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CHAPTER 1

INTRODUCTION

This thesis was carried out at the University of Le Mans under the supervision of
Laurent Denis and Alexandre Popier. During these three years I realized four works with
my two thesis directors about the backward stochastic differential equations and the
Malliavin calculus. In order of the realization it was:

e Continuity problem for BSDE and IPDE with singular terminal condition [20].
Published (2024) in Journal of Mathematical Analysis and Applications.

e Growth condition on the generator of BSDE with singular terminal value ensuring
continuity up to terminal time [21]. Published (2025) in Stochastic Processes and
their Applications.

e Malliavin derivative and sensitivity for optimal liquidation. Preprint (2025), sub-
mitted for publication in Stochastic Processes and their Applications.

e Malliavin calculus with respect to a Hawkes process and applications. Forthcoming

paper.

1.1 Backward stochastic differential equations

In this first part of the introduction we introduce the notions of backward stochastic
differential equations (BSDE in short) and the related results which are useful for the
next sections.

Backward stochastic differential equations were introduced in the early 1990s, notably
by Jean-Michel Bismut in [15] in the linear case and by Etienne Pardoux and Shige
Peng in [70] in the general case, as a tool for solving problems in stochastic control
and optimization and as an extension of the Feynman-Kac in non-linear case. Unlike
traditional forward stochastic differential equations, BSDEs evolve backward in time,
with their solution dependent on a terminal condition. This unique feature makes BSDEs
particularly useful in fields like financial mathematics, risk management, and optimal

stopping. Over the years, the theory of BSDEs has been developed and these equations
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Chapter 1 — Introduction

have become essential in various areas of mathematical finance, stochastic processes, and

optimal control.

1.1.1 BSDE driven by a Brownian motion

We consider a filtered space (2, F,P,F) with F = (F;):>¢ the filtration generated by
a d-Brownian motion W with d € N*.

Let fix a terminal time 7" € R, and we consider a terminal condition £ € L?(Fp, R¥)
with & € N*. According to the martingale representation theorem, we have a decomposi-

tion of the closed martingale
YV, =E[¢|F], 0<t<T.

Theorem 1.1.1. Let X a R*-random variable. If X € L*(Fr,R¥) then there exists a
5

unique R**?_yalued predictable process C such that E [fOT |Cs]2ds} ] < 400 and

T
X = E[X] +/ CydW.
0
Consequently

t
E[X | 7] = E[X] +/ CdW,, 0<t<T.
0
Corollary 1.1.2. There exists a unique R¥@-valued predictable process (Z;)o<i<r which
is (Fy)o<i<r-predictable such that

T
}Q:E[gm]:g—/t ZdW, 0<t<T,

what we write
dY, = ZdW,, 0<t<T
Yr = &

Remark 1.1.3. We note R¥*? the algebra of the matrices with k rows and d colums. Thus

Z AW makes sense as the matriz product between a matriz and a column vector.

This is the simplest example of backward stochastic differential equation (BSDE) with
terminal condition Yy = &. Thus we arrive at the definition of a BSDE and associated

solutions with their spaces.

10



1.1. Backward stochastic differential equations

Definition 1.1.4. A BSDFE is an equation

T T
Y, :5+/ f(s,Ys,ZS)ds—/ ZdW., 0<t<T, (1.1)
t t
or equivalently,
ay, = —f(t, Y, Z)dt+ Z, dW,, 0<t<T
Yr = ¢

where (Y, Z) is the unknown R? x R¥*9_valued process, f : 2 x [0, T] x R¥ x RF*d — RF

the driver (or generator) and & the terminal condition are the parameters.

Definition 1.1.5. We define the following spaces for p > 1.
o HP((0,7),RY) is the set of Ri-valued progressively measurable processes U such

that
T
l / U, [2ds
0

where | - | is the Euclidean norm on R?.

2
2

E < 400

o SP((0,T),R%) is the set of Ri-valued progressively measurable processes U with
continuous paths such that

E [ sup |Usl?| < +o0.

0<t<T

And also:

H>®((0,7),RY = () H*((0,T),R%), S>((0,T),R") = () SP((0,T),R?).

p>1 p>1

Definition 1.1.6. We say that a couple of processes (Y, Z) is solution of the BSDE (1.1)
i

o Y is a continuous (F;)o<i<r-adapted R*-valued process.

o 7 is a (Fi)o<i<r-predictable R¥-valued process with [y |Z,|*dt < +oo P-a.s.

e The couple (Y, Z) satisfies the equality (1.1) for any t € [0,T].

Remark 1.1.7. The (F;)o<i<r-adapted property is important. Indeed if we consider the

11



Chapter 1 — Introduction

null function f =0 then the BSDE

dY, = 0, 0<t<T

Yr = &
admits Y = £ as candidate solution but this process is not a (Fi)o<t<r-adapted solution if

£ ¢ Fo.

The classical assumptions we can do about the parameters (¢, f) are integrability of

¢ and Lipschitz property of f.

Assumption 1.
1. € € L*(Fr,RF): € is Fr-measurable and E[|£]?] < +o0.

2. For any y € R¥ and z € R**? the process f(-,y,2) is (Fi)o<i<T-progressively

measurable.

3. The driver f is uniformly Lipschitz continuous in (y, z) with a Lipschitz constant
K e R%:
Vw e Qte0,T),y,y € RF 2 2 € RF*?

\f(w,t,y,z) - f<w’t7y/72/)‘ < K(ly - y,’ + ’Z - Z,|)'

4. f%:= f(-,0,0) € H2((0,T),R¥): f° is R*-valued progressively measurable and

l/ I |2dt] [/[)Tlf(t,o,o)pdt

Before obtaining a general result of existence and uniqueness of a solution, we can

< +00.

obtain an explicit formula for the process Y if the driver f does not depend on (y, z) or
if the driver f is linear with respect to (y, z) (see Proposition 4.1.1 and Proposition 4.1.2
in [87]).

Proposition 1.1.8. Under Assumption 1 and if the driver f does not depend on (y, z):
f=f9 then the following BSDE

T T
n:g+/(@u-/ ZdW, 0<t<T,
t t

admits a unique solution (Y,Z) € H*((0,T),R*) x H%((0,T),R**). Moreover we have:

12



1.1. Backward stochastic differential equations

o Y € S2((0,T),R"):

< +00.

7.

Proposition 1.1.9. We consider the following BSDE in dimension k = 1

EFMWKP

0<t<T

e Foranyt € 0,77,
T
Yt:]E[er/ fuds
t

T T
Y;ﬁ = g + / (asyts + ZS/BS + fg)ds - / ZSdWsa
t t

with the unknown (Y, Z) with values in Rx R and the parameters o : Qx[0,T] — R, and
B:Qx[0,T] — RY where 8,7, is the product between a line vector and a column vector.
Under Assumption 1 and if the processes a and 3 are (Fy)o<i<r-progressively measurable
and bounded then this linear BSDE admits a unique solution (Y,Z) € S*((0,T),R) x
H?((0,T),RY) where the process Y is explicitly given by

T
Y, = I7'E [rTg + / T, f0ds
t

ft] . 0<t<T,

where I' is the adjoint process of this linear BSDE, that is the unique solution of the SDE
dl'y = Ty(audt + B dWy), 0<t<T
Iy =1

or equivalently,

t t 1
Ft:eXP</O Bdes+/() <Q5—2|65|2>d8>, OStST)

where BydWy is the product between between a line vector and a column vector.

Now we can study the general BSDE (1.1) to obtain the existence and the uniqueness of
the solution. Firstly we have an a priori estimate of a solution (Y, Z) for the appropriated
norm (see [87, Theorem 4.2.1]).

Proposition 1.1.10. Under Assumption 1 and if (Y, Z) is a solution of the BSDE (1.1)

13



Chapter 1 — Introduction

then'Y € S?((0,T),R*) and there exists a constant C' = C(T, K, k,d) € RY. such that

T T
E l sup |Yt|2+/O |Zt|2dt] < CE l|§]2+/0 yf£|2dt1.

0<t<T

Thanks to this result, we can obtain a control of the difference between two solutions

of the BSDE (see [87, Theorem 4.2.3]).

Corollary 1.1.11. If we have two sets of parameters (€', f1) and (&2, f?) which satisfy
Assumption 1, and (Y, Z1), (Y2 Z?) solutions of the BSDE (1.1) with the parameters

(€%, f1), (&2, f?), then
T
B |, v 112 22
0<t<T 0
T
<cmlle - P [y z) - e 2
0
Finally we get the desired theorem which is proven at the end of this section (see [87,
Theorem 4.3.1]).

Theorem 1.1.12. Under Assumption 1, the BSDE (1.1) admits a unique solution (Y, Z)
in S2((0,T), R¥)x H2((0,T), R¥*?) in the sense of Definition 1.1.6. The uniqueness means
that if (Y1, Z%), (Y2, Z2%) are two solutions in S?((0,T),R*) x H?((0,T), R¥*?) then

Y =Y? VvVtel0,T], P-a.s.,

Zl =27} dt x dP— a.s..

Moreover we can get a solution (Y, Z) in a space LP,p > 1 if the parameters (¢, f) are

also in a space LP (see [19]).

Proposition 1.1.13. Under Assumption 1 and if ¢ € LP(Fr,R*) and f° € HP((0,T),R")
for some p > 2, then the unique solution (Y,Z) satisfies (Y,Z) € SP((0,T),R¥) x
H?((0,T), R**) and we have the control

E

T 5 T p
sup 1+ ([ 1z7at) | < cm fiep+ ([ i) |
0<t<T 0 0

Remark 1.1.14. We also have the result for p € (1,2) but the proof is not the same. See
Theorem 1.1.17.

14



1.1. Backward stochastic differential equations

We can weaken the assumptions about the driver f to get a unique solution of the

BSDE: this is enough to assume f monotone with respect to y (see [19]).

Assumption 2.

1. The driver f: Q x [0,T] x R* x R¥*4 s progressively measurable in all variables.

2. The driver f is continuous and monotone with respect to y: there exists x € R such
that

Vt € [O7T]7y7yl € Rsz € Rkde <f(t,y,2) - f(tayla Z)vy - yl> S X|y - y/|2'
3. For any r € R,

sup |£(t,y.0) — £(£,0,0)] € L'(2 x (0,T), R).

ly|<r
4. The driver f is K-Lipschitz in z:
Ve [0,T),y € R¥ 2,2 € R**T |f(t,y,2) — f(t,y, )| < K|z — 2.

5. &€ LP(Fr,RF) for p > 1 : € is Fp-measurable and E[|£|P] < +o0.

6. fO= f(-,0,0) € HP((0,T),R¥): f° is R*-valued, progressively measurable and

P

([ 1)

The following lemma will be useful in the next parts. Indeed we will simplify our

E < 400.

reasoning with xy = 0.

Lemma 1.1.15. Without loss of generality, we can assume x = 0 in the previous as-

sumption.

Proof. We consider
(Y, Z) = (X", XTI Z) o<

15
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Thus, by It6 formula,

T T
eX(T—t)y; =¢ +/ (f(s,Ys, ZS)GX(T_S) _ Xysex(T—s))ds _/ ex(T—s)stWS
t

t

T _
:§+/( seXTSY5eXTSZ)aTs%—@fds—/ Z.dW,
t

T __ - T
:g_{_/ f(says,ZS)dS _/ ZSdWS) O S t S T’
t t

F(t.5.2) = f(t, e TG, e 02)eXT0 — g 1€ (0,7),7 € RY z € R,

who satisfies the other assertions of the previous assumptions and, for any ¢t € [0,7],7,7 €
R¥ and 7,7 € R¥*4,
<7(ta Y, §> - 7(t7 y/a E/)7 y— y,>
— <f(t, e—X(T_t)y7 e—X(T_t)g)e_X(T_t) _ f(t’ e~ x(T— t)y’ e~ (T_t)z’)e—X(T—t),y _ y’>_
Xy-7.7-7)
= (f(t,e —x(T—- t)y e (T—t)z) f(te —x(T— t)y e X(T—1)= ) je —x(T-t) _ yle—x(T—t)>
X[ -7
<Xy-¥I—xlg-7yV
=0.
Remark that we also have if the driver f is O-monotone and satisfies the other assertions

of the previous assumption then the driver f is y-monotone and satisfies the same other

assertions. O

Remark 1.1.16. For k = 1, f 0-monotone with respect to y is equivalent to f nonin-

creasing with respect to y.
We get with these assumptions the following theorem which is proved in [19].

Theorem 1.1.17. Under Assumption 2, there exists a unique solution to the BSDE (1.1)
(¥, Z) € $P((0,T), R¥) x HY((0,T), R*)

16



1.1. Backward stochastic differential equations

Example 1.1.18. In liquidation problems the following BSDE is present:
T T
Y, :5—/ Y5|Y5|q‘1ds—/ ZdW,, 0<t<T.
t t
Thus the driver is given by
fly) =—ylyl™", yeR,
which is not Lipschitz with respect to y but is O-monotone.

A useful result when we work with solutions of BSDE is the comparison theorem (see
[87, Theorem 4.4.1] and [19]).

Theorem 1.1.19. We consider two BSDFEs in dimension k = 1
T T
vi=¢ +/ (s, Y} Zh)ds —/ Zaw,, 0<t<T,
¢ ¢
T T
YE=¢ +/ f2(s, Y2 Z2)ds —/ Z2dW,, 0<t<T,
t ¢
with (&4, f1), (€2, f?) satisfying Assumption 1 or 2 and
61 < 52 P—as, VyeR,ze Rd,fl(',y,z) < f2(',y, z) dt x dP — a.s.

Then
YP<Y? 0<t<T, P-—as.

Remark 1.1.20. Instead of
Yy eR,ze R f1(-,y,2) < f2(-,y,2) dt x dP — a.s.
we can suppose the same inequality but evaluated along the process (Y2, Z?) or (Y1, ZY):
A Y%2%) < fA(LY3 2% dt x dP-a.s.

or

YL ZY < YL ZY  dt x dP-as.

In this case we get the same result.

17



Chapter 1 — Introduction

We conclude this first section by the proof of Theorem 1.1.12 to illustrate classic
arguments about the BSDE.

Proof of Theorem 1.1.12. We assume to simplify the reasonning that d = k = 1. Let
« € R% and |||, be the equivalent norm on H?((0,7),R) defined by:

T
1U|la =E V eat|Ut|2dt] . Ue€ H*(0,T),R).
0
Let (U,V) € (H%((0,T),R))? and the BSDE
T T
Y, =5+/ f(s,Us,Vs)ds—/ ZdW. 0<t<T.
t t

Thus this BSDE is like in Proposition 1.1.8: f(-,U,V) € H?*((0,T),R) because the pro-

cesses U and V are progressively measurable and

1FC U V) = Pl m + 1 lrqom
KUl z20,0)m) + IV 520000 ,2)) + 1 200 8)
E(|Ulla + IVlla + 11200,

+00.

£ U V) 20,0 m)

IN N IA

A

Thus there exists a unique solution (Y, Z) € (H*((0,T),R))? Moreover Y € S?((0,7T),R)
and, for any ¢ € [0, 7],

T
YtZE[er/t f(s,Us, Vs)ds

ft] |

Let (U, V") € (H?*((0,T),R))? and (Y’, Z') similarly defined from (U’,V’). We consider
AY =Y -Y', AZ=Z-7, AU=U-U, AV=V-V.

Then (AY, AZ) satisfies the BSDE

T T
AYi = [(J(5,Us Vo) = F(s, ULV)ds = [ AZuW,, 0<t<T.

CRE-]

18



1.1. Backward stochastic differential equations

Thus, according to the It6 formula,

T T T
0 = (AY)? +a / ¢ (AY;)2ds + 2 / ¢S AY,dAY, + / ¢ d(AY, AY),
t t t
T T
— CUAY;)? +a/ *(AY,)2ds — 2/ SN (f(s, U, Vi) — f(s, U, V!))ds
+2/ AV AZ AWV, +/ S(AZ,)2ds
i.e.
T
O (AY;)? +/ S(AZ,)2ds = / S QAY,(f(5,Us, Vi) — (5, U, V1)) — a(AY;)?)ds
t

RN

T
2 / S AY,AZ,dW,
t
with, as the function f is Lipschitz continuous,

2AY,(f(5,Us, Vo) = f(s, Ui, VY)) < 2K|AY[(JAUS| + |AVL])
2K
A AYi[® + —(|AU,| + [AVS])*.

IN

Thus
2K T T
¢ (AY;) +/ S(AZ,)2ds < 7/ e‘“(]AUSH\AVs])st—2/ AV, AZdW,. ()
(6 t t

Moreover [, e**AY,AZ,dW is a true martingale because, with the Burkholder-Davis-
Gundy inequality, for any ¢ € [0, T,

t
| e
0

E[sup

0<t<T

< oE K / S AY. Z. AW, / e%AYSZSdWSﬂ
0 0 T

< /0 ! eQO‘S(AYs)Q(AZn)st>

sup |AY,] ( / (AZS)QdS>é

0<t<T

< 2¢1eT (E l sup (AYS)Q] +E [/T(AZS)stD

0<t<T 0

N

< ClE

< 1e*TE

< 400,

19
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Thus, by applying the expectation in (x),

e any] +& [ [ ez

2K T
<=E V e (|AU,] + \AVS|)2ds]
t

< 4} (E [/tT eas(AUs)stl +E [/tT eaS(Av;)stD |

In particular we directly get
4K
IAZ]5 < —(IAUE + 1AV])

and LK
sup E[e(AY})?] <

0<t<T (0]

(IAU]G +IAVZ).

Thus, according to Fubini-Tonelli theorem,

T
javz = | [ evan e
0

/ B[ (AY,)ds
< T sup Be(AY,Y)

0<t<T
4KT
< T(IIAU||§+IIAVII§)-
Therefore IK(L 4 T)
+
JAY |2 + [[AZ]]2 < T(HAUHi +[|AV]Z).

Thus, for @ > 4K(1+T), the map (U, V) — (Y, Z) is contracting in (H?((0,T),R))? for

the norm ||-||, which is a Hilbert space. Therefore this map admits a unique fix point
(Y, Z) € (H*((0,T),R))* :

T T
Vi=e+ [ f(s0Z0ds— [ ZdW, 0<t<T.
t t

In other words (Y, Z) is a solution of the BSDE. The uniqueness is directly proven by
Corollary 1.1.11. ]
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1.1. Backward stochastic differential equations

1.1.2 BSDE with jumps

We can consider a Poisson random measure 7 defined on © x [0,7] x R and we
assume that the filtration F = (F;):>o is generated by the random measure 7 and by
the Brownian motion W. We also note v the associated compensator and m = m — v the
associated compensated measure. We follow the assumptions and the results of [26]. We

assume that there exist a nonnegative predictable process n and a kernel () such that
T
v(dt, de) = Q(de)n(t)dt = A(t,de)dt and / / e2u(dt, de) < +oo.
o Jr

Remark 1.1.21. In [26], this assumption is supposed to have random variables in L* and
the chaotic decomposition. The Lévy measures do not satisfy this assumption in general.
To get more general results, we can assume [; [o(e2 A 1)v(dt,de) < +o00. Nonetheless we

keep this assumption of [26] because it is enough for this thesis.

Definition 1.1.22. A BSDE with jumps is an equation
T T T
Vi=e+ [ (.Y ZoUds— [ ZaW,— [ [ Ue)i(ds,de), 0<t<T, (12)
t t t R

where (Y, Z,U) is the unknown RF x R¥*? x (R¥)E_valued process, and f : Q x [0,T] x
RF x RF*d x (RF)® — R* the driver and € the terminal condition are the parameters.

Remark 1.1.23. The notation Y,_ is defined by Y, = lim, ., Y,. This is important

s<t
because the process Y is cadlag.

Definition 1.1.24. We define the following spaces for any p > 1.
e SP((0,T),R¥) is the set of adapted and cadlag processes A such that

E l sup |A¢"| < +oo.

0<t<T

o HP((0,T) x R, R¥) is the set of predictable processes A such that

(/OT/R|At(e)]21/(dt,de)>g

Definition 1.1.25. We say that a triplet of processes (Y, Z,U) is solution of the BSDE
(1.2) aof:

E < 400
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Chapter 1 — Introduction

o Y is a continuous (F;)o<i<r-adapted R*-valued process.

o 7 is a (Fi)o<i<r-predictable R¥-valued process with [j |Z,|*dt < +oo P-a.s.

o U is a (F)o<tcr-predictable L (R)-valued process with I e |U(e) Pr(dt, de) <
400 P-a.s.

o The triplet (Y, Z,U) satisfies the equality (1.2) for any t € [0,T].

As for the BSDE without jumps, we start to study the BSDE with a simple driver
thanks to the property of predictable representation.

Theorem 1.1.26. Let M a R¥-valued square integrable F-martingale. Then there exists
a unique (Z,U) € H*((0,T),R¥*4) x H2((0,T) x R,R*) such that

M, = M0+/ZdW+//U F(ds,de), 0<t<T.

In particular for any & € L*(Fr,RF), there exists a unique (Z,U) € H*((0,T),R**9) x
HZ((0,T) x R,R¥) such that

+/ZdW+//U #(ds, de).

We deduce the same result with a driver independent of y, z, u as in the case without

jumps (see [26, Proposition 3.1.2]).

Proposition 1.1.27. If¢ € L*(Fr,R¥) and f € H*((0,T),R*) then there exists a unique
(Y, Z,U) € S2((0,T),R*) x H*((0,T),R*%) x H2((0,T) x R, RF)

such that

Y, = 5+/ fsds—/ ZodW, — //U F(ds,de), 0<t<T.  (13)

:ElﬁJr/tTfsds

and the processes Z,U by the predictable representation

§+/ fuds = lg+/ fsds] /ZdW+//U *(ds, de).
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1.1. Backward stochastic differential equations

As for Theorem 1.1.17, we can consider this assumptions about the parameters to get
the following theorem which is proved in [55].
Assumption 3.

1. The driver f is continuous and monotone with respect to y € R*.

2. For every r € R,

sup |f(-,4,0,0) — f(-,0,0,0)| € L*(Q x (0,T),R).

ly|<r

3. The driver f is Lipschitz with respect to z € R¥*4 and u € LQQ(]R, R¥).
4. For somep>1

< +400.

[‘f’p—i—/ £(t,0,0,0)dt

Theorem 1.1.28. Under Assumption 3, the BSDE (1.2) admits a unique solution (Y, Z,U)
in S2((0,T),R¥) x HP((0,T), R¥) x H2((0,T) x R, R¥).

If we want to compare solutions of BSDE with jumps, we need more precise properties

to get a comparison result than in this case of BSDE without jumps (see [55]).

Theorem 1.1.29. We assume that k = 1, the parameters &, f satisfy Assumption 3
and the increments of the driver f with respect to u are controlled: for any y € R,z €

R u, v € Lé(R), there exists a predictable process
SV [0, T] x R — ] — 1, +00]

such that t — / 1695 () |2 A(t, de) is uniformly bounded in y, z,u,u' and
R

Vi e [0,T), f(t,y,z,u)— f(t,y, 2zu") < /R(Sf’z’“’u/(e)(u(e) —u'(e))\(t, de).

We also consider (&', f') satisfying the same assumptions. Then there exist unique solu-
tions (Y, Z,U) and (Y', Z',U") in SP((0,T),R) x H?((0,T),R?%) x H?((0,T) x R, R) to the
associated BSDE and if

£>¢ et f>f
then'Y >Y". Moreover if there exists ty € [0,T] such that Yy, =Y, then Y, =Y/ for any
t € [to, T).

23
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Remark 1.1.30. The comparison principle is more difficult with jumps. Indeed the ad-

ditional assumptions are important.

Example 1.1.31. We consider the linear BSDE
T T T
Yt:§—2/ Usds—/ ZSdWS—/ Udm,, 0<t<T,
t t t

with m is generated by a Poisson process with unitary intensity. Then the associated driver
satisfies Assumption 8 but for the terminal condition & = /T drms the unique solution is
given by "

n_/(:dws—(T—t), Z,=0, U=1, 0<t<T,

and for the terminal condition & = 0 the unique solution is given by
Y'=0, Z' =0, U =0.

Thus we have & > & but notY > Y.

1.1.3 BSDE with singular terminal condition

If we try to reduce the assumption about the terminal condition ¢ in dimension k = 1,
then we can consider a singular terminal condition &: P(§ = +o00) > 0. In this case Y is
an unknown with values in R and we can assume for example & > 0 and also f° > 0.

Furthermore we have to change the notion of solution.

Definition 1.1.32. We say that a triplet of processes (Y, Z,U) is a solution of the BSDE
(1.2) for k =1 and a singular terminal condition & if there exists p > 1 such that

o Y € 5P((0,¢),R) for any t € [0,T).

o 7 € H?((0,t),R%) for anyt € [0,T).

e U e H2((0,t),R) for any t € [0,T).

e Foranyt e [0,T) and s € [0,¢],

t t t
Ys:Yt+/ f(r,Yr,ZT,UT)dr—/ ZrdWr—/ U, () (ds, de).

o e have the P-almost surely convergence lim; .7 Y; = €.
Furthermore if we only have liminf, .r Y, > & instead of the convergence lim;,_,r Y, = &
then we say that the couple (Y, Z) is a supersolution of the BSDE (1.1).
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1.2. Malliavin calculus

This notion was studied in [56] in a more general case with not necessarily ¢ and f°
nonnegative. But for the rest of this thesis we only consider the nonnegative case.
Assumption 4.

1. The driver [ satisfies Assumption 3.

2. The increments of the driver f with respect to y € Ry are controlled:

q—1
Vi€ [0.T],y € Ry, 2 € R u € TH(R), f(ty,2u) < (-1 4 (1,0, 2,),

Un

where ¢ > 1, q. the Hélder conjugate of ¢ and n a positive process satisfying : there

exists £ > 1 such that
Z 1
[/o (775 773_1> °

< +00.

3. f° >0 and satisfies

< +00.

E [ [@ oy pyar

4. There exists k > max (%, 2) such that v € L§(R).

Theorem 1.1.33. Under Assumption 4, there exists a minimal supersolution (Y, Z,U)
to the BSDE (1.2): minimal means if (Y, Z,U) is a solution of the BSDE (1.2) then for
any t € [0,T],Y; <Y, P-a.s.

Remark 1.1.34. We ask ourselves under what conditions we have (Y, Z,U) a true solu-
tion of the BSDE (1.2). More precisely if we have liminf, ,7Y; = lim;_,7 Y} (see [76]) or
liminf, ,7 Y, = &. Section 2 and Section 4 will answer to the second question.

For example in [74], the driver is given by f(t,y,z) = —y|y|?, ¢ > 0 and the terminal
condition by & = g(Xr) with X given by a stochastic differential equation (SDE). In this
case, under some assumptions about the function g and the parameters of the SDE, we

have lim;_7Y; = £.

1.2 Malliavin calculus

In this second part, the notions of Malliavin calculus will be introduced and the related

results which will be used for the next sections.
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Chapter 1 — Introduction

Malliavin calculus, developed by Paul Malliavin in the 1970s, extends classical differ-
ential calculus to stochastic processes, particularly in the context of Brownian motion.
Initially aimed at studying the regularity of solutions to stochastic differential equations,
it provides a framework for differentiating random variables with respect to the underly-
ing probability space. Over time, Malliavin calculus has become an essential tool in areas
such as stochastic control, financial mathematics, and the study of stochastic partial dif-
ferential equations, enabling deeper analysis of the smoothness and sensitivity of random

processes.

1.2.1 Definitions and first properties

We consider a Hilbert space H which will be L?((0,7T),R¢) in practice, and an isonor-

mal Gaussian process W:

Definition 1.2.1. We say that a process W = (W (h))nen is an isonormal Gaussian

process if for any h,g € H, W(h) is a centered Gaussian random variable and
EW(Rh)W(g)] = (h,9)n-

To define the Malliavin derivative, we have to define it first for smooth random vari-

ables.

Definition 1.2.2. We say a random variable F' is smooth if there exist hq,...,h, € H
and a function f : R™ — R infinitely continuously differentiable such that f and all of
its partial derivatives have polynomial growth (i.e. f € C3°(R")), such that

F = f(W(hy),...W(hy,)).
We note § the set of such smooth functions.
Definition 1.2.3. The Malliavin derivative of a smooth random variable
F=fW(hy),...,W(hy,) €S

is defined by
"0
DF=% aj (W), oo, W () s

i=1
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1.2. Malliavin calculus

The operator D : S — L%(Q), H) satisfies the following property which will be useful
to define the set of Malliavin differentiable random variables and their derivatives (see
[69, Proposition 1.2.1]).

Proposition 1.2.4. The operator D is closable from LP(QQ) to LP(Q2, H) for any p > 1:

for any (Fy)nen € SN such that

S|

n—-+o0o

Fy
and there exists n € LP(QY, H) such that

DF, "0

n—-+oo
then n = D0 = 0.
Then we can define the random variables which are Malliavin differentiable.

Definition 1.2.5. We note D'? the domain of the operator D in LP(Q) for any p > 1: it

is the closure of S with respect to the norm
1
1F1y, = E[FP] +E[IDF[]) -
We say that a random variable X is Malliavin differentiable if X € DY for p > 1.

We mention important properties about the Malliavin derivative: the integration by
parts and the chain rule (see [69, Lemma 1.2.2] [69, Proposition 1.2.3] and [69, Proposition
1.2.4]).

Theorem 1.2.6. Let F,G € D'? and h € H. Then
E[G(DF, h)p] = E[FGW (h)] — E[F (DG, h) ).

Theorem 1.2.7. Let ¢ € C°(R™) with bounded partial derivatives, p > 1 and Fy, ..., Fy,
in DY2. Then o(Fy, ..., F,,) € D" and

We can reduce the assumption about the regularity of the function ¢ in the previous

theorem.
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Proposition 1.2.8. Let ¢ : R™ — R K-Lipschitz continuous and Fi, ..., F,, € D'P.
Then @(Fy, ..., F,,) € DY and there exist random variables Gy, ..., G, bounded by K such
that .

Dyo(Fy,....Fy) = Z G;DF;.

i=1
Remark 1.2.9. Often we have H = L*((0,T),R%). In this case, if F € D2 then DF is
a stochastic process (DyF)o<i<r € L*(2 x (0,T),R%). We note their coordinates D'F,1 <
1 <d, and

T
IFIE, B[] + & | [ IDrPar]

Moreover in practice we consider W a Brownian motion and the associated isonormal

Gaussian process defined by
vt € [0, 7], W(l[o,t]) = W,.

In particular we have
DWy = 1j04.

In this case we have different results which will be useful for our following sections
(see [69, Section 1.2.1]). We consider (F;)o<i<r the filtration generated by the Bownian

motion W.

Proposition 1.2.10. Let F' € D'* F;-measurable. Then
Vo € (t,T], DyF =0.
In particular for an adapted process (Fy)o<i<r, we have
VO<t<§<T, DyF,—0.

Proposition 1.2.11. Let (F})o<i<7 a D"*-valued process. Then for any t € [0,T],

T T T

/ Fuds € DY and Dy (/ Fsds> :/ DyFuds, 0<0<T.

t t t

Proposition 1.2.12. Let F € D" and t € [0,T]. Then E[F|F,] € D? and

D@(E[F‘|ft]) - E{D@F|ft]1{9§t}, O S 0 S T
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1.2. Malliavin calculus

1.2.2 Malliavin differentiability of the solution of a BSDE

We would like to get the Malliavin derivative of the solution (Y, Z) of the BSDE (1.1)
under assumptions about the Malliavin differentiability of the parameters (&, f) and the

regularity of the driver f with respect to (y, z). For this we use the results of [33] or [67].

Definition 1.2.13. We define, for p > 1, L7 ((0,T),R*) as the set of the RF-valued
process F' such that Fy € (DYP)*  dt-a.s., the process t — DFy is L*((0,T), R¥>*)-valued
and admits a progressively measurable version, and

(/OT \Ftht)g + (/OT /OT ]DgFt|2d0dt>

IFll; =E < too

Assumption 5.
o &£ € (DM2)F N LA(Fr,RY) and DE € L2(2 x (0,T), RF).
o f9c H*(0,T),RF).
o The driver f is continuously differentiable in (y,z) € R* x R¥*? with uniformly
bounded and continuous partial derivative.
o Foranyy € R*, z € R™? f(..y,2) € L7,((0,T),R*) with Malliavin derivative
Dyf satisfying

T rT
JEV / \Dof(t, Vs, Z)|2dtd)| < +o0,
0 0

and, for any t € [0, T, (y1, 21), (Y2, 22) € RF x R*™*? qnd a.e. 6 € [0,T),

|Dof(t,y1,21) — Dof(t,y2, 22)| < Koi(ly1 — y2| + |21 — 22]),

where Ky is an adapted nonnegative process such that

T rT
E [ / / | Ky, [1dtdd
0 0

Thanks to these assumptions we get the following theorem which is proved at the end

< +00.

of this section and in [33].

Theorem 1.2.14. Under Assumption 5, the BSDE (1.1) admits a unique solution (Y, Z)
which is (DY2)F x (DY2)**dyalued, and for any i € {1,...,d}, a version of (DY, D'Z) is
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given by the following linear BSDE: for any 0 <t <0 <T,
DY, =0, D,Z =0,
and for any 0 <0 <t <T,
. . T . ) 0. T
DY = Digg+ [ (auDiYs + B,DjZ, + Fly)ds — [ Diz,aw, (1.4)
t ’ t

where

a, =V, f(s,Ye, Zs), Bs=V.f(s,Ys, Z)), Foy=Dyf(s,Ys, Zs).

We can get an equality between D;Y; and Z; for any ¢ € [0, T]. Indeed we can consider

the Markovian BSDE (in dimension one to simplify the reasoning):

T T
Y, — ﬂXﬁ+/’ﬂ&X&ij@—/‘4ﬂm,ogtgﬂ
t t
(1.5)
t t
X, = =z +/ b(s,XS)ds—I—/ o(s, Xs)dWs, 0<t<T,
0 0

with parameters g, f, xo, b, 0.

To get the Malliavin differentiability of the process (Y, Z), we have to study the Malli-
avin differentiabilities of the driver f and the terminal condition £ := ¢g(Xr) (with the
Malliavin differentiability of X according to the chain rule 1.2.7). This result is detailed
in [67, Section 6.1].

Assumption 6.
® Iy < R.
o The (deterministic) functions b,o : [0,T] x R — R are continuous in t, continu-

ously differentiable in x with bounded partial derivatives:

do

ob
- < — <
vVt e [0,T],z € R, ‘8x<t’x) <C, ax(t,x) <C,

and the functions b(-,0) and o(-,0) are also bounded:
e 1], BLOI<C, (o) <C.

e The (deterministic) function g : R — R is continuously differentiable with poly-

nomzial growth.
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1.2. Malliavin calculus

o The (deterministic) function f :[0,T] x R® — R is continuous differentiable in

(z,y,z) with bounded partial derivative in (y, z) uniformly in t, satisfying

< +00,

E UOT 1£(s,0,0,0)[2ds

and

%)
vt € [0,T),z,y,2 €R, 'ai@,x,y,z) < C+ [zf+ |y[F + |2[F).

Proposition 1.2.15. Under Assumption 6 about the parameters b and o, the SDE in
(1.5) admits a unique solution X. Moreover the process X satisfies X; € DY for any
p>1andtel0,T], and

Vp>1, sup E [ sup |DgX,|P| < 400.

0<O<T  |0<s<T

We arrive at the essential result which is detailed in Section 2.2.1.

Corollary 1.2.16. Under Assumption 6, the Markovian BSDE (1.5) admits a unique
solution (Y, Z). Moreover Y;, Z, € DY? for any t € [0,T] and

Dt}/t = Zt ]P)—CZ.S..

To conclude this section, we are going to proof Theorem 1.2.14 to illustrate the different

results about the Malliavin derivative. We will use the following lemma.

Lemma 1.2.17. We consider Z € H*((0,T),R¥*?) and, fort € [0,T],
T
F= [ zaw.
¢
If F € (DY?)* then Z € L*((t,T), (DY?)**) and, for any i € {1,--- ,d}, df x dP-a.s.,

T .
/ DiZ,dW, if 0<t
t
DiF =
) T
Zi +/ DiZdW, if 0>t
0
Proof of Theorem 1.2.14. We assume that d = 1 and as in the proof of Theorem 1.1.12
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we consider the Picard iteration (Y™, Z™) defined by
Y°=0 Z°=0,
and for any n € N
T T
Vi =g [Cpa e ande— [ Zraw, 0<e<T.
t t
According to Proposition 1.1.13 and Assumption 5 we have that the Picard iteration

(Y™, Z") € S4((0,T),R) x H*((0,T),R*) and

v, 25 v oz Moz

n—-4o0o n—+400

with (Y, Z) the solution of the BSDE (1.1) in S*((0,T),R) x H*((0,T),R). By recursion
on n € N we have (Y", Z") € L*((0,T),D"? x D'?). Indeed we directly have (Y Z°) =
(0,0) € L3((0,T),D"? x D*?) and if we assume (Y™, Z") € L*((0,T),D"? x DY?) then
according to the chain rule 1.2.7 f(¢,Y;", Z") € D"? for any t € [0,T] and

0 0
Dof (0¥ 20) = (Y DN+ L4V 20 DaZy 4 Daf (1Y) 20), D <0 <T.

Thus according to Proposition 1.2.11, [ f(s, Y, Z")ds € D2 and for any 8 € [0, T]

Dy ( IR Z?MS)

T
:/ Dﬁf(svysn7zg)d8
t

T (of of
- / @(Sa Y;nv Z;’L)DGYZL + &(87}/;”7 ZS)DQZ;L + D@f(S, Y;n’ Z;L) ds.
t

Moreover ¢ € D2 then & 4 [T f(t, Y, Z")ds € D"? and for any 6§ € [0, T

T
D, (5 [ fv Z:)ds)

T (0 0
= DG’S +/t <a'§(3,¥sn’ ZS)DOY? + aﬁ(sj}/sn, ZS)DQZQ + Def(svy;na Z:)) ds.
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1.2. Malliavin calculus

But according to Proposition 1.1.8

T
Y =E [5 [ fs v zas|
t

| S

Then according to Proposition 1.2.12 ¥;"*! € D'? and

DQY;TL-H
T
=E [DQ (5 +/ f(s’}/sna Z:)d8> ‘Ft‘| 1{9§t}
_ [Dm [ ( s 2Dy + s ve 20,z

+ Dyf(s, Y], Zg)) ds

]:t] Lig<s}-
Therefore . .
[ zaw, =e+ [ fs, 0, Z0)ds = V) e DA
t t
Thus according to Lemma 1.2.17 we have Z € L?*((0,7),D"?) and we obtain for any

6 €[0,t]

Doyt = D9§+/ ( (s,Y", Z")DgY" + gf( Y™, ZMDeZ" + Dyf (s, Y Z”)) ds

- / Do ZLaW,,
t

and for any 6 € Jt,T], DgY;"™ = 0. Let 0 € [0,¢] and (Y?, Z%) the solution of the linear
BSDE

D9§—|—/ ( s,YS,Z)YMgf( Yo, Z)7° + Dof(s,Ys, 2. >ds—/ Z0dW.,

Thus according to the a priori estimate 1.1.10

[

,+ 2], < CEIDw)? + Do (Y. 2) ]2

Then according to Assumption 5

[ (I

+|z ) d < +o0.
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Furthermore according to the a priori estimate 1.1.11 with (DpY" 1 DpZ" 1) and (Y9, Z9)

Doyt = v, + oozt = 2, < o], = | [ 63as).
0
with
om0 = g’yt( Y, ZMDpY" — g]yt(s Ys, Z,)Y?
+ gﬁ(sa Y;n’ Z:)DGZ;Z - g‘i(& )/Sa Zs)Zse

+ D@f(87}/5nvz§) - D0f<87}/5, Zs)

Thus by convexity inequality there exists C* € R such that

| Doyt — Y9 ,+ | Dozt — ZGH < C' (A} + By +CP),
with
Al = /9 (g‘;j(s vr, 20 (DoY? — yf)>2ds]
+E /QT <g£(s,ng) (Dozy — Z§)>2ds] ,
2
Bl —E /GT ((af( yr Zn)—%(s Y;,Z)) Yf) ds}
( af Yn Zm gi(s,ys,zs)> Zf)st] :
and

n T n n 2
cr :EV@ (Dof(s,Y", Z%) — Dof(s,Ys, Z5)) ds].

e For Ay the partial derivative of the function f are bounded (by M € R ), thus

/T Az < M°T* [Dy™ — Y|, + M*T |Dyz" — 2°) .

0
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For By we have by continuity of the partial derivatives of the function f

af n n af dsxdP—a.s.
aiy('sv}/s ,ZS)_aiy(Q%}/;’ZS) njoo 07

and, as the partial derivatives are bounded, we have the domination

2
((ff(y -, zs>) Y) <202 sup (/) € L(Qx[0,T]x[0, 7).
Yy ) s€[0,7T

Thus, by dominated convergence theorem

2
/OTE /QT<<8~’C(3,3/S”,Z§)—af(s,ys,zs)> yf) ds] b —s 0.

ay ay n—-+00
In the same way

o "2y of 0 i 2/ 70\2 1
5, (Y020 = 5.V Z0) | 20| < 2MP(Z))" € LH(Q > [0,T] x [0, T]).
Thus
Tl [T ((2F sy gm0 N\
/(; ]E /9 ((aZ(S’}/; 7Zs)_8z(s,1/;,zs)> ZS) dS de njoo O
Therefore

T
/ Brd9 — 0.
0 n

—+00

For C we have by Assumption 5 and Proposition 1.1.13

Ccr<E

T
[ R v 122 - 2]
N

< (e [/OTK;{sdsDé (B[ v v iz - zpas))
< <IE [/OTKﬁ’sdsD; <IE [/OTIYS” —YS|4ds] Y E VOT]Z;‘ - ZS|4dsDé.
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Thus
T T T %
/chde_/o (IE Uo Ke’sdsD do
T T 2
x(El/ |Y5"—YS|4ds]+IEV \Zg—zsr%st
0 0

— 0.

n—-4o00

We can assume that 7' is small enough to have
o = max(M*T? M*T) < 1.

Indeed we can consider a subdivision (to, ..., ty,) of [0,7] with a step d such that « :=
max (M?2§2, M?§) < 1 and proceed on each subinterval [t;, ;1] as in the proof of Theorem
1.1.12.

T T
Let € € R%. Thus, according to / Bgd&,/ Cy - 0, there exists N € N such
0 0 n—r+00
that, for any n > N,

T
/ (HDGYn+1 - Y9
0

T n 0]|? n 0)|?
<1 —a)g—i—a/o (HDQY ~Y|[, + | Doz - 2 H2) do.

| pazr - ZOHD d

Therefore, by successive iterations,

T
i (HDGY” _y?
0

<(1l-a)e+(1—-a)ea+..

AL

T
+ (1 —a)ea™* + a”/ <HD9YO -v?
0

T
et a”/ (HDgYo _y?
0

ot Doz =21} a

L pi - 2

Thus, as a < 1,
(DoY™, Dyz™) 524 (v, 20,

n—-+00
2 2
Furthermore (Y, Z™) SLJFI){ (Y, Z) and the operator D is closed according to Proposition
n—-+00

1.2.4, thus (Y, Z) € L*((0,T),D"?) and (Y, Z%) is a version of (DgY, DyZ). Therefore we
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1.8. Hawkes Processes

obtain the BSDE (1.4). O

1.3 Hawkes Processes

An overview of Hawkes processes concludes this introduction in this third part.

Hawkes processes, introduced by Alan G. Hawkes in 1971 in [44], are self-exciting point
processes where past events increase the likelihood of future events. Originally developed
to model aftershocks in seismic activity, they have since been applied in fields such as
finance, neuroscience, and social networks. The key feature of Hawkes processes is their
ability to capture event clustering and temporal dependencies, making them useful for
modeling systems with memory and feedback effects. Today, they are widely used in

areas like high-frequency trading and epidemiology.

1.3.1 Definitions and existence of a such process

We consider a filtered space (2, F,P,F) and a process (N;)icr. Before defining a
Hawkes process, we remember the definitions of a counting process, its compensator and

its intensity.

Definition 1.3.1. We say that N is a counting process if:
e The process N is F-adapted.
e Ny =0 and for any t € Ry, N, is finite almost surely.
e For any w € (), the function N is cadlag, nondecreasing, piecewise constant and

has jumps of amplitude 1.

Definition 1.3.2. The compensator A of the counting process N is the process which
satisfies:

e The process A is F-predictable.

e Ao =0 and for any t € Ry, A\, € L'(Q).

o For any w € €, the function A(w) is cadlag and nondecreasing.

o The process N — A is a right continuous local martingale.

Definition 1.3.3. We say that a process \ is the intensity of the compensator N of the

counting process A\ if it is F-predictable and
t
VtER,, A = / Aods.
0
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Definition 1.3.4. We say that the counting process N is a Hawkes process if its intensity

A satisfies
Nt_

vt e R, )\t:)\+/( = )N = A 3t~ )
0.t i=1
where A € RY, p: Ry — Ry is integrable and (T;);en+ the jump instants of the process
N.

We consider from now a Hawkes process on (2, F,P,F) with intensity A.

Remark 1.3.5. We can note that this definition is implicit because we define the Hawkes
process by its intensity and its intensity by the Hawkes process. Thus the definition needs

an existence theorem. We have one in [24]

+o0o
Theorem 1.3.6. [f/ p(s)ds < 1 then the Hawkes process can be constructed as the
solution (N, \) of the equation

Nt == /
R* x

*
+

1{u§t}1{gg,\u}Q(du, d@)
Ry
te Ry
Ao = >\+/ u(t — s)dN,,
(0,t)

where @ is a random Poisson measure on R* x R with unit intensity.
Proof. We proceed by defining its atoms. Firstly we define
A=,

+ X8y

= inf{t e R}, Q((0,t] x (0,A]) > 0}.

For any ¢ € R%,Q((0,¢] x (0, A]) follows a Poisson distribution with intensity eX. Then
0 < T < 400 P-almost surely. Then we define, for any ¢ € (0,7}),

A= A
Nt - 0,
N, = / Liu<r} o<y @(du, df) = Q([0, 1] x [0, A]).
RiXRi
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1.8. Hawkes Processes

In particular T; is the first atom of the process N. Then we proceed by recursion. We
assume that 77, ..., T} are constructed such that they are the k first atoms of the process

N in increasing order with T}, < 400 P-a.s.: for any j € {1,....k},

N7 = A+ p(t = s)dNy = A+ _p(t = T;)
=1

(OrTj)

T‘j = inf {t > T‘j—ly / 1{Tj71<u§t}1{9</\j—1}Q(dU, d@) > O}
R:XR; =T

_ inf{t>Tj_1, / / | Q(du,d0)>0}.
(Tj—1,t] J (O]

We consider, for any ¢t € R} and € € RY,

k—1
A= A+ p(t = s)dNg = A+ > p(t = Tp),

R. = {(u,0) € (T, T, +¢] xR%, 6 <A}

Then, as the process A\* is Fr,-measurable, we have, conditionally to Ty, Q(R.) follows a

Poisson distribution with intensity f%l”s M du. Thus

Ty+e
P(Q(R.) < +00) = E(P(Q(R.) < oo | T})) = E [IP (/T MNedu < 400

with, conditionally to T},

Tk +€

Tk+6 k
[ Mdu=2e+ Y [ plu— Tdu
T i=1 7Tk

T

Therefore 0 < Q(R.) < 400 P-almost surely. We define

Tk-i-l = mf{t > Tk, Q(Rt—Tk) > O} > Tk,
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for any t € (Ty, Ty41),
Nt - NTk

and
NTk = Q(RTk+1_Tk) = / 1{Tk<USTk+1}1{9§>\1’j}Q(du’de)'

R% xR
The recurrence permits to conclude to the construction of the process (IV, A). It remains to
prove that the process A is the intensity of the process N. Indeed, as the random Poisson

measure has a unit intensity, we get that

—~ t
Ny = Nt—/ Agdu
0
— /* - 1{u§t}1{9§)\u}Q(du,d9) — /]R* . 1{u§t}1{9§)\u}dUd0
+ xR

+ + 7Bt
= Liyenl )(du, db
/R e, 10 (0<x,} Q(du, db)

:
is a cadlag martingale. Thus the process A is the intensity of the process N. Finally we

have to prove that the process N does not explode in finite time, in other words that

T, k% +00. We asume by contradiction that P(limy_, 1o, T < +00) > 0. Thus there
—+00

exist 7' € R* and Qy € F such that P() > 0 and limg, 1o T < 7" on €. Then, as the

sequence (T} )gen- is increasing, for any k € N*,
E[Nzar,] 2 E[N7az, 1] = E[Ng 1o,] = KP(€).

In particular E[Npar,] —+> +00. However we have, for any ¢t € R, and k£ € N*,

k—+o0

tATy
E[Nyr] = E[ /0 )\udu]
tATY,
_ El)\(t/\Tk)Jr/ /( ),u(u—s)stdu]
0 0,u

— EDEAT]+E l /( o / " - s)dudNS]

+o00
< )\t+El/ dNS]/ p(w)du
(0,tAT},] 0

= A+ ENig][ully -
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1.8. Hawkes Processes

ThUS, as HMHl < 17

At
E[Nir,] < —— < 0.
L= {plly
We arrive at a contradiction. Therefore T} k% +o00. We conclude, by using the monotone
—+00
convergence theorem, that
: At
E[Nt] =E| lim Nt/\Tk < —— < +00.
ho0 L=l

1.3.2 Properties and examples

The first properties we can cite are about the intensity A of the Hawkes process N

which is related with the conditional increments (see [59]).

