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Classical knot theory (classical linking)

Knots and links

Topological objects of interest are knots and links.

@ A knot is a (closed) topological subspace of the 3-sphere S3 which is
homeomorphic to the circle S' (with a tameness condition, such as
smoothness).
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Classical knot theory (classical linking)

Knots and links

Topological objects of interest are knots and links.

@ A knot is a (closed) topological subspace of the 3-sphere S3 which is
homeomorphic to the circle S' (with a tameness condition, such as
smoothness).

@ An oriented knot is a knot with a “continuous” local trivialization of
its tangent bundle, or equivalently of its normal bundle (the ambient
space being oriented). There are two orientation classes.

@ A link is a finite union of disjoint knots. A link is oriented if all its
components (i.e. its knots) are oriented.
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Classical knot theory (classical linking)

PR

Figure: The Hopf link Figure: The Solomon link
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Classical knot theory (classical linking)

PR

Figure: The Hopf link Figure: The Solomon link

The linking number of an oriented link with two components is the
number of times one of the components turns around the other
component (the sign indicating the direction).
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Classical knot theory (classical linking)

PR

Figure: The Hopf link Figure: The Solomon link

The linking number of an oriented link with two components is the
number of times one of the components turns around the other
component (the sign indicating the direction).

The linking number is a complete invariant of oriented links with two
components for link homotopy (i.e. L = K; U K> and L' = K] Ul K} are link
homotopic if and only if they have the same linking number).

Clémentine Lemarié--Rieusset Motivic knot theory 15 September 2023 5/48



Classical knot theory (classical linking)

Defining the linking number: Seifert surfaces
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Classical knot theory (classical linking)

Defining the linking number: Seifert surfaces

The class Sy in HY(S3\ L) ~ HBM(S3, L) of Seifert surfaces of the oriented
knot K is the unique class that is sent by the boundary map to the
(oriented) fundamental class of K7 in HO(K7) C HO(L).
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Classical knot theory (classical linking)

Defining the linking number: intersection of S. surfaces
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Classical knot theory (classical linking)

Defining the linking number: intersection of S. surfaces

This corresponds to the cup-product S; U S, € H?(S3\ L).
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Classical knot theory (classical linking)

Defining the linking number: boundary of int. of S. surf.
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Classical knot theory (classical linking)

Defining the linking number: boundary of int. of S. surf.

This corresponds to 9(S; U S,) € HY(L) ~ HY(K1) @ HY(K>), which we
call the linking class.
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Classical knot theory (classical linking)

The linking number

The linking number

The linking number of L is the image of the part of the linking class which
is in H1(K1) by the composite of the morphism i, : HX(L) — H3(S3)
induced by the inclusion i : L — S* and of the “right-hand rule”

r: H3(S3) — Z.
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Classical knot theory (classical linking)

The linking number

The linking number

The linking number of L is the image of the part of the linking class which
is in H1(K1) by the composite of the morphism i, : HX(L) — H3(S3)
induced by the inclusion i : L — S* and of the “right-hand rule”

r: H3(S3) — Z.

The linking number does not depend on the order of the components of
the oriented link, unlike the linking class.
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Classical knot theory (classical linking)

The linking couple

The linking couple

The linking couple is the image of the linking class by the isomorphism
h1 @ hy : HY(K1) @ HY(K2) — Z @® Z which is induced by the volume
forms wy, of K1 and wg, of Ka.
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Classical knot theory (classical linking)

The linking couple

The linking couple

The linking couple is the image of the linking class by the isomorphism
h1 @ hy : HY(K1) @ HY(K2) — Z @® Z which is induced by the volume
forms wy, of K1 and wg, of Ka.

The linking couple is equal to (£n, =n) with n the linking number.
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Oriented links in algebraic geometry: first setting

Recall that for all n > 1, S” has the same homotopy type as R"T1\ {0}.
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Recall that for all n > 1, S” has the same homotopy type as R"T1\ {0}.
Let F be a perfect field (i.e. F is of characteristic 0, or F is of char. p and
every element of F is a p-th power).
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Oriented links in algebraic geometry: first setting

Recall that for all n > 1, S” has the same homotopy type as R"T1\ {0}.
Let F be a perfect field (i.e. F is of characteristic 0, or F is of char. p and
every element of F is a p-th power).

Link with two components

A link with two components of type (AZ \ {0}, A%\ {0},A%\ {0}) is a
couple of closed immersions ; : AZ \ {0} — A} \ {0} with disjoint images
Z; (where i € {1,2}). The morphisms 1, ¢ are called parametrisations
of Z1, Z> respectively.
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Oriented links in algebraic geometry: first setting

Recall that for all n > 1, S” has the same homotopy type as R"T1\ {0}.
Let F be a perfect field (i.e. F is of characteristic 0, or F is of char. p and
every element of F is a p-th power).

Link with two components

A link with two components of type (AZ \ {0}, A%\ {0},A%\ {0}) is a
couple of closed immersions ; : AZ \ {0} — A} \ {0} with disjoint images
Z; (where i € {1,2}). The morphisms 1, ¢ are called parametrisations
of Z1, Z> respectively.

| A

Oriented link with two components

An oriented link with two components of type

(AZ\ {0},AZ\ {0},A% \ {0}) is a link with two components

(p1: A2\ {0} = Z1, 02 : AZ\ {0} — Z,) together with an orientation
class 01 of Z; and an orientation class 0> of Z5.

