is given in Section 8.7.
Remark 8.17. Let us compare this result with the estimate (8.36) quantified with the Wasserstein metric
W;. We find the same rate of convergence N~7 with v € (0,1] N (0, (2ac — 2) A (n + o — 1)). However in
(8.40), there is a time-integrable singularity, similarly to [CARF21, Theorem 3.5], which is not present
n (8.36). This time singularity can be removed with the slower rate of convergence N'~%. We recover
the rate of convergence N ! shown in [CdRF21, Theorem 3.5] in the Brownian case by taking formally
a = 2 in the preceding result.

8.3 Well-posedness of the nonlinear martingale problem and Picard

iterations

This section is dedicated to the proof of Theorem 8.2. The proof is based on the Banach fixed point

theorem on a suitable complete metric space.

Introduction of the complete space and parametrix expansion. Let us consider the space
C%([s, T]; P(R?)) which is complete under the uniform metric d, 7 associated to the total variation metric
dry defined, for P,Q € C%([s, T]; P(RY)) by

ds,;7(P,Q) := sup dry(Pr, Q).
r€(s,T]

We introduce the space

Asp = {P € C[s, T P(RY)), P, =}
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Note that it is a closed subspace of (C°([s, T]; P(RY)), ds ) and thus (A1 ,,dsr) is complete. For any

P e A, r,, we consider the following linear time-inhomogeneous SDE

5,6, P

dX5T = b, X007 P dt +dz,, te s T),
X — ¢

Notice that this SDE is well-posed in the weak sense since it is the case for the related linear martingale
problem by [MP14]. Its flow of marginal distributions ([X; 7§’P])te[sﬂ belongs to A, 7,. We can thus
define a map 7 : Ay 1, — As 1, such that for any P € A7, Z(P); = [Xf’g’P]. We remark that a
probability measure P on the Skorokhod space D([s, T'; ]Rd) solves the martingale problem related to the
McKean-Vlasov SDE (8.11) if and only if its flow of marginal distributions (IP;)¢c[s 77 is a fixed point of
7. Our goal is thus to prove that for some m > 1, the m-th iterate Z(™ is a contraction on (As 1, dsT).
We fix P!, P? ¢ A1, and we define recursively for all m > 1, xh0m and x20m as the unique weak

solutions to

—i,(m) (8.42)
X =6

{de;(m) = b(t, X0 XTI dt v dZ,, te s, T), ie{1,2),
S

with ([Yi’(o)])te[sﬂ = P'. We also introduce the associated decoupling fields. Namely they are the weak
solutions to

xR — g

s

{de’i’(m) = bo(t, XT X)) dt +dz,, te s, T), ie{1,2),

7$7i7(

Thanks to Theorem 8.41, the distribution of X

measure denoted by p; m (1, 5, t, x, -). Remark that the notation makes sense since, by weak well-posedness,

™) has a density with respect to the Lebesgue

the distribution of th’i’(m) depends on the initial condition £ only through its distribution u. Moreover,
by weak well-posedness of SDE (8.42), Y;’(m) has a density p; (i, ,t,-) such that for all y € R?

Pim (i, s, t,y) = /dez‘,m(u,s,t,x,y) dp(z).

Let us give the implicit parametrix representation of p; (1, s, ¢, z,y), which is given in Appendix 8.10.
Wedeﬁneforallogs§r<t§Tandx,y€Rd

ﬁ(r,t,l‘,y) = Q(t_ray_x)v (844)
Hi,m(% Tu t: Z’, y) = b(’f’, x7 [Y?(m_l)]) : al‘ﬁ(r7 tu x? y)7

where ¢(t, ) is the density of Z;. The space-time convolution between to functions f and g is given by

t
foglu,rtxy) ::/ /df(,u, ror' x, 2)g(u, vt 2, y) dz dr, (8.45)
r JR

when it is well-defined. The convolution iterates of H; ,,, are defined recursively by ”Hf ,J%l =Him® Hﬁm.
By convention H?,m = Id. By Assumption (H2), we can apply Theorem 8.41 which ensures that

pi,m(lufa S, t? T, y) = ﬁ(sv t7 T, y) +p7,,m & Hi,m(lufa S, ta z, y) (846)
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Using Theorem 8.41 and Proposition 8.44, we deduce that there exists a positive constant K such that
foralliG{l,Q},le,k21,0§s§r<t§Tandx,y€Rd

‘pi,m(u7 3,t,fL’7 y)| S Kp()(t —5Y— .’L'),

1

k k —Lpk-1)(1-1) L= - 1 1 (8.47)
’Hi,m(ﬂ7rat,xvy)‘SK(t_T) « “ HB(j <1_a>71_a>p(t_ray_'r)>
j=1

where the functions p/ were defined in (8.12) and B is the Beta function defined, for all 2,y > 0 by

['(z)T(y)

1
. o\ l4zy—14y —_
B(z,y) - /0 R e

I" being the Gamma function. For any 0 < s <r <t < T, z,y € R%, we define

Apm(/% S, t? x, y) = pl,m(/% S, t? x, y) - p2,m(/% S, t7 Z, y)7
AHm(H’Tvt)x7y) = %1,m(//“7ra t,x,y) - %Q,m(u7r7t7$7y)'

It follows from the definition of #;,, the Lipschitz continuity of b(s,x,-) with respect to the total
variation metric (and its expression as the L' norm of the difference between the densities) and (8.235),

that for some constant C' > 0, one has for all m > 1

A1 (1,7, 8, 2, y)| < Cpy (X0, X2 (8= 1) 5 p (E— 1,y — ) (8.48)

= C/Qd |Apim (. 5,7, 23 )| dp(a’) dy' (¢ — 1)~ 3 pH(t — 1,y — ).
R
We similarly obtain for m = 0 that

[AH (78,2, )| < Oy (P P2)(t = 1) "2 pl(t — 1,y — 2). (8.49)
Let us prove that for all m > 1, the following representation formula holds true

oo
Apm(pty 8,t,2,9) = % P2m @AM @ HY (11, 5,1, 2, ), (8.50)
k=0
the series being absolutely convergent. Starting from the implicit parametrix representation formula
(8.46), we have
Apm(u7 S, ta x, y) - p2,’m & AHm(,u’a S, ta xZ, 3/) = Apm ® Hl,m(u7 S, ta x, y)

Iterating this procedure, we easily prove by induction that for all N > 1

N
Apm(/la Sa ta CL', y) = ZPZTR ® A/;-[Tn ® %llc,m(/‘% Sa ta CE, y) + Apm ® H{\j’;;l(#? 57 tv CL’, y) (851)
k=0

We want to take the limit N — +o0 in (8.51). By using (8.47) and the convolution inequality (8.234),
we obtain that for some positive constant C'
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‘Apm ® My (s, y)‘

t N 1 1
< 0/,. . N+l o \—14N(1-1) ( < . ) . ) 1y .
_/S o Cp (r—s,z—x)C" "t —r) | | Bljl1l - , 1 L (t—r,y—z)dzdr

The upper-bound converges to 0 as IV tends to infinity thanks to the asymptotic behavior of the Beta
function. Following the same lines, we prove using again (8.47) that the series appearing in (8.51) is
absolutely convergent. Letting N tend to infinity in (8.51) yields the representation formula (8.50).

We are now going to prove by induction that there exists a positive constant C' such that for all
m>1,t¢e(sT), x,y € RY

m—1
1 1
Spalies,tiz)| < (=50 TLB (14 (1= 2 ) 1= 1) dualPL PP,y 0). (852
j=1

Base case m = 1. It follows from (8.47), (8.49) and the convolution inequality (8.234) that

t
Ip21 @ AHi(p, s, t,z,y)| < C/ /d POr—s,2—x)(t— r)*éds,r(Pl,PZ)pl(t —r,y —z)dzdr
s JR
< C(t — ) " wdgy(PY, PO(t — s,y — ), (8.53)

since ds (P, P?) < ds+(P!, P?) for r € [s,t]. Following the same lines and using the bound (8.47) on
’H’fl, we show that for some constant C' > 0, one has for all £ > 1

‘p2:1 ® AHl ® %lf,l(uv s, 1, @, y)‘

(%

< Ot — )% dy (PY, P2)p(t — 5,y — 2)C*(t — ) (1-%) kf[lzs (z <1 _ (11) - 1) .

By summing over £ > 1, we deduce using the asymptotic behavior of the Beta function that for some

constant C' > 0, we have

> ‘Pz,l © AH1 @ HE 1 (1,5, t,,9) (8.54)
k=1

< Ot — 5) " adsy(PY, P2t — 5,y — ).

Plugging (8.53) and (8.54) into the representation formula (8.50) for m = 1 concludes the proof of

the base case.

Induction step. We assume that (8.52) holds true at step m for a certain constant C' that will be
chosen at the end of the induction step to ensure that (8.52) is verified at step m + 1. We denote by K
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any constant independent of m and C' appearing in the induction step. By using (8.48), one has
_1
|AHm+1(M,T, t,CC, y)| < K(t - T) apl(t -y - l‘)

cm(r — sym(1=3) ﬁl B (1 +j (1 - i) 1— ;) ds (P, P2).

j=1

This inequality combined with (8.47) yields

‘P2,m+1 ® A;L[’m-i-l (Mv S, t7 Z, y)| (855)

1

t 1
< K/ ) Po(r —s,z—x)(t —7r)"ap(t —ry—2)C™(r — s)m(l_a)
s JR
m—1

I B (1 +j (1 — 1) 11— 1) dsr(P', P?)dz dr
(6% (6%

< KC™(t—s)m0-2) T] B (1 +7 (1 - i) 11— i) dst(P', P?)p"(t — s,y — ).

=1

Following the same lines and using the bound (8.47) on ”Hlfm 11, we show that for some constant
K > 0, one has for all £ > 1

’p27m+1 ® AHW’H‘l ® H’f,erl (/J’? S, t? xz, Z/)‘

< KO- ) [ 8 (1 47 (1= 2) 1 2 ) daPL P~ sy - )

R0 T (i1 1) 1),

By summing over £ > 1, we deduce, thanks to the asymptotic behavior of the Beta function, that for
some constant K > 0, we have

> ‘pzmﬂ © AHmi1 @ HY oy (8,8, , y)‘ (8.56)

k=1
11y T , 1 1

< KC™(t — 5)m+h) (1 H (1 +7 <1—a>,1—a) de (P, POt — s,y — ).

Finally, plugging (8.55) and (8.56) into the representation formula (8.50), we obtain

PR , 1 1
|Apm41(p, s, t,x,y)| < KC™(t— m+1 (1 H <1 +j (1 — a> ,1— a> ds7t(P1,P2)pO(t -8,y —T).

This ends the proof of the induction step provided that we choose C' > K in (8.52), which is possible
since K does not depend on m.

Conclusion of the proof of Theorem 8.2. Using the asymptotic behavior of the Beta function, we
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get that for m large enough, we have for all t € [s,T], z,y € R?
‘Apm(/% Satamv y)| < EdS,t(P17 P2)p0(t —$Y - .Z'),

where € > 0 is such that

1
6/ POt —s,y)dy 26/ PP(Ly)dy = .
Rd ]Rd 2

Finally, we have

ds (2™ (PY), 2™ (P?)) = sup  sup
te(s,T] h, |[hl| oo <1

sup/ |Apm (1, 5, t, ,y)| du(x) dy
te(s,T) /R4

h(y)(P1,m (s, 5,1, y) — p2,m(, s, t,y)) dy

R4

IN

1
< 5ds,T(Pl,P?).

The Banach fixed point theorem ensures that Z has a unique fixed point in A, 7 ,. Thus, the mar-
tingale problem associated to the McKean-Vlasov SDE (8.11) is well-posed. Moreover, we know that for
any initial data P € As 1, the sequence (ZU™(P));,>1 converges towards the solution to the martingale
problem with respect to the metric ds r. This proves (8.15).

8.4 Properties of the transition density

This section is devoted to prove Theorem 8.4. It will be a direct consequence of the following result.

Theorem 8.18 (Regularity estimates on the decoupled transition density). Let us fir 0 < s <t < T
and y € R Under Assumption (H3), the mapping (u,x) € Pg(R?) x R? — p(p, s, t,x,y) belongs to
CL(Ps(RY) x RY) (see Definition (8.36)). Moreover, it satisfies the following properties.

o There exists C > 0 such that for all j € {0,1}, p € Pg(RY), 0< s <t <T and r,y € R?

p(, 5,2, y)| < Ot —s)"apl(t — s,y — ). (8.57)

e Forall j € {0,1} and v € (0,1] with v € (0, 2aa —2) A (n+a —1)) if j = 1, there exists C > 0
such that for all u € Ps(RY), 0 < s <t <T and z1, 29,y € RY

01p(p, 5.t 01, 9) = (1, 5, 1, w2, y)| < C(t—s5) "0 21 —aa[? [T (t = 5,9 — 1) + /(¢ = 5,y — 2)] .

(8.58)
o There exists C > 0 such that for all u € Pﬁ(Rd), 0<s<t<T, zyveR?
0 1-1 0
%p(u, s,t,x,y)(v)| < Ct—s) "ap (t—s,y— ). (8.59)
o There exists C > 0 such that for all p € Pg(R?), 0<s<t<T, z,y,v € R?
1) =191 g
&,%p(,u,s,t,av,y)(v) < C(t_s) . ep (t—S,y—.’L‘). (860)
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For all v € (0,11 N (0, (2ac — 2) A (7 + a — 1)), there ezists C > 0 such that for all p € Ps(R?),
0<s<t<T, xy,v,vy €RY

) 1)
av%p(y“v S, tv x, y)(’Ul) - 811%1)(”7 S, tv €, y)(v2)

I vy — vo| TP (t — s,y — ).

(8.61)

<C(t—s)

For all v € (0,1], there exists C > 0 such that for all , p € Pg(RY),0< s <t < T, z,y,v1,v2 € RY

<C(t— s)l_%\vl — w7t — s,y —x).  (8.62)

0 )
)mp(,ua Syta x,y)(m) - %p(ﬂa S,t,l‘, y)(UQ>
For all vy € (0,1], there exists C > 0 such that for all u € Pg(RY), 0 < s <t <T, x1,72,y,v € RY

<Ot — )\ |21 — @]

J J
s o) (0) = (st ()
[po(t — s,y —x1) +p(t — 5,y — 932)} . (8.63)
For all v € (0,11 N (0, + a — 1), there exists C > 0 such that for all p € Ps(RY), 0< s <t < T,
T1,72,Y,V € Rd

S C(t - S) niéi’y—i_l_é‘xl - $2|’y

1) )
av%p(.ua S,t,l’l, y)(U) - aﬂ%p(p’? S’ta Z2, y)(U)

[po(t — s,y —x1) +p(t — 5,y — 932)} . (8.64)

For all j € {0,1} and v € (0,1] with v € (0,a — 1+ 1) if j = 1, there exists C > 0 such that for
all0 <s<t<T, uy, po EPg(Rd), z,y € R?

1 1totg .

8%17(,“1737@%@ - 8;%])(#273:@377,@)‘ S C(t - 8) @ Wf(ﬂb/@)p](t —S5Y— ‘T) (865)

For all v € (0,1], there exists C' > 0 such that for all0 < s <t <T, p1,p2 € Pg(Rd), z,y,v € R?

< C(t—s)"a WY (1, o) p°(t— 5,y — ). (8.66)

)
p(:ulv S, t, x,y)(v) - 7}?(#2, s, t, 3373/)(’0)

’5m om

For all v € (0,1], there exists C > 0 such that for all0 < s <t <T, pi,p2 € Pg(Rd), z,y,v € RY

é 1)
av%p(,ulv S,t,fE, y)(v) - 8’0%[)(,“’27 Sat7x7y)(v)

n—y—1
«

_1
W (1, ) p° (t — 8,y — ).
(8.67)

<C(t—s)

For all j € {0,1}, v € (0,1 — é), there exists a constant C' > 0 such that for all t € (0,71,
s1,82 € [0,t), p € Pg(]Rd), z,y € R4
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|8g‘p(/‘[47 Sl,t,ﬂf,y) - ag:p(,u’a 52, t,CC, y)|

s1—sa|7 51— s2|7
<c th—sl,y—m(t'l)ijpﬂ@—sQ,y—x) - (8.68)
— 851 @ — 59 a

e For all v € (0,1), there exists a constant C > 0 such that for all t € (0,T], s1,s2 € [0,t),
IS Pﬂ(Rd)7 T,Y,vV € R

B B
‘&np(u, si,t,x,y)(v) — %p(u, sa,t,2,y)(v)

|51 — s2|” |51 — s2|”

P (t — 51 A 89,y — )

P2t — 51V 89,y — ) +

<C 1 1
(t -5V 82)7—’—5_1 (t — 51 A 82)7+5—1

(8.69)

e Forally € (0, 1+ 776%1), there exists a constant C > 0 such that for all t € (0,T], s1,s2 € [0,1),
1€ Ps(RY), z,y,0 € R

1) 0
av%p(,ua s, tyx, y)(v) - av%p(:uv s2,1, 2, y)(U) (870)
S1 —SQ’Y S1 —82'y
<C (t ‘\/ )+|_1+1 ,,p(t—81V32,y—x)+(t |/\ )+|_1+1 np(t_sl/\s%y_l‘)
— 51 59 — 51 S92

e Forall u € Pﬁ(Rd), 0<s<t<T, z,veR? we have

b
/Rdrp(u,st:cy dy—/ Qo1 8,t,2,y)(v) dy = 0. (8.71)

Before proving this result, let us introduce the parametrix method that is at the core of the proof
(see Appendix 8.10 for more details). We denote by ¢(t,-) the density of Z;. We define for all 0 < s <
r<t<T,ucPs(RY and z,y € RY

(,U,,S rta:y) (T’t.’[‘y) —Q(t—T,y—$), (872)
H(/J’v 57T3t7$7y) = b(’l“,:L‘, [X;"% ]) : Omﬁ(s,r,t,x,y).

Note that the proxy p(s,r,t,x,-) does not depend on p and s and is the density at time ¢t > r of the

solution to

{df([’x = dz, -

X =g € RY,

and H is the associated parametrix kernel. We also define the space-time convolution operator between

to functions f and ¢ by

foglp,sritxy): // flu, sy’ x,2)g(u, s,7" ¢, 2,y) dz dr’, (8.74)
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when it is well-defined. The space-time convolution iterates H* of H are defined recursively by H' := H
and HF! .= H ® H*. By convention f ® H° is equal to f. In order to simplify a bit the notations, we
will write f ® g(u, s,t,z,9) := f @ g(u, s, s,t,x,y), H(u, s, t,z,y) := H(p, s, s,t,z,y), and the same for
other maps. Finally, we denote by ® the solution to the following Volterra integral equation

D(p,s,rt,x,y) =H(p, s,m,t,2,y) + HQ P(u, s,7,t,2,y),

which is given by the uniform convergent series

oo
q)(ﬂas7ratax7y) = ZHk(M737T7taxay)- (875)
k=1

Then, we have using Theorem 8.41, that for all 4 € Pg(RY),0<s <t < T, and z,y € R?

plp, s ta,y) =pls, ta,y) + Y PR H (i, s,t,2,y). (8.76)
k=0

Let us now prove Theorem 8.18.

Step 1: Properties of the Picard approximation of the transition density associated to
(8.18). In order to study the regularity with respect to u of p(u, s,t, z,y), we consider an approximation
sequence based on Picard iteration. We fix a measure v € Pg(R?) and s € [0,7) and we start by
considering the following stable-driven McKean-Vlasov SDE

{de@(” = b(t, X7 vy dt + dz,, te[s,T), &77)

x5 =€, (g = p e Po(RY).
The associated martingale problem is well-posed by [MP14] and there is weak existence and uniqueness

for SDE (8.77). As previously, the distribution of X, () s denoted by [X;* ’(1)]. We also introduce, for
x € R?, the following decoupled stochastic flow associated to SDE (8.77)

ax; o = e, xpmm W xee W) a4 dz, e [s,T), 878
xm W = g e RY. o
Then, for all m > 1, we define recursively
dXtS,g,(mH) _ b(t,Xf’g’(mH), [th,(m)]) dt +dZ;, te|[s,T), (8.79)
XPOD — ¢ ] = p e Pa(RY).
and
AX 5P g sl sty g gz ¢ (s, T, $.80
X3 _ g e R, o

Note that these are not McKean-Vlasov SDEs but linear SDEs. The densities of [X;" ’(m)] and
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[Xf’m’“’(m)] exist by 8.41 and are denoted by p,, (1, s, ¢, ) and pp, (i, s, t, z,-) and satisty

p(posity) = [ st 2,9) dula). (3.81)

Let us now give their parametrix expansions. We define for all 0 < s <t < T, r € [s,t), p € Py (R9)
and z,y € R?

ﬁm(sa T, ta xz, y) = ﬁ(ra ta €, y) = q(t -nYy-— l‘), (882)
Hm(u7 S, T,t, x7y) = b(T,.’L‘, [qu’lh(m_l)]) ' 8mﬁ(87rat7xay)'

Note that the proxy pp,(s,r,t,z,-) does not depend on m, u and s. We denote by ®,, the solution to the

following Volterra integral equation
(I)m(,ua s, 1t , y) = Hm(% s, 1t , y) +Hm ® (I)m(:ua s, t, x, y)7 (883)

which is given by the uniform convergent series
o0
¢m(/’b7 87 r’ t? x? y) = Z’an,</’1/7 87 r7t7 x’ y)' (8.84)
k=1
Let us recall that the Beta function B is defined, for all z,y > 0 by

B(z,y) = /01(1 )l gy — 1;‘((?5_(5))7

where I' is the Gamma function.

Applying Proposition 8.44 and Theorem 8.41, since all the controls are uniform with respect to the
measure argument and thus on m > 1 too, we deduce the following two propositions.

Proposition 8.19. o There exists C > 0 such that for allk > 1, m > 1, p € Pg(RY), 0 < s <r <
t<T and xz,y € R?

k-1
1 1
ot )| < O =y VOB (5 (1= 1) 1= ) ol =y =) (889

j=1

e For ~ € (0,n] such that v < o — 1, there exists C > 0 depending on ~y such that for all k > 1,
le,uGPg(Rd),O§s§r<t§T and x1,xo,y € R?

o4l _ _1
|H§R(M,S,T,t,$1,y) _an(uvs7rvt7$27y)‘ < Ck(t_r) @ +k 1)(1 0‘)|1‘1 _$2|’y

T5(-Zi (1= 1) - D) e ry-m iy 50

o The series (8.84) defining ®,, is absolutely convergent and there exists C > 0 such that for all

191



Partie III, Chapter 8 — Quantitative weak propagation of chaos for stable-driven McKean-Viasov SDEs

mzl,,uGPg(Rd),0§8§r<t§Tand1:,yERd

[Py (e, 8,7, 2, y)| < C(t— r)*épl(t —ry—x). (8.87)

e For vy € (0,n] such that v < a — 1, there exists C > 0 depending on v such that for all m > 1,
I GPB(Rd), 0<s<r<t<T andxi,x2,y € R?

_a+l
|<I>m(,u,s,r,t,xl,y)—@m(u,s,r,t,xg,yﬂ S C(t—?") ’YQ |‘IE1_‘IL‘2|’y {pl(t -nYy— ml) +p1(t -y - $2)} :
(8.88)

Proposition 8.20. For any m > 1, p € Ps(RY), 0 < s < t < T and x € R%, the distribution of
Xf’x’“’(m) has a density with respect to the Lebesgue measure denoted by py (i, s, t,x, ) and given by the

absolutely convergent parametriz series

o0
Pt s,t, 2, y) = Ps, tz,y) + PR HE (1, 5,8, 2,y)
k=1

:]/)\(S’ t? :L', y) +]/)\®(bm(87 t? ‘/'[:7 y)' (8'89)

For anym > 1, p € Pg(RY), 0 < s <t < T andy € RY, py(p,s,t,-,y) is of class C* on R
Moreover, the following properties hold true.

e There exists C > 0 such that for all j € {0,1}, m > 1, up € Ps(RY),0< s <t <T and z,y € R?

100pm (1,5, t, 2, y)| < C(t —5) "5 p)(t — 5,y — ). (8.90)

e For all j € {0,1} and v € (0,1] with v € (0, 2a —2) A (n+a —1)) if j = 1, there exists C > 0
such that for allm>1, p € Pﬁ(Rd), 0<s<t<T and z1,z2,y € R?

0P (11, 5,6, 01, 9) =P (11, 5,1, w2, y)| < Clt=8) "5 w1 —aa|” [pI(t = s,y = @1) + p(t = 5,5 — w3)].
(8.91)

We state in the following proposition all the properties satisfied by the transition densities p,, which
are used to prove Theorem 8.18. As the proof is rather long and technical, it is postponed to Section 8.8.

Proposition 8.21. For any m > 1, t € (0,T], y € RY, the map (u,s,z) € Ps(RY) x [0,t) x R? —
(st y) belongs to CH(Ps(RY) x [0,t) x RY) and satisfies the following properties.

e There exists C > 0 such that for allm > 1, p € Pg(RY), 0< s <t < T, z,y,v € R

<(t—s)" w0t — s,y — x)

)
%pm(/-% S, tv z, y)(l))
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e There exists C > 0 such that for allm > 1, u € Pﬁ(Rd), 0<s<t<T, zyvecR?

(t—s)"a 1730t — 5,5 — )

)
6@%]7771(,“7 S, ta Zz, y) ('U)

(e Mo (107 (102500 ).
k=1

7=1

e Foralln € (0,n A (o — 1)) there exists a constant C > 0 such that for allm >1,0<s <t <T,
1 e Pg(RY), z,y e RY

1Osp (11, 5,12, )| < (E—5) " p It — 5,y —2) 3 CF(t — 5)B-DOH)

k=1

k—1 n n— 1 1
B(+(j—1) (1+),1—). (8.94)

j=1 o (6 (6%

o Forally € (0,1]N(0, (2a—2)A(n+a—1)), there exists C > 0 such that for allm > 1, u € Pg(R?),
0<s<t<T, x,y,v1,v2 € R4

< (t—s)" o T oy — a0t — 5,y — )

) 1)
80%19711(“7 S, tv z, y)(U1> - 8057pm(:u7 S, t? €T, y)(’Ug)

(ch 5 =D (14252 H ( (11_74—](1—1—77;1),1—;)). (8.95)

There exists C > 0 such that for all v € (0,1], m > 1, p € Pﬁ(Rd), 0<s<t<T,xzy,v,vy € RY

<Ot — ) oy — oo 10t — 5,y — ). (8.96)

) )
‘Mpm(uv S, ta z, y)(’Ul) - %pm(u7 S, tv €, y)(UQ)

There exists C' > 0 such that for ally € (0,1], m>1, p € Pg(Rd), 0<s<t<T,x,x9,yv€R?

<Ot — )1 |21 — @]

1) )
’mpm(lu7 S, ta x1, y)(’U) - %pm(:u? S, t7 x2, y)(U)

[po(t — s,y —x1) + p(t — s,y — 562)} . (8.97)

For all v € (0,1] N (0,7 + o — 1), there exists C > 0 such that for all m > 1, p € Pﬂ(Rd),
0<s<t<T, x,22,y,v €R?

—

<Ot —s)"o 1w n

— o

0 0
8U%pm(,uv S, ta Iy, y)(v) - 81}%]7'01(:“7 S, ta z2, y)(v)

(= sy —a0) + 00t = s,y —a2)] . (898)
o There exists C > 0 such that for all v € (0,1], m > 1, 1, u2 € Ps(RY), 0< s <t < T, z,y € R?
|pm(/’61787t7‘ray> pm(:LL?a s,t,x y)‘ < C(t - 8) & Wl (/’Ll /1’2)100(75 —S5Y— CE) (899)
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e Forall j € {0,1} and v € (0,1] with v € (0,0 — 14 1n) if j = 1, there exists C > 0 such that for
allm>1,0<s<t<T, ,ul,ugGPB(Rd), r,y € R?

’y(/‘lnu'?)pj(tisay*x)' (8100)

; ~ 14yt
g:pm(:ul)satvxvy) - a%pm(ljaa Svtv'x,y)‘ < C(t - 5)1 o
e For all v € (0,1], there exists C' > 0 such that for allm > 1,0 < s <t < T, pj,pz € Pﬁ(Rd),

z,y,v € R?

) 1)
‘(Srnpm(ula S, ta z, y)(U) - Tpm(luaa S, ta z, y)(U)

ZCk Y003 1:[ (——I—](l—;),l—;). (8.101)

_ _1
< (t—s) o T W (1, p2) ot — s,y — )

e For all v € (0,1], there exists C > 0 such that for allm > 1,0 < s <t < T, uy,ps € Ps(RY),
T, Y,V E RA

n=y=1_,4_1
WY (s ) p° (5, y—2)

) )
_ _H < (t—
av(;mpm(ﬂla s,t,x,y)(v) av(; pm(ﬂ% 37t7x7y)(v) > (t S)

1

m - - 1
Z Bt — 5)k=D(1+ H <1+77O[7+j<1+77a),1—a>. (8.102)

o Forallje{0,1}, v € (0 1— ) there exists a constant C > 0 such that for allm > 1, t € (0,77,
51,52 € [0,t), u € Pa(RY), z,y € RY

|02 pim (1, 51, 2, Y) — Opm (1, $2,t, 7, Y|

|51 _ 52|’Y . .
BT it — sy — )+ 2 it~ sy y—a)| . (8.103)
(t—s,)'a (t— so)7ta

|51 — sa|7

<C

e For ally € (0,1), there exists a constant C > 0 such that for allm > 1, t € (0,T], s1,s2 € [0,1),
He Pﬂ(Rd); T,Y,v € R¢

) 1)
‘mpm(:u’ 51, ta z, y)(v) - %pm(//ﬂ 52, t? xz, y)(’U)

Ss1 — So|7 s1 — So|7
< v | 1\/ §L+11p0(t—31v$2,y—:c)+ T | 1/\ §L+11p0(t—81/\32,y—x)1 (8.104)
— 81 S9 «a -5 So =
m k-1 ) .
ch(t—sl\/&)(k_l)(l“) B([Q—v— AL+ (j—1) (1—) ,1—).
k=1 j=1 a a

e For all v € (0,1—%—770[;1), there exists a constant C > 0 such that for all m > 1, t € (0,7T],
51,52 € [0,t), u € Ps(RY), z,y,v € RY
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) )
811%177%(“7 317t7$7y)(v) - 811%177%(“7 SQ,t,l’,y)(’U)

81—827 81—827
g ‘ +’7_1+1 np (t—81v52,y—$)+ ’ +‘7_1+1 np (t_81A827y_x)]
(t—s1Vs2)7 (t —s1 A s2)7
— -1 -1 1
SOkt — s v s) k- H ([ (1+">—fy}/\1+(g’—1)(1+” ),1-).
k=1 j=1 a a «
(8.105)

Remark 8.22. Note that by the asymptotic behavior of the Beta function, we get that all the series
appearing in the right-hand side members of the preceding inequalities are convergent. This provides
controls which are uniform with respect to m.

Step 2: Passage to the limit in the previous estimates. We are going to take the limit
m — 400 in all the estimates proved in Proposition 8.21 to deduce that the transition density
p(p, s,t,z,y) of the McKean-Vlasov SDE (8.16) satisfies the regularity properties and estimates of
Theorem 8.18. This will be done along a converging subsequence given by the Arzela-Ascoli theorem.
Notice that all the partial sums of the series appearing in the all the upper-bounds of Proposition 8.21
have a limit when m — 400 using the asymptotic behavior of the Beta function.

First of all, note that Theorem 8.2 yields

sup dry ([X2*M] [X2H]) — 0.

rE(s,t] m—r+00

It follows that for all k > 1, p € Ps(RY), 0< s <r <t <T, z,y € R?

m—+00
where H(u, s,t,z,y) was defined in (8.72). We can thus let m tend to infinity in the parametrix series
(8.89) which yields the following pointwise convergence

Pl s, tsw,y) = pluss,t,2,y) (8.106)

thanks to the parametrix expansion (8.76) of p. Let us fix (t,%) € (0,7] x R? and K a compact
subset of Pg(R%) x [0,¢) x R% Using (8.91), (8.100) and (8.103), we deduce that the sequence of
functions (py (-, t,+,9)),, € CO(K)Y is uniformly equi-continuous on K. It is also uniformly bounded
by (8.90). The Arzela-Ascoli theorem ensures that we can extract a subsequence of (pm(-, -, %, 9)),,
which converges uniformly on K, necessarily towards p(-,-,t,-,y) by (8.106). This yields the continuity
of p(-,-,t,-,y) on K and thus, since K is arbitrary, on Py (R%) x [0, 1) x R?. Moreover, passing to the limit
n (8.90), (8.91), (8.100) and (8.103) for j = 1, along the converging subsequence of (pm (-, ¢, y)),,
previously obtained, we get that (8.57), (8.58), (8.65) and (8.68) hold true for j = 0. We now prove that
p(i, 8,t,-,y) is of class C! on R for any p € Ps(RY) and s € [0,t). To do this, we fix R > 0. By (8.90)
and (8.91), we can apply the Arzela-Ascoli theorem to the sequence (9ypm(u,s,t,y)),, € C°(Br)Y,
where Bg denotes the open ball of R? with radius R. Since R is arbitrary, we can construct, using
a diagonal extraction procedure, a continuous function on R? which is the limit, uniformly on each
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compact subset of R?, of a subsequence of (Opm (i, 5, t, -, Y)),,- This proves that p,,(u, s, t,-,y) is of class
Cl. By (8.90), (8.91), (8.100) and (8.103), the continuity of 9,p(-, -, t, -, y) on Ps(R?) x [0,#) x R? is again
a consequence of the Arzela-Ascoli theorem applied to (upm (-, ¢, ¥y)),, € (CO(K))N, where K is an
arbitrary compact subset of Pg (RY) x [0,t) x R%. Taking the limit m — +oco along a converging subse-
quence in (8.90), (8.91), (8.100) and (8.103), we deduce that (8.57), (8.58), (8.65) and (8.68) are satisfied.

Let us now focus on the existence of the linear derivative of p. We fix 7 < t and K a closed and bounded
subset of Ps(RY) x [0, 7] x (R?)2. Note that since 8 > 1, K is relatively compact in P; (R%) x [0, ) x (R%)2
for the metric d defined for all iy, 2 € Ps(RY), s1, 89 € [0, 7], 71,22, v1,v9 € R by

d((p1, s1,21,v1), (B2, 52, T2, v2)) := Wi(u1, p2) + |s1 — s2| + |21 — 22| + |v1 — va2l.

Using (8.96), (8.97), (8.101), (8.104), we deduce that the sequence of functions (%pm(-, " t, ,y)()) is

m
uniformly equi-continuous on K with respect to the metric d. Moreover (8.92) ensures that

0
sup sup —pm (W, s, t, z,9) (V)| < +oo. (8.107)

m>1 (u,5,0,0)€Ps (RY) x [0,7] x (RE)2 | O

Then, we apply the Arzela-Ascoli theorem, which gives the existence of a subsequence of
(%pm(-, -t ,y)()) which converges uniformly on X with respect to d. Since this is true for all
m

7 < t and for every bounded subset K of Ps(RY) x [0,7] x (R?)2, we can use a diagonal extraction

procedure. This yields the existence of function g continuous with respect to d on Pg(R?) x [0,1) x (R%)2

such that, up to an extraction, (%pm(-, ot y)()) converges towards ¢ uniformly on each compact
m

subset of Pg(R?) x [0,¢) x (R?)2. Note that g is also continuous with respect to the usual metric on
Ps(RY) x [0,¢) x (RY)? and that (8.107) implies that for each 7 € [0,t), we have

sup lg(p, s, ,v)| < +o0.
(1,8,2,0)€P3(R?) x [0,7] % (R?)?

We now prove that p(-, s,t,z,y) admits a linear derivative given, for all u € Pg(R%), s € [0,1),
z,v € R? by

)
%p(,uﬂs)taxay)(v) _g(lu’us’x7v)7 (8108)

which is continuous on Ps(R%) x [0,t) x (R%)2. For all pu, v € Pg(R?), one has
1 0
Pty Syt y) — pm (v, 8, 2,y) = / / — A+ (1= Ny, s, t,x,y)(v)d(p — v)(v) dA.
0 Jra om

We take the limit m — +oo along the subsequence of (%pm(-, ot y)()) converging towards ¢ that
m
we have obtained above. By the dominated convergence theorem justified by (8.107) and since (py,)m

converges pointwise towards p, we obtain that

1
p(,uasvtaxay) _p(V>87t7xay) :/0 /Rdg()‘:u“—i_ (1 - A)V?Saxav) d(,u_ V)(U) dA.

This proves (8.108). Moreover, taking the limit m — +o0 in (8.92), (8.96), (8.97), (8.101) and (8.104)
along the converging subsequence yields (8.59), (8.62), (8.63), (8.66) and (8.69). Using again the Arzela-
Ascoli theorem, we prove that for all 4 € Pg(RY), s € [0,t), =,y € R?, the map %p(u,s,t,x,y)(‘) is
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of class C' on R?, that 9, %pC, -1, y)(+) is continuous on Pg(R?) x [0,£) x (RY)? and that it satisfies
(8.60), (8.61), (8.64), (8.67) and (8.70).

Remark 8.23. We have made the proof of the extraction of converging subsequences for a fixed y € R%.
However, following exactly the same lines as for the estimates of Holder continuity with respect to
x (8.91), (8.97) and (8.98), we can prove similar estimates with respect to y. This ensures that the
converging subsequences can also be assumed to converge uniformly on each compact subset of R? with
respect to y.

Let us prove (8.71). We fix £ > 0. Thanks to (8.92) and (8.93), we can find a compact subset K of
RY such that

0 5
s1p [tz + [mm st )] o <<

Kem>1
By Remark (8.23), up to extracting a subsequence, we can assume that the functions
(%pm(,u,s,t,x,-)(v)) and (av%pm(u,s,t,x, )(v)) converge uniformly on K towards
m m
%p(u,s,t,x,-)(v) and &,%p(u,s,t,x, -)(v). Noticing that (8.71) is true for p,, by (8.174), (8.164),
(8.175) and (8.165). We can thus write

/]R i (1, s,t,x,y)(v) dy‘

aom

1) )
/ —p(,u,s,t,x,y)(v) - Tan(:uasataxvy)(U) dy‘
R m

aom
</5( s, t,x )(v)—i (, s, t,z,y)(v)| dy +¢€
— ,C 5mpl’t7 2 7y 5mpm /’L7 Y 7y y *

We conclude by letting m tend to infinity and with a similar reasoning for 9, %p. This ends the proof
of Theorem 8.18.

Proof of Theorem §./. We first need to prove that for all u € Pg(Rd), t € (0,T), z,y € R% the map
s €1[0,t) = p(u,-,t,z,y) is of class C! on [0,t), that Osp(-,-,t,-,y) is continuous on Ps(RY) x [0,¢) x R?
and satisfies (8.20). Let us fix h € [0, s]. By the well-posedness of the nonlinear martingale problem
proved in Theorem 8.2, we deduce that the transition density satisfies the following Markov property

(i, s — hyt,x,y) = Ep([XSTH], s, ¢, XSTh@H ). (8.109)

By (8.57), (8.59), (8.60), (8.58) and (8.61) with v > o — 1, we can apply Itd’s formula of Proposition
8.40 for the function (u, ) € Pg(R?) x R? + p(pu, s,t,z,y). Taking the expectation in It6’s formula, we
obtain that
S
Ep([X;"H], 5,6, X351 y) = p(p, s, t, 2, y) +/ Lop(-, 5.t y) (X1, X7 dr,
s—h
where £, was defined in (8.21). We thus have
1 1 s s—h s—h,x
E(p(u,s—h,t,ﬂs,y)—p(,u,s,t,x,y)) = E/ hE‘CTp('7S’t7'7y)([XT “u]uXr ’ “u) dr.
s

Using the continuity and the boundedness of b as well as the Holder continuity and the bounds on
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p('a 5t '7y)7 a:l?p(a 17 '7y)7 %p(a 5t 7y)() and av%p(, o1, 7y)() pI'OVGd above, we find that

1
7(p(:u78 - h7t>$7y) _p(ILL7 s,t,x,y)) h—> £Sp('>5at7 >y)(/ﬁ71’)

h 0+
The map s € [0,t) — p(u, s,t,z,y) is thus left-differentiable on [0,¢). It also follows that the map
(11, 5,2) € Pa(RY) x [0,¢) x RT+— Lyp(-, s,t,-,y) (1, x) is continuous. This proves that p(u, -, t,x,y) is C
on [0,¢) and that it satisfies for all u € Pg(RY), s € [0,t), z,y € R?

asp(/h 87t7x7y) = _ﬁsp('7 Sat7 7y)(:u’7$)

Let us now fix f : R? — R a bounded and uniformly continuous function. We fix ¢ > 0. There exists
§ > 0 such that for all z,y € R? with |z —y| < §, we have |f(z) — f(y)| < e. Using (8.57), we obtain that

sup
zcRd

sup
z€Rd

4 Clfl [ At s.)dy
ly[>6

| f @ sty dy - @)

/Rd(f(?/) — f(@))p(p, s, t, 2, y) dy

IN

VAN
™
+
Q
=
8
=gl
—
~
|
»
~—
Q
—~
—
+
—~
~
|
»
N~—
Q
=
U
Q
I
<

We conclude taking the limsup when s — ¢ in the preceding inequality that p(u, s, t, z,-) — 6, in the
st~

weak sense.

The estimates (8.22) and (8.24) have been proved in Theorem 8.18 and the estimate (8.23) is proved
in Theorem 8.41. It thus remains to prove (8.25). Using (8.59), (8.60), (8.61) and the same reasoning as
used in the proof of (8.229) in Theorem 8.41, we find that there exists a positive constant C' such that
for all p € Pg(RY),0<s<t<T, z,y,veR?

5 5 5 dz
/Rd [mp(u,s,t,x,y)(v +2) = 5op(s s, b, y)(0) = 2 - 8”mp(“’s’t’x’y)(v)} |24+

<C(t— s)_l"'l_%po(t — 8,y —x).

This concludes the proof of (8.25) and thus ends the proof of Theorem 8.4.

8.5 Backward Kolmogorov PDE on the space of measures

We prove Theorem 8.9 in this section.

Step 1: Continuity of U on [0,T] x Pg(R?). Reasoning exactly as in the proof of [CARF22,
Proposition 6.1], the continuity of U on [0, T") x Pg(R?) follows from the continuity of the map (u, s, ) €
Ps(RY) x [0,T) x R p(p, s,t,2,y) and (8.57). Let us prove it on [0, T] x Pz(RY). Let (t,), € [0, 7)Y,
(1tn)n € Pa(RYN and p € Pg(R?) such that |t,—T| e 0 and Wg(pin, p1) e 0. Since ¢ is continuous
on Ps(R%), it is enough to prove that Wg([XtT"’“"],,u) e 0. We start with the weak convergence. Let

us fix f: RY — R a bounded and uniformly continuous function. We write
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8.5. Backward Kolmogorov PDE on the space of measures

/ f(y)p(un,tn,T,x,y)dydun(ﬂc)—/ f(w)du(a?):/ (f(y) = f(@)p(ttn, tn, T, 2, y) dy dpin (z)
R2d Rd R2d

Since Wg(fin, 1t) n_>—+>00 0, it is clear, by definition, that Is n_>—+>oo 0. Let us now deal with I;. We fix

£ > 0. There exists § > 0 such that for all z,y € R? with |z — y| < 6, we have |f(z) — f(y)| < e. Using
(8.57), we obtain that

|11 S/
R4

/Rd(f(y) — f@))p(pns tn, Ty, y) dy| dpn(z)

<e+C|lflloo PO(T = tn,y) dy
ly|>d
_d 1 n—dea
et Clflle [ (T = ta) 5L+ (T~ ta) 5y dy
ly|>d
:€+CHfHOO/ () e
|2|>(T—tn)" a8

We conclude that Iy — 0. It remains to show that
n—-+o0o

B B
Lo 0P Dot o) din()dy [ Jaldu(a).

To see this, we write

Lo Dt Tov) dy dpa(a) = [ falduta) = [ (1l = 1"l o, T 9) dy s (@)
R2d R4 R2d
+ [ lald(n — (@)
Rd

Since Wg(pin, 11) _>—+> 0, we deduce that J, — 0. For Jq, by the mean-value theorem, there exists a
n o

n—-+o00

positive constant C' such that for all z,y € R?
lyl” = |2/°| < Cly — 2[(jy/*~" + |27~1).
We obtain by (8.57) and the space-time inequality (8.231) that
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L
A< C@ = ta)s [ (ol 4 ol = by = o) dy dpa(o)
1 — —
T—ta)a [0 (T =tuy =)+ o7 p H(T =ty — @) dy dpin a)

QP

)7 (14 [ 1ol din(a) )

Q=

SC( - n)

since sup,cy Jga [7|° "t dpn () < +o00. We have thus proved that Wp([X. t"’“”],u) — 0, which

n—-+0o
concludes the first step.

Step 2: Estimate (8.29) and (8.30). By Proposition 8.39 and Proposition 8.21, we know that the
map U belongs to C*([0,T) x Pg(R?)). Moreover, for any t € [0,T), u € Ps(R%) and v € R?, we have

%U(t,u)(v) /d s o(XF N W, t, T, v,y) dy (8.110)
[ (e dlIXE D 0) — 26X D)) Splis T, ,0) (o) dy i),
and
0 Ut = [ (F=d(XE D) - 2K D)) Dl 1. T,0,9) dy (s.111)
+ /R 5y ((;:n¢([X%ﬂ])(y) - (;:nqb([x;u])(x)) 8v%p(u,t,T,:L‘,y)(v) dy du(z).

By (8.57), (8.60), we similarly get that there exists a positive constant C' such that for all ¢t € [0,7T),
1 € Ps(RY) and v € RY

o

6—1 6—1 n—1
< — = — ) e T
s C(T—t) & +C(T—1)

Oy =—U (L, p1)(v)

We now prove (8.30). Let us first assume that |v; —va| > (T — t)é In this case, it follows from (8.29)
that

005Ut ) (01)

6—1

<Co(r -1

o
< + (00U 1, ) (v2)

00Ut 1) (1) — B U1, 1) (02)

d—1—n
< C(T—t) a ’1)1 - 'UQP/.

Assume now that |v; — va| < (T — t)é Using (8.111) and the fact that [pa Oxp(p,t,T,v1,y)dy =0,

one has
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0 o
aU%U@? M)(Ul) - 8U%U(ta ,U,) (UQ)
4] 0

- (5¢<[X%“J><y> - 5¢<[X€ﬂ“1><v2>) (Gep(ps 8, T, v1,y) = Oaplp £, T, 02, ) dy
R m m

4 (5D W) — 50X @) ) Ousplist T )(01) = Ou -l t.T,,5) () dy dp(o).

om

Thanks to the uniform §-Holder continuity of %qﬁ(u)(-), (8.58), (8.61) since v € (0, (2a —2) A (n+
a—1)) and (8.232) since |v; —va| < (T — t)é, we obtain that

Oy LUt 1) (01) — By U (£, ) (v2)

om om

_a+l
<0 [ Iyl (T =7 oy — el p (T~ by~ w) dy

o+l n—

* C/zd ly —x|2(T —t)" = T1F = lur — va|"p%T — t,y — x) dy dp(z).
R

Using the space-time inequality (8.231), we deduce that

DU w)(01) ~ DUt )02

<C(T—1t) o |y —wf.

%

Step 3: Time-derivative and backward Kolmogorov PDE (8.31). Let us fix ¢t € [0,7) and
h € [0,t] such that t — h € [0,T"). From the Markov property stemming from the well-posedness of the
associated martingale problem related to (8.16), we obtain that

Ut~ h,p) = S(X5") = o(X55 ) = U, xi ).

Since U € C1([0,T) x Ps(R?)) and thanks to (8.29) and (8.30), we can apply It6’s formula of Proposition
8.40 for the function U(t, ). It yields

t
U= b = Ulto) + [ B (0 ooU(0 [XEP(XE) b, XU (X)) ds
t—h m
t

6 t*h# tfhuu 5 tfhnu' tfhay’
B [ (U O 2) - U X
— i tfhuu' tfhnu‘ > dz

aU 6mU(tv [Xs ])(Xs ) z |Z|d+a

U+ [ ihzsw, (X ds,

where .Z; was defined in (8.27). Using the continuity and the boundedness of b as well as the regularity
properties of the map p — U(t, ) obtained above, we find that
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%(U(t —hyp) = Ut ) = LU ().

This proves the left-differentiability of the map ¢ € [0,T") + U (¢, ). It also follows from the regularity of
the drift b and of U on [0, T) x Pg(R?) that the map (¢, ) € [0,T) x Pg(R?) — LU (t,-)(1) is continuous.
Thus, the map ¢ € [0,T) — Ul(t, u) is C* and satisfies for all t € [0,T) and p € Pg(R?)

atU(ta N) + ‘,%U(t, )(,LL) =0.

This shows that U is solution to the backward Kolmogorov PDE (8.31).

Step 4: Uniqueness of the solution to (8.31). Let us consider V' € C%([0, T] x Pg(R?))NC* ([0, T') x
Ps(R?)) another solution to (8.31) satisfying (8.29) and (8.30). Let us fix (¢, u) € [0, T) x Pg(R?). For any
T € [t,T), we can apply Itd’s formula of Proposition 8.40 for the map (s, u) € [t,7] x Pg(R%) — V (s, u)
which yields

Vi XE) = Vit + [0V (s (X ds+ [T AV(s, (X)) ds,

Since V solves (8.31), we obtain that V (7, [X4#]) = V(¢, ). We then use the continuity of the maps
(t,p) € [0,T] x Ps(R?) = V(t,u) and 7 € [t,T] — [XLH] € Pg(R?) to let 7 tends to T. This yields

S(IX7") = Ult,p) = V(t, p).

