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Knot theory in a nutshell 1

Topological objects of interest are knots and links.

@ A knot is a (closed) topological subspace of the 3-sphere S* which is
homeomorphic to the circle St.

@ An oriented knot is a knot with a “continuous” local trivialization of
its tangent bundle, or equivalently of its normal bundle (the ambient
space being oriented). There are two orientation classes.

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023 2/42



Figure: The unknot Figure: The trefoil knot
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Knot theory in a nutshell 2

@ A link is a finite union of disjoint knots. A link is oriented if all its
components (i.e. its knots) are oriented.

@ The linking number of an (oriented) link with two components is the
number of times one of the components turns around the other
component.
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Figure: The Hopf link Figure: The Solomon link
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Defining the linking number: Seifert surfaces
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Defining the linking number: intersection of S. surfaces

S
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Defining the linking number: boundary of int. of S. surf.

=
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The formal definition of the linking number

Let L = K1 U K> be an oriented link with two components.
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The formal definition of the linking number

Let L = K1 U K> be an oriented link with two components.

Oriented fundamental class and Seifert class

Let i € {1,2}. The class S; in H(S3\ L) ~ HEM(S3, L) of Seifert surfaces
of the oriented knot K; is the unique class that is sent by the boundary
map to the (oriented) fundamental class of K; in H°(K;) C HO(L).
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The formal definition of the linking number

Let L = K1 U K> be an oriented link with two components.

Oriented fundamental class and Seifert class

Let i € {1,2}. The class S; in H(S3\ L) ~ HEM(S3, L) of Seifert surfaces
of the oriented knot K; is the unique class that is sent by the boundary
map to the (oriented) fundamental class of K; in H°(K;) C HO(L).

Linking class and linking number

The linking class of L is the image of the cup-product

S1USy € H3(S3\ L) by the boundary map 9 : H2(S3\ L) — HY(L). The
linking number of L = Kj LI K5 is the integer n € Z such that the linking
class in HY(L) = Z[wk,] ® Z|wk,] is equal to (n[wk,], —n[wk,]) (where w.
is the volume form of the oriented knot Kj).
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Homotopies in a nutshell

Homotopic maps

Two continuous maps f,g : X — Y are homotopic if there exists a
homotopy from f to g, i.e. a continuous map H : X x [0,1] — Y such
that for all x € X, H(x,0) = f(x) and H(x,1) = g(x).
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Homotopies in a nutshell

Homotopic maps

Two continuous maps f,g : X — Y are homotopic if there exists a
homotopy from f to g, i.e. a continuous map H : X x [0,1] — Y such
that for all x € X, H(x,0) = f(x) and H(x,1) = g(x).

Homotopy types of topological spaces

Two topological spaces X and Y have the same homotopy type if there
exists a homotopy equivalence from X to Y, i.e. a couple

(i: X —=Y,j:Y — X) of continuous maps such that j o i is homotopic
to the identity of X and i o is homotopic to the identity of Y.
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Homotopies in a nutshell

Homotopic maps

Two continuous maps f,g : X — Y are homotopic if there exists a
homotopy from f to g, i.e. a continuous map H : X x [0,1] — Y such
that for all x € X, H(x,0) = f(x) and H(x,1) = g(x).

Homotopy types of topological spaces

Two topological spaces X and Y have the same homotopy type if there
exists a homotopy equivalence from X to Y, i.e. a couple

(i: X —=Y,j:Y — X) of continuous maps such that j o i is homotopic
to the identity of X and i o is homotopic to the identity of Y.

Important example
For all n > 1, S” has the same homotopy type as R"*1\ {0}.
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Oriented links in algebraic geometry 1

Link with two components

A link with two components is a couple of closed immersions
@i AZ\ {0} — A%\ {0} with disjoint images Z; (where i € {1,2}).
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Oriented links in algebraic geometry 1

Link with two components
A link with two components is a couple of closed immersions
@i AZ\ {0} — A%\ {0} with disjoint images Z; (where i € {1,2}).