A
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Oriented links in algebraic geometry: first setting

Orientations

An orientation o; of Z; is an isomorphism from the determinant (i.e. the

maximal exterior power) of the normal sheaf Nz 44,0y of Z; in A%\ {0}
to the tensor product of an invertible Oz-module £; with itself:

Oj 1 Vz = det(NZ,‘/A[;;—\{O}) ~Li®L;
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Oriented links in algebraic geometry: first setting

Orientations

An orientation o; of Z; is an isomorphism from the determinant (i.e. the
maximal exterior power) of the normal sheaf Nz 44,0y of Z; in A%\ {0}
to the tensor product of an invertible Oz-module £; with itself:

Oj 1 Vz = det(NZ,-/A‘,‘:\{O}) ~Li®L;

More concretely

In our examples, an orientation of a knot will be given by the choice of a
first polynomial equation f and a second polynomial equation g such that
the knot corresponds to {f =0, g = 0}.
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Oriented links in algebraic geometry: first setting

Orientation classes

Two orientations o; : vz, — L; ® Lj and o/ : vz, — L ® L of Z; represent
the same orientation class of Z; if there exists an isomorphism 1 : £; ~ L'
such that (¢ ® ¢) 0 0; = ol
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Oriented links in algebraic geometry: first setting

Orientation classes
Two orientations o; : vz, — L; ® Lj and o/ : vz, — L ® L of Z; represent
the same orientation class of Z; if there exists an isomorphism 1 : £; ~ L'
such that (¢ ® ¢) 0 0; = ol

| \

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)* ={a€ F* |3b € F*,a= b?}).

4
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Oriented links in algebraic geometry: first setting

Orientation classes
Two orientations o; : vz, — L; ® Lj and o/ : vz, — L ® L of Z; represent
the same orientation class of Z; if there exists an isomorphism 1 : £; ~ L'
such that (¢ ® ¢) 0 0; = ol

| \

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)* ={a€ F* |3b € F*,a= b?}).

4

If F =R then F*/(F*)? has two elements.
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Oriented links in algebraic geometry: first setting

Orientation classes

Two orientations o; : vz, — L; ® Lj and o/ : vz, — L ® L of Z; represent
the same orientation class of Z; if there exists an isomorphism 1 : £; ~ L'
such that (¢ ® ¢) 0 0; = ol

| \

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)* ={a€ F* |3b € F*,a= b?}).

4

If F =R then F*/(F*)? has two elements.
If F = C then F*/(F*)? has one element.
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Oriented links in algebraic geometry: first setting

Orientation classes

Two orientations o; : vz, — L; ® Lj and o/ : vz, — L ® L of Z; represent
the same orientation class of Z; if there exists an isomorphism 1 : £; ~ L'
such that (¢ ® ¢) 0 0; = ol

| \

Proposition

The orientation classes of Z; are parametrized by the elements of
F*/(F*)? (where (F*)* ={a€ F* |3b € F*,a= b?}).

4

If F =R then F*/(F*)? has two elements.
If F = C then F*/(F*)? has one element.

If F = Q then F*/(F*)? has infinitely many elements (the classes of the
integers without square factors).
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Oriented links in algebraic geometry: first setting

The Hopf link in algebraic geometry

We fix coordinates x, y, z, t for A‘f: and u, v for A% once and for all.

@ The image of the Hopf link:

{x=0,y =0 U{z=0,t =0} c A} \ {0}
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Oriented links in algebraic geometry: first setting

The Hopf link in algebraic geometry

We fix coordinates x, y, z, t for A‘f: and u, v for A% once and for all.

@ The image of the Hopf link:

{x=0,y =0 U{z=0,t =0} c A} \ {0}

@ The parametrisation of the Hopf link:

®1 - (X,y,Z, t) A (0707 u, V)aQD2 : (X>)/7Z> t) A (U, V,0,0)
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Oriented links in algebraic geometry: first setting

The Hopf link in algebraic geometry

We fix coordinates x, y, z, t for A‘f: and u, v for A% once and for all.

@ The image of the Hopf link:

{x=0,y =0 U{z=0,t =0} c A} \ {0}

@ The parametrisation of the Hopf link:

®1 - (X,y,Z, t) A (0707 u, V)aQD2 : (X>)/7Z> t) A (U, V,0,0)

@ The orientation of the Hopf link:

o XAV =110 At »1®1
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Oriented links in algebraic geometry: first setting

A variant of the Hopf link

@ The image is the same as the image of the Hopf link:

{x=y,y=0}U{z=0,at =0} C A} \ {0} with a € F*
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Oriented links in algebraic geometry: first setting

A variant of the Hopf link

@ The image is the same as the image of the Hopf link:

{x=y,y=0}U{z=0,at =0} C A} \ {0} with a € F*

@ The parametrisation is the same:

o1 (x,y,z,t) <> (0,0,u,v), 92 : (x,y,2,t) <> (u,v,0,0)
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Oriented links in algebraic geometry: first setting

A variant of the Hopf link

@ The image is the same as the image of the Hopf link:

{x=y,y=0}U{z=0,at =0} C A} \ {0} with a € F*

@ The parametrisation is the same:

o1 (x,y,z,t) <> (0,0,u,v), 92 : (x,y,2,t) <> (u,v,0,0)

@ The orientation is different:

O:X—yY Ay =»1l®l,op:Z"Nat' = 1®1
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Quadratic intersection theory
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© Quadratic intersection theory
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Quadratic intersection theory

Notations

@ The generators of the Milnor-Witt K-theory Z-graded ring of a field
F are denoted [a] € KMW(F) for every a € F* and n € KMWV(F).
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Quadratic intersection theory

Notations

@ The generators of the Milnor-Witt K-theory Z-graded ring of a field
F are denoted [a] € KMW(F) for every a € F* and n € KMWV(F).

o We denote (a) := n[a] + 1 € KMW(F) for every a € F*.
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Quadratic intersection theory

Notations

@ The generators of the Milnor-Witt K-theory Z-graded ring of a field
F are denoted [a] € KMW(F) for every a € F* and n € KMWV(F).

o We denote (a) := n[a] + 1 € KMW(F) for every a € F*.

e We also denote by (a) the class of the symmetric bilinear form

{I(-_XxyI; : aiy in GW(F) (or, abusively, in W(F)). If the field F

is of characteristic # 2 then (a) is the class in GW(F) of the

= F(or, abusively, in W(F)).

