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Abstract

The goal of this internship is the study of oscillatory integrals of one variable, in particular give
an asymptotic expansion (with one term), and apply this result to partial differential equations
linked with fluids mechanics. We will use two main tools in this study: The Fourier transform
and the Integration by parts.

Key-words: Stationnary phase method, integration by parts, partial differential equations,
Fourier transform, long time behaviour.
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Part 1

Oscillatory integrals of one variable






Chapter 1

First properties and observations

1.1 Generalities

Definition. An oscillatory integral of one variable is a parametric integral where the form
s given by:

b
PO\ = / M0 (1) dt

Where g and ® are two functions respectively complex and real-valued, and ® is assumed of
C%-class.

We have too —0 < a < b < +00

The goal of this part is the study of the behaviour of F'(A) when A\ — +oo. By changing ®
by —®, we can study the case A — —o0.

Definition. Let f and ® two C'-class functions. We define the differential operator D by:

L d

Df(t) = A (1) dt

and its transpose:
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Remark. The name of transpose comes from similarities with matricies and endomorphisms in
linear algebra. Indeed, if we consider this dot product:

b
(o) = [ fog(o
With an integration by parts, and good hypothesis (cf. appendix|), we can show this:

(Dflg) = (fID"g)
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Property. Let ® and g two smooth functions. We assume a and b have finite values, ¢ has a
compact support in ]a; b and for all ¢ € [a; b, D’(t) # 0. We have:

VNEN, F)= O <A1N>

Proof. Let N € N. We have DN (eA®(1) = ¢*®(1) (this function is an eigenvector associated to
the eigenvalue 1 of the operator D).
We have:

/ab AR (1)t = /b DN (axcb(t)) g(H)dt — /b 00 (DTN (g(4))

a a

We obtain this result by using IV integrations by parts (cf. appendix]). O

If this results gives a valuation for some sorts of integrals, it does not allows study all sorts
of integrals that we defined at the beginning of this part.

1.2 Observations through an exemple

By studying oscillatory integrals, we can observe we have F'(\) /\—> 0.
—+00

We consider this exemple:

1 1
F(\) = / cos <;t3 + )\t2> dt = 9%/ e3it +A gy
0 0

We can cut this integral in two parts:

1 1 1
’ cos (3753 + )\t2> dt +/ cos (3753 + )\t2> dt
1
3

Maxime BOUCHEREAU 11 University Rennes 1
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We can observe the first part has a slower decay than the second, and this graphic illustrates
this phenomenon:

0.5
0.4 \
0.3

0.2

— Intégral on [0;1/2]
— Intégral on [1/2;1]

0.1

0.0

-0.3
0 20 40 60 80 100

It is possible to have a better observation of the phenomenon if we use a ”log version” of the
graphic:

12
e — 1;1\/ FOt)dE
o

2
-2 — 111\/ Ft)dt|
12

-4

-6

In|f(t.2)]

in(3)

Where

1
f(t,\) = cos (§t3 + )\t2> dt

Maxime BOUCHEREAU 12 University Rennes 1



May-June 2018 Internship report

On the next graphic, we can observe the contributions to the value of the integral, when
A — —+00, are more important near 0, and, 0 is the only critical point of the phase which is the
function ¢t — t2.

; \\ VA AR TR

f(t.2)

t

The goal of the next part will be to determine the order of the decay of an oscillatory integral,
and justify why this decay is less important near the critical points of the phase.
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Chapter 2

Stationary phase method theorem

We conserve the notations of the previous chapter

2.1 Statement of the Theorem

Theorem. VALUATION OF OSCILLATORY INTEGRALS
Let tg € R. We make these hypothesis:

- ® is Ck-class (whith k >2) and ¥j € [1;k — 1], ®9(tg) =0 and ®®)(ty) # 0.
- g(to) # 0.

DT (9)(1)

- 3N € N*: g is CN-class, (DT)N (9) € LY(R;C) and Vj € [0; N — 1]; % 0.

[t| =00

We have:

oo . KoONF (k1) e o
— IAD(t) ~ iIAD(to) . i -1
FOV /_ N~ 2P () <w) (t0)> F(k )e% =

A——+00

15
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2.2 Proof of the theorem

Definition. We define this smooth function with compact support defined by:

1 if |t| <2
u(t) = %(1+tanh(‘t|%l+‘t%2>> if 1<t <2
0 if lt) =2

0.8
0.6

0.4
0.0

-0.2

Besides, fore > 0 and to € R, we define an adapted function named p. 4, and defined by:

fety = p (E2)

By using our smooth function with compact support, we choose £ > 0 like ® :]tg —¢&;tg+e[—
O (Jto — €;t0 + €]) is a local diffeomorphism, and we have:

F) = [0yt [0 0 @it ()

—0o0

Maxime BOUCHEREAU 16 University Rennes 1



May-June 2018 Internship report

We can easily estimate the second integral in (1), by cutting it in three parts:

+oo i
/ N (1) (1 — pre gy (1)) dt = PP g () (1 = pre gy (£)) dt

/[;o —2e;to—e|U[to+e;5t0+2¢]

+oo —to—2
+ / e g(1)dt + / eN® g (4)dt
to+2e —

[e.o]

If " # 0 on the domain [ty — 2e;t) — €] U [to + €; to + 2¢], the fisrt integral in decreasing on
O (4) forallgeN.

A—400

The second integral can easily be estimated. Indeed, a mathematical induction (cf. ap-
pendix]|) shows that:

ezA@(t)g(t)dt

+oo eiA®(to+2¢) N— 1
/to+2€ z)\<I>’ (to + 2¢)

oo
ta+29)+ [P0 (D1 ()t
j:O to+2e

And if (D)™ (g) € L'(R; C), whe have:

oo 1
ne (DT (g)(t)dt = O <>

A similar calculation shows the same result for the third integral, and finally, we obtain:

+oo | 1
IAD(t) - _ -
/_OO ") (1 — pero (W) dt = O <A>

Maxime BOUCHEREAU 17 University Rennes 1
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We can now study the first integral in (1)
We can cut our integral in two parts:

oo teo > 4
/ MO () e (£)dt = / e (1) e g (£)dE + / W) g (8) g 4, (£)dt
—oo 0

—00

By making the variable change t — —t for the second integral, we obtain:

+oo too too
| 0Ot = [ OO0t [ g, (-0
s 0 0

We can assume ty > 0 (but the symetric case is similar). The second integral has a quicker
decay than the first. If tg = 0, we can obtain the case tg # 0 by making a variable change
u =t + ¢, where ¢ # 0.

2.2.1 Study of a particular case of phase

Fisrt, we will focus on the case where ®(¢) = t*, and will use three lemmas:

Lemma 1. Let k,l € N, with k > 2. There exists (cy)) e CN like:
% itk itk L )+oo !
itk —t —L+1 —j
t dt ~ A AT
/0 € € A——+o00 § j;oc]

Remark. In reality, an equivalent gives only on term, and, in our case, we have an equality
when A is taller than a given value.

Proof. In the integral, we make the variable change t = (l—i/\)_% z, and we obtain M fle—t" qt =
(1-— i)\)_%(lﬂ)zle*zkdz, and this:

/ eMF 4l —tF 4y (1— M)i(z“)/ ) o= ds
0 (1—iX)ER

We note:

_k
Il,k:/ L e dz
(1—iNER

which is a line integral of a holomorphic function.

