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where the expectation is taken over a "typical particle" of the system
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The approximation is trivial!

= The better approximation comes not when neglecting
correlations (order 0), but when keeping only the 2 particle correlations
(order 1).
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Denoting f; = Law(;}).
Goal: Finding the limit of ((f-n)rc0,1)n-

Convergence to Lenard-Balescu notoriously difficult = Simplification.
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N € N (Not exactly the final framework...),

prect ® (V;)ien independent Gaussian random variables N (0, ly) (Denote
S — ~v=Gaussian density).

—>  Background particles.

Introduce a tagged particle (X;, V;)

d d 1 i
%=V Ew:—NZW(Xt—X,),
ieN
for & € C¢°, and
x(’; = X, vé =V, %x{ = v,i, and %V,’ = 1NV¢(X¢ — x{).
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Goal

The goal is to understand how ((V;n).cp,1) , behaves when the density
N of background particles increases to infinity.
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Therefore

1N > Vo(X - x) = ﬁé?’ (Vo(Xi —)).

ieN

By the Central limit theorem

aw 1 j 1
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Dynamics from the fluctuations. Define the fluctuations
N
Why =+ Z (). €)= VA (1)~ [ hxvidr(an)).

Therefore
1 i 1 N
N D V(X — xp) = —=£& (VO(X — ).
N VN
By the Central limit theorem
N law 1 i 1
& (VX — 1) T N(0,Y) = N %vqx, —xt) =N (O, NZ)

Sum of (independent) Gaussian increments:
TN—1

N
VTN—VC,N:—/ ,LZWD —x)ds = Y Zv¢

N ieN s= aN ieN

~ N (0, (T — 0)X)

Xs)
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Vi

Friction O(N~2) per background particle.
During time T, NT background particle met
= Force O(1) for T ~ N.
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dVv. = 2A(V;)dr + V2% (V,)dB;,

where (B:)-cp,1 is a d dimensional Brownian motion, and A, X are
functions to be identified.
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* Instead of RY, consider the flat d-dimensional torus T = [-N", N"]%,
n>2.

® & even, smooth, compactly supported on B(0, R).
® The grand canonical ensemble. Set, for M € N, the Gibbs measure

M
ou(Z.21m) v>He b o)

(v=Gaussian) and construct

1 S NM
E[F(Z . — Z . Z . F(Z . .
(F(Z, 22001 = 5 ME:O Wi /ded /TMleMd dzimpm (Z, z1.m) F (Z, z1.m)
N——
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The grand canonical ensemble

* Instead of RY, consider the flat d-dimensional torus T = [-N", N"]%,
n>2.

® & even, smooth, compactly supported on 5(0, R).
® The grand canonical ensemble. Set, for M € N, the Gibbs measure

="

M
_1 —x:
pm (Z,zrm) = 4(V) [[e 7 J[aw)
i=1

——
Gaussian background

I

(v=Gaussian) and construct

1 > NM
E[F(Z, z. = — — dz azy. Z,z1:m) F(Z, z1-m) -
[F(Z,z1.n)] Z MZ:O W /ﬂ‘x]Rd -/TMxRMd z1.mpm (Z, 21.m) F (Z, 21.m)

N——
Number of particles
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* Instead of RY, consider the flat d-dimensional torus T = [-N", N"]%,
n>2.

® & even, smooth, compactly supported on 5(0, R).
® The grand canonical ensemble. Set, for M € N, the Gibbs measure

M M
_1 —x:
pm(Z.zim) = A(V) [[e 7 [Tw)
i=1 i=1

——
Almost uniform  Gaussian background

(v=Gaussian) and construct

1 > NM
E[F(Z, z;. = — — dz dzy. Z.zim) F(Z,z1.m) .
[FZ, 2] = 5 MZ:o at /W ./TqugMd 2mom (Z, 2vm) F (Z. 211)

N——
Number of particles
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The grand canonical ensemble

e Instead of R?, consider the flat d-dimensional torus T = [-N", N"]¢,
n>2.

® & even, smooth, compactly supported on (0, R).
® The grand canonical ensemble. Set, for M € N, the Gibbs measure

M M
_1 X
pm(Zzvm) = (V) [[e 7 J[vw)
i1 i1
I I
Almost uniform  Gaussian background

(v=Gaussian) and construct

1 > NM
— — az az;. Z,z1.m) F(Z, z1.m) -
Z MZ:% Yl /1r><u<d /’J;MXLRM’J z1.mpm (2, 21:m) F (2, 21.m)

W
Number of particles

E[F(Z,z1.n)] =

e |n particular, A/ is the number of background particles, and is
distributed according to a Poisson distribution of mean ~ N|T|.
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The grand canonical ensemble

* Instead of RY, consider the flat d-dimensional torus T = [-N", N"]%,
n>2.