. F
quadratic form
X = ax
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Milnor-Witt K-theory and quadratic forms

o The ring KW (F) is isomorphic to the Grothendieck-Witt ring
GW(F) of the field F via (a) € KMW(F) «+ (a) € GW(F).
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Milnor-Witt K-theory and quadratic forms

o The ring KW (F) is isomorphic to the Grothendieck-Witt ring
GW(F) of the field F via (a) € KMW(F) «+ (a) € GW(F).

e For all n < 0, the abelian group KMW(F) is isomorphic to the Witt
group W(F) of the field F via (a)n™" € KMW(F)  (a) € W(F).

Clémentine Lemarié--Rieusset Motivic knot theory 15 September 2023 19 /48



Quadratic intersection theory

The singular complex and the Rost-Schmid complex

Classical algebraic topology

Each topological space X has a singular cochain complex:

C'(X) CHYX) —— ...
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Quadratic intersection theory

The singular complex and the Rost-Schmid complex

Classical algebraic topology

Each topological space X has a singular cochain complex:

C'(X) CHYX) —— ...

Motivic algebraic topology

Each smooth F-scheme X has a Rost-Schmid complex for each integer
J € Z and invertible Ox-module L:

B exi KW (5(p)) @zi(py) Zl(vp @ L1p) \ {0}]

|

B yexin KM 1(k(9)) @zpn(q)] Zl(vg © Lig) \ {0} — ...

v
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The singular cohomology ring and the Rost-Schmid ring

Classical algebraic topology

The i-th cohomology group H'(X) of X is the i-th cohomology group of
the singular cochain complex of X.
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Quadratic intersection theory

The singular cohomology ring and the Rost-Schmid ring

Classical algebraic topology

The i-th cohomology group H'(X) of X is the i-th cohomology group of
the singular cochain complex of X. The cup-product
HI(X) x H(X) = H™*"(X) makes @;cy, H'(X) into a graded ring.
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The singular cohomology ring and the Rost-Schmid ring

Classical algebraic topology

The i-th cohomology group H'(X) of X is the i-th cohomology group of
the singular cochain complex of X. The cup-product
HI(X) x H(X) = H™*"(X) makes @;cy, H'(X) into a graded ring.

Motivic algebraic topology

The i-th Rost-Schmid group H'(X, K}"{L}) of X with respect to j and
L is the i-th cohomology group of the Rost-Schmid complex of X w.r.t. j
and £. We denote H'(X, K}'™) := H/(X, K™ {Ox}).
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The singular cohomology ring and the Rost-Schmid ring

Classical algebraic topology

The i-th cohomology group H'(X) of X is the i-th cohomology group of
the smgular cochain complex of X. The cup-product

HI(X) x H"(X) — H™"(X) makes @, ‘€N H'(X) into a graded ring.

Motivic algebraic topology

The i-th Rost-Schmid group H'(X, K}"{L}) of X with respect to j and
L is the i-th cohomology group of the Rost-Schmid complex of X w.r.t. j
and £. We denote H'(X, Ki") := H(X, KJMW{OX}) The intersection
product H'(X, K"{L}) x H' (X, KMW{L'}) — H* (X, KWL & £'})
makes €P; ; - H"(X,KJMW{E}) into a graded K}V (F)-algebra.
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Quadratic intersection theory

Classical algebraic topology

Let (Z,i,X,j, U) be a boundary triple. We have the following long exact
sequence (where O is the boundary map):
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Quadratic intersection theory

Classical algebraic topology

Let (Z,i,X,j, U) be a boundary triple. We have the following long exact
sequence (where O is the boundary map):

..—= H"(2) LI H”*dX’dZ(X) L, H"*dX*dZ(U) 9 H"H(Z) L

v

Motivic algebraic topology

Let (Z,i,X,j, U) be a boundary triple. We have the localization long
exact sequence (where 0 is the boundary map):

e

H™(Z, KW {uz}) — s Hrbedz(x kMW, ) T o

*>Hn+dx dZ(U Km+d)< dz)—a>Hn+1(ZvﬁmW{VZ})—>' .

v
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Quadratic intersection theory

Classical algebraic topology

Let n > 2 and / > 0 be integers. The singular cohomology group
Z ifi=0
H'(S"™1) is isomorphic to { Z if i=n—1.

0 otherwise
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Quadratic intersection theory

Classical algebraic topology

Let n > 2 and / > 0 be integers. The singular cohomology group
Z ifi=0
H'(S"™1) is isomorphic to { Z if i=n—1.

0 otherwise

v

Let n>2,i > 0,j € Z be integers. The Rost-Schmid group
KMV(F) ifi=0
HI(AR\ {0}, KI™) is isomorphic to ¢ KMW(F) if i=n—1.

0 otherwise
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Quadratic intersection theory

Classical algebraic topology

Let n > 2 and / > 0 be integers. The singular cohomology group
Z ifi=0
H'(S"™1) is isomorphic to { Z if i=n—1.

0 otherwise

v

Motivic algebraic topology

Let n>2,i > 0,j € Z be integers. The Rost-Schmid group
KMV(F) ifi=0
HI(AR\ {0}, KI™) is isomorphic to ¢ KMW(F) if i=n—1.