An orientation o; of Z; is an isomorphism from the determinant (i.e. the
maximal exterior power) of the normal sheaf NZ,-/A‘}E\{O} of Z; in A%\ {0}
to the tensor product of an invertible Oz-module £; with itself:

0j i Vz = det(NZ,-/A‘;\{O}) ~Li®L
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Oriented links in algebraic geometry 1

Link with two components

A link with two components is a couple of closed immersions
@i AZ\ {0} — A%\ {0} with disjoint images Z; (where i € {1,2}).

An orientation o; of Z; is an isomorphism from the determinant (i.e. the
maximal exterior power) of the normal sheaf NZ,-/A‘}E\{O} of Z; in A%\ {0}
to the tensor product of an invertible Oz-module £; with itself:

0j i Vz = det(NZ,-/A‘;\{O}) ~Li®L

Orientation classes

Two orientations o; : vz, — L; ® Lj and 0! : vz, — L ® L of Z; represent
the same orientation class of Z; if there exists an isomorphism 1 : £; ~ L'
such that (¢ ® ¢) 0 0; = ol
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Oriented links in algebraic geometry 2

Oriented link with two components

An oriented link with two components is a link with two components

(p1: A2\ {0} = Z1, 2 : AZ \ {0} — Z,) together with an orientation
class 01 of Z; and an orientation class 6, of Z5.
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Oriented links in algebraic geometry 2

Oriented link with two components

An oriented link with two components is a link with two components

(p1: A2\ {0} = Z1, 2 : AZ \ {0} — Z,) together with an orientation
class 01 of Z; and an orientation class 6, of Z5.

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)? = {a€ F*,3be F*,a = b*}).
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Oriented links in algebraic geometry 2

Oriented link with two components

An oriented link with two components is a link with two components

(p1: A2\ {0} = Z1, 2 : AZ \ {0} — Z,) together with an orientation
class 01 of Z; and an orientation class 6, of Z5.

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)? = {a€ F*,3be F*,a = b*}).

If F =R then F*/(F*)? has two elements.
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Oriented links in algebraic geometry 2

Oriented link with two components

An oriented link with two components is a link with two components

(p1: A2\ {0} = Z1, 2 : AZ \ {0} — Z,) together with an orientation
class 01 of Z; and an orientation class 6, of Z5.

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)? = {a€ F*,3be F*,a = b*}).

If F =R then F*/(F*)? has two elements.
If F = C then F*/(F*)? has one element.
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Oriented links in algebraic geometry 2

Oriented link with two components

An oriented link with two components is a link with two components
(p1: A2\ {0} = Z1, 2 : AZ \ {0} — Z,) together with an orientation
class 01 of Z; and an orientation class 6, of Z5.

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)? = {a€ F*,3be F*,a = b*}).

If F =R then F*/(F*)? has two elements.
If F = C then F*/(F*)? has one element.

If F =Q then F*/(F*)? has infinitely many elements (the classes of the
integers without square factors).

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023 12 /42



-
The Hopf link

We fix coordinates x, y, z, t for A‘f: and u, v for A% once and for all.

@ The image of the Hopf link:

{x=0,y =0 U{z=0,t =0} c A} \ {0}
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-
The Hopf link

We fix coordinates x, y, z, t for A‘f: and u, v for A% once and for all.

@ The image of the Hopf link:

{x=0,y =0 U{z=0,t =0} c A} \ {0}

@ The parametrization of the Hopf link:

®1 - (X,y,Z,t) A (0707 u, V)1902 : (X>)/7Z> t) A (U, V,0,0)
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-
The Hopf link

We fix coordinates x, y, z, t for A‘f: and u, v for A% once and for all.