By convention, we have « := arg ((1 — z)\)%) = %arg(l —iX) € |=F;0[.

By using complex analysis, we will show that:

+o0 &
Iy, :/ e dz
0

We consider this complex contour, named I'g, with R > 0:

Maxime BOUCHEREAU 18 University Rennes 1
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1 ~
0 AR|1*U1|k =R e
<

Ag

Ir

1
R(1— )%

The function z — zle=*" is holomorphic and without singularity on Int (I'r), and, according

to the Cauchy’s integral theorem, we have:

7{ de=dz =0
I'r

We cut our line integral in three parts, corresponding to the three parts or our contour:

If we have Ar = €%, 6 € [~a; 0], the third integral writes this way:

1,—zk O 0y i 5 ko L iR ek
/ ze_ZdZ——/ iRe"R e"e R €""df = —R D01 7 qg
AR 0 0
And, by using a standard majoration, we obtain:
Il ~k
Lk _
/ de#dz| <|a|R  sup |e B cos(k0)
AR 0€(e;0]

Maxime BOUCHEREAU 19 University Rennes 1
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We have:

T
- <<
2k<0¢7970

—5 <ka<k9<1
0 < cos(ka) < cos(kf) <1

~k ~k ~k
1> e—R cos(ka) > e—R cos(k0) > e—R

And we obtain:

RS N
/ e dz| < la] R e F sk cog(ka) > 0
AR — 0

E—>+oo < R—4o00

And if R — +o00, we have:

+o0 &
Iy, :/ e dz
0

. . 1
Now, if we make the variable change z = s%, we have:

And we obtain:

/W A et = (1 — in)~HE) Ip (l + 1>
0 Eo\k

/+°o M4l —tF g — )\f%(l+1)()\71 - i)f%(lﬂ)llﬂ [+1
0 k k
()

Maxime BOUCHEREAU 20 University Rennes 1
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When A\ > 1, it is possible to write the function(x) as a power serie (1 is its radius of con-

~(
vergence). For this reason, there exists <cj( )> € CN like:

i) R
VAS L (AT —d) R =) e A
j=0

That’s why we obtain:

oo INER L1 —tk 1z1+oo l i
/ eMle " dr ~  ATE0F )ch())\_]
0

A—
+o0o =0

~(
With ¢;® = 11 (1) &,
This equivalent is in reality an equality when A > 1. O

Lemma 2. Let n a smooth function with compact support, and |l € N*. There exists A > 0 like:

+oo -\ 1k 1
/ e tln(t)dt' < AN"EUHD
0

Proof. Let € > 0. We consider our function p. o defined at the begining of this section, and
write our integral like this:

oo iRl oo IR L1 oo IR L1
| etimar= [ Ny ouaoar+ [N i) (1 ool de

0 0 0
The first integral can easily be bounded from above:

2¢e
-y 1k
e ool < 2l
0 C

oo ixtF 1
[ e tn(t)us,o(t)dt'z
0

Maxime BOUCHEREAU 21 University Rennes 1
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The second integral is more difficult to be bounded from above. We consider the operator D
defined at the begining of the chapter 1, and a positive integer N checking N > %(H—l). We have:

+oo k +oo &
/ e () (1 — peo(t)) dt = / A (DTY™ (#n(1) (1= peo(®)) ) dt

0 0

which is possible because the function ¢ — #'(t) (1 — pz0(t)) vanishes near 0 and when
t — 4o00.

+oo too
/ M n(E) (1= peo(t)) dt = / N (DTN (ttn(t) (1 = peo(1)) ) at

0 €

Besides, a mathematical induction (cf. appendix|) shows that:

N 1 v (4
(D7) (000 (1 = meole)) = 508 3 Covga () 1O 1= pcolt)]
=0

with the complex numbers Cy ;; depending on N, j and .
By the Leibniz rule, we have too:

Maxime BOUCHEREAU 22 University Rennes 1
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And we obtain:

(D)™ (0t (1 = e () =

N J .
1, ; 1 t i
WS Oty (;) S =m® <) 197
7=0 p=0

1 N I i\ £\’ t ;
_ th—kN ZCN,J',Z Z < )59_” <> (1—p)® <> nU=P)(¢)
= = \p € 3

¢ . .
)\Ntl kNZCNJ’lZ< ) [7.,_>7-J 1— )(p)(T)] <5> =P ()i P
If we assume ¢ > 1, we obtain:

(D)™ (#0(0) (1 = e @) | <

tl kNZ CN,JZZ < ) HT sl U )(p)(T)HLOO H"(jip)HLoo

~

=Cxn

Maxime BOUCHEREAU 23 University Rennes 1
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If we integrate this inequality between € and +oo, we obtain:

+oo v [+ .
N [ B Cn kNg, _ _ ON
/5 ‘(D ) (t n(t) (1 Na,O(t))))dt SN ; At = N T 2]
c
=Cn

By adding the two inequalities [1] and [2], we obtain:

+oo |
/ M () dt < Ot + Oyl FVHIA-N
0

and if we choose £ = A\"% (the hypothesis € < 1 is checked if A is very tall), and we have our
inequality if we note A = C + Cly.
O

Definition. We define the Schwartz space on this way:

S(R) = {f €C%:Va,f €N; sup xaf”)(:c))}

z€R

Lemma 3. Let h € S(R) like h vanishes near 0 (not only in 0). For all ¢ € N, we have:

/m Mapdt= 0 (4
0 € _)\—>+OO Yy

Proof. If we consider again the differential operator D defined at the beginning of the chapter
1.

+oo +oo )
/ A p(t)dt = / D4 (eW’“) h(t)dt
0 0

_ / e (1) (hat= 0 (;)

Maxime BOUCHEREAU 24 University Rennes 1
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Indeed, if we apply the operator D, we gain a %—factor, and, in our case, we have ®(t) = th.
The derivative of the phase reaches 0 when ¢ = 0, but the operator is well-defined everywhere
because h vanishes near 0, and there is any problem of integrability. When t — +o00, there is
not problem of integrability too, because h € S(R).

O

Property. If g is supported in a neighborhood of 0 and ¢(0) # 0, we have:

: k+ ]_ s 1
itk Ty —=
e g t)ydt ~ g 0)r A
/0 ( ) 2 ( ) ( Lk >62k k

Proof. We introduce a smooth function g with compact support like for all = € Supp(g); g(x) =
1, and we have:

+oo +oo -
/0 eMtkg(t)dt = /0 At =t {etkg(t)} g(t)dt

Let N € N. If we write a Taylor’s approximation to the N" order of the function t — ! g(t)
(which is possible because this function is smooth), we obtain:

N
e g(t) = D byt? + NI Ry (1)
ﬂ,_/ tjoo(tNJrl)
:=P(t)

By replacing the function t — et” g(t) by the previous expansion, we obtain:

e iAtF oo Ntk —tk N+1 ~
/ e’ g(t)dt:/ e [P(t) + " T Ry ()] g(t)dt
0 0

~

T kg T iR N4 ke
:/ eMet P(t)g(t)dt+/ eMHNTIRN (e g (t)dt
0 0
+ / M P(t)et [g(t) - 1} dt
0

N +oo . k +0o0 y 1k ko~
= pr/ A=t tpdt+/ NN HLR N (e g (t)dt
0 0

=15

We will first study the integrals I> and I3, and then the integral I7:

- I>-Bounding from above:

Maxime BOUCHEREAU 25 University Rennes 1
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If we set down n(t) = RN(t)e_tkE(t), we have our smooth function with compact support,
and, according with the lemma 2, we obtain:

1] < AN"ENF2)
where A is a positive number.

