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A toy model for the Lenard—Balescu problem

Particle system

Particle system

e Particles follows the Newton's laws
N
d d 1
TNV G TN ;VV(X
JFi

® Denote Fy(t, xp1,n7, V1,n) the distribution of particles. Then Fy
follows the Liouville equation:

N
OcFn+ ) Vi ViFn — ZVV )V, Fn = 0.
i=1 l;éj

Radial interaction potential: V(x) = V(|x|), V € CZ(RY).
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A toy model for the Lenard—Balescu problem

Description on short time scales t = O(1)

Description on short time scales t = O(1)
We make the chaos assumption at t = 0: for f, € (L' NP)((R/LZ)? x RY),

N
Frn(t =0, X, Viia) = H fo(xi, vi)
i=1
First marginal:

F,E,l)(t, X1, V1) = /FN(t, X[1,N]> V[l’N])dX[g’N]dV[LN].

Theorem (Debroshin 1979)

For any t € R, F,E,l)(t, X1, V1) Nl F(t,x1,v1) in sens of measure, where
— 00

F(t,x,v) is solution Vlasov equation:

atF—l—vl-VxlF—VX(V*X/de)VVon, (1)

The error terms are of order O(%e") for some C > 0.

Conservative equation, weak dissipation (Landau Damping).
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A toy model for the Lenard—Balescu problem

Long time description of the system, t = O(N)

Long time description of the system

Consider distribution of particles is invariant under translation:

N
Fu(t =0, x0.m, viim) = [ [ fo(w)
i=1

Conjecture

For all T > 0, F,E,l)(NT7 vi) W FO (7, v1) where F)(7) is solution of the
— 00
Lenard—Balescu equation:

k ® kdk.(n—va)
|€(F7 V1, k)|2

o(F,vi, k) = 1 +9(k)/

0, FO(r, ) = V. - (Ve = V) (FOm)FV (12)) e

k- VF(v.)

(v —v) -0

This equation look like the Fokker-Planck-Landau equation:
e there is a H-theorem: £ [ F(t,v1)log F(t, v1)dvs <0,

2
® the Gaussian are stationary solutions: M(v) := (27r;d/2 exp(— ‘Vzl ).
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A toy model for the Lenard—Balescu problem

Heuristic of the derivation
Heuristic of the derivation
Cumulant decomposition: (writing z = (x, v))

F (@, 22) = F(2) Fy)(22) + lGm(zl,zz)

Vne LN, F(ana) =) Z HN 6" (20)

n
r:l 1, ,pr) =1
"([1,n])

Formally, the Gy are of order C. (independent from N).

Evolution equation: (we set 7 = t/N)

10,FP = 1G26P, 10,69+ T, 6P =GuFd @ FY + 0(%),
=37 ViV

We deduce that

GA(r)~ N /0 M I G (FP () P2dr ~ 75 Can(FY (7)) 22

Finally:
&F,S,l) ~ C1 2710 :T+0 C2 1( /E,I)(T))®2
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A toy model for the Lenard—Balescu problem
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A toy model for the Lenard—Balescu problem

T (e weortem o6 dio mrelles

The linear version of the problem

We tagged by one particle 0 in an equilibrium bath: the initial data is

N
Fn(t = 0, xp0,n, vio,n1) = fo(vo) H M(vi).

i=0

Linear cumulants: we construct (G{")nmo,... w such that ¥n < N

N
FP (o vio) = M™  (vion) D Y G4 (30, vo).

k=0 oC[0,n]
|o|=k+1
0co

Orthogonality properties:
,_-(n) dx.d :F(nq)
as [ Fy"” (Xjo,n» Vio,n)dxad Vs v (X[0,n—1]5 Vjo,n—1]),

VO <n<N, / G\ (X0l Vio.n) M(va)dxndv, = O
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A toy model for the Lenard—Balescu problem

T (e weortem o6 dio mrelles

Bound on the cumulant

L? structure:

N

|Fn|? N ()2 g1
et o.mdviom :Z n |Gy [" M dxo, Vo, -

n=0

Conservation of norm by Liouville equation:

Qlm

|Fn(t)?
MN+1

dxpo,ndvio,n) S ( dX[o v dvp, N]> = constant.

v 2
where Mys1 = 2= exp (—‘["’7"4' - % Do V(xi = )g)) the Gibbs measure.

