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Notations

1 Introduction

1.1 Inverse of a non-singular matrix

It is well known that a non-singular matrix A has a unique inverse denoted by A~! with:
AA ' =A71A=1,

There are many properties such as

1.2 Inverse for singular matrix

We know that a non-singular matrix must be square, so for a general matrix A we need to associate
a matrix X which must have to respect :

e cxists for a class of matrices larger than the class of nonsingular matrices
e has some of the properties of the usual inverse
e reduces to the usual inverse when A is nonsingular.

A example of generalized inverse for a matrix A is a matrix X which verifies AXA = A. If A is
non-singular then we see that X = A~}

1.3 Illustration with linear system

One of the most common applications of matrices is solving systems of linear equations. Consider

the system
Az = b, (1.1)

where b is a known vector and z is the unknown. If A is nonsingular, the system has a unique

solution:
xr=A"'D.
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In the more general case, where A may be singular or non-square, the system may have no solution
or infinitely many.

A solution z exists if and only if b lies in the column space of A—that is, if b is a linear combination
of the columns of A. If A € R™*™ and has rank less than m, this may not be true. When it is,
there exists some vector h such that

b= Ah.
Now, suppose X is a matrix satisfying
AXA=A. (1.2)
If we define
r = Xb,
then

Az = AXb = AXAh = Ah = b,

so this x solves the system.
More generally, when the system may admit multiple solutions, we often seek a complete description
of the solution set. It has been shown that if X satisfies AXA = A, then Ax = b has a solution if
and only if

AXb =0,

in which case the general solution is:
r=Xb+ (I —XA)y,

where y is an arbitrary vector.

2 Preliminaries

First we will define general algebric definitions and properties concerning matrices.

2.1 Definitions, properties

Definition 1.
The matriz A € F™*" qs:

e diagonal if Ali,j] =0 for alli # 7,
e upper triangular if Afi,j] =0 for all i > j,
e lower triangular if Ali,j] =0 for all i < j.
An m x n diagonal matriz A = [a;;] is denoted as:
A = diag(ai1, azs, - .-, app),

where p = min{m, n}.
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Definition 2. Special Classes of Square Matrices.
A square matriz A € C™*" s said to be:

e Hermitian if A = A*,

o Symmetric if A is real and A = AT,
e Normal if AA* = A*A,

o Unitary if A* = A™1,

e Orthogonal if A is real and AT = A7

Definition 3. Range and Null Space.
For any matriz A € C™*", we define:

R(A)={yeC™ : y= Ax for some x € C"},
N(A) ={zeC" : Az =0},

where:

o R(A) is called the range (or column space) of A,
o N(A) is called the null space (or kernel) of A.

Theorem 1. For any matrix A € C™*", we have
N(A) =R(ADE, and N(A*) = R(A)*, (2.3)

Definition 4. Figenvalue and FEigenspace
Let Ae C" 0+#xe€C”, and X € C satisfy

Ax = Ix. (2.4)

Then X is called an eigenvalue of A corresponding to the eigenvector x.
The set of all eigenvalues of A is called the spectrum of A, and is denoted by A(A).
If X is an eigenvalue of A, the subspace

{x e C": Ax = \x} (2.5)

is called the eigenspace of A associated with \. Its dimension is called the geometric multi-
plicity of the eigenvalue ).

We admit the next proposition to leave space for the rest.
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Proposition 1. Let H € C**" be a Hermitian matrix. Then:

(a) The eigenvalues of H are real.
(b) Eigenvectors corresponding to distinct eigenvalues are orthogonal.
(c) There exists an orthonormal basis of C™ consisting of eigenvectors of H.
(d) The eigenvalues of H, ordered as
AL = Ay > 2 Ay,
and corresponding eigenvectors x; satisfying
Hz; = Nz, j=1,...,n,
can be computed recursively by the Courant-Fischer characterization:

A = Hm”aX1<Hx,x> = (Hxy,x1),

Aj = Hr?”ale (Hr,x) = (Hzxj,x;), j=2,...,n.
zl{x1,...,xj_1}

Definition 5. Positive Semadefinite and Positive Definite Hermitian Matrices.
A Hermitian matric H € C™" is called

e positive semidefinite (PSD) if
(Hx,z) >0 for all x € C",

or equivalently, if all ergenvalues of H are nonnegative. The set of allnxn PSD matrices
is denoted by PSD,,.

e positive definite (PD) if
(Hz,xz) >0 forallz € C", x #0,

or equivalently, if all eigenvalues of H are positive. The set of all n x n PD matrices is
denoted by PD,,.