8.6 Quantitative weak propagation of chaos

This section is dedicated to prove Theorem 8.12. We first need to establish additional regularity
properties on the solution to the PDE (8.31) to prove our weak propagation of chaos result.

Proposition 8.24. Let us fit 6 € (0,1], L > 0 and v € (0,1] N (0,20 — 2) A (n + a — 1)). Then,
under Assumption (H3), there exists positive constant C = C(d,T,a, 3, (H3),0, L,~) such that for all
¢ € C(L2’6) (Ps(RY)) (defined in Definition 8.10), the solution U of the backward Kolmogorov PDE (8.31)
with terminal condition ¢ at time T satisfies the following properties.

e Forallt€|0,T), u€ Ps(RY), veR?

05U (1, ) (0)

6—1

<CO(T—t)=. (8.112)

e Forallt€0,T), i, u2 € Ps(RY), vy, vy € RY

J

0u Ut ) 01) — Ou UL o) (12)

§—1—v

<C(T-1t) (o1 — va|” + Wi (1, p2)) . (8.113)

e Forallte[0,T), pi,p2 € 'Pg(Rd), v e RY

\jnmt, i)~ Ut ) ()| < O )T Wi o). (8.114)
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Proof of Proposition 8.24. First, note that (8.112) have been proved in Theorem 8.9.

Proof of (8.113). We write

J J 5 5
v Ut 1) (01) = Do Ut 12)(42) = Dy 5Vt 1) (1) = Do U (1 ) (v2)
0 o
+ Oy 5mU(f p1)(v2) — Oy %U(t,m)(vz)
=11 + 5. (8115)
Then, using (8.30), we obtain that
§—1—~
L] <C(T —t) o |vg — w2 (8.116)

We now focus on Iy. Using (8.111), we get

00Ut ) (02) — O U1 o) (02)

om
=/;Q5wm%w<r-w[ww<0@ﬂM¢TW,my
R m

4 (et D) — 56X @) ) Dyl T, ) 02) dy i 0)
—AAQﬂWme¢ﬁm ymMJT%w@
_ /RM <;7L¢([Xfp’uz])(y) - xt2)) )av p(pa, t, Ty, ) (v2) dy dpa ().

We decompose it in the following way

) 0
8U%U(t, 1) (ve) — QU%U(L p12)(v2)

_ . <($fn¢([X%M1]>(y) _ %Qﬁ([X%Ml])(UZ) _ L;jn(b([X%m])(y) _ 55 Xt u2 }) Oep(p1,t, T, UQ,y) dy
- /Rd <(;7L¢([X:tp’“2])(y) - £L¢([Xctr’“2])(v2)> (Oup(pi1,t, T v2,y) — Oup(pz, t, T, v2,y)) dy
+ [ (o X)) — 50X @) — [ S0 0) - 26X @)
Dy 55 p(p1,t, T,z y)(v2) dy dpa ()

m

+ L (o)) - S-o(xi ) @)
(&(;:np(m, t, T, x,y)(va) — &J%p(uz, t,T,z, y)(@)) dy dpy ()

4 [ (G X)) = S=b(EX ) @) ) 0 pplias T, ) 02) dy dlr — o))
=S+ +J3+ J4+ Js5. (8.117)

Before estimating each term of the preceding decomposition, let us prove that for all v € (0, 1], there
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exists a positive constant C' such that for any ¢ € C(LM) (Ps(RY)), t €[0,T), u1, p2, € Ps(R?), z,y € R?

]

om

(X D)~ 5K () = [0 0) - 5oL ) @)

< C(T —t)alw =y Wi (p, pa).  (8.118)

To prove this, we write

SO (XE ) = 2oL ) — |5 (X D) — S0l X5 @)

_/ /]Rd <5m2¢ mx)(y,v) — 56 ij(m)\)(x v)) (p(p1,t, Tyv) — p(ug, s, T, v)) dvd\
—/ /RM <5m2¢ (mx)(y,v) — 55 ——5P(mx)(z, v)) p(pr,t, T, 2’ v) d(puy — pe)(x") dv dX

[ ( b)) — 2o v>> (11, ., 0) = plyaz, £, T, 0)) daa(a’) do A

= Kl + K27

where my := A\[X3"] 4 (1 — \)[ X532, for A € [0,1]. Tt follows from (8.65) and the §-Hélder continuity
of 5 & 525 ¢(p) (-, v) uniformly with respect to p € Ps(RY) and v € R? that

[Ka| < O(T = 1) |y — 2" W (1, o). (8.119)
Concerning K, we set for z’ € R¢

2 2
Pa)= | ( () (v ~ jnm(mm,v)) Pl T, ) do.

Let us fix 2/,2” € R? Thanks to (8.58) and the §-Hoélder continuity of 2¢>( )(-,v) uniformly with
respect to u € Ps(RY) and v € R?, one gets that

|F(2') = F(2")| < Cla = y(T — t)"a|a’ — 2|0
Taking an optimal coupling between w1 and pg for Wi directly yields, with Jensen’s inequality,
[K0| < Cla =y (T — )5 W] (1, o). (8.120)

Combining (8.119) and (8.120) concludes the proof of (8.118) since o € (1,2). We can now turn to
estimate each term of (8.117). Using (8.118), (8.57) and the space-time inequality (8.231), one obtains
that

e[ @ %W;Y(m,my — oA (T = ) E p (T — 1,y — va) dy
S—~v—1
<O =0 W (unge) [ 0" — by = va) dy (8.121)
S—y—1
< C(T—1) o W) (a1, o).
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8.6. Quantitative weak propagation of chaos

For Jp, it follows from the J-Hoélder continuity of 5 gb( )(+) uniformly with respect to p € Pg(R?),
(8.65) since v <+ a — 1, and the space-time 1nequahty (8.231) that

i
|Ja] < C/Rd ly — vl (T — t)'~ C“WWY(MLMQ)PI(T —t,y —v2)dy
<O(T - t)** Y (1, 12) (8.122)
§—1—
< O(T —t) o Wy (1, p2),

since « € (1,2). For Js, (8.118), (8.60) and the space-time inequality (8.231) yield

—1 1
| J3] <C/ “aly — 2PWY (1, po) (T — )% 175 p%(T — t,y — ) dy dpua ()
< C(T — 1)+ WY (i, ) (8.123)
< O(T — 1) =a W} (1. ).

It follows from the -Holder continuity of 52-¢(u)(-) uniformly with respect to u € Pg(R%), (8.67)
and the space-time inequality (8.231) that

—y= _1
af < C/R2d ly — 2P (T — )" 5 W (i, ) 0T — t,y — ) dy dpy ()
< O(T — 1) = WY (o) (8.124)
§—1—
<O(T—t) "o W (1, p2).

We finally deal with J5. We set for z € R?

= i t,p2 _ i t,u2 ) i
1) = [ (o)) — b)) ) Do plias .72, )
Let us prove that for any z, 2’ € R?
|H(z) — H(2')| < C(T — t) = 1+ |z — o]0 (8.125)

Assume first that |z — 2| > (T — ) The é-Hélder continuity of ¢( )(+) uniformly with respect to
1 € Pg(R?), (8.60) and the space-time inequality (8.231) ensure that

[H(w) = H&)| < |H ()| + |H)
<0 [ =l (T =0T~y —a)dy
<C(T—t)'a s

<O — 1)+ e — ).
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In the case where |z — 2/| < (T — t)é, thanks to (8.71), we write

H(z)— H(a2")
1) t / o t 0
= [, (5o @) = S 61X8))(@)) 0y plaa, . T, ) (v2) dy
Rd \OM m m
[ (oD@ - 5o (X)) (0rpmplhast T, 3)(02) = 0o plpa, T, ) o)) dy
= [ (X8 ) = bl (XD ) (0ol T, )(02) = Dol T 0)(02) ) iy

Thanks to the d-Holder continuity of %(ﬁ(u)(-) uniformly with respect to u € Pg(R?) and (8.64)
since v < n+ a — 1, we directly get that

it

H@) = H@) <C [ =@ -0

Hf*]m 2’| {pO(T —tyy—a') + 2T —t,y — x)} dy.

Since |z —2/| < (T — t)é, it follows from (8.232) and the space-time inequality (8.231) that

H(@) = H@) < C [ =P =" o =T~ by — o) dy

< O(T - t) o T+ g — o/
Then, it follows from (8.125) that
—1-—
5| < (T =)= S W) (a1, 1)

< O(T )= Wy (1, ). (8.126)

Coming back to (8.115) and using (8.117), (8.121), (8.122), (8.123), (8.124), (8.126), we have shown
that

S—1—

L] <C(T—t) «

7(#1#2)-

This estimate together with (8.116) ends the proof of (8.113).

Proof of (8.114). It follows from (8.111) that

Aimumm—gﬂamx>

/d (5m tul DW)p(p1,t, T, v,y) dy
g L1 Xl )
Ad@mﬂWfD()ﬂ[ @) s, T, ,)0) dys (3
g t, 12
[ s o1X )
/ 2

+ 2

- (XD (y)p(pe, t, T, v,y) dy

- (5awwm<>w[wm<0‘5< 8T, 2,y)(v) dy dpsa(z)
R2d \ om € 5mPM2,, , L, Y)(V) ay api2(T).
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8.6. Quantitative weak propagation of chaos

We decompose it in the following way

DUl )0) ~ Ul )0
- /R (&WW?’“D(@/) - ;ncb([err’“Q])(y)) p(n,t, T, v,y) dy
b A G 0) Gl £, ) — o, .7, 0.9) dy
+ [ Gro X)) - 5o ) @) - [5-6(X ) @) - 50X (a)]

)
%p(m, t,T,z,y)(v2) dy dpn ()

+ L Gao X)) - S-o(xi ) @)

m

) 1)
(&np(,ulathaxay)(UQ) - Mp(/lQathaxvy)(UQ)> dy d:ul(‘r)

+ [ G o)) = 56X ) @) ) 5mplia, s T2, 9) o) dy dlgn = i)

om
= J1+Jo+J3+ Js+ Js5. (8.127)

We first focus of Ji. Let us prove that there exists a positive constant C' such that for all ¢t € [0,T),
M1, U2 S PB(Rd)7 Yy S Rd

o o

X)) — 5o (X)) O = 5 W, o). (5.128
To prove this, we write
0 t,p1 d t,p2
%M[XT D) — %ﬁb([XT D)

1 52
N /0 /Rd 5 2m) (Y, 2)(p(uy, 1. T, 2) = plpe, t, T 2)) dz dA
0
— /0 /R?d W¢(m>\)(y, 2)(p(p1,t, Ty, 2) — p(po, t, Ty x, 2)) duy (z) dz dX

1 52
+ /0 /]RM W(b(m)\)(y, Z)p(ﬂ?,t,T,x, 2) d(ﬂl _ M?)($) dz d\
= Kl + KQ’

where my, == A[XpH] 4 (1 — \)[X 2], We rewrite K as

//de(gmzﬁbmA Y,z //R—pMT,tTJ:z)( w) d(py — po)(w) dr dp (z) dz d,

aom

where M, = ru; + (1 — r)pz. We set for w € R?

52 1)
Pw)i= [ 530l (,2) 5-p(Mrt, Ty, 2)(w) d,

where \,r and z are fixed. For wi,ws € R?, one has
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F(wy) — F(wz)
2

L9
::Ra%ﬁwmmwﬁx/aﬁgpwuawaxMu+u—smm-wn—wﬂ@dz

2
B / /Rd ( m2¢ MY, 2) — #(ﬁ(m,\)(y, ac)) &U%p(M,«,t, T,x,2)(swy + (1 — s)ws) - (wy — ws) dz ds.

It follows from the d-Holder continuity of 5m2 ¢(11)(y, -) uniformly with respect to u € Pg(R?) and
y € R%, (8.60) and the space-time inequality (8.231) that

|F(w1) — F(wg)‘ S C(T — t)aa;lJrlJr% w1 — wa|.

This yields

K| < C(T — 1) s TS W (jun, o)
5—1

< O(T —t) & Wi, p2)- (8.129)

We control Ky as for Ki by studying the regularity with respect to x of the function G given by

2
Gw) = [ | o) 2ol 0. T, 2)

For z1,z3 € R?, one has

2
G(z1) — G(z2) = / %qﬁ(mA)(y, 2) /1 Oxp(p2,t, T 1z + (1 —1r)xg,2) - (x1 — x2) drdz

52
B / /Rd <5m2¢ MY, 2) = <5 d(ma)(y, rer + (1 - r)x2)>
Oup(pi, t, T rwy + (1 = 7)a2, 2) - (21 — w2) dz dr.

Using 0-Holder continuity of %qﬁ(u)(y, -) uniformly with respect to u € Pg(R?) and y € R?, (8.57)
and the space-time inequality (8.231), we obtain that

G(z1) — Gla2)| < O(T — ) |21 — 2.

It proves that
6—1
[Ko| < C(T —t) = Wi(p, p2)- (8.130)

Combining (8.129) and (8.130) concludes the proof of (8.128). We can now turn to estimate J; in
(8.127). Using (8.128), one gets

‘Jﬂ < C/ WI(MI;MQ) (M?vtaTvvvy) dy

< O(T — )= Wi (1, o). (8.131)
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8.6. Quantitative weak propagation of chaos

For J5, we rewrite it as

Bo= [ X)) [ [ gVt T, 0,0) () — () drdy,

m dom

where M, := ruj; + (1 — r)ug. Following the same lines as for the proof of the above estimates on K;
(8.129), we obtain that

5—
|Jo| < O(T — )% Wi (1, p2). (8.132)

Following same lines as in the proof of (8.123), (8.124) and (8.126) by using (8.59), (8.66) and (8.63),

we can prove the following estimates

S5—
[Ja| + |Ja] + | J5] < C(T = 8)° = 1= a Wy (a1, o). (8.133)

Gathering (8.127) (8.131), (8.132) and (8.133), we have proved (8.114).

Proof of Theorem 8.12. Let us first introduce some notations. We can write for all ¢ € {1,..., N} and

for all ¢t € [0, 7]
) t —.
A :/ / 2N (ds,dz),
0 JRrd

where N is the Poisson random measure associated with Z*, and N is the associated compensated

Poisson random measure. Then, we set for all ¢ € [0, 7]
Z
z\:=| | e ®RDY
z

As the Lévy processes (Z"), are independent, the process (ZY); is a Lévy process in (RH)N. 1l is a

N

cylindrical a-stable process. Its Poisson random measure NV and its Lévy measure vV are defined as

follows. For all ¢ : [0,T] x (R¥)™N — R*, one has
T N t .
/ / o(s, ) NN (ds, dz) = Z/ ©(8,0,...,0,24,0,...,0) N*(ds, dz;). (8.134)
0 Jrnd = Jo Jrd
For all ¢ : RN4 — R+, one has

o(x Z .5 0,2;,0,...,0) dv(x;). (8.135)

RNd

Note that since (Z™),, are independent processes, for all ¢ € [0, 7], the support of the random measure
NN (t,dx) is contained in

Ummxwxmﬂll<ww
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Let us define for all t € [0, T], = (z1,...,zy) € (RH)N

b(t, x1,7y)
b (t, ) = : e (RHN,
b(ta IN, ﬁ:]cv)
N
where 11y = % Y _ 0. Thus, writing for ¢ € [0,7] and N > 1
j=1
Xt17N
x'=1 |
NN

t

the SDE (8.32) defining the particle system can be rewritten as
dXN =bN(t, XN)dt +dzZ), tec[0,T),

N (8.136)

Proof of (8.33). Let us consider U the solution to the backward Kolmogorov PDE (8.31) with terminal
condition ¢ at time T given in Theorem 8.9. Using Lemma 8.38 and the fact that U € C1([0,T) x P5(R%)),
we obtain that the function (¢, ) € [0,T) x (RN  U(t, ) belongs to C*([0,T) x (R*)N). Moreover,
for all t € [0,T) and « = (21,...,zn) € (R, we have by Proposition 8.38

(AU )
axU(t’ﬁJmV) = N
Ou U (t, N ) (xn)

Let us fix y € (0,1]N(a—1, (0 +a—1) A (2a —2) A (n+ a —1)). We easily see using (8.113) that
the map x — 9, U(t, iY) is y-Holder continuous locally uniformly with respect to ¢ € [0, T'). This comes
from the fact that for all = (z1,...,2x5),y = (y1,...,yn) € (RHV,

N
1
Wf(ﬁiV,ﬁg]/V) < N Z Tk — yil-
k=1

We denote by NV the Poisson random measure associated with ZN = (Z1,..., Z") defined in (8.134)
and by vV its associated Lévy measure defined in (8.135). Since v > a — 1, we can apply the standard
It6 formula for this function and the (R%)N-valued process (X}V);. Noticing that t € [0, T — U (t, u¢) is
constant by the definition of U and the well-posedness of the McKean-Vlasov SDE, we obtain that for
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8.6. Quantitative weak propagation of chaos

all t € ]0,7T)

U(t,ﬁi]\]) - U(tut) - (U<O7ﬁ(]lv) - U(Ohu’()))

t
=/ 0,0 (5,7 ds
0
1 N t (5 N - » N
T (Vra— ’7 X7“7 b , 1, ’i
+N;/085mU(SMS)( s ) (SXS Ms)ds
t
+/0 /(Rd)N [U(S’“])VCNM ~U(s,ixn ) = 8aU (s, ixn ) - 2| dv™(2) ds (8.137)
t —N
+/ / {U(S’“J)Vw o)~ Uls, yw )] N (ds, dz)
{12121} * ¥

—~N
// Ul 1)~ Ulsin )| N (ds,d2)
{l=]<1} s~
=L +L+ I3+ 14+ I

Note that the term

/ /{z|>1} { ”XN )~ U(S,MZ)V(;V_)] dv™ (z) ds

is well-defined. Indeed, if we set, for h € R%, hj := (0,...,0,h,0,...,0) € (RY)N where h appears in the
j-th coordinate, one has using (8.112)

dvN (z) ds

/Ot/{|z>1}
: i/ b

U(Svﬁ{)v(l\’__;.z) - U(S’EQN_)

cmw%qg—vwﬁaﬂW@@

my w)(XZ N h2)||z| dw dv(z) ds

c

< c/o (T—s)% ds/Bf 12| dv(2),

where m! _ = wuXN v T (1- )ﬁéV(N . We conclude since a € (1, 2).

N,s—

y (8.135), we write

N ot
— —N —N
I3 = ;/0 /(Rd)N {U(S’NX;V_—FEZ-) - U(S,pxi\,—)

1 g —N i, N
—N&,%U(S,MX?_)(XS, ) -z] dv(z)ds

Z/AJ{M ml ) (X 4 2)

o Ul ) X) = 00U s, i OO 2] oz s,

N

where méz = wi XN 1z + (1 - fw)ﬁév( ~ - In order to make appear the backward Kolmogorov PDE

=
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(8.31), we decompose I3 in the following way

I = / /R /R[ (s, B Y@ +2) - %U(s,pf;w ) (@) —&,an(s,M;V(;V_)(x)-z] dv(z) dEly (x) ds

S

+Nizl/0 /Rd/o [MU Sﬁz,w)(XZNjLz)—éiU( mi ) (XY

J —_N i,N 0 —N N
U B (XY) = U s, i (X z)] dw d(z) ds

S

=: 137,4 + Ig’B.

Since (XN

s )sefo,7] 18 cad-lag, we deduce that almost surely for almost all s € [0,¢] we have ﬁ% N =

iy =B, Owing to the backward Kolmogorov PDE (8.31) in Theorem 8.9, one has

L +1Ir+ 134 —/ 05U (s, iy s) + LU (s, ) (s ) ds
=0.
Thus, we obtain the following decomposition, for any t € [0,7T),

Ut ) = Ut m) = (U0,5) = U0, o))

*Z/ Lo [ [ mt OGN o 2) = 0 (X

0 —N N 0 N i,N
+ %U(s,,uxﬁ)(Xs, ) — %U(s,,uxi\i)(Xs, +2)| dwdv(z)ds

t ~N

+ / / {U(s,,gw L) = Uls )] N (ds, dz) (8.138)
0 J{z>1} o -
t —~—N

+/ / [U s, iy —U(s, @y ]N' ds,dz
0 J{z1<1} ( MX£+Z) ( ﬂxﬁ) ( )

=1I3p+ 14+ I5.
It follows that for all ¢ € [0,7)
EJU () — Ut )| < BIU(O, ) — U(0, o) + E(|Ts ] + 12| + | T5]). (5.139)

We now treat each term separately. For I3 g, one has
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8.6. Quantitative weak propagation of chaos

somi L N 42y = Ly mi ) (X

5m om
0 ; J ;
+ TU(S,@]{)(XS’_N) - %U(s,ﬁ%)(xsfv + 2)| dwdv(z) ds
: 51 2) (X2 4 2) = == U (5, 20) (X))
+ iU(s N ) (XYY — iU(s NN XY 4 2)| dw du(2) ds
m XY 5™ dm TEX AT sT

) (X 4 A2)

B
)

—Ovs

U(s,ﬁj)V(N )(X;’_N + A2)| |z dA dw dv(z) ds

%, Y — i
szw)(X N+ )_%U(Svuil\i)(){g’f]\[—'—z)

C

iU(s,ﬁgN_)(Xi;N) - iU( m w)(x;"N)‘ dw dv(z) ds.

+ ‘5m s om

Recall that mé,z,w = wﬁ%N 4zt (1- w)ﬁﬁN . Moreover, one has

WM iy ) < Wiy 2 Ty )

121
i

IN

Then, by (8.113) with v € (0,1]N(a—1,(0 +a—1)A(2a—2)A(n+a—1)) and (8.114), we deduce that

c X gt 51y |2|1H7
T— a d d
—w%%éf $) T B dv(2) ds
C Lt a-1 |z
+ = T — s)'5 Eldy(z) ds.
Nizzl/o/f( s) N v(z)ds

Since v < 6 + o — 1, we have 57;77 > —1 and therefore the map s € [0,T) — (T — s) = s integrable
and z € By — |z|'T7 € LY(By,v). It yields

E|l5p5] < (8.140)

N7

Let us now focus on Iy. Recall that m} , , = w,uXN it (1-— )ﬁ%N . We introduce T" € (1, 2]

such that I' > @ and § > 1 — a/T", which is possible since § > 0. Thanks to BDG’s inequalities and the
subadditivity of the map | - \F/ 2 there exists a constant C' > 0 independent of N such that we have for
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all t € (0,7
r\ T
—N
E|l4] < (E el U(s,ﬁ])\gN_+z) —U(s,,uéV(N_)} N (ds,dz) )
) 5\ T
<C (E / /{l o U(s, ixn 4,) — Uls, ixn ) NN(ds,dz)] )
1
t r T
< C (E 0 /{ <1} ( aﬁf)vgl\i+z) - U(saﬁf)\[ﬂ\i) NN<dS,dZ)> (8141)
N T T
=C (ZE/ /B (s, /‘XN vz) U(s,ﬁ])\éz\i) dv(z) ds) (8.142)
i=1 1 s
N " 1 5 r %
=C ZE/ /B N/ ]261,%U(s mszw)(XleLhz) zdhdw| dv(z)ds
i=1 0 1 0,1
N T
sc(ZE/ [ =) T s >ds>
i=1 1
Nl‘*

Indeed, the time integral is finite since I'(6 — 1)/a > —1 since § > 1 — a/T" by choice of I' and
z € By ~ |2|! is integrable with respect to v since v > a. Finally for I5, BDG’s inequalities and the fact
that 1 < 8 < 2 yields, for all t € [0,7),

o (o

=€ U /{|z|>1} SFxN 1) = U(S’MJJV‘SN)F N (ds, dz)] B)

B\
Svﬁévfl\i—i-z) - U(&M%N)] K/N(dsvdz)> )

1

1
B B
§O< / /{| } u%mz)—U(s,u%N)\ NN(ds,dz>> (8.143)
z|>1 s s~
N s N B 3
—C // / Ovs=U(s,ml . )(XUN +h2) - zdhdw| dv(z)d
; : o O 5m (s,m’ _ ,)( z) -z w| dv(z)ds
t 1 4|8 8 8
<c E// (T- 9% dv(2)d
—<;05N( 5’ \Z\V)>
C
< T
N8

Indeed, the time integral is finite since 1 < f < « and thus (6 — 1)/a > —1, and the map
z € B{ ~ |z|P is integrable with respect to v since 8 < . As a consequence of (8.138), (8.140), (8.141),
(8.143), and the fact that v > 1 — % sincel<f<a<l+4+~vyandl-— % >1-— % since 8 < I', we have,
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for a constant C' > 0, that for all N > 1 and ¢ € [0,T)

—
N'=s

It follows from (8.112) that the map %U (0, 1)(+) is Lipschitz uniformly with respect to u € Pg(RY).
The Kantorovich-Rubinstein theorem ensures that

E[U(0,7)) — U(0, po)| < CEWL(TY , o).

By Fatou’s lemma, the continuity of U on [0, T] x Pg(Rd) and since ﬂg_ = 7y almost surely, we can let
t tend to T" in (8.144), which concludes the proof of (8.33).

Proof of (8.34). Coming back to (8.138) and using (8.141) and (8.143), we see that I; an I5 are centered
random variables because of the martingale property of compensated Poisson random integrals. We thus
obtain that for any ¢ € [0,7T)

E(U(tE) = Ut me)| < [EU, 7)) = U0, mo))| +El L 5]-

The control of E|I3 g| has already been done in (8.140). It follows that there exists a positive constant
C such that for all t € [0,T")

[EU(t 7)) — Ut p))l < CIEU(0,15) — U0, o)) (8.145)

|+ N
Reasoning as in [CdRF21], after (5.24), we can write using the exchangeability in law of the initial data
(gi)ie{l,...,N}
N ! J N & d N1\ &
BUO.7) ~ U0 m) = [ B (5 U0,5™)(E) ~ 500, 15™)())
0 om om

where 5" i= My + (1= M)po, fig ™ == M + (1= A)po, iy =Ty + (0 — 6¢1), (¢'); being an
i.i.d. sequence of random variable with common distribution pg and & a random variable independent of
(€%); with distribution pg. This ensures, using (8.114), that there exists a positive constant C' such that
for all ¢ € C29(Pg(RY)) and N > 1

1
EUO.7) = U000 < [ CEWGE™ 7™ dy
1
S/O CEW: (fig s g ) dM

Lo -
< — —
< [ FEE-&lan

C
<77
- N

the constant C' depending on Mj (1) in (8.34). We conclude by letting ¢ tend to 7" in (8.145) that (8.34)
holds true.

O]
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8.7 Quantitative approximation of the distribution of one particle by

the limiting McKean-Vlasov process at the level of densities

This section is devoted to the proof of Theorem 8.16. We start to show that the density bound (8.38)
holds. Let us fix t € (0, T]. As in the proof of Theorem 8.12, we easily see using Theorem 8.18 that we can
apply Ito’s formula for the function (s, ) € [0,t) x (RN s p(ad, s,t,y) = % SN (@Y st a2k, ).
Keeping the same notations as in the proof of Theorem 8.12, we get that

S
P 5. t) = p( 0,69 = [ Orp( vty dr

+ Z/a P 7, ) (XN b, XN ) de
_N
+Z/ /Rd)N MXN +z~i7r7t7 y) _p(uXi\r_,T,t,y) (8146)
! g i, N
Na 5 (,LLXN , Tt y)(X ) dV(Z)dT

/ /]Rd 'uXN 207 ty) — (ﬁxf\garaty)-/\/ (dr,dz)

=01+ 12+ I3+ 14

First, notice that reasoning as in the proof of Theorem 8.12, by using (8.66) for the big jumps, and
(8.60) for the small jumps, we prove that I is a true martingale and that

EI, = 0. (8.147)

By definition of the linear derivative, we can write

w5 L) [ttt

Y N
9 XZN Xz
5mp( rzwar 13 y)( ) a 5m (MXN y Ty 13 y)( ) dwdu(z) d?“,

where m,, o wﬁ% N oz T (1- w)ﬁ% N We can now decompose I3 in the following way
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B[ [ [mris e+ 2) - sopis )@

1)
O pl it 0)(a) 2| dv(e) d (o) dr

1 N s 1 ) iN 5 N
+N121‘/0 /f/O {&np( rzwarty)(X +Z)—67P(MXN,7’ty)(X —|—Z):|

0 Ny 0N N
= [pmt ) () = S p( ) 6| dw o z)ar
1L s 5 5 N
- b N X
e L s b ) ot (X2
) i, 0 i
b p i b)) = S ) (X 4 2)| dwdu(z) dr

=:I34+ I35+ I30.

By taking the expectation in (8.146), we deduce thanks to (8.147) and the backward Kolmogorov
PDE (8.26) satisfied by p (see Theorem 8.7) that

Ep(fiY, s, t.y) = Ep(fiy , 0, t,y) + EIs g + Els c. (8.148)

We first aim at controlling I3 g. To do this, we write for v € R?

o

o
5mp( rzunr ta y)(v) - TP(M%N ,T‘,t,y)(v)

:p(mmw,r t,v y) (ﬁf)v(f\lvratvvvy)
o _ _
bt ot ) ) wd(n 5, — T ) (@)
) 0
+/ 7p(mrzw7r t,x y)( )_ %p(ﬁj)vﬂv_,r,t,x,y)(v) dﬁﬁf\’_ (1")

Using (8.65), (8.63) and (8.66) with v = 1, we obtain

[«

6o
\mpmmw,r L)) — Sp@ 7t 1))

1

(t—r)~ C\z|[ (t—ry—v)-i—p(t—ry XZN )+p(t—ry XlN — t—ry XkN)

Z\Q

N

||M2

where we recall that ¢ := — (1 — %) . It follows that

< ]C; / / (t = 1) S|EO(t — oy — XY 4 o2t =y — XPN — ) du(z)dr. (8.149)
0 JBe¢
Let us now focus on I3 which can be written in the following way
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1 N s 1,1 5 N
= — P AX’Z
N ;/O ~/B1/0 /0 [8U6mp( rzwvr t y)( +)\Z)

) _N o, N
—av%p(ﬂxﬁﬂ“’t?y)()(r— + Az2)| - zdAdwdv(z) dr.

As previously, we need to control for v € R?

5 0 N
&;%p(mmwﬂ" t,y)(v) — Oy %p(uxiv_mt, y)(v)

- Ip( rz7w?r7tavvy) —(%p(ﬁ%\i,r,t,v,y)

r

) _ _
+/Rd av%p( rzwvr t x y)( )Wd(/l;{vj_gz _:uf)V(N )(.T)

d J —N —N
+Ad av%p( TZw?T t € y)( ) 8U%p(uX7{\L7T7t7x7y)(v) dlu’Xi\L (fL’)

Using (8.65), (8.64) and (8.67) with v, we obtain

5 5
— —p(u <
8v5mp(mrzw7r t y)( ) a 5mp(MX7{\L7T7tay)(v)

(=)

N
. ‘ 1
N N kN
PPlt—ry—v)+p°t—ry— X" —2)+p(t—ry = X0+ =D pt—ry— X,2)
N &

This yields, by definition of ¢,

< ]\%/ / (t =) S |2MTE(°(t — 7y — X:",N) + 0t =y — Xi,N —z))dv(z)dr. (8.150)
0o /B

Gathering (8.148), (8.149) and (8.150), we deduce that for any s € [0,t), uo € Ps(R?), y € R? and
N>1

Ep(zy,s,t,y) < Ep(uo ,0,2,y) (8.151)

/ /Rd — ) S FREO(E — oy — XN 4 0~y — XON — 2)) du(z) dr
By (8.57), one has
Ep(fip ,0,t,y) = E— Z( P, 0,1,€',y))
< CQO(Movoata y)7 (8152)

where we recall that
qo(k0,0,t,y) : / POty — x) dpo(x).
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The same reasoning as in the proof of [CdRF21, Theorem 3.5] (see (5.13) and below) shows that

lim Ep(), s,t,y) = p"™ (10,0, 1, y). (8.153)

s—=t—

This is justified by the parametrix expansion of the transition density p of the McKean-Vlasov SDE
(see (8.76)). Indeed, it allows to write, for py € Pg(]Rd), 0<s<t<T,zycR: plug,s,t,xy) =
ﬁ(S,t,l‘,y) + R(,LLO, 87t7$7y) Wlth

1
|R(M07 57t7xa y)| S C(t - 8)_Ep1(t —5Y—= JJ)

Using (8.151), (8.152) and (8.153), we deduce that for any ¢ € (0,T], o € Pg(R%), y € RY and N > 1

N(p0,0,1,9) < Canlp 0,t,9) + s [ [ [ ¢ =0 F@I - ry—w - 2)

+ 00t — 7y — w)]p™Y (1o, 0, 7, w) dw dv(z) dr.
Denoting, for pn € Pg(R%), 0 < s <t < T and y € R?

gl s,t,y) = (t—s)"p°(t = s,y), (8.154)

the previous inequality can be rewritten as

N (10,0, t,y) < Cqolpo,0,t,y) + 7/ p'N @ g(p0, 0, ¢,y — 2) + p @ g0, 0, t,y)] f(2) dv(2),
where we recall that

N'®g(p,0,t,y) : // N, 0,7, w)g(p, r, t, y — w) dw dr.

Notice that g yields a time-integrable singularity since ¢ € (0, 1). Then, we can easily prove by induction
that for any M > 1

Cck+1 k
(MO?O t y) < CQO(,U(],O t y + Z Nk,y Z /(Rd)k do ®gk <)u0707tvy_ Z’%) H f(ZJ) dU(Z])

Iep, el j=1

CMJrl

M+1
D DN NNl Ve (MOvaf»y—ZZi> [T /() dv(z)),
IePy41 (RY) i€l Jj=1

(8.155)

where P, is the set of all subsets of {1,...,k} and ¢g* is defined by the recursive relation ¢**' = ¢* ® g.
As in the proof of (8.241), we prove by induction that for any u € Ps(R%), 0 < s <t < T and y € R?

k—1

19" (. 5,t,y)| < CF(t — 5) D=0 (H B(j(1-¢),1 - C)) Pt = 5,y). (8.156)

Jj=1
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Thus, sending M to infinity in (8.155) and using (8.156), we deduce that

Ck+1 k
(/'1/0’0 t y) < CQO(M(MO 13 y + Z Nk Z /Rd)k q0 ®gk <M0707t7y - Zzl> H f(z])dy(zj)

IePy, i€l j=1

By injecting (8.156) in the previous inequality and using the convolution inequality (8.234), we get

0o Ck+1 k—1 . t . B -
pLN(/’LOaOata y) < CQO(Mov 07t>y) + kz_:l W (H B(](l - C)v 1- g) /0 (t - 7") CHk=1){A=¢) dr

j=1

Z/d 0 <M0,0ty Z%)Hfzj ) dv(z;).

IePy el 7=1

This concludes the proof of (8.38).

Before proving (8.39), we state and show the following Lemma.

Lemma 8.25. For any v € [ — 1,1], there exists a constant C' > 0 such that for any uy € Pg(Rd),
te(0,T), y € R and N > 1

C i 1ty
[Ep(’0.t.) = plpo, 0. t.)| < 35t (14 M, () [ (1 + laP)p 6y — ) dpo(a).

Proof of Lemma 8.25. Recall that (£);>1 is an i.i.d. sequence with common distribution uy € Ps(R%)

and let us introduce € a random variable with distribution pg independent of (€");>1. Reasoning as in
Lemma 5.1 in [CdRF21] (see (5.4) and below), we obtain that

5 i
Ep(fy ,0,t,y) — p(po,0,t,y) = N/ (p(uél’ ,0,t,&4 y) (&Y — Tp(uél’ ,O,til,y)(ﬁ)) d\

1 0 ~A,N 1 ng d )\1, 1 ~
N LB (0,0, ) (@)~ 5pid ™ 0,1, ) (@) )
=: 11 + I,

where p)‘l’ = M7 + (1 — A1)po and [L())\I’N = M) + (1= Mo with gl :==m + + ((5 — 0¢2). Using
(8.62), we obtain that for some constant C' > 0 depending on ~y

1 14+ -
nl< 5 [ 0TRElE -y - ) an
< S0t [BOE A0y — €9) + BUEP Aty — )]
< S WM o)) [ (1 o)t — ) diofo)

Using now (8.101), one has

—1
L <o tl_lﬁ/ EW] @, 12 )0ty — €1)) dAy.
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Since we have

Wi (g™, i) < Wa (i 1)
1 2 ~
< _
_N|€ ¢l
we deduce that
C | 1ty p
| < <t a”w — &Pty — &)
C | 1ty
< T M () [Py~ @) do(a).
N Rd

This concludes the proof of Lemma 8.25. O

Let us now prove the estimate (8.39). We come back to the identity (8.148) subtracting p(ug,0,t,y)
from its both sides and use (8.149) and (8.150) to obtain that

|Ep(ﬁfeva s, t, y) - p(MO? 0,t, y)| < |Ep(ﬁév’ 0,t, y) - p(:uﬂv 0,t, y)’ + RN(:“’O? s, t, y) (8157)
where
R¥(uo, ) = o [ [ (=752
A ) N'y 0 (Rd)Z
[po(t —ry—w—2)+p°t -1y — w)} PPN (uo, 0,7, w) dw dv(2) dr
We can now use (8.38) to get that

2 s
RN(MO; s,t,y) < ]%/0 /(Rd)g(t — r)*cf(z) [po(t —ry—w-—2z)+ pO(t -7y — w)}

P°(r,w — ) dpo(z) dw dv(z) dr

00 Ck+2 -
+Z N (HB c))

rk(1=0)
/ /(Rd (1 _ C)f(zk—i-l) [po(t — Y —w— 2pr1) + po(t —ry — w)}
k
[Z / (T,w —x— Zzz> H (2j) dv(z; ] dpo(x) dw dv(zgy1) dr.
IeP, icl j=1

Thanks to the convolution inequality (8.234), we obtain that

o

Ok+1 k-2
RN(/L,S,t,y) < Z Wtk(l_o (H B(.](l - C)a 1- C)) B(l + (k - 1)(1 - C)? 1- C)

Z/deO<NOaOt?/ Z%)Hf% dVZJ

1ePy, el j=1

Using the preceding inequality, Lemma 8.25 with 7/ € [a — 1, 1], and taking the limit s — ¢~ in (8.157)
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thanks to (8.153) concludes the proof of (8.39).

The estimates (8.40) and (8.41) are direct consequences of (8.39). Indeed, we integrate (8.39) over
y € R noticing that

L Eo o)

IeP, iel

ﬁ flz) dv(z;) dy < 2* /]Rd (1, y) dy (/Rd i) dV@)k,

J=1

which is finite since f € L'(R%,v). Using the asymptotics of the Beta function, we conclude the proof of
(8.40) (by taking v = v in (8.39)) and (8.41) (by taking v/ = o — 1 in (8.39)).

8.8 Proof of Proposition 8.21

This section is dedicated to prove Proposition 8.21, which is rather long and technical. We proceed
by induction on m > 1. The base case m = 1 is immediate. It is enough to apply Theorem 8.41
since pi(u, s, t,z,y) does not depend on u. For the induction step, we assume that all the estimates of
Proposition 8.21 are satisfied for p,,. For the sake of clarity, we denote by K a positive constant depending
only on (d,a,b,T) appearing in the induction step and independent of the induction assumption, which
may change from line to line and which will determine the choice of the constant C' appearing in
Proposition 8.21. Let us introduce a notation used in this section. If f is a function defined on Ps(R%) x
[0,£) x (RY)2, we define A, 4, f(-, 8,2,0) := f(u1,8,2,0) — f(p2,s,x,v) for puy, p2 € Pg(R?). The same
notations holds with respect to the variables x and v. For the time variable, if s1,so € [0,t), we define
Ay, oo f(pty - z,0) i= f(p, 81V s2,2,v) — f(i, 81 A S2,2,0).

8.8.1 Preparatory technical results

Lemma 8.26. o There exists K > 0 such that for all0 < s <r < T, u € Ps(RY), z,v € RY, one
has

b, X)) (0)] < K

‘ om

Hf;ok(r_s)ko—w’ﬁzg(w(1_;),1_;)}.
= - (8.158)

e There exists K > 0 such that for all 0 < s <r <T, u € Pg(Rd), z,v € RY, one has

0vs [b0r, 2, 1X20)] (1)
Koo Hick(r_s)kw.;)’ﬁg(m;lH@ﬂ;l),l_;)]. 150
k=1 Jj=1

e There exists K > 0 such that for all0 < s <r <t <T, u€ Pg(R?Y), z,y,v € R, one has
<K(t—r)wpl(t—ry—ua)

1+ i Ck(r — s)*(1-3) :EB (1 + 4 (1 — ;) 11— 1)] . (8.160)

‘;nHerl(/Jﬂ s, 1t T, y) (U)

k=1 a
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o There exists K > 0 such that for all 0 < s<r <t <T, p¢€ Pg(Rd), z,y,v € R%, one has

—1

<K(r—s) a (t—r)" ipl(t—r,y—x)

1)
807Hm+1(/% s, T, ta z, y) (’U)

om
1+§:C’k(r—s) (1415 HB<1+1+3<1+”;1>,1—D]. (8.161)

k=1 j=1

Proof of Lemma 8.26. Using the induction assumption, we deduce that for all y € R?, the map u €
Ps(RY) = pm (11, 5,7,9) has a linear derivative given, for all v € R?, by

)
S5 m (1 5,6,9)(0) = pm(p, 5,70,y +/ 5o Pmps s’ y)(v) du(z’).
Thus, the map u € Ps(RY) — b(r,z, [X:" ’(m)]) has a linear derivative given by

% [b(r, 2, [X2 ) | (v) = /R ) %b(r, z, [X50 ) (2)pm (1, 5,7, 0, 2) dz (8.162)

) 0
i 5,44,(m) 2 / '
[ 5o X (2) S (07,0, 2) (0) d (@),

Using the boundedness of %b on [0,7] x R? x Ps(R?) x RY, (8.90), and the induction assumption,
we deduce that

[b(r,, (X)) | ()

‘ om

0 / /

<K+ K 2 %Pm(ﬂa&ﬁx;z)(”) dz dp(a’)
k: )( )kil 1 1
<K+K R 1 (1 (1) 1)
At R2d ZC EB tJ a)’ o

(r— s)l_épo(r — 8,2 —a')dzdu(x)

§K+K§jc’f(r—s)’f(1—é)j:f[jz3<1+j(1—i),1—i).

k=1

This proves (8.158). Let us now focus on (8.159). Note that for all v, 2’ € RY, we have
/8(t)d /35(t')()do
s, t,v,2)dz = — s, t,x',z)(v)dz = 0.
Rd me /"(’7 VAR J Rd 'Udmpm M? ) ?
Thus, using the induction assumption and differentiating (8.162) with respect to v, one has for all v € R?

aU% [b(r,z, [X ")) (v) (8.163)

) )
_ s, p1,(m) 5,1,(m)
= /]Rd [5 b(r,z, [ X N(2) 5mb(r,x, (X} ])(v)} 0Py 8,750, 2) dz

m
v,
R2d

Using the n-Hoélder continuity of %b with respect to v, which is uniform with respect to the other

%b(r z, [ X3P (2) — %b(r,x, [Xf’“’(m)])(m’)] a@%pm(u,s,r, 2, 2)(v) dz du(2').
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variables, (8.90), and the induction assumption, we deduce that

v [btr,, X0 1)

dz du(x")

2 i1, 2)(0)

SK(T—S)% (ch k1)1+n 1:[ ( +1+](1+77;1)’1i))

R2d

< K(r—s)'% +K/2d|z—x’|’7 o,

(7“—3)%1

k—1
SK(T‘—S) +Kr—s ZCkr—s (1157 )HB<1+?7(11+j(1+nal>,1—1>.

J=1

+1_%|z — 2|70 (r — 5,2 — &) dz du(z")

It ends the proof of (8.159). Using (8.158), it is clear that H,,4+1 has a linear derivative given for all
v € R? by

d _ (2 St (m) 5
%Herl(/L,S,T,t,I,y)(U) - ((S’I?’L [b(?",l‘, [Xr ])] (’U)) ' axp(rat7$>y)7 (8164)
and that
Oy Homs1 (1, 5.7 1, ) (0) = (a 2 [h(r, a, (X300 (v)) 0Pt 2, y). (8.165)
vémm—&—a:a:: v(sm s Ly [P T\ by by
Thus, (8.160) and (8.161) follow directly from (8.158), (8.159), and (8.235). O

Lemma 8.27. Forany k>1,0<s<r<t<T, z,y € R?, H,’?,LH(-,S,T,IS,:U,y) has a linear derivative
which is C' and satisfies the following properties.

o There exists a positive constant Ky, depending on m and a positive constant C independent of k
and m such that for allk > 1, p € Pﬁ(Rd), 0<s<r<t<T, z,y,v €R? one has

O gk sty 2, y) ()] < KkCF Nt — ) D 02)

om
kl:[lB (j (1 - ;) 1 — ;) pl(t—ry—x), (8.166)

and

o

S (s, 2, y) (0)| € KinkCF (= 9) 5 (8 =)~ H D 02)

kH13<J' (1— i) 1= i) p(t—ry—m). (8.167)

=1

Dy

o There exists a positive constant K,, depending on m and a positive constant C independent of k
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and m such that for all k > 1, p € PB(Rd), 0<s<t<T,zvy,veR one has

5 L HE L (s, ) ()] < Kok CF 1 (1 — 5)ia+-D(-2) (’“ (1 - i) ’1)

om
kl:[lB (j (1 — 1) 11— i) Pt — s,y —x), (8.168)

[0}

and

< KpkCH (= 5)"a 03B (’“ (1 B 1) A+ "a1)
(6%

R 1)
PR 3v%7-[51+1(ﬂ, S, ta Zz, y) (U)

kl:[lB (j (1 - ;) 1= ;) Pt — s,y —x). (8.169)

Proof of Lemma 8.27. We proceed by induction on k to prove (8.166) for all m > 1. The base case k =1
is a direct consequence of (8.160). Assume now that (8.166) holds for H¥, ,; and let us prove it for 7—[’;;;11

By definition, we have
t
Hﬁbﬂl(u,s,r,t,x,y) :/ /d Homt1 (1, 8,1, r’,x,z)?—[fnﬂ(y, s,r' t 2 y)dzdr’.
r JR

Using Lemma 8.26 and the induction assumption, we deduce that anfl(-, s,r,t,x,y) has a linear

derivative given by
o .k o o .k
%Hm—:-ll =5, Hm1 ® Hypir + Hims1 © 5y Tmet1-

Using (8.85), the induction assumption (8.166) and the convolution inequality (8.234), we deduce
that

0 k
‘MHm—:-ll (H? s, T, tv Z, y) (’U)

t
: Km/ /d(rl — ) Twp (! — oz — ) O (¢ — r’)_é+(k—1)(1—é)
r JR
k—1 . 1 1 ) / /
HB<](1_>71_)p(t—r’y_z)dzdr
Jj=1 «Q «
+ t K(T/ —T')fl 17,0 o K kckfl t— / (k:—l)(l_l)
R4 ap (T T,z ;1;) m ( 7‘) L

M 1 1 .
H B (j (1 - a) ,1— ) (t—r"apt(t —1',y — 2)dzdr’

j=1 o
< K CF(t—r)ath0-3) ﬁ B (j (1 _ 1) - 1) St —ry— )
— m J:1 Q b a )
K E kR (¢ = )7 ) ﬁ b (j (1 - 1) e 1) pl(t —ry— )
m 321 a Y a )
L ,L+k(1,;)k_1 ) 1 1\ ,
< Km(k+1)C%(t—r) = & Blj 1—5 ,l—a p(t—ry—2x),
j=1
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if we choose C' > K. Following the same lines, we prove that for any k£ > 1 H,’% 41 s C! with respect

to v € R% and that it satisfies
1) 1)

5
61,%7-[,’?,#1 Ovs—Hmi1 @ HE 1+ Hin1 @ 0, b5 —HE

’ dm

Using (8.85), the induction assumption (8.167) and the convolution inequality (8.234), we deduce
that

)
81)57%5’;—11 (/'57 s, 7, ta z, y)(U)

< K,, //Rdr—s ; (r' —7r)” ap (r—rz—:c)Ck(t—r)_*‘*'(k D(1-3)
HB( (1—a),l—i)pl(t—r’,y—z)dzdr'

1

t _
+ / /d K(r' - r)_épl (r' =71 2 — 2)KmkCF 1! — s)"% (t — r')(kfl)(lfé)
r JR

HB( (1_a> ,1—;{) (t—r’)*épl(t—r’,y—z)dzdr

< KnCFir—s)'s (t—r_ k(1 ﬁ < ( 1),1—>p1(t—r,y—x)

(%

|CERE P

Kok +1)CF(r — )5 (t — )2+ H ('(1—i>,1—;>p1(t—r,y—m),

E?v

+ KK, kC*~ 1(r—3) o (t—r _7+k 1-3)

if we chose C' > K. It proves (8.167). The estimates (8.168) and (8.169) follow immediately from (8.166),
(8.167), Lemma 8.43 and the convolution inequality (8.234).
O

Lemma 8.28. o Forany0<s<t<T, ucPsRY), xR we have

bt D] < K[ AL =l I0pn (5.t )| dy du(a)). (8.170)
o forany0<s<r<t<T, ,uEPg(]Rd), z,y € R, we have

_1
‘BSHW’L-Fl(/’I’vS’rvtPr?y)’ S K(t_r) apl<t—7"7y—x) /Rw(l/\\x’—y[")]@spm(u,s,r,x’,y)]dydu(x/).
(8.171)

Proof of Lemma 8.28. Proof of (8.170).
By the induction assumption at step m, we see by the dominated convergence theorem that the map
s €[0,t) — b(t, x, [Xf’“’(m)]) is differentiable and that
s.u(m)y] _ K sy ) O 1,(m)
0. [o(t.. LX) = [ (bt D) = bt ) @) ) D5t ) (') dy,
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The boundedness of %b and the n-Holder continuity of %b(t, x, 1) (+) allows to conclude.