- I3-bounding from above:

If we set down h(t) = P(t)e_tk [E(t) - 1}, we obtain h € S(R), a function of the Shwartz

space (we can extend h to the zero function for all ¢ < 0 ). According to the lemma 3, we
have:

1
I3 = —
3 >\—>(?‘roo < Y >

Maxime BOUCHEREAU 26 University Rennes 1
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- Study of I:

According to the lemma 1, there exists a sequence of complex-valued sequences ((cg-p )) N)
Jj€
peN

like:

N 400
LD E e T
0 j=0

p=

which is in reality an equality when A > 1.

If we compare this expansion with the two previous expansions, this term is the biggest, and
the integrals I and I3 have a quick decay (because we choose arbitrarity the integer N). The
biggest term of the expansion [1] is given by:

An integration by parts shows that %F (%) =TI (%) (cf. appendix)

Besides, by = ¢(0), which gives the good asymprotic expansion (which is correct because
9(0) # 0. O

Remark. If g(0) = 0, we will have to compute the coefficients of the next terms of decreasing,
which become the biggest terms when A is big, but this computation is more difficult than the
previous.

Maxime BOUCHEREAU 27 University Rennes 1
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If we want to have the valuation for the integral

+oo | x
/ e g(t)dt

We will have to consider the part of the integral from —oo to 0, and a similar reasoning shows:

0 . 1 i
/ e”\tkg(t)dt ~ g(O)F<k—]:> e ATF

A——+o00

which gives this expansion (if we consider an asymptotic expansion and not an equivalent in
order to add these):

Maxime BOUCHEREAU 28 University Rennes 1



May-June 2018 Internship report

2.2.2 Generalization for all phases

The goal of this subsection is the generalization for all phases checking the hypothesis of the
theorem of the begining of this chapter.

Property. Let to > 0. We assume ® is C¥-class and:
Vi€ [2;k —1]; ®U)(ty) =0 and ®*)(¢5) # 0. We assume g supported in a neighborhood of tg
and g(tg) #0 too

We have:

oo | KUONF (k41
/ GM(I)(t)g(t)dt )\_;\;OO 261)\‘I’(t0)g(t0) <<I)(k)(t0)> I <k> e2k \~

Proof. In the integral

+oo
/ 6@)\<I>(t)g(t)dt

we make the variable change y = (®(t) — ®(to))*.
which is:

=

If we use the Taylor’s formula for &,

B(t) = B(to) + 78 (t0) (¢ t0)* + (14 (1)) (¢ — 1)+

where ¢ is a smooth function with e(¢) b 0
t—=to

we have:

y(t) = (]ilq)( J(to)(t — to)k + (1 +e(t))(t — to)'““) K

If we note U = Supp(g), we have y which is a differentiable function on U and its derivative
is given by:

We have ¢/ (tg) = <q>( (1 ) # 0.

By the inverse function theorem, there exist two open sets 5 CUand V C C with #g € 5
and 0 € V like y : U — V is a C'-diffeomorphism.
If we set down f(y) = g (t(y)) %(y), which is possible because ¢ : V' — U is invertible and
1 -1
Cl-class. We will have f(0) = g(to) <¢<§7)'(t)) " because y(tg) = 0 and %(O) = (%(t@) . If we
extend f to the zero function out of V', we obtain:

+oo too
/ €M) g1\t — / GN@W=2(t0)+®(t0) g (1)t

—0o0

Maxime BOUCHEREAU 29 University Rennes 1
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dt

iAD(to) e idy® iAD(to) e idy®
= 00 [T (1) Ty = N0 [T gy

According to the previous property, we have:

TRk E+1\ in 1
[ e pmay, s (1) et

oo

We know the value of f(0) and are able to deduce the formula of the statement.
O

In the initial formula where we used our smooth function with compact support, . ¢, named
in order to cut our integral in two parts:

oo oo
FO) = [ et e+ [ MO0 (1 ey 6) e
—0 —o0
The first integral has a decay in ’%ﬁ whereas the second has a decay in %

Therefore, the first integral is the biggest term when A\ — +o00, which ends the proof of the
theorem.

Remarks. - If the function ® has several critical points, by using one smooth function with
compact support p. i, for each critical point, and replacing the unique function used for the
case of one critical point by the sum of these functions used for each critical point of ®. For
this reason, we have to add the equivalents (if we assume the sum is not equal to 0).

- When the oscillatory integral is defined like a > —o0 and b < +00, the third hypothesis of the
theorem is not necessary.

- The 2-factor in the theorem’s formula comes from 0, which is present as a critical point of the
phase ®(t) = t* in the both integrals (between —oc and 0, and between 0 and +oo) when we
study the particular case of phase.

Maxime BOUCHEREAU 30 University Rennes 1



Chapter 3

Application to special functions

3.1 Bessel functions

Definition. We define the Bessel functions this way:

1

2 )
Jm()\) — 27r/0 ew\sm@—zmﬁde

with m € Z

Property.

Proof. We will use the stationary phase method.
We have:

d
@(sine) =0 & cosf=0

31
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By using the theorem’s formula giving an approximation of the oscillatory integrals when A

is big, we obtain, for sin’ (g) = —1 and sin’ (37”) = 1, this approximation:

1
) - 2 \2 3 o1
i —imT s
~ (2
27er(/\)>\ " 2ee 2(_1) <2)64ﬁ

2mIm(N) | ~ UG DIVO) 3 <;’> eiZlA
—+00

N w 3\ .= 1
+ e—z)\+zm52\/§r () el
2) "

Besides, we have I’ (%) = @ 1) shows that:

For this reason, we have:

~ K i()\—ﬂ—mﬂ) —i()\—ﬂ—mz)
mJm(A) A=4oo | 2\ [6 ot P }

2 T o
()~ 4 L
J, ( ))\ )\COS()\ m2>

The next term O (3) comes from the formula [1] given p.25. O

3.2 Airy function

Definition. The Airy function of the first kind is a solution of this ordinary differential
equation:

It is given by this formula:

+oo 3
Ai(z) = c/ ¢ qr  with C e C

Maxime BOUCHEREAU 32 University Rennes 1
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Property.

VN €N; Ai(z)

T——+00
Proof. Let x > 0. In the integral

+oo |
Ai(z) = C’/ ei(3t' ) gy
—0o0
we make the variable change t = \/zu, and we have:
dt = /xdu
ei(3t+at) g — ﬁeiz%(%“3+“)du

and we obtain:

+oo 3
Ai(z) = CVx / @2 (59' ) qy
—0o0

An integration by parts(cf. appendix]) shows:

2u€ix% (%u3+u)

x i(u?+1)

J

With a mathematical induction, we will show this property for all N € N :

Py : there exist gy € C®°(R;C) like gy € L'(R;C) and:

too 3
[T et gy
—0o0

Maxime BOUCHEREAU 33
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Base case: Py is true. Indeed, Vu € R; |, go(u) = and this function is smooth and,

2u
i(u2+1)
clearly, ||gollz1 < 4o0.

