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Chapter 1

INTRODUCTION

This thesis was carried out at the University of Le Mans under the supervision of
Laurent Denis and Alexandre Popier. During these three years I realized four works with
my two thesis directors about the backward stochastic differential equations and the
Malliavin calculus. In order of the realization it was:

• Continuity problem for BSDE and IPDE with singular terminal condition [20].
Published (2024) in Journal of Mathematical Analysis and Applications.

• Growth condition on the generator of BSDE with singular terminal value ensuring
continuity up to terminal time [21]. Published (2025) in Stochastic Processes and
their Applications.

• Malliavin derivative and sensitivity for optimal liquidation. Preprint (2025), sub-
mitted for publication in Stochastic Processes and their Applications.

• Malliavin calculus with respect to a Hawkes process and applications. Forthcoming
paper.

1.1 Backward stochastic differential equations

In this first part of the introduction we introduce the notions of backward stochastic
differential equations (BSDE in short) and the related results which are useful for the
next sections.

Backward stochastic differential equations were introduced in the early 1990s, notably
by Jean-Michel Bismut in [15] in the linear case and by Etienne Pardoux and Shige
Peng in [70] in the general case, as a tool for solving problems in stochastic control
and optimization and as an extension of the Feynman-Kac in non-linear case. Unlike
traditional forward stochastic differential equations, BSDEs evolve backward in time,
with their solution dependent on a terminal condition. This unique feature makes BSDEs
particularly useful in fields like financial mathematics, risk management, and optimal
stopping. Over the years, the theory of BSDEs has been developed and these equations
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Chapter 1 – Introduction

have become essential in various areas of mathematical finance, stochastic processes, and
optimal control.

1.1.1 BSDE driven by a Brownian motion

We consider a filtered space (Ω,F ,P,F) with F = (Ft)t≥0 the filtration generated by
a d-Brownian motion W with d ∈ N∗.

Let fix a terminal time T ∈ R+ and we consider a terminal condition ξ ∈ L2(FT ,Rk)
with k ∈ N∗. According to the martingale representation theorem, we have a decomposi-
tion of the closed martingale

Yt := E[ξ | Ft], 0 ≤ t ≤ T.

Theorem 1.1.1. Let X a Rk-random variable. If X ∈ L2(FT ,Rk) then there exists a
unique Rk×d-valued predictable process C such that E

[[∫ T
0 |Cs|2ds

] p
2
]
< +∞ and

X = E[X] +
∫ T

0
CtdWt.

Consequently
E[X | Ft] = E[X] +

∫ t

0
CsdWs, 0 ≤ t ≤ T.

Corollary 1.1.2. There exists a unique Rk×d-valued predictable process (Zt)0≤t≤T which
is (Ft)0≤t≤T -predictable such that

Yt = E[ξ | Ft] = ξ −
∫ T

t
ZsdWs, 0 ≤ t ≤ T,

what we write 
dYt = ZtdWt, 0 ≤ t ≤ T

YT = ξ.

Remark 1.1.3. We note Rk×d the algebra of the matrices with k rows and d colums. Thus
ZsdWs makes sense as the matrix product between a matrix and a column vector.

This is the simplest example of backward stochastic differential equation (BSDE) with
terminal condition YT = ξ. Thus we arrive at the definition of a BSDE and associated
solutions with their spaces.

10



1.1. Backward stochastic differential equations

Definition 1.1.4. A BSDE is an equation

Yt = ξ +
∫ T

t
f(s, Ys, Zs)ds−

∫ T

t
ZsdWs, 0 ≤ t ≤ T, (1.1)

or equivalently, 
dYt = −f(t, Yt, Zt)dt+ ZtdWt, 0 ≤ t ≤ T

YT = ξ

,

where (Y, Z) is the unknown Rd ×Rk×d-valued process, f : Ω × [0, T ] ×Rk ×Rk×d −→ Rk

the driver (or generator) and ξ the terminal condition are the parameters.

Definition 1.1.5. We define the following spaces for p > 1.
• Hp((0, T ),Rd) is the set of Rd-valued progressively measurable processes U such

that

E

[∫ T

0
|Us|2ds

] p
2
 < +∞

where | · | is the Euclidean norm on Rd.
• Sp((0, T ),Rd) is the set of Rd-valued progressively measurable processes U with

continuous paths such that

E
[

sup
0≤t≤T

|Us|p
]
< +∞.

And also:

H∞((0, T ),Rd) =
⋂
p>1

Hp((0, T ),Rd), S∞((0, T ),Rd) =
⋂
p>1

Sp((0, T ),Rd).

Definition 1.1.6. We say that a couple of processes (Y, Z) is solution of the BSDE (1.1)
if:

• Y is a continuous (Ft)0≤t≤T -adapted Rk-valued process.
• Z is a (Ft)0≤t≤T -predictable Rk×d-valued process with

∫ T
0 |Zt|2dt < +∞ P-a.s.

• The couple (Y, Z) satisfies the equality (1.1) for any t ∈ [0, T ].

Remark 1.1.7. The (Ft)0≤t≤T -adapted property is important. Indeed if we consider the
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Chapter 1 – Introduction

null function f = 0 then the BSDE
dYt = 0, 0 ≤ t ≤ T

YT = ξ

admits Y = ξ as candidate solution but this process is not a (Ft)0≤t≤T -adapted solution if
ξ /∈ F0.

The classical assumptions we can do about the parameters (ξ, f) are integrability of
ξ and Lipschitz property of f .

Assumption 1.

1. ξ ∈ L2(FT ,Rk): ξ is FT -measurable and E[|ξ|2] < +∞.

2. For any y ∈ Rk and z ∈ Rk×d, the process f(·, y, z) is (Ft)0≤t≤T -progressively
measurable.

3. The driver f is uniformly Lipschitz continuous in (y, z) with a Lipschitz constant
K ∈ R∗

+:
∀ω ∈ Ω, t ∈ [0, T ], y, y′ ∈ Rk, z, z′ ∈ Rk×d,

|f(ω, t, y, z) − f(ω, t, y′, z′)| ≤ K(|y − y′| + |z − z′|).

4. f 0 := f(·, 0, 0) ∈ H2((0, T ),Rk): f 0 is Rk-valued progressively measurable and

E
[∫ T

0
|f 0

t |2dt
]

= E
[∫ T

0
|f(t, 0, 0)|2dt

]
< +∞.

Before obtaining a general result of existence and uniqueness of a solution, we can
obtain an explicit formula for the process Y if the driver f does not depend on (y, z) or
if the driver f is linear with respect to (y, z) (see Proposition 4.1.1 and Proposition 4.1.2
in [87]).

Proposition 1.1.8. Under Assumption 1 and if the driver f does not depend on (y, z):
f = f 0, then the following BSDE

Yt = ξ +
∫ T

t
fsds−

∫ T

t
ZsdWs, 0 ≤ t ≤ T,

admits a unique solution (Y, Z) ∈ H2((0, T ),Rk) ×H2((0, T ),Rk×d). Moreover we have:

12



1.1. Backward stochastic differential equations

• Y ∈ S2((0, T ),Rk):

E
[

sup
0≤t≤T

|Yt|2
]
< +∞.

• For any t ∈ [0, T ],

Yt = E
[
ξ +

∫ T

t
fsds

∣∣∣∣∣Ft

]
.

Proposition 1.1.9. We consider the following BSDE in dimension k = 1

Yt = ξ +
∫ T

t
(αsYs + Zsβs + f 0

s )ds−
∫ T

t
ZsdWs,

with the unknown (Y, Z) with values in R×Rd and the parameters α : Ω×[0, T ] −→ R, and
β : Ω× [0, T ] −→ Rd where βsZs is the product between a line vector and a column vector.
Under Assumption 1 and if the processes α and β are (Ft)0≤t≤T -progressively measurable
and bounded then this linear BSDE admits a unique solution (Y, Z) ∈ S2((0, T ),R) ×
H2((0, T ),Rd) where the process Y is explicitly given by

Yt = Γ−1
t E

[
ΓT ξ +

∫ T

t
Γsf

0
s ds

∣∣∣∣∣Ft

]
, 0 ≤ t ≤ T,

where Γ is the adjoint process of this linear BSDE, that is the unique solution of the SDE
dΓt = Γt(αtdt+ βtdWt), 0 ≤ t ≤ T

Γ0 = 1
,

or equivalently,

Γt = exp
(∫ t

0
βsdWs +

∫ t

0

(
αs − 1

2 |βs|2
)
ds
)
, 0 ≤ t ≤ T,

where βtdWt is the product between between a line vector and a column vector.

Now we can study the general BSDE (1.1) to obtain the existence and the uniqueness of
the solution. Firstly we have an a priori estimate of a solution (Y, Z) for the appropriated
norm (see [87, Theorem 4.2.1]).

Proposition 1.1.10. Under Assumption 1 and if (Y, Z) is a solution of the BSDE (1.1)

13



Chapter 1 – Introduction

then Y ∈ S2((0, T ),Rk) and there exists a constant C = C(T,K, k, d) ∈ R∗
+ such that

E
[

sup
0≤t≤T

|Yt|2 +
∫ T

0
|Zt|2dt

]
≤ CE

[
|ξ|2 +

∫ T

0
|f 0

t |2dt
]
.

Thanks to this result, we can obtain a control of the difference between two solutions
of the BSDE (see [87, Theorem 4.2.3]).

Corollary 1.1.11. If we have two sets of parameters (ξ1, f 1) and (ξ2, f 2) which satisfy
Assumption 1, and (Y 1, Z1), (Y 2, Z2) solutions of the BSDE (1.1) with the parameters
(ξ1, f 1), (ξ2, f 2), then

E
[

sup
0≤t≤T

|Y 1
t − Y 2

t |2 +
∫ T

0
|Z1

s − Z2
s |2ds

]

≤ CE
[
|ξ1 − ξ2|2 +

∫ T

0
|f 1(t, Y 1

t , Z
1
t ) − f 2(t, Y 1

t , Z
1
t )|2dt

]
.

Finally we get the desired theorem which is proven at the end of this section (see [87,
Theorem 4.3.1]).

Theorem 1.1.12. Under Assumption 1, the BSDE (1.1) admits a unique solution (Y, Z)
in S2((0, T ),Rk)×H2((0, T ),Rk×d) in the sense of Definition 1.1.6. The uniqueness means
that if (Y 1, Z1), (Y 2, Z2) are two solutions in S2((0, T ),Rk) ×H2((0, T ),Rk×d) then

Y 1
t = Y 2

t , ∀t ∈ [0, T ], P − a.s.,

Z1
t = Z2

t , dt× dP − a.s..

Moreover we can get a solution (Y, Z) in a space Lp, p > 1 if the parameters (ξ, f) are
also in a space Lp (see [19]).

Proposition 1.1.13. Under Assumption 1 and if ξ ∈ Lp(FT ,Rk) and f 0 ∈ Hp((0, T ),Rk)
for some p ≥ 2, then the unique solution (Y, Z) satisfies (Y, Z) ∈ Sp((0, T ),Rk) ×
Hp((0, T ),Rk×d) and we have the control

E

 sup
0≤t≤T

|Yt|p +
(∫ T

0
|Zt|2dt

) p
2
 ≤ CE

[
|ξ|p +

(∫ T

0
|f 0

t |dt
)p]

.

Remark 1.1.14. We also have the result for p ∈ (1, 2) but the proof is not the same. See
Theorem 1.1.17.
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1.1. Backward stochastic differential equations

We can weaken the assumptions about the driver f to get a unique solution of the
BSDE: this is enough to assume f monotone with respect to y (see [19]).

Assumption 2.

1. The driver f : Ω × [0, T ] × Rk × Rk×d is progressively measurable in all variables.

2. The driver f is continuous and monotone with respect to y: there exists χ ∈ R such
that

∀t ∈ [0, T ], y, y′ ∈ Rk, z ∈ Rk×d, ⟨f(t, y, z) − f(t, y′, z), y − y′⟩ ≤ χ|y − y′|2.

3. For any r ∈ R∗
+,

sup
|y|≤r

|f(t, y, 0) − f(t, 0, 0)| ∈ L1(Ω × (0, T ),R).

4. The driver f is K-Lipschitz in z:

∀t ∈ [0, T ], y ∈ Rk, z, z′ ∈ Rk×d, |f(t, y, z) − f(t, y, z′)| ≤ K|z − z′|.

5. ξ ∈ Lp(FT ,Rk) for p > 1 : ξ is FT -measurable and E[|ξ|p] < +∞.

6. f 0 = f(·, 0, 0) ∈ Hp((0, T ),Rk): f 0 is Rk-valued, progressively measurable and

E

(∫ T

0
|f 0

t |2dt
) p

2
 < +∞.

The following lemma will be useful in the next parts. Indeed we will simplify our
reasoning with χ = 0.

Lemma 1.1.15. Without loss of generality, we can assume χ = 0 in the previous as-
sumption.

Proof. We consider
(Y , Z) = (eχ(T −t)Yt, e

χ(T −t)Zt)0≤t≤T .

15



Chapter 1 – Introduction

Thus, by Itô formula,

eχ(T −t)Yt = ξ +
∫ T

t
(f(s, Ys, Zs)eχ(T −s) − χYse

χ(T −s))ds−
∫ T

t
eχ(T −s)ZsdWs

= ξ +
∫ T

t
(f(s, e−χ(T −s)Y s, e

−χ(T −s)Zs)eχ(T −s) − χY s)ds−
∫ T

t
ZsdWs

= ξ +
∫ T

t
f(s, Y s, Zs)ds−

∫ T

t
ZsdWs, 0 ≤ t ≤ T,

where

f(t, y, z) = f(t, e−χ(T −t)y, e−χ(T −t)z)eχ(T −t) − χy, t ∈ [0, T ], y ∈ Rk, z ∈ Rk×d,

who satisfies the other assertions of the previous assumptions and, for any t ∈ [0, T ], y, y′ ∈
Rk and z, z′ ∈ Rk×d,

⟨f(t, y, z) − f(t, y′, z′), y − y′⟩

= ⟨f(t, e−χ(T −t)y, e−χ(T −t)z)e−χ(T −t) − f(t, e−χ(T −t)y′, e−χ(T −t)z′)e−χ(T −t), y − y′⟩−

χ⟨y − y′, y − y′⟩

= ⟨f(t, e−χ(T −t)y, e−χ(T −t)z) − f(t, e−χ(T −t)y′, e−χ(T −t)z′), ye−χ(T −t) − y′e−χ(T −t)⟩

− χ|y − y′|2

≤ χ|y − y′|2 − χ|y − y′|2

= 0.

Remark that we also have if the driver f is 0-monotone and satisfies the other assertions
of the previous assumption then the driver f is χ-monotone and satisfies the same other
assertions.

Remark 1.1.16. For k = 1, f 0-monotone with respect to y is equivalent to f nonin-
creasing with respect to y.

We get with these assumptions the following theorem which is proved in [19].

Theorem 1.1.17. Under Assumption 2, there exists a unique solution to the BSDE (1.1)

(Y, Z) ∈ Sp((0, T ),Rk) ×Hp((0, T ),Rk×d).
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1.1. Backward stochastic differential equations

Example 1.1.18. In liquidation problems the following BSDE is present:

Yt = ξ −
∫ T

t
Ys|Ys|q−1ds−

∫ T

t
ZsdWs, 0 ≤ t ≤ T.

Thus the driver is given by

f(y) = −y|y|q−1, y ∈ R,

which is not Lipschitz with respect to y but is 0-monotone.

A useful result when we work with solutions of BSDE is the comparison theorem (see
[87, Theorem 4.4.1] and [19]).

Theorem 1.1.19. We consider two BSDEs in dimension k = 1

Y 1
t = ξ1 +

∫ T

t
f 1(s, Y 1

s , Z
1
s )ds−

∫ T

t
Z1

sdWs, 0 ≤ t ≤ T,

Y 2
t = ξ2 +

∫ T

t
f 2(s, Y 2

s , Z
2
s )ds−

∫ T

t
Z2

sdWs, 0 ≤ t ≤ T,

with (ξ1, f 1), (ξ2, f 2) satisfying Assumption 1 or 2 and

ξ1 ≤ ξ2 P − a.s., ∀y ∈ R, z ∈ Rd, f 1(·, y, z) ≤ f 2(·, y, z) dt× dP − a.s.

Then
Y 1

t ≤ Y 2
t , 0 ≤ t ≤ T, P − a.s.

Remark 1.1.20. Instead of

∀y ∈ R, z ∈ Rd, f 1(·, y, z) ≤ f 2(·, y, z) dt× dP − a.s.

we can suppose the same inequality but evaluated along the process (Y 2, Z2) or (Y 1, Z1):

f 1(·, Y 2, Z2) ≤ f 2(·, Y 2, Z2) dt× dP-a.s.

or
f 1(·, Y 1, Z1) ≤ f 2(·, Y 1, Z1) dt× dP-a.s.

In this case we get the same result.

17



Chapter 1 – Introduction

We conclude this first section by the proof of Theorem 1.1.12 to illustrate classic
arguments about the BSDE.

Proof of Theorem 1.1.12. We assume to simplify the reasonning that d = k = 1. Let
α ∈ R∗

+ and ∥·∥α be the equivalent norm on H2((0, T ),R) defined by:

∥U∥α = E
[∫ T

0
eαt|Ut|2dt

]
, U ∈ H2((0, T ),R).

Let (U, V ) ∈ (H2((0, T ),R))2 and the BSDE

Yt = ξ +
∫ T

t
f(s, Us, Vs)ds−

∫ T

t
ZsdWs, 0 ≤ t ≤ T.

Thus this BSDE is like in Proposition 1.1.8: f(·, U, V ) ∈ H2((0, T ),R) because the pro-
cesses U and V are progressively measurable and

∥f(·, U, V )∥H2((0,T ),R) ≤ ∥f(·, U, V ) − f 0∥H2((0,T ),R) + ∥f 0∥H2((0,T ),R)

≤ K(∥U∥H2((0,T ),R) + ∥V ∥H2((0,T ),R)) + ∥f 0∥H2((0,T ),R)

≤ K(∥U∥α + ∥V ∥α + ∥f 0∥H2((0,T ),R)

< +∞.

Thus there exists a unique solution (Y, Z) ∈ (H2((0, T ),R))2. Moreover Y ∈ S2((0, T ),R)
and, for any t ∈ [0, T ],

Yt = E
[
ξ +

∫ T

t
f(s, Us, Vs)ds

∣∣∣∣∣Ft

]
.

Let (U ′, V ′) ∈ (H2((0, T ),R))2 and (Y ′, Z ′) similarly defined from (U ′, V ′). We consider

∆Y = Y − Y ′, ∆Z = Z − Z ′, ∆U = U − U ′, ∆V = V − V ′.

Then (∆Y,∆Z) satisfies the BSDE

∆Yt =
∫ T

t
(f(s, Us, Vs) − f(s, U ′

s, V
′

s ))ds−
∫ T

t
∆ZsdWs, 0 ≤ t ≤ T.

18



1.1. Backward stochastic differential equations

Thus, according to the Itô formula,

0 = eαt(∆Yt)2 + α
∫ T

t
eαs(∆Ys)2ds+ 2

∫ T

t
eαs∆Ysd∆Ys +

∫ T

t
eαsd⟨∆Y,∆Y ⟩s

= eαt(∆Yt)2 + α
∫ T

t
eαs(∆Ys)2ds− 2

∫ T

t
eαs∆Ys(f(s, Us, Vs) − f(s, U ′

s, V
′

s ))ds

+2
∫ T

t
eαs∆Ys∆ZsdWs +

∫ T

t
eαs(∆Zs)2ds

i.e.

eαt(∆Yt)2 +
∫ T

t
eαs(∆Zs)2ds =

∫ T

t
eαs(2∆Ys(f(s, Us, Vs) − f(s, U ′

s, V
′

s )) − α(∆Ys)2)ds

−2
∫ T

t
eαs∆Ys∆ZsdWs

with, as the function f is Lipschitz continuous,

2∆Ys(f(s, Us, Vs) − f(s, U ′
s, V

′
s )) ≤ 2K|∆Ys|(|∆Us| + |∆Vs|)

≤ α|∆Ys|2 + 2K
α

(|∆Us| + |∆Vs|)2.

Thus

eαt(∆Yt)2 +
∫ T

t
eαs(∆Zs)2ds ≤ 2K

α

∫ T

t
eαs(|∆Us|+ |∆Vs|)2ds−2

∫ T

t
eαs∆Ys∆ZsdWs. (⋆)

Moreover
∫

0 e
αs∆Ys∆ZsdWs is a true martingale because, with the Burkholder-Davis-

Gundy inequality, for any t ∈ [0, T ],

E
[

sup
0≤t≤T

∣∣∣∣∫ t

0
eαs∆Ys∆ZsdWs

∣∣∣∣
]

≤ c1E
[〈∫

0
eαs∆YsZsdWs,

∫
0
eαs∆YsZsdWs

〉 1
2

T

]

≤ c1E

(∫ T

0
e2αs(∆Ys)2(∆Zn)2ds

) 1
2


≤ c1e
αTE

 sup
0≤t≤T

|∆Ys|
(∫ T

0
(∆Zs)2ds

) 1
2


≤ 2c1e
αT

(
E
[

sup
0≤t≤T

(∆Ys)2
]

+ E
[∫ T

0
(∆Zs)2ds

])
< +∞,
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Thus, by applying the expectation in (⋆),

E[eαt(∆Yt)2] + E
[∫ T

t
eαs(∆Zs)2ds

]

≤ 2K
α

E
[∫ T

t
eαs(|∆Us| + |∆Vs|)2ds

]

≤ 4K
α

(
E
[∫ T

t
eαs(∆Us)2ds

]
+ E

[∫ T

t
eαs(∆Vs)2ds

])
.

In particular we directly get

∥∆Z∥2
α ≤ 4K

α
(∥∆U∥2

α + ∥∆V ∥2
α)

and
sup

0≤t≤T
E[eαt(∆Yt)2] ≤ 4K

α
(∥∆U∥2

α + ∥∆V ∥2
α).

Thus, according to Fubini-Tonelli theorem,

∥∆Y ∥2
α = E

[∫ T

0
eαs(∆Ys)2ds

]

=
∫ T

0
E[eαs(∆Ys)2]ds

≤ T sup
0≤t≤T

E[eαt(∆Yt)2]

≤ 4KT
α

(∥∆U∥2
α + ∥∆V ∥2

α).

Therefore
∥∆Y ∥2

α + ∥∆Z∥2
α ≤ 4K(1 + T )

α
(∥∆U∥2

α + ∥∆V ∥2
α).

Thus, for α > 4K(1 +T ), the map (U, V ) 7−→ (Y, Z) is contracting in (H2((0, T ),R))2 for
the norm ∥·∥α which is a Hilbert space. Therefore this map admits a unique fix point

(Y, Z) ∈ (H2((0, T ),R))2 :

Yt = ξ +
∫ T

t
f(s, Ys, Zs)ds−

∫ T

t
ZsdWs, 0 ≤ t ≤ T.

In other words (Y, Z) is a solution of the BSDE. The uniqueness is directly proven by
Corollary 1.1.11.
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1.1. Backward stochastic differential equations

1.1.2 BSDE with jumps

We can consider a Poisson random measure π defined on Ω × [0, T ] × R and we
assume that the filtration F = (Ft)t≥0 is generated by the random measure π and by
the Brownian motion W . We also note ν the associated compensator and π̃ = π − ν the
associated compensated measure. We follow the assumptions and the results of [26]. We
assume that there exist a nonnegative predictable process η and a kernel Q such that

ν(dt, de) = Q(de)η(t)dt = λ(t, de)dt and
∫ T

0

∫
R
e2ν(dt, de) < +∞.