Proposition 1.3.7. For anyt € R,

e e I
P(Npew = Ne =0 F) = 1= \h+o(h),
BN~ Ny= 1| F) = M+ olh).
B(Nes — Ni> 1| F) = olh).

Another useful property is about the expectation of A,z € R% (see [7]).

g:R+ — R+

Proposition 1.3.8. The function satisfies the functional equation

t — E[\]

vVt e Ry, —)\—i-/ Jg(t — s)ds = A+ (u=g)(t).

Proof. For any t € R, as A\ is the intensity of the Hawkes process N,

meMM:A+EV

(0,¢)

,u(t—s)dN} —)\—i-E{/ p(t — s)As ds]

¢
:/\+/,u(t—8) ds-)\+/ g(t — s)ds.
0
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Remark 1.3.9. Thanks to this proposition we can show that if ||u|l, > 1 then the process
N ezplodes in finite time. This is developed in [7, 60].

We conclude this section by giving examples of Hawkes processes by their function pu.

Example 1.3.10 (Exponential). We assume that, for any t € R,

p(t) = afe™™

where a, f € RY such that o <1 to get

+oo
el = a/o Be Pldt = o < 1.

In this case the associated intensity A\ satisfies, for any t € Ry,

M=A+aB [ e PEIN, = A+ afe P / eP5dN..
(

0,t] (0,4]

Thus
A\, = —af2ePdt /( ]eBSdNS + afe PPN, = —BAdt + aBdN,.
0,

Example 1.3.11 (Power-law). We assume that, for anyt € R,

ab
)=— "
H0 = T3
where a, 3,7 € R such that o <y to get
+o0 15} 1 o
= — dt=a|—-——-—— =—<1.
b =a [ = =], <

1.4 Presentation of results of this thesis

In the next chapters, we study numerous results on the solutions of stochastic differ-
ential equations, particularly through Malliavin calculus. We present in this introduction

an abstract of the main results.
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1.4. Presentation of results of this thesis

1.4.1 Limit behavior of the solution of a BSDE thanks to the

Malliavin calculus

In Chapter 2 of this thesis (our article [20]) we study the limit behavior of the solution
(Y, Z) of a BSDE with a singular terminal condition. In general, the solution is only the
minimal supersolution: lim inf; .7 Y; > & where £ is the singular terminal condition of the
BSDE (see [56]). The existence of a left limit at time 7" is studied in [76] and mainly
depends on the generator f and not on £. Here we prove a theorem which gives sufficient

assumptions to get the continuity at the terminal instant: a.s.
liminfY; = &.
jpt Y = ¢

We work within the framework of a backward stochastic differential equation of the

form

T T
Y, :g(XT)+/ F(s,XS,YS,ZS)ds—/ Z.dW, (1.6)
t t

with a process X solution of a forward stochastic differential equation
t t
X, = +/ b(s,Xs)ds—i-/ o(s, Xs)dWy
0 0

and g a deterministic function which can be equal to +oo. Thus we get the following
theorem (Theorem 2.2.1 in Section 2).

Theorem. Under assumptions about the parameters b, o, g and F (Assumptions 7, 8, 9,

10 and 11 in Section 2)), in particular
F(t,z,y,2) = f(t,z,y,2) + (a(t,x),2), (t,z,y,2) €[0,7] x R™ x R x R?,
and there erist € R, C' € R and £ > 1 such that o < % and
Y(t,2,2) € [0,T] x R™ x R*, |f(t,2,0,2) — f(t,2,0,0)| < C(1+ |z|)]z|]*
where ¢ > 1 is the growth constant of the driver with respect toy € R, :
Y(t,x,y,2) €[0,T] x R™" x Ry x RY,  F(t,x,y,2) — F(t,z,0,2) < —n(t,z)|y|?,
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the minimal supersolution (Y, Z) to the BSDE satisfies P-almost surely

hggl%lf)/t =¢. (1.7)

In other words if the growths with respect to y € R, and with respect to z € R? are
related by the coefficients ¢ and « then the process Y satisfies a.s. Condition (1.7).

To prove this result we proceed by approaching the solution (Y, Z) by (Y™, Z™) solution
of a BSDE with a regularized singular terminal condition and a regularized driver. Thus,

by regularization, we get the Malliavin differentiability of (Y, Z™) and the equality
DY =2y, 0<t<T.

Therefore, with a kind of integration by parts, we can control the convergence of the

process Y at the terminal instant 7.

We generalize this result in Section 2.3.1. If the driver F' now satisfies an inequality
Y(t,2,y,2) €[0,T] x R" x R x R, F(t,x,y,2) < f(t,z,y,2) + {a(t,z), 2),

then we get the same continuity property of the process Y.

Moreover we mention two applications of this theorem. Firstly in Section 2.3.3, if we

consider the function u defined by
u(t,z) =Y"", (t,z) €]0,T] x R™,
where Y% is the unique minimal supersolution of the Markovian FBSDE
X0 — g 4 /tsb(r, X5V dt + /:a(r, X)W, t<s<T,

T T
Vit = g(Xp) + [ R X Y e — [ Z,aW, 1< < T,

then the function u is a minimal viscosity solution of the associated PDE

g?(t, x)+ L(u)(t,x) + F(t,z,u(t,x),(Vuo)(t,z)) =0, V(t,z) € [0,T] x R™

u(T,z) =g(x), VreR™,
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1.4. Presentation of results of this thesis

1
where £ is the infinitesimal generator of the SDE: L(u) = (b, Vu) + itr (00*V?u). We

deduce in this part the following proposition.

Proposition. The function u is continuous in (T, xy) for any xo € R™:

u(t,x) —>  g(@o).

(t,x)—(T,z0)

Secondly in Section 2.3.2 we study the stochastic control problem where we have to

g

over all a € A(t,z) where A(t, z) is the set of admissible controls such that = satisfies

minimize the functional

T
J(t0) — E [ [ ol +Z ) ds + 12

the dynamics
S
Eszm+/ audu t<s<T, acL'(too)as
¢

where 1, = n(s, Xs),vs = (5, X5),0 < s < T. A minimizer of this functional is the

s Yu q-1
=, = Texp (—/ () du)
t \ T

where (Y, Z) is the minimal supersolution of the BSDE

V=t~ [ -

which is of the form of the BSDE of this chapter. According to the theorem of this chapter,

the process Y satisfies lim; .7 Y; = £. Thus there is no additional cost to minimize our

process =* given by

1

ds+/ %ds+/ Z dW,, 0<t<T, (1.8)

control problem.

1.4.2 Limit behavior of its Malliavin derivative

Chapter 3 of this thesis is the continuity of the previous application with the stochastic
control problem. We consider the same functional (J(t,«)) and BSDE (1.8) with param-
eters £ = +o00,n and v where P-a.s. lim, . Y; = £. We prove that the Malliavin derivative
DY of the process Y exists and is continuous on [0,7") but can be discontinuous at the
terminal instant 7'. Thanks to this result we get that the solution of the associated PDE

is of class C'* on [0,T) and how compute Greeks to get the sensitivity in our liquidation
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problem.
We assume some properties about the process 7 and ~ in this chapter:

e The coefficient 7 is an [to6 process:
t t
mznm+/bws+/lﬂﬂ%, 0<t<T,
0 0

with an initial condition 7y € R.

1. The drift g7 : Q x [0,7] — R and the diffusion matrix ¢" : Q x [0,7] — R

are progressively measurable and bounded.

2. There exist n, and n* in R* such that, a.s. for any s € [0, 77,

0<n <ms<n’.

e The process 7y is a progressively measurable, non-negative and bounded: there exists
v* € R% such that, a.s. for any s € [0, 77,

0 <, <~"

Let us explain the difficulty. If we consider (Y™, Z™) the solution of the truncated BSDE
Yn q IYn T
_n+/ ( LJ;T* 7S>ds—/ Zrdw,, tel0,T],
Ns ¢

then (Y™, Z™) € L*((0,T),D"? x D?) and for any 0 <t < § < T, DyY =0, Dy Z] =
and, forany 0 <0<t <T,

T | n|q 1 D/n|q 1

DyY" = / (—(p —1)———=—DyY," + 7’"D9m + Dg%n> dr —/ DyZ?dW

t 7]7‘ 777"

(see Proposition 3.1.4 in Chapter 3).

However if n tends to 400 in the previous BSDE then we get a linear BSDE

T Y, |11 Y, |7y,
m:/ &@—U" m+||mm+pm>m—/xmw
t

ni! ¢
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with a singular generator since

Ty, q—1
/ | qlfl dr = 400.
0o nr

Such linear BSDEs with singular generator are studied in [52, 51] but to apply the results
Y|y

——— Dyn+Dyy should be bounded. In general this property

of these papers, the process .
n

does not hold.

Thus we have to proceed in a different way. Thanks to the assumptions about the
parameters, according to [42], the minimal solution Y of the BSDE can be written
UG 1

where H is the unique solution of the BSDE:
T T
H, = / F(s, Hy)ds — / ZHaW,, 0<t<T,
t t
with a singular generator F' given by:

F(t,h) = [(T —t)bf + (T — t)P]

(=) =

To use the Malliavin calculus we assume that the process 07,7 and v are in valued

q—1
1
—1-—qg———hl.

—(p—Dm T D)

in D*? and their Malliavin derivative admit progressively measurable versions in L?(2 x
(0,7) x(0,7)). Thus we get the following result (Theorems 3.2.3 and 3.3.9 in Chapter 3).

Theorem. The process Y is valued in DY? and, for any 0 <0 <t < T,

Don, 1
(T—tp=t " (T~

DpY;, = DyH,

and if for some 0 > 1,

T
ﬁmEb%WP+AUQMW+WM#+WM$MS<+w
0€0,T]
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then

lim sup E [ sup (T — t)?|DyY; — Dth"\K] —0.
n=+to0gci01] | t€[0,T)

In particular for any 0 <7 <T

lim sup E [sup |DgY; — D(;Ytnd = 0.
n=+Rgc0,1]  [te[o,7]

In other words there is a singularity at time 7" of the Malliavin derivative. But if the
proceee 7 is deterministic then we have lim, ,7 |DgY;| = 0 = Dy and in this case there is

no discontinuity.

1.4.3 Discontinuity with a jump term

In Chapter 4 of this thesis (our article [21]) we try to generalize the theorem of the
first part about the behavior of the solution of the BSDE (1.6) by adding jumps in the
BSDE. Thus our BSDE becomes

T T T —
yt:ng/ f(s,Ys,Zs,Us)ds—/ ZSdWS—/ UdN., 0<t<T,
t t t

where the jump term is driven by a simple Poisson process N with intensity A. If we
assume the same hypothesis than in the first part of this thesis, then we can conclude
that there is no continuity of the solution at the terminal instant. In particular this result
shows that the Malliavin derivative with jumps of [26] or [29] cannot help us in this study.

In particular we do not have the integration by parts.
Theorem. If the driver [ is defined by
ft,,y, zu) = —ylyl™",  (tz,y,2,u) € [0,T] xR,
with ¢ > 2, and if the terminal condition is & = g(Nt) where g is a right barrier
9(x) = (+00)Lz>ue) + 0(2)Lzcao}, T ER,

with ¢ : R — R, and zy € R, then the process Y is not continuous at terminal instant
T :P-a.s.
mpY =oAL
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1.4. Presentation of results of this thesis

To prove this result we begin by the case ¢ = 2 in Section 4.2. The case ¢ < 2 is shown

by comparison theorem in Section 4.3.1. We consider the associated PDE:

g?(t,x) —du(t,z) —u(t,z)|u(t,x)| = = u(t,z+ 1), (t,z)€[0,T] xR

u(T,z) =g(x), x€R,

and approach the solution by truncation v, K € N*. Thus the process Y is given by the

solution u which is itself given by the limit of the solution u”:

1
}/t - U(t, Nt) = KI_IH}OOUK@?Nt) = ﬁ? te [07T)

1
In particular we have lim;_,7Y; = lim;_,p ;= +oo # g(N7).

In Section 4.2.3 if we add a diffusion terr; to the BSDE to become
T T T _
Y; = g(Ny) — / Y.|Y.|ds —/ Z.dW, — / U.dN,

t t t

then the solution Y still does not satisfy the continuity property at the terminal T :
lim;7 Yy = 400 # g(X7).

But in Section 4.3.2 and in Section 4.4 we get two cases where the solution Y is
continuous at the terminal instant 7.
Proposition. If f(t,y) = —yly©' + 2, (t,y) € [0,T] x R, with ¢ > 2 and f° €
LY((0,T),R), or if the function g is left barrier g(x) = (+00)1{z<uer + ©(2)1{z>a0} then
lim;,7Y; = g(XT)-

We conclude by the study of Euler scheme associated to this differential equation in

Section 4.5:

u'(t) — du(t) — u(t)|u(t)] = _/\ﬁ’ te0,7T)

w(T) = x € [0,+00).

We used the implicit method to define the scheme (un(tx))o<k<n:
un(tn) =X,  un(tesr) = un(te) — by f(te, un(te)), k € {0,--- , N},
T ) 1
where hy = N,tk = khy,k € {0,--- N} and f(t,u) = A+ u —Aﬁ,O <t<T.
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‘H
o
IA

Thus we have shown that the Euler scheme converges towards the solution u(t) =
t < T, on all closed intervals of [0, 7).

S
L

Proposition. For any o € (0,1),

0.

1
ty) — —
oggﬁfm UN( k) T —tp| No+oo
An interesting fact is that the limit does not depend on the value of x. In other words,

the behavior of the solution is not related to its terminal value.

1.4.4 Malliavin calculus with respect to a Hawkes process

In Chapter 5, we conclude this thesis by the development of a local Malliavin calculus
with respect to a Hawkes process. Our goal is to get a tool in our financial problems which
are modeled with a Hawkes process. For example if a process X satisfies a SDE driven by
a Hawkes process we get a absolute continuous criterion for the random variable X,. Or
we can compute Greeks with a such process.

The Hawkes process we will consider in this part is defined on the space €2 of cadlag

trajectories equipped with a o-field F:

+o00
Q:{Zﬂ[ti,tiﬂ)a 0<t1<---<ti<...}
i=1
by, for any w € €,

Ni(w) =) Aw,, t€R;.

s<t
The probability P on the filtered space (€2, F) is such that the process N is a Hawkes
process on the probability space (€2, F,P) whose the jump instants are noted (7;);>1.

To get the existence of a such Hawkes process, we assume, according to [24], that the
constant A is nonnegative and the function y : Ry — R, is positive differentiable with
bounded derivative and such that ||u||; = [;"° u(t)dt < 1. The filtration is the P-complete
right continuous filtration (F;)o<i<r generated by the Hawkes process N where T' € RY
is a fixed time horizon.

The first step of our construction of a Malliavin derivative with respect to a Hawkes

process is to define a directional derivative with respect to a function m € H where H is
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the following Hilbert space:

M= {m e L2([0, 7)) /OTm(s)ds _ 0}.

For this we consider a reparametrization of time 7. for ¢ € R% which depends on m € H
and such that 7.(0) = 0,7.(7) = T and such that the number and the order of jump
times between 0 and T remain unchanged. Then we transfer this reparametrization to

any configuration w € 2 and any random variable F' € L?(Q) by
To(w)=wor, T.F=FoT..

Thanks to this definition we can define our first domain of differentiabilty D?, as the space
vector of F € L?(2) such that the following limit exists in L*(2) and is defined as its

directional Malliavin derivative

D, F = oIk _ lim E.

0 |e=0 =0 €

However the random variables of this space are not easily manipulable. So we consider a

vector subspace S of DY : we say that a random variable F € S if

d
F=alin—oy + > fu(T1, Doy 1)L {Ngen)-
n=1
where a € R,d € N and, for any n € {1,---,d}, the function f, : R" — R is smooth
with bounded derivatives of any order. On this space we get the chain rule
" 0P
D,,® F7 7Fn =
(i ) Z ox;

i=1 Vi

(Fla"' 7Fn)Dan

where Fy,--- | F, € § and ® : R®* — R a smooth function (see Proposition 5.1.7).
Thanks this property and the absolute continuity of P* = P7_~! with respect to P (see
Proposition 5.1.8), we get the following theorem.

We define &, on § by
En(X,)Y)=E[D,XD,Y], X, YeS.

Theorem. (S,&,,) is a closable quadratic bilinear form on L*(Q).
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Thus we define the directional Malliavin derivative D,, on the extension D.? (see
Proposition 5.1.15 and Corollary 5.1.16).
The second step is to define the Malliavin derivative (D%2, D) from L?*(Q) into L?(2; H)
such that ,
VE e DY, meH, DnF = (DF,m)y = /0 D, Fm(t)dt.

For this we consider a Hilbert basis (m;);en of the space H, the domain

“+oo +oo
D2 = {X € (1D SIDn Xl < +o0}
=0

i=0
and the bilinear form

+o00
E(X.Y) =S E[D,, XD, Y], XY €D
=0
Theorem. (D2 €) is a local Dirichlet form which admits a carré du champ T[X,Y] =
(DX, DY)y, X,Y € D"? and a gradient D
+oo

DX =% D, Xm,; € L*(Q,H), X D"

1=0

Furthermore DY €. T and D do not depend on the choice of the basis (m;)ien-

Therefore we get similar properties to the directional derivative as the chain rule
and the density of S in D'? (see Remark 5.2.3). Moreover now we have a Malliavin
derivative, we are interested in its divergence operator (Dom(d), d). The main result about

the divergence is its expression for a predictable process u € L*(Q, H) in Corollary 5.2.7:
u) = [ (0 5) + ()T — 5) + u(s)dN,

where, for any ¢ € [0,7],4(t) = Ji u(s)ds and

1

Y(u,t) = @

/(O,t) (m(t) —m(s))'(t — s)dN.

The last step of our Malliavin derivative is to get applications. The first one is a
absolute continuity criterion: the image measure F,[det(I'[F]).P] is absolutely continuous

with respect to the Lebesgue measure on R? (see Theorem 5.3.5); thus, conditionally to
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1.4. Presentation of results of this thesis

L[F] = (T[F;, F}])i<ij<da € GLq(R), the random vector F = (F,--- , Fy) € (D"?*)? admits
a absolutely continuous law with respect to the Lebesgue measure on R? (see Corollary
5.3.6). This result can be used to study the law of X7 where the process X is solution of

stochastic differential equation:
t
Xo=ao+ [ f(s.X)ds+ [ g(s, X, )AN, 0<t<T,
0 (0,4]

where the parameters zo, f and ¢ satisfy usual assumptions (see Assumption 16). For

example, in dimension d = 1, if, for any (¢,2) € [0,T] X R,

b+ glt,2)) = F(6.2) — 526,20 f(2) — 2 (6,2) £0

then, conditionally to { Ny > 1}, the law of X7 is absolutely continuous with respect to
the Lebesgue measure on R. This is the case if the parameters f and g do not depend on
t € [0, T] and if the Wronskian W ([, g) = ¢’ x f— f' x f satisfies |W(f, g)| > ;||f”||oo||g||go
(see Theorem 5.4.9 and Corollary 5.4.11). The second application is to compute Greeks

when we consider an asset price S which satisfies a SDE driven by the Hawkes process
dSt = T’Stdt + O'St_dj\\/:t, S() = Xop-

0
Indeed for example we get an expression of a—E[l{ Np>13f(S7)] with terms which can be
X0 -

simulated from the simulation of the Hawkes process (N, A\*) where f is not necessarily a

regular function (see (5.19) and Proposition 5.4.17).
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CHAPTER 2

GROWTH CONDITION ON THE
GENERATOR OF BSDE WITH SINGULAR
TERMINAL VALUE ENSURING CONTINUITY
UP TO TERMINAL TIME

In this chapter we are interested in the limit behavior of the solution of a backward
stochastic differential equation (BSDE for short) with singular terminal condition. BSDEs’
theory has been widely developed since more than 30 years because they are a very useful
tool in two domains: stochastic optimal control and partial differential equations (PDEs
for short). In the first topic, BSDEs naturally appear as the adjoint equation in the
Pontryagin’s maximum principle (see for example [86, Chapters 3 and 7]). The dynamics
of this equation is given on a time interval [0, 7] in a backward way: a terminal condition
is given and the equation should be solved from T to 0. Concerning their application
in PDEs theory, BSDEs provide an extension of the Feynman-Kac formula to non-linear
PDE and the couple forward SDE and BSDE is a method of characteristics to solve a
second-order PDE (see [72, Sections 5.4 and 5.7] or [87, Chapter5]).

To obtain a solution with suitable integrability condition, it is usually assumed that
the terminal condition of the BSDE, denoted &, is integrable, as in [72, Section 5.3]. Then
a priori estimates show that the solution of the BSDE is also integrable. But a large class
of PDEs doesn’t satisfy such constraint. Indeed for forward reaction-diffusion PDE of the
form

?;; — Au+u? =0,
with ¢ > 1, it is known that the initial value of u can be equal to +oc. This property
has been proved by analytic methods in [65] or by probabilistic! arguments in [30, 31].

1. The notion of superprocesses is used, which is completely different from our method.
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continuity up to terminal time

Roughly speaking, the solution can blow up on a non-empty set: lim;_,ou(t,x) = +oo.
Furthermore in the context of stochastic control, if a target is imposed on the final value
of the state process =, then a singularity appears in the related adjoint equation. The
optimal liquidation problem in finance is a typical example where the mandatory liqui-
dation constraint can be written as: =7 = 0 and the terminal value for the BSDE is +o0
almost surely (see [5, 80]).

Let us now fix some notations. In this chapter, we consider BSDE of the following

form

T T
Yt:§+/ F(S,Y;,Zs)ds—/ Z.dW,,
t t

where W is a d-dimensional Brownian motion, the function F' is called the generator
or the driver and £ is the terminal condition. Since we impose that the solution is adapted
to the underlying filtration generated by W, the solution is the couple (Y, Z). blueWe
classically assume that F' is continuous and monotone w.r.t. y and Lipschitz continuous
w.r.t. 2. When ¢ is integrable, these assumptions are sufficient to obtain a solution (see [72,
Section 5.3]). However to ensure the existence of a solution without integrability condition
on &, [56, 76] show that it is sufficient to impose that there exist a positive process 7 and
q > 1 such that

Vy e Ry, V(s,2) € [0,T] xR F(s,y,2) — F(s,0,2) < —nlyl*.
Then there exists a minimal solution (Y, Z) such that a.s.
llltngIlfK >&=Yr. (2.1)

This behavior is sufficient to solve the related control problem with constraint, see [56,
Section 2]. The possible lack of continuity at time 7" is due to the singularity of £ ; in
other words if £ is in LP(Q2) for some p > 1, then a.s.

}LH%YQ =¢=Yr. (2.2)

A natural question is: if £ is not in some LP space, under which conditions on F' or on
&, does (2.2) hold ? This question is called the continuity problem and has been studied
in [74, 76, 81, 66, 1]. This question is important and we refer to [1, Section 1.1] for the

implications of this problem. The known results can be summarized as follows:
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e The existence of the left limit at time 7" only depends on F, see [76, Theorem 3.1].

e Equality in (2.1) holds in the Markovian case and if the growth of F' is sufficient fast
(when y tends to 00), see [76, Theorem 4.5]. Roughly speaking, ¢ > 3 is assumed
in this result.

e Going beyond the Markovian setting has been done in [66], but again under a

strong growth condition on F', or in [81, 1], but for specific terminal conditions &.

The quadratic case (¢ = 2) nor the financial data-driven case of [4], where ¢ is estimated

around 1.6, are not included in the existing literature.

The aim of the chapter is to obtain the P-a.s. equality
hggl%lfyt =¢=Yr, (2.3)

in the Markovian framework, without restriction on the growth of F', that is for any ¢ > 1.

Hence in the rest of the chapter, we consider the system

t t
Xt:xo—i—/ b(s,XS)der/ o(s, X,)dW,, (2.4)
0 0

T T
Y, :g(XT)+/ F(s,XS,YS,ZS)ds—/ Z.dW,, (2.5)
t t

with unknown stochastic processes (X, Y, Z) with values in R™ x R x R? and with measur-
able parameters: b : [0,T] x R™ — R™ o : [0,T] x R™ — R™4 g : R™ — RU {+o0}
and F': [0,7] x R™ x R x R — R.

In [74], the specific case F(s,z,y,2) = —y|y|7 ', ¢ > 1, is studied and it is proved
that (2.3) holds. The arguments of the proof are not the same if ¢ > 3 or not. When ¢ is
sufficiently large, an a priori estimate on Z and Holder’s inequality are used, whereas for
q < 3, the Malliavin calculus is used to control the process Z, with the equality Z; = D,Y,
and the Malliavin by-parts integration.

Here we are going to generalize this result, with two novelties. The first one of this
chapter concerns the drift b. To obtain the Malliavin derivative DY of Y, it is usually
assumed that o and b have bounded derivatives w.r.t. x, which ensures that the Malliavin
derivative DX of X solves a linear SDE with bounded coefficients, and thus DX verifies
some strong integrability properties. These properties are then used to derive the existence
of DY (see [33] or [67]). This setting is kept in [74, 76]. With the representation Z; = D,Y;
and a by-parts integration, E(Z;¢(X})) is transformed into E(Y;1(X;)), where ¢ depends

on ¢ and on the probability density function p of X. To ensure the existence of p, a
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Chapter 2 — Growth condition on the generator of BSDE with singular terminal value ensuring
continuity up to terminal time

uniform ellipticity condition on o, together with the boundedness of b and o, are also
assumed in [74, 76].

In this chapter, we do not still suppose that b is Lipschitz conitnuous in z. In contrast
to the other papers, we take advantage of the uniform ellipticity condition to remove
the drift with a Girsanov transformation on the SDE (2.4). Therefore we only assume
that b is bounded, of class C!, with derivatives of polynomial growth. We are aware that
some works prove the existence of the Malliavin derivative for X, without the Lipschitz
condition on b (see for example [68]). However the existence of DX (in a weak sense),
without good integrability properties, is not sufficient to obtain the existence of DY'. This
is the reason why we modify the SDE in order to keep a Malliavin derivative with suitable
integrability conditions. The key point is that if (2.3) holds under P, it holds under any

other probability measure equivalent to P.

The second main novelty of this chapter concerns the generator F'. The used framework
is standard for BSDE, that is F'is Lipschitz continuous w.r.t. z. But, to be able to manage
this dependence on z, if ¢ < 3, we suppose that:

2(q—1)
q+1

|F(s,2,0,2) — F(s,2,0,0)] < C(1+]z[)|2]*, 0<a< <1 (2.6)

Under this condition, we prove that (2.3) holds. If ¢ > 3, we only suppose that F is
Lipschitz continuous in z (as in [76]). Therefore there is an interplay between the growth
of F' w.r.t. y, controlled by ¢, and the growth w.r.t. z, controlled by «. In particular when
q is close to one, f should be almost bounded in z. As far as we know, this property is
new in the BSDEs’ literature but also in the PDE theory.

If F' is linear w.r.t. z, Condition (2.6) cannot be satisfied. But the Girsanov transfor-
mation of the SDE, used if b is not Lipschitz continuous, adds a new linear term in the
generator F of the form (a(t, X;), Z;). Therefore this condition is incompatible with this
modification. Therefore we split F' into two parts: F(t,z,y,2) = f(t,x,y,2) + {(a(t,x), 2)
and we show that it is sufficient that only the function f satisfies Condition (2.6). In other

words if F is linear w.r.t. z, we don’t need (2.6) to have (2.3).

Notice that our result (2.3) is not satisfied if we consider a BSDE with jumps
T T T —
Y, —¢ +/ F(s, Xy, Y, Zy, Uy)ds —/ ZdW, — / / Uy(e)N(ds,de), 0<t<T,
¢ t t JR

where NV is a compensated Poisson random measure. Indeed a counter-example is devel-
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opped in Section 4 with a simple Poisson process N, a simple driver F(s,x,y,z,u) =
—yly|7t,q > 1 and a simple SDE X = N. In this case, there is discontinuity in 7"
lim Y; = 400 # €.

1T

Breakdown of the chapter. In the next section, we present the known results on
BSDE with singular terminal condition.

The main result of this chapter (Theorem 2.2.1) is stated at the beginning of Section
2.2. The rest of this chapter contains the proof of this result.

Essential points of our reasonning are based on the fact the we are in a Markovian
framework, that is the randomness of the driver F' at the moment ¢ is given only through
the random variable X; and ¢ is a function of Xr. First to obtain (2.3) on the non-
singular set {{ < +oo}, we use test-processes p(X), where ¢ is a test-function with
compact support in the non-singular set. Instead of Y, we study ¢(X)Y. At time T,
o(X7)Yr = o(Xr)E is integrable. Moreover in the Itd’s formula, the cross variation term
is of the form Vo(X)o(X)Z. To deal with this term, especially when ¢ is small, the
Markovian setting is again crucial. Indeed we can represent the process Z; as the Malliavin
derivative of Y: Z; = D,Y;, and we use a Malliavin integration by parts (see Proposition
2.2.5 and Corollaries 2.2.7 and 2.2.8). Let us note here that the use of test functions can be
generalized to smooth It6 functionals, as in [66]. However, outside the Markovian setting,
we do not know how to control the cross-variation term when ¢ is small (see Condition
(H) in [66], which requires ¢ > 3).

To obtain these results, X should have a Malliavin derivative with suitable integrability
conditions. Under our setting, we use the Girsanov transformation to remove the drift part
of the SDE. Note that if b is Lischitz continuous, we don’t need this transformation.

Since we are able to control the cross variation term, we can also deal to a linear
term w.r.t. z: {(a,Z). For large values of ¢, this linear term is superfluous and could be
contained in F. But for ¢ < 3, Condition (2.6) excludes linear growth and then adding
this linear term (a(t,x), z) makes sense. This is the first reason why we assume the par-
ticular structure (2.13) for F. Another reason comes from the Girsanov transform. Indeed
changing the probability measure to manage the drift b in the SDE, adds a linear term
in the BSDE. Let us note that the same conditions are imposed on b (drift of the SDE)
and a (linear part of the BSDE).

In Section 2.3, we first state a comparison result for the minimal solutions of BSDEs

with singular terminal condition. A direct consequence of this comparison principle for
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BSDE shows that (2.3) holds if the generator is bounded from above by a generator

satisfying the assumptions of our main result.

In Part 2.3.2, we apply this continuity result to the optimal liquidation problem studied

in [56]. The goal is to minimize

T
Iit.) = | [ (a2l ds + €lrl

ft‘|7

among all « such that the state process = is given by d=; = aydt, with fixed Zy. On the set
{£ = 400}, to have a finite cost, the terminal value Z; should be equal to zero. Hence the
full liquidation studied in [5] corresponds to the case £ = 400 a.s. The value function of
this control problem, together with an optimal control, are given by the solution (Y, Z) of
a BSDE with terminal value ¢ (see BSDE (2.28)) with the limit behavior (2.1). The lack
of continuity at time T is interpreted as an extra cost due to the liquidation constraint. In
the Markovian setting, we prove that there is no additional cost to minimize the control

problem.

In Section 2.3.3, we also apply our result to the related PDE:

?;Z(t, x)+ L(u)(t,z) + F(t,z,u(t,z), (Vuo)(t,z)) =0, V(t,xz)e€[0,T] x R™
(2.7)
w(T,x) =g(x), VYreR™
where £ is the infinitesimal generator of the SDE (2.4):
1 *v72
L(u) = (b, Vu) + itr (00 \% u) . (2.8)

The singular case {g = 400} # () has been studied in [31, 61, 65] when F(s,z,y,2) =
—y|y|9~t, but not when F depends on z. In [75], F could depend on z but only for large
values of ¢ (see [75, Theorem 2|). This paper fills the gap if (2.6) holds. In other words
the minimal viscosity solution u satisfies the continuity condition

lim  wu(t,z) = g(zo).
(t,x)—(T,x0) ( ) g< 0)

In the appendix 2.4, we set out all technical inequalities required in the proof of our

main result.
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Notations In this chapter we consider a deterministic time horizon 7" € R, a probabil-
ity space (2, F,P), a d-dimensional Brownian motion (W;)o<;<r defined on the probability
space and (F;)co,r] the augmented filtration generated by W. For all p € [1,4+00), we

remind:

o If p > 2, D' is the domain of the Malliavin derivative operator in LP(Q). Fur-

thermore we note D> = N D', For A € D we note (DyA)o<p<7 its Malliavin
p>2

derivative and for X a D'P-process we note (DgX;)o<gi<7-
e SP((0,T),R*) is the space of stochastic progressively measurable processes (A;)o<i<T

with values in R* such that

E [ sup AP | < +o0

0<t<T

and S*((0,T),R*) = N,>1 S?((0,T),R*).
e H?((0,T),R*)is the space of stochastic progressively measurable processes (A;)o<i<r

with values in R* such that

P

(/OT |At|2dt> ’

and H®((0,T),RF) = (5, H?((0,T), R¥).

e Whenever the notation T'— appears in the definition of a process space, we mean

E < 400

the set of all processes whose restrictions satisfy the respective property when 7'—

is replaced by any T'— ¢, € > 0. For example,

SP((0,7—),R*) = () SP((0,T —¢),R).

e>0

Moreover we say that a sequence (F},)nen converges towards ' € SP((0,7—), R¥) in
SP((0,T—),RF) if for any € > 0, the sequence (F,),en converges to F in SP((0,T —
g),R¥).

In the rest of the chapter, C' denotes a generic constant, which can depend on other

coefficients, and may change from line to line.
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continuity up to terminal time

2.1 Setting and known results

2.1.1 SDE with control of the density

To ensure existence and uniqueness of the solution X of the SDE (2.4), we suppose

that the parameters b and o satisfy the next conditions.

Assumption 7.

1. o is bounded and continuous on [0,T] x R™ and of class C* with respect to x with

bounded first derivatives and bounded second derivatives of oo™:

do 9*(oo*)

Vi,je{l,...,m}, . D Om
i ULy

€ L>([0,T] x R™).
2. oo™ is uniformly \-elliptic: there exists X\ > 0 such that
Vs € [0,T], Y(z,y) € R™ xR™,  (o(s,2)0"(s,2)y,y) > Nyl|*

3. b is bounded and continuous on [0,T] x R™ and of class C' with respect to x with

polynomial growth derivatives: there exist £ € [1,+00) and C' > 0 such that

Vs € [0,T],Vax € R™, ‘aaf(s,x) < C(1+ |z]9).

Under these conditions?, according to [84, Theorem 6], the SDE (2.4) has a unique
solution X in S*((0,7),R™). Furthermore we have according to [23]:

Proposition 2.1.1. The process X admits a probability density p such that:

1. On [e,T] x R™, the density p is continuous with respect to (t,z) with a continuous

derivative with respect to x.

2. There exists c € RY. such that, for all s € (0,T] and x € R™,
1 — 2]? — a2
exp (_CM> < p(s.2) < 5 exp <_|~”E$ol> '
s cs

cs?
Remark 2.1.2. The second property is the well known Aronson’s estimate (see [6, 50,

| o

N

S

77, 82]). If the function b linearly grows with a second derivative with polynomial growth

2. Note that boundedness of b is sufficient to get existence and uniqueness.
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w.r.t. x, then the result is still true but we have to add a term exp(cs|z|?) in the upper
bound and exp(—s|z|*/c) in lower bound (see [38, Proposition 1.2]). In general, if the
function o is also with linear growth, then the Aronson estimate is not verified. However
we only need a positive lower bound for the density to obtain our result. For example if X
is a geometric Brownian motion, the probability density is log-normal and thus our result

also holds in this case.

2.1.2 BSDE with singular terminal condition

For the BSDE (2.5), we use classical hypotheses on the generator F'.

Assumption 8.

1. The function F is continuous and monotone with respect to y: there exists x € R
S.1.
Y(t,z,y,y,2) €0,T] x R™ x R x R x RY,

(y—y) F(t,z,y,2) — F(t,x,y',2)) < xly — ¢'*.

2. There exists a constant { € [1,+00) such that for all p € N, there exists ?p >0
such that

Vte[0,T),z e R™, z € R, sup |F(t,2,y,2)] < K,(1+|z]" +]2)).
lyl<p

3. The function F is of class C' and uniformly Lipschitz continuous in z: there exists

K > 0 such that
Vs € 0,7,z €eR™ y € R, 2,2 € R, |F(s,2,y,2) — F(s,x,y,2)| < K|z — 2|

Under this framework, if ¢ = g(Xr) € LP(£2) for some p > 1, then there exists a unique
solution (Y, Z) € SP((0,T),R) x H?((0,T),R?) to the BSDE (2.5) (see [19, Theorem 4.2]).
Our goal is to deal with singular terminal condition. We consider the Markovian frame-

work with a terminal condition
£ =9(Xr)

where g : R™ — R, is a deterministic measurable function. We assume the next setting

for g.

Assumption 9.
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1. The function g : R™ — R, is measurable.
2. The set of singularities S = {x € R™, g(x) = +oo} is closed in R™.
3. The function g is continuously differentiable and Lipschitzian on each
O, ={z e R™, g(x) <n}
for every n € N.

4. The singular terminal condition & = g(Xr) satisfies a local integrability condition:

for all compact set K of R™\S,

g(XT)lK(XT) € Ll(Q,FT).

To construct a solution when the terminal condition ¢ is not integrable, we proceed

by truncation and consider the following BSDE: for any n € N
T T
yr— ¢ +/ F(s, X, Y7, Z%)ds — / ZrdW,, te[0,] (2.9)
t t
with
é'n - (pn(§)7 Fn(s7 x? y? Z) - F(S7 x? y’ Z) - F(S? x? 07 O) + (pn(F(87 x? 07 O))7
where (¢, )neny a non-decreasing sequence of smooth non-decreasing functions such that

u if v<n-1

, uN(n—1) <oy, (u) <uAn. (2.10
n if u>n+1 ( ) < enlu) ( )

YneN, YuelR, gpn(u):{

Proposition 2.1.3. Under Conditions 7, 8 and 9, the truncated BSDE (2.9) admits a
unique solution (Y™, Z") in SP((0,T),R) x HP((0,T),R%) for all p € (1,+00). Moreover
the sequence Y is non-decreasing and the process Y™ is bounded from above: there exists

a constant C' such that for m <n
Vte [0,T], Y"<Y"<C(T+1)n.

Proof. Existence and uniqueness directly follows from [19, Theorem 4.2]. Indeed 0 < £™ <
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n, thus £" is bounded. For any s € [0, 7],
—C(1+|X,|9) < F™(s,X,,0,0) = F(s,2,0,0) An < n.

Therefore, for any p > 1,

T
El/ |F"(s, X,,0,0)|7ds| < +oc.
0

The driver f is Lipschitz with respect to z, continuous and Lispchitz with respect to y.

For any r € R,

T
K [ [ sup P70, %1,3,0) - F”<t,xt,o,o>rdt]
0

ly|<r

T
E V sup | F(, X4, ,0) — F(t,Xt,o,0)|dt]
0

ly|<r

T
< 2K [/ sSup |F<t7Xt>y70)|dt]
0

ly|<r
_ T
< 2K,E l/ (1+ |Xt|r)dt]
0
< +400.
Now standard a priori estimate on the solution of a BSDE (see [72, Theorem 5.30]) and

the comparison theorem (see [72, Theorem 5.33]) imply that there exists C' > 0 such that
if m < n, then a.s. for any t € [0, 7]

}/;m S )/tn S ée(x+252)Tn(T+ 1)7

where C depends on the Lipschitz constant of F' w.r.t. z. This achieves the proof of this

proposition. O

Since Y;" is a non-decreasing sequence, its limit Y; exists. However the upper estimate
on Y™ is not sufficient to ensure that Y; is finite. But let us emphasize that for any n,
YO <Y" <Y with Y? € S*((0,7),R).

Finally to obtain a suitable a priori estimate on Y, we add extra assumptions on F'.

Assumption 10.
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1. The functions F satisfies:
Vs € [0,T],z € R™, F(s,z,0,0)>0.

2. There exist ¢ > 1, a positive process n whose inverse is of polynomial growth,
C e R and ¢ € [1,400) such that

1
n(s,x)

Vs € [0,T],x € R™, <C(1+|zl9

and
Vye R, t€[0,T],x e R" z € RY, F(t,x,y,z) — F(t,x,0,z) < —n(t,z)|y| .

Then we have, according to [76] applied with ¢,, (controlled between - A (n — 1) and
- An) instead of with - A n, the following result.

Proposition 2.1.4. Under Conditions 7, 8, 9 and 10, the sequence (Y™, Z"™)pen con-
verges to (Y, Z) in S®((0,T—),R) x H*®((0,T-),R%). The limit (Y, Z) is the minimal
supersolution to the BSDE (2.5) on [0, T in the sense that:

~

. The couple (Y, Z) belongs to S>((0,T—),R) x H*®((0,T—),R%).

o

The process Y is nonnegative.

[ S)

CForall0<s<t<T,

t t
YS:Yt+/ F(r,XT,YT,ZT)dr—/ Z,dW,.

B

. The process Y satisfies the supercondition (2.3) on the left att =T': a.s.

.. >
llﬂl%lfyt > £.

©

The process (Y, Z) is minimal: if (}7, Z) satisfies the four previous points, then a.s.
for any t, Y; <Y,

Proof. We check that the assumptions of this section holds to apply [76, Theorem 2.6].
o { =g(Xr)and F(t, Xt 0,0) are nonnegative and P(§ = 4+00) > 0.

e The driver F' is continuous and monotone with respect to y.
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2.1. Setting and known results

e For all p > 0,

sup |F<t7Xt>y70) - F(tuXtaO70)|

ly|<p
= sup |f(t7Xtay70) - f<t7Xt7070)| S 2 sup |F(t7Xt7y7 0>|
lyl<p ly|<p

< 2K,(1+ | X)) < 2K, (1 + sup |Xs|p) e LY((0,7) x Q).
0

<s<T

The driver F is Lipschitz continuous with respect to z.

The driver F' does not depend on a jump term.

The growth of the driver F' with respect to y satisfies for all y € R,
Vy Ry, t€[0,T],x €R™, 2 € R, F(t,a,y,2) - Flt,2,0,2) < —n(t, x)ly|"

e As the inverse of the process 7 is of polynomial growth, X € S*°((0,7),R™) and

according to Assumption 8, we have, writing ¢* the Holder conjugate of ¢,

1 V4
! 1 o (s s 00
E (/ ((Q—l)n(s,Xs)> ) F(’XS’O’O)) ds| < oo

We deduce the result according to [76, Theorem 2.6]. O
A key step to obtain this result is the existence of a suitable a priori estimate on Y™.

Proposition 2.1.5. Under Conditions 7 to 10, for any r > 1, there exists a constant
K, depending on r > 1 (and the constants in our assumptions) such that a.s. for any
te€[0,T) andn > 1:

1 1
v < { VK,
na—1

+(T — s+ 1) F(s,X,,0,0))" ds

ft)]i} (2.11)

1 1
where q, is the Hélder conjugate of q: — + — = 1.
qa g«

The proof of this proposition is set out in the appendix. As a consequence, the process
Y satisfies on [0, 7T):
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e (£ ()

+(T — s+ 1)=F(s, X,,0, 0))rd8 ]—“tﬂ " (2.12)

Remark 2.1.6. The non-negativity condition in 10 on F(s,x,0,0) can be relaxed. Then
the minimal supersolution Y is only bounded from below by Y° € S>((0,T),R). We give
details in Remark 2.3.4.

As mentioned in the introduction, our aim is to prove that (2.3) holds: a.s. li?l i:,pf Y, =
—

¢. Note that on the event {{ = 400}, we directly have lim Y; = liminfY; = £ = +o0.
t—=T t—=T

2.2 Main result and its proof

Taking into account:
o the fact that (2.6) rules out the linear case,
e the transformation of the SDE (2.4) when b is not Lipschitz continuous (see Gir-
sanov transformation 2.2.1),
we suppose that the driver of the BSDE (2.5) can be written:

F(t7 Xt7 }/1-57 Zt) = .f(ta Xt7 }/;57 Zt) + <(Z(t, Xt)a Zt> (213)

where f:[0,7] x R" x R x RY - R and a : [0,7] x R™ — R are measurable determin-
istic functions. We assume that a is bounded and f satisfies Condition 8 and 10. Hence
these two assumptions are also verified by F'. Therefore one can easily check that Propo-
sitions 2.1.3, 2.1.4, 2.1.5 are still valid. Moreover to obtain the Malliavin differentiability
of (Y™, Z"), we impose that F is of class C! w.r.t. (z,y, z) with derivatives of polynomial

growth. In details:

Assumption 11.

0
1. The function f is of class C' with respect to y and the partial derivative 8f s
Y

locally uniformly bounded:

VM e RL, 3Cy € RL,

68



2.2. Main result and its proof

Yy € [-M,M],s €[0,T],z € R™, z € RY,

of

@(Saxaya Z) S C’M

2. The function f is of class C* with respect to x and the partial derivative are locally

uniformly polynomial growth with respect to y:
e [l,+00), VM eR:, IOy eRL, Vye[-M,M],sel0,T),z R zeR?

of

%(37%972) S CM(]- + |'T|£ + |Z|€)

3. The function a verifies the same condition as b in Assumption 7, namely a is
bounded and of class C* with respect to x and the partial derivatives of the function

a are polynomial growth: there exists C' € R% such that
e [l,+0), Vsel[0,T],z€R™,

s,x)| < C(1+ |{L'|Z)

o
ami
Remark that since f is Lipschitz continuous w.r.t. z (Assumption 8), its partial deriva-

tive w.r.t. z is bounded. Moreover we can choose a constant ¢ as the maximum between

the quoted constants in Assumptions 7, 8, 10 and 11. Let us state our main result.

Theorem 2.2.1. Assume that the generator F' admits the structure given by (2.13) and

2(g—1
M,C’ERTF and

that Assumptions 7 to 11 hold. If for ¢ < 3 there exist 0 < a < 1
q

¢ > 1 such that
W(s,2,2) € [0,T] X R™ x R%,  [[(5,2,0,2) — f(s5,2,0,0) < C(1 + |al )], (2.14)
then the minimal supersolution (Y, Z) to the BSDE (2.5) built in Proposition 2.1.4 satisfies
P-almost surely: lign iTant =¢.
%

Remark 2.2.2. The growth assumption of f w.r.t. z is new and never appears in the
existing literature. Note that for ¢ > 3, Condition (2.14) holds with o = 1 from Assumption
8, as in [76]. Let us again emphasize that this growth assumption does not concern the

linear part {(a, z) of F.

The rest of this section concerns the proof of this result. Evoke that (Y™, Z™) is the
solution of the BSDE (2.9) and satisfies the properties of Proposition 2.1.3, whereas the
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limit (Y, Z) is given in Proposition 2.1.4.

2.2.1 Malliavin differentiability of the couple (Y, Z")

Our main tool is the Malliavin calculus. As explained in the introduction, the Malliavin
differentiability of (Y, Z) relies on the differentialbility of X. If b is Lipschitz continuous
(or of class C* with bounded derivative), we could directly apply Proposition 2.2.3 below
to the SDE (2.4) and keep the initial system (2.4)-(2.5).

With our more general setting, we can apply [68, Theorem 3.3], which states that
X has a Malliavin derivative Dy X. But the integrability properties of Dy X may be lost
and these properties are crucial to obtain the Malliavin derivative of Y™ (see Proposition
2.2.5).

A transformation of the system (2.4)-(2.5)

To circumvent this issue, we modify the system using Girsanov’s transformation. From
Assumption 7, ¢ is uniformly elliptic thus (00*)(s, z) is invertible for any s € [0, 7],z €
R™. The SDE (2.4) can be written:

t t
X, :x0+/ b(s,Xs)der/ o (s, X,)dW,,
0 0
t
— o+ [ (s, X,) [AW, + 0% (s, X,) (05, X,)o (5, X))~ b(s, X,)ds|
0

t —~
= +/ o(s, Xs)dWs.
0

Moreover o*(oc*)~!b is bounded. Hence according to the Girsanov theorem, there

exists a probability measure Q equivalent to P such that for any t € [0, 7]
~ t
We =Wt [ (0"(00")™) (5, XoJbls, X.)ds
0

defines a Q-Brownian motion. Since Q and P are equivalent, P-a.s. convergence is equiv-
alent to a Q-a.s. convergence. In other words (2.3) can be proved Q or P almost surely.
Let us emphasize that W and W generate the same filtration. Indeed, since X is
the solution of (2.4), X and W are adapted to the filtration FW of . By the strong
uniqueness of the solution of the SDE dX = o(-, X)dW, X is also FV measurable, which
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means that .
W, :Wt—/ (0™ (00™) 1) (5, X, )b(s, X,)ds
0

is also measurable w.r.t. IFW. Hence the filtrations coincide.

Concerning the BSDE (2.5), we obtain

dY, = —F(t, X,,Y,, Z))dt + ((o*(o0*) ") (¢, X)b(t, X,), Z,)dt + (Z,, dW,)
= —f(t, X, Y., Z)dt — (a(t, X;) — (0*(co™) ")) (t, X)b(t, X,), Z)dt + (Z,, dW,)
ZIg(t,Xt)

= —f(t, X, Y,, Z)dt — (a(t, X,), Z,)dt + (Z,, dW,).