Inductive step: Assume Py holds (for some unspecified value of N).We have:

. c oo i:z:§ Ludtu
Ai(x) = —ar REE (Fu+ )gN(u)du
T2 Joo

Let T' > 0. With an integration by parts, we have:

3
T 3 T ix§(1u3+u)- 3, 9
_C ein? (5u°+u) (u)du = ¢ e iz (u” 4 1) (u)du
1+38 gN L 3 gN
't Jor o't Jer iz2(u? + 1)
u=T
c | (3 g (u)
S ix%(u2+1) .
u——

C T ix%(lug-i-u) d gN(U)
= J et <_du (z’(u2 + 1))) o

When T' — 400, we obtain the good formula, with:

d u () (w2 + 1) — 295 (u)u
Vu € R; 9N+1(U):_7 (Z(-i];(—’_)l)> _ gN( )( (u—;+)1)2 gN( )

First, there exists C; > 0 like:
|ul

————=<C
(2412~ !
Then, let T' > 0. We have, by using an integration by parts:

T gy  [an(w) ] T ugn(u)

5 du= -2 ——du

_rul+1 u?+1],_ _r (u?2+1)2

if gv € L'(R;C) and gy € C*®°(R;C), we have gn(u) — 0 when |u| — 400 and, if T — +o0,

we have this expansion:
—4dugn (u) /|U9N(U)! /

du = ———Fldu=4 | ———=du <4C d

/R’QN“(“)' ’ /]R 0| T e =Gl

and we have ||gny1|/z1 < 400 by the hypothesis of Py

Yu € R;

Besides, we have clearly gni+1 € C*°(R; C)
The property Pn1 holds.
We have:

C
VN € N,Vz > 0; |Ai(z)| < ”LSUF
A
which concludes the proof

O
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Part 11

Application to linear partial
differential equations
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Chapter 4

Research of solutions

4.1 Generalities

We study the partial differential equations of this kind:

0 .0
P —itis ) u(zst) =0
( lax7zat> u(x7 )
where (k;w) — P(k;w) is a polynomial function of two variables.

Definition. The relation P(k;w) = 0 is named the dispertion relation of the equation.

If we find first kinds of solutions of this kind:

u(z;t) = ellke—wt) [E]

With the dispersion relation, we can find solutions to the equation P(k;w) = 0, giving a M
solutions (where M is a positive integer), named w(k), ..., war (k).

Property. Let d the degree of P of the first variable and f the degree of P of the second variable.
Let w € {wi;...;wa} and A a function like for all j € [0;d]; k — k7 A(k)eFe—+b) ¢ L1 (R;C)
and for all [ € [0; f]; k — w(k)'A(k)e'k*=b ¢ L1 (R; C).

The function

—+oo .
u: (z;t) — / A(k)e!Fe=b

is a solution of the equation [E].

Proof. If we derive j times the integrand from , we obtain the function k — (ik)J A(k)el(kz—«t)

and if we derive [ times from ¢, we obtain the function k — (iw(k))'A(k)e'**=«t) By using the
hypothesis, these functions are all in L! (R;C) (and can be bounded from above by integrable
functions if we take the absolute value) and continuous.

According to the paraetric integral differentiability’s rule, we obtain:

(—i8, ) u(w;t) = / K A(k)el k=<t g

—00
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and

+00 )
(i0) u(x; t) = / w(k) A(k)eFr=D

— 00

We obtain finally:

0 . 9 ) — e . i(kz—wt) _
P <_Z8x7l(9t> u(x;t) = . P(k;w(k))A(k)e dk =0

which concludes this proof.

With the linearity of the equation, we obtain a solution of this kind:

M i '
u(wit) =3 / A (k)i R g
j=1"7%°

where A; are functions which check the hypothesis of the property.

Remark. We can calculate the functions A; by using initial datas and inverse Fourier transform.

4.2 Application to the Wave equation

We consider the wave equation in one space dimension with initial datas:

Pu 207
otz Oz?
u(z;0) = f(z) with f,g € L' (R;C)
Gi(x;:0) = g(x)
where c is the velocity.
The dispersion relation is ¢?k? = w?, which has two solutions: w, (k) = ck and w_ (k) = —ck.

If we find a solution of the kind studied in the previous section, we have to find two functions
A4 and A_ cheking the hypothesis of the property of the previous part like:

too . 400 '
u(x;t) _/ A+(k)ez(kx—w+(k)t)dk+/ A+(k)ez(kx—w,(k)t)dk

—00 — 00

which is identic to:

+o0 ) +o0 )
/ A+ (k,)ezk‘(l‘—ct)dk + / A (k>elk(x+6t)dk

—00 —00

By using the initial datas, we have:

+o0 )
f@ = [ Am + A ) ehar

- |
glz) = z'c/ k(—Ay (k) + A_(k))e™*dk

— 00
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and we can try to find Ay and A_ by using inverse Fourier transform:

1 [t .
A+(k)+z4_(k) = % f(x>e—zkxdl_
1 +oo )
ik Ay () +ickA_ (k) = o [ gl
™ —0o0
we obtain:
ick [T ,
ickAy (k) +ickA—(k) = - f(x)e "o dz
™ —0o0
1 +oo )
_ZCkA+(]{I)+ZCkA_(k) — 27 g(x)efzka:dw
™ (oo}
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If we have this hypothesis

we obtain:

+00 .
A = o [ ekt (@) — g e s

+o00 .
A_(k) = 4iick /_ (ickf(z) + g(x)) e~ **da

For exemple, we can take these initial datas:

Which are two functions of the Schwartz space, and the integral of g is equal to 0.
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Chapter 5

Long time behaviour of solutions

5.1 Generalities

With the solutions written on the previous way, we have (with the same hypothesis like in the
previous chapter):

M o A
u(m;t) =Y / A (k)eibrs R0
j=17-00

After a long time, the solution u(z;t) moves with a velocity v, and this is possible to write
out z = vt, and we obtain u(x;t) = wu(vt;t), which is a function of one variable, and we can
write our solution on this way:

M oo ’
u(vt;t) = Z Aj(k:)e”(”kf“’j(k))dk‘
j=17 7%

which is a sum of oscillatory integrals.

By researching the critical points of the functions k — vk —w;(k), we can obtain an equiv-
alent of our solution for big values of ¢ by using the theorem of valuation of oscillatory integrals.

With fewer calculus, this is possible to just obtain the order of decay of the solutions. The
order of decay depends of the value of v, and the order of the derivative of the phase which
doesn’t take the value 0 at the critical point.

Look out! In this part, the variable of the integrand is not ¢, but &k, and the parameter of
the oscillatory integral is not A, but t.

5.2 Application to Korteweg-de Vries equation

In this section, we will study the linearized Korteweg-de Vries equation, which describes the
waves on shallow water surfaces:

ou, o, P
Ot c@x ox3

where c is the velocity.
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5.2.1 A first kind of initial data
We take the condition ¢ = 1, and this initial data: u(z;0) = e~1#l.