The next result/definition is deeply rooted to the construction of the Moore-Penrose inverse that
we shall see later.
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Definition 6. Singular values
Let A € C™" and let the eigenvalues \j(AA*) of the positive semidefinite matriz AA* be
ordered as

M(AA) > A(AA") > o+ > A(AA") > A1 (AAT) = oo = M (AA") =0,  (2.6)

where r = rank(A).
The singular values of A, denoted by o;(A) or simply o;, for j =1,...,r, are defined by

0;i(A) =/ j(AA%), j=1,...,r (2.7a)
or equivalently, o;(A) =1/Nj(A*A), j=1,...,n, (2.7b)

and are ordered as
o1 >09> >0, > 0. (2.8)

The set of singular values of A is denoted by
o(A) ={o1,00,...,0.}.

Proposition 2. Let A and {o;} be as above. Let {u; : i =1,...,m} be an orthonormal basis
of C™ consisting of eigenvectors of AA*, such that

AA*uw; = o2u;, i=1,...,m, (2.9a)
AA*u; =0, i=r+1,...,m. (2.9b)
Define
1
v, =—A%y;, j=1,...,r, (2.10)
&y
and let {v; : j =r+1,...,n} be an orthonormal set of vectors orthogonal to {v; : j =1,...,r}.
Then the set {v; : j = 1,...,n} is an orthonormal basis of C" consisting of eigenvectors of
A*A, satisfying
A*Av; =ov;, j=1,...,rm, (2.11a)
A'Av; =0, j=r+1,...,n (2.11b)
Conversely, starting from an orthonormal basis {v; : j = 1,...,n} of C" satisfying
(13a)—(13b), we can construct an orthonormal basis {u; : i = 1,...,m} of C™ satisfying

(11a)—(11b) by
1
U; = fAUi, = 1,...,7“, (212)

)

and completing it to an orthonormal set.
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Proposition 3. SVD decomposition

Let A, {u; :i=1,...,m}, and {v; : j =

written in matrix form as

Let
U= [Ul

Since V' is unitary, we have the singular value decomposition (SVD) of A:

1,...,n} be as above. Then equation (14) can be

Uy

]

Ur41

V = [Ul

A=UZV*,

01

o]

where ¥ 1s the m X n diagonal matriz with singular values oy, . .

o,

(2.13)

., 0. on the diagonal.

The next decompositions are useful to construct others generalized inverses that’s why we are

introducing them now.
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Proposition 4. The QR factorization.
Let the orthonormal set {qi,...,q.-} be obtained from the set of vectors {ai,...,a,} by the
Gram—Schmidt orthogonalization (GSO) process. Let

Q, = [ql e qr} cC™" gnd A= [al o an} e Cmxn

be the corresponding matrices.
Then, o
A=QR, (2.14)

where the columns of Q form an orthonormal basis of R(A) (the range of A) and R € C™*"
1S an upper triangular matriz. 5
If r < m, it is possible to complete Q) to a unitary matrizc

Q=[e 2],

where the columns of Z form an orthonormal basis of N'(A*) (the null space of A*).
Then equation (2.14) can be written as

A= QR, (2.15)

where

18 an upper triangular matrix. o
The expression (2.15) is called the QR-factorization of A. By analogy, we call (2.14) a QR-
factorization of A.

Proposition 5. Schur Triangularization.
Any matrix A € C™™ is unitarily stmilar to an upper triangular matriz; that is, there exists
a unitary matrix U € C™*" such that

U*AU =T,
where T 1s upper triangular.

Proof. 1t is well known that every complex matrix is triangularizable, so 3P € GL(C) and a
upper triangular matrix T such as A = PTP~!. Thanks to proposition 4 and the fact that P is
invertible, 3@ unitary and R upper triangular such as P = QR. We now define U = QRSR'Q*
and T = RSR™.

2.2 Hermite form and related items

The Hermite form is a very powerful way to represent matrix, and different elements can be easily
seen thanks to this form such as its kernel or its range.
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Definition 7. Hermite form A matric H € C"*" is said to be in Hermite normal form
(also called reduced row-echelon form) if:

(a) The first r rows contain at least one nonzero element, while the remaining rows consist
entirely of zeros;

(b) There exist r integers
1< << < <n,

such that the first nonzero element in row i € {1,...,r} appears in column c;;

(c) All other elements in column c; are zero, for each i € {1,...,r}.

By an appropriate permutation of its columns, a matriv H € C"™" in Hermite normal form
can be brought into block partition form

I K
gl (i

where I, is the r X r identity matriz, K is some matrix.

Proposition 6. Let A € C™*", and let Ey, Ey_1, ..., Ey, E1 be elementary row operations.
Also, let P be a permutation matriz such that
I, K
par=[f; ]

where
E=EE; - EyEq,

and r is the rank of A.
Then we have

A=FE"! {L’ K} pt

O O
A basis for the range of A, denoted R(A), consists of the cist, cand, ..., c.th columns of A,
where the indices {c; : j € {1,...,r}} are as defined in the Hermite normal form.

To see this, let Py be the submatriz consisting of the first r columns of the permutation matrix
P used in the decomposition

I, K
par= [} K]
Then, we have:
I
pan - [1].
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Proposition 7.
Hence, AP, € C™*" is a rank-r matriz whose columns form a basis for R(A). Since AP,

consists of the cist, cand, ..., c.th columns of A, these columns form a basis for the range of
A.
Moreover, the columns of the n x (n —r) matriz
-K
?li]

form a basis for the null space N (A).