The term a = a — 0*(00*) 10 satisfies the same assumptions as a and b: a is bounded

and of class C! with polynomial growth derivatives.

Hence applying the Girsanov theorem leads to

t —
X, = a0 + / o (s, X,)dW, (2.15)
0
T T T .
Y, :g(XT)+/ f(s,Xs,YS,Zs)der/ ('d(s,Xs),Zs)ds—/ (Zs, dW,)
t t t

T T —
:g(XT)+/ F(S,XS,YS,ZS)ds—/ (Z,, dW,) (2.16)
t t

with @ = a — 0*(00*)7'b. Thus, even if it means considering Q, W, a instead of P, W, a,
we can assume

b=0.

Now we can compute the Malliavin derivative of X. Indeed under Conditions (7) on

o, according to [69, Theorem 2.2.1], we have:

Proposition 2.2.3. The SDE (2.15) admits a unique solution X in S*((0,7"),R™) such
that:

1. For allt €[0,T], X} € DY and for all p € [1,+o0],

sup E l sup |DgX![P| < +o0. (2.17)

0<0<t |6<s<T
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2. The process DX satisfies the linear SDE

d to
D@X—UZQXQ—G—ZZ/(?Z L 0<0<t<T
k

j=1k=1

where we note 0 = (07 )1<i<mi<j<d, and DgXi =0, 0<t<f<T.

Remark 2.2.4. When b is of class C' but with bounded derivatives, the previous result
holds for the SDE (2.4) with

d

ds+2§:

j=1k=1

t (90
Oa:k

, X ) Dy XFawi,

Do X! = 0:(6, Xp) +Z/ o

without needing to assume b =0 by considering Q, W, a.

Differentiability for the BSDE

We show the Malliavin differentiability of the couple (Y, Z"), due to [67, Theorem
5.1 and Application 6.1]. The next result is based on Proposition 2.2.3, in particular on
the estimates (2.17) on DyX.

Proposition 2.2.5. Under Conditions 7 to 11, the solution (Y™, Z™) of the truncated
BSDE (2.9) is in L*([0,T],D%? x DY?). Moreover for all 0 <t < 6 < T, DyY;" =
DpZ} =0 and, for all0 <0 <t <T,

n

DoY = Dyé™ — / Dy ZdW, +/ ( (5, X, Y, Z0YDyY"

4 QF" .

E 5, X VI 20D+ DoF (s, X VI 22 | . (2.18)
Zj

i=1

Proof. Note that 0 < Y;” < Cn(T + 1). Indeed Proposition 2.1.3 holds if a is replaced
by @ (only the constant C' is modified). Thus we can assume that the driver F™ admits
a bounded partial derivative w.r.t. y. Indeed with assumptions 11, we can consider a
function f with bounded partial derivative w.r.t. y and which coincides with the function
f for y € [0,Cn(T + 1)]. Replacing f by f in (2.9) leads to the same solution (Y™, Z").
In this case we deduce the assumptions of the application 6.1 of [67]: (A;) due to 7.1-2,

72



2.2. Main result and its proof

(A3)(7) due to 9.3 and (Ay)(i7) due to 8.3, 11 and because

T T
E V ]F”(t,Xt,0,0)\thl <E V |f(t, X;,0,0) An|?dt| < Tn? < +o0.
0 0

Then we deduce the representation of Z™ as the Malliavin derivative of Y™:
Corollary 2.2.6. We have for any t € [0,T], D,Y;" = Z}".

Proof. According to [64, Lemma 2.4]:
De}/;ﬁn = V}QH(VXG)ilU(ev X@)l{egt}7

where VX, VY" VZ" are the notations of the variational equation associated to the
FBSDE on [t,T]

Xtr = x+/ o(r, X,)dW,
t
T T
Vi = g (X + [ X zptnyar — [ znieaw,

with g, = ¢, o ¢g. In other words for each ¢ € {1,...,m}, (V;X,V,;Y" V,Z") are the
solutions of the FBSDE

d S . .
VX, = e+ / V, 09 (r, X0¥)V, X, dW?
j=1"%

S

T
VY = vmgn<XT>Vz'XT+/ (VIF”EXT,W,Z:)

OF™ T
—1—87(7“, XY ZM) + (VL (r, X, Y 2T, Vﬂ]f})dr —/ V. Z" AW,
Yy s
where (ey,...,€,) is the canonical basis of R™. Note that V,g, and V,F" make sense

because we have truncated with a smooth function ¢,,, and note that VX satisfies a linear
SDE with initial condition VX; = I,,,, thus VX, € GL,,(R) for any s € [t,T], P-a.s. and

(VX,)~! makes sense. Moreover, according to [87, Lemma 5.2.3]:
7 = VYM(VX,) ot Xy).
Therefore we deduce the desired result. ]
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We also deduce the following results from [74, Proposition 16]. The difference with
[74] is the dependence with respect to z of the driver F' but the proof uses the same
arguments. In particular due to the fact that we are in a Markovian framework, the
property that Y;” = u"(t, X;) with a deterministic function u™ (solution of the partial
differential equation associated to the truncated BSDE) holds (see [33, Theorem 4.1]).

Corollary 2.2.7. For all o € C*(R™) (set of functions of class C? with compact support),
there exists a measurable function v : [0,T] x R™ — R such that, for allt € [0,T],

E[[Y;"(t, Xo)[] < 400, E[(Z]', Vo(Xi)a(t, Xi))] = —E[Y"¢(t, Xy)]

and the function v is given by the formula

d w(po;)(t, x
(t.5) = (et ) )
+ > (Vo(z), ((Vai)o)(t, x)),

=1

+tr (Vip(x)(00")(t, 7))

with p(t,-) the density of X;.

Corollary 2.2.8. For all p € C*(R™), there exists a measurable function v : [0,T] X
R™ — R such that, for all t € [0,T],

E[Y;9(t, Xo)|] < o0, Elp(Xo){alt, X2), 2] = —E [0 (1. X1)|

and the function 1 is given by

div(po;)(t, )

o) a;(t,z)(Vo(z),0i(t, x))

(t0) = 32 el

=1

+o(x)(Va;(t, z), oi(t, x))) )

From now on and in the rest of this part 2.2, we work either with (2.4)-(2.5) under P or
with (2.15)-(2.16) under Q, with the same notations, so that the statements of Corollaries
2.2.7 and 2.2.8 hold.
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2.2.2 Central equation

To study the limit behavior of the process Y at time 7', we consider the term ¢(X;)Y;"
for every function ¢ regular with support included in the complementary of the singular
set § and we study the behavior at time T of this term. We suppose w.l.o.g. that f
satisfies Conditions 8 with y = 0, that is f is non-increasing w.r.t. y (see [56, Remark 1]
or Lemma 1.1.15).

First we use 1t6’s formula and the previous corollaries to deduce:

Proposition 2.2.9. Under Conditions 7 to 11, for all ¢ € C*(R™), we have for any n

and any t
Bl CnYE] Bl CEV?]+ B | [ X5, 0,001
— [y x| e[ [ e0a s x0 20 - X020
B [ 600,22 = (5. X000 219

with
ﬁ(t’ x) = \Ij(t> .I') +E(t7$) = E(SO)(Swr) - w<t? x) + @(tv :L‘),

Y and v being given in Corollaries 2.2.7 and 2.2.8, and L by (2.8) with b = 0.

Proof. We have, thanks to the [t6 formula,

T
Yio(Xr) = Yo(X:) + / Y L(0) (s, X,) ds+zz / yn 8x X,)04(5, Xs)dW?

i=1j5=1
—/ VF™(s, X,, Y, 2% ds+/ ) ZrdW,
+ZZ/ ZJ" X,)oi5(s, X, )ds.
i=15=1

907<’0 and o are

al‘i

But the appearing stochastic integrals are true martingales because
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bounded and (Y™, Z") € S2((0,T),R)x H?((0,T), R?). Thus, by applying the expectation,

EIYFeX] = ENFRC0]+E | [ VP X,)0s

T
_E V P(X,)F™(s, Xy, Y2, Zg)ds]
t

m d T 9
+S Y E [ /t Zin a;f (X))o (s, Xs)ds] .

i=1j=1

Furthermore, due to the Fubini theorem and to Corollary 2.2.7,
T
BIYFeXn] = ENFRC0]+E | [ VP X0
T T
E V P(X,)F™(s, X, Y2, Zg)ds] _E V stw(s,Xs)ds] .
t t

We arrive at the equality
T
BIYFeCXn] = BN~ B | [ olX)F" (s, X, 2 2200
+E [/T Y;,”\If(s,Xs)ds] ,
with U(s,x) = L(p)(s,x) — (s, z). But we also have
T
E [/t P(X,)F" (s, X, YT, Zg)ds]
| [ ORI X Y Z5) = (6, X002
[T
#0006 X,00.22) 105, X,.0,0)0

+E :/tTgo(XsMa(s, X,), Z;L)ds]

FE | [ G0 X00,0)a5],
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with, according to Corollary 2.2.8 and the Fubini theorem,
E [/T o(Xs){a(s, Xy), Z?}ds] =—-FE [/T Y7 (s, Xs)ds] .
Therefore
T
Bl (XY - BIpXOV] +E | [ 90615, X,, 0.0
T T
— | [ W s | < B | [ e X Y2 2 - (5. X020
B[ OO (5,X,0.22) ~ 0,0,

with ¥ = W + 1), which achieves the proof. n

2.2.3 Control of the different terms in the central equation
The set S is closed (Assumption 9), so S¢ = {z € R™, g(z) < +oo} is open. We
consider any ¢ € C?(R™) such that 0 < ¢ <1, (s =0 and ¢ = ¢? with

2q q
>92, = —— > 1 >1. 2.20
B=>2q e (2.20)

This power 3 will be usefull when we will have to differentiate the function ¢, in particular
in Lemma 2.4.5.
Thanks to the study of the behavior of different terms in the central equation (2.19)

with the function ¢ = (?, we can pass to the limit as n tends to oo in Equation (2.19).

Proposition 2.2.10. Under conditions of Theorem 2.2.1, as n tends to +00, we obtain:
for any t € (0,T]

B ()] ~ Bl + B | [ (X0 X,0.0)05
| [ VW Xs| | [ 005 X Ve 2~ 6, X,0. 22
_E VtT P(X)(f(5. X4, 0, Z,) — f(s, X0, 0))ds] . (2.21)

In this equation, all terms are finite.
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Proof. We are going to study each term of the central equation (2.19) given in Proposition
2.2.9:

1. For the terms E[p(X7)Y}| and E[p(X;)Y}"], convergence is obtained by monotone

convergence theorem
Elp(Xr)Yr] — Elp(Xr)f], Elp(X)Y"] — Elp(X;)Yi].

n——+oo n—-+0o0o

Indeed if K is the support of ¢,

0 < p(X7)€ = o(X7)g(X7)Lixrexy < 9(X7)1c(X7) € L'(Q),

thanks to Assumption 9, and also ¢(X;)Y; € L'(Q) because ¢ is bounded and
Y € §%((0,7—),R) (see Proposition 2.1.4).

T
2. For the term E [/ gp(Xs)cpn(f(s,XS,O,O))ds], by construction of the ¢, and
t

monotone convergence,

n—-+0o00

|| et 0,005 o | [ o) 00005
Indeed

0<E

/tT H(X.)| f(s5, X, 0,0)|ds ) < oo,

<CT (1 +E [ sup | X,

0<s<T

T
3. For the term E [/ o(Xs)(f(s,Xs,0,27) — f(s, Xs, 070))0[3], we have
t

|p(X)(f (5, X5, 0, Z7) — f(s,X,,0,0))]
‘f(S7XSJOJ Zg) - f(SvXS7070)|

Ly zo 203 25|

with, by Condition (2.14) on the function f

|f(SaX870a Zg) - f(37X87070)|

|Zn|a 1{|Z?‘¢0} S 0(1 + |X5|€)
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Since ¢ is bounded, we obtain:
lp(Xs)(f (s, X, 0, Z7) — f(5,X,0,0))| < C(1 + |XS|Z)|Z;Z|Q‘ (2.22)

Thus, according to Proposition 2.2.3 and Lemma 2.4.4 in the appendix, we deduce
that there exist C' > 0 and v > 0 such that

B (] 10065 X00,22) = 6, X 0,00 ) s < €

1+v
1+ 3

Indeed we have by Holder inequality with p = > 1

B (] 16X, 22) = 5, X 0,0 )

T |14 v
< cm ([ 1+ Pl 2 s
0

T p% T p
gc(m V (1+;XSV)<1+Z>p*d5D <E V yzg\a““)ds])
0 0

<C.

The sequence of processes (p(X)(f(-,X,0,2") — f(-,X,0,0)))nen is bounded in
LY*35(Q % [0,7)).

Hence this sequence is uniformly integrable and we can deduce that for any
e > 0, there exists o > 0 such that for any n

E [ [ (5, X00.22) = F(s, X, 0,0)ds]| <.

T—do

Furthermore, again with Lemma 2.4.4 the same arguments prove:

< +00.

T T
E V (X f (s, X0, Zs) —f(s,XS,O,O)]ds] < CE V |Z,|ds
0 0
Then there exists 0; € (0, dg] such that

<e.

[, 1000500, = (5. e 0.0) s

T—61
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Now for any p > 1, the sequence (Z"),ecn converges in HP((0,T — 6;),R%) to Z

(Proposition 2.1.4). Therefore since f is a Lipschitz continuous function w.r.t. z,

n—-+o0o

T—61
lim EVO go(Xs)(f(s,Xs,O,Zg)—f(s,Xs,0,0))ds]

=E

/0T51 SD(XS)<f(S’ XS’ 0’ ZS) - f(sa Xs, 0, O))d5‘| .

Hence there exists N € N such that for any n > N

‘E[ / T (X) (f (s, X, 0, 20)

- X0, 00| B | [ 5,002 — 5 X0, 001 < =

With f(s, X,0,0) = f°(s), we deduce that

E| [ X022 - o)

< 3¢

_E [ [ X5, X0, 2) - f(s))ds

Thus

i B | [ o0 X00,20) -~ 1)

n—-+o00o

_E [ [ o166 x.0.2,) - f°<s>>ds] |

A
4. For the term E l/ Y (s, Xs)ds], we have,
t

_1

I 1o 0 1 — _1
YIW(s, Xo) = (n(s, Xo) 7Y 0(X0)7) x (U(s, Xon(s, Xo) " 70(Xe) 7 1y(x)50)
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Thus, by Holder’s inequality,

E VtT YU (s, X,) ds] < <]E VtTn(s,Xs)(Yj)qu(Xs)dsDq (E MTF(S,XS)dqu* ,
(2.23)
with
I(s,2) = [T(s,2)|"n(s,2)" 7 p(x) "7 Lpa)s0). (2.24)

Given that the function ¥ involves the density p of the process X which has a
singularity in ¢t = 0, we consider ¢ > 0 and verifiy that I'(-, X(-)) € L'([¢,T] x Q).
The fact to consider [, T] is not a problem because we study the behavior at time
T, that is when ¢ tends to T'. We have, according to Lemma 2.4.5 in the appendix,
for any t > ¢,

< +00.

E [/tTF(s,XS)ds

According to the previous points,

Bl CErYE] - Bl (O] + B | [ X5, 0,00

#B [ [ o516, 2.00.2) = 1G5, X, 0,00

is the term of a convergent sequence. Moreover from our equation of interest (2.19), it is

equal to

B[ A X Y2 20 = X0, 2200 4| [ 2 ).

Hence there exists a constant C' such that

<E VtTr(s,Xs)dqu* <C

and

_E l /t (X)) (F(s, X0 Y2 Z) = F(s, X, 0, Zf))ds] LR [ /tT YT, X)) < C.

81



Chapter 2 — Growth condition on the generator of BSDE with singular terminal value ensuring
continuity up to terminal time

From the second assumption of 10,

E [ [N X0 Y2, 22) = (5, X0, 22))ds

<5 | [ pXnte X0

Hence for any n and ¢

E l/f @(Xs)n(s,Xs)(YS”)qu] +E l/tT YU (s, X,)ds| < C.

Let’s introduce some notations to understand the behavior of sequences
T T
u, = E [/ go(Xs)n(s,Xs)(YS")qu] ., v, =E [/ YS”\I’(S,XS)dS] :
t t

We have u, + v, < C, and, by the inequality (2.23) and our choice of C, |v,| < Cus.
1 1 1

Thus u, < C —wv, < C + up, ie. u, —uq < C. But, noting h,(z) = © — x4, the set

{x eR,x— zi < C’} = h;*([0,C]) is bounded. Indeed lim o hy = 400 and [0,C] is

compact. Thus (u,),en is a bounded sequence by C' € R* . Therefore the sequence

1

Yo = @(X)an(-, X)aY™

is bounded in L%([0, 7] x ©) and nondecreasing. Thus we have the convergence of v, to v

in L4([0,T] x Q). But we also have the almost sure convergence: a.s. for all s € [0, 77,

Tn = SO(XS)EU(S,XS)EYS” — o(Xs)1n(s, X;)1Ys.

n—-+o0o

n(s,Xs)%Y;. For any t > ¢,

S

Thus, by limit uniqueness, v(s) = ¢(Xs)

E l/tT YU (s, Xs)ds] —E

T 1 1 s, X
[ et xohy— Tt 1{¢<XS>>0}ds]
2

U
(X)) in(s, Xy)1

T W(s, X, T
— E / @(Xs)é’r/(saXs)%}/s (18’ ) 1 1{@(Xs)>0}d5 =E l/ }/S\Il<57Xs)dS‘|
e K p(Xs)an(s, Xs)a t
because -
W(s, X,
%Hw(xsbo} € L*([e,T] x Q).
p(Xs)an(s)a
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2.2. Main result and its proof

Indeed from Lemma 2.4.5
_ qx
U(s, Xs)

T L{p(x.)>0)

e m— :FS,XS Ll ,T 0).
o(X,)an(s)s (s,Xs) € L'([e, T] x Q)

T
For the remaining term E [/ (X)) (f(s, X, Y, Z0) — f(s, X, 0, Z?))ds] , f is supposed
t

to be non-increasing with respect to y (see the beginning of Section 2.2.2) and, by con-
struction of the processes Y, the sequence (Y™),en+ increasingly converges to Y. Thus

the monotone convergence theorem gives us the convergence
T
B | [ AU 02,220 — 16 X0, 22005
t
n—-+0o

o B[ [ OO XY 20— 5. X0, 2.

Coming back to the central equation (2.19), we also deduce the convergence of the sequence

B | [ A X 22 — 1 X0, 22005
o “Elp(Xr)E) + Elp(X)¥) - B [ [ ex) s X0 o>ds]
+E VtT stp(s,Xs)ds]

) l/tT o(X.)(f (s, X,,0, Z4) — f(s,Xs,0,0))ds]

where the limit is finite due to the previous estimates, which achieves the proof of this

proposition. O

Remark 2.2.11. The Malliavin calculus allows us to control each linear term which
involves Z}' = D,Y,". Even if a =0, Z" appears in the cross variation. For the term with

the increment of f with respect to z

B | [ 005, X.00.20) - 6. X, 0,05

even if we could linearize it (see Section 2.4.1 and the proof of Proposition 2.1.5 in the

Appendiz) and get (I, Z"), we don’t have an expression of the Malliavin derivative of I™.
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This is the reason why we add this reqularity condition (2.14).

2.2.4 Conclusion about the BSDE

The different terms in Equation (2.21) of Proposition 2.2.10 are integrable. Thus, when
t tends to T', we obtain
E[p(X7)¢] = imE[p(X,)Y].

So, according to the Fatou lemma and Proposition 2.1.4,
Elip(Xr)€) 2 B [lipinf ¢(X0)¥:] = E [o(X0) liminf Y] 2 Elp(Xr)¢).

Therefore inequalities above are equalities. Thus for every function ¢ whose support is

included in {£ < +o0}, we have
e(Xr) 11£g¥1fY; = {p(X7).

Thus, on {{ < 400}, lign ijpf Y, = £. Since we already know that this equality holds on
—
{€ = 400}, this achieves the proof of Theorem 2.2.1.

2.3 Corollaries and applications

2.3.1 General comparison theorem and generalization of Theo-
rem 2.2.1

We can consider two singular terminal conditions & and & and two drivers Fi, Fy :
[0,7] x R™ x R x R — R which satisfy comparison inequalities. Thus we obtain this

following corollary about the associated minimal solutions.

Proposition 2.3.1. We assume that the Asumptions 8 and 10 hold for the two different
drivers Fi, Fy instead of the driver F'. We also suppose that the terminal conditions are

non-negative and that the following inequalities hold:
&1 < &, (2.25)
Y(t,x,y,2) € [0,T] x R® x R x R, Fy(t,x,y,2) < Fy(t,z,y, 2). (2.26)
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Thus the minimal solutions (Y, ZY), (Y2, Z?) (in the sense of Proposition 2.1.4), asso-
ciated to the BSDE (2.5) with respectively the paramaters (Fi,&1), (Fy, &), satisfy the

comparison principle: a.s.
vte[0,T], Y} <Y (2.27)

Proof. Let us consider (Y™ Z'") the solution of the BSDE with terminal condition
& = ¢,(&1) and generator

Fl'(s,z,y,2) = Fi(s,x,y,2) — Fi(s,2,0,0) + ¢, (Fi(s,x,0,0))

where the functions (p,,) are given by (2.10). Foralle > 0and 0 <t <T —e < T, we

have
VY=Y -V [ B X Y2 Z) — Fi(s, X, Y2, Z2)ds

+ /tT_E Fi(s, X, Y2, Z2) — Fi(s, X, Y2, Zb0)ds

+ /tT_E Fi(5, X4, 0,0) — on(Fi (5, Xs, 0,0))ds — /tT_E 72— Zhmaw,,
Note that we can split the next term:

/tT_a Fi(s, Xs, Y2, 22) — Fy(s, X, Y2, Z57)ds

_ /th Fi(s, X, Y2, Z2) — Fy(s, X, Y, Z2)ds
+ /tT_E Fi(s, X, Y2, Z2) — Fy(s, X,, Y7 207V ds.

and use a classical linearization trick (see among other [87, Theorem 4.2.3])

T—e
/ FI(S’X‘”)/?’Z?) - F1(87X57}/;Ln7ZsLn)dS
t

T—e T—e
= [ arovinas+ [z - zids.
t t

From our assumption 8, 5™ is a bounded process (by K, uniformly in n) and o is bounded

from above (by x, uniformly in n). Using the expression of the solution of a linear BSDE

85



Chapter 2 — Growth condition on the generator of BSDE with singular terminal value ensuring
continuity up to terminal time

([87, Proposition 4.2.1]), we obtain
V2 ¥ =B (07 - T o

T—e
+/ <F2(S7XS7}/:S27ZS2) _F1(57X87}/:927Z§>) Fn(tJ S)ds
t

7|

+E [/tT_a (F1(s, X5,0,0) — on(Fi(s, Xs,0,0))) T (¢, s)ds

7

with
It 5) = exp (/t (az _ ;(53)2) du+ | ﬁgdwu) |

From the definition of ¢, the last term is non-negative. From our assumption on F} and

7.

F5, the last but one term is also non-negative. Hence

Y2 Y, > E|(Y2 - Yt T — )

From Proposition 2.1.3, we know that
Vi =Y > —Cn(T +1)
since Y2 is non-negative. I'" is non-negative and bounded from above by
s 1 s
C(ts) = exp (= [ S@Pdut [ rdw)
t t

which belongs to any S?((¢,7),R), p > 1 (see [79]). Hence we can use Fatou’s lemma to
deduce that

YY" 2 E |liminf (Y7, — Y2")I"(8,T)
E—>

E] > E [(52 . ¢n<§1>>r”<t7T>\ﬂ] >0
We used the fact that a.s.
liminf ¥, > &, lim Y;"" = ¢, (&)

Hence a.s. Y2 —Y5" > (. Since this inequality holds for all n, the same holds for Y2 Y,

which achieves the proof.
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Remark 2.3.2. The Markovian setting is not used here. This result holds if the generators
are defined on [0,T] x Q x R x R? and if the generators are singular in the sense of [56]:
Condition 8-2 is replaced by: for any p > 0

E sup |E~(t,w,y,z) - Fi(t,w,O,z)|
lyl<p

T
< 400, IE/ (T — s)* Fi(s,w,0,0)ds < +00.
0

The continuity at time T is also not necessary to compare the minimal solutions. Hence

we do not need all assumptions of Theorem 2.2.1.

With the previous proposition, we can generalize Theorem 2.2.1. We consider a driver
F:[0,T] x R™ x R x RY — R which satisfies the following conditions.

Assumption 12. The function F satisfies Conditions 8 and 10 and there exists f and a
such that

V(t,x,y,2) €[0,T] x R" x R xR, F(t,z,y,2) < f(t,z,y,2) + (a(t, z), 2),
where the functions f and a verify Assumptions 8, 10 and 11. Moreover (2.14) holds for

f.

We can apply Proposition 2.1.4 for the BSDE with driver F' and obtain a minimal

supersolution (Y, Z).

Corollary 2.3.3. Under Assumptions 7, 9 and 12 we have the limit behavior: P-almost
surely
liminf V"' = €.

t—=T

Proof. We have, according to Assumption 12 and Proposition 2.3.1, a.s. for any ¢ € [0, T
Y <Y, Then ¢ < liminf, ,7 V! < liminf; ,7 Y; = £ The proof is complete. O

Remark 2.3.4. Instead to suppose g > 0 and F(s,2,0,0) > 0, we can assume that for
some p > 1,

£ = (9(Xp))” € L°(Q),  (F(s,X,0,0))" € L7((0,T) x ).
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Indeed we have by Ito’s formula

T T
(V) <& —/ (F(s, X,, Y™, Z") — F(S,XS,O,O))l{YSnSO}dS—l—/ F(s, X,,0,0)"ds
t t

T
- /t 7™Mty <oy dWi.
Then for any n,
T A
(Y;n)f S E €7$<t,T) +/ F(S,XS,O,())ig(t, S)dS E] = Y;’
t
- T 1) o
with £(t,T) = exp | x(T —t) + KWy —W,;) — K 5 . Thus Y; € SP~¢((0,7),R)

for any e > 0 and —)A/t <Y <Y, Furthermore we have tliHTlY;’ =, ligni%lfYt > £ S0
— —

we can limit our study to Y, .

2.3.2 Application to optimal liquidation problem

With the notations of the papers [5, 56] in the Brownian case without jumps, we
consider the Markovian BSDE

Vi=¢- [ (-

where 1, = n(s, X5) and v, = (s, X;). X still denotes the solution of the SDE (2.4)
with Condition 7. Thus, with the assumptions of [5, 56|, the driver of this BSDE satisfies

Assumption 12. So we have a unique minimal supersolution (Y, 7).

1

ds+/ %der/ ZdW., 0<t<T, (2.28)

From here we consider the stochastic control problem to minimize the functional

g

over all & € A(t, z) where A(t, x) is the set of admissible controls such that = satisfy the

T
st.) = | [ (laP + 2 s+ €lErl

dynamics
S
=R ::E—I—/ agdu t<s<T, aELl(t,oo) a.s.
¢

Note that there is an implicit constraint on Z7: when £ = +00, to obtain a finite cost, =
must be equal to zero. The mandatory liquidation corresponds to the case & = 400 a.s.
and is studied in [5].
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In [56], it is proved that a minimizer of the functional J is the process Z* given by

s Yu q-1
=, = Texp (—/ () du)
t \ T

where (Y, Z) is the minimal supersolution of the BSDE (2.28). Moreover the value function
of this control problem is given by v(¢,x) = |z|PY}.

Evoke that a.s. lim;_,7 Y; > £ (see Proposition 2.1.4; existence of the limit is given by
[76]). This condition is sufficient to solve the control problem. But it means that the value
function only satisfies: a.s.

. o
lim o(t, z) > [z[’€.

Hence there could be an extra cost, due to the liquidation constrain (or the terminal
singularity of the BSDE).

Now if 7, 9 and 12 hold, then Corollary 2.3.3 shows that a.s.
. e B . e
th_{r%Yt —11£g¥1fY} =¢ and }1_)11%11(15@) = |z|P€.

Therefore there is no additional cost to minimize our control problem. This result was
already proved in [76] but for large values on ¢, that is small values on p. Our result states

that the equality also holds for any p > 1.

Remark 2.3.5. The Malliavin calculus has been used to control Z and establish the
continuity property of Y. In that application to mathematical finance, it could be used
to analyze sensitivity with respect to the parameters n and ~y. So, it would be natural to
study the Malliavin derivability of Y and the convergence of D.Y™ to D.Y . This will be

the object of further researches.

2.3.3 Application to partial differential equation

We consider the partial differential equation (2.7) associated to the FBSDE (2.4)-(2.5).
where the operator £ is given by (2.8). Thus, according to the article [75], we consider
the function

u(t,z) =Y (t,2) €[0,T] x R™,
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where Y5 is the unique minimal super-solution of the Markovian FBSDE

Xt = g +/ b(r, X5%)dt +/ o(r, X,)dW, t<s<T,
t t

S

T T
Yt’x - Q(X%x) +/ F(Tv Xi7x7§/rt7x7 Zﬁ’x>d’]” _/ Z’"dWT t<s<T.

We still assume that 7, 9 and 12 hold (plus some regularity condition w.r.t. ¢; see
Assumption (C) of [75]). According to [75, Theorem 1], the function u is deterministic and
a minimal viscosity solution of the PDE (2.7) among all nonnegative solutions satisfying

(2.7), with the terminal constraint

liminf w(t,x) > g(xg).
(t,2)—(T,0) (t,2) = g(wo)
From [75, Theorem 2|, if ¢ is sufficiently large (¢ is defined in Assumption 10), conti-
nuity holds:

lim  wu(t,z) = g(xg).
o ult, ) = g(o0)

Roughly speaking the condition is ¢ > 3 (see [75, Remark 2]). Here we prove that
under our setting, for any ¢ > 1, the previous equality holds a.s. The arguments are
almost the same as in [75], together with the arguments of the proof of Theorem 2.2.1.
Since F' depends on the gradient of u, to our best knowledge, this result does not exist in
the PDE literature.

2.4 Appendix

2.4.1 A priori estimates of the solution

Proof of Proposition 2.1.5. For z € R® and i € {1,...,d} we denote by z; its i—th coor-
dinate and ¢; the map from R? into R? such that (¢; 2); = z; if j # i and (¢;); =0 .
Now we set e5 2 = z and define the R%-valued process [ by Vi € {1,--- ,d}, Vt € [0,T]

" f(t, X:,0,eq 0---0e6,120") — f(t, X+,0,eq 0---0e; Z}")
li (t) = Z'nt 1{Z;’?t7£0}’

so that due to the Lipschitz hypothesis on h (see Assumption 8), {" is a bounded process
and
(I, 20 = f(t, X,0,27) — f(t, X4,0,0).
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The main idea is to linearize the backward equation satisfied by (Y, Z"). To this end,
we introduce the process
’Ytn - l? + Cl(t, Xt)

Then there exists a constant C' which does not depend on n such that || < C. We

consider the driver

n n dx« n
H<t,y7z>:/{t_T—t+ 1 y+<,7tvz>a

nda—1

with

n 0. —1\"" L + on(f(t, X;,0,0))
KR, — n ) 5 Vs
T\ xy)) Tt e 7 t

and denote by (Y™, Z") the solution of the BSDE on [0,7] with driver H™ and terminal

condition Vi = n.

Hence (Y™, Z") is solution of a linear BSDE, so we have

T
V= (rng + / I khds
b t K

7)

F) = ! L e ([ v Lo
t] — (T—t+ 1 )q* qu_1+ /t t,s( _S+nq_1) Ksa$

nd—1

where for t < s <T

n s Gx n T'—s+ n 1* " n n S oon
Ft’s = exp (—/t E—— du) Vt’s - (T — ql 1) Vm7 Vt,s = 1-|-/t V},u%dwu-
na—1 nd—1

Moreover since Y,* > 0 a.s.

Fn(thtaY;na Z;l) = f(thh}/tna Zn) - f(taXtvoa Z;L) + Fn<t7Xt707 ZZ’L)

S

< =t X ()" + F(t X0, 0, 27)
and, according to the expressions of F™, I', ', ki and H",

Fn(t’ Xt? 07 Ztn> = f(t>Xt> 07 Zf) + <a(t7Xt)v Z:) - f<t7Xt> 07 0) + @n(f(t7Xt> 07 0))
= (7", 27") + (a(t, Xu), Z') + @u(f (1, X4, 0,0)) = (0, Z') + en(f(t, X4, 0,0))

«—1
n r7n n q*_l ! 1
:<7t7Zt>+'%t_< ) (T 1

n(t, Xy) — )
«—1
qx q*_]' ! 1
=H"(t,Y", Z]') + o Y — '
(& ¥, t>+T—t+ﬁ : (n(t,Xt)> (T —t+ )
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. qx — 1
It follows that, with §; = ,
ﬁt U(t,Xt)
F™M(t, X, Y, Z0) < H"(t, Y™, Z8) —nt, X,) (V") — g + & v
y 3ty Lt oy St = [ A e 7 L, At t <7w___t 4 n;E1>q* T —+t+ n;;l t

< H"(t,Y",Z]'),

the last inequality comes from the Young inequality since

g+—1
t

qx
t, X;)(Y,")? — Y
n(t, Xe) (") +(T—t+nq{1)q* T_t-i-nql,l ¢

B (Y;n)q i g —1 qx - - Y,
= n(t, Xi)a ( ¢ @ ((T —t+ Lon(t, Xt)> Vs ) (t, Xt))

> 0.

The comparison theorem implies Y;* < Y for all t € [0, T, that is:

n 1 1 T " 1 .
Y < (T —t+ L) [nq—l +E (/t Vil — s+ nq_l)q*msds ]i)] ) (2.29)
1

nd—

Recall that V;" belongs to H2((0,T"),R) for ¢ > 1 and there exists a constant K, such that

a.s. for any n: E ftT(Vﬂ,)gds L)%Kk g<i<7 belongs

na—1
1
r
Fi

]-"t> < C,. The process ((T"—t +
to H"((0,T),R). Therefore by Holder inequality we obtain for any n > 1

T
E(/ V(T — s+

1 n
— )" rgds

T 1
]—"t> <K,E (/t (T —s+ F)qwg)rds

< K,E (/tT ((n‘és}l)yl (T = s+ 1)%(F(s, X, 0, 0)))T ds }"t) ;

The last inequality comes from the very definition of k™. Thus we obtain the upper bound
in (2.11).
m

Now we have that

1
n(s,z)

< C(1+xl"), F(s,2,0,0) < C(1+ |z[").
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Then for any r > 1

E ( /tT ((n(és}l))ql (T —s+ 1)q*F(s,X5,O,O))Tds

T
< CE ( / (1 + | X[ @0 ds
t

)

ft> < +o00.

Hence in (2.11), we can choose any r > 1. Also note that for any n > 0 and r > 1

E (/OT(T — ) ((n%s_Xl)Y_ +(T —s+ 1)‘1*F(3,X5,0,0)) ds) < +00. (2.30)

Passing though the limit in Estimate (2.11) we deduce (2.12) for 0 <t < T and n > 1.

Remark 2.4.1. When F does not depend on Z, then we can choose r = K, = 1.

ft) |

1
0<Y"<Y, < — 75/, (2.31)

In the sequel let us denote by = the process

r

KT (g —1\""
2, = T E(/ (( q ) +(T—s+1)q*F(s,XS,O,0)) ds
t

T—t n(sts)

Thus Estimate (2.12) can be written: for all 0 <t < T

Lemma 2.4.2. We have for anyn >0, E (/
0

Proof. Note that

T

BE) = Ki(T=s)" /TIE ((q*_1>q*1 + (T — u+1)*F(u, X,,0, 0)) du

S

n(u, Xu)

T
KI(T —s)! / 0] (s
i >

with the continuous deterministic function

r

x 1 @t
Ou = E ((?XQ (T = u+ )T F(u, Xy, 0, 0)) < C(1+E[X,| @),
77 /U/, u
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Thus for any s € [0,7")

E(zs) < K] sup 6, =06 < +o0. (2.32)
u€e(0,7)

Hence by Fubini’s theorem

T T O
— g ltn= < — gy Mg = Zm
E(/O (T — s) Sds) < @/0 (7= o) s =

This achieves the proof of the lemma. m

Let us now derive an a priori estimate on Z".

2 2 2 1 2
Lemma 2.4.3. Forr >1,n1>0 andwqu*—+n:+2(1—>+n, there
roor qg—1 r r

exists a constant C' s.t. for any n

E ((/OT(T - S)W|zg|2ds>;) <c

The same estimate also holds for Z.

Proof. For n > 0 and r > 1, let us define
d=rqg.—1+n>0.

We define ¢(r) = M and we apply [td’s formula to (T —¢)°(Y,*)" (see [19, Corollary

2.3]). Evoke that Y™ is non-negative. We fix ¢ > 0 and 7 = 7" — ¢ in the sequel. Hence we
have for 0 <t < r:

(T =P (7)Y < SOy + [ o - ) () ds
1 [ = P () Loy P, X, Y2 22)ds
= [T = ) s ZEaW,
—c(r) (T = 9P (V) 2|22 oy ds. (2:33)
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The monotonicity condition implies that
/ (T — $)5 (V) gyns) F s, Xo, Y, Z0)ds
</ )M vy F (s, Xo, 0, Z7)ds
and we use the regularity Lipschitz condition w.r.t. z to obtain:
[T = PO Ly s, X0, 22)ds
< K/ YRy 1|Z“|ds+/ (Y)Y (s, X, 0,0)ds.
Young’s inequality leads to:

PK [T = s vy 22 ds
t

K?r? c(r)

< TT— 6ynrd 7/TT_ 6ynr72zn21 " d
< Sty (T =/ 00 ds 550 [H(T = P 00y 120 P gy ds

and

r [ = 0T (s, X, 0,0)ds

t

<r=1) [ (@ = 07yds+ [ (T = 9)(F(s. X.00.0) ds.

Finally all local martingales involved above in (2.33) are true martingales. Hence taking

the expectation and using the convexity of « — |z|” we have:

s B (7 =00 (07)) + SB[ = 07z Lo snds) 230

< SR +E ([ o = 57 7y ds)

+ <2‘;‘Z:§ - 1)) E ([(T - s)é(yj)rds)
+E ([(T — )P (F(s, X,,0, O))’"ds) .

Let us emphasize that this inequality holds with (Y, Z) instead of (Y™, Z") since 7 =
T'—e<T.
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Using (2.31), the second term on the right-hand side can be controlled as follows:

B([@-oryas) < B[00 gt sl
_E </OT(T - S)H’vzsds) < 400,

The third one satisfies the same estimate:

T T
E (/ (T - s)ﬁ(nﬂ)rds> <E (/ (T - s)"Esds> < +00.
0 0
And the last term does not depend on (Y, Z™) and is bounded.

For the first term, since Y is bounded by Cn(7T + 1), we immediately obtain

lim ’E((Y7.)") = 0.

e—0

If Y™ is replaced by Y, from (2.32) we have

SE((Yr_)) <&

<&’ —=E(Er.) < Qg = Q¢"
g7

and the limit is again equal to zero.

Therefore we can let € go to zero in (2.34) and we can replace every 7 by T"

sup B (T —1)°(Y")") + Cg)E (/tT(T - S)‘S(Ys”)rQ\Z?|21{Y:¢0}d5>

te[0,T]

< ([ or-sr o)

K2’f’2 T o
+ (22C(T) 4 (r— 1)) E (/t (T — s)5 (Y™ ds>

+E (/tT(T — ) (F(s, X,,0, 0))rds> .

The same inequality holds with (Y, Z).

Next, by standard arguments, we can control the quantity E ( sup (T — t)‘S(Yt")’"> by
te[0,7
the same right-hand side (up to some multiplicative constant). Hence there exists C' s.t.
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for any n:

e ((sw (0007 )+ Dn ([ @ -0z ) <€ (239

t€[0,77] 2

Then if r > 2, we use (2.35) with » = 2 and the result follows immediately with § =

2¢,—1+n. If 1 <r < 2, the conclusion is more tricky. Let us define M = sup (T — t)%Yt"
te[0,7)
and:

E ((/T(T — 5)26 |Zn| dS) 2) =K ((/OT(T — S)Qil{ysn750}|zg|2d3> 2)
( (Yn)2 YT 21w¢o|Z"| dS))
( (2— T)r /OT 5)5 (st)r—Z 1YS"7£0|Z;L|2(13> 2)

) (2 [ (= o 00 e 22 |

r T .
E(M")+ §IE </0 (T —5)° (Y) 2 1{ysn#0}|Z:|2dS> < +o0.

NS

| A

2—r

<
- 2

where we have used Holder’s and Young’s inequality with 2—;” + £ = 1. This achieves the

r
2

20
proof of the lemma with w = —. O
r
Evoke that 0 < o < 1.
2(q —1
Lemma 2.4.4. If a < (q+1) for g < 3 and o < 1 for q > 3, there exist v > 0 and
q

C > 0 such that
vneN, E

T
/ |Z§|a(1+”)d51 <cC.
0
The same estimate holds for Z.
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Proof. For r > 1, a <1 and v > 0, suppose that f = a(1 +v) < r A 2. Then:

T T 1 5
[ 1zieias = [ (1 - 5) ¥ |27 ds
t t (T

—S)T
< (/T 1d5)22 (/T(T—S)wlznpds)g
S\t (T—s)% t ’
@-8)r
T_B T 1 e B T w | 7n|2 :
<= (/t (T_S)%ds) +r</t (T - 5) |Zs\ds>

-

r

= 1. Therefore

r
with Young’s inequality for A +
r

r

2=p)r
T . T 1 2(r—p0) T z
E (/ \Zgya<1+">ds> <=0 (/ — ds) + g (/ (T - S)W\Z;Ly?ds> .
0 r 0 (T — S)ﬁ r 0

From Lemma 2.4.3, the last term is bounded uniformly in n if for some n > 0, w =

2 1 2
1 + 2 (1 — ) + 7 And the first integral is finite if and only if
q-— r r

< 1.

W _ B [ 2,0 1),
2—ﬁ_2—ﬁ[q—1+2<1 r>+r

-1
But a < 2%7 then (¢4 1)a =2a+a(qg—1) < 2(¢—1), thus 2o < (2—«a)(g— 1), that
q

2
is a < 1. Now we can choose vy > 0 such that for any 0 < v < vy
(¢—12-a)

15} 2 ( 2—« ) 2a
< <1
Q—Bq—l_( + o) 2—a—av/ (g—1)(2—-a)

and 5
o o
0< = 1 < — (1 .
T 2—a " 2-p 2—a—ou/( +V)_2—a—ou/o( + )

We can fix r > 1, 0 < v < 1y and > 0 such that r > (1 +v) > (1 + v)a and

2 1 2
@b _ b +2<1—> CA S
2= -102-9) Yy R
Thus all integrals are finite and the conclusion holds. O]
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2.4.2 Control in the central equation

T
Lemma 2.4.5. For I' given by (2.24), we have: E [/ (s, Xs)ds| < +o0.
¢

2
Proof. Evoke that from (2.20), 5 > 2¢, = 7(]1 Moreover the compact support of ( is
denoted by K. Now

D5, X,) < € (005, X[ 4 [5(s, X)) (14 X7 ) o(x,) 77
< Cop(X,) T |tr (V2p(X,)oo™(s, X)) [

s & iv(po;)(s 24
+ Co(X )_ﬁz (Veo)i(s, X,) 29(;))((57))(8)
+CQO Z VUZ)UZ)('S’XS)HQ(]*
d iv(po;)(s 2
+Co(X Z Dais, x4 gisz))((;)Xs)

d
+ Cp(X,) T lails, X,) P [(Vip(X,), (s, X)) "

=1

G, X (Vo X X) P2+ O+ )

Evoke that ¢ = (9. For Al = o(X,) 7 1|tr (V2p(X,)o0*(s, X,)) |2%, we have

2( B 8
el = 552w = o (5 @) = o (s @)

= e g D6 ) 4 55— D0 2 (06 )
— (9 @600) + 805~ D 35 (0) 5 (0)) 2.
=G (x)
with ¢ bounded. Thus
AL < CC(X) T2 o (s, X)) M < OC(X,)20720) (X, + 0) < O, +C)
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because > 2¢, from (2.20). Therefore

T
E [/ Alds| <C <]E [ sup |Xs]4q*1 + 1) < +00.
t 0<s<T

d . ) 2qx
For A% = —1 > (Vo) )dlviizz))(; ’)XS> , we have
=1 ) X8
2 A div(po;) (s, X,)[?
Al < Cop(X,) ot X2 [V () ———
s < Cp(X,) Z] o (s, X,)[** [V (X,)] (s, 2)%
o(s, X,) |2
< Cp(X <Z|d1v (poi) (s, Xs) 2q*> |p((s,XS)>2|q* V(X)|*
d 2qx
= (’877 2g M 2qx
CC(Xs) ;ldw (poi) (s, Xs)| (s, X,)2 [VE(Xs)
oy (& o(s, X,) %
= CoCr e (Yoo s, X0 ) L O < G

because [ > ¢, = , all functions are regular and we can control due to property

T
2 of Propositon 2.1.1. Thus E [/ A%ds| < +o0. The study of terms Az to Ag is similar
t

and A is direct. O
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CHAPTER 3

MALLIAVIN DERIVATIVE CONVERGENCE

Optimal liquidation is an important and challenging topic in mathematical finance.
There is a huge literature on this subject ; the reference [43] is interesting to have an
overall view (see also the references therein). Here we consider the stochastic extension

of the Almgren & Chriss model, first exposed in [3]. Namely for some p > 1, we consider

;

over all o € A(t, z) where A(t, z) is the set of admissible controls such that = satisfy the

the stochastic control problem to minimize the functional

T
) =B [ o 450
t

dynamics
Es:$+/0zudu t<s<T, aclL'(too)as
t

together with the terminal constraint =r = 0 a.s. (mandatory liquidation). The positive
process 7 is a measure of the liquidity of the market ; the quantity n|a|’ corresponds
to the immediate impact of the trading a on the market price (see [43, Chapter 3.2]).
The non-negative process v is a parameter of the model and the quantity v|Z[? is a risk

measure on the size of the portfolio.

This control problem and the link with backward stochastic differential equations
(BSDE in abbreviate form) has been studied in [5]. It is proved that a minimizer of the

functional J is the process =Z* given by
s Yu a-1
= =xexp (—/ () du) (3.1)
t \ My
where (Y, Z) is the minimal solution of the BSDE

i
Y, — ¢ — / Dl Xs g +/ %ds—/ Z.dW., (3.2)
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Chapter 3 — Malliavin derivative convergence

with singular terminal condition £ = 400 a.s. Here and in the rest of the chapter, ¢ is
the Holder conjugate of p. Moreover the value function of this control problem is given by
v(t,z) = |z[PY;. Remark that due to the singular terminal condition, the standard notion
of solution for BSDE has to be adapted (see Proposition 3.1.3 below).

Another way to solve this control problem is the use of the Hamilton-Jacobi-Bellman
equation. In [41], it is proved that there exists a smooth solution v of the related partial
differential equation (PDE in short). Both approaches are connected through the link:

Ys = v(s, Xs), where X is the underlying forward process.

The aim of the chapter is to study the Malliavin differentiability of the solution Y.
Our motivations are pluralist:

e From the theoretical point of view, this question naturally appears in Chapter 2
(our work [21]). We studied the continuity at time 7" of Y. To obtain our result,
we used the Malliavin calculus on the approximating sequence Y (see Proposition
3.1.4 below). We left the Malliavin differentiability of Y and the convergence of
the Malliavin derivative DY™ out.

e [t is also well-known that Malliavin derivatives (and the related divergence operator
and integration by parts) can be used to analyze the sensitivity of the optimal state
w.r.t. the parameters (see among many others [35, 39]). In our context, since the
optimal state is given by (3.1), the Malliavin derivative of Y plays a crucial role.

e In [41] the existence of a solution v € C([0,T"); D(L)) is proved. In dimension one,
it implies that v € C? (see [41, Remark 2.5]). Nonetheless the gradient of this
solution and its behavior at time 7" is not studied. Formally this gradient is related
to the Malliavin derivative by the formula: d,v(s, X;)o (s, X,) = D,Y5, o being the
volatility matrix of the forward process X.

In this work, we prove that Y has a Malliavin derivative DY and that the sequence of
Malliavin derivatives DY™ converges to DY on [0,T). We also study the behavior at time
T of DY and show that there is a singularity at time 7": roughly speaking, DyY; tends to
+o0o when t tends to T'. Applications to PDE or sensitivity analysis are then provided. To
the best of our knowledges, all these results are completely new.

We are well aware that some parts of the proofs are quite heavy due to the handling of
the function y — —yl|y|?~! and its derivatives. The arguments would be much more easier
in the quadratic case, that is for ¢ = 2. Nonetheless we also know that in practice the case
g = 2 is too restrictive. In [4] the authors analyze a large data set from the Citigroup US
equity trading desks and show that ¢ = 1.6 is a good estimate of this parameter. This is
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the reason why we keep this general setting.

