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Abstract

The goal of this internship was the study of the unidimensional Navier-Stokes system, divided
in two main parts:

- The study of the linearized system, in particular the long-time behviour of solutions of the
linear system, for initial conditions near an equilibrium.

- Numerical simulations over the linearized system, with qualitative study of numerical schemes,
and numerical simulations over the complete non-linear system.

Key-words: Partial differential equations, fluid mechanics, linearized system, Fourier trans-
form, residue theorem, long time decay, numerical scheme, consistency, stability.
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Chapter 1

The linearized Navier-Stokes system

1.1 Linearisation of the Navier-Stokes system

1.1.1 Generalities

We consider a fluid moving in one dimension. We note p the mass density field and u the velocity
field of the fluid. Then, we note m the momentum density field, defined by m = pu. In one
dimension, we have:

p: Ry xR — R u: Ry xR — R
(o) > p(ta) (o) — ult,z)
m: Ry xR — R
(t,z) +— m(t,x)

By supposing the flom incompressible, and neglecting the entropy variations, we obtain this
system of equations:

Op  + Ozm = 0
{atm + 0, (%2) = (2u+\) D (%) — 0w

with p = P(p) is a monotically increasing function (this result is obtained by neglecting
entropy variations, and P is the pressure field), and A and p are viscosity parameters. We will
study this system, in particular the pair (p, m) for initial conditions near this equilibrium:

(107 m)|t=0 ~ (p*a 0)

where p+ is a constant density field. Now, we will linearize this system.

1.1.2 Linearization

We note p = 2u + A, and we introduce two new elements:

- The (reference) sound speed, defined by ¢ = \/P’(px)
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- The function p, defined this way:

p: RiyxR — R
(t,.’L') — p(t,x)—p*

In order to obtain the linearized system, we will only consider the 0 and l-order terms (ne-
glecting highest order terms, noted hot), by using these rules (with p,q € N):

- px is a O-order term, and p is a 1-order term. m is a 1-order term too.
- The derivative of a p-order term remains a p-order term.

- The multiplication of a p-order term with a g-order term gives a p + g-order term.

Proposition 1. Linearized system
If we have px = 1, the linearized system is:

om + Foyp = ,u||3§m

Proof. We have p = p, + p. Therefore, we obtain:

aa:p(tvx) = aa:P(p(tﬂx))
= Ouplt.x) P (plt, )
= 8,p(t,x)P'(ps) + hot

0, p(t, )

Besides, we have:

1 1 1
= = — 4+ hot =1+ hot

As a result, we have:

2
mZﬂ—l-hotandm—:hot
P Px P

Finally, the system can be written as:

op + Oym = 0
om + hot = %%m + hot — c*0,p + hot

If the terms hot are neglected, and p, = 1, we obtain this:

op + Owm 0
om  + 628$ = u‘@%m

O

Maxime BOUCHEREAU 8 University Rennes 1
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1.2 Resolution of the linear system by using the Fourier trans-
form

If we consider the linear system of the Proposition 1, we can use the Fourier transfom for z,
defined by:

A~ +OO .
f ) = / e~ () da

—00

An we obtain this ordinary differential equation (a system of equations):

{ 8{5 + inm = 0
O+ inc’p = —pmm

If we note:

X(t,z) = { plt,) }

m(t, z)

We have this ordinary differential equation in ¢:

X (t,m)=A(n)- X (t.n)

where:

_| 0 —in
An) = [ —z’nc2 —M||772 ]

The spectrum of the matrix A (n) is given by:

o (A@m) ={X" (A" ()}

where:

1 1
AT (n) = —gmn’* & 5y /ujnt = den?

We can obtain our solution of the Fourier transform of the linear system of equations:

vt € Ry X () = X (0,7)

Proposition 2.

vt > 0;
etA(,r]) o 1 )\+ (77) e)\i(n)t _ )\— (,,7) 6)\+(77)t _ZT/ (6)\+(n)t . e)\—(n)t)
R RS C) N - (W(n)t _ er(mt) A () N E— \= () X (1

Maxime BOUCHEREAU 9 University Rennes 1
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Proof. The proof uses the Cauchy’s integral formula for matrices (cf. Chapter 3|, and the
residue theorem (cf. Chapter 3|for the computation). O

Henceforth, we will use this notation:

V(t,n) € Ry x R; S (t,n) =40

1.3 Estimation of the linear terms

The Fourier transform gives this result:

where:

SLF (t,;n) = x (7) S (t,n) is the low frequency term and SHF (t,n) = [1 — x ()] S (t,n) is the
high frequency term.

X € D (R) is a cut-off function (a smooth function with compact support), given by:

x=1if n|<Ry,x=0if n>Rp+1land0< x <1

An exemple of cut-off function with Ry =3

Maxime BOUCHEREAU 10 University Rennes 1
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1.3.1 Low frequency terms

In this subsection, we will estimate the low frequency terms in LP-norm for two classes of the

index p.

Index of estimation in [1;2]

Proposition 3. Let p € [1;2] and 0 € N:

Proof. Let c e N,x € Rand t > 0:
We have:

1 e TN, 0
5P () = o [ e ae Ay

—0o0

Besides, we have:

et () 0

YVt > 0; Al — P(77)_1 0 tA~ (1)
e

P(n)

with P : R — G'Ly(C) (we have to choose Ry small enough in order to diagonalize e*4(")).

Therefore:

1
o oLF _ = o -1
de (t,x) = 27‘1’/ n X(U)P(ﬁ) [ 0 eianrt)\_(n)

Let t > 1. We have:

et () 0

+o0 )
/ N \S/X(n)n"e””"[ 0

But A*(n) AT Fic|A| = sum* + O <|/\|3>, therefore:
—

|d7StF (t,2)] < Cq

“+o00

P(n)dn

|d7SH (t,2)| < G /X (e et zr gy, (1.1)
—0o0
First, we study the case t > 1:
On the one hand:
LF e izt Lpym?
st ) < co| [ ettty
— 0o
too 1 2
|dg St (t2)] < 20(’;'/ n7e 2 dy)
0
L Cs”
(o2
|d7s™ (t,2)] < Tire) (1.2)
Maxime BOUCHEREAU 11 University Rennes 1
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(cf. Chapter 3|for the computation).

On the other hand:

+o0 ]
a3 S (t,2)] < 0(4)/ 7 eileetin= bty

—00

+o0 ]
‘ngLF(tjx)‘ < 0(4)/ naez(z+ct)n7%mm2tdn

—0o0

+o0
+ 05_4) / naei(mfct)nf%u”nztdn

—00

We assume |z £ ct|] > 1. A dobble integration by parts and the triangle inequality

Chapter 3| show that:

1 1
d°SHF (¢, 3)| < C<4>{ + }
5™ ) < N G T o

+o0
/ [0' (o= 1) Inl" % + pyt + o [l ¢ + uﬁnztz} e~ 2kt dy

—00

With the substitution v = %, we obtain:

1 1
d7SEE ()] < 0(4){ + }
4z (o) < G (x4 ct)®  (z—ct)?

oo 0—2,—1(0-3 1 o ,—1 22,1 Tuv?
/ [a (0 —1)|v| t7200=3 ¢ 2 + o lv|” 727 + Hyv ti} e 2MY dy

—00

If we only keep the factors depending on ¢, and consider the integrals as constants, we have:

A5 )] < 055){( : 2 : t)2} [0} 43 i ]
T+c r—c

hence:

N

1 1
|dgSEE (t,2)] < 05,6){ + }t (1.3)

(z+ct)?  (z—ct)?
If we combine the equalities (1.2)) and (1.3]), we obtain, for 0 € [0;1] and (¢,z) € Ry x R:

(3)° ~(6)' 1-5
d2SPF (1,a)) < S G0 3w 1
’ T ( )?