@ The image of the Hopf link:

{x=0,y =0 U{z=0,t =0} c A} \ {0}

@ The parametrization of the Hopf link:

®1 - (X,y,Z,t) A (0707 u, V)1902 : (X>)/7Z> t) A (U, V,0,0)

@ The orientation of the Hopf link:

o XAV =110 At »1®1
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A variant of the Hopf link

@ The image is the same as the Hopf link's image:

{x=y,y=0}U{z=0,at =0} C A} \ {0} with a € F*
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-
A variant of the Hopf link

@ The image is the same as the Hopf link's image:

{x=y,y=0}U{z=0,at =0} C A} \ {0} with a € F*

@ The parametrization is the same:

o1 (x,y,z,t) <> (0,0,u,v), 92 : (x,y,2,t) <> (u,v,0,0)
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-
A variant of the Hopf link

@ The image is the same as the Hopf link's image:

{x=y,y=0}U{z=0,at =0} C A} \ {0} with a € F*

@ The parametrization is the same:

o1 (x,y,z,t) <> (0,0,u,v), 92 : (x,y,2,t) <> (u,v,0,0)

@ The orientation is different:

O:X—yY Ay =»1l®l,op:Z"Nat' = 1®1
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Chow groups and intersection theory

o First idea: replace the singular cohomology ring with the Chow ring.
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Chow groups and intersection theory
o First idea: replace the singular cohomology ring with the Chow ring.

@ Two problems: what will play the role of the boundary map and how
will we take orientations into account?
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Chow groups and intersection theory

o First idea: replace the singular cohomology ring with the Chow ring.
@ Two problems: what will play the role of the boundary map and how
will we take orientations into account?

@ Solution to the first problem: Rost's article Chow groups with
coefficients (1996); Rost redefines Chow groups as some homology
groups Ap(X, q) of complexes C(X, q), namely CH,(X) = Ap(X, —p)
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Chow groups and intersection theory

o First idea: replace the singular cohomology ring with the Chow ring.

@ Two problems: what will play the role of the boundary map and how
will we take orientations into account?

@ Solution to the first problem: Rost's article Chow groups with
coefficients (1996); Rost redefines Chow groups as some homology
groups Ap(X, q) of complexes C(X, q), namely CH,(X) = Ap(X, —p)

@ You may know the following exact sequence where Y C X is closed:
CHp(Y) —— CHp(X) —— CHp(X\ Y)——0
It can be extended into the following long exact sequence:

v Apr1(X\ Y, —p) = CHy(Y) = CHp(X) — CHo(X\ Y) = 0
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Chow-Witt groups and quadratic intersection theory

@ Solution to the second problem (orientations): replace (generalised)
Chow groups, a.k.a. Rost groups, with (generalised) Chow-Witt
groups, a.k.a. Rost-Schmid groups; see for instance the chapter
Lectures on Chow-Witt groups by Jean Fasel in the book Motivic
homotopy theory and refined enumerative geometry (2020)
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-
Chow-Witt groups and quadratic intersection theory

@ Solution to the second problem (orientations): replace (generalised)
Chow groups, a.k.a. Rost groups, with (generalised) Chow-Witt
groups, a.k.a. Rost-Schmid groups; see for instance the chapter
Lectures on Chow-Witt groups by Jean Fasel in the book Motivic
homotopy theory and refined enumerative geometry (2020)

@ To a smooth F-scheme Y, an integer j € Z and an invertible
Oy-module £ we associate the corresponding Rost-Schmid complex

B DB KNP S 2 L)\ {0},

i>0 p point of codim i in Y
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-
Chow-Witt groups and quadratic intersection theory

@ Solution to the second problem (orientations): replace (generalised)
Chow groups, a.k.a. Rost groups, with (generalised) Chow-Witt
groups, a.k.a. Rost-Schmid groups; see for instance the chapter
Lectures on Chow-Witt groups by Jean Fasel in the book Motivic
homotopy theory and refined enumerative geometry (2020)

@ To a smooth F-scheme Y, an integer j € Z and an invertible
Oy-module £ we associate the corresponding Rost-Schmid complex

a &y KMV (5(p)) @21(p)1 ZI(vp ® L) \ {0}].
i>0 p point of codim i in Y

@ The i-th cohomology group, called Rost-Schmid group, is denoted
HI(Y, K"W{L}). If j =i then we call H'(Y, KMV{L}) the i-th
Chow-Witt group of Y twisted by £ and denote it CNHI(Y,LZ). We
have a canonical morphism CH (Y, L) — CHI(Y).
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Intersection product