Lemma 1. Full-rank factorization
Let A € C™™ be a matriz of rank r > 0. Then there exist matrices F' € C"*" and G € C*"
such that

A=FG.

Proof. We use the QR factorization Let F' be any matrix whose columns form a basis for R(A).
Then F' € C™*". The matrix G € C™" is then uniquely determined by A = FG, since every
column of A can be uniquely represented as a linear combination of the columns of F'.
Finally, rank(G) = r, since

rank(G) > rank(FG) = r.

The columns of F can, in particular, be chosen as any maximal linearly independent set of columns

of A.

2.3 Jordan Form

Let the matrices A € C™", X € C™**, and the scalar \ € C satisfy

AX = X J,(\),
where _ -
A1 0 0
o X 1 - 0
o -~ 0 X 1
0 -+ o 0 A
Writing X by its columns, X = [z; @9 - -+ x|, the equation becomes:
Aa:l = )\.171, (216)
A[L‘j :)\xj—i—xj_l, j:2,,k’ (217)

It follows, for j =1,...,k, that:
(A= XY x; =0, (A=X) "'z, =2, #£0,

where we interpret (A — AI)° as the identity matrix 1.
The vector z; is therefore an eigenvector of A corresponding to the eigenvalue A\. We call z; a
A-vector of grade j or, following Wilkinson, a principal vector of A of grade j associated with the

10
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eigenvalue A. Evidently, principal vectors generalize eigenvectors: an eigenvector is a principal
vector of grade 1.
The matrix Ji(A) is called a k x k Jordan block corresponding to the eigenvalue A.

Theorem 2. Jordan decomposition
Any matriz A € C™" is similar to a block diagonal matriz J with Jordan blocks on its diagonal.
That is, there exists a nonsingular matriz P such that

Ty (A1) 0 e 0
PlAP=J= alda) o0
0 0 o T

where each Jy;()\;) is a Jordan block of size kj X k; corresponding to the eigenvalue \;, for

j=1,...,p.
The matriz J is unique up to a permutation of its Jordan blocks.

Proposition 8. Define A as above, then If an eigenvalue \; appears in q Jordan blocks
(N, Jip(N), s Jj, (M),

with sizes ordered as j1 > jo > -+ > j4, then the characteristic polynomial of A is the product

x(z) = ca(z) caz) - -+ cp(),
where
ci(z) =(x—X)", a;=ji+jo+ - +Jg

The exponent a; is called the algebraic multiplicity of the eigenvalue \;. It equals the sum
of the sizes of all Jordan blocks associated with ;. The size of the largest Jordan block ji is
called the index of the eigenvalue X\;, and is denoted by v(\;).

We can notice the the polynomaial

m(z) = my(x) my(z) - - my(x)

satisfies m(A) = 0, and is of the smallest possible degree among all such polynomials. It is
called the minimal polynomsial of A.

11
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2.4 The Smith normal form

Theorem 3. The Smith normal form Let A € Z™*" be an integer matrixz of rank r. Then
A is equivalent over Z to a matriz S = [s;;] € Z™*™ such that:

(a) sy #0 for alli e {1,...,r};
(b) s;; =0 foralli # j;
(c) Sii| Siy1441 for alli e {1,...,r —1}.
Remark. The matrix S is called the Smith normal form of A, and the nonzero diagonal

entries s;;, fori=1,...,r, are called the tnvariant factors of A.

2.5 Nonnegative Matrices
Definition 8. A matriz A = [a;;] € R™" is defined as:
(a) Nonnegative if all entries satisfy a;; > 0;
(b) Reducible if there ezists a permutation matriz QQ such that:

QTAQ _ |:A11 A12:|

0 Ay

where A1 and Agy are square submatrices. Otherwise, A is called irreducible.

Theorem 4. (The Perron—Frobenius Theorem)
Let A € R™™ be a nonnegative and irreducible matriz. Then:

(a) A has a positive real eigenvalue p, which is equal to the spectral radius of A, i.e., p =

p(A).
(b) The eigenvalue p has algebraic multiplicity 1.

(c) There ezists a corresponding eigenvector with strictly positive entries, i.e., a positive
etgenvector associated with p.