0 otherwise

In particular, H*(AZ \ {0}, K{™) ~ KMWY(F) ~ W(F) and
H3 (A% {0}, KMW) ~ KMWV(F) ~ W(F). These iso. are not canonical.
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Motivic knot theory (motivic linking)
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

Notations

@ Let L = Ki U K3 be an oriented link with two comp. (in knot theory).

o Let .Z be an oriented link with two components of type
(A2 \ {0},AZ\ {0},A% \ {0}) (in motivic knot theory), i.e. a couple
of closed immersions ¢; : AZ \ {0} — A% \ {0} with disjoint images
Z;, together with orientation classes ¢; (with i € {1,2}).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

Notations

@ Let L = Ki U K3 be an oriented link with two comp. (in knot theory).

o Let .Z be an oriented link with two components of type
(A2 \ {0},AZ\ {0},A% \ {0}) (in motivic knot theory), i.e. a couple
of closed immersions ¢; : AZ \ {0} — A% \ {0} with disjoint images
Z;, together with orientation classes o; (with i € {1,2}).

e We denote vz, := det(NZ,-/A‘;\{o}) (with i € {1,2}).

@ We denote Z := Z; LU Z, and vy := det(NZ/A‘}\{O})-
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

Oriented fundamental classes and Seifert classes

Let i € {1,2}.

The class S; in H1(S3\ L) of Seifert surfaces of the oriented knot K; is the
unique class that is sent by the boundary map to the (oriented)
fundamental class of K; in HO(K;) c HO(L).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

Oriented fundamental classes and Seifert classes

Let i € {1,2}.

The class S; in H1(S3\ L) of Seifert surfaces of the oriented knot K; is the
unique class that is sent by the boundary map to the (oriented)
fundamental class of K; in HO(K;) c HO(L).

Motivic knot theory

We define the oriented fundamental class [o;] as the unique class in
HO(Z;, KMV {1z 1) that is sent by &; to the class of 7 in HO(Z;, KM]V),
then we define the Seifert class S; as the unique class in H1(X \ Z, K}¥'W)
that is sent by the boundary map 0 to the oriented fundamental class

[o]] € H(Z, K"Y"{vz}).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The quadratic linking class

The linking class of L is the image of the cup-product
S1USy € H3(S3\ L) by the boundary map 9 : H2(S3\ L) — H(L).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The quadratic linking class

The linking class of L is the image of the cup-product
S1USy € H3(S3\ L) by the boundary map 9 : H2(S3\ L) — H(L).

Motivic knot theory

We define the quadratic linking class of .# as the image of the intersection
product Sy -S> € H*(X \ Z, KYW) by the boundary map
9 HA(X\ Z,KYW) — H(Z, KW {vz}).

A
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The ambient quadratic linking degree

Knot theory: the linking number

The linking number of the oriented link L = K; U K3 is the image of the
part of the linking class of L which is in H'(K3) by the composite of the
morphism (i1). : H(K1) — H3(S3) which is induced by the inclusion

it : K1 — S3 and of the isomorphism r : H3(S%) — Z which corresponds to
the “right-hand rule”.

Clémentine Lemarié--Rieusset Motivic knot theory 15 September 2023 28 /48



Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The ambient quadratic linking degree

Knot theory: the linking number

The linking number of the oriented link L = K; U K3 is the image of the
part of the linking class of L which is in H'(K3) by the composite of the
morphism (i1). : H(K1) — H3(S3) which is induced by the inclusion

it : K1 — S3 and of the isomorphism r : H3(S%) — Z which corresponds to
the “right-hand rule”.

Motivic knot theory: the ambient quadratic linking degree

We define the ambient quadratic linking degree as the image of the part of
the quadratic linking class which lives over Z; by the composite of the
morphism (i1). : HY(Z1, K§"W{vz}) — H3(A%\ {0}, KX") induced by
the inclusion i1 : Z; — A%} \ {0} and of an isomorphism between

H3(A%\ {0}, KW and W(F) which has been fixed once and for all
(thanks to the coordinates x, y, z, t).
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The quadratic linking degree couple

The linking couple

The linking couple is the image of the linking class by the isomorphism
h1 @ hy : HY(K1) @ HY(K>) — Z & Z which is induced by the volume
forms wg, of K1 and wg, of Ka.
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The quadratic linking degree couple

The linking couple

The linking couple is the image of the linking class by the isomorphism
h1 @ hy : HY(K1) @ HY(K>) — Z & Z which is induced by the volume
forms wg, of K1 and wg, of Ka.

Motivic knot theory

We define the quadratic linking degree couple of .Z as the image of the
quadratic linking class of .Z by the isomorphism

HY(Z, Ky {vz}) = HY(Z, Kg™) —

HY (AR \ {0}, K§'™) @ H (AR \ {0}, K§"™) — W(F) ® W(F).

This isomorphism between H'(AZ \ {0}, K§'") and W(F) has been fixed
once and for all (thanks to the coordinates u, v).
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The Hopf link

Recall that we fixed coordinates x, y, z, t for A‘}: and u, v for AzF.

@ The image of the Hopf link:
{x=0,y=0}U{z=0,t =0} c A} \ {0}
@ The parametrisation of the Hopf link:
01 (x,y,z,t) < (0,0,u,v), 92 : (x,y,2,t) <> (u,v,0,0)
@ The orientation of the Hopf link:

o XAy =1l Z"ANt =1
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The (amb.) quadratic linking degree (cpl.) of the Hopf link

Or. fund. cl. N (X* ANy*) \ ne(z"ANTt)
Seifert cl. (x) @y* \ (Z)®t

Apply int. prod. (xz) @ (" Ny*)

Quad. lk. class —(Z2@(EAXAY) @ (XY AZAL)
Apply (i1)s —(Z)n® (" AX"AYY)

Apply O (X AYAZAT)

Amb. qid. “1

Quad. lk. class —(Zm@(TAXAY) @& ne(*AZATL)
Apply 01 @ 02 —(zinet ® (x)n®y*
Apply ©1 & ¢3 —(un®v* ® (U@ v*
Apply 0 ® 0 —n? ® (T* A V) ® n”? @ (T* A V¥)
Qld. couple -1 &) 1