We have an intersection product

S HI(Y KW x HY (Y KW = 1 (v KW

which makes @ H"(Y,KJMW) into a graded K}V (F)-algebra.
i€Ng,JEZ . . o
In particular, we have - : CH (Y) x CH' (Y) = CH ' (Y)) which makes

@ CNHI(Y) into a graded K}"V(F)-algebra (the Chow-Witt ring).
i€Np
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Boundary maps and the localization long exact sequence

If i: Z— X is a closed subscheme and j : U — X is the complementary
open subscheme, Z, U, X being smooth F-schemes (with F a perfect field)
of pure dimensions dz, d and d, then for each n, m there is a boundary
map 0 : H™Tx=dz(U, KWV, ) — H™(Z, KMV {vz}) such that the
following is a long exact sequence:

Hn+dX dZ(X Km—‘rdx dz) .

HY(Z, K" {vz})

_/.* n _ 8 n
— - H +dx dZ(U Km+d)< dz)4>H +1(Z’KMW{VZ})%"'
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Milnor-Witt K-theory and quadratic forms

The generators of the Milnor-Witt K-theory ring of a field F are denoted
[a] € KMW(F) for every a € F* and € KMV(F). We denote
(a) = nla] + 1 € KMW(F) for every a € F*.
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-
Milnor-Witt K-theory and quadratic forms

The generators of the Milnor-Witt K-theory ring of a field F are denoted
[a] € KMW(F) for every a € F* and € KMV(F). We denote
(a) = nla] + 1 € KMW(F) for every a € F*.

The (commutative) ring with unit K}MW(F) is isomorphic to the
Grothendieck-Witt ring GW(F) of F via (a) € KMWV(F) «+ (a) € GW(F).
For all n < 0, the abelian group KMW(F) is isomorphic to the Witt group
W(F) of F via (a)yn~" € KMV(F) « (a) € W(F).

For all a € F*, (a) is the equivalence class of the symmetric bilinear form
{F xF — F

(x,y) +— axy
F —- F
X —> ax

W(F) = GW(F)/({(1) + (—1)) is made up of sums of (a).

or, if F is of characteristic # 2, of the quadratic form

5. GW(F) is made up of Z-linear combinations of (a) and
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Let n > 2 be an integer, i € Ng,j € Z. The Rost-Schmid group
KMWY(F) ifi=0
HI(AZ\ {0}, Ki™) is isomorphic to § KMW(F) if i=n—1.

0 otherwise
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Let n > 2 be an integer, i € Ng,j € Z. The Rost-Schmid group
KMWY(F) ifi=0
HI(AZ\ {0}, Ki™) is isomorphic to § KMW(F) if i=n—1.
0 otherwise
This is similar to the fact in classical homotopy theory that H/(S"~1) is
Z ifi=0
isomorphicto ¢ Z ifi=n—-1.

0 otherwise
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Let n > 2 be an integer, i € Ng,j € Z. The Rost-Schmid group
KMWY(F) ifi=0
HI(AZ\ {0}, Ki™) is isomorphic to § KMW(F) if i=n—1.
0 otherwise
This is similar to the fact in classical homotopy theory that H/(S"~1) is
Z ifi=0
isomorphicto ¢ Z ifi=n—-1.
0  otherwise

In particular, H*(AZ \ {0}, K§™) ~ KMWY(F). We can fix such an
isomorphism, but it is not canonical.
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The linking number and the quadratic linking degree

Let L = Ki L K2 be an oriented link (in knot theory) and . be an
oriented link with two components (in motivic knot theory), i.e. a couple
of closed immersions ; : A2 \ {0} — A% \ {0} with disjoint images Z;
and orientation classes 0;. We denote Z := Z; U Z,.

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023 21 /42



Step 1 in a picture: Seifert surfaces
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Step 1

The class S; in HY(S?\ L) ~ HEM(S3, L) of Seifert surfaces of the oriented
knot K; is the unique class that is sent by the boundary map to the
(oriented) fundamental class of K; in Hi(K;) ~ H°(K;) € HO(L).
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|
Step 1

Knot theory

The class S; in HY(S?\ L) ~ HEM(S3, L) of Seifert surfaces of the oriented
knot K; is the unique class that is sent by the boundary map to the
(oriented) fundamental class of K; in Hi(K;) ~ H°(K;) € HO(L).