3 Existence and construction of generalized inverses

3.1 The Penrose equations

In 1955, Penrose showed that for every finite matrix A (square or rectangular) with real or com-

plex entries, there exists a unique matrix X satisfying the four equations, known as the Penrose
equations:

12
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AXA = A, (1)
XAX = X, (2)
(AX)* = AX, (3)
(XA)* = XA, (4)

Because this unique generalized inverse had previously been studied (though defined differently)
by E. H. Moore, it is commonly known as the Moore-Penrose inverse and is often denoted by AT,

Definition 9. For any A € C™*", let Ay ..k denote the set of matrices X € C*™™ that
satisfy equations (i), (j), ..., (k) from among equations (1)-(4). A matriv X € Agj  py s
called an {3, 7, ..., k}-inverse of A, and is also denoted by A®3-F),

3.2 Construction of {1}-inverse

Theorem 5. Let A € C"™" and let E € C™™ and P € C™*" be such that

I, K
EAP = [O 0} . (0.72)
Then, for any L € CP=X0m=7) the n x m matriz
I. 0O
X=P [0 L] E (5)

is a {1}-inverse of A. The partitioned matrices and (5) must be interpreted suitably in the
cases T =m orr =n.

We note that since P and F are both nonsingular, the rank of X is the rank of the partitioned
matrix on the right-hand side of (5). In view of the form of that matrix,

rank X = r 4+ rank L. (6)

Since L is arbitrary, it follows that a {1}-inverse of A exists that has any rank between r and
min{m, n}, inclusive.
For example, define A as :

3.3 Properties of {1}-inverses

For any scalar A\, we define AT by

A AL A £ 0,
~lo, ifa=o0.

13
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Lemma 2. Let A € C" and A € C. Then:
(a) (AD)* € A*{1}.
(b) If A is nonsingular, then A = A~' uniquely
(c) MTAW € (AA) ;.
(d) rank(A®M) > rank(A).
(e) If S and T are nonsingular, then T-' AN S~ ¢ (SAT){1}.
(f) AAWY and AM A are idempotent and have the same rank as A.

Proof. Verify the equations
Lemma 3. Let A € C"*". Then:
(a) AWA =1, if and only if r = n.
(b) AAW = [ if and only if r = m.

Proof. We will prove a) since b) is similarly proved.

(=) If AVA = [, then rank(AMA) = rank(I,) = n and since rank(AVA) = rank(A) with
lemma 2, we have n = r.

( <= ) If r = n then with lemma 2 AMA is a idempotent matrix and is inversible since it is a
n-square matrix of rank n.

Proposition 9. Let A = FHG where F' is full column rank and G is full column rank. Then
rankA = rankH

Proof. Thanks to Lemma 3, if A = FGH multiplying by F") we have FWF = I, so we have
FWA = HG. Similarly multipliying by G and using Lemma 3 gives F(WAG!) = H. Now the
rank of a product never exceeds the rank of each matrices we have rank(A) = rank(H).

3.4 Construction of {1,2}-inverses

Lemma 4. Let Y, Z € A{1}, and let
X =YAZ
Then X € A{1,2}.

Proof. Verify its a (2)-inverse.

So we can notice that we have an easy way to construct {1,2}-inverses using only {1}-inverses.
Since the matrices A and X occur symmetrically in (1) and (2), X € A{1,2} and A € X{1,2}
are equivalent statements, and in either case we can say that A and X are {1,2} inverses of each
other.

14
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Theorem 6. (Bjerhammar). Given A and X € A1},
X € A{1,2} if and only if rank(X) = rank(A).

Proof.
If: Clearly, R(XA) C R(X). But rank(XA) = rank(A) by Lemma 2(f). So, if rank(X) =
rank(A), then R(XA) = R(X). Thus,

XAY =X

for some matrix Y. Premultiplying both sides by A,
AX = AXAY = AY,

and therefore,

XAX = X.
Only if: This follows immediately from equations (1) and (2).

Corollary 1. Any two of the following three statements imply the third:
1. X € A{1},
2. X € A{2},
3. rank(X) = rank(A).

Remark. In view of Theorem 6, equation (6) shows that the {1}-inverse obtained from the
Hermite normal form becomes a {1, 2}-inverse if we choose L = 0. That is, the matrix

I, 0
X=P { . o} E (11)
is a {1, 2}-inverse of A, where P and E are nonsingular matrices satisfying
I, K
EAP = [o 0] (0.72)

3.5 Construction of {1,2,3},{1,2,4} and {1,2,3,4}-inverses

It this subsection we will see ways of creating special generalized inverses using previously created
one.

Lemma 5. For any finite matriz A, rank(AA*) = rank(A) = rank(A*A)
Corollary 2. For any finite matriz A, R(AA*) = R(A) and N(AA*) = N(A)
Theorem 7. Urquhart For every finite matriz A with complex elements,

Y = (A*A)WA* € A{1,2,3}

Z = A*(AA)WD € A{1,2,4)}

15
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Proof. Applying Corollary 2 to A* gives:
R(A*A) = R(AY),

and hence, there exists a matrix U such that

A* = ATAU.
Taking the conjugate transpose of both sides yields:

A=U"AA.
Consequently, we compute:

AYA = U A" A(A*A)WAA = U A" A = A.

Thus, Y € A{1}.
Now, by Lemma 2(d), we know that rank(Y") > rank(A), and by the definition of Y, we also have
rank(Y’) < rank(A*) = rank(A). Therefore:

rank(Y’) = rank(A),

and by Theorem 6, this implies Y € A{1,2}.
Finally, from the last two equations , we deduce:

AY = U A*A(A*A)WA* AU = U* A* AU,

which is clearly Hermitian, since it equals its own conjugate transpose. The case for Z is similarly
proved.