Proof of (8.171).

Because of the expression (8.82) of H,,+1 and since p(u, s, r,t,z,y) does not depend on s, (8.171)
follows from (8.170) and (8.235). O

Lemma 8.29. o There exists a positive constant K., depending on m and a positive constant C
such that for allk > 1, m>1, p € Pg(RY), 0<s<r<t<T, z,y € R?

OHE 41 (115,712, y)| < KhCFA(r = )2 71 (1 = ) 7ot EDO=2) pl (1 — 1y — )

k—1
1 1

H6<j (1—> ,1—). (8.172)
« [0

o There exists a positive constant K,, depending on m such that for allk >1, m > 1, u € Pg(Rd),
0<s<r<t<T, z,ycRd

’asq)erl(M’ 5,1t @, y)’ < Km(r - S)g_l(t - T)_épl (t -y - $) (8173)

Proof of Lemma 8.29.. Proof of (8.172). We proceed by induction on k& > 1. The base case k = 1 comes
from (8.171) and the induction assumption (8.94) for Ospy,. Indeed, the induction assumption and the
space-time inequality (8.231) ensure that

LA =y 0upnps s )l dy dp(a’) < Kl = )50 [ p7171( = s,y — ') dy dp(a),

R2d R2d

We conclude since 1 + 7 < a, the map p~7"(r — s,-) belongs to L'(R?) and [pa p~ 7 "(t — s,y) dy is
equal to a constant independent of s and ¢. For the induction step, we assume that (8.172) holds at step
k. By definition, we have

t
HEEL (1, 8,7, 8,2, y) :/ /d’Hm+1(u,s,r,r’,x,z)?—[ﬁwl(u,s,r’,t,z,y) dzdr'.
r JR

It follows from the induction assumption and the dominated convergence theorem that the map

s €[0,t) — anfl(u, s,r,t,x,y) is differentiable and that

t
asHﬁirll(MaSﬂ“at»%y) :/ /d88,Hm+1(,uaSaraTlaxaz)an-l—l(MaS?T/ataZay) dZdT/
r JR

¢
—l—/ /deH(,u,s,r,r’,m,z)ﬁsﬂﬁlﬂ(u,s,r’,t,z,y)dzdr’
r JR

=11 + Is.
Using the base case k = 1 and (8.85), we deduce that
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1

]11]<// Kp(r—s)o 10 —r)” apl(r’—r,z—a;)Ck(t—r’)_éJr(k_l)(l_E)
HB< (1—1),1—;)p1(t—7“',y—z)dr'dz
< K CF(r — s)a 1t — r);Jrk(l;)jli[lB (j <1 - 1) 11— ;) Pt —ry—x).

For I, from the induction assumption (8.172), (8.85), the convolution inequality (8.234) and since
1 <1, we obtain that

t
o] < / /d K(r' — 7“)_5;)1 (r' — 7z — ) KpkCF (0! — s)g_l(t - r')_é+(k_l)(l_é)
r JR

k—1 1 1
HB(j (1—@),1—)pl(t—r’,y—z)dzdr’

j=1 “

¢
< (r—s)o ! / » K(r' - r)_%pl(rl — 72— 2) K kCF(t — r’)féﬂk*l)(l*i)

HB( (1—) 1—;)p1(t—7‘/,y—z)dzdr/

k
< KkCH(r — )27t — ) ~a K 0=2) pl (= 1y — ) H (’(1‘1)1—1),
- o

«

provided that we choose C' > K in (8.172). This concludes the induction step for (8.172).

Proof of (8.173). Using the definition of ®,,;1 (8.84) and (8.172), we obtain by the dominated conver-
gence theorem that s € [0,7) — ¢py1(p, s,7,t, z,y) is continuously differentiable with

o0
88®m+1(lu’7 s, T, t7 Z, y) - Z 88an+1 (H) s, T, tu x, y)
k=1

Then, (8.173) follows immediately from (8.172).

8.8.2 First part of the proof of the induction step

We split the proof of the induction step into different parts for the sake of clarity. We start by
proving the estimates (8.92), (8.93) and (8.94).

Proof of (8.92) and (8.93). We start by showing that for all 0 < s < ¢t < T, 2,y € R? the map
Pma1(-, 8,t,,y) admits a linear derivative given which is C! with respect to v € R? and such that for all

v eR
)
Sm. pm-l-l(:u’?S t,x Z/ § p® m+1(:u78 t,x y)( ) (8174)
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and

1
s —pmt1 (1, 8,1, 7, ) Zp® Oz m+1(u, s, t,2,y)(v). (8.175)
where the series are absolutely convergent. Moreover, we also have the following representation formulas

1)
5 —Pm+1(1, 8,1, 2,y)( me—i-l ® Hm+1 ®Hm+1(/%87t733 y)(v), (8.176)

and

) )
Oy L —Dmt+1(, S, 1, 2, y)( E DPm+1 @ Oy 5 —Hmt1 ®Hﬁl+1(u,s,t,x,y)(v). (8.177)
k=0

To prove (8.174), we fix p11, u2 € Pg(R?) and we write thanks to Lemma 8.27 and Fubini’s theorem

pm-ﬁ-l(/j’h S, ta x, y) - Pm+1 (M27 S, t’ z, y)

oo
= Zﬁ®”an+1(uus ta,y) — P Hpy o (t2, 5,2, y)
—Z// (s,r,x,2) m+1(u1,sr,t,zy) HE 1 (u2, 8,71, 2,y)) dz dr
S

=Z [ [t I/ d%’ﬂfaﬂwl+<1mmz,s,r,t,z,y)(v)d(mfm)(v)dmzdr

-J L
d(pr — p2)(v) dAdz dr d(p1 — p2)(v) dA

1 > )
_ ~ o 0 4k 1— _ ‘
_/0 /Rd kE:1p® 5 Ho1 (A1 =+ ( AMpa, s, tyx,y)(v) d(pn — p2)(v) dA

/ / 3 r,xT, z Hm+1(>\ﬂ1 + (1 - A)MQ,S,T,taZ’y)(U)
k=17"%

Note that owing to (8.168) the series (8.174) is absolutely convergent, locally uniformly with respect to
(1, 5,2,v) € Ps(R?) x [0,¢) x R x R%. This concludes the proof of (8.174). Moreover, we have proved
that the map (u,s,z,v) — %pmﬂ(,u,s,t,x,y)(v) is continuous. By differentiation under the integral
using (8.167), we obtain (8.175). The dominated convergence theorem yields the continuity of the map
(1, s,z,0) — 8U%pm+1(u,s,t,:c,y)(v). Let us now focus on the representation formula (8.176). Using
the parametrix expansion (8.89) of p,,+1, one has for all p € Pg(]Rd), 0<s<t<T,z,ycR?

perl(/fL, S, t, €, y) = ﬁ(sa ta z, y) + Pm+1 b2y Hm+1(/~‘a S, tv xz, y)
We can easily see by induction thanks to (8.166) that for any k > 1, one has

5 i 5 -
%anﬂ(u,s rot,x,y)( ZHerl@ m+1®Hin+1(u,s,r,t,x,y)(v).
7j=1

We plug this expression into (8.174), and since the series is absolutely convergent, we obtain setting
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=k —jand ¢=j— 1 and by Fubini’s theorem that

5 S .
5 —Pm+1(p, S, t,x,y)(v) = ZZ}? m+1 ® 5mHm+1 ®H%1+11(M757t7$7y)(v)

= Zzp(g) %m—&-l ® Sm. Hm+1 ® Hm+1(u,8,t,x,y)(v)
1=01=0

0 i
= me-i-l ® %Hmﬂ-l ® Hm—l—l(:uv s,t,2,y)(v).
=0

This is exactly (8.176). Let us now prove that the estimate (8.92) is still true at step m + 1. It
follows from (8.160), (8.90) and the convolution inequality (8.234) that for some positive constant K
independent of m one has

0
P& %%erl(:u? S,t,l’,y)(v)
t m . k(l 1)k—1 1 1
<k [ [ e ot 0 B (14 (1- 2 )12
L kzzzl (r—s) ]1;[1 J o o
P (r — s, z—x)(t—r)_épl(t—r,y—z) dz dr

m k
<K(t—s)"a+ K> CF(t —s)*H0I H <1+j(1—i),l—i)po(t—s,y—ﬂ?)-

k=1

Using this inequality, the bound (8.85) for 7—[,’31 41, the convolution inequality (8.234) and summing over
k > 0, we find that there exists a constant K independent of m such that

’ —Dm+1(, 8,2, y)(v)

33

k=0

)
Pm+1 ® 5 ~—Hm1 ® anﬂ(ﬂa s, t,2,y)(v)

<K(lt—s)'"a+K i Okt — s)k+D(1-3) ﬁ B (1 +j (1 - ;) 11— 1) POt — s,y — )

k=1 j=1 «
m+1

< (t— )1 7wp (t — 8,y — ) (Z CRHL(t — s)R(1-3) 'ﬁs (1 v (1 - 1) - 1)) ,
k=1 j=1 (0% [0}

provided that we choose C' > K in (8.92). It ends the proof of the induction step for (8.92).

Notice that by differentiating under the integral (8.176) using (8.90), (8.161) and (8.85), we obtain
the representation formula (8.177) for 0, %pmﬂ. Let us now prove that the estimate (8.93) is verified at
step m + 1. It follows from (8.161), (8.90) and the convolution inequality (8.234) that for some positive
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constant K independent of m one has

R 1)
p®ous

t n=1
§K//(r—s)a
s JRd

%m+1(ﬂ7 S, ta Z, y) (U)

1—|—ch(7‘—3 R+ kf[lB( +—1+ <1+77_1) 1—1)
= a ) o«

Jj=1

PPr— s,z —x)(t — r)_Epl(t —r,y —z)dzdr
1 1

ok ERVICER n—1 n—: 4 04 _
1+ ) Ckt s)k( HB(1+ +g(1+ - ),1 a)}p(t s,y — ).

k=1 j=1

<K(t—s) 5t

Using this inequality, the bound (8.85) for H%, _;, the convolution inequality (8.234) and summing over
k > 0, we find that there exists a constant K independent of m such that

0
8U57pm+1(,ufv S, ta Z, y)(’l))

33

k=0

0
%erl ® Hlfn_}-l(/‘) S, tv Z, y)(’U)

Pm+1 ® Oy S

<K(t—s)= s

1+ic’f(t_3)k(1+"(f)ﬁ3(1+n;l+j(1+77;1>,1—01é)}

k=1 j=1

n—1 1
(t—8)"5 % 0t — s,y — 2)

UES B P ) & K(p — )0 (12 g 1 n—1 1
<(t—s)= ap (t—s,y—x) ZC H 1+T—|— 1+T ,l—a ,

provided that we choose C' > K in (8.93). It ends the proof of the induction step for (8.93).

Proof of (8.94). Let us first prove the following representation formula for 9s®,,+1

8sq)m+1(,ua S, T, t7 €, y) = [68Hm+1 + asHm—l-l ® q)m+1] (,U, S, T, ta x, y)
+ @1 @ [OsHms1 + OsHimt1 @ @] (p, 5,7, t, 2, y). (8.178)

By differentiating the relation @,,11 = Hmt1 + Hms1 ® Ppmt1, we obtain that

asq)m+1(,ua S, T, t, €, y) = asHm+1(Ma S, T, ta z, y) + 8S/Hm+1 & (I)m+1(,ua S, T, ta z, y)
+ Hm+1 & 6S(I)m+1</'1/7 s, T, t, €, y)

Notice that by (8.172) for kK =1 and (8.87), we get that
1
’[88Hm+1 + asHm+1 ® (I)m+1] (:uv S?T7t¢$7y)| < Km(T - S)g_l(t - T)_apl(t -nYy-—- .CE)
The kernel [OsHpm+1 + OsHmt1 @ Prpi1] (1, 8,7, 8, 2, y) yields a time-integrable singularity of order (r —
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t)fi. We can thus iterate the previous relation to obtain that
65(I)m+1(M, s, 1,1, , y)
o
= Z an+1 & [asHm—i-l + 8s/}'[m,—i-l ® (I>TTL+1} (H’ s, T, ta x, y)
k=0

- {as/Hm—i-l + aSHTTL+1 & (I)m+1] (:ua s, T, t, Z, y) + (Pm—i—l ® [asHm—i-l + 8s’Hm—Q—l & (I)m—H] (:U’a s, T, t, Z, y)

In order to deal with the differentiability of the map s € [0,t) — pm+1(i, S, ¢, z,y), keeping in mind
the parametrix expansion (8.89), we first study the differentiability of the map

ENS [O)T) '_>/ ﬁ(s,r,x,z)@m+1(u,s,r,t,z,y) dZ.
R4

Since [ga Osp(s,T,x,2) dz = 0, we deduce by the dominated convergence theorem that

83 (/Rdﬁ(&rawvz)q)m—i-l(uvsaratazay) dZ) = /IRd 65[5(3,7’,%’,2’) (q)m—‘rl(;u'a S7Tat727y> - (I)m+1(/%3a7"7t,%y)) dz
+/dﬁ(s,r,x,z)@s@mﬂ(u,s,r,t,z,y) dz (8.179)
R
= Al + A27

which is continuous with respect to (u, s,z) € Pg(R%) x [0,7) x R%. We now control A; and As. For Ay,
it follows from (8.229), (8.88) with v = 7 and the space-time inequality (8.231) that

M<K [ =) sz — )t =) el [y = ) 4 (- oy - 2)] d
R

<K | (r—8)ap i —sz—a)t—r)""% [pi(t—ry— “i(t—ry—a)| d
> Ré @ p r—352z IE)( T) * p( ™Yy Z)+p( Yy 'CC) Z.

Note that [ga p~(r — s,z — z)dz is a constant independent of s and r . By the definition of p~7
(8.225), the fact that » > s and the convolution inequality (8.234), one has

q+1 d
«@

A < K(r—s)a 7 (t—r) 7" [t — s,y —a) + (t— )51+ (= 5) =]y — a) 770 (8.180)
Concerning As, it follows from (8.173) and (8.235) that
|Ag| < /d Kp(r — 5,2 — ) Kp(r — s)a~L(t — r)_épl(t —r,y—z)dz
R
< Kp(r —s)a Yt — r)_épo(t — 8,y —T).

By the dominated convergence theorem justified by the controls previously obtained on A; and As,
we obtain that the map s € [0,t) — D ® @y, p1(u, s,t, x,y) is differentiable with
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as (1/7\@ q)m+1) (:u’ﬂ Sat7x7y) - _(I)m-l-l(ljﬁ 37t7m7y) + 88]/5® (I)m-l—l(/j/? S,t,l',y) +ﬁ® (9S<I>m+1(,u, Sat7x7y)
- _@m—kl(ﬂ)satvxvy)

t
+/ /Rd asﬁ(S,T,ZE,Z) (QTI’H-l(M?Su’ntuZ)y) - ¢m+1(/'l/7 S,T,t,ﬂ?,y)) dzdr
S

¢
+// p(s, 7,2, 2)05Prt1 (1, 8,7, t, 2,y) dz dr.
s JR4

Thus, the map s € [0,t) — ppy1(p, s, t, z,y) is differentiable with
aspm-i—l(,u/a s, t,x, y) = 88]3(5, t,x, y) - q)m-i-l(/"ba s, t, x, y)
+ 85]/5@ (I)m+1(:u’? s, t,x, y) + ]/7\@ aS(I)erl(:U‘? s, t, x, y) (8181)

Then, plugging (8.178) into (8.181), we obtain that

asperl(/'Lv S, t,x, y) = 8313(5, t,x, y) - (I)m+1(1u’ s, t,x, y) + 88]/)\® (I)m+1(:u7 s, t,x, y)
+P® (OsHms1 + OsHmi1 @ Pros1) (1, 8,1, 2,y)
+ ﬁ® (I)m—i—l & (83Hm+1 + 8S,Hm-‘,-l ® (I)m-i-l) (M? S, t, Z, y)

By the parametrix expansion (8.89) of p,,11, we obtain the following representation formula

asperl(H, Sat)xvy) — 85ﬁ(s,t, $7?/) - ¢m+1(,ua S,t,$, y)
+8s]/9\® (I)m—l—l(ﬂysataxvy)

+pm+1 ® (asHm—i—l + aSIH’m—&—l & (I)m+1) (:U’a S, t, x, y)
=1+ 1+ I3.

We can now prove that the estimate (8.94) is still true at step m + 1 for some choice of the constant
C which appears in (8.94).

For I;, we note that (8.236) and (8.87) yield
|Il| < K(t - 8)_1p0(t —5Y— l’) < K(t - S)_lp_ﬁ(t —5Y— ‘/L')a
since a € (1,2) and p°(t — s,y —2) < p~I(t — s,y — ).

Concerning Is, it can be rewritten as
t
I, = / /Rd 0sp(s8, 7,2, 2) (Prt1 (p, 8,7, 8, 2,y) — Pppy1 (w0, 8,7, 2,y)) dzdr.
S

Owing to the bound (8.180) obtained for A;, which was defined in (8.179), we deduce that
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' : - g ~
Bl <K [(r=9) i) [ sy =)+ ()R s) Ry )] ar
< K(t- 3)7épfﬁ(t —s,y—x)+ K(t — s)*é*%u +(t— s)*iyy _ gf)dati
<K(t—s)ap (- sy - )
SK(t—s) "'t - sy —a).

We now focus on I3. Using the induction assumption (8.94), (8.171), the fact that n+ 7 < o and the
space-time inequality (8.231), we get that

|65Hm+1(/lv s, 7T, t? xz, y)’

< K(t—r)ep'(t—ry—2) /RM o = y|"(r — )" p7(r — 5,y — ')

ick(r_ gy k=D (14152 kﬁg (Z L (-1) (1 + 77;1> 1 ) dy du(z')
=1 j=1
< K(r—s)a Yt —r)"ap(t—ry— )
m k—1
Ck(r — g)k=D(+5) B(1 -1)(1 n—1 1 !
; (r—s) ]Hl (a (4 )( + ) a)

Since the kernel ®,,; yields a time-integrable singularity by (8.87), we deduce with the preceding
inequality that

|[35Hm+1 + 85/7]'[m—i-1 & q)m-i-l} (N’ s, T, t, z, Z/)|
< K(r—s)a ' (t—r)"wp (t =1y — )

ch k1)1+"1 H ( 3—1)(1+77;1),1—1).

It follows from this inequality, (8.90) and the convolution inequality (8.234) that

t 1
i< [ [ Pz makr =i - -y - 2)
S

m k—1
Cklr — NEDOHI) TTB (2 4+ (5 -1 1+L_1 1_1 dz dr
> CHr - jzl(ao)( )o1-3)
m k
< K(t—s) 1p0(t—s,y—3:)ZCk(r—s)k(Hn;l)HB(U—i—(j—l)(l—i—_1>,1—1>
=1 j=1 @
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Gathering the previous estimates on I, Iy and I3, we have
|8spm+1 (,U,, S, t? T, Z/)’

< (t—s)"'p Nt — s,y —x)K 1+§:Ck(7“_5 (s HB( ‘7_1)(1+77041>’1_1>}

k=1 “
S(t—s)lpf’(t—say—w)gck(t )i HB( )(1+a1>’1_;>

provided that we choose C > K in (8.94). This concludes the induction step.

8.8.3 Preparatory technical results

Lemma 8.30. e For all v € (0,1]N (0, (2a —2) A (n + o« — 1)), there exists a positive constant K
independent of m and such that for all u € Pg(Rd), 0<s<r<T,zuv,vs €R one has

5 5
5,,(m) _ 8,1,(m)
O — [b(r, 2, (X)) (v1) — 0, - [b(r,z, X2 (o) (8.182)
po1y B2l n—1-+ 1 1
<K(r—s)"a |v— v 1+ZC’“ k(1+a)HB<1++j(1+),1—) .
1 i1 « Q «

e Forallvy € (0,1]N (0, 2a —2) A (n+ «— 1)), there exists a positive constant K independent of m
and such that for all u € Pg(RY), 0 < s <r <t<T, x,y,v1,v3 € R, one has

Oy

o o
/Hm+1(,ua 5,1, , y) (Ul) - avi,HnH»l (/Lv 5,1, 1, , y) (UQ) (8183)

om om
n—1

< K(r—s) a_v(t—r)*é]vl —va|7p 1(t—7‘ y— )

o~ ok k(! -7 n—1 _1)
1+ CFr—s) HB<1+ +J <1+a ),1 ~ |-

k=1

Proof of Lemma 8.30. First, note that we only need to show (8.182) since it implies (8.183) because of
(8.164). We can write

)
8,f1,(m) .
T i [b(r,, (X)) ()
/ —b (r,x, Xs’“’(m)])(Z)Avhmaxpm(u, S,Ty, 2)dz

) )
- Svﬂv(m) o / . /
+ /]R?d 6mb(r,x, [ X 1) (2) Av,y 0,00 6mpm(,u,, s,y z) () dz du(x’)

0 0
— 87;"’7(m) S7l”’7(m) .
= <6mb(r,x, [ X N(2) 5mb(r,x, [ X ])(v2)> Ay, w0 0xDm (8,7, -, 2) dz

" Jpaa (afnbw 2, X)) () = (o, X7 (@) )

om

)
Av1,v28v %pm(:ua s, T, .T/, Z)() dz d,U,(I‘,)

=11 + 5.
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Let us first focus on I;. We start by assuming that |v; — v < (r — s) Using the n-Holder continuity
of %b(r,x,u)(), (8.91), (8.232) since |v; — v2| < (r — s)i and (8.231), we get that

| < K/Rd 12— sl (r — 8)" o1 — o p (1 — 5,2 — va) dz

< K(r— s)n_;_l |vp — wval7.

Now assume that |v; — va| > (r — s) The gradient estimate (8.90) yields

4]
‘Il, = ‘/ ( XS,M( )])(Z) - %b(nxa [X?u,(m)])(vl)) 8Ipm(:uﬂ $,T, V1, Z) dz
0 0
— 8,4, (m) - 8,14, (m)
+f ( b X)) = S0 OO (0) ) Qa7 2)
< K(r— 8)77771

< K(r— s)n_clx_ﬂ/ |vg — va|”

We have thus shown that
|Il|<K(7“—s) |v1—v2

Then, we have

|Io| < K/ —a2|(r s)n_;_7+1_é\v1 — w70 (r — 5,2 — ')

1y At n—1—~ n—1 1
ch 5) =D (1+757) B(1++j<1+),1—> dz dp(a’)
1 @ @ “

SK(T—S)77 = 7+1+na |vg — va]”

(i 5)B-D(1+ 1)' B(1+77_;_7+j<1+”;1),1;>).

k=1 7=1

8.8.4 Second part of the induction step

We prove here that the estimates (8.95), (8.96), (8.97), (8.98) and (8.99) hold true.

Proof of (8.95). It follows from (8.183), (8.90) and the convolution inequality (8.234) that for some
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positive constant K independent of m one has
A (A® 0, LA H ) ( t )(+)
s, t,x .
vi,ve | P vém m+1 | ({, S, L, T, Y

SK/:/Rd(T—S)n

m k—1
_ 1 1 1
. " k(1+252) (1 n Y, (1 n ) 1_ )
—i—E C*(r —s) IIB + " +7(1+ - ) dzdr

o (t—r) o o — vl TPt — 1y — 2)p(r — 5,2 — 1)

a

< K(t—s) o 0 oy —va| 10t — 5,y — @)

k=1

k
HB(1+M+]<1+1),1—1>].
j=1 (6] « (6]

Starting from the representation formula (8.177), using this inequality, the bound (8.85) for HY _;,
the convolution inequality (8.234) and finally summing over k > 0, we find that there exists a constant
K independent of m such that

)
‘Am,vzavmperl(:ua S, tv xZ, y)()‘

)
Avl,vg (pm+1 & 8@%Hm+1 ® an—‘,—l) (,Ua s, t, @, y)()‘

<K (=) w o = — sy — ) [14 Y CFr — o))
k=1
— 1
HB<1+’7 T <1+n> 1_)}
j=1 «

< (t— s)n_;_wﬂfé!m — o' (t — s,y — x)

m+1 —
(ch (k11+n1 H ( 1_7+j<1+77_1)71_1>),
o (6 o

provided that we choose C > K in (8.95). It ends the proof of the induction step for (8.95).

Proof of (8.96). Let us first assume that |v; — vo| > (¢ — s) Using (8.92) and the fact the series
appearing in this bound has a limit when m tends to infinity, one has in this case

1) _1
Aoy 5P (11 5,1, 2,9) ()| < C(t = $)!7ap(t— s,y — )

<C(t— s)_%+1_é|v1 — o7 (t — 5,y — z).
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In the case where |v] —va| < (t — s)i, the mean value theorem and (8.93) yield

R oy — vl Ot — 5,y — @)

)
Avlﬂ& %pm(,ua S, t? T, ZJ)() < (t - S)
S oy — o0t — s,y — @)

_1
oy — w0t — s,y — 2).

Proof of (8.97). We first note that since (8.92) has been proved before, (8.160) ensures that there exists
a positive constant C' such that for all m > 1

J

5o Mo, ) ()| < Ot = )50 (¢ =y = ).

Using this inequality, (8.91) and the convolution inequality (8.234), we obtain that

om

t 1)
/r /Rd A$17$2pm(/" T, T,a ) Z)%Hm(ﬂ, S, T/a ta Z, y) dz d?"/

t
< C/ /d(r/ _r)7%|x1 —x2’7 [PO(’IJ - xl) —f—po(’l”/ I —xg)} (t . T‘/)iipl(t—r/,y— Z) dz dr’
r JR

_ldy
<Ot =r)' oy —aa] [Pt =y —21) + (= 1y — )]

)
’Aam,xz [pm & Hm] (,ua S, T, tv ) y) (U)

We conclude by the representation formula (8.176) and (8.85) (since the series appearing is conver-
gent) that we have

1) > 0
Axhxg %pm(ua S, t7 "y y) ('U) S Z Al‘l,xg |:pm & %Hm X Hﬁ{| (,Uz, S, t, °y y) ('U)
k=0

1ty
<C(t— s)1 o |z1 — 2|7 [po(t —s,y—x1)+ po(t -8,y — .732)] .

Proof of (8.98). We first note that since (8.93) has been proved before, (8.161) ensures that there exists
a positive constant C' such that for all m > 1

J

aU%Hm(/lv 5,151, IL‘,y)(U) < C(T - 5)%(1& - T)_épl(t -r,y— :L')

Using this inequality, (8.91), the convolution inequality (8.234) and the fact that v < a—1—n, we obtain
that

om

t 0
/5 /]Rd Axl,xzpm(ﬂa 37 T: "y Z)all%%m(/'% 37 7', t? Z7 y) dZ d?"

)
]AW [pm ® ava] (11,5, 5,8, 9) ()

—1

t
SC/ /d("”—s)_%|3?1—352|V [PO(T—S,Z—:U)—l—po(r—s,z—xg)} (T—S)WT(t—T)_épl(t—r,y—z)dzdr
s JR

—1— 1
<Ot =) S ar =l [t =y — 1) + Pt 1y — )]
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We conclude by the representation formula (8.177) and (8.85) that we have

o0

) )
Aml,mgav%pm(:uv S, tu ) y)(U) S Z A1'171'2 |:pm 029 811%%771 & an:| (,U,, S, tu K y)(U)
k=0

—1— 1
<Ot — )5 1% |2y — 2o [po(t —ry—x1) + %t —ry — 332)} :

Proof of (8.99). Let us first assume that Wy (u1, u2) < (t — s)é In this case, by definition of the linear
derivative, the Kantorovich-Rubinstein theorem, and (8.93), we get

1 5
IA oD (5 88, 2, y)| = ‘/ / i Pm(Apr + (1 = Npa, s,t,2,y)(v) d(pr — p2)(v) dA‘
0 Rd 0N

)
< sup By pm (A + (1= Apz, 8,1, 2, y) (0)) Walp, pe)

A€[0,1], vERY
—1 1
<Ot —s)'s TTaWi(u1, p2) o't — 5,y — @)
iy
<Ot — )= WY (i, p2)°(t — s,y — ).

In the case where Wi (p1, p2) > (t — s)é, the parametrix expansion (8.89), (8.235) and (8.87) yield

’Auh,qum('a S7t7x7y)’ S |AN17N2 [ﬁ® (I)m] ('787t7x7y)|
<P ® (1, 8,1, 2,9)| + [P @ Prn (2, 5., 2, )|
<Ot —8)'"7p(t -5,y — 2)
s e
< C(t— )" W (pa, p2)p°(t = s,y — ).

8.8.5 Preparatory technical results

Lemma 8.31. e For any v € [n,1], there exists a positive constant K such that for all m > 1,
U1, 2 EPB(Rd), 0<s<t<T, zr € R?

1b(t, a, (X)) < b(ta, [XPP )| < K (8 8) S W (a1, o). (8.184)

o For any v € [n,1], there exists a positive constant K such that for all m > 1, u1, ps € P(RY),
0<s<r<t<T,zyecR?

]Hm(uh8,7’,t,x,y)—Hm(ug,S,T’,t,x,yﬂ S K(r—s)%(t—r)*éwlw(ul,,ug)pl(t—r,y—x), (8185)

o For any v € [n,1], there exists a positive constant K such that for all m > 1, u1, ps € Pg(RY),
0<s<r<t<T,zycR?

o4
[

]@m(,ul,s,r,t,x,y)—@m(ug,s,r,t,x,y)\ < K(T—S)L(t—r)iéWi\/(ul,Mg)pl(t—r,y—x). (8186)

Proof of Lemma 8.31. Proof of (8.184) and (8.185). By definition of the linear derivative and denoting
by my = XM ™) 4 (1= DX 2™, we have
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b(t, , [XW”“D — b(t,z, [ X))
- / /IR 71) t,w ml)(y,)[pm(:u'hsatay/) _pm(ﬂ2,3,t,y/)] dy/ dl

dém

—/ /R% %b (ts 2, m0) (1 )pm (.6, 2", y") dy’ d(pa — po) (2')dl

/ /]R?d 5obt T ;) (V) pm(p1s 8,6, 2", Y') — pm(p2, s, 6,27, y)] dy' dpa(2')dl

=0+ Is.
For I;, we need to control, for 2/, 2" € R%
5
/]R 7b(t x ml)(y/) [pm(MM S, t, CU/? y/) - pm(Mh S, t, xllv y/)] dy/

aom

In the case where |2/ — 2| < (t — s)é, we write

5
/Rd st ;) (Y ) [pm (s 8,6, 2 y) — p(pa, s, 8, 2" y")] dy'

1)
! N 1.0 NI
_/ /Rd|: txmz)(y)—5mb(t,x,ml)(lx + (1 =1")2")
Dupm(pr, s, t, 12" + (1 = 12", y') - (2" — 2") dy’ dl.

Using the n-Holder continuity of %b and (8.90), we obtain that

b(t, x,m)(Y) [pm (s s, t, 2 y') — pm(pas s, t, 2", y))] dy

<K(t—s)"% |2/ — 2"
K(

t—s)a |2/ —2"|.

Assume now that |2/ — 2’| > (t — s) One can write

0
/Rd %b(t x ml)( )[p (:U‘l’s t,x ’y) pm(l‘bl’s’t’x”’y/)] dy/

5 6
%b(t,x,ml)(iﬁ' ) — %

1)
ta z, ml)(y/) - mb(ta z, ml)(ﬂf/)] pm(Ml’ S, t) ﬂj‘/, y/) dy,

=5 b(t, z,my)(z")
+/Rd [(;:nb(
)
[ [(Smb(

1)
t, Z, ml)(y/) - %b(tv z, mg)(l’”):| pm(,ulv S, tv l’”, y,) dy/
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It follows from the n-Holder continuity of %b, (8.90) and the space-time inequality (8.231) that

0
/]Rd Sm b(t x ml)(QI)[pm(Nla57ta xluyl) _pm(ﬂlvs)tax”)y/)] dy/

)
)

< K(lz' —2""+ (t — s)
< K(ja' — 2"+ (¢ — 5)
<K(t—s)' |2/ —a"],

2l ol

since v > n. Jensen’s inequality yields

L] < K(t—s)"s WY (u1, p2).-

It remains to study Iy which can be rewritten as

o= [ Ll

Thanks to (8.99), (8.90) and the space-time inequality (8.231), one has since a € (1, 2)

0
76 t,x ml)( ) 5m b(t x ml)( ) [Pm(,ulv37t7xlay/)_pm(ﬂ2737t7$/73//)] dy/dl’LQ(x,)dl
(8.187)

_ym
L] < K(t—s)! aW+ZWiY(M1>M2)
< K(t—s)"s W] (1, pa).

This concludes the proof of (8.184). The proof of (8.185) immediately follows from the definition (8.82)
of H,, and (8.235).

Proof of (8.186). We prove by induction of & > 2 that there exists a constant K independent of & such
that for any k > 2, m > 1, 1, 2 € Pg(RY), 0<s<r <t <T, z,y € RY

n—oy _1
’AMLMZan('? S’Tvt)x7y)’ < (T - 8) & (t - T) an(Hla MQ)pl(t -nY—- .73)

ZC%*T HB< (1a>,11). (8.188)

o

We do not prove the base case k = 2 since it relies on the same computations as the induction step using
(8.185). For the induction step, assume that (8.188) holds for ¥, and let us prove it for H%F!. One has

t
|AM17H2%er+1('7 S, T, t, Z, y)’ S /]Rd HM(Mly S, T, T/a xz, Z)Aul,MQan(" S, T/a tv 2, y) dZ dT/
T

e Hm (5 8,7, ', x, Z)’an(ug, s,r' t z,y) dz dr’

=11 + Is.
By (8.185) and the bound of HE, (8.85) (note that the series appearing in this bound in convergent and
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thus can be bounded independently of & and m), we have

t _
BeK | /d<r—s)%r'—r>—éWf<m,u2>pl<r'—r,z—x)(t—r’rép%t—r’,y—z) dz dr
R
Lii-Lyyy 1 1 1
<K(7"—S) (t—’l"> * an(Mla/*LQ)p (t—T’,y—JI)B 1_771_7 .

« (67

By induction and using (8.85), one has
R [ [0 sl = ) W ) e )
=’ 1— =) 1-=) dzdr’
D (o) a-2)
7“—8 / /]Rd r’ —r D‘pl(rl_T’Z_x)(t_T/)iawiy(/ilaﬂz)pl(t—T/,y—z)
k—1 A
i 1_ 2% -t
Z}C(t IIB( ( a) )dzma

k—1 'H—l
SK(T—S)%(t—r)_éWf(m,uz)pl(t—r,y—x)ZCi(t ”1 HB( (1—@) 1—1>
i=1

@
Summing the bounds obtained for I; and I, we have proved that
Ay HER t <(r— t— )y a W Yt —ry—
A ML syt )] < (r — )5 (E—7) % gl 0=y =)

}:mt—r [IB((l—a)J—;>,

if we choose C' > K since the beginning. Finally, summing (8.188) over k > 1 yields (8.186).

Lemma 8.32. o For all v € [n,1], there exists K > 0 such that for all m > 1, p1,p2 € Ps(RY),
0<s<t<T, z,veR?

it (X)) ) — bt 2, (X ) < K () W ). (8:189)

‘6m om

e For all v € (0,1], there evists K > 0 such that for all m > 1, u1,pus € Ps(RY), 0< s <t < T,
z,v € R4

— [b(t,, X7 )] (0) -

_
i > < K(t— ) W] (1, 12)

(bt @, (x| ()

5
Ay gia s 5,62, 9) | dy' dps(’). (3.190)

+ K
R2d

e For ally € (0,1] N (0,7 + a — 1), there exists K > 0 such that for all m > 1, uy, ps € Ps(RY),
0<s<t<T,z,veR’
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D

— {b(t,x, [X;n“l:(m)})} (v) — 31,% {b(t,x, [th,uz,(m)])] (v)| <

dy' dps(x").  (8.191)

4]
A,u,l,ugav%pm('a S, ta wlv y/)

FK [ AL =y
R2d

o For all v € (0,1], there exists K > 0 such that for all m > 1, uy,us € Pg(RY), 0 < s <t < T,
z,v € RY

1) )
%%m—&-l(ﬂlv s, T, ta x, y)(v) - %Hm-i-l(uQa s, T, tv Z, y)(’U)

< K(r—s)"a(t—r) e W) (s, po)p (t — 1,y — ) (8.192)
+K(t—7‘)7é/ 0

R2d AMLMQ%pm('? 57, x/7y/)‘ dy/ dMQ(x/)pl(t -y - JJ)

e For all v € (0,11 N (0, + o — 1), there exists K > 0 such that for all m > 1, uy, us € Pg(RY),
0<s<t<T,z,veR?

) )
av%’Hm—i-l(,Ula s,rt, x, y)(U) - av%’Hm—i-l(Ml, s,r,t,x, y)(U)

n—y—1 1 o 1
SK(r—s) o (t—r) aW (1, p)p (t =7,y — ) (8.193)

_1 1)
+K(t—r)a /Rw(lMﬂc’—y’I”) Am,uzavémpm('a377“737/711,)‘ dy' dps(z')p! (t — 1y — ).

Proof of Lemma 8.32. Proof of (8.189). By definition of the linear derivative and denoting by m; :=
X (1= DX we have

5 s m 5 S,p2,(m
o 262 X 0) = b, (X ) 0)
:/1/ Ot ) (0.5 (s 5.6.57) — Ptz 5. £.47)] i’ dl
o Jre sz Wb 1 yY ) [Pm(H1,S,0,Y Pm\p2, 8,1,y Y

1 52
- /0 [RQd Wb(t’ L ml)(’U, y/)pm(ulv S, t? xlv y/) dy/ d(:ul - #2)($,)dl

1 52
+ / / jb(tvxaml)(v7y,)[pm(,u1>Svtawlay,) _pm(u2787t7$/7y,)] dy, d,LLQ(l'/)dl
o Jr2d dm

=11+ 5.
For I, we need to control, for 2/, 2" € R?

52
/Rd 520z m)(0.9) (i, 5,82 y') = po(pn, .8, 2%,y )] dy'

In the case where |2/ — 2"| < (t — s)é, we write
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52
/Rd Wb(tv xz, ml)(”? y,) [pm(lu’la s, t, xla y/) - pm(uh s, t, ':U”a y/)] dy/

1 52 ! 62 ! ! AW/

om

Oupm (1, s, t,0'x" + (1 = 12", y) - (2 —2")dy' dl'.

Using the n-Holder continuity of %b(t, x, 1) (v,-) and (8.90), we obtain that

52
/Rd Wb(ta xz, ’I?’L[)(U, y/) [pm(uly S, t, xla y/) - pm(ula s, 1, xﬂa y/)] dy/

<K(t—s)"% |2/ — 2"

<K(t—s)= |a —a"|".
Assume now that |2/ — 2| > (¢t — s)é One can write

52
\/]R b(tv Z, ml)(U, y/) [pm(ﬂla S, t) .’L’/, y/) - pm(ula S, ta x//7 y/)] dy,

¢ om?
5 62
= 5m2b(t,$,ml)(v,$,) - Wb(t7xvml)(v7m”>
2 , 62 ’ ’oo /
+ Rd Wba’?xaml)(v:y ) - Wb(tawvml)(vﬁw ) pm(ul,s,t,x Y ) dy

2

52 / 0 1" "oy /
4 /Rd lwb(t,x,ml)(v,y ) — Wb(t,x,ml)(v,x ) Pm(p1, 8,8, 2", y") dy

It follows from the n-Hoélder continuity of %b(t,x, w)(v,-), (8.90) and the space-time inequality
(8.231) that

2
/Rd Wb(ta z, ’I?’L[)(U, y/) [pm(uly S, t, xla y/) - pm(ula s, 1, xﬂa y/)] dy/
< K(la' —a2"|"+ (t — 5)=)
< K — 2"+ (6 - 5)3)

<K(t—s)% |2 — 2",

Rl o3

since v > n. Jensen’s inequality yields
n—oy
[L| < K(t—s) o« WY (1, p2).

It remains to study Iy which can be rewritten as

! 52 / 2 / / / / / / /
-[2 - /[) ‘/RQd [Wb(t7m7ml)(vay ) - Wb(twruml)(vax ) [Pm(ﬂla S,t,(l) 7y )—pm(,U,Q,S,t,.T 7y )} dy d/~‘2(37 )dl

(8.194)
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Thanks to (8.99), (8.90) and the space-time inequality (8.231), one has since a € (1, 2)

n

"Wf(ﬂhm)
< K(t—s)"s W] (1, pa).

L] < K(t—s) &+

This concludes the proof of (8.189).

Proof of (8.190). We begin to treat the case where Wi (u1, pu2) > (t — s)é Using (8.158) and noting
that the series appearing in the bound is convergent, one has

B 0., 067 ] )] < 52 [ X )] @)+ 2 [ 13720 0
<K
< K(t—s)"aWi(p, p2)".

We now focus on the case where Wi (u1, pu2) < (t — s)é Using (8.162), one has

B [0, X5 )] ()

= [ B DX ) 5.1, 9) dy
o Ot ) () Ay 5.8, 0)
b B ot X D () i 5,8, ) () dy i ()
b b D ) )5, ) () dy i — )0
T /de %b(t, 2, 12X ) () Ay %pm(-, s, t, 2, y)(v) dy duz(z')

= hLh+1I+ I3+ 14+ I5.

Thanks to (8.90) and (8.189) which is true for all v € (0,1] since Wi (p1, p2) < (t — s)é, we obtain
that

L] < K(t—s)"® WY (11, po)
:

< K(t—s)”aW{ (u1, p2).
It follows from the boundedness of %b and (8.99) that

_ 14y
| < K(t— )"« WY (ua, 2)
< K(t—s) o W] (1, p2)-

Owing to (8.189) which is true for all v € (0,1] since Wy (u1, p2) < (t — s)é and (8.92) (the series
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appearing in this estimates is convergent), one has

- 1
3] < K(t—s)"s T a W) (1, o)
< K(t—s)”aW{ (u1, p2).

2

Let us now deal with I4. We need to control
Tim [ bl XN ) |5t 9)(0) = 5.2, )(0)]
Rd 5m y Ly t 5m )9y Uy 9 5m )9y Uy 9

Thanks to (8.97) and the boundedness %b, we obtain that

+

7| < K/Rd(t =) =" [t = s,y — o) + O — s,y — 2] dy

< K(t— )= |2 — 2.

Jensen’s inequality implies that

_1l4y

L] < K(t =)' @ WY (11, o)

o

< K(t—s)"aW{ (u1, p2).

Finally, for I5, one has

0 .1z, (m 1
55 = | [, 508 XD @) A5 ) ) dy (o)

<K
R2d

1)
ANI»HZ %pm(a S, tv xla y)‘ dy d/'L?(x/)
Gathering all the previous estimates, we have proved that

5 b6 DGO @) = S ot (0] o)

o
< —s) Wy
om Sm < K(t—s) oWy (1, p2)

+K/
Rd

Proof of (8.191). We begin to treat the case where Wy (u1, pu2) > (t — s)é Using (8.159) and noting
that the series appearing in the bound is convergent, one has

4]
Aﬂl»/’z %pm(v s, 1, :Elv y/) dy dNQ(:L‘/)

0

\Am,mavém (bt 2, X)) ()] < + o2 [btt.a, [xp7 ) o)

o [t X7 )+ [o

n—1

< K(t—s)a
1
< K(t—s) "o Wiu,p2)".

We now focus on the case where Wi (1, u2) < (t — s)é In this case, by (8.163), we have
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5 s,-,(m
Aoz [blt 2, [X7 )] ()
6 s,-,(m
::(/'zﬁuhuzg—fb@7x,Lx;’* D@)2epin (1. 5.1, v.9) dy
+ / —b ty 2, (X)) () Ay iy 0D (-, 5. 8,0, ) dy
0 s, (m 1)
+ RMAM,M%Z)(@?U’ x5 )])(y)av%pm(m,s,t,fv’,y)(v)dydm(l")

g 8, 12,(m) g / /
¥ [ 5ot ) )0, 5,80’ ) () dy d(pn — ) ()

1) s,12,(m 1)
+ /R2d %b(taxv [X; ual )])(y)AM17M2a'U%pm<'7 S,t,x/,y)(v) dy dﬂ2(x/)

=L +L+ I3+ 14+ Is.

Thanks to (8.90) and (8.189) which is true for all v € (0, 1] since Wi (u1,pu2) < (t — s)é, we obtain
that

L] < K(t—s)"a WY (1, p2).
Concerning I, it can be rewritten as

6 S m 5 S m
o= [ (bt X)) = b0, 0 )0) ) Ay gnDapin 5. 0.)

om om

It follows from the n-Holder continuity of s>-b(t,z, u)(+), (8.100) since v € (0,7 + o — 1) and the
space-time inequality (8.231) that

n 1+w+1
)E‘f‘l

|| < K(t— W1 (1, p2)
n—y—1

S K(t—s) o W{(u1, p2).

Owing to (8.189) which is true for all v € (0,1] since Wi (u1, p2) < (t — s)é and (8.93) (the series
appearing in this estimates is convergent), one has

7 n—1
] < K(t—s)"s +1_7W1 (11, p12)

n—y—1

< K(t— )"0 W (. o).

Let us now deal with I,. We need to control
T = [ bl X ) [, 5,82, 0)(0) — Do, 5,27 )(0)]| dy
. Rd5 v6mm 1,90, 4, ’U(smm 1,950, ) .

Let us prove that
J| < K(t — s)" a1+ |2/ — 2|

Q=

Assume first that |2/ — 2”| < (¢t — s)a. In this case using (8.177) and (8.164), we have
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Jra Ov %pm(m, s,t, 2’ y)(v) dy = 0. We can thus rewrite

' Rd[(sbaﬁn[xf“%“”pun (b, [x ) (@)

——b
om m

6 / 5 1
6’0 5mpm(;u1a Svta:E ,y)(v) - av 6mpm(;u175atax ay)(v) dy

Thanks to (8.98), (8.232) since |z’ — 2| < (t — s)é and the n-Holder continuity of %b(t,x,u)(-), we
obtain that

LnsK/}W—ﬂwu—ﬁ“ﬁ“kaﬂ—ﬂWﬁa—&y—wv@.
R
The space-time inequality (8.231) yields

J| < K(t — s)3 T2 15/ — "],

1
Assume now that |2’ — 2’| > (t — s)=. In this case, we rewrite

_ 0 s,p2,(m) 0 8,02,(M)1y (.0 ] 0 /
J - R {(5mb(t’x’ [Xt ])(y) 5mb(t,l’, [Xt ])(.’,U) 6v5mpm(/ﬁ1737t795 ,y)(U) dy
5 87M27(m) 6 8,”2,(771) /! :| 5 /"
+ Rd[én;mum,pg D) = 5 btz (X)) @) | O s, 5,1, 2", y) (v) dy.

Then, we use (8.93) (the series appearing in the bound being convergent) and the n-Holder continuity
of 2-b(t,z, p)(-) which yield

e

Q=
Q=

|[J| < K(t - s)

nyn=—y=1,q_1
<K(t—s)ot o Tloaj! — 2],

Jensen’s inequality implies that

—v—1 -1
Iy < K(t— )" o T W] (1, o)
SK(t—s) o Wi (p1,p2).

Finally, for I5, one has

15| =

L, (bt =)

s m 0
om (t7 €, [Xt izl )])($,)) Aﬂl’/ﬂav %pm<'a 5,1, wla y) (’U) dy dﬂ2(x,)

— b
m

0
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Gathering all the previous estimates, we have proved that

1) s,u1,(m 1)
O [b(t, 2, X7 )] (0) — 9y

n—y—1
om < K(t—s) o W/ (1, p2)

[bt, 2, (X, ))] (v)

1)
+ K/Rd(l A |xl - y’n) ‘AMLMQaUmpm(V S,t,l’/,y/) dy d:U’Q(xl)'

Proof of (8.192) and (8.193). Both estimates are immediate consequences of (8.190) and (8.191) using
the expression of %Hm_l,_]_ given by (8.164) and (8.90).

O]

8.8.6 Third part of the induction step

We prove here that the estimates (8.100), (8.101), and (8.102) hold true.

Proof of (8.100). Assume first that W1 (1, pe) > (t— s)é In this case, the parametrix expansion (8.89)
(which can be differentiated with respect to x), (8.235) and (8.87) yield

’Aul,uzaipm(‘,S,t,.T,y)‘ < ‘Aul,p& {8%]3\@(1)7”} (-,s,t,x,y)‘
< a%ﬁ@ (I)m(;cg,s,t,az,y)‘
<O(t—s) = Pt — s,y — )

_ ity ;

< CO(t—s)'" o WY (pa, ) (8 = 5,y — ).