Motivic knot theory

We define an analogue [0;] € H°(Z;, KM{v2}) of the oriented
fundamental class of each oriented component of . then we define the
Seifert class S; as the unique class in H*(X \ Z, KMW) that is sent by the
boundary map to the oriented fundamental class [0;] € HO(Z, KMV {v;}).
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Step 2 in two pictures: intersection of Seifert surfaces

S
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Step 2 in two pictures: boundary of int. of S. surfaces

=
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Step 2

The linking class of L is the image of the cup-product
S1USy € H3(S3\ L) by the boundary map 9 : H2(S3\ L) — H(L).
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|
Step 2

The linking class of L is the image of the cup-product
S1USy € H3(S3\ L) by the boundary map 9 : H2(S3\ L) — H(L).

v

Motivic knot theory

We define the quadratic linking class of .# as the image of the intersection
product Sy -S> € H*(X \ Z, KYW) by the boundary map
9 HA(X\ Z,KYW) — H(Z, KW {vz}).

A
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Step 3

The linking number of L = K; U K is the integer n € Z such that the
linking class in HY(L) = Z[wk,] ® Z|wk,] is equal to (n[wk,], —n[wk,])
(where wg: is the volume form of the oriented knot Kj).
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Step 3

The linking number of L = K; U K is the integer n € Z such that the
linking class in HY(L) = Z[wk,] ® Z|wk,] is equal to (n[wk,], —n[wk,])
(where wg: is the volume form of the oriented knot Kj).

Motivic knot theory

We define the quadratic linking degree of .Z as the image of the quadratic
linking class of . by the isomorphism

HY(Z, Ky {vz}) — HNZ, K§'™) =

HY(AZ\ {0}, Kg'™) @ H' (A% \ {0}, K§™) — W(F) & W(F).

We fixed an isomorphism H*(AZ \ {0}, K¥™) — KMW(F) once and for all
and there is a canonical isomorphism KMYV(F) — W(F).
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-
The Hopf link

Recall that we fixed coordinates x, y, z, t for A‘}: and u, v for AzF.

@ The image of the Hopf link:
{x=0,y=0}U{z=0,t =0} c A} \ {0}
@ The parametrization of the Hopf link:
01 (x,y,z,t) < (0,0,u,v), 92 : (x,y,2,t) <> (u,v,0,0)
@ The orientation of the Hopf link:

o XAy =1l Z"ANt =1
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-
The quadratic linking degree of the Hopf link

Or. fund. classes ne (X* Ay*) | ne((Z"AT)
Seifert classes (x)@y* | (Z)®t

Apply int. prod. (xz) @ (t" Ay*)

Quad. link. class | =2 @ (T AX*AY*) @& (xX)n@(F*AZ*AL)
Apply 01 @ o2 —(zin @t ® (x)yn®y*
Apply ] © ¥ —un v ® {u)n & v
Apply 9 @ 0 - @ (T* AV) & n? ® (" A V)
Quad. link. degree -1 o 1
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-
A variant of the Hopf link

@ The image is the same as the Hopf link's image:
{x=y,y=0}U{z=0,axt=0}C A} \ {0} with a € F*
@ The parametrization is the same:
01 (x,y,z,t) < (0,0,u,v), 02 : (x,y,2,t) <> (u,v,0,0)
@ The orientation is different:

o:X—yY Ay = 1lo:zZ"Nat' — 1
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-
The quadratic linking degree of a variant of the Hopf link

o1 =nex—y Ay =[of"] [of”]=n®z Aat" = (a)[0,”]

since (© V) = L 1) (x since ( 2 ) = L 0) (2
y J \0 1 y at)  \0 a) \t
Si/ar — S{'/Opf Sé/ar — <a>8;°pf

Sy Sp7 = (@)S{ st
oSt - 517) = (2)o(S" - S5

The quadratic linking degree is (—(a), 1).
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Let .Z be an oriented link with two components of quadratic linking
degree (di,d») € W(F) & W(F). Let a = (a1, a2) be a couple of elements
of F* and %, be the link obtained from . by changing the orientation o;
into 01 o (xaj1) and the orientation o; into 0p o (xaz). Then