¢3(1+0) r+ct)?  (z—ct
If we note C(p,0,0) = C§3)6PC§6)(175)17, we obtain, for p € [1;2] and ¢ € [0; 1]:
- 1 1 p(1-0)
dSLE (t, )P < C(p, o, 6)t5-9P(1+5) { n } 1.4
| ( )‘ <Ol ) (m+ct)2 (:B—ct)2 (14)

When |z & ct| < 1, we chosse § = 1 in the equation ([1.4)). Therefore:

Maxime BOUCHEREAU 12 University Rennes 1
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|78 (¢,)" < C(p, o, 1)t 50 (1.5)

When |z & ct| > 1, we have to choose § € [0;1] in the equation ([1.4) such as:

o2p(1-0)>1&0<1— % < % so as to have the integrability with x

o b—6p(1+3%)<0&d> QJ%U so as to have a decay (or a bounded solution in time %)

Therefore we can choose this value for § (depending on p and o):

1 1 1
““”—2L+0+1‘@]

Besides, an argument of convexity gives the next inequality (cf. Chapter 3|for a proof):

1 1 p(1-d(p,0)) 1 1 1
{(m + ct)? + (z — Ct)Q} = 2142(A=0(.0)) | |5 4 o 2PA0P0)) + |z — ct|?PA=3Pa)

As a result, we have this final inequality:

C(p,o,d(p, cr))t%*t?(p,a)p(ug)
91+2p(1=5(p,0))

|dg S5 (t,2)["

IN

X

1 1 16
|x+ct|2p(1*5(p,0)) + | 7Ct|2p(1*5(p,0)) (1.6)

Now, we have to integrate the inequalities (1.5)) over the domain {|z £ ct| < 1} and (1.6)
over the domain {|z %+ ct| > 1}:

+oo
|d2 S (¢, 2) ||, :/ |5 SHF (t,2)[" dw

oo

= / |agS™ (t,2)|" dz + / |agSHF (t,2)|" dw
letet|<1 |xtet|>1

< / C(p,o, 1)t 204y
|ztct|<1

. C.0.6(p.0)) 5004 E) dy wn
21+2p(1-4(p,0)) etet/>1 |z + Ct|2p(1*5(p70)) ’

. Clhodpo) [ B, -,
2142p(1—6(p,0)) o—ct/>1 |z — Ct|2p(1*5(1070)) ’

< 20(p, 0, V)21 1 C(p, 0, 6(p, 0) ) t5 70 (143)

Remark. The integrals f|mj:ct|>1 m&% in the expansions (L1.7) and (L1.8)) don’t depend
ont (cf. Chapter 3).

Maxime BOUCHEREAU 13 University Rennes 1



May-June 2019 Internship report

If we note:

Sl

C(p,o)" = 2%Mam{20(p,a,1); C’(p,a,é(p,a))'}
a(p,o) = Mz'n{1+2J ; d(p, o) <1+ % — ;)}

Finally, we obtain:

>0

0

v

V(p,o) € [12] x Nt > 15 [|d7S™F (t,2)]|,, < C(p, o) t=ePo)

Remark. A simple computation shows that:
o 1 1 1 1
5(p, <1 7)_7:71_7 1— —
o {1t3) 73 4[ p+a< 21))}
Then, we have to study the case ¢t € [0;1] :

When |z £ ct| > 1, we choose the parameter § = 0 in the equation ([1.3]), and we have:

{ (z —i—lct)2 - (z —1ct)2 }p

C’(p,a,O){ L 1 }2p

|z +ct| |z —ct]

C(p,U,O){ 1 1 }

- 21+2p |z 4+ ct|?? |z — ct|?P

[N4S]

|2 S5 (¢, )|

IN

C(p,0,0)t

IN

When |z £ ct| < 1, we use the inequality (|1.1)), and we obtain :

|d7S"E (t,0)] < C)

+00 T
[ e g @)
—0o0

+o0o
¢y [ fxtm i
("

IN

IA

Then, we have:

+oo
/ ‘ngLF (t,x)‘p dz

o0

/|a::i:ct|<1 ‘ngLF (t, ) ‘p dz

+ / |dg S5 (¢, 2)|" dw
|xtct|>1

C(p,0,0) dx
S
lz+ct|>1 |2 + ct]
N C(p,0,0) / dz
21520 Jjgatpz1 |z — et

As a result, we obtain:

vt € [0;1]; [|d7S " (t)]| < Cop

Maxime BOUCHEREAU 14 University Rennes 1
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where (5, is a constant independant of .
Finally, if we note:

C(p,o) :=Maz {C(p,0)*; Cop}

We obtain the main result of the proposition. O

Index of estimation higher than 2

Proposition 4. Let p € [2;+00] and 0 € N:

if 0<t<1
if t>1

2 4

1
st 0l <60 { sz
with C§7) > 0.

Proof. Let p € [2;+00] and o € N. We have:

XLF (t,2) = F (ﬁ (t,-)) = F! (§L\F (t, -))?(0,-))

Therefore, we obtain:

dEXLE (t,2) = d° [f—1§L\F (t,-) * Xo} (z) = Hdgf—l (S/L? (t, ))} * XO] ()

With the Young’s inequality, we obtain:

<]

azF (577 (2,9)]| 1ol

We have to estimate this factor:

|

azF =t (SEF (t,)|

L= lzst ],

Let t > 1:

By using a duality property of the Fourier transform (cf. Chapter 3)), we obtain:

|

1,1 _ (o)
where - + > =1 and Ay " > 0.

azF (ST ()|

< Al

nSHE ()|

/

Lr Lp

Besides,

/

The diagonalization property gives:

T ), = e

Lp

Maxime BOUCHEREAU 15 University Rennes 1
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where P: R — G Ly (C)
hence:

A = p(p)~Letdiag(Xt A=) p(p)

Let ¢t > 1:

By using the Holder’s inequality, we obtain:

|27 @], < I1AP~ 1o 1 9/RP

If we note:

azS™F (t,)|

— Hxnap—letdiag()\+ (n),A\™ (n))P‘

/ /

Lpr Lpr

P o etios(N X)) gl

azS™F (t,.)|

/

Lp Ly

/

S etdios (X A=) ’

Lr

Cu = [[ X[ o /APl

we obtain this inequality:

do SLF (1, ')Hm <c,

I etdiag (A AT (@) ‘

/

p
but:

etdiag()\+(17),)\_(n)) = diag ()\—&- (), A~ (77))

and

1
A = o £iem+ O (n°
(n) N M EienE (n°)

Therefore:

p/ ~ —+o0 , /
o S Ag'y)/ i 7e Tty ]

\;:,/Xnoetdiag(k+(-),>\’ ()) ‘

— 00

In the integral [x], we make the variable substitution:

We have:

Maxime BOUCHEREAU 16 University Rennes 1
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Therefore:

+oo ,
[ e
—0oQ

oo Wy
N

where:

(@) _
Cp/ —

1

M"e*’ﬁdu

> %(p’oJrl)

1.7
plth ) 5(P'o+1)  ptoo ,
= Tdp = (/ ) / \y\p"e_l’Qdu
'yt —c0

! C}()j’)tf%(p’oJrl)

1./
) 5(@o+1)  pdoco ,
< p > / |v|P e dy
P 0

But we have % +5 =1 (and, as a result, p’ = p%l), and, if we note:

We have:

~ p—1
o P
ol =)
p—1

1~
Vi> 1 [|dSEF (1), < ALCAQT el 43 (175t)

Let ¢ € [0; 1]:

~

where the constant C’Z(,U)/

If we note:

~

301 >0 gt (1)) < CF)

is independant of .

we have the inequality of the proposition.

Maxime BOUCHEREAU

17 University Rennes 1
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1.3.2 High frequency terms

In this subsection, we will study high frequency terms.

Some formulas and properties

Recall.
v(tﬂ?) € R-ﬁ- X Ra

At (m)er” Mt x— ()X (e i (6>\+(n)t_e)\_(n)t>
S(t,m) = XA~ () BSOS ON
1l P (6A+<n)t_er<n)t> A (e = (e (e
AP M2~ ()
where X*(n) = =3 + 3, /uﬁn4 — 4c2n?
Definition 1. We iniroduce these notations:
Letr >0 andt > 0:
1 tz
A(t,r) = S

2i Jsrus- plr, 2)
B(t,r) = 0, A(t,r)+ wriA(t,r)

t
D(t, T) = 6_“|T2t/ e“”rQSA(S’r)dS
0

where:

st = oD (02762)
28

2 2
S~ = oD (,u”r2 + = C)
- 2my)
p(r,z) = 22+ u”er + *r?

Proposition 5.
v(tan) € RJF X Ra

St B(t,|n]) —iA(, [nl)7
’ —ic?A(t, [n))n e Pt — 22 D(t, n|)

Proof. First, as p(|n],z) = (z = AT (n)) (z — A~ (1)), we have:

At Inl) = o dz

but we have these asyptotic expansions:

Maxime BOUCHEREAU 18 University Rennes 1
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2 1
) =400 M| |n|?