3%23@) (I)m(,ula s,t,m,y)‘ +

We now focus on the case where Wy (1, o) < (t— s)é Let us prove that the following representation

formula holds true

[e.e]

Aul,uzaiperl('v S, ta xz, y) = Z (a%perl ® Ayl,uQ%erl) X %7]31—&—1(#27 S, ta €, y) (8195)
k=0

Indeed, using the representation formula (8.89) which can be differentiated with respect to € R?, we
get that

Aﬂlvuzagj;pm-i-l(‘v s, t,x, y) = 8§Pm+1 ® AN17M2HW+1(IU’27 s, t,x, y) + A,Ul,uzaaj;pm-i-l ® Hm-‘rl(lufla s,t,x, y)'

Hence, we easily prove by induction that for all n >1, one has

n

A#umag{pm—i-l(': S, t,x, y) = Z (8%pm+1 o2y Aul,MHm-i-l) ® an—i—l(ﬂ% S,t,x, y)
k=0

+ A#17H2 6:%pm+1 ® ,H:Lntll (:u’lv 8, ta z, y) (8196)

Thanks to (8.90) and (8.85), we deduce that Ay, 1, d2pmi1 @ Hims1 @ Hit (1, 8,t, 3,y) converges
to 0 as n tends to infinity. Then, it follows from (8.90), (8.85) and the convolution inequality (8.234)
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that

'pm—‘,—l & Ap,l p,g,]'lm—&-l(,u% S, ta z, y)’

<[ Ll

<K// r—3) i (T—SZ—fﬂ)(t—r)_épl(t_rvy_Z)dZdr

S K(t—s) 55 pi(t— s,y —a).

pm+1 (2, 8,7, z)AM,mHmH(-,s,r,t,z,y)’ dzdr

From this estimate and (8.85), we deduce that for any k£ > 1

|(02pmi1 ® By Honsr) @ iy (2, 5,8, 2,9)| < K (2= )70t 0=2) gl (1 — s,y — )

B(e(1- Y- s (s(- a1,

Thanks to the asymptotic behavior of the Beta function, we deduce that the series appearing in (8.196)
is absolutely convergent, which yields the representation formula (8.195). Now, since v € (0,1] if j =0
and v € (0,7 4+ a—1) if j = 1, we can chose ¥ > v such that 4 € [, 1] if j =0and ¥ € [n,n+ o —1)
if j = 1. It follows from (8.90), (8.185), the convolution inequality (8.234) and since 4 € [n,n+ o — 1)
when j = 1 that

'pm-l—l & Aul,;mem—&—l(,UQy s, t, x, y)’

<[ Ll
<K// r—2s) i P (r—s,z—x)(r—s) a_(t—r) Wf(ul,ug)pl(t—ny—z)dzdr

W (i )P — s,y — 7).

perl H2, 8,7, Z)Apl,uz}[m+l('aSaratazay)‘ dz dr

< K(t—s)

From this estimate and (8.85), we deduce that for any k > 1

‘(%pmﬂ ® Aul,uz”ﬂmﬂ) ® Hi o (12, s,t,axy)‘ < K(t—S)nflful_é%(l_é)Wf(ul, p2)p’ (t—s,y—z)
1 1
1—=).1 1—= 1—=).1—=).
5(e(1-2) a2 - D s (i (1- 1) - 1)

Summing over k > 0, we find that, since v <4 and Wy (u1, p2) < (t — s)i, we have

B giaOipma (5., 2,9)| < K (8= )" 170 W] (un, p) (¢ = 5,y — )
< K(t—s) "2 WY (o) p? ( — s,y — @)
Iyt
< K(t— )" WY () (E— 5,y — 7).

This concludes the proof of (8.100).
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Proof of (8.101). We first assume that Wi (p1, p2) > (¢ — s)i In this case, using (8.92), one has

)
A/H:HQ %pm—i-l('a s, t,x, y)(U)

<K(t—s) "7t — s,y — 2)
1
< K(t—s) o T W] (11, )00t — 5,y — )

_ X1
< (t—s) @AW (1, ) Ot — 5,y — )
m+1 k—1

;Gk(t—s)w—l)(l—i)HB<1—1+('—1) (1—;>,1—1>,

j=1 «
provided that we choose C' > K in (8.101). We now treat the case Wi(u1,u2) < (t — s)é By the
representation formula (8.176), we have the following decomposition

) )
Auhuz %Pmﬂ(w s,t,x, y)(”) =Pm+1 @ Am,uz %Hm—l—l(ﬂm s, t,x, y)(v)

1)
+ Aul,uzpm—&-l & 6mHm+1(:U’17 S, ta x, y) (U)

+ (A,U«IJLQ

_l’_

1)
Pm+1 ® 5 Hins1

> & (bm—‘,-l (Nla S, ta z, y)(?))

om
=L+ L+ I3+ 1.

Pm+1 @ ,Herl & Am,,ug (I)erl(,u% S, t’ z, y)(v)

For I, using (8.90), (8.192), the induction assumption (8.101) and the convolution inequality (8.234),
one has

t 1
B <K [ Pr—sz=o) =9 F =) W Gt =y =)
1 )
+(t_r)—i /R?d Am,m%pm(-,s,r, :L",y')‘ dy'd,ug(m')pl(t—r,y—z)} dz dr

< K(t—s)"a @ WY (ua, p2) (8 — 5,y — )

m k
FR(E =9 W et - sy - )Y O - )M [TB(1- 2y (1= 2 )1 o).
k=1 j=1

«

For Iy, it follows from (8.99), (8.160) (the series appearing in the bound being convergent) and the
convolution inequality (8.234) that

t 14
Bl <K [ [ =)' W i) = sz =)t = 1) Ep (t = ry = ) dady

1ty g 1
S K(t—s)' "7 PR W] (1, ) 00t — 5,y — )
1

<K (=)@ W] (i, ) (8 = 5.y — ).
Concerning I3, we note that it writes
_[3 = (Il + IQ) & (I)m-‘rl(:u‘h S,t,.’lﬁ,y)(v)-
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Thus, using the preceding bounds obtained for I; and I, (8.87) and the convolution inequality (8.234),
we get that

3] < K(t—s)atimatlawy (Ml;/@)ﬂo(t -5y —x)

1+Zth—s 1"1&[ ( (1—;),1—;>

k=1 j=1

ok _1
< K(t =) 75T G, )t = 5,y — )

13k O B (1= 245 (1= 1) - )

k=1 j=1

We finally deal with 4. The convolution inequality (8.234), (8.90) and (8.160) (the series appearing
in this bound being convergent) yield

1)
i1 (2, 5,1, 3, y) (v)| < K (8 — )70 0t — 5,y — ).

Pm+1 & 5

Then, it follows from (8.186), which is valid for all v € (0, 1] since Wy (u1, p2) < (t — s)é that

t
| 14] SK// K(r—s)l_ipo(r—s,z—x)(r—s) a (t—r) Wf(ﬂl,ug)pl(t—r,y—z)dzdr
< K(t—s) & ma E WY () e (t — 5,y — )
< K(t— )T 1w W] (1, p)p(t — 5,y — ).

Gathering all the previous estimates, we have proved that

1)
‘A,uq,paé pm+1( S,t,CL‘,y)(U)

1
< K(t—s)"a TS W] (uy, p2)p(t — s,y — )

1+ZC’kt—s (1-2) HB(1—+ (1—1> 1—1>

k=1 a
—241-1 0y 0 N (/’ﬁ—l)(l—i)ki1 T 1 1
< (b= 8) ETTEW () O — s,y —2) 3 CF(t— ) ITB(1-2+i(1-3) -1,
k=1 j=1

provided that we choose C' > K in (8.101). This ends the proof of the induction step for (8.101).
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Proof of (8.102). Assume first that Wy (u1, p2) > (t — s)é In this case, (8.92) yields

4]
A,ul,,ugav(sipm—kl('a s, t, @, y) (’U)

< K(t—s)" 1w p (t — s, — )

n—y—1,4_1
S K(t—s)""a TeW] (i, ) gt — s,y — )
n=y—=1_,4_1
<(t—s) o AW (1, p2)p(t — s,y — )
m+1 n—1 k—1 rr]_ry 77—1 1
ch ’f1>(1+a)]'[6<1++(j—1)(1+>,1—>,
j=1 (6% (0% (6

provided that we choose C' > K in (8.101). We now treat the case Wi(u1,u2) < (t — s) By the

representation formula (8.177), we have the following decomposition

0 1)
AN17H28U%]9M+1('7 s, t, x, y) (U) = Pm+1 ® Aul,,uQaU%Hﬂ”H“l(:uQv s, t,x, y) (U)

0
7Hm+1(,u17 S, t) x, y)(’U)

+ A paPmt1 @ Oy om

+ (Am,uz

)
Pm+1 & au %Hm+1 ) & (I)m-‘rl(:u'h s, t, @, y)(U)

+ & Aul,ugq)m—l—l(,u%S7tax7y)(v)

0
Pm+1 & 81) %Hm—l—l

=11+ I+ I3 + 4.

For I, using (8.90), (8.193), the induction assumption (8.102), the space-time inequality (8.231) and
the convolution inequality (8.234), one has since v € (0,7 +a —1)

<K [ [ 0= sz =) [0 9" 0 W G ) ¢ =y )

0
g (5523 df e e = iy = 2)] dzar

1

—i—(t—r)_E/R (LAl — ") |A

7]71

TS (i, ) 00t — 5,y — )

1—1—2th—5 HB<1++ <1+";1),1—;)].

k=1

< K(t—s)

For Iy, it follows from (8.99), (8.161) and the convolution inequality (8.234) that

-1

|12|<K// r— ) W 1, 12) (1 — 52— 2)(r — 8) "5 (=)t =y — 2) dzdr
1 _1+ _ 1
<K(t—s)'a T AW ()0t — 5,y — )

< K(t—s)"a T WY (g, )t — 5,y — ).

Concerning I3, we note that it writes
-[3 == (Il + IQ) & (I)m-‘rl(,ufh s,t,x,y)(v).
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Thus, using the preceding bounds obtained for I; and I, (8.87) and the convolution inequality (8.234),
we get that

~y—

—y—1
5| < K(t—s)a 17 “"W”(m,m)p“(t—s,y—x)

—1 1
1 Bt — sy ( L (1 77)1—)
+§ Ck(t — s) JTIB(1+ - T+ — )1

k=1 j=1

7 1
< K(t - S) . l +1_7W1 (#1,/},2)p0(t —5Y— 'I)

[ k
-1 1
113 Ok — s HB( 1+ <1+”a),1—a)

k=1 Jj=1

We finally deal with . The convolution inequality (8.234), (8.90) and (8.161) (the series appearing

in this bound being convergent) yield

0
7Hm+1(ﬂ2;3,t,$ay>(v> <K(t_3)7+1 ap (t—S,y—l’)-

‘pm—i-l & av(;
m

Then, it follows from (8.186), which is valid for all v € (0, 1] since Wy (u1, p2) < (t — s)i that

IS K [ [ K=o 50780 s,z = )= )5 (¢ = ) B W el ¢~ 7y~ 2)

<K t_S)n e ’Y+1 l—i—l—*Wl (Mla”?)po(t_svy_$)
<K(t—s) o

FIEWT (1, 1)t — 8,y — ).

Gathering all the previous estimates, we have proved that

0
‘AM17H28U6pm+1('7 S, t7 Z, y)(v)

Wl (p1, p2)p(t = 5,y — )

130 Okt — g HB( ++g(1+”;1>,1—i>]

k=1

<K(t—s)"

n=y=1

< (t— )" o AW (i)t — 5,y — )
m+1 k 1 1 1)

];Ck(tfs) )(1+12 1;IB<1++ (+)’1a

provided that we choose C' > K in (8.102). This ends the proof of the induction step for (8.102).

8.8.7 Preparatory technical results

Lemma 8.33. e Forany~v € (0,1], 7 € (0,n A (a — 1)), there exists a positive constant K such that
forallm > 1, t € (0,7, 51,52 € [0,t), u € Ps(RY), z,y, € RY

|81 — 52| [s1— 2" 5

Pl 220 =i — _
(t—Sl)’Y P ( S1,Y ZE) +

‘ASLSme(Iu’a ) t? x, y)| S K
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e For any v € (0,1], there exists a positive constant K such that for all m > 1, t € (0,T], s1,82 €
[Oat)z KE Pﬁ(Rd)) x € RY

Ay bty m, G < Kst = st (= s1)3 77 4 (8 52)7 77 (8.198)
e For any v € (0,1], there exists a positive constant K such that for allm > 1,0 <r <t < T,
51,82 € [0,7), u € Pa(RY), z,y € R?

1
’A51,82Hm+1(/% '7T7t7$7y)’ S K(t - 7'>_Ep1(t -y - IB)‘Sl - 82‘7 {(T’ - sl)g_’y + (T - 82)£_’y] )
(8.199)
and
%—7} ,

1
‘A31782¢m+1(:ua -,’I“,t,SC, y)| < K(t - T)_Epl(t -y - :E)|81 - 52’7 {(’f’ - Sl)g_’y + (7’ - 32)
(8.200)

Proof of Lemma 8.33. Proof of (8.197). Assume first that |s; — so| > t — s1 V s2. Then, using (8.90),
we get that

|A81,32pm(u7 ) t7 x, y)|

<K po(t—31\/SQ,y—m)+p0(t—81/\527y—33)]
[ [s1—s2|” (t —s1As2)7 + [s1 — 82"
R T (R P T
[ fs1—s2|” [s1 =527 o }
<K|——=2_p't—sV - TP (s A —T)-
B -(t—S1VS2)7p( ey x)+(t—81/\32)7p( 1Ay —2)

We now focus on the case |s1 — sa| <t — 51V sa. For A € [0,1], we set sy := As; Vsa+ (1 — X\)s1 A sa.
We have thus by (8.94) (the series appearing being convergent)

‘Asl,szpm(,uﬂ '7t)x7y)’
1
< [ 10l st )] fs1 = saf
1 ~
< Kls1 — s9] / (t—s)\) " tp 1t — sy, y — ) dX
0
1 .
< Cls—sal [ (=52 7H (4 (0= 52) Ry —a) T ay

d 1 ~
< Klsp — so|7(t — 51V 52)1_7(t — 851V 52)_1_5 [(1 + (t—s1Vs2) aly— m|)_d_c"+’7

F(1 4+ (E = 51 A 80) "y — )47t

for some 7j € (0,nA(a—1)). Since |s1—sa| < t—51Vsg, we easily check that (t—s1Vsa) ™t < 2(t—s1Asz) 7L
It follows that
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|A81782pm(ﬂ7'7t7$,y)\
d ~
< Kls1 — so|" [(t sV s) a1+ (t— 81V so) aly — af) 4ot
e =51 As2) T TE L+ (= s A so)~Ely — af) 4]

|s1 — s2|”

mp_ﬁ(t — 51 VAN 52,Y — -'17) +

— 0|7 _
SK{ |s1 — s2] ,Yp_"(t—51\/82,y—96)].

(t -5V 52)
This concludes the proof of (8.197).

Proof of (8.198). By definition of the linear derivative and a centering argument, one can write setting
my = AXTTY ] o xR ] for e [0, 1]

A51752b(t’ x7 [Xt”u"(m)}) - /

R2d \ Om om

) )
(b(t, rma) () — <= bit,z, mm(x’)) Ay st (pts s, y) da(a) dy d.

We deduce using (8.197) for some 77 € (0,7 A (o — 1)), the boundedness of 6%1) and the n-Holder
continuity of 22-b(t,z,u)(-) that

A bt [

s1—s2|”
<K —'m ‘— Mt — g1 A — 7
>~ \/RQd |y l’| |:(t—$1/\82)7p ( S1 52,Y .’E)
|31_32|fy —7 / /
—_— t—s1V — dyd .
(t—51\/52)7p ( S1 52,Y .I) Y /‘L(:E)

Notice that because n + 7 < «, p~77"(t — s,-) is integrable. By the space-time inequality (8.231) and
since [pa p~T(t — s,y) dy is a finite constant independent of s and ¢, we obtain (8.198).

Proof of (8.199) and (8.200). By the definition (8.82) of H,,+1 and since p(r,t,z,y) does not depend
on p and s, we immediately deduce (8.199) from (8.198) and (8.235).

Concerning the proof of (8.200), we start from the Volterra integral equation (8.83) which yields

Asl,sg(bm-‘rl(,uﬂ 5T tv €, y) = Asl,ssz-i—l(,u? 5T, ta Z, y) + A51,82;‘-[7’77»4-1 & (bm-l-l(:u? s1V so,T, ta xz, y)
+ Hon1 @ Ay 5o Prny1(p, 51 A 52,7, 8, 2,y). (8.201)

Using (8.199) and (8.87), we deduce that

|Asl,52Hm+1 X (I)m+1(;ua s1V 52,7, ta z, y)|
t 7

<K [ 0= =y — s sl [0 = )R 07 = )R (6= )R (e =y = 2) de
T

1

< K(t- T)_éﬂ_a [(7“ —s1)a Y+ (r— 82)£_7} plt —ry—x).
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This inequality and (8.199) ensure that

|[A51,52Hm+1 + A51782Hm+1 ® Ppy1] (1,51 V s2,7,t, 2, )|
SK(t—r) " [(r=s)a 4 (= s0)d 7 plt -y — ). (3.202)

As ®,,11 yields a time-integrable singularity, we can iterate the implicit representation formula
(8.201). We thus obtain

A81752 q)m-i-l(/'L? Yy tu x, y) = [A81,S2Hm+1 + A51,$2Hm+1 & (I)m+1] (M? S1 V 52, tv x, y)

00
+ Z an+1 & [A81782Hm+1 + A51,82/7]'[m—|—1 & q)m-i-l] (H’ 81 N\ s9,t, x, y)
k=1

After standard computations using (8.202) and (8.85) that we omit, we conclude that (8.200) holds true.

O

8.8.8 Fourth part of the induction step
We prove here that the estimate (8.103) holds true.

Proof of (8.103). We start by assuming that |s; — sa| > ¢ — s1 V s2. In this case, (8.90) directly yields

’A81,828£pm(:u’7 y t) x, y)‘

S 8gf}pm(lu7sl7t7x’y)‘+ ag;pm(ﬂ752,t7$7y)‘
<K _(t—81VSz)fépj(t—&VSz,y—x)%—(t—SlAsz)fépj(t—sl/\smy—?ﬁ)}
[ s1 — s9|” - s1— SolT+ (t—s1Vs2) .
<K 51 2 jPJ(t—S1\/82,y—$)+ 51 d ( : 2)jP](t_51/\52°y_x)]
L(t—s1 V)T a (t—s1 A s2)V(t—s1Asg)a
[ 81 — Sal|7 ; 51— 82| i
<K | | 70 (t—s1V s,y —x)+ | | jﬂj(t—sl/\smy—f)],
L(t— 51V sp)VHa (t—s1 Asg)Tta

which proves (8.103).

We now turn to the case |s; — so| < t — s1 V s9. Differentiating with respect to = the parametrix
expansion (8.89), we get
Ol pm (11, 5,t, 3, y) = OIP(s,t, 2, y) + OIp ® (i, 5,1, 2,7).

We are going to use the following decomposition
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A51782a%pm(u7 ) t: xz, y) = ASl,SQa%'ﬁ('? t; z, y)

¢ .

+/ /Rd Ag, 5,00p(-, 2, 2) P (11, 81 V S2, 7,8, 2,y) dz dr
s1Vso
t .

—i—/ /Rd 2p(s1 A so, 1,2, 2)Agy oy @ (11, -, 7,8, 2, y) dz dr
s1Vso

s1Vs2 .
— / /Rd Ip(s1 N\ sa,ryx, 2) P (1, $1 A S2,7, 1, 2,y) dz dr
S

1/As2

=01+ Ix + I3+ 14

By (8.238), we obtain that

|L| < K

s1 — s9|7 : 51 — s2|7 i
| | =p'(t —s1 A\ s,y —x) + | | 70 (t =81V 82,y — )
(t—s1Asg)Ta (t—s1Vs2)"a

We now focus on 5. Thanks to (8.238), (8.87) and the convolution inequality (8.234), one has
|51 — sa|”
(r—s1 Vst

(t— r)_épl(t —r,y—z)dzdr

t — gl ,
SK/ / 51— 52| jp7(7“—51/\32,7:—:L‘)(t—r)_ipl(t—r,y—z)dzdr
s1As2 JRA (7’ A 82)7+E

t S —8 ’Y .
!IQISK/v /Rd[( L pl(r—s1 A s,z —x)+
51Vso

7
r—s1As) Ta

pj(r—sl\/SQ,z—x)l

t |81_52"Y . _1 1
—|—K/ / = (r—s1Vsgy,z—x)(t—7r)"ap (t—r,y—2z)dzdr
s1Vs2 R4 (T — 51 V 82)74»5

<K

‘81—52’7 . |81—82‘7 .
(t /\ )fy_i_l_l_i_lp](t_sl/\SQ?y_x)—’_ (t \/ ),Y_;’_l_l_;'_lp](t_sl\/SQ)y_x)
— 51 Asg) T e — 51 V) T e

s1 — sa|7 j 51— 2| '
o1 = 22| =0 (t —s1 N\ s2,y —x) + [o1 = ¢ 7P (t—s1V 2,y —2)
(t—s1Aso)'ta (t—s1Vs2)'Ta

<K

For I3, it follows from (8.235), (8.200) and the convolution inequality (8.234) that

t .
|Ig|§K/ / (r—sl/\82)7ip7(7"—81/\sz,z—x)(t—r)fépl(t—r,y—z)
s1Vso R4

1 1
ey dz d
51— 52| [(7“—31VS2)7+(7“—31/\82)7] zar
t ; . .
§K|81*82\7/ (T*51\/52)_§_W(t*7”)_é dr [ﬁ’(t*«SlVS%y*@+ﬁ7(t*81/\52,y*$)}
s1Vso

_J_ _1 i i
< K|sy — so|7(t — 51V sg)"a 14 [pj(t—sl\/827y—1:)+p7(t—51/\52,y—x)}

|51 — so|7 . |51 — sa|? : ]
j Y

<K ” y )lﬂpj(t—sl\/s%y—ﬂc)+(t . )al](t—sl/\sz,y—x)
— 851 S9 )« — 51 S9 )«

where the last inequality comes from the fact that t — s; A s; < 2(¢t — s1 V s2). We finally deal with Iy.
Owing to (8.235) and (8.87), we have
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s1Vso — 1
|| < K / (r—s1 A 32)*§p](r —s1A s,z —x)(t—r)apt(t —ry—2)dzdr
S1/A\S2 Rd
s1Vs2 j 1 R
<K (r—siAsg) a(t—r) adrp(t—s1As2,y—1)
8182
1 Ss1Vs2 j .
§K(t—31\/52)_5/ (r—siAso) adrp(t—s1 Ase,y—x)
8182

_1 _J i i
< K(t—s1Vsy) a|s; —so|t7a [p’(t—slVSg,y—x)—l—pJ(t—sl/\sz,y—x)}.
Since vy <1 — % by assumption, we obtain

1 3 ; ,
|14 < K(t— 51V s9) a1 i\51—82\7{ﬂj(t—sl\/82,y—$)+ﬂj(t—81/\82,y—$)]

51 — so|7 . 51— 82|7 ;
|51 2|. p7(t—81\/82,y—$)+ 51 2‘- pj(t—Sl/\Smy—l")
(t — 51V 52)£+’Y (t —Ss1 A 52)§+7

)

gKl

1

where the last inequality comes from the fact that ¢ — s; A sp < 2(t — s1 V s2) and 1 — =~ > 0. This

concludes the proof of (8.103).

8.8.9 Preparatory technical results

Lemma 8.34. e For any v € (0,1], there exists a positive constant K such that for all m > 1,

t € (0,T], s1,s2 € [0,t), p € Pg(RY), z,v € R?

A O bt (X)) (0)

51,52 5m

< Klsi—sof7 [(E = 51)8 77+ (t = s2)a 7] (8.203)

e For any v € (0,1], there exists a positive constant K such that for allm > 1, t € (0,T], s1,82 €
[0,2), € Ps(RY), z,v € RY

)
As1,82 %pm(ua B ta xlv y)’ dy d,u(:c')

(8.204)

_ Y
<K [51 — 52 + K

6 '7:“‘7(m)
’Asl,s%[w,x,[xt D@ <K G2 5 HE f

e For any v € (0,1], there exists a positive constant K such that for all m > 1, t € (0,T], s1,s2 €
[Oat)z (S [31 V 527t)7 pe Pﬁ(Rd)z T,Y,v € Rd

1)
Asl,SQ %Hm-‘,—l(ﬂ:, 5T tv €, y) (U)

(e,
(r—s1Vs9)7 R2d

e For any v € (0,1], there exists a positive constant K such that for allm > 1, t € (0,T], s1,s2 €

< K(t—r)wpt(t—ry—ux)

1)
Ag s %pm(/h 5T iB/,y)‘ dy du(x’)} . (8.205)
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[O?t)? e P,B(Rd)7 T,V € R?
|s1 — so|”
(t -8V 82)7+%

P
Ag, 5,00 %pm(u, St y)| dydu(a’). (8.206)

5 "/‘L’(m)
B lt, D60 )] < K

+K/ (1A ly—2'|")
R2d

e For any v € (0,1], there exists a positive constant K such that for all m > 1, ¢t € (0,T], s1,s2 €
[O7t)7 e [51 \ 527t)7 IUS Pﬁ(Rd)f T,Y,v e R¥

1
<K({t—r)"apt(t—ry—
5 <K(t-r)ap(t—ry—z)

s$1 — Sa|7
‘ 1 2‘ +/ (1/\|y_lj|n)
( R2d

1-n
r—s1Vs) T a

1)
’Asl,sga’uH’m-‘rl(ﬂu ) tv z, y) (U)

1)
As1,828v%pm(ﬂ¢ 5T xlay)‘ dy dﬂ(l‘/)‘| . (8207)

Proof of Lemma 8.3/. Proof of (8.203). By definition of the linear derivative and a centering argument,
one can write, setting my := A[XflVSQ’“’(m)] +(1-=X) [XflASz’“’(m)], for A € [0, 1],

O btz X)) () = " " '
S1,52 5, (7x7[ t ])(U) _/R?d Sm2 (,x,mA)(v,y)—W (,:U,m)\)(v,l‘)

Agy soDm (st 2 y) du(z') dy d.

A

We deduce using (8.197) and uniform the n-Holder continuity of %b(t, x, 1) (v, -) that

0 s (m
Dbl G (0)

s1— 827 ,
<K/ - ’"[' Tt — 81 A 89,y —
o R2d |y o ’ (t — 81 N\ 32)7p ( LAY T )
|s1 — s2|7 —7 ’ ’
T ——— t—s1V — dyd .
C—sivsa)” (t—s1Vsg,y—a)| dydu(a’)

Notice that because n + 7 < a, p~17"(t — s,-) is integrable. We conclude by the space-time inequality
(8.231) and since [pa p~7"(t — s,y) dy is a finite constant independent of s and t.

Proof of (8.204) and (8.205). Coming back to (8.162), we have the following decomposition
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= [ B b, XD @1V 52,0, ) dy

" /Rd %b@, 2, (XN () Ay i (11,580, ) dy

b [ Bt D01V 52,0, ) (0) d(e!) dy
bl D) ()5 0) () () dy

=L+ L+ I3+ 14

It immediately follows from (8.203) and (8.90) that

Ll < K 51— s2|7 |s1— s2|7
a (t — 81)’7_g (t — Sg)’y_g
<Azl
- (t—sl \/82)7‘

Then, the boundedness of 32-b and (8.103) yield

51— 827 |s1 — s2|7 _;
Ll<k [ BL22L i gy o)+ BL22L i gy 4 —v)d
12| < e (t_sl)vp (t—s1,y U)Jr(t_SQ)VP (t—s2,y —v)dy
< sl
- (t—Sl\/Sg)'y'

Similarly to I; and using (8.92), we deduce that

51— s2|7

LI <K—m———.
| 3| B (l‘f—Sl\/Sg)'y

Gathering the previous estimates on I, Is, Is and noting that %b is bounded, we conclude that
(8.204) holds true. Remark that (8.205) follows directly from the expression of %Hmﬂ given in (8.164)

and from (8.204).

Proof of (8.206). We use (8.163), which yields the following decomposition
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5 '7uv(m)
Asl,sgav% {b(twra [Xt ])} (U)
d L (m
= / A517827b(t7 Z, [Xt,uy( )])(y)axpm(uv S1 \ 327t7 v, y) dy
Rd om
o Ss1/A\s2,1,(m
[ b ) ) Ay O, 0, 9) dy
+fan bty 6 ) )0 it 51 V 52t ) (0) dia(a) dy
R2d 31,526m y Ly t vém m\M, o1 2,0y, L,

0 $1A82,4,(m) 0 / /
+ /]RM %b(tv x, [Xt ])(y)ASLSQaU&impm(Mv Yy ta z ,y)(v) d“(x ) dy

=L+ 1o+ I3+ 1.

It immediately follows from (8.203) and (8.90) that

51 — s2|7 51— 82| _1
L] <K | |_ﬂ o |_1 (t—s1Vsg) @
(t—s1)""a (t—s2)7 @
<K |51 — 5

(t - 851V SQ)WJFI?T’7 .

We rewrite I in the following form

(5 S S m (S S S m
b= [ (Gbltn X ) = bt (X7 ) 0)) Ay sapnis st v,y) dy.

Then, the n-Holder continuity of %b(t, x, 1) () and (8.103) yield

— so7 |s1 — sa|?

S1 : .
Bl <K [ (l Frerly ol sy =0 rly = o]0 (= 52, — v) dy.
_81 a

(t— 52)7—’—5
The space-time inequality (8.231) ensures that

|s1 — 527

L] < K .
(t — 51V 82)74_%

By using (8.203) and (8.93), we deduce that

S1 — S2 v S1 — S2 v n=1,7_1
3] < K | ’,ﬂ | |,g (t—s1Vsy)a Ta
(t—s1)""a  (t—s2)"
B k1

(t — 51V 82)7+% ‘

Note that since [ga av%pm(,u, s,t,z,y)(v) dy = 0, one can rewrite I as

_ 5 81/\82,;1,,(7’”) 5 S1 /\327“’(,’”) / 5 / /
I= [ (bt ) ) = b, XN @) ) Ay a5t ) 0) dn(e') dy,
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The boundedness of %b and the n-Holder continuity of %b(t, x, 1) (-) yield

J

‘14’ S /]R2d(1 A ‘y - x/‘n) A81,528U%pm(:u’7 Ty xluy> dy dl”'(m/)

Gathering the previous estimates on Iy, I, I3 and Iy, we conclude that (8.206) holds true. Finally,
notice that (8.207) follows directly from the expression of 8v5im7-lm+1 obtained by differentiating (8.164)
with respect to v and from (8.206).

O]

8.8.10 Fifth part of the induction step

We prove here that the estimates (8.104) and (8.105) hold true.

Proof of (8.104). We separate the proof of the induction step into two disjoint cases. First, we assume

that |s; — s2| >t — 1V s2. By (8.92) (the series appearing in the bound being convergent), we can write

0
‘AShSQ %pm(:ua ) ta x, y)(v)

) )
< | _
= ‘5mpm<,u7 sl,t,x,y)(v) + ‘5mpm('u’ 527tax7y)<v)

<K

_1 _1
(t—s1 Vo)l 7apl(t —s1 Vg, y —x) + (t— 51 A sg)t apo(t—SlASQ,y—$):|

— g5l — so|7 + (t — 81V 89)7
<k |l o vy gy TSR E SV 0,
+1 1 1 4
_(15—81\/82)’y a (t—sl/\82>7(t—31/\82)a
s1 — Sal|7 51— s2|”
<K | | POt — 51V s,y —x) + | | POt — s1 A sa,y — )|,

_(t -85V 52)7—1—%_1 (t A 82)7+é_1

This shows that (8.104) holds true at step m + 1 provided that we choose C' > K in (8.104). We now
turn to the case |s; — s2| <t — s1 V s2. Using the representation formula (8.176), we get that

) )
A51,32 %pm-l—l(/ly "y t? x, y) (’U) = A51182 (pm+1 & MHm+1> (M? y tv x, y) (1})

1)
+ A31,52 (pm-i-l & %Hmﬁ-l @ q)m-i-l) (M? S, y) (U)

=1 + 5.
Then, we decompose I; in the following way
t 4]
D= [ Bt 2) 5 Hsa 10 V st 2,) de dr
51Vsa R4 (Sm
t )
+/ / Pm+1(M751 /\52,T7$,2)A51,527Hm+1(%',Tat,zay) dz dr
s1Vso R4 5m

s1Vso 6
_/ / pm-‘rl(,ufasl A827T,$,2)7Hm+1(ﬂ,81 A827T,t,27y) dzdr
siAsy JRA om

= hip+ha+ I3
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It follows from (8.103), (8.160) (the series appearing in the bound being convergent) and the convo-
lution inequality (8.234) that

si=s|” g 0
1| <K — 51V 8o,y — — 81 N\ S,y —
| ! 1‘ /S1V82 /Rd ’l“ — 51 V 82) [’0 (T 51 52Y ,I) + P (T 51 52,4 JI):|

(t — r)*épl(t —ry—z)dzdr
|51 — s2|”

< K T
(t — 51V 82)7+5_1

{po(t — 51V S0,y —x)p(t — 51 A 9,y — l’)} :

We now deal with I; ». Using the induction assumption and (8.205), we deduce that

0
As1,52 %Hm—kl(ﬂv 5T ta z, y)(v)

gK(t—r)_épl(t—r,y—m) [(‘81_82’7)—%/&% A

0

r—351Vs9)Y 51,52 50 — Dty -7, 2 y)‘ dydu(x’)}

_ Y
< K(t—r) Rt =y — ) L2

3 8.208
(r—s1Vs)7 ( )
1 |s1 — s2|7 |s1 — sa|7
+K(t—r)apt(t—ry —x) [
(r—s1V 32)7‘%_1 (r—si A 52)7+é_1
ik (k-1)(1-2) p 1 . 1 1
> CFr— 51V sg) JIIB(12-7——=|A1+(G-1(1-=),1—-=].
= = o' a o'

Notice that

{ (r—s1 Asg)? ™t

(r—s1 Asg)?t

1> (r—sl\/32)7+é_1, if’y+é—1 >0,
-1 > (t - A 82)7—1—%_1 > 2V+é_1(t -5V 82)7—'—%_1, if v+ é —1<0,

Q= R~

since t — s1 A s < 2(t — s1 V s2). Using these inequalities, one has

t —enl oy
/ <t—r>—i[ sl s ]<r_slvs2><m><1;>dr

1Vs2 (r—s1V 32)7‘%_1 (r—s1 A 82)7+é_1

— v 1 1
<K 51 = 52 T (t—sl\/52)k(lfé)8 (1—7—1—1{:(1—),1—)
(t—s1Vs9)"Ta"t e} o

g szl (t—slv52)k(1—i>3<1+(k—1)(1—1),1—1)

(t—s1Vsg) Tal o o

<K |51 — 527 . (t—81\/82)k(1_3¥)3<{2_7_;}/\1+(k_1)(1_1)71_1)7

(t—s1Vs9)TTat « «

since the Beta function is decreasing with respect to its first argument. From this inequality, (8.208) and
(8.90), we obtain
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|51 — sa|”

(t — 51V 82)7—"_%_1

Hick(t_smw_pﬁg({z_,y_ﬂm(j_n(l_;),l_1)].

k=1 o

[Tl < K pO(t = s1 A sg,y — ) (8.209)

We now turn to estimate /7 3. Thanks to (8.90) and (8.160), one has

s1Vso 0 14
|Il,3|§/ p(r—siAsy,z—x)(t—7r)ap (t—r,y—z)dzdr
S

1AS2

< K(t ’81 —\/52’)1100(15 — 5 A SQ,y—l')
— S1 §9 )«
— g0
<K 51— 52 POt — 51 A sa,y — ).

(t -85V 82)7+é71
Gathering the preceding estimates on I; 1 and I 2 and Iy 3, we have proved that

|51 — s2|”

(t -85V 82)74_%_1

Hiom_slv@)mwﬁng_v_ﬂmu_l)(l_;),l_1)]
j=1

k=1 «

| < K [Pt = 51V 50,y — ) + Pt — 51 A s,y — @) (8.210)

As done before for 17, we decompose s in the following way

t )
IQ = / / A31,32 (pm+1 & Herl) (:uv'arax7z)q)m+1(ua S1 Vsz,r,t,z,y) dz dr
s1Vso R4 5m

t )
+ / / (pm+1 ® Herl) (/1,51 A 82’T7$a2)A81,52(‘I}m+1(M7'aratv Zvy) dzdr
s1Vso R4 6m

s1Vso 5
- / / (pm+1 ® Hm+1> (IU,S]_ /\32,7",1177 Z)¢m+1(,u'751 /\827r7t727y) dZdT
s R4 om

1/\S2

=:ilo1+ 22+ I23.

We follow the same lines of reasoning as for ;. Using the bound (8.210) previously obtained for I; and
(8.87), we have that

|51 — sa|”

(t — 51V SQ)PH_é_l

1+ick<t_slv32>k<l_;>ﬁg({z_v_ﬂm@_l)(l_;),l_1)].
j=1

k=1 o

1
[I21| < K (t—s1Vsg) @ [Po(t — sV s2,y—x)+p'(t— 51 Asy,y— 33)}

Notice that (8.90), (8.160) and the convolution inequality (8.234) yield

<K(t—s)aplt — s,y — ). (8.211)

1)
’perl ® %Hm+1(,ua S, tv xz, y) (U)
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Using this inequality and (8.200), we deduce that

|s1 — sa|7

t
|12,2] SK/ / (tfsl/\52)1_ép0(7“781/\52,27m) (tfr)_épl(tfr,yfz)dzdr.
s1Vso R4 (

1“—81\/32)7

Since t — s1 A sg < 2(t — s1 V s2), we get

|s1 — sa|7

(t -5V 52)’7+é71

1
|I20] < K (75—51\/52)1 apo(t—slASQ,y—x).

For I5 3, (8.211) and (8.87) yield

51Vs2
|I23] < / (r—si A 52)17ip0(r —S1AS2,z—x)(t — r)fipl(t —ry—z)dzdr
S

1/AS2
141-2
S1 — S92 o
SK‘ | lpo(t—sl/\S%?J_fE)
(t —s1Vsg)a
— v
SK |51 82| (tisl\/SZ)l_épO(t*Sj/\52,3/*33)7

(t -85V 52)7+é71

since |s1 — so| <t — s1 V s9. Gathering the estimates obtained, we have proved that

Bl < K 2t —s1 Vsa)' e [0t — s Vs y — @) 4+ Ot — 51 A szyy — )]

1+§:0k(7§51\/52)k(1—;)ﬁ8<{27ﬂ AL+ (5—1) (1(1)1(1)] . (8.212)
j=1

k=1

We conclude by (8.210), (8.212) and the fact that t — s; V so <t — 51 A sy < 2(t — 51V s2) that

1)
‘A817825 pm—H(:“’a 7t € y)( )

|s1 — sa|”

(t -5V SQ)FH_i_l

L 30 O s v HB<[ ,y_ﬂAlJr(j—l)(u;),l_l)]

k=1 (07

<K [po(t—sl\/SQ,y—a:)—i-po(t—sl/\sz,y—a})}

|51 — s2|” 0 51— s2|” 0
< p(t—s1Vse,y—x)+ p(t—s1 N\ s2,y—x)
(t—sl \/82)74_%_1 (t—81 /\52)%’_%_1
m+1
1 1 1
cht—sl\/Sle) HB({Q—’}/—}/\l—F(j—l)(l—),l_)7
k=1 @ @ @

provided that we choose C' > K in (8.104). This ends the proof of the induction step for (8.104).

Proof of (8.105). We start by treating the case |s; — s2| > t — s1 V s2. Reasoning as before by using
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(8.93) (the series appearing in the bound being convergent), we get that

1)
’A51,$28U %pm(/% ) tv xz, y) (U>

n—1

n=l,q_1 n=l,q_1
§K{(t781\/52) o a0t — sy Vg, y —a) + (t— 51 Asg) w1 apo(tfsl/\SQ,yffL’)]

|51 — s2|” |51 — s2|”

<K

POt — 51V 89,y — ) +
(t—Sl \/82) +7_1+1 * ’ (t—Sl/\Sg) +7_1+

— np (t—SlASQ,y—x)].

This shows that (8.105) holds true at step m + 1 provided that we choose C' > K in (8.105). We now
turn to the case |s; — s2| <t — s1 V s2. By the representation formula (8.177), we write

o o
Beysd gyt (s .9)(0) = By (Pt © e Honin ) (s 1,2,0)(0)

)
7Hm+1 ® Qm—&—l) (M? ) t: z, y)(’U)

+ Asl,SQ (pm—l—l ® Oy om

=1 + Is.

Then, we decompose I in the following way

t 1)
D= [ Bl 20005 Hona (1 V 2,7t 2,y) ddr
s1Vso R4 (Sm

t )
+ / / Pmt1(fs 81 A 82,7, 2, 2) Ag, 60O —Hm1(, -, 7, t, 2,y) dzdr
s1Vsg JRY om

s1Vso 5
_/ / pm-i—l(,u?Sl /\8277”71;72)8’07%7714-1(”) S1 /\SQ,T,t,Z,@/) dz dr
s R4 om

1A\82

= hi+ha2+ 13

It follows from (8.103), (8.161) (the series appearing in the bound being convergent), the convolution
inequality (8.234) and since v < 1+ % that

|31 — 52| 0 0
L] <K — sy Vsa,y— )+ pO(r — 51 A S,y —
|11 /sleg /Rd (r— 51V s2)7 [p (r—s1Vsa,y—a)+p’(r —s1As2,y x)}

(r—s1 \/SQ)WT(t—T)_épl(t—r,y— z)dzdr

_ Y
<K [51 — 52|

0 0
— |p(t—s1Vsy,y—z)+p(t—s1As2y—x)|.
(¢ — 51V so) eI+ { }

We now deal with I; 2. Using the induction assumption and (8.207), we deduce that
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1)
Asl,sga’u %%m-‘rl(/’tv 5T tv €, y) (U>

_1 S1 — S92 v (5
<K(t—r)ap'(t—ry—z) [ | | = +/ (LA ]y —2'|") Ds sl pm(u,-,r,w’,y)‘ dydu(w’)l
(r—s1 Vst a R2d m
|s1 — so|7

1
<K(t—r) ap'(t—ry—x) =
(r—s1Vs) ™o

|s1 — sa|(r — s1V s2) 51 — so|(r — s1 A sg)a

1 1 —82|7(r —s1Vs2 1 —82|'(r — 81 A s3)e

+K(t—r) apl(t—r,y—az)[ . o ln]
(r—s1Vsg)TTa g (r—sp Asy)¥Ta=tt7g

n
[e3

ok k—1)(14 1= i n—1 , n—1 1
ST CF(r — 51V 59) DO+ HB([2(1+) —7] AL+ (j—1) <1+ ),1—).
= Jabe « o «
Note that
(r— s Aso)Ta Gt > (p— sy Vs Ta T ify 4L 14 225
(r— sy Asp) T a H > 1 e H (4 gy v At H R gy 4 L1 4 220 g,
(8.213)
since t — s1 A sg < 2(t — 1V s2). It yields
¢ _1 |s1 — 827 |s1 — so|” (h—1)(1+222)
t—r)a — sV «)d
[ =0 l@« Ve I T p e | oY) '
— 5o 0 ~1 1 1
<K sizselt e e (14 ) s ey (1= 2) - L
n
|51 — 8|7 K(1+221) 1 1
+K( )’y+1 1+1*7l(t_81\/82) « /B 1—1—(]{—1) l—a ,1—5
t— 51V 89 a T TTa
— Y _
<K 51 = 53] (t — 51V 89)R (1)

(t—s1V 82)74_%_1—’—%

B[ (1+5) <o a1+ 5011,

since the Beta function is decreasing with respect to its first argument. From this inequality, (8.208) and
(8.90), we deduce that

|Il2‘ <K ‘81—82‘7

0
t—s1/N\s —x
(t_81 \/32)7+é_1+1;np ( 1 27y )

13 kv O T ([ (14 150) o an G- (Hn;l),l_;)].

k=1 Jj=1

We now turn to estimate 7 3. Thanks to (8.90) and (8.161), one has
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s1Vsao 0 n—1 1 1
|11.3] S/ p(r—siAse,z—x)(r—s1Asy)a (t—r) ap(t—r,y—2z)dzdr
S

1/A\Ss2
_ 1+7];1
SK‘; $2|v )Lpo(t—sl/\Smy—l‘)
— 51 59 )«
s1 — so|7
SK | ! 2| 1—7np0(t_51/\827y_x)7

(t - 851V Sg)’eré*l+ o
since v < 1+ %;1 Gathering the estimates obtained, we have proved that

|s1 — sa|”

(t—s1V 82)7+é71+1?7n

1+§:Ck(t—sl\/52)k(1+"al)ﬁ8<[2<1+n;1)—’y}/\l%—(j—l) (1+"_1>,1—1>].
j=1

k=1 « «

| <K [po(t—&VSz,y—x)+p0(t—81/\82,y—w)} (8.214)

Then, we decompose I in the following way

t 1)
I2 - / / Asl,SQ <pm+l ®a’0Hm+1> (,M,‘,'I",l’, Z)¢m+1(,uasl \/327737572,9) dZdT
51Vsa R4 6m
t 0
+/ / (pm+1 ® ava+1> (81 N s2,1, 2, 2)Ag) soPrmt1(p, -, 7,8, 2,y) dzdr
s1Vsy JRE om

s1Vso 5
_/ / (pm+1®8va+1> (M7 81A827r7m7z>@m+1(ﬂ781 /\327T7t727y) dzdr
s Rd om

1/\S2

=:lo1+ oo+ I3

We follow the same lines of reasoning as for I;. Using the bound (8.214) previously obtained for I;
and (8.87), we show that

51 — s2]7 1
[I21| < K 1 2|1 i (t—s1Vs)la {Po(t*«Sl\/82,y*$)+/70(t*51/\827y*$)}
(t—s1Vsg) Tt
N 141y n—1 n—1 1
oS vt 0= ([ (10 e g (10722 0 1],
= o o' o' o
Notice that it follows from (8.90), (8.161) and the convolution inequality (8.234) that
0 2-141-1 9
pm+1®av%Hm+1(M7svt7l‘ay)(v) SK(t_S) * “p (t_svy_x)' (8215)
Using this inequality and (8.200), we deduce that
|Io] < K t / (r—siAs )Ll“_l Or—s1 As z—ac)M(t—r)_l Yt —ry—2)dzdr
2,21 = o1 ve Jri 1/\ 82 P 1 /A 52, (r—s1V 82)7 P Y :

n—1

Reasoning as in (8.213) to control (r —s; A sg) = +1-3 since t — s1Vsy <t—s1As2 <2(t—s1Vsg),

we get that
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|51 — sa|7

Lol < K t— 51V s) map(t — sy A — ).
faal = (t—S1V32)V+é_1+%ﬁ< s1V 52) plt=sinsmy—z)

For I 3, note that (8.215), (8.87) and the convolution inequality (8.234) yield

s1Vso
|I23] < / X (r—s1V 52)7+1 apl(r— sy Asy,z—x)(t — r)_épl(t —r,y—z)dzdr
s1AS82
n—1 1
‘81 _ 52|1+T+1*E

<K Pt — 81/ 82,y — )

(t - 851V 82)é
51— s2|7

<K
(t -5V SQ)’H_é_H_%

1
(t - 51V SQ)liEpo(t — 81 A 52,Y — .%'),

since |s; — s2| <t — 51V s9. Gathering the estimates obtained, we have proved that

s1 — sol|7 _1
|12 SK(t ’\/1 )ﬁr'l_Hln (t—s1Vs9)la [Po(t—slVSQ,Z/—Q?)+P0(t—81/\82,y—x)}
_Sl 32 @ @
(8.216)
1+ZC”“t : n-1 : n—1 1
(t—s1V s9)" H I+ )=~ Al+(G-D(1+—),1-=)|.
k=1 j=1 « a «

We conclude from (8.214), (8.216) and the fact that ¢t — s; A so < 2(t — s1 V s2) that

)
‘Ashsz 8’0 %pmﬂ(/% Yy t7 x, y) (’U)

S1 — 8§89 v
sK(t | )W+‘1 i [Pt =51V 52,y = 2) + p°(t — 51 A2,y — )]
— 851V S92 a T e

1+cht—sle2 f[ ([ <1+77;1>—7}/\1+(j—1)(1+;1),1—01)]

k=1

|51 — so|7

(t — 81 A 82)7+é_1

—1 |
/\1+(j—1)<1+n),1—),
(6% «

|51 — 2|7
(t - 851V 82)7+7_1+ K8

axgg (k1) (1252 . n—1
(t — M
ZC 81\/82 H ({ ( + o > Y

k=1 =

POt — 51V s,y —x) +

< Po(t_sl/\s%y_x)]

provided that we choose C' > K in (8.105). This ends the proof of the induction step for (8.105).

8.9 Appendix: Differential calculus for functions of a measure variable

Let us fix 8 € [0,2]. We use the following convention Py(RY) := P(R?), endowed with the weak
topology.

Definition 8.35 (Linear derivative). A function u : Pg(R?) — R is said to have a linear derivative if
there exists a function %u € CO(Ps(R%) x R R) satisfying the following properties.
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1. For all compact subset K C Pﬁ(Rd), there exists a constant Cx > 0 such that

ou

Yp € K, Wo € R |2 () (v)| < Cie(1+ [ol?).