Breakdown of the chapter. In Section 3.1, we evoke the known results concerning
the BSDE (3.2), its approximating sequence Y and why the convergence of the sequence
of derivatives DY™ cannot be done with the same arguments. In few words, the proof
that Y converges to Y is heavily based on the non-linearity of the BSDE (3.2). But the
equation satisfied by DY ™ is linear. In Section 3.2, the asymptotic expansion of Y allows
us to show the differentiability of Y and the behavior of its derivative. The next section
3.3 studies the convergence of DY™ to DY. For the liquidation problem such convergence
seems quite incidental and the reader interested by the applications can skip it. In Section
3.4, we explain how to apply the results to the gradient of the related PDE and to the
sensitivity. In the last section, for the sake of completeness, we give the proof for the
asymptotic behavior of Y, which is the key tool of this chapter. If most of the arguments

can be found in [42], we simplify them and give a better estimate of the parameters.

Notations In this chapter we consider a deterministic time horizon 7' € R, a probabil-
ity space (2, F,P), a d-dimensional Brownian motion (W;)o<;<r defined on the probability
space and (F¢)sco,r) the augmented filtration generated by W. For all p € (1,+00), we
remind:

e D' is the domain of the Malliavin derivative operator in L?(). Furthermore we

note D1 = N DY. For A € D' we note (DyA)g<g<r its Malliavin derivative and
p=2

for X a DY*-process we note (DpX;)o<pi<T-
e S7((0,T),R¥) is the space of stochastic progressively measurable processes (A;)o<i<r

with values in R* such that

E [ sup |A:]?| < +o0

0<t<T

and S><((0,T),R¥) = Np>1 SP((0,T), RF).
e H*((0,T),R*)is the space of stochastic progressively measurable processes (A;)o<i<7

with values in R* such that

)

E < 400

(/OT |At\2dt> ’

and H>((0,T),R*) = N,-, H?((0,T),R*).

103



Chapter 3 — Malliavin derivative convergence

e Whenever the notation T'— appears in the definition of a process space, we mean
the set of all processes whose restrictions satisfy the respective property when 7T'—

is replaced by any T'— €, € > 0. For example,

SP((0,7—),R¥) = () S((0,T —¢),R¥).

e>0

Moreover we say that a sequence (F,),en converges in SP((0,7—),RF) to F in
SP((0,T—),R¥) if for any € > 0, the sequence (F},),en converges to F in SP((0,T —
g), RF).

In the rest of the chapter, C' denotes a generic constant, which can depend on other

coefficients, and may change from line to line.

3.1 Setting and known results
From now on, we fix ¢ > 1 and p still denotes its Holder conjugate. We suppose that

Assumption 13.

1. The coefficient n is an Ité process:
t t
77t:770+/ bZdS—i—/ oldWs, 0<t<T,
0 0

with an initial condition ny € R.

(a) The drift b7 : Q x [0,T] — R and the diffusion matriz o : Q x [0,T] — R4
are progressively measurable and bounded.

(b) There exist 1. and n* in RY such that, a.s. for any s € [0,T],
0<n <ms<n.

2. The process 7y is a progressively measurable, non-negative and bounded: there exists
v* € R% such that, a.s. for any s € [0,7T],

0 <, <"

In Section 3.4, Example 3.4.2 provides a case where Assumption 13 holds.
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Remark 3.1.1. In particular the process n and ~y satisfy

T 1
E [A (ng_l + ns) dS

Under this framework, if £ € LP(Q) for some p > 1, then there exists a unique solution
(Y, Z) € SP((0,T),R) x H?((0,T),R?) to the BSDE (3.2) (see [19, Theorem 4.2]). When
¢ = 400, following [5, 56], we proceed by truncation and consider the following BSDE:

< +00.

T
< oo, E [/ ~sds
0

for any n € N
T |yn|q—lyn T
Y"=n +/ (—(p — )= fys> ds —/ Zraws, te0,T). (3.3)
t né t

Lemma 3.1.2. Under Conditions 13, the truncated BSDE (3.3) admits a unique solution
(Y™, Z") in SP((0,T),R) x H?((0,T),R%) for all p € (1,+00). Moreover the sequence Yy,

is non-decreasing and the process Y™ is bounded from above: for m < n

T
vt € (0,17, Othngingn—l—E[/ Vsds
t

7.

Proof. Existence and uniqueness directly follows from [19, Theorem 4.2]. Now standard
a priori estimate on the solution of a BSDE (see [72, Theorem 5.30]) and the comparison
theorem (see [72, Theorem 5.33]) imply that Y™ is non-negative and the desired estimation.

This achieves the proof of this proposition. O

Since Y," is a non-decreasing sequence, its limit Y; exists. However the upper estimate
on Y is not sufficient to ensure that Y; is finite. According to [56] or Chapter 2 (our work
[21]), we have:

Proposition 3.1.3. Under Conditions 13, the sequence (Y™, Z™) converges to (Y, Z) in
S=((0,T—),R) x H*((0,T—),R%). The limit (Y, Z) is the minimal supersolution to the
BSDE (3.2) on [0,T] in the sense that:

1. The couple (Y, Z) belongs to S*((0,T—),R) x H*((0,T—),R%).
2. The process Y is non negative.

3. Forall0<s<t<T,

Y1y,
-

t t
Y=Y, +/ (—(p - 1) — + %> dr — / Z,.dW,..
S 773 S
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4. The process Y satisfies a.s. lim;_,7Y; = +00.

5. The process (Y, Z) is minimal: if (}7, Z) satisfies the four previous points, then a.s.
for any t, Y; <Y,

Moreover for any t € [0,T] and n > 1:

i 1 1 T
WS )p{nq_ﬁE[/t (1, + (T = 5+ 1)) ds
nd—1

b e

As a consequence, the process Y satisfies: for all 0 <t < T

1 T
n _ p
0<Y, SYtS(T—t)pEVt (s + (T — 5 + 1)Py,) ds

}}] . (3.5)

We show the Malliavin differentiability of the couple (Y, Z"), due to [67, Theorem
5.1 and Application 6.1]. We assume that:

Assumption 14. The processes b",n,~ are in valued in D2, their Malliavin derivatives

Db, Dn, D~y admit progressively measurable versions which are in L*(Q x [0,T] x [0,T]).

Proposition 3.1.4. Under Conditions 13 and 14, the solution (Y™, Z™) of the truncated
BSDE (3.3) is in L*([0,T],D"? x D"?). Moreover for all 0 < t < 0 < T, DyY;® = 0,
DyZl =0 and, for all0 <0 <t <T,

T ynr qg—1 Yy q—lyn T
DY = / <_(p _ 1)% DY + ||n" Do, + D(,m> dr — / Do ZRdW.,.
t nr r t
(3.6)
Proof. Under our setting, we can directly apply 2.2.5 ([21, Proposition 6]). O

In our setting, the approximating sequence Y has a Malliavin derivative DY ™, which
satisfies the linear BSDE given in Proposition 3.1.4. Very natural questions are: does the
minimal solution Y have also a Malliavin derivative DY and do we have the convergence
of DY™ to DY? Evoke that to obtain the convergence of Y™, the a priori estimate (3.4)
together with the monotonicity of the sequence Y are crucial. We do not have similar
tools for the Malliavin derivative. And we derive the a priori estimate using the non-
linearity of the BSDE (3.2). Hence it is not possible to directly pass to the limit in the
linear BSDE (3.6).
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Formally if we pass to the limit in (3.6), we should have a linear BSDE of the form:

T Y |o-1 Y. |1y,
Ut:/t (—(p )‘ | U+||D9m+D9%>dr—/ V.V,

777“ 777“

with a singular generator since a.s.

qu
/ ¥ dr = +o0.
o n

This property comes from the liquidation condition =% = 0 a.s. and Equation (3.1). In

[52, 51], such linear BSDEs with singular generator are studied. Nonetheless to apply the
Y|y

results of these papers, the process 7D977+ Dy~ should be bounded. In general this
Uk

property does not hold.

However in the liquidation problem, that is for the BSDE (3.2) when £ = 400 a.s., we
can prove the Malliavin differentiability of Y. Let us evoke the results of [42] thanks to
Assumption 13. The minimal solution Y of (3.2) can be written: for all 0 <t < T

Uz 1
Vo= Gt o (3.7)

The process H is the unique solution of the BSDE:

T T
Ht:/ F(S,Hs)ds—/ ZHAW, 0<t<T (3.8)
t

t

with generator F' given by: for all 0 <t < T

F(t,h) = [(T = )b + (T = t)"y]

—(p— 1),

q—1

1 1
(” nt<T—t>h> ‘” @ ="

This generator F' is singular at time 7', in the sense that for h # 0, a.s.

/OT (¢, )|dt =

Therefore existence and uniqueness of H needs to be explained. Here we prove that there

1
—1- th . (3.9)

exist two constants 6 > 0 and R > 0, depending only on ¢, 7', n and ~, such that on
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the time interval [0,7], H satisfies a.s. for any ¢ € [T — 6,7, |H,| < R(T —t)?, H is
bounded on [0, 7], and the solution (H, Z) is obtained by a Picard iteration argument

in the space of adapted processes
H' = {H € L®(Q;C([T = §,T|;R)), [[Hllps < +00}
endowed with the weighted norm

|Hllws = || sup (T —t)"*H,

te[T—4,T)

See the appendix for more details. Let us give the value of the constants R and d:

2 QR _ . 1 T)x
R=|"|+——~*, L=2"2l72 §= @Jﬂy 3.10
107 +p+17, 0 ; min (LT, o+ o5 (3.10)

The main results of this paper, Theorems 3.2.3 and 3.3.9, are summarized in the

following statement:

Theorem 3.1.5. The process Y is valued in D2 and, for any 0 <0<t < T,

Dygmy 1
DyY; = DyH,
(N i T

and if for some o > 1,

T
sup B 1ol + [ (DI + Dl + 1Done) | < 400

00,7

then

lim sup E [ sup (T — t)?|DyY; — DQYt"\ﬁ] —0.
n=+gcio,1]  |[t€0,T]

In particular for any 0 <7 <T

lim sup E [sup |DgY; — D(;Y;”V} = 0.
N+ gc0,1]  [te[o,7]
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3.2 Malliavin derivative for the minimal solution and

its behaviour at time 7T’

Evoke that the generator F is given by (3.9) and we define on the set [0, T) x R x [n,, "]
the function G by:

q—1

—1—qg—hl.
n(T —t)

1 1

G(t,h,n)=(p—1)n (1 + 17(T—t)h> |1+ mh

Thus we have

F(t,h) = (T — )b + (T — )y, — G(t,homy), 0<t<T,heR.

On the set [0,T) x R X [n,, n*] we have:

T 1) (3.11)

oG D 1
oh (tvhan) = m (|1+ mh

e =01 (14 >h>|”n<T—t>hH‘ )
_n(ﬁh—t) (‘Hn(Tl— t)hq _1)
(1t [ |
_(”n<T1—t>h>‘”n<Tl—t>hq e
‘(p{;ﬂ%@l— Ty ) ’1 i t>hq_l ot

n(T —1)
(3.12)
In the case where ¢ = p = 2, we get the easier expression
h? oG 2h oG h?
Gthn)=—— )= —2 by =t
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A key point in the proof of [42, Theorem 23] is a.s. forany T—0 < t < T, |H;| < R(T—t)>.
Therefore these derivatives are bounded when we replace (h,n) by the processes (Hy, ;)
for t € [T —6,T].

From time to time, we use the next representation of G' and their derivatives:

G(t,h,n) = qhz/1 1+a#h qusign <1+a1h> (1 —a)da
T =02 o (T —t) (T —t)

oG qh 1 1 -2 1

b= ——" [ N4+a——h| s l4+a— hl)d 1
3h(’ ) n(T—t)Z/o +a77(T—t) e ( +an(T—t) ) ¢ (3.13)
oG qh? 1 1 a2 1

it hn) = —7/ l4+a———h| s 14+ a———h)|ada. (3.14
on U = =mr e fy Pt e \MY gt de B1)

1
These representations may be not well-defined when ¢ < 2 if 1 +aﬂh = 0. However
7” p—
in the construction of the solution H, ¢ is chosen such that

| Hi|

ne(T — 1) =

; (3.15)

Hence we can use these versions with h = H; on the whole time interval [T — 9, T.

Lemma 3.2.1. Under the previous assumptions, the process H has a Malliavin derivative,
such that DoHy =0 if t < 0 and for any 0 <0 <t <T

T oG oG
DQHt = / (T - S)ngg + (T - s>pD97$ - ?(Sa H37778)D9775 - %(87 H37775)D9Hs ds
t n

T
- / DeZHaw,. (3.16)
t

Proof. Tt is an adaptation of the proof of [33, Proposition 5.4]. The solution (H, Z") is

the limit in H° of the sequence (H*, ZH#:*) unique solution in H° of
T T
HY = / F(s, H*)ds — / ZHEquy,
t t

with (H°, Z79) = (0,0). Moreover for any k and t € [T — §,T], |HF| < R(T — t)? and
|HF| < C. By recursion we prove that H* has a Malliavin derivative DH* such that for
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g<t<Tandt>T —9:

T G
DyHf = /t [(T — 5) Dbl + (T — s)" Dyys — 877(8’ HY ™' ne) Dons
gi( H*1 ) DyH" 1] ds—/ Do ZH*qw,.

The processes (ZG(S,Hf,Us) and (Zi(s HF n,) are bounded, uniformly w.r.t. k. Indeed
Ui

using the representations (3.13) and (3.14) we obtain that for T'—0 < s < T

oG g|H,J* 1 a2
HE )| < 7/ lta—— HY 4
TR Iy o 3 A L o M L
R /1 1 a2
< ‘L/ l4a—HY da
T JO US(T_S)
<

—2
qR/1< 1 k)q
— 14+ a————|H, da
Nk JO 775<T_3)| ’

1 q—2
< qR/ (1 + a> da
T 2

< ooz

M
where we used that |HF| < R(T — t)? and that Equation (3.15) also holds for H* from
the choice of § given by (3.10). Similarly
l+a———H"

q(HE)? 1
= n§<T—s>2/o T —s) "

2 _a)2 1 q—2
< T =5 M N
n? 0 2

*

qR*(T — s)° ola—2]
—_ .

Un

oG

on

1
(s, HE,ns)

<

Hence using classical a priori estimates for BSDE (see [72, Section 5.3.1]), we prove that
the sequence DyH* converges to the solution of (3.16) on [T — §,T]. Moreover we can
also use classical arguments on [0,7" — ] ([33] or [67]) thanks to the expression of H on

[0, T — 6] given by (3.7) (see end of the proof of Proposition 3.5.1 for the properties of F’
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Chapter 3 — Malliavin derivative convergence

on [0,7 — ¢]). Fianlly we get

T rT
E V / |\ DyH,[2dfdt| < +o.
0 0
O
Note that for ¢ = 2, the BSDE (3.16) becomes
T 2 2H
DH:/ T — §)Dgbl" + (T — 8)2 Dgvy + ——® Dy — ———*_DyH,| d
6Ll ] [( S) 0 5+( S) 07, +77§(T—S)2 07] 773<T—S)2 0 ] S
T
—/ DoZHaw,.
t

Lemma 3.2.2. There exists C such that the Malliavin derivative of H satisfies: a.s. for
any 0 <O <t<T

T
Dott| < (T =08 | [ (D] + 1D+ | s

]-“t] . (3.17)

Proof. Evoke that |H;| < R(T — t)* and remark that, by solution of the linear BSDE
(3.16),

T
Doty =& | [ (7 =)D+ (7 = 57D = G o Huon) Do Tl 7| (3.8
t
where 50
Ft,s = €xD <_/t ﬁ(ua Hua nu)du> . (319>

We already know that on [T"— §, T7:

qR? 2 2
< —22|q |(T—s) .

a7 \S, HS>778
( ) U

Oh

| oG
T

qR lg—2] aG
< =24 —— (s, Hs,ms
Y | 87] (S7 77 )

Ifo0<6<Tand (T—-0)VEe <t <T, the result directly follows from (3.18). If
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3.2. Malliavin derivative for the minimal solution and its behaviour at time T

0<O0<t<T-4,

DyH, = E [DOHT—ért,T—6 JT:t]
T-6 oG
v | [ 9 (= 5D = G Hn) D Tts|
t
oG oG .
and %(, H,n)| and a—n(, H,n)| are bounded processes on [0, T — d]. Hence there exists

a constant C such that

|DyH,| < CE ||DyHr_s|

7|

T—6
.F;| +E [/t (’ngg‘ + ‘Da")/s’ + ’D@USD ds

i T
gCEcgééwmm+mwA+WM$%

T-6
+ [ (Dot + 1Dy| + Do) ds

7|

T
SCEM)WMQ+WWJ+WM$%

-

C T
= S o [ 4w+ il + 1Don) a5 7).
m
From Equation (3.7) and the previous lemma, we deduce the following result.
Theorem 3.2.3. The process Y is valued in D2 and, for any 0 <0 <t < T,
D 1
DpY; = =0 DyH,. (3.20)

(T —tpt (T —tp

From Equation (3.17) and Assumption 14, we deduce that:

T 1/2
Dot < (T =25 |( [ (1D + Do+ 1Don. ) as)

|

D
(,—Z_,_O?)tp_l, and lf hmt*)T De/]]t — DGTIT a.s.

(for example if n, = n(t, X;) with X solution of SDE (3.41), see Section 3.4.1) then, on

Thus close to T', the leading term in DyY; is
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the set {Dgnr # 0},
lim |DyY;| = +o0.
t—=T

Therefore there is a singularity at time 7" for the Malliavin derivative, even in this quite
simple case where £ = +o00 a.s. And we expect that a similar singular behavior holds
in the general setting studied in [56, 21] when £ can be equal to +o0o with a positive

probability.

1
Remark 3.2.4. However if n is deterministic, then Dgn = 0 and DyY; = WD(;I:Q
and from (3.18)
T T
|DoH,;| <E / (T — s)P|Dgys|Tesds|Fi | < C(T —t)PE [/ | Doys|ds ]:t] -
t t
Then a.s.

lim [ DyYy| = 0.

Thus in this case we do not have singularity of the derivative.

3.3 Convergence of the Malliavin derivatives

Evoke that Y;* converges a.s. to Y; given by (3.7). Moreover Y™ and Y belong to D2
(Proposition 3.1.4 and Theorem 3.2.3) and thus a natural question is: does the sequence

DY™ converge to DY 7 The goal of this section is to give an answer to this question.

Let us define the process H" by:
77* qg—1\ P 77* q—1
H?:(T—t+<> )K"—(T—t%—() )nt, 0<t<T,
n n

SHY (3.21)

to get




3.3. Convergence of the Malliavin derivatives

Thus
77* qg—1\ P 77* q—1
R (GRENG
T ( n > T n nr
77* q . ,'7* q—1
= () vr-(5)
- (3= (0
=\ ) n=\—=) N
n n/) n*
The process H" is the solution of the BSDE

n _ *\q _ T]l 1 T _ (n*)q_l n _ T n
Hi =" <1 n*) nq—1+/t F(s ) A ds /tstWs. (3.22)

Note that the terminal value is non-negative:

W — ()’ (1 - ”) L S0

n* anl

Let us start with an estimate on H". With an abuse of notations, we still denote the
constant ¢ in the next statement. Indeed we can always take the minimum between the
constant 0 coming from the existence of the process H and the constant 0 coming from

this lemma.

Lemma 3.3.1. There exist 6 > 0, ng € N and two positive constants Cy and Cy s.t. for
anyn>ngand T —6 <t <T:

n* q—1 2 n* q—1
—Cy | T —-t+ <HP<Co|T—t+(— )
n t n

Moreover there exists C' such that for any n, on [0,T — 6], [H}| < C.

Proof. We already know that

ogH;_f;:(n*)q<1_77T> L)

TI* nq—l nq—l
Hence the estimate holds at time 7" for any C; > 0 and Cy > n*.
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Now if V, = C, (T it (75)‘1‘1) then —dV; = Cydt and

O N G I LN G G IR

*\ q—1
Hence F (t — <77> ,Vt> < (Y if for any t and n:
n

C q C *\ q—1 *\ q—1\ P
(p—l)m[(l—i—i) —1—61772%022 <T—t+(2) )b’g+<T—t+<ZL) ) .
t t

In particular it holds if

o1 @) 1]

Tt Mt U
Cy\! Co
== [(1+5) -1
z;uwwﬁ“mem+@+om¢wwL

which is equivalent to

5 \? C -1 g Ng—1\p %
Q+nﬁ 1= 2 TR ) [+ (T )]

The function ¢ : x — (1 4+ x)? — 1 — z is continuous and increasing on [0, +-o00[, with
¥(0) = 0 and ¥ (c0) = co. Hence it is sufficient to take

Cy >n*

-1 —1 *\q—1 n *\q—1\p . *
¢)(ﬂ7<T+m> ) {187 + (T + () >7Dv4,

*

to obtain, by the comparison result for BSDE, that a.s. for any ¢, H} < V;. Remark that

for ¢ = 2, C5 can be explicitly obtained by solving a second degree equation.

To get the lower estimate, we similarly proceed, by defining

7,’* q—1 2
n
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3.3. Convergence of the Malliavin derivatives

This quantity satisfies —dU; = —2C (T —t+ <’Z:)q_l> dt and

Pl (L) ) - l(T—H— (7;)_1> o+ (7= (’;)1)7]
—(p—Dn {(1 —x) 1=l =1+ QXt}
> =2 (3.23)

C *\ g—1
Xt:1<T—t+(n) )20.
Uz n

Note that for some § > 0 and ng € N such that

77* q—1 i
- < = .24
Cl (5 + (Tl()> ) - 2 ’ (3 )

the quantity x; satisfies: x; < 1/2. Moreover let us recall that if 1 — y; > 0, then

where

1
= x) |t =xl"™ =1+ qu=alg— DX [ [1—axl (1 - a)da.

Then the previous inequality (3.23) holds if

*

m
n

1 q—1
qu?/o 1= axel " (1—a)da—2nex; < — (T —t+ < ) ) 167l + (T + ()P~ 1]

which can be written as:

(S <T - (’7*)[1_1> _ 20, + K <0,

Tt n
with .
G=aq M-l (U -ada, K= [[#"le+ T+ 0"y

Note that for ¢ = 2, {; = 1, which simplifies the discussion here after. First under (3.24),
forany T'— 6 <t <T and n > nyg

1

AN
N[
A~
[\
T
[\
<
—_
~__
I
U
*

1
T A 1> <( = q/o 11— axt|q_2 (1 —a)da
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Now if

*\ g—1
5+ (") < (3.25)
No

then for any T'— 0 <t < T and n > ng

giK (T—t—i— (7;:)‘1—1> <1

Thus the desired estimate holds if

g e () <o o

and

*\ g—1
C) < LE— (1+J1—QK (T—t+ (”) )) (3.27)

Q(T—H(’Zj) ) "M n
For the upper bound, remark that for 7'— 0 <t < T and n > ng

*\ q—1

o (1+\J1—QK<T—t+<n) ))

Gt (T —t+ (%) ) Mt n

* *\ q—1

> L <1+J1—CK<5+(77> ))
o (5 () ) s o
And the lower bound satisfies:

et @)

K _ K
G EN n 2\
1+\/1—mK<T—t+(’;) > H\/l_m <5+(20) )

Therefore there exists 6 > 0, ng € N and C; > 0 such that Conditions (3.24),(3.25), (3.26)
and (3.27) hold. Then by comparison principle for BSDEs, for any 7'— ¢ < ¢t < T and

n > ng s
*\ —
’Hj{”z—Cl<T—t+(ZL> ) :
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3.3. Convergence of the Malliavin derivatives

The last statement of the lemma comes from (3.5): on [0,7 — J]

1 /1
n PAKx
o<V <Y, <o (m+(T+1)7>

and from the very definition (3.21) of H":

*x\ ¢—1\ P
il < (14 () ) ve

n

This achieves the proof of the lemma. O

Since Y," converges a.s. to Y; for any ¢, we already know that ;' converges to H;. The

next result is a convergence result with weights.

Lemma 3.3.2. We have a.s.

T n
lim B _ L —|dt =0
n—too Jo |1 — ¢ (T—t—i—%)
and for any o > 0
r| m wr |
limE/ - | dt| =o.

Proof. For any 0 <t < T and any n, we have

n *\ q—1 p—1
Ht . Ht — (T _ t)p—ly]‘e _ (T —t+ (77) ) Y;n
n

r—t (T—t+ (ZL*)H)

and Y and Y™ are non-negative processes. Using (3.5), we have

1
< — 4+ (T H+1)Py~
T«

1 i1
OS(T_t>p_1K§TE[/ ("’(T—S‘i‘l)p’ys)dSFt
t

_t 775
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Now from the a priori estimate (3.4):

. 1 1
e S(T—t—i— - )p{nql+E

nd—1

= (T—t—ll— 11)p{nq11 + (T —1t) ((pil) i +(T+1)P7*)}_

Moreover
-1
n* gL\ P *\ g—1\ P
@) (e
( n _ " n 1
nq—1<T—t+ L )p T—1t+ ! nq—1<T—t+ 1)
nq—l nq—l nq—l
*x\q—1 p—1
-1 1
m (n*) <o
ni— (T —t)+ 1 (ne=Y(T —t)+ 1)
And
i\ p—1
n* qg—1\ P w g1 p—1
<T_t+(n> ) T_“F(n) Tt
T (T=t) = n1 1
(res 1) roe 1| e 1)
B RPN V10 Kt W N s (o) N
- n T —t)+1) e (T—t)+1) "
Therefore

(T—H— (777:)“>p_ o <o |14 ((Pn—l)p_ +(T+1)p7*)] .

Since Y" converges to Y pointwise, the result is a consequence of the dominated conver-

gence theorem. ]

Now let us study the Malliavin derivatives. We already know that Y™ is Malliavin
differentiable and the solution of the linear BSDE (3.6) is for 0 < 6 <t < T"

T yn q s (Yn q—1
/ (( 5 ) Dyns + Dg")/s> exp (—p/ <“> du) ds ft] )
t Ns t N
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3.3. Convergence of the Malliavin derivatives

Proposition 3.3.3. The processes (H")nen are Malliavin differentiable and their Malli-
avin derivatives satisfy, for any 0 < 0 <t <T':

1
Déiftn - 1D977t +

(T-t+(2)™)"

Dy MY

(T — i+ (’Z:)ql)

Proof. 1t is due to the fact that the processes Y and n are Malliavin differentiable and
(3.21). 0

Evoke that DyH is the solution of the BSDE (3.16):

T oG
Datty = [ (@ =D+ (7 = 57D = G Hm) D,
T
_gi(sa Hsans)DGHs‘| ds — / DGZdes
t

The Malliavin derivative DyH"™ is the solution of:

n

L /tT KT sy (’Z:)q_l> Db + <T —s+ (:’;)q_lym%l ds

T [0 ! oG !
_/ - (77) 77{?,775 DGns + S — (77) aH?ans DGH? ds
t | On n oh n

77* q—1
DoyH} = — () Denr

T
- / DyZrdW,.
t
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3.3.1 Convergence of DyH"

Our goal is to prove that DyH™ converges to Dy H. The difference Dy H — DyH" satisfies

the next equation:
A} = DgHy — DoH}
77* qg—1 77* q—1 .1 1 77* qg—1
= (> Dgnr — () / [ng;? +p (/ (T —s+a () ) da> Dg%l ds
n n t 0 n
T0G 0G 7\t
- a_ HS7 s) T o -\ ) 27 s -D sd
/t [an(s, 7s) o (8 <n> H n)] o1)sds

T
—/ (Do Z! — Dy Z2)dWy

*x\ q—1
e = 5 (s (1) )| Dt

T oG TN n
- /t % <S - <TL> 7H57778> [D9HS - DGHS] ds. (328)

Our first statement is:

Lemma 3.3.4. There exists a constant k1 > 0 such that a.s. for anyn > ng and s € [0, T

0G 7\ 9!
s (L n > g
8h (S (n> »7'[5,775> ol R1

Proof. Evoke that from (3.13)

q—2

oG qh 1 1 1
t,h _— 1 —h i 1 ———h | da.
EA v S Al ( T ) :
Lemma 3.3.1 implies that for any T'— 0 < s < T and n > ng:
01(* ClC* (U*)q_l CayC*
_ - "o | < ) 3.29
un Ns = on (8 n Hooms ) < (3.29)

ne (T =5+ ()"
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3.3. Convergence of the Malliavin derivatives

Now from (3.11) and since ‘H™ is bounded by C, if s <T —§

q—1
oG ¥\ 91 1
% (S — (n) ,7‘[?,773> = p Ng—1 1+ Ng—1 H? — ].
n (T—s+(%) ) nS(T—s+<%> )
-1
p c
< = 14 — 1].
_5(< +77*(T_5> " )
]
The second result concerns the control of the next difference terms.
Lemma 3.3.5. There exist two processes T" and T such that
e G 7\ H, HE =i
a H57 S N - - ) n7 S S Tn - K
|877(S’ s) on (s (n) s 77) (T —s) (T—s+(n*/n)1)
(3.30)
and
158 oG 7\t "
‘%(SaHSﬂ?S)_ah(S_ <7’L> 77-[37778)
Tn n (qfl)/\l * -1
< " Hy, H N <n>q P
T (T =) ||(T=s) (T—s+(n/n) 1) n (T = s+ (n*/n)r 1)
(3.31)

And Y™ and Y™ are bounded uniformly w.r.t s € [0,T] and n > ny.

Proof. For (s,h) and (u, h) and if
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then from (3.12) and (3.14)

oG oG A
—(s,h,m) — — (u, h
oy 5 = 5, (. h,m)
~ q—1 1 A q—1
1 h h ! h
:—qé/ 1+ ———~+ad da+p‘1—|— —-pll+
0 n(T —u) n(T — s) (T —u)
(3.32)
A~ q—1
1 h
- _ 14—
q5/0 +77(T—u)+a6 da

q—2

A~

h
sien 14+ ———~+ad | da
¢ ( (T = u) )

o | h
(M + CL(S) sS1gn (1 + m + a6> da
(3.33)

1 h
+p(q—1)5/0 1+m+&5

:_@K

1+ h +ad
—_— a
(T —u)

provided that there is no division by zero when ¢ < 2.
If (s,h) and (u, h) are chosen such that

for any a € [0, 1]

h h h 1
1+ ——+ad=1+(1—-a +a > —.
(T — ) O Ty T T =s) 2

Evoke that from our choice of § and ng,

H, 1 H" !
ns(T — s) 27 (T — s+ (*/n)7t) 2’

and from Lemma 3.3.1

n Cy+ R
. fast <1420

<1+
775<T — S5+ (U*/n)q’l) T

DO | —

with
571 o HS o H?
Tl —=s) (T —s+ (/) )
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3.3. Convergence of the Malliavin derivatives

Hence we deduce that for any T'— 6 < s < T and n > ng

e e N
HS7 s -\ 9 Z? s | — Tgég
on (5 Homs) = an ( (n ) oo )

with the bounded process

T == [ (1 st 1>*“5?>q_2<ns<T—sf§n*/n>q1>”55>d“‘

On the rest of the time interval [0, 7T — 4], since s +— 1/(T — s), H and ‘H" are bounded,

from (3.32), we easily deduce that if ¢ > 2, the functions are Lipschitz continuous and

e oG oG N\ !
*
’ 87] (87 57775) 87] (S ( n ) s> )

But for 1 < ¢ < 2, since x — |z|?97! is (¢ — 1)-Hélder continuous, we only obtain that

oG oG 7N
‘877 (s,Hs,ms) — o ( — (> ,Hs,ns>

n

<TI0

< T(|ay ] v 167

Similarly with (3.11) and the same previous notations as previously:

oG oG A
o (s hem) = =5 (w.hyn)
q—1 o a1
S N (O S N
(T —s) n(T —s) (T —u) n(T — u)
q—1 2 91
P4 I _p b
(T —s) n(T — s) (T —s) n(T —u)
N —1
p p h
+(T—s T—u>1+n(T—u)
1) o h
q_ )—l—aé Sign (1+M+a5) da
L pls—w) BT
(T = s)(T — u) n(T — u)

Hence there exists a uniformly bounded process T" such that a.s. on [T'— d,7T] and for
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n > ng

aG oG 7N\
an, o ) = g ( (%) ’"s>

- (T —s) [((TlLi s) (T—s +7—é77*/n)‘1—1)> - (7:1) (T —s —1-2(977*/71)‘1—1)

And on [0, T — 4], we obtain the inequality by Lipschitz-continuity if ¢ > 2 or Holder-
continuity if ¢ < 2, and by boundedness of H and H". O

Let us start with the next result:

Lemma 3.3.6. Assume that for some o > 1,

T T
E [/0 l!DenTIQ +/0 (|Dgb?|° + | Dgys|® + | Dons|?) ds] df| < +o0.

Then for any 0 < 0 <t <T DygH} converges a.s. to DoH; and for { < o, DH™ converges
to DH in L*(Q x [0,T]?).

Proof. From Lemma 3.3.4

e oot
P:ﬁl,s = exp [_/t % <U - (2) 7H27nu> du‘| )

is bounded uniformly w.r.t. n > ny by exp(7's;). Since (3.28) is a linear BSDE, we have:

g

D@Ht — D@?‘l?

77* q—1
n

*\ q—1 77* o1
(5 e[ [D@M(/( _m() ) aa) D] 7]
" n )
oG )
e[ [ 2 (o= (2) )] pnrad )
T 110G aG q—1 . §
o o2 (o (¢ ) ﬂs,m)] purrafr]. o

In the right-hand side of (3.34), the first two terms satisfy for any 0 < § < ¢ < T and

>
n="o 7,’* q—1 n* q—1
() <C () E [’Denﬂ Fi
n n
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and

T 1 n* q—1
EU"P%w+p</<T—s+a<) )mQDMJFgw
t 0 n ’

;
g

E]. (3.36)

77* qg—1
(%)

<c(T)" e [ (Dbl + (T4 07 1Dyl ) ds

n

n

*\ q—1 T
<c(L)" w | [ 4pa+ 1D as
t

From (3.30), we obtain that

oG oG N §
‘]E /t [377 (S H37 778) 877] (S — (n) H ,775)] Dgnsrt’sds E]
(g—1)A1
T Hs Hn
< n _ s n
_Etl1}<T_$ T T \Dwﬁgﬂsﬂ]
(g—1)A1
T H, HE

S C]E /t (T — S) N (T — S + (n*/n)qfl) ‘Dans‘ds E] . (337)

From (3.17), we have
|DoH;| < C(T — 5)G,

where

= [ (0w + 1Dl + Do)

|-y =

7).

Thus using (3.31)

oG oG PN
‘ah( HS?US) 8h <S - <n> 7%57778>

H, Hr

(T'=s) (T —=s+(/n)t)

~ 77* q—1 CS
+CMTA(n> (T — s+ (i /n)iY)

’D9H8|

(q=1)A1

< CG|T7
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and

B

oG G "\ g .
/t [ah (S HSvnS) % <S - (n) ’%sun5>1 DOHsFt,st

H, Hr
I “lT—5  T=s+ /) ft]
E} (3.38)

e (Z:)q_l £ [/tT (T —s +C(877*/n)Q—1)dS
7

g

(g—1)A1

< CE ds

For the second one

Cs
T— s+ (n*/n)q—1

1
] [ T s+ Oy Jn)- (/ wudu>d5
T
=In(T —t+ (n*/n)* "¢ —E [/ (T — s+ (n*/n)? w.ds .7-}]
t
¢
7.
Coming back to (3.34), with (3.35), (3.36), (3.37), (3.38), we obtain that for 0 < 9 <t < T
77* g—1 T
Dot~ Dy < C (L) E [|D9nT| +2 [ (IDb7] +1Dy| + [ Do ) ds ft]
77* g—1 T
+C () E V (T — s)|w.ds ]-“t]
n t

(g—1)A1
T H, H?
+CE / — S | Dgns|ds J-}]
t

<In(T+ ()" NG +E l/tT —In(T — s)wds

<I(T + () )G +E MT |In(T — )|cm,ds

(T'=s) (T—=s+(r/n)i)

(g—1)A1

H n
7y ds

(T—s) (T—s+ (/o))

+CE/r@

ﬂ].(aw)

With Holder’s inequality (1/0+ 1/0. = 1):

7 < [ ol [e ][ @

el
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3.3. Convergence of the Malliavin derivatives

and
((I71)/\1 1/9
TN H H? T
E / s s Don.lds|F,| < v |E / Dyn.|?d ,
t |((T—s) (T—s+(n/n)1) | Dons|ds| F —Vt[ [t | Dons| 5-7:tH
(g—1)A1 1/0
T H H? T
E / s S - S d <" |E / 5 e
t ¢ (T —s) (T — s+ (p*/n)r 1) s\Fe| <y [t |G| S]:tH
with e
T H, n 0*((g—1)A1) 0
V? = |E / - HS — ds ./T"t .
t |(T—=s) (T—=s+(n/n)t)
Note that

E [/tT IC,|eds

]—"t] —E VtT]E VSTwudu
[[=se| [ @
(T — 1)°E l / ! (@a)2du ]-"t] |

e
}"5] ds

g

<E

fs] ds

7

<

1
0
From Lemma 3.3.2 and its proof, we can use the dominated convergence theorem to

deduce that for a fixed ¢, v converges to zero a.s. Thus coming back to (3.39), we obtain

the a.s. convergence of DyH}' to DyH,.

To obtain the convergence in mean, we raise to the power 1 < ¢ < p and use the
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expectation in (3.39):
E [|DoH; — DH ||

,r]* f(q_l) ‘ T ¢ ¢ l
<c(%) El‘DGUﬂ + [ (1Dab2l" + 1Dor|* + 1D ) s

+C (72)@@_1) lIE [ / T(ws)@dsHE/g
ooy [ [ 1pmpa7]|

¢/p
A
77* L(g—1) T
§C<n) E[lDenTIH/t <|Deb2|9+|Dms|9+lDeﬁs‘g)d‘s}

+C [B [pyereo]] e (lE [ / ' ‘Dws‘%Hug + [JE [ / T(wu)eduHW>

T
< Ce 1ol + [ (DA + Dl + 1Done) s
t

+ CE +CE

wy || [ @

t

with

Therefore with Lemma 3.3.2

T T ;
lim E / / \DyH, — DyH?|" dodt| = 0,
0 0

n—-+00

which achieves the proof of the lemma.

Remark that if the condition is:

T
sup E l|D977T|9+/0 (1Dgb]2 + | Doys|® + | Dans|®) ds| < +o0,

0€[0,T]

then .
lim sup E [/ |DyH; — DgH?| dt] = 0.
0

=100 gc(0,1]

Now we prove a stronger convergence result.
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3.3. Convergence of the Malliavin derivatives

Lemma 3.3.7. Assume that for some o > 1,

T
sup E |D@nT|@+/0 (| Dgb|2 + | Dyys|© + | Dons?) ds | < +oo.

0€[0,T7]

Then for any 1 < £ < o

lim sup E [ sup |DyH; — DQH?‘Z] =0

N+ gci0,7]  [te[0,T)

Proof. We apply Itd’s formula to A? = DgH; — DyH? with the function z — |z|¢ for
(>1,0<60<t<Tand n > ng. Using the BSDE representation (3.28), we obtain

L(INM—1 T
€'u't|A?|€ + —< (2 )) / 6M5|AZ|€_21AQ¢0(DQZSH — D@Z:)st
t
n* £(g—1) T
< <n> €MT‘D977T’£—/t pets| A" ds

77* q—1 .7 1 n* q—1
y () / AL L an s [Debz +p < / (T —s+a () ) da) De%] Agds
n t 0 n

r oG oG 7!
+ g/t €#S|A?|£721A27A0 lan (5 Hsa 773) 877 <5 - (7;]1) 77-[?7 773)] DBTIsA?dS

T
iy / | A2y o AT (Dg ZH — Dy ZM)dW,
t

T oG oG 7\t
. us| An|€—2 " U n n
g/ (& |AS| 1A57é0 [ah (8 Hs;nS) ah ( (n> ,Hs,n5>‘| DQHSASdS

oG T
—6/ VAN s PN o (S - <7771> ,H?Ws) (A})? ds.

With Young’s inequality we have

77* q—1 1 77* q—1
<> |A’;|Z_21Ag;é0 Dyb? +p (/ <T —s+a <> ) da) Dyrys||AY]
n 0 n
1 7\ a1 1 * g1 ¢ 1
< - (77) Dpb! + p / T—s—l—a(n) da | Dy —I—L|AZ|E
{\n 0 n 14
1/ La=1) N S|
<= (”) Dob? +p | T + (") Dyvs| + ——|A7,
/' \n n /
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3

AL 1Az

e *y a1
o5, 5 Hamls) = < (n) ")

oG oG 7\ T ¢
< _ n
E ‘8}1/ (8 HS?nS) a ( <n) 7H37n8>

(-1
Dy |+ A

and
A2z s o) = 5 (5= (£) ez ) 1Dand 1y
< s = 50 (5= (1) ) oo+
Therefore
erjage 4 LALEZD) (f = / " |AL g o DpZE — Dy2)ds

*\ £(g—1)
< (n> €MT|D977T| —6/ eus|An|€ 21An7§0An(DQZ — Dan)dW

oG a1
+/ [ 3 —1) -5 <s—(2) ,’H?,nsﬂeﬂsmﬂéds

n* Lg=1) . n* q—1 ¢
+ (n) /t e | Dbl + p <T+ (n) ) Dys| ds
U ! ‘ ¢
—|—/ 6’“5 3,775 < <n) 775) ‘D9775| ds
G *\ q—1 14
+/ ets a— s, Hg,ms) — ( <7ZL) ,n5> |D9Hs|eds.

Using Lemma 3.3.4, we choose

p=1+4+3(—-1)+/lr
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3.3. Convergence of the Malliavin derivatives

such that

(LA (-

T 1)) [T
AN+ [ e antds + = ) | eI L 0(DoZE - DyZ})ds
t

n £(q—1) T
< ( ) T | Dy’ — ¢ / 4| AP |21 5o AT (D ZH — DyZR)aW,
n t

,,7* Lq—1) .1 77* q—1
+ () / e | Dgb? + p <T+ () ) Dos
n ¢ n

9G !
e () )

¢
ds

13
|D9?75 ‘EdS

oG oG 7\ ‘ ,
pe H,, n, — JHE ns H,|"ds. 3.40
+/ ‘ 6h(8 ") = B (S <n) H”) [ds (3.40)
From Lemma 3.3.5, with Young’s inequality with x > 1
%(S H )_% s — (n*)q ! Hn Z‘D ‘Z
87] y g, Ms 87] n » Ns 67s
k—1|0G oG 7\t K| ’
< —(s,Hg,ms) — — [ s — s —|Dgns|™
<— an(s, s) o (S (n> H 77) + | Dons|
L
k—1 H H =l ]
< T s + —|Dgny|*
e L (e ) R
Z K
k—1| H H? R |
<C s s | Dgns| .
<O TP

If ¢ < o, then there exists k > 1 such that /x < p. With Lemma 3.3.2, our assumption on

Dyn, and the dominated convergence theorem, we deduce that if ¢ < o
1. E /T s aG ( H ) 8G 5 (n* ) qg—1 ,Hn 4
117 € S sy s -\ ) sy !ls

0 an g n n g

n—-4o00

|D9ns|£ds] = 0.
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Again with Lemma 3.3.5,
T oG oG N\t
B[ oS e Hon) — 5 (5= (T )| Do
T*(ge 6h(8 7s) oh (S n s 77) |DoH, [ ds
¢
T H Hn
<2UCE | [ 16l | - ¢ d
= T—5 G (T —3s) (T —s+(n/n)i1) i

*\ ¢(a—1) T ¢
/—1 77 ‘CS|
+27C < n) E VTJ T—s+ (n*/n)(ql))gdS] .

L

where again

T T T
CS:]EV (1Dgb?| + | Dgv| + | Dotta]) duu| . :]EV wudu

7.

Thus . 3
Gl <E V (oo |fdul| F, |

Next we can argue as in the proof of the previous lemma to deduce that

T l
lim E [ et |DgH,|"ds = 0

n—+o00 0

oG oG 7N
gt = G (o= ()" )

Taking the expectation in (3.40), we deduce that

T
lim sup < sup E [e“ﬂAﬂq +E [/ eS| AM 2 1 an 0 (Do Z — DQZ;L)2dS]
0 !

N+ gci0,7] \t€[0,T]
T
+E V e“ﬂAZVdsD —0.
0
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3.3. Convergence of the Malliavin derivatives

The Burkholder-Davis-Gundy inequality leads to:

T
E[sup / e |AM 1 an 20 AN (Do ZE — Dy Z1) ALdW
t

te€[0,T]

|

T 3
< CE ( / eS| AL anzo( D 2 —DGZ§)2d5> ]
A !

IA
Q

te[0,7)

T 2
E <sup et Al / eS| A 2 1 ans0(Dp 21 —DQZ§)2d5> ]
; A

C? T
<-E l sup e’”|A?|£] +—E V e IAM 2 1 anpo(Dg ZE — Dezg)%s] .
0

t€]0,7] 2

DO | —

With the same arguments as above, we obtain that:

lim sup E l sup e“t|Af|£1 = 0.

n—=+00gci0,1)] | t€[0,T)

To obtain the convergence of the sequence AZ" = DyZ — DyZ™ for 1 < { < 2:

T /2 s 0/2
E (/ |Azg|2ds> ] - E (/ 1A?¢O|AZ§|2ds> ]
0 0
o 0/2
= B ([ a0 e P aalazsPa) ]
0
: . 0/2
< B [an e ([T el pa) ]
0
] 0/2
n (2-0/2 r n\{— n
< {mfen ) e[ @y 1zt
0
21 n\¢ ¢ r n\¢—2 n |2
< Elan] « gr | [ A salazsPas
where we have used Holder’s and Young’s inequality with 27_6 + g = 1 and A? =
SUPsefo.r) |A%]. This achieves the proof of the lemma. O

3.3.2 Convergence of DyY"

Let us start with the convergence for fixed parameters ¢ and t.

Proposition 3.3.8. If we set DyYpr =0 for 0 < 0 < T, then for any 0 <0 <t <T, we
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Chapter 3 — Malliavin derivative convergence

have the almost surely convergence:

lim DQYZZ = D@B/t

n—-4o00

Proof. For any 0 < 6 <t < T, according to Theorem 3.2.3, Proposition 3.3.3 and Lemma
3.3.6,

1 1
DoY," = =1 Done + Dot
(T—t+(7:)q 1) <T—t+(’;)q )
converges a.s. to
D 1
o DoH, = DyY,.

T T
For ¢t =T, since Y =n, DpY; = 0 for any n. Another way to obtain this fact consists of

using Proposition 3.3.3 and the terminal condition of the process H™:

= 0.

*

q q
n n n n e 1 D
zmmz*mw+<sz#=*mw—<)()qqlﬁT
U U U ni=t

Hence the sequence DY} converges a.s. to 0 = DyYp. ]

Note that
DgHt - DQH?
*\ q—1\ P *\ q—1
:(T—¢VDﬁQ—<T—t+(Z) )1%n"+<2> D

*\ ¢g—1\ P *
:@—ﬂ%mK—Dﬂﬁ—[@1¢+<n) )—%T—wﬂDﬂ?+2Dm#

n

This equality allows us to prove the following result.

Theorem 3.3.9. Under the conditions of Lemma 3.3.7,

lim sup E l sup (T — t)?|DyY; — D9Yt”|41 = 0.

n=+o0gci01)] | t€[0,T)

In particular for any 0 <7 <T

lim sup E [sup |DgY; — D(;Y;”V} = 0.
n=+Xgc0,1]  [te[o,7]
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3.3. Convergence of the Malliavin derivatives

Proof. From the previous remark,

(T —t)P(DgY; — DyY]")

*\ q—1\ P *
— DyH, — DyH + KT —t4 (2) ) (T - t)p] DyY;" — %ng.

Furthermore with Proposition 3.3.3

[(T —t+ <7Z:)ql>p — (T - t)p] DyY;"
o) b [ (r-coo(5)7)

*\ q—1 *
P (7;) Doni A} +p <77

) (r—e+ ()"

*\ q—1 * 1
=p (7771) Don A} +p <77

) (T—e+ ()"

n

DyH} AT

(DoH} — DoHy)AY

*

1

() (T—t+(2))

DyH, A}

with

and from (3.17) for t € [0,7],

T
Datt| < €T =0 | [ (1D + 1Dyl + 1Don) s 7.
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Therefore

n

(T . <77*)q1)p _(T— t)p] DY

*\ g—1
<p (L) 1Dunl +p|DaH; — Dot

n* q—1 T
+p< ) EVt (|1Dgb?| + | Dyvys| + | Dons|) ds

n

ft] |
In other words
n* n* q—1
(1~ 071D4¥; = DoY) < (1 et = Dot + (L4 (L))

n* qg—1 T
#o ()| [ 40wl + 1D + 1D s

7]

The conclusion directly comes from Lemma 3.3.7. [

3.4 Applications and Examples

3.4.1 Gradient of the related PDE

Here we consider that n and v are smooth functions, n, = n(t, X;) and v, = v(t, X3),
of the solution X = X* of the SDE: for z € R?

t t
Xo=ax+ [ (s, X)ds+ [ als, X)W, 0<t<T. (3.41)
0 0

We suppose that b and o are continuous on [0, 7] x R? and of class C* with respect to x

with bounded first derivatives. According to [69, Theorem 2.2.1], we have :

Lemma 3.4.1. The SDE admits a unique solution X in S*((0,T),R?) such that:

1. Foranyi € {1,--- ,d}, for allt € [0,T], X} € D" and for all p € [1,+00),

sup ]D(;Xsi\p

0<s<T

sup E < 400. (3.42)

0<o<t
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3.4. Applications and Examples

2. The process DX satisfies the linear SDE

d ¢ '
DoX; = 0:(0, Xp) +Z/ 8% (s, X )DeXkderZZ/ g; s) Do XEdW.