The dispersion relation is w — k — k3, which writes on this way: w = k — k3. We find a
function A like:

+oo )
w(ws 1) = / A(k)ei k=)0 g

—0o0

and we have:

+oo )
u(z;0) = A(k)ekedk

—00

A computation(cf. appendixl) shows that:

1
AW =T

and we obtain, if our solution moves with a velocity v:

1 [To° eit(vk—(k—k3)) "
tt) = = S
u(vtst) = [ e

We will have to study this oscillatory integral. First, we will study the critical points of the
phase.

d
@(vk—(k—kS)):O@v—lJr?)kQ:O

First case: v > 1. This equation doesn’t have solution. The integral has a quick decay in t.
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Second case: v < 1. We have two solutions for k:

We hayve:

d2
3z (k= (k— k%) =6k

By using the theorem (the function A verifies clearly the hypothesis of the theorem, in par-
ticuar for the integrability arround 4oo with the operator D7), we have:

1
(ot:1) z‘t[(v—l) 1g“+(%)%} 2 ’ ir 1 1
u(vt; ~ €
t—+o00 6 1—v 1 —+ 3

3
— 1),/ iz (1w 7] in in
e it -0y (52) 2 e 1

eit[(v—l)\/?ﬂlg“)%]ﬂg

(tt) s 1
u(vt; ~ Z -
7t too 3\ g, /1zu 4—v\/t

1 3
6 1—v) 14 1—wv 1—v)\2 e
“(”t’t)tﬁoozx—v( 3 > COSK(“_D 3 +< 3 ))Hz;

|
and we have a decay in ¢~ 2.

Maxime BOUCHEREAU 43 University Rennes 1



May-June 2018 Internship report

Third case: v = 1. The hypothesis of the theorem are verified (in particular the integra-
bility near oo with the differential operator D), and we need to calculate the three order
derivative of the phase in order to obtain an asymptotic expansion:

3
% (vk — (k — k%)) = —6

By applying the theorem, we have:

1
U(Ut, t) t—)r:-oo 2 <6) T (3> e’ 6 Tt
3 t

|
and we have a decay in t™ 3.

Conclusion: On long time, the solutions which have a velocity which is equal to 1 will
dominate the others which have differents velocities.

5.2.2 A second kind of initial data

Now, we take, in the Koteweg-de Vries equation, an unspecified value for ¢, and this initial data
(a wave packet):

where n € N* and k > 0.

we always have our dispersion relation: w = ck — k%, which gives us this solution (for a
function A):

+o00 ) .
u(st) = / A(R)eilka— (kD0 g,

A simple computation (cf. appendix| shows that:

s ol 2mnk
ZSll’l( A )

A == —n
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And we have:

i [0 itlhv=(ck=k*))  /omnl
u<x,t>—w/oo kksm< >dk

When this solution moves with a velocity v, we can write out x = vt, giving this oscillatory
integral:

. ptoo it(kv—(ck—k3)) 2mnk
u(vt;t) = u(x;t) = ;/ eWSin < TZL ) o

If we want apply the stationnary phase method, we will have to solve this equation:

d
@(vk—(ck—lf')):0<:>(v—c)+3k2:0

First case: v > c. This equation doesn’t have solution. The integral has a quick decay in t.
Second case: v < c. We have two solutions for k:

c—v
3

By using the theorem (the function A verifies clearly the hypothesis of the theorem, in par-

ticuar for the integrability arround +oo with the operator D7), we have (if k“;f ¢ %Z, giving

A(k) # 0) the decay in the order of %

kvi:i

Third case: v = ¢. We have k. = 0, and, whatever the hypothesis are verified of not, we
have A(k.) = 0, and the decay has an order below -

T

Conclusion: In this case, the solutions which move with a velocity v < ¢ will dominate on
long time.
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Chapter 6

Linearized Water-Waves problem

6.1 Preamble

The Water-Waves problem describes the surface of a fluid with equations. In our problem, the
surface profile is named u, which is a function from R x R} to R (one-dimensional space and

time). We suppose u(-,t) € L' (R;C) for all ¢ > 0.

We suppose the fluid irrotational, giving the existence of a function ® € C?3 (R x R, ; C) like:

Besides, we consider that ®( - ;0) € L (R; C).

In this chapter, we will study the linearized Water-Waves problem, and its equations leads
to this main equation:

1
P + ;Qou =0 [1]

Where p is the square of the relation between the depth and the wavelength, and G is the
Dirichlet-Neumann operator, which has an explicit definition with its Fourier transform:

_ [€tanh ()

N f€)

;ng(f)
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We give these initial datas too:

{ u(z;0) = wuo(x)
Ou(r;0) = wo(x)

6.2 Research of solutions

If we take the equation [1] (cf. previous page), and we apply the Fourier transform to it, we
obtain:

—_— ] —
Pu+ ~Gou=0
L

which leads to:

€] tanh (/7i/¢])
NG

o + =0

and the initial datas become:

{ a(&0) = uo(¢)
du(&;0) = 00(8)

Remark. In order to apply the Fourier transform to the initial datas, we assume they are in
L' (R;C), and as smooth as we can switch integral and derivation from t.

The equation with Fourier transform becomes:

€] tanh (y/7l¢])
N

which is an ordinary differential equation in ¢. For this reason, there exist two functions A
and B , depending of &, like:

u=0

021 +

V() e R x Ry; a(€t) = A(E)e™©F 4 B(&)e @

where:

_ (et (e \*
w(é)—( L ) (6)
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Remark. The function sgn is the sign function, which takes the value —1if £ < 0,0if £ =0
and 1 if & > 0.

6.2.1 Study of Fourier transform of solutions

We can give an explicit expansion of A and B in function of ug and 0y by using the initial datas.

First, we have:

{ u(§;0) = A6+ B(¢)
Qu(§;0) = w(§A(E) —iw(§)B(S)

And, by solving this linear system of two equations with two unknowns, we have:

If an asymptotic expansion of w near 0 is:

w(§) ~ &

£—0

And the functions A and B could not be defined when £ = 0, but, according to the equation
[1], we have:

1
Ofu+—Go-u=0
w

When we take the fourier transform, we have:

1 —
dFu = — Gou = —w()*

According to the hypothesis concerning ® (in particular the integrability, and, as a result,
the possibility to apply it he Fourier transform), we obtain:

G 1) = —w(©)* 0P (&)
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When we integrate this equality, for exemple betweenn +o0o0 and ¢ (u and ® tend to 0 near

400, |cf. appendix]|), we obtain:

(& t) = —w(€)*B(&; )

When ¢t = 0, we have:

vo(§) = —w(§)*®(&;0).

According to the hypothesis of integrability of ®(-;0), its Fourier transform is defined.

With this result, we obtain:

And, if ug, ®(-;0) € L' (R; C), its Fourier transform is continuous, and the functions A and

B are defines when & = 0, like the function w

6.2.2 The function w

Our function w is defined on this way:

N

B |€] tanh (\/mﬂ) 3 _ §tanh(\/ﬁ§)
w(&)—( Vi > sgn(§) = <\/ﬁ > sgn(§)
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These graphics show the function w for differents values of .

Phase of the oscillatory integral linked to the water wave problem

— w() p=0.01
— (&) p=0.01

0 of
-1
-5
-2

=3 -1
-10 -5 0 5 10 -10 =5 0 5 10

With these graphics, we observe the equation g—w(f) — v has two solutions equidistants from

the y-axis when 0 < v < 1, 0 is the only solution when v = 1, and there exists any slution for
the others values of v. These informations are importants for the study of long-time behaviour
of solutions, by using the stationnary phase method.

Property. The function w is odd and C3-class on R, and its derivative is strictly decreasing on
R*, and equal to 1 when £ = 0. We have w'(§) — 0.

§—+o0

Proof. This proof is very specialised, and, for this reason, given in the O

6.2.3 Study of long time behaviour of the solutions

In order to reduce notations, we will write A and B, even if we know their explicit expansions.