2. For all p,v € Ps(R?), we have

(i / /R Ot + (1= ) (0) (s — v)(v) dt.

dom
The function u is said to have a linear derivative of order two if for all v € R?, the map %u(-)(v)

admits a linear derivative %(')(v, -) such that %u is continuous on Pg(R?) x R? x R? and for all
compact subset I C Pg(Rd), there exists a constant Cx > 0 such that

(52

Vi e K, Yu,v" € RY, Wu(u)(v,v') < Cx (14 [vf? + V).

Definition 8.36. We define the space C!([0,T] x R? x Pg(R?)) as the set of continuous functions
u: [0,T] x RY x Pg(RY) — R satisfying the following properties.
1. For any p € Ps(R?), the map u(-, -, ) belongs to C*([0,T] x R?) with dyu and d,u continuous on
0,7] x RY x Pg(RY).
2. For any (t,z) € [0,T] x Rd the map u(t,z,-) admits a linear derivative (u1,v) € Ps(R?) x R?
u(t,z, 1) (v) such that 2w is continuous on [0,7] x R? x Pz(R?).
3. For any (t,z,p) € [0,T] x R? x Pg(R?), the map %u(t,x,,u) is of class C! on R? and &,%u is
continuous on [0,7] x R% x Pg(R?) x R,

We now introduce the notion of empirical projection.

Definition 8.37 (Empirical projection). Fix u : Pg(Rd) — R. For all N > 1, the empirical projection
N of u is defined, for all © = (21,...,zx) € (RN, by

M

uN(z) = u(my),

N
where 1)) = % Z Oz;-
i=1

The following proposition is the analogue of [CD18a, Proposition 5.91] where 8 = 2, so we don’t give
the proof.

Proposition 8 38. Let u: PB(Rd) — R be a function admitting a linear derivative 5 5w such that all
1€ Ps(RY), 2 u(p)(-) € CH(RY) and Dy s=u is continuous on Pg(RY) x R Then, for all N > 1, the

empirical projection u’¥ of u is of class C'. Moreover for all ® = (z1,...,zy) € (RHN
1 )
aziuN(xlv"-axN) ]\]8 om (Mw )(;UZ)

The next proposition illustrates how a smooth flow of measures admitting a transition density can
regularize a function defined on Ps(RY). It is clearly reminiscent of [CdRF21, Proposition 2.3]. We don’t
prove it since it can be done in a completely analogous manner.
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Proposition 8.39 (Regularization by a smooth flow of density functions). Let us fiz ¢ : Pg(R?) —
R a function admitting a linear derivative and consider a map (u,s,z) € Ps(RY) x [0,T) x R? s
p(p, s, T,z,y), where T > 0 is fired and such that p(u,s,T,x,-) is a density function. We define the
measure-valued map © : (s, ) € [0,T) x Pg(R) — O(s, u)(dy) := (Jga p(1t, 8, T, x,y) du(z)) dy € P(RY).
We assume that the following properties hold true.

1. For any compact subset K of [0,T) x Pg(R?),

/ sup |y1°0(s, ) (dy) < +c.
Re (s,u)eK

2. For all y € RY, the map (u, s,x) € Ps(R?) x [0,T) x R? = p(u,s, T, x,y) belongs to C1(Pz(RY) x
[0,T) x RY).

3. For any compact subset K of Ps(RY) x [0,T) x R? x R? and for any j € {0,1}

/ sup {
RY (p,5,2,0)€K

4. For any compact subset K of Pg(R%) x [0,T), there exists a positive constant C' such that

+

5
81]1%p(u> S, T,.ﬁb,y)(U)

Aip(, s, T,z )| + lasp(ms,T,:v,y)l} dy < +oo0.

LLa+1l) sw lp(us,Too gl dy < C+ ol?),
Rd (m,5)EK

o
L@l s | Spns, T p)(o)] dy < €+ faf) 1+ [ol),
R4 ( om

u,8)EX
and

)
sup [ sup | p(ns Toay) ()] dy < O+ o)

zeR4 VR (1 5)ekC

Then, the function (s,p) € [0,T) x Ps(RY) — ¢(O(s, 1)) belongs to C1([0,T) x Ps(R%)). Moreover,
we have

0,160, 1)) = [, (501005 ) ) = 7005, 1)) ) Duplys 5., 7.9) dy (o),

om

10005, i) (0) = [ 50005, )W) T 0,9) dy

Rd M
+ /de ((;:nﬁb(@(S,M))(y) - (;:ncb(@(s,u))(x)) %p(u,s,T,x,y)(v) dy dp(x),

and

om

05 (6(O(s.)] (0) = [ (56005, 1) — 500006, 1)) (1)) el . T, 0,3 dy

4 [ (50O 0) = 0O, ) (@) ) 05—l T, ) (1) dy (o).

We now focus on It6’s formula along the flow of probability measures associated with a jump process.
Let us fix Z' = (Z}); and Z2? = (Z}?); two a-stable processes on R? with o € (1,2). Their associated
Poisson random measures are respectively denoted by A'! and A2, their compensated Poisson random
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measures by N and M2 and their Lévy measures by v' and v2. Since a € (1,2), we can write for all
t>0

t . t .
Zt1 :/ / z/\/l(ds,dz) and Zt2 :/ / z/\/Q(ds,dz).
0 JR4 0 JR4

We fix 8 € (1,«) and v € (0,1] such that v > o — 1. We consider two jump processes X = (X¢)e(o,7)
and Y = (Y3)se[o,7) defined for all ¢ € [0, T] by

t t
X, ::X0+/ bsds+ Z}, and Yt:Yo—i—/ nsds + Z2, (8.217)
0 0

where Xo,Yy € LA(Q, Fo), b,n : [0,T] x © — R? are bounded predictable processes. The distribution of
X, is denoted by p.

We state in the next proposition It6’s formula, which is deduced from [Cav22a, Theorem 2] for the
specific type of processes that are considered in the present work.

Proposition 8.40 (Ito’s formula). Let u : [0, 7] x R? x P3(RY) — R be a continuous function satisfying
the following properties.

1. The function u belongs to C1([0,T] x R% x Pz(RY)) and d,u(t, -, ) is y-Hélder continuous uniformly
with respect to t and L.

2. For all compact K C R? x P(R?), there exists Cxc > 0 such that

5
vt € [0,T), Y(z, 1) € K, Yo € RY, 5 -ultz, 1)(v)| < Ce(1+ lv|?).

3. If v > 0, for any compact KK C R? x PB(R‘[), there exists Cxc > 0 such that

vt € [0,T), Y(z, p) € K, Yo,0 € RY, < Cilv—=2'|".

5 5 ,
8U%u(t7 z, M) (U) - a’U %u(t, z, ILL)(U )

4. For any compact K C R% x Pg(Rd), we have

5 g
&,%u(t,w,,u)(v) du(v) < +o0.

sup sup /
t€[0,7] (z,u)ek /R

Then, the function (t,z) € [0, T]xR® s u(t, z, ) is of class C', with Oyu(t, -, ug) y-Hélder continuous
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uniformly with respect to t. Moreover, we have almost surely for all t € [0,T]

t }/;falut> - U(O YO;MO

—/ Opu(s, Y, tis) ds—l—/ < u(s, Yy, us)(Xs) - bs) ds

+/ /Rd [ (s, Vs, ps) (X - +z)—%u(3 Vs, pts) (Xs-)

—8v6iu(s, Y, ps) (X5 ) - z} dv'(z)ds (8.218)
m
t t .
+ [Couuls, Vo) meds+ [ [l Ve + 20 = (s, Vi) N2(ds, d2)
0 0o Jr
¢
+ / /d [u(s, Yoo + 2, ps) — u(s, Yo, pis) — Opu(s, Yoo, ps) - 2] dv*(2) ds
0o JrR

where (Q, F,P) is an independent copy of (Q, F,P) and (b, X) is a copy of (b, X).

8.10 Appendix: Parametrix expansion for stable-driven SDEs

Let us fix Z = (Z;); a rotationally invariant a-stable process on R? with a € (1,2). Its associated

Poisson random measure is denoted by N, the compensated Poisson random measure by N. Since

€ (1,2), we can write for all £ > 0
t —
Z :/ / 2z N (ds, dz).
0 Jre

dz
|Z’d+a‘

The Lévy measure v of Z is given by
dv(z) ==

We consider a function b : [0,T] x R — R? satisfying the following properties.

1. The function b is jointly continuous and globally bounded on [0,T] x R%,

2. The function b is n-Holder continuous on R? uniformly in time, with n € (0, 1], i.e. there exists
C > 0 such that for all t € [0, 7] and x1,z2 € R?

‘b(t,:l)l) - b(t, .CUQ)| S C|.C61 - :Zig‘n.
We fix s € [0,T) and we consider the following stable-driven SDE

{de”” = b(t, X)) dt +dZ,, t€[s,T), (8.219)

X3 =z € RY

It is well-posed in the weak sense by [MP14]. The density of Z; is denoted by ¢(t,-). We denote by
A? the fractional Laplacian associated with Z defined for all f € C;JW(Rd;R), with v > a—1 (ie. f
belongs to C}(R%R) and Vf is y-Holder continuous) and for all 2 € R? by

A f(@)i= [ (Fa+2)= @)= Vf() - 2) (). (8.220)
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We define for all s € [0,T), t € (s,T] and z,y € R?

p(s,t,x,y) == q(t — s,y — x), (8.221)
H(s,t,z,y) = b(s,x) - OzP(s, ¢, 2,Y).

Note that the proxy p(s,t,z,-) is the density at time ¢ > s of the solution to

(8.222)

X" =dZ,, tels,T),
Xs% =z e RY,

and H is the associated parametrix kernel. We also define the space-time convolution operator between
to functions f and g by

f®g(s,t,z,y): // fls,ryx,2)g(r,t, z,y) dz dr, (8.223)

when it is well-defined. The space-time convolution iterates H* of H are defined recursively by H! := H
and HF .= H ® H*. By convention f ® H° is equal to f. Finally, we denote by ® the solution to the
following Volterra integral equation

®(87 t? -:U, y) = /H(S7 t’ -:U, y) + H ® @(87 t? x? y)7

which is given by the uniform convergent series

(D(S7tax7y) = ZHk(57t7$7y)' (8224)
k=1

Let us also define, for k > —a the function p* by

Q\Q.

Vt >0,z € R pF(t,x) =t a(l+t = |x|) d-a=k, (8.225)

Theorem 8.41. For any s € [0,T), s <t < T and x € R?, the distribution of X" has a density with
respect to the Lebesgue measure denoted by p(s,t,z,-) and given by the absolutely convergent parametrix

series

o0
p(s,t,2,y) = B(s,t,2,y) + > _ D@ H¥(s,t,2,y)
k=1

=p(s,t,z,y) + D@ (s, t,2,y). (8.226)

For any t € (0,T) and y € RY, p(-,t,-,y) is of class C* on [0,t) x R? and p(-,t,-,y), Osp(-,t,-,y) and
9zp(-,t,-,y) are continuous on [0,t) x RL. The function p(-,t,-,y) is solution to the following backward
Kolmogorov PDE

Osp(s,t,z,y) +b(s,x) - Oup(s, t,x,y) + A2p(s,t,,y)(x) =0, V(s,z) € [0,t) x RY,

8.227
p(S,t,.’L‘, ) — 5:Ea ( )
s—=1~
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where p(s,t,x,-) — 6, means that for all function f : R* — R bounded and uniformly continuous, one
s—t—

has

fWp(s,t,x,y)dy — f(z)] — 0.

Rd s—t—

sup
rER4

Moreover, p satisfies the following estimates.

o There exists C > 0 such that for all j € {0,1},0<s <t <T and z,y € R?

(s, t, )| < Ct—5) 29 (t — 5, — x). (8.228)

A% p(s,t, - y)(@)] < C(t—5) "'t — 5,y — ). (8.229)

e For all j € {0,1} and v € (0,1] with v € (0,(2ac —2) A (n+ a — 1)) if n = 1, there exists C > 0
such that for all0 < s <t < T and x1,xo,y € R?

09p(s,t 21, y) = Op(s, 1,22, y)| < Ot = 8) 70 oy — o [/t = s,y — 21) + pI (1 = 5,5 — 22)]

(8.230)
Before proving Theorem 8.41, we recall some properties satisfied by the functions p¥.
Lemma 8.42. The functions p* satisfy the following properties.
e Forallk > —a and v € [0,1] with k — v > —a, we have for all t > 0 and x € R?
et a pk (¢, 3) < pF (1, ). (8.231)

o Let us fir —a < k1 < k. Then, for all function y : (0, 4+00) — R? such that t € (0, 400) t‘éy(t)
is bounded, there exists C > 0 such that for allt > 0 and x € R?

PP (t, x4+ y(t) < CpM(t, x). (8.232)
e Forallk > —a and R > 0, there exists C such that for allt > 0, y € R? and 2 € R? with |z| < R
PPty + ) < (14 ct™a R)HoTh gkt ). (8.233)

o For all ki, ko > —a, there exists C > 0 such that for all s >0, t > s and y € R?
o PRt — s,y — 2)pM2 (s, 2) dz < CpFr 2 (t,y). (8.234)

The following lemma gathers the properties that we need on the proxy p.

Lemma 8.43. For allt € (0,T], y € R, p(-,t,-,y) is of class C1>® on [0,t) x RL. Moreover, it satisfies

the following gradient estimates.

e For all j € N, there exists C > 0 such that for allt € (0,T], s € [0,1), z,y € R, we have

255, t, 2, y)| < Ot —s)"apl(t — s,y — ). (8.235)
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o There exists a constant C > 0 such that for all j € {0,1}, t € (0,T)], s € [0,t), z,y € R?
|0s02p(s,t,x,y)| < C(t — s)*lfépi(t — s,y — ). (8.236)

e For all j € N, there exists C > 0 such that for all v € (0,1], t € (0,T], s € [0,t), x1, 29,y € R,

we have

045 (s, 1,01, y) — OB (s, t,02,9)| < Ot — 8)~ "y — ol [t — s,y — 21) + 9 (t = 5,4 — 2)] .
(8.237)

e Forallj € {0,1}, there exists C > 0 such that for all v € (0,1], t € (0,T], s1,52 € [0,1), z,y € R,

we have

|04(s1,t, 2, y) — O4b(s2,t, 2, y)]

— sl . — 5|7 ;
co|—mol s nsy— )+ g vy - ). (3239
(t—s1 Asy) 't (t —s1Vs9)1ta

Proof. Notice that (8.235) and (8.237) are quite standard since p(s,t,z,y) = q(t — s,y — x), where
q(t—s, ) is the density of the a-stable random variable Z;_g (see [MZ22, Lemma 2.8]). We prove (8.236).
To do this, we remark that the self-similarity of the a-stable process Z implies that

Bs,tz,y) = q(t — s,y —a) = (t — ) "aq (1, (ty_‘)) = (t—5)"2p(0,1,(t — ) wa, (t — 5) ay).

This yields

Bsp(s, t,2,y) = g(t —8)TETIH0,1, (t— s)"aa, (t— 5) "5 y) (8.239)
(=) 001, (- 5) (b= 5) by (-9 T ).

Using (8.235), we obtain that

. _ _ 1 _1
10s5(, 5., 2y)| < C(t = 5) " p(t — s,y — ) + C(t —8) 7 (¢ — 5) "= |z —y)p' (1, (t = s) "= (y — ).
The space-time inequality (8.231) finally yields

0P, . t.ay)] < Ot — )71 p(t — s,y — ).

By differentiating (8.239) with respect to x, one has

0:0:8(8 1 ,9) = g(t —5)Tw (b= 5) "5 uB(0,1, (t — 5) Tww, (= 5)"7y) (8.240)
+(t— ) w(t—8) 2P0, 1, (t — 8) v, (t — 8)"wy) (;(t e y)>
+ é(t - s)*éfl(t — 3)’gazﬁ(07 1,(t— 8)—5% (t - 5)*éy),

As previously, it follows from (8.235) and the space-time inequality (8.231) that

277



Partie III, Chapter 8 — Quantitative weak propagation of chaos for stable-driven McKean-Viasov SDEs

|836xﬁ(s,t,x,y)| S C(t - S)_l_%pl(t —S$Y— I‘)

We now use (8.236) to prove (8.238). We fix j € {0,1}, v € (0,1] and we start with the case
|s1 — sa| >t — s1 V s9. In this case, using (8.235), we deduce that for some constant C' > 0, one has

|8§ﬁ(81,t,$,y) - 8%]/7\(82,15,377?])’
<C _(t— 51 VSQ)iipj(t— s1Vsa,y—z)+ (t—s1 /\SQ)iipj(t — 51 A\ 82,y —x)}

51 — 897 ; s1— ST+t —s1Vsa|T
<C | | l.p](tfsl\/SQ,y*l‘)+| "+ 5 |p7(t81/\82,yl‘)]
|t — 51V 89| |t — 51 Asg[ T
[ s1 — so|7 : 51 — s2|7 i
<C ‘ ’ pj(t—Sl\/SQ,y—SL')‘F ’ ’ M(t_51A527y_$)]

_|t—81 \/SQ‘FH_% ‘t—Sl/\SQ‘FH%

We now focus on the case |s1 — sa| <t — 51V sg. For A € [0,1], we set sy := As; + (1 — A)s2. We can
thus write, thanks to (8.236),

‘ag;ﬁ(shtvma y) - 8%'ﬁ(327t7$7y)|

1
s/ 0.9 (5, £, 2, y)| |51 — 52| d
0

1 »
§C]31—52]/0 (t—sy)""apl(t —sy,y —x)dA

! —1—itd -1 —d—a—j
< Clsv—sal [ (¢ =) (L (0= s0) 7 Fly —al) o dA

e .
< Clsy —so|"(t —s1V 52)177(75 — 51V 82)717% [(1 +(t—s1V 32)7i\y — x\)fdfafj

F(1+ (t = 51 Asp) Ty —af) "]

Since |s; — s3] <t — 51V 82, we easily check that (t — s1 V s3)7! < 2(t — s1 A s9) L. It follows that

|02p(s1,t,2,y) — OIp(s2,t, 7,)|
L |
< Cls1 — s2|” [(t -85V 32)’7*%(1 +(t—s51V 82)7é]y _ fod—afj

o _itd 1 —d—a—j

+(t—s1As2) 7" e (14 (t—s1 A s2) ‘*‘?J_ﬂ)daq

51 — 89| , 51 — s2|7 ;

gcl | | -0 (t— 51 Asg,y— ) + | | j/’](t—slvs%y_x)]
(t—31/\82)’Y+E (t_sl\/S?)’ﬁ_E

This concludes the proof.

Recall that the Beta function B is defined, for all x,y > 0, by
! o I'(z)C(y)
B(z, ::/ 1—t) 1oy g = :
@)= [ -1 S

where I' is the Gamma function.
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The next proposition gathers the controls that we need on the parametrix kernel H and the solution

de the Volterra integral equation ®.

Proposition 8.44. The following estimates hold true.

o There exists C > 0 such that for allk >1,0<s<t<T and x,y € R4

1 (s, t, 2, y)| < CF(t — s)~atE-D0-3) kl:[lB (j (1 - 1) 11— 1) plt—s,y—z). (8.241)

j=1 « «

e For ~v € (0,n] such that v < o — 1, there exists C > 0 depending on v such that for all k > 1,
O§s<t§Tanda:1,a:2,y€]Rd

k—1
1 1
HE (s, 8,20, y)—H (s, 1, 22, 9)] < CF(t—s) "5 FED0=2) 13—y 7 [ B (—'Y n (1 - ) - )
j:l (63 0] 0]

[pl(t — s,y —x1) +pr(t — s,y — .’Eg)} . (8.242)

o There exists C' > 0 such that for allk >1,0<s <t <T and m,yERd

1 1

k
1
poH s tay)| < = D TLB (245 (12 ) 1= 2 ) P -sy—a). (8203
j=1

o The series (8.224) defining ® is absolutely convergent and there exists C > 0 such that for all
O§s<t§Tand:c,y€Rd

|®(s.t,2,y)| < C(t—5)"ap'(t— s,y — ). (8.244)

e For~ € (0,n] such that v < a—1, there exists C > 0 depending on v such that for all0 < s <t <T
and x1, 2,y € RY

+1
|@(S,t,$1,y) - (I)(S,t,fl,’g,y)‘ < C(t - 8)7%"%1 - xQ"Y |:p1<t -5y - IIZ‘1) + pl(t —5Y - IL’Q):| .
(8.245)

Proof. Proof of (8.241). We reason by induction on k. The base case k = 1 is clear since b is bounded
and by Lemma 8.43. We assume now that (8.241) holds for #* and we want to prove it for H*+1. We
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have thanks to Lemma &.42.

t
s ta) = | [ A WAtz dedr

< /st » C(r— s)_épl(r — s,z —x)C*(t - r)fiﬂk*l)(l*i)
HB( <1—) ,1—;) Pt —ry —2)dzdr
< Ck+1 (/:(r —s)a(t —r)atkD-3) dr) l;];[IB <j (1 - ;) 11— ;) pr(t— s,y —x).

Changing variables in r = s + A(t — s) yields

1
A (s, 8,2, y)] < CFFL (1 — 5) " tR(2) / Aw (1= ) TaHED0=E) g

HB< (1—;),1—;)p1(t—s,y—x)
gc’f+1(t—s)—i+’“(1—i)8<k (1—1) 1—;>HB< (l—a),l—i)pl(t—s,y—x).

Proof of (8.242). We start with the case k = 1. We write

[H(s,t,x1,y) — H(s, t, 22, y)| = |b(s,21) - 0:D(s,t, 21, y) — b(s,m2) - 0:P(s, t, w2, y)|
< |b(s,z1)] [02D(s, t, 21, y) — OuP(s, t, 2, )|
+10zp(s, t, x2,y)| [b(s, 21) — b(s, z2)|
=11 + Is.

Using that b is bounded and Lemma 8.43, we deduce that
1
L<Ct—s) o |vg — x| {pl(t — s,y —x1)+p(t—sy— xg)} .

Since b is uniformly n-Ho6lder continuous and bounded, and thus uniformly v-Hélder continuous because
v <7, one has by Lemma 8.43

I, <C(t— s)_é|m1 — o Tp (t — s,y — x2).
We now prove that (8.242) holds for H**+!, with k& > 1. Using the case k = 1, (8.241) and Lemma 8.42,
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we obtain that

’HkJrl(Sa t,xy, y) - %kJrl (37 t,x2, y)|

H(S, r,x, Z) - H(Sa r,x2, Z))Hk(?”, ta 2, y) dzdr

R4

t 1 1
S/ /dC(r— s _%\xl — z2|7 [ Yr—s,2—x1) +p'(r — s,z—mg)} C’k(t—r)*EHk*l)(l*E)

s JR

HB( (1—) 1—1>p1(t—r,y—z)d2dr
o
k
gCMlﬁ—srﬂjMﬂ_wB<kof—#%1—1+7>IIB<jG—J>,1—1>
(6% (6 N o (6%

Jj=1

o't = sy —a) +pl(t — s,y —22)] -

We conclude noting that

Proof of (8.243). It follows from the control of p given by Lemma 8.43 and from (8.241). Indeed, one
has thanks to Lemma 8.42

We conclude noting that
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Finally, the proof of (8.244) and (8.245) follows directly from (8.241) and (8.242) using the asymptotic

expansion of the Beta function.

O]

Proof of Theorem 8.41. The existence of the density and its representation (8.226) is a consequence of
(8.235), (8.243) and (8.244). Indeed, using the asymptotic expansion of the Beta function, we obtain
that the series (8.226) is absolutely convergent, locally uniformly with respect to (s,z) € [0,t) x R
We refer to [KK18] for a detailed presentation of the parametrix method for SDEs driven by stable
processes. The permutation of the series and the convolution in the representation formula (8.226)
is clearly justified by the dominated convergence theorem. The regularity of the density p with
respect to x and the controls (8.228) and (8.230) follow from Lemma 8.43 for the proxy, i.e. the first
term of the parametrix series (8.226). We now prove that they also hold for the other term pe® of (8.226).

Proof of (8.228) for j = 1. We use (8.244) and Lemma 8.43 to deduce that

t
0.5 ® ®(s,t,,y)| < c/ /d<r— $)"wp (r— s,z —a)(t—r)"wpl(t =y — 2) dzdr.
s JR

Then, Lemma 8.42 yields

02D ® D(s, ¢, y)\
<C/ r—s) t—r) ad’rpl(t—s,y—:v)
<C(t—s)” a1-4 apl(t—s,y—x).

This concludes the proof of (8.228) for j = 1.
Proof of (8.230) for j = 0. We use again the control of p given by Lemma 8.43 and (8.244). Thanks to

Lemma 8.42, we obtain
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\p®<1> s,t,x1,y) — p R D(s,t,x2,y)|

p(s,r,x1,2) — p(s,r, w2, 2))®(r, t, z,y) dz dr

§C/ /d(T—S)_E|$1—l‘2|7 {po(r_S’Z_xl)—FpO(T‘—S,Z—:EQ)} (t—T)_épl(t—T,y—z)dzdr
s JR

1
<C(t— s)‘%“‘a\xl — xa|” [po(t —s,y—x1)+ po(t — 8,y — xg)} )
Proof of (8.230) for j = 1. We use the following decomposition

t
0:p @ P(s,t,21,y) — 0xp @ P(s,t,22,y) = / /d((‘)xﬁ(s, T, x1,2) — OuP(8, 7,22, 2))P(r, t, z,y) dz dr
s JR
= / / (0:p(s, 7,21, 2) — OuD(8, 7,2, 2))P(1, t, 2,y) dz dr
Dy JRd

[ @ulor1,2) = 0B, 2, 2)B(r, 1, 2,) dz
Dy JRA

=: 11 + I,

where Dy := {r € (s,t), |z1 — x2| > (r — s)é} and Dy := {r € (s,t), |x1 — x| < (r — s)é} For I, one
can write

L= [ [ obsran,2) (@0t 2y) = Bl tan,y)) dzdr
D; JR4

_/ / 0:p(s, 7,29, 2)(P(r, t, 2,y) — ®(r, t,x2,y)) dz dr,
Dy JRrd
=1+ 112,
since [pa 0:P(s,7, 7, 2) dz = 0 for all € R%. Since a € (1,2) and v < (2a¢ — 2) A (n + a — 1), we can pick

d € (0,(a — 1) Am) such that v < § + o — 1. Then, we can use Lemma 8.43 and (8.245) with §, which
yields

_1 _o+1
|1 1] < C/D /Rd(r—s) apl(r—s, z—x1)(t—r)" « |z—x1\5 [pl(t —ry—2z)+ pl(t -1y — xl)} dz dr.
1

Using the space-time inequality (8.231) in Lemma 8.42, we deduce that

[ < C/D /}Rd(r—s)%pl_é(r—s,z—ml)(t—r)_T [pl(t—r,y—z)—I—pl(t—r,y—xl)} dzdr.
1

Let us note that [pa p!~°(r — 5,2 — 1) dz is a constant independent of r, s, 71, that if 7 € (s,t)
_d _1 —d—a—
prt—ry—m) < (t—r)"a(l+(t—s) aly —a])~ !
and that if r € Dy, (r — s)a < |z — z2|7. Applying Lemma 8.42, we thus get that
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§—1—v

t
Bl < €[ [0 =957 0= 0% drloy 220 - 5.y - 1)
S

t s—1— S+14d 1 —d—oa—
[ =9 S =) el — P (0 (= )by — )
S
<C(t— 8)_1%/"'1_&@1 — 2o Ot — s,y — ).
Similarly, we obtain
1t

1 —
[T1o| < C(t—8)" o T oy — 2o Tp! (= 5,y — 2).

This proves (8.230) for I;. We now focus on I. One can write

I = / / (0zp(s, 1,21, 2) — OxD(8, 7, T2, 2))P (1, t, 2,y) dz dr
Dy JRA
— / /d(amﬁ(s, T, x1,2) — OpP(8, 1,22, 2))(P(1,t, 2,y) — ®(r, t, x2,y)) dz dr.
D> JR
Note that if r € Do, we have

~ . _2
|0:D(s,r,x1,2) — 0p(s, 1,22, 2)| < C(r — ) al|x; — 3 {p2(r —s,z—x1) + pi(r—s,z — 931)}

_ o+l
<C(r—s) a |y fx2|7p2(rfs,zfx2),

since |x1 — x| < (r — s)é and by (8.232). Using (8.245) with 6 € (0, (& —1) An) such that y < d+a—1
and the space-time inequality (8.231), we get

Li<e [ [ e e - wl e - s - a)e- ) -l
[pl(t —ry—z2)+pt—ry— 1'2)} dzdr
< C’/D2 /Rd(r — s)_%ﬂ+g I CUQ”YPQ_(S(T — s,z —x9)(t — r)_(sai
[pl(t —ry—2)+pt—ry— 1‘2)} dzdr.
As done previously to deal with I 1, Lemma 8.42 yields
|| <Ot — 5)7%1“*% {pl(t —ry—x1) Fp(t—ry— xz)} )

It concludes the proof of (8.230) for j = 1.

Proof of (8.227). Let us now prove that p(-,¢,-,y) is a fundamental solution to (8.227). We fix 0 <
s <t <Tand z,y € R% From the Markov property satisfied by the SDE (8.219), stemming from the
well-posedness of the related martingale problem, one has for all A > 0 such that s —h >0

p(S - h7 tvxa y) = ]E(p<87t7X§7h’mJ y))
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Applying 1t6’s formula to the function p(s,t,-,y) which belongs to C;

obtain that

TR R) for v > a — 1, we

S
p(s,t,Xﬁ_h’m,y) =p(s,t,z,y) + b(r, Xf_h’”) . pr(s,t,X;f_h’“, y) dr
s—h

) —
*) h /Rd pls 6, X7 4 z,y) = p(s,t, X7 y) N(dr, d2)
o
S
i / h /]Rd (st X3 4 2,y) = p(s,t, X2 y) = 0up(s,, X220, ) - 2 du(2) dr
.
O

We can take the expectation in the preceding formula using (8.228), (8.230). It yields

pls—hitiag) = pls o) + [ BOX;) - 0up(s.t, X2 ) dr
—h

S
[ Bt X2 2 y) = (s, £, X2 ) = Bapls X3, y) - 2) du(z) dr
s—h JR

Let us prove that

1 S
- E(b(r, Xﬁ_h’x) . pr(s,t,X;f_h’x, y))dr — b(s,x) - Ozp(s,t,z,y). (8.246)
h Js—p h—0

We can write

1 rs
‘h N E(b(r, Xf—h,x) . 8xp(5,t,Xf—hw’ y)) dr — b(s, ) - Opp(s, t, z, y)‘
1 * s—h,x s—h,x s—h,x s—h,x
=3 ,hE(W’ X57h®Y  9up(s, b, X7 ) — E(b(r, X57MT) - Oup(s, t, X570 ) dr
1 /s
+ ‘h h E(b(rv Xg_h7x) : 8$p(57t7X§_h7xvy)) - (b(r,:c) : &Bp(s,t,x, y)) dr
1 /s
+ ‘h/ h(b(ﬂ x) - 0up(s,t,x,y)) — b(s,x) - Oup(s,t,z,y) dr
=L+ DL+

It is clear that I3 converges to 0 as h tends to 0 since b is continuous. Concerning I, one has

1 /s
sy [ B pl,t, X3 ) — (60, 2) - e, 2, 9) dr
s—h

1 S
o[BI X 05,8 X3 y) — Daps, )]
s—h

IN

s

o [ B b)) (. )
=111+ Iz3.
Since b is bounded and by the Hélder control (8.230), we obtain that for some constant v € (0, 1)
DLy < Coy EIXET — o7

ol
< Cs,t,'yh .
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The same reasoning based on the Holder continuity of b proves that I h—g 0.
*>

Finally, we decompose I; in the following way

1 S
Il S E / hE|b(T7 X'f_h’m” ‘aﬂ?p(sv t? qu_h@’ y) - axp(s, t) Xss_h@v y)| dr

s
Lore s—h,x s—h,x s—h,x

+ E hE’b(’r?X'r ' ) _b(r7Xs ’ )‘ |aﬁ$p(87t>Xs ' ,y)|d7“

s—
=111+ 11 2.
Note that for all v € (0, 1], there exists Cs;~ > 0 such that for all € [s — h, 5]

a
«a

EIX;7 = X3 < Cugpls — 1),

The same reasoning as done for Is can be applied since b and 9,p(s, t,-,y) are globally bounded and b is
uniformly Hoélder continuous. It yields I3 h—()) 0.
—

Let us now show that

One can write

1 /3 .
‘h / n Jrd E(p(sth'f_h’x + Z7y) _p(sath;?_h’xay) - azp(saterf_h’x,y) . Z) dV(Z) d?" — Afp(s,t, ‘Y y)(l‘)
s—

1 S
< }ﬁdz;/ CE(p(s t, X0 4 2 y) = pls 6, X y) = 0up(s £, X7 y) - 2) dr ()
o
— | Ep(s,t, XM 4z y) — pls,t, X570 y) — Oup(s, t, X570, y) - 2) dv(z)
R
+ /Rd E(p(s,t, X‘f*h"’” +z,y) — p(s,t, X;S*h’x, y) — Oup(s,t, Xj*h’x, y) - z)dv(z) — A%p(s, t, -, y)(z)
=:J1 + Jo.

For J;, we obtain that
1 s ! s—h,x s—h,x
< [ [ [ @t X 4 Az y) — (st X2 )
rd h Js—n Jo
(@l X3 4 Az y) = Dap(s,t, X3 )| (2] dAdr d(2)

We are going to use the dominated convergence theorem in the integral with respect to v. By the Holder
control (8.230) on 0,p, we deduce that for some v > « — 1, there exists a constant C;, > 0 such that
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for all r € [s — h, s], z € RY

1 S 1
n / / E ’@p(s, X5 4 Azyy) — Oap(s,t, X570 y)
s—h JO
—(0zp(s,t, Xj_h’x + Az,y) — 8wp(s,t,X§_h’I,y))‘ |z| dA dr

1 S
< Cuogy [ EIXTE - XM ar
-
1 S
< Cutoy [ (=5t drle
-
S Cs7t7’yh%|z|'

The right-hand side term tends to 0 when h — 0. We start by justifying the domination on the ball Bj.
In this case, we use again the Holder continuity of 0,p with respect to x, which yields

1 s 1
h / / E|(Dup(s,t, X3 4 Az, y) = Oup(s, t, X377, )
s—h J0
~(Dap(s,t, X374 Xz, 9) = Dup(s,t, X3, y))] [2] dAdr

S CSvtv’y|Z’1+’y'

Since v > a — 1, the map z € By + |z|'*7 belongs to L(B1,v). The domination on B is clear since
0:p(s,t,-,y) is globally bounded by (8.228) and z € B ~ |z| belongs to L!(B¢,v).

We now deal with Js. Thanks to the dominated convergence theorem, Jy converges to 0 as h tends
to 0. The Holder control (8.230) of 0,p ensures that for some constant v > o — 1, there exists Cs4, > 0
such that

Elp(s,t, X" 4 2,y) = p(s, t, X3, y) = Oup(s, t, X3, y) - 2] < Oz

This proves the domination on the ball B;. The domination on Bf is a consequence of (8.228), and the
fact that a € (1,2).

We have thus proved that the map s € [0,t) — p(s,t,x,y) is left-differentiable by (8.246) and (8.247).
Moreover, since the map (s, z) € [0,t) x R? — b(s, z) - Ozp(s,t, 2,y) + A%p(s, t,-,y)(x) is continuous, we
deduce that the map s € [0,t) = p(s,t,z,y) is of class C! and that it solves

0sp(s,t,7,y) + b(s, ) - (s, t, 2, y) + A2p(s,t,-,y)(x) =0, V(s,x) € [0,) x RY,
Let us now fix f : R* — R a bounded and uniformly continuous function. We fix € > 0. There exists
§ > 0 such that for all 2,y € R? with |z — y| < d, we have |f(z) — f(y)| < e. Using (8.228), we obtain
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that
=y / Fp(s,t,x,y) dy — f(x)| = sup / (f(y) = f(@))p(s,t,z,y) dy
zeRe |JR4 e | Jrd
St Ol [ (1) R (=) F )y
ly|>0
- —d—a
—€+C‘f“°°/|z|>(t_s)—é5(l+ B

We conclude, taking the lim sup when s — ¢ in the preceding inequality, that p(s,¢,z,:) — 0g.
s—t—

Proof of (8.229). We now prove that
A% p(s,t, -, y)(@)| < Ot — )" ot — 5,y — ),

using the PDE (8.227) and the fact that b is bounded and (8.228). Note that by symmetry, we have

a 1 dz
AFpls, b)) = 5 [ plss o+ 2,) (s, = 2,0) = 20(s,t.9) T

We decompose it in the following way

dz

IAZp(s,t,-,y)(z)| < / Ip(s,t,x+ z,y) + p(s,t,x — 2z,y) — 2p(s,t,z,y)] [z &+a

1
lz[<(t—s)™

dz
+/ 1 |p(8,t,x—|—z,y)—f—p(s,t,x—z,y)—2p(8,t,x,y)\ d+a
2> (t—s)@ ]

- /|zs<ts>é

dz
+/ 1 |p(8,t,x+z,y)—l—p(s,t,x—z,y)—2p($,t,x,y)\ d+a
|z|>(t—s)a |2

dz

1
/0 (axp(svtax + )\z,y) - arp(S?tvx - )\Z7y)) <z dA ’Z’W

=11 + Is.

We start with I;. Using the Holder control (8.230), we obtain that for some v € (0, (2a—2)A(n+a—1))
with v > a — 1, there exists a constant C' > 0 such that

1y dz

1
11§C(t—s)—7/ . / (P (t — s,y —x — X2) + pl(t — s,y — .+ \2)) d\|z|' T T
|2 <(t=s)= Jo 2]

Since |z| < (t — s)é, the space-time inequality (8.231) ensures that

14y dz
n<c-9 | Pt = 5,y — @)z
|2 <(t—s)@ |2[d+a
<Ct—s) 't —s,y—x). (8.248)

For I, we have with (8.228)

dz

gk [Pt —sy—2—2)+p°(t—s,y—z+2)+p°(t— 5,y —2)|
z —s)
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We distinguish two cases. Flrstly, assume that |y —z| < 2(t — 5) Then, using that for all s < t and

yeR pO(t —s,2) <C(t—s)~ a, we get that

d dz
L <Ct—s) a/
l> (- [2] e
<C(t-s)ta (8.249)
<Ot —s)'p(t — s,y — ),
since |y — x| < 2(t — 3) Finally, if |y — x| > 2(t — s)a we write
n<cf | [Pt = sy —a—2)+ Pt s,y —a+2) + Pt 5,y —2)| —ore
(t—s5) <|o|<l2¥ |z|dte
0 0 0 dz
O sy =)+ sy — a2+ sy - 0)] e
o> 25 2]
=:1ly1 + Iz.
Then, the reverse triangle inequality yields
Ly<C P-sy-0+ P -5 150 7
= (tfs)é<|z|§@ ) "9 |z|d+a
dz
<CP(t—s,y —x /
SOty ()% <le] [2] e
<Ct—s) 1t —s,y —x). (8.250)
For I35, we have
B < Cly—al = [ Pt —sy—v—2)+ Pt — sy —a+2)dz
Rd
dz
O J— J—
+Cp (t S,y x) /z|>x ul ‘Z|d+0‘
—d—« 1 g _
<Ct—s) "o ((t—s) |y — )+ Cpt — s,y — w)|w — y|
<CO(t—s)"5 ((t—s) 5y —a) 0+ Ct— ) (t — 5,5 — 2).
Since 1 < 2(t —s)~ ]y — x|, we deduce that for some constant C' > 0, one has
(= )72y =)™ < CU+ (=) aly —af)
It follows that
I <Ot —s)1p(t — s,y — z). (8.251)

Combining (8.248), (8.249), (8.250) and (8.251), we have proved that (8.229) holds true.
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CHAPTER 9

ITO-KRYLOV’S FORMULA FOR A FLOW OF
MEASURES

This chapter corresponds to the article [Cav21]. It is in revision in ESAIM: Probability and Statistics.

Abstract. We prove It6’s formula for the flow of measures associated with an Itd process having a
bounded drift and a uniformly elliptic and bounded diffusion matrix, and for functions in an appropriate
Sobolev-type space. This formula is the almost analogue, in the measure-dependent case, of the Ito-

Krylov formula for functions in a Sobolev space on R x R

9.1 Introduction

We fix (2, F, (Ft)i>0,P) a filtered probability space satisfying the usual conditions. Let 7" > 0 be a
finite horizon of time, d,d; € N* with dy > d, and (By)i>0 a (Ft)r>0-Brownian motion of dimension d.
We consider the It process on R¢ defined, for ¢ € [0,T7], by

t t
X =X +/ bs ds +/ 05 dBs, (9.1)
0 0

where Xo € L2(Q, Fo:RY), b: [0,T] x @ — R% and o : [0,T] x Q — R4 are progressively measurable

processes. In the following, we will denote by u; the law of X; and by a the matrix oo*.

Let us fix a real-valued function u defined on the 2-Wasserstein space Po(R?), i.e. the space of
probability measures on R? having a finite moment of order 2. In this paper, we are interested in It6’s
formula for v and the flow of probability measures (u)e(o,r)- This formula describes the dynamics of
t — u(uy), essentially by computing its derivative (see (9.2) below). It has a wide range of applications
for example in Mean-Field Games, McKean-Vlasov’s control problems, McKean-Vlasov Stochastic
Differential Equations (SDEs) but also in the study of interacting particle systems and the propagation
of chaos. These applications will be detailed below.

It6’s formula for a flow of measures naturally requires differential calculus on the space of measures
P2 (R%). We will use the linear (functional) derivative, which is a standard notion of differentiability for
functions of measures relying on the convexity of P2(R%). The function u admits a linear derivative if
there exists a real-valued and continuous function g—; defined on P2(R?) x RY, at most of quadratic
growth with respect to the space variable uniformly on each compact set of Pg(Rd), and such that for
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all 1, v € Po(RY) X
aw) =) = [ [ S+ (1 Ow)0) (= )0

The standard It6 formula for a flow of measures can be found in [BLPR17] (see Theorem 6.1) or in
Section 3 of [CCD15] and Chapter 5 of [CD18a] (see Theorem 5.99) under less restrictive assumptions.
It states that for all ¢ € [0, T

) = ulpo) + [ B (025 u)(6) 0. ) ds+ 3 [ B (020 u)(X) ac) ds, (02

where z - y denotes the usual scalar product of two vectors z,y € R? and A - B := Tr(A*B) the usual
scalar product of two matrices A, B € R%? The common point between these results is that the
function u has to be C? in some sense. More precisely, it is always assumed that for all u € Py (RY),
the linear derivative 2% (4)(-) belongs to C2(R%) or equivalently that the L-derivative dj,u(u)(-) belongs
to C'(R?) (see below for the definition of the L-derivative and its link with the linear derivative). This
paper aims at proving It6’s formula (9.2) for functions u having a linear derivative % that is not C?

with respect to the space variable.

We now fix the assumptions on the Itd process (X¢).e(o,7]- In this paper, we always assume that the
drift b and the diffusion matrix o in (9.1) satisfy the following properties.

(A) There exists K > 0 such that almost surely
YVt € [0,T], |by| + |oe] < K.
(B) There exists § > 0 such that almost surely

Vt € [0,T], VA € RE azh - A > §|A2

Assumptions (A) and (B) stem from Section 2.10 of [Kry09]. Therein, Krylov deals with controlled
diffusion processes and needs to apply the standard It6 formula for the so-called pay-off function which
is not C2. That is why he proves an extension of the classical Ité formula for the Itd process (Xt)tepo,m)
satisfying Assumptions (A) and (B), and for a function g : R? — R belonging to an appropriate
Sobolev space. The crucial point is that (X;); satisfies the non-degeneracy Assumption (B). It ensures
that the noise does not degenerate and allows to produce a regularizing effect. Let us explain how. The
non-degeneracy assumption leads to Krylov’s inequality (see Theorem 9.20 taken from Section 2.3 of
[Kry09]). This inequality, in turn, implies that for almost all ¢ € [0,T], u, the law of X;, has a density
p(t,-) with respect to the Lebesgue measure (see Proposition 9.22). Moreover, this density belongs to
LD ([0, T] x RY), where (d + 1)’ denotes the conjugate exponent of d 4+ 1 defined in Section 9.2.
The existence of densities together with the integrability property permit to assume Sobolev regularity
for the function g. More precisely, 1t6-Krylov’s formula is established under the assumption that g is
continuous on R% and that Vg belongs to the Sobolev space Wl})’f(Rd), for K > d+ 1, i.e. that Vg and
V2g are in LE _(R?) (see Section 2.10 of [Kry09]).

Our goal here is to take advantage of the regularizing effect of the noise, stemming from the existence
of the densities p(t,-) and their integrability property, to establish an analogue of It6-Krylov’s formula
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in the measure-dependent case. Looking at Itd’s formula for a flow of measures (9.2), the regularizing
effect comes from the presence of expectations which average, with respect to the space variable, the
derivatives of % on all the trajectories of (X;);. Indeed, the regularization by noise will only appear
through the space variable of the linear derivative but not through its measure variable. This is not
surprising since the space of measures P2(R%) is somehow infinite dimensional while the noise is of finite
dimension. Thus, we cannot expect a true regularization in the measure variable of g—#f The fact that a
finite dimensional noise cannot have a complete regularizing effect in the space Ps (Rd) is explained in
[Mar20] in the context of McKean-Vlasov SDEs.

In order to prove Itd’s formula (9.2) for u, it is clear that u needs to admit a linear derivative with
at least distributional derivatives of order 1 and 2 with respect to the space variable in L*(R%) for some
k, as for the standard It6-Krylov formula. Let us describe more precisely our assumptions on u. As said
before, for almost all ¢ € [0, T], the law p; has a density p(t, -) such that p belongs to L4+ ([0, T] x RY).
Denoting by Z(R?) the space of measures p € P2(R?%) having a density with respect to the Lebesgue
measure in L@ (RY), our assumptions on the derivatives of du()(+) are only made for measures
1 belonging to Z2(R?). This is natural since for almost all ¢ € [0,T], u; belongs to Z(R?), and the
derivatives of (% are evaluated along the flow (Mt)te[QT] and integrated in time. Moreover, because of
the integrability property of the densities p(t,-), the derivatives of %(M)(') do not need to be defined
and continuous on the whole space R? because they are somehow integrated against the densities p(t, -)
(see (9.2)). We say "somehow" because it is not completely the case since b and a are random. But as
they are bounded, we can omit them in some sense. More precisely, the integrability property of the
densities leads us to assume that u admits a linear derivative such that for all u € Z2(R?), BU%(M)()
belongs to the Sobolev space W1*(R?) defined in Section 9.2, with k > d + 1. This is exactly the same
condition as in the standard It6-Krylov formula, except that we replace VVl})f (RY) by WHE(RY). This
is essentially explained by the expectations in Itd’s formula (9.2). Indeed, the process (X;); cannot be
localized by stopping times. Moreover, we assume that the map pu € Z(R%) 8@%(#)(‘) € WLk (RY)
is continuous for a distance on Z(RY) satisfying the assumptions of Definition 9.3. This continuity
assumption can be interpreted as the fact that the noise has no regularizing effect in the measure
variable of the linear derivative, as explained above. The precise assumptions of our It6-Krylov’s
formula are given in Definition 9.5 and Theorem 9.7. Eventually, we extend in Theorem 9.16 our formula
to functions depending also on the time and space variables satisfying the assumptions of Definition 9.14.

We now focus on some applications of Itd’s formula for a flow of measures. This one has been
developed with the increasing interest for Mean-Field Games and McKean-Vlasov SDEs over the last
decade. Mean-Field Games were initiated independently by Caines, Huang and Malhame in [CHMOG6]
and by Lasry and Lions in [LL07]. The notion of Master equations has been introduced by Lions in his
lectures at College de France [Lio] in order to describe Mean-Field Games. Master equations are Partial
Differential Equations (PDESs) on the space of probability measures and can be derived with the help
of 1t6’s formula. We refer to Lions’ lectures [Lio|, the notes written by Cardialaguet [Carl0], and the
books of Carmona and Delarue [CD18a, CD18b] for more details on Mean-Field Games and Master
equations. We also mention Bensoussan, Frehse and Yam [BFY15] and Carmona, Delarue [CD14] where
Master equations are derived, with the help of 1t6’s formula in [CD14]. The question of existence and
uniqueness of classical solutions to Master equations was addressed by Cardaliaguet, Delarue, Lasry
and Lions in [CDLL19] and by Chassagneux, Crisan and Delarue in [CCD15]. From a different point
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of view, Mou and Zhang deal with the well-posedness of Master equations in some weaker senses in
[MZ20].