Remark 1.1.21. In [26], this assumption is supposed to have random variables in L2 and
the chaotic decomposition. The Lévy measures do not satisfy this assumption in general.
To get more general results, we can assume

∫ T
0
∫
R(e2 ∧ 1)ν(dt, de) < +∞. Nonetheless we

keep this assumption of [26] because it is enough for this thesis.

Definition 1.1.22. A BSDE with jumps is an equation

Yt = ξ +
∫ T

t
f(s, Ys−, Zs, Us)ds−

∫ T

t
ZsdWs −

∫ T

t

∫
R
Us(e)π̃(ds, de), 0 ≤ t ≤ T, (1.2)

where (Y, Z, U) is the unknown Rk × Rk×d × (Rk)R-valued process, and f : Ω × [0, T ] ×
Rk × Rk×d × (Rk)R −→ Rk the driver and ξ the terminal condition are the parameters.

Remark 1.1.23. The notation Yt− is defined by Yt− = lims→t
s≤t

Ys. This is important
because the process Y is càdlàg.

Definition 1.1.24. We define the following spaces for any p > 1.
• Sp

c ((0, T ),Rk) is the set of adapted and càdlàg processes A such that

E
[

sup
0≤t≤T

|At|p
]
< +∞.

• Hp
π((0, T ) × R,Rk) is the set of predictable processes A such that

E

(∫ T

0

∫
R

|At(e)|2ν(dt, de)
) p

2
 < +∞

Definition 1.1.25. We say that a triplet of processes (Y, Z, U) is solution of the BSDE
(1.2) if:

21



Chapter 1 – Introduction

• Y is a continuous (Ft)0≤t≤T -adapted Rk-valued process.
• Z is a (Ft)0≤t≤T -predictable Rk×d-valued process with

∫ T
0 |Zt|2dt < +∞ P-a.s.

• U is a (Ft)0≤t≤T -predictable L2
Q(R)-valued process with

∫ T
0
∫
R |Ut(e)|2ν(dt, de) <

+∞ P-a.s.
• The triplet (Y, Z, U) satisfies the equality (1.2) for any t ∈ [0, T ].

As for the BSDE without jumps, we start to study the BSDE with a simple driver
thanks to the property of predictable representation.

Theorem 1.1.26. Let M a Rk-valued square integrable F-martingale. Then there exists
a unique (Z,U) ∈ H2((0, T ),Rk×d) ×H2

π((0, T ) × R,Rk) such that

Mt = M0 +
∫ t

0
ZsdWs +

∫ t

0

∫
R
Us(e)π̃(ds, de), 0 ≤ t ≤ T.

In particular for any ξ ∈ L2(FT ,Rk), there exists a unique (Z,U) ∈ H2((0, T ),Rk×d) ×
H2

π((0, T ) × R,Rk) such that

ξ = E[ξ] +
∫ T

0
ZsdWs +

∫ T

0

∫
R
Us(e)π̃(ds, de).

We deduce the same result with a driver independent of y, z, u as in the case without
jumps (see [26, Proposition 3.1.2]).

Proposition 1.1.27. If ξ ∈ L2(FT ,Rk) and f ∈ H2((0, T ),Rk) then there exists a unique

(Y, Z, U) ∈ S2
c ((0, T ),Rk) ×H2((0, T ),Rk×d) ×H2

π((0, T ) × R,Rk)

such that

Yt = ξ +
∫ T

t
fsds−

∫ T

t
ZsdWs −

∫ T

t

∫
R
Us(e)π̃(ds, de), 0 ≤ t ≤ T. (1.3)

The process Y is given by

Yt = E
[
ξ +

∫ T

t
fsds

∣∣∣∣∣Ft

]
,

and the processes Z,U by the predictable representation

ξ +
∫ T

0
fsds = E

[
ξ +

∫ T

0
fsds

]
+
∫ T

0
ZsdWs +

∫ T

0

∫
R
Us(e)π̃(ds, de).
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1.1. Backward stochastic differential equations

As for Theorem 1.1.17, we can consider this assumptions about the parameters to get
the following theorem which is proved in [55].

Assumption 3.

1. The driver f is continuous and monotone with respect to y ∈ Rk.

2. For every r ∈ R∗
+,

sup
|y|≤r

|f(·, y, 0, 0) − f(·, 0, 0, 0)| ∈ L1(Ω × (0, T ),R).

3. The driver f is Lipschitz with respect to z ∈ Rk×d and u ∈ L2
Q(R,Rk).

4. For some p > 1

E
[
|ξ|p +

∫ T

0
|f(t, 0, 0, 0)|pdt

]
< +∞.

Theorem 1.1.28. Under Assumption 3, the BSDE (1.2) admits a unique solution (Y, Z, U)
in Sp

c ((0, T ),Rk) ×Hp((0, T ),Rk×d) ×Hp
π((0, T ) × R,Rk).

If we want to compare solutions of BSDE with jumps, we need more precise properties
to get a comparison result than in this case of BSDE without jumps (see [55]).

Theorem 1.1.29. We assume that k = 1, the parameters ξ, f satisfy Assumption 3
and the increments of the driver f with respect to u are controlled: for any y ∈ R, z ∈
Rd, u, u′ ∈ L2

Q(R), there exists a predictable process

δy,z,u,u′ : Ω × [0, T ] × R −→ ] − 1,+∞[

such that t 7−→
∫
R

|δy,z,u,u′

t (e)|2λ(t, de) is uniformly bounded in y, z, u, u′ and

∀t ∈ [0, T ], f(t, y, z, u) − f(t, y, z, u′) ≤
∫
R
δy,z,u,u′

t (e)(u(e) − u′(e))λ(t, de).

We also consider (ξ′, f ′) satisfying the same assumptions. Then there exist unique solu-
tions (Y, Z, U) and (Y ′, Z ′, U ′) in Sp

c ((0, T ),R)×Hp((0, T ),Rd)×Hp
π((0, T )×R,R) to the

associated BSDE and if
ξ ≥ ξ′ et f ≥ f ′

then Y ≥ Y ′. Moreover if there exists t0 ∈ [0, T ] such that Yt0 = Y ′
t0 then Yt = Y ′

t for any
t ∈ [t0, T ].
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Remark 1.1.30. The comparison principle is more difficult with jumps. Indeed the ad-
ditional assumptions are important.

Example 1.1.31. We consider the linear BSDE

Yt = ξ − 2
∫ T

t
Usds−

∫ T

t
ZsdWs −

∫ T

t
Usdπ̃s, 0 ≤ t ≤ T,

with π is generated by a Poisson process with unitary intensity. Then the associated driver
satisfies Assumption 3 but for the terminal condition ξ =

∫ T

0
dπs the unique solution is

given by
Yt =

∫ t

0
dπs − (T − t), Zt = 0, Ut = 1, 0 ≤ t ≤ T,

and for the terminal condition ξ′ = 0 the unique solution is given by

Y ′ = 0, Z ′ = 0, U ′ = 0.

Thus we have ξ ≥ ξ′ but not Y ≥ Y ′.

1.1.3 BSDE with singular terminal condition

If we try to reduce the assumption about the terminal condition ξ in dimension k = 1,
then we can consider a singular terminal condition ξ: P(ξ = +∞) > 0. In this case Y is
an unknown with values in R and we can assume for example ξ ≥ 0 and also f 0 ≥ 0.
Furthermore we have to change the notion of solution.

Definition 1.1.32. We say that a triplet of processes (Y, Z, U) is a solution of the BSDE
(1.2) for k = 1 and a singular terminal condition ξ if there exists p > 1 such that

• Y ∈ Sp
c ((0, t),R) for any t ∈ [0, T ).

• Z ∈ Hp((0, t),Rd) for any t ∈ [0, T ).
• U ∈ Hp

π((0, t),R) for any t ∈ [0, T ).
• For any t ∈ [0, T ) and s ∈ [0, t],

Ys = Yt +
∫ t

s
f(r, Yr, Zr, Ur)dr −

∫ t

s
ZrdWr −

∫ t

s
Us(e)π̃(ds, de).

• We have the P-almost surely convergence limt→T Yt = ξ.

Furthermore if we only have lim inft→T Yt ≥ ξ instead of the convergence limt→T Yt = ξ

then we say that the couple (Y, Z) is a supersolution of the BSDE (1.1).
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1.2. Malliavin calculus

This notion was studied in [56] in a more general case with not necessarily ξ and f 0

nonnegative. But for the rest of this thesis we only consider the nonnegative case.

Assumption 4.

1. The driver f satisfies Assumption 3.

2. The increments of the driver f with respect to y ∈ R+ are controlled:

∀t ∈ [0, T ], y ∈ R+, z ∈ Rd, u ∈ L2
Q(R), f(t, y, z, u) ≤ −(q∗−1)y|y|q−1

ηq−1
t

+f(t, 0, z, u),

where q > 1, q∗ the Hölder conjugate of q and η a positive process satisfying : there
exists ℓ > 1 such that

E
[∫ T

0

(
ηℓ

s + 1
ηq−1

s

)
ds

]
< +∞.

3. f 0 ≥ 0 and satisfies

E
[∫ T

0
((T − t)q∗f 0

t )ℓdt

]
< +∞.

4. There exists k > max
(

ℓ
ℓ−1 , 2

)
such that ν ∈ Lk

Q(R).

Theorem 1.1.33. Under Assumption 4, there exists a minimal supersolution (Y, Z, U)
to the BSDE (1.2): minimal means if (Y , Z, U) is a solution of the BSDE (1.2) then for
any t ∈ [0, T ], Yt ≤ Y t P-a.s.

Remark 1.1.34. We ask ourselves under what conditions we have (Y, Z, U) a true solu-
tion of the BSDE (1.2). More precisely if we have lim inft→T Yt = limt→T Yt (see [76]) or
lim inft→T Yt = ξ. Section 2 and Section 4 will answer to the second question.

For example in [74], the driver is given by f(t, y, z) = −y|y|q, q > 0 and the terminal
condition by ξ = g(XT ) with X given by a stochastic differential equation (SDE). In this
case, under some assumptions about the function g and the parameters of the SDE, we
have limt→T Yt = ξ.

1.2 Malliavin calculus

In this second part, the notions of Malliavin calculus will be introduced and the related
results which will be used for the next sections.
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Malliavin calculus, developed by Paul Malliavin in the 1970s, extends classical differ-
ential calculus to stochastic processes, particularly in the context of Brownian motion.
Initially aimed at studying the regularity of solutions to stochastic differential equations,
it provides a framework for differentiating random variables with respect to the underly-
ing probability space. Over time, Malliavin calculus has become an essential tool in areas
such as stochastic control, financial mathematics, and the study of stochastic partial dif-
ferential equations, enabling deeper analysis of the smoothness and sensitivity of random
processes.

1.2.1 Definitions and first properties

We consider a Hilbert space H which will be L2((0, T ),Rd) in practice, and an isonor-
mal Gaussian process W :

Definition 1.2.1. We say that a process W = (W (h))h∈H is an isonormal Gaussian
process if for any h, g ∈ H, W (h) is a centered Gaussian random variable and

E[W (h)W (g)] = ⟨h, g⟩H .

To define the Malliavin derivative, we have to define it first for smooth random vari-
ables.

Definition 1.2.2. We say a random variable F is smooth if there exist h1, ..., hn ∈ H

and a function f : Rn −→ R infinitely continuously differentiable such that f and all of
its partial derivatives have polynomial growth (i.e. f ∈ C∞

p (Rn)), such that

F = f(W (h1), ...,W (hn)).

We note S the set of such smooth functions.

Definition 1.2.3. The Malliavin derivative of a smooth random variable

F = f(W (h1), ...,W (hn)) ∈ S

is defined by

DF =
n∑

i=1

∂f

∂xi

(W (h1), ...,W (hn))hi.
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1.2. Malliavin calculus

The operator D : S −→ L0(Ω, H) satisfies the following property which will be useful
to define the set of Malliavin differentiable random variables and their derivatives (see
[69, Proposition 1.2.1]).

Proposition 1.2.4. The operator D is closable from Lp(Ω) to Lp(Ω, H) for any p > 1:
for any (Fn)n∈N ∈ SN such that

Fn
Lp(Ω)−→

n→+∞
0

and there exists η ∈ Lp(Ω, H) such that

DFn
Lp(Ω,H)−→
n→+∞

η

then η = D0 = 0.

Then we can define the random variables which are Malliavin differentiable.

Definition 1.2.5. We note D1,p the domain of the operator D in Lp(Ω) for any p > 1: it
is the closure of S with respect to the norm

∥F∥1,p = (E[|F |p] + E[∥DF∥p
H ])

1
p .

We say that a random variable X is Malliavin differentiable if X ∈ D1,p for p > 1.

We mention important properties about the Malliavin derivative: the integration by
parts and the chain rule (see [69, Lemma 1.2.2] [69, Proposition 1.2.3] and [69, Proposition
1.2.4]).

Theorem 1.2.6. Let F,G ∈ D1,p and h ∈ H. Then

E[G⟨DF, h⟩H ] = E[FGW (h)] − E[F ⟨DG, h⟩H ].

Theorem 1.2.7. Let φ ∈ C∞(Rm) with bounded partial derivatives, p > 1 and F1, ..., Fm

in D1,p. Then φ(F1, ..., Fm) ∈ D1,p and

D(φ(F1, ..., Fm)) =
m∑

i=1

∂φ

∂xi

(F1, ..., Fm)DFi.

We can reduce the assumption about the regularity of the function φ in the previous
theorem.
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Proposition 1.2.8. Let φ : Rm −→ R K-Lipschitz continuous and F1, ..., Fm ∈ D1,p.
Then φ(F1, ..., Fm) ∈ D1,p and there exist random variables G1, ..., Gm bounded by K such
that

Dφ(F1, ..., Fm) =
m∑

i=1
GiDFi.

Remark 1.2.9. Often we have H = L2((0, T ),Rd). In this case, if F ∈ D1,2 then DF is
a stochastic process (DtF )0≤t≤T ∈ L2(Ω × (0, T ),Rd). We note their coordinates DiF, 1 ≤
i ≤ d, and

∥F∥2
1,2 = E

[
|F |2

]
+ E

[∫ T

0
|DtF |2dt

]
.

Moreover in practice we consider W a Brownian motion and the associated isonormal
Gaussian process defined by

∀t ∈ [0, T ], W (1[0,t]) = Wt.

In particular we have
DWt = 1[0,t].

In this case we have different results which will be useful for our following sections
(see [69, Section 1.2.1]). We consider (Ft)0≤t≤T the filtration generated by the Bownian
motion W .

Proposition 1.2.10. Let F ∈ D1,p Ft-measurable. Then

∀θ ∈ (t, T ], DθF = 0.

In particular for an adapted process (Ft)0≤t≤T , we have

∀0 ≤ t < θ ≤ T, DθFt = 0.

Proposition 1.2.11. Let (Ft)0≤t≤T a D1,2-valued process. Then for any t ∈ [0, T ],

∫ T

t
Fsds ∈ D1,2 and Dθ

(∫ T

t
Fsds

)
=
∫ T

t
DθFsds, 0 ≤ θ ≤ T.

Proposition 1.2.12. Let F ∈ D1,2 and t ∈ [0, T ]. Then E[F |Ft] ∈ D1,2 and

Dθ(E[F |Ft]) = E[DθF |Ft]1{θ≤t}, 0 ≤ θ ≤ T.
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1.2. Malliavin calculus

1.2.2 Malliavin differentiability of the solution of a BSDE

We would like to get the Malliavin derivative of the solution (Y, Z) of the BSDE (1.1)
under assumptions about the Malliavin differentiability of the parameters (ξ, f) and the
regularity of the driver f with respect to (y, z). For this we use the results of [33] or [67].

Definition 1.2.13. We define, for p > 1, L2
1,p((0, T ),Rk) as the set of the Rk-valued

process F such that Ft ∈ (D1,p)k dt-a.s., the process t 7−→ DFt is L2((0, T ),Rd×k)-valued
and admits a progressively measurable version, and

∥F∥L2
1,p

:= E

(∫ T

0
|Ft|2dt

) p
2

+
(∫ T

0

∫ T

0
|DθFt|2dθdt

) p
2
 < +∞.

Assumption 5.

• ξ ∈ (D1,2)k ∩ L4(FT ,Rk) and Dξ ∈ L2(Ω × (0, T ),Rd×k).
• f 0 ∈ H4((0, T ),Rk).
• The driver f is continuously differentiable in (y, z) ∈ Rk × Rk×d with uniformly

bounded and continuous partial derivative.
• For any y ∈ Rk, z ∈ Rk×d, f(·, y, z) ∈ L2

1,2((0, T ),Rk) with Malliavin derivative
Dθf satisfying

E
[∫ T

0

∫ T

0
|Dθf(t, Yt, Zt)|2dtdθ

]
< +∞,

and, for any t ∈ [0, T ], (y1, z1), (y2, z2) ∈ Rk × Rk×d and a.e. θ ∈ [0, T ],

|Dθf(t, y1, z1) −Dθf(t, y2, z2)| ≤ Kθ,t(|y1 − y2| + |z1 − z2|),

where Kθ is an adapted nonnegative process such that

E
[∫ T

0

∫ T

0
|Kθ,t|4dtdθ

]
< +∞.

Thanks to these assumptions we get the following theorem which is proved at the end
of this section and in [33].

Theorem 1.2.14. Under Assumption 5, the BSDE (1.1) admits a unique solution (Y, Z)
which is (D1,2)k × (D1,2)k×d-valued, and for any i ∈ {1, ..., d}, a version of (DiY,DiZ) is
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given by the following linear BSDE: for any 0 ≤ t < θ ≤ T ,

Di
θYt = 0, Di

θZt = 0,

and for any 0 ≤ θ ≤ t ≤ T ,

Di
θYt = Di

θξ +
∫ T

t
(αsD

i
θYs + βsD

i
θZs + F 0,i

s,θ )ds−
∫ T

t
Di

θZsdWs, (1.4)

where
αs = ∇yf(s, Ys, Zs), βs = ∇zf(s, Ys, Zs), F 0,i

s,θ = Di
θf(s, Ys, Zs).

We can get an equality between DtYt and Zt for any t ∈ [0, T ]. Indeed we can consider
the Markovian BSDE (in dimension one to simplify the reasoning):


Yt = g(XT ) +

∫ T

t
f(s,Xs, Ys, Zs)ds−

∫ T

t
ZsdWs, 0 ≤ t ≤ T,

Xt = x0 +
∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dWs, 0 ≤ t ≤ T,

(1.5)

with parameters g, f, x0, b, σ.
To get the Malliavin differentiability of the process (Y, Z), we have to study the Malli-

avin differentiabilities of the driver f and the terminal condition ξ := g(XT ) (with the
Malliavin differentiability of X according to the chain rule 1.2.7). This result is detailed
in [67, Section 6.1].

Assumption 6.
• x0 ∈ R.
• The (deterministic) functions b, σ : [0, T ] × R −→ R are continuous in t, continu-

ously differentiable in x with bounded partial derivatives:

∀t ∈ [0, T ], x ∈ R,
∣∣∣∣∣ ∂b∂x(t, x)

∣∣∣∣∣ ≤ C,

∣∣∣∣∣∂σ∂x (t, x)
∣∣∣∣∣ ≤ C,

and the functions b(·, 0) and σ(·, 0) are also bounded:

∀t ∈ [0, T ], |b(t, 0)| ≤ C, |σ(t, 0)| ≤ C.

• The (deterministic) function g : R −→ R is continuously differentiable with poly-
nomial growth.
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1.2. Malliavin calculus

• The (deterministic) function f : [0, T ] × R3 −→ R is continuous differentiable in
(x, y, z) with bounded partial derivative in (y, z) uniformly in t, satisfying

E
[∫ T

0
|f(s, 0, 0, 0)|2ds

]
< +∞,

and

∀t ∈ [0, T ], x, y, z ∈ R,
∣∣∣∣∣∂f∂x (t, x, y, z)

∣∣∣∣∣ ≤ C(1 + |x|k + |y|k + |z|k).

Proposition 1.2.15. Under Assumption 6 about the parameters b and σ, the SDE in
(1.5) admits a unique solution X. Moreover the process X satisfies Xt ∈ D1,p for any
p ≥ 1 and t ∈ [0, T ], and

∀p ≥ 1, sup
0≤θ≤T

E
[

sup
θ≤s≤T

|DθXs|p
]
< +∞.

We arrive at the essential result which is detailed in Section 2.2.1.

Corollary 1.2.16. Under Assumption 6, the Markovian BSDE (1.5) admits a unique
solution (Y, Z). Moreover Yt, Zt ∈ D1,2 for any t ∈ [0, T ] and

DtYt = Zt P − a.s..

To conclude this section, we are going to proof Theorem 1.2.14 to illustrate the different
results about the Malliavin derivative. We will use the following lemma.

Lemma 1.2.17. We consider Z ∈ H2((0, T ),Rk×d) and, for t ∈ [0, T ],

F =
∫ T

t
ZsdWs.

If F ∈ (D1,2)k then Z ∈ L2((t, T ), (D1,2)k×d) and, for any i ∈ {1, · · · , d}, dθ × dP-a.s.,

Di
θF =



∫ T

t
Di

θZsdWs if θ ≤ t

Zi
θ +

∫ T

θ
Di

θZsdWs if θ > t

Proof of Theorem 1.2.14. We assume that d = 1 and as in the proof of Theorem 1.1.12
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we consider the Picard iteration (Y n, Zn) defined by

Y 0 = 0, Z0 = 0,

and for any n ∈ N

Y n+1
t = ξ +

∫ T

t
f(t, Y n

t , Z
n
t )dt−

∫ T

t
Zn+1

s dWs, 0 ≤ t ≤ T.

According to Proposition 1.1.13 and Assumption 5 we have that the Picard iteration
(Y n, Zn) ∈ S4((0, T ),R) ×H4((0, T ),R4) and

Yn
S4

−→
n→+∞

Y, Zn
H4

−→
n→+∞

Z,

with (Y, Z) the solution of the BSDE (1.1) in S4((0, T ),R) ×H4((0, T ),R). By recursion
on n ∈ N we have (Y n, Zn) ∈ L2((0, T ),D1,2 × D1,2). Indeed we directly have (Y 0, Z0) =
(0, 0) ∈ L2((0, T ),D1,2 × D1,2) and if we assume (Y n, Zn) ∈ L2((0, T ),D1,2 × D1,2) then
according to the chain rule 1.2.7 f(t, Y n

t , Z
n
t ) ∈ D1,2 for any t ∈ [0, T ] and

Dθf(t, Y n
t , Z

n
t ) = ∂f

∂y
(t, Y n

t , Z
n
t )DθY

n
t +∂f

∂z
(t, Y n

t , Z
n
t )DθZ

n
t +Dθf(t, Y n

t , Z
n
t ), 0 ≤ θ ≤ T.

Thus according to Proposition 1.2.11,
∫ T

t f(s, Y n
s , Z

n
s )ds ∈ D1,2 and for any θ ∈ [0, T ]

Dθ

(∫ T

t
f(s, Y n

s , Z
n
s )ds

)

=
∫ T

t
Dθf(s, Y n

s , Z
n
s )ds

=
∫ T

t

(
∂f

∂y
(s, Y n

s , Z
n
s )DθY

n
s + ∂f

∂z
(s, Y n

s , Z
n
s )DθZ

n
s +Dθf(s, Y n

s , Z
n
s )
)
ds.