Theorem 8. Urquhart For any finite matriz A with complex elements,
AGDAA03) = Af

Proof. Let X denote the left-hand side of equation above. It follows at once from Lemma 4 that
X € A%2 Moreover, the equation gives

AX = AADD) XA =A0Y 4.
But both AA®3) and A% A are Hermitian, by the definitions of A3 and A%, Thus,
X e AL234)

However, A{1234} contains at most one element. Therefore, it contains exactly one element,
namely the Moore-Penrose inverse Af, and hence X = Af.

3.6 Exact formula for Af

Theorem 9. McDuffee If A € C™*", with r > 0, has a full-rank factorization
A=FQG, (16)
then the Moore—Penrose inverse of A is given by

At = G* (F*AG") ' F~.

16
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Proposition 10. Given A a matriz and a,b column vectors,
(a) (AN = 4;
(b) (A" = (A1)
(c) (AT) = (AN)T;
(d) AT = (A*A)TA* = A*(AA")T.
(e) a' = (a*a)Ta*;
(f) (ab*)" = (a*a)T(b*b)Tba*.
(9) if H is Hermitian and idempotent, then H' = H.
(h) H' = H if and only if H? is Hermitian and idempotent and rank(H?) = rank(H).
(i) If D = diag(dy,ds, ..., d,), Dt = diag(d!,di, ..., d})

Proof. For a),b),c) we just need to check if the candidate satisfies the four equations. For d)
we use the SVD-decomposition of A. Indeed A = UXV* where U,V are unitarian matrices and

01
0
Y= 0 or 0 thanks to Proposition 13 we have AT = VETU~! or since ¥ is diag-
i 0]
(o)™ |
0
-1
onale we have X = 0 (o7) 0 Then A*A = VX2V* and
L 0]
[(01) 7 |
0
-2
(A A) A" =V (o) S — A
0 0
i 0]

For g) it is easy to see that H satifies the Moore-Penrose equations since it is hermitian and
idempotent. Same thing for i). Let’s proove h). ( = ) We suppose that H' = H so equations
(1),(2),(3) and (4) give (H?)* = H? and H* = H so H? is hermitian and multiply the last equality
by H give H* = H? in other words, H? is idempotent. ( <= ) We suppose that H? is idempotent
and hermitian and rank(H?) = rank(H) we need to check if H' = H. We need to verify if H
satisfies the Moore-Penrose equations, since H? is hermitian (3) and (4) equations are satisfied,

17
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to proove (1) and (2) equations we need to proove H*> = H. We have rank(H?) = rank(H) so
Vo, 3y, Hx = H?y, we multiply the last equation by H? and we have H?x = H*y = H?*y = Hx
since it is true for all z we have H3 = H and we proove H = H.

Proposition 11. If U and V are unitary matrices, then (UAV)T = V*ATU*for any matriz
A for which the product UAV is defined. In particular, if A, B € C"*™ are unitarily similar,
i.e., B=UTYAU for some unitary matriz U, then Bt = UT1ATU

3.7 Construction of {2}-inverses of Prescribed rank

Following the proof of Theorem 5, we described the construction of a {1}-inverse of a given matrix
A € C™™ having any prescribed rank between r and min(m,n), inclusive. From equation (2), it
is easily deduced that

rank A® < r.

We also note that the n x m zero matrix is a {2}-inverse of rank 0, and any A1? is a {2}-inverse
of rank r, by Theorem 2.

For r > 1, is there a construction analogous to Fisher’s for a {2}-inverse of rank s, for arbitrary s
between 0 and r?

Using a full-rank factorization, we can readily answer this question affirmatively.

Let X, € A1Y2 have a rank factorization

Xo=YZ,

where
Y eC™ and ZeC*",

then
YZAYZ =Y Z.

In view of Lemma 3, multiplication on the left by YV and on the right by Z(M) gives
ZAY = 1,.

Let Y; denote the submatrix of Y consisting of the first s columns, and let Z; denote the submatrix
of Z consisting of the first s rows. Then both Y, and Z; are of full rank s, and it follows that

ZAY, = 1.
Proposition 12. Given A = FG € C™ " q full-rank factorization. Then :
o) GOFW ¢ A{i},i=1,2,4
b) GOFW € A{j},j=1,2,3
¢) At = GTF(13) = A pi

Proof. Verify the equations
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4 Linear Systems and Characterization of Generalized In-
verses

Generalized inverses are a strong tool to resolve linear systems, thanks to them we can easily
describe the solutions of them.