Jj=1k=1

Under this setting,
t t
m=n(tX0) = n0.2) + [ (L)(s. X)ds + [ Oum(s, X,)o(s, X)W,
where £ is the infinitesimal generator of the SDE (3.41):
1 * 02
Lo = (b,0:0) + 5tx (00°020) . (3.43)
Hence b7 = (Ln)(s, Xs) and o = 9,n(s, Xs)o(s, X).

Example 3.4.2. If we apply Ité’s formula to n = @(X), with d = 1 and ¢(x) =
=1 4 s

arctan(x) + , then n satisfies all required conditions (Assumptions 13 and

14) of the previous sections.

In this section, the superscript ¢, x indicates the dependence of the solution on the
initial data (¢,x), and it will be omitted when the context is clear. In this Markovian
setting, it is known that the coupled system of Equations (3.41)-(3.2) is related to the
solution of the PDE:

ou lu|?t
—+Lu—(p—1)—————
v oty

ot
If Y* solves the BSDE (3.2) when 1, and -, are replaced by n(s, X5*) and (s, X1%),
then for any 0 < t < s < T, Y2* = u(s, X1") and u is the viscosity solution of the
previous PDE. See [74, 41, 75, 21]. Furthermore the expansion (3.7) of Y corresponds to:

u+y(t,z) =0, u(T,-)=4oc0 (3.44)

n(t, ) h(t,x)

Y(t,x) € [0,T) x R, u(t,z) = (T -t (T -t

(3.45)

with |h(t,z)] = O(T —t)?* at time T'. This property is also given in [41, Lemma 4.1]. Here
h is defined thanks to the relation: h(s, X%*) = HL®.

Proposition 3.4.3. We assume that:
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Chapter 3 — Malliavin derivative convergence

o The functions (t,x) — n(t,z), (t,z) — Ln(t,z) and (t,z) — y(t,x) are continuous
w.r.t. (t,z) and of class C' w.r.t. x, with bounded derivatives.

o The matriz o is uniformly elliptic, that is if there exists A\ > 0 such that
Vs € [0,T], Y(z,y) € R* xR, (a(s,z)0*(s,2)y,y) > A|y|*.

The solution u is of class C* w.r.t. x and for 0 <t <T and v € R?

Oun(t, ) | Ouh(t,x)

Oyu(t,z) = (T —t)p=1 " (T —t)r’

Finally the approzimating sequences u™ and Oyu™ (resp. h™ and 0,h™) pointwise converge
to uw and O,u on [0, T) xR (resp. to h and O.h on [0,T] x RY), where u™ is the continuous
viscosity solution of the PDE (3.44) with terminal condition u™(T,-) = n and h" is defined

by
n( h"(¢, x)

t,x) _ -
(=) (e )

u'(t,z) = (t,r) € [0,T] x R%.

Proof. The function h™ is linked to H" by the relation: h"(s, X1*) = H™"*. We know
that w™ and A" pointwise converge to u and h (from the convergence of Y™ and H" to Y

and H), which gives the asymptotic expansion of u.

Under our setting, we use [64, Lemma 2.4 and Theorem 3.1] to deduce that DyY,* and
DygH? are of the form

DY = VYV Xg) " 0(0, Xo) oy, DyH? = VHI(VXg) " 0(0, Xo) o,

where the processes VX, VY™ and VH" are solution of the variational equations related
to (3.41), (3.3) and (3.22). Furthermore A" is of class C* w.r.t. x with 9,h" = VH" and
d,h™ is continuous on [0, 7] x R% Let us emphasize that these results cannot be directly

used for Y (singularity in the terminal condition) or H (singularity in the generator).

However we can define the solution (VH, VZH) of the variational equation related to
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(3.8)

VH, = / )b (1, X))V X+ (T — )Py (1, X0 )V X du
_ /ST(Zi(u,Hu,?]u)aﬂl(U,Xu)VXudu — /ST Zi(u Hoyy )V Hydlu —/ vZH W,
using again that a.s. |H,| < C(T — u)? close to T. And from Lemma 3.2.1, we also have
DyH, = VH,(VXy) " 0(6, Xg)lp<s.
Then we check the proof of [64, Theorem 3.1] to deduce that 0,h exists. We define
VX = i (Xtwte— XI7), VHE = i (HL=te - HI"), VZi= i (zlitese — gitte)

and prove that VH® converges to VH when ¢ goes to zero. First note that

vi: = [ (T = wad(w) + (T — upa,5(u) — 0,G(w)] VXEdu
- / OnG (u)V HE du — / v ZEdW,
where
0,57 (u / 0,67 (u, X% 4 a( X5+ — X%))da
07 (u / Oy (u, XE* + a( X"+ — X" da
= /0 0y G (u, 1" + a(n, ™ — "), H,""%)da
X /O 1 Oun(u, X5* + a( X0 — X)) da

1
w) :/0 oG (u,nb", Ho* + a(HY* — HY™))da

The key point now is that |[H.*| < C'(T —u)? on the interval [T — 6, T] and both constants
C' and 9 depend only on the bounds on 1 and 7, and not on x. Therefore the processes 8,]@
and 9,G are bounded, uniformly w.r.t. e. The rest of the proof can be copied from [64],
to conclude that d,h exists and is equal to VH and that 9,k is continuous on [0, 7] x R<.

From (3.45), we deduce that d,u exists on [0,7) x R? and is given by the statement of

the proposition. From our convergence result (Lemma 3.3.7), we deduce that the sequence
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VH" converges to VH. Hence the sequence d,h" converges to d,h on [0,T] x R%. The

result follows immediately for 0,u". O

Estimate (3.17) becomes for 0 < 0 <t <T

|D9Ht‘ = |VHt(VX9>_10'(9, Xg)‘

< O(T—tE [ [ 005, X1 + (s X,)| + 19,71(5. X)) | Dy X, s

g

T
<O(T - DE V 1Dy X, |ds ]—"t] .
t

From Lemma 3.4.1 and Holder’s inequality, we deduce that
|0.h(t,z)| = |VH| < C(T —t).

Remark 3.4.4. In [41, Theorem 2.9], it is already proved that u is of class C* w.r.t. t.

3.4.2 Sensitivity in liquidation problem

Malliavin calculus is a useful tool to analyze the sensitivity in finance, see among many

others [35, 39]. In the liquidation problem mentioned in the introduction, the optimal state

s (Y, q-1
Hy = xexp (—/ <77> du)
t i

or with the previous notations:

=T (‘ [t (s >> d“)
=gy (‘/ T3 <1+77<;[—w> ) 1] d“) |

In particular for 0 <0 < s<T
q—2

process is given by

Y,

Dy=, = — —155/8 Tu
? (q ) t Th,

u

sign (V) Dy (Y“> du. (3.46)
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A key argument in the greeks computations is the positivity of the Malliavin covariance
matrix. This property is ensured if there is a diffusion part in = with an elliptic diffusion
matrix (see again [35, 39]). In our case, there is no diffusion part for Z. Worse than this,

we know some degenerate examples.

Indeed in [5, Section 5], the authors consider the case where v = 0 and 7 has uncor-

related multiplicative increments. In our setting, it means that:

Lemma 3.4.5. When 1 is an Ito process, 1 has uncorrelated multiplicative increments if

and only if the drift b" is of the form: b = g(t)n, where g is a deterministic function.

Proof. 1f the drift b" is of the form: b = g(¢)n;, from [5, Example 5.1], 1 has uncorrelated

multiplicative increments. Conversely we have

t t t
nt:n0+/0 bgds+/0 oo dW, = E[] :no+/0 E[b]ds.

If we consider M; = n;/E[n], from [5, Lemma 5.1], n has uncorrelated multiplicative

increments if and only if M is a martingale. But

1 O¢

dM; = (E[n])? [E[n:]b} — E[b{]m:] dt + E[n] dWi.

Elp"
Hence b = (E[[??tD . O
¢

From [5, Propositions 5.2 and 5.3|, we know that n has uncorrelated multiplicative

increments if and only if = is deterministic, that is Dy=, = 0 for any 0 < 0 < s <T. We

also have another result.

Lemma 3.4.6. When v = 0, n has uncorrelated multiplicative increments if and only if
Y,

forany 0 <0 <u<T, Dy (u =0.

Ny
Proof. From the proof of [5, Proposition 5.3], we also know that if 7 has uncorrelated
multiplicative increments, then — is deterministic, hence its Malliavin derivative is zero.

n
Conversely if the Malliavin derivaitive of Y/n is null, using (3.46), Dy=s = 0, thus = is

deterministic and 7 has uncorrelated multiplicative increments. O]

Moreover we can explicitly compute H, either from [5, Proposition 5.3] where Y is

given, or directly.
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Lemma 3.4.7. Assume that n has uncorrelated multiplicative increments, with b} =
g(t)n;. Then Hy = (T — t)h(t) with

h(t) = —1+ (Tl—t /tT exp (—(q —1) /tsg(u)du) ds)

1-p

Proof. Since v =0 and b = g(t)n;, H is the solution of the BSDE with generator

q—1

F(t,h) = (T —t)mg(t) — (p — L)n,

1 1
(=t [+ =

and terminal condition 0. Make the ansatz that H; = n,(T — t)h(t). Then

dH, = [(T = O)h(E)mg(t) + m(T — () = neh(D)] dt + o dW,
F(t,Hy) = (T = ing(t) — (p— Ume [(1+ A1) [L+ h(B)|"" = 1 = gh(0)]

Therefore dH, + F(t, H,)dt is a martingale if
(T = )i()g(t) + (T = )i (t) = (p— 1) [i(t) [i(#)| """ = i()] = 0
with i(t) = h(t) + 1. Define G as the solution of G'(t) = g(t)G(t) with G(0) = 1. Then
(T =1)([IHG®) = (p—DGW) [i) [i(1)] " —i(1)] .

We can verify that

i()G(t) = (Tl_t/tT G(Sl)q_lds> -

h(t) = -1+ (Tl_t/tT (g((z)>>q—1d8) —p.

Note that h(t) ~ (T"—t) as t goes to T. By uniqueness of H, we obtain the result. [

Thus
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3.4. Applications and Examples

Remark that we obtain an explicit expression for Y:

=17 _n;)pl i (T?tt)p - (T—t ( —t/ eXp( - 1)/ g(u)du> ds) :

=1 </tT exp (—(q - 1) /:g(u)du) dS) B

Let us consider the case where n is deterministic. Then for § < s < T

q—2

H H
1+ = sign (1 + “) DyH,du.
Nu(T — u) Nu(T — u)

and DyH is the solution of the BSDE (3.16), which becomes:

- = [° 1
DiE.= a5 [ g,

T oG T .
DyH, = / (T = 5" Doy = (5, Hoyn) Do, | ds — / DyZM AW,

g

where I'; 5 is given by (3.19). If 75 = (s, Xs), then Dpys = (0.7)(s, Xs)DyXs. In this

case, we can find easy conditions on d,7v and the coefficients b and o of the SDE of X

T
= E [/ (T — )P DyysI'y sds
t

such that the Malliavin covariance matrix of DyH is definite positive. For example if 0,7
is bounded away from zero and if the parameters b and o satisfy the conditions of Lemma
3.4.1 and if ¢ is uniformly elliptic (see Proposition 3.4.3 for the definition), we can apply
[69, Theorems 2.3.1 and 2.3.3].

Now in general we have for 0 <9 <s<T

q—2
Y,
sign (Yy,) Dy <u> du

Dy=, = — (q—l)E/t T

U

s q, [

— —(¢—1)E, / |
== (T =wPnz | 0T —u)

X si 1+ 2 [nuDyH, — H,Dgn,] d

sign — | [T u = 1y Dgny

g (T — 1) Tl 07)u] AU

with DyH given by (3.16). Existence of tractable conditions such that the Malliavin

covariance matrix is definite positive is left for further research.
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Chapter 3 — Malliavin derivative convergence

3.5 Appendix

Let us evoke the arguments of [42, Theorem 23]. We want to solve the BSDE (3.8)

T T T
Ht:/ F(s,Hs)ds—/ ZHAW, = E l/ F(s, H,)ds
t t t

7
where F' is gievn by (3.9). We define the operator

T(H), = E VtT F(s, H,)ds

‘th‘|
and a solution is a fixed point of this operator I'.

Proposition 3.5.1. If n is bounded away from zero by n, and if the drift b" of n is
bounded, there exists a process (H,Z™) solution of the previous BSDE and there exists
three constants 6 > 0, R > 0 and C such that a.s. on [T — 6, T), |Hy| < R(T —t)* and on
0,71, |H| < C.

Proof. Remark that

G(t> h)ﬁ) = (p - 1)77

1 1 -t 1
O+n@—ﬂ@P+n@—ﬂh ‘1‘%@—04

-2
qh? /1 . 1

=—— l+a————h| (1 —a)da.

DT — 12 Jo sign +a77(T—t) (1 —a)da

Now suppose for a while that |H;| < R(T —t)? on [T — §,T]. Then for any a € [0, 1] and
T—-6<t<T

1
l+a— b
n(T —t)

| H,| R(T —t) o 1
a <a -,
n(T —t) U e — 2

q—1
_Q

q—2

if we choose § < 277—]*% Moreover

oG P 1
ah@hm:%T—w(b+mT—wh
1

—thl sien |14+ a————h | da
T =12 ) s n(T—1" )"

Thus if again |H;| < R(T —t)? on [T — §,T], and under our previous condition on §, we

1
l4+a—h
n(T —1t)
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3.5. Appendix

have

< ﬁglq—Ql — L.

M

t Htvnt)

oG 9G .
oh

Therefore if both H and H are bounded from above by ¢ — R(T — )2 on [T — 4, T], then

T(H), = T(H),|

T —
<E / |F(s, H,) — F(s, Hy)|ds Ft]
t
H,— H,
<E / L|H, — H,|ds|F, ]<EV s = s |T—s)2ds]-"t1
_ 1
SL(T—t)3\|H—HHH6§5LHH—HHH6(T t)* < SIH = H|j3s(T — 1)’

if 6 <1/(2L). Hence
— 1 —
IT(H) = ()l < 5 I1H = Hlls

that is T' is a contraction on the ball of H% with radius R. Finally

ID(H),| < |[T'(H)e —T(0)| + [T(0)]

A

1 T
A (7 02 4 B | [T = 0+ (7 = s

7|

1

2 2 1 7 p—1_*
(T 0 4 (T =0 |0 7 =07

R
< =z
-2

1 R
v — T —t)? < R(T —t)?
<[t oyt + 5] @0 < R

2
if 0 <1and R =|b"||oc + ——7*. To summarize, if
p+1

2 R
R= V"o + ——=7", L="1

1 n
1 1 9la- 2‘ (5:min<1T 77)
p T«

2L 2R

then I is a contraction from the ball of H#° with radius R into itself, thus has a unique
fixed point H, which is the solution of the wanted BSDE. Moreover the solution (H, Z)

is the limit in H° of the sequence (H*, Z*) unique solution in H° of

T T
HF = / F(s, H1)ds — / ZHEquy,
t

t
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Chapter 3 — Malliavin derivative convergence

with (H°, Z#9) = (0,0) and for any k and t € [T — 6, T], |HF| < R(T —t)>.

Note that the generator F' is continuous and monotone in h on [0,7 — ¢]:

F(t,h) — F(t,h)

1 1 -t
1 - R L P -
_<1+nt(T—t)h>‘1+nt(T—t)h + o (h—h)
:_(T]it>(h—ﬁ)/01 1+m(Tl_t)mam(Tl_t)(h—ﬁ) : da+%(h—7z),

thus for t < T —§

(F(t,h) — F(t,h))(h — }) < %(h — )2
And
PR < (T = OVl + (T — 7 + (0 — D [H Ll nférhr]

1
< TN0"oo + TPy + (p — 1277 (1 + q|h|q> + 2|h|
;04 4]

1
< TN0"M|oo +TPy" + %h’ +(p— 1)2q71q_715,1\h\q + -1+ 1),

%

In particular

E l sup |F(t,h)| < C(1+En])| < +o0.

|h|<M

Since Hp_s is a bounded random variable, the BSDE
T-6 -6
H, = Hp s+ / F(s, H,)ds — / ZHaw,
t t

has a unique solution on [0, 7 — 4] and there exists a constant C' such that |H;| < C on
[0,T — d]. See [72, Proposition 5.24] and [13, Proposition 3.3]. Notice that the martingale
[ ZHdW is a BMO-martingale on [0, T — d]. Since H is bounded (by C'), we can modify
the generator F' outside the interval [—C, C], such that F is Lipschitz continuous and
with linear growth w.r.t. h. Then we can define the sequence H* on [0, T — 6], converging
to H and such that a.s. |[HF| < C. O
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3.5. Appendix

We define on [0,7") the process

N 0 1
Y, = H,.
S T R g T

We can easily verify that for any 0 <t < s<T

N - s ’}/}u‘q_l - s
yt:YSJF/ —(p— 1)V 4 du—/ ZudW,,
t e t

and a.s.
lim lA/t = 400.
t—=T
Moreover on [T'— 6, T,

U Tt 1 1 T
Y, > (T—t)p_1 - R(T —t)p_2 > (T— t)p_l (7]* - R<T_ t)) > W'

Thus Y is non-negative on [T — §,T)]. By standard comparison principle on [0,7 — §] (see
[72, Section 5.3.6)), Y is also non-negative on [0, T7]. Since Y is the minimal non-negative
solution, a.s. for any t € [0,7], V; < Y.

From the uniqueness result of [42, Theorem 10}, Y = Y and thus the minimal solution

of (3.2) is given by (3.7). Let us evoke the main arguments.

Proposition 3.5.2. If ) and the process (67)*n; 7" are bounded, Y =Y .

Proof. We split Y as follows

_ UG 1
Y= (T —t)p—1 * (T — t)th'

Since Y > Y, we deduce that a.s. for any t, H; < H;. Our goal is to prove that H = H,
thus Y = Y.

Since Y; > 0, for any t, —(T — t)n; < Hy, and on [T — 6, T), H, < H, < R(T — t)*.
Thus a.s. lim;_,7 H; = 0. From the dynamics of Y, H solves the BSDE (3.8) on [0, 7] for
any 7 < T'. Finally

Y,
1+L=(T—t)7’—ll > 0.
n(T —t) ur
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Chapter 3 — Malliavin derivative convergence

Hence
F(t, Ht) = [(T - t)b? + (T - t)p%]

1
_ (p— 1)’/]t <1+ Ut(T—t)Ht> |1+ 777t(T—t)Ht

is controlled on [0, T'):

R q
== (p—= 1) (1 i t)) < F(tH) = (T = )b + (T = )]
t
<(p—)n+pR(T —t).
Hence H is also a solution of the BSDE (3.8).

Now let us consider AH = H —H, AZ = ZH — Z and we proceed as in the proof of
[42, Proposition 20]. We denote

9y) =y, d) =qyl"" ¢"(y) =q(g—1)|y|" *sgn(y).
Then for 0 <¢ < T
T T
AHt:/ F(S,HS)—F(S,HS)ds—/ AZ,dW,
t t
T Hy Hs
— —(p—1 o1+ —2 ) g1+ =
w=1 [ H *w—s)) g( +ns(T—8)>
g <1+ Hs AH, ] )
(T — )
Ns

) H
Ns 5) US(T_S
T AH T
—(p— 1)/ [g’ (1 + HS) - q] ———ds— | AZdW,.
t s(1T —
Definefor T — 6 <t<s<T

d
n s)

== o1 ) o () - () s

s ) H., 1
Tes :/t h [9 (l - nu<T—u>> ‘q] T

s Hu g-1
o]
t

WU(T - u)




3.5. Appendix

Then for any ¢ > 0

AH, =E lAHT_6 exp(—(p— D) Yir—c)

ft] (- LE [ [ E e - )T

g

since Z; > 0 because ¢ is a convex function on [0, c0).

7|

<E|AHp_cexp(—(p— 1)Ter-c)

Let us explain how to control the negative part of Y;,. From [42, Lemma 6], we also
know that a.s. for any ¢ € [0, T

Thus

1-p
1+L:(T_t)p—lﬁ> ]:tH Z&-

777?71 E T 1—qd
—_— S
nt(T — t) U —|\T -t /t s Un

Evoke that n is an Itd process, bounded from below by 7, > 0. By [td’s formula for
t<s<T

s s —1 s
nt = +/ (1 —q)n;qbZdqu/ (1 - q)n, “odW, + q(qQ)/ o) du.
t t t

Hence

V n\=tds| F,

g

7 = o - e | [ ([ G g o

T
= (T — t)ntlfq +(¢—1E l/ (T — u)b,du .7-}1
t
with | |2 ;
_ qd _qo1y 2 L (qlo] B}
0, = —n 9" + Lp—a N2 _ 4 _ u )
Thus

Yy >

Al

o [1 U 1)77?_711@ VtT(T — )0, du EH _p,

(T —t)ni ™+ (¢ — E VtT(T — w)fudu

= (T — tyr-1 Tt
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Chapter 3 — Malliavin derivative convergence

and

(T—t)p*ﬁ:H LN [1+

(¢ — Dni™"
u Ut(T - t) N

i E[/tT(T—u)Hudu

We deduce that

‘”mgt—t) -
> lH(‘J—Tl_)th_IE VtT(T—u)euduftH_l—1
= — [1 + (q;l_)thlE VtT(T — u)f,du .7-}H_1 (q;l_)thlE l/tT(T —u)f,du

—1\pe !t T
> _<qT—)Tz]€tE [/t (T — u)b,du ]-"t] )
Hence
s q-1 1
" g | 0= gar|] d
> g - .
> q/t T — ) [/u( r)rr]-"u] u
If n and 0 are bounded by n* and ||#||~,, we obtain
(b= Do = =50 0]
Since for any € > 0,
AHt S E AHT_E exp(—(p — 1>Tt,T—€) E‘| S CE [AHT_E .Ft‘|

we can pass to the limit to deduce that AH < 0, that is H < H.

Remark that another sufficient condition would be: if n € L¢(£2) and

exp <q /tT (T”?L_L)QE [/UT(T —"6,dr
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For example, n geometric Brownian motion: 0" = un, o7 = on and

n'E [0,

]-"u] = f(u,r).

Here o, = 0.
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CHAPTER 4

CONTINUITY PROBLEM FOR BSDE AND
IPDE WITH SINGULAR TERMINAL
CONDITION

The notion of backward stochastic differential equations (BSDEs) was first introduced
by Bismut in [15] in the linear setting and by Pardoux & Peng in [70] for non linear
equation. One particular interest for the study of BSDE is the application to partial
differential equations (PDEs). Indeed as proved by Pardoux & Peng in [71], BSDEs can
be seen as generalization of the Feynman-Kac formula for non linear PDEs. Roughly
speaking, if we can solve a system of two SDEs with one forward in time and one backward
in time, then the solution is a deterministic function and is a (weak) solution of the related
PDE. This is a method of characteristics to solve parabolic PDE. The converse assertion
can be proved provided the solution of the PDE is enough regular to apply 1t6’s formula
(see [32, Chapter 6]). Since then a large literature has been developped on this topic (see
in particular the books [26], [32], [72] and the references therein). The extension to quasi-
linear PDEs or to fully non linear PDEs has been already developed (see among other
[63], [83] or [87]).

Among all semi-linear PDEs, a particular form has been widely studied:

8u q—1 __
57 (1) + Aut,2) — ut, 2)u(t, )| =0. (4.1)

Baras & Pierre [11], Marcus & Veron [65] (and many other papers) have given existence
and uniqueness results for this PDE. In [65] it is shown that every positive solution of (4.1)
possesses a uniquely determined final trace g which can be represented by a couple (S, i)

where S is a closed subset of R? and i a non-negative Radon measure on R = R?\ S:

lim [ w(t,z)p(x)de = /Rgp(x)du(x), Vo € C(R).

t—=T JR
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Chapter 4 — Continuity problem for BSDE and IPDE with singular terminal condition

The final trace can also be represented by a positive, outer regular Borel measure v, and

v is not necessary locally bounded. The two representations are related by:

v(A) =400 HANS#0

VA c RY, A Borel,
v(A)=pu(A) ifACR.

The set S is the set of singular final points of v and it corresponds to a “blow-up” set
of u. From the probabilistic point of view, Dynkin & Kuznetsov [30] and Le Gall [61]
have proved similar results for the PDE (4.1) in the case 1 < ¢ < 2 using the theory of
superprocesses. Now if we want to represent the solution u of (4.1) using an FBSDE (F
means forward), we have to deal with a singular terminal condition ¢ in the BSDE, which
means that P(§ = +00) > 0. This singular case and the link between the solution of the
BSDE with singular terminal condition and the viscosity solution of the PDE (4.1) have
been studied first in [74] and developed in [75].

Besides PDEs motivation, BSDEs are a powerful tool to solve stochastic optimal con-
trol problems (see e.g. the survey article [33] or the books [73, 86]). In [5] and [56], it is
proved that BSDEs with singular terminal condition provide a purely probabilistic solu-
tion of a stochastic control problem with a terminal constraint on the controlled process,
motivated by models of optimal portfolio liquidation under stochastic price impact. On
liquidation models see, e.g. [2, 3, 34, 43, 37, 47, 54], among many others. The related
BSDEs are of the following form

Y|V, |et
Tl
with tlin:qFYt = 400 on S. Parameter 7 is a measure of the illiquidity of the market,
%

whereas A\ penalizes the size of the remaining position of the portfolio. Here the singular
set S corresponds to the scenarios with mandatory liquidation. The important feature is
that the previous BSDE is directly related to a PDE similar to (4.1) and this link and
PDEs technics have been used in [40, 41, 48, 80] to solve the same optimal liquidation
problem.

In the standard LP setting (see [26, 72]), the solution of the BSDE, with terminal
condition &, is cadlag! on [0, 7] and verifies

lim Y, = ¢. (4.3)

t—T

1. French acronym for right-continuous with left-limits
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When ¢ is not integrable, in particular if P(§ = +o00) > 0, the classical notion of solution

has to be adapted. As proved in [56], the minimal solution only satisfies: a.s.
hltngant >E&=Yr.

Therefore it is called a super-solution in [56].
We refer to the problem of establishing that a candidate solution satisfies (4.3) as the
“continuity problem”. In the PDE’s context, if it is quite immediately that under weak

conditions, there exists a minimal (viscosity) solution u such that

(t,lzl)rg(l%l,fco) u(t,z) > u(T,xg).
The continuity at time 7" is not obvious.
As explained in details in [1, Section 1.1], solving this problem is crucial to ensure:
e Uniqueness of the solution of the BSDE,
e Tight control for the liquidation problem (no extra liquidation cost or no strict
super-hedging),

e Condition in optimal targeting problem [10].
From [76], it is known that the existence of the limit at time 7" essentially depends on
the generator of the BSDE. The solution is cadlag on [0, 7] provided we can control the
growth of the generator w.r.t. y. But replacing > by = is more delicate and has been
studied in [76, 81, 66, 1].

If some partial results are available for general condition &, the more accurate results
are given in the Markovian case, that is when & = g(X7r), where X is a diffusion process
and g is a function defined on R? with values in [0, +-00] 2. In this case, the corresponding
trace is S = {g = 400} and the measure p has a density w.r.t. the Lebesgue measure
given by ¢. In the rest of this chapter, we only consider this Markovian framework.

Let us now distinguish two different cases. In the first one, the forward diffusion process
X is continuous. Then the related PDE is a semi-linear parabolic PDE with only local
differential operator, as for example Equation (4.1). Then in [76], it is proved that if the
generator is sufficiently non linear (¢ > 3 for PDE (4.1) and BSDE (4.2)), Condition (4.3)
holds. Otherwise Malliavin’s calculus is a useful tool to prove that (4.3) holds under some
uniform ellipticity condition on the matrix diffusion of X. It has been done in [74] for

the specific generator related to PDE (4.1) ; the general case is studied in the Section

2. The non-negativity of g is not necessary but it simplifies the presentation of the results.
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Chapter 4 — Continuity problem for BSDE and IPDE with singular terminal condition

2, which is in the final stages of writing for upcoming submission. To summarize, with
non degenerate diffusion matrix, for continuous diffusion process X or equivalently for
parabolic PDE, the continuity property holds and this property is coherent with the
results obtained in [65, 31, 61] for the PDE (4.1).

In the second case, X is also driven by a Poisson process (or more generally by a Poisson
random measure). Then the corresponding integro-partial differential equation (IPDE)
(4.11) has a non-local integral operator. This kind of IPDE with terminal singularity has
not been studied with analytical methods and is only considered (to our best knowledge)
in [75]. From [76, 75], if the generator is sufficiently non linear, continuity property again
holds. In other words, the behaviors with or without jumps (or with local or non-local

operators) are the same.

The goal of this chapter is to provide an explicit example for which continuity property
fails. We study the BSDE (4.2)

T T —
Y, = g(Ny) — /t Y,|Y, |0 Nds —/t UdN,, 0<t<T, (4.4)

where N is a Poisson process with intensity A and N is the compensated Poisson process:
N, = N, — At. We show that:

e The value g = 2 is critical. We construct an example for which § = {g = 400} =
[0, 00) and the minimal solution of the BSDE (4.4) or of the related PDE is the
function ¢t — 1/(7 —t). Hence the continuity problem (4.3) does not hold whatever
9lg<ioo is. We also prove that the lack of continuity is due to the jump part of X
; adding a Brownian part does not change this fact.

e For ¢ < 2, the solution of the BSDE (4.4) (or of the PDE) explodes at time T". The
solution is compared with the solution for ¢ = 2 and the first one is greater than
the second. Again this behavior does not depend on the terminal value.

e For 2 < ¢, continuity property holds. Note that for ¢ > 3, the result is already
proved in [76].

The main novelty of the chapter is the lack of continuity at time 7" for BSDEs (resp. for
PDEs), when there are jumps (resp. when the operator is non-local). Here the regular-
ity of the terminal condition (or of the trace in the context of [65]) does not influence
the behavior of the solution. Somehow the solution forgets the terminal constraint. This

property has never been observed in the literature.

This chapter is organized as follows. In Section 4.1, we present the setting for BSDEs
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and PDEs and the known results. Since our goal is to provide an example of discontinuity,
the setting is not the most general (see [26, 55, 72, 85] for the wider framework of BSDEs

with or without jumps).

Section 4.2 studies in details the quadratic case (the generator is y — —y|y|) when
the forward process is the Poisson process. The terminal condition is equal to 400 on
an interval [z, +o00) for a fixed threshold xy and is finite on the complement of this
interval. Our main result is in Theorem 4.2.7 and Corollary 4.2.10: any approximating
sequence of the solution (of the BSDE or of the PDE) converges to u : t — 1/(T — )
on [0,7"), whatever the value of the terminal condition on (—o00,z¢) is. In other words,
for this singular terminal condition, there is only one solution equal to uw on [0,7"). As a
consequence, the solution of the BSDE or of the PDE does not depend on the terminal
condition. Theorem 4.2.16 shows that adding a diffusion part does not change the result.
The discontinuity comes from the jump part and cannot be overcome by the smoothing

effect of the diffusion part.

In Section 4.3, we deduce that the quadratic case is critical. With less non linear
generators (¢ < 2), the discontinuity holds (Theorem 4.3.2), whereas for more non linear

generators (¢ > 2), continuity property holds (Proposition 4.3.3).

The non-decreasing Poisson process X has a tendency to go into the singular set
S = [y, 00), which intuitively explains the observed discontinuity. Indeed in Section 4.4,
we show that if S = (—o0, ], then continuity again holds. Here the Poisson process tends

to exit from S.

To illustrate this final discontinuity, we also study the related numerical scheme in
Section 4.5. In our setting, we solve an ordinary Ricatti differential equation. The implicit
Euler scheme is well posed and approximates the solution for bounded terminal condition
with standard convergence rate. We prove that the same scheme can be used in the
singular case and that it behaves according to the theoretical analysis, that is it forgets

the terminal value and explodes at time 7', when the discretization step tends to zero.

Let us emphasize that most of the results of this chapter are true if we work with a com-
pound Poisson process with positive jumps that are bounded away from zero. Nonetheless
the extension to more general Poisson random measures or to multi-dimensional processes

are left for further research.
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4.1 Framework and definitions

We consider a filtered probability space (2, F,P,F = (F;)1>0). We assume that this set
supports a one-dimensional Brownian motion W and a Poisson process N with intensity A.
The filtration F is generated by W and N. The compensated process N = (Ny— At t >0)

is a martingale with respect to F.

For a given T' > 0, we denote by P the predictable o-field on € x [0, 7. On 2 x [0, T,
a function that is P-measurable, is called predictable. D (resp. D(0,7)) is the set of all
predictable processes on [0, +00) (resp. on [0, 7).

Now to define the solution of our BSDE, let us remember the following spaces for
p=>1

e SP(0,T) is the space of all adapted processes X with right-continuous with left
limits paths, such that E [supte[O’T] |Xt|p} < 0.

e HP(0,T) denotes the subspace of all processes X € D(0,T) such that the expecta-
tion E {(fOT \Xtht)p/Q] is finite.

Finally we also define
MP(0,T) = SP(0,T) x H?(0,T) x H?(0,T).
We consider the BSDE
T T T
Y, :§+/ (5, Yy, Zs,Uy)ds —/ Z.dW, —/ UdN, 0<t<T. (4.5)
t t t

Here, the random variable ¢ is Fp-measurable with values in R and the generator f :
Q2 x [0,7] x R® — R is a random function, measurable with respect to Prog x B(R) x
B(R) x B(R) where Prog denotes the sigma-field of progressive subsets of Q2 x [0, T]. The
unknowns are (Y, Z,U) such that Y is progressively measurable and cadlag with values
in R, Z € D(0,T) such that a.s. [ |Z,|?ds < +oo and U € D(0,T).

4.1.1 Existence of a solution for the BSDE

The next conditions on f are very standard in the BSDE theory (see for example [26,

72]). For notational convenience we will denote f = f(t,0,0,0).

e The function y — f(t,y, z,u) is continuous and monotone: there exists u € R such
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4.1. Framework and definitions

that a.s. and for any t € [0,77], (z,u) € R?

(f(t7 Y, =z, U) - f(tv 9/7 <, U))(y - y/> S :u(y - y,)Q' (Al)
For every n > 0 the function

sup | f(t,y,0,0) — f] € L'((0,T) x Q). (A2)

ly|<n

f is Lispchitz continuous in z, uniformly w.r.t. all parameters: there exists L > 0

such that for any (t,y,u), z and 2’: a.s.
|f(t oy, zu) = [y, 2/, u)| < Lz = 2. (A3)

There exists a progressively measurable process k = k¥*"*" : Q x [0,7] — R such
that

f<t7 Y, %, u) - f(ta Y, =, U) < (u - U)’%?tljz’u’v <A4)

with P ® Leb-a.e. for any (y, z,u,v), =1 < k77"" and |x)*""| < 0, where ¢ is a
constant.

There exists o > 1 such that

E VT £leds| < +oo. (A5)
0

In [55, 85], it is proved that under Conditions (A1)-(A5) and if £ € L2(Q2), then
the BSDE (4.5) has a unique solution (Y, Z,U) in M¢(0,7). Moreover the comparison
principle holds: roughly speaking, if ¢ > ¢ and f' > f, then Y’ > Y.

Now if £ is not integrable or if P(§ = +o00) > 0, to ensure the existence of a solution

which is finite before time T, we suppose that there exists a constant ¢ > 1 and a positive

constant 7 such that for any y > 0

Definition 4.1.1. The generator f satisfies Condition (A) if all assumptions (A1)—(A6)

Example 4.1.2. The function f(t,y,z,u) = —yly|7" satisfies Condition (A).

161



Chapter 4 — Continuity problem for BSDE and IPDE with singular terminal condition

In [56], the following result is proved.

Theorem 4.1.3 (Theorem 1 in [56]). Under Condition (A) and if & and f° are non-
negative, then there exists a process (Y, Z,U) such that

o (Y,Z,U) belongs to M?(0,t) for anyt <T.

e Y is non-negative;

o forall0<s<t<T:

¢ t t
Y, :Yt+/ f(t,Y;,ZT,UT)dr—/ ZrdWT—/ U,dN,.
o (Y, Z,U) is a super-solution in the sense that a.s.
111t1i>1T11fY} > £. (4.6)

Any process (f/, Z, [7) satisfying the previous four items is called super-solution of the
BSDE (4.5) with singular terminal condition £. Finally the process (Y, Z,U) is the minimal

super-solution, in the sense that for any other supersolution, a.s. for anyt, Y, >Y,.

Note that this result holds in the more general framework with Poisson random mea-
sure and general filtration.

As explained in the introduction, Condition (4.6) is too weak to ensure uniqueness of
the solution and is interpreted as an extra cost for liquidation in finance. Instead of (4.6),
we want to have (4.3):

fig Yo = ¢
It is proved in [76, Section 3| that the existence of a left-limit at time 7" for Y only depends
on f. A sufficient condition is the existence of a non-increasing, of class C'' and concave

function h and of a positive constant 7 such that for any y > 0
ﬁh‘<y) < f(ta Y, %, U) - f(ta Oa 2 U)
In this chapter, we only discuss if a.s.
hggljpf Y, =¢ (4.7)

If some partial results have been obtained for the non-Markovian setting ([81, 66, 1]),

more complete results have been obtained in the Markovian setting.
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4.1.2 Markovian setting
For z € R, we consider the forward SDE: for any 0 <¢ < T
t t t —
X, = +/ b(r, X, )dr +/ o(r, X, )dW, + / B(r, X,_)dN,. (4.8)
0 0 0

The coefficients b: [0,7] x R - R, 0 : [0,7] x R - R and §:[0,7] x R — R satisfy:

1. b, 0 and (3 are jointly continuous w.r.t. (¢,x) and Lipschitz continuous w.r.t. z
uniformly in ¢, i.e. there exists a constant K such that for any ¢ € [0, 7], for any x

and y in R: a.s.
[b(t, ) = b(t, y)| + |o(t, x) —o(t,y)| + |B(t,2) = Bt y)| < K|z —y]
2. b and o growth at most linearly:
b(t, 2)| + |o(t,z)| < Cpo(1+ |2]).
3. B is bounded w.r.t. t and z: there exists a constant Cj such that
|6(t, %) < Cp.

Under these assumptions, the forward SDE (4.8) has a unique strong solution X (see
[78]).
We assume that
§=9(Xr)

where the function g is defined on R with values in [0, +00] = [0, +00)U{+00}. We denote
S={reR st gx)=+o0}

the set of singularity points for the terminal condition induced by ¢g. We suppose that S
is closed and that for all closed set K C R\ S

g(XT)llc(XT) c Ll (Q,.FT,P) .

In [76, Theorem 4.5], under Condition (A) on f and under this setting for £ = g(Xr),
it is proved that (4.7) holds provided that in (A6) ¢ > 3. There are also some technical
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conditions between the jumps of X and the singular set S ; these conditions are discussed
in Sections 4.2 and 4.4. If F is only generated by W (in particular § = 0 in (4.8)), then
(4.7) holds for any ¢ > 1, provided that the diffusion coefficient o is uniformly elliptic.
Indeed in this case, we can use the representation of the process Z as the Malliavin
derivative of Y.

The rest of this chapter shows that the presence of jumps can completely destroy (4.7),
that is for ¢ < 2, it is possible to have a.s.

liminf Y; = 400,
t—=T

even if P(§ = +o0) < 1.

4.1.3 Related PDEs

A key feature of BSDE is the link with parabolic PDE. Let us now define for (¢,z) €
[0,7] x R, the forward SDE: for any 0 <t < s <T

X = g 4 / b(r, X5%)dr + / o (r, XY dW, + / B(r, X")dN,. (4.9)
t t t

The coefficients b, o and f still satisfy the previously mentioned conditions: Lipschitz
continuity w.r.t. x and at most linear growth. Then (4.9) has a unique strong solution
X5 belonging in SP(0,T) for any p > 1. Together with the SDE (4.9), we solve the BSDE:
forany 0 <t <s<T

T T T —
Ve = g(X5) + [ fn X0z U~ [ Ziaw, — [ UlaN,. (4.10)
s s t

Now the generator f : [0,7] x R* — R is a deterministic function, such that the random
function f*(s,y, z,u) = f(s, X%, y, z,u) satisfies Condition (A) uniformly w.r.t. z. The
function g : R — R is measurable and non-negative and & = g(X%x). Hence we can apply
the previous results to ensure the existence of a minimal super-solution (Y** Z&* U4*).
To make the link with IPDE, we also suppose that the generator f verifies some extra

regularity assumptions (see [12, 75]):
e The function f is locally Lipschitz continuous w.r.t. y: for all R > 0, there exists

Lg such that for any y and 3 and any (¢, z, z, u)

lyl| < R|Y| <R=|f(t,z,y,2z,u) — f(t,z, ¥, z,u)| < Lgly — /.
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e The function u € R — f(t,z,y, z,u) is non-decreasing for all t € [0,7] and
(z,y,2) € R%:

Vu <u', 0< f(t,z,y,2,u)— ft,z,y,2,u) <I(u —u).

¥ is the constant of Condition (A4).
o (t,z) — f(t,z,y, 2, u) is continuous and for all R > 0, ¢t € [0, T}, |z| < R, |2'| < R,
yl < R, (2,u) € R?,

|f(t7$ayvzau) - f(taxlvya Zvu)| < WR(|x - $,|(1 + |Z|))7

where wg(s) tends to 0 when s \ 0.
e v +— f(t,2,0,0,0) is of at most polynomial growth.

The generator of Example 4.1.2 satisfies these conditions. Now from [12, Proposition 2.5
and Theorem 3.4]:

Proposition 4.1.4. If g : R — R is continuous and with polynomial growth, the function

u(t,z) = Y, is the unique continuous viscosity solution of the IPDE:

gl:(t, x) + Lu(t,x) + Z(t,x,u) + f(t, v, u,v'o, B(t,z,u)) =0
(4.11)
u(T,z) = g(z)

(among the functions with polynomial growth). Moreover if g is bounded, u is also bounded.

In the previous IPDE, we have:

e [ is the local second-order differential operator, due to the continuous part of the

forward SDE: .
£(t,2,6) = S0*(L,2)6" (@) + b(t, )6 (1)

e 7 is a non local differential operator and comes from the jump part of the forward
SDE:

e 3 is also a non local operator coming from the generator of the BSDE:
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From [75], we obtain the next statement 3

Proposition 4.1.5. If g : R — [0,400] is a continuous function such that for any
compact set R in R\'S, g(Xr)1a(Xr) is integrable, where S = {x € R, g(x) = 0o}, then
u is the minimal non-negative viscosity solution of (4.11), such that:

liminf wu(t,z) > 412
(mgg(l;{xo)U( ) > g(zo) (4.12)

holds.

The continuity problem for BSDE can be written here: does the minimal viscosity
solution u satisfy

lim  w(t,x) = g(xg) ?
(t,x)—(T,x0) ( ) g< 0)

A natural question concerns the regularity of the solution w. In [75, Section 4.3], it is
proved that if b and ¢ are bounded functions and ¢ is uniformly elliptic, if f is Holder

continuous w.r.t. (¢, ), then u € CY?([0,T) x R) (see [75, Lemmas 5 and 6, Proposition
5]).
4.2 (Quadratic case with right barrier

In this section, we still assume that X = N is the Poisson process (o0 = 0 and 3 = 1),

denoted X** if we want to emphasize that it starts at time ¢ from point z:
X;’””:x—i—/ )\dr+/ df\ﬁ=m+N5—Nt-
t t

We study the quadratic case: f(s,y,z,u) = —yly| (Example 4.1.2 with ¢ = 2), so the
BSDEs (4.2) and (4.5) become

T T —
Yi=g(Xp)~ [ Yi¥ilds— [ UaN, 0<t<T. (4.13)

We note Y* the solution of the BSDE whose dynamics is that of the BSDE (4.13) on
[t,T] when X = X" Moreover we consider the following function ¢ : for 7 € R and
¢ : R — [0, +00)

9(r) = (+00) 1 z>ae} + P(2) L {z<ap)- (4.14)

3. Note that continuity of the minimal solution is not guaranteed in this proposition.
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For this case, it is obvious that the singularity set S = [z, c0) has a compact and regular
boundary {z¢} and obviously if z > xg, x+1 > (. In other words it satisfies the technical
conditions (called (E) in [76]) mentioned in Section 4.1.2. But ¢ = 2 is too small to apply
some known result about the continuity at time 7'. Let us remark that ¢ plays a role only

if X starts below zg.

Let us evoke some properties for this BSDE and the truncated BSDE: for any K > 0
and for 0 <t < T

T T —
YtK:g(XT)/\K—/ YSK|YSK|ds—/ UKAN,. (4.15)
t t

From Section 4.1.1 and [56], there exists a unique solution (Y* UX) for (4.15) and a
minimal solution (Y,U) for (4.13) such that Y is the increasing limit of Y% and since g
is non-negative: a.s.

1
t T <vVE<y, < -~ .

Note that these estimates do not depend on g. Moreover a.s.
limY; > & = g(X7p).
limY; > ¢ = g(Xr)

The existence of the limit follows from [76, Theorem 3.1].

Finally the related IPDE (4.11) is: for any (¢,2) € [0,T] x R

?;Z(t,x) — Au(t,z) —u(t,x)|u(t,z)| = —Au(t,z + 1)
(4.16)
u(T,x) = g(z),
and the truncated PDE:
ou” K K K K
(4.17)

uf(T,2) = g(z) N K.

If g : R — [0, +00] is continuous, then there exists a unique continuous viscosity solution

u™ for (4.17) and a minimal viscosity solution u for (4.16) such that u is the increasing
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limit of v and for any (¢, )

1
0 <uf(t,z) <u(t,z) < ——.
< (t,2) S ult ) <
Recall that v (t,2) = ¥;"°"" and u(t,z) = Y,"".
We are going to show that we have

. 1
}g{}Yt >E=Yr, Y= T vt € [0, 7).

In other words we show that there exist cases for which the solution is non continuous at
time 7. Contrary to [76, 75|, the main changements are the quadratic driver (correspond-
ing to ¢ = 2 in (A6)) and simple jumps associated to a Poisson process (without jumps,

for uniformly elliptic diffusions, we have continuity whatever the power ¢).

4.2.1 Solving the PDE and behavior at time T’

Here we are going to resolve the PDEs (4.16) and (4.17), without the help of BSDE’s

theory. Let us state some results concerning the ODE:

y'(t) = My(t) —y@ly(O)] + Ap(t) =0, 0<t<T,
(4.18)

y(T)=x e R.

Lemma 4.2.1. If v € C°([0,T)), then there exists a unique bounded solution y. Moreover
if x >0 and if for any t ¥(t) > 0, then y(t) > 0 for any t. The solution satisfies:

VE<T, ylt)< ! E /tT M(s)(T = 5)2 + 1] e A ds.

(T —t

As a consequence, if ¥(t) < 1/(T —t), then the same estimate holds for y.

Proof. The function (t,y) — Ay+y|y| — A (¢) is continuous w.r.t. ¢ and is locally Lipschitz
continuous w.r.t. y. Hence there exists a unique solution of the ODE, defined on an interval
(1,T]. We also have

Y (1) = A+ [y(O)Ny(t) — Mb(t).
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Soforr<t<T

y(t) = xexp ( / (A +y(s) ds> + )\/ $) exp ( /S(/\ + |y(u)|)du> ds.

O < 1+ [ eClds < )]+ A [ o) lds.

As ¢ € C°([0,T]), the function y is bounded on (7,7, independently of 7. Hence there

exists a global solution defined on [0,7]. And if y and 1 are non-negative, the function y

Thus:

is also non-negative.

Now we prove the a priori estimate on y (adaptation of [56]). Let us solve the following
linear ODE on the interval [0,7 —¢] for 0 <e < T,

Lo, 1
Tt/ T (Tt

(y°) — My =2 + (), y (T —e)=y(T —e).

The solution ° is given by

V(1) = y(T — ) exp (_ [ () ds)
+>\/T ) exp( /ts()\JrQTiu)du)ds
e (] () )

— (T — )e M= exp (—2 / o 1_ Sds)
+/\/T ) (s=t) exp< )

T—e
+/t m@’)‘ (5=t) exp (— du) ds

s 1 T —s\?
-9 = .
o (-2 [ ) = (7—)

But

Thus
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yo(t) = 2 y(T — )eMT===)
%_(71—»w2L[T_ElA¢‘S>+’gr.fégale_A“‘”(Y‘—»ﬂQd&

Using the inequality y* > 2cy — ¢* with ¢ = 1/(T —t), we have the inequality between
the two generators

1 1
Tt/ (T

Ay +2 S = A(t) < My + 17— A(t).

