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B-series

The Ordinary Differential Equation (ODE)
dy = f(y)dt, y(0) =y eR?.
"An algebraic theory of integration methods" J.C.Butcher (1972) [2]
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B-series

Ye—ys = f(ys)(t —s) + (f ys)// drydny

+5 (f(2)(ff )(vs / </ drz/ dr2> dry + ..

Il a(r
s i)

Butcher Series

B(a, h, f,y0) = a(B)yo + >
TET

For a tree 7 = By (11,...,7n) = WTH, the elementary differential is
Felr] = O (Felmal, .. Felmal)-

The symmetry factor is
=TT
J
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The Ordinary Differential Equation (ODE)

dy = f(y)dt, y(0)=yeR. (1)
Butcher Series
Imla(r
B(a.hf0) = a0 + 3 "0 FlrlOo).
TeT

T1Q - @ Tn
For a tree 7 = By (11,...,7n) = \I/‘ , the elementary differential is

Fe[r] = £ T Felmil.
i=1

In 1-dimension, it is not injective from trees to elementary differentials.

Ff[\}] = Ff[Y] _ 2@
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Multi-indices

The concept of multi-indices emerged initially within the context of

studying singular stochastic partial differential equations by Otto, Sauer,
Smith, and Weber [5].

Multi-indice

2= [ 4™

keN

is a collection of abstract variables (z)xen-
@ z,: nodes within a rooted tree possessing k children.
@ [(k): number of nodes possessing k children within a rooted tree.
e We assume finite support for 3, i.e., |{i € N | (i) # 0}| < 0.
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Link with Rooted Trees

! 8 =(1,1)
S
Vv 8 =(2,0,1)
IV' B=(21,1)
Y B=(21,1)

2021

2027

Zg Z2

zgzl Z2

zg 120

From the above examples, it should be clear that different trees can have

the same multi-indice.
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Populated Multi-indices

Given our aim to exclusively examine multi-indices corresponding to
non-planar rooted trees, we shall focus on those fulfilling the so-called
"population" condition [3].

[8]:=> (1= Kk)B(k) = 8] = D kB(k)

keN keN

18] =" B(k)

keN

From a tree point of view, || corresponds to the number of nodes and the
sum jeNjB(j) corresponds to the number of edges.

U wol=j1)-0-1=1
Vo= -0-2=1.
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Link with Rooted Trees

@ Mapping multi-indices to trees
For any populated multi-indice z? € Mg \ {2} and any n € N with
B(n) # 0, there exist populated multi-indices z%, ..., z% € Mg such
that 2% =z, | 25,
For every populated multi-indice z?, there exists at least one tree t
such that, for each k € N, the number of arity-k nodes in t equals

B(k).

@ Mapping trees to multi-indices
Consider the general form of a tree t = B (t1,..., t,), then we have

V(o) =2, W(t)=2z]]V(t).
j=1

One can verify that z, HJ'-’ZI W(t;) is populated by induction.
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Multi-indices B-series

Multi-indices B-series

hlz®1a(2%)

sy P,

B(a,h,f,y)=a()y+ >
zPEMg

o Mo :={z? : [B] = 1} is the set of populated multi-indices
e z9: the empty multi-indice is 3(k) = 0, for all k € N.
@ a: a linear map from My into R with a finite support, where

~.n
Mo = {HJ lzﬂf:zﬁf eM, n€N+}.

a preserves the multiplicativity of the forest product. Therefore, if
a(z%) =1, ais a character of multi-indices with respect to the forest
product.
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Multi-indices B-series

Multi-indices B-series

28] 5( B
B(a, h,f,y) = a(z%)y + Z hs;a()

Frl2)(v),
zPEMg (Zﬁ) f g

o S(z”) is the symmetry factor given by

S(27) = I (k17X

keN

o F¢[z°]: elementary differentials

A1) = IT (7)™

keN
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Connection with local affine equivariant methods

Theorem (Munthe-Kaas and Verdier, 2016 [4])

If a smooth mapping ¢ : X(R9) — X(RY) is local and affine equivariant,
then its Taylor development at the zero vector field is an aromatic B-series.