A () ||2+CZ+0(1>
n = —Hm —_ T2
| —-+o0 | I n|?
Therefore, A(t,|n|) is an Cauchy’s integral formula for A*(n). As a result, we obtain:
ATt _ A ()t
e e
A(t, |nl) =
) =5
Besides, as un?* = — (AT () + A~ (1)) we have:

B(t,[nl) = A, |n|)+u|m A(t, ||
_ A+ () X ( )t
- () x <>) o oo
( ORPS0)
S RU TR o0 Call

As a result, we have:

Stl(t,n) = B(tn))

S2L(t,m) = —ic®A(t, )
St2(t,n) = —iA(t,|n])n

We will stuty 522 (t,n) by using the mapping D. We konw that

2.5 (tn) = An)

. 0 —1

by identifying the coefficients, we obtain:
05?2 (t,m) = —inc® S (t,m) — jy S2 (t,1)

Therefore, the mapping ¢t — 522 (t,n) is the solution of this ordinary differential equation:

8@ (tn) = —cARA(t n]) — wyn?S?2 (t,7)
S522(0,m) = 1(for S(0,n) = Is)

By solving this differential equation, we obtain:

—

t
S (1) = oI P / ¢ A5, [nl)ds
0

—_— t
S22 (t,n) = e—“|”2t—c2n26’“"”2t/ e MM As, Inf)ds
0

—

S22(t,n) = e MMt — 22D(t, |n))
]

Maxime BOUCHEREAU 19 University Rennes 1
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Estimation of A,B and D

Proposition 6. We have:
+oo
A(t,r) = ZAk(t,r)r k=2
Pt
B(t,r) = e "I +ZBk t,r)r 2k

D(t,r) = ZDk(t,r)r_Qk_4

and Vk € N;

|Ak (t,?“)| ) |Bk (t,’l")‘ ’ |Dk (t,’l")| < Cle

_ 2t I r2t
%) 4 e ] i
where C and ro are two constants which not depend on k,r and t.

Proof. Let r = |n| >> 1

A(t,7) 1 tzdz / e*dz
r = —
’ 2 Jg+ p o s- p(r, 2)
1 1tzdz 1 t2dy
Alt = el
(t7) 2 /S+ 22 + pyriz + c2r? T o /S_ 22 + pyr2z + cAr?
1 e*dz 1 2dz
Alt = el
(t7) 2 /S+ Z2 + r2 (112 + 2] T o /S_ 22 + pyr?z + cPr?
At 1) _ 1 2y ,LLHZ + 27 tdz N 1/ et?dz
2ir J+ ( % 2 yz + -1 +1 207 Js- 224 pyr?z + c2r?
|z|<< 1 ™=
A(t,r) =T vim o e r ,qu + Z(—l)k[,u”z e A e P
k=0

4 1 / t2dz
2im Jg- 22 + pyr?z + c2r?

+oo
A(t7 T) = Z Ak (tv T) r 2k
k=0
with
1 1 rlet*dz
o (t,7) 2im S+€ iz + 7 dz + 2im Jg- z[z + pyr?] + c2r?
and, Vk € N*;
Ak; (t ’I") _ (_1)k/ etz[M z—|—c2]_(k+1)z2kdz
’ 2T S+ ”

As a result, by using a property of line integrals (cf. Chapter 3)), we can make these
estimations:

Maxime BOUCHEREAU 20 University Rennes 1
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2
= il

2
—=—t r

|Ag (t,7)] < Coe "I _|_CO_T2€* > tSup

z€S~

1
z[z + ,uHTQ] + c2r2

-~

—2
<T0T
2

2
Ao (t,7)] < (Co+Cyry) [e_%tJre“B t]

and, Vk € N* :

2 k 2
z —
A t,T < C+SU - | e e
At < CF Sup |y
<rg
2
A (t7)] < Cfrgte ™
2
A (1)) < Cfrgle ™
As a result, Vk € N;
2
—aut al .
Ap (t,7)] < CW e I e 2 t] T((]A)

where:

CW = Max{Cy+Cyry ; CF}
r(()A) = Max{rar;l}

Besides, we will study the mapping B:

B(t,r) = A1)+ wriA(t,r)

1 tz 72 tz
B = [
2w Js+us- p(r; 2) 2im Js+us- p(r,2)
B(t, ) 1 zet?dz 1 / u”rQetZdz
r) = — —
’ 20 Jorg- 22 + /LHTQZ +c2r2 0 2im Jorug- 22+ /LHTZZ + c?r?

1 (z 4 pyr?)et*dz 1 (z 4 pyr?)e*dz

Bt = — —
(t:r) 2im Jgr+ 22+ pyriz +c2r? 0 2im Jgo 22+ pyr?z + c?r?

Maxime BOUCHEREAU 21 University Rennes 1
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B(t,r) = 1/ i R I G T
2 Jg+ (5)2[uuz+02]71+1
1 (z 4 pyr?)et*dz
* 2im Jg- 22 + pyriz + cr?
1 2 2\—1 2 12 k o—k (Z\ 2
B(t,r) = 5 S+r (,qu+c) (z—}—,u”T )e Z(—l) [,qu—i—c] <;> dz
k=0
1 2+ pyr?)el*dz
N (z+ )

2im Jo- 2%+ pyriz 4 c?r?

+oo _1\k

B(t,r) = ( 1) iz 4 A7 E D 4?2kt dz | p 22

Il I
Py 2im Jg+

1 / (z + ,UH?“2)€tZdZ

s- 22+ pyriz + c?r?

2im

We study the term (k = 0) of the first sum, and we have:

A%

2] 2,
= [,u”z-i- A7 e+ yrilettder T = [1 — () ] e "I (1.9)

Therefore, we obtain:

_2y e \2 _<y
B(t,r) = e "l —(> e Yl
ol

+o0
+ ;{ 57 / [z + )T [z 4y r?]z?Fet2dz | rm262

n 1 / (z+ T Hetdz
2im Jg- z[z + pyr?] + c2r?
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_2y c \2 <y
B(t,r) = e " —< ) e "l
T

+oo E+1 2
(-1) / EEMTT akt1) s —2k—4
+ : z e“dz|r (1.10)
kzo [ 2im Jo+ [z + c2RF2
1 (Z + ,U||7“2)6tzdz

2ir Jg- 2]z + pyr?] + c2r?

Remarks. .

- The computation of the line (1.9)is made by using the Cauchy’s integral formula.

- An index change k — k — 1 is made on this sum, giving the term at the line (1.10)

Finally, we obtain:

—2r N —2k—2
B(t,r) = e "I +> Bp(t,r)r
k=0
with
c\? -2y 1
By (t,r) = - () e Ml — — [M”Z + 02]722’27’72[2 + M||T2]etzdz
i 2im o+
1 (z + u”TQ)etzdz 2
2im Jg- z[z + pyr?] + c*r?
and Vk € N*;

(_1)k+1
By (t,r) = / [z + T2 [ 4 gy r?] 2R et
27 S+
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We will again makes estimations, over B:

2 2 2 1 <>
Bot,r)] < |<| e "' +apSup |——| |2+ pyr? e
M| T eS| MR T e —T
SOZOHTQ
<ao’ -
Z—i—uHrQ

2

A
4+ Co re” "2 "Sup
z€S—

2[z 4 pyr?] + c?r?

Sro~r?

2

C

K

[Bo (t,7)] < [

2 2
- i
+ozooz0’ozo"—|—C'o_ro_] [e I 4e 72 t]
Besides, for £ € N*, we obtain:

k

2 e
z z 1 -t
|Bi (t,7)] < Cot Sup 5| - Sup |————5| —5 Sup ‘z+u||r2|e aall
zeS+ |2 T cest [HZ T T egt
<ao* <ro* <ro'r?