® & even, smooth, compactly supported on B(0, R).
® The grand canonical ensemble. Set, for M € N, the Gibbs measure

M M
_1 —x:
pm (Z,zm) = y(V) [[e 7 [[rw)
i1 i1
I I
Almost uniform  Gaussian background

(y=Gaussian) and construct
E[F(Z,z1.n)] = ! o NV / dZ/ az (Z,z1.m) F(Z, z1.m)
s LN = =z prart M Trd oM o gMd 1:MPM s £1:M s £1:M) -

——
Number of particles

e In particular, NV is the number of background particles, and is
distributed according to a Poisson distribution of mean ~ N|T|.

= the system is stationary (equilibrium).
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Aliieoss Provided d > 4, under the grand canonical ensemble, the family of

What happens?

Framework and processes ((V-n)-cp,1])n converges in law* as N — oo to a diffusion

results

process (V-),cpo,1) defined by Vo ~ N (0, ly) and

dVv, = 2A(V,)dr + V25(V,)dB;,

where B is a Brownian motion in R%. Here A is defined by
0 s
A(V) = — / dx / dvy(v+ V)Hessd(x) / / Vo (x+ uv)duds,
B(0,R) R —oo0 J —oco

and we define ¥ as the square root of D, an R%*? positive symmetric
matrix given by

0
W)= [ o[ antvrvvere [ vew sds
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Theorem (Bodineau-P.L.B. ('26))

Siohce Provided d > 4, under the grand canonical ensemble, the family of

What happens?

Framevorkand processes ((V-n)-cp,1])n converges in law* as N — oo to a diffusion
process (V-),cpo,1) defined by Vo ~ N (0, ly) and

dVv, = 2A(V,)dr + V25(V,)dB;,

where B is a Brownian motion in R%. Here A is defined by
0 s
A(V) = — / dx / dvy(v+ V)Hessd(x) / / Vo (x+ uv)duds,
B(0,R) Rd —oo0 J —oco

and we define ¥ as the square root of D, an R%*? positive symmetric
matrix given by

0
W)= [ o[ antvrvvere [ vew sds

*i.e for all continuous bounded functions F : C([0, 1], RY) — R, we have
E[F(V.N)] —— E[F(V)].
N— oo
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What happens?

Framework and
results

Lemma
The Fokker-Planck equation associated with the SDE for the limit V is the
linear Landau equation, i.e. f; = Law(V;) is a weak solution of

Smaller dimensions

Oty =V - (D( V)(Vft + fo))v

where

D(V) = -~ /(k@k)|&>(k)|2/Rd7(v+ V)6k., dvdk.

WR"
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A bit of literature

® On controls of correlation/higher order PoC

Bogolyubov ('46), Duerinckx ('21), Rowan - Hess-Childs ('23), Duerinckx - Bernou ('24),
Ren - Wang ('25)

e On Lenard-Balescu and Landau

Guernsey, Lenard, Balesu ('60s), Duerinckx ('21), Duerinckx - Saint-Raymond ('21),
Nota - Simonella - Velazquez ('18), Nota - Velazquez - Winter (21, '22), Duerinckx - Le
Bihan ('25).

¢ On tagged particles

Holley ('71), Kesten - Papanicolaou ('79, '80), Durr - Goldstein - Lebowitz ('81, ’83, '87),
Spohn ('91) Kusuoka - Liang ('10), Dobson - Legoll - Leliévre - Stoltz ('13), Bodineau -
Gallagher - Saint-Raymond ('16).
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We prove that
* the sequence of continuous processes ((Vrn)-cpo,1)n I8 tight,
® any limit point satisfies the correct martingale problem,
e for which uniqueness holds.



Landau and
Mean Field

Pierre Le Bris

Motivation
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What happens?

Framework and
results

Overall strategy
First (wrong) proof

Correcting the proof
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Overall strategy

We prove that
* the sequence of continuous processes ((Vrn)-cpo,1)n I8 tight,
® any limit point satisfies the correct martingale problem,
e for which uniqueness holds.

NB We distinguish between the microscopic time t € [0, N] and the
macroscopic time 7 € [0, 1]: t = 7N.
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Martingale problem

lt6’s formula applied to the SDE dV, = 2A(V,)dT + V2% (V,)dB,, states
in particular that for any test function f the quantity

M= (V) — / " (2A(V,) - VI(V,) + D(V,) : Hessf(V,)) do,

is a martingale*.

Yie.Vo < 1, EIML|F, ] = ML .
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results

o M= (V) — / " (2A(YV,) - VA(Vs) + D(V.) : Hessf(V,)) do,

First (wrong) proof

Correcting the proof iS a martingale*.

Smaller dimensions

It is in fact a way a characterizing the solution of the SDE (thanks to
regularity).