Moreover ξ ∈ D1,2 then ξ +
∫ T

t f(t, Y n
s , Z

n
s )ds ∈ D1,2 and for any θ ∈ [0, T ]

Dθ

(
ξ +

∫ T

t
f(s, Y n

s , Z
n
s )ds

)

= Dθξ +
∫ T

t

(
∂f

∂y
(s, Y n

s , Z
n
s )DθY

n
s + ∂f

∂z
(s, Y n

s , Z
n
s )DθZ

n
s +Dθf(s, Y n

s , Z
n
s )
)
ds.
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1.2. Malliavin calculus

But according to Proposition 1.1.8

Y n+1
t = E

[
ξ +

∫ T

t
f(s, Y n

s , Z
n
s )ds

∣∣∣∣∣Ft

]
.

Then according to Proposition 1.2.12 Y n+1
t ∈ D1,2 and

DθY
n+1

t

= E
[
Dθ

(
ξ +

∫ T

t
f(s, Y n

s , Z
n
s )ds

) ∣∣∣∣∣Ft

]
1{θ≤t}

= E
[
Dθξ +

∫ T

t

(
∂f

∂y
(s, Y n

s , Z
n
s )DθY

n
s + ∂f

∂z
(s, Y n

s , Z
n
s )DθZ

n
s

+Dθf(s, Y n
s , Z

n
s )
)
ds

∣∣∣∣∣Ft

]
1{θ≤t}.

Therefore ∫ T

t
Zn+1

s dWs = ξ +
∫ T

t
f(s, Y n

s , Z
n
s )ds− Y n+1

t ∈ D1,2.

Thus according to Lemma 1.2.17 we have Z ∈ L2((0, T ),D1,2) and we obtain for any
θ ∈ [0, t]

DθY
n+1

t = Dθξ +
∫ T

t

(
∂f

∂y
(s, Y n

s , Z
n
s )DθY

n
s + ∂f

∂z
(s, Y n

s , Z
n
s )DθZ

n
s +Dθf(s, Y n

s , Z
n
s )
)
ds

−
∫ T

t
DθZ

n+1
s dWs,

and for any θ ∈ ]t, T ], DθY
n+1

t = 0. Let θ ∈ [0, t] and (Y θ, Zθ) the solution of the linear
BSDE

Y θ
t = Dθξ +

∫ T

t

(
∂f

∂y
(s, Ys, Zs)Y θ

s + ∂f

∂z
(s, Ys, Zs)Zθ

s +Dθf(s, Ys, Zs)
)
ds−

∫ T

t
Zθ

sdWs.

Thus according to the a priori estimate 1.1.10
∥∥∥Y θ

∥∥∥2

S2
+
∥∥∥Zθ

∥∥∥2

2
≤ CE[(Dθξ)2 + ∥Dθf(·, Y, Z)∥2

2].

Then according to Assumption 5
∫ T

0

(∥∥∥Y θ
∥∥∥2

S2
+
∥∥∥Zθ

∥∥∥2

2

)
dθ < +∞.
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Furthermore according to the a priori estimate 1.1.11 with (DθY
n+1, DθZ

n+1) and (Y θ, Zθ)

∥∥∥DθY
k+1 − Y θ

∥∥∥2

S2
+
∥∥∥DθZ

k+1 − Zθ
∥∥∥2

2
≤ C

∥∥∥δn,θ
∥∥∥2

2
= CE

[∫ T

θ
(δn,θ

s )2ds

]
,

with

δn,θ
s = ∂f

∂y
(s, Y n

s , Z
n
s )DθY

n
s − ∂f

∂y
(s, Ys, Zs)Y θ

s

+ ∂f

∂z
(s, Y n

s , Z
n
s )DθZ

n
s − ∂f

∂z
(s, Ys, Zs)Zθ

s

+Dθf(s, Y n
s , Z

n
s ) −Dθf(s, Ys, Zs).

Thus by convexity inequality there exists C ′ ∈ R∗
+ such that

∥∥∥DθY
n+1 − Y θ

∥∥∥2

S2
+
∥∥∥DθZ

n+1 − Zθ
∥∥∥2

2
≤ C ′ (An

θ +Bn
θ + Cn

θ ) ,

with

An
θ = E

∫ T

θ

(
∂f

∂y
(s, Y n

s , Z
n
s )
(
DθY

n
s − Y θ

s

))2

ds


+ E

∫ T

θ

(
∂f

∂z
(s, Y n

s , Z
n
s )
(
DθZ

n
s − Zθ

s

))2

ds

 ,

Bn
θ = E

∫ T

θ

((
∂f

∂y
(s, Y n

s , Z
n
s ) − ∂f

∂y
(s, Ys, Zs)

)
Y θ

s

)2

ds


+ E

∫ T

θ

((
∂f

∂z
(s, Y n

s , Z
n
s ) − ∂f

∂z
(s, Ys, Zs)

)
Zθ

s

)2

ds

 .
and

Cn
θ = E

[∫ T

θ
(Dθf(s, Y n

s , Z
n
s ) −Dθf(s, Ys, Zs))2 ds

]
.

• For An
θ the partial derivative of the function f are bounded (by M ∈ R∗

+), thus

∫ T

0
An

θdθ ≤ M2T 2
∥∥∥DθY

n − Y θ
∥∥∥2

S2
+M2T

∥∥∥DθZ
n − Zθ

∥∥∥2

2
.
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1.2. Malliavin calculus

• For Bn
θ we have by continuity of the partial derivatives of the function f

∂f

∂y
(s, Y n

s , Z
n
s ) − ∂f

∂y
(s, Ys, Zs) ds×dP−a.s.−→

n→+∞
0,

and, as the partial derivatives are bounded, we have the domination
((

∂f

∂y
(s, Y n

s , Z
n
s ) − ∂f

∂y
(s, Ys, Zs)

)
Y θ

s

)2

≤ 2M2 sup
s∈[0,T ]

(Y θ
s )2 ∈ L1(Ω×[0, T ]×[0, T ]).

Thus, by dominated convergence theorem

∫ T

0
E

∫ T

θ

((
∂f

∂y
(s, Y n

s , Z
n
s ) − ∂f

∂y
(s, Ys, Zs)

)
Y θ

s

)2

ds

 dθ −→
n→+∞

0.

In the same way
((

∂f

∂z
(s, Y n

s , Z
n
s ) − ∂f

∂z
(s, Ys, Zs)

)
Zθ

s

)2

≤ 2M2(Zθ
s )2 ∈ L1(Ω × [0, T ] × [0, T ]).

Thus

∫ T

0
E

∫ T

θ

((
∂f

∂z
(s, Y n

s , Z
n
s ) − ∂f

∂z
(s, Ys, Zs)

)
Zθ

s

)2

ds

 dθ −→
n→+∞

0.

Therefore ∫ T

0
Bn

θ dθ −→
n→+∞

0.

• For Cn
θ we have by Assumption 5 and Proposition 1.1.13

Cn
θ ≤ E

[∫ T

θ
K2

θ,s(|Y n
s − Ys| + |Zn

s − Zs|)2ds

]

≤
(
E
[∫ T

0
K4

θ,sds

]) 1
2
(
E
[∫ T

0
(|Y n

s − Ys| + |Zn
s − Zs|)4ds

]) 1
2

≤
(
E
[∫ T

0
K4

θ,sds

]) 1
2
(
E
[∫ T

0
|Y n

s − Ys|4ds
]

+ E
[∫ T

0
|Zn

s − Zs|4ds
]) 1

2

.
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Thus

∫ T

0
Cn

θ dθ ≤
∫ T

0

(
E
[∫ T

0
K4

θ,sds

]) 1
2

dθ

×
(
E
[∫ T

0
|Y n

s − Ys|4ds
]

+ E
[∫ T

0
|Zn

s − Zs|4ds
]) 1

2

−→
n→+∞

0.

We can assume that T is small enough to have

α := max(M2T 2,M2T ) < 1.

Indeed we can consider a subdivision (t0, ..., tm) of [0, T ] with a step δ such that α :=
max(M2δ2,M2δ) < 1 and proceed on each subinterval [ti, ti+1] as in the proof of Theorem
1.1.12.

Let ε ∈ R∗
+. Thus, according to

∫ T

0
Bn

θ dθ,
∫ T

0
Cn

θ −→
n→+∞

0, there exists N ∈ N such
that, for any n ≥ N ,

∫ T

0

(∥∥∥DθY
n+1 − Y θ

∥∥∥2

S2
+
∥∥∥DθZ

n+1 − Zθ
∥∥∥2

2

)
dθ

≤ (1 − α)ε+ α
∫ T

0

(∥∥∥DθY
n − Y θ

∥∥∥2

S2
+
∥∥∥DθZ

n − Zθ
∥∥∥2

2

)
dθ.

Therefore, by successive iterations,
∫ T

0

(∥∥∥DθY
n − Y θ

∥∥∥2

S2
+
∥∥∥DθZ

n − Zθ
∥∥∥2

2

)
dθ

≤ (1 − α)ε+ (1 − α)εα+ ...

+ (1 − α)εαn−1 + αn
∫ T

0

(∥∥∥DθY
0 − Y θ

∥∥∥2

S2
+
∥∥∥DθZ

0 − Zθ
∥∥∥2

2

)
dθ

= ε+ αn
∫ T

0

(∥∥∥DθY
0 − Y θ

∥∥∥2

S2
+
∥∥∥DθZ

0 − Zθ
∥∥∥2

2

)
dθ

Thus, as α < 1,
(DθY

n, DθZ
n) S2×H2

−→
n→+∞

(Y θ, Zθ).

Furthermore (Y n, Zn) S2×H2
−→

n→+∞
(Y, Z) and the operator D is closed according to Proposition

1.2.4, thus (Y, Z) ∈ L2((0, T ),D1,2) and (Y θ, Zθ) is a version of (DθY,DθZ). Therefore we
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obtain the BSDE (1.4).

1.3 Hawkes Processes

An overview of Hawkes processes concludes this introduction in this third part.
Hawkes processes, introduced by Alan G. Hawkes in 1971 in [44], are self-exciting point

processes where past events increase the likelihood of future events. Originally developed
to model aftershocks in seismic activity, they have since been applied in fields such as
finance, neuroscience, and social networks. The key feature of Hawkes processes is their
ability to capture event clustering and temporal dependencies, making them useful for
modeling systems with memory and feedback effects. Today, they are widely used in
areas like high-frequency trading and epidemiology.

1.3.1 Definitions and existence of a such process

We consider a filtered space (Ω,F ,P,F) and a process (Nt)t∈R. Before defining a
Hawkes process, we remember the definitions of a counting process, its compensator and
its intensity.

Definition 1.3.1. We say that N is a counting process if:
• The process N is F-adapted.
• N0 = 0 and for any t ∈ R+, Nt is finite almost surely.
• For any ω ∈ Ω, the function N is càdlàg, nondecreasing, piecewise constant and

has jumps of amplitude 1.

Definition 1.3.2. The compensator Λ of the counting process N is the process which
satisfies:

• The process Λ is F-predictable.
• Λ0 = 0 and for any t ∈ R+,Λt ∈ L1(Ω).
• For any ω ∈ Ω, the function Λ(ω) is càdlàg and nondecreasing.
• The process N − Λ is a right continuous local martingale.

Definition 1.3.3. We say that a process λ is the intensity of the compensator N of the
counting process Λ if it is F-predictable and

∀t ∈ R+, Λt =
∫ t

0
λsds.
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Definition 1.3.4. We say that the counting process N is a Hawkes process if its intensity
λ satisfies

∀t ∈ R+, λt = λ+
∫

(0,t)
µ(t− s)dNs = λ+

Nt−∑
i=1

µ(t− Ti)

where λ ∈ R∗
+, µ : R+ −→ R+ is integrable and (Ti)i∈N∗ the jump instants of the process

N .

We consider from now a Hawkes process on (Ω,F ,P,F) with intensity λ.

Remark 1.3.5. We can note that this definition is implicit because we define the Hawkes
process by its intensity and its intensity by the Hawkes process. Thus the definition needs
an existence theorem. We have one in [24]

Theorem 1.3.6. If
∫ +∞

0
µ(s)ds < 1 then the Hawkes process can be constructed as the

solution (N, λ) of the equation

Nt =

∫
R∗

+×R∗
+

1{u≤t}1{θ≤λu}Q(du, dθ)

λt = λ+
∫

(0,t)
µ(t− s)dNs,

t ∈ R+

where Q is a random Poisson measure on R∗
+ × R∗

+ with unit intensity.

Proof. We proceed by defining its atoms. Firstly we define

λ0
t = λ,

T1 = inf
{
t ∈ R∗

+,
∫
R∗

+×R∗
+

1{u≤t}1{θ≤λ0
u}Q(du, dθ) > 0

}
= inf{t ∈ R∗

+, Q((0, t] × (0, λ]) > 0}.

For any ε ∈ R∗
+, Q((0, ε] × (0, λ]) follows a Poisson distribution with intensity ελ. Then

0 < T1 < +∞ P-almost surely. Then we define, for any t ∈ (0, T1),

λt = λ0
t = λ,

Nt = 0,

NT1 =
∫
R∗

+×R∗
+

1{u≤T1}1{θ≤λ0
u}Q(du, dθ) = Q([0, T1] × [0, λ]).
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In particular T1 is the first atom of the process N . Then we proceed by recursion. We
assume that T1, ..., Tk are constructed such that they are the k first atoms of the process
N in increasing order with Tk < +∞ P-a.s.: for any j ∈ {1, ..., k},

λj−1
t = λ+

∫
(0,Tj)

µ(t− s)dNs = λ+
j−1∑
i=1

µ(t− Ti)

Tj = inf
{
t > Tj−1,

∫
R∗

+×R∗
+

1{Tj−1<u≤t}1{θ≤λj−1
u }Q(du, dθ) > 0

}

= inf
{
t > Tj−1,

∫
(Tj−1,t]

∫
(0,λj−1

u ]
Q(du, dθ) > 0

}
.

We consider, for any t ∈ R∗
+ and ε ∈ R∗

+,

λk
t = λ+

∫
(0,Tk)

µ(t− s)dNs = λ+
k−1∑
i=1

µ(t− Ti),

Rε = {(u, θ) ∈ (Tk, Tk + ε] × R∗
+, θ ≤ λk

u}.

Then, as the process λk is FTk
-measurable, we have, conditionally to Tk, Q(Rε) follows a

Poisson distribution with intensity
∫ Tk+ε

Tk
λk

udu. Thus

P(Q(Rε) < +∞) = E(P(Q(Rε) < +∞ | Tk)) = E
[
P
(∫ Tk+ε

Tk

λk
udu < +∞

∣∣∣∣∣Tk

)]

with, conditionally to Tk,

∫ Tk+ε

Tk

λk
udu = λε+

k∑
i=1

∫ Tk+ε

Tk

µ(u− Ti)du

= λε+
k∑

i=1

∫ Tk−Ti+ε

Tk−Ti

µ(u)du

≤ λε+ k
∫ +∞

0
µ(u)du

< +∞.

Therefore 0 < Q(Rε) < +∞ P-almost surely. We define

Tk+1 = inf{t > Tk, Q(Rt−Tk
) > 0} > Tk,
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for any t ∈ (Tk, Tk+1),
Nt = NTk

and
NTk

= Q(RTk+1−Tk
) =

∫
R∗

+×R∗
+

1{Tk<u≤Tk+1}1{θ≤λk
u}Q(du, dθ).

The recurrence permits to conclude to the construction of the process (N, λ). It remains to
prove that the process λ is the intensity of the process N . Indeed, as the random Poisson
measure has a unit intensity, we get that

Ñt := Nt −
∫ t

0
λudu

=
∫
R∗

+×R∗
+

1{u≤t}1{θ≤λu}Q(du, dθ) −
∫
R∗

+×R∗
+

1{u≤t}1{θ≤λu}dudθ

=
∫
R∗

+×R∗
+

1{u≤t}1{θ≤λu}Q̃(du, dθ)

is a càdlàg martingale. Thus the process λ is the intensity of the process N . Finally we
have to prove that the process N does not explode in finite time, in other words that
Tk

a.s.−→
k→+∞

+∞. We asume by contradiction that P(limk→+∞ Tk < +∞) > 0. Thus there
exist T ∈ R∗

+ and Ω0 ∈ F such that P(Ω0) > 0 and limk→+∞ Tk ≤ T on Ω0. Then, as the
sequence (Tk)k∈N∗ is increasing, for any k ∈ N∗,

E[NT ∧Tk
] ≥ E[NT ∧Tk

1Ω0 ] = E[NTk
1Ω0 ] = kP(Ω0).

In particular E[NT ∧Tk
] −→

k→+∞
+∞. However we have, for any t ∈ R+ and k ∈ N∗,

E[Nt∧Tk
] = E

[∫ t∧Tk

0
λudu

]

= E
[
λ(t ∧ Tk) +

∫ t∧Tk

0

∫
(0,u)

µ(u− s)dNsdu

]

= E[λ(t ∧ Tk)] + E
[∫

(0,t∧Tk)

∫ t∧Tk

s
µ(u− s)dudNs

]

≤ λt+ E
[∫

(0,t∧Tk]
dNs

] ∫ +∞

0
µ(u)du

= λt+ E[Nt∧Tk
] ∥µ∥1 .
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1.3. Hawkes Processes

Thus, as ∥µ∥1 < 1,
E[Nt∧Tk

] ≤ λt

1 − ∥µ∥1
< +∞.

We arrive at a contradiction. Therefore Tk
a.s.−→

k→+∞
+∞. We conclude, by using the monotone

convergence theorem, that

E[Nt] = E
[

lim
k→+∞

Nt∧Tk

]
≤ λt

1 − ∥µ∥1
< +∞.

1.3.2 Properties and examples

The first properties we can cite are about the intensity λ of the Hawkes process N
which is related with the conditional increments (see [59]).

Proposition 1.3.7. For any t ∈ R+,

lim
h→0

E
[
Nt+h −Nt

h

∣∣∣∣∣Ft

]
= λt,

P(Nt+h −Nt = 0 | Ft) =
h→0

1 − λth+ o(h),

P(Nt+h −Nt = 1 | Ft) =
h→0

λth+ o(h),

P(Nt+h −Nt > 1 | Ft) =
h→0

o(h).

Another useful property is about the expectation of λt, t ∈ R∗
+ (see [7]).

Proposition 1.3.8. The function
g : R+ 7−→ R+

t 7−→ E[λt]
satisfies the functional equation

∀t ∈ R+, g(t) = λ+
∫ t

0
µ(s)g(t− s)ds = λ+ (µ ∗ g)(t).

Proof. For any t ∈ R+, as λ is the intensity of the Hawkes process N ,

g(t) = E[λt] = λ+ E
[∫

(0,t)
µ(t− s)dNs

]
= λ+ E

[∫ t

0
µ(t− s)λsds

]
= λ+

∫ t

0
µ(t− s)E[λ∗

s]ds = λ+
∫ t

0
µ(s)g(t− s)ds.
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Remark 1.3.9. Thanks to this proposition we can show that if ∥µ∥1 ≥ 1 then the process
N explodes in finite time. This is developed in [7, 60].

We conclude this section by giving examples of Hawkes processes by their function µ.

Example 1.3.10 (Exponential). We assume that, for any t ∈ R+,

µ(t) = αβe−βt

where α, β ∈ R∗
+ such that α < 1 to get

∥µ∥1 = α
∫ +∞

0
βe−βtdt = α < 1.

In this case the associated intensity λ satisfies, for any t ∈ R+,

λt = λ+ αβ
∫

(0,t]
e−β(t−s)dNs = λ+ αβe−βt

∫
(0,t]

eβsdNs.

Thus
dλt = −αβ2e−βtdt

∫
(0,t]

eβsdNs + αβe−βteβtdNt = −βλtdt+ αβdNt.

Example 1.3.11 (Power-law). We assume that, for any t ∈ R+,

µ(t) = αβ

(1 + βt)1+γ

where α, β, γ ∈ R∗
+ such that α < γ to get

∥µ∥1 = α
∫ +∞

0

β

(1 + βt)1+γ
dt = α

[
− 1
γ(1 + βt)γ

]+∞

0
= α

γ
< 1.

1.4 Presentation of results of this thesis

In the next chapters, we study numerous results on the solutions of stochastic differ-
ential equations, particularly through Malliavin calculus. We present in this introduction
an abstract of the main results.
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1.4. Presentation of results of this thesis

1.4.1 Limit behavior of the solution of a BSDE thanks to the
Malliavin calculus

In Chapter 2 of this thesis (our article [20]) we study the limit behavior of the solution
(Y, Z) of a BSDE with a singular terminal condition. In general, the solution is only the
minimal supersolution: lim inft→T Yt ≥ ξ where ξ is the singular terminal condition of the
BSDE (see [56]). The existence of a left limit at time T is studied in [76] and mainly
depends on the generator f and not on ξ. Here we prove a theorem which gives sufficient
assumptions to get the continuity at the terminal instant: a.s.

lim inf
t→T

Yt = ξ.

We work within the framework of a backward stochastic differential equation of the
form

Yt = g(XT ) +
∫ T

t
F (s,Xs, Ys, Zs)ds−

∫ T

t
ZsdWs (1.6)

with a process X solution of a forward stochastic differential equation

Xt = x0 +
∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dWs

and g a deterministic function which can be equal to +∞. Thus we get the following
theorem (Theorem 2.2.1 in Section 2).

Theorem. Under assumptions about the parameters b, σ, g and F (Assumptions 7, 8, 9,
10 and 11 in Section 2)), in particular

F (t, x, y, z) = f(t, x, y, z) + ⟨a(t, x), z⟩, (t, x, y, z) ∈ [0, T ] × Rm × R × Rd,

and there exist α ∈ R+, C ∈ R∗
+ and ℓ ≥ 1 such that α < 2(q−1)

q+1 and

∀(t, x, z) ∈ [0, T ] × Rm × Rd, |f(t, x, 0, z) − f(t, x, 0, 0)| ≤ C(1 + |x|ℓ)|z|α

where q > 1 is the growth constant of the driver with respect to y ∈ R+ :

∀(t, x, y, z) ∈ [0, T ] × Rm × R+ × Rd, F (t, x, y, z) − F (t, x, 0, z) ≤ −η(t, x)|y|q,
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the minimal supersolution (Y, Z) to the BSDE satisfies P-almost surely

lim inf
t→T

Yt = ξ. (1.7)

In other words if the growths with respect to y ∈ R+ and with respect to z ∈ Rd are
related by the coefficients q and α then the process Y satisfies a.s. Condition (1.7).

To prove this result we proceed by approaching the solution (Y, Z) by (Y n, Zn) solution
of a BSDE with a regularized singular terminal condition and a regularized driver. Thus,
by regularization, we get the Malliavin differentiability of (Y n, Zn) and the equality

DtY
n

t = Zn
t , 0 ≤ t ≤ T.

Therefore, with a kind of integration by parts, we can control the convergence of the
process Y at the terminal instant T .

We generalize this result in Section 2.3.1. If the driver F now satisfies an inequality

∀(t, x, y, z) ∈ [0, T ] × Rm × R × Rd, F (t, x, y, z) ≤ f(t, x, y, z) + ⟨a(t, x), z⟩,

then we get the same continuity property of the process Y .