4.1 Solutions of Linear Systems

Theorem 10. Let A € C™*", B € CP*Y, and D € C"™*?. Then the matriz equation
AXB =D (4.1)

is consistent if and only if, for some AW, B,

AAVDBWRB = D, (4.2)
in which case the general solution is
X =AYDBW 1y — AW AYBBW (4.3)
for arbitrary Y € C™*P.
Proof. 1f (2) holds, then
X = AW ppBRWo

is a solution of (1).
Conversely, if X is any solution of (1), then

D=AXB = AAMAXBBYB = AAWDBW B,

Moreover, it follows from (2) and the definition of A" and B(M) that every matrix X of the form
(3) satisfies (1).
On the other hand, let X be any solution of (1). Then, clearly

X =AYDBY 4 X — AWAXBBW.
Next results are a direct consequence of Theorem 10 :

Corollary 3. Let A € C™", AN € A{1}. Then

A1} = {AD 4+ Z - AW AZAAD . Z e C™). (4.4)
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Corollary 4. Let A € C™*", b€ C™. Then the equation
Ax =b
is consistent if and only if, for some AW,
AAWp = b,
in which case the general solution of (5) is
z=AWp 4 (I — AV A)y

for arbitrary y € C™.

4.2 Characterization of A{1,3} and A{1,4}
We can now describe the set of {1,3} and {1,4} inverses.

Theorem 11. The set A{1,3} consists of all solutions X of
AX = AADD)
where AY®) s an arbitrary element of A{1,3}.
Proof. If X satisfies (8), then clearly
AXA=AADD A = A,
and, moreover, AX is Hermitian since AA™3) is Hermitian by definition. Thus,
X € A{1,3).
On the other hand, if X € A{1,3}, then
AADD = AXAAT) = (AX)*AATY = X* A" (AT9) 47,
Since (A(LS))* = A3 by definition, it follows that
AAM) = X* A" = AX,
Corollary 5. Let A € C™", A13) € A{1,3}. Then
A{1,3} = {A®D) 1 (T - A A)Z . Z e C) .
Since (3) and (4) inverses are relatively close we have :
Theorem 12. The set A{1,4} consists of all solutions X of
XA=A0D4

where AMY s an arbitrary element of A{1,4}.
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Corollary 6. Let A € C™", A0Y € A{1,4}. Then

A{1,4} = {A"Y 1+ Y (I — AAUY) . Y € C™™} . (4.11)

Corollary 7. Let A € C™", and suppose AY34 € A{1,3,4}. Then
A{1,3,4} = {AW3D 4 (] — ALY A)Y (T — AA3Y) Y € C™™}) . (4.12)
If AL23) ¢ A{1,2,3}, then
A{1,2,3} = {A®2D) 4 (1 — A2 A)ZAM2D) . 7 e Cm) (4.13)
If A2 ¢ A{1,2,4}, then

A{1,2,4} = {A®2 L A@2D 7(T _ AA®2AY . 7 € C™ ™), (4.14)

4.3 Characterization of A{2}, A{1,2}, and Other Subsets of A{2}

Theorem 13. Let Ac C"*", and 0 < s <r. Then
A{2}, ={YZ:Y eC™® Z e C™, ZAY = I,}. (4.15)

Proof. Let
X=YZ,

where the conditions on Y and Z in (18) are satisfied. Then Y and Z are of rank s, and X is of
rank s by Proposition 9. Moreover,

XAX =YZAYZ =Y 7 = X.
On the other hand, let X € A{2}; and let X = Y Z be a full-rank factorization. Then
YeCy, ZeCm,

and

YZAYZ =Y Z. (20)

Moreover, if Y1) and Z() are any {1}-inverses, then by Lemma 1.2
YOy =720 =1,
Thus, multiplying (20) on the left by Y ") and on the right by Z() gives
ZAY = I.
Corollary 8. Let A€ C™*" . Then
A{1,2}={YZ:Y e CY", Z € C™™, such that ZAY =1I,}. (4.16)

Proof. We use Theorem 13 to gives the solution and Bjerhammar’s theorem which tells a (1,2)
inverse is a (2)-inverse which has the same rank as A.
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Theorem 14. Let A € C"*", and let 0 < s < r. Then
A{2,3}, = {Y(AY)": Y € C™°, AY € CI"**}. (4.17)
Theorem 15. Let A€ C"*", and let 0 < s <r. Then

A{2,4}, = {(YA)Y : Y € C™, YA € C>"}. (4.18)

4.4 Idempotent Matrices and Projectors

In the next subsection we will see generalized inverse are deeply rooted to projector on specific

subspaces. Since idempotent matrices are linked to projectors we will admit few results concerning
the later.

Proposition 13. Let E € C*™" be an idempotent matriz, i.e., E*> = E. Then:
(a) E* and I — E are idempotent.
(b) The eigenvalues of E are 0 and 1. The multiplicity of the eigenvalue 1 is rank(E).
(c) rank(E) = trace(E).
(d) EU—E)=(I-E)E=0
(e) Ex =x if and only if v € R(E).
(f) E € E{1,2}, i.e., E satisfies properties (1) and (2) of generalized inverses.
(9) N(E) =R(I - E).
Lemma 6. Let a square matriz E have the full-rank factorization
E=FQG,
where F' € C™", G € C™", and rank(FE) = r. Then E is idempotent if and only if
GF = 1I,.