Yie.Vo < 1, EIML|F, ] = ML .
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lt6’s formula applied to the SDE dV, = 2A(V,)dT + V2% (V,)dB,, states
in particular that for any test function f the quantity

M= (V) — / " (2A(YV,) - VA(Vs) + D(V.) : Hessf(V,)) do,

Overall strategy

First (wrong) proof

Correcting the proof isa mal’tinga'e*.

Smaller dimensions

It is in fact a way a characterizing the solution of the SDE (thanks to
regularity).

Denote Lf(v) = 2A(v) - Vf(v) + D(v) : Hessf(v).

Yie.Vo < 1, EIML|F, ] = ML .
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Martingale problem

lt6’s formula applied to the SDE dV, = 2A(V,)dT + V2% (V,)dB,, states
in particular that for any test function f the quantity

M= (V) — / " (2A(YV,) - VA(Vs) + D(V.) : Hessf(V,)) do,

is a martingale*.

It is in fact a way a characterizing the solution of the SDE (thanks to
regularity).

Denote Lf(v) = 2A(v) - Vf(v) + D(v) : Hessf(v).

Forany0 <7 < .. <71 <1,any g, €Ce°, any f € Cg°,

E [H a(Vs) (f(vw)— F(Vs,) — / :"” Ef(va)da)} —o0.

Yie. Vo < 1, EIML|F, ] = ML .
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Martingale problem

lt6’s formula applied to the SDE dV, = 2A(V,)dT + V2% (V,)dB,, states
in particular that for any test function f the quantity

M= (V) — / " (2A(YV,) - VA(Vs) + D(V.) : Hessf(V,)) do,

is a martingale*.

It is in fact a way a characterizing the solution of the SDE (thanks to
regularity).

Denote Lf(v) = 2A(v) - Vf(v) + D(v) : Hessf(v).

Forany0 <7 < .. <71 <1,any g, €Ce°, any f € Cg°,

E [H a(Vs) (f(vw)— F(Vs,) — / :"” Ef(va)da)} —o0.

Goal: Show that V.y also satisfies this in the limit N — oo.

Yie. Vo < 1, EIML|F, ] = ML .
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Goal: Show that V.y also satisfies in the limit N — oo (simplified...)

E[g(Ve) (F(Von) — F(Vo))] = E [g( Vo) / ch(vow)da} +o(1).
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Goal

Goal: Show that V.y also satisfies in the limit N — oo (simplified...)

E[g(Ve) (F(Von) — F(Vo))] = E [g( Vo) / " en voN)da} +o(1).

We have
N .
E[g(Vo)(f(Vin) — f(Vo))] = —E {g( Vo) /0 VI Vr)1N Z Vo (X — X;)dt:|
N
=% {g(Vo) /0 VH(V)VO(X — x; )dt} :

where B[] = E[%].
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Super false
Independence

To study this quantity, we somehow need to study the tagged particle
and a typical background particle independently.
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Independence

To study this quantity, we somehow need to study the tagged particle
and a typical background particle independently.

Construct (X;, V1):, which is the process (X;, V;): in which we delete the
influence of particle 1 by removing the force term £ V&(X; — x;) from the
dynamics.
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To study this quantity, we somehow need to study the tagged particle
and a typical background particle independently.

Construct (X;, V1):, which is the process (X;, V;): in which we delete the

Overall strategy

Firs (wrang) proof influence of particle 1 by removing the force term lNV¢(X, — x}) from the
Correcting the proof H
SmaHﬂrd:mf‘rs!ows dynamlCS.

We have

and thus

_ _ 2
X;:X3+TV(;+O(N)7 Vt:VH-O(ﬁ), Xt:XH—O(tN).
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ons

Super false
Independence

To study this quantity, we somehow need to study the tagged particle
and a typical background particle independently.

Construct (X;, Vi):, which is the process (X;, V;): in which we delete the
influence of particle 1 by removing the force term lNVdJ(X, — x}) from the
dynamics.

We have

d ; 1 N 1

avt —NVCD(X[th)— O(N),

1 1 1
E(Vf-\/f)_—qu)(Xf—X[)—O(N)

and thus
X =x+t+0 £ Vi=Vi+0 t Xi = X:+0 £
t — A0 0 N 9 t — t N ) t — t N .

e Error starts when background particle 1 starts interacting.
e Most particle interact for a time of order 1.
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Super false
Independence

To study this quantity, we somehow need to study the tagged particle
and a typical background particle independently.

Construct (X;, Vi):, which is the process (X;, V;): in which we delete the
influence of particle 1 by removing the force term 4 V&(X; — x/) from the
dynamics.