If we know the Fourier transform of the solution u (in space), we can obtain the solution by
applying the inverse Fourier transform to this function, giving us:

1 +oo ) ) )
u(wit) = 5 [ (A 1 B O) et
21 J_ s

When the solution, after a long (long, long...) moment, moves with a limit velocity v, we
have x = vt and:

+o0 ] .
u(vt; t) = i A(f)el[w(f)“’vﬂt + B(g)ez[—w(ﬁ)—i-vg]tdg

27 J_ o

and we have to study an oscillatory integral when t — 400

First case:

If v = +1, we have a solution to the equation d% (fw(§) +v€) = £W'(§) +1 =0, which is £ = 0.

If we apply the stationnary phase method, we have: % (fw(&) +v€) = %(O) = 0. For this
reason, wwe need to look the third order derivative of w. This function is C3-class near 0, and,

according to the Taylor-Young formula, we can calculate its Taylor approximation to the third
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order.

A simple computation (cf. appendix]|) gives:

wl€) =€ - gue + o (€"

By identifying with the Taylor’s formula (and the uniqueness of the approximation), we have:

d3
@0 =-n

If we apply the stationnary phase method, and we add the hypothesis (DT) (A) and (DT) (B)
are integrible near £oo, A(0) # 0 and B(0) # 0, we have:

Ifv=1:
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If v = —1, a similar computation shows that:
4 _ir 63
u(vt; t) ede 2B(0)I" (3) e - =

Second case:

If 0 < v < 1, according to the table of variations of w’ (cf. p. , there exists z, > 0 like
w(2y) = v (the function wo, and, as a result, w, is invertible from R* to ]0;1[). We have:

wy(zv) = Wy (\/5;7)> = <\'Z/“ﬁ) =

A s a result, we obtain:

We write out: z, = (wj)~' (v). By convention, we consider z, > 0, and we have: w)(z,) =
wh(—2zy) = v. As a result, Z& and —Z are two solutions of the equation d% (—w(&) +v€) =0,

which is associated to the function B in the oscillatory integral.

If we consider the same hypothesis concerning A and B, and we add the hypothesis ug and
vg are real-valued, we have, by using the stationnary phase method:
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Besides, we have:

w"(8) = \/iwf (/i) and T (3) =

The function B is computed on this way:

v
2

and we obtain:
1 09(—=¢)

Moreover, we have:
too
f(z)e~®rdz = ug(€)

w0 = [ uwwesan= [

A similar computation shows that:

As a result, we have: B <_ﬁ

We have too:
1
2
2 B V2 V2 _in
- 1 "
w’ (%) (VEwg (20))2 Vi |wg (z0)]
And:
1 1 1
2 2
2 2 _in 2 V2 i
= = e 2 _ = me
" 2y oo ze n{_ 2z wp (2
< (%) < () (=) Ve
Finally, we have:
Zu )65? i
t

Zy

Vor efn<-wo<Zv>+va>B<
VA

Vi

2y ) _im — 1 (—wo(z0)+vzv) (
— e 2 e VH
\/ﬁ

w(vtit) |~ Vomen T [eﬁ(—w(zv)*“v)B (\/ﬁ
ZU > ”T:| ]-
- e 2 -

Vit

University Rennes 1

Finally, we have this asymptotic expansion:
oo (w0 () vz) <
N

s

o/ 2me™ T Re [

u(vt; t) ets

54
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Ry Zy

If -1 < v <0, the equation d% (w(&) + v€) = 0 has two solutions, who are Tn and T and

a similar computation shows that:

u(vt; t) oW 2\/%6_%9% eﬁ(wo(zv)Jrvzv)A <\z/%> e_i;} 1

2y

Remark. When p — 0 (i.e for low frequencies), we have N/ 400, and, if A is built with

Fourier transforms, L', we will have A ( \Z/”ﬁ> —6 0 (moreover, a simple computation shows that
>

L _ 5 0), and the height of the solutions will tend toward 0.
w(z—”> u—0

m

Third case:

If we have v < —1 or v > 1, the both equations d% (w(€) +v€) = 0 and d% (—w(§) +v€) =0
don’t have solution, and, if we consider the same hypothesis concerning the functions A and B
like in the previous parts, the solutions for these velocities have a quick decay.

Conclusion:

On long times, the solutions which move with a velocity of 1 or —1 will dominate, like for the
linearized Korteweg-de Vries equation. Besides, according to the formula given at the end of the
subsubsection ”First case”, the solutions will have a taller height when p — 0, and, as a result,
for low frequencies.
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6.3 Confirmation of the results

6.3.1 Comparison with other results

If we study the publication of Benoit Mésognon-Gireau, the document gives an estimation of
solutions of the linearized Water-Waves problem, for a solution ug € S (R):

There exists C' > 0, independant of u, such that, for all ;4 > 0 and ¢ > 0:

0,
(- 6)| 1 < C [[uoll 1 4 lwollgr + llz — = al:uo(fU)Hm
) )
VI Vi
And:
z — zug(x U + ||z — 20 ug(x
Hu('St)HLOO <C H : o )HfQ H OHH1 ” i 0( )HL2
2 t 3 t 2
wi(1+ %) (1+ %)
Where:

lluollzrr = lluollz2 + llugll 2

is the norm corresponding with the Sobolev space H' (which is complete, and, as a result,
an Hilbertian space), where the function u{, can be considered with the weak form (by using the
distributions).

The first term shows a decay for the velocities of 1 or —1, whereas the second term shows
the decay for the velocities in the domain | — 1;0[U]0; 1].

Remark. In the scientific document, we give an estimation of the function ¢ — u(-; t), whereas
in our study, we estimate the function ¢ — wu(vt; t) for differents values of v.

6.3.2 Numerical simulations

In order to confirm our results, we make numerical simulations with Python. In order to obtain
some results, some graphs were made, representing the function In||lu(-;t)||L~ = f(In(¢)), for

In(t) € [5.6;6.9](cf. appendix]). In order to approximate prefect straight lines, higher values of
t, and, as a result, of In(t), are chosen. After a long time, we have (theorically), this asymptotic

expansion:

Ju(s0)llz=  ~ B

t——+o0

with B > 0. As a result, we obtain, when ¢ is enought big:

Infju(-;t)||pe = aln(t) + b

by writing out: b = In(B). We compute a and b by using a linear regression.

First scenario: 2012

We choose these initial datas:
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We have:

+00 5

uo(0) = / xe ¥ dx =0
—0o0

For this reason, we have A(0) = 0, and the lower decay of the solutions is not in the order of

L but in the order of 4. These are the values of the linear regressions for some values of p:
t3 t2

7 a b R?
0.005 | —0.4617 | 1.1022 | 0.9997
0.006 | —0.4839 | 1.1670 | 0.9998
0.007 | —0.5021 | 1.2148 | 0.9999
0.008 | —0.5158 | 1.2400 | 0.9999
0.009 | —0.5272 | 1.2567 | 0.9999
0.01 | —0.5371 | 1.2684 | 0.9999

We obtain this average value of a:

a = —0.5046
with this uncertainty (with 95 % of trust):

U(a) = 0.023

Conclusion: This value is correct, and is consistent with the theory.