Proof. ( <= ) obvious
(=) Suppose E is idempotent then E? = F so FGFG = FG thanks to Lemma 3 and the fact
that F, G are full-rank row and column matrices multiplying by £ and G gives the result.

Theorem 16. For every idempotent matrizc E € C"™ ", the subspaces R(E) and N (E) are
complementary, and

E = Pr(g),N(E)- (23)

Conversely, if L and M are complementary subspaces of C", then there exists a unique idem-
potent matriz Pr, p such that

R(Prm) =L, N(Pp ) = M.
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Proposition 14. Let A € C™*" and let AV € A{1} be a {1}-inverse of A. Then:
1. R(AAW) = R(A)
2. N(ADA) = N(A)
3. R(AWA)*) = R(A*)
Proof. Lemma 2 and inclusion

Corollary 9. If A and X are {1,2}-inverses of each other, AX is the projector on R(A)
along N (X), and X A is the projector on R(X) along N (A).

Proof. Lemma 2 and theorem 16

Theorem 17. Let A € C™*" have s distinct eigenvalues A, N, ..., N\s. Then A is diagonal-
izable if and only if there exist projectors Ey, Ey, ..., Es € C™" such that:

EZ'EJ' = 51]Ez fOT’ all Z,j = ]., 50098y (419)

I, = ZE (4.20)
=l

A=Y N\E;. (4.21)
=1

4.5 Generalized Inverses with Prescribed Range and Null Space

We can know construct generalized inverses with prescribed range and null space if those satisfy
certain properties.

Proposition 15. P, yA = A if and only if R(A) C L and APy = A if and only if
M c N(A).

Proof. Obvious

Proposition 16. The matriz equations AX = B, XD = E (S) have a common solution if
and only if each equation separately has a solution and AE = BD.

Proof. Only if, for any A, DM
X =AVB 4+ EDW — AW AEDW,
then X is a common solution of both equations (S) provided
AE = BD, AAWB=B, EDYWD=E.

By Theorem 10, the latter two equations are equivalent to the consistency of equations (S) con-
sidered separately.
If : obvious.
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Proposition 17. Let the equations (S) have a common solution X, € C™*". Then, the
general solution is given by

X =X+ (I -ADAY I - DDY),
for arbitrary AV € A{1}, DO € D{1}, and Y € C™*".
We admit the next proposition :

Proposition 18. There is at most one matriz X satisfying the three equations AX = B, XA =
D, XAX =X

Theorem 18. Let A € C™*" have rank r, with
R(A) =L, NA=M, LdS=C", and MaT=C"
Then:
(a) X is a {1}-inverse of A such that
NAX)=S and R(XA) =T

if and only if
AX =Prs, XA=Pry. (4.22)

(b) The general solution is
X = Pry AP s + (I, — AVA)Y (I, — AAD), (4.23)
where AV is a fived (but arbitrary) element of A{1}, and Y € C™™ is arbitrary.

(c) o
A(T,}s) = Pry AP g

is the unique {1,2}-inverse of A having range T and null space S.

Proof. (a) The “if” part of the statement follows at once from Theorem 16 and Proposition 13(e),
while the “only if” part follows from Proposition 12(f), (28), and Theorem 16.
(b) Thanks to proposition 14 and 15, we can easily verify that (23) is satisfied by

X = Pry AV P .

The result then follows from Proposition 17.

(c¢) Since Pr AV P g is a {1}-inverse of A, its rank is at least 7 by Lemma 2(d), while its rank
does not exceed r, since rank P ¢ = r by (22) and Lemma 1.1(f). Thus it has the same rank as
A, and is therefore a {1,2}-inverse by Theorem 6.

It follows from parts (a) and (b) that it has the required range and null space. On the other hand,
a {1, 2}-inverse of A having range 7" and null space S satisfies (58) and also

XAX = X.

By proposition 18, these three equations have at most one common solution.
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Corollary 10. Under the hypotheses of Theorem 18, let A(T”S be some {1}-inverse of A such
that
R(AGSA) =T, N(AAGY) =S,

and let A{1}1.s denote the class of such {1}-inverses of A. Then
A{l}T,S = {Ag},g = (In — A%?.;A) Y (Im — AAS.I},?S”) Y € Cnxm} ‘

Theorem 19. Let A € C™*" with rank r, and let U € C"*P, V € C?*™. Define
X =U(VAU)DY,
where (VAU)Y is a fized, but arbitrary element of (VAU){1}. Then:

(a) X € A{1} if and only if
rank(VAU) = r.

(b) X € A{2} and R(X) = R(U) if and only if

rank(V AU) = rank(U).

(¢c) X € A{2} and N(X) = N (V) if and only if

rank(VAU) = rank(V).