We have
d 11 N _ 1
FtV[_NVCD(Xt x,)—O(N>,
1 N 1
a(v,—v,)_—NW(X,—X,)_O(N)
and thus

X;:X3+Z‘V(;+O<1n>, Vt:Vt+o(1N>7 Xt:Y,+O<1N>

e Error starts when background particle 1 starts interacting.
e Most particle interact for a time of order 1.
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Taylor expansions

Recall, we want to compute [ [g( Vo) [TV VHV)VO(X — X )dt] :
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Taylor expansions

Recall, we want to compute [ [g( Vo) [TV VHV)VO(X — X )dt] :
Use & (V, - V,) ~ —EVO(X — x') ~ — V(X — x§ — tv}) and Taylor expansion
_ _ — 1
Vf(Vt) =Vf(V,) + Hessf(V,)(Vt — V{) + 0 <m> N

- R 1
=Vf(V;) — Hessf( v,)/ —Vo(Xs — xg — svg)ds + O (—) .
o N N2
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Motivation
A Rayleigh gas Recall, we want to compute £ [g( Vo) fOTN VIV V(X — X,1 )dt] .

What happens?

Framework and
results

Use & (V, - V,) ~ —EVO(X — x') ~ — V(X — x§ — tv}) and Taylor expansion

First (wrong) proof _ — — 1
e VH(Vi) =VH(Vi) + Hessf(Vi)(Vi — Vi) + O <W> ,

Smaller dimensions
— ot 1
=V1(V;) — Hessf( v,)/ —Vo(Xs — xg — svg)ds + O (—) .
o N N2
Likewise
1y v 1 1
VOX = x) =V (Xi = x) — vy
- - 1
+ Hess® (X, — xg — tv&) ((Xt —Xt) — (x[1 — xg — tv&)) +0 <m>

=Vo (Yr - x5 - tv&)

- 1 1 trs -~ 1 1 1
— 2Hess® (Xr — Xy —tvo)/o /!; NV(D(XU — Xy — uvy)duds + O N



Landau and
Mean Field

Pierre Le Bris |n the end
We obtain

Motivation R N 4

A Rayoig gas E [g(Vo)(f(Von) — f(Vo))] = - [g(Vo)/ VHV)VO(X — X, )dt}

What happens? 0

Framework and

N _ o
o —_R [g(VO) / VHV)VO (x[ —x - tvg) dt]
0

Overall strategy N o - t s _
[g( Vo) / VH(Vo)Hesso (Xi —x — 1) / / Vo(Xy — x} - uvg)dudsdt]

First (wrong) proof —+
Correcting the proof

Smaller dimensions

a(Vo) / Hessf( V,)/ Vo(Xs — xo - svo)dsv¢ (X, — xU tvo) dt]
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We obtain
Motivation ~ TN 1
Arajonsas E [g(Vo)(F(Von) — F(Vo))] = —I [Q(Vo)/o VHV)V(X; — X )df}

ork and

- _& [g(Vo) /OTN VI(V)Ve (Xi—xg — 1) dt]

Overall strategy 2 . N _ o t s _

e —— + g [g( Vo) / V(V;)Hessd (x, —x - rvg) / / VoX, — X — uvg)dudsdt]
Gorrecting the proof N 0 o Jo

Smaller dimensions 1 R

N _ t _ —
+ B [g( vg)/ Hessf( v,)/ Vo(Xs — X — sv})dsve (x, - tvg) dt]
0 0

-
o(—).
* ( N)
First term disappears and with a bit of re-writing

E [g(vo) (f( Vor) = (%) = [T @UAVan) - A(Van) + HessH (Vo) : D(Vo) do)}

(i)

with (y=Gaussian)

d 0 "S
AV) = — / dx / vy (v + V)Hessd(x) / / Vo(x + uv)duds,
B(0,R) rA —o0 J—oco

" 0
D(V) :/B(O,Fv‘) dx /Rd dvy(v + V)Vo(x) @ /_m Vo(x + sv)ds.
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A Rayleigh gas

S E[|Von — Vol?] = — 2E[V - (Von — Vo)

results 2 N -

II. Sketch of proof = N]E |:V0 ° A 2/\( Vs)d5i| +0 (N) = O(T)7

Overall strategy
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Correcting the proof
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*or equicontinuity.
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Just a bit false

Tightness*

Using this estimate, for f = g = id (which you can’t do...)

E[|Von — Vol*] = — 2E[Vp - (Ven — Vo)

_ %E [Vo . /OTNZA(VS)dS} +0 (%)

=—> Not enough for Kolmogorov’s criterion for tightness.

*or equicontinuity.
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First (wrong) proof
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-
e Tightness*

Using this estimate, for f = g = id (which you can’t do...)
E[|Von — VoI’ = — 2E[Vo - (Von — Vo)l

— %]E [vo . /OTNZA(Vs)ds} +0 (%) = 0(r),

=—> Not enough for Kolmogorov’s criterion for tightness.