Moreover we mention two applications of this theorem. Firstly in Section 2.3.3, if we
consider the function u defined by

u(t, x) = Y t,x
t , (t, x) ∈ [0, T ] × Rm,

where Y t,x is the unique minimal supersolution of the Markovian FBSDE
X t,x

s = x+
∫ s

t
b(r,X t,x

r )dt+
∫ s

t
σ(r,Xr)dWr t ≤ s ≤ T,

Y t,x
s = g(X t,x

T ) +
∫ T

s
F (r,X t,x

r , Y t,x
r , Zt,x

r )dr −
∫ T

s
ZrdWr t ≤ s ≤ T,

then the function u is a minimal viscosity solution of the associated PDE
∂u

∂t
(t, x) + L(u)(t, x) + F (t, x, u(t, x), (∇uσ)(t, x)) = 0, ∀(t, x) ∈ [0, T ] × Rm

u(T, x) = g(x), ∀x ∈ Rm,
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1.4. Presentation of results of this thesis

where L is the infinitesimal generator of the SDE: L(u) = ⟨b,∇u⟩ + 1
2tr (σσ∗∇2u). We

deduce in this part the following proposition.

Proposition. The function u is continuous in (T, x0) for any x0 ∈ Rm:

u(t, x) −→
(t,x)→(T,x0)

g(x0).

Secondly in Section 2.3.2 we study the stochastic control problem where we have to
minimize the functional

J(t, α) = E
[∫ T

t
(ηs|αs|p + γs|Ξs|p) ds+ ξ|ΞT |p

∣∣∣∣∣Ft

]

over all α ∈ A(t, x) where A(t, x) is the set of admissible controls such that Ξ satisfies
the dynamics

Ξs = x+
∫ s

t
αudu t ≤ s ≤ T, α ∈ L1(t,∞) a.s.

where ηs = η(s,Xs), γs = γ(s,Xs), 0 ≤ s ≤ T . A minimizer of this functional is the
process Ξ∗ given by

Ξ∗
s = x exp

−
∫ s

t

(
Yu

ηu

)q−1

du


where (Y, Z) is the minimal supersolution of the BSDE

Yt = ξ −
∫ T

t
(p− 1) |Ys|q−1Ys

ηq−1
s

ds+
∫ T

t
γsds+

∫ T

t
ZsdWs, 0 ≤ t ≤ T, (1.8)

which is of the form of the BSDE of this chapter. According to the theorem of this chapter,
the process Y satisfies limt→T Yt = ξ. Thus there is no additional cost to minimize our
control problem.

1.4.2 Limit behavior of its Malliavin derivative

Chapter 3 of this thesis is the continuity of the previous application with the stochastic
control problem. We consider the same functional (J(t, α)) and BSDE (1.8) with param-
eters ξ = +∞, η and γ where P-a.s. limt→T Yt = ξ. We prove that the Malliavin derivative
DY of the process Y exists and is continuous on [0, T ) but can be discontinuous at the
terminal instant T . Thanks to this result we get that the solution of the associated PDE
is of class C1 on [0, T ) and how compute Greeks to get the sensitivity in our liquidation
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problem.

We assume some properties about the process η and γ in this chapter:

• The coefficient η is an Itô process:

ηt = η0 +
∫ t

0
bη

sds+
∫ t

0
ση

sdWs, 0 ≤ t ≤ T,

with an initial condition η0 ∈ R.

1. The drift βη : Ω × [0, T ] −→ R and the diffusion matrix ση : Ω × [0, T ] −→ R
are progressively measurable and bounded.

2. There exist η∗ and η∗ in R∗
+ such that, a.s. for any s ∈ [0, T ],

0 < η∗ ≤ ηs < η∗.

• The process γ is a progressively measurable, non-negative and bounded: there exists
γ∗ ∈ R∗

+ such that, a.s. for any s ∈ [0, T ],

0 ≤ γs ≤ γ∗.

Let us explain the difficulty. If we consider (Y n, Zn) the solution of the truncated BSDE

Y n
t = n+

∫ T

t

(
−(p− 1) |Y n

s |q−1Y n
s

ηq−1
s

+ γs

)
ds−

∫ T

t
Zn

s dWs, t ∈ [0, T ],

then (Y n, Zn) ∈ L2((0, T ),D1,2 × D1,2) and for any 0 ≤ t < θ ≤ T , DθY
n

t = 0, DθZ
n
t = 0

and, for any 0 ≤ θ ≤ t ≤ T ,

DθY
n

t =
∫ T

t

(
−(p− 1) |Y n

r |q−1

ηq−1
r

DθY
n

r + |Y n
r |q−1Y n

r

ηq
r

Dθηr +Dθγr

)
dr −

∫ T

t
DθZ

n
s dWs

(see Proposition 3.1.4 in Chapter 3).

However if n tends to +∞ in the previous BSDE then we get a linear BSDE

Ut =
∫ T

t

(
−(p− 1) |Yr|q−1

ηq−1
r

Ur + |Yr|q−1Yr

ηq
r

Dθηr +Dθγr

)
dr −

∫ T

t
VsdWs
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with a singular generator since

∫ T

0

|Yr|q−1

ηq−1
r

dr = +∞.

Such linear BSDEs with singular generator are studied in [52, 51] but to apply the results

of these papers, the process |Y |q−1Y

ηq
Dθη+Dθγ should be bounded. In general this property

does not hold.

Thus we have to proceed in a different way. Thanks to the assumptions about the
parameters, according to [42], the minimal solution Y of the BSDE can be written

Yt = ηt

(T − t)p−1 + 1
(T − t)p

Ht, 0 ≤ t ≤ T,

where H is the unique solution of the BSDE:

Ht =
∫ T

t
F (s,Hs)ds−

∫ T

t
ZH

s dWs, 0 ≤ t ≤ T,

with a singular generator F given by:

F (t, h) = [(T − t)bη
t + (T − t)pγt]

− (p− 1)ηt

(1 + 1
ηt(T − t)h

) ∣∣∣∣∣1 + 1
ηt(T − t)h

∣∣∣∣∣
q−1

− 1 − q
1

ηt(T − t)h
 .

To use the Malliavin calculus we assume that the process bη, η and γ are in valued
in D1,2 and their Malliavin derivative admit progressively measurable versions in L2(Ω ×
(0, T )× (0, T )). Thus we get the following result (Theorems 3.2.3 and 3.3.9 in Chapter 3).

Theorem. The process Y is valued in D1,2 and, for any 0 ≤ θ ≤ t < T ,

DθYt = Dθηt

(T − t)p−1 + 1
(T − t)p

DθHt

and if for some ϱ > 1,

sup
θ∈[0,T ]

E
[
|DθηT |ϱ +

∫ T

0
(|Dθb

η
s |ϱ + |Dθγs|ϱ + |Dθηs|ϱ) ds

]
< +∞
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then
lim

n→+∞
sup

θ∈[0,T ]
E
[

sup
t∈[0,T ]

(T − t)ℓp|DθYt −DθY
n

t |ℓ
]

= 0.

In particular for any 0 ≤ τ < T

lim
n→+∞

sup
θ∈[0,T ]

E
[

sup
t∈[0,τ ]

|DθYt −DθY
n

t |ℓ
]

= 0.

In other words there is a singularity at time T of the Malliavin derivative. But if the
proceee η is deterministic then we have limt→T |DθYt| = 0 = Dθξ and in this case there is
no discontinuity.

1.4.3 Discontinuity with a jump term

In Chapter 4 of this thesis (our article [21]) we try to generalize the theorem of the
first part about the behavior of the solution of the BSDE (1.6) by adding jumps in the
BSDE. Thus our BSDE becomes

Yt = ξ +
∫ T

t
f(s, Ys, Zs, Us)ds−

∫ T

t
ZsdWs −

∫ T

t
UsdÑs, 0 ≤ t ≤ T,

where the jump term is driven by a simple Poisson process N with intensity λ. If we
assume the same hypothesis than in the first part of this thesis, then we can conclude
that there is no continuity of the solution at the terminal instant. In particular this result
shows that the Malliavin derivative with jumps of [26] or [29] cannot help us in this study.
In particular we do not have the integration by parts.

Theorem. If the driver f is defined by

f(t, x, y, z, u) = −y|y|q−1, (t, x, y, z, u) ∈ [0, T ] × R4,

with q ≥ 2, and if the terminal condition is ξ = g(NT ) where g is a right barrier

g(x) = (+∞)1{x≥x0} + φ(x)1{x<x0}, x ∈ R,

with φ : R −→ R+ and x0 ∈ R, then the process Y is not continuous at terminal instant
T : P-a.s.

lim
t→T

Yt = +∞ ̸= ξ.
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To prove this result we begin by the case q = 2 in Section 4.2. The case q < 2 is shown
by comparison theorem in Section 4.3.1. We consider the associated PDE:

∂u

∂t
(t, x) − λu(t, x) − u(t, x)|u(t, x)| = −λu(t, x+ 1), (t, x) ∈ [0, T ] × R

u(T, x) = g(x), x ∈ R,

and approach the solution by truncation uK , K ∈ N∗. Thus the process Y is given by the
solution u which is itself given by the limit of the solution uK :

Yt = u(t, Nt) = lim
K→+∞

uK(t, Nt) = 1
T − t

, t ∈ [0, T ).

In particular we have limt→T Yt = limt→T
1

T − t
= +∞ ̸= g(NT ).

In Section 4.2.3 if we add a diffusion term to the BSDE to become

Yt = g(NT ) −
∫ T

t
Ys|Ys|ds−

∫ T

t
ZsdWs −

∫ T

t
UsdÑs

then the solution Y still does not satisfy the continuity property at the terminal T :
limt→T Yt = +∞ ̸= g(XT ).

But in Section 4.3.2 and in Section 4.4 we get two cases where the solution Y is
continuous at the terminal instant T .

Proposition. If f(t, y) = −y|yq−1 + f 0
t , (t, y) ∈ [0, T ] × R, with q > 2 and f 0 ∈

L1((0, T ),R), or if the function g is left barrier g(x) = (+∞)1{x≤x0} + φ(x)1{x>x0} then
limt→T Yt = g(XT ).

We conclude by the study of Euler scheme associated to this differential equation in
Section 4.5: 

u′(t) − λu(t) − u(t)|u(t)| = −λ 1
T − t

, t ∈ [0, T )

u(T ) = χ ∈ [0,+∞).

We used the implicit method to define the scheme (uN(tk))0≤k≤N :

uN(tN) = χ, uN(tk+1) = uN(tk) − hNf(tk, uN(tk)), k ∈ {0, · · · , N},

where hN = T

N
, tk = khN , k ∈ {0, · · · , N} and f(t, u) = λu + u2 − λ

1
T − t

, 0 ≤ t < T .
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Thus we have shown that the Euler scheme converges towards the solution u(t) = 1
T −t

, 0 ≤
t ≤ T, on all closed intervals of [0, T ).

Proposition. For any α ∈ (0, 1),

max
0≤k≤⌊αN⌋

∣∣∣∣uN(tk) − 1
T − tk

∣∣∣∣ −→
N→+∞

0.

An interesting fact is that the limit does not depend on the value of χ. In other words,
the behavior of the solution is not related to its terminal value.

1.4.4 Malliavin calculus with respect to a Hawkes process

In Chapter 5, we conclude this thesis by the development of a local Malliavin calculus
with respect to a Hawkes process. Our goal is to get a tool in our financial problems which
are modeled with a Hawkes process. For example if a process X satisfies a SDE driven by
a Hawkes process we get a absolute continuous criterion for the random variable XT . Or
we can compute Greeks with a such process.

The Hawkes process we will consider in this part is defined on the space Ω of càdlàg
trajectories equipped with a σ-field F :

Ω =
{+∞∑

i=1
i1[ti,ti+1), 0 < t1 < · · · < ti < · · ·

}

by, for any ω ∈ Ω,
Nt(ω) =

∑
s≤t

∆ωs, t ∈ R+.

The probability P on the filtered space (Ω,F) is such that the process N is a Hawkes
process on the probability space (Ω,F ,P) whose the jump instants are noted (Ti)i≥1.

To get the existence of a such Hawkes process, we assume, according to [24], that the
constant λ is nonnegative and the function µ : R+ −→ R+ is positive differentiable with
bounded derivative and such that ∥µ∥1 =

∫+∞
0 µ(t)dt < 1. The filtration is the P-complete

right continuous filtration (Ft)0≤t≤T generated by the Hawkes process N where T ∈ R∗
+

is a fixed time horizon.
The first step of our construction of a Malliavin derivative with respect to a Hawkes

process is to define a directional derivative with respect to a function m ∈ H where H is
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the following Hilbert space:

H =
{
m ∈ L2([0, T ])

∫ T

0
m(s)ds = 0

}
.

For this we consider a reparametrization of time τε for ε ∈ R∗
+ which depends on m ∈ H

and such that τε(0) = 0, τε(T ) = T and such that the number and the order of jump
times between 0 and T remain unchanged. Then we transfer this reparametrization to
any configuration ω ∈ Ω and any random variable F ∈ L2(Ω) by

Tε(ω) = ω ◦ τε, TεF = F ◦ Tε.

Thanks to this definition we can define our first domain of differentiabilty D0
m as the space

vector of F ∈ L2(Ω) such that the following limit exists in L2(Ω) and is defined as its
directional Malliavin derivative

DmF = ∂TεF

∂ε |ε=0
= lim

ε→0

TεF − F

ε
.

However the random variables of this space are not easily manipulable. So we consider a
vector subspace S of D0

m: we say that a random variable F ∈ S if

F = a1{NT =0} +
d∑

n=1
fn(T1, T2, · · · , Tn)1{NT =n}.

where a ∈ R, d ∈ N and, for any n ∈ {1, · · · , d}, the function fn : Rn −→ R is smooth
with bounded derivatives of any order. On this space we get the chain rule

DmΦ(F1, · · · , Fn) =
n∑

i=1

∂Φ
∂xi

(F1, · · · , Fn)DmFn

where F1, · · · , Fn ∈ S and Φ : Rn −→ R a smooth function (see Proposition 5.1.7).
Thanks this property and the absolute continuity of Pε = PT −1

ε with respect to P (see
Proposition 5.1.8), we get the following theorem.

We define Em on S by

Em(X, Y ) = E[DmXDmY ], X, Y ∈ S.

Theorem. (S, Em) is a closable quadratic bilinear form on L2(Ω).
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Chapter 1 – Introduction

Thus we define the directional Malliavin derivative Dm on the extension D1,2
m (see

Proposition 5.1.15 and Corollary 5.1.16).
The second step is to define the Malliavin derivative (D1,2, D) from L2(Ω) into L2(Ω; H)

such that
∀F ∈ D1,2,m ∈ H, DmF = ⟨DF,m⟩H =

∫ T

0
DtFm(t)dt.

For this we consider a Hilbert basis (mi)i∈N of the space H, the domain

D1,2 =
{
X ∈

+∞⋂
i=0

D1,2
mi
,

+∞∑
i=0

∥Dmi
X∥2

L2(Ω) < +∞
}

and the bilinear form

E(X,Y ) =
+∞∑
i=0

E[Dmi
XDmi

Y ], X, Y ∈ D1,2.

Theorem. (D1,2, E) is a local Dirichlet form which admits a carré du champ Γ[X,Y ] =
⟨DX,DY ⟩H, X, Y ∈ D1,2 and a gradient D

DX =
+∞∑
i=0

Dmi
Xmi ∈ L2(Ω,H), X ∈ D1,2.

Furthermore D1,2, E ,Γ and D do not depend on the choice of the basis (mi)i∈N.

Therefore we get similar properties to the directional derivative as the chain rule
and the density of S in D1,2 (see Remark 5.2.3). Moreover now we have a Malliavin
derivative, we are interested in its divergence operator (Dom(δ), δ). The main result about
the divergence is its expression for a predictable process u ∈ L2(Ω,H) in Corollary 5.2.7:

δ(u) =
∫

(0,T ]
(ψ(u, s) + û(s)µ(T − s) + u(s))dNs

where, for any t ∈ [0, T ], û(t) =
∫ t

0 u(s)ds and

ψ(u, t) = 1
λ∗(t)

∫
(0,t)

(m̂(t) − m̂(s))µ′(t− s)dNs.

The last step of our Malliavin derivative is to get applications. The first one is a
absolute continuity criterion: the image measure F∗[det(Γ[F ]).P] is absolutely continuous
with respect to the Lebesgue measure on Rd (see Theorem 5.3.5); thus, conditionally to
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1.4. Presentation of results of this thesis

Γ[F ] = (Γ[Fi, Fj])1≤i,j≤d ∈ GLd(R), the random vector F = (F1, · · · , Fd) ∈ (D1,2)d admits
a absolutely continuous law with respect to the Lebesgue measure on Rd (see Corollary
5.3.6). This result can be used to study the law of XT where the process X is solution of
stochastic differential equation:

Xt = x0 +
∫ t

0
f(s,Xs)ds+

∫
(0,t]

g(s,Xs−)dNs, 0 ≤ t ≤ T,

where the parameters x0, f and g satisfy usual assumptions (see Assumption 16). For
example, in dimension d = 1, if, for any (t, x) ∈ [0, T ] × R,

f(t, x+ g(t, x)) − f(t, x) − ∂g

∂x
(t, x)f(t, x) − ∂g

∂t
(t, x) ̸= 0

then, conditionally to {NT ≥ 1}, the law of XT is absolutely continuous with respect to
the Lebesgue measure on R. This is the case if the parameters f and g do not depend on
t ∈ [0, T ] and if the Wronskian W (f, g) = g′ ×f−f ′ ×f satisfies |W (f, g)| > 1

2∥f ′′∥∞∥g∥2
∞

(see Theorem 5.4.9 and Corollary 5.4.11). The second application is to compute Greeks
when we consider an asset price S which satisfies a SDE driven by the Hawkes process

dSt = rStdt+ σSt−dÑt, S0 = x0.

Indeed for example we get an expression of ∂

∂x0
E[1{NT ≥1}f(ST )] with terms which can be

simulated from the simulation of the Hawkes process (N, λ∗) where f is not necessarily a
regular function (see (5.19) and Proposition 5.4.17).
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Chapter 2

GROWTH CONDITION ON THE

GENERATOR OF BSDE WITH SINGULAR

TERMINAL VALUE ENSURING CONTINUITY

UP TO TERMINAL TIME

In this chapter we are interested in the limit behavior of the solution of a backward
stochastic differential equation (BSDE for short) with singular terminal condition. BSDEs’
theory has been widely developed since more than 30 years because they are a very useful
tool in two domains: stochastic optimal control and partial differential equations (PDEs
for short). In the first topic, BSDEs naturally appear as the adjoint equation in the
Pontryagin’s maximum principle (see for example [86, Chapters 3 and 7]). The dynamics
of this equation is given on a time interval [0, T ] in a backward way: a terminal condition
is given and the equation should be solved from T to 0. Concerning their application
in PDEs theory, BSDEs provide an extension of the Feynman-Kac formula to non-linear
PDE and the couple forward SDE and BSDE is a method of characteristics to solve a
second-order PDE (see [72, Sections 5.4 and 5.7] or [87, Chapter5]).

To obtain a solution with suitable integrability condition, it is usually assumed that
the terminal condition of the BSDE, denoted ξ, is integrable, as in [72, Section 5.3]. Then
a priori estimates show that the solution of the BSDE is also integrable. But a large class
of PDEs doesn’t satisfy such constraint. Indeed for forward reaction-diffusion PDE of the
form

∂u

∂t
− ∆u+ uq = 0,

with q > 1, it is known that the initial value of u can be equal to +∞. This property
has been proved by analytic methods in [65] or by probabilistic 1 arguments in [30, 31].

1. The notion of superprocesses is used, which is completely different from our method.
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continuity up to terminal time

Roughly speaking, the solution can blow up on a non-empty set: limt→0 u(t, x) = +∞.
Furthermore in the context of stochastic control, if a target is imposed on the final value
of the state process Ξ, then a singularity appears in the related adjoint equation. The
optimal liquidation problem in finance is a typical example where the mandatory liqui-
dation constraint can be written as: ΞT = 0 and the terminal value for the BSDE is +∞
almost surely (see [5, 80]).

Let us now fix some notations. In this chapter, we consider BSDE of the following
form

Yt = ξ +
∫ T

t
F (s, Ys, Zs)ds−

∫ T

t
ZsdWs,

where W is a d-dimensional Brownian motion, the function F is called the generator
or the driver and ξ is the terminal condition. Since we impose that the solution is adapted
to the underlying filtration generated by W , the solution is the couple (Y, Z). blueWe
classically assume that F is continuous and monotone w.r.t. y and Lipschitz continuous
w.r.t. z. When ξ is integrable, these assumptions are sufficient to obtain a solution (see [72,
Section 5.3]). However to ensure the existence of a solution without integrability condition
on ξ, [56, 76] show that it is sufficient to impose that there exist a positive process η and
q > 1 such that

∀y ∈ R+, ∀(s, z) ∈ [0, T ] × Rd, F (s, y, z) − F (s, 0, z) ≤ −ηs|y|q.

Then there exists a minimal solution (Y, Z) such that a.s.

lim inf
t→T

Yt ≥ ξ = YT . (2.1)

This behavior is sufficient to solve the related control problem with constraint, see [56,
Section 2]. The possible lack of continuity at time T is due to the singularity of ξ ; in
other words if ξ is in Lp(Ω) for some p > 1, then a.s.

lim
t→T

Yt = ξ = YT . (2.2)

A natural question is: if ξ is not in some Lp space, under which conditions on F or on
ξ, does (2.2) hold ? This question is called the continuity problem and has been studied
in [74, 76, 81, 66, 1]. This question is important and we refer to [1, Section 1.1] for the
implications of this problem. The known results can be summarized as follows:
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• The existence of the left limit at time T only depends on F , see [76, Theorem 3.1].
• Equality in (2.1) holds in the Markovian case and if the growth of F is sufficient fast

(when y tends to ∞), see [76, Theorem 4.5]. Roughly speaking, q > 3 is assumed
in this result.

• Going beyond the Markovian setting has been done in [66], but again under a
strong growth condition on F , or in [81, 1], but for specific terminal conditions ξ.

The quadratic case (q = 2) nor the financial data-driven case of [4], where q is estimated
around 1.6, are not included in the existing literature.

The aim of the chapter is to obtain the P-a.s. equality

lim inf
t→T

Yt = ξ = YT , (2.3)

in the Markovian framework, without restriction on the growth of F , that is for any q > 1.
Hence in the rest of the chapter, we consider the system

Xt = x0 +
∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dWs, (2.4)

Yt = g(XT ) +
∫ T

t
F (s,Xs, Ys, Zs)ds−

∫ T

t
ZsdWs, (2.5)

with unknown stochastic processes (X, Y, Z) with values in Rm ×R×Rd and with measur-
able parameters: b : [0, T ] ×Rm −→ Rm, σ : [0, T ] ×Rm −→ Rm×d, g : Rm −→ R∪ {+∞}
and F : [0, T ] × Rm × R × Rd −→ R.