(d) X = A%&?),N(V) if and only if
rank(U) = rank(V') = rank(VAU) = r.

Proof. If: We have
rank(AU) = r,

since

r = rank(VAU) < rank(AU) < rank(A) = r.

Therefore, R(AU) = R(A), and so
A=AUY

for some Y. Thus by Lemma 3,
AXA = AUVAU)VVAUY = AUY = A.
Only if: Since X € A{1},
A=AXAXA = AU(VAU)VVAU(VAU)VV A,

and therefore
rank(VAU) = rank(A) = r.
(b) If:
XAU =U(VAU)DVAU =1,
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from which it follows that
XAX =X and rank(X) = rank(U).

Then,

Only if: Since X € A{2},
X = XAX = U(VAU)YV AU (V AU)VV.

Therefore,

rank(X) < rank(VAU) < rank(U) = rank(X).

(c) Similar to (b).
(d) Follows from (a), (b), and (c).

4.6 Orthogonal Projections and Orthogonal Projectors

Lemma 7. Let C" = L& M. Then M = L* if and only if the projector Pr s is Hermitian.
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Theorem 20. Let A € C™™" have k distinct eigenvalues \i, Aa, ..., . Then A is normal if
and only if there exist orthogonal projectors Ey, Es, ..., Ey such that

EE; =0, ifi#}j, (4.25)

k
I,=> E, (4.26)
=1

k
A= \E;. (4.27)
=1

4.7 Restricted Generalized Inverses

In a linear equation of the form

Ax = b,

where A € C™*™ and b € C™ are given, the solution x is sometimes constrained to lie in a subspace
S C C™. This leads to a **constrained™* linear system:

Ar =b with z€S. (1)

In principle, this situation poses no fundamental difficulty, since the constrained system (1) is
equivalent to the following **unconstrained but enlarged** linear system:

(1))

where Pgi = I — Pg is the orthogonal projector onto the orthogonal complement of S.

Definition 10. Let A € L(C",C™), and let S C C™ be a subspace. The restriction of A to
S, denoted by Ag), is the linear transformation from S to C™ defined by

A[S]x =Ax, z€S. (1)

Conversely, let B € L(S,C™). The extension of B to C", denoted by ext(B), is the linear
transformation from C" to C™ defined by

Bz, ifzxesf,

0, if v € S+ 2)

ext(B)r = {

Restricting a transformation A € L(C",C™) to S and then extending back to C" yields the
operator ext(A[S]) € L(C™,C™), defined by

Ax, ifx €S,

0, if v € S+ (3)

ext(A[g])x = {
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Lemma 8. Let A€ C™", be C™, and let S C C" be a subspace. The system

Ar=b, €S
s consistent if and only if the system

Asz:b

(1)

(2)

is consistent, where Pg denotes the orthogonal projector onto S. In that case, x is a solution

of (1) if and only if
x = Pgz,

where z is a solution of (2).

5 Minimal Properties of Generalized Inverses

5.1 Least-squares solutions

Theorem 21. Let A € C™*" and b € C™. Then the norm ||Ax — b|| is minimized when

z= A0y,

where A3 € A{1,3}. Conversely, if X € C™*™ has the property that, for all b, the quantity

||Az — b|| is minimized when x = Xb, then
X € A{1,3}.

Proof. Given b we have :
b= (Pr(a) + Preay )b,

so that

Hence, by the Pythagorean theorem
Az — B = | Az — Proabll® + || Paganbl
Evidently, (eq) assumes its minimum value if and only if
Ax = Prayb,

which holds if
r=A03p

for any A13) € A{1,3}, since by theorem 16), proposition 14 and lemma 7,

AA(l’S) = PR(A)-

Conversely, if X is such that for all b, || Az — b|| is minimized when x = X'b, then we have

AXb = Prab for all b,
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and therefore
AX = Pra).

Thus, by Theorem 2.3,
X € A{1,3}

Corollary 13. A vector x is a least-squares solution of the equation Ax = b if and only if
Az = Prayb = AAM,
where A1) € A{1,3}. Thus, the general least-squares solution is given by
z= ALy 4 (I, — A A)y, (8)

where y € C™ s arbitrary.

5.2 Solutions of minimal norm

When system (1) has a multiplicity of solutions for z, there is a unique solution of the minimum
norm.

Lemma 9. Let A € C™*™. Then A defines a one-to-one mapping from R(A*) onto R(A).
Corollary 14. Let A € C™" and b € R(A). Then the equation
Ax =10

has a unique solution given by the unique solution of previous system that lies in R(A*).

Theorem 22. Let A € C™*", b € C™. If the equation Ax = b has a solution, then the unique
solution with the smallest norm is given by

— A(1’4)b,

where ALY € A{1,4}. Conversely, if X € C™™ is such that, whenever Ax = b has a solution,
the solution x = Xb is the minimum-norm solution, then

X € A{1,4}.

6 Applications of generalized inverse

6.1 Application of the Group Inverse in Finite Markov Chains
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