Clémentine Lemarié--Rieusset Motivic knot theory 15 September 2023 31/48



Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

A variant of the Hopf link

@ The image is the same as the Hopf link's image:
{x=y,y=0}U{z=0,axt=0}C A} \ {0} with a € F*
@ The parametrisation is the same:
01 (x,y,z,t) < (0,0,u,v), 02 : (x,y,2,t) <> (u,v,0,0)
@ The orientation is different:

o:X—yY Ay = 1lo:zZ"Nat' — 1
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The quadratic linking degree of a variant of the Hopf link

o] =n@x—y" Ay =[of] [o§]=nz" A3t = (a)[0)'"]

. x—y\ (1 -1\ [(x . z\ (1 0\ /z
since y = 0 1 y since at) = 0 a "
s =87 S5 = (2)87""

S{ar . Sé/ar — <a>8{-lopf 'S;Opf
var vary __ Hopf Hopf
Sy - 837) = (a)0(5, - S7)

The ambient quadratic linking degree of the variant is —(a).
The quadratic linking degree couple of the variant is (—(a), 1).
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Another Hopf link

From now on, F is a perfect field of characteristic different from 2. Recall

that we fixed coordinates x, y, z, t for A} and u, v for AZ.
@ The image is different from the Hopf link we saw before:

{z=xt=y}u{z=—xt=—y} CAE\ {0}

z—x,y =t—y, Z =z+x,
0}u{z' =0,t' =0} C AF\ {0}.

But the change of coordinates x’
t' = t+ y would give {x' =0,y’

15 September 2023 34 /48
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Another Hopf link

From now on, F is a perfect field of characteristic different from 2. Recall
that we fixed coordinates x, y, z, t for A} and u, v for AZ.
@ The image is different from the Hopf link we saw before:

{z=xt=y}u{z=—xt=—y} CAE\ {0}

z—x,y =t—y, Z =z+x,
0}u{z' =0,t' =0} C AF\ {0}.

But the change of coordinates x’
t' = t+ y would give {x' =0,y’

@ The parametrisation is o1 : (x,y,z,t) > (u,v,u,v) and
w2 (x,y,2,t) < (u,v,—u,—v).

15 September 2023 34 /48
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Another Hopf link

From now on, F is a perfect field of characteristic different from 2. Recall
that we fixed coordinates x, y, z, t for A} and u, v for AZ.
@ The image is different from the Hopf link we saw before:

{z=xt=y}u{z=—xt=—y} CAE\ {0}

=z—-x,y=t—y Z=2z+x,

But the change of coordinates x’
=0}u{z'=0,t' =0} Cc A} \ {0}.

t' = t+ y would give {x' =0,y’
@ The parametrisation is o1 : (x,y,z,t) > (u,v,u,v) and
w2 (x,y,2,t) < (u,v,—u,—v).
@ The orientation is the following:

0z xANt—y' =wlo:ztx Attty —1

15 September 2023 34 /48
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@ This Hopf link is an analogue of the Hopf link in knot theory! In knot
theory, the Hopf link is given by {z=x,t =y} U{z=—x,t = —y}
in S2 = {(x,y,z,t) € R* x> 4+ y2 + 22 + t? = £2} for ¢ small enough
and has linking number 1.
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

@ This Hopf link is an analogue of the Hopf link in knot theory! In knot
theory, the Hopf link is given by {z=x,t =y} U{z=—x,t = —y}
in S2 = {(x,y,z,t) € R* x> 4+ y2 + 22 + t? = £2} for ¢ small enough
and has linking number 1.

@ Its ambient quadratic linking degree is —1 € W(F).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

@ This Hopf link is an analogue of the Hopf link in knot theory! In knot
theory, the Hopf link is given by {z=x,t =y} U{z=—x,t = —y}
in S2 = {(x,y,2z,t) € R* x% + y2 + 7% + t? = £2} for & small enough
and has linking number 1.

@ Its ambient quadratic linking degree is —1 € W(F).

@ If we change its orientations and its parametrisations then we get as
ambient quadratic linking degree (a) € W(F) for some a € F*.
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

@ This Hopf link is an analogue of the Hopf link in knot theory! In knot
theory, the Hopf link is given by {z=x,t =y} U{z=—x,t = —y}
in S2 = {(x,y,2z,t) € R* x% + y2 + 7% + t? = £2} for & small enough
and has linking number 1.

@ Its ambient quadratic linking degree is —1 € W(F).

@ If we change its orientations and its parametrisations then we get as
ambient quadratic linking degree (a) € W(F) for some a € F*.

@ Its quadratic linking degree couple is (1,—1) € W(F) & W(F).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

@ This Hopf link is an analogue of the Hopf link in knot theory! In knot
theory, the Hopf link is given by {z=x,t =y} U{z=—x,t = —y}
in S2 = {(x,y,2z,t) € R* x% + y2 + 7% + t? = £2} for & small enough
and has linking number 1.

@ Its ambient quadratic linking degree is —1 € W(F).

@ If we change its orientations and its parametrisations then we get as
ambient quadratic linking degree (a) € W(F) for some a € F*.

@ Its quadratic linking degree couple is (1,—1) € W(F) & W(F).

@ If we change its orientations and its parametrisations then we get as
quadratic linking degree couple ({b), (c)) € W(F) & W(F) for some
b,c € F*.
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The Solomon link

@ In knot theory, the Solomon link is given by {z = x?> — y?, t = 2xy}LI
{z=—-x?>4+y% t=—2xy} in S for & small enough and has linking
number 2.
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The Solomon link

@ In knot theory, the Solomon link is given by {z = x?> — y?, t = 2xy}LI
{z=—-x?>4+y% t=—2xy} in S for & small enough and has linking
number 2.