Moreover, Itd’s formula appears to be the natural way to connect a McKean-Vlasov SDE (more
precisely the associated semigroup (F;); acting on the space of functions of measures) to a PDE on the
space of probability measures (the Master equation) in the same manner as for classical SDEs. It turns
out to be a crucial tool to study the stochastic flow generated by a McKean-Vlasov SDE, as explained
in Chapter 5 of [CD18a]. The link between McKean-Vlasov SDEs and PDEs on the space of measures
is at the heart of the work of Buckdahn, Li, Peng and Rainer [BLPR17] where the authors prove that
the PDE admits a unique classical solution expressed with the flow of measures associated with the
McKean-Vlasov SDE. Moreover, in the parallel work [CCD15], Chassagneux, Crisan and Delarue adopt
a similar approach and study the flow generated by a forward-backward stochastic system of McKean-
Vlasov type under weaker assumptions on the coefficients of the equation. Both works are motivated by
Mean-Field Games, and It6’s formula plays a key role. In [CM17], Crisan and McMurray prove that the
Master equation admits a unique classical solution for some irregular terminal condition using Malliavin
calculus. They point out a smoothing effect concerning the differentiability of the solution with respect to
the measure even though there is no noise in the measure direction. Furthermore, the problem of propa-
gation of chaos for the interacting particles system associated with the McKean-Vlasov SDE can also be
addressed with the help of the associated PDE on the space of measures (see Chapter 5 of [CD18a]). It
allows to obtain quantitative weak propagation of chaos estimates between the law of the solution to the
McKean-Vlasov SDE and the empirical measure of the associated particle system. This approach was
adopted for example by Chaudru de Raynal and Frikha in [CdRF22, CdRF21], by Delarue and Tse in
[DT21] and by Chassagneux, Szpruch and Tse in [CST22]. Let us also mention that the Master equation
satisfied by the semigroup has been recently used by Jourdain and Tse in [JT21] to study the mean-field
fluctuation (CLT) of an interacting particle system. Finally, 1t6’s formula for a flow of measures is
also important to deal with McKean-Vlasov control problems because it allows to derive a dynamic
programming principle describing the value function of the problem as presented in Chapter 6 of [CD18a].

Recently, It6’s formula has been extended to flows of measures generated by cadlag semi-martingales.
It was achieved independently by Guo, Pham and Wei in [GPW20], who studied McKean-Vlasov control
problems with jumps and by Talbi, Touzi and Zhang in [TTZ21] who worked on mean-field optimal
stopping problems. In both works, dynamic programming principles are established thanks to Ito’s
formula for a flow of measures. Finally, we also mention that several It6-Wentzell-Lions formulae for
functional random fields of It6 type depending on measure flows have been established by dos Reis and
Platonov in [dRP22].

Let us explain our choice to work with the linear derivative. Indeed, the L-derivative, which was
introduced by Lions in his lectures at College de France [Lio], is also well-adapted to establish 1t6’s
formula for a flow of measures. We say that u is L-differentiable if its lifting defined by

i: X e LX(RY — u(L(X)) € R,

where £(X) denotes the law of X, is Fréchet differentiable on L2?(2;R?). Moreover, there exists a
Ré-valued function d,u defined on Po(R?) x R? such that the gradient of @ at X € L*(;R?) is given
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by the random variable 0,u(L£(X))(X). The function d,u is called the L-derivative of u. The advantage
of the L-derivative is that it permits to use standard tools of differential calculus on Banach spaces.
Of course, there is a link between the L-derivative and the linear derivative of u. Indeed, in general,
the L-derivative 0,u(u)(-) is equal to the gradient of the linear derivative 81,55—#1(@(-) (see Propositions
5.48 and 5.51 in [CD18a] for the precise assumptions). Under our assumptions presented above, Sobolev
embedding theorem ensures that for all 4 € 2 (R%), %(u)() belongs to C!'(R%;R), and that 81)(;5—%(”)(-)

is continuous and bounded on R?. We would be tempted to deduce that u admits a L-derivative given,

as recalled above, by 0y, 2% (11)(-). However, this term is assumed to exist only for measures y € 2 (R?)
and not for yu € Po(R?). This is the case in Example 9.10, where this term is not well-defined for any
i € Po(R?) (see Remark 9.11). It seems therefore more restrictive to work with the L-derivative and

thus justifies our choice to work with the linear derivative.

The paper is organized as follows. Section 9.2 gathers some notations and definitions used throughout
the paper. In Section 9.3, more precisely in Definitions 9.5 and 9.14, we define the spaces of functions
for which we will establish It6-Krylov’s formula. These formulas are given in Theorem 9.7 for functions
defined on P2(R?%) and in Theorem 9.16 for functions depending also on the time and space variables.
Moreover, we give examples of functions for which our formulas hold and we discuss our assumptions
through them. The proofs of these examples are postponed to Section 9.7 for ease of reading. In
Section 9.4, we give some preliminary results. We start with Krylov’s inequality and its consequences
on the existence of densities for the flow of measures (ut);c(o,r) in Proposition 9.22. Then we recall
some classical results on convolution and regularization. Finally, Sections 9.5 and 9.6 are respectively
dedicated to the proofs Theorems 9.7 and 9.16.

9.2 Notations and definitions

9.2.1 General notations

Let us introduce some notations used several times in the article.
- Bp is the open ball centered at 0 and of radius R in R? for the euclidean norm.
- p is the conjugate exponent of p € [1,+oc], defined by % + ]% =1
- LP (RY) is the space of functions f such that for all R > 0, f € LP(Bg).

loc
- W™k (©) is the Sobolev space of functions v € L¥(0O) admitting distributional derivatives of order
between 1 and m in L¥(O), where O is open in R%. It is equipped with the norm

ullymroy = >, 10 r(o)-

aeNd |a|<m

- Wm’k(Rd) is the space of functions u such that for all R > 0, u belongs to W™¥(Bg).

loc
- (pn)n is a mollifying sequence on R?, that is a sequence of non-negative C> functions, such that
for all n, [pa pn(7)dr =1 and py, is equal to 0 outside By /,. We assume that p,(r) = p,(—=) for
all z.

- % denotes the convolution of two functions, when it is well-defined, or two probability measures.

- B(E) is the Borel o-algebra where F is a metric space.
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- A* denotes the transpose of the matrix A € R%*9,

- A - B denotes the usual scalar product of two matrices A, B € R?*? given by A - B := Tr(A*B).
- P (R?) is defined in Definition 9.3.

- Wi (R9) is defined in Definition 9.5.

- Wh(R?) is defined in Definition 9.14.

9.2.2 Spaces of measures and linear derivative

The set P(Rd) is the space of probability measures on R¢ equipped with the topology of weak conver-
gence. The Wasserstein space Pa(R?) denotes the set of measures u € P(R?) such that [pa |z|? du(z) <
400, equipped with the 2-Wasserstein distance W5 defined for u, v € Pg(Rd) by

1/2
_ 2
W)= ot ([ le—sPine)

where TI(p, v) is the subset of Po(RY x RY) with marginal distributions y and v. We will work with the

standard notion of linear derivative for functions of measures.

Definition 9.1 (Linear derivative). A function u : PQ(Rd) — R is said to have a linear derivative if there
exists a continuous function (u,v) € Pa(R?) x R? - 5m L (1) (v) € R, satisfying the following properties.

1. For all compact K C Po(R?) sup sup {(1 +[v|*)~! 5—u(,u)(v) } < +00.
veER pekl m
2. For all i, € Pa(RY), u / / (t1+ (1 = ) (v) d( — ) (v) dt.
R

Remark 9.2. Instead of the second point of the previous definition, it is equivalent to assume that for
all p,v € Po(RY), t € [0,1] = u(tp + (1 — t)v) is of class C! with

d
t 1 t 11—t (t 1—-1¢ d(p — .
e 10,11, Sty + (1= 00) = [ S0+ (1= 00)0) dlp— 1) (0)
One can find more details in Chapter 5 of [CD18a], in particular the connection with the L-derivative.

Let us fix (p,)n a mollifying sequence on R?, that is a sequence of non-negative C* functions, such
that for all n, [ga pn(z)dz =1 and p, is equal to 0 outside By/,. We assume that p,(z) = pn(—=) for
all z.

Definition 9.3. Let us define 22(R?) as the space of measures p € Py(R?%) which admit a density g—“
with respect to the Lebesgue measure belonging to L(d+1) (RY). We endow Z(R?) with a general distance
d satisfying the following properties.

(H1) For any n > 1, u € (P2(RY), Wa) = px* p, € (Z2(R?),d ) is continuous.

(H2) For any € 2R, p*p, — pfor dsp.

n—-+oo
Note that for all n > 1 and for all u € P(R?), p* p, € Z(R%). Indeed, its density is given

by @ v pn * u(x) = [papu(z — y)du(y). Jensen’s inequality ensures that it belongs to L{%+1D(R9).

Considering the space (Z(R%),d») comes in a natural way with Assumptions (A) and (B) on the It5
process X. As explained in the introduction, it implies the existence of a density p € L'([0, 7] x R RT)N
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LU0, T] x R% R*) such that for almost all ¢ € [0, 7], the law of X; is equal to p(t,-) dz and belongs
to 2(R?) (see Proposition 9.22). Let us give two examples for the distance d .

Ezample 9.4. The Wasserstein distance Wa clearly satisfies Assumptions (H1) and (H2) in Definition
9.3. Another family of examples is given by the distance dj, defined, for k € [d + 1, 4+-o00[, p, v € P(RY),

by
dp _ dv

dr dz

dk:(,u7 V) = ‘ LK (Rd)

Note that dj, is well-defined since for any u € 2(R%), ‘;—Z e L'(RY) N LD (R?) which is included
in L¥ (RY) by interpolation. The proof is postponed Section 9.7.1.

9.3 It6-Krylov’s formula, ah-hoc spaces of functions and examples

Let us introduce now the Sobolev-type space of functions on Py(R?) for which we will prove Itd’s
formula for a flow of measures.

Definition 9.5. Let Wi (R?) be the space of continuous functions u : Py(R?) — R having a linear
derivative 5‘5—;‘1 such that for all u € 2(R%), the function 2% (u)(-) admits distributional derivatives of

om

order 1 and 2 in L¥(R?), for a certain k > d + 1, and satisfies the following properties.
d
1. The map p € (Z(RY),dp) — 9,2~ (u)(-) € (Wl’k(]RdD is continuous for a certain distance d4
satisfying (H1) and (H2).

2. There exists & € N such that k& > (1 + a)d and for all compact K C P2(R%) and for any u €
Kn 2R
e
‘ Lk’(Rd)> '

Remark 9.6. -The space W (RY) contains the functions which satisfy Assumption (1) in Definition 9.5
with (P2(R%), Ws) instead of (Z(R%),d ). Indeed, the second point is clearly satisfied with o = 0 since
K is compact.

31}57“ + 52(& dp
dx

Yom

(1) ()

SC}C<1+‘

Lk (R4 Lk (R4)

-Assumption (2) in Definition 9.5 allows to control the growth of ’

60%(;1)(-)“W1’k(w) with respect
to the measure p. It allows us to take advantage of the continuity of the flow in Py(RY) (because the
control is assumed on compact subsets of Po(R?)), but also of its integrability properties proved in
Lemmas 9.24 and 9.25. The form of the inequality suggests the integration of functions in L*(R?) with
respect to pu, at least when the function w is linear in p.

-Sobolev embedding theorem (see Corollary 9.14 in [Brel(]) ensures that for all u € 2 (R%), 2% (u)(-)

om
belongs to C'(R%;R) and that GU%(u)(~) is bounded and ~-Holder, where v := 1 — %. Note that we
do not need that 2% (u)(-) € W2*(R?) since there is no integrability assumption made on the linear

derivative.

Having this definition at hand, we can now state It6-Krylov’s formula for functions in Wi (R%).
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Theorem 9.7 (It6-Krylov’s formula). Let u be a function in Wi (R?), which was defined in Definition
9.5. We have for all t € [0,T]

) = )+ [ B (05 () (X)) s+ 5 [ B (B2 a) ds. 93)

where 05(%(%)()(3) Cag = (62 Ju (us)(Xs)as) is the usual scalar product on RI¥*9,

v om

Remark 9.8. Notice that a function u € W;(R?) is assumed to have a linear derivative on the whole
space Po(R%). This seems a bit strong at first sight in comparison with the assumptions on its spatial
derivatives that are only made for measures u € Z2(R?). Indeed, we could consider working with a linear
derivative defined only on the space of densities, as done for example in [BFY15]. However, in order
to establish It6-Krylov’s formula by regularization, the function u needs to be continuous on the whole
space P2(R?) and not only on Z(R?). Indeed, the flow s € [0,7] + us € P2(R?) is continuous but s
does not necessarily belong to 22(R%) for all ¢ € [0,T]. This is proved only for almost all £. Thus, as the
function u has to be continuous on Py (R%), we have chosen to assume the existence of a linear derivative
on P2(R%) even though we could have only required it on the space of densities.

Now, we focus on examples of functions belonging to W (R%). Let us start with the linear case.

Ezample 9.9 (Linear functional). Fix g € C°(R%R) admitting a distributional derivative such that
Vg € (WHF(R%))4 for some k > d + 1. Then, the function

{PQ(Rd) —R

,u|—>/gxd
R4

Indeed, Sobolev embedding theorem (see Corollary 9.14 in [Brel0]) implies that Vg € L% (R?) since
k > d+ 1. Thus g is at most of linear growth so that for all u € Py(RY), %(M) = ¢, which clearly
satisfies Assumptions (1) and (2) (with o = 0) in Definition 9.5.

belongs to the space Wi (R%).

Let us now focus on the multi-linear case.

Ezample 9.10 (Polynomials on the Wasserstein space). Fix N > 2 and g € C°((RY)"; R) such that
- there exists C' > 0 such that for all & = (z1,...,2x5) € (RHYY, |g(z)| < CA + |z1|> + - + |zn]?),
- the distributional derivative Vg belongs to (WhF((RY)N))N for a certain k € [Nd, +o0l.

Then, the function

732 (Rd) — R

) g(z1, .. an) dp() ... dp(ow),

belongs to the space W (R%) for ds = dj.

The proof is postponed to Section 9.7.2.

Remark 9.11. - In Definition 9.5, the distributional derivatives of the linear derivative %(M) are not

necessarily integrable functions for all p € Po(R?). Of course, in Example 9.9, it is the case for all
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1 € P2(R?) as the linear derivative does not depend on the measure . However, in Example 9.10 for

N = 2, the linear derivative is given by

ou

om

(1) (v) = /Rdg(%y) dp(y) +/Rdg(y7v) dp(y)- (9-4)

Formally, the derivative with respect to v of the first integral in (9.4) is

L, wg(w.9) ducy).
Rd

This term is not well-defined for general measures u € Py(R?) because we have only assumed that
Vg € (WY (R24))24 with k > 2d. Indeed, for k = 2d, we just know by Sobolev embedding theorem that
Vg belongs to (L"(R2?)2¢ with r € [2d, +oc[ (see Corollary 9.11 in [Brel0]). As we will see in the proof
(Section 9.7.2), it is well-defined as an integrable function of v if we restrict to measures u € Z2(R?).
This also justifies why we have chosen to work with the linear derivative instead of the L-derivative.
Indeed, the L-derivative of u would be equal to the gradient of the linear derivative &)5‘%‘1(#)(-), which
is not well-defined for all € Py(R?). Thus, the function u does not need to be L-differentiable in the

usual sense in our setting.

- Our assumptions on the derivatives of g—% in Definition 9.5 deal with #?(R?) instead of the whole space
Po(R?) essentially because in It6’s formula (9.3), these derivatives only appear under integrals along
the flow (p1s)sefo,7], Which belongs to P (RY) for almost all s € [0,T]. However, we assume that w is
continuous on Py (R?) since the flow s € [0,T] — ps € Po(R?) is continuous but p; does not necessarily
belong to Z(R?) for all t € [0,7T] .

The next example focuses on the particular case of convolution which has to be treated differently
than in Example 9.10 with N = 2 because of the structure of the convolution which mixes the two
variables.

Ezample 9.12. Let f € C°(R%R) be a function such that the distributional derivative V f belongs to
(WHE+L(RI))4 for a certain k > d. Then, the function

PQ(Rd) — R
U
I H/ [ *pdu,
Rd

belongs to Wy (R?) for dp = Wh.

Here, the particular structure of convolution enables us to work on the whole space Py (R) instead
of 2(R%), as explained in the first point of Remark 9.6. The proof is postponed to Section 9.7.3.

Finally, we give a non-linear example of functions belonging to Wy (R%).

Ezample 9.13. Let F € C'(R;R) and g € C°(R%; R) be such that the distributional derivative Vg belongs
to (WHF(R))? for some k > d + 1. Then

u{ Py(RY) — R
’ po = F(fgagdp)

belongs to Wy (RY) for dgp = Wh.
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The proof is again postponed to Section 9.7.4.

We now deal with the extension of It6’s formula for functions depending also on the time and space
variables. First, we define the space of functions generalizing the space Wi (R%).

Definition 9.14. Let W»(R?) be the set of continuous functions u : [0, 7] x R? x Py(RY) — R satisfying
the following properties for a certain distance d satisfying (H1) and (H2).
1. For all (z,p) € R? x Pa(RY), u(-,z,n) € C* and Gyu is continuous on [0, 7] x RY x Py(RY).

2. There exists k; > d 4 1 such that for all (¢, ) € [0,T] x Z(RY), u(t,-,p) € Wli’ckl (R%) and for all
t€[0,7) and R >0

n e (PRY.dp) > dult, ) € (W (Br))"

is continuous and 0,u and 9%u are measurable with respect to (¢, z,u) € [0,T] x R x Z22(R).

3. For all (t,z) € [0,T] x RY, u(t,z,-) admits a linear derivative %(t,x, -)(+) which is continuous on
[0,T] x R% x Po(R?) x R?, and such that for all X C R? x Py(R?) compact and ¢ € [0, T], there
exists C' > 0 such that for all v € R?

dz < C(1+ |v]%).

1)
sup ‘(tva:,u)(v)
(z,p)EX

4. There exists ko > 2d such that for all (¢, ) € [0,T] x 2(R%), 2%(t,-, u)(-) admits distributional

om

derivatives with respect to v of order 1 and 2 such that for all ¢ and R > 0

pe (PR ) o> (0,5t n) (), B (1)) € (L (B x B) x (L4 (B x RO,

is continuous and measurable with respect to (¢,z, i, v) € [0,T] x R? x 2(R?) x RY,

5. There exists a1, as € N with k1 > (20 +1)d, ko > (a2 +2)d such that for all I C Po(R?) compact
and R > 0, there exists Cic,g > 0 such that for all u € KN 2(R?)
i
M (Rd))

?2? {Hazvu(ta '7/-1’)HL’€1(BR) + ‘ Lkl(BR)} < CIC,R (1 + ‘

a2
sup ’ ) <Ckr|l+ ’ , :
t<T L*2(Bp xR4) L2 (R4)

Remark 9.15. - The space Wy(RY) contains the functions satisfying the four first assumptions of
Definition 9.14 with (2 (R%),ds) replaced by (Pa(R?),Ws) and also assuming that the functions in
Assumptions (2) and (4) are continuous with respect to (t, u) € [0,T] x P2(R%). Indeed, Assumption (5)

dp

dx

aa%u(t> 'mu)’

ou

002 1)) o

dzx

L*2(BrxR4) ’

is automatically satisfied with a; = as = 0 because K is compact.

- The bound in Assumption (3) is quite natural. If the supremum in this bound was taken only over a
compact set of Py(R%), it would be the definition of the linear derivative. But we also need to control
3% locally uniformly in the space variable z € R? because of our regularization procedure through a
convolution both in the space and measure variables. Assumptions (2), (4) and (5) are generalizations of
those in Definition 9.5 adapted to the presence of the space and time variables. In Assumption (5), the
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condition on ko and o changes a bit compared to the analogous assumption in Definition 9.5, essentially
because it deals with functions on R?? instead of RY. Let us mention that Assumption (5) in Definition
9.14 can be replaced by the integrability properties (9.12) established in Step 1 of the proof of the next

theorem (see Section 9.6).

The next theorem is the natural extension of the formula for functions in Ws(R?). We still consider the
flow of marginal distributions (i¢).ejo,) of the process X defined by (9.1). Let (1s)sejo,r) and (7vs)sefo,7)
be two progressively measurable processes, taking values respectively in R? and R and satisfying
Assumptions (A) and (B). We set, for all t <T

t t
5t=£o+/ nsds+/ y, dB,,
0 0

where & is a Fy-measurable random variable with values in R%.

Theorem 9.16 (Extension of It6-Krylov’s formula). Let u be a function in Wa(R%), which was defined
in Definition 9.14. We have almost surely, for all t € [0,T]

1 [t
u(tagtmut) (0 EO»MO +/ 6tu S fs’,us) 6 (Safsvus) 778) ds + 7/0 aiu(svfsa,us) 787: ds
) -
[ B (ot s (X0 5. ds 3 [ B (825 6n) (X)) ds (09
+/ Ozu(8, s, p1s) - (s dBs),
0

where (Q, F,P) is a copy of (Q, F,P) and (X,b,5) is an independent copy of (X,b, o).

Let us now give examples of functions belonging to the space Wy (R?).

Ezample 9.17. Let g € CO(R?%;R) be a function such that its distributional derivative Vg belongs to
(WHF(R24))24 for some k > 5d. Then, the function

{ RY x Po(RY) — R
u :

(, 1) H/Rdg(x,y)du(y)

belongs to Wa(RY) for dp» = dy,.
The proof is postponed to Section 9.7.5.
Ezample 9.18. Let F € C'(R? x R;R) be a function such that for all R > 0

y € R VF(-,y) € (WY (Bg))4H,

is well-defined and continuous for some k; > d + 1. Let g € C°(R% R) be such that the distributional
derivative Vg belongs to (W1#2(R%))? for some ks > 2d. Then

u{ RYx Pp(RY) — R
' (x,pn) = F(2, [gagdp)

belongs to Wa(RY) for dp = Wh.
The proof is again postponed to Section 9.7.6.
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Remark 9.19. In the abstract, we said that our It6-Krylov’s formula for a flow of measure was the
almost analogue of the standard It6-Krylov formula. We used the word "almost" because Assumption
(1) in Definition 9.14 is not completely satisfactory. Indeed, we do not assume Sobolev regularity with
respect to time, as it is the case in Ito-Krylov’s formula for functions defined on [0, 7] x R?. Of course
if u is of the form u(t, u) = [pa g(t, ) du(x) with g € ([0, 7] x R%R) at most of quadratic growth in
z uniformly in ¢, and such that the distributional derivatives d;g, 0,g and 92g are in L¥([0, T] x R%) for
some k > d + 1, we will succeed in proving It6-Krylov’s formula for u.

Let us give the idea of the proof. We regularize u by setting u™(t, 1) := [ga g * pn(t, ) du(z), where
(pn)n is a mollifying sequence on R x R%. The function u™ clearly satisfies the assumptions of the standard
It6 formula for a flow of measures (see Proposition 5.102 in [CD18a]). It ensures that for all ¢ € [0, T]]

t t
MWMOIW@M®+/E@mwﬂ&&ﬂ%+/E&w*%@XQﬁQ%
0
2/ 079 pu(s, Xs) - as) ds. (9.6)

As g is continuous, (g * p,)n converges to g uniformly on compact sets. It follows from the growth
assumption on g that u” converges point-wise to u. Using that (0rg * p,)n converges in LF([0,T] x R?)
to Oyg as n — 400, we deduce with Krylov’s inequality in Corollary 9.21 that for all ¢ € [0, T

/tIE(atg « puls, X)) ds — /t]E(atg(s, X,)) ds.
0 0

The same holds with the two other integrals in (9.6). Taking the limit n — 400 in (9.6) yields for all
te0,7]

ult, 1) :u(O,,uo)+/tJE(atg(s,Xs))ds+/OtIE(8xg(s,XS)~b3) ds

2/ ng)as)ds.

In the general case, when the dependence in p of the function u is not explicit, we cannot apply Krylov’s
inequality. Indeed, consider a function w : [0, T] x P2(R%) — R such that, for all u € Pa(R?), u(-,pu) €
WLk([0,T]). In It6’s formula for u, as in the classical formula, there should be the term [j dyu(s, f15) ds.
The assumption does not imply that this term is well-defined. One possible hypothesis is to assume that
for all compact K C Pa(R?), sup exc [Ou(-, )| € L1([0,T]). Following our strategy to prove Ito-Krylov’s
formula, we would consider the mollified version of u defined by u™(t, u) := u(-, u * pl) * p2(t), where
(pL)n and (p2),, are mollifying sequences on R? and on R respectively. Assume that we have proved It6’s
formula for «™. In order to take the limit and deduce 1t6’s formula for u, we would like to show that

T
| 100G 501+ p2(5) = Druls, )l ds = 0.
0

However, this convergence is not obvious in the general case since the presence of us prevents us from
using the classical results on convolution and we cannot apply Krylov’s inequality if the dependence in

the measure argument is not linear.
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9.4 Preliminaries

9.4.1 Krylov’s inequality and densities.

The key element to prove the theorem is Krylov’s inequality. We recall it in the next theorem taken
from [Kry09] (see Theorem 4 in Section 2.3).

Theorem 9.20 (Krylov’s inequality). Let b : RT xQ — R? and o : RT x Q — R¥% be two progressively
measurable functions. We assume that p,dy > d. Moreover, assume that there exists K > 0 and 6 > 0
such that

(A1) V(t,w) € RT x Q, |bs(w)| + |ot(w)| < K
(A2) V(t,w) € R x Q, VA € R, a(w)\ - X > §|\|?, where a = oo*.
For Xy a R%-valued Fy-measurable random variable, we define the Ité process X = (Xy), for allt € [0,T],
by
t t
X :X0+/ bsds—i-/ o5 dBs.
0 0

Let A > 0 be a positive constant. Then, there exists a constant N = N(d,p,\,d, K) such that for all
measurable function f: Rt x R - R

E [ e If(t X0 dt < NIl ok
We will use the following corollary for a finite horizon of time.

Corollary 9.21. If b and o satisfy Assumptions (A) and (B), there exists Ny = N1(d,p, 0, K, T) such
that for all measurable function f:[0,T] x R? — R, we have

E/ ) ds < Nil fll Lo+1 (0,77 xRey-

Proof.  We set by = by and o, = op for t > T to guarantee that Assumptions (A1) and (A2) are
satisfied, without changing the process X on [0, 7). It remains to apply Krylov’s inequality to f(t,z) :=
f(t,7)lco,), which gives the existence of N1 = Ni(d, p,d, K) such that

TR / (s, Xs) ds < Ni|l £l o1 (o 17 xma) -
]

Krylov’s inequality also provides the existence of a density with respect to the Lebesgue measure for
s, the law of X, for almost all s € [0,T].

Proposition 9.22. Under Assumptions (A) and (B) on the coefficients b and o, there exists a function
p e L'([0,T] x RGRY) N LA ([0, T) x R RT) such that for all f - [0,T] x RS — RT measurable

/T Ef(s,Xs)ds = / f(s,2)p(s,x)dx ds. (9.7)
0 [0,T]|xR4
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If T is a stopping time such that (Xt).ejo,) belongs to Br almost surely on the set {7 > 0}, then

]E/ s)ds < /[O,T]XBR f(s,x)p(s,x)dxds. (9.8)

Moreover, for almost all s € [0,T], ps = L(Xs) is equal to p(s,-) dz.

We give the proof for the sake of completeness.

Proof. = We denote by p the push-forward measure of A®P, where \ is the Lebesgue measure on [0, 77,
by the measurable map (¢, w) € [0, T]xQ = (¢, X;(w)) € [0, T] xR? defined, for any A € B([0, T])@B(R?),
by

T
= / E14(s, Xs)ds.
0

Note that p is a finite measure on [0, 7] x R?. The monotone convergence theorem and Krylov’s inequality
ensure that for all f : [0, 7] x RY — Rt measurable

T
/ Ef(s, Xs) ds :/ f(s,2) du(s, z) < O fll Lot o, xray-
0 [0,T]xR¢

Taking f = 14, for A € B([0,T]) ® B(R?) with Lebesgue measure 0, we deduce that u(A) = 0. Thus y is
absolutely continuous with respect to the Lebesgue measure on [0, 7] x R%. Radon-Nikodym’s theorem
provides the existence of p € L([0, T]x R%; R*) such that for all measurable function f : [0, 7] xR¢ — R

T
/ Ef(s,Xs)ds = / f(s,z)p(s,z)dx ds. (9.9)
0 [0,T]xR4

Krylov’s inequality exactly proves that the map f € L4T1([0,7] x R?) ) f(s,x)p(s,x)dzds is
[0,T]xR

a continuous linear form. Since the dual space of L*1([0,T] x R?) is L(1'([0,T] x R%), p belongs to
LD ([0, T] x RY).

To prove (9.8), it is enough to notice that

E/ f(s, Xs) ds<E/st)lBR(X)ds

Next, we establish that for almost all s € [0,T], us = p(s, ) dx. We fix s € [0,T], n > 1 large enough and
A € B(R?). Applying (9.9) with f = 1js_1/n,s+1/nx A, and using Fubini-Tonelli’s theorem, we deduce

that
n [stl/n s+1/n
f/ P(X; € A)d / /p(t,x)d:vds.
2 s—1/n s—1/n JA

Since t — P(X; € A) is bounded and as Fubini’s theorem implies that ¢ — [, p(¢,z) dz belongs to
L([0,T)), it follows from Lebesgue differentiation theorem (see Theorem 7.7 in [Rud87]) that for almost
all s € [0,T]

P(Xs; e A) = /Ap(s,m) dzx.

We denote by R the set of all Borel sets in R? of the form ngl]ai, bi[, with a; < b; two rational numbers
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for all 4. The set R is at most countable, thus for almost s € [0, 7]
VAER, P(X,cA)= / p(s, z) dz.
A
The monotone class theorem enables us to conclude. O

Note that for almost all s € [0,T7], p(s,-) € L4+ (R?) using Fubini-Tonelli’s theorem. We deduce
the following corollary.

Corollary 9.23. For almost all s € [0,T], us € Z(R%).
We now prove two lemmas dealing with the integrability of the density p.

Lemma 9.24. Let p be the density given by Proposition 9.22. Then for all k > d + 1

5 € [0.T) = [Ip(s, )| o oy € L([0, 7).

Proof. Using Jensen’s inequality since % =k — 1 > d, we obtain that

/OT (/de(s, z)¥ dm) s = /OT (/de(s, o) (s, z) dx) ¥ s

T k ’
§/ / p(s,z)aw F =D+ gz gs.
0 JRd

By definition of the conjugate exponent, we get

T k K —1 1 T 1
/ / p(s,x)W( D+ gz ds :/ / p(s,z)at! da ds,
0 R4 0 Rd

which is finite since (d+ 1) =%+ 1 and p € LD ([0, T] x RY). O

Lemma 9.25. Let p and q be two densities of two Ité processes of the form (9.1) and satisfying (A)
and (B) given by Proposition 9.22. Then for k,«a € N such that k > max{d + 1,d(« + 1)}, we have

T
(5.5 gy (5, Vo s < 0.

Proof. Owing to Lemma 9.24, the function s — ||g(s, ')HL’“/(]Rd) belongs to L([0,T]) N L*/4([0,T)).

Using Holder’s inequality, the proof is complete once we prove that s — |p(s, )|}, (R4) belongs to
/
L"([0,T1]) for some r > (%) . Lemma 9.24 ensures that s — ||p(s, ')H%k’(Rd) € Lﬁ([O,T]) thus we have
/
to prove that (g) < %. This is equivalent to our assumption k > d(a + 1). U

9.4.2 Classical results on convolution and regularization.

Fix p € [1 4 oo[. We will need the two following basic lemmas, which we recall for the sake of clarity.
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Lemma 9.26 (Convolution). - For all f € LP(R?) and for all g € L (RY), the convolution f * g is
well-defined and belongs to LP(R?). Moreover, we have ||f * g|lr» < ||fllzellgl 1.

- For all f € LP(RY) and for all g € o (RY), the convolution f * g is well-defined and belongs to
L>®(R%). Moreover, we have ||f * g||z~ < I fllzellgll e

Lemma 9.27 (Regularization). Recall that (pn)n is a mollifying sequence.
- Let f € L} (RY) and p € C°(RY). Then f* p € C°(RY) and Ya € N, 9%(f  p) = f * 0%p.

loc

- If f € LP(RY), then f  py L, f, and if f € CO(RY), f * p, — f uniformly on compact sets.
- If f e LP (RY), then for all R >0, f * p, — f in LP(BR).

loc
The following proposition will also be useful.
Proposition 9.28. Let f € CO(RY) be a function admitting distributional derivatives of order 1 et 2 in
L} (RY). Then f * p, € C*(RY) and for alli,j € {1,...d}

loc

{ 8acz(f*pn) = aaclf*pn
8$i$j(f*pn) = aﬂ?il’jf*pn'

The next lemma deals with the convolution of a function f € LP with u € P(R?).

Lemma 9.29. Let f € LP(R?). Then u € P(RY) = fx u € LP(RY) is continuous.

Proof.  Note that the convolution f * u is well-defined as an element of LP(R?) thanks to Jensen’s

inequality which shows that
vf € LP(RY), Vi € P(RY), [|f # pll oo < | fllir-

Let (pn)n be a sequence of P(RY) weakly convergent to p € P(R?). Using Skorokhod’s representation
theorem (see Theorem 6.7 in [Bil99]), there exists a probability space (', F/, '), a sequence of random
variables (X,,), converging P’-almost surely to a random variable X such that, the law of X, is p, for
all n and the law of X if u. For any a € RY, let us denote by 7,f the translation of f defined, for all
z € R by 7,f(x) := f(x — a). Jensen’s inequality and Fubini-Tonelli’s theorem yield

I 5= il = [ B = X,) = fla = X)) da
< [ B X) = f@= X)) do
=E'(||rx,—xf = fli7s)-

It follows from the almost sure convergence of (X,,), to X and the continuity of the translation operator
in LP that ||7x,-xf — fl[5», == 0. Moreover, the inequality

17, —x f = e < 227 (llrx,—x F e + 1 £170)

= 2" f1%es

enables us to conclude with the dominated convergence theorem. O
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9.4.3 Convolution of probability measures

Lemma 9.30 (Contraction inequality). Fiz u,v,m € Po(R?). Then, we have

Wo(p s m,v*m) < Wa(u,v).

Proof. Let m € Py(R?xR?) be an optimal coupling between x and v. We consider a couple of random
variables (X,Y) with law 7, and a random variable Z independent of (X,Y) with law m. The law of
X + Z being p x m and the law of Y 4+ Z being v x m, one has

Wapxm,vsxm) < (X +2) = (Y + Z)| 2 = Wa(p, v).

The next corollary follows from the fact that p, Wa, do-

Corollary 9.31. For all pn € P2(R?), p* py Wa, L.

9.4.4 Measurability

We will need the following lemma, to guarantee that, for u € Wi(R%), we can find versions of 81,(%1
and 833% that are measurable with respect to (u,v) € Z(R?) x R?,

Lemma 9.32. Let u : E — L*(R?) be a continuous function, where E is a metric space and k > 1.
Then, for all x € E, we can find a version of u(x) such that (z,v) € E x R? s u(x)(v) is measurable
with respect to B(E) @ B(RY).

Proof. For (z,v) € E x R%, we define

1
i(z,v) = lim

ntoo M(B(v,1/n)) ~/B(v,1/n)U(x)(y) dy = lim u"(z,v),

n—-+00

where A denotes the Lebesgue measure on RY. From Lebesgue differentiation theorem (see Theorem 7.7
in [Rud87]), we deduce that for all x € E, u(x, ) = u(z) A-almost everywhere. We prove that for all
n > 1, u" is continuous. Note that W does not depend on v. The continuity of u™ follows from
the continuity of # € E — u(z) € LF(RY), v € R = 1p(,1/n) € L¥(R%) (coming from the dominated
convergence theorem), and of (f,g) € L*(R?) x L¥ (R?) = [oa fgda. O

9.5 Proof of Theorem 9.7

The proof will be divided into three parts. Step 1 is dedicated to prove that all the terms in
It6-Krylov’s formula (9.3) are well-defined. In Step 2, we regularize u by convolution of the measure
argument with a mollifying sequence (py,),. The effect of replacing u(p) by u(u * p,) is that the linear
derivative is regularized by convolution, in its space variable. Then, we apply the standard It6’s formula

307



Partie III, Chapter 9 — It6-Krylov’s formula for a flow of measures

for a flow of measure. We finally take the limit n — +o00 in Step 3 with the help of Krylov’s inequality.
Step 1: All the terms in (9.3) are well-defined.
Let us show that the two integrals in (9.3) are well-defined.

Measurability. Thanks to Lemma 9.32, we can find a version of 81)(?—:7‘1 which is measurable with respect
to (u,v) € Z(R%) x R To conclude, we prove that s — us € 2(R%) is measurable. Indeed if it is the
case, the function (s,w) € [0, 7] x Q + 0y 2% (1s)(Xs(w)).bs(w) will be measurable by composition. First,
note that us € 2(R?) for almost all s € [0, T (see Corollary 9.23) so we can change 15 on a negligible set
of times s to ensure that ps € 2(R?) for all s € [0, T]. But ps = nll)rfoo fs*py, for d e by Assumption (H2)

in Definition 9.3. It remains to show that s — pg * p, € Z(R%) is continuous and thus mesurable for all

n. This follows from the continuity of s — s € P2(R?) and also from Assumption (H1) in Definition 9.3.

Integrability. We can omit the coefficients b and a to prove the integrability properties because they
are uniformly bounded. Taking advantage from the existence of a density coming from Proposition 9.22,
we have by Holder’s inequality

ou

E 8 r— ,U X as = 3 7“ M i p S, T dﬂf dS
/ v Sm( s)( s) / /d v sm( S)( ) ( ) )
= au m Us k(R p(s, k/(Rd) ds

T
< [0 (1 ()5 ) 5, gy s

for some constant C' coming from Assumption (2) in Definition 9.5 because the flow (us)s<7 is compact
in P2(RY) and belongs to Z2(R?) for almost all s. The last bound is finite thanks to Lemma 9.24 since
k > max{d(a+ 1),d + 1}. The same properties hold for the term involving 83(%.

Step 2: It6’s formula for the mollification of u.

For n > 1, we set u” : u € Po(R?) — u(p * p,). By standard arguments, for each n > 1, u™ has a

linear derivative given by

(00) = [ 3 pu) @)l = ) = 5 pu) * pue).

aom

o
om

Now, we aim at applying the standard Ité formula for a flow of probability measures (see for example
Theorem 5.99 in Chapter 5 of [CD18a] with the L-derivative) to u™ for a fixed n > 1.

(i) Regularity of ?—mn(u) for a fixed ;€ Po(R?). Since for all u € Po(R?), p * p, € P(RY),
Proposition 9.28 implies that ?‘—mn(u)(.) € C>®°(RY) and for all i,j € {1,...,d}

oum ou ou” ou

Ou; 5~ (1) = Oy 5 (px pn) % pr - and  Oyyv; (1) = Oy, 5 — (1% pn) * P

“om

(ii) Continuity of &,% and 85‘35% with respect to (u,v). Let i € {1,...,d}, (ttm)m € Po(RHN
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and (vp)m € (RHN be sequences converging respectively to p and v. We have
ou” ou™
avz-%(ﬂm)(vm) - 8111%(#)(”)

ou ou”

avi%(ﬂm)(vm) - 31)1-%

ou ou™

Oy, Sm (1) (vm) — Oy, Sm

(1) (v)

(1) (o) +

=: D1+ Do

Dy converges to 0 when m — 400 by (i). For Dy, the convolution inequality L* « L*" gives that

ou ou
Dy =00, 5™ (i 0) () = 00 5™ 1 ) ()
<o, b

vig (Mo * pn) — Oy, o, (1 * pn) L HPnHLk’-

Assumption (H1) in Definition 9.3 provides that i, * p, LEA i * pp, when m — 4-o0. Finally, using the
first assumption in Definition 9.5, we conclude that D; converges to 0 when m — +o0o. This shows the

continuity of 81,% on P2(R%) x R?. The same reasoning proves the joint continuity of 83%“—7:.

(iii) Boundedness of 81]‘?”—“: and 83%%. Let K C P2(RY) be a compact set. For u € K and v € R?,
one has

ou”

ou” ou
“om

Dy Oy, 5, (1 * pn)

(1) (v)

S ‘

i HPnHLk’-

The set {u % pn, 4 € K} is compact in (2(R?),ds) as the image of the compact K by the application
i € Po(RY) = o p, € P(R?) which is continuous by Assumption (H1) in Definition 9.3. The first
81,1.(%(” * pn)‘ < 400 and thus

assumption in Definition 9.5 guarantees that sup,,cx ’

Lk(R%)

2.5 () (v)

sup sup
veRE pekl

< 00.

The same property holds for 63%.

We can thus apply It6’s formula of [CD18a] to obtain that for all n > 1 and for all ¢ € [0, T

ou™

) =)+ [ B (05 () (X)) ds+ 5 [ B (RS ()X ) s (910)

Step 3: Letting n — +oc.

Our aim is now to take the limit n — +oo in (9.10). As for all pu € P2(R?), u * p, LUEN w and u is
continuous on Po(R?), we deduce that (u"), converges pointwise to u. It remains to take the limit in
the two integrals of (9.10). We show that

/OtJE <av$;l(/«53)(Xs) . bs> ds — /OtE (aviii(us)()(s) ) bs> ds. (9.11)
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Since b is uniformly bounded, it is enough to prove that

e [

By Proposition 9.22, Holder’s inequality and then the L' x L* convolution inequality, one has

ou

:U' * pn) * pn(Xs) - 81)7(/1’8)()(8)

S ds — 0.

ou

E/ Ns * pn) * pn(Xs) — 81,%(;15)()(3) ds
5 du
< — _ . /
= /O Oy vsm (s * pp) — Oy om (1s) i) Ip(s, )HLk (R4) ds

ou ou
8@%(#5) * Pn — av%(/h) AR

2 Ip(s, ')”Lk’(Rd) ds
=11 + Is.

The integrand in I; converges to 0 for almost all s using Assumption (1) in Theorem 9.7 and the fact

that ps * pp LEN s for almost all s thanks to Assumption (H2) in Definition 9.3. Let us now prove that
the dominated convergence theorem applies. The integrand is bounded by

ou

ou
av%(ﬂs * pn)

L) + ’ av%(/%)

)] Hp(s”)”Lk’(Rd)‘

sup
n>1

Note that the set {15 * pn, s € [0,T], n > 1} U {us, s € [0,T]} is compact in Pa(R?). Indeed, if (si)x €
[0, 71N and (ny)x € NY are two sequences, we have to find a convergent subsequence from (s, * pn, )k-

Lk (Rd

Up to an extraction, we can assume that (sx)x converges to some s € [0, 7. There are two cases. If there
exists [ such that n; = [ infinitely often, then us, * p; Wa, s * p; by the contraction inequality (see
Lemma 9.30). Otherwise, we can assume that (ng); converges to +00. We use the triangle inequality to
get

W2(Msk * Py ps) < W2(Msk * Pnyy Bs * Pnk) + Wa(ps * pnknLLS)-

The last term converges to 0 owing to Lemma 9.31, and the first is bounded by Wa(us,, fts) by the
contraction inequality (see Lemma 9.30), which converges to 0. Thus Assumption (2) in Definition 9.5
ensures that there exists C' > 0 such that for almost all s € [0,7] and for all n

It follows from the convolution inequality L* % L' that for almost all s

ou
av% (/’LS)

ou o o
8@%(“5 * Pn) C(1+|Ip(s,-) * pTLHLk’(Rd) + [Ip(s, ’)HLk'(Rd))-

|

Lk (R4) Lk(RY)

ou
+ 81)7 S
sup - ! 5 Hs)

<201+ Ip(s; e gy 1P(s, )l v ay

ou
av%(ﬂs * Pn)

)] ||p($, ')HLk’(Rd)

LF(Rd

which is integrable on [0,7] thanks to Lemma 9.24 since k > max{d(«a + 1),d + 1}. We conclude by
the dominated convergence theorem that I; converges to 0. The term I3 also converges to 0 following
the same method. Indeed, for almost all s, 0, 2% (us)(-) € L¥(R?) thus the integrand converges to 0
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9.6. Proof of Theorem 9.16

by Lemma 9.27 and we conclude with the dominated convergence theorem. Therefore (9.11) is proved.
Following the same lines, we take the limit n — +o00 in the last integral of (9.10) to obtain that for all

te0,T]
B (25 o) s [ (9250 00X -0 .

This concludes the proof of Theorem 9.7. O

9.6 Proof of Theorem 9.16

The strategy of the proof is the following. In Step 1, we prove some integrability results coming
from Assumption (5) in Definition 9.14. Step 2 is devoted to prove that all the terms in It6-Krylov’s
formula (9.5) are well-defined using a localization argument, Krylov’s inequality, and Step 1. Moreover,
we see that it is enough to prove the formula up to random times localizing the process £. Step 3 is
dedicated to regularize u using convolutions both in space and measure variables. In Step 4 and 5,
we follow the strategy of the proof of Theorem 5.102 in [CD18a] to prove It6-Krylov’s formula for u”,
the mollified version of u. Finally, Step 6 aims at taking the limit n — +oo thanks to Krylov’s inequality.

Note that there are three kind of integrals in It6’s formula (9.5): the terms involving standard time
and space derivatives in the first line, those involving the linear derivative in the second line and the
martingale term in the third line. We will treat them separately.

Step 1: Useful integrability results.

It follows from Assumption (5) in Definition 9.14 and Lemma 9.25 that for any M > 0 the following
quantities are finite:

(s )|

T
LMM%=A Fqu<H%*%>

n>1

(9.12)

T
To(M) s= [ sup [0ru(s, 1 ) s, 5, ) gy s

n>

T Su
To() = [ sup | 0,5 (5,1 ) )

n>1

s [

n>1

€5,y g 12055 gy 5

L*2(Bp; xR4)

9 0U
O35 (5,115 ) ) 15 1 3, 195 I e 5

LF2 (B xR4)

To prove this, we follow the method employed in Step 3 of the preceding proof to justify the dominated
convergence theorem. We just give details for Jo(M) since it requires a bit more attention. Owing to
Assumption (2) in Definition 9.14, we know that for all (¢, ) € [0,T] x 2(R?), d,u(t,-, u) € WHk(B).
Sobolev embedding theorem (see Corollary 9.14 in [Brel0]) ensures that the embedding W1*1(B,) «—
L?¥1(Byy) is continuous since k; > d + 1. Thus there exists C' > 0 such that

Vit e [07T]7 Vi € ‘@(Rd)7 ”aﬂfu(tv '7M)HL21€1(BM) <C (Haﬂ?u(t7 '7U)HL’“1(BM) + Hagu(t7 'Hu’)HLkl(BM)) :
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Thanks to Assumption (5) in Definition 9.14, there exists a constant Cjs > 0 such that for almost all s
and for alln >1

2 2001
ilé[l) Haxu(s, *5 s * Pn)Hszl(BM) <Cu (1 + Hp(sv .)HLk/l(]Rd)) )

where we used the fact that {ps*pp, s € [0,T], n > 1} is relatively compact in P2(R?) and the convolution
inequality L* x L'. We conclude with Lemma 9.25 since ki > max{d(2a; + 1),d + 1}. Note that these
integrability properties remain true if we replace ps * pp, by ps and remove the supremum. We justify
it only for the second point. It follows from the continuity assumption (2) in Definition 9.14 that for

almost all s € [0, 7]
WhkL(Byy)
—>

8$u(57'aus *pn) 8Iu(s"wu’s)’

because ps * pp LEA ws for almost all s. Sobolev embedding theorem guarantees that

10zt - 1% pa) [ 21 3y = (0ztults s )l 201 (3,

Thus we obtain

T
2
| 10, 1) sy 0052, 5 < T2D) < 400,

Step 2: Meaning of the terms in (9.5) and localization.
Let (Tas)ar be the sequence of stopping times converging almost surely to 7" defined by
Ty = inf{t € [0,T], |&| > M} AT.

Let €M = &a7,,, which is bounded by M on the set {Ty; > 0}.
(i) Terms involving standard derivatives in (9.5). We prove that almost surely

T
/ |0z u(s, &s, 1ts) - Ms| ds < +00.
0

By Proposition 9.22 and Hoélder’s inequality, one has

TN T
E [ sl &p)lds < [ (ou(s,a ) lals,2) do ds
0 0 JBum

T
< [ ot s llats: M g s
< JI(M)a

which is finite (see (9.12) in Step 1). We deduce that almost surely, for all M > 1

TNANT v
[ toeuts, o) ds < oo.
0

But it is clear that for almost all w € © and for M bigger than some random constant M(w) > 1,
Ty (w) = T. Thus, since n is uniformly bounded, f(;[ |0zu(s, s, its).ms| ds is finite almost surely. The
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9.6. Proof of Theorem 9.16

other terms in the first line of It6’s formula (9.5) are treated with the same method.

(ii) Martingale term in (9.5). We need to prove that fOT |0:u(s, &, ps)|? ds is almost surely finite.
Reasoning as before, it is a consequence of the fact that Js is finite since we have

T
10, 1) sy 0052, 5 < (D)

Therefore the martingale term in (9.5) is well-defined.

(iii) Terms involving the linear derivative in (9.5). We remark that X and & can be seen as
independent processes on the product space Q x Q with £(X,) = p(s,-)dz and L(&,) = ¢(s,-) dz for
almost all s. Holder’s inequality gives that

T/\TM -
=,
/ \/BA{ xRd

o 2 o)

- JS(M)7

( §s,us)(Xs) ds

v 5 (s, us)(v)| q(s,2)p(s,v) dx dvds

ooy 1765 Mt 65 gy

which was defined in (9.12) and is finite. We deduce as previously that [,
2 6u

TE |0y 2% (s, &5, p1s) (Xs)-s

is almost surely finite. The term involving 05+ is dealt similarly.

Since all the terms in (9.5) are well-defined, it is enough to prove It6-Krylov’s formula for
w(t A Thar, &atyy s HenTy, ) @lmost surely for all ¢ € [0,77], and then take the limit M — +oo using the
continuity of the integrals in 1t6-Krylov’s formula with respect to t. So we fix 7 := Ty for M > 1 and

we want to prove the formula up to time 7.
Step 3: Mollification of u.