NSV ARE Sy
9 -~
|By (t,7)] < Corap r'ro™ e I

Finally:

_ 2 pyr2
VE eN; |Bi(t,r)| < CéB) [e 2;1,”75 e \\2 t] r(()B)k

where:

2
C’éB) = Max {C’o+a0+rol ; + apgap’ g’ + C'g_ro_}
Lo @ To ) @ T Lo To
r(()B) = Max {LOJr ; 1}
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Finally, we will study the mapping D:

D(t,r)

D(t,r)

D(t,r)

D(t,r)

with Vk € N;

We will estimate the terms Dy:

[ Dy (t,7)]

[ Dy (t,7)]

[ Dy (t,7)]

| Dy (¢,7)]

[ Dy (t,7)]

pyr?=
[ Dy (t,7)]

| Dy (¢, 7)]

| Dy (¢, 7)]

t
2 2
= e HMI" t/ etI™ 3 A (s,r)ds
0

2 ¢ 2 =
= e HIT t/ et s Z Ag (s,1) r2k—24s
0 k=0

+oo

-5

k=0

¢
_ 2 2 —2k—
[e al t7‘2/ et A (s,r) ds] 2kt
0

+oo
= Z Dy (t,r)r—2k—4
k=0

t
Dy (t,r) = e‘“ll’"QtrQ/ eI Ay, (s,7) ds
0

<

2

IN

IN

IN

IN

2
ol

IN

IN

<ror~

t
_ 2 2
e HIT 2 / eMI" S Ay (s, ) ds

0

t
e_“r2tr2/ ehr’s |Ag (s,7)|ds
0

t 2 2 2
2 k rs—>—s 2. HI”
et 2af (Y / T L SCE
0
t 2 2 ) 2
2 k Hyre—5— 1,8 s
Cy ety / e( )T e ds
0

2 2

. (MV‘?—ziTH)s‘l My g
A) 2 A € e 2

Cé )6 oy t?"27’(() ) 5 + >

I r2 < T

2
A A k _ — CL t _ 2
o s (o)

2
+ 22 et et
myr

2 _ (;2 ¢ u 7‘2
CéA)rzr(()A)k (7'0+ ) P2 [e w4 e t]

Maxime BOUCHEREAU
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with:

As a result, we obtain these estimations:

VE e N; [Ag (8 7)s [Be (67)], [Di (8,7)] < C

where:

C = Max {C(()A) ; C’(SB) ; C(SD)}

ro = Max {r(()A) ; T‘((]B) ; r[()D)}

C and rg are two constants, which don’t depend on k, r and t.

Remark. The estmations allow switch series and integrals

By summation, we obtain:

[A(L, )]

IN

—+00
> Ak ()| 22
k=0

2 2 _
et e
e I 4 e "2 T m
-2

T

IN

C

2

+0o0
-1
Bt < e "I+ [By(t,r)|
k=0

2

e Ml +C

IA

2, oy 2
; _r?
e Ml +e 72

+oo
Dt < Y |Dk (tr)|r 2
k=0

IN

C

— it wr |
e Ml +e "2 17710

c

2
—t il
e Ml 4e "2 t] rg

—_
|
e
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Estimation of the derivatives of A, B and D

Proposition 7. We have, Vj € N;

- -
: —t M
|0JA(t,r)] < Cjle ™I e a b p2
j i & AT t- o
9B(t,r)| < Cjle ™I +e o t|p 27
j i ‘422 AT t- 4y
‘(%B(t,r)‘ < Cjle ™I +e 1 r— 7

Proof. We will make an estimation of & A(t,r), &B(t,r) and & D(t,r). We assume we can
switch derivation and series (wich is correct, dur to the estimation).

We have:
+00
Alt,r) = > Ap(t,r)r 22
k=0
+o0 J .
DA, r) = <‘;>8£Ak (t,r)r— 22 G=Dq J
k=0 1=0
+o0 J .
DA(t,r) = ZZ <§>al738£Ak (t,r) rlp= k=277
k=0 [=0
A _(=DF t 21— (k+1) L2k
g(t,r) = 57 /S+e [z + 7] z“"dz
1 r2et?dz
<+227r /S 22 + [z + c2]r? itk = >
Let d(r) = —,LLHTQ + 2> 0, as we integrate over a compact, we can switch derivation

e
and integration:

—c2)k 2 d(r c? etf 2 —(k+1)
oA, (t,r) = (—c?) af«/ et[ (N+3; } [d(r)JrCeze]
0 2u

2 —(k+1) 2
[d(r) + —e? 4 MT2:| 2 —_edg
21| 2|
ﬁ c2 6
B 2e
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By using the general Leibniz rule (cf. Chapter 3)), we obtain:

_2\k 27 | d(r 2 it
ALA (t,r) = (=¢) / Z " om [et( )2 )]
0

' Voo 1 ol
um ey + kot ks =L k‘l.k‘g.k‘;g.
k c? i0 D ks | .4k+2
2 d R 4 3
o, < (r)+2NHe ) 0y {r }
2 2 —(k+1) o
[C e ia] . C oy
my 2m 21|

Nk 27 2 i
z _ (=) ! td(r)+ e
GAR(tr) = - /0 > mpkl(r)e { ! }
k1+ko+ks=l
Qpy (1) Ry, (r)rtkt2=ks [02 c? ie}(kﬂ) ?

7_‘_7
5 . 1+k+ko 2
[d(r)%—ﬁ”e’@} K=k

where Py, , Qk, and Ry, are three polynomials and:

deg(Pkl) = kl

deg(QkQ) = ko
deg(Rk3) = kg

2

(_CQ)kI 2m i t|:d(7")+ c ez€i|

O i (tr) = 2im Z mTkhkz,ks(T)e 2
O Joythotks=l L2

—(1+k1+k —(k+1

2 ,9] (1+k1 2)r4k+2—2k3 [Cz+ 2 ei@] (k+1)

d(r) + —¢' —
[ R

where T}, i, k, 18 a polynomial, and:

d@g (Tk1,k2,k3) S l — kl + k2 + k3

as

2 .
tld(r +Le'9]
. a0+ 55
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Remark. A similar computation shows that

1 2 tZd [LHT‘2
/ re ¢ < Ciroe” "2 tp—l (1.11)
2im Jg- 2%+ [z + c]r?

we obtain:

oL Ay (t, 7')’ rl

< > (

l) oy
)
j J
l

2 2
— < ¢ H”T
<D <> o g| Cirg e ™1 e
- M
=y
Ty kg k3 (1] 2] (3]

=~

%l I —2—2k—2ko+4k + 2 — 2k3—2k — 2k;

~~

=1

Therefore, by summation, we have:

2 2 +00
ojAwn| < ¢y [6_2“|t tes t] 2 (Lo>kr*2*j

Besides, we have:

7ﬁt +oo
B(t,r) = e "I +Y By(t,r)r 272
k=0
Let j e N*:
' +oo J I '
dB(t,r) = > () [ OLBy, (t,r) U2k
k=0 [=0 J
+oo J I )
= Z (.)ai OBy (t,r) rlr— k=27
k=0 [=0 J
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By a similar reasoning as A (cf. Chapter 3|), we show that:

LBy (k7)< it

2 2
— < ¢ KT
e 2,u,H + 6_ 5 t ,r—l

Therefore:

J
< 3 (§) letl cin

=0

— 2 t 13 2
) ATy
e Ml +e 2

—(B)
=C;

As a result, a summation gives:

B(t,r)| < P

2 2 +oo
<y By ro\ kK .
e M e~ 2 t] E ( g) 7,.—2—]
T

k=0

Finally, we have to estimate the derivatives of D.

Let j e N:
D) = Y > < l>%al Dy (t,r) =27t
k=0 =0
d!D(t,r) = Z <l>al ]8l Dy (t,r) rlyp=2k=4=
k=0 1=0
with, Vk € N :

t
Dy (t,r) = 6_“||T2t7“2/ M Ay (s,7)ds
0
t
Dy (t,r) = 7"2/ eHIm* (=) 4, (s,7)ds
0
By using the general Leibniz rule, we obtain:

t
LDy (t,7) = > k lk vk T e kl/ Py, (r(s — £)) 17 =098 4y (s,7) ds
kythothka=l T2 0

where:

deg (Py,) = k2
Br, = 0if kg >2

As a result, we have:
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t
7"2 S—
”D’“(t’r)’ D D A lklﬁl’“ /0|sz (r(s — 1)) et1m =

k1+ko+kz=l
N3 Ay (s, 7‘)) ds
il t
P (t’r)’ < > 5k1T2_k1/ Vo2 |5 — 1|2 17 (570
0

k1lkolks!
ki4kothy=l LV2V3

v

2
—5—5
Cryr € 1 +e 2 ] rlds

t #“7“2(5*0 k
/ i |
een| <Y s [ e
ki ko thg=l L2 0
2 2
- < g ,uHr
[e T ] s
_Mt I
er(t,T) < e 2 Z Wﬁklf}//@c}%
k1+kotks=l
=Cy
t o2 2 2
I — s M B
/€2t64“| +e % dsrfr
0
T 2
2 t Il c
_Hr [ 2 A ]S [
Dy (t,7)| < Clrkr?le==2 t/ e "I e sds
0
T 2
H2 _48 t #HT‘Q
Py < //k2l _HT e . e i t—1
2
PDr(tr)| < Gir e T wpt
2 s 4
2
! BN e vl
Dy (t,7)| < CJrkr* Q’r e M —e 72
2

4 Ll
,,Dk(t,r)’ < Clror ro+— ) |e ¥l 4e 4
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By making a summation, we obtain:

+oo J - 4 <,2t [_LH’I‘2
o] < X3 (1) lasler (s )bt B

k=0 [=0
(D)
=0
Tlr72k747]
2 2 “+o0
_ 7 k
(D) | "t —H ro\"* —a—j
er (t,T)‘ < Cj € I —e 4 Z T—2 r
k=0

Finally, we have the inequalities of the statement of the proposition if we note:

0 = snefefh e} s 55 (3)]

r>70 k=0

Now, we will proove the exponential decay (in t) for the high frequency terms.