Second scenario: Deep Impact

We choose now these initial datas:

giving:

+0o0 5
a3<0>=/ e de = T £ 0

—0o0
For this reason, we have A(0) # 0 in the asymptotic expansion, and, theorically, a decay in

the order of %-. These are the values of the linear regressions for some values of
t3

I a b R?
0.005 | —0.33 | 1.3299 | > 0.99
0.006 | —0.33 | 1.3515 | > 0.99
0.007 | —0.33 | 1.2459 | > 0.99
0.008 | —0.34 | 1.2900 | > 0.99
0.009 | —0.34 | 1.2778 | > 0.99
0.01 | —0.33|1.1473 | > 0.99

We obtain this average value of a:
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1
G=-033~ =
@ 3

with this uncertainty (with 95 % of trust):

Ula) =4.2 x 1073

Conclusion: This value is correct too, and consistent with the theory.
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Chapter 7

Appendix

7.1 The differential operator

Returni

Property. If we have this hypothesis:

f()g(t)
N (1) toab

We have (D f|g) = (f|D"g), where:

b
(flg) = / F(Hg(t)at

is the common dot product on L?(Ja;b[; R).

Proof. Let a < A < B < b: we have, by using an integration by parts:

B B 1 ,
[ D= [ s gt

-[5in],,~[, oi (ig) »

—_—
=0 (hypothesis)

B
— /A £(t) (D7) g(t)dt

and we conclude when (A; B) — (a;b)
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7.2 The quick decay for some oscillatory integrals

N integrations by parts show that:

/b () = 1[“’ D (DTY (g)(b) @ (DTY (g)(a)
a iAD/ (D) iAD!(a)

7=0
+ / b e e(®) (DT)N (9)(t)dt

But if g has a compact support, which is a closed interval in |a;b[, an open interval, neces-
sarily, the lower and upper bounds of the support of g are respectively strictly higher and upper
than a and b. For this reason, we have g and its derivatives which takes the value 0 at the points

a and b, and we finally obtain:

[ g = [ (on) gnar

7.3 The integral outside the critical point

[Returnl
We will show, by using a mathematical induction, for all n € [0; N — 1], the property Pp:

too oA (to+22) ”*1 teo n
¢ t

042e Z)\(I)/ t(] + 25 :0 0+2e

<.

Base case: P is true. Indeed, we have:

+oo +oo 0
/ ez)\@(t) dt = / ez)\q)(t) (DT) (g> (t)dt
t t

o+2e 0+2e

Inductive step: Assume P, holds (for some unspecified value of n). We have the formula
given at the begining of this subsection. Besides, for T' > 0, we have:

T T T\"
SN (DT _ [ o (peire® (D7) (9)(¥)
/tmg (D" (g) ()t / AP (1) prpatl

to

- [eim@)(DT)"(g)(t)] =T

T
() (DT n+1
iAD(t) " /t0+25 (D7) 9)®)

t=to+2¢e

When T — 400, by using the hypothsis, we obtain finally the formula for the rank n + 1,
and the property P,+1 holds.
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7.4 The second integrand in the Lemma 2
Return|

By using a mathematical induction, we will show this property, named Py for all N € N:

TN (1 1 s (dY
(D7) () (1 = peo(®) = 55t ™Y O ¥ (CH) [n(®) (1= peo(t))]
=0

Base case: P is true. Indeed, we have:

(DT)O (tln(t) (1- Ma,o(t))) = t'Co0um(t) (1 — peo(t)) with Cooy =1

Inductive step: Assume Py holds (for some unspecified value of N). We have:

N+L [ L SN, al i(d 7
(D7) (t n(t) (1 — p,e,o(t))) =D | 15t > Cnjit (dt> [(t) (1 — pe,0(1))]
=0

_ Lod [ kv . c dy’
—*WE t ]ZO N,j,l E [77(75)(1*,%,0(15))]

_ 1 I—k(N+1) al (4 7
=~ {UHWHW >t () o) <1u€,0<t>>]]

=0

j=1

N .
1 I+1—k(N o1 (Y
Rvien {t HERED Y Oy gt (3 ) () (1= peo(®)]

1 N 4\t
aSvoEsT HA1=k(N+1) ZCN,j,ltJ <dt> [U(t) (1- Ms,o(t))]

J=0

1 Y (AN
=~y [ 1= ROV 4 1D T Ot (dt> [n(t) (1 = peo(t))]

=0 dt
L oy s, (4
~NH {t > Cw it (dt> [ﬁ(t)(lus,o(t))]]

Jj=1

1 N ) d\7*H
e [E S O () 0 (1 a0

Jj=0

S (I 4+ 1= E(N + 1))t kN+) g:c ot (d)j [ —
=~ N AL W n(t) (1 = peo(t))]

j=0
1

N /d j
e |1 S Ot () ) 1= e (0)

Jj=1
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N+1

1 _ rd\?
IV ER! 1 =HVED ZCNJ—thJ <dt> [n(t) (1 — peo(t))]
j=1
L ey a\’,
= vt NHD (1 +1 = E(N +1))Cr ot <dt> th(n(t) (1 — peo(t)))
L k(v 2N , (AN 1,
it IS [ 14— RNV + D)Cx i) ¢ (dt) [9(0) (1= peo(1)]
j=1
1 I—k(N+1 N+1 d Nt l
it Y Oy vt (dt> [t n(t)(l—psyo(t))}
with:
Cny100 = 1Cnpy
Vje[L;N];  Ongijg = i(l+1+45—k(N+1)Cnjy+iCnj-1y
Cnyiny1y = 10NNy

We finally have our formula at the rank N + 1 and the property Py41 holds.

7.5 A first property of the Gamma function

[Returnl
Let T' > 0. With an integration by parts, we obtain:

T t=T t
/ trle~tdt = [kt%eﬂ +k/ e tdt
0 t=0 0
When T' — 400, we obtain:
1 k+1
'i-)=k'{——
&)= (5)

7.6 A second property of the Gamma function

[Returnl
We have:

which gives our property.

Let T > 0. We write out:
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We make the variable change ¢t = u?, and have these properties:

dt = 2udu
tretdt = 2l du

We have, by using an integration by parts:

VT 2 2 u=vT VT 2
I'r= 2/ wle " du = [—ue_“ ] +/ e " du
0 0

u=0

Finally, when T' — +o00, we obtain:
If we admit the equality

we have our property.

7.7 A property of the Airy function

[Returnl
We hayve:

+o0o 3
C\F/ eir? (5u+u) gy

Let T' > 0. By using an integration by parts, we have:

1) eix%(%u3+u)
ir2 (u2 +1)

du

Cf/ et “+“)du—cf/ i v

3

3 3
| (5ud +u) C/ 2ue’? ( 3+“)d
Sl i(u 1) i(u?+1) "

When T' — 400, we obtain the property.