@ In motivic knot theory, we define the image of the Solomon link as:
{z=xX* -y t=2y}U{z=—-x*+y* t=-2xy} CAE\{0}

e The parametrisation is ¢1 : (x,y, z, t) <+ (u, v, u?> — v?,2uv) and
021 (x,y,2,t) < (u, v, —u? +v2, —2uv).
@ The orientation is the following:

02— X2+ Yy ANt—2xy > Lo z+x2—y2 At+2xy 1
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The Solomon link

@ Its ambient quadratic linking degree is (—1) + (—1) = —2 € W(F).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The Solomon link

@ Its ambient quadratic linking degree is (—1) + (—1) = —2 € W(F).

e If we change its orientations and its parametrisations then we get
(a) + (a) € W(F) with a € F*.
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The Solomon link

@ Its ambient quadratic linking degree is (—1) + (—1) = —2 € W(F).
e If we change its orientations and its parametrisations then we get
(a) + (a) € W(F) with a € F*.
@ lts quadratic linking degree couple is
(1) + (1), (=1) + (=1)) = (2, =2) e W(F) @ W(F).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The Solomon link

@ Its ambient quadratic linking degree is (—1) + (—1) = —2 € W(F).

e If we change its orientations and its parametrisations then we get
(a) + (a) € W(F) with a € F*.

@ lts quadratic linking degree couple is
(1) + (1), (=1) + (=1)) = (2, =2) e W(F) @ W(F).

@ If we change its orientations and its parametrisations then we get
((b) + (b), (c) + (c)) € W(F) & W(F) with b,c € F*.
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The Solomon link

@ Its ambient quadratic linking degree is (—1) + (—1) = —2 € W(F).

e If we change its orientations and its parametrisations then we get
(a) + (a) € W(F) with a € F*.

@ lts quadratic linking degree couple is
(1) + (1), (=1) + (=1)) = (2, =2) e W(F) @ W(F).

@ If we change its orientations and its parametrisations then we get
((b) + (b), (c) + (c)) € W(F) & W(F) with b,c € F*.

@ We want invariants of the quadratic linking degree!
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Changing orientations and parametrisations

Proposition (Prop. 5.11 p.120, Prop. 5.18 p.128 and Prop. 5.20 p.129)

Let . be an oriented link with two components of ambient quadratic
linking degree ae € W(F) and of quadratic linking degree couple

(B,7) € W(F) @ W(F). If £ is obtained from .# by changing
orientations and parametrisations then the ambient quadratic linking
degree of ¢’ is equal to (a)a for some a € F* and the quadratic linking
degree couple of ¢ is equal to ((b)3, (c)~y) for some b, c € F*.
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The absolute value of an element of W(R) ~ Z is invariant by
multiplication by (a) for all a € R*. This gives an invariant of the gld.
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The absolute value of an element of W(R) ~ Z is invariant by
multiplication by (a) for all a € R*. This gives an invariant of the gld.

General case

The rank modulo 2 of an element of W(F) is invariant by multiplication by
(a) for all a € F*. This gives an invariant of the quadratic linking degree.
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The absolute value of an element of W(R) ~ Z is invariant by
multiplication by (a) for all a € R*. This gives an invariant of the gld.

General case

The rank modulo 2 of an element of W(F) is invariant by multiplication by
(a) for all a € F*. This gives an invariant of the quadratic linking degree.

v

General case (see Lemma-Def. 5.27 p.136 and Thm 5.28 p.138)

WG = e n
e Xy: ;<3i> s 1<§<n<aiaj> (if n < 2, it sends ;<a;> to 0)
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The absolute value of an element of W(R) ~ Z is invariant by
multiplication by (a) for all a € R*. This gives an invariant of the gld.

General case

The rank modulo 2 of an element of W(F) is invariant by multiplication by
(a) for all a € F*. This gives an invariant of the quadratic linking degree.

v

General case (see Lemma-Def. 5.27 p.136 and Thm 5.28 p.138)
W(F) —  W(F)/(1) n
@ 3,: Z<a'> s Z (3i3}) (if n < 2, it sends Z(a,-> to 0)
i idj

p — i=1
i=1 1<i<j<n

o Tr((a) >-fs(ai) = Zl§i<j§n<a2aiaj> =3 (a)
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

The absolute value of an element of W(R) ~ Z is invariant by
multiplication by (a) for all a € R*. This gives an invariant of the gld.

General case

The rank modulo 2 of an element of W(F) is invariant by multiplication by
(a) for all a € F*. This gives an invariant of the quadratic linking degree.

v

General case (see Lemma-Def. 5.27 p.136 and Thm 5.28 p.138)
WG = e n
@ 3,: Z<a'> s Z (3i3}) (if n < 2, it sends Z(a,-> to 0)
i idj

1
i=1 1<i<j<n :

o Tr((a) >-fs(ai) = Zl§i<j§n<a2aiaj> =3 (a)

@ This gives an invariant of the quadratic linking degree.
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Binary links (which show that X, is interesting)

Here, F is a perfect field of characteristic different from 2 and a € F*.

@ The image of the binary link B; is:
{h=0,g=0}U{Hh=0g=0}CAr\{0}

with i =t — ((1+a)x —y)y, g1 =z — x(x — y),
h=t+((1+a)x—y)y, &=z+x(x—y).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants
Binary links (which show that X, is interesting)

Here, F is a perfect field of characteristic different from 2 and a € F*.