Proposition 8. Estimation of High frequancy terms

AC > 0;Vp € [1;+00]; VX € LP (R);

[STE (L, ) * Xol|,, < Ce™ || Xl o

P

2
where p = le{ c:“ ; “”fo} and t > 0.

Proof. We will apply the Marcikiewic multiplier theorem (cf. Chapter 3) to the functions
n +— e®*SHE (t 1). We have to verify the estimations of the theorem. We have:

—ic*A(t, [n))n e Mt — AP D(L, |n))

SHF (t,7) = [1 - x(n)] [

As a result, we have STF (¢, ) = 0 when || < Ry. Let n € R with || > Rp.
Besides, we have:

0, [ (tn)] = (B (tm) e
0rB(t,[n|)
+ - . ,
1= x(m)] [ i A(t, In]) — ic20, A(t, Inl)n
—iA(t, ) = 0, A(t, In])n .
—2ptne ™Mt —2¢D(t, [n|) — 0?0, D(t, |n])
02 [MSHT (t,m)] = —X"(n)S (t.m) " = 2/ ()9, S (t,1m) "
O2B(t, )
o bt r )
L= xmle { ~2ic20, A(t, |n]) — icO2A(t, Inl)n
20, A(t, Inl) — 02 A(t, Inl)n ]
—2pt (1 = 2ptn?) e MI"" — (2¢ 4 4c*nd, + *n*0,) D(t, |n))

bt

Theeby, by using the estimates of the propositions 6 and 7, we obtain these estimations:
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ST (1)

\an [ebfs/fﬁ (t, n)} ‘

‘6% [ebtsﬁ{\F (t, 77)} ‘

X

,it anQ
Coll—x(m)e”Se ™I +e 2"
(10l 2 + Inl =" + &7

_2y unnz
Cl}xl(n)‘ebt e 2p) Le 2 t
(12 + ol + ]
2 2
oy yn
Cill—x(n)lebt{e W4 em T t}
- — _ 2
(19172 =+ Inl =2 + tlle 17"
_it l‘“n2
Co[X"(m)] " Se I ez
[In[=2 + nf=" 4+ e
_it /»"”772
CQ}X/(H)‘GM e A Le 1 t
— — _ 2
(19172 =+ Inl =2 + tlle 17"
2 2

R

Cé'll—x(n)lebt{e & —i—e—L”; t}

[0 10l ™ ¢ (14 yn?) e
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2 R? .
e }, we obtain:

1 C
If we choose b = 5Min {4#\\ ;T

ST (b )| < Colnl?
‘8 [btsHFtn” < Ciln|?
i[5 )| < cont

As aresult, the hypothesis of the multiplier theorem is verified, and we obtain, for p € [1; +o0]
and Xy € LP (R) :

|[esm @]« o | < Clxoll

which gives the result.

1.3.3 Middle frequency terms

In order to estimate of the Low frequency term, we have to consider Ry small enough, whereas
to estimate the high frequency term, we have to consider Ry large enough. As a result, we have
to make a new division of the function S (¢,7) on this way (by adding a middle frequency
term):

—

(t,m) = SEF (t,0) X(0,m) + SHF (t,) X (0,n) + SH (t,n) X(0,7)

>

with:

—

SLE (t,n) = x1(n)S (t,7)
SME (tm) = xa(n)S (t,1)
SHE () = [1—x1(n) — x2(n)] S (t,n)

where y1 and yo are two cut-off functions, with:

Supp(x1) = [-Ri—1;R1+1]
Supp(x2) = [—Ro—1;—Ri]U[R1; Ry + 1]
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An exemple of cut-off function with Ry =3 and Ry = 10

Proposition 9. Decay of the middle frequency term.

doy >0 H@ (t,-) * XOHLP < Cpe™ " || Xol| 10
for p € [1;400], Cp > 0 and Xo € LP (R).

Proof. As S/]V[\F(t,n) = x1(n)etA ™ and R(AF(n)) < 0 for Ry < |n| < Ry, we can choose a
complex contour Sy on this way (for ay, ay > 0):

Jm
A
So
*
+ 2
A +
: : > Re
a2 aq
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As we have:

S () = A2 [ s a1 - A ) as
So

Thereby, we obtain:

SUF ()| < Colxan)] Sup
2€50

(21 = A () | et

As the mapping:

SO — R+
2o |GI-Am)T|
is continuous over the compact Sy (indeed, Vz € So; zI — A (n) € GL2 (C)), this mapping in

bounded over Sy. Therefore, we have:

Sup
z€S80

(21 = A(n)) ™| < +o0

As a result, by applying the Marcinkiewic multiplier theorem to the function n — SM¥ (¢, 1) e,
we obtain the property. O
1.3.4 Conclusion

As a conclusion, we can sum up the long time behaviour of the linear terms of the Navier-Stokes
system in this table:

Frequency Kind of decay
Low Inverse polynomial
Middle Exponential
Low Exponential

As a result, on long time, the Low-frequency terms will dominate... only if we consider linear
terms.
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Numerical simulations

In this chapter, we will study the numerical properties of the schemes of numerical resolution of
the Navier-Stokes system (in one dimension). Besides, we will make numerical simulations over
the complete system.

2.1 Numerical simulations over the linearized system

2.1.1 Introduction

We consider the linearized system of Navier-Stokes:

o ~ 5 (2.1)
om + c*0yp = poim

T

for (t,x) € [0;T] x [0; L]

We consider, for (N;J) € N*Q, these partitions:

(t")ne[[O;N]] a partition of the interval [0; 7]
(‘Tj)je[[O-J]] a partition of the interval  [0; L]

We note:

h: the step of discretization for ¢

h; the step of discretization for =«

37
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Besides, we have to verify these conditions:

vt € [0;T); p(t,0)=p(t,L) =0 (2.2)
m(t,0) =m(t,L) =0

We will note, for (n;j) € [0; N] x [0; J], Rg-n] and mg-n] respectively the approximation of
p(tn,z;) and m(t,,2;). Therefore, we have:

vn e [0;N], R =Rl =0

mgﬂ = m[?] =0

We consider these vectors too:

R = : and  m" = :
Rglll m?l 1

We will condider this implicit scheme, based on approximation of derivative formulas

Chapter 3):

Vi€ [1;J —1];
Lot i m['ﬁl] —m{"
_ n _ pln J J— _
" [Rj Rl } n T 0 (2.3)
[n+1] [n+1] [n+1] [n+1] [n+1]
1 {m[,"“] _ m[.”]} L2 Riyy —Rjy S mi_y —2my A My,
hy J J 2y Il h2

and we note:

x = [ R[[n]] } e R2VU-D
mn

As a result, if we condider these matrices:

D= and M =
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and:

A: 2 M
c Ll R
5D M

0 2}@1)]

By using the scheme (2.3, we obtain this explicit scheme with matrices:

x10] is known
vne Ny xHL = (L4 heA) X
2.1.2 The hyperbolic case

In this subsection, we will study the case p = 0. So as to study the stability of the scheme, we
will use the Fourier-Von Neumann method (cf. Chapter 3]).