ZN 2
We deduce the bound

2 Jnl
V>0, n<N, (/ |G@"’|2M"“dx[0,n]dv[0,n]> < N% ()
2
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Evolution of cumulant:

The cumulant are solution of

1 , .
OGR4 i Ly G =S"rGy

=zj vJ-VXJ. +compact

1 -
1 (SPOGE £ S GE +SMGE ) ()
It is a variation of the BBGKY on the marginal F,E,").

Each S"* corresponds to a derivation in v.
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A toy model for the Lenard—Balescu problem

Simplification of the linear formulation

Simplification of the linear formulation
© we add some diffusion in v at order {; for some x > 0,
@ we perform the large box limit: (R/LZ)¢ 7 R¢,
—00

© we simplify the hierarchy (remove the non tridiagonal
terms),

o we take S™T and S"*1'~ anti-selfadjoint,

@ we truncate brutally: Vn > mg, Gj =0.

1 n ; K n n n
:Zj vjvxj +compact
1 _
+ 3 (S0 + "G+ 576 )

Normalization of the cumulants :

n Nn ~An
gN(k[o,N]7 V[o,N]) =\ GN(k[O,N]; V[o,N])-
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A toy model for the Lenard—Balescu problem

Simplification of the linear formulation
The studied hierarchy
We want to describe (gn(t))nc[o,mo]» With
gn(t): {(V[O,nlv ko,n] € Rz(n+1)d7 2iki=0} =C,

evolving with respect to

%a-,—g,?, —+ ( Z k vi— = ) n % (Sn+ n+1 Snfgl,\,lfl) ,
S" ann+17 Sn_ ZZ J,Z s
e =

5nn+1gl’\7/+1 = i/dkn+1dvn+1\/ M(Vn+1)9(kn+1)

n+1
X kn+1 VVJ ( 7kJ_ kn+17Vj»"' akn+17vn+1)a
| ——

J n+1

n— n1 mvké)ké vng”+1(~~~,kj-l—kg,\/j,"',@,"')-
N—_—— 4
J
for some initial data gy(t = 0) = L,—og,
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L2 control of the solution

We choose the norms

n 1 n
eIz = - / % (k- ) 05, 5 A

Il (&R II? Z len(®)Il7-

We have the equality

<5n,+gn+17 hn>n — <gn+1, Sn+1,—hn>n+1 )

We deduce that

SR (E)alI* = —22 —wlIVen(®)l7) <
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A toy model for the Lenard—Balescu problem
@

onvergence theorem

Theorem (Duerinckx-LB. 25)

There exists Gy >0 such that for any mg > 0, k > 0,
assuming that |V(k)| < Gok, d > Comg, g € H%™, one has

gt v) — g%, w) in (e tdtdvy),
N—oo
where g° is solution of

2:8°%(1, v) = (kA + Vi A(vo)Vvo)gO(T, Vo),
g°(t=0)
A(vo) = w/(Rd)z(k @ K)D(K)EM(v1) 6k - (vt — vo))dkdvs.
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A toy model for the Lenard—Balescu problem

Strategy of the proof

We perform a Laplace transform in t:

Le(a) = / e (L)t g1y ge.

0

1+I.O[—/6An n . ¢ n n n n— n—
T[,glv +'Zkf . VjﬁgN % (S +[,g +1 S ﬁgN 1) ,

5" ESInJrl? Sn7 ZZ le
j=0

Jj=0 ¢=1
L)

Siragn = i/dkn+1dvn+1v M(va1)V(knt1)

% kn+1 vngnJrl(

o ,kj*kn+17\/j,"' 7kﬂ+17vn+1)7
—_———— N——
Jj n+1
— 1 / 1
J"Z I,\7I VerZ)ke VVJ v ("',kj+ke7\/j,"',®,"').
—— 4
J
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