In [74], the specific case F (s, x, y, z) = −y|y|q−1, q > 1, is studied and it is proved
that (2.3) holds. The arguments of the proof are not the same if q > 3 or not. When q is
sufficiently large, an a priori estimate on Z and Hölder’s inequality are used, whereas for
q ≤ 3, the Malliavin calculus is used to control the process Z, with the equality Zt = DtYt

and the Malliavin by-parts integration.
Here we are going to generalize this result, with two novelties. The first one of this

chapter concerns the drift b. To obtain the Malliavin derivative DY of Y , it is usually
assumed that σ and b have bounded derivatives w.r.t. x, which ensures that the Malliavin
derivative DX of X solves a linear SDE with bounded coefficients, and thus DX verifies
some strong integrability properties. These properties are then used to derive the existence
of DY (see [33] or [67]). This setting is kept in [74, 76]. With the representation Zt = DtYt

and a by-parts integration, E(Ztϕ(Xt)) is transformed into E(Ytψ(Xt)), where ψ depends
on ϕ and on the probability density function p of X. To ensure the existence of p, a
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uniform ellipticity condition on σ, together with the boundedness of b and σ, are also
assumed in [74, 76].

In this chapter, we do not still suppose that b is Lipschitz conitnuous in x. In contrast
to the other papers, we take advantage of the uniform ellipticity condition to remove
the drift with a Girsanov transformation on the SDE (2.4). Therefore we only assume
that b is bounded, of class C1, with derivatives of polynomial growth. We are aware that
some works prove the existence of the Malliavin derivative for X, without the Lipschitz
condition on b (see for example [68]). However the existence of DX (in a weak sense),
without good integrability properties, is not sufficient to obtain the existence of DY . This
is the reason why we modify the SDE in order to keep a Malliavin derivative with suitable
integrability conditions. The key point is that if (2.3) holds under P, it holds under any
other probability measure equivalent to P.

The second main novelty of this chapter concerns the generator F . The used framework
is standard for BSDE, that is F is Lipschitz continuous w.r.t. z. But, to be able to manage
this dependence on z, if q ≤ 3, we suppose that:

|F (s, x, 0, z) − F (s, x, 0, 0)| ≤ C(1 + |x|ℓ)|z|α, 0 ≤ α <
2(q − 1)
q + 1 ≤ 1. (2.6)

Under this condition, we prove that (2.3) holds. If q > 3, we only suppose that F is
Lipschitz continuous in z (as in [76]). Therefore there is an interplay between the growth
of F w.r.t. y, controlled by q, and the growth w.r.t. z, controlled by α. In particular when
q is close to one, f should be almost bounded in z. As far as we know, this property is
new in the BSDEs’ literature but also in the PDE theory.

If F is linear w.r.t. z, Condition (2.6) cannot be satisfied. But the Girsanov transfor-
mation of the SDE, used if b is not Lipschitz continuous, adds a new linear term in the
generator F of the form ⟨a(t,Xt), Zt⟩. Therefore this condition is incompatible with this
modification. Therefore we split F into two parts: F (t, x, y, z) = f(t, x, y, z) + ⟨a(t, x), z⟩
and we show that it is sufficient that only the function f satisfies Condition (2.6). In other
words if F is linear w.r.t. z, we don’t need (2.6) to have (2.3).

Notice that our result (2.3) is not satisfied if we consider a BSDE with jumps

Yt = ξ +
∫ T

t
F (s,Xs, Ys, Zs, Us)ds−

∫ T

t
ZsdWs −

∫ T

t

∫
R
Us(e)Ñ(ds, de), 0 ≤ t ≤ T,

where Ñ is a compensated Poisson random measure. Indeed a counter-example is devel-

58



opped in Section 4 with a simple Poisson process N , a simple driver F (s, x, y, z, u) =
−y|y|q−1, q > 1 and a simple SDE X = N . In this case, there is discontinuity in T :
lim
t→T

Yt = +∞ ̸= ξ.

Breakdown of the chapter. In the next section, we present the known results on
BSDE with singular terminal condition.

The main result of this chapter (Theorem 2.2.1) is stated at the beginning of Section
2.2. The rest of this chapter contains the proof of this result.

Essential points of our reasonning are based on the fact the we are in a Markovian
framework, that is the randomness of the driver F at the moment t is given only through
the random variable Xt and ξ is a function of XT . First to obtain (2.3) on the non-
singular set {ξ < +∞}, we use test-processes φ(X), where φ is a test-function with
compact support in the non-singular set. Instead of Y , we study φ(X)Y . At time T ,
φ(XT )YT = φ(XT )ξ is integrable. Moreover in the Itô’s formula, the cross variation term
is of the form ∇φ(X)σ(X)Z. To deal with this term, especially when q is small, the
Markovian setting is again crucial. Indeed we can represent the process Zt as the Malliavin
derivative of Y : Zt = DtYt, and we use a Malliavin integration by parts (see Proposition
2.2.5 and Corollaries 2.2.7 and 2.2.8). Let us note here that the use of test functions can be
generalized to smooth Itô functionals, as in [66]. However, outside the Markovian setting,
we do not know how to control the cross-variation term when q is small (see Condition
(H) in [66], which requires q > 3).

To obtain these results,X should have a Malliavin derivative with suitable integrability
conditions. Under our setting, we use the Girsanov transformation to remove the drift part
of the SDE. Note that if b is Lischitz continuous, we don’t need this transformation.

Since we are able to control the cross variation term, we can also deal to a linear
term w.r.t. z: ⟨a, Z⟩. For large values of q, this linear term is superfluous and could be
contained in F . But for q < 3, Condition (2.6) excludes linear growth and then adding
this linear term ⟨a(t, x), z⟩ makes sense. This is the first reason why we assume the par-
ticular structure (2.13) for F . Another reason comes from the Girsanov transform. Indeed
changing the probability measure to manage the drift b in the SDE, adds a linear term
in the BSDE. Let us note that the same conditions are imposed on b (drift of the SDE)
and a (linear part of the BSDE).

In Section 2.3, we first state a comparison result for the minimal solutions of BSDEs
with singular terminal condition. A direct consequence of this comparison principle for
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BSDE shows that (2.3) holds if the generator is bounded from above by a generator
satisfying the assumptions of our main result.

In Part 2.3.2, we apply this continuity result to the optimal liquidation problem studied
in [56]. The goal is to minimize

J(t, α) = E
[∫ T

t
(ηs|αs|p + γs|Ξs|p) ds+ ξ|ΞT |p

∣∣∣∣∣Ft

]
,

among all α such that the state process Ξ is given by dΞt = αtdt, with fixed Ξ0. On the set
{ξ = +∞}, to have a finite cost, the terminal value ΞT should be equal to zero. Hence the
full liquidation studied in [5] corresponds to the case ξ = +∞ a.s. The value function of
this control problem, together with an optimal control, are given by the solution (Y, Z) of
a BSDE with terminal value ξ (see BSDE (2.28)) with the limit behavior (2.1). The lack
of continuity at time T is interpreted as an extra cost due to the liquidation constraint. In
the Markovian setting, we prove that there is no additional cost to minimize the control
problem.

In Section 2.3.3, we also apply our result to the related PDE:
∂u

∂t
(t, x) + L(u)(t, x) + F (t, x, u(t, x), (∇uσ)(t, x)) = 0, ∀(t, x) ∈ [0, T ] × Rm

u(T, x) = g(x), ∀x ∈ Rm,

(2.7)

where L is the infinitesimal generator of the SDE (2.4):

L(u) = ⟨b,∇u⟩ + 1
2tr

(
σσ∗∇2u

)
. (2.8)

The singular case {g = +∞} ̸= ∅ has been studied in [31, 61, 65] when F (s, x, y, z) =
−y|y|q−1, but not when F depends on z. In [75], F could depend on z but only for large
values of q (see [75, Theorem 2]). This paper fills the gap if (2.6) holds. In other words
the minimal viscosity solution u satisfies the continuity condition

lim
(t,x)→(T,x0)

u(t, x) = g(x0).

In the appendix 2.4, we set out all technical inequalities required in the proof of our
main result.
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Notations In this chapter we consider a deterministic time horizon T ∈ R∗
+, a probabil-

ity space (Ω,F ,P), a d-dimensional Brownian motion (Wt)0≤t≤T defined on the probability
space and (Ft)t∈[0,T ] the augmented filtration generated by W . For all p ∈ [1,+∞), we
remind:

• If p ≥ 2, D1,p is the domain of the Malliavin derivative operator in Lp(Ω). Fur-
thermore we note D1,∞ = ⋂

p≥2
D1,p. For A ∈ D1,p we note (DθA)0≤θ≤T its Malliavin

derivative and for X a D1,p-process we note (DθXt)0≤θ,t≤T .
• Sp((0, T ),Rk) is the space of stochastic progressively measurable processes (At)0≤t≤T

with values in Rk such that

E
[

sup
0≤t≤T

|At|p
]
< +∞

and S∞((0, T ),Rk) = ⋂
p≥1 S

p((0, T ),Rk).
• Hp((0, T ),Rk) is the space of stochastic progressively measurable processes (At)0≤t≤T

with values in Rk such that

E

(∫ T

0
|At|2dt

) p
2
 < +∞

and H∞((0, T ),Rk) = ⋂
p≥1 H

p((0, T ),Rk).
• Whenever the notation T− appears in the definition of a process space, we mean

the set of all processes whose restrictions satisfy the respective property when T−
is replaced by any T − ε, ε > 0. For example,

Sp((0, T−),Rk) =
⋂
ε>0

Sp((0, T − ε),Rk).

Moreover we say that a sequence (Fn)n∈N converges towards F ∈ Sp((0, T−),Rk) in
Sp((0, T−),Rk) if for any ε > 0, the sequence (Fn)n∈N converges to F in Sp((0, T −
ε),Rk).

In the rest of the chapter, C denotes a generic constant, which can depend on other
coefficients, and may change from line to line.
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continuity up to terminal time

2.1 Setting and known results

2.1.1 SDE with control of the density

To ensure existence and uniqueness of the solution X of the SDE (2.4), we suppose
that the parameters b and σ satisfy the next conditions.

Assumption 7.

1. σ is bounded and continuous on [0, T ] × Rm and of class C2 with respect to x with
bounded first derivatives and bounded second derivatives of σσ∗:

∀i, j ∈ {1, ...,m}, ∂σ

∂xi

,
∂2(σσ∗)
∂xi∂xj

∈ L∞([0, T ] × Rm).

2. σσ∗ is uniformly λ-elliptic: there exists λ > 0 such that

∀s ∈ [0, T ], ∀(x, y) ∈ Rm × Rm, ⟨σ(s, x)σ∗(s, x)y, y⟩ ≥ λ|y|2.

3. b is bounded and continuous on [0, T ] × Rm and of class C1 with respect to x with
polynomial growth derivatives: there exist ℓ ∈ [1,+∞) and C ≥ 0 such that

∀s ∈ [0, T ], ∀x ∈ Rm,

∣∣∣∣∣ ∂b∂xi

(s, x)
∣∣∣∣∣ ≤ C(1 + |x|ℓ).

Under these conditions 2, according to [84, Theorem 6], the SDE (2.4) has a unique
solution X in S∞((0, T ),Rm). Furthermore we have according to [23]:

Proposition 2.1.1. The process X admits a probability density p such that:

1. On [ε, T ] ×Rm, the density p is continuous with respect to (t, x) with a continuous
derivative with respect to x.

2. There exists c ∈ R∗
+ such that, for all s ∈ (0, T ] and x ∈ Rm,

1
cs

1
2

exp
(

−c |x− x0|2

s

)
≤ p(s, x) ≤ c

s
1
2

exp
(

−|x− x0|2

cs

)
.

Remark 2.1.2. The second property is the well known Aronson’s estimate (see [6, 50,
77, 82]). If the function b linearly grows with a second derivative with polynomial growth

2. Note that boundedness of b is sufficient to get existence and uniqueness.
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w.r.t. x, then the result is still true but we have to add a term exp(cs|x|2) in the upper
bound and exp(−s|x|2/c) in lower bound (see [38, Proposition 1.2]). In general, if the
function σ is also with linear growth, then the Aronson estimate is not verified. However
we only need a positive lower bound for the density to obtain our result. For example if X
is a geometric Brownian motion, the probability density is log-normal and thus our result
also holds in this case.

2.1.2 BSDE with singular terminal condition

For the BSDE (2.5), we use classical hypotheses on the generator F .

Assumption 8.

1. The function F is continuous and monotone with respect to y: there exists χ ∈ R
s.t.

∀(t, x, y, y′, z) ∈ [0, T ] × Rm × R × R × Rd,

(y − y′)(F (t, x, y, z) − F (t, x, y′, z)) ≤ χ|y − y′|2.

2. There exists a constant ℓ ∈ [1,+∞) such that for all ρ ∈ N, there exists K̃ρ ≥ 0
such that

∀t ∈ [0, T ], x ∈ Rm, z ∈ Rd, sup
|y|≤ρ

|F (t, x, y, z)| ≤ K̃ρ(1 + |x|ℓ + |z|).

3. The function F is of class C1 and uniformly Lipschitz continuous in z: there exists
K ≥ 0 such that

∀s ∈ [0, T ], x ∈ Rm, y ∈ R, z, z′ ∈ Rd, |F (s, x, y, z) − F (s, x, y, z′)| ≤ K|z − z′|.

Under this framework, if ξ = g(XT ) ∈ Lp(Ω) for some p > 1, then there exists a unique
solution (Y, Z) ∈ Sp((0, T ),R)×Hp((0, T ),Rd) to the BSDE (2.5) (see [19, Theorem 4.2]).

Our goal is to deal with singular terminal condition. We consider the Markovian frame-
work with a terminal condition

ξ = g(XT )

where g : Rm → R+ is a deterministic measurable function. We assume the next setting
for g.

Assumption 9.
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1. The function g : Rm −→ R+ is measurable.

2. The set of singularities S = {x ∈ Rm, g(x) = +∞} is closed in Rm.

3. The function g is continuously differentiable and Lipschitzian on each

On = {x ∈ Rm, g(x) ≤ n}

for every n ∈ N.

4. The singular terminal condition ξ = g(XT ) satisfies a local integrability condition:
for all compact set K of Rm\S,

g(XT )1K(XT ) ∈ L1(Ω,FT ).

To construct a solution when the terminal condition ξ is not integrable, we proceed
by truncation and consider the following BSDE: for any n ∈ N

Y n
t = ξn +

∫ T

t
F n(s,Xs, Y

n
s , Z

n
s )ds−

∫ T

t
Zn

s dWs, t ∈ [0, T ] (2.9)

with

ξn = φn(ξ), F n(s, x, y, z) = F (s, x, y, z) − F (s, x, 0, 0) + φn(F (s, x, 0, 0)),

where (φn)n∈N a non-decreasing sequence of smooth non-decreasing functions such that

∀n ∈ N, ∀u ∈ R, φn(u) =

 u if u ≤ n− 1
n if u ≥ n+ 1

, u∧(n−1) ≤ φn(u) ≤ u∧n. (2.10)

Proposition 2.1.3. Under Conditions 7, 8 and 9, the truncated BSDE (2.9) admits a
unique solution (Y n, Zn) in Sp((0, T ),R) × Hp((0, T ),Rd) for all p ∈ (1,+∞). Moreover
the sequence Y n is non-decreasing and the process Y n is bounded from above: there exists
a constant C such that for m ≤ n

∀t ∈ [0, T ], Y m
t ≤ Y n

t ≤ C(T + 1)n.

Proof. Existence and uniqueness directly follows from [19, Theorem 4.2]. Indeed 0 ≤ ξn ≤

64



2.1. Setting and known results

n, thus ξn is bounded. For any s ∈ [0, T ],

−C(1 + |Xs|ℓ) ≤ F n(s,Xs, 0, 0) = F (s, x, 0, 0) ∧ n ≤ n.

Therefore, for any ρ > 1,

E
[∫ T

0
|F n(s,Xs, 0, 0)|ρds

]
< +∞.

The driver f is Lipschitz with respect to z, continuous and Lispchitz with respect to y.
For any r ∈ R∗

+,

E
[∫ T

0
sup
|y|≤r

|F n(t,Xt, y, 0) − F n(t,Xt, 0, 0)|dt
]

E
[∫ T

0
sup
|y|≤r

|F (t,Xt, y, 0) − F (t,Xt, 0, 0)|dt
]

≤ 2E
[∫ T

0
sup
|y|≤r

|F (t,Xt, y, 0)|dt
]

≤ 2K̃rE
[∫ T

0
(1 + |Xt|r)dt

]
< +∞.

Now standard a priori estimate on the solution of a BSDE (see [72, Theorem 5.30]) and
the comparison theorem (see [72, Theorem 5.33]) imply that there exists C̃ ≥ 0 such that
if m ≤ n, then a.s. for any t ∈ [0, T ]

Y m
t ≤ Y n

t ≤ C̃e(χ+2C̃2)Tn(T + 1),

where C̃ depends on the Lipschitz constant of F w.r.t. z. This achieves the proof of this
proposition.

Since Y n
t is a non-decreasing sequence, its limit Yt exists. However the upper estimate

on Y n is not sufficient to ensure that Yt is finite. But let us emphasize that for any n,
Y 0 ≤ Y n ≤ Y with Y 0 ∈ S∞((0, T ),R).

Finally to obtain a suitable a priori estimate on Y n, we add extra assumptions on F .

Assumption 10.
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1. The functions F satisfies:

∀s ∈ [0, T ], x ∈ Rm, F (s, x, 0, 0) ≥ 0.

2. There exist q > 1, a positive process η whose inverse is of polynomial growth,
C ∈ R∗

+ and ℓ ∈ [1,+∞) such that

∀s ∈ [0, T ], x ∈ Rm,
1

η(s, x) ≤ C(1 + |x|ℓ)

and

∀y ∈ R+, t ∈ [0, T ], x ∈ Rm, z ∈ Rd, F (t, x, y, z) − F (t, x, 0, z) ≤ −η(t, x)|y|q.

Then we have, according to [76] applied with φn (controlled between · ∧ (n − 1) and
· ∧ n) instead of with · ∧ n, the following result.

Proposition 2.1.4. Under Conditions 7, 8, 9 and 10, the sequence (Y n, Zn)n∈N con-
verges to (Y, Z) in S∞((0, T−),R) × H∞((0, T−),Rd). The limit (Y, Z) is the minimal
supersolution to the BSDE (2.5) on [0, T [ in the sense that:

1. The couple (Y, Z) belongs to S∞((0, T−),R) ×H∞((0, T−),Rd).

2. The process Y is nonnegative.

3. For all 0 ≤ s ≤ t < T ,

Ys = Yt +
∫ t

s
F (r,Xr, Yr, Zr)dr −

∫ t

s
ZrdWr.

4. The process Y satisfies the supercondition (2.3) on the left at t = T : a.s.

lim inf
t→T

Yt ≥ ξ.

5. The process (Y, Z) is minimal: if (Ỹ , Z̃) satisfies the four previous points, then a.s.
for any t, Yt ≤ Ỹt.

Proof. We check that the assumptions of this section holds to apply [76, Theorem 2.6].
• ξ = g(XT ) and F (t,Xt, 0, 0) are nonnegative and P(ξ = +∞) > 0.
• The driver F is continuous and monotone with respect to y.
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• For all ρ > 0,

sup
|y|≤ρ

|F (t,Xt, y, 0) − F (t,Xt, 0, 0)|

= sup
|y|≤ρ

|f(t,Xt, y, 0) − f(t,Xt, 0, 0)| ≤ 2 sup
|y|≤ρ

|F (t,Xt, y, 0)|

≤ 2Kρ(1 + |Xt|p) ≤ 2Kρ

(
1 + sup

0≤s≤T
|Xs|p

)
∈ L1((0, T ) × Ω).

• The driver F is Lipschitz continuous with respect to z.
• The driver F does not depend on a jump term.
• The growth of the driver F with respect to y satisfies for all y ∈ R+,

∀y ∈ R+, t ∈ [0, T ], x ∈ Rm, z ∈ Rd, F (t, x, y, z) − F (t, x, 0, z) ≤ −η(t, x)|y|q.

• As the inverse of the process η is of polynomial growth, X ∈ S∞((0, T ),Rm) and
according to Assumption 8, we have, writing q∗ the Hölder conjugate of q,

E


∫ T

0

(
1

(q − 1)η(s,Xs)

) 1
q−1

+ (T − s)q∗F (s,Xs, 0, 0)
ℓ

ds

 < +∞.

We deduce the result according to [76, Theorem 2.6].

A key step to obtain this result is the existence of a suitable a priori estimate on Y n.

Proposition 2.1.5. Under Conditions 7 to 10, for any r > 1, there exists a constant
Kr depending on r > 1 (and the constants in our assumptions) such that a.s. for any
t ∈ [0, T ] and n ≥ 1:

Y n
t ≤ 1

(T − t+ 1
nq−1 )q∗

 1
nq−1 +Kr

E
 ∫ T

t

( q∗ − 1
η(s,Xs)

)q∗−1

+(T − s+ 1)q∗F (s,Xs, 0, 0))r ds

∣∣∣∣∣Ft

)] 1
r

 (2.11)

where q∗ is the Hölder conjugate of q: 1
q

+ 1
q∗

= 1.

The proof of this proposition is set out in the appendix. As a consequence, the process
Y satisfies on [0, T ):

67
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0 ≤ Y n
t ≤ Yt ≤ Kr

(T − t)q∗

[
E
( ∫ T

t

((
q∗ − 1
η(s,Xs)

)q∗−1

+(T − s+ 1)q∗F (s,Xs, 0, 0)
)r

ds

∣∣∣∣∣Ft

)] 1
r

. (2.12)

Remark 2.1.6. The non-negativity condition in 10 on F (s, x, 0, 0) can be relaxed. Then
the minimal supersolution Y is only bounded from below by Y 0 ∈ S∞((0, T ),R). We give
details in Remark 2.3.4.

As mentioned in the introduction, our aim is to prove that (2.3) holds: a.s. lim inf
t→T

Yt =
ξ. Note that on the event {ξ = +∞}, we directly have lim

t→T
Yt = lim inf

t→T
Yt = ξ = +∞.

2.2 Main result and its proof

Taking into account:
• the fact that (2.6) rules out the linear case,
• the transformation of the SDE (2.4) when b is not Lipschitz continuous (see Gir-

sanov transformation 2.2.1),
we suppose that the driver of the BSDE (2.5) can be written:

F (t,Xt, Yt, Zt) = f(t,Xt, Yt, Zt) + ⟨a(t,Xt), Zt⟩ (2.13)

where f : [0, T ] × Rm × R × Rd → R and a : [0, T ] × Rm → Rd are measurable determin-
istic functions. We assume that a is bounded and f satisfies Condition 8 and 10. Hence
these two assumptions are also verified by F . Therefore one can easily check that Propo-
sitions 2.1.3, 2.1.4, 2.1.5 are still valid. Moreover to obtain the Malliavin differentiability
of (Y n, Zn), we impose that F is of class C1 w.r.t. (x, y, z) with derivatives of polynomial
growth. In details:

Assumption 11.

1. The function f is of class C1 with respect to y and the partial derivative ∂f

∂y
is

locally uniformly bounded:

∀M ∈ R∗
+, ∃CM ∈ R∗

+,
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∀y ∈ [−M,M ], s ∈ [0, T ], x ∈ Rm, z ∈ Rd,∣∣∣∣∣∂f∂y (s, x, y, z)
∣∣∣∣∣ ≤ CM .

2. The function f is of class C1 with respect to x and the partial derivative are locally
uniformly polynomial growth with respect to y:

∃ℓ ∈ [1,+∞), ∀M ∈ R∗
+, ∃CM ∈ R∗

+, ∀y ∈ [−M,M ], s ∈ [0, T ], x ∈ Rm, z ∈ Rd,

∣∣∣∣∣ ∂f∂xi

(s, x, y, z)
∣∣∣∣∣ ≤ CM(1 + |x|ℓ + |z|ℓ).