Thus, with the comparison result for backward ODE, we deduce that for any ¢ € [0, T —¢]

y(t) <y (1)

1
— T t)252y(T — E)e”\(T’E’t)

v [ws) ¥ (Ti>] eNO(T — 52

Letting € go to zero, since the function y is bounded, we deduce that for any ¢t < T

y(t) < (T—1t)2 /tT [)\?ﬂ(s) + (T_IS)Q] eI — s)%ds

= 1)2 /tT [)\w(s)(T —5)? + 1} e s,

(T —t
1

o) <

, a computation shows that the same estimate holds for y:

y(t) < (T—lt)2 /tT IMT — 5) 4+ 1] e 27045

1 e M NT—t)+1 0 1\ 1
(T —1)

Tt

S S W
This achieves the proof of the lemma. n
Remark 4.2.2. Let us emphasize that the mapping (y(T),v) — y is non-decreasing: if
L= x>0 and ¥(t) > (t) >0 for any t, then §(t) > y(t) > 0.
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Indeed we have

=% == [ ()~ Muls) + G|~ Ny ds + 1 [ 5(s) — vls)ds

=y(s)2 =y(s)?

==X [ O+ als) (@) — y(ds + A [ 3ls) = vls)ds,

with

Thus

+ /\/tT(@E(s) — (s)) exp <— /:(A + a(u))du) ds > 0.

We begin with the case x > xy. We rewrite the PDEs

g?(t,x) — Au(t,z) —u(t,x)|u(t,x)| = =Au(t,z + 1),
(4.19)
uw(T, x) = 400,
and Dk
%(t,x} — M (t ) — B ()| (t x)| = = dE(t x + 1),
(4.20)

uf(T,z) = K.
Lemma 4.2.3. On [0,7T] X [xg,00), for any K > 0, the solutions of (4.19) and (4.20)

are.

1 1
ut,r) = ——, u®(t,2) = ——.
r=t T4~
K
1
Proof. For the equation (4.20), we notice that the function ¢ —— — satisfies
T—1t+ e

the PDE and is continuous and bounded. By uniqueness of the viscosity solution ([12,
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Theorem 3.5]), we have

1
ut(t,z) =

-
T—t4
tK

Then the minimal solution is the increasing limit of u’:

1
t.x)= lim u"(t,z)= :
u(t,z) = lim (¢ 2) = 7—
Clearly, it satisfies PDE (4.19) on [0,T") X [z, +00). O

We consider now the case x € [zg — 1,20). So z + 1 > xy and we rewrite the PDE
(4.17) for u’

ou’ K . « 1
—(t,z) — W (t, 2) —u" (¢, ) (t,7)| = A\—-e-,
ot 1

T—t+ -

uS(T,x) = o(z) N K.
Note that it is an ODE with parameter x.
Lemma 4.2.4. On [0,T] X [zg — 1,20), for any K > 0, the solution of (4.17) is

1 Lo
UK(t,.CE) _ p(z)<K

1
T—t+4 2C0(K(T—t)+1) <

T JRYG ) g
K—o() /t (K(T —s) + 1)2d5>

(4.21)
and

. 1
ut,z) = lim u(t,x) = 7ty + @(@) L=ty

Proof. Here x is a fixed parameter in [rg — 1,20). We begin with the equation in u.
We recognize a Riccati equation whose a particular solution of the dynamic is t —

— . We make the variable changement
T—t+ e

1

uf(t,z) = —w'(t, )

1
T—t+ —
+K

where w¥ is a non-negative function. The sign of w® comes from the a priori estimate on
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u* given by [56, Lemma 1]. So the function w’ (-, z) satisfies the ODE

owX

2
W(t,x) o A — w’ (¢, z) +wk(t,r)? = 0.

T—1+ —
K
We recognize a Bernoulli equation. We make the variable changement, under reserve of

non cancellation,
1

y™(t,z) = WK (L)

So the function y* (-, ) satisfies a first order linear differential equation. Solving this ODE

and going back to uf, we obtain that if p(z) < K

1 1
u (t,x) = —

BV (L e
T t+4  ATO(K(T—t)+1) (K_@(I)Jr/t (K(T—s)+1)2d8>

and for p(z) = K

1
uK(t, x) =

— 7
T—t+ —
+K

Let us pass to the limit on K for ¢ < T. Since ¢(z) < +00, we have

1
lim (K(T —¢)+1)° —
K—1>I—Ii-loo( ( )+ K—p@)NK o

whereas

e—)\(T—s)

Oé/t (K(T—S)+1)2d8§/t KT+ " RT—p+1

Therefore we obtain for any ¢ < 7.

u(t,z) = Kl—i>I£oo u(t,x) = T3
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This function u satisfies the PDE

ou )
E(@J?) —Au(t,x) —u(t,x)|u(t,z)| = =\

T—t
(4.22)

u(T,z) = p(x).

1
Again it is an ODE with parameter . Since ¢ = T ¢ C°([0,T]), we cannot apply

Lemma 4.2.1. Nonetheless we have:

1
Lemma 4.2.5. This function u(-,z) = T is the unique non-negative solution of (4.22)
defined on [0,T).

Proof. Again x is fixed and we assume there exists a non-negative solution u(-, z) defined
on [0,7"). So the function u(-, z) satisfies the forward PDE

g?(t,x) —du(t,x) —u(t,r)? = =\ !

It (4.23)

u(0,x) = a,

with a > 0 defined by a = u(0, z). According to the Cauchy-Lipschitz theorem, this ODE

has a unique solution u(-,z) defined on [0, 7%) (7* also depends on z, but we do not write

is solution and well defined on

this dependence). If a = T then the function t —
[0,7). In that case
tr)=——.
1
We are going to show it is the only possibility. We suppose by absurd a # 7 We also

1
have a Riccati equation whose a particular solution is ¢ —— T So, by applying the

previous method, we obtain an explicit solution

1
u(t,z) = + - :
T—t @_ﬂ:4tc_w toet s
T2 o (T —s)?

1

(4.24)
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t
/0 (Te_s)zds in T, there exists 7* € [0,7") such that

a As

T e c 1
_C gs= =" o,
/0 T—s2 " T2 T2q_T

So the function u(-,x) is defined only on [0,7%) with 7 < T, what contradicts our as-

sumption on u. Now if a < — then the function u(-, z) is defined on [0,7") and

1 1
u(t,z) = +

u(t, z)
Tt
N 1
(T = t)e™ (g + AIn(T) + X2 3 X In(T = s)ds) — 1= NT — t) In(T — t)
e M (%7 = AIn(T) = A2 f§ X In(T = s)ds) + AIn(T — 1)
(T —t)e (£ — An(T) = A2 ff X In(T — s)ds) + 1+ AT — 1) In(T — t)’
Therefore we obtain for any z
u(t,z) ~ An(T —1t). (4.25)

t—T

In particular, u(-, ) becomes negative when ¢ tends to 7', which contradicts our assump-

tion on w. Thus a = T and

1

is the only non-negative solution defined on [0, 7). O
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We suppose now x € [xg — 2,29 — 1). Then x4+ 1 € [xg — 1,29) and we rewrite the
PDE (4.17)

Ou' K K 2 K
W(t,:r)—)\u (t,z) —u™(t,z)" = = u" (t,x + 1),
(4.26)
W (Tyx) = pla) A K,
where uf (t, 2 + 1) is given by (4.21) with o(x + 1) instead of o(z):
u(t,x +1)
o 1 . 1¢(z+1)<K
1 T —A(T—s) 1 '
T—t+ — NT-t) (K(T — 1)2 / € - -
O R W A T (S I VAl rgua parag

Existence of u® solution of (4.26), is given by Lemma 4.2.1 (z is a parameter) since
uf(-,z +1) is a bounded function. Moreover since u” (-, z + 1) is bounded from above by
1/(T — -) and is non-decreasing w.r.t. K, and with Remark 4.2.2, we have the estimate :
for K < K - )

0 <uf(t,z) <uf(t,z) < Tt
Nonetheless we cannot derive the explicit expression of v, but we prove that u® still
converges to t — 1/(T —t). And from our previous result (Lemma 4.2.5), this function is

the unique non-negative solution of (4.22) on [xg — 2,29 — 1).

Lemma 4.2.6. For any = € [xg — 2,79 — 1), the solution u’(-,z) of (4.26) converges:

1
K

tx) — ——.

R CE i

Proof. Since u (-, x) is a non-decreasing sequence of functions, it converges to some limit

function u(-,z) such that for any ¢t < T

1
0<u®(t,x) / ult,z)<-—0.
K—+o0 T—1

For any t <T
¢
u®(t,2) = u"(0, 2) +/ {/\uK(s,x) +uf (s, 2)[u” (s, 2)| — 2" (s, 2 + 1)} ds.
0
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4.2. Quadratic case with right barrier

Using dominated convergence theorem and Lemma 4.2.4, we can pass to the limit:
t 1
u(t,z) = u(0,x) + / [/\u(s,x) +u(s, z)|u(s, )| — )\Ti ds.
0 —s

Thus u solves the PDE (4.22): on [0, 7))

ou 1
a(t,az) —Au(t,z) — u(t, z)|u(t, z)| = —Aﬁ.

If we assume

1
u(O,x):a<f—5

for some € > 0, then, according to the performed reasoning in the proof of Lemma 4.2.5,

1
the solution w is equal to zero in a time 7 € [0,T) what it cannot be. Thus u(0,z) = T
and

K —
u™ (0, ) Kot T

Now we consider the difference function

1
R (t, x) :uK(t,x)—ﬁ =uf(t,x) —u>@), 0<t<T.

By performing the difference between the two PDEs

K
O (1) = AR (1) — (R (1) = w=(0) = AW (1 + 1) — (1),
i.e., according to the identity a* — b*> = (a — b)(a + b),

aaet(t, x) — ()\ +uf(t,z) + uoo(t)) Rt ) = —AuS(t,x +1) —u>(t)).

If we denote
a(t,z) = AN+ u(t,z) +u(t), cx=e*(0,2)=u"0,2) -
the difference function e is given by

e®(t, )

- (cK - )\/Ot(uK(s, x4+ 1) —u™(s)) exp (— /Ds a®(r, x)dr) ds> exp (/Ot a’ (s, x)ds) .
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Chapter 4 — Continuity problem for BSDE and IPDE with singular terminal condition

We are going to study the behavior of each term when K — +o00. We already know that

1
cx = " (0,1) :uK(O,x)—T .
—400

The term
0¥ (1, 0) = A+ uF (6, 2) + u(2) € [0, A+ 2u™(0)

t

is bounded w.r.t. K, so exp < / a’€ (s, x)ds) also. Finally for the last, apply the dominated
0

convergence theorem:

/;(UK(S’H? +1) —u™(s)) exp (— /Os a(r, a:’)dr) ds — 0.

K—+oo

Therefore we obtain

Xt r) — 0,
K—+00

i.e.

K 0 —
ut(t, x) P (t) = T3

]

Theorem 4.2.7. The solution u of (4.17) converges to the solution u of (4.16), which
s given by

1
u(t,x) = ﬁl{t<T} +9(@)ly=ry, 0<t<T, zeR

This solution u is the unique non-negative solution defined on [0,T].

Proof. For x > =z, it results from Lemma 4.2.3. Then we argue by recursion on the
intervals [zg — k — 1,9 — k), with k£ € N. The initialization step comes from Lemma 4.2.4.
We suppose the result for the z € [xg — k — 1,29 — k), then, by applying the proof of
Lemma 4.2.6 we obtain the result for the x € [zg — k — 2,29 — k — 1). The recurrence

principle allows to conclude. Uniqueness comes from Lemma 4.2.5. O

Remark 4.2.8. Of course the same study can be done for f(t,z,y,u) = —ny|y| with some

constant n > 0. Then the solution becomes u(t,x) = —————.
(T = 1)

The next result is used below to control the martingale part of the BSDE.
Proposition 4.2.9. For any K > 0, the difference u™ (t,z + 1) — u® (¢, x) is the sum of
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4.2. Quadratic case with right barrier

a non-negative term and a bounded term controlled for x < xq by

lzo — | sup [p(y +1) —p(y)|.
yE€lz,z0)

Proof. For x > zo—1, we have: u(t, z+1)—u®(¢,2) > 0; it is an immediate consequence
of Lemmata 4.2.3 and 4.2.4 and the formulas therein. Now for x < xy — 1, the difference
At,z) = uf(t, 2 + 1) — uf(t, ) satisfies: for any ¢ € [0, 7]

At ) — AN+ u™ (o +1) +u(t, 2)Alt, 1) + AA(t, 2+ 1) = 0.

Hence for any = < xq — 1:

A(t,z) = (p(x+1) — p(z)) exp <— /tT(/\ +u(s,x+1) + uK(s,x))ds>
+ /tT AA(r 4 1) exp (_ [()\ uf (s, 2+ 1) + u (s, x))ds) dr.

K

Since u™ is non-negative, the first term is bounded by |p(x + 1) — ¢(z)].

Now for x € [xg — 2,20 — 1), 2+ 1 € [29 — 1,20), thus A(r,z 4+ 1) > 0. Thus the claim
is true on [xg — 2,29 — 1):

At,x) = AT (t,z) + T(t,7)
where A*(t,z) > 0 and |I'(¢,z)| < |p(x + 1) — p(z)].
For = € [xg — 3,29 — 2),

/tT AA(r,x + 1) exp (— /j(}\ +uf (5,2 4+ 1) + u (s, :c))ds) dr

= /tT A (r,x 4+ 1) exp (— /:()\ +u(s,x+1) + uK(s,x))d5> dr

+ /tT Al(r,z 4+ 1) exp (— /tr(/\ +u (s, 0+ 1) + uK(s,x))ds) dr.
And

/tT)\|F(T,l’ +1)|exp (— /tr()\ +u (s, + 1) +u(s, x))ds) dr

< [ Apla +2) ~ pla + Dlexp (~Ar — 1)) dr < pla +2) — ol +1)|.
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Chapter 4 — Continuity problem for BSDE and IPDE with singular terminal condition

Thus again for 2 < xg —x <3
A(t,z) = AT(t,z) + T'(t, x)

where AT(f,x) > 0 and |I(t, 2)| < 28Upye(y 40 [0(y + 1) = #(y)]-

We conclude by recursion. O

4.2.2 Consequence for the BSDE (4.13)

Here we still consider the terminal condition £ = ¢g(X7), with g given by (4.14) and
the BSDE (4.13) is:

T T —
Yt:g(XT)—/t Y5|Y5|ds—/t UdN, 0<t<T.

We denote by (Y, UX) the solution of the same BSDE (4.13) with terminal condition

g(Xr) A K. The first immediate consequence is the next result:

Corollary 4.2.10. A.s. for anyt € [0,T)

1
: K _ : K _
KILIEOOY; T ¢t Kgriloo Ut 0.

The solution Y of the BSDE (4.13) is given by

1
Y, = ﬁl{t<T} +9(Xp)lg=ry, 0t <T.

Moreover the process UK is the sum of a non-negative term and of a term controlled by

(X, ) where ®(x) = |zo — | Supyep, 4o [Py +1) — ()]

Proof. We can apply Ito’s formula to u® (¢, X;) (only regularity w.r.t. ¢ is required) to
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4.2. Quadratic case with right barrier

obtain the solution YX:
T K
VI = (X)) = g(Xr) A K — [ O (s X)ds— 3 [0 (5, X0) = u’ (s, X,)]
¢ at t<s<T
T
= g(Xr) A K = [ MR (s, X+ 1) = (5, X,)) + ¥ (s, X, Jds
t
T
- / [uK(s,Xs_ +1) — uK(s,XS_)] dNj
t
T T
— (X)) A K — / (VE)2ds — / [0 (s, Xoo +1) = u"(5, X,)]| (AN, — Ads).
t t

Hence UX = uf(s, X,_ + 1) — uf(s, X,_). The conclusion follows from Proposition 4.2.9
and when we pass to the limit when K tends to oc. O
Therefore we do not have the continuity of the process Y at the terminal time T": a.s.
limY; = 400 > & = Y7
t—T

This property does not depend on a particular choice of ¢ on (—o0,xy). The singularity

is propagated by the jumps of the forward process.
Note that Remark 4.2.8 still holds for the BSDE.

4.2.3 When we add a diffusion term

As mentioned in the introduction, if there is no jump and if the diffusion is uniformly
elliptic, continuity at time 7" holds. Here we study the BSDE (4.13)

T T T
Yo =g(Xp) - [ YiWilds— [ Ziaw, - [ UN(ds),
¢ t ¢
with g given by (4.14):

g(l’) - (+OO)1{$0SJ:} + g0($)1{x<x0},

and now we add a diffusion part in X, namely:
t t
Xp=x+ N+ [ B(X)ds + [ o(X,)dW,,
0 0
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Chapter 4 — Continuity problem for BSDE and IPDE with singular terminal condition

So the associated PDE (4.16) becomes

g?:(t, x) 4+ Lu(t,x) — Au(t,z) — u(t, z)|u(t,z)| = =Au(t,z + 1)
(4.27)
u(T, x) = g(x),

with ou 1 0%u
Lu(t,x) = b(x)a—m(t, x)+ 50’(1’)2@@, ).
If A\ =0, we have a standard parabolic PDE which is studied in [65]. We want to prove
that the minimal solution is again wu(t,z) = ———. Compared to Theorem 4.2.7, the
differential operator £ does not change the behavior of the solution.
First note that ¢ — ! ; solves the PDE (4.27) on [zg,00) where g(z) = +o00. We

also consider the truncated_version of the PDE:

K
aL(t, z) + Lul (¢, 2) — M (t x) — () |u(t, )| = = B (L, 2+ 1)
ot
(4.28)
uf(T,x) = g(x) N K.
An auxiliary function. Let us consider the following PDE on [0,7] x R
ou’ _K K K K 1
—(t,x) + LT (t,z) — Xu” (t,z) —uw* (t,x)|u" (t,2)] = = A\———, (4.29)
ot T—t4—

K

with ® (T, z) = g(x) A K. This PDE is related with the BSDE without jumps

S

o T T T d T
Yf:g(aet)/\K—/ Yf|Yf|ds—A/ des—i—)\/ 71—/ Z5aw,, (4.30)
t t N L

K

where

t t
X :x+/ b(%s)ds+/ o(X,)dW,.
0 0

Lemma 4.2.11. There exists a unique solution (Y, Z") to the BSDE (4.30) such that

a.s. for any t,



4.2. Quadratic case with right barrier

This sequence converges to (Y, Z) in MP(0,T —¢) for any p > 1 and € > 0 and for any
0<t<s<T

_ _ S ___ s __ s d CO
Yt:YS—/ Yidr—A/ Yrdr+)\/ r —/ Z,dw,.
t t t T'—r t
Proof. The driver is given by
A
Fic(s,y) = —ylyl = Dy + —>—.
T _ Bl
S+ K

It is continuous and monotone w.r.t. ¥ and bounded w.r.t. s. The terminal condition is
bounded. Thus the solution (YK,ZK) exists and is unique in M?(0,T) for any o > 1.

Comparison principle implies that a.s. for any t,

— 1
0<Y, < o
T—t4+ —
+ K
. 1 . . . .
since fr(s,y) > —yly| — Ay and — 0| is the solution with terminal value K.
T—t+ 2

Moreover for K < K', a.s. 7,{( < ?tK,. Hence
Y, = lim Y,

exists and satisfies 0 <Y, < 1/(T —t). The rest of the Lemma can be deduced with the

same arguments as in [56, Proposition 3. O

— 1
Proposition 4.2.12. Foranyt <T,Y, = T4 In particular

t—=T
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Proof. The BSDE (4.30) can be considered as a linear BSDE and thus
K _ —\(T—t) T oK
VI = E|(g(x) A K)e T exp (= [ [7F|dr
t

T —A(s—t) s
—l—/\/ eilexp <—/ |Yf|dr) ds
t T — = t
s+ K

g

T —A(s—t) s __
> \E / eilexp (—/ |Yf|d7‘> ds
t T — s+ — t

L K

Fi

T —A(s—t) T
> \E / eilexp (—/ |Y,I,(|d7"> ds
t t
T il
s+ K

Fi

T 1 T _
> )\G_AT/ —— dsE [exp (—/ |Y§|dr>
b 1 ¢
s+ K

=X MIn(K(T —t) + DE lexp (- /tT |Yf|dr>

7|

7.

Since Y converges to Y and Y is finite on [0,7), we deduce that for any ¢ < T

T —K
lim E [exp (—/ Y, |dr> .7-}] =0,
K—oo t
in particular by Fatou’s lemma,
T __
E lexp (-/ |YT]dr> ]-“t] ~0. (4.31)
t
Now consider the difference
¥—7K—(K— (X7) A K) (4.32)
T—t—i—% t = g\Xxr .
T 1 — 1 — T__
—/ /\+71+Y§ 71—1/5 ds—l—/ ZfalVVS
t T —s + i74 T—s + X t
K—gXr)NK T g
—E (-1 —/ Y| . 4.
[K(T—t)—i—le exp t Y, |dr ) |F; (4.33)
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4.2. Quadratic case with right barrier

Since for t < T,

K= (g(&) AK) _ K—(g(n)nK) 1

0= KT-t)+1 —T-—¢t and Kl—ig—loo K(T—t)+1 - T_tlg(xT)<+Oov
we deduce 1
K1—1>IJIrloo <T_t+11( - Yf) =0
and that Y; = 1/(T — t), which achieves the proof. =

According to [12, 75], we have the following link between the BSDE and the PDE:

Lemma 4.2.13. If the function g N K is continuous, then there exists a unique bounded

and continuous viscosity solution uX to (4.29). Moreover for any t, x and K

0 <t < —

Finally if b is bounded and o is uniformly elliptic, that is, there exists v > 0 such that for
any (t, )
1
v<o(tr)?<—
1/7

then for any €, u’ belongs to C12([0,T — €] x R).

Proof. The regularity of u” is proved in [75, Section 4.3] and follows from classical results
for PDEs, see among others [36, 57]. O

Now evoke that for any (t, )

() =Y

From this proposition and this lemma, we deduce that for r e Rand t < T

Back to the PDEs (4.28) and (4.27). On [z, +00), g(x) A K = K and the solution is

1
uf(t, z) = —— - Therefore we can deduce that for z € [z — 1, x0) the PDE (4.28)

T—t+ —
+K
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is

Ou™ K K K K 1
W(t,x) + Lu™(t,z) — M (tz) —u™ (L) |u™ (t z)| = —)\Tt—i_l,
K
with u(T,z) = g(x) A K and thus on [0,T] X [zg — 1,20), u'(t,2) = u’(t,z). Hence
the minimal solution of (4.27) satisfies for x € [xg — 1,z0) and t < T u(t,x) = T In
particular

lim u(t, x) = 400 > g(x) = u(T, x).

t—T

Now to handle the case x € [xg — 2,29 — 1), let us introduce a second auxiliary PDE:
on [0,7] x R
o

W(zﬁ,x) + Luk (t,z) — Nuf (¢, x) — a® (¢, z)[ul (¢, )| = = a"(t,z + 1)

(T, z) = g(z) N K.

The associated BSDE is
~ T . T T T
YK = g(aeT)AK—/ YSKD/SK\ds—)\/ YSde+>\/ uK(s,aeSH)ds—/ ZEQW,. (4.34)
t t t t

Lemma 4.2.14. There exists a unique solution (Y*, Z¥) to the BSDE (4.34) such that

a.s. for anyt,

0<YVK < !

—
T—t+ —

+ K
This sequence converges to (Y, Z) in M?(0,T —€) for any p > 1 and ¢ > 0 and for any

0<t<s<T

~ ~ s S s d s
y;:Ys_/der—)\/ Kdr+A/ r —/ Z,dw,.
t t ¢ T — t

,
Proof. This proof can be deduced with the same arguments as in Lemma 4.2.11. m
Now we state the same result as in Proposition 4.2.12:
o = 1 .
Proposition 4.2.15. For anyt <T, a.s. Y; = T In particular
lim )71; = +00.
t=T
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4.2. Quadratic case with right barrier

Proof. The proof is rather similar as the proof of Proposition 4.2.12. However since the
BSDE (4.34) contains a stochastic term u” (s, X, + 1) (instead of the deterministic and
explicit 1/(T — s + 1/K)), new arguments have to be used.

We notice that (YX, ZK) is solution of a linear BSDE:

~ T
= o - [ 1751 ) 00yt 1 1)

g

4R V exp( / |YK]dr> (=07 (5, X, + 1)ds
t
- T
> \e ME lexp (—/ |Y,,K|d7’> / ™ (s, X, + 1)ds
t t

7

ft‘|7

with for t < t, VX < 1/(T —t) < +o0,

T e T 1
/ (s, X, + )ds =5 ds = +00,
t K—+oo Jt T —s

and
T a.s. T
v (= [ 5ar) S e (- [ 1700r).
t K—+oo t
Thus:
T ~ a.s.
exp (— / mK\dr) o (4.35)
t K—+o0o
Then with Y/ > 0, for any t < T
1 -
Os7 v Lo v
=K — / ds

T T T
—g(aeT)AK+/ YSK|YSK|ds+>\/ Y;de—/\/ ﬂK(&%s—i-l)—l—/ Z.dW.,
t t t t

T 1 _ 1 _
— K- K—/ A VK [ _YK)g
9(%r) A ( L S><T—s+}( ) i

K
+)\/< (s%+1ds> /ZdW
— S + =
Using the explicit formula for the solution of a linear BSDE leads to:
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g
;

T T—s+ % s - 1
+ AE / e_’\(s_t)#[fexp (—/ Y;Kdr) =T (s, X, + 1) | ds
t T—t—f—? t T—S—i—?
A(T— 1 T o g(Xr) NK
T 2 -—/ YEds| (1 - A2 AR .
T—t+1[wP< ; e % K T—t+ L
x E /T (T—s+1> e_’\(s_t)exp(—/sf/Kdr) ¥—EK(S X;+1)|ds
t K t T—S—{—% e
C)\,T T T 1 s

1 —K
(W —Uu (S,%s‘i‘l)) dS .F.t‘| s

=€

f4+A

with, according to (4.33),

1 efz\T T —K
0< @K sx,+1)< - Elexp(— [ TXar
T-s+x T-s+% s

Thus:

1 -
0< ——F - VX
~T—t+4

Crr T 5 T
< T—t—l—Il(E[eXp (—/t des) +/t exp< / YKdr)
x E [exp / Y, dr) ‘]:5] ds f]
T _ T__
= T_C;‘i;(IE [exp (—/t des) /t exp ( / YKdr) exp ( /S der) ds .7-",51
C T T —
< T—;\j—;(]E [exp (—/t des) +/t exp (—/S der) ds ]-"t} :

From (4.31) and (4.35), we deduce the statement of the proposition. O
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4.8. Other generators

Therefore for any ¢t < T and any = € R,

~ 1
: ~K _ . Kitx
And for such x € [zg — 2,29 — 1) and for all t € [0, 7],
u (t,2) = u'(t, ).
We deduce for = € [xg — 2,29 — 1)
lim u™(t,2) = L
K—+o00 ’ T—t
Then, by recurrence, for all x € R:
u(t,r) = lim u™(t,z) = .
’ K—+00 ’ T—t

Theorem 4.2.16. The minimal super-solution (Y, Z,U) verifies: a.s.
lim ¥; = 400 > ¢ = g(Xr).

Proof. From Lemma 4.2.13, the solutions v are smooth. Thus VX = «® (¢, X;). Passing
through the limit on K, we deduce that Y; = 1/(T — t) a.s. The conclusion follows

immediately. [

4.3 Other generators

We now use the results of the previous section, to show that the quadratic case is piv-
otal. We consider the BSDE (4.5) and we assume that the generator f satisfies Condition
(A), such that existence of a solution is guaranteed.

We suppose that X is the Poisson process and that the terminal condition is still given
by (4.14). We denote by (YK Z@)K 2Ky — (Y@K ( [7(2)K) the solution of BSDE
(4.13) with terminal condition g(X7) A K.

4.3.1 For g <2

Let us start with the particular case: f(t,z,y,u) = —yly|9™! for 1 < ¢ < 2.
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Proposition 4.3.1. The minimal super-solution (Y,U) of the BSDE (4.5) with generator
y— —yly|Tt for 1 < q < 2 satisfies: a.s. for anyt € [(T — 1)V 0,T)

In particular a.s. lim;_,7Y; = +o00.

Proof. (Y@K (@):K) denotes the solution of the BSDE with terminal condition g(Xr) A
K. Then

T
Y;(q)’K—Y;@)’K:/ ( Y(q K‘Y K’qfl_i_Y;(Q),K’Ytg(Q),KDdS

_/ U@ — U an,

T
_/ Y(2),K>+/t (—Y K|y @K1 |y @Ky @.K)) 4

S

/ U@K _ 2),K) AN,

with, by decrease of the function y — —y|y|?71,

_Y(q)K|Y(q A= l—l—Y K’y@ a1
% = yOK _y @K RICCRLES!

<0.
The formula for linear BSDE implies that

Yt(q),K _ Y;(Q)’K ) [/T (_}/'8(2),K|}/S(2),K|q—1 + YS(Q),K|YS(2),K|) Ffsds
t b

7|

with I'E, = exp ( / ak du) € [0, 1]. In other words
’ ¢

T
}/t(q)’K . }/75(2)11( Z E |:/t\ Fl{i‘; ( Y(2)K|Y(2 K|q 1 + Y K|Y |) 1[07”(}/5(2),K)d8

g

since for y > 1, yly|? ! = y? < y? = y|y|. By the dominated convergence theorem, we
deduce that forany T'— 1 <t < T

Y;(Q) . Y;(Q) — lim Y;(Q)vK . }/;(Z)vK >0,
K—+o00
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4.8. Other generators

that is : a.s. for (T —1)vV0O<t<T

1
Y(Q)>
Tt

This achieves the proof. n

Our proof shows that more general generators can be considered.

Theorem 4.3.2. If Condition (A) holds, if f° is non-negative, if v — f(t,y,z,u) is

non-decreasing and if for ¢ < 2 and some R > 0
Yy >R, f(t,y,z,u)— f(t,0,z,u) > —yi,
then the minimal super-solution of the BSDE (4.5) verifies: a.s.
Y= e

Proof. If (Y&, Z% UX) denotes the solution of the BSDE (4.5) with terminal condition
g(Xr) A K, then using a standard linearization method :

T T
ytK_yt@%K:/ (f(s YE, 7K UK) 4 YK |y @, )ds—/ ZEqw,
t

/ 2) K) AN,
T
LK (Y@K _y @Ky | / b 7K ds — / ZEqw,

t t

T
T / (F(s, Y2, 0,U5) = (s, Y., 0,U25)) ds
t

s, YP%,0,0) = £(5,0,0,0) + YKy K]) ds

T
+ / (f(s, Y2K,0,U25) = f(s5,Y",0,0)) ds
t

S S

191



Chapter 4 — Continuity problem for BSDE and IPDE with singular terminal condition

with
K f<S7Y;K,ZSK,UsK) —f<57}/;(2)7K,Z§<7USK)
ag = vE _y @K Loy sy 5y,
K _ f(s YR ZE UF) - f(5. YK, 0,UF)
% = 7K Lizxzoy-

s

The process b¥ is bounded and the process a® is bounded from above. Solving this linear
BSDE leads to

T
t

g
where £F is non-negative and belongs to any L¢([0,T] x ),

BE = f(s, YK 0,UD*") — f(s, Y2 0,0),

s p—
and

AK = f(5,YP0,0) - £(5,0,0,0) + Y DKy @K

> (f(s,Y,27,0,0) = £(5,0,0,0) + Y2 K|y 2K) 1 fr <)

— (2)»K (2)»K q_l (2)7K (2)7K
(IR O 1)

> (5, Y,0,0) = £(5,0,0,0) + Y2y @¥[) 1 {1 <a)

if R > 1. From our assumptions, with the dominated convergence theorem, we obtain

1
that for every t € {T — R,T}

Fi| > 0.

K—o0

T
lim inf E [ | Asesas
t

Moreover
2
T—5s

B < CUPH| = Clu” (s, Xo- +1) —uf(5,X,-)| £ O
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Thus for any € > 0

K—o0

T—e
lim E l / BEEX ds
t b

-0
Let us decompose UK = U@K 4 @K with URX > 0. Then

BE = f(s, YK 0, UDK) _ (s, YK @2)7;{)

S

+f(s, YO 0,UDF) — £(5, YK 0,0).

Since u — f(t,y, z,u) is non-decreasing, the first term is non-negative, whereas the second
is bounded by C|U® | < Cd(X,_) (see Corollary 4.2.10). Hence for any € > 0

T
E [ / BEEK 4s
T—¢ ’

T >k
.7-}] > _CE V B(X,)|¢" ds
T—e

]—"t] .
Evoke that f(s,0,0,0) is also non-negative. Hence

T
YE > vOK LR [ / AKEK s
t b

T—e
E] +E [/ BEEK ds
t

]-}1 _CE [/TT_ (X, )| ds

7.

Then passing to the limit on K gives : a.s. Y; > V,®) — CE [fgs |P(X,_)|¢ ds

.F;| on

[T — %, T). Note that

P(X,o) < [Xom =20 sup  |o(y +1) —o(y)|
y€[Xo,0)

Letting € go to zero, we obtain that a.s. Y; > Y;(Q) on [T — %, T, which achieves the proof

of the proposition. O

4.3.2 The case g > 2

From [76, Section 4] we already know that for ¢ > 3, continuity holds: a.s. lim; ,7Y; =
g(X7). From the previous section, we also know that continuity fails for ¢ < 2. In this
part, we prove that continuity remains true for 2 < g < 3.

We still consider the terminal condition g(Xr) with g given by (4.14) and the truncated
BSDE is: for 0 <t <T

T T —
VK = g(Xr) A K = [ YRy Eptas - [ UKAN,. (4.36)
t t
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Again from [56], there exists a unique solution (Y, UX) for (4.36) and a minimal solution
(Y, U) for (4.13) such that Y is the increasing limit of Y and since g is non-negative: a.s.
p—1

p—1

Here p is the Holder conjugate of g. Note that these estimates do not depend on g.
Moreover a.s.

. NP '

lim Y, > £ = g(Xr)

Finally the related IPDE (4.11) is: for any (¢,z) € [0,7] x R

?Z(t,x) —u(t, z) — ult, z)|u(t, )9 = —Au(t,z + 1)
(4.37)
u(T, z) = g(x),
and the truncated PDE:
ou™t K K K -1 K
W(t,x) —Xu®(t,x) — ut (¢, ) |u” (¢, ) |7 = =D (¢, 2+ 1)
(4.38)

uS(T,z) = g(x) AN K.

With the same arguments as for Lemma 4.2.3, on [0, 7] X [zg, 00), the solutions are

p—1\P! p—1 p-1
) = (5=5) - = (7))

Thus on [0,T] X [zg — 1, z0), the PDE (4.38) becomes

o

_ p—1
5 (00) = (1 2) = ()l (1,2) T = (1) = A (pl) .

T—t+ K«

K

The statement of Lemma 4.2.1 remains valid, that is u™ is well-defined, is non-decreasing

w.r.t. K and converges to u as K tends to co. Moreover for any ¢t < T
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uf(t,2) = (T, x) — /T {)\u (s,x) + u (s, z)[u” (s, x)|q—1] ds

p—1
+)\/ ( —8+K1 q) ds

=g(r) NK — /t )\u (s,z) + uK(s,x)]uK(s,xﬂq’l} ds

(p—1)r"

= (T + K927 — (T —t+ K'79)77)

It is equivalent to

u® (t,2)+ /T [)\UK(S, x) 4+ u® (s, 2)|u” (s, x)|q_1] ds=g(z) N K

t
p— 1P}

1l 5 (T + K027 — (T =t K'79)*77)

Here is the key point : ¢ > 2 implies that p < 2 or 2 — p > 0. Hence we can pass to the
limit w.r.t. K and the right-hand side is finite and equal to

( 1)19—1 2—p 2—p
By the monotone convergence theorem, the left-hand side converges to
T
u(t, x) +/ [)\u(s, x) + u(s,m)|u(s,x)|q_1} ds
t

and is larger than u(t, z). We deduce that

u(t, x)—l—/tT [)\u(s,x) + u(s, z)|u(s, :1:)|q_1} ds = g(x) + )\(102__1);—1 (Tz_p —(T - t)2_p)

— 1)1
and that t — wu(t, x) is bounded by g(z) + )\(pZ)TZ_p. Therefore
—-Pp
T

lim [Au(s,x) + u(s, x)|u(s, a:)|q_1} ds =0

t—T Jt
and for = € [xg — 1, x0)

lim u(t, x) = g(x).

t—T
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We can iterate these arguments on [zg — 2,19 — 1) since u(t,z + 1) < u(t,z + 1) and

t— u(t,z + 1) is a bounded function. Then by recursion we prove that:

Proposition 4.3.3. If ¢ > 2, the PDE (4.37) has a unique solution u, which is equal to
—1\P1

t— (pt> for x > xy, such that t — u(t,z) is bounded for any x < xy and that

limy 7 u(t, x) = g(x).

In other words continuity holds for ¢ > 2. For the BSDE, from the representation

YE = uf(t, X;), we immediately deduce that a.s.
lim ¥} = g(Xr).
Remark 4.3.4. Note that the same result holds if the generator is of the form

(s,y) = —yly|*" + f2

where fO is a deterministic and integrable function.

We replace the explicit expression of the solution on [z, +00), by the solution of the

ODE

y =yl = fl, y(T) =+

which is bounded by

M/OT [<p _ 1)10*1 + (T _ S)pf;]} ds

(see [56]) and is still integrable on (0,7") if g > 2.
As a consequence, under condition (A) with ¢ > 2, and if f° is deterministic and

integrable (or bounded from above by a deterministic and integrable function), then the
solution of the BSDE (4.5) satisfies a.s.

Yo = 9X)

The proof is based on a comparison principle between the solution of (4.5) and the solution
of the BSDE with generator (s,y) — —yly|9™' + f°.
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4.4 Poisson case with left barrier

As mentioned in Section 4.1.2, continuity property is proved in [75] under a sufficient
condition, which link the set S to the jumps of X. This assumption is verified for the

terminal value given by (4.14).

Let us show here that this condition is unnecessary. We again consider that X is a
Poisson process. Now the function ¢ is defined with zp € R and ¢ : R — [0,00) a

continuous function with polynomial growth:

g(l’) = (—I—Oo)l{xgxo} + ¢($)l{x>$0}. (4.39)

Note that & = (—o0, 79| has a compact boundary, but € S does not imply that x+1 € S.

Moreover in general, the truncated function g A K is not continuous at the point x.

Nonetheless since the forward process is a Poisson process, if the process is greater
than zy at some time 7, it remains greater than z after. Let us consider the unique
solution of the BSDE:

T T —
VE = o(Xr) A K+ [ fs, VEUSds - [ ulan,,

where f still verifies Condition (A).

Let us fix 7 < T and consider the F,-measurable set A, = {X, > z}. Then on A,
forany 7 <t < T, X; > X, > 2y and g(X7) = ¢(Xr). Multiplying the two BSDEs by
14,, we deduce that for any 7 < ¢t < T, VX = Y,X on A,. Letting K go to +oo leads to:
Y; = ), on the set A, where (Y,U) solves the BSDE:

T T __
Y, = @(XT)+/t f(s,ys,us)ds—/t UAN,.

Note that the existence and uniqueness of (), U) is ensured by the growth assumption on

©. In particular a.s. on the set A

Yo = $lXn).

Now we take a increasing sequence of 7, converging to 7T'. Since the family A, is a
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non-decreasing family of sets, a.s.

U {XTn > CC()} = {XT_ > .l’o} = {XT > ZL'()}

neN
since T' cannot be a jump time of X. According to the Theorem 4.1.3, we deduce that a.s.
Yo = 9X)
We proved that

Proposition 4.4.1. The minimal super-solution (Y,U) of the BSDE (4.5) with terminal
condition £ = g(Xr) for g given by (4.39), satisfies (4.3).

With our choice of X, the PDE (4.11) becomes:

?Z(tx) +Au(t,z+ 1) — Mu(t,x) + f(t,z,u(t,z), N(u(t,x + 1) —u(t,z))) = 0. (4.40)

Here the function f satisfies Condition (A) (uniformly in z) and the regularity conditions

mentioned just before Proposition 4.1.4.

Proposition 4.4.2. The minimal viscosity solution u of the PDE (4.40), with terminal
condition g given by (4.39) is continuous on [0,T] x R\ {zo}.

Proof. For a starting point x > xo at time ¢, we have : for any t < s < T, X5* > x.
Hence a.s. g(X5") = p(X5%). We can apply Proposition 4.1.4 to deduce that the quantity
u(t,z) = Y solves the PDE (4.40) with terminal condition ¢, and that on {z > z,},
@ = u. In other words, the solution u” of the PDE (4.40), with terminal condition g(z)AK,
converges to U on (xg, +00). And we know that u = 4 is continuous on [0, 7] x (xg, 00).
Now for x € (xo—1, x¢], to solve the PDE (4.40), let us consider the ordinary differential

equation with parameter x:
(™) (&) + Ma(t, o + 1) = Ay (t) + f(t, 2,y (1), Malt, = + 1) —y™ () = 0
with terminal condition y*(T) = K. It is equivalent to

K+/ (s,7,y%"(s))ds.
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The generator F satisfies Conditions (A1) to (A5), hence the solution y®® exists and is
unique. Since @ = u for x > z, it is immediate that 4% (¢, z) = y®(¢) is the solution of
(4.40) with terminal condition @ (T, z) = K.

Moreover F' is continuous w.r.t. . Hence standard stability estimate on BSDE (see [71,
Theorem 2.9] or [49] for the Lipschitz case or [72, Theorem 5.10]) implies that z + y®*

is also continuous w.r.t. z, uniformly in K. Roughly speaking for (x,z")

/

(™o (t) =y (t)? = 2 /tT(yK’”“’(S) — Y (9))(F (s, 2,y™%(s)) = F(s, 2",y (s)))ds

T ) T
< C’,“g/ Ko (s) — o7 (5))%ds + /\2/t (a(s,z + 1) —a(s, 2’ +1))%ds

+/ (5,2,y"%(s)) — F(s,2',y""(s)))%ds.

Using regularity condition on f w.r.t. x and Gronwall’s lemma, we deduce the regularity
of x — y® uniformly w.r.t. K. Hence passing to the limit on K for o, (¢, z) — u(t, z)
is also continuous on [0,7] X (xg — 1, x¢]. Iterating this procedure, we deduce that u is

continuous on [0, 7] x (—o0, xg). O

At the point zg, g is not continuous. But if lim,_,,, ¢(z) = 400, then u is also contin-

uous at x.

Remark 4.4.3. Note that the arguments can be generalized to any non-decreasing forward
process X . For example X can be a Lévy subordinator and the BSDE is driven by the

Poisson random measure associated to X .

4.5 Associated Euler scheme

We are interesting here in the convergence of the numerical scheme for the ODE: for

te[0,7)
W () — Nau(t) — u(®)[ut)] = —Ar—,

T—1
uw(T) = x € [0, 4+00).

This ODE is the same as the ODE (4.23), but with a terminal condition, and has been
used to solve the PDE (4.22) and in Lemma 4.2.5, we prove that the unique non-negative
solution w is given by:

u(t) =77 YVt <T,
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whatever x is. Our aim is to illustrate this behavior for the numerical scheme and to show
that the approximating sequence generated to the scheme converges to u for any Y.

We consider a regular subdivision 0 =ty < ... <ty = T of the interval [0, 7] with a

T
step hy = I We use here the implicit Euler method to define the scheme wuy(tx) by

un(tn) = x

and by the implicit descending recurrence relation

un (tiy1) = un(tr) — h f(t, un(te)),

with .
tou) = A 2 oA
f(t,u) u+u T3

We have the convergence on all closed intervals of [0, T):

Theorem 4.5.1. For all 0 < a < 1, we have

1
t —
oggﬁ}a(m UN( k) T —t N—>—+>oo
We implemented the scheme. On Figure 4.1, on the left graph, the terminal value
X = 10 is fixed and N increases. On the interval [0,0.8], the curves are overlaid on each
other. On the right, N is equal to 1000 and y increases; again on [0,0.93], the curves are

overlaid.

Backward Euler Numerical Method for T=1,4 =10 and y = 10 Backward Euler Numerical Method for T=1,A = 10 and N = 1000

120 4 — Limit Solution —— Limit Solution
—=- Numerical Scheme fer N=100 300 { ==- Numerical Scheme fory = 0

Numerical Scheme for N=10000 Numerical Scheme for y = 150 ff
100 { —-- Numerical Scheme for N=1000000 .
2501 — - Numerical Scheme for y = 300 I

Figure 4.1 — Backward Euler Numerical Method for T = 1 and A = 10. On the left,
X = 10; on the right N = 1000.
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To proof this theorem, firstly we are going to study the behavior of the scheme at the
time tg = 0 thanks to the inferior and superior limits. Secondly we are using the results
of convergence of forward schemes. To study the behavior of the scheme, we can explicit

its expression.

Lemma 4.5.2. The implicit backward Euler scheme can be written explicit : for all k €
[0, N — 1], we have

\/(1 + hN/\)2 + 4hN <UN(tk+1) + hN>\
2hy

T_tk) — (1 + ha))

un(ty) = > 0.

Proof. We prove by recurrence the nonnegativity of uy(ty). For k = N, we have un(ty) =
X > 0. Then if we assume uy (tx41) > 0 for k € [0, N — 1], thus

1
T —t

0 S uN(tkH) + )\hN = uN(tk) + hN ()\UN(tk) + uN(tk)]uN(tk)D == F(UN(tk)),

with F(x) = hy(Az + x|z|). F is non-decreasing with F'(0) = 0. Thus uy(tx) > 0.

Then we have that uy(x) is a non-negative root of the polynome

1
P:hNX2+<1+/\hN>X— (UN(tk+1)+>\hNT / ) s
— Lk

of discriminant

1
A = (1 + )\h]\[)2 + 4hN (uN(tk_H) + )\hNT / > > O,
— Uk

so the root are

. —(1—|-h1\r)—\/Z

0. @2 = 2h
N

—(1+ Mhy) +VA
>

< 0.
2hn

r1 =

Therefore we obtain the expression of the lemma. O

With this lemma, we have the following inequalities which will be useful to obtain
contradictions if we assume the inferior and superior limits are different from the wished

limit.
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Lemma 4.5.3. For all k € [0, NJ,

N
1
0 <un(ty) <x+A) -

i=1
Proof. We show by descending recurrence on k € [0, N| the property
N—k 1
un(tr) < x + )\Z 7
i=1
For k = N, we directly have
un(tr) = un(ty) = x-

Then we suppose the result at rank k+1 for k£ € [0, N —1]. Then, we have the expression

of un(tx) in function of uy(tx11) according to the lemma 4.5.2,

\/(1 + hyA)? + dhy <uN(tk+1) + hh— ) — (14 ha)
un () = 2hn :
_ 2 <UN(tk+1)+hN)\T—tk>
\/(1 + haA)? + dhy <uN(tk+1) + hhe— ) (14 ha)
— Uk
S UN(tk+1) + hNAT — tk
N—k-1 N-kq

§X+/\ Z g‘f‘hN)\

=1

1
LS -
N — e X TAX S

=1t
The recurrence principle allows to conclude and to obtain the inequality of this lemma. [
From this lemma, we deduce the rough estimate that for any 0 < k < N:
un(tr) < x4+ AM1+7)+ An(N),

with the Euler’s constant ~.
Lemma 4.5.4. The inferior limit in to = 0 satisfies

lim inf uy (f) > —

minf uxllo) 2 7
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1
Proof. We assume by contradiction that liminfy_, o uy(to) < 7 Then, for all € > 0,

there exists a subsequence of (uy(ty))nen which we note (Uy)nen, and Ny € N such that

. 1 1

1
For all a € {O, T 5} the solution v® of the ODE (4.23) with initial condition a is given
by (4.24):

AT
So, for e < ——,
73 € —|—(T—t)/0 (T—S)st
- e N —eT - 1
(T —t)e M +etT — (T —t)e AT +&tT
1 1 1

_ < =
Te T + (6T — e )t = Te A + (6T — e )T T2’

According to (4.25), we have

0T 5(t) ~ An(T —t) < 0.

t—T
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So, for n > 0, there exists 7¢ € (0,7") such that: v%’e(ra) < —n. Moreover

1 1
0
)=—|1-

=7 T—t _,

t 6)\5
)\e_)‘t/ ds
o T —s
t A

1—MT —t —At/ ¢
( )e o T

S

ds

— S

By continuity on the interval [0, 7¢], the function v° is bounded from below by a constant
1
K. < 0. So, on this interval, each solution v* is bounded between K, and To. Then
€

we can consider the ODE (4.23) starting at time 0 from Uy, with a driver f which is
bounded, of class C* with bounded derivative, such that the bounds for f do not depend

on a or N. Thus the associated Euler scheme

wn(ty) = Uy

1
wx(tisr) = wylte) + b (Now(te) + (b (b = Ar— )
—
satisfies the standard conistency and stability results for Euler’s scheme (see [8, Theorem
2.4] or [27, Chapter VIII]): there exists a constant C' > 0 which depends on the driver f,
such that

C
max  |wy(tg) — Uz(tk” < Clwy(to) — 4|+ —=, C>0.
osks| 7 N
1
where we have chosen a = /¢ < T 2e < T e. But we have
to) =U 14 1 0
wn(to) = NN—>_+>oo ’ NN—>—+>OO '
So, for N big enough,
max  |wy(ty) — v(t)| < g

Furthermore
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4.5. Associated FEuler scheme

N | T
the function v* is continuous on [0, 7¢] and ¢V = V J — —— 7. S0, for N big enough,
N N—+o00
3N
04N
) < ——.
V() < =7
Thus
wy(tY) = wy () = o (#Y) + 0 ()
< max  |wy(ty) — o' (t)| + 0 (tY)
osk< 7
n 30
< —_ —
2 4
_ N
4
< 0.