Stability

Proposition 10. The scheme in the hyperbolic case is unconditionally stable

Proof. By using the scheme (2.3) with p = 0, we have, by appliying the Fourier-Von Neumann
method:

v [n+1] v [n] hy

T —2imz\ Y
R (r) = R (:1:)—%(2 2 )ym (z)
[n+1] [n] 2he o, vt
7\7/1 T _ vV (x) _ C Ny ( 2irx 72171’:1:) R (l’)
2h;
If we note:
v [ ]\%M
m(z)
we obtain:
Y, v [n+1] v [7]

[ 1 i% sin (27x) ]

z% sin (27z) 1

Therefore, we have:

X 1 it sin(27x)
hz
le(x) ‘ _ic?hy s}:(zm) X —1
chy sin(2mz)\ 2
= (X-1)°+ | —i—F
X =17+ < ha )

v
As aresult,if A€o <A(az)> :, we obtain:
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N o= 144 chy sin(2mx)
= 7 7}%:
hy sin(2mz) ) 2
AP = 14 (RS
AR = 1 ()
Al =1
Thereby, we have:
v [n+1] v v [7]
X (2) = A@) ' X (@)

As a result, we obtain, Vn € N;

e

12(z)

IN

which gives the unconditionnal stability
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Consistency

As we work with the norms in (? (Z) <— L?(T) so as to study the stability, we have to work
with the same topology in order to study the counsistency.

Definition 2. Consistency error
We define the consistency error at the time t, on this way:

w2 @gtarn) = p(zjita) | m(@ign,tegn) —m(@-1, tga)
€ +
hy 2hy

2(2)

m (2, tny1) —m (x5, ) N 02; (js1tns1) — P (Tj1,tnt1)
h 2h,

2()

Proposition 11. The consistency error verifies this estimation:

e = O (h + h2)

Proof. According to the conditions (2.2)), we can suppose p,m € C3, (R)NCE(R) N L¥ (R)
(C3—class functions in o with compact support and C?—class functions in ¢ bounded. Then, we

can suppose 97m, 07p € L(R) and 93m, d3p € L°(R)

Let j € Z. We have xj4+1 = 2 & hy, ty+1 = t, £ 1 and, by using the Taylor’s formulas, we
obtain:

P (@), tnsr) = P (2, tn) M (@j1, tasr) = m (@51, tns1)
_l’_
hy 2hy

~ 1 ~ 1
= Oip ($j7tn+1) + 0xm(xj,tn+1) - §ht0,52p(xj,7‘n) + éhiagm(xj + ijtn+1)

=0(equation)
1 ~ 1
= _ihtagp(l'jﬂ'n) + ghiai’m(xj + Gjs tnt1)
with 7, € [tn, tnt1] and ( € [—hy, hy)
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As a result:

P (@), tns1) = P (2, tn) M (@j1, tagr) = m (@51, tps1)
+
hy 2h,;

2@)

1 ~
< she |75 (s m)

12.()+ h2 [|02mi( mj+Cjatn+1)Hz§(Z)
J

1
< she|0Fp(as 0

21193 m (x4
l?(Z),L;’O(R) + éhm Ha;rm(xj + Cj’t)Hl?(Z),LfO(R)

Besides, for j € Z :

m (xj,tn1) —m(zj,tn) N 625 (j41s tns1) — P (Tj—1, tpg1)
ht 2h,

~ 1 c?
= Om (xj,tnt1) + c2amp(:zj,tn+1) — Ehtﬁf (j,vn) + h283p(x] + wj, thet)

=0(equation)

1
= —§ht0,52m(:vj, Vn) + hQ@SP(xJ + wjs tnt1)
with v, € [tn,th] and wj € [—hy, hy)

Therefore:

m (2, tn1) —m(25,tn) | 2P (Tjs1,tn1) — P (@j—1, tns1)
+c

hy 2h,; 2(z)
1
< §ht Hatm(%aTH)H@(Z) + h 2P+ G tn) 12(z)
1 ~
< §ht HatQm(vat)HP(z) L$°(R) + 2P (@) + G t)

2(2).L°(R)

As a result, we have:

e = O (b +12)
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Convergence

Proposition 12. The scheme is convergent on this order: O (hy + h2)

Proof. The scheme is stable and consistent. As a result, according to the Lax equivalence the-
orem, this scheme is also convergent, and the order of convergence is the same as the order of
consistency. O

2.1.3 The parabolic case

Now, we will consider the case ¢ = 0, and g > 0, which gives a parabolic equation (like the heat
equation).

Stability

Proposition 13. The scheme in the parabolic case in unconditionnaly stable

Proof. By applying the Fourier-Von Neuman method over the scheme, according to the scheme

(2.2)) in the case ¢ = 0, we have:

v [n+1] v [n] i n+1
1 % @) -k ()] = _ isin(2mz) %[ ] 2)
hy hy
1 [ vn+l] v 1] 2 v [n+1]
— |m () —m (z)| = (1 — cos(2mx))m (x)
hy h2
And we obtain:
v v[nt] [n ]
B(x)X (x) = (x)

\
Where B(ﬂj) — 2,uuht 1 COb(Qﬂ'I))

ihy sm(27r:n)
T R2 ]

|—|><:<

We clearly have:

VAea(é(x)>; A > 1

v _
By a same reasonning as the hyperbolic case, we show that, as o (B(a:)1> C DD, we have:

Vn € N: HX[n] HX[O}
' 12(z) 12(Z)
which gives the unconditionnal stability.
O
Consistency
Definition 3. Consistency error
We define the consistency error at the time t, on this way:
) _ P (2, tng1) = p (@), tn) 4 M@ tngn) = m (@1t
hy 2h, 2
Hm(iﬁj,tnﬂ) —m(zj,tn) o —m (21, tny1) + 2m(zj, tng1) — M(Tj41, tngr)
hy H h3 2(2)
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Proposition 14. The consistency error verifies this estimation:

Proof. We make the same hypothesis over m and p than for the hyperbolic csae.

The first term can be bounded on the same way than for the hyperbolic case (this is the same
term !)

We study the second term. Let j € Z:

m(xjy thy1) — m($ja tn) + _m(xj—h thy1) + Qm(xb thi1) — m(xj—&-la tnt1)
h h2

1 1
= Oym(wj, tni1) — pyOgm(aj, tni) — 5ht3t?m($j, Kn) — ﬁhiaﬁém(ﬂfj + 0, tnt1)

=0 (equation)

1 1
= —ihtﬁfm(xj, kin) — —=h20em(z; + o), tni1)

with Ky, € [tn, tnt1], 05 € [—ha, ha)
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Therefore:

H m(xj, tny1) — m(xj,tn) Ty —m(Tj—1,tnt1) + 2m(zj, tn1) — M(Tj11, tnt1)
I h2

2(2)

1
+ —h? H@gm(:c] + 0y, tn+1)HlJQ_(Z)

1 ~
< =h H 2o(z;,

1 o~ Looyigs, oo
< §ht Hat p(l‘]7t) l?(Z),L?O(]R) + ﬁhx Haxm(‘r] + O-J7t)Hl?(Z),Lf°(]R)

As a result, we have:

Convergence

Proposition 15. The scheme is convergent on this order: O (ht + hi)

Proof. The argument is the same as the previous case. We just have to use the Lax equivalence
theorem, the consistency and the stability of the scheme in the parabolic case. O
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2.1.4 Numerical simulations over the linearized system

Numerical simulations have been made with Scilab. The programme has been modified by
creating "periodic" conditions (by assuming the values over the tw sides of the figure are the
same).