3. The function a verifies the same condition as b in Assumption 7, namely a is
bounded and of class C1 with respect to x and the partial derivatives of the function
a are polynomial growth: there exists C ∈ R∗

+ such that

∃ℓ ∈ [1,+∞), ∀s ∈ [0, T ], x ∈ Rm,

∣∣∣∣∣ ∂a∂xi

(s, x)
∣∣∣∣∣ ≤ C(1 + |x|ℓ).

Remark that since f is Lipschitz continuous w.r.t. z (Assumption 8), its partial deriva-
tive w.r.t. z is bounded. Moreover we can choose a constant ℓ as the maximum between
the quoted constants in Assumptions 7, 8, 10 and 11. Let us state our main result.

Theorem 2.2.1. Assume that the generator F admits the structure given by (2.13) and

that Assumptions 7 to 11 hold. If for q ≤ 3 there exist 0 ≤ α <
2(q − 1)
q + 1 , C ∈ R∗

+ and
ℓ ≥ 1 such that

∀(s, x, z) ∈ [0, T ] × Rm × Rd, |f(s, x, 0, z) − f(s, x, 0, 0)| ≤ C(1 + |x|ℓ)|z|α, (2.14)

then the minimal supersolution (Y, Z) to the BSDE (2.5) built in Proposition 2.1.4 satisfies
P-almost surely: lim inf

t→T
Yt = ξ.

Remark 2.2.2. The growth assumption of f w.r.t. z is new and never appears in the
existing literature. Note that for q > 3, Condition (2.14) holds with α = 1 from Assumption
8, as in [76]. Let us again emphasize that this growth assumption does not concern the
linear part ⟨a, z⟩ of F .

The rest of this section concerns the proof of this result. Evoke that (Y n, Zn) is the
solution of the BSDE (2.9) and satisfies the properties of Proposition 2.1.3, whereas the
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limit (Y, Z) is given in Proposition 2.1.4.

2.2.1 Malliavin differentiability of the couple (Y n, Zn)

Our main tool is the Malliavin calculus. As explained in the introduction, the Malliavin
differentiability of (Y, Z) relies on the differentialbility of X. If b is Lipschitz continuous
(or of class C1 with bounded derivative), we could directly apply Proposition 2.2.3 below
to the SDE (2.4) and keep the initial system (2.4)-(2.5).

With our more general setting, we can apply [68, Theorem 3.3], which states that
X has a Malliavin derivative DθX. But the integrability properties of DθX may be lost
and these properties are crucial to obtain the Malliavin derivative of Y n (see Proposition
2.2.5).

A transformation of the system (2.4)-(2.5)

To circumvent this issue, we modify the system using Girsanov’s transformation. From
Assumption 7, σ is uniformly elliptic thus (σσ∗)(s, x) is invertible for any s ∈ [0, T ], x ∈
Rm. The SDE (2.4) can be written:

Xt = x0 +
∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dWs,

= x0 +
∫ t

0
σ(s,Xs)

[
dWs + σ∗(s,Xs)(σ(s,Xs)σ∗(s,Xs))−1b(s,Xs)ds

]
= x0 +

∫ t

0
σ(s,Xs)dW̃s.

Moreover σ∗(σσ∗)−1b is bounded. Hence according to the Girsanov theorem, there
exists a probability measure Q equivalent to P such that for any t ∈ [0, T ]

W̃t = Wt +
∫ t

0
(σ∗(σσ∗)−1)(s,Xs)b(s,Xs)ds

defines a Q-Brownian motion. Since Q and P are equivalent, P-a.s. convergence is equiv-
alent to a Q-a.s. convergence. In other words (2.3) can be proved Q or P almost surely.

Let us emphasize that W and W̃ generate the same filtration. Indeed, since X is
the solution of (2.4), X and W̃ are adapted to the filtration FW of W . By the strong
uniqueness of the solution of the SDE dX = σ(·, X)dW̃ , X is also FW̃ measurable, which
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means that
Wt = W̃t −

∫ t

0
(σ∗(σσ∗)−1)(s,Xs)b(s,Xs)ds

is also measurable w.r.t. FW̃ . Hence the filtrations coincide.

Concerning the BSDE (2.5), we obtain

dYt = −F (t,Xt, Yt, Zt)dt+ ⟨(σ∗(σσ∗)−1)(t,Xt)b(t,Xt), Zt⟩dt+ ⟨Zt, dW̃t⟩

= −f(t,Xt, Yt, Zt)dt− ⟨a(t,Xt) − (σ∗(σσ∗)−1)(t,Xt)b(t,Xt)︸ ︷︷ ︸
=:̃a(t,Xt)

, Zt⟩dt+ ⟨Zt, dW̃t⟩

= −f(t,Xt, Yt, Zt)dt− ⟨ã(t,Xt), Zt⟩dt+ ⟨Zt, dW̃t⟩.

The term ã = a− σ∗(σσ∗)−1b satisfies the same assumptions as a and b: ã is bounded
and of class C1 with polynomial growth derivatives.

Hence applying the Girsanov theorem leads to

Xt = x0 +
∫ t

0
σ(s,Xs)dW̃s (2.15)

Yt = g(XT ) +
∫ T

t
f(s,Xs, Ys, Zs)ds+

∫ T

t
⟨ã(s,Xs), Zs⟩ds−

∫ T

t
⟨Zs, dW̃s⟩

= g(XT ) +
∫ T

t
F̃ (s,Xs, Ys, Zs)ds−

∫ T

t
⟨Zs, dW̃s⟩ (2.16)

with ã = a − σ∗(σσ∗)−1b. Thus, even if it means considering Q, W̃ , ã instead of P,W, a,
we can assume

b = 0.

Now we can compute the Malliavin derivative of X. Indeed under Conditions (7) on
σ, according to [69, Theorem 2.2.1], we have:

Proposition 2.2.3. The SDE (2.15) admits a unique solution X in S∞((0, T ),Rm) such
that:

1. For all t ∈ [0, T ], X i
t ∈ D1,∞ and for all p ∈ [1,+∞[,

sup
0≤θ≤t

E
[

sup
θ≤s≤T

|DθX
i
s|p
]
< +∞. (2.17)
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2. The process DX i satisfies the linear SDE

DθX
i
t = σi(θ,Xθ) +

d∑
j=1

m∑
k=1

∫ t

θ

∂σj
i

∂xk

(s,Xs)DθX
k
s dW

j
s , 0 ≤ θ ≤ t ≤ T,

where we note σ = (σj
i )1≤i≤m,1≤j≤d, and DθX

i
t = 0, 0 ≤ t < θ ≤ T .

Remark 2.2.4. When b is of class C1 but with bounded derivatives, the previous result
holds for the SDE (2.4) with

DθX
i
t = σi(θ,Xθ) +

m∑
k=1

∫ t

θ

∂bi

∂xk

(s,Xs)DθX
k
s ds+

d∑
j=1

m∑
k=1

∫ t

θ

∂σj
i

∂xk

(s,Xs)DθX
k
s dW

j
s ,

without needing to assume b = 0 by considering Q, W̃ , ã.

Differentiability for the BSDE

We show the Malliavin differentiability of the couple (Y n, Zn), due to [67, Theorem
5.1 and Application 6.1]. The next result is based on Proposition 2.2.3, in particular on
the estimates (2.17) on DθX.

Proposition 2.2.5. Under Conditions 7 to 11, the solution (Y n, Zn) of the truncated
BSDE (2.9) is in L2([0, T ],D1,2 × D1,2). Moreover for all 0 ≤ t < θ ≤ T , DθY

n
t = 0,

DθZ
n
t = 0 and, for all 0 ≤ θ ≤ t ≤ T ,

DθY
n

t = Dθξ
n −

∫ T

t
DθZ

n
s dWs +

∫ T

t

(
∂F n

∂y
(s,Xs, Y

n
s , Z

n
s )DθY

n
s

+
d∑

i=1

∂F n

∂zi

(s,Xs, Y
n

s , Z
n
s )DθZ

i,n
s +DθF

n(s,Xs, Y
n

s , Z
n
s )
)
ds. (2.18)

Proof. Note that 0 ≤ Y n
t ≤ Cn(T + 1). Indeed Proposition 2.1.3 holds if a is replaced

by ã (only the constant C is modified). Thus we can assume that the driver F n admits
a bounded partial derivative w.r.t. y. Indeed with assumptions 11, we can consider a
function f̃ with bounded partial derivative w.r.t. y and which coincides with the function
f for y ∈ [0, Cn(T + 1)]. Replacing f by f̃ in (2.9) leads to the same solution (Y n, Zn).
In this case we deduce the assumptions of the application 6.1 of [67]: (A1) due to 7.1-2,
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(A2)(i) due to 9.3 and (A2)(ii) due to 8.3, 11 and because

E
[∫ T

0
|F n(t,Xt, 0, 0)|2dt

]
≤ E

[∫ T

0
|f(t,Xt, 0, 0) ∧ n|2dt

]
≤ Tn2 < +∞.

Then we deduce the representation of Zn as the Malliavin derivative of Y n:

Corollary 2.2.6. We have for any t ∈ [0, T ], DtY
n

t = Zn
t .

Proof. According to [64, Lemma 2.4]:

DθY
n

t = ∇Y n
t (∇Xθ)−1σ(θ,Xθ)1{θ≤t},

where ∇X,∇Y n,∇Zn are the notations of the variational equation associated to the
FBSDE on [t, T ]


X t,x

s = x+
∫ s

t
σ(r,Xr)dWr

Y n,t,x
s = gn(X t,x

T ) +
∫ T

s
F n(r,X t,x

r , Y n,t,x
r , Zn,t,x

r )dr −
∫ T

s
Zn,t,x

r dWr,

with gn = φn ◦ g. In other words for each i ∈ {1, . . . ,m}, (∇iX,∇iY
n,∇iZ

n) are the
solutions of the FBSDE

∇iXs = ei +
d∑

j=1

∫ s

t
∇xσ

j(r,X t,x
r )∇iXrdW

j
r

∇iY
n

s = ∇xgn(XT )∇iXT +
∫ T

s

(
∇xF

n(r,Xr, Y
n

r , Z
n
r )

+∂F
n

∂y
(r,Xr, Y

n
r , Z

n
r ) + ⟨∇zF

n(r,Xr, Y
n

r , Z
n
r ),∇iZ

n
r ⟩
)
dr −

∫ T

s
∇iZ

n
r dWr,

where (e1, . . . , em) is the canonical basis of Rm. Note that ∇xgn and ∇xF
n
r make sense

because we have truncated with a smooth function φn, and note that ∇X satisfies a linear
SDE with initial condition ∇Xt = Im, thus ∇Xs ∈ GLm(R) for any s ∈ [t, T ], P-a.s. and
(∇Xs)−1 makes sense. Moreover, according to [87, Lemma 5.2.3]:

Zn
t = ∇Y n

t (∇Xt)−1σ(t,Xt).

Therefore we deduce the desired result.
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We also deduce the following results from [74, Proposition 16]. The difference with
[74] is the dependence with respect to z of the driver F but the proof uses the same
arguments. In particular due to the fact that we are in a Markovian framework, the
property that Y n

t = un(t,Xt) with a deterministic function un (solution of the partial
differential equation associated to the truncated BSDE) holds (see [33, Theorem 4.1]).

Corollary 2.2.7. For all φ ∈ C2
c (Rm) (set of functions of class C2 with compact support),

there exists a measurable function ψ : [0, T ] × Rm → R such that, for all t ∈ [0, T ],

E[|Y n
t ψ(t,Xt)|] < +∞, E[⟨Zn

t ,∇φ(Xt)σ(t,Xt)⟩] = −E[Y n
t ψ(t,Xt)]

and the function ψ is given by the formula

ψ(t, x) =
d∑

i=1
(∇φσ)i(t, x)div(pσi)(t, x)

p(t, x) + tr
(
∇2φ(x)(σσ∗)(t, x)

)

+
d∑

i=1
⟨∇φ(x), ((∇σi)σi)(t, x)⟩,

with p(t, ·) the density of Xt.

Corollary 2.2.8. For all φ ∈ C2
c (Rm), there exists a measurable function ψ : [0, T ] ×

Rm → R such that, for all t ∈ [0, T ],

E[|Y n
t ψ(t,Xt)|] < +∞, E [φ(Xt)⟨a(t,Xt), Zn

t ⟩] = −E
[
Y n

t ψ(t,Xt)
]

and the function ψ is given by

ψ(t, x) =
d∑

i=1

(
φ(x)ai(t, x)div(pσi)(t, x)

p(t, x) + ai(t, x)⟨∇φ(x), σi(t, x)⟩

+φ(x)⟨∇ai(t, x), σi(t, x)⟩
)
.

From now on and in the rest of this part 2.2, we work either with (2.4)-(2.5) under P or
with (2.15)-(2.16) under Q, with the same notations, so that the statements of Corollaries
2.2.7 and 2.2.8 hold.
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2.2.2 Central equation

To study the limit behavior of the process Y at time T , we consider the term φ(Xt)Y n
t

for every function φ regular with support included in the complementary of the singular
set S and we study the behavior at time T of this term. We suppose w.l.o.g. that f
satisfies Conditions 8 with χ = 0, that is f is non-increasing w.r.t. y (see [56, Remark 1]
or Lemma 1.1.15).

First we use Itô’s formula and the previous corollaries to deduce:

Proposition 2.2.9. Under Conditions 7 to 11, for all φ ∈ C2
c (Rm), we have for any n

and any t

E[φ(XT )Y n
T ] − E[φ(Xt)Y n

t ] + E
[∫ T

t
φ(Xs)φn(f(s,Xs, 0, 0))ds

]

= E
[∫ T

t
Y n

s Ψ(s,Xs)ds
]

− E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

− E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))ds
]
, (2.19)

with
Ψ(t, x) = Ψ(t, x) + ψ(t, x) = L(φ)(s, x) − ψ(t, x) + ψ(t, x),

ψ and ψ being given in Corollaries 2.2.7 and 2.2.8, and L by (2.8) with b = 0.

Proof. We have, thanks to the Itô formula,

Y n
T φ(XT ) = Y n

t φ(Xt) +
∫ T

t
Y n

s L(φ)(s,Xs)ds+
m∑

i=1

d∑
j=1

∫ T

t
Y n

s

∂φ

∂xi

(Xs)σi,j(s,Xs)dW j
s

−
∫ T

t
φ(Xs)F n(s,Xs, Y

n
s , Z

n
s )ds+

∫ T

t
φ(Xs)Zn

s dWs

+
m∑

i=1

d∑
j=1

∫ T

t
Zj,n

s

∂φ

∂xi

(Xs)σi,j(s,Xs)ds.

But the appearing stochastic integrals are true martingales because ∂φ

∂xi

, φ and σ are
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bounded and (Y n, Zn) ∈ S2((0, T ),R)×H2((0, T ),Rd). Thus, by applying the expectation,

E[Y n
T φ(XT )] = E[Y n

t φ(Xt)] + E
[∫ T

t
Y n

s L(φ)(s,Xs)ds
]

−E
[∫ T

t
φ(Xs)F n(s,Xs, Y

n
s , Z

n
s )ds

]

+
m∑

i=1

d∑
j=1

E
[∫ T

t
Zj,n

s

∂φ

∂xi

(Xs)σi,j(s,Xs)ds
]
.

Furthermore, due to the Fubini theorem and to Corollary 2.2.7,

E[Y n
T φ(XT )] = E[Y n

t φ(Xt)] + E
[∫ T

t
Y n

s L(φ)(s,Xs)ds
]

−E
[∫ T

t
φ(Xs)F n(s,Xs, Y

n
s , Z

n
s )ds

]
− E

[∫ T

t
Y n

s ψ(s,Xs)ds
]
.

We arrive at the equality

E[Y n
T φ(XT )] = E[Y n

t φ(Xt)] − E
[∫ T

t
φ(Xs)F n(s,Xs, Y

n
s , Z

n
s )ds

]

+E
[∫ T

t
Y n

s Ψ(s,Xs)ds
]
,

with Ψ(s, x) = L(φ)(s, x) − ψ(s, x). But we also have

E
[∫ T

t
φ(Xs)F n(s,Xs, Y

n
s , Z

n
s )ds

]

= E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

+ E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))ds
]

+ E
[∫ T

t
φ(Xs)⟨a(s,Xs), Zn

s ⟩ds
]

+ E
[∫ T

t
φ(Xs)φn(f(s,Xs, 0, 0))ds

]
,

76



2.2. Main result and its proof

with, according to Corollary 2.2.8 and the Fubini theorem,

E
[∫ T

t
φ(Xs)⟨a(s,Xs), Zn

s ⟩ds
]

= −E
[∫ T

t
Y n

s ψ(s,Xs)ds
]
.

Therefore

E[φ(XT )Y n
T ] − E[φ(Xt)Y n

t ] + E
[∫ T

t
φ(Xs)φn(f(s,Xs, 0, 0))ds

]

= E
[∫ T

t
Y n

s Ψ(s,Xs)ds
]

− E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

− E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))ds
]
,

with Ψ = Ψ + ψ, which achieves the proof.

2.2.3 Control of the different terms in the central equation

The set S is closed (Assumption 9), so Sc = {x ∈ Rm, g(x) < +∞} is open. We
consider any ζ ∈ C2

c (Rm) such that 0 ≤ ζ ≤ 1, ζ|S = 0 and φ = ζβ with

β ≥ 2q∗ = 2q
q − 1 >

q

q − 1 > 1. (2.20)

This power β will be usefull when we will have to differentiate the function φ, in particular
in Lemma 2.4.5.

Thanks to the study of the behavior of different terms in the central equation (2.19)
with the function φ = ζβ, we can pass to the limit as n tends to ∞ in Equation (2.19).

Proposition 2.2.10. Under conditions of Theorem 2.2.1, as n tends to +∞, we obtain:
for any t ∈ (0, T ]

E[φ(XT )ξ] − E[φ(Xt)Yt] + E
[∫ T

t
φ(Xs)f(s,Xs, 0, 0)ds

]

= E
[∫ T

t
YsΨ(s,Xs)ds

]
− E

[∫ T

t
φ(Xs)(f(s,Xs, Ys, Zs) − f(s,Xs, 0, Zs))ds

]

− E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zs) − f(s,Xs, 0, 0))ds

]
. (2.21)

In this equation, all terms are finite.
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Proof. We are going to study each term of the central equation (2.19) given in Proposition
2.2.9:

1. For the terms E[φ(XT )Y n
T ] and E[φ(Xt)Y n

t ], convergence is obtained by monotone
convergence theorem

E[φ(XT )Y n
T ] −→

n→+∞
E[φ(XT )ξ], E[φ(Xt)Y n

t ] −→
n→+∞

E[φ(Xt)Yt].

Indeed if K is the support of φ,

0 ≤ φ(XT )ξ = φ(XT )g(XT )1{XT ∈K} ≤ g(XT )1K(XT ) ∈ L1(Ω),

thanks to Assumption 9, and also φ(Xt)Yt ∈ L1(Ω) because φ is bounded and
Y ∈ S∞((0, T−),R) (see Proposition 2.1.4).

2. For the term E
[∫ T

t
φ(Xs)φn(f(s,Xs, 0, 0))ds

]
, by construction of the φn and

monotone convergence,

E
[∫ T

t
φ(Xs)φn(f(s,Xs, 0, 0))ds

]
−→

n→+∞
E
[∫ T

t
φ(Xs)f(s,Xs, 0, 0)ds

]
.

Indeed

0 ≤ E
[∫ T

t
φ(Xs)|f(s,Xs, 0, 0)|ds

]
≤ CT

(
1 + E

[
sup

0≤s≤T
|Xs|ℓ

])
< +∞.

3. For the term E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))ds
]
, we have

|φ(Xs)(f(s,Xs, 0, Zn
s ) − f(s,Xs, 0, 0))|

= φ(Xs)
|f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0)|
|Zn

s |α
1{|Zn

s |̸=0}|Zn
s |α.

with, by Condition (2.14) on the function f

|f(s,Xs, 0, Zn
s ) − f(s,Xs, 0, 0)|
|Zn

s |α
1{|Zn

s |̸=0} ≤ C(1 + |Xs|ℓ).
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Since φ is bounded, we obtain:

|φ(Xs)(f(s,Xs, 0, Zn
s ) − f(s,Xs, 0, 0))| ≤ C(1 + |Xs|ℓ)|Zn

s |α. (2.22)

Thus, according to Proposition 2.2.3 and Lemma 2.4.4 in the appendix, we deduce
that there exist C ≥ 0 and ν > 0 such that

E
(∫ T

0
|φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))|1+ ν
2

)
ds ≤ C.

Indeed we have by Hölder inequality with p = 1 + ν

1 + ν
2
> 1

E
(∫ T

0
|φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))|1+ ν
2 ds

)

≤ CE
(∫ T

0
(1 + |Xs|ℓ)1+ ν

2 |Zn
s |α(1+ ν

2 )ds

)

≤ C

(
E
[∫ T

0
(1 + |Xs|ℓ)(1+ ν

2 )p∗ds

]) 1
p∗
(
E
[∫ T

0
|Zn

s |α(1+ν)ds

]) 1
p

≤ C.

The sequence of processes (φ(X)(f(·, X, 0, Zn) − f(·, X, 0, 0)))n∈N is bounded in
L1+ ν

2 (Ω × [0, T ]).

Hence this sequence is uniformly integrable and we can deduce that for any
ε > 0, there exists δ0 > 0 such that for any n

E
[∫ T

T −δ0
|φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))|ds
]

≤ ε.

Furthermore, again with Lemma 2.4.4 the same arguments prove:

E
[∫ T

0
φ(Xs)|f(s,Xs, 0, Zs) − f(s,Xs, 0, 0)|ds

]
≤ CE

[∫ T

0
|Zs|αds

]
< +∞.

Then there exists δ1 ∈ (0, δ0] such that

E
[∫ T

T −δ1
|φ(Xs)(f(s,Xs, 0, Zs) − f(s,Xs, 0, 0))|ds

]
≤ ε.
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Now for any p > 1, the sequence (Zn)n∈N converges in Hp((0, T − δ1),Rd) to Z

(Proposition 2.1.4). Therefore since f is a Lipschitz continuous function w.r.t. z,

lim
n→+∞

E
[∫ T −δ1

0
φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))ds
]

= E
[∫ T −δ1

0
φ(Xs)(f(s,Xs, 0, Zs) − f(s,Xs, 0, 0))ds

]
.

Hence there exists N ∈ N such that for any n ≥ N

∣∣∣∣∣E
[ ∫ T −δ1

0
φ(Xs)(f(s,Xs, 0, Zn

s )

− f(s,Xs, 0, 0))ds
]

− E
[∫ T −δ1

0
φ(Xs)(f(s,Xs, 0, Zs) − f(s,Xs, 0, 0))ds

] ∣∣∣∣∣ ≤ ε.

With f(s,Xs, 0, 0) = f 0(s), we deduce that
∣∣∣∣∣E
[∫ T

0
φ(Xs)(f(s,Xs, 0, Zn

s ) − f 0(s))ds
]

− E
[∫ T

0
φ(Xs)(f(s,Xs, 0, Zs) − f 0(s))ds

] ∣∣∣∣∣ ≤ 3ε

Thus

lim
n→+∞

E
[∫ T

0
φ(Xs)(f(s,Xs, 0, Zn

s ) − f 0(s))ds
]

= E
[∫ T

0
φ(Xs)(f(s,Xs, 0, Zs) − f 0(s))ds

]
.