But, after extraction, the sequence wy(tx) satisfies the same Euler scheme than wuy (),

so, after extraction,
UN (tN) = WN (tN) < 0.

However the scheme uy(t;) cannot be negative according to the lemma 4.5.2. We obtain

a contradiction, therefore

o 1
Wl uwllo) = 7

Lemma 4.5.5. The superior limit in ty = 0 satisfies

) 1
limsup uy(ty) < —.
N——~oc0 T

Proof. We again prove this result by contradiction. We assume

, 1
lim sup un (to) > =.
N—+o0 T

Then, for all € > 0, there exists a subsequence of (uy(to))nen, which we note (Un)nen,

and Ny € N such that

1 1
i = — > > —
Jm Uy =0> 5425 YN 2 No, Uy > o +e.
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1
But, for a > T the differential equation (4.23) does not admit solution on [0,7") (Lemma
4.2.5). More precisely, the solution is defined on [0, 7) with 7 defined like the first time in

[0,T") such that
1

T 6)\8
:T/ s
Ta—1 0 (T—5)28

1
If a > T + &, then we have

T T 1 T e 1 1
=T [ e ds<T | ds = <.
T-—71 o (T'—s)? =1 (T — s)? *TTa—1~eT

So
T

14T

In other words, each solution v* of the differential equation (4.23) which satisfies v*(0) =

T <

. Now we consider the Euler scheme

1
a > T + ¢, explodes before the time T eT

1
U}N(to):CLZT—i‘eE

wN(tk+1) = wN(tk) + hy ()\wN(tk) + wN(tk)’wN(tk” B )\T i tk> )

T N
for 0 <t < 5 o7 ile. k€ HO, h n 5TH] . On this interval we have

1 1+e¢
0< < < .
ST g, S e S

Let us now prove by recursion that for N larger than some constant depending on T’

and ¢, and for any k
wy (tr) >

T—tk+5'

This property holds for £ = 0. If the property is satisfied for k then

wn (ter1) = wy(te) + hy (AwN(tk) +wn (t)” >\T i tk)

> wy(ty) + hyvwy (t)? + hvde > wy(ty) + hywy (tp)%
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But
I 1 . h
T_tk—H T—tk—hN T—tk (T—tk)(T—tk—hN).
So
1 1 1
thi1) — =——— > wn(tp) — h te)® —
wnlten) = 7y 2 onlle) = 7+ N(“’N( ) (T—tk)(T—tk—hN))
>e+hy|e®+ 2 + ! — !
= N T—te (T—t)? (T—t)(T—tr—hy)
2¢e hN
= e+ hy | €2 —
e N<€ T, (T—tk)Z(T—tk—hN)>’
with
1 B 1 1 <(1—|—€)21—|—5_(1+5)3

(T —t})2(T —ty —hy) (T —t)2T —tpq — e2T4 T2 376

So, for N larger than e°7°/(1 + ¢)3

1 2 1+¢)3
wN(thrl)_ng‘i‘hN <€2+T—tk_hN(€3T6) ) > €.

Hence the property is proved for any k& and the recurrence formula can be rewritten

1
a(tisn) = w(t) + haviow (0 + havd (1 () = =) = () + b (1)

If we define Wy (t;) the sequence defined by

1
EN(t0> = T +e

WN (trr1) = Wn(te) + hnn (te) [@n (t1)|

this sequence is well-defined, non-negative and non-decreasing. From the previous property

of wy(ty), a direct comparison for the schemes leads to:

@N(tk) < wN(tk)
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We consider the sequence

t pr—
yN( k’) @N(tk)
So
) =— = — — - -
- Wy (tes1)  Wn(te) + v (te)? 1 i hy 14 hy
yn(tr)  yn(tr) yn (tr)
and
t) (O T
ynito Cwn(t) L 14eT
€
T
Assume that for the biggest k : k = { N J
" 188 LTt
N tk) > Qﬁ\/hN.

So, since the sequence yy(t;) is non-increasing in k, we have
yn(to) > . > yn(te) > yn(ters) > o > yn(ty) > 2VT/ hy.

1
Thus, from the inequality —— < 1 — u + u?,
1+u

1 I n2,
t = tr) ————— < t 1-—
Un (Bre1) = yn k)l n hy  — yn(te) < yn (te) " yN(tk)2>
yn (te)
oy + Iy + ——hi
= t + ——< t + —=hx.
yn(te) — hy (i) yn(te) — hy ST

So, by successive iterations,

§

1

yn(tr) < yn(to) — khy + k——= \/_
T T T 1

=Tk gy
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“ N
But, for k£ > ] — 1, we have

+e€

T ~T T T
<

k +T—T
1+¢eT N ~1+4¢Tl 14T N N’

Hence with & <N

o <t><+k2ﬂa_+2ﬂa_¢a( )ama

what contradicts the assumption. Therefore

0 <yn(ty) <2VT\/hy = 2T—=.

-

Thus

—_
—_

wy(ty) > wn(t;) = i) > ﬁ\/ﬁ

1 1
Now if we consider a = £ > T + 2¢ > T + ¢, we can deduce, after extraction,

1
un(t;) > ﬁ\/ﬁ

what cannot be according to the lemma 4.5.2. Therefore we have

) 1
limsup un(ty) < =
N—+o00 T

As a consequence of the two previous lemmata, we state

Proposition 4.5.6. We have the limit in ty =0 :

1
N1—1>I-|r—loo Un (to) T

Finally we obtain Theorem 4.5.1 by using the convergence results about the forward

Euler scheme.
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Proof of Theorem /.5.1. We consider the forward numerical scheme

wn (trs1) = wy(te) + hy ()\wN(tk) + wn () [wn (k)] — )\T i tk>

U}N(to) = UN<t0)

associated to the differential equation

w'(t) = Aw(t) + wlt)|w(t)] — >\T1_t = f(t,w(t)), 0<t<T

w(0) = un(to).

1
— or
] T
un(to) = T The last case is direct because, in that case, the exact solution is w' (t) =

, 0<t<T.In a first time, if

1
To obtain the exact solution, we have to distinguish if uy(ty) < T,UN(tO) >

T—1t
UN(to) < T,

then the solution is given by (4.24):

1 1
N
tzi ]_—
v =7 Tt e

T(1 — un(to)T) (T - t)e_AtA 7=

Let us prove that for N large enough (depending on the convergence proved in the previous

N

proposition), w" is non-negative and bounded from above on [0,aT]. Indeed with an

integration by part, we obtain

1 1
N
w(t) = 1—
Tt T—t Y (T —t)e ™ VLA
-2 _(r- /7
TA—un(tT) T (T=0A | —5ds
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Therefore the function w? is positive until the first time ¢ = ¢(N) such that

-t e (T —t)e™ e [Poe
S G2 7 A /7d —0
T — un(to)D)" T (T=0re | g—5ds =0,
which is equivalent to
1 toeMs d
UN(t())
Thus N
1 toen? t ds T
— ds < )\T/ — )\Tl < )
L . /OT—SS “hT—s"° "\T—t)
uN(to)
and we deduce that
o AT
t(N)>T|1—exp|—— — T
_T N—+o00
UN(to)

1
because uy(to) N T Therefore for N large enough, the time ¢(NN) is greater than

—+00
aT, that w" is positive on [0, aT]. Furthermore the function w” is bounded from above

on [0,aT] by

1
Co= i,
T —aT

because .
N
)< ——, 0<t<al.
1
Now if upn(to) > T then the exact solution w” is still given by (4.24), is non-

decreasing, but is only defined on [0, 7) with 7 defined by

1 T M
= ———ds.
1 /o<T—s>2 i

un(to) T
1 1 .
But un(ty) — =,s0 ———— — o0, thus, for N big enough, we have 7 > aT.
N—o+oco T u (t()) 1 N——+oc0
N(to) — =

T
So the function w” is defined and continuous on [0, «T] and bounded from above by, for

1
e > 0 and N large enough such that uy(ty) < T +1
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Con = wh (aT)
_ 1 1 1 - _
I=al T(lji;]f(jzf;)T) e T 4 (T — aT)e_’\O‘T/O (Te—s)2d$
= T —1aT L= 1 al ) =i Ca:
—(1—a)e ! (T — aT)e”\aT/o mds

Therefore, in each case, the solution is non-negative and bounded from above by some

constant C,, on [0, aT.

We can consider the function ¢ defined by

AW si w<0
P(w) =1 Iw + w? si 0<w<C(C,
A +2C)w —C? si w > C,.

The function 1 is of class C' on R and Lipschitz continuous with a Lipschitz constant
equal to A + 2C,. We consider the function f defined by

~ 1
f(t,w) :w(w)—)\ﬁ, weR, 0<t<T.

This function is equal to f on [0,7") x [0, C' — «a] and inherits the regularity property of v
w.r.t. w. Therefore, with the previous inequalities, the function w” satisfies the differential

equation

w(t) = ftw(t), 0<t<T

w(0) = up(to)

with driver f. So, according to [8] or [27], there exists a constant C' such that

Oggéa@(]\”‘w]v(tk) — wN(tk)| S C(’U)N(Zfo) — wN(to) ’ + ThN) = CThN

=Uun (t())

This constant C' depends on T, A and «, but not on N. A direct computation shows that
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C' can be chosen equal to

1

1 1
A+2C, A )\2 )\2 2\
e + ) + ( + 7T(1 )

g + A o 3ACE 2008
21 —aZ " T(l-a >O+3Oa+ Cals

which shows the dependence w.r.t. a. Therefore, since uy(tx) = wy(tx) by definition of

the numerical schemes satisfied by these two sequences,

—wV < CTh .
0<hS[aN] un(ty) —w™ (ty)| < CThy Nopoo 0

Therefore all that remains is to study the second term in the inequality

max  |uy(tp) —u(ty)| < max Jun(tp) —w™ (t)| + max |w™N () — u(ty)],

0<k<|aN| 0<k<|aN| 0<k<|aN|
with
t) = 0<t<T.
u( ) T _ ) _
We have
0™ (1) — u(ty)] = !
T e [T
e —tr)e ——ds
T(1 — uy(to)T) g o (T—s)?
< 1 T —un(to)T)e™
- T =1 oM B T —ty
T(1 —un(to)T)

- T(1 — un(to)T)e Man)

- T — tm]\” .
> (1 = un{to)T)e™

T(1 — upn(tg)T)e MleN]
N B < ~ (o
pmax Jw (t) — u(te)] < T—toon) ey
because . T
un(to) NoThe T and  tion| = LC“NJN N ol < T.

Finally we have shown

oggﬁ}a(m [ () — u(ts)] N:)OO 0

which achieves the proof of Theorem 4.5.1. O
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CHAPTER 5

MALLIAVIN CALCULUS WITH RESPECT
TO A HAWKES PROCESS

In this chapter we aim to develop a local Malliavin calculus with respect to a Hawkes
process. Malliavin calculus is a mathematical framework used to study the smoothness
of random variables and functionals of stochastic processes, especially those driven by
Brownian motion. The central concept is the Malliavin derivative, a type of derivative
that extends the classical notion of differentiation to the space of random variables. This
approach allows one to analyze the regularity and differentiability of random processes,
providing powerful tools for studying stochastic differential equations (SDEs) and prob-
abilistic systems. The key ideas of Malliavin calculus were introduced by Paul Malliavin
in the 1970s. There is a huge literature on this subject, encompassing Malliavin calculus

for Lévy processes (see among others [69, 14, 29, 16] and the references therein).

Hawkes processes have been introduced by Alan Hawkes in the 1970s as a class of self-
exciting point processes. They are widely used to model events or occurrences where the
occurrence of one event increases the likelihood of subsequent events in the near future.
These processes have been used to model earthquakes, and for some time now, they have
been experiencing a renewed interest due to their applications in finance and actuarial
science [9, 25, 58].

A Hawkes process is characterized by an intensity function that depends on both a
baseline intensity and a history of past events. More specifically, the intensity at time ¢ is
given by:

N(t) =M+ [ p(t—s)dN,
(0,¢]

where A\ is the baseline intensity, u is a function that describes the impact of past events,
and N is the counting process that represents the occurrences of events. The key feature of
Hawkes processes is that the function yu is typically a non-negative function, which means

that past events increase the probability of future events — hence the term "self-exciting."
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

Recently a Malliavin calculus with respect to the Hawkes process N is developed in
[45] and [46]. Roughly speaking, the main ingredient consists to perturb the system by
adding a particle (or a jump) (see [45, Lemma 3.5]) leading to an expansion formula for
functionals of the Hawkes process [45, Theorem 3.13]). Let us mention that the derivative
operator is not local. With these results, they are able to develop a Stein method (see

[46]) and to compute some prices of financial or insurance derivatives (see [45, Section 4]).

Our method is different and follows the approach of Carlen-Pardoux [22]. We perturb
the jump times and formally differentiate with respect to these jump times. This allows us
to define a local derivative, satisfying the chain rule. We apply it to the study of absolute

continuity for the law of Hawkes functionals and to the computation of Greeks.

Breakdown of the chapter. The first step of our construction of a Malliavin derivative
with respect to a Hawkes process is to define a directional derivative with respect to a
function m € H, where H is the ad hoc Cameron-Martin space. An integration by parts
formula is obtained thanks to the absolute continuity property of the law of the perturbed
jump times w.r.t. the initial probability measure (see Proposition 5.1.7, Theorem 5.1.13,
Proposition 5.1.15 and Corollary 5.1.16).

The second step is to define the Malliavin derivative D in all directions by considering
a Hilbert basis of H. We get a local Dirichlet form (D2 &) which admits a carré du
champ I' and a gradient D (see Proposition 5.2.1). Therefore we get similar properties to
the directional derivative as the chain rule. Moreover we are interested in the associated
divergence operator §, for which we get an explicit expression of §(u) when wu is predictable

(see Proposition 5.2.4, Remark 5.2.5 and Corollary 5.2.7).

We then establish an absolute continuity criterion: conditionally to
I[F] = (P[F, Fj]i<ij<a € GLa(R),

the random vector F = (Fy,---, Fy) € (D'?)? admits a absolutely continuous law with
respect to the Lebesgue measure on R¢ (see Theorem 5.3.5 and Corollary 5.3.6).

This criterion is firstly applied to the solution of stochastic differential equation driven
by the Hawkes process (see Theorem 5.4.9, Corollary 5.4.11 and Proposition 5.4.13). As a
second application, we compute Greeks for a financial payoff when the underlying process

is driven by the Hawkes process (see Proposition 5.4.17).
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5.1. Framework and directional derivation

5.1 Framework and directional derivation

5.1.1 Setting and first notations

We consider the probability space (€2, F,P) where (2 is the space of cadlag trajectories

w(t) = Z Z.1[151',1fz'+1)7

)

with 0 <t; <---<t; <---
We define
Ni(w) =Y Aw,, >0,

s<t
the process which counts the jumps between 0 and ¢, where Aw, = w, — w,_ and ws_ =
lim, .~ w,.

We assume that, under P, (N,);cr, is a Hawkes process with conditional intensity

+o00 Ny
)‘*(t> =+ /(Ot) ,u(t — S)st =+ Z/L(t — Ti)l{t>Ti} = A+ Z,u(t — Tl)
’ =1 =1

Throughout this chapter, we suppose that

Assumption 15.
e \e (0,400)
o 1 : R, — R, differentiable with bounded derivative and such that

400
Il = /0 p(t)dt < 1.

We introduce (7;);en+ the jump instants of the Hawkes process N, and, for any n € N*,
0<t;<---<t,and s € R}:

n—1
)‘*<Sa tla o 7tn> =+ Z [I,(S - tz)1{3>t1}
i=1
Thus, for any n € N*, on the event {N; = n},
N (t) = X (t; Ty, - -+, Th).

We consider the P-complete right continuous filtration (F;)o<i<r generated by the
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Hawkes process N where T' € RY is a fixed time horizon.

We apply the same approach as in [22] to define the directional derivative using the

reparametrization of time with respect to a function in a Cameron-Martin space.

Let L?([0,T]) be the usual space of square integrable function on [0, 7] with respect
to the Lebesgue measure and H be the closed subspace of L?([0,T]) orthogonal to the

constant functions, i.e.,
T
M= {m e 12([0,T)) / m(s)ds = o} . (5.1)
0

We denote m = [; m(s)ds for every m € H, then m(0) = m(7T) = 0. In a natural way,
H inherits the Hilbert structure of L*([0,7]) and we denote by || ||z and (-, -)% the norm
and the scalar product on it. From now on in this section, we fix a function m € H. The
condition fOT m(s)ds = 0 ensures that the change of intensity that we are about to define

simply shifts the jump times without affecting the total number of jumps. Let us define

—5  ifm(s
me(s) = ¢ m(s) f?l

1
3 m(s

) < =52
1.

<m() 3

) > 5

and m, € H such that

me(s) = me( —7 / me(s (5.2)

We remark that % <1+4+eme(s) < % (since —5 <me(s) < 3is)

Lemma 5.1.1. We have the following convergence

||m — m5||H — 0.
e—0

Proof. We have ||m — m¢||ly < ||m — m.||% + ||me — m.||y with for the first term, for

almost every s € [0, 77,

1. 1
m(s) + = if m(f) < —3 1
m(s) - ma(s) — 0 if L <m(s)< 53)
3e 3e
m(s) — 1 if 1 < m(s)
(s) 3e 3e
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Thus 1
ms) = mels)] < (1M + 52 ) Lo 2y < 20m0) Lo 2y

Therefore, by dominated convergence theorem,
[m —mel[ — 0.
e—0

Indeed [m(s)|* 1= 2y — 0 and [m(s)]* 1y, =1y < [m(s)? € LY([0,T1]). Now for

e—0

the second term, as f(;f m(s)ds = 0 and by Cauchy-Schwarz inequality,

_ 1
[[me —melly = T

[ @) = mis)as

/OT me(s)ds

IN

—ml[y — 0.
e—0

1,
Nk

We define the reparametrization of time with respect to m. as follow
7.(s) = s + imi.(s) :/ (1+ eme(u))du, s€R;.
0

Notice that 7.(0) = 0,7.(T) = T, and since 1 + em.(s) € E, g} C R%, 7. is an increasing

function hence invertible so the number and the order of jump times between 0 and T

remain unchanged. Moreover, a direct calculation gives

Vs € [O,T], 7-6_1(3) = /08 I Em:(T_l(u))du'

Let 7; : 2 — Q be the map defined by, for any w € €,

(Te(W))(s) = w(r=(s)),

T.F = FoT, for all F € L*(Q),

and P be the probability measure P7_! defined on Fr.
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5.1.2 Directional derivation
Definition 5.1.2. We denote

oo = lim = (T.F — F) in L*(Q) ewists

OT.F 1
0o _ 2 . €
Dm_{FEL(Q). o lim }

For F € DY, D,,F is defined as the limit

= aﬁF\szo = lim 1(7;1? —F). (5.4)

D, F=——
Os e—0 g

Definition 5.1.3. Let define the set S of “smooth” functions. We say that a map F :
QO — R belongs to S if there exists a € R,d € N* and for any n € {1,--- ,d}, a function

fn i R" = R such that:

1. The random variable F' can be written

d
F=al{n,—oy + Z fu(Ty, Ty, - - - 7Tn)1{NT:n}‘ (5.5)
n=1
2. For anyn € {1,--- ,d}, the function f, is smooth with bounded derivatives of any

order.

Remark 5.1.4. The space S is dense in L*(Q, Fr,P).

Here are some basic properties of directional derivatives on S.

Lemma 5.1.5. Let j € N* and T; =T; ANT. Then T; € D° and

Proof. We first remark that, for any w € €2,

Tjwor) = 7 (Tiw)).
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, with s, =71

Te(se)
= |7-(sc) — 8. — 5/ m(t)dt
0

S (T5(w)
TE(SE)

o(s.) — 5. — 5/075(85) ms(t)dt‘ + 5/0 Ime(t) — m()|dt

Te(8¢)
/ me(t)dt

< eyfr(s) — se,//OT Ime ()2t + 5/OT I () — m(t)|dt.

IA

IN

Te(Se)
e +e/ Ime(t) — m(t)|dt
0

We have
() -] = Tiw)—s=[ 1 d
Tl A, T lvem () )
! 1 d 0
< _
/0 < 1+€m€(7'61(u))> v

Moreover lim._ [ |m<(t) — m(t)|dt = 0 and [ |m.(t)|?dt is bounded so that we get by

a dominated convergence argument that 7'; belongs to DY and D, T; = —m(T}). O

Proposition 5.1.6. Let n € N* and f : R® — R a function of class C*. Then

f(TlaTQ7“' aTn) € DO

m

and
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Proof. By the definition of D,, given by (5.4) we have

L OTT T T,
Dmf<T17T27“'7TT7»): f< 1652 )|€:O

O o _
FTT, TTe, - T emo =Y 0=

e
n af . S — O\~
=Z£DmTj = —ZT(TLT%“ Lo )m(T)
j=1YY

where the last equality is due to Lemma 5.1.5. We deduce the last assertion by linearity
using the fact that Ny o 7. = Np. O

Proposition 5.1.7.

1. If F,G € S then FG € S and D,,(FG) = (D,,F)G + F(D,,G).

2. We have the chain rule: If Fy, Fy,--- | F,, € § and  : R® — R is a smooth function

then
O(Fy, Fy, JE)eS
and
" 0P
Dm¢(F17F27"'aFn):Zi(Flvav 7Fn)DmF]
j=1 9T

Proof.
1. We assume that F,G € S. Then

d
F=aling=oy + > fo(T1, -, T)linpen)

n=1

and

d
G = bl{NT:o} + Z gn(Th T 7Tn)]‘{NT:n}'

n=1

So J
FG = (Zbl{NT:()} + Z(fn X gn)(Th e 7Tn)1{NT:n}-

n=1
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Thus FG € S and

D (FG)

d
- amel{NTZO} + Z Dm[(fn X gn)(Th o aTn)l{T:n}]

n=1

d n
—0- S WX ()

n=1j=1 atj
d n afn -
T Z Z T(Tl’ o ’Tn)gn(Tl’ T ’Tn)m(Tj)l{NT=n}
n=1j=1 YYj
o Z Z fn(Tl? e 7Tn)§(Tl7 T an)m(Tj)l{NT=n}
n=1j=1 J
" O fn __
= Z _ZT(TD 7Tn)m(1—’]) gn(T17 7Tn>1{NT:n}
n=1 j=1 Y4
d 99n _
+Z _ZT(Tb 7Tn)m<T‘]) fn(Tla 7Tn)]~{NT:n}
n=1 j=1 J
d
= Z Dmfn(Tb e 7Tn)gn(T17 e )Tn)l{NT:n}
n=1
d
+ Z DmgTL(Tla e aTn)fn(Tb e 7Tn)1{NT:n}-
n=1

Moreover

d
(DmF>G = (aDm]-{NT:l)} + Z Dm[fn<T17 Tt 7Tn)]—{NT:n}]>

n=1

d
X (bl{NT:O} + Z gn(Th e aTn)]‘{NTZn}>

n=1

d
= O+ ZDmfn(le aTn)gn(Tla 7Tn)1{NT:n}

n=1

and

d
F(-DmG) - Z Dmgn(Tla e 7Tn)fn(T17 e 7Tn)1{NT:n}'

n=1
Thus we obtain

D(FG) = (D F)G + F(DyG).
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2. We assume that F,--- ,G € S and ® : R?> — R smooth. Then

O(F,G)

d d
=& <a1{NT=o} + > [T, To) Y Ngmnys Dl ingmoy + O gn(Th, - - 7Tn)>

n=1 n=1

d
- (I)(CL, b)l{NTZO} + Z (D(fn(le U 7Tn)7 gn(Tlv e aTn))l{NT:n}

n=1

(CL b)l{NT 0} + Z f?"wgn))(Tla te aTn))l{NTZH}‘

n=1

Thus ®(F,G) € S and, according to the Proposition 5.1.6,

D(®(fr, 9n)) (T2, - -+, T)
09( fn,gn) (Ty,- - T)A(T)

= Z

" 8 0P Ogn .

- gxm,gn)m,--- ) (—ia{"m,--- ,Tnm(Tj))

+ (s g) (T T3) (—Zai@ ,Tnm@))

7=1
0P
= %(fmgn)(Tl, T 7Tn)Dmfn(T17 T 7Tn)
0P

+67(fn7gn)(T17 e 7Tn)Dmgn(TI7 e aTn)

Then

Dn(®(F,G)) = ®(a,b)Dplin,=0)

0
+ 32 o) (T ) Do fu(Tr, -+ T) vy
n=1
d
oP
+ 221 8y (fna gn)(Th 7Tn)Dmgn(T17 Tt 7Tn)1{NT
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Moreover
0P
(F G)Dy,
od
= 9% alin,—oy + Z Jo(T1, - To) L inp=n}, bl {n,—0}
d
+Zgn Tla"' ’ )1{NT n})
n=1
X (aDm]-{NT_O} + Z Dmfn(Th o aTn)]-{NT—n}>
n=1
d <1>
Z 87 f’rl T17 ’ 7Tn))gn(T1) e 7Tn))DmeL(T1) e 7Tn)1{NT:n}
and
0o
—(F,G)D,,G
5, (F:0)
= O T (T )
—n:1 ay n 1, ydn )y gn 1, yIn
XD gn<T1; e 7TTL>1{NT:’VZ}‘
Thus

D (B(F.G)) = gq’(F G)DyF + g(D(F G)D,G.

The case with more than two random variables is left to the reader.

5.1.3 Absolute continuity of P° w.r.t. P

Evoke that P° is defined at the end of Section 5.1.1. Let P* be the expectation under

the probability P*.

Let ke N*and 0 < t; <ty < --- < ty, knowing T} = t1,--- ,Tr = t;, the conditional

link for t > t; is given by:

P(Typ1 > tTh =t T =ty) = P(N,— N, =0Ty =tq,-- , T =t3)
_fttk A*(s5t1, ,tg)ds
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Thus the density of Ty, knowing 77 =tq,--- , T =ty is

t
=[5, A (st ) ds

t— )\*(t,tl, ,tk)e 1{t>tk}'

We deduce that (T4, -, Tk, Tr+1) admits for density

ktl _ [YRHL yx (gl s
<t17 T 7tk+1> — (H )\*(tla by, 7tk)> € fo A (st ote) d 1{O<t1<--~<tk+1}7

where we used the fact that \*(s;ty, -, tx) = N (s;tq, -+ ,t;1) if s < 8.

Let n € N* and a smooth function f : R — R, we have

Ee[f(Tb e 7Tn)]-{NT:n}]
=E[(fo® " )(T1,-- , Tn)lp,<r<tnsn}]

n+1
_// (f (I) ) t17 7 (HA* tutla" P n))
O<t1< <tn<T<tn+1

xXe f0n+1 AT (sitrytn dsdtl dtn_;,_l
-/l (fod V) (t, - HA* tity,- - dn)dty - db,
O<t1 <<t <T

/ )\ ('[;n+1’ tl’ ’ tn) f n+1 )\*(S t1, detn+1

_// (fo® ) (ty, - tn)on(ty, -+, ty)dt; - - - dt,
0<t1<--<tn<T

- // flug, - s un)(@n o @) (ug, -+, up)| det Jo_|duy - - - duy,
O<ur <--<unp<T

-/ P, ) (w0 ®) (o )
O<u1<---<un§T
XH +eme(u;))duy - - - duy,

= [f(Tl, e aTn)l{NT:”}Z’EL] ’

where

CI)E(UI’ . 7un) = (Ul + 5m€(u1), T + gma(un))7
n T,
§0n<t17 ce 7tn) — (H )\*(tz,th e 7tn)> e~ fO A (S,t1,-..7tn)ds’
i=1
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det Jg_ denotes the determinant of the Jacobian matrix of ®. and

(Spnoq)s)<T17”' 7T1’L> L
Z: = (1+em.(T7)). (5.8)
@n(Tla"' JTn) g
Let us emphasize that Assumption 15 is used to ensure that: A*(s;ty, -+ ,t,) > A > 0.

This yields:
Proposition 5.1.8. P° is absolutely continuous with respect to P with density

dIpe 400
— Z ZZl{N :n} = GE.
ap = r

Remark 5.1.9. This series converges in L' uniformly in € because for f =1
+o00 +oo
E[G*] = > E[Z 1 np=ny] = > E*[1vp—my] = 1.
n=0 n=0

Remark 5.1.10. In case of the Poisson process, p, is constant, equal to \™ and we have

again the result obtained in [22] for standard Poisson processes

aps
= [1(1 + ema(Ty)).
@ 1

5.1.4 Limit behavior of the density G°* when ¢ — 0

We begin with a first result about the limits when ¢ tends to 0.

Proposition 5.1.11. For any n € N*, a.s.
lim Z; = lim G° = 1.
e—0 e—0
Proof. Firstly we have the almost surely convergences
Vie{l,---,n}, em(T;) == 0.
e—0

Indeed we use (5.2) and (5.3) to get

m(s) —m.(s) = m(s) —m.(s)+ Zlf /OT(m(T) —me(r))dr.
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

As T; < 400 a.s., for ¢ € R small enough,

(1) — mo(T)| = \} [ mtr) —mieryyar| < % [ ) — o)
< jfum—muﬂggu

See Lemma 5.1.1. Thus

em.(T;) = em(T;) + e(m.(T;) — m(T})) == 0.

e—0

So we have the convergence of the product in (5.8)

n

H(l +em.(T;)) 22 1.

i1 e—0

Secondly for the convergence of (5.6), for a.e. s € [0,T7,

im(s) —m.(s)] < /OT Im(r) — me(r)|dr < VT|m — me|x — 0.

In particular we have the uniform convergence on [0,7] of m. to m. Then, for any i €

{1,--,n},
eme(Ti) = em(T;) + e(me(T;) — m(T3)) = 0.

e—0

Moreover

(Pn(q)s(Tla"' ;Tn)) - SOn(Tl +577—7/\5(T1) 7Tn+5me(Tn>)
- H)\ (T; + ema(T;); Ty + emie(Th), -+, Ty + e (T}))

X exp (— /OT N(s; Ty +eme(Th), -+, Ty + s/rﬁE(Tn))d8>
- 11 (A STy~ T+ e (1) - m(n))))
Xexp( AT — Z/T et (u)du)
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5.1. Framework and directional derivation

Thus, as the function p is continuous,
cpn(cbs(Tlv e 7Tn)) &) Qpn(Tb e 7Tn)

Therefore the a.s. convergence of Z; is proved. We have the same convergence for G* by

dominated convergence theorem because

400 400
Y ElZilnp=ny] = D Ell(ng=ny] = 1 < +o00.
n=1 n=1

This achieves the proof. 0

5.1.5 Integration by parts in Bismut’s way

Proposition 5.1.12. Under our setting

aG* -
Be =0 = /(M]W(WSHW(S)M(T—S)+m(s))dN8
where
H018) = 557 o )~ N = )08 (5.9)

SN (mls) — m(T)p' (s — T)
A S (T - s) '

Proof. Let n € N* and let’s work on the event { Ny = n}. From (5.8), we have

Za (SOHO@E)(TL"'?

N Tn)n em :
C T oMy O em(T).

Thus, for any € € R*, according to Proposition 5.1.11, Z¢ a.s. converges to Z2 =1 and

Zfbg— 1 _ (pn 0 @E)(Tézpndfjﬂ) .—7;7:)(711, 1) g(l + emo(T)
il (ﬁ“ +emd(Ty) - 1) | (5.10)
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

For the first term

(oo @ )T, ..., T,) —on(Th, ..., Ty)

Stpn(Tl, e ,Tn)
_ on(Ty +em(Th), ..., Ty +em(T,)) — pn(Th, ..., T,)
eon(Ty, ..., Ty)
“ Jpn, _ _ em.(T;)
- (Ty + aemio(Th), . .., T (T, d
1221/0 md acm(Ty) + aem( )>sgon(T1,--- ) «
-yl /l&p”(T + aeu(TL), ..., Tp + aciio(Th))da
l—1§0nT1, 7Tn) 0 ati ' Sth o
a.s. - ﬁ(Yﬂ’z) &Pn
— T, ...,T,
e—0 ;@n(Tb“-yTn) 8(% ( b ’ )
where the almost surely convergence is justified by, for any ¢ € {1,...,n}, m.(T}) %;
don , o :
m(7T;) and g; bounded because p admits a bounded derivative. And, as in the proof of

Proposition 5.1.11,

ﬁ(l +em.(T;)) =% 1.

i1 e—0

For the second term

n n

[Ta+em(T) -1 = &> m(T)+e > m(Ti)me(Tj) +--- —hE”l_[m6
i=1 i=1 1<i<j<n i1
Thus

[T, (L +eme(Ti) =1 S (T)+e Y ms(]—;)ma(Tj)+"'+5n_1ﬁme(ﬂ)'

€ i=1 1<i<j<n

with, for any i € {1,...,n}, m.(T;) == m(T;). Thus

—0
?_1(1 + €m5(ﬂ)> -1 a.s. -
; o 2 m(T)
Therefore 70 n (T) P n
— 4y as midy n
asy T; T T
c e—0 ; Spn(Tb ,Tn) atz ( 1y ’ ) + Zzzl m( )
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5.1. Framework and directional derivation

with, for any i € {1,...,n}and 0 <t; <--- <t, <T,

1 On
ti,...ty

gpn(tl,...,tn) atio( 1 5 )
- atio hl(@n(h, o 7tn))
B In(N*(t;;t1, ..., tn)) —

;atio n(A"(t; ) Ot
_ 1 % ot .
T N it ty) Oty

0 T
T </0 )\*(55t17---,tn)ds>,

</OT A (s;tq, ... ,tn)ds>

S 1 ON*
1)+ : (titr, .. ti1)
i_%l N (tiste, ... tio1) Oty

Evoke that for any i € {io + 1,...,n} and s € [0, 77,

)\*(tio;tl, .

)\*(ti;tl, ce

)\*(S;tl, Ce

Thus

7tio—l)

10—1

A+ Z lu(tio - tj)a
j=1

i—1

D u(t —ty),

j=1

A+ D (s = 1) Loty
j=1

io—1

= Z:u,(tio tj)?
j=1

= —u(ti — ti),
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

Therefore
1 0pn
ti,...,t,
@n(tl,..., >8tm( ! )
Sio- 11u( —t) & ity (T — 1)
M(tigite, o stn) S A (st tn) "0
Then
- m(T; Oy,
R T IS
10=1(Pn Ty )3?5
_ i T T =) Sy 5 T2 Ty
0=1 ZO )\*(T’lovTh"wT) io=1 " i=ip+1 )\*(E;Tla“-;Tn)
Z _tio)
n ig— IE_T n ig—1 /E_E
= ZZ ’LO *M( 0 ]) _Z m(T) /J“( 0 )
1 =1 )\(TZO,Tl,...,T) Pt )\(TZO,Tl,...,T)
Z (T = T;,)
n 1 i0—1 . - .
= > ( o ) > (m(Ty,) — m(Ty)) W (Tiy — T;) + m(Tiy )
i0=1 207 1y---54n j=1
Finally
A A d 1 ol
T O, m(T;,) — m(T;)) (T3
. %Z(A e s O ML CORLLCNLC
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5.1. Framework and directional derivation

8 3
Then we would like the same result for 8—|€:0. We have, according to Proposition 5.1.11,
3

0G= &Y
de |e=o {Nr=n} = 257 ¢ {Nr=n}
G iney — LN
— Tlim {Nr=n} {Nr=n}
e—0 I
2Ny — _
_ iy 2ot r=ny = Live=ny
e—0 I
. ZE—1
= lm =1
Therefore
aGa +oo aGa
a_ le= = 5 le= 1 =n
85 ’ 0 nZ::l 85 ’ 0 {NT }
S e
- — 68 e=0 {NT:n}-
I S (T,) — AT T, — )
- m(T;,) — m(T;)u'(T;, — T;
io=1 )\*( io;Tla '7TNT) j=1 ’ ! !
+m(EO)M(T - 71io) + m(ﬂo))
= [ (00 ) + TUT = 5) + m(s)) N,
where 9 is given by (5.9). ]

Theorem 5.1.13. For any F € S,
0G*
E[D,F|=E | —|.—oF| .
DuF =B |5 |

Proof. We consider F' = f,(T1,--- ,T,)1{ny=n} € S. Then, as the vectors

(= H(Th), 7o Y(Th)) and (Ty,---T3)

) e
are in the compact set [0,7]" and the function f, is smooth, there exists a constant
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

= C(fn,n,T) € R% such that

_ (1), N (T) = (T Tl
c - c {Nr=n}
-y, YT)) - (T}, -, T,
< C”(Te ( 1)? ) Te ( )) ( 1) ’ >H1{NT='rL}
£
“NTy) - T, T YT,) — T,
_ C”(TE ( 1) 1, » Te ( ) )Hl{NT:n}
e E@oTI
1<i<n
(%) T
< [ me)ldsL o
< C/ Ime(s) — m(s)|ds v, n}+c/ (5)]dsT (rvg—ny
< C ]-{NT TL}+C/ |d31{NT =n}

where the last inequality is true for € small enough because m, ig m according to Lemma
e—

5.1.1, and the inequality (x) is due to the equality

—N(Ty)

Ty =1.(-1(Ty)) = - H(Ty) + 8/(:5 ( me(s)ds.

Thus, by dominated convergence theorem and E[T.F| = E°[F] = E[G°F],

=limE

e—0

=limE

e—0

E[D,F] — E{nmw}

e—0 g

e

€

[Gf—l

=

Hence, as F' = fo(T1, -, Th) Linp=n},

. [Ge—1
E[D,,F] = lmE Ju(Th, - ,Tn)l{NT_n}}
. _Gel{NT=”} —1
o lg%E I € fn<T17"' 7Tn>1{NT:n}
gl i
~ lipE| FulTh - To)lgwse n}}—hmE{ - F}

Let us come back to the definition (5.10) of the growth rate of Z:. For the last term in
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5.1. Framework and directional derivation

(5.10), we have

e |2 [Tl +mm 1] - i)
sﬁtﬁy+mwm—ﬂ—immﬂ+gmmm>mmm
< e X Elmm)+ R [
+§Emum—mmm (5-11)

1
with, for any i € {1,....n}, |m.(T;) — m(T;)| < ﬁﬂm — Me||n - 0 as in the proof of
e—
Proposition 5.1.11. Thus

S E me(T) = m(T)] 3 0.
Moreover we know that (77, -+ ,7T,.1) admits for density

n+1 [ttt (g i
(t1, - S tag) — (H N(tjsty, - - 7tn)) e~ Jo T N (it ) d Loty <ctpin}-
j=1

Thus, for any Borel function f : R" — R,

E[f(Tlﬂ e 7Tn)1{Tn§T<Tn+1}]

]E[f<T17"'7Tn)’NT:n]: IP’(NT:n)

1 n b <
e — by t) [ TIN (i, ty) | e Jo X (st tnonias
P(NT = TL) /R" f( 15 ’ ) (]1 ( VARSN) ’ 1)) e Jo

400 N _ tn+l 2* sit1, tn ds
X (/t A (tn+1; t1, - 7tn)e ftn (s5t1, 5tn) dtn+1> 1{0<t1<~~~<tn§T}dt1 e dtn

1 n tn \x
=" ti, o tn N(tity, - tp = J7 N (sitr sta—1)ds
]P)(NT = n) /n f( 1 ’ ) (]1;[1 ( AR ’ 1)) e Jo

+o0
1{0<t1<---<tn§T}dt1 1

tn

t
« {_6— et A*(s;tl,--ntn)ds}
tn

1 n e
= — t P tn )\* tt e tni _f A (Svtlv"' 7tn71)d5
IP’(NT:n)/nf( b tn) (;11 (t5; 11, ) 1)>€ 0

— [ A (it n)ds
X (1 _ o ST (st st ) 0wt <oty crydty - - dt,.
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

Therefore (11, --- ,T,) knowing { Ny = n} admits for density

1 th oy
(tlg Cee 7tn) — 7_) (H )\*(tj, tl, . ,tn_l)) e Jo A (s,t1,~-,tn_1)ds
— O 8;t1, e ,tn)ds
X (1 — € tn ( t1 t ) ) ]‘{0<t1<'“<tn<T}
with, for any 0 < t; < --- <t, <T and any j € {1, -+ ,n},
Nt tpor) = )\—i-Zu i) < A+ 0| p

Thus the density of (T3, - ,T,) knowing { Ny = n} is bounded by

1 n
(t1,--- atn)'—>P(N — ) (A1l llo0)” Locty <octn<ty-
Therefore, for any I C {1,...,n},
E[H 0] S — Y RO
me <~ n 0o
P(Nr = n) g
/ LT me(t)] Ljocty <oct, <yt
el
1
< v = A nlul)” [ TLme(eo)ld
P(Ny =n) 0T g
1
- . \+n n 1| / me(t;)|dt:
s =y O llle) I1 ) et
1 1 7]
R — )T / (8)]dt
s = Ot il ([ )
1 1 T 1]
< — (A )T / t)|dt +1 .
< =g O ol T ([ o 1)

The last inequality is justified by the convergence proved in Lemma 5.1.1. Thus we deduced
with (5.11) that

n

1.2 LY(Q
- 1 (1)) —1 —>
3 IGEETES) ] DS ().

236



5.1. Framework and directional derivation

For the first term in (5.10), we have, due to the construction of m. in Section 5.1.1,

[0+ em(r)| < (5)

i=1
and

((Pn o (I)S)(Th U 7Tn) - (pn(Th e 7Tﬂ)
g

Jipn _ __ __
Z/ (;5 (Ty, ..., Ty1, Ty + aeme(Ty), Ter1 + eme(Ttn), - - ) da me(Ty,).
k

Let us define

Thus
T,
Onltr, -+ tn) = Yty - tp)e Jo X (sitrn)ds,

Therefore, as p is differentiable,

1 9, B R
on(T T,) 5;5 (Ty, .. Ty1, T + aeme(Ty,), Ter1 + eme(Trsa), - - -)
n\41,"" ", 4n k

L o ~ -

— 77/) (T T ) at (Tl, . ,Tk—l, Tk + agme(Tk)7 Tk+1 + &?ms(TkH), .. )
n\+t1l,""" »y4in k
o [T N N
~ /0 N(s;T, oo, Too1, Ty + aeme(Ty), Trr + eme(Thar), - - .)ds]
k

with, for the first term

¢n(t17" - H </\+Z'u 1{t1>t3}) :

Thus

and forany 0 <t; < ---<t, <T,

awn n {1 ) n Jj—1
atk(th"'atn)zz Z@i ti) Litp>t;y) H )\"‘ZM ti) Lii>t)

/=1
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

Therefore

‘a#}n(tl’”' 7tn)

Oty

=1 |j=1 i=1,i#0

n /—1 n j—1
< Z[ZHM'Hoo 11 (A+;HMHO@)]
< 221 oo A+ nllplloo)™ -

Now for the second term

ot )| < nllflo-

Oty

Thus, as, for any aw € (0,1), 71 < -+ < Ty < Ty + aem(Ty) < Tpp1 +eme(Tier) < -+ -,

‘ ON*

(gpno®€)(T1’... 7Tn) — gpn(TI’... 7Tn> 1 n
1+ em.(T;
‘ € @n(Th 7Tn) Zzl_[l( ( ))
anH/oo)\+nﬂoon_1 n/\
< o (Pl O )
k=1
<

n—1
2 <||n O+ e +szwm)

where the last inequality is due to the uniform convergence of m, to 0. Thus, by dominated

convergence theorem and the almost surely convergence of the first term in (5.10),

(pn o ®)(TY,...,T,) —pu(T1,...,Ty)
con(Ty, ..., Th) ZHl(l + em.(T}))

n

(T, Tn).

Thus the two previous convergence in L'(€) and (5.10) give

E[D,F] = E {hm Zn ~ 1F] —E [aG F] .

e—0 £ Oe
Then, by linearity, we deduce the same equality for any F' € S. O
0G* 0G*
Remark 5.1.14. For F' =1 in E[D,,F| =E la\EZOF] we get: E [8\5:01 = 0.
e €

238



5.1. Framework and directional derivation

Note that we can also prove this property with the expression of the Proposition 5.1.12:

[0Ge
E |5—0‘|

| 9 T
E| [ (m.) + W~ 5) + m<s>>A*<s>ds]

_ e|[ ( /( (06) = O s — N + (m(s) + (T~ s))A*<s>) ds]

[ [ as) (s — BN (1) dtds + / (m(s) + T(s)(T - $))EIN (s)]ds
/ | (s — t)g(t)dtds + / )+ m()u(T — ))g(s)ds

I /t (7(5) = s = s ) a0t + / — 9gls)ds

[ (1606 = meuts 17 = [ mieyuts - t>ds) oft)a

+ [ ms) + (T ~ ))g(s)ds

[ ((o T 1) 0~ [ m(s)us - t)ds) g0yt

o [ mls) + TAT - 5))g(s)ds

—/OTFn‘(t),u(T ~t)g(t)dt — /OT m(s) (/Osu(s - t)g(t)dt) ds

=g(s)=A

+ /OT(m(s) +m(s)u(T — s))g(s)ds

where we note g(s) = E[A\*(s)] which satisfies, according to Proposition 1.3.8 or [59],

9(8) = A+ [ s = tyg(t)at

5.1.6 Directional Dirichlet space

Proposition 5.1.15 (and definition of D.?). The quadratic bilinear form on L*(Q),
(S, &) defined by

VXY €S8, &n(X,Y)=E[D,XD,Y],
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

is closable. We denote by (DL2 E,,) its closed extension. As a consequence, D,, is also
closable and we still denote by D, its extension which is well-defined on the whole space

1,2
DL2,

Proof. Let (X,)nen be a sequence in S converging to 0 in L*(2) and such that

. . . . . 27
im £,(X, — X) = lim E[(DnX, — DuXe)’] = 0.
Thus (D, X, )nen is a Cauchy sequence in L?(€2), so it converges to an element Z in L*(12).

Then, let Y be in S, we have by integration by part formula:

- E lxnyaGye:O] _E[X,D,Y].

Oe
0G*®
Oe

The last equality comes from Theorem 5.1.13. Since Y’ .0 and D,,Y belong to L?(2),

we get, by dominated convergence theorem,

VY €S8, E[ZY]= lim E[D,X,Y]=0.

n—-+0o0o

Hence Z = 0 by density. We deduce thanks to [18, Proposition 1.3.2] that (S,&,,) is
closable.

1,2

2. there exists a sequence (X,)neny € S converging to

As a consequence, for any X € D
X in D2 since for all n, k € N

En(X, — X}.) = E[|D,, X,, — D X1.?]

we deduce that (D,, X, )nen is a Cauchy sequence in L? hence converges to an element

that we still denote D,, X and defines in a unique way the extension of D,, to D52, [

Corollary 5.1.16. Proposition 5.1.7 and Theorem 5.1.13 remain valid for any F € D12,
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5.2. The local Dirichlet form

5.2 The local Dirichlet form

5.2.1 Definition using a Hilbert basis

We would like to define an operator D with domain D'? C L?(f2) and taking values
in L*(Q; H) such that

T
VE eDY2 meH, DnF=(DFm)y= / Dy Fm(t)dt.
0

Let (m;);en be a Hilbert basis of the space H. Then every function m € H can be

expressed as
+oo

1=0

We now set + +
D2 — {X € Dyl Y I1Dm X720 < +OO}

i=0 i=0
and .
VX,Y e D'? E(X)Y) = ZE[DmZ.XDmiY].
i=0

We also note £(X) = £(X, X). Then, according to [18, Proposition 4.2.1],

Proposition 5.2.1. The bilinear form (D%2, ) is a local Dirichlet form admitting a carré
du champ T and a gradient D given by, for all X,Y € D2,

I'[X,Y] = (DX, DY)y

and
+o0o

DX =Y Dy, Xm; € L*(QL,H).

=0

As a consequence DY? is a Hilbert space equipped with the norm
X512 = [| X [|72() + E(X).
Moreover, as S is dense in each D}?,i € N, S is dense in D'

Proof. We start by proving that (D2 £) is a Dirichlet form on L?(2) in sense of [16,
Definition 2.14]:
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

e The bilinear form (D2, €) is a closed form on L*(Q). Let (X, )nen € (D?)N such
that E[(X,,)?] - 0 and

+oo
lim ZE (D, Xy — D, X3)?] = lim E(X,, — X}) =0.

n k:—>+oo n,k——+oo

Then, for any ¢ € N,

lim  E[(Dy, X, — Dy, X1)?] = 0.

n,k——+o00

However, according to Proposition 5.1.15, the operator D,,, is closable. Thus

lim E[(D,,,X,)% = 0.

n—-+o0o

Let € € R7.. There exists ny € N such that, for any n, k > ny,

+0c0 c

ZE[(szXn - DmiXk) ] < -

=0 4
Thus for any 7 € N,

J +oo e
> El(Dui Xn = Do Xi)) € 3 El(Dny X = D Xa)] <~
=0 =0

Therefore
J J J
ZE[(szXn>2] < 2 ZE[(szXn - DmiXk)Q] + 2 ZE[(szXk)Q]
i=0 i=0 i=0

IN

2y E(D, X))

1=0

with 37 E[(Dyn, Xx)?] — 0. Thus there exists k = k; € N such that

k—4o00

SE[(Do X0 <

=0

»&\m

242



5.2. The local Dirichlet form

Therefore Y7_ E[(D,,, X,)? < ¢ and

S E[(D, X)) < <.