Qlcy, = (a1a2) Qlcy and Qld ¢, = ((a2)d1, (a1)d2).
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Similarly, changes of parametrizations of the link can only multiply each
component of the quadratic linking degree by elements of the form (a)
with a € F* (and do not change the quadratic linking class).
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Let .Z be an oriented link with two components of quadratic linking
degree (di,d») € W(F) & W(F). Let a = (a1, a2) be a couple of elements
of F* and %, be the link obtained from . by changing the orientation o;
into 01 o (xaj1) and the orientation o; into 0p o (xaz). Then

Qlcy, = (a1a2) Qlcy and Qld ¢, = ((a2)d1, (a1)d2).

Similarly, changes of parametrizations of the link can only multiply each
component of the quadratic linking degree by elements of the form (a)
with a € F* (and do not change the quadratic linking class).

We want invariants of the quadratic linking degree. (Similarly to the
absolute value of the linking number in knot theory.)
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-
Invariants by multiplication by (a) for all a € F*

If F =R, the absolute value of an element of W(R) ~ Z is invariant by
multiplication by (a) for all a € F*.
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Invariants by multiplication by (a) for all a € F*

If F =R, the absolute value of an element of W(R) ~ Z is invariant by
multiplication by (a) for all a € F*.

General case
The rank modulo 2 is invariant by multiplication by (a) for all a € F*.

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023 33 /42




Let d € W(F). There exists a unique sequence of abelian groups Qg x and
of elements Xx(d) € Qq «, where k ranges over the nonnegative even

integers, such that:
® Quo=W(F)and Xo(d) =1 € Qu.po;
o for each positive even integer k, Qg « is the quotient group
Qa.k—2/(XZk—2(d));
o for each positive even integer k,

Yi(d) = Z ( H aj;) € Qg x whenever

1<h<-<ix<n 1<j<k

d=> (a;) € W(F).
i=1

General case

The X are invariant by multiplication by (a) for all a € F*.
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W(F) —  W(F)/(1)

e X, zn:<ai> N Z (araj) (if n < 2, it sends Z(a;> to 0)

—
i=1 1<i<j<n '

n
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W(F) —  W(F)/(1)

°o Tl v if n <2, it sends aj) to 0
2 o Y (e (Fr<itsends ) (a0 0)
i=1 1<i<j<n
@ This is not interesting if W(F)/(1) = 0 (for instance if F = R).

n
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2 o Y (e (Fr<itsends ) (a0 0)
i=1 1<i<j<n
@ This is not interesting if W(F)/(1) = 0 (for instance if F = R).
e It is interesting for F = Q for instance: W(Q)/(1) ~ EB W(Z/pZ).
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n
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W(F) —  W(F)/(1)

Yo Z<ai> N Z (araj) (if n < 2, it sends Z(a;> to 0)
i=1 1<i<j<n i=1

@ This is not interesting if W(F)/(1) = 0 (for instance if F = R).

It is interesting for F = Q for instance: W(Q)/(1) ~ EB W(Z/pZ).

p prime

n

WF) —  (J (W(F)/(1)/(x2(d))

deW(F)

> (ar) > (azjaca)

i=1 1<i<j<k<I<n

[

™
i

3>
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W(F) —  W(F)/(1)

Yo Z<ai> N Z (araj) (if n < 2, it sends Z(a;> to 0)
i=1 1<i<j<n i=1

@ This is not interesting if W(F)/(1) = 0 (for instance if F = R).

It is interesting for F = Q for instance: W(Q)/(1) ~ EB W(Z/pZ).

p prime

n

W(F) = |J (W(F)/(1)/(Z2(d))
So:d deW(F)

> (ar) > (azjaca)

i=1 1<i<j<k<I<n

@ We only want to compare ¥4(d) and X4(d’) if o(d) = Xa(d").

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023 35 /42



-
Another Hopf link

From now on, F is a perfect field of characteristic different from 2. Recall
that we fixed coordinates x, y, z, t for A} and u, v for AZ.