4. For the term E
[∫ T

t
Y n

s Ψ(s,Xs)ds
]
, we have,

Y n
s Ψ(s,Xs) =

(
η(s,Xs)

1
qY n

s φ(Xs)
1
q

)
×
(
Ψ(s,Xs)η(s,Xs)− 1

qφ(Xs)− 1
q 1φ(Xs)>0

)
.
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Thus, by Hölder’s inequality,

E
[∫ T

t

∣∣∣Y n
s Ψ(s,Xs)

∣∣∣ ds] ≤
(
E
[∫ T

t
η(s,Xs)(Y n

s )qφ(Xs)ds
]) 1

q
(
E
[∫ T

t
Γ(s,Xs)ds

]) 1
q∗

,

(2.23)
with

Γ(s, x) = |Ψ(s, x)|q∗η(s, x)− 1
q−1φ(x)− 1

q−1 1{φ(x)>0}. (2.24)

Given that the function Ψ involves the density p of the process X which has a
singularity in t = 0, we consider ε > 0 and verifiy that Γ(·, X(·)) ∈ L1([ε, T ] × Ω).
The fact to consider [ε, T ] is not a problem because we study the behavior at time
T , that is when t tends to T . We have, according to Lemma 2.4.5 in the appendix,
for any t ≥ ε,

E
[∫ T

t
Γ(s,Xs)ds

]
< +∞.

According to the previous points,

E[φ(XT )Y n
T ] − E[φ(Xt)Y n

t ] + E
[∫ T

t
φ(Xs)φn(f(s,Xs, 0, 0))ds

]

+ E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))ds
]

is the term of a convergent sequence. Moreover from our equation of interest (2.19), it is
equal to

−E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

+ E
[∫ T

t
Y n

s Ψ(s,Xs)ds
]
.

Hence there exists a constant C such that
(
E
[∫ T

t
Γ(s,Xs)ds

]) 1
q∗

≤ C

and

−E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

+ E
[∫ T

t
Y n

s Ψ(s,Xs)ds
]

≤ C.
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From the second assumption of 10,

E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

≤ −E
[∫ T

t
φ(Xs)η(s,Xs)(Y n

s )qds

]
.

Hence for any n and t

E
[∫ T

t
φ(Xs)η(s,Xs)(Y n

s )qds

]
+ E

[∫ T

t
Y n

s Ψ(s,Xs)ds
]

≤ C.

Let’s introduce some notations to understand the behavior of sequences

un = E
[∫ T

t
φ(Xs)η(s,Xs)(Y n

s )qds

]
, vn = E

[∫ T

t
Y n

s Ψ(s,Xs)ds
]
.

We have un + vn ≤ C, and, by the inequality (2.23) and our choice of C, |vn| ≤ Cu
1
q
n .

Thus un ≤ C − vn ≤ C + u
1
q
n , i.e. un − u

1
q
n ≤ C. But, noting hq(x) = x − x

1
q , the set{

x ∈ R+, x− x
1
q ≤ C

}
= h−1

q ([0, C]) is bounded. Indeed lim+∞ hq = +∞ and [0, C] is
compact. Thus (un)n∈N is a bounded sequence by C ∈ R∗

+. Therefore the sequence

γn = φ(X)
1
q η(·, X)

1
qY n

is bounded in Lq([0, T ] × Ω) and nondecreasing. Thus we have the convergence of γn to γ
in Lq([0, T ] × Ω). But we also have the almost sure convergence: a.s. for all s ∈ [0, T ],

γn = φ(Xs)
1
q η(s,Xs)

1
qY n

s −→
n→+∞

φ(Xs)
1
q η(s,Xs)

1
qYs.

Thus, by limit uniqueness, γ(s) = φ(Xs)
1
q η(s,Xs)

1
qYs. For any t ≥ ε,

E
[∫ T

t
Y n

s Ψ(s,Xs)ds
]

= E

∫ T

t
φ(Xs)

1
q η(s,Xs)

1
qY n

s

Ψ(s,Xs)
φ(Xs))

1
q η(s,Xs)

1
q

1{φ(Xs)>0}ds



−→
n→+∞

E

∫ T

t
φ(Xs)

1
q η(s,Xs)

1
qYs

Ψ(s,Xs)
φ(Xs)

1
q η(s,Xs)

1
q

1{φ(Xs)>0}ds

 = E
[∫ T

t
YsΨ(s,Xs)ds

]

because
Ψ(s,Xs)

φ(Xs)
1
q η(s)

1
q

1{φ(Xs)>0} ∈ Lq∗([ε, T ] × Ω).
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Indeed from Lemma 2.4.5∣∣∣∣∣∣ Ψ(s,Xs)
φ(Xs)

1
q η(s)

1
q

1{φ(Xs)>0}

∣∣∣∣∣∣
q∗

= Γ(s,Xs) ∈ L1([ε, T ] × Ω).

For the remaining term E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]
, f is supposed

to be non-increasing with respect to y (see the beginning of Section 2.2.2) and, by con-
struction of the processes Y n, the sequence (Y n)n∈N∗ increasingly converges to Y . Thus
the monotone convergence theorem gives us the convergence

E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

−→
n→+∞

E
[∫ T

t
φ(Xs)(f(s,Xs, Ys, Zs) − f(s,Xs, 0, Zs))ds

]
.

Coming back to the central equation (2.19), we also deduce the convergence of the sequence

E
[∫ T

t
φ(Xs)(f(s,Xs, Y

n
s , Z

n
s ) − f(s,Xs, 0, Zn

s ))ds
]

−→
n→+∞

−E[φ(XT )ξ] + E[φ(Xt)Yt] − E
[∫ T

t
φ(Xs)f(s,Xs, 0, 0)ds

]

+ E
[∫ T

t
YsΨ(s,Xs)ds

]

− E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zs) − f(s,Xs, 0, 0))ds

]

where the limit is finite due to the previous estimates, which achieves the proof of this
proposition.

Remark 2.2.11. The Malliavin calculus allows us to control each linear term which
involves Zn

t = DtY
n

t . Even if a = 0, Zn appears in the cross variation. For the term with
the increment of f with respect to z

E
[∫ T

t
φ(Xs)(f(s,Xs, 0, Zn

s ) − f(s,Xs, 0, 0))ds
]
,

even if we could linearize it (see Section 2.4.1 and the proof of Proposition 2.1.5 in the
Appendix) and get ⟨lns , Zn

s ⟩, we don’t have an expression of the Malliavin derivative of ln.
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This is the reason why we add this regularity condition (2.14).

2.2.4 Conclusion about the BSDE

The different terms in Equation (2.21) of Proposition 2.2.10 are integrable. Thus, when
t tends to T , we obtain

E[φ(XT )ξ] = lim
t→T

E[φ(Xt)Yt].

So, according to the Fatou lemma and Proposition 2.1.4,

E[φ(XT )ξ] ≥ E
[
lim inf

t→T
φ(Xt)Yt

]
= E

[
φ(XT ) lim inf

t→T
Yt

]
≥ E[φ(XT )ξ].

Therefore inequalities above are equalities. Thus for every function φ whose support is
included in {ξ < +∞}, we have

φ(XT ) lim inf
t→T

Yt = ξφ(XT ).

Thus, on {ξ < +∞}, lim inf
t→T

Yt = ξ. Since we already know that this equality holds on
{ξ = +∞}, this achieves the proof of Theorem 2.2.1.

2.3 Corollaries and applications

2.3.1 General comparison theorem and generalization of Theo-
rem 2.2.1

We can consider two singular terminal conditions ξ1 and ξ2 and two drivers F1, F2 :
[0, T ] × Rm × R × Rd −→ R which satisfy comparison inequalities. Thus we obtain this
following corollary about the associated minimal solutions.

Proposition 2.3.1. We assume that the Asumptions 8 and 10 hold for the two different
drivers F1, F2 instead of the driver F . We also suppose that the terminal conditions are
non-negative and that the following inequalities hold:

ξ1 ≤ ξ2, (2.25)

∀(t, x, y, z) ∈ [0, T ] × Rm × R × Rd, F1(t, x, y, z) ≤ F2(t, x, y, z). (2.26)
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Thus the minimal solutions (Y 1, Z1), (Y 2, Z2) (in the sense of Proposition 2.1.4), asso-
ciated to the BSDE (2.5) with respectively the paramaters (F1, ξ1), (F2, ξ2), satisfy the
comparison principle: a.s.

∀t ∈ [0, T ], Y 1
t ≤ Y 2

t . (2.27)

Proof. Let us consider (Y 1,n, Z1,n) the solution of the BSDE with terminal condition
ξn

1 = φn(ξ1) and generator

F n
1 (s, x, y, z) = F1(s, x, y, z) − F1(s, x, 0, 0) + φn(F1(s, x, 0, 0))

where the functions (φn) are given by (2.10). For all ε > 0 and 0 ≤ t ≤ T − ε < T , we
have

Y 2
t − Y 1,n

t = Y 2
T −ε − Y 1,n

T −ε +
∫ T −ε

t
F2(s,Xs, Y

2
s , Z

2
s ) − F1(s,Xs, Y

2
s , Z

2
s )ds

+
∫ T −ε

t
F1(s,Xs, Y

2
s , Z

2
s ) − F1(s,Xs, Y

1,n
s , Z1,n

s )ds

+
∫ T −ε

t
F1(s,Xs, 0, 0) − φn(F1(s,Xs, 0, 0))ds−

∫ T −ε

t
Z2

s − Z1,n
s dWs.

Note that we can split the next term:
∫ T −ε

t
F1(s,Xs, Y

2
s , Z

2
s ) − F1(s,Xs, Y

1,n
s , Z1,n

s )ds

=
∫ T −ε

t
F1(s,Xs, Y

2
s , Z

2
s ) − F1(s,Xs, Y

1,n
s , Z2

s )ds

+
∫ T −ε

t
F1(s,Xs, Y

1,n
s , Z2

s ) − F1(s,Xs, Y
1,n

s , Z1,n
s )ds.

and use a classical linearization trick (see among other [87, Theorem 4.2.3])

∫ T −ε

t
F1(s,Xs, Y

2
s , Z

2
s ) − F1(s,Xs, Y

1,n
s , Z1,n

s )ds

=
∫ T −ε

t
αn

s (Y 2
s − Y 1,n

s )ds+
∫ T −ε

t
βn

s (Z2
s ) − Z1,n

s )ds.

From our assumption 8, βn is a bounded process (by K, uniformly in n) and αn is bounded
from above (by χ, uniformly in n). Using the expression of the solution of a linear BSDE
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([87, Proposition 4.2.1]), we obtain

Y 2
t − Y 1,n

t = E
[
(Y 2

T −ε − Y 1,n
T −ε)Γn(t, T − ε)

+
∫ T −ε

t

(
F2(s,Xs, Y

2
s , Z

2
s ) − F1(s,Xs, Y

2
s , Z

2
s )
)

Γn(t, s)ds
∣∣∣∣∣Ft

]

+ E
[∫ T −ε

t
(F1(s,Xs, 0, 0) − φn(F1(s,Xs, 0, 0))) Γn(t, s)ds

∣∣∣∣∣Ft

]

with
Γn(t, s) = exp

(∫ s

t

(
αn

u − 1
2(βn

u )2
)
du+

∫ s

t
βn

udWu

)
.

From the definition of φn, the last term is non-negative. From our assumption on F1 and
F2, the last but one term is also non-negative. Hence

Y 2
t − Y 1,n

t ≥ E
[
(Y 2

T −ε − Y 1,n
T −ε)Γn(t, T − ε)

∣∣∣∣∣Ft

]
.

From Proposition 2.1.3, we know that

Y 2
T −ε − Y 1,n

T −ε ≥ −Cn(T + 1)

since Y 2 is non-negative. Γn is non-negative and bounded from above by

ζn(t, s) = exp
(

−
∫ s

t

1
2(βn

u )2du+
∫ s

t
βn

udWu

)

which belongs to any Sp((t, T ),R), p > 1 (see [79]). Hence we can use Fatou’s lemma to
deduce that

Y 2
t − Y 1,n

t ≥ E
[
lim inf

ε→0
(Y 2

T −ε − Y 1,n
T −ε)Γn(t, T )

∣∣∣∣∣Ft

]
≥ E

[
(ξ2 − φn(ξ1))Γn(t, T )

∣∣∣∣∣Ft

]
≥ 0.

We used the fact that a.s.

lim inf
t→T

Y 2
t ≥ ξ2, lim

t→T
Y 1,n

t = φn(ξ1).

Hence a.s. Y 2 −Y 1,n ≥ 0. Since this inequality holds for all n, the same holds for Y 2 −Y 1,
which achieves the proof.
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Remark 2.3.2. The Markovian setting is not used here. This result holds if the generators
are defined on [0, T ] × Ω × R × Rd and if the generators are singular in the sense of [56]:
Condition 8-2 is replaced by: for any ρ ≥ 0

E
[

sup
|y|≤ρ

|Fi(t, ω, y, z) − Fi(t, ω, 0, z)|
]
< +∞, E

∫ T

0
(T − s)q∗Fi(s, ω, 0, 0)ds < +∞.

The continuity at time T is also not necessary to compare the minimal solutions. Hence
we do not need all assumptions of Theorem 2.2.1.

With the previous proposition, we can generalize Theorem 2.2.1. We consider a driver
F : [0, T ] × Rm × R × Rd −→ R which satisfies the following conditions.

Assumption 12. The function F satisfies Conditions 8 and 10 and there exists f and a
such that

∀(t, x, y, z) ∈ [0, T ] × Rm × R × Rd, F (t, x, y, z) ≤ f(t, x, y, z) + ⟨a(t, x), z⟩,

where the functions f and a verify Assumptions 8, 10 and 11. Moreover (2.14) holds for
f .

We can apply Proposition 2.1.4 for the BSDE with driver F and obtain a minimal
supersolution (Y F , ZF ).

Corollary 2.3.3. Under Assumptions 7, 9 and 12 we have the limit behavior: P-almost
surely

lim inf
t→T

Y F
t = ξ.

Proof. We have, according to Assumption 12 and Proposition 2.3.1, a.s. for any t ∈ [0, T ]
Y F

t ≤ Yt. Then ξ ≤ lim inft→T Y
F

t ≤ lim inft→T Yt = ξ. The proof is complete.

Remark 2.3.4. Instead to suppose g ≥ 0 and F (s, x, 0, 0) ≥ 0, we can assume that for
some ρ > 1,

ξ− = (g(XT ))− ∈ Lρ(Ω), (F (s,Xs, 0, 0))− ∈ Lρ((0, T ) × Ω).
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Indeed we have by Itô’s formula

(Y n
t )− ≤ ξ− −

∫ T

t
(F (s,Xs, Y

n
s , Z

n
s ) − F (s,Xs, 0, 0))1{Y n

s ≤0}ds+
∫ T

t
F (s,Xs, 0, 0)−ds

−
∫ T

t
Zn

s 1{Y n
s ≤0}dWs.

Then for any n,

(Y n
t )− ≤ E

[
ξ−E(t, T ) +

∫ T

t
F (s,Xs, 0, 0)−E(t, s)ds

∣∣∣∣∣Ft

]
=: Ŷt,

with E(t, T ) = exp
(
χ(T − t) +K(WT −Wt) −K2T − t)

2

)
. Thus Ŷt ∈ Sρ−ε((0, T ),R)

for any ε > 0 and −Ŷt ≤ Y n
t ≤ Yt. Furthermore we have lim

t→T
Y −

t = ξ−, lim inf
t→T

Yt ≥ ξ. So
we can limit our study to Y +

t .

2.3.2 Application to optimal liquidation problem

With the notations of the papers [5, 56] in the Brownian case without jumps, we
consider the Markovian BSDE

Yt = ξ −
∫ T

t
(p− 1) |Ys|q−1Ys

ηq−1
s

ds+
∫ T

t
γsds+

∫ T

t
ZsdWs, 0 ≤ t ≤ T, (2.28)

where ηs = η(s,Xs) and γs = γ(s,Xs). X still denotes the solution of the SDE (2.4)
with Condition 7. Thus, with the assumptions of [5, 56], the driver of this BSDE satisfies
Assumption 12. So we have a unique minimal supersolution (Y, Z).

From here we consider the stochastic control problem to minimize the functional

J(t, α) = E
[∫ T

t
(ηs|αs|p + γs|Ξs|p) ds+ ξ|ΞT |p

∣∣∣∣∣Ft

]

over all α ∈ A(t, x) where A(t, x) is the set of admissible controls such that Ξ satisfy the
dynamics

Ξs = x+
∫ s

t
αudu t ≤ s ≤ T, α ∈ L1(t,∞) a.s.

Note that there is an implicit constraint on ΞT : when ξ = +∞, to obtain a finite cost, ΞT

must be equal to zero. The mandatory liquidation corresponds to the case ξ = +∞ a.s.
and is studied in [5].
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In [56], it is proved that a minimizer of the functional J is the process Ξ∗ given by

Ξ∗
s = x exp

−
∫ s

t

(
Yu

ηu

)q−1

du


where (Y, Z) is the minimal supersolution of the BSDE (2.28). Moreover the value function
of this control problem is given by v(t, x) = |x|pYt.

Evoke that a.s. limt→T Yt ≥ ξ (see Proposition 2.1.4; existence of the limit is given by
[76]). This condition is sufficient to solve the control problem. But it means that the value
function only satisfies: a.s.

lim
t→T

v(t, x) ≥ |x|pξ.

Hence there could be an extra cost, due to the liquidation constrain (or the terminal
singularity of the BSDE).

Now if 7, 9 and 12 hold, then Corollary 2.3.3 shows that a.s.

lim
t→T

Yt = lim inf
t→T

Yt = ξ and lim
t→T

v(t, x) = |x|pξ.

Therefore there is no additional cost to minimize our control problem. This result was
already proved in [76] but for large values on q, that is small values on p. Our result states
that the equality also holds for any p > 1.

Remark 2.3.5. The Malliavin calculus has been used to control Z and establish the
continuity property of Y . In that application to mathematical finance, it could be used
to analyze sensitivity with respect to the parameters η and γ. So, it would be natural to
study the Malliavin derivability of Y and the convergence of D·Y

n to D·Y . This will be
the object of further researches.

2.3.3 Application to partial differential equation

We consider the partial differential equation (2.7) associated to the FBSDE (2.4)-(2.5).
where the operator L is given by (2.8). Thus, according to the article [75], we consider
the function

u(t, x) = Y t,x
t (t, x) ∈ [0, T ] × Rm,
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where Y t,x is the unique minimal super-solution of the Markovian FBSDE
X t,x

s = x+
∫ s

t
b(r,X t,x

r )dt+
∫ s

t
σ(r,Xr)dWr t ≤ s ≤ T,

Y t,x
s = g(X t,x

T ) +
∫ T

s
F (r,X t,x

r , Y t,x
r , Zt,x

r )dr −
∫ T

s
ZrdWr t ≤ s ≤ T.

We still assume that 7, 9 and 12 hold (plus some regularity condition w.r.t. t; see
Assumption (C) of [75]). According to [75, Theorem 1], the function u is deterministic and
a minimal viscosity solution of the PDE (2.7) among all nonnegative solutions satisfying
(2.7), with the terminal constraint

lim inf
(t,x)→(T,x0)

u(t, x) ≥ g(x0).

From [75, Theorem 2], if q is sufficiently large (q is defined in Assumption 10), conti-
nuity holds:

lim
(t,x)→(T,x0)

u(t, x) = g(x0).

Roughly speaking the condition is q > 3 (see [75, Remark 2]). Here we prove that
under our setting, for any q > 1, the previous equality holds a.s. The arguments are
almost the same as in [75], together with the arguments of the proof of Theorem 2.2.1.
Since F depends on the gradient of u, to our best knowledge, this result does not exist in
the PDE literature.

2.4 Appendix

2.4.1 A priori estimates of the solution

Proof of Proposition 2.1.5. For z ∈ Rd and i ∈ {1, . . . , d} we denote by zi its i−th coor-
dinate and ε−

i the map from Rd into Rd such that (ε−
i z)j = zj if j ̸= i and (ε−

i )j = 0 .
Now we set ε−

0 z = z and define the Rd-valued process ln by ∀i ∈ {1, · · · , d}, ∀t ∈ [0, T ]

lni (t) = f(t,Xt, 0, ε−
0 ◦ · · · ◦ ε−

i−1Z
n
t ) − f(t,Xt, 0, ε−

0 ◦ · · · ◦ ε−
i Z

n
t )

Zn
i,t

1{Zn
i,t ̸=0},

so that due to the Lipschitz hypothesis on h (see Assumption 8), ln is a bounded process
and

⟨lnt , Zn
t ⟩ = f(t,Xt, 0, Zn

t ) − f(t,Xt, 0, 0).
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The main idea is to linearize the backward equation satisfied by (Y n, Zn). To this end,
we introduce the process

γn
t = lnt + a(t,Xt).

Then there exists a constant C which does not depend on n such that |γn
t | ≤ C. We

consider the driver

Hn(t, y, z) = κn
t − q∗

T − t+ 1
nq−1

y + ⟨γn
t , z⟩,

with

κn
t =

(
q∗ − 1
η(t,Xt)

)q∗−1 1
(T − t+ 1

nq−1 )q∗
+ φn(f(t,Xt, 0, 0))

and denote by (Yn,Zn) the solution of the BSDE on [0, T ] with driver Hn and terminal
condition Yn

T = n.

Hence (Yn,Zn) is solution of a linear BSDE, so we have

Yn
t = E

(
Γn

t,Tn+
∫ T

t
Γn

t,sκ
n
sds

∣∣∣∣∣Ft

)
= 1

(T − t+ 1
nq−1 )q∗

[
1

nq−1 + E
(∫ T

t
V n

t,s(T − s+ 1
nq−1 )q∗κn

sds

∣∣∣∣∣Ft

)]

where for t ≤ s ≤ T

Γn
t,s = exp

(
−
∫ s

t

q∗

T − u+ 1
nq−1

du

)
V n

t,s =
(
T − s+ 1

nq−1

T − t+ 1
nq−1

)q∗

V n
t,s, V n

t,s = 1+
∫ s

t
V n

t,uγ
n
udWu.

Moreover since Y n
t ≥ 0 a.s.