=0
To conclude we get

E(X,) = S El(Dn X)) — 0.

=0 n—-+4o0o

Therefore (D2, £) is a closed form on L?(2).
The closed form (D'?, £) satisfies:

VE eD" FA1eDY EF AL <EWF).

Indeed let F' € D? and i € N. Thus, by definition of D2, F' € D,;2. We have to
prove that F'A1 € D};? and that &, (F A1) < &, (F). According to the definition
of D,;? in Proposition 5.1.15, there exists (F),)nen € S" such that F, Lj—(ﬁ) F
and D, F = lim, o D, F, exists in L?(Q2). For any n € N, there exigts g; €
R,d, € N“and f' :R—R,... fI : R4 — R smooth functions with bounded

derivatives of any order such
dm
Fn - an]-{NT = 0} + Z f:l(Tla T 7Tm)]—{NT:m}~

m=1

We consider a sequence of smooth functions (¢x)reny with bounded derivatives
of any order such that we have the uniform convergence of ¢, to the function
x+—— x Al and ||¢)] e <1 for any £ € N. Thus

dm
Or(Fr) = dnlan) Linp—op + > Ou(f(T1, -+ T))lnp=m} € S.
m=1

Moreover the following convergence in L?(Q2) holds:

FAl= lim lim ¢p(Fy,).

n—+o00 k—-+o00

Therefore FF A1 € D} and

Dy,(FAL)= lim lim Dy, (¢ox(Fn))

n—+00 k—-+o00
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

with for any n, k € N, by the chain rule,

sz(gbk(FN)) = ¢;c(Fn)DmiFn‘
Thus
Emi(F/\ 1) = E[(DmL(F A 1))2] < E[(DmiF)Q] = gmi(F)-
Therefore

E(FAT) Zé‘ (FAL) <Z€ =E(F).
=0

Now we prove that I is a carré du champ of the local Dirichlet form (D2, £) in sense of
[16, Definition 2.19]. Indeed the application I' is a positive symmetric continuous bilinear
form from D"? x DY? into L'(2) such that, for any X, Y € DY?

E[l[X,Y]] = DX DY )]

= [ZD XDmZY]

7

where we used the fact that the family (m;);en is a Hilbert basis in H.
To conclude we prove that the operator D is the gradient of the local Dirichlet form
(D2, &) in sense of [16, p. 16]. Indeed:

e For any X € D2 as (m;);ey is an orthonormal basis in H,

2

+o0 +o0
IDX G, = | 22 D Xmif| - = 3 (D, X)* = T[X].
=0 H =0

e Let @ : R — R is a Lipschitz function and X € D2, Then, according to Remark
5.2.3, ®(X) € D and D(®(X)) = ®'(X)DX where ®'(X) is the Lebesgue partial
derivative of ® almost everywhere defined.

O

Corollary 5.2.2. For alln € N* and j € {0, ...,n}, writing T; = T; AT, we have

DT, =

J

T,
? o 1[0»Tj]'
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5.2. The local Dirichlet form

As consequence for all

d
F=aliny=oy + > fu(Th, -, T)linp=ny € S,
n=1

we have F € D2 and

d n
Ofn T;
DF =323 Fu( o 1) (F = Lomy) 1o

n=1j=1

In particular this expression does not depend on the basis (m;)en.

Proof. We have

400 400
DT; = Y Dp,Tymi=—Y m(T;)m;
=0 i=0

+oo T
=0

X /T; T;
o < T (0,T] ) T [0,T]
. T, .
Notice that the term T s mandatory to belong to H defined by (5.1). O

We get the chain rule for the operator D on D2

Remark 5.2.3. For any F, ..., F, € DY? and smooth function ® : R* — R, the random
variable ®(Fy, ..., F,) belongs to DY? and

Moreover we can extend this result with a Lipschitz function ® thanks to Proposition 5.3.3

where we replace £ is the Lebesgue partial derivative of ® almost everywhere defined
Lj

(see [18, Proposition 111.2.1.5] for more details).
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

5.2.2 Divergence operator by duality

Let 0 : L*(Q,H) — L*(Q2) be the adjoint operator of D. Its domain, Dom(§), is the
set of u € L*(2, 1) such that there exists ¢ € R% such that

T
VF € D'2, |El/‘1%Fuﬂt
0

S C”FHDLQ.
Hence, for all u € Dom(6), §(u) is the unique element in L*(Q2) such that
T
VE € DY, E[6(u)F] = E[{u, DF)y] =E [/ utDtht] :
0
We now introduce the set S of elementary processes u of the form

n
u = ZAJTLZ, n e N*, Az c ]D)l’2.
i=1

Proposition 5.2.4. For all u in' S, we have u € Dom(J) and

5(u) = /(] (V(u,5) + A()n(T = 5) + u(s))dN, - [ " Dy(u(t))dt

where ¢ is defined by (5.9).

Proof. Let u = Am;, with A € D? and iy € N. For any F' € D'? we have

T T
‘H/mmﬂ|gEVuMM%@m
0 0

T
< ||F||D1,2$E[/O AP (0t
= [[F[lpie ”AHL2(Q) HmioHL2(o,T) = c[|F[pre
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5.2. The local Dirichlet form

with ¢ = [|A| 2q) 17, || 12 (0.7 Thus u € Dom(d) and for any F' € D'?
[ T T
E[§(u)F] = E / utDtht] —F [A / mio(t)Dtht]
0 0
S .
_ E|4 / mi ()Y DmiFmi(t)dtl
L 70 =0
e N
— E|AY D, F /0 mio(t)mi(t)dt]
L =0
+o00

= E AZDmiF<mio,mi>H] = E[AD,,, F].

1=0

Thus, integrating by parts:

E[5(u)F] = E[Dy, (AF)] - E[FDy, Al

oGE,
- E [0 AF] —E[FD,, A
Oe le=0 0

oGz
_ EK i A—DmiA>F].
Oe le=0 0

Therefore, because (DA, miy)3 = 375 D, A(mi, mig )3y = Do, A,

5 = LG;’“O A-D,, A
(u) Oe le=0 "o

- </(0,T] (4 (g, s) + Mg ($)p(T = 5) + mio(s))dN5> A= /OT mi, (t) Dy Adt

T

- /(O,T](w(AmiO’ ) + Amgy (s)u(T = 5) + Ay (s))dN, - /0 Dy(Am;,(t))dt

= /(07T1<w<u, ) +a(s)u(T — s) + u(s))dN, — /OT Dy (u(t))dt.

We deduce the result for any u € S by linearity. O]

Remark 5.2.5. We can retain that:
1. For allm € H and A € D'2,
d(mA) =d6(m)A — D, A.
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

2. For allm € H and A, F € D2,
E[AD,,F] = E[Fd(mA)].
3. For all w € H we have Du =0 and
) = [ (0 5) + )T = 5) + u(s)dN.

Remark 5.2.6. Contrary to the standard Malliavin calculus on the Wiener space (see
[69]), we do not have a priori the inclusion of D* @ H in Dom(d) (see [22, Example3./]
where p=10).

Corollary 5.2.7. If u € L*(2,H) is a predictable process then
u) = [ (0 5) + ()T = 5) + u(s)dN,
Proof. We establish this result for an elementary process of the form:

n—1
U@) = fol[o,tl](t) + Z fj(Tla T ,Tn)l]tj,tj+1]<t)
Jj=1

where n € N*, t; = %, fo is a constant, for any j € {1,---,n}, f; is an infinitely

differentiable function from R™ into R vanishing outside the simplex
Al ={(zy, ,2,) ER", 0 <1y < - <z, < 15}

and f,_1 = —fo — Z?:_f f;. This last condition ensures that u belongs to L*(Q;H). As a

consequence, we can rewrite u as

n

0= o (1m0 = )+ 50 ) () = ).

this proves that u belongs to S. We have, by Proposition 5.2.4 and Corollary 5.2.2,

n—1 n 8 o B B
Du(t) = > > af (T, Tn)DiTily, ()

j=11i=1 [

n—1 n af] o - TZ

jz:; ; 83;1,( Lo, ) (T 0.7 ( )) 6;.t544] (F)
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5.2. The local Dirichlet form

Now, since f; vanishes outside A/, we have for any j € {1,---,n — 1} and any i €
{1,---,n}

Of;
Ty ..
83:i( b

Moreover for any i, as u is valued in H,

Tn)l[o,i»] () 1),,,,0 (@) = 0.

T 4 afj sl = TZ _TZ 0 T B
/0 Z o, (T, ,Tn)?l}t]-,tjﬂ}(t)dt = T e, /0 u(t)dt = 0.

J=1

Therefore .
/ Dyu(t)dt = 0,
0

Hence from Proposition 5.2.4 we deduce that
5(u) = /( .y (009) £ AT = 5) - u(s))dN.

We conclude by using a density argument. Indeed if u € L?(Q,H) is a predictable pro-
cess, there exists a sequence (u,)nen of elementary processes as above converging to u in
L*(Q,H) and clearly (u,) converges to [ 1(¢(u,s) +u(s)u(T — s) +u(s))dN,. Since §

is a closed operator, we conclude that u belongs to Dom(d) and that

5(u) = /m,T]W“’ 5) + a(s)u(T — 5) + u(s))dN..

Proposition 5.2.8. Let F' € DY? and X € Dom(d) such that
T
FS(X)~ [ DIFXdt € 1(9),
0
then FX € Dom(d) and
T
S(FX) = F§(X) — / D, FXdt.
0
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

Proof. For any G € S
[, T
E§(FX)G] = E / FXtDtGdt]
0
[, T
- E / Xt(Dt(GF)—GDtF)dt]
0

I T
— E|§(X)GF -G / XtDtht]
0

_ klg <F5(X) - /O ' DtFXtdtﬂ.

In particular if X =m € H C Dom(d) then d(m) = [iq1(1(m, s) + m(s)u(T — s) +
m(s))dN; and [j D,F'm(t)dt = D,,F. Hence we have

d(mF)=F o (p(m,s) +m(s)u(T — s) +m(s))dNs — Dy, F.

Remark 5.2.9. We do not have the Clark-Ocone formula because for F' = Ny € D2 we
have Nt # E[Nr] and DNt = 0. Indeed, for any m € H and ¢ € R, T-Np = Np.

5.3 Absolute continuity criterion

5.3.1 Local criterion
Lemma 5.3.1. The distribution of (11,--- ,T,) conditionally to { Ny = n} has a density

kn : R®» — R+

(t1, .. 7tn> K<t>

/ k(s)ds
with, for any t = (t1,--- ,t,) € R,
n T\« . N s
K(t) = 1{0<t1<“'<tnST} <H A*(t“tl, [P 7tn)> e_ fO A (S7t17 7tn)d .

=1
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5.8. Absolute continuity criterion

Proof. Let f be a measurable function on R™. Then

E[f(Ty, -+ ,T,) | Nr =n]
_ Ellvp=ny f(Th, -+, T)]
P(Np =n)
_ E[lyr,<rer, oy J(T1, -, 1))
P(T, <T <Tns1)
. fO<t1<--~<tn§T<tn+1 f(th e atn)SO(tla e ,tn+1)dt1 te dtn+1
B g1 )dty - dbngn

f0<t1<---<tn§T<tn+1 o(ty,- -

with
n+1 _ftn+1 Nt (sct1 o £)d
Oty tur1) = H N (tisty, -, tn) | e Jo (sit1, tn)ds
i=1
n . -
— (H A*(tla tl, . ,tn)) )\*(tn+1’ t17 P ’tn)e_ fO +1 A (87t17“‘7tn)ds
i=1
= (H A* (t“ ty, - 7tn)> e~ Otn N* (8581, ytn)ds
i=1
X <)\ + Z :u(tn-i—l - tz)) e LZH_l (”ZL #(S*ti))ds‘
i=1
Thus
/ Pt b)) dbng
T<tn+1
— (H )\*(t“ t17 e 7tn>> 6_ Ot" A*(S;t17'“7tn)d5
i=1
+o0 n - . | S
% /T (A + Z:u(tn—&-l - tz)) e ftn+ (/\J'_Zi:l ,u(s—tl))d dtn+1
i=1
— (ﬁ )\*(ti; ty,--- 7tn)> o Otn A*(s%th...,tn)dse— ft: (AJFZ?:lu(s—ti))ds.
i=1
Therefore

M — f(t)k?n(t)dt

B (T ) | Np =] = =i = Jo
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

with, for any t = (t1,--- ,t,) € R",

/i(t) = 1{0<t1<~~~<tn§T} (H )\*(t“ ty,--- ,tn>> e fon A*(s3t1, 5tn)ds

=1
Xe tn( +Zl l'u’s t))d

T A (s5t1,- s
= 1{0<t1<...<tn§T} (H )\*(t’wtl, .« o ,tn)> 6_ fO A ( 7t17 7tn)d ,

i=1

which implies the conclusion of the lemma. O

Now fix n € N*, as usual C*°(R") denotes the set of infinitely differentiable functions

on R™. We consider the following quadratic form on C'*°(R"):

tit;

o=, 35 2000 e~ ) i

and
en(u) = ep(u,u).

Proposition 5.3.2.

1. (C*(R"™),e,) is closable, its closure (d,,e,) defines a local Dirichlet form on the
space L*(k,(t)dt) and each u € d, is a B(R™)-measurable function in L*(k,(t)dt)
such that for any i € {1,--- ,n} and for almost all

f: (tl,... 7ti717ti+17"' 7tn) c Rnfl’

the function

S —— Ur(v)( ) U(tl,"’ 7ti—1757ti+17"' ,tn)

has an absolutely continuous version ﬂf?) on [ti_1,ti11] such that

i gz<t>gi<t> (ti Aty — t?) € LY (k,(t)dt)

1,j=1
h ou aﬂéj)
wnere — = .
8251 0s

2. The Dirichlet form (d,,e,) admits a carré du champ operator -y, and a gradient
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5.8. Absolute continuity criterion

operator Dr given by

and

for all u,v € d,,t = (t1,--- ,t,) € R" and s € [0,T].

3. The structure (R™, B(R"), k,(t)dt, d,,,y,) satisfies for every d € N*,u € (d,),
u[det(yn[u]) - knvn) < vy

where v, [u] denotes the matriz (v, (wi, uj))1<ij<d, Vn (resp. vq) the Lebesgue mea-
sure on R™ (resp. R?) and u.[det(y,[u]) - k,vy] the image measure defined by, for
any B € B(RY),

(u[det(va[u]) - knrn])(B) = [det(yn[u]) - knrn] (u™(B))
- /J—l(g) det(yn[u, u] (1)) kn () dt.

Proof. We prove this result thanks to [16, Proposition 2.30 and Theorem 2.31] with

tit;

k:kn, d:Jn, &](t):tl/\t]— T,

where d,, is the set of B(R")-measurable functions u € L2(k,(t)dt) such that for any
i€{l,---,n} and for almost all

t = (tl,... 7tiflati+17"' 7tn) c Rnfl’

the function

s u(s) = ulty, by, 8 b1, o)

has an absolutely continuous version ﬂf?) on [t;_1,t;11] such that

Xn: g(f)g:j(t) (ti tj — t?) € LY (ko (t)dt)

1,j=1
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Chapter 5 — Malliavin calculus with respect to a Hawkes process

ou @17/@ ~
where i at and set for any u,v € d,:
i S

The function k = k,, : R® — R, is measurable and the functions §; ; are symmetric

Borel function. We have to check if the two assumptions (HG) of [17] are satisfied.

Condition 1. For any ¢ € {1,...,n} and v,,_j-a.e. t € B,,_; with

B, 1= {{: (ty, - ytict,tigt, 5 tn) € Rn-1 /er(:)?(s)ds > 0},
we have 0 <t < --- <ty <tjy1 <---<t, <T because else

/ﬁ?%l) = /‘i(tb e atifly '7ti+1’ T 7tn> =0

and [p kff’)z(s)ds = 0. Thus, for any t; €]t;—1, tiy1],

KO () = Kty -+ 1) > 0

)

because A > 0 and p > 0. Therefore

"i(tb e 7tn)
fen(ty, - 1) = 2 0m) o g,
(t ) Jan R(t)dt
In particular k,(t1,--- ,t,) is invertible and
(kn(tla e 7tn))_1
IR” /i(t)dt
B R(tla e 7tn)
= ]-{0<t1<~-<tn§T} (1_‘[()\*@27 t, - 7tn))_1> efo )‘*(S;tl’m’tn)ds/ Ii(t)dt
i=1 "
Therefore t; — (k,(t1,- -+ ,t,))"" is integrable on R because it is only the integral of a

continuous function on [t;_1,%;41] and equal to 0 on R\[t;_1,%;11].
Condition 2. For any t = (t1,-- ,t,) € R" and any ¢ € R", such that 0 = ¢, < t; <
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5.8. Absolute continuity criterion

g <o <t, <T =ty1,

Z §2j CzC] == Z (tz N tj — t;?) CiCj

1,j=1 i,j=1

1 2

i=1 1<i<j<n

This double sum can be split as follows:

Dti(T—t)ed = >3 (e —te1) D (teyr — to)e
=1 i=1 k=1 =1
n a4
= Z(tk —tp-1) Z(UH —t) Z c?
k=1 =k i—k
n n—1 n l
= > (e —tie1)(tepr — o)+ Y (e —tec1) Y (ter — ) Y
k=1 k=1 l=k+1 i=k
and

n

2 Z tz (T — t]) CiCj = 2 Z Z k — tk 1 Z(t@+1 — tg)Cl'Cj
=y

1<i<j<n 1<z<]<nk 1

n
= 2 Z(tk —tp—1) Z Z(tf—H — ty)cic
=1 k<i<j<n {—j

n

= an_:l(tk_tH) ST (tey1 —te) D> i

t=k+1 k<i<j<t

Coming back to the initial sum, we have

i &ij(t)cic; = i(tk — tp1)(trar — te) i

,j=1

N[ =

Ztk_tkl > (terr —to) [ZC +2 Z Cng]

l=k+1

1 n
= 7 ’;(tk — th1) (tes1 — te)c
1 n—1 n ¢ )
+7 (tk —tee1) D (o1 —to) | D (¢ +¢5)
k=1 (=k+1 =k
1 n
> = (te — tp1) (trr1 — ti)
T k=1
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Thus, for any compact K C {(t1,--- ,t,), 0=ty <ty <---<t, <T = tyy1}, there
exists ¢ € R% such that, for any (¢1,--- ,t,) € K,

n C2 n
Y &it)eic; > T >
k=1

1,j=1

The hypotheses (HG) of [16, Proposition 2.30] being satisfied, we conclude that (d,,, e,)
is a local Dirichlet hence (C*°(R"),e,) is closable and its closure (d,,e,) is such that

d,, C d,. The last assertion is a consequence of [16, Theorem 2.31]. O

Using this result, we consider |||4, the norm on d,, defined by, for any u € d,,,

lullg, = Nl Zeg, an + 2en(w).

5.3.2 Global criterion
We remind that for any F' € L°(Q), there exists a € R and f, : R" — R, n € N*,
measurable such that, P-almost surely,
+0o0

F=alinp—oy + > fa(T1 o)l ngeny- (5.12)

n=1

Proposition 5.3.3. Let F' € L°(Q) of the form (5.12). Then F € DY? if and only if

fn € d, for any n € N* and
400
S N fallz P(Ny = n) < 4o0.

n=1

In this case

+oo
n=1

Proof. Let F' = alyn,—o) + ZZ=1 fu(Th, To, - - - ,Tn)l{NT:n} be in S. Then as a conse-
quence of Corollary 5.2.2, F belongs to D2 and

T d
E(F,F)=E VO |D5F|2ds] =2 P(Nr = n)en(fu).
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5.8. Absolute continuity criterion

Hence ]
|F |32 = a®P(Np = 0) + > || full3, P(N7 = n).
n=1
We conclude using a density argument. Indeed, if I belongs to D2, there exists a sequence

(F¥), in S converging to F in D2, Now if for any k

+oo
F* = apling=oy + Y [N, Toy -+, To) Lng=n)

n=1

with f* € C°(R?) and f* = 0 for n large, then clearly for all n, k, ¢:
1£3 = fallZ, P(N7 = n) < [|F* — F¥|[3

hence (f¥),, converges to an element f, in d,,, a* tends to a real number a and we get that
+00
F =alin—oy + > fulT1, Ty, 1) L iNg=ny,

n=1

and

+oo
[FlBee = lim [Py B2 = a?P(Np = 0) + 3 | full3, P(Nr = n).

n=1

Conversely, if F' € L°(Q) of the form (5.12) is such that f, € d, for any n € N* and

+o00

> fulld, B(N7 = n) < +o0,

n=1
then define for any m, F™ = alyn,—oy +>ny fu(T1, 1o, -+, T) 1{ny=n} Dy approximating
each f, for n € {1,--- ,m} by a sequence of functions in C*(R?) we easily get that F™
belong to D2 and

IF™ |12 = a®P(Np = 0) + D _II full3, P(N7 = n).
n=1
Then (F™) is a Cauchy sequence in D'? converging to F' in L?, this ends the proof. [
Remark 5.3.4. We can summarize the equalities between the Dirichlet structures

(Q, Fr,P,D"2T) and (R™ B(R"), k,(t)dt,dp,vn),n € N*:
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for any F € DY2 of the form (5.12)

1.
+oo

IF |72 = a®P(Ne = 0) + Yl full 72 (ko (5ya0)

n=1

2. For a.e. s € [0,T],

+oo
DSF = Z D?fn(Th U 7Tn)1{NT:n},

n=1
with T T
D fu(Th, -+ 1) = (9157-1 (Ty, -+ To) (f - 1[0T1](5)> 7
=1 ?
3. .
F[F] = Z /yn[fn](Th aTTL)]-{NT:n}J

n=1

n )
n=1

5.

“+00
(512 = a®P(Nr = 0) + Y || fullg, B(N7 = n).

n=1

Theorem 5.3.5. Let d € N* and F = (Fy,--- , F;) € (D"?)%. Then, noting
PIF] = (TIF, Fj]hi<ij<a,

the image measure F.[det(T'[F]).IP] is absolutely continuous with respect to the Lebesgue

measure vy on RY.

Proof. Let B C R? such that v4(B) = 0. We would like to get

0 = (E.[det(T[F]).F])(B) = /F gy et (TIF (@) aP()

= [ det(T[F)()Lp(F(w))dP(w) = E [det(T[F])1a(F)].

But, according to Proposition 5.3.3, there exist a € R and f,, € (d,,)¢,n € N* such that

+o0
F = al{NT=0} + Z fn(Th o 7Tn)1{NT=n}'

n=1
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Thus .
F[F] = F[F7 F] = Z’yn[fn](Tlv tee 7Tn>1{NT:n}-
n=1

In particular
det(I'[F))1{nyp=0y = 0,

for any n € N*,

det(C[FD)inp=ny = det(u[ful(T1 - Tn)) Linr=n}

and also
1g(F)ling=ny = 1(fu(Th, - 1)) {Np=n}
Therefore
+oo
det(F[FDlB(F) = Z det(’yn[fn] (T17 s 7Tn))13(fn(Tla s aTn))l{NT:n}
n=1

and, according to Lemma 5.3.1,

E [det(T'[F])15(F)]

-3 F [Aet(yalful (T3, -+ T e (fa(Th -+ T) L]

JFZO:O]E [det(yn [ ful(Th, -+ T)1B(fo(Th, -+, T0) | No = n]P(Np =n)

i
I

||
§ 108 ]

([ detOnlfal @) 1a(alt)ka(t)dt) PON7 = n)

((fn)<[det(ynlful - knvn))(B)P(Nr = n).

1

3
Il

However, according to Proposition 5.3.2 applied to f, € (d,)¢, the measure ( f,,).[det(y,[fa]-

k,vy,)] is absolutely continuous with respect to v4. Thus, for any n € N*,

((fn)<[det(yn[ful - nvn)])(B) = 0

and
E [det(T'[F])15(F)] = 0.
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This concludes the proof. O

Corollary 5.3.6. Let d € N* and F = (Fy, -, F;) € (DY?)% Then, conditionally to
[L[F] € GL4(R), the law of the random variable F is absolutely continuous with respect to

the Lebesgue measure vy.

5.4 Applications

5.4.1 SDE and density of the solution

We consider the stochastic differential equation

t
X, = +/ f(s,Xs)ds+/( (s, X )N, 0<1<T, (5.13)
0 0,t

or in the differential form
dXt = f(t, Xt)dt + g(t, Xt_)dNt, X() = Xop.

We assume that:

Assumption 16. The functions f,g: [0,T] x R?* — R? are measurable and satisfy
1. For anyt € [0,T], the maps f(t,-),q(t,-) are of class C*.
2. sup; (Ve f(t,2)] +|Vag(t, z)]) < +oo.

3. For any x € RY, the map g(-, ) is differentiable.

Remark 5.4.1. Since Np admits moments of any order (See [62]), according to [78,
Chapter V.8 Theorem 7 and Chapter V.4 Theorem 10], there exists a unique solution X
to (5.13) such that supy<,<p | Xy € L*(Q).

We consider the deterministic flow ® defined by the solution of the ordinary differential
equation (ODE in short)

t
u2) =+ [ f(w,@u(@)du, 0Ss<t<T, zeR”
Proposition 5.4.2. On the set {Ny = 0}, we have

Xi=PQos(zg), 0<t<T.
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And, for any n € N*, on the set { Ny = n}, we have
Xt = [éTn,t (] \I/(Tn, ) O--+-0 @T17T2 ) \I/<T1, ) O (PO,TJ(I'O)v Tn S t S T,

where
U(t,x)=a+g(t,z), 0<t<T, zeR<

Proof. We proceed by induction. On the set { Ny = 0} we have
¢
X, ::1:0—1—/ f(s,Xs)ds, 0<t<T.
0
Thus for all t € [0,T], X; = Po (o).
On the {Nr = 1} we have, for any ¢ € [0,T}),
¢
X = xg +/ f(s, Xs)ds.
0
Thus X; = ®g¢(x0). Then for any t € [T}, 7] we have

t
X = Xno+ [ fls,X)ds+ [ (s, X, )N,
Ty [T1,t}
t
= XT1*+/Tf(87X8>d8+g<T17XT1*)
il

t
= qj(TlaXT1*)+/T f(saXS)dS'
1
Hence

Xi = CDTht(\IJ(Tl?XTl*)) = CI)TLt(\IJ(Tl? (I)O,Tl (l’o)))
= [q)Tl,t O \I]<7—117 ) @] (I)O,Tl](x())-

We assume that the equality is satisfied on { Ny = n} for n € N* :

Xt = [(I)Tn,t o \I;<Tn7 ) O-++0 CIDTLTQ() (¢] \I/(Th ) O (I)(),Tl](xo), Tn S t S T.
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Let consider the set { Ny = n + 1}. The process X satisfies, for any t € [T,,11,T],

t
X, — XTW_JF/T f(s,Xs)dH/[ (s, Xs_)dN,
n+1

Tn+1 7t]

t
_ \IJ(Tn+1,XTn+1_)+/T (5, X,)ds.
n+1

Thus
XT - (I)Tn+1,T(\Ij(Tn+1> XTn+1—))'

However, as we are on { Ny = n + 1}, we are also on {N; = n} for any t € [T, T,+1).

According to the recurrence hypothesis,
Xy = [®@p, 10 U(T,,-) 00Dy g, 0 U(T71, ) 0 Py 1y (o).
Thus, by continuity of the map ® with respect to t,
Xrporm =P, 1 0V (T, )0+ -0 Dy, 0 U(T7,+) 0 P 1y ] (o).
Therefore

XT = (I)Tn+1,T(\IJ(Tn+17XTn+1*>>
(I)TTL+1,T(\IJ<TTL+17 [(I)Tn,Tn+1 © \II(TTU ) ©---0 q)Tl,Tz © \II(Tlv ) © (I)07T1](x0>))
= [®p,.,70¥Y(Tht1,-) 0 Pry, oW (T,,-)o---0Pp 1,0 VU(T,) o Dyp](zo).

Tn+1

The statement is proved. O

We continue this section with the same ideas as in [28]. As the following results are

formal computations, they are proved in the same way.

Remark 5.4.3. The process V,® satisfies, for any 0 < s <t < T and x € RY,

0

avmq)s,t(x) = vwf(ta (I)s,t(x))qu)s,t(m)a vzq)s,s(x) = Id'

Thus .
V. ®@s(x) = exp </ V. f(u, @s,u(a:))du) , 0<s<t<T.

Definition 5.4.4. We define the process K as the derivative of the flow generated by X,
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solution of the SDE
K, =1;+ /Ot Vof(s, Xs)Ksds + /(O,t] V.g(s, Xs_)Ks_dNs, 0<t<T.
From now we assume that:
Assumption 17. For any (t,z) € [0,T] x R4,
det(lq + Vag(t,z)) #0
and (I + V,g)™' is uniformly bounded.
We now define the process K as the solution of

t
K = Id—/ K.V, f(s, X,)ds
0

= Jyguy eV X)L = Vag (s, Xoo)(la+ Vg s Xo)) )N,
Following [16, Proposition 8.7], we have:
Lemma 5.4.5. Processes K and K satisfy
KK, =1;, 0<t<T.
Moreover:
Kr, = (I;+ Vag(t, X, _)Kr,_, Kr, = (Iq+ Vaeg(T), X7, ) 'Kr_, ieN".
Definition 5.4.6. We define the process (K} )o<s<t<r by:
KS=KK, 0<s<t<T.
Similarly to [28, Proposition 6.4], we get the following result.

Proposition 5.4.7. Let ¢ : [0,T] x R? — RY defined by:

V(t,2) € [0, T] xR, p(t,2) = f(t, 2+ g(t,2)) — (Lo + Vag(t,2)) f(t, ) — gi(t, z).
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Then Xr € DY? and, for a.e. s € [0,T],
t
DXy = — / Kho(t, X,) ( - 1[O,t](s)) dN,.
(0,7) T
Moreover
ut
T[X7] :/ / Kho(t, Xo ) (o(u, Xo ) (K5)* <u/\t _ > AN,dN,.
(0,71 J(0,T) T

Thanks to this expression of D X7 and I'[ Xr|, we can deduce results about the absolute

continuity of the law of Xt using Corollary 5.3.6.
Corollary 5.4.8. If we consider the event

C— {det ( /m] /(m Kho(t, Xo ) (o(u, Xo ) (KL (u At — @j‘f) dNthu> > 0}

then if P(C) > 0, the law of X conditionally to C is absolutely continuous with respect to

the Lebesgue measure on RY.
Proof. 1t is a direct consequence of Proposition 5.4.7 and Corollary 5.3.6. n
Theorem 5.4.9. In dimension d =1, if for any t € [0,T] and x € R,

plt,2) = F(t. 4 (t,2)) ~ F(t2) — 52 (0,20 f(2) — 52 1,2) £

then, conditionally to {Np > 1}, the law of Xr is absolutely continuous with respect to

the Lebesgue measure on R.

Proof. As d =1 we have, according to Proposition 5.4.7,

o T
D Xp =— ZKTZSO(TD XTi*) (T - 1[01Ti](5)) :

i=1

Let w € Q such that .
M[X7)(w) = / D, Xp(w)|?ds = 0,
0

then, for almost every s € [0, 7], D, X7(w) = 0. Thus, for almost every s € [T, (), T], we
get, writing 7; instead of T;(w),

Nr(w)

T
Z K%igo(TivXTi—)i = 0.
=1 r
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Then for almost every s € [T, (w)-1, T Np(w)]

Mt T; T; I (w) TNr(w)
; KT 90(717 XTi_)? + KT QD(TNT(w)v XTNT(W)—) T —1]=0.
Therefore, by subtracting the two equations, we get
SO(TNT(w)a XTNT(LJ)7> - 0
then
NT(w)—l T

> KT Xe )%~

i=1
Thus, by considering s € [Ty (w)—2: TNp(w)—1] then s € [Ty w)—3, Tnp)-2]; --.» we get, by
successive iterations, for any i € {1, -+, Np(w)},

90<,I;7XT1'—) = 0.

Therefore, by contrapositive, if p(t,z) # 0 for any ¢ € [0,7] and € R then I'|X7] > 0
on the set { Ny > 1}. Thus, according to Corollary 5.3.6, conditionally to { Ny > 1}, the

law of X7 is absolutely continuous with respect to the Lebesgue measure on R. O]

Example 5.4.10 (Linear with constant coefficients in dimension d = 1). We consider X
the solution of the linear SDE

dXt = (CLXt + b)dt + (OéXt_ + 6)dNt7 0 S t S T, XO = Xy, (514)

where xg,a,b,a, 5 € R satisfy
af — ab # 0.

In this case we have, for any t € [0,T] and x € R,
o(t,x) =a(x +ax+ B)+b—ax —b— alax +b) = aff — ab # 0.

Then, according to Theorem 5.4.9, conditionally to { Ny > 1}, the law of Xt is absolutely

continuous with respect to the Lebesque measure on R.

Corollary 5.4.11. We assume that d = 1 and the parameters f,g do not depend on
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t € [0,T). We consider the Wronskian of f and g:
W(f,9)=9g xf—-fxg

Thus if the function f is of class C* and

1 "
Ve eR, [W(f,9)@) > Sl lsellglls

then, conditionally to {Np > 1}, the law of Xp is absolutely continuous with respect to

the Lebesque measure on R.

Proof. As the parameters f and g do not depend on ¢, we have, for any ¢ € [0, 7] and
reR,
o(t,x) = f(z+g(x)) — f(x) = ¢'(2)f(2).

Then, by Taylor expansion, there exists y, € R such that

1 1

o(t,x) = g(z)f'(x) + 59(%)21‘”(%) — 4 (x)f(x) = ig(yx)Qf”(x) - W(f,9)().

Thus, if there exists x € R such that ¢(t,z) = 0 then, according to the assumption,

W, 9)(@) = 3961 @) < gl s < I7(7, 9)(2)

which is absurd. Therefore ¢(t,x) # 0 for any t € [0, T] and z € R. We conclude by using
Theorem 5.4.9. O

Example 5.4.12. We consider X the solution of the SDE in dimension d = 1
dX; = cos(Xy)dt + sin(X;_)dN;,, 0 <t <T, Xo= o, (5.15)
where xo € R. In particular

1 1
veeR, [W(f,g)@)l=1>7= §||COS"HooHSmH§o-

Thus, according to Corollary 5.4.11, conditionally to { Ny > 1}, the law of X1 is absolutely

continuous with respect to the Lebesque measure on R.
Proposition 5.4.13. If there exists { € N such that for anyn > 0,0 <t; <---<t, <T
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and zy,- - ,x, € R, the family (K¥op(ts, ;) 1<i<n spans R? then, conditionally to {Np >

0}, the law of X is absolutely continuous with respect to the Lebesgue measure on R

Proof. Let w € {Np > (} such that I'[ X7](w) is non invertible. Then, as it is a nonnegative
symetric matrix, there exists u € R%\ {0} such that

WX (W) = /O " (0D X (w))2ds = 0.

Then, according to Proposition 5.4.7,

i=1

T T Nt (w) T 2
0= [ @WDXr()ds = [ (Y Kfo(T Xr) (TZ_HO,TJ(S)) ds.
0 0

Thus, for almost every s € [0, 7],

Nt (w)

| L
u* Z KZ%O(’I;jXTi_) <T — 1[077”(3)) =0.
=1

We deduce, as in dimension d = 1, that, for any i € {1,..., Np(w)},

w Kz o(T;, Xr,-) = 0
which is absurd because (K%%p(Ti, X7,-))1<i<Np(w) SPans R<. O
Remark 5.4.14. Necessarily we have £ > d.

Example 5.4.15 (Linear with constant coefficients in dimension d € N*). We consider
X the solution of the linear SDE

dX; = (AXy +b)dt + (MX,— 4+ B)dN;, 0 <t <T, Xy =, (5.16)
where x¢,b, B € R and A, M € R*>? such that
det(M + 1;) #0, AM = MA
and if there exists { € N such that, for anyn >0 and 0 <t; < --- <t, <T, the family
(exp(A(T = t;))(La + M)" " (AB — Mb))1<i<n
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spans R%. In this case we have:

o The process K defined by Definition 5.4.4 satisfies

t
K =1, +/ AK. s+ [ MK, dN,, 0<t<T,
0 (0,¢]

i.e.

dK, = AK,ds + MK, dN,, 0<t<T, K,=I,

i.e., for any t € [0, T], as AM = MA,

Ky =exp(At) [[ (Io+ MAN;) = exp(At)(1a+ M)™.

0<s<t

o Asdet(ly+ M) # 0 then we can consider the process K=K defined just above
Lemma 5.4.5:

— t —
K o=1— / ARy ds — M(I;+ M) [ K. dN,, 0<t<T,
0 (0,¢]

1.e.
dK, = —AK,dt — M(I;+ M) 'K,_dN,, 0<t<T, Ky=1,

i.e., for any t € [0,T], as AM = MA,

K, = exp(—=At) [[ (Ia— M(ILs+ M)'AN,)

0<s<t

= exp(—At)(I;— M(I;+ M)~ H)N
- exp(—At)(]d + M)_Nt‘

e The process (K}) is equal to, for any 0 < s <t <T,

K = KK,
= exp(A(t —s))(Ig+ M)N—Ns,

e According to Proposition 5.4.7, we consider the function ¢ : [0,T] x R — R
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defined by, for any t € [0,T] and x € R,

o(t,x) = Alx+Mz+p)+b— (Lg+ M)(Ax +b)
= AB — Mb.

Therefore, according to the assumption about the spanning property, we get the follow-
ing result by Proposition 5.4.13: conditionally to { Ny > (}, the law of Xr is absolutely

continuous with respect to the Lebesque measure on RY.

This is the case for example when A = 15, M is a diagonalizable matriz with d distinct
eigenvalues (different to —1 to have det(M + 1) # 0): there exists Ay, -+ , Ag in R\{—1}
(distinct) and P € GLq(R) such that

(0) Ad

and v := [P~Y(3 — Mb)]; = [P~'8 — DP~'b]; # 0 for any j € {1,--- ,d}. Thus, for any
n>00<t;<---<t,<Tandie{l,--- ,n},

exp(A(T — 1)) (Ia + M)""'(AB — Mb)
(1+ A" (0)
=l hip . P73 — Mb).
(0) (1+Ag)"™

Therefore the family (exp(A(T —t;))(Ig+ M)""{(AB — Mb))1<i<n spans R? if and only if
the family
(1 + Al)nil’vl (]_ + /\1)?}1 U1

yrt, s

(1 + /\d)nfl’l}d (1 + )\d)vd Uq

spans R?. The determinant of the last d vectors of this family is related to a Vandermonde

determinant:

V1---Vq H ()\]_)\z)

1<i<j<d

which is not null. Therefore, conditionally to { Ny > (}, the law of X1 admits an absolutely

continuous law with respect to the Lebesque measure on RY.
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5.4.2 Application to Greek computation

We consider an asset price whose dynamics is given by
dS, = rSydt + 0S,_dN,, Sy = o, (5.17)

where N is a Hawkes process with conditional intensity A*, r the interest rate, o the

volatility and z( the initial wealth. In other words we have

dSy = (r — o X\*(t))Sdt + 0S;—dN;.
Thus, if we write oy = 7 — g A*(t) then the dynamic is equivalent to

dS; = o Sydt + 0S;_dN;, Sy = xo. (5.18)
We also consider an European option

C=E U(ST)]

with f a function which can be not continuous as f = 1 ) for example for a binary

European option, and we interest to compute Greeks as

_oc L _®Cc o0 oC

A

om0 o P o VT 00

In the sequel x denotes a real number in an interval (a,b) which can be equal to zq,r

or o.

We consider a class £ of real functions f of the form

f) =3 ®(y)laly) yeR (5.19)

=1

where n € N, ®; is continuous and bounded and A; is an interval with endpoints in
T =Ty U {—00,+00} with the set Ty C R defined by:

1 1
To = {Z/GR lim ~sup P<F“e (y—,y+)) :0}.
n%+°°a<x<b n n

Proposition 5.4.16. Let (a,b) be an interval of R. Let (F*)q<zcp and (G*)a<p<p be two
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families of random wvariables such that the maps x € (a,b) — F* € D'? and x €
(a,b) — D2 are continuously differentiable. Let m € H such that for any x € (a,b) on

OF”
Vo #)
oF®

and such that meaiwx is continuous in x in Dom(d). Thus for any f € L the map

D F™ 40

x— E[f(F*)] is continuous differentiable and

L EiG () = B lf(S%O)cS (Gmlii,ﬂ ‘E [8gf<m] -

Proof. We follow the proof of [28, Proposition 7.2]. First if f € C}(R) then, as the maps
r +— F* and x — G? are differentiable, the map =z — G*f(F") is differentiable and,

for any = € (a,b),

Derry = B g+ O pe
OF*
Then, as f € C}(R), D,,f(F*) = f'(F,)D,,F*, and, as D,,F"* # 0 on 5 # 07,
x
0 ey OGT o OFT Dy f(F*) .,
oF®
Thus, according to Remark 5.2.5 and mGI# € Dom(0),
) ) T OF®
B | @] = |5 5] + 8 |6 s
_ T OF®
= E_ax f(F )_—i—E J | mG D Fe f(F)

0
Finally, as the function z — 8—(G”’” f(F*)) is continuous, we have
T

2E[Grf(zﬂ)] = E[aa (fo(F"”>>1

ox Ox
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and the result follows in that case. For the general case (f € £) we conclude as in [28,

Proposition 7.2|, using an approximation argument. 0

As in [53], if we can apply the Proposition 5.4.16 with
F* =87, G"=Lny>0, @€ (a,b),

then we can compute the Delta conditionally to { Ny > 1}

9570
d o To 8177(;
TmoE [1{NT>O}f (St )] =E | f(57°)6 ml{NT>0}m

The solution of (5.17)
dSt = StOétdt + O'St_dNt, SO = Xy,

is given by

t t
SO = xgexp (/ asds> (1+0) = zgexp (rt — a/ )\*(s)ds) (1+a), 0<t<T.
0 0

In particular
S30 = ggexp (rT — oAr) (1 + 0)NT

with
T Nr .1
Ar = / No(s)ds = )\T+Z/ i(s — T))1yp<ayds
0 —Jo
Nr .1 Nr .7_T;
— >\T+Z/ u(s—Ti)ds:)\T—l—Z/ u(s)ds
i=1 7T i=1"0

Nt
= M+ > u(T—-T).

=1

Thus the map zy — S7° is continuously differentiable and

aS7’ STo
= T —oAr)(1+0)V ==L
e exp (r olAr) (14 o) .

To compute DS7° we cannot use the results of Section 5.4.1 because the paramater of

the SDE f : (t,2) — oyx is not deterministic. However we can directly compute DS7°.
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Indeed we have

TAr = Aro’:
NpoTe
= M+ > WT—-ToT)

=1

where Nr o 7. = Np because 7.(T') = T. Therefore

ToAr —Ar %ﬁ(T—TiOZ)—ﬁ(T—Ti)
€ - = €
L2(Q) Nz Nr

Thus A7 € DY, and

Dyly =3 u(T = T)(T,) = [ (T = t)m(t)aN.

=1

Since D,, Ny = 0 (see Remark 5.2.9), we get, by chain rule, S7° € D! and

Nt
D83 = 082D, Ay = =S50S (T — T)i(T;) = —o5%° /( ]u<T — t)m(t)dN.
0,7

i=1
Thus we have to choose a function m € H such that, for any ¢ € [0,7],m(t) = 0 if and
only if £ € {0,7T'}. In this case we get

H8%0
Bay L{ny>0 L{np>0

1 _Ox0  _ _ = - 5 )
{Np>0} Dy S0 oxo SN (T — T))m(T}) oo [,y p(T — tym(t)dN,

9S50

Finally, according to Remark 5.2.5, m1; NT>0}DL§@0 € Dom(9) because we have m €
mOT
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9570

€ DL2 and

‘H and 1{NT>0}D S

o | mlyny>oy Da“””ggﬁo

= —8(m) LNy >0y +D < LNy >0y )
o i (T = T,)m(T;) oz ik (T — T)m(T;)

LNy >0} ( LNy >0 >
oo [, (T — t)m(t )dNt oo o, (T — t)m(t)dNe

= —3(m)

with, on {Nr > 0},

D, Linp>0)
oo ZZ (T —T;)m TZ

_om Zl 1 Do (1 (T T)m(T;)
o3 (S5 (T — T)m(T)) )
i [m(Tz-)Dm(u( —T1;)) + u(T = T;) Dy m(T3)]
Zo (Zz‘:l u(T = Ty)ym( z))Q
St (T (T = T)DWT, S (T — Ty)m(T;) Dy T,

oo (SN w(T —TOW(T)). 0w (SN w(T — T
S (T = TYR(L? S p(T = T)mi(T,

owo (SN (T~ TYR(T)) 0w (SX5 w(T — Tym(Ty))
flo (T = $JA(AN,  fio p(T = $)m(s)m(s)dN,

0o (f(o,T} u(T — s)ym(s )st)2 0o (f(O7T]u(T—s)ﬁ(s)st)27
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and, using Remark 5.2.5,

Sm) = [ (0, 5) + AT = 5) +m(s))aN,

_ i(w(m’ ;) +m(T — T;) + m(T;))
_ Z (» <1Tj> 2 T) = O (T = )N, (T = T5) + m@'))

_ NS (SR (T) = mT)(T = T) | o
_ Z( N ST (T, — T +m(T = Tj) + (T])>-

Thus we deduce the following expression of the Delta:

Proposition 5.4.17. For any f € L, we have

0
%E[l{NTg}f(ST)]

=K

2820
FSE)6 | sy 2

F(S7°) Joor 1/ (T — s)m(s)*dN,
e D) 1{NT>O}
0o (f(o,T] u(T — 3)m<5)st)

- g S
L0@0 fior (T — t)m(t)dNy

F(S7°) Jio,m (T — s)m(s)m(s)dN;

+E 5
o (f(oﬂ (T — s)ﬁ(s)dN5>

]-{NT>0}:| .

Remark 5.4.18. Any term in the expression of A can be written from the Hawkes process
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N, the jump instants (T;)ien+ and the parameters T, A, u, @i, (', m,m and f:

S%O = xgexp (T’T — o'AT) (1 + U)NT)
Np
Ap = AT+> (T =T,
i=1
Nt J—1/—~ N s , o
- (1 = T)

J=1

FA(T = T) + (),
/(O’T] w(T — tym(t)dN, = ?}“T — T)W(T)
/(O,T} ( (T — t)m(t)*dN, = g;“/(T —T)R(T,)?
/((m w(T — tym(t)m(t)dN, = éu(T _ T)m(T)W(T).

In other words, if we simulate a sample of Hawkes process then we can approach A con-
ditionally to {Np > 0}.

Remark 5.4.19. On {Nr = 0}, the process S™ is deterministic and we have to know
the derivative of the function f to compute A.

Remark 5.4.20. For the other Greeks we can notice that

8251‘0
T _ 0,
o3
oST
= TS83°
or T
059 Nr
= [—A o,
oo ( T+ 1+ O’) St

Then we can deduce similar expressions of the other Greeks conditionally to {Nr > 0}.
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2

For I' = — we can start by writing
ox
980
T oz
G* = ml{NT>0}T§%Oﬂ
82 x0 a 0 To
T%E[l{lvpo}f(ST )] = aTUOE [f(57°)0 (G™)]

= E

‘E [f(S%O)aMGm)]

85’;0
o 5 T Oxo
f(ST ) (G mDmS%()) axo

where we apply two times Proposition 5.4.16 with different processes G.
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Résumé : Cette thése est consacrée a
l'étude d’équations différentielles stochas-
tiques grace aux calculs de Malliavin. Dans le
premier chapitre, nous étudions le comporte-
ment de la solution minimale d’une équation
différentielle stochastique rétrograde (EDSR)
a valeur terminale singuliere. Le calcul de
Malliavin appliqué aux EDSR permet de trou-
ver une condition suffisante sur la croissance
du générateur, pour obtenir la continuité de la
solution a l'instant final. Puis dans le second
chapitre est montré que la dérivée de Malli-

avin de cette solution posséde aussi une sin-
gularité en l'instant terminal. Dans le troisieme
chapitre, nous reprenons la méme équation
que dans le premier chapitre en ajoutant des
sauts et montrons que la présence de ces
sauts peut empécher la continuité de la so-
lution. Le quatrieme chapitre termine avec le
développement d’un calcul de Malliavin local
par rapport a un processus de Hawkes. Il
est appliqué pour obtenir un critére de den-
sité de la solution d’une équation différentielle
stochastique et au calcul de Greeks.
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Abstract: This thesis is dedicated to the study
of stochastic differential equations using Malli-
avin calculus. In the first chapter, the continu-
ity at the terminal time of the minimal solution
to a backward stochastic differential equation
with a singular terminal condition is examined.
Malliavin calculus is used to control the var-
ious terms that appear in the computations,
specifically by using the relationship between
the Malliavin derivative of the process of in-
terest and the process adapted to the filtra-
tion of the motion. In the second chapter, it is

shown that the Malliavin derivative of the solu-
tion exhibits a singularity at the terminal time.
In the third chapter, we add a jump term to
the same equation as in the first chapter and
show that these jumps can prevent the conti-
nuity of the solution. The fourth chapter con-
cludes with the development of a local Malli-
avin calculus with respect to a Hawkes pro-
cess. This is applied to obtain a density crite-
rion for the solution of a stochastic differential
equation and for the computation of Greeks.
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