@ The image of the binary link B; is:
{h=0,g=0}U{Hh=0g=0}CAr\{0}

with i=t—((1+a)x—y)y, g1 =z—x(x—y),
h=t+(1+a)x—y)y, g =z+x(x—y).
@ The parametrisation of the binary link B; is:

01 (x,y,z,t) <> (u,v,u(u—v),(1+ a)u — v)v)

w2 (x,y,2,t) < (u,v,—u(u—v),—((1 + a)u — v)v)

@ The orientation of the binary link B, is:
o1 h AgT 1o h AB =1
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@ The ambient quadratic linking degree of the binary link B, is equal to
—(1+ (a)) and its quadratic linking degree couple is equal to

(1+(a), =(1 +(a)))-
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

@ The ambient quadratic linking degree of the binary link B, is equal to
—(1+ (a)) and its quadratic linking degree couple is equal to

(1+(a), =(1 +(a)))-
° To(=(1+(a))) = 22(1+ (a)) = (a) € W(F)/(1).
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

@ The ambient quadratic linking degree of the binary link B, is equal to
—(1+ (a)) and its quadratic linking degree couple is equal to

(L+ (a), ~(1+ (a)).
o To(~(1+(2)) = To(1 4 {a) = (a) € W(F)/(1).
o In the case F = 0, W(Q) & W(R) & B pime W(Z/17) (vi

n

<5H pi) <5H pi) € W(R) & P(e H p;) € W(Z/piZ)) hence

i=1 i=1 i=1 ] =1
Jj#i
W(Q)/(l) = @r prime W(Z/I’Z)
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

@ The ambient quadratic linking degree of the binary link B, is equal to
—(1+ (a)) and its quadratic linking degree couple is equal to

(L+ (a), ~(1+ (a)).
o To(~(1+(2)) = To(1 4 {a) = (a) € W(F)/(1).
o In the case F = 0, W(Q) & W(R) & B pime W(Z/17) (vi

<5H pi) <5H pi) € W(R) & P(e H p;) € W(Z/piZ)) hence
i=1 i=1 i=1 .

j=1

JFi
W(Q)/(l) = @r prime W(Z/I’Z)

e If p # g are prime numbers then (p) € W(Q)/(1) corresponds to

1 € W(Z/pZ) C D, prime W(Z/rZ) and (q) € W(Q)/(1) corresponds
to 1€ W(Z/qZ) C @), yime W(Z/rZ) hence (p) # (q) in W(Q)/(1)
hence the invariant induced by Y, distinguishes between infinitely
many oriented links (the binary links B, with r ranging the prime
numbers).
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General case (see Lemma-Def. 5.27 p.136 and Thm 5.28 p.138)

wiF) - (W 1))/(x2(d))

deW(F

Z(a;> — Z (a;ajaka/>

i=1 1<i<j<k<I<n
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General case (see Lemma-Def. 5.27 p.136 and Thm 5.28 p.138)

weF) - U (W 1))/(x2(d))
oT.:d o deW(F

> (&) = Z (aiajayan)

i=1 1<i<j<k<I<n

o T4((a) doii(ai) = Zlgi<j<k<l§n<a4aiajakal> L3 (an))
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Motivic knot theory (motivic linking) The quadratic linking degree and its invariants

General case (see Lemma-Def. 5.27 p.136 and Thm 5.28 p.138)

weF) - U (W 1))/(x2(d))
oT.:d o deW(F

> (&) = Z (aiajayan)

i=1 1<i<j<k<I<n

o T4((a) doii(ai) = Zlgi<j<k<l§n<a4aiajakal> L3 (an))

@ This gives an invariant of the quadratic linking degree.
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General case (see Lemma-Def. 5.27 p.136 and Thm 5.28 p.138)

W(F) —  |J (W(F)/(1)/(Z2(d))
oTu:d n deW(F)

> (&) = > (agjaca)

i=1 1<i<j<k<I<n
o Ta((a) Xolii(an) = Yicicjekarcnlaaiajaan) = Ta(31, (i)
@ This gives an invariant of the quadratic linking degree.

@ Similarly, for all m € N, there is X5, which gives an invariant of the
quadratic linking degree.
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Motivic knot theory (motivic linking) Other settings for oriented links

Generalisation

@ The constructions we have presented can be done in a more general
context: Z1 LI Z>, C X where:

Clémentine Lemarié--Rieusset Motivic knot theory 15 September 2023 43 /48



Motivic knot theory (motivic linking) Other settings for oriented links

Generalisation

@ The constructions we have presented can be done in a more general
context: Z1 LI Z>, C X where:

@ X is an irreducible finite type smooth F-scheme of dimension dx;

Clémentine Lemarié--Rieusset Motivic knot theory 15 September 2023 43 /48



Motivic knot theory (motivic linking) Other settings for oriented links

Generalisation

@ The constructions we have presented can be done in a more general
context: Z1 LI Z>, C X where:
@ X is an irreducible finite type smooth F-scheme of dimension dx;

@ /1 and Z; are disjoint irreducible finite type smooth closed

F-subschemes of X of same dimension d; we denote by ¢ := dx — d
their codimension in X;
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Motivic knot theory (motivic linking) Other settings for oriented links

Generalisation

@ The constructions we have presented can be done in a more general
context: Z1 LI Z>, C X where:

@ X is an irreducible finite type smooth F-scheme of dimension dx;

@ /1 and Z; are disjoint irreducible finite type smooth closed
F-subschemes of X of same dimension d; we denote by ¢ := dx — d
their codimension in X;

o HH (X, KWy =0, H1(X, KMW) = 0, He(X, KMW.) = 0 and

I\/TV'(/I+C —J2+c —+c
H(X, K}, c) = 0 for some j1, j2 < 0.
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Generalisation

@ The constructions we have presented can be done in a more general
context: Z1 LI Z>, C X where:
@ X is an irreducible finite type smooth F-scheme of dimension dx;

@ /1 and Z; are disjoint irreducible finite type smooth closed
F-subschemes of X of same dimension d; we denote by ¢ := dx — d
their codimension in X;

o HH (X, KWy =0, H1(X, KMW) = 0, He(X, KMW.) = 0 and

I\/TV'(/I+C —J2+c —+c
H(X, K}, c) = 0 for some j1, j2 < 0.