In 1-dimension case, the elementary differentials of aromatic trees collapse
to

0 G
Felz°)(y kl;IN(f )

Therefore, multi-indices B-series uniquely characterize the Taylor expansion
of local and affine equivariant maps.
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Multi-indices B-series

Multi-indices B-series

1281 5( 5
e 1),

B(a,h,f,y)=a()y+ >
zPEMg

A\

Proposition (Bruned,Ebrahimi-Fard,Hou 2024)

We suppose that f € C*°(R,R). Then the exact solution of (1) is given by
a multi-indice B-series with a linear map a given by:

k
a(z%) = ]2_15] Z Ha(zﬁf).

8=z, H:le 2B i=1

Yingtong Hou University of Lorraine Jc Multi-indice B-series



Composition Law

The composition of two multi-indices B-series is defined as

B(av h7 fa) © B(b7h7g7y) = B(aa h’ f’ B(b7 hagvy))

Theorem (Bruned,Ebrahimi-Fard,Hou 2024)

For linear maps a and b with b(z°) = 1, the composition of two
multi-indices B-series satisfies

B(a, h,f,-)o B(b,h,f,y) = B(bxz a, h,f,y)

where for z° € M

(b a)(2°) =< b® a, Apz® > .
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Composition Law

Frlz*1(B(b, b Fy)) = 3 10" Fele")(y) (B(b. b, F.y) — )
keN

k
1 N 71 p( 28
= Zﬂaka[Z 1(v) ( > S(g))Ff[z’B](Y))

keN zBeMp

k([ b(28)hlZ7]
=AY X kllaka[zal(y)HC’(S(Z)Zj)Ff[zﬂf](y)>.

keNy 281, ... zPkeMg Jj=1

=

Fy [ﬂk 12@' *2 ZQ] (v)
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Composition Law

For z% € Mg and 2% € M, define

~ n n

szlzﬁf x5 5% = Hzﬁf D"z% D= sz+182k

j=1 keN

Proposition (morphism property of elementary differentials w.r.t. ;)

For every zP € My and z* € My, one has

Fr [Hj—lzﬁj 2 Za] = | [L Fe[z"1 | 0"Fl2"].

J=1
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@ proof inspired by "Composition and substitution of Regularity
Structures B-series (Bruned, 2023)"[1].

Taylor expansion to elementary differentials around y

Use the morphism property
> is the dual of %o
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Substitution Law

Firstly, the substitution of two multi-indices B-series is defined as:
B(aa h7 f') ) Os B(b7 hagay) = B(aa h7 B(b7 hagay)')y)

Since the substitution is replacing f by B(b, h,g,y), by applying the
definition of elementary differentials, one has

a(zﬁ)h|zﬁ‘ A~

B(ah.f.)os B(b.hg.y) = a()y + 3 Zgrmy—Fel’ly).

ZBGMO

where

£1210) = IT (9*B(o.hgn) ™.

keN
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Substitution Law

kF [48
For [0 2] = S atri) 82 = 5™ o Frtze)

keN keN

The insertion of z? € Mg into z® € Mg is defined to be

2P e 2> = Z (Dkzﬁ> (02,2%).

keN

F.[D¥z"]
Ff[Zk]

The simultaneous insertion of z% € Mg into z* € Mg is

n

1:[;:1251 *1 2% = Z H D% 2P ﬁ 8sz, z¢
j=1

Ki,..kn€N \j=1
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Substitution Law

Theorem (Bruned,Ebrahimi-Fard,Hou 2024)

If b(z°) = 0 and (b x1 a)(2°) is set to be a(z"), one has

B(aa h7 f»}’) Os B(b7 hvgay) = B(b*l a, h7g7y)

@ proof inspired by "Composition and substitution of Regularity
Structures B-series (Bruned, 2023)"[1].

. 2B)pl2° |
@ By the duality, RHS = ZZﬁEMO %Fg [Mb(z’g)] ),
b(z5)hZ | L

where My(z%) = Y osacm S5y 2 M zP
@ Then, the proof boils down to show that

Fg [Mb(zﬁ)} = F[2%] for any 2% € M.

e Any z# € Mg can be expressed as ]:[J’-’:lzﬁf *2 Z0.
o Mb (f’é*gzﬁ) = Mb (25) *92 Mb (26) .
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