Compute fourth moment, using f(v) := |v — V,|* (which you still can’t do...)
4 1 N T
E[|Von = Vo|'] =B / VH(Vs — Vo) - A(Vs) + Hessf(Vs — Vo) - D(Vs)ds| + O (
0
T T
<8 [ [T Var = vl + 1V — Wl%ya] +0 (7).

and, using E[|V.x — V|2] = O(7), we may conclude that E[| V,.n — Vo|*] = O(?).

*or equicontinuity.
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-
= Tightness*

Using this estimate, for f = g = id (which you can’t do...)
E[|Von — VoI’ = — 2E[Vo - (Von — Vo)l

— %]E [vo . /OTNZA(Vs)ds} +0 (%) = 0(r),

— Not enough for Kolmogorov’s criterion for tightness.

Compute fourth moment, using f(v) := |v — V,|* (which you still can’t do...)

E[[Von — Vol*] :%E [/TN VH(Vs — Vo) - A(Vs) + Hessf(Vs — Vo) : D(Vs)ds] +0 (%)
0

<2 [ [V = Wol* + Vi = W3] +0 (1)
0

and, using E[|V.x — V|2] = O(7), we may conclude that E[| V,.n — Vo|*] = O(?).

Tightness, identification and uniqueness of the limit allow us to conclude on the con-
vergence, and thus on the main result.

*or equicontinuity.
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Sources of correlations

To carry out this proof, the main assumption we made is that a
background particle interacts for a short time, and only once.

Recall that we wrote X; = X; 4+ O (%)
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Motivation

A Reyleigh gas To carry out this proof, the main assumption we made is that a
e et background particle interacts for a short time, and only once.

Framework and

results

Recall that we wrote X; = X; 4+ O (%)

First (wrong) proof

cremameret e therefore need to control the two main sources of correlations in time:
particles interacting for a long time, and particles recolliding after having
left the interaction radius.

. Interaction time ' Recollision
_________ e f—
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w

When dealing with these sources of correlations, we want them to have a
probability of occurring o(1/N), so that we can for instance write

wrong) proof

Correcting the proof

N
) {g( Vo) / Vf(vt)W(X,—xﬁ)dt}
0

N
=E (g( V0)1x1doesn’t recollide / Vf( Vt)Vd)(Xt - Xt1 )dt>
0

TN

+ ]E (g( V0)1X1 recollides o Vf( Vf)vq)(Xf - X:)dt)

N
=E |:g( Vo)nx‘doesn’t recollide / Vf( Vf)vq)(Xf - Xt1 )dt:| + 0(1 )
0
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Still a bit false, but Iess}

Stability

~o(—).

()

Concentration estimates:

1 1 .
Nznx[es(x,,ﬂ) =0(1), ‘NZV‘D(XI - x)
I 1

é\*

1 .
HN E Hess®(X; — ;)
!

v

Calculations when removing a particle should in fact be

a2 N N
dtz( —Xt) =— 7ZV¢(Xt—x, +7Zv¢(x,—xt)
i=1 i=2

1 Y P
~ <—— > " Hesso(X; — Xr)) (X = X0) = 1 VOXi = x).

i=1
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Still a bit false, but Iess}

Stability

~o(—).

()

Concentration estimates:

1 1 .
Nznx[es(x,,ﬂ) =0(1), ‘NZV‘D(XI - x)
I 1

é\*

v

1 .
HN E Hess®(X; — ;)
!

Calculations when removing a particle should in fact be

a2 N N
dt2( —Xt) =— 7ZV¢(Xt—x, +7Zv¢(x,—xt)
i=1 i=2

1 Y P
~ <—— > " Hesso(X; — Xr)) (X = X0) = 1 VOXi = x).

i=1

By a Gronwall-like result, we obtain the correct bound |X; — X;| = O (tz/N)
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Still a bit false, but Iess} Stablllty

~o(—).

()

Concentration estimates:

1 1 i
NZ]IX{EB(X[vH) :0(1)’ ‘NZVd’(XI*XtI)
i i

é\*

v

1 .
H N Z Hess®(X; — x;)
!

Calculations when removing a particle should in fact be

&2 N N - )
e X=X =— fZW(Xt—x,H N2 VeXi—x)
i=1 i=2

1 Y P
~ <_7 > " Hesso(X; — Xr)) (X — Xi) — Nv¢(x, —x).

i=1

By a Gronwall-like result, we obtain the correct bound |X; — X;| = O (tz/N) ... but only for

short times

1 [ en/E Lo WA
2

1
X(t) = \Fx(t) N = x(t) = TN —1
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Still a bit false, but Iess}

Stability

~o(—).