Hyperbolic case

Ewvolution of the momentum

0.01

- 0.0075

x [m]

- 0.005

0.0025

-Be-18

ts]

Figure 2.1: This figure was created with N = J = 500, | = 0Pa.s, ¢ = 2.5 X 10~ 2m.s71,
L =1m and T = 20s. With a gaussian initial datum, we can observe a transport with the speed
c on both sides. This is the Wave equation. The red zones on the right side correspond to the
periodic contitions (the two parts are joined again).
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Parabolic case

Evolution of the mamentum

0.01

- 0.0075

x [m]

- 0.005

0.0025

1.9e-24

t[s]

Figure 2.2: This figure was created with N = J =500, p = 1073Pa.s (~ Water), ¢ = Om.s™!,
L =1m and T = 20s. With a gaussian initial datum, we can observe a diffusion. This is the
Heat equation.
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Crossed case

Evolution of the momentum

0.a5

og

o.o1

085

og

075

o7

- 0.0075

0.65

oG

0.585

o0& - 0.005

= [m]

045

0.4

0.35
03 0.0025
0.25
0z

0.15

0.1 1.8e-24

0.05

Figure 2.3: This figure was created with N = J = 500, y = 2 x 1073Pa.s (= Milk), ¢ =
2.5 x 1072m.s7!, L = 1m and T = 20s. With a gaussian initial datum, we can observe both
transport and diffusion. The clear blue zones on the right side correspond to the perdiodic
conditions (the two parts are joined again).
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2.1.5 Study of the decay with two norms

In the proposition 4, we have established these results:

1S @2, = OQE)
1S (e = 0<1>

t—>_+<>o ti

Remark. In reality, only the low-frequency terms have this kind of behaviour. The other terms
have an exponential decay

We will illustrate these results with this exemple:

Evolution of the momentum

001

- 0.0075

- 0.005

3 [m]

0.0025

3Te-108

tls

Figure 2.4: Figure made with L = 3m, T' = 120s, ¢ = 8 X 10 ¥m.s~ !, y = 2 x 10~*Pa.s and
N = J =500, with gaussian initial datum
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We have made linear regressions by using logarithmic scale:

fan of the Lnaim of the salution

8758

= -0.22680884 x + -5.6767405

8757

8758

8759 1

loglLxnarm)

arr a77s ars azes ara

Figure 2.5: The case of the L?—norm (energy), ploted from ¢t = 114s to t = 120s

Asymptotic evolution of the maximum of the solution

ation
= -0.4672848 x + -4.3124654

log(Max(mt, )

log())

Figure 2.6: The case of the L°*°—norm (maximum), ploted from ¢ = 114s to t = 120s
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We can explain the slower decay observed with the numerical simulations: In reality, the
proposition 4 gives an asymptotic decay, in particulat there exists a constant as a factor, which
allow a slower decay for "short" times. However, we obtain consistent results (a faster decay
when the index of the norm increases).

2.2 Numerical simulations over the complete system

Now, we will study the complete system of Navier-Stokes:

Op + Ogm = 0
{8tm + 0 (mTZ) = u”@% <%) — Op

We won’t study consistency or stability in this case, but, according to the system, we can
suggest this scheme, based on the Euler’s method:

1 [n+1] [n] 1 [n] [n] _
I [Rj - R; T oo My M| = 0
[n)? ()2 [n] [n] [n]
1 [n+1] [n] 1| ™1 M B | My m; my_y
ht [mj - my + 2hs | gl Rl — B2 | R 2R[n] + R
j+1 j—1 j+1 j j—1

We can simplify it by using matrices:

1] _ plnl _ In]
R R thDm
h e h
] — il T n 2 plnl) _ MM gl — . p (Rl
m m thD(m /R ) W M(m /R ) e P(R )
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where D and M are defined p. 38 and:

ml” ] i)
R 8 RInT
ml 2 Rl = | SN
[7L]2 R[n} m[n]
my_1 [‘2171
L Rglll | Rim

P (&)

and P (R") = :
P (R,

Now, we will study an exemple of resolution of the non-linear system. We consider these
datums, and compare with the linear system.

P(p) = 5x107°ptt
Px = 1Kg.m_3
= 2 x 107*Pa.s
50,2) = 1028 (%)
m(0,z) = p(0,2)

A simple computation shows that:

c = VFP(ps)
c = V7Tx105m.s!
c 8.3 x 10 3m.s~ !

Besides, we take J = 300 and N = 1500 for the two simultions.

The two next figures compare the resolutions of linear and complete system.
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Evolution of the momenturn

0.01

- 0.0075

- 0.005

x [m]

0.0025

-3.5e-00

t[s]

Figure 2.7: The resolution of the linear system gives this result
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Evolution of the momentum

0.01
- 0.0075
E - 0.005
E
0.0025
-1.7e-05

0 10 20 30 40 50 &0 70 a0 =[] 100
tis)

Figure 2.8: The resolution of the complete system gives this second result
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We can explain this phenomenon by two reasons:

- A first reason concerns the numerical scheme which is not stable or consistent, and gives wrong
results. Indeed, any work has been done in order to establish consistency or stability of our
scheme.

- The second possible reason is the non-linear terms (which are note studied in this intership)
which can’t be neglected.
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Chapter 3

Additionnal informations

3.1 Chapter 1

3.1.1 The Cauchy’s integral formula for matrices

Theorem 1. Cauchy’s integral formula for matrices
Let U C C an openset and f : U — C an holomorphic function. Let I' C U a simple loop, and
A e M, (C) with o (A) C Int(I") (interior). We have:

F4) = 5= [ £G) (1= 47 s

3.1.2 The end of the proof using the residue theorem
Returnl

In our situation, we will use the Cauchy’s integral formula by using the holomorphic function
fi 1 2z e'* (for t > 0). If we note I = I3, we have:

A%

etA) — i / et? (zI — A (77))71 dz
T

Where T is a simple loop containing AT (1) in the complex plane C. We note /TZ (n) =
zI — A(n).

~ _ z mn
A (n) = [ i7702 Z+M||772 ]

Therefore, we have:

57
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det (A’;z (n)) o [

where Adj means the adjugate matrix:

. T
1 ()" = 1 4 pn® —inc
=\ C 22— 2z + c2n? —i 2
1 n 7
T 1 Z4pyn? —in
Az ' = . I
() 22 — wn?z + c¢2n? [ —inc? z
Y - 1 4y —in
A ()t = { H
=M G ) | —ine =
Therefore;
~ Z+/»L||772) tz 7inetz
=S / Atz = | e gu; ¥ e
T P ER G d’" Jr = n’?f(z—x—m))dz

We want to compute, for j € [0;1];
tz

e

50= | e e

We have:
2 et? )\+( ) | tAT ()
224 n?z + 0% smar ) (AT () = A7 () (2 = AT (n))
and:
2 el? _)\ (n)? e~ ()
224 pmPz + 2n? zoa-m) (AT () = A~ (1)) (2 = A~ (n))

The residue theorem gives:

A (1) X A= () X7 pyp? (ez\+(n)t _ e)\_(n)t)

tA(n) —
[e L,l AT (1) — A (n)
+A(n) i (ewn)t - ex(mt)

[e L,z T M) = ()

tAMm) —ictn (ewn)t - eﬂn)t)

n —

[ }2,1 AT (n) = A= (n)

AT - AT

[etA(n)] _Atme N ()t )\_ (n) Xt

2,2 AT () = A~ (n)
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Besides, we have /‘\\772 =—AT(m)+X1 (n).

Therefore;

At (n) ATt _ N\~ (n) At 4 “\\772 ( ATt e*(n)t)
= XTIy et - gy > A~ () (X0 — X (o)
= At () et — X~ () X E — XF (1) AT AT (1)
—/\ (n)e AT ()t A ( )e A~ ()t
= AT (n) ATt _ = (n) AT ()t

Finally, we obtain:

XF () X0 A () Xt i (X0 — A7)

etAm) —
—ic%n (ewn)t _ er(n)t) At () X A= () X )t
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3.1.3 The computation of the integral

In the integral

oo 1 2
20:,’/ n°e 2HIMdy
0

We will use this substitution: n = % Therefore:
+oo " +o0 (3)
QCg/ nae_%ulm%dn = LCU t_% 1/0-6_%““”2(11/ = 716’0
0 Vi 0 tz(1+0)
where:
“+o0o
053) = 2C{,’/ Ve MY dy
0

3.1.4 The two integrations by parts and the triangle inequality

[Returnl
Assume |z £ ct| > 1:

+o0 Foo
/ naei(:r:tct)nfé,u“nztdn IB:P1 —1 / ei(x:tCt)Vl [0-77‘7*1 — M||T7t] 67%#\\772td77
rztet [ o

— 00

IBP; 1

+oo

o 7= o— _1 2

= M/ el(:Jc ct)n [0’ (U — 1)77 2 _ ,u”t _ ,u||77t (077 1 M||77t)] T tdn
—00

Finally, the triangle inequality over the third integral gives:
+oo . 1 2
‘/ noez(m:l:ct)n—i,u”n tdn‘ <
—00

+oo
/ [U (o = 1) 0" + gyt + pyor | ¢ + uﬁthQ} e~ MMty

—00
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3.1.5 The inequality using convexity

[Returnl

Lemma 1. Let p € [1;2] and 0 € N. Assume that |x £ ct| > 1:

1 1 p(1=6(p,0)) 1 1 1
{(m + ct)? + (z — ct)2} = 21+2p(1-4(p,0)) | + Ct|2p(1—5(p,0)) + |z — Ct|2p(1—5(p,0))

Proof. §(p, o) is chosen such as 2p(1—8(p, o)) > 1. As aresult, the mapping f : v — v2(1-0(2.0))
is a convex function, and satisfies this property:

V(a:b) € R%VC € [051): f (Cat (1 ¢)b) < Cf(a) + (L =) f(b)

In particular, we have:

< 5 [f(2a) + f(20)] (3.1)

f(a+b)—f<2a+2b> %

2

Besides, we have this inequality:

Lo << Lo, )2
(x+ct)?  (z—ct)> = \|lz+et| |z—ctf

In the inequality (3.1]), we choose a = |

ﬁcﬂ and b = giving this:

_1
lx—ct|?