7.8 The first initial data in the KDV equation
[Returnl

If we have:

u(z;0) = /+OO A(k)et**dk

Maxime BOUCHEREAU 65 University Rennes 1



May-June 2018 Internship report

27 A is the inverse Fourier transform of z — e~ %I, and, in order to calculate A, we have to
calculate the Fourier transform of the initial data:

1 [t :
Ak) = o / e~ lrl=tke g

—0o0

We have:

1 400 ) 1 +00
A(k) = / e lelmtkr gy — / e~ 17l [cos(kz) — isin(kz)] dx

—0o0 27T —00

1 +oo 1 +oo
A(k) / e~ Il cos(kx)dx — i2/ eIl sin(kz)dx
™ —0o0

T on oo

The integrand of the second integral is odd. For this reason, the second integral is equal to
0, giving:

T o ™

1 [t 1 [tee
A(k) / e~ 1l cos(kx)dx = / e “cos(kx)dz
0

—00

because the integrand is even.
Then, let T > 0. An integration by parts shows that:

T T
/ e *cos(kr)dr = [—e” cos(ka:)]izg - k/ e “sin(kx)dx
0 0

and we have, by using a second integration by parts:

T T
/ e Tsin(kr)dz = [—e™* sin(kx)]izT + k/ e * cos(kz)dz
0 0

giving this result:

T T
/ e % cos(kx)dz =1—e T cos(kt) — k <—€_T cos(kT) + k:/ e cos(k:x)d:z;)
0 0

Finally, when T' — +o00, we have:

1
1+ k2

+oo
/ e ¥ cos(kx)dr =
0

which gives:
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7.9 The second initial data in the KDV equation

Returnl

We have:

The function = —— u(z;0) is the invere Fourier transform of the function A. In order to
compute A, we will have to compute the Fourier transform of the function z — %u(:v, 0):
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7.10 A property of the Fourier transform

[Returnl
Let f € L' (R;C). We have:

Besides, we have:

= [T iwesermar=— [ jwe e

—0o0 —00

If we make the variable change y = x + %, we have:

f(f'f)e_ig(ﬂg)dw =f <y - g) e “udy

and we obtain this integral:
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7.11 The function w

Returnl
Th function w is defined by:

VEER: w(E) = (mﬂ) sqgn(€)

This function is clearly odd on R.

In order to simplify our raisonings, we will consider this function:

NI

wo(§) = (§tanh(€))2 sgn(§)
And we have:
() = = (Vi)
= Jh 0 WV H
7.11.1 The C3-class function
First, we have:
wo(§) 6305

This function has a linear apprximation, and is C'-class near 0, and, as a result, on R, and
its derivative is given by:

B % (§tanh(§))5 n(E) = tanh(¢) + & (1 — tanh?(€))
= 2(ctanh(¢)) IS T 2w (€)
with w(,(0) = 0, giving w’(0) = 0 too.

wp(8)

Besides, the function wy is differentiable on R*, and we can compute its derivative (for £ # 0):

h(e) = 728

=

[(1 — tanh?(€) + 1 — tanh?(€) + 2¢ tanh®(€) — 2¢ tanh(€)) (€ tanh(€))

]

~ 2¢tanh(8)
__sgn(§) 1 o e
2 tanh (&) lz(gtanh(g))é (t h(€) + € (1 — tanh?(€)) )]
wp (&) = L@Q 2 (1 — tanh? (&) + z tanh®(€) — € tanh(€)) & tanh(é)]
2 (€ tanh(¢))>
B IO (e
ecmnigE 3 (06— cno)’]
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sgn (&)

wi(§) = ———=2— [4€ tanh(€) — 4€ tanh®(€) 4 4€2 tanh? (€) — 4€% tanh?(€)]
4 (£ tanh(€))?
__sgn©) tanh(¢) + = — x tanh?(¢) 2
4(€ tanh(€))2 ( )
wll(€) = % [4€ tanh(€) — 4€ tanh® () + 462 tanh? (€) — 4¢% tanh?(¢)]
4 (£ tanh(€))?

—% [tanh?(€) 4 £ + €2 tanh?(€) + 2¢ tanh(€) — 2€ tanh®(€) — 262 tanh? ()]
4 (¢ tanh(§))>
wy (&) = % [2¢ tanh(€) — 2¢ tanh®(€) + 362 tanh*(¢) — 2¢% tanh?(€) — tanh?(¢) — €2
4 (§ tanh(§))>
(&) = —IM T ge tann?(€) — 26 tanb?(€) + 367 tanh () — (¢ — tanh(€))’]
4 (§ tanh())>

:=6(£)

When ¢ — 0, we have (£ tanh(&))% =0 (53), and, if we use a Taylor approximation, we
obtain §(§) = O (§4), and, as a result, we have:

We conclude the function wj is continuous near 0, and wy is C?-class on R, and, as a result,
w too. Besides, w( has a lonear approximation, and, as a result, she is C Lclass, and wp (and w)
is C3-class on R.
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7.11.2 The variations of the derivative

We will study the variations of the derivative function of wg on R . Let § > 0. We have:

4 (§ tanh(¢))>

If we want to know the sign of w(j, we need only to know the sign ofd (the denominator has
a positive sign when & > 0).

We have:

5(€) = —2€ tanh® () — 26” tanh®(€) + 3¢ tanh* (€) — (€ — tanh(€))”

6(&) = —2¢ tanh3(€) — 262 tanh?(€) + 3¢% tanh? (¢) — €2 — +2¢ tanh(€) — tanh?(€)

By using the inequality tanh(£) < 1, we obtain:

5(€) < —2¢tanh3(€) — 262 tanh?(€) 4 3¢2 tanh?(¢) — €2 — +2€ tanh(€) — tanh?(¢)

5(€) < —2¢ tanh3(€) + €2 tanh?(€) — €2 — +2¢ tanh(¢) — tanh?(¢)

5(€) < —2¢ (1 — tanh?(¢)) — tanh?(¢) + &2 (tanh?(¢) — 1)

By using the inequality |ab| < % (a2 + b2) for a,b € R (the Swiss army knife od euclidian
spaces...), we have:

5(€) < (&% + tanh?(¢)) (1 — tanh®(€)) — tanh?(¢) + £ (tanh?(¢) — 1)

When we simplify, we obtain:

§(€) < tanh?(€) (1 — tanh?(¢)) — tanh?(€)

and finally:

5(6) < — tanh*(¢)
which leads to (&) < 0 because § > 0.

We have V¢ € R; w”(§) = /lwy (\ViE).

Besides, if w is odd, w’ is even. A s a resule, if we know the behaviour of w’ on R, we know
it on R.
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7.11.3 The limit of '

We have V¢ € R; w'(§) = wy(y/p€), and we write wy on this way (for £ > 0):

o €1 )
Wols) = 1 1
2 (¢ tanh(§))2 2 (£ tanh(§))2

The first term decreases toward 0 when £ — +o00, and, by noticing this property:

€ o=E\? o261 94 o2 _ o269 ,—2%
1—tanh2(§):1— es—e _€ +2+e e*s + e
ef —e¢ e +24 e %

1 — tanh?(¢) = TS S

We have:

¢ (1 — tanh?(¢)) oL o
2 (& tanh(¢))? i TV EE

We obtain the limit of w(, near +o00, and, as a result, this is the same limit for ' (which is
0).
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7.11.4 Table of variations of w’

13 —00 0 ~+00
Sign of w” + 0 -
1
Variations of ' Va N
0 0

7.12 The third order Taylor’s approximation of w

[Returnl
We have:

wo(€) = sgn(€) (€ tanh(€))?

By using the third order Taylor’s approximation of tanh, which is tanh(§) = £— %53—&—5 ° (54) ,
H

]
|

we have:

wo(€) = sgn(€ [5(5—§3+ 0

£—0

[NIES

wo(§) = sgn(§)[E] (1 - 752

“)
wo(§) = sgn(¢ [52 (1 - *62 )
)

By using the Taylor’s approximation (1 + &) =1+ a& + o €), we obtain:

wo(§) =¢ (1 - éﬁQ +§3>o (53)>
1
“l€) = = 56+ o (6"
And, if w(€) = “=wo(y/f€), we obtain this formula:

Vi

o€ =€ 3uE+ o (€Y

7.13 Graphs of numerical simulations

[Returnl
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7.13.1 First scenario: 2012
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n=0.007
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7.13.2 Second scenario: Deep Impact
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