Let u™ be the function defined by u™(t,z, ) = u(t,, u * pn) * pn(x). It is clearly continuous on
[0, T] x R? x Po(R?), as u. Since dyu is jointly continuous, it follows from Leibniz’s rule that u™ is C! with
respect to t and that we can differentiate under the integral i.e. for all (,z, ) € [0,T] x RY x Py(R?)

atun(ta z, ,LL) = 8tu(t7 s x pn) * Pn(x)7

which is also jointly continuous. As a result of Lemma 9.27 and Proposition 9.28, u™ is C? with respect

to x and we have

Ot (t, @, 1) = Opult, -, p* pn) * pp(x) and  Dou™(t,x, 1) = Oou(t, -, ju* pp) * ().

These two functions are continuous on [0, 7] x R? x Py (R) by the dominated convergence theorem and
the fact that u is jointly continuous. We define g, by g (z,v) := pn(z)pn(v) for all z,v € R%. Tt is easy to
see that (g, ) is a mollifying sequence on R2?. Next, we claim that for all (¢,2) € [0,T] x R, u"(t, z, )
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has a linear derivative given by

du" J

St p)(v) = =t p)() * (). (9.13)
This convolution is well-defined as 5—“ is jointly continuous. To prove (9.13), note first that the bound
of Assumption (3) in Definition 9.14 1mplies that for all (¢,z) € [0,T] x RY, ‘f;jn (t,z,u)(-) is at most of
quadratic growth, uniformly in g on each compact set. Since for all (t,z) € [0 T] x RY, U (g 3 )(-) is
continuous on P (R?) x R?, the dominated convergence theorem proves that 3 (,z,)(-) is continuous.

As explained in Remark 9.2, it is enough to compute, for u,v € Pg(]Rd) and )\ € [0,1], the derivative
with respect to A of u™(t,x,my), where my = A+ (1 — A)v. As recalled in the proof of Theorem 9.7,
when (¢, z) are fixed

%u(t T,my * pp) = /d ;u (t,z,my * pp) * pn(v) d(p — v)(v).

Thanks to the bound Assumption (3) in Definition 9.14 for all compact K C R%, one has

<cC <1 4 /Rd o2 d( + l/)(v)) |

We can conclude with the help of Leibniz’s rule and Fubini’s theorem that

iu(tmm * Pn)
d\ y Ly TN * Pn

sup sup
z€K Xe[0,1]

d , B ou _
Y (t,z,my) = /]Rd 5—m(t, Mk pp) * pp(z,0) d(p — v)(v).

It follows from the joint continuity of - and Leibniz’s rule that 551;: is C? with respect to v and that

ou” ou 5 _, Ou -
av%(taxaﬂ)(v) - %(tv sk Pn)() * vpn(x,v) - 811%(757 ek pn)() * pn(m,v)

O by )(0) = 5 pu)() 5 O, 0) = DR (1 ) () % i)

Note that 0, ‘fs” and 82— are continuous on [0,7] x R? x Py(R?) x R? thanks to the dominated
convergence theorem and the joint continuity of g—;. Moreover for all compact K C P2(R?) and for all
M >0

sup sup sup sup &,@(t,x,u)(v) 825 (t,z,p1)(v)| < 4o0. (9.14)
t€[0,T] pek |z|<M verd | OM Y om
Indeed, Hoélder’s inequality ensures that
s s |0, ) 0)] + |9 00
< Uc’?véu(t,-,u*pn)(-) +‘335u(t,-7u*pn)(-) ] 160l k4 2ay s
om L*2(Bpyy1 xRY) om LF2 (B xRY) L™2(R29)

the ball Bjs4+1 coming from the fact that the support of gy, is included in Bj. Since K * p,, is compact in
Po(R?) and included in £2(R?), Assumption (5) in Definition 9.14 ensures that there exists C' > 0 such
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that for all p € IC

n

ou
av%(ta z, M)(’U)

125 12, )0

sup sup sup

<C 1+Hd“*”” "
t€[0,7] |z|<M veRd -

dr ||p* (Rd)> I9n] (R24)”

But we know that %(x} = /]Rd pn(x —y) du(y). We conclude with Jensen’s inequality that

< llpnll

H dp * pp || *?
L*2 (Rd) L*2 (R’

dx

This proves (9.14).

Step 4: It6’s formula (9.5) for v when the coefficients b and o are continuous.

We claim that (t,2) — U™(t,z) := u™(t,z, u;) € CH2([0,T] x R?). The regularity with respect to x is
clear with the preceding properties on u™. Let us thus focus on the regularity with respect to the time
variable. For (t,x) € [0,7] x R? fixed, the regularity assumption on u with respect to ¢ and the standard
It6 formula for a flow of measures applied to u"(¢,z,-) (see Theorem 5.99 in Chapter 5 of [CD18al)
ensure that we have for h € R satisfying t + h > 0

un<t + h, z, ut+h) - un(ta Zz, Mt) = un(t + h? xz, :U’t+h) - un(t7 xz, MtJrh) + un(tv z, MtJrh) - un(tv Z, Mt)

t+h t+h Sum
= / O (s, x, pyrp) ds +/ E (8U(t,x,us)(XS) . bs) ds
t ¢ om
(9.15)

2/t+h (82 (t,z, ps)(Xs) - as> ds.

The function (s, z, 1) € [0,T] x R x Po(R?) — dyu™(s, x, i) is continuous so

t+h
—/ O (s, x, pyrp) ds — Opu"™ (t, x, fug).
h t h—0
The two other terms in (9.15) can be dealt similarly. Indeed, the dominated convergence theorem justified

by (9.14) ensures that the functions (s,z) € [0,7] x R? E(@U?‘—mn(s,x,us)(Xs)bs) and (s,z) €
[0, 7] x R i E (825“ (s,z, ps)(Xs) - as) are continuous. Then, it follows that U™ € CY2(]0,T] x R%)

v om

and that for all (¢,z) € [0,7] x R?

du™ )
U™t ) = S (t, x, ) + E <8v(;:n(t,x,pt)(Xt) : bt> +:E (82 5“ (t, 2, i) (Xe) - at> .

We can now apply the classical It6 formula for U™ and &, up to the random time 7 defined at the end of
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Step 2, to obtain that almost surely, for all ¢ € [0, T

tAT 1
un(t A T, ét/\Tv Ht/\T) - un(o’ gOa ,U'O) + 0 Btun(sa 587 ,us) + axun(s) 'Ssa HS) *1s + 5833””(5) fsa Ms) : ’YS’Y: dS

tAT _ Su L - 1 [N - 5 ou™ S~
+ /0 E(avm@,gs,us)(m-bs) ds + /O E(aym<s,ss,us><Xs>-as) ds
(9.16)

tAT

+ 0 aéﬂun(‘s?gsaﬂs) ’ (’YS dBS)

Note that (9.16) does not require Assumptions (A) and (B) on the Ité process X. These assumptions
will only be used in Step 6.

Step 5: Removing the continuity hypothesis on the coefficients b and o.

We consider (b™),, and ("), two sequences of continuous and progressively measurable processes
such that

T
u-«:/ 17— by|% + |07 — 0|  ds — 0.
0

We set, for t < T, X{" := Xo + fg bt ds + fg o' dBg, and pi" the law of Xj". Owing to Step 4, Itd’s
formula (9.16) holds true for X™ and {. Now, we aim at taking the limit m — +oo in (9.16). Note
that the set K := {u™, s < T, m > 1} U {us, s < T} is compact in P2(R?). Indeed, using Jensen’s

inequality and the Burkholder-Davis-Gundy (BDG) inequalities, it is clear that Esup|X;™ — X|*> — 0,
t<T
thus sup Wa(ui”, ) — 0. We deduce that almost surely, for all ¢ € [0, 7]
t<T

un(ta étu /*’L;n) mjoo un(t7 €t7 ,LLt)

Now, we take the limit m — 400 in the integrals in Ité’s formula (9.16).

(i) Martingale term in (9.16). Using BDG’s inequality, there exists C' > 0 such that
2

E sup
t<T

TAT
< CE/O |0 (5, €, 15") — Do (5,6, 1) [P ] ds

tAT
/0 (D" (5, €y 1) — Dy (5, &, 1)) - (75 ABy)

T
< CE /O 105t (5, €9, 1) — Dtd™(, €, 115) 2L, (€)s 2 .

The dominated convergence theorem can be applied since =y is bounded and d,u™ is jointly continuous
on [0,7T] x R% x Py(R?). It shows that, up to an extraction, almost surely

tAT tAT

vt <T, 8xun(37 657 MT) : ('75 st) — 8xun(57 557 NS) : (’Ys st)‘
0

m—+oo Jo
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(ii) Terms involving the linear derivative in (9.16). Let us write

n

174\ ~ ~ tAT n ~ ~
‘/ & (8UM(5,§5,;L§”)(X§”)-Z)Q¢> ds—/ & (8UM(5,§5,MS)(XS)-I)5) ds
0 ) 0 om

m

g o, 2" “m)| b — b, d
< m m mo__
_/O E U&m(s’fs’us )(Xs )‘| S 5| s
TAT - (5“” m ~m (Sun ~ ~
‘|‘/0 E av%(sag&us )(Xs ) - avw('S?gS?Ms)(XS) ’b3| ds

=11 + I

Cauchy-Schwarz’s inequality ensures that

TAT _ 2 1/2 T ~ 1/2
I < (/ E ds) (/ E\b;”—bs|2ds> .
0 0

We conclude that I; converges to 0 thanks to the bound (9.14) proved in Step 3 and since & is bounded
by M on the set {7 > 0}. To show that Iy — 0, we use the fact that b is bounded by K to get

TAT _
IQSK/ E
0

ou”

811%(57 557 Hgn)(‘){sm)

ou” - oum

Op——(5,&s, 3" ) (X) — av7(3=§S7NS)<XS)

om om ds.

The continuity of av% and the convergence in L? of (X7),, to X, ensure that for all w € Q,

av%(&fs(‘*}%ﬂgn)(xgn) - 67}%(3755(0”)7#5)()28)
infinity. Using a uniform integrability argument coming from (9.14), we deduce that I converges to 0.

converges in probability on Q to 0 as m goes to

Following the same strategy, one has for all ¢ € [0, T

tAT 25un m ~ _ tAT 9 ~ ~
/0 E (87)%(57587/{9 )(Xs ) T Qg ) ds m—>—+>oo /0 E <8v Sm (Sagsaﬂs)(Xs) : as) ds.

(iii) Terms involving standard derivatives in (9.16). It follows from the dominated convergence
theorem that almost surely, for all ¢t < T

AT n m n m 1 T 2. n m *
/0 (8tu (87587/1’3 )+8xu (3,€S,HS ) 778) dS—i_iA azu (87687/1’5 ) *YsVs ds
tAT

tAT 1
7 / (Oru (8, &5y prs) + Opu™ (5, &, 1s) - ms) ds + 5 agu"(s, Ess 1hs) = Vs ds.
m——+oo Jo 2 0

Indeed the functions dyu™, d,u™ and G2u™ are jointly continuous on [0,7] x R x Py(R?) and thus uni-

formly bounded on [0, 7] x By x {ul*, s € [0,T], m > 1}. Moreover, n and «y are also uniformly bounded.
This concludes Step 5.
Step 6: Letting n — +o0.
From Step 5, we deduce that 1t6’s formula (9.16) in Step 4 holds for u™ up to time 7. To conclude the
proof, we need to take the limit n — 400 in each term of (9.16). Then it remains to remove the stopping

time 7 as explained at the end of Step 2 (i.e. letting 7 — 7). The continuity of u ensures that al-
most surely, for all ¢t <T', u™(¢, &, pe) — u(t, &, ). We now focus on the integrals in It6’s formula (9.16).
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(i) Martingale term in (9.16). Thanks to BDG’s inequality, Holder’s inequality, and the boundedness
of v, we have
2

E sup
t<T

T
< CE/O laasu(& sy s * pn) * pn(gs) - 8$U(S, 557 ,Us)‘Q]-BM (58) ds

tAT
/0 (0™ (5, Eun 1) — Duta(5, € 1)) - (72 dBs)

T
—C [ [ 10suts.ps k pu) 5 pue) = Osuls ) Pas. ) do ds
0 JBum
T
2
< C/o 102u(s, -, fs * pn) * pn — Oru(s, ‘aMS)H[Ph(BM)HQ(Sv ')HLk/l(BM) ds

T
< C/O Haﬂcu(su'vﬂs*pn) *pn_axu(sa'vﬂs) *an%Q’ﬂ(BM)HQ(&')HLk’l(B ds

M)
r 2
40 [ 00t 1) = on = B ) s i, 005, i,
=11+ Is.

We prove that I; and I converge to 0. First note that, due to the convolution inequality L" * L', we
have for f € L] (R%) and for all R > 0, If* pnllr(Br) < [IfllLr(Bryy)- The control on Bryq follows from

loc

the fact that the support of each p, is included in B;. Hence

T ~
L < C/o |0pu(s, -, pis * pr) — Opu(s, -“us)H%Zkl(BMH)Hq(S, ')HL’“ll(BMH) ds =: I.
As a consequence of Sobolev embedding theorem, for all ¢, the function
pe (PRY),dp) — dyult,-, pn) € L>(Byr41)

is continuous. Since s € Z(R?) for almost all s and thanks to Assumption (2) in Definition 9.3, we
deduce that the integrand in I; converges to 0 for almost all s. It follows from the dominated convergence
theorem (see (9.12) in Step 1) that I, converges to 0, as well as I;. We now focus on I. The integrand
in I converges to 0 for almost all s because d,u(s, -, us) € L?1(Bys). We conclude with the dominated
convergence theorem as previously. This shows that, up to an extraction, almost surely

tAT tAT
sup 8mun(37§sa Ms) ’ (75 st) - 0 &Eu(s,gs, MS) ' (’Ys st) — 0.

t<T

0

(ii) Terms involving the linear derivative in (9.16). Following the same strategy, we obtain using
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Hoélder’s inequality

tAT _ Su L - AT ou N
 sup /0 i (av 2 (5o 1s) (X0) bs) ds—/o i (a 2 (5,60, 15) (X) bs> ds
TNAT 5 n - ) ~ ~
<IEE/ 5“ (5, 600 15)(X)-Bs = D (5, €6y 1) (X) b s
u™ ~ - ) ~ ~
<ui [ o sgwmmb—mg%@wmxwmmmww

Oy — 5m 3 x ,Us)( )—@;%(s,xaﬂs)(v)

<c/ /
BMXRd
<C/

The dominated convergence theorem justified by Assumption (4) in Definition 9.14 and (9.12) in Step 1

S st % pn) () — (5, 1) () 105 M1 5 195, gy 5

L2 (B xR4)

62 du

ensures that this term converges to 0. The same argument holds true for the term involving 9; 5.

(iii) Terms involving standard derivatives in (9.16). The convergence of the term involving J;u™
(9.16) follows from the continuity of dyu on [0, T] x R x Py(R?) and the dominated convergence theorem

since almost surely on the set {7 > 0}

sup sup |0u"(s,&s, us)| < sup sup sup |Quu(s,x, ps * pn)| < +o0.
s€[0,T] n21 s€[0,T) n>1 |z|<M+1

For the spatial derivatives, Holder’s inequality ensures that

tAT tAT

xun(S,fs, Ns) s ds — 0 8xu(57553 MS) "MNs ds

E sup

t<T /o

T
<C /0 |0xu(8, -, pis * pn) * pn — Ozu(s, -, )| e (BM)Hq(S’ )HLkll (Bwm) ds.

The right-hand side term converges to 0 with same reasoning as before. This shows that, up to an
extraction, one has almost surely

tAT tAT

8Zu”(s,§s,,u5) “1Msds — a$u(87§87:u’8) “nsds| — 0.

su
b 0 0 n—-+o0o

t<T

The term involving 92u in (9.16) is dealt similarly.

Taking the limit n — 400 in (9.16), up to an extraction, we conclude that almost surely, for all
te[0,7T)

U(t A T, ft/\Ta /‘Lt/\T) = (0 505 MO)

tAT 1 tAT
+/ (Oru(s, &s, ps) + Opu(s, &s, pis) - ms) ds + 5 2 Jo a%“(&fsvl%) “Ys7s ds
TR (0t s ) (R0 8) ds 5 [T (25 ) (R0 ) ds
tAT

+ 0 axu(57€svus) : (75 st)
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This ends the proof as explained in Step 2. O

9.7 Appendix: Proof of the examples

9.7.1 Proof of Example 9.4

(1) Tt follows from the contraction inequality in Lemma 9.30 and Corollary 9.31.
(2) To prove (H1), we fix n > 1 and py; W, p € Pa(RY). For v € Po(R?), the density of v * p,, is
given by
reRY— p,xv(z) = /Rd pn(x — 1) dv(y).

Hence,

¥ (R)

g o o) = | [ pn =) dis(w) = [ ol ~ ) dty)

Using Lemma 9.29, we conclude that di(u; * pp, 1t * pn) —+> 0. For (H2), let p € 2 (RY) and denote
j—+oo
by f € L¥ (R?) the density of . For n > 1, we have

d ’
HE P :f*pngfa
dx

owing to Lemma 9.27.

9.7.2 Proof of Example 9.10

Let us give the detailed proof in the bilinear case N = 2. It is standard (see Example 4 page 389 in
Chapter 5 of [CD18a]) that u has a linear derivative given by

ou

om

(1)(v) = /Rdg(v,y) dp(y) +/Rd9(y, v) dp(y)-

We will only treat the first term since the other one can be dealt similarly.

Computation of the distributional derivatives and continuity: Let p € Z(R?) and f €
LU+ (RY) be its density. By interpolation, we know that f € L (R?) for all 7 > d+ 1. Let ¢ € C°(R%)
and i € {1,...,d}. Using Fubini’s theorem, justified by the quadratic growth of g and the fact that
fdx € P2(R?), we have

L (L s@nswa) oetya = [ go5)5w)oue(e) dyd.

Rd \JRd R4 x R4

Let us define f,(x) = @(]‘13”) * pp(x), for n large enough to have u(B,) > 0. The function f,
is a probability density which is in C°(R?). It easily follows from Lemma 9.26, Lemma 9.27 and the
dominated convergence theorem that

£ and £ (9.17)
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For a fixed n > 1, we have by definition of the distributional derivative

Lo 90 @@ dydo == [ Dug(0.9)fu(m)p(o) dy o (918
Rdx R4 d

RIxR

Our aim is to take the limit n — 400 in both side of the previous equality. Using Fubini’s theorem, the
left-hand side term is equal to

/Rd </Rd 9(v,9)0v,0(v) dv> Fuly) dy.

Moreover, it converges to

[y 00000 (0) ) dydo.
R xR4

Indeed, f, Wa, f and the function y — [gpa g(v,y)0y,¢(v) dv is continuous and at most of quadratic
growth. For the right-hand side term, we prove that

[ s fame@dydo— [ 0ug(0.9)f()e(e) dy do.
Rd xRd Rd xR
Note that the limit is well-defined using Hoélder’s inequality
Lo 10090 ) @) dydo < | flls [ 900)1009(0, )l s sy do

The right-hand side term is finite because v = [|0y,g(v, ")l Lk (ra) € L¥(R%). The same inequality shows
that

/ B0 9(v, 1) (faly) — F(y))p(v) dy do
R xRd

< = Pl ey [, #ON00g 0 lpaaay o — 0

thanks to (9.17). Taking the limit n — 400 in (9.18), we deduce that:

Lo 00 @0up@)dydo = [ 0ug(0.9)f(W)e(v) dydv.
R xR4

R4 xR

Hence, the distributional derivative of v — [pa g(v,y)f(y) dy is given by the function

v [ g0 f) dy.

Moreover, it belongs to LF(R?) because applying Holder’s inequality, one has

o

Note that this inequality and the linearity in f justify that u € (2(R%),dx) = [pa Ovg(,y)du(y) €
L*(R%) is continuous with

k
k k
dv < /Rd |0wg (v, ‘)”Lk(Rd)HfHLk’(Rd) dv

[, dustv.) 1 () dy
Rd

= 11009115 1 a sy | F 42 gy

9,24

om

dﬁ
dzx

Vgl ok (ra xra)- (9.19)

LF(RY) ’ LK (Rd)
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Following the same lines, we show that the distributional derivative of order 2 of %(u), for 4 € 2(R%),
is given by the R%?-valued function

vH/ 29(v, y) dp(y +/8 (y,v) dp(y).

It is also a continuous function from (Z(R%),dy) into L*(R?). Indeed, as previously, we obtain:

Growth property: Using the inequalities (9.19) and (9.20) of the previous step, one has for all
pe PR

The second point in Definition 9.5 is thus satisfied with & = 1 because we have supposed that k > 2d.

dp

ou
2
% dx

vSm

V29| £ (raxra)- (9.20)

LE(RD) ‘ L¥ (Rd)

< |2
Lk (Rd) dl‘

4 [|o22x

Lk(R4) ‘ Yom

= () (1)

1991l ey + 11920 oy -

6m Lk’(Rd) |:

In the general case N > 2, one can show following the same lines that u admits a linear derivative
and that for all u € Z2(R?), its distributional derivative is given for all v € R? by

ou
8 Z/Rd g(x1, .. i1, 0, Tjg1, . xn) dp(zr) . dp(zj—1) dp(zj4q) ... dp(zy).

Denoting by f the density of p and using Holder’s inequality, we obtain as previously that for all
jed{l,...,N}

s

k
= 1109115 oy 111 oy

k
dv

Oz, 9(T1, oy Tj1,0, %541, -+ TN ) dp(r) - dp(w1) dp(xj41) - - dp(zn)
(Rd)N—l

We easily show that u € (Z(RY),dy) — ﬁv%(u) € L*(RY) is continuous and the same properties
hold for the distributional derivative of order two. We deduce that u € Z(R%)

The second point in Definition 9.5 is thus satisfied with @« = N — 1 because we have supposed that
k > Nd.

ou
Yom

d,U/ N-1

ou
2
& dx

vém

(1)

[19) e gy + 192 ] i) -

Lk (R4) ‘ LE(RD) ’ LK (Rd)

g

9.7.3 Proof of Example 9.12

Note that f % u and u(u) are well-defined for y € Po(R?). Indeed, it follows from Sobolev embedding
theorem (see Corollary 9.14 in [Brel(]) that f € C'(R% R) and 9,.f € (L°°(R%))%. Thus f is at most of
linear growth. Since f is continuous and at most of linear growth, it is easy to see that w has a linear
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derivative given by

Vi€ Po(RY), Vo € B 2L (u)(0) = £ (o) + ] * o),

where f(z) = f(—z) (see Example 2 page 386 in Chapter 5 of [CD18a]). An easy computation based on
Fubini’s theorem shows that the distributional derivatives of order 1 and 2 of %(u) are given by

sugy .
Vl,]E{l,,d}’{ avz(sm(u) 81)2,][‘*“—}—6”1!]"*#

8vivj§%(ﬂ) :8vivjf*,u+avivjf*,ua

as elements of LFT1(R?). These functions are continuous with respect to p € P2(R%) owing to Lemma
9.29. It remains to apply the first point in Remark 9.6 to conclude.
(|

9.7.4 Proof of Example 9.13

The function u is well-defined and continuous because Vg € L°°(R%) and is continuous thanks
to Sobolev embedding theorem. Thus g is at most of linear growth. It follows from the continuity of
€ Po(R?) = [ g du that the function u admits a linear derivative given by

d ou

V(o) € PaY X B, 2 0)(0) = o) F' ([ gdn).

We thus have in the sense of distributions
0
Vi € Pa(R), o € RY, 0,5 (n)(0) = Vo) F' ([ gdn).
R

Moreover, the function
0
i€ Po(RY) = 0,5 (u)() € LH(RY)

is continuous because F € C'(R;R) and Vg € L¥(R?). The same reasoning proves that
J
Vi€ Pa(RY, o € R, 022 () () = V29 ()F ([ gdn).
R

and that the function

pe PR o 25 () () € LA (RY)

is continuous. We conclude that u € W (R?) with Remark 9.6.

9.7.5 Proof of Example 9.17

The function u is well-defined and continuous. Indeed, Sobolev embedding theorem implies that
Vg € L*®(R??) and is continuous. Hence g is at most of linear growth. Following the same method as in
the proof of Example 9.10, we obtain that

Vi € PRY), dul / 0,9, y) duly).
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Moreover
dj
dzx

Vue 2(RY), [0zul:, Wl Lr@ay < VYl Lk m2a) L )

This yields the continuity of the function
p € (PRY),dy) — dpu(-, u) € LF(RY).

Moreover, keeping the notations of Definition 9.14, Assumption (2) is satisfied and setting oy = 1,
Assumption (5) is satisfied because we have supposed k& > 5d. The same holds true for 9?u. Since g is
continuous and at most of linear growth, the linear derivative of u satisfies Assumption (3) in Definition
9.14 and is given, for all 2,v € R? and for all u € Z5(R?), by

@ )(0) = gla0).

As Vg € (WHF(R29))? Assumption (4) in Definition 9.14 is satisfied, as well as the growth property in
Assumption (5) with ap = 0.
O

9.7.6 Proof of Example 9.18

As in 9.7.5, the function u is well-defined and continuous because Vg € L™ (R?) and is continuous.
Thus ¢ is at most of linear growth. It is clear with the assumption on VF that for all g € Py(RY),
u(-, 1) € WM (RY). It follows from the continuity of p € Pa(R?) Jra g dp that the function

loc
1 € Po(RY) = dpu(-, p) = 0, F (~,/dgdu) e (Whk(Bg))4,
R

is also continuous for all R > 0. Moreover, it is easy to show with Remark 9.2 that for all z € R?, u(z, -)

admits a linear derivative given by

W(u,0) € PalRY) x RY, 22 (2, 0)(0) = 90, F (s, [ gu).

Assumption (3) in Definition 9.14 is clearly satisfied because 0, F is continuous. Next, we compute the
derivatives of g—;;(, 1) (+) with respect to v in the sense of distributions. For ¢ € C2*(R??) and u € Po(RY),
Fubini’s theorem ensures that

/R% g(v)OyF (x,/Rdgdu> Op(z,v) dx dv = /Rd ( » g(v)0yp(x,v) dv) Oy F (:p,/Rdgdu) dx
— _/Rd ( » Vg(v)¢(a:,v)dv> Oy F (a:,/Rdgd,u> dx

_ _/de (vg(u)ayp (;U,/Rdgcm)) 6(x, v) da dv.

This proves exactly that

ou

Yu € Pg(Rd), Vr,v e }Rd, Op—(z, 1) (v) = Vg(v)0y, F (a:,/ gd,u) .
om Rd
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Since Vg € L¥2(R%) and 9, F (-, [ga gdp) € L®(Bg), for all R > 0 and u € Po(R?), the function

ou
d
(x,v) € B x R —~ 8v—6m(:c,u)(v)

belongs to L*?(Br x RY). Moreover, the function

b PaEY) 5 0,0 () () € L¥2(Bp x BY)

is continuous because F € C1(R? x R;R) and thus y — 9,F(-,y) € L>°(Bg) is continuous. The same
reasoning proves that

Vi € Po(RY), Vo, v € RY, 826—u(x,u)(v) = V3g(v)0,F (x,/Rdgdu> ,

Yém
and that the function 5
i€ Pa(RY) = 32 (- ) () € L(Bp x RY)

is continuous for all R > 0. We conclude that u € W5(R?) with Remark 9.15.
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CHAPTER 10

SCALING LIMIT OF A KINETIC
INHOMOGENEOUS STOCHASTIC SYSTEM IN
THE QUADRATIC POTENTIAL

This chapter corresponds to the article [CL23], written in collaboration with Emeline Luirard. It
has been accepted for publication in Discrete and Continuous Dynamical Systems.

Abstract. We consider a particle evolving in the quadratic potential and subject to a time-
inhomogeneous frictional force and to a random force. The couple of its velocity and position is solution
to a stochastic differential equation driven by a symmetric a-stable Lévy process with o € (1,2] and the
frictional force is of the form t=? sgn(v)|v|”. We identify three regimes for the behavior in long-time of
the couple velocity-position with a suitable rescaling, depending on the balance between the frictional
force and the index of stability « of the noise.

10.1 Introduction and main results

10.1.1 Model and motivations

In this paper, we study the long-time behavior of a stochastic system modelling a particle, with
velocity V' € R and position X € R. The particle evolves in the quadratic potential U : x — %, and is
subject to a time-inhomogeneous frictional force b and to a random force L. The dynamics of the particle
is described by the following stochastic damping Hamiltonian system driven by an a-stable process L
with a € (1, 2]

dVi = dL; — b(t, V) dt — VU(Xy) dt,
dX; =V, dt, (10.1)
(Vigs Xto) = (v0,70), to > 0 being fixed.

The driving process L models a random force coming from the interaction of the particle with its
environment represented by a surrounding heat bath. As in the classical Langevin model (see [Lan08]),
L can be a Brownian motion denoted by B in the sequel. It corresponds to take v = 2. It is natural to
consider other types of noises such as Lévy processes, which are also largely used to model physical and
biological systems (Lévy flights and anomalous diffusion), see e.g. [MJWO1] for the physical point of
view, [Dit99] in stochastic climate dynamics, and [JMWO05] for the mathematical point of view. The case
where L is an a-stable process is of particular interest. It is a generalization of the Brownian motion
with jumps since it satisfies that for any ¢ > 0, (cé Ly/c)¢ has the same distribution as L (self-similarity

property).
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Degenerate systems like (10.1) have been intensively studied for several years. In particular, the
existence and uniqueness of solutions to degenerate SDEs have been discussed in many works. These
models are called degenerate because the noise is only present in one component of the system but can
be transferred into others by drift terms. The well-posedness of these systems, when their deterministic
version is ill-posed, can be proved by taking advantage of the regularizing effect of the noise and of
its propagation through the whole system. The case of Brownian degenerate SDEs has been of course
wildly explored, see e.g. [FEFPV17], [WZ15], [Zhal6], [CdR17], [HMC18] and references therein. The
time-dependence is treated in the last four cited papers. The case of a Lévy driving process is more
recent, see e.g. [Zhal4] in a time-homogeneous setting, and [MM21] for drifts depending on time.

From another point of view, stochastic Hamiltonian systems, as (10.1) with b = 0, have been
widely studied. An interesting problem is to understand their asymptotic behaviors. The Hamiltonian
process associated with this system is defined, for ¢t > tg, by H; := %]VHZ + U(Xy). For example, the
long-time dynamics of the Hamiltonian process under a suitable rescaling is studied in [AK94]. The
case of time-homogeneous damping Hamiltonian systems is tackled in [Wu01] (see also references therein).

The long-time behavior of a particle evolving in a free potential, i.e. i = 0, has already been studied,
see e.g. [GO13], [FT21], [GL21a], [GL21b] and references therein. In this case, The velocity process can be
studied independently on the position process. Even in the time-homogeneous case, various asymptotic
behaviors can appear. Whenever the random force is supposed to be Brownian, a particular non-linear
Langevin’s type SDE was studied in [FT21]:

p [t Vs

Vi = By — =
t = v + by 2 )y T+ V2

t
ds and Xt:$0+/V5ds.
0

In that case, the frictional force asymptotically behaves as —B, which induces the velocity process
to "behave', far away from zero, like a (signed) Bessel process 0? dimension 1 — p. Various asymptotic
behaviors of the position process appear, depending on the moment order of Bessel excursion area (which
depends itself on the value of p). More precisely, when p > 5, the moment is of order 2, hence, using
a suitable rescaling, the authors show that the position process behaves asymptotically as a Brownian
motion. An a-stable process appears as limiting dynamics when p € [1,5). The index of stability « is a
function of p, which interpolates the power of the rescaling from 3 (Brownian motion) to 3 (integrated
Bessel process). This last behavior occurs when p € (0,1). However, the tools used in [FT21], such as

invariant measure, scale function and speed measure, are limited to time-homogeneous coefficients.

In [GO13], [GL21a] and [GL21b], the drift coefficient b is allowed to depend on time under an

homogeneity condition. More precisely, the following system is considered

sgn(Ve) [Vi[”

dV, = dL; - p==f

dX; = Vi dt.

dt,

The frictional force is time-inhomogeneous, depending on non-negative parameters 3, v and p. When the
particle moves slowly, classical mechanics ensures that the frictional force is linear, i.e. ¥ = 1. Whereas
in the turbulent regime, when the particle moves faster, thanks to fluid dynamics, the frictional force
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depends quadratically on the velocity, i.e. ¥ = 2. That is why in a broader framework, we assume that
the frictional force has a space component of the form v — —psgn(v) |v|”. Moreover, the frictional force
can depend on time through a friction coefficient ¢t — p;. For a particle evolving in a fluid, it can be
the case for example when the viscosity of the fluid or the geometry of the particle change with time.
For this reason, a time dependence is added to the function b in [GO13], [GL21a] and [GL21b]. In these
works, it is assumed that p; = t%. The main goal behind the study of this model is to understand the
competition between the frictional force, which tends to immobilize the system and the random force
perturbing it. Notice that, by the self-similarity property satisfied by L, E[|L|] is proportional to ta.
This shows that the noise L; acts with a typical scale t= and thus, when « decreases, it perturbs the
velocity with higher typical values. The interest of the works mentioned above is to study the long-time
behavior of the system through the prism of the competition between these two opposite actions.

Let us mention two relevant examples in the Brownian case before explaining the results obtained
in [GL21a, GL21b]. When 8 = 0, the friction coefficient does not decrease with time. By ergodicity, the
velocity converges towards its invariant distribution and thus, the rescaled position process (s%Xt /et
behaves as a Brownian motion as € tends to 0. When "8 = +00", i.e. when there is no frictional force, the
rescaled velocity-position process (5%%/5,5%Xt/6)t converges in distribution towards (Bt, f(f B; ds)t.
When £ > 0, the frictional force is evanescent: it slows down the system but less and less efficiently as
time increases and we expect a transition between the two extreme cases mentioned above, both on the
limiting processes and on the rescaling.

In [GO13], the authors study the convergence in distribution, when ¢ tends to +oo, of r/V;, for a
certain rate of convergence r; in the case where L is a Brownian motion. In [GL21a], the authors extend
the results obtained in [GO13] to the whole process given by the couple velocity-position. Namely, the
authors study the limit in distribution of the rescaled process (7. vV, JesTe, X X¢ /5)15 for two appropriate
rates of convergence 1.y and r. x. Results were further generalized in [GL21b] to an a-stable driving
process. To be more precise, the authors highlight three regimes, depending on the balance between S,
~v and «, the index of stability of L.

e Whenever the frictional force is sufficiently "small at infinity", i.e. if 5 is large enough, the rescaled
process behaves as if there was no frictional force. It thus converges in distribution towards the
Kolmogorov process (L, [, L), as in the particular case "f = +00" mentioned above in the Brownian

1 1
. . 1 41
case and with the same rescaling (re v, 7. x) = (ga,e'ta).

e When the two forces offset, the rescaling remains the same as in the preceding regime and the
limiting process is still of kinetic form (V, [, V), but the process V is henceforth ergodic.

e Whereas, when the drag force swings with the random process, i.e. when § is small enough, the
limiting process is no longer kinetic and the rescaling is not the same as in the two preceding
regimes. The rescaled velocity process converges in finite dimensional distributions towards a white
noise. Here, the asymptotic behavior is somehow an interpolation between the two extreme cases
6 =0and "8 = 400", which is explained by the slow decrease of the frictional force with time.

The proofs are essentially based on the self-similarity of the driving process and on moment estimates
of the velocity process.

In this paper, we are interested in the long-time behavior of the solution to the following system of
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SDEs, defined on the time interval [tg, +00), where ¢ty > 0 and zp, vy € R are fixed

_ Vi
dV;g = st — sgn(%) t'B dt — Xt dt,

dX; = V; dt, (SKE)
(‘/t()JXt()) = (U07$0),

Here v, > 0 and L is a symmetric a-stable process on R with « € (1,2]. More precisely, our goal is to
study the asymptotic behavior, as ¢ — 0, of the rescaled velocity-position process

for an appropriate rate of convergence r.. Our first motivation is to study how the presence of the
quadratic potential influences the results obtained in [GL21la, GL21b] through a confining effect on
the position X. Indeed, the confining effect is here related to the position of the particle and does not
disappear asymptotically contrary to the frictional force. It has thus an effect both on the limiting
processes and on the rescaling. Here, it is a competition of the quadratic potential and the frictional
force, which confines and slows down the system, against the noise which perturbs it.

Notice that our system without noise and frictional force is nothing else than the classical harmonic
oscillator
v = —xy,

x, = v

The intrinsic oscillatory behavior induced by the quadratic potential prevents the rescaled process Z ()
from converging as a process. However, we prove that each of its one-dimensional marginal distribu-
tions converges. In order to obtain the convergence of the whole process, the key idea is to remove the

oscillations present in the system. Namely, we set for ¢ > tg

0, = ( cos(t) sin(t)) and Y, — @t_l (Xt> 7

—sin(t) cos(t Vi

where Oy is the rotation on R? of angle —t and we study the behavior of (r.Y; /)t as € tends to 0, for a

certain rate of convergence ..

10.1.2 Notations, main results and comments

Let us first introduce some notations used throughout the paper. For simplicity, we shall write
C and D respectively for C((0,+o0),R?), the space of continuous functions defined on (0, +oc) and
D((0,+00),R?), the Skorokhod space of functions defined on (0,+o00) which are cadlag on every
compact subinterval of (0,400). For z,y € R?, ||z|| represents the Euclidean norm of x, and z - y the
inner product of z and y. If x € R?, for each i € {1, 2}, 2 denotes its i-th component. The minimum
between two reals is denoted by A. We call I the identity matrix of dimension 2 and A’ is the transpose
matrix of a matrix A. Finally, we denote by C some positive constant, which may change from line to
line, and we use subscripts to indicate the parameters on which it depends when it is necessary. For the
sake of simplicity, we denote by C}, a positive constant depending only on ¢y, ¢ and vg, which are fixed
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throughout the paper.

We can now state our results. The following theorem deals with convergences in distribution in the

space C endowed with topology of uniform convergence on every compact set of (0, +00).

Theorem 10.1 (Brownian case i.e. o = 2). Define q := %, re == ¢35 and set (Yt(s))tzsto =

(TEGQi(Xt/g, Vt/a)T)t>sto' Let B be a standard two-dimensional Brownian motion on R2.

(i) (Super-critical regime i.e. 2¢ > 1). The rescaled process Y& converges in distribution towards
(B%)Do'
(ii) (Critical regime i.e. 2q = 1). Assume that v = 1. The rescaled process Y(©) converges in distri-

bution towards (ﬁ fg \/EdBS) o’ which is the centered Gaussian process with covariance kernel

) t>
K(S,t) _ (8/\t)

st 2
(iii) (Sub-critical regime i.e. 2q¢ < 1). Assume that v = 1 and € (%, 1). The rescaled process Y (©)

converges in finite dimensional distributions towards the centered Gaussian process with covariance

kernel K(s,t) = %56%{5:75}]2.
Let us denote by % the characteristic exponent of the symmetric stable process L. It follows from
Theorem 14.15 p. 86 in [Sat99] that there exists a > 0 such that for all £ € R,

(&) = —al¢]™. (10.2)

In the next theorem, the convergences occur in the space D endowed with the Skorokhod metric.

Theorem 10.2 (Stable case i.e. a € (1,2)). Assume that v € (0,«). Define q := re = ca

B
TFa=1’
and set (Yt(g))tzeto = (rg@t_/i(Xt/E,V;/E)TL%tD. Let L be the rotationally invariant stable process on

R2, whose characteristic exponent is given byf

~ ~ 2w
EER* = —C|&||™, with C := %/0 |cos(z)|* da.

(i) (Super-critical regime i.e. aq > 1). The rescaled process Y€ converges in distribution towards
(Et)t>0'
(ii) (Critical regime i.e. g = 1). Assume that~ = 1. The rescaled process Y'©) converges in distribution

towards the Lévy-type process (% fg \/§d£s)t>0.

(7ii) (Sub-critical regime i.e. ag < 1). Assume that v =1 and 8 € (%, 1). Then, for all (t1,--- ,tq) €

) T tg

(0, +00)4, (Yt(f), e Y(S)) converges in distribution towards the product measure py, & --- Q@ fig,,
where py is the distribution with characteristic function

2 ~ «
£ € R® o exp (—ac €] tﬂ> .

Remark 10.3. The symmetry of L is only required to ensure the well-posedness of (SKE) when v < 1
using [MM21].

Remark 10.4. At first sight, the parameter o does not seem to appear in the limiting process of Theorem

10.2 (i4) contrary to the Brownian case where there is a factor % in front of the stochastic integral.
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The reason is that the constant « is hidden in the constant C which defines the a-stable process £ in
Theorem 10.2. Indeed, if we formally take o = 2 in Theorem 10.2 (i), we recover the limiting process
of Theorem 10.1 (7). Let us justify it. When a = 2, the constant C can be computed explicitly and is
equal to %. As the characteristic exponent of £ is given by

2
cemt,, I

we deduce that (L¢)i>0 = (By/2)i>0 in distribution. When a = 2, the limiting process in 10.2 (i) is thus
given, for all ¢t > 0, by

1 t
ﬁ /0 \/g\/ist/%

which is equal in distribution to the limiting process of Theorem 10.1 (i7) using the self-similarity of B.
We similarly notice that if we formally take o = 2 in Theorem 10.2 (i) and (iii), we recover the same
limiting processes as in Theorem 10.1 (i) and (i44) with the same rescaling.

Remark 10.5. The Hamiltonian process associated with the system is given by
L, iy 1 2 1 2
H, = - —|X¢|" == ||Ze]|” = = | V2|7 -
t 2|V1t| +2| t| 2|| al 2” al

Combining the preceding results with the continuous mapping theorem, we deduce the convergence of
the rescaled energy process (Ht(s))bo = (rgHt/E)bo as € — 0 either as a process in the critical and
super-critical regimes, or for finite dimensional distributions in the sub-critical regime.

For example in the super-critical regime with o = 2, the limiting energy process (Hy)i>0 == (3 HB% 1%)e>0
is the squared Bessel process, which is the solution to the following equation

1
dH? = \/HYdB, + 5t HY =0,

where B is a standard one-dimensional Brownian motion. Note that we recover the limiting energy
process obtained in Theorem 2.1 in [AK94] for the non-damped Hamiltonian system. The interpretation
is that if the frictional force decreases sufficiently quickly as ¢ — 4+o00, namely if 3 is large enough, then

the rescaled Hamiltonian process converges as if there were no damping.
We obtain furthermore the convergence in distribution as t — +o00 of A (X, V;)T in the following

corollary.

Corollary 10.6. Let us define (Zt(s))tzgto = (TE(Xt/eyV;f/a)T)tZEto: where re 1= £9% . The rescaled pro-
cess Z'©) does not converge in distribution. However, we deduce from Theorems 10.1 and 10.2 and under

the same assumptions, the convergence in distribution of ry ;(Xt, V)T towards explicit limits, ast — +o00.

In the Brownian case, the limit is either N (0, %Ig) in the super-critical and sub-critical regimes, or
N(0, +15) in the critical regime.

In the stable case, keeping the same notations as in Theorem 10.2, the characteristic function of the
limit is given, for all ¢ € R?, by
(i) exp <7C~' H§||a> in the super-critical regime,

(ii) exp (— (1+ %)_1 C H{HO‘) in the critical regime,
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(iii) exp (—%5’ H£||a) in the sub-critical regime.

The switch between the three regimes results in different scale parameters of the limiting distri-
butions. Let us also notice that in the Brownian setting, the position X and the velocity V become
independent in large time since the covariance matrix of the limiting Gaussian distribution is diagonal.
However, this is false for the stable case. Indeed, the limit is a rotationally invariant stable distribution
on R?, which cannot have independent coordinates.

As in [GL21a, GL21b], we highlight three regimes for the asymptotic behavior of the system. However,
the rate of convergence of the position X is different from that found in [GL21a, GL21b], when &/ = 0.
Indeed, contrary to the free potential system, the position process is somehow more diffusive. This is
due to the structure of our model. Namely, the presence of the quadratic potential allows the noise
to propagate more efficiently from the velocity component to the position one (see [FFPV17] for more
details). This explains why both the limiting processes and the rate of convergence are different between
our work and [GL2la, GL21b]. Let us also note that the position process grows more slowly in our
case than when U = 0. For example, in the Brownian super-critical regime, X; asymptotically behaves
as N(0,%) when ¢ tends to infinity in our framework, but as N(0, g) in the free potential one. This
difference can also be seen in moment estimates established for the position process X (see Remarks
10.9 and 10.15). This is explained by the fact that the quadratic potential confines the position of the
particle through a spring force.

10.1.3 Strategy and plan of the paper

In our model, the particle is no longer free, contrary to [GL21a, GL21b], and the equations on the
position and the velocity are intrinsically linked to each other. Therefore, we can no longer separate by
components the study of the velocity-position process. Writing the system (SKE) in a vector viewpoint,
as done in [FFPV17], we use a variation of constants method to return to the study of a two-dimensional
system in a free potential. We then adapt the methods used in [GL21la, GL21b]. In the super-critical
regime, the proof is essentially based on the self-similarity of the driving process and on moment estimates
of V and X. In the critical and sub-critical regimes, we need to restrict ourselves to a linear drag force,
i.e. v = 1, in order to rely on the study of the asymptotic behavior of the solution to the underlying non-
autonomous ordinary differential equation (ODE). Whenever the driving process is Brownian, we take
advantage of the theory of Gaussian processes. The convergence is thus characterized by the study of the
mean and covariance functions. In the case of a stable driving process, we need to study the convergence,
in distribution and as a process, of a Wiener-Lévy integral (i.e. the integral of a deterministic function
integrated against a stable process). The key point here is to use the fact that a Wiener-Lévy integral is

a process with independent increments.

Our paper is organized as follows. We consider the case of a Brownian driving process in Section 10.2,
and we follow the same structure for an a-stable driving process in Section 10.3. For the sake of clarity,
we opt for separating the two cases since the tools used are different. Finally, we state and prove some
technical results in Section 10.4 and Section 10.5.
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10.2 Study of the system driven by a Brownian motion

In this section, the driving process L is supposed to be a standard Brownian motion, i.e. o = 2. It
will be denoted by B to keep standard notations. To be precise, (SKE) becomes

_ Vil
d‘/t = dBt — Sgn(V}) tﬁ dt — Xt dt,
dX, = V; dt, (10.3)

(‘/t(w Xto) - (007 xO)-

The previous system can be written in a vector viewpoint. Indeed, we set, for all ¢ > t3 and v € R,

0
Zy = (Xt>, Wy = <0> A= (0 1>, I:= (O 0) and F(t,v) := ( Ivl”)-
v, By 10 01 sgn(v) 5

Thereby, the system (SKE) can be rewritten as

(10.4)

AZ; = TdW,; + AZ;dt — F(t,V;) dt,
Zto = 20 = (wo,vo)T.

Notice that the matrix A is the rotation matrix of angle 5 and that, for all £ € R,

0, = A — ( cos(t) Sin(t)> '

—sin(t) cos(t)
We also define, for any t > to, Y; := e *4Z;. We easily check, with It6’s formula, that Y is given by

dY; = e T dW, — e A F (¢, V;) dt. (SDEy)

10.2.1 Existence up to explosion

Theorem 10.7. The system of SDEs (10.3) admits a unique (global) strong solution if v € (0,1]. And
if v > 1, there exists a unique strong solution defined up to its explosion time Too.

Proof. In the case v > 1, the coefficients of the SDE (10.4) are locally Lipschitz continuous with respect
to the space variable, uniformly in time. By a standard localization argument as mentioned in [Kal02,
p. 417, after (13)], there exists a unique solution up to explosion. We also refer to [Maoll, Theorem
2.8 p. 154] for a proof of the existence of a solution, up to explosion, in the more general case of
path-dependent SDEs.

Assume now that v < 1. We will use Theorem 1 in [HMC18]. Keeping the same notations, we have
in our case, for any (z,v) € R? and t > to, Fi(t,v,2) := —sgn(v)jv["t™? — z, Fy(t,v,z) := v and
o(t,v,z) = 1. Assumptions (ML) and (UE) in [HMC18] are obviously satisfied. Let us now remark
that Fp is v-Holder with respect to v € R uniformly with respect to ¢t > tg and « € R, and is Lipschitz
continuous with respect to z, uniformly with respect to ¢ and v. With the notations used in [HMC18], we
have f1 =7 and (o = 1. Thus, Assumption (T}) is satisfied. Finally, we check that Assumption (Hj)
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is satisfied. Since 0,F» = 1, we can conclude, taking n small enough and & = {1}, that there exists a
unique strong solution to (10.3).

O

10.2.2 Moment estimates and non-explosion

In this section, we state and prove moment estimates of Z. It will be useful to control some stochastic
terms appearing later. For all n > 0, define the stopping time

Tp = inf{t > to, || Z¢|| > n}.
Set Too := limy,_, 10 7, the explosion time of Z.
Proposition 10.8. The explosion time of Z is a.s. infinite and, for all Kk > 0 and t > tg
E[||Z:]|] < Crsot?. (10.5)

Remark 10.9. Let us mention that the moment estimate obtained for the position process X is a priori
smaller in our case than in the free potential case [GL21a]. It is explained by the confining effect of the

quadratic potential.

Proof. The proof is adapted from [GL21a] to two-dimensional processes. For the sake of completeness,
we sketch the proof in our context.