@ The image is different from the Hopf link we saw before:

{z=xt=y}u{z=—xt=—y} CAE\ {0}

But the change of coordinates X’ =z —x, y/ =t—vy, Z = z + x,
t' =t+y would give {x =0,y’ =0} U {z' =0,t' =0} C A} \ {0}.
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From now on, F is a perfect field of characteristic different from 2. Recall

that we fixed coordinates x, y, z, t for A} and u, v for AZ.
@ The image is different from the Hopf link we saw before:

{z=xt=y}u{z=—xt=—y} CAE\ {0}

But the change of coordinates X’ =z —x, y/ =t—vy, Z = z + x,
t' =t+y would give {x =0,y’ =0} U {z' =0,t' =0} C A} \ {0}.

@ The parametrization is ¢1 : (x,y,z,t) <> (u,v,u,v) and
w2 (x,y,2,t) < (u,v,—u, —v).
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Another Hopf link

From now on, F is a perfect field of characteristic different from 2. Recall
that we fixed coordinates x, y, z, t for A} and u, v for AZ.
@ The image is different from the Hopf link we saw before:

{z=xt=y}U{z=—xt=—y}C AL\ {0}
But the change of coordinates X’ =z —x, y/ =t—vy, Z = z + x,
t' =t+y would give {x =0,y’ =0} U {z' =0,t' =0} C A} \ {0}.
@ The parametrization is ¢1 : (x,y,z,t) <> (u,v,u,v) and
w2 (x,y,2,t) < (u,v,—u, —v).
@ The orientation is the following:

0z xANt—y' =wlo:ztx Attty —1
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@ This Hopf link is an analogue of the Hopf link in knot theory! In knot
theory, the Hopf link is given by {z=x,t =y} U{z=—x,t = —y}
in S2 = {(x,y,z,t) € R* x% 4+ y2 + 22 + t? = £2} for ¢ small enough
and has linking number 1.
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o Its quadratic linking degree is ((1), (—1)) = (1, —-1) € W(F) & W(F).
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in S2 = {(x,y,2z,t) € RY x? + y2 + 72 + t? = £2} for & small enough
and has linking number 1.

o Its quadratic linking degree is ((1), (—1)) = (1, —-1) € W(F) & W(F).

@ If we change its orientations and its parametrizations then we get
((a), (b)) € W(F) & W(F) with a,b € F*.
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o If F =R, the absolute value of each component is 1.
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@ This Hopf link is an analogue of the Hopf link in knot theory! In knot
theory, the Hopf link is given by {z=x,t =y} U{z=—x,t = —y}
in S2 = {(x,y,z,t) € R* x% 4+ y2 + 22 + t? = £2} for ¢ small enough
and has linking number 1.

o Its quadratic linking degree is ((1), (—1)) = (1, —-1) € W(F) & W(F).

@ If we change its orientations and its parametrizations then we get
((a), (b)) € W(F) & W(F) with a,b € F*.

o If F =R, the absolute value of each component is 1.

@ The rank modulo 2 of each component is 1.

@ For every positive even integer k, the image by X, of each
component is 0.
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The Solomon link

@ In knot theory, the Solomon link is given by {z = x?> — y?, t = 2xy}LI
{z=—-x?>4+y% t=—2xy} in S for & small enough and has linking
number 2.

In motivic knot theory, the image of the Solomon link is:

{z=x*—y* t=2xy}u{z=—x"+y* t = —2xy} C A} \ {0}

The parametrization is @1 : (x,y, z, t) < (u, v, u> — v2,2uv) and
0o 1 (x,y,2,t) < (u, v, —u? + v2, —2uv).
@ The orientation is the following:

012X+ Yyl ANt—2xy > Lo z+x2—y2 At+2xy 1
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o lts quadratic linking degree is
(1) + (1), (=1) + (=1)) = (2, =2) € W(F) @ W(F).
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o lts quadratic linking degree is
(1) + (1), (=1) + (=1)) = (2, =2) € W(F) @ W(F).

@ If we change its orientations and its parametrizations then we get
((a) + (a), (b) + (b)) € W(F) ® W(F) with a, b € F*.