Concentration estimates:

1 1 .
B s O [ w0
I 1

é\*

1 .
< > Hessd(X; — x/)|| = <7>
H NS VN
Calculations when removing a particle should in fact be
&2 N N - )
—= (X% Xx)——fZW(Xt—x,H ST Ve(X — X))
dt i=1 N i=2

1 Y P
~ <—— > " Hesso(X; — Xr)) (X = X0) = 1 VOXi = x).

i=1

By a Gronwall-like result, we obtain the correct bound |X; — X;| = O (tz/N) ... but only for
short times

1 enN'/t e N/4
2

X(t) = —=x(t) + I1\I = x(t) = TN —1

\f

We can thus a priori approximate X; by X; only on timescales smaller than N'/4.
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Cv:aty:wai:egnw dt Vi N 2/: Vo(Xi —x)| < O (W)

Framework and

o We can therefore approximate the various motions by straight lines

II. Sketch of proof
Overall strategy »

First (wrong) proof t 1 1 1 £
S X=X +tVo+ O (\?N) s X% =X+t +0 N

Smaller dimensions

ll. Clos

rema
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7 NVl

Xo+tVo
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Motivation d 1 i 1
B V| = |n 2 veri-x <o (7)-

Framework and
results

We can therefore approximate the various motions by straight lines

Overall strategy
2 2

First (wrong) proof t 1 1 1 t

Correcting the proof X =Xo+tVo+ 0O (—\/N) R X =X +tyg+0 <N> ,

Smaller dimensions

ANV

If|x} — Xo| < R, thenfort € [\vg — VoY NV — Vo\], we have |x; — X;| > R.
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Motivation

A Rayleigh gas

t happens?
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In particular, the interaction time is of order |vg — Vo| .

ong) proof

Since v — V, is distributed like a Gaussian distribution in dimensions d,
Correcting the proof
Smaller dimensions we haVe

P [\vg — Vol < N*V] <N
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Motivation

A Rayleigh gas

What happens?

Correcting the proof

Smaller dimensions

Interaction time - 2

In particular, the interaction time is of order |vg — Vo| .

Since v — V, is distributed like a Gaussian distribution in dimensions d,
we have

PV~ Vol < N*V] <N

For d > 5, a background particle satisfies with high enough prob-
ability |vg — Vo| > N~'/*%3_ Therefore, it interacts only on a time
frame smaller than N'/*, and we can approximate X; by X;.
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happens?

kand

Correcting the proof

Smaller dimensions

Interaction time - 2

In particular, the interaction time is of order |vg — Vo| .

Since v — V, is distributed like a Gaussian distribution in dimensions d,
we have

PV~ Vol < N*V] <N

For d > 5, a background particle satisfies with high enough prob-
ability |vg — Vo| > N~'/*%3_ Therefore, it interacts only on a time
frame smaller than N'/*, and we can approximate X; by X;.

This approximation is only valid on the first interaction time frame! We
thus need to deal with recollisions.
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Recollisions
Zfiﬁ:j!f;’], oo A background particle, once it has ezdted the interaction radius, may
e only come back at times greater than tec = N'/?|v — V5|, with
W~ Vol = N

First (wrong) proof
Correcting the proof

Smaller dimensions
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e A background particle, once it has exited the interaction radius, may
e only come back at times greater than te. = N'/2|v{ — V5|, with
results |V(} _ V0| > Nfzfé.

R In this case has to "aim" for the new position X;.
Correcting the proof

Smaller dimensions
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Recollisions
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. A background particle, once it has exited the interaction radius, may
: only come back at times greater than te. = N'/2|v{ — V|, with

IV — Vol > N—i0.

V ppens?

In this case has to "aim" for the new position X;.

ong) proof

Correcting the proof

S In other words, since it does not interact and thus goes in a straight line,
we need
X — 1
X =x +t4 €B(X:,R) = W eB(%,?).
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Not too fal -
Recollisions

A background particle, once it has exited the interaction radius, may
only come back at times greater than tec = N'/?|v — V5|, with

[va — Vo| > N~ i,
In this case has to "aim" for the new position X;.

In other words, since it does not interact and thus goes in a straight line,
we need

v
Xt =x3+tvg € B(X,R) — V3€B<Xttxov$)-
This yields
1/4+5 1 X—x R "oodt
P|3t>N st. yeB =) S o
t t N1/4+6 td

1
< N(d—=1)/4+(d—1)s *
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Not too fal -
Recollisions

A background particle, once it has exited the interaction radius, may
only come back at times greater than tec = N'/?|v — V5|, with

[va — Vo| > N~ i,
In this case has to "aim" for the new position X;.

In other words, since it does not interact and thus goes in a straight line,
we need

v
X =x +t4 €B(X:,R) = W eB(Xr t%y?).
This yields
1 N
P|3t> N"*" st. vj e B X’_XO,B 5/ at
t t nisass H9

1
< N(d—=1)/4+(d—1)s *

‘ This yields a probability of recollision smaller than N~ for d > 5.
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Partial conclusion

Up to everything false we have written so far, this would conclude the
proof in dimensions d > 5.
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Motivation
A Rayleigh gas
What happens?