Using It6’s formula applied to the function f : (z,v) — 2?+v? and the fact that for all z € R?, z- Az = 0,
we deduce that, for all ¢ > tg,

t tATh
| Zinr, ||? < |yz0||2+/ 2%{8STR}ZS.(FdWS)—/ 27, - F(s,Vs)ds + (t — to).
to

to

Remark that for any s > tg, Zs - F(s, Vi) = Vssgn(Vs) |Vs|” s77 > 0. Taking expectation yields
E (| Zinr, I?] < l20l1” + (¢ = t0) < Cigt.

Thanks to Lemma 10.21, we can conclude that the explosion time of Z is a.s. infinite. Set x € [0, 2], so,
by Jensen’s inequality and Fatou’s lemma

K

E[|Znrl] < (B [1Zirme]?])* < (timinfE[11Zinr, 7] ) * < Ot (10.6)

This leads to (10.5).

When k > 2, v+ |[v]|" is a C?-function, so by It&’s formula, for all ¢ > t,

tATn tATn
1Zinm, | < ol + [ w127 2o CaWe) = [ k2 2 F(s, Vi) ds
0 0

tATH 9
+/ i 112472 ds.
to
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In addition, it follows from the hypothesis on the sign of the drift function that
t 9 tATh 9
1Zinm I < Mol + | W guny 12607 2o CaW) + [ CellZi s (107
0 0
Taking expectation in (10.7), we have
t
. . —2
E[[| Zuinr|I) < liminf B [[| Zins, ] < l20]" + / CoE (1121772 ds.

When 0 < k — 2 < 2, we can upper bound E {||ZS||”_2] by injecting (10.6) and get

t K—2 A
E | Zunr | < 0ll* + | Crgs™™ ds < Crpest.
0
The method is then applied inductively to prove the inequality for all k > 2. O

10.2.3 Asymptotic behavior of the solution

We gather in this section the proof of Theorem 10.1. The strategy is to prove the convergence of the
finite dimensional distributions (f.d.d.) of the process Y ase — 0, and its tightness in the critical and
super-critical regimes. We first focus on the tightness.

Lemma 10.10. If 2¢ > 1, then the family {(\/EYt/g)tZeto, > 0} is tight on every compact interval
[m, M], with 0 <m < M.

Proof. We use the Kolmogorov criterion stated in Problem 4.11 p. 64 in [KS98].
Take £¢ small enough such that for all ¢ < g, we have ety < m. Fix m < s <t < M and a > 4. Define,
for t > etp, the local martingale term appearing in (SDEy-)

t/e tle [_ &
ME = e [ e ATAw, = e < Sm(s)) dBs;. (10.8)
to

to cos(s)

Using Jensen’s inequality, moment estimates (see Proposition 10.8) and Burkholder-Davis-Gundy’s

a a t/e
} + C’aglfﬁ(t — s)“flE l/ | F (u, V) || du]
s/e

(10 (3 = 21) )] st S0 [

inequality (see Theorem 4.4.22 p. 263 in [App09]), we have

=[x

< | -

a t/e
} +C,E H’ﬁ/ e P (u,V,) du
s/e

< C,E :HMF) —M©®

< CLE w2 P dy

< Ot — )% + Compre®P2) (¢ — )21
< Ca’m’M(t — S)%

Since § > 2 and 3 > PYTH the upper bound is independent of € < 1. Furthermore, by moment estimates
(Proposition 10.8),
sup E [HYTSLE)

e<eg

}S\/ﬁ<oo.
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Thus, Kolmogorov’s criterion can be applied, proving the tightness result. O

We will now prove the convergence of the finite-dimensional distributions of Y(€). Thanks to the
previous lemma, this will yield the weak convergence on every compact set (see Theorem 13.1 p. 139 in
[Bil99]). The convergence in distribution on the whole space C will follow, for 2¢ > 1, from Theorem 16.7
p. 174 in [Bil99], since all processes considered are continuous.

Convergence of the f.d.d. in the super-critical regime

Assume here that 2¢ > 1. Recall that (Y}(E))tzeto = (\@Yt/s)tzgto.

Proof of Theorem 10.1 (i).

STEP 1. We first prove the convergence of the f.d.d. of the local martingale term M @ =
(MED | MENT appearing in (SDFEy).

Recall that the stochastic integral M) was defined in (10.8). It is a centered Gaussian process with
covariance kernel defined, for any (s,t) € [etg, +00)?2, by

K(E)(s . COV(MS(E)) COV(MS(E)’ t(s))
T \Cov(MP, M) Covm®y )7

where

g1 g1 g1 €,2
cov<M§E),Mt(a))=<COV(Ms( M) Cov(a LMy ))>,

Cov(ME? MDY Cov(ME?, M)

and Cov(Ms(a)) = COV(MS(‘E), MS(E)). Thus, the convergence of the f.d.d. of M) is reduced to the study
of the limit of K(¢), when e converges to 0. Let us fix ety < s < t. Using that M(©) has independent
increments and by Itd’s isometry, we find that

8/8 . 2 . 8/8 .
COV(MS(E),Mta)) _ ( € fy) sin(u)® du € J;) sin(u) cos(u) du) |

—e ftf)/s sin(u) cos(u) du € ft‘f)/e cos(u)? du

We get that, for all 0 < s < ¢,

1
Cov(ME), M) — 2((8) 0).
e s

We recognize the covariance kernel of the process (B ¢ )t>0, where B denotes a standard Brownian motion

on R2. Since mean and covariance functions characterize Gaussian process (see Lemma 13.1 (i) p. 250

in [Kal02]), we have thus proved that (Mt(g))tzgto converges in f.d.d. towards <B%)t>0'

STEP 2. Pick T' > 0. We prove that

e—0

E[ sup HYt(E)—MtE) ] — 0.
eto<t<T

Let us fix € > 0 small enough such that ety < T. We have

sup HYt(e) — Mt(a) ds.

eto<t<T

T/e
< VElal +E [ [l E s, V)
0
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We use moment estimates (Proposition 10.8) to get
T/e

ds| =E |V [ 1PVl ds
to

T/e
Ve [ Vi's ds
to

T/e
E [\/E HeiSAF(s, Vs)
to

<E

T/e
< \/ECWO/ sz P ds
to

J_
< Oy (P TIPHL L JedPY), (10.9)
Hence, setting r := min(8 — WTH, %), which is positive by assumption, we get
El sup HYt(s) — M ] = O (¢").
eto<t<T e—=0
We conclude the proof using Theorem 3.1 p. 27 in [Bil99].
L]

Convergence of the f.d.d. in the critical and sub-critical regimes

In this section, we consider the linear case, i.e. v = 1. Pick § € (%, 1}. Recall that

(Yt(E))tZEto = (e ezeto
/

where ¢ = %

Proof of Theorem 10.1 (i) and (iii). Leaving out the Brownian term, the underlying ODE of our system

is the following
/
a0 (10.10)

2" (t) + 5 +z(t)=0, t=>tp.

Pick the basis of solutions given in Lemma 10.20 and denote by R its resolvent matrix which is the

1

solution to
0 1
RQ:( )Rt, t > to.
-1 -3

It follows by differentiating the inverse function that

. L(0 1
(Rl)éth1<_1 1), t > to.

Nz

Using Ito’s product rule for R; ' Z;, the fact that the quadratic covariation of (R; ')s>¢, and (Z)sst, is

equal to zero and (10.4) with v = 1, we get that for all ¢ > ¢,
t t
R;'Z, = R, 'Z, +/ R;1dZ, +/ (RY.Z,ds
to to

t
= R, Zy, +/t R;'TdW,.
0

338



10.2. Study of the system driven by a Brownian motion

Let us define f the rate of decrease of R (see Lemma 10.20) by

4 if =1,
vt >0, f(t) = V1 as B (10.11)
exp (—m> else.
Set, for t > ety,
—tA N t/e
P N <t> R;'TdW,. (10.12)
f(t) € to
Pick t > ety. To study the convergence of Y(€) we decompose it into
&) _ap(t -1 ©
Y, =elf - (I)t/tho Zy +(I)t/5Mt . (10.13)

STEP 1. Convergence of ¢ and simplification the problem.

Using the asymptotic expansion of the resolvent matrix (Lemma 10.20), we can write, for ¢ > etq,
— 1-28
(I)t_12+t900<t )

As a consequence, since 1 — 2 < 0, ®;/, converges to the identity matrix I, as € — 0 and for any ¢ > 0.
Let us notice that, for any ¢ > 0, €2f (L) converges to 0, as ¢ — 0. We thus obtain that

t
qu <€> (I)t/gR;fZO — 0.

e—0

Therefore, we can forget the first term appearing in the decomposition (10.13) of Yy ©) (see Theorem 3.1
p. 27 in [Bil99]). It is thus enough to prove the convergence of the f.d.d. of the centered Gaussian process
(P, /EMt(E))t to deduce the convergence of the f.d.d. of Y(¢) towards the same limit.

STEP 2. Computation of the covariance kernel of (@t/sﬂt(e))t and convergence in f.d.d.

We have, for all etg < s <t < +o0,
Cov (By M), By M) = B, . Cov(ME, M) @], (10.14)

Using the expression of the Wronskian obtained in Lemma 10.20, we obtain, for all t > etg,

. t/e _ U
1 =evjge) [ -2 () a

It is a centered Gaussian process and for any ety < s < ¢, we have
= ~ s/e 2 _
Cov(ME, MOy = P f(t/e)f(s/e) Flu)™ ( y3(u) yz(g)yl (u)) .
to —y2(uw)y1(u) v (u)

Using the asymptotic expansion of the solutions and Lemma 10.23, we get, for all ety < s < ¢,
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sin?(u) —sin(u) cos(u)) du
to

— sin(u) cos(u) cos? (u)

+.0, (7 /o) f(s/e) ).

— — s/e
Cov(MO, M) = f(t/)f(5/2) [ f(u)™ (

Moreover, using asymptotic expansions of these integrals (see Lemmas 10.22 and 10.23),

s/e s/e
S/ [ R ot du = P pe/e) /o) [ w2 au
+ o (Jt/2)f(s/9)7")

The same equality holds for

s/e
7 f(t/e)f(s/e) t f(u)~?sin®(u) du,
0

and we have

s/e
S/ f(s/2) [ f costuysin(u)du = o (£(t/e)f(s/2)™).

0 e—0

Thanks to Lemma 10.23, this leads to

— — s/e
Cov(M{?, M) = [;sﬁfa/s)f(s/e) / fw)dul L+ o (f(t/e)f(s/2)7")

. f(t/e) s —1

= ko R+ 0, (FE/R(s/97).
where

kg = 1 #6=1,
% else.
It follows from the definition of f given in (10.11) and the fact that s <t that
1 (sAt)? en
Cov(MIO, MOy — {3 v 2 =
e=0 %SBHA{s:t}IQ else.

Using the preceding convergence, (10.14) and Step 1, we have proved the convergence of the f.d.d. of
Y (©). Note that whenever 2q =1, 1i.e. B = 1 since v = 1, we recognize the covariance kernel of the process
(ﬁ I \/Est>t>0, where B denotes a standard Brownian motion on RZ.

O]

Remark 10.11. e The proof relies on the asymptotic expansion of the resolvent matrix of (10.10).

We were able to prove it only for g € (%, 1}. However, if § = 0, the resolvent matrix is explicit

and following the same lines, we can prove that (Zt /E)t> . converges in f.d.d. towards a centered
eto

Gaussian process with covariance kernel (s,t) — %IQJ’ILES:t}. This behavior can be explained by
the fact that the frictional force does not decrease along time. This cancels somehow the rotation
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10.3. Study of the system driven by an a-stable process

bearing, which prevents Z() from converging as a process when 3 > 0.

e The asymptotic expansion of the resolvant matrix is also known in the super-critical regime, i.e.
B > 1. Therefore, one can prove the result in the linear case, i.e. v = 1, following the same lines.

10.2.4 Proof of Corollary 10.6

Proof of Corollary 10.6. We start by proving the convergence in distribution of ry 727, as T' — +oo0.
We claim that it follows from Theorem 10.1. Indeed, it is enough to remark that the convergence results
stated in Theorem 10.1 imply the convergence in distribution of the marginal distribution at time t =1
of Y(©). Let us also recall that Zp = eT4Yy. Setting T = %, the convergence of 71,727 is therefore a
direct consequence of Lemma 10.24.

We now show that the rescaled process Z(¢) does not converge in distribution. We do the proof only in
the super-critical regime. Assume by contradiction that it is the case. Hence, each of its coordinates shall
converge too. We thus have the convergence of the rescaled process X (). Using (SDFEy ), we can write

t/e t t/e t
VeXy. = Vexo+ Ve sin (8 — s) dB; — /e sin (6 - S> F(s,Vs)ds.
to

to

As in the proof of Theorem 10.1 (i), the last term converges in probability uniformly on compact intervals

towards zero. Hence, the following term shall converge in distribution

t/e
119 = \/E/ sin (t — s) dBs.
to €

The process (It(g))tzgto is Gaussian, thereby its limit shall be Gaussian too and its covariance function
shall converge (see Lemma 13.1 (i) p. 250 in [Kal02]). However, using It6’s isometry, one can compute,
for ety < s <,

s/e
E[It(a)]'(e)}zg/ sin E—u sin f—u du
S t() £ £
:es1 [cos (t_8> (8 —to) + 1 (Sin <t_8> — sin (t+s —Qt()))]
2 € € 2 € e
1 t—s
= iscos <5> —i—sgo(l).

This term does not converge if s # ¢, and that concludes the proof. O

10.3 Study of the system driven by an a-stable process

In this section, L is a symmetric a-stable Lévy process. We call v its Lévy measure, which can be
written as v(dz) = a |z|_1_aH4{Z¢O} dz with @ > 0. As a Lévy measure, it satisfies [p.(1A2%)v(dz) < +o0.
We denote by N the Poisson random measure associated with L and by N its compensated Poisson
measure. Using Lévy-It6’s decomposition (see [Sat99, Remark 14.6 and Theorem 14.7 iii)]), we have, for
all t > 0,

L = /Ot/*zﬁ(ds,dz). (10.15)
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As in the previous section, we set, for all ¢ > tg and v € R,

7, = (Xt> , S = <0>, A= < 0 1), I':= <0 0) and F(t,v) := ( ! MV) .
Vi Ly -1 0 0 1 Sgn(’v)tT

Thereby, the system (SKE) can be rewritten as

dZ, =TdS; + AZ,dt — F(t, V) dt,
' e (5, V) (10.16)
Zty = 20 = (x0,v0)" .
We define, for any t > to, V; := e ' Z,. We easily check, with It&’s formula, that Y is given by
dY; = e T dS, — e M F (L, V) dt. (SDEy)

10.3.1 Existence up to explosion

Theorem 10.12. The system (SKE) admits a unique weak solution if v € (0,1]. If v > 1, there exists

a unique strong solution defined up to its explosion time To.

Proof. In the case v > 1, the coefficients of the SDE (10.16) satisfied by Z = (X, V) are locally Lipschitz
continuous with respect to the space variable, uniformly in time. So we can apply Theorem 6.2.11 in
[App09] (see Theorem 119 in [Sit05] for a detailed proof), which ensures the existence of a unique
solution to (10.16) defined up to explosion.

Assume now that v < 1. We check that we can use Theorem 1 in [MM21]. Using the same notations,

1 0

and for any (t,x1,29) € [tg,+00) x R2, Fi(t,x1,20) = —sgn(zy)|z|"t™?, Fy(t,x1,29) = 0 and
o(t,x1,z2) = 1. Assumptions (UE) and (ND) are clearly satisfied. Since F» does not depend on z;

we have

and since [A]z; = 1 is different from 0, we deduce that Assumption (H) is satisfied. We easily check
that Theorem 1 in [MM21] can be applied with 8; =, and 82 = 1.
O

Remark 10.13. For a € (0,2), employing the technique of Picard iteration and the interlacing procedure,
one can deduce that (10.16) has a unique solution in the linear setting v = 1 (see [App09, p. 375]).

10.3.2 Moment estimates and non-explosion

Let Z be the unique solution up to explosion time to (10.16). As in the continuous setting, define,
for all » > 0, the stopping time
T = inf{t > to, || Z¢|| > r}.

Set Too := lim,_, 1o 7 the explosion time of Z. For the sake of simplicity, since there is no jump on the
position component, for z € R, we shall write Zs_ + z for (Xs, Vs— + 2) in the following.
We adapt the proof of [GL21b] to two-dimensional processes.
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10.3. Study of the system driven by an a-stable process

Proposition 10.14. For any vy > 0 and § > 0, the explosion time Too is a.s. infinite and for k € (0, @),
there exists Cy 1, such that
Vt > to, E[||Z:]"] < Crpot- (10.17)

Remark 10.15. Note that, as in the Brownian case, the moment estimates obtained for the position
process X is a priori smaller in our case than in the free potential case [GL21b]. It is explained by the
confining effect of the quadratic potential.

Proof. The key idea is to slice the small and big jumps in a non-homogeneous way with respect to the
characteristic scale of an a-stable process £ — & 3

Pick & > to. Using (10.15), the a-stable symmetric Lévy driving process can be written as

t - t
Ly — Ly, :/ / , 2N (ds,dz) —{—/ / , 2N (ds,dz).
to J|z|<¢a to J]z[>§«

t
// , zv(dz)ds
to |Z‘>fa

is equal to 0 since v is a symmetric measure.

Indeed, the term

STEP 1. We first apply It6’s formula (see Theorem 4.4.7 p. 251 in [App09]) and estimate the expectation
of each term for x < 1, in order to get (10.17).

Fix 1 > 0 to be chosen latter and define the C?-function f : (z,v) — (7422 +v2)"/2. We use the fact that
for all y € R2, y-Ay = 0, and observe that for any s > to and (z,v) € R2, (z,v)T-F(s,v) = [o["Tt s78 > 0.
In the sequel, we write, for simplicity, f(Z,- + z) for f(X,-,V,- + z). For all t > tg, by It6’s formula,
we have

f(Zins,) < f(20) + My + Ry + Sy,

where

t ~
N S AR R AR )

Re= [ [t Frsem U(Zae +2) = F(Zi )N (s, d2), (10.18)
t
S, = /to /o<|z|<gé ¥oiaery f(Zoe +2) = f(Zs_) = VF(Zs). 2] v(dz) ds. (10.19)

Moreover, remark that for all k > «,

2a
k 21
d o 10.20
/(\)<z|<£é ‘Z’ V( Z) k—« ’ ( )
and for all £ < «,
k 2a k_q
/|zz§é |z|" v(dz) = AL (10.21)

We estimate expectations of M, R and S.
To that end, we first show that the local martingale (M;);>¢, is a martingale. Fix ¢ > 2 and r > 0.
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Moreover, we set
t
W@ = [ [ Wy [ (Ze +2) = [(Ze)T(d2) ds.
to JO<|z|<€@

Thanks to Taylor-Lagrange inequality, for all ||(z,v)|| < r and |z| < & s,

|f(@,0+2) = f(z,0)] <sup{[IVLW), llyll € (0,7 + 71} 2] < Crenl2l,

so we have

t
@) < Cre /to /o<|z|<sé W (o< 12| v(d2) ds.

Hence, it is a finite quantity, since ¢ > 2 and (10.20) holds. Therefore, for ¢ > 2, by Kunita’s inequality
(see Theorem 4.4.23 p. 265 in [App09]), there exists D, > 0 such that

2| s oo

to<s<t

<D, (E [It(2)%} +E [It(q)]) < 400.

Hence, by Theorem 51 p. 38 in [Pro05], M is a martingale.
We estimate now the finite variation part S defined in (10.19). Note that for all (z,v) € R2, the Hessian

matrix of f is given by

2

x v

Hess(f)(x,v):/@(x2+1)2+?7)5_1 z ;}U T r +UUEH7
) iy ke
e e EU (R e

Its matrix norm is bounded by C,.m%_l.

Assume that |z| < & 3 Using Taylor- Lagrange’s inequality and injecting (10.20) we get the almost sure
following bound, for all s > tg,

< Cen2! gal, (10.22)

2 —«

/0<|Z<£é (f(Zs—+2) = f(Zs-) =V [(Zs-) - z) v(dz)

It remains to study the Poisson integral R defined in (10.18). Recall that x < 1. Let us note that for all
x,v,z € R, by Holder property of power functions, one has

ks k&
2 2

|f (2,0 + 2) — f(z,0)] < ’(n+w2+(v+z)2)

(x2 + (v+ 2)2)§ - <x2 +v2>%

— (m2 + (v+ 2)2)

(:c2+v2)% - (n+x2+v2)

NI

+

Injecting (10.21), we deduce that

% =
@ st (10.23)

[ 8+ = fZ O dz) < e

[>€&a « a—K
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Moment estimate of the Poisson integral follows from Theorem 2.3.7 p. 106 in [App09].
Gathering (10.23) and (10.22), we obtain

ElZur |7 < Elf(Zne)l < Elf(Z) + 67 (172 4 2gh b ottt 2eh).

a—K 2 —

Choosing n = to and & =1, we get

& (2a 2a 2a 5
B[ Zinn ] S ELf(Z) +15 (5 + 20 4+ G ) < Gt

Thanks to Lemma 10.21, we can conclude that the explosion time of Z is a.s. infinite, and letting r — 400
with Fatou’s lemma, for all x € [0, 1],

E[[|Z]]] < Cr ot (10.24)

STEP 2. Pick k € (1,a). We estimate R in another way, using again Theorem 2.3.7 p. 106 in [App09].

By the Holder property of power function and (10.21), we get

/z Nf(Zo 4 2) = F(Zo2) | v(d2) < / leavie 4+ 227 v

[>&a [>&a

2
aﬁgﬁ_l
T2

(10.25)
2 K K
g@( L RN\ >
o — K (6%

Gathering (10.22) and (10.25), one has

e 2a E_1 E_q 2a 2_1>
< « o
E(1Zinn I S E(f(Zi) +t (o571 4 Cun ™'

2@ K t K
+ C, 5%—1/ E [|Vi]2 | ds.
a—5 [ }

to
Injecting (10.24) applied with %, choosing n = te and £ =1, we get

E [[| Zenr, "] < Crto,ats.

The conclusion of the proof follows, letting r» — +o0.

10.3.3 Asymptotic behavior of the solution

We gather in this section the proof of Theorem 10.2. The strategy is to prove the convergence of the
f.d.d. of the process Y, and then its tightness both in the super-critical and critical regimes. We first
prove the tightness when agq > 1. Recall that ¢ = %

Lemma 10.16. Assume that ag > 1, then the family {(EéYt/e)tEEto, € > 0} is tight on every compact
interval [m, M|, for 0 <m < M.
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Proof. We check the Aldous’s tightness criterion stated in Theorem 16.10 p. 178 in [Bil99]. Let a, n, T
be positive reals. Let T be a discrete stopping time with finite range 7, bounded by T" and fix 6 > 0 and
e > 0 small enough to be chosen later. Let us define the Wiener-Lévy integral appearing in (SDFEy)
M©) by, for all ¢ > ety,

t/e
Mt(a) = €é/ e*4T dS,

to

- [ () o
— e /tt/s/ <_C(S)lsn )zﬁ(ds,dz), (10.26)

using the representation (10.15) of L. Notice that it is a martingale. By the triangle inequality, one has

EH T(i)cs v, M

| <xfJar -

|+E

1 (TJF )
sa/ V|  u™? dul . (10.27)
T/e

T
Writing M () =: (M(E)’l, M(E)’Z) , the quadratic variations of M (€)1 and M ()2 satisfy, by [App09] (see
(4.15) p. 257), for all t > ety

T ([, 07]) = [, 5>1}+[M6>2,M8}
[

Using Burkholder-Davis-Gundi’s inequality (see Theorem 48 p. 193 in [Pro05]), we deduce that for some

|

N(du,dz).

constant C' > 0 independent of 7, and ¢ which may change from line to line

=

B s, -

) = (e (a2 3]~ 49,3

< CE (/ el /R|giz\2N(du,dz)>1

= CFE :([L“) L] - [19, L9]) } ,

T+6?
where (L,EE))QO = (siLt Je)t>0 has the same distribution as L by its self-similarity property. Using this

N

and the lower-bound in Burkholder-Davis-Gundi’s inequality, we deduce that
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B [, -0

| <CE| sup LT+S—LT\]
[0<s<6

= CE | sup Ls\l
[0<s<6

= CE | sup (5iLS/5|1
[0<5<6

— C6aE sup |Lsl||,
0<s<1
where the first equality stems from the strong Markov property satisfied by L and the second one from
the self-similarity property of L again. Note that E [supos s<1 \LS\} is finite thanks to [LP08] (see Section
3) since a > 1.

Since 7 € [m, M] a.s., the last term in (10.27) can be handled as in (10.9) using moment estimates
of V' (see Proposition 10.14). It yields

(7+6)/e
E [531/ V| u™? du

_yto—1

< Chnﬂigﬁ @
/e

Since 1 > 0 and by Markov’s inequality, we obtain for ¢ and £ small enough

yto—1

1 J—
< O + Cpe? ™o
a

<n.

JEER

> a)
Moreover, by Markov’s inequality and the moment estimates again, we deduce that for all t € [m, M],

Gl

i |

lim limsupP (HYt(E) % = 0.

a—+00 o0

> a) < lim limsup lim
a—400 o0 a a—+o00 @

By Corollary and Theorem 16.8 p. 175 in [Bil99], this concludes the proof of the tightness on every

compact interval of (0, +00). O

We will now prove the convergence of the f.d.d. of Y(¥). Thanks to the previous lemma, this will yield
the weak convergence on every compact set (see Theorem 13.1 p. 139 in [Bil99]) in the super-critical and
critical regimes. The convergence in distribution on the whole space D will follow from Theorem 16.7 p.
174 in [Bil99], since all processes considered are cadlag.

Convergence of the f.d.d. in the super-critical regime

Assume that ag > 1. Recall that (Yt(s))tzeto = (SéYt/e)tzatw

Proof of Theorem 10.2 (i).

STEP 1. We first prove the convergence of the f.d.d. of the Wiener-Lévy integral appearing in (SDEy).
Recall that the local martingale M(®) was defined in (10.26).
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STEP 1A. We begin with the convergence in distribution of MS(E) = Mt(a) - MS(E), for etg < s < t.
To this end, we study the characteristic function ¢§2 of M égst) Let us recall that ¢ denotes the charac-
teristic exponent of L, and is given, for all £ € R, by

$(€) = —al€]*.

The characteristic function of the Wiener-Lévy integral can be computed as p. 105 in [Sat99], hence one
has, for all ¢ := (u,v) € R?,

€) e 1 [l
bs4(§) =E | exp | —iuew // sin(y) ALy + ivea // cos(y) dLy
S/€ s/

1 [t/e
_E <exp [ / / (—usin(y) + vcos(y)) dLyD

= exp (/S;f (0 <€é [—usin(y) + vcos(y)]) dy)

t/e
= exp (as/ | — usin(y) + vcos(y)|o‘dy) .
s/e

Using Lemma 10.22, we deduce that ¢§2 (&) converges, as € — 0, to

exp <—a(t — s)% /O27r |—usin(y) + v cos(y)|” dy) .

STEP 1B. We now compute explicitly the scale parameter of the stable limiting process.
We denote by A the uniform probability distribution on the circle $!. Thanks to a change of variable
and the symmetry of A, setting w := ”g—” for ¢ = (u,v) € R?\ {0}, we have

1 2
—/ |—usin(y) 4+ vcos(y)|* dy = /Sl |€- A" dA
0

2m
=l [ - A" .
g1

Since A is rotationally invariant, we deduce that f[qi |w - A|* d\ does not depend on w € $!. Taking

w = (1,0)T, we set
a
T on

We have thus proved that, for any ¢ € R?,

- 2
C: / |cos(x)|* da. (10.28)
0

6€) — e (~(t—s)ClE)°)

e—0

Thus, the following convergence in distribution holds

MY =M -MO — L. (10.29)

s e—0

Following the same lines, we show that, for any ¢ > 0,

ME = L. (10.30)

e—0
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STEP 1c. We now prove the convergence in f.d.d. of M) to £, as € tends to 0.

Let us ix 0 < t1 <t9 < --- <ty4. Note that (Mt(s))tzgto is a cadlag process with independent increments,
since the integrands in its definition are deterministic and because L is a Lévy process. Thus, the random
variables (Mt(f ), Mt(f 7),;2, cees t(i . +,) are mutually independent. We deduce from the convergence results

established in (10.29) and (10.30), and the fact that £ has stationary and independent increments that

(Mt(f)7Mt(18,)tQ""7Mt(521,td) — (£t1a£t2 _‘Ctl?""ﬁtd_‘ctdfl)'

e—0
The continuous mapping theorem yields the convergence in f.d.d. of M©) to L.

STEP 2. Pick T' > 0. We prove that

E [ sup HYt(E) — Mt(s)

— 0.
eto<t<T e—0

Let us fix € > 0 small enough such that ety < T. We have

sup [, - 1

eto<t<T

ds.

1 1 /e —sA
<etfa +e5 [ e F (s, V)
0

We use moment estimates (Proposition 10.14) to get

1 T/e oA 1 T/e
E sa/ He sAp(s, V)| ds| =E EQ/ IF(s, V3)| ds
to

to

T/e
e / V| s7# ds]

to

IN

E

T/e

1

<ealyy, / saPds
to

a—1 J_
< C’%to(sﬁ_%T%_ﬁﬂ + 5ét6” ﬁ—H).

_yta-1 1

o—, ~), which is positive by assumption, we get

Hence, setting r := min(J

E[ sup HYt(E) — M ] = O (¢"). (10.31)
eto<t<T

The conclusion follows from Theorem 3.1 p. 27 in [Bil99].

Convergence of the f.d.d. in the critical and sub-critical regime

In this section, we consider the linear case, i.e. ¥ = 1 and we assume that 5 € (%, 1}. Recall that

ety = (i),
Proof of Theorem 10.2 (it) and (iii). The proof follows the same lines as in the Brownian setting. Leav-
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ing out the noise, recall that the underlying ODE is the following

+a(t) =0, t>t. (10.32)

We pick again the basis of solutions given by Lemma 10.20, and we still denote by R its resolvent matrix
and by f its rate of decrease. Recall that it is given by

4 if =1,
VE> 0, f(t) = {ﬁ s p (10.33)
exp (—m) else.
We set, for all t > etp,
— t/e
MO = o f(1/e) /t RIS, (10.34)
0

Keeping the same notations as in the Brownian case, we decompose (Y;)i>¢, = (e_tAZt)tZto into
€1, ). = e1(t/€)y). Ry Zo + @,y M.

Reasoning as in the Brownian case, it remains to study the convergence of M gince the first term
converges towards 0. Using the expression of the Wronskian obtained in Lemma 10.20, we obtain, for all
t > eto,

Mt(s) = clf(t/e) t/ f(u)_2 (—yQ(u)> dL.,.
to yl(u)

Let us fix 0 < s < t. We study the convergence in distribution of the couple (M§€), ]\/Zt(a)) when ¢ tends
to 0. The convergence in distribution of a general d-dimensional distribution (Mt(f), e ,Mt(;)) relies on
the same computations.

Let us fix (&1, &) € R? x R2. Using that L has independent increments, the characteristic function (Zﬁat)
of (]\75(6), Mt(g)) is given by

(%Et) (&1,6) =E [GXP (ié‘q [f (s/e) & - e fu)™2 <_y2(u)> dL,

to 1 (u)

6 [ s (‘”(“)) dLum

y1(u)

) [exp (z’aq (f (s/e) &1+ [ (t)e) &) - / e Flu)™2 (‘yQ(“)) dLu>] (10.35)

to 1 (U)

x E lexp (isq Ft)e) e e Flu)2 <_y2(“)) dLuﬂ .

s y1(u)

Let us recall that the characteristic exponent of L is given, for all £ € R, by

(&) = —alg]®.

The characteristic function of the Wiener-Lévy integral can be computed as p. 105 in [Sat99]. Indeed, if
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G : R — R is a continuous function, then we have for all z € R

E [exp (22 /:G(u) dLuﬂ = exp (—a/: |G(u)z|°‘du> :

Using this with z =1 and
G u € [to, +00) 1 €7 (f (s/€) €1+ F (1/¢) €2) lf(u)z (iig)ﬂ

to compute the first expectation in (10.35) and the corresponding function G for the second expectation,

du)
Fitfe)e - (‘”(“)) | du> |
y1(u)

Using the asymptotic expansion of the resolvent matrix (Lemma 10.20), we can write, for any u > t,

—y2(u)\ " —sin(u) "
(yl(u> ) = f(u) l( cos(u) ) +9( )] :

where g : [to, +0o) — R? is a function satisfying for all u > to,

one has

~ s/e
¢gft) (fla 52) = exp (—agﬁ/ f(u)—2a

to

(f (s/e) &1+ [ (t/e) &) - (‘y (“>>

Y1 (u)

t/e
X exp <a5’8 ) f(u)—2

lg(u)| < Cu'=27.

We set

s/e
Kf) = exp (—aeﬁ flu)™@

to

du> (10.36)

(F(s/2) 61+ F (t/2) ) K‘?ff)”) v g<u>]

and

t/e
Kés) = exp <—a55/ flu)™@
s/e

We thus obtain
0 (6. &) = Ky x Ky, (10.37)

STEP 1. We start by justifying that we can omit g to study the limit when ¢ — 0. More precisely, we
prove that, for all function ¢ : R — R? such that ||((e)]| f(s/e) ™! = Oo(l),
E—

| [~ sin(u) " a_ | [ sin(u)
e [} gt e | (o))

Thanks to the mean value theorem applied to |-|¢ (since o > 1), and the domination of g, we obtain

s/e @
RE) .= ¢f fu)™™

to

du — 0. (10.38)
e—0

that, for some constant C' > 0,

s/e
RO < 0 @l [ fu) = du = 0 (IG@)]" f(s/e) e,
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where the last equality follows from Lemma 10.23. This proves (10.38) since 3 > 3.
STEP 2. We focus on the first term Kfa) defined in (10.36). Since f is decreasing, notice that

() = F(s/2) 61 + £ (t/2) & = O (f(5/<).

Then we have to study the convergence of 1) defined by

«

du.

s/e
1) = qef flu)™@

to

(F (s/2) 1 + £ (/) &2) - <‘ Si““”)

cos(u)

Its limit differs according to the value of j3.

STEP 2A. Assume first that § = 1. Then, using the expression of f (see (10.33)),

(S ) ()]

We proved in Step 1B of the super-critical regime that there exists a constant C >0 given in (10.28)

such that, for all ¢ € R?,
—sin(u
. ( ( ))
cos(u)

Using Lemma 10.22, we can compute the following asymptotic expansion

o [S/E
1) = gett2 / flu)™@

to

a 2

o du = C||¢||*. (10.39)
™ Jo

~ @ rs/
16 — 485 Hfl s
Vs oW/t
Therefore, it follows from Lemma 10.23 that

B -1
Kfa) o exp <—C’ <1 + g)

] flu)™du+ o (5”3 " flu)™ du) .

to

o o
31+5 .

STEP 2B. Let us consider now [ € (%, 1). Let us notice that 1) can be decomposed into the sum

to

b, &

Vs Vi

1© =19 4 1) (10.40)

of the two following terms

«

s/e s —sin(u
1= ae [ el (2 ( cos<i>)> "
and
e —sin(w)\ |© —sin(u)\ |
1 = ot f<u>—a[(f(s/s)mf(t/&)fz)‘<cos<i>)> _’f (s/e)&(cos(i))) ]du'

Using again the mean value theorem and Lemma 10.23, we get that for some positive constant C¢, | &>
(e) 3 a—1 s/e —a -1
< e /e f 1)) [ fw T du= O (£(t/2)1(s/2)7") = o (1), (10.41)
0
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10.3. Study of the system driven by an a-stable process

)

since 8 < 1. Using Lemma 10.22, we can compute the following asymptotic expansion of [ fa
€ s\ [s/¢ o —sin(u) )]
I =aelf () Flu)™ ey - ( ( )>’ du
€ to cos(u)
o 2 o @ s/e s/e
_ B3 1/ [ —sin(w) d / —aq / !
ae’f (%) K% e ( o) au) [ s dus o ([ s an) |

Thanks to (10.39) and the asymptotic expansion’s results given in Lemma 10.23, there exists an explicit

constant kg, given in Lemma 10.23, such that

I = ksalslal”. (10.42)

Combining (10.38), (10.40), (10.41) and (10.42), we have proved that KF), defined in (10.36), converges
as € — 0 towards

exp (—kgaCs”lla]*)

STEP 3. It remains to deal with the limit of Kée). Notice that

(e) = f(tfe) oo = O (F(t/2)) = O, (J (5/e)).-

Hence, thanks to Step 1, we are reduced to study, for r € {s,t},

JE) = acff (z)a /T/6 flu)™|& - <_ sin(u)) ‘a du. (10.43)

to cos(u)

Asymptotic expansion’s results (Lemmas 10.22 and 10.23) and (10.39) yield

_ r/e
IO = Clleal ¢/ [ fwdut o (£(t/2)° 1 (r/e)™)

0

= C &l ks (1) £ (1) + o (F(t/) [ (r/e)™®).

Hence,
(e) ~ a B
Ji7 = Clleal" kst (10.44)
and .
JO Ol ksas® () K (10.45)
5 e—0 Bror t {B=1}- .
Since

Kéa) = exp (—Jta) + JS(E)) ,

we thus obtain that, for all 0 < s < ¢,

e — O (HsaColal) e (<hsaCtlal”) i 5 <1,
| 0 e (hsaC (|| &+ Z 75T el -l ()P s]) =1

STEP 4. We can compute the characteristic function of the process (ﬁ fg Vs d£5>t 0 in the same man-
>
ner, and thus recognize the limiting process in the critical regime.
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Remark 10.17. e As in the Brownian setting, if 5 = 0, the resolvent matrix is explicit and following

the same lines, we can prove that (Zt /E) converges in f.d.d. towards the product of the measure
0

t>et,
1, whose characteristic function is given by

+oo
g (a [ e hw)du)
0
h being an explicit periodic function depending on the resolvent matrix.

e As in the Brownian setting, since the asymptotic expansion of the resolvant matrix is also known in
the super-critical regime, i.e. 8 > 1, one can prove the result in the linear case, i.e. v = 1, following
the same lines.

10.3.4 Proof of Corollary 10.6

Proof of Corollary 10.6. We start by proving the convergence in distribution of 71,7Z7. Reasoning as
in the Brownian setting, it follows from Theorem 10.2 that ry,7Y7 converges. The conclusion is a conse-
quence of Lemma 10.24, noting that the limiting distribution is invariant under rotations thanks to the
expression of its characteristic function.

Let us now prove that the rescaled process Z©) does not converge in distribution. We state the proof
in the super-critical regime. Assume by contradiction that it is the case. Reasoning as in the Brownian
case, we prove that this implies the convergence in distribution of the process I (©) defined, for t > eto,

by
t/e
It(s) = e / sin (t - u) dL,.
to 3

In particular, for s < ¢, the random variable It(s) — ng) shall converge in distribution.

)_ 10

Let us denote by ¢() the characteristic function of Ilt(6 , which is supposed to converge on R. Using

that L has independent increments, we have

¢(a)(1) =E [exp <5c1v /s:f sin (i - u) dLuﬂ E [exp (5; /t:/(S sin (z — u) — sin (2 — u) dLuﬂ

= ¢(6)71¢(5)72_

Recall that 1 defined in (10.2), denotes the characteristic exponent of L. Using a change of variables,

t (e}
sin ( — u) du)
€

we have in particular

t/e t/e
¢(5),1 — exp </ " (E; sin (t — u)) du) = exp <—a€/
s/e € s/e
(t—s)/e
~ exp (-ae [ s du) '
0
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10.4. Appendix: Study of the deterministic underlying ODE

Lemma 10.22 ensures that ¢()'! has a limit when e converges to 0. Similarly, we obtain

(£-u) (2 -0)) o)
sasm ——u)—sin|—-—u||du
€ €

t (0%
sin ( - u) — sin (S - u) du)

€ €

t—s) /3/5 <t—|—s )O‘ )
sin € cos —u du

2e to 2e
t—s\|* [5Et
sin <2€S> 6[ : |cos (u)|* du> . (10.46)

The change of variables u = v 4+ 7 yields, for all € > 0,

oo a0 s s (5 os 1)) =

2e
Thus, Lemma 10.22 ensures that

2 = exp

=
ol
o

—a2%

= exp (—QQO‘

2e —to o S 2m a
5/ lcos (w)|“du  — — / | cos(u)|® du.
¢ 21 Jo

—s e—0

Coming back to (10.46), we see that #¥):2 does not converge when ¢ tends to 0. This is a contradiction.
O

10.4 Appendix: Study of the deterministic underlying ODE

The deterministic ODE behind the system, i.e. without frictional force and without noise, is the

a'(t)
8

The solutions form a vector space of dimension 2. Let us take two solutions y; and y which are linearly

following

.'E//(t) 4

Fa(t)=0, t>to. (10.47)

independent. Then, we introduce the fundamental system of solutions (resolvent matrix) R to (10.47)
defined, for t > tgy, by

It satisfies, for all ¢ > ¢,

R,:<O 1 )Rt
t 1 1
8

We recall that the Wronskian w is defined, for all ¢ > tg, by

w(t) = y1(t)ya(t) — yi(t)ya ().
Let us finally set, for ¢ > 0,

L if =1,
ft) = {ﬁ . 1 (10.48)
exp (—m> else.
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Lemma 10.18. Pick § € (%,—1—00) and consider a solution y to (10.47). Then, there exist a € R and
¢ €10,2m) such that
y(t) = af(t)cos(t +¢) + O (f)r =)
— 00
and
y'(t) = —af(t)sin(t +¢)+ O_(f)r=07).

Proof. Let us set, for t > to, u(t) = f(t)"'y(t). We easily check that u satisfies

u”(t) +u(t) [1+ h(t)] =0,

where h(t) := A L SO Since for all £ >t

O IO,
ffe 1
fio =~ o
we obtain that h(t) = t—Qr (t=@AOABH)Y Following the proof of the method of variation of parameters,
[ee]

there exists ag, by € R such that, for any t > tg,

u(t) = ag cos(t) + by sin(t) — / "u(s)h(s) sin(t — ) ds.

to

Using that h € L((tp, +00)) since B > %, we obtain by Grénwall’s lemma that u is bounded on [t, +00).
We deduce that the functions s — u(s)h(s) cos(s) and s + u(s)h(s)sin(s) belong to L!((tg, +00)). Thus,
up to changing the constants ag and by, one has, for all ¢t > ¢,

u(t) = ag cos(t) + bo sin(t) — sin(t) /too u(s)h(s) cos(s) ds + cos(t) /too u(s)h(s)sin(s) ds. (10.49)

It follows from the fact that w is bounded that

—+00

. o0 ds
u(t) == 0/0 COS(t) + b() Sln(t) +t O (/t W) .
Thus, there exist a € R and ¢ € [0, 27) such that
— —(28-1)1B
u(t) = acos(t + ¢) + t_g_oo(t ).

This proves the asymptotic expansion of y. Differentiating (10.49) and wusing that h(t) =
O (t~CANBH) we prove that

t——+o0

u'(t) = —asin(t + ¢) + t—Qroo(t_(QB_l)Aﬂ)'

Since u is bounded and f/(t) = O (f(t)t~?), we finally obtain that

t—+o0
V(0) = FEult) + FE(0) = FE )+, 0 _(F1i?)
This concludes the proof of the asymptotic expansion of 7/. O

Remark 10.19. Note that if 5 = 1, the Bessel functions of the first kind Jy and of the second kind Yj
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form a basis of solutions. Their asymptotic expansions can be found in [Wat44, Chap VII].

Lemma 10.20. Pick 5 € (%,4—00). There exists a basis of solutions y1 and ya to (10.47) such that the
resolvent matriz R satisfies

R, = (1) ( cos(t) sin(t)> L0 (f(t)t_(w_l)/\ﬁ) _ (et 0 (f(t)t_(zﬁ—l)w>,

—sin(t) cos(t) t—00 t—00

Moreover, its Wronskian w is given for any t > to by

Thus, there exists wy € R\{0} such that, for all t > o, w(t) = wo f(¢)?. Moreover, thanks to Lemma 10.18,
for i € {1,2}, there exist a; € R and ¢; € [0,27) such that

yi(t) = a; f(t) cos(t + ¢;) + tgoo (f(t)t*(%’*l)m@)

and
yi(t) = —aif(t)sin(t + ¢;) + t—Qoo (f(t)t—(QB—l)/\B) ‘

As a consequence,

w(t) = —ajas f(t)*sin(pg — é1) + 0. (f(t)Qt—(4B—2)/\26) '

But since w(t) = wof(t)?, it implies that a; # 0 and ¢9 Z ¢1[7].
Up to dividing by a;, we can assume that a; = 1, and up to considering a linear combination of y; and
Y2, we can assume that ¢; = 0 and ¢2 = —7. Thus, we have wo = 1. This concludes the proof. ]

10.5 Appendix: Some technical results

We collect here some technical results used in our proofs. Recall first a sufficient condition for the
non-explosion of the solution to a SDE. The proof can be found in [GL21a).

Lemma 10.21. Let (Y;)i>t, be a cddlag process, solution to a SDE. For all n > 0, define the stopping
time
T i=inf{t > to, [|Yi|| > n}. (10.50)

Set Too := limy,— o0 T, the explosion time of Y. Assume that there exist two measurable and non-negative
functions ¢ and b such that

(i) ¢ is non-decreasing and lim,_,~ ¢(n) = +oo,

(ii) b is finite-valued,

(7ii) and for all t > t,

sup E [¢(|Yinr, [)] < b(2).

n>0

Then To00 = +0 a.s.
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We now state and prove a result on the periodic-averaging phenomenon.

Lemma 10.22. Let us fiz to > 0 and h : [tg,+00) — R a continuous m-periodic function, with m > 0.
Let g : [tg, +00) — RT be a continuously differentiable function which is not integrable on [ty, +00). We

assume moreover that
(i) 9'(t) = o (g(t),

t—+o00
(i) g(t) = JE glu) du).

Then,

9.,
t—+o00

/t:g(u)h(u) du = [; /t:o+m h(u) du} /t:g(u) dut o </t:g(u) du) .

Let us remark that the functions g1 and go defined fort € R, r > 0 and 5 € [0,1) by ¢1(¢t) :=t" and
ga(t) := exp(rt' =), satisfy the preceding assumptions made on g.

Proof. Let us define h := h — % fttooJ“m h(u) du, and H a primitive of h. The function H is bounded on
[to, +00) since the average of R on its period is equal to 0. To prove the lemma, we only need to justify

that . .
/to g(u)h(u)du = e </to g(u) du) :

By integration by parts, we obtain that, for all ¢t > ¢,

t

o u)h(u) du = g (0) — glto) A(to) — [ /() ()

to to

Using the fact that H is bounded, that ¢/(t) = o (g(¢)) and that Jio g(u) du = +oo, we deduce that

t——+o0

/t: ¢ (u)H(u) du = e (/t: g(u) du> .

The conclusion follows from the fact that g(t)H(t) — g(to)H (to) = 0o (fti) g(u) du), since we have

assumed that g(t) = 0 (ftto g(u) du) and that [ g(u)du = +o0.

L]
Lemma 10.23. Let f be given by (10.48) for 5 € (%, 1}, and pick o € (1,2]. Define

{(1 ta/2)l ifp=1,
kg.o =

2
= else.

Then for any t > 0, we have

t/e
/t Flu)=u "2 du = O (f(t/e)" "),

e50
and e e
/to )™ du=kgof <6> <E> +6go(f(t/s)‘%—ﬂ).
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Proof. When 8 = 1, the results follow from direct computations because of the expression of f. Assume
now that g € (%, 1). For the first point, the integration by parts formula ensures that

t/e

to

c t/e
f( ) o, 1- QBdu: [f(u)—aul—ﬂ}z _%(1_ﬁ) t f(u)—au—ﬂdu

2
= O (f(t/e)™ " ) + O (f(t/e)™)
0, (f(/e)7e"7h).

For the second asymptotic expansion, it follows again from an integration by parts that

t/e t/e
fw) ™ du = f(w)~*uPuf du
to to
2 c 9 t/e
= 2w =25 [T e au

Remarking that f(u)™@u®~' = o (f(u)™®), since 8 < 1, we deduce that

U——+00
t/e t/e
/ fw) ™ tdu= o fw) ™ du | .
to e—0 to
We obtain that
t/e o g sy B
s ) ()

This ends the proof. O

Lemma 10.24. Let (X,,), be a sequence of random variables with values in R?, and which converges in
distribution to a random variable X. We assume that the distribution of X is invariant under rotations,
i.e. for any orthogonal matriz R € Ms(R), the random variables X and RX have the same distribution.
Then for all sequence (Ry,)n of orthogonal matrices in Ma(R), we have

R, X, e X.

n—-+0o

Proof. Let us denote by ¢ the characteristic function of a random variable Z. Using Theorem 5.3 p.
86 in [Kal02], we know that (¢x,)n converges to ¢x uniformly on every compact subset of R2. The
characteristic function of the random variable Y,, := R, X, is given by

£ = oy, (§) = ox,, (Rnf).
Thus, by assumption, we have, for all £ € R?,
Px (Rn&) = ¢x ().
It follows that, for any ¢ € R? and n > 0,

9y, (&) — D(&)| = |ox, (Rnk) — ¢x(Rn€)l < sup  [¢x,(2) — ox(2)],

2€R?,||z[|=[I€]l

which converges to 0, as n — +o00. This ends the proof of the lemma. ]
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