@ Under these assumptions, we define an oriented fundamental class
[oi] € HO(Z,-,KJ'-\,_/'W{VZI.}) C HO(Z,KJ'-\I_/'W{VZ}) and a Seifert class
Si€ HH(X\ Z, KJWY) for each i € {1,2}, as well as a quadratic

linking class in Hc_l(Z,KJ'-\l/lX\;ﬁc{Vz})-
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@ What we have presented is the setting in which Z; ~ A2 \ {0} ~ 25,
X:AZ}_—\{O} andj1:—1 :_jg.
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X:AZ}_—\{O} andj1:—1 :_jg.

o In the case AZ \ {0} LU AZ\ {0} c A} \ {0}, if j1,/2 < O verify that
(j1,42) # (0,0) then the ambient quadratic linking degree is in W(F),
whereas if (j1,/2) = (0,0) then the ambient quadratic linking degree
is in GW(F).
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@ What we have presented is the setting in which Z; ~ A2 \ {0} ~ 25,
X:AZ}_—\{O} andj1:—1 :_jg.

o In the case AZ \ {0} LU AZ\ {0} c A} \ {0}, if j1,/2 < O verify that
(j1,42) # (0,0) then the ambient quadratic linking degree is in W(F),
whereas if (j1,/2) = (0,0) then the ambient quadratic linking degree
is in GW(F). The same is true for the case AT\ {0} L AT\ {0}
C AZ™2\ {0} with n > 1.

@ Another family of cases is P LIPE C IP’?_-”Jrl with n > 1 odd and
Ji,J2 < —2. The ambient quadratic linking degree would be in W(F).

@ We took a particular interest in smooth models of motivic spheres.

e A smooth model of the motivic sphere S’ A Gplis a smooth
F-scheme which has the Al-homotopy type of S/ A G-
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Which closed immersions of smooth models of motivic spheres have
a quadratic linking class?
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Which closed immersions of smooth models of motivic spheres have
a quadratic linking class? The considered smooth models:

° A',Z-H \ {0} (which is a smooth model of S" A Gg("ﬂ))
@ Qopt1:=Spec(F[x1, .-\ Xnt1, V1, -- ,y,,H]/(E’_l xjyi — 1))

@ Q1 is a smooth model of S” A Galr )
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Which closed immersions of smooth models of motivic spheres have
a quadratic linking class? The considered smooth models:

° A',Z-H \ {0} (which is a smooth model of S" A Gg("ﬂ))

0 Qa1 = SPec(F[X1, -y Xnt1, Y1, - s Yor1]/ (D1 xiyi — 1))

@ Q1 is a smooth model of S” A Galr )

® Qon:=Spec(Fx1,...,Xn, Y1, ¥m 2]/ (Oor1 Xiyi — 2(1 + 2)))
@ @, is a smooth model of S" A G
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o A7\ {0} A2\ {0} — A2\ {0} with n > 2 (also ambient glc);
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o A7\ {0} A2\ {0} — A2\ {0} with n > 2 (also ambient glc);
o A\ {0} Q, — A2"\ {0} with n > 3;
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AN\ {0} WAL {0} — A27\ {0} with n > 2 (also ambient qlc);
AL\ {0} U Qr — AZ7\ {0} with n > 3;
AZ\ {0} U Q, — A%\ {0} (also ambient glc);

AL\ {0} U Qy — AT 101 with n > 3;

QU @ — A%\ {0} (also ambient glc);
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AN\ {0} WAL {0} — A27\ {0} with n > 2 (also ambient qlc);
AL\ {0} U Qr — AZ7\ {0} with n > 3;
AZ\ {0} U Q, — A%\ {0} (also ambient glc);

AL\ {0} U Qy — AT 101 with n > 3;

QU @ — A%\ {0} (also ambient glc);

Qn U @ — Agﬂng \ {0} with n > 3;
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o A7\ {0} A2\ {0} — A2\ {0} with n > 2 (also ambient glc);
o A\ {0} Q, — A2"\ {0} with n > 3;

o A2\ {0} L@ — A%\ {0} (also ambient qlc);

o AZ\ {0} Q, — AT 101 with n > 3;

o QU Q — A%\ {0} (also ambient glc);

o QUQ,— Agﬂng \ {0} with n > 3;

o Q,UQ,— Qn+LgJ+1 with n > 5.
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AN\ {0} WAL {0} — A27\ {0} with n > 2 (also ambient qlc);
AL\ {0} U Qr — AZ7\ {0} with n > 3;
AZ\ {0} U Q, — A%\ {0} (also ambient glc);

AL\ {0} U Qy — AT 101 with n > 3;

QU @ — A%\ {0} (also ambient glc);
°o QUQ,— Agﬂng \ {0} with n > 3;

o Q,UQ,— Qn+LgJ+1 with n > 5.

In the cases Q, U Q, — Qn+L§J+1 = X with n € {2,3,4}, the only
conditions which are not verified are the ones which are there to ensure

the existence of Seifert classes (HC(X7KJ'-\1/'XVC) =0 and HC(X,KJ'-\Q/'XY_.) =0).
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In these settings, the ambient quadratic linking degree is in W(F) or in
GW(F) and each component of the quadratic linking degree couple is
either in the zero group, in W(F), in GW(F) or in KMW(F).
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In these settings, the ambient quadratic linking degree is in W(F) or in
GW(F) and each component of the quadratic linking degree couple is
either in the zero group, in W(F), in GW(F) or in KMW(F).

In the case of GW(F), we have refinements of the invariants of the
quadratic linking degree we have presented:
@ In the case F =R, the underlying pair (GW(R) ~ Z & Z).

@ In the general case, the rank, and:

o 5 (> ean) = > (]I e ]] a) with k > 2 even,
i=1

1<h<-<ig<n 1<I<k  1<j<k
where X, : GW(F) — GW(F) (see Lemma-Def. 5.32 p.141 and Thm

5.33 p.142).
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Thank you for your attention!
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