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023 39 /42



o lts quadratic linking degree is
(1) + (1), (=1) + (=1)) = (2, =2) € W(F) @ W(F).

@ If we change its orientations and its parametrizations then we get
((a) + (a), (b) + (b)) € W(F) ® W(F) with a, b € F*.

o If F =R, the absolute value of each component is 2.

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023 39 /42



o lts quadratic linking degree is
(1) + (1), (=1) + (=1)) = (2, =2) € W(F) @ W(F).

@ If we change its orientations and its parametrizations then we get
((a) + (a), (b) + (b)) € W(F) ® W(F) with a, b € F*.

o If F =R, the absolute value of each component is 2.
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o lts quadratic linking degree is
(1) + (1), (=1) + (=1)) = (2, =2) € W(F) @ W(F).

@ If we change its orientations and its parametrizations then we get
((a) + (a), (b) + (b)) € W(F) ® W(F) with a, b € F*.

o If F =R, the absolute value of each component is 2.

@ The rank modulo 2 of each component is 0.

@ For every positive even integer k, the image by X, of each
component is 0.

@ More generally, we have analogues of the torus links T(2,2n) (of
linking number n); the quadratic linking degree of T(2,2n) is
(n,—n) € W(F) & W(F), which gives n as absolute value if F =R, n
modulo 2 as rank modulo 2, and 0 for the X,.
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-
Binary links

@ The image of the binary link B, with a € F*\ {—1}:
{h=0,81=0}U{Hh =08 =0} CAE\ {0}

with i=t—((1+a)x—y)y, g1 =z—x(x—y),
o=t+((1+a)x—y)y, &2 =z+x(x—y)
@ The parametrization of the binary link Bj:

e1: (x,y,z,t) < (u,v, (1+a)u—v)v, u(u—v))

w2 (x,y,2,t) < (u,v,—((1+ a)u — v)v,—u(u — v))

@ The orientation of the binary link B;:

olzfl*AE*l—M,oyE*/\g*»—u

Clémentine Lemarié--Rieusset (Université de The quadratic linking degree March 23, 2023
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Or. fund. cyc. n®(h A | n®(h Ag)
Seifert divisors (h) ®gr* | (h) ® ;"
Apply inter. (if) @ (&2" Ng1") - (z,x — y)
prod. +(ht) ® (8" N&1") - (2,x)

Apply. 5@9 d (1+ (a))n* ® (T* A V¥) é ' —(1+ (a))n* ® (@* A V¥)

Quad. lk. deg. 1+ (a) ® —(1+ (a))
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Quad. lk. deg. 1+ (a) ® —(1+ (a))

o If we change its orientations and its parametrizations then we get
((a) + (b), (ca) + (cb)) € W(F) & W(F) with a, b,c € F* such that
a+ b # 0. The rank modulo 2 of each component is 0.
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2ifa>0

o If F =R, the absolute value of each component is )
0ifa<o
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Apply inter. (if) @ (&2" Ng1") - (z,x — y)
prod. +(ht) ® (8" N&1") - (2,x)

Apply. 5@9 d (1+ (a))n* ® (T* A V¥) é ' —(1+ (a))n* ® (@* A V¥)
Quad. lk. deg. 1+ (a) ® —(1+ (a))

o If we change its orientations and its parametrizations then we get
((a) + (b), (ca) + (cb)) € W(F) ® W(F) with a, b,c € F* such that
a+ b # 0. The rank modulo 2 of each component is 0.

2ifa>0

0Oifa<O

@ Y, of each component is (a) € W(F)/(1). For instance, if F =Q, X»
distinguishes between all the B, with p prime numbers. >4 = 0 etc.
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o If F =R, the absolute value of each component is {



Everything new | presented can be found in my preprint “The quadratic
linking degree”:
@ HAL: Clémentine Lemarié--Rieusset. THE QUADRATIC LINKING
DEGREE. 2022. (hal-03821736)
o arXiv: Clémentine Lemarié--Rieusset. The quadratic linking degree.
arXiv:2210.11048 [math.AG]
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Thanks for your attention!
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