Framework and
results

Overall strategy
First (wrong) proof
Correcting the proof

e Up to everything false we have written so far, this would conclude the
proof in dimensions d > 5.

How do you deal with d < 47

= Improve the controls.
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Requirements

We need

e X;=X;+0 (%) to hold on longer timescales

o to push the first possible recollision time further.
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Motivation We need
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happens?

Framenorkand e X;=X:+0 (%) to hold on longer timescales

o to push the first possible recollision time further.

Sl CleTsiar Both controls were based on the concentration estimates

~o(7m)

These were obtained through a space averaging.

1 .
N Z V(X — )
]

1 .
N Z Hessd(X; — x{)
!
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Motivation
A Rayleigh gas
w

happens?

Correcting the proof

Smaller dimensions

Requirements
We need
e X;=X;+0 (%) to hold on longer timescales
o to push the first possible recollision time further.

Both controls were based on the concentration estimates

()

These were obtained through a space averaging.

1 ,
N Z V(X — )
]

1 :
N Z Hessd(X; — x{)
!

= Use also a time averaging.
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Motivatior

A Rayleigh gas

happens?

c g the proof
Smaller dimensions

Requirements
We need
e X;=X;+0 (%) to hold on longer timescales
o to push the first possible recollision time further.

Both controls were based on the concentration estimates

()

These were obtained through a space averaging.

1 ,
N Z V(X — )
]

1 :
N Z Hessd(X; — x{)
!

= Use also a time averaging.

A perfect averaging in space and time would lead to

107 ; T
Vr = Vol = = i Zj:v4>(xt—x,)dtz,/ﬁ
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Hoeffding

I. Introduction
Motivation
A Rayleigh gas

R Write, for some 6, > 0, 8; = &, " and T = N'/25,

Framework and T/d¢ 1 et '

results !
S N/ > vel X; — x{)at = S ) S ver - xa

II. Sketch of proof ty i

Overall strategy

T/ét
First (wrong) proof k1 i
)
Gorcecing e pro / E L VO(Xi =Xy s, O
Smaller dimensions k= 1 k odd
T/6
G | tk+1 VX, i1 dt
_ 3 —x .
+ > N J, (Xt = x) Ve —vi| 26y
k=1,k even K i

1 T i
+N/0 ZV®(Xt7XY)n\V1—V;\<5th'
i
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Smaller dimensions

[ False and complicated }

Hoeffding

Write, for some 6, > 0, §; = &, " and T = N'/25,

1 /7 , ”‘5’ 1 [l
N/o ST Vo(X — x)dt = / pr(x,fx,
i i
T/8¢
1 [kt i
= 3 N S vo(x xt)ﬂlvﬁvtf‘zsvdt
k=1,k odd i
T/6¢
1 k41 ;
D DR / 3 VOO X1y, s, o
k=1,k even & i t=

1T ;
N/o ZV<D(Xp—Xr)IlW[_V;-‘<6th.
1

Fast particles: By Hoeffding

T/ét k+1 T
/ ZV‘D |v,7v’\>5vdt < m

k=1 kodd
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[ False and complicated }

Write, for some 8, > 0, 6; = 6, "and T =

N/ ZV¢ (Xt — x))at =

Fast particles: By Hoeffding
T/5r

k=1 kodd

T/8¢

2N

T/6¢

1
I
1

k=1,k odd N

T/5t

k=1 k even

Hoeffding

N'/25,

ST T - )t
i

k1 i T
zl:vaa x,)nwlfvtf‘zgvdt},/N—gv

/k+1 Z Vd)(X,

al [T
Lv—viiza % 1\ N,

i
+N/o ZV¢(X,—X,)]1WI_V{|<5VdI.
1

/k+1 qu}

|V,—v’\>6v

dt

I
NG,
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[ False and complicated }

Hoeffding

Write, for some §, > 0, 6, = 6*‘ and T = N'/235,

t
N/ Zv¢ (X — x})at = Z - Zv¢(xt — x{)dt
+1 i T
/ va ) LIV dt},/—
k= 1kodd =128 N6y
T/éz % =
+1 T
/ ZV¢(X[ Vi—vi|>s dt} NS
k= 1 k even ‘ Vl v N(SV

i
+ N/o 2 VO =Xy,
I
Slow particles: By a concentration inequality

<1

i
\/WZV‘D Xt)]l\v,fvr"\<5v =
)
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[ False and complicated }

Hoeffding

Write, for some 6, > 0, & = 6, ' and T = N'/25,

T/5
1 [+t i
f/ ZV“’ (X — x})dt = Z TS veX — X))t
I i
T/é[ .
k41 T
= / ZV¢Xr—Xr)ﬂv_1>5 dt}
k= 1 k odd Wil 28v N6y
T/a, .
k+1 T
/ ZV¢(X[ Vi—vi|>s dt}
k= 1 k even ‘ " 120 N5V

T69/2
+f/ Zwo(x, x,)nw V|<5vdt 7

Slow particles: By a concentration inequality

<1

i .
\/Nsd ZVd) Xy vi<s, | S
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[ False and complicated }

Hoeffding

Write, for some &, > 0, 6 = 6, ' and T = N'/25,
T/8

N/ prx,—x,)dt Z

T/6t
1 [l T
SD IRy D STt
«<iwoda N i =120 Néy

T/J' k1 T
/ Zv«v(x, 1, V;-lzévdt} o

T69/2

1 T i v
+N/0 ZV‘D(X'7Xf)]l\vﬁv{|<6vdt'}W
!

Sum the controls and optimize for 4, .