1 1 p(1-4(p,0)) 1 1 2p(1-6(p,o))
+ < +
{(:L‘+ct)2 (:B—ct)2} <|$+ct| |a:—ct)

~

{ 1 N 1 }p(lé(p,g))
(z+ct)?  (z—ct)?

(e oan)

|z + ct| |z — ct|

1 2 2

2 {f<|x+ct|) +f(bx—aﬂ)]

A simple computation gives the result of the lemma. O

IN
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3.1.6 The integrals which don’t depend on time

We will only show the result for the integral:

/ dx
|z+ct|>1 |T + Ct|2p(1*5(p,a))

The computation over the other integral is made on the same way.

We make the substitution y = x 4 ct, and we obtain:

/Ir+ct|21 @+ et PO /y|21 R
— 2/+oo _dy
1 y2p(1—5(p,0))

2

2p(1 = 6(p, o)) =1

As a result, we have:

4

C(p,0,0 =
(p7 g, (p7 U)) (2p(1 - 5(p’ J)) _ 1) 921+2p(1-4(p,0))

3.1.7 The duality property of the Fourier transform
[Returnl

Proposition 16. Duality property of the Fourier transform
Let p € [2; +0o0]

F: LV (R) =5 LP (R)

1,1
where 5 —|—p/ 1.

In particular, let f € LP (R):

ICr >0+ |[fll < Cy HfHLp’
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3.1.8 The property of line integrals

[Returnl

Proposition 17. Property of estimation of a line integal
Let U C C an openset and f: U — C an holomorphic function. Let ' C U a contour. We have
this property of estimation:

4Cr > 0:

/Ff(z)dz

Proof. We can consider this parametrization for the contour I

< CrSup|f(2)|

zell

where 7y is a contiuously differentiable mapping. The line integral is given by:

[ rez= [ s sas

As a result, we have:

/Ff(z)dz

1
/0 £ (1()) 7/ (5)ds
1

< [ lraee)as
Hélder’s inequality 1 ,
= [7/(s)| ds - Sup |f (+(s))]
0 s€[0;1]
1
< [/() s - Sup | f(2)
0 zel

and we obtain our inequality by choosing

1
CF—/ [ (s)| ds
0

We can notice as the parametrization of I' is not unic, the constant Cr is not unic too. [
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3.1.9 The general Leibniz rule

Proposition 18. General Leibniz rule
Let f1,--+, fn with n € N* functions of class CP, for p € N. We have this formula:

!
e f)® = % ﬁfl(kl)_” (k)
ki+-+kn=p L n~

Proof. We will make an induction on n.
At the step n = 0, the formula is clear.

We assume the property at the stp n € N*. We have:

(fl'”fn-i-l)(p) = (flfnfn—i-l)(p)
P
p . s
-y ( ) (1o )@ g
=0 M
Induction Zp: Z j' p!
N } kals -kl j1(p — J)!
T 0 < ki, k< p
ki+-k,=174
> f{fl . .fékn)f’l’(lﬁ-_lj)
p
Index Change p!
=p—hkuer Z_O 2 kil k!
nHl= O§k177kn§p
Bit b =p— knpo
k En
5 1( 1)"'fr(Lkn)f7(L+1+l)
p!
OS k17 7kn;kn+1 Sp
ki+- kg +kp1=p
k kn,
S RRERY b e
The property holds at the step n 4+ 1, which completes the proof. O
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3.1.10 The estimation of the derivative of B

We have these formulas:

Bty = —(S)e A = [ et s e
o\t, T = ) e % o [LHZ Cc z 2 z ,U,HT’ (& z
(—1p)F+ 21— (k+2) 1 21 212tz
By (t,r) = BT (122 + 7] — 2+ pyrolzT e dz
1T S+ T
—_———

[r]

Onnly the factors in [r] depend on r. Let [ € N* and k € N*:

OBy (t,r) = (_213?1 /S . [miTcg;“ io (T;) o[z + myr®)o, [:2] dz
dnien - | = 8] e [
(ETPIEL N
OBy (t,r) = (_212')7’:“ /s+ [uuzj ]i:i%kﬁ {[z i uﬁ]fﬁ 20 r7«2+l(l1—)1
By (tr) = (_211');+1 /s+ [unzjizi;? {Ari)zz * (AZ(O)“” 2
Ll ; DA?’) :l} dz

As a result, the property over the line integrals gives:

2

— ¢
0, By, (t,r)’ < Cprffe it

Besides, a similar computation shows that:

2 2
— < ¢ 7#HT .
e M +e Tz tl g l

AL By (t,r)‘ < C’l’rék
Which gives the result.

3.1.11 The Marcinkiewic multiplier theorem

Theorem 2. Marcinkiewic multiplier theorem
Assume f € L™ NC?%(R*), with these two estimations:

Maxime BOUCHEREAU 65 University Rennes 1



May-June 2019 Internship report

’77\_0‘+Ula |77| <Ra=1

o) !
‘f (77)‘ S C { ’n‘—a—cfz’ ‘77| Z R,Oé c [[072H

where o1,09 > 0.

~

f s continuous at 0 and:

[ =m1 +mado
where my € L' (R) and ||my||;. < C(C') and ma is the constant:

~

m f(n)

mo = — 1
27 |n|—+oo

Besides, J/‘“\ is a strong LP—multiplier, for p € [1;+00]:

Vge LP (R); ||f*gllpe < Cllglle for p e [1;+00]

and C only depends on ms and C’.

3.2 Chapter 2

3.2.1 The formulas for approximations of derivatives

Proposition 19. Approxzimation of derivatives
Let f a C?—class function. We have:

fl@+h) - f(x)

flz) = . +O(h)
f’(a?) _ f($+h)2—hf(l‘—h) +O(h2)
f//($) _ f(x+h)_2J;(2x)+f($_h) +0(h2)

Proof. By using the Taylor’s formulas, we have:

f'(@+h) = f(z) + hf'(x) + O (h?)
which immediately gives the first formula.

Besides, we have, at the second order:

Maxime BOUCHEREAU 66 University Rennes 1



May-June 2019 Internship report

Flath) = f@)+hf @)+ h @)+ ch O @) + O () 3.2
fla—h) = f@)—hf'@)+ 50 @)~ ch @) + 0 () (33

The equality " -3 gives the second formula, and the equality " -3 gives the third
formula. O

3.2.2 The Fourier-Von Neumann method

[Returnl

If we have a vector (uj)jeﬁl-Jfl]]’ we can extend this vector to a sequence (u;);. € 12(Z) (by

giving the value 0 to the other terms). Then, we consider a function e L2 (T) (periodic, with
T = %). As a result, we can write this function as a Fourier serie, and (uj)jGZ is the sequence
of its Fourier coefficients, giving:

1
V

VieZ; uj = /u(x)e%”jxdx
0

Therefore, the Parseval’s theorem gives:

lvb‘ L2(T)

H(uj)Hp(Z) =

and study the stability for (u;);.; is equivalent to study the stability for .
An important consequence is this relation:

1
V . .
Ujp1 = /u(x)e2z7r(]+1)xdx
0
— /u(x)62z7rx€2urja:dx
0

as a result, we have:

wjy1 > u(z)e*™
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Conclusion
This internship offered to me several opportunities:

1. On the one hand, to discover new mthematic tools and ways of reasoning, such as the
Cauchy’s integral formula for matrices, new properties of the Fourier transform, the Marcinkiewic
multiplier theorem (and the reasoning to use it).

2. On the other hand, to perform in numerical analysis (study of schemes and programming).
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