;
ke Z VO(X, — x{)dt

k= 1 ,k even
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[ False and complicated }

Hoeffding

Write, for some 6, > 0, 8 = 6, ' and T = N'/25,

T/S¢
1 [t .
N/ 3o ver — X))dt = >y ST ve(x - Xt
I i
T/‘s’ fet 1 ; T
Zv¢ =X)Ly iiss dt}
k= 1kodd / Wimvlzov Noy

T/a, .
k+1 T
/ ZV¢(X[ v—'><s dt}\li
k= 1 k even i ‘ 1120y N6y

T59/2

/ ZV¢(X’ X,)ILM v’|<6vdt} N1/2

Sum the controls and optimize for §,.

Leta = gz and 8 = 2d+2 , we have for T < N?

— (X — x!
N/o ZV(, x;)dt

Vi — Vol =

<1/IN“
- N
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Motivation
A Rayligh gas Write, for some &, > 0, 6 = 6, ' and T = N'/25,
What happens? T/

St
1 fT .
N /O SVo(X: — x)dt = /”1 Z VO(X, — x)d
i

Overall strategy T/8¢ 1 4 T
‘ ‘ k+1
First (wrong) proof _ _ . JE—
=2 N, Ve X')H‘VI*V;‘Z‘Sth} \/;
e k=1,kodd '* 7l !

T/51

Smaller dimensions
k+1 T
/ ZW(X, Ly lzévdt} o

76972

1 T i v
+N/o qu>(x,fx,)n‘‘,H;-ldvclt}TV2
I

Sum the controls and optimize for d,.

k= 1 ,k even

Leta = g5 and 8 = &%, we have for T < N°

/ Z V(X — x})dt| <

T
([ = N*.
N

[Vr — Wl =

= You can also bootstrap this!



Conclusion

We may now conclude in dimensions d > 4.
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In dimensions 3

The main point is that (relatively) slow background particles create time correlations that are
difficult to handle, and thus we need to consider the right threshold &, for the relative velocity,
at which to cut the influence of the particle.
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In dimensions 3

The main point is that (relatively) slow background particles create time correlations that are
difficult to handle, and thus we need to consider the right threshold §,, for the relative velocity,
at which to cut the influence of the particle.

' 1 o Exit time is known for |v} — V4| > §, 1
[ ] [ ] [ ]
Pl —Vil <8< & 1 1 Controls on |X; — X/ are valid 1 P[Recollision] < &
1 1 1
¢ . p 3 —_—
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
[ ] 1 [ ] 1 [ ]
L} N~3 L} N 2 L}
1 1 1
'] I '] I '] \
[] 1 [] 1 [] 4
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In dimensions 3

We use the stability, compare to straight lines, and everything breaks at
t= N3

Reason: It it the time scale at which fluctuations appear.
Recall that, if |V; — Vo| ~ |/ 4, we have

3/2

X = Xo — tVo| = 17
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X = Xo — tVol = 1

For d = 3 and relatively slow particles, it is the tagged particle which
exits, through fluctuations, the radius of influence of a background
particle.
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A Rayleigh gas

We use the stability, compare to straight lines, and everything breaks at
t= N3

Reason: It it the time scale at which fluctuations appear.

Smaller dimensions Recall that, if ‘ Vl‘ — V0| ~ ﬁ, we have
ll. Closing
remarks

3/2

X = Xo — tVo| = 17

For d = 3 and relatively slow particles, it is the tagged particle which
exits, through fluctuations, the radius of influence of a background
particle.

We can show that, indeed, \/tES(X, — Xo — tW) behaves like a Gaussian
for t > N'/3, but we cannot yet exploit this fact...
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® |n dimensions 3, new behaviors.

® Fully interacting particle system and convergence towards
Lenard-Balescu.



Landau and
Mean Field

Pierre Le Bris Open questiOnS

Motivation

A Rayleigh gas

B
Correcting the proof

Smalerdmensions ® |n dimensions 3, new behaviors.

1Il. Closing . . .

remarks ® Fully interacting particle system and convergence towards

Lenard-Balescu.
® |nteraction potentials that are not in C°.
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