F n(t,Xt, Y
n

t , Z
n
t ) = f(t,Xt, Y

n
t , Z

n
s ) − f(t,Xt, 0, Zn

s ) + F n(t,Xt, 0, Zn
t )

≤ −η(t,Xt)(Y n
t )q + F n(t,Xt, 0, Zn

t )

and, according to the expressions of F n, lnt , γ
n
t , κ

n
t and Hn,

F n(t,Xt, 0, Zn
t ) = f(t,Xt, 0, Zn

t ) + ⟨a(t,Xt), Zn
t ⟩ − f(t,Xt, 0, 0) + φn(f(t,Xt, 0, 0))

= ⟨lnt , Zn
t ⟩ + ⟨a(t,Xt), Zn

t ⟩ + φn(f(t,Xt, 0, 0)) = ⟨γn
t , Z

n
t ⟩ + φn(f(t,Xt, 0, 0))

= ⟨γn
t , Z

n
t ⟩ + κn

t −
(
q∗ − 1
η(t,Xt)

)q∗−1 1
(T − t+ 1

nq−1 )q∗

= Hn(t, Y n
t , Z

n
t ) + q∗

T − t+ 1
nq−1

Y n
t −

(
q∗ − 1
η(t,Xt)

)q∗−1 1
(T − t+ 1

nq−1 )q∗
.
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It follows that, with βt = q∗ − 1
η(t,Xt)

,

F n(t,Xt, Y
n

t , Z
n
t ) ≤ Hn(t, Y n

t , Z
n
t ) − η(t,Xt)(Y n

t )q − βq∗−1
t

(T − t+ 1
nq−1 )q∗

+ q∗

T − t+ 1
nq−1

Y n
t

≤ Hn(t, Y n
t , Z

n
t ),

the last inequality comes from the Young inequality since

η(t,Xt)(Y n
t )q + βq∗−1

t

(T − t+ 1
nq−1 )q∗

− q∗

T − t+ 1
nq−1

Y n
t

= η(t,Xt)q
(

(Y n
t )q

q
+ 1
q∗

(
q∗ − 1

(T − t+ 1
nq−1 )η(t,Xt)

)q∗

− (q∗ − 1) Y n
t

(T − t+ 1
nq−1 )η(t,Xt)

)
≥ 0.

The comparison theorem implies Y n
t ≤ Yn

t for all t ∈ [0, T ], that is:

Y n
t ≤ 1

(T − t+ 1
nq−1 )q∗

[
1

nq−1 + E
(∫ T

t
V n

t,s(T − s+ 1
nq−1 )q∗κn

sds

∣∣∣∣∣Ft

)]
. (2.29)

Recall that V n
t,. belongs to Hϱ((0, T ),R) for ϱ ≥ 1 and there exists a constant Kϱ such that

a.s. for any n: E
(∫ T

t (V n
t,s)ϱds

∣∣∣∣∣Ft

)
≤ Cϱ. The process ((T − t + 1

nq−1 )q∗κn
t ) 0≤t≤T belongs

to Hr((0, T ),R). Therefore by Hölder inequality we obtain for any n ≥ 1

E
(∫ T

t
V n

t,s(T − s+ 1
nq−1 )q∗κn

sds

∣∣∣∣∣Ft

)
≤ KrE

(∫ T

t
((T − s+ 1

nq−1 )q∗κn
s )rds

∣∣∣∣∣Ft

) 1
r

≤ KrE

∫ T

t

( q∗ − 1
η(s,Xs)

)q∗−1

+ (T − s+ 1)q∗(F (s,Xs, 0, 0))
r

ds

∣∣∣∣∣Ft


1
r

The last inequality comes from the very definition of κn. Thus we obtain the upper bound
in (2.11).

Now we have that

1
η(s, x) ≤ C(1 + |x|ℓ), F (s, x, 0, 0) ≤ C(1 + |x|ℓ).
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Then for any r > 1

E

 ∫ T

t

( q∗ − 1
η(s,Xs)

)q∗−1

+ (T − s+ 1)q∗F (s,Xs, 0, 0)
r

ds

∣∣∣∣∣Ft


≤ CE

( ∫ T

t
(1 + |Xs|r(q∗−1)ℓ)ds

∣∣∣∣∣Ft

)
< +∞.

Hence in (2.11), we can choose any r > 1. Also note that for any η > 0 and r > 1

E

∫ T

0
(T − s)−1+η

( q∗ − 1
η(s,Xs)

)q∗−1

+ (T − s+ 1)q∗F (s,Xs, 0, 0)
r

ds

 < +∞. (2.30)

Passing though the limit in Estimate (2.11) we deduce (2.12) for 0 ≤ t < T and n ≥ 1.

Remark 2.4.1. When F does not depend on Z, then we can choose r = Kr = 1.

In the sequel let us denote by Ξ the process

Ξt = Kr
r

T − t
E

 ∫ T

t

( q∗ − 1
η(s,Xs)

)q∗−1

+ (T − s+ 1)q∗F (s,Xs, 0, 0)
r

ds

∣∣∣∣∣Ft

 .
Thus Estimate (2.12) can be written: for all 0 ≤ t < T

0 ≤ Y n
t ≤ Yt ≤ 1

(T − t)q∗− 1
r

Ξ
1
r
t . (2.31)

Lemma 2.4.2. We have for any η > 0, E
(∫ T

0
(T − s)−1+ηΞsds

)
< +∞.

Proof. Note that

E(Ξs) = Kr
r (T − s)−1

∫ T

s
E

( q∗ − 1
η(u,Xu)

)q∗−1

+ (T − u+ 1)q∗F (u,Xu, 0, 0)
r

du

= Kr
r (T − s)−1

∫ T

0
θu1{u≥s}du

with the continuous deterministic function

θu = E

( q∗ − 1
η(u,Xu)

)q∗−1

+ (T − u+ 1)q∗F (u,Xu, 0, 0)
r

≤ C(1 + E|Xu|r(q∗−1)ℓ).
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Thus for any s ∈ [0, T )
E(Ξs) ≤ Kr

r sup
u∈[0,T ]

θu = Θ < +∞. (2.32)

Hence by Fubini’s theorem

E
(∫ T

0
(T − s)−1+ηΞsds

)
≤ Θ

∫ T

0
(T − s)−1+ηds = Θ

η
T η.

This achieves the proof of the lemma.

Let us now derive an a priori estimate on Zn.

Lemma 2.4.3. For r > 1, η > 0 and ϖ = 2q∗ − 2
r

+ 2η
r

= 2
q − 1 + 2

(
1 − 1

r

)
+ 2η

r
, there

exists a constant C s.t. for any n

E

(∫ T

0
(T − s)ϖ|Zn

s |2ds
) r

2
 ≤ C.

The same estimate also holds for Z.

Proof. For η > 0 and r > 1, let us define

δ = rq∗ − 1 + η > 0.

We define c(r) = r((r−1)∧1)
2 and we apply Itô’s formula to (T − t)δ(Y n

t )r (see [19, Corollary
2.3]). Evoke that Y n is non-negative. We fix ε > 0 and τ = T − ε in the sequel. Hence we
have for 0 ≤ t ≤ τ :

(T − t)δ(Y n
t )r ≤ εδ(Y n

T −ε)r +
∫ τ

t
δ(T − s)δ−1(Y n

s )rds

+r
∫ τ

t
(T − s)δ(Y n

s )r−11{Y n
s ̸=0}F (s,Xs, Y

n
s , Z

n
s )ds

−r
∫ τ

t
(T − s)δ(Y n

s )r−11{Y n
s ̸=0}Z

n
s dWs

−c(r)
∫ τ

t
(T − s)δ(Y n

s )r−2|Zn
s |21{Y n

s ̸=0}ds. (2.33)
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The monotonicity condition implies that
∫ τ

t
(T − s)δ(Y n

s )r−11{Y n
s ̸=0}F (s,Xs, Y

n
s , Z

n
s )ds

≤
∫ τ

t
(T − s)δ(Y n

s )r−11{Y n
s ̸=0}F (s,Xs, 0, Zn

s )ds

and we use the regularity Lipschitz condition w.r.t. z to obtain:
∫ τ

t
(T − s)δ(Y n

s )r−11{Y n
s ̸=0}F (s,Xs, 0, Zn

s )ds

≤ K
∫ τ

t
(T − s)δ(Y n

s )r−1|Zn
s |ds+

∫ τ

t
(T − s)δ(Y n

s )r−1F (s,Xs, 0, 0)ds.

Young’s inequality leads to:

rK
∫ τ

t
(T − s)δ(Y n

s )r−1|Zn
s |ds

≤ K2r2

2c(r)

∫ τ

t
(T − s)δ(Y n

s )rds+ c(r)
2

∫ τ

t
(T − s)δ(Y n

s )r−2|Zn
s |21{Y n

s ̸=0}ds

and

r
∫ τ

t
(T − s)δ(Y n

s )r−1F (s,Xs, 0, 0)ds

≤ (r − 1)
∫ τ

t
(T − s)δ(Y n

s )rds+
∫ τ

t
(T − s)δ(F (s,Xs, 0, 0))rds.

Finally all local martingales involved above in (2.33) are true martingales. Hence taking
the expectation and using the convexity of x 7→ |x|r we have:

sup
t∈[0,τ ]

E
(
(T − t)δ(Y n

t )r
)

+ c(r)
2 E

(∫ τ

t
(T − s)δ(Y n

s )r−2|Zn
s |21{Y n

s ̸=0}ds
)

(2.34)

≤ εδE((Y n
T −ε)r) + E

(∫ τ

t
δ(T − s)δ−1(Y n

s )rds
)

+
(

2K
2r2

2c(r) + (r − 1)
)
E
(∫ τ

t
(T − s)δ(Y n

s )rds
)

+E
(∫ τ

t
(T − s)δ(F (s,Xs, 0, 0))rds

)
.

Let us emphasize that this inequality holds with (Y, Z) instead of (Y n, Zn) since τ =
T − ε < T .
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Using (2.31), the second term on the right-hand side can be controlled as follows:

E
(∫ τ

0
(T − s)δ−1(Y n

s )rds
)

≤ E
(∫ T

0
(T − s)δ−1 1

(T − s)rq∗−1 Ξsds

)

= E
(∫ T

0
(T − s)−1+ηΞsds

)
< +∞.

The third one satisfies the same estimate:

E
(∫ τ

0
(T − s)δ(Y n

s )rds
)

≤ E
(∫ T

0
(T − s)ηΞsds

)
< +∞.

And the last term does not depend on (Y n, Zn) and is bounded.

For the first term, since Y n is bounded by Cn(T + 1), we immediately obtain

lim
ε→0

εδE((Y n
T −ε)r) = 0.

If Y n is replaced by Y , from (2.32) we have

εδE((YT −ε)r) ≤ εδ 1
εq∗r−1E(ΞT −ε) ≤ Θεδ−q∗r+1 = Θεη

and the limit is again equal to zero.

Therefore we can let ε go to zero in (2.34) and we can replace every τ by T :

sup
t∈[0,T ]

E
(
(T − t)δ(Y n

t )r
)

+ c(r)
2 E

(∫ T

t
(T − s)δ(Y n

s )r−2|Zn
s |21{Y n

s ̸=0}ds

)

≤ E
(∫ T

t
δ(T − s)δ−1(Y n

s )rds

)

+
(

2K
2r2

2c(r) + (r − 1)
)
E
(∫ T

t
(T − s)δ(Y n

s )rds

)

+E
(∫ T

t
(T − s)δ(F (s,Xs, 0, 0))rds

)
.

The same inequality holds with (Y, Z).

Next, by standard arguments, we can control the quantity E
(

sup
t∈[0,T ]

(T − t)δ(Y n
t )r

)
by

the same right-hand side (up to some multiplicative constant). Hence there exists C s.t.
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for any n:

E
(

sup
t∈[0,T ]

(T − t)δ(Y n
t )r

)
+ c(r)

2 E
(∫ T

t
(T − s)δ(Y n

s )r−2|Zn
s |21{Y n

s ̸=0}ds

)
≤ C. (2.35)

Then if r ≥ 2, we use (2.35) with r = 2 and the result follows immediately with δ =
2q∗ −1+η. If 1 < r < 2, the conclusion is more tricky. Let us define M = sup

t∈[0,T ]
(T − t) δ

rY n
t

and:

E

(∫ T

0
(T − s)2 δ

r |Zn
s |2ds

) r
2
 = E

(∫ T

0
(T − s)2 δ

r 1{Y n
s ̸=0}|Zn

s |2ds
) r

2


= E

(∫ T

0
(T − s)2 δ

r (Y n
s )2−r (Y n

s )r−2 1Y n
s ̸=0|Zn

s |2ds
) r

2


≤ E

M (2−r)r
2

(∫ T

0
(T − s)δ (Y n

s )r−2 1Y n
s ̸=0|Zn

s |2ds
) r

2


≤ (E (M r))
2−r

2

(
E
(∫ T

0
(T − s)δ (Y n

s )r−2 1{Y n
s ̸=0}|Zn

s |2ds
)) r

2

≤ 2 − r

2 E (M r) + r

2E
(∫ T

0
(T − s)δ (Y n

s )r−2 1{Y n
s ̸=0}|Zn

s |2ds
)
< +∞.

where we have used Hölder’s and Young’s inequality with 2−r
2 + r

2 = 1. This achieves the

proof of the lemma with ϖ = 2δ
r

.

Evoke that 0 ≤ α ≤ 1.

Lemma 2.4.4. If α <
2(q − 1)
q + 1 for q ≤ 3 and α ≤ 1 for q > 3, there exist ν > 0 and

C > 0 such that
∀n ∈ N, E

[∫ T

0
|Zn

s |α(1+ν)ds

]
≤ C.

The same estimate holds for Z.
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Proof. For r > 1, α ≤ 1 and ν > 0, suppose that β = α(1 + ν) < r ∧ 2. Then:

∫ T

t
|Zn

s |α(1+ν)ds =
∫ T

t

1
(T − s)ϖβ

2
(T − s)

ϖβ
2 |Zn

s |βds

≤

∫ T

t

1
(T − s)

ϖβ
2−β

ds


2−β

2 (∫ T

t
(T − s)ϖ|Zn

s |2ds
)β

2

≤ r − β

r

∫ T

t

1
(T − s)

ϖβ
2−β

ds


(2−β)r
2(r−β)

+ β

r

(∫ T

t
(T − s)ϖ|Zn

s |2ds
) r

2

with Young’s inequality for β
r

+ r − β

r
= 1. Therefore

E
(∫ T

0
|Zn

s |α(1+ν)ds

)
≤ r − β

r

∫ T

0

1
(T − s)

ϖβ
2−β

ds


(2−β)r
2(r−β)

+ β

r
E
(∫ T

0
(T − s)ϖ|Zn

s |2ds
) r

2

.

From Lemma 2.4.3, the last term is bounded uniformly in n if for some η > 0, ϖ =
2

q − 1 + 2
(

1 − 1
r

)
+ 2η

r
. And the first integral is finite if and only if

ϖβ

2 − β
= β

2 − β

[
2

q − 1 + 2
(

1 − 1
r

)
+ 2η

r

]
< 1.

But α < 2q − 1
q + 1, then (q+ 1)α = 2α+α(q− 1) < 2(q− 1), thus 2α < (2 −α)(q− 1), that

is 2α
(q − 1)(2 − α) < 1. Now we can choose ν0 > 0 such that for any 0 < ν ≤ ν0

β

2 − β

2
q − 1 ≤ (1 + ν0)

( 2 − α

2 − α− αν0

) 2α
(q − 1)(2 − α) < 1

and
0 ≤ α

2 − α
≤ β

2 − β
= α

2 − α− αν
(1 + ν) ≤ α

2 − α− αν0
(1 + ν0).

We can fix r > 1, 0 < ν < ν0 and η > 0 such that r > (1 + ν) ≥ (1 + ν)α and

ϖβ

2 − β
= 2β

(q − 1)(2 − β) + 2
(

1 − 1
r

)
β

2 − β
+ 2η

r

β

2 − β
< 1.

Thus all integrals are finite and the conclusion holds.
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2.4.2 Control in the central equation

Lemma 2.4.5. For Γ given by (2.24), we have: E
[∫ T

t
Γ(s,Xs)ds

]
< +∞.

Proof. Evoke that from (2.20), β ≥ 2q∗ = 2q
q − 1. Moreover the compact support of ζ is

denoted by K. Now

Γ(s,Xs) ≤ C
(
|Ψ(s,Xs)|q∗ + |ψ(s,Xs)|q∗

)(
1 + |Xs|

ℓ
q−1

)
φ(Xs)− 1

q−1

≤ Cφ(Xs)− 2
q−1 |tr

(
∇2φ(Xs)σσ∗(s,Xs)

)
|2q∗

+ Cφ(Xs)− 2
q−1

d∑
i=1

∣∣∣∣∣(∇φσ)i(s,Xs)
div(pσi)(s,Xs)

p(s,Xs)

∣∣∣∣∣
2q∗

+ Cφ(Xs)− 2
q−1

d∑
i=1

|⟨∇φ(Xs), ((∇σi)σi)(s,Xs)⟩|2q∗

+ Cφ(Xs)− 2
q−1

d∑
i=1

∣∣∣∣∣φ(Xs)ai(s,Xs)
div(pσi)(s,Xs)

p(s,Xs)

∣∣∣∣∣
2q∗

+ Cφ(Xs)− 2
q−1

d∑
i=1

|ai(s,Xs)|2q∗|⟨∇φ(Xs), σi(s,Xs)⟩|2q∗

+ Cφ(Xs)− 2
q−1

d∑
i=1

|φ(Xs)|2q∗|⟨∇ai(s,Xs), σi(s,Xs)⟩|2q∗ + C(1 + |Xs|
2ℓ

q−1 )

=: C(A1
s + A2

s + A3
s + A4

s + A5
s + A6

s + A7
s).

Evoke that φ = ζβ. For A1
s = φ(Xs)− 2

q−1 |tr (∇2φ(Xs)σσ∗(s,Xs)) |2q∗ , we have

(∇2φ(x))ij = ∂2(ζβ)
∂xi∂xj

(x) = ∂

∂xi

(
∂(ζβ)
∂xj

(x)
)

= ∂

∂xi

(
β
∂ζ

∂xj

(x)ζβ−1(x)
)

= β
∂2ζ

∂xi∂xj

(x)ζβ−1(x) + β(β − 1) ∂ζ
∂xi

(x) ∂ζ
∂xj

(x)ζβ−2(x)

=
(
β

∂2ζ

∂xi∂xj

(x)ζ(x) + β(β − 1) ∂ζ
∂xi

(x) ∂ζ
∂xj

(x)
)

︸ ︷︷ ︸
=:ζ̃ij(x)

ζβ−2(x),

with ζ̃ bounded. Thus

A1
s ≤ Cζ(Xs)− 2β

q−1 +(β−2)2q∗|σ(s,Xs)|4q∗ ≤ Cζ(Xs)2(β−2q∗)
(
|Xs|4q∗ + C

)
≤ C(|Xs|4q∗ + C)
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because β ≥ 2q∗ from (2.20). Therefore

E
[∫ T

t
A1

sds

]
≤ C

(
E
[

sup
0≤s≤T

|Xs|4q∗

]
+ 1

)
< +∞.

For A2
s = φ(Xs)− 2

q−1

d∑
i=1

∣∣∣∣∣(∇φσ)i(s,Xs)
div(pσi)(s,Xs)

p(s,Xs)

∣∣∣∣∣
2q∗

, we have

A2
s ≤ Cφ(Xs)− 2

q−1

d∑
i=1

|σ(s,Xs)|2q∗|∇φ(Xs)|2q∗
|div(pσi)(s,Xs)|2q∗

p(s, x)2q∗

≤ Cφ(Xs)− 2
q−1

(
d∑

i=1
|div(pσi)(s,Xs)|2q∗

)
|σ(s,Xs)|2q∗

p(s,Xs)2q∗
|∇φ(Xs)|q∗

= Cζ(Xs)2(β− q
q−1)

(
d∑

i=1
|div(pσi)(s,Xs)|2q∗

)
|σ(s,Xs)|2q∗

p(s,Xs)2q∗
|∇ζ(Xs)|2q∗

= Cζ(Xs)2(β− q
q−1)

(
d∑

i=1
|div(pσi)(s,Xs)|2q∗

)
|σ(s,Xs)|2q∗

p(s,Xs)2q∗
|∇ζ(Xs)|2q∗1{Xs∈K} ≤ CK,

because β > q∗ = q

q − 1, all functions are regular and we can control 1
p

due to property

2 of Propositon 2.1.1. Thus E
[∫ T

t
A2

sds

]
< +∞. The study of terms A3 to A6 is similar

and A7 is direct.
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Chapter 3

MALLIAVIN DERIVATIVE CONVERGENCE

Optimal liquidation is an important and challenging topic in mathematical finance.
There is a huge literature on this subject ; the reference [43] is interesting to have an
overall view (see also the references therein). Here we consider the stochastic extension
of the Almgren & Chriss model, first exposed in [3]. Namely for some p > 1, we consider
the stochastic control problem to minimize the functional

J(t, α) = E
[∫ T

t
(ηs|αs|p + γs|Ξs|p) ds

∣∣∣∣∣Ft

]

over all α ∈ A(t, x) where A(t, x) is the set of admissible controls such that Ξ satisfy the
dynamics

Ξs = x+
∫ s

t
αudu t ≤ s ≤ T, α ∈ L1(t,∞) a.s.

together with the terminal constraint ΞT = 0 a.s. (mandatory liquidation). The positive
process η is a measure of the liquidity of the market ; the quantity η|α|p corresponds
to the immediate impact of the trading α on the market price (see [43, Chapter 3.2]).
The non-negative process γ is a parameter of the model and the quantity γ|Ξ|p is a risk
measure on the size of the portfolio.

This control problem and the link with backward stochastic differential equations
(BSDE in abbreviate form) has been studied in [5]. It is proved that a minimizer of the
functional J is the process Ξ∗ given by

Ξ∗
s = x exp

−
∫ s

t

(
Yu

ηu

)q−1

du

 (3.1)

where (Y, Z) is the minimal solution of the BSDE

Yt = ξ −
∫ T

t
(p− 1) |Ys|q−1Ys

ηq−1
s

ds+
∫ T

t
γsds−

∫ T

t
ZsdWs, (3.2)
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with singular terminal condition ξ = +∞ a.s. Here and in the rest of the chapter, q is
the Hölder conjugate of p. Moreover the value function of this control problem is given by
v(t, x) = |x|pYt. Remark that due to the singular terminal condition, the standard notion
of solution for BSDE has to be adapted (see Proposition 3.1.3 below).

Another way to solve this control problem is the use of the Hamilton-Jacobi-Bellman
equation. In [41], it is proved that there exists a smooth solution v of the related partial
differential equation (PDE in short). Both approaches are connected through the link:
Ys = v(s,Xs), where X is the underlying forward process.

The aim of the chapter is to study the Malliavin differentiability of the solution Y .
Our motivations are pluralist:

• From the theoretical point of view, this question naturally appears in Chapter 2
(our work [21]). We studied the continuity at time T of Y . To obtain our result,
we used the Malliavin calculus on the approximating sequence Y n (see Proposition
3.1.4 below). We left the Malliavin differentiability of Y and the convergence of
the Malliavin derivative DY n out.

• It is also well-known that Malliavin derivatives (and the related divergence operator
and integration by parts) can be used to analyze the sensitivity of the optimal state
w.r.t. the parameters (see among many others [35, 39]). In our context, since the
optimal state is given by (3.1), the Malliavin derivative of Y plays a crucial role.

• In [41] the existence of a solution v ∈ C([0, T );D(L)) is proved. In dimension one,
it implies that v ∈ C2 (see [41, Remark 2.5]). Nonetheless the gradient of this
solution and its behavior at time T is not studied. Formally this gradient is related
to the Malliavin derivative by the formula: ∂xv(s,Xs)σ(s,Xs) = DsYs, σ being the
volatility matrix of the forward process X.

In this work, we prove that Y has a Malliavin derivative DY and that the sequence of
Malliavin derivatives DY n converges to DY on [0, T ). We also study the behavior at time
T of DY and show that there is a singularity at time T : roughly speaking, DθYt tends to
+∞ when t tends to T . Applications to PDE or sensitivity analysis are then provided. To
the best of our knowledges, all these results are completely new.

We are well aware that some parts of the proofs are quite heavy due to the handling of
the function y 7→ −y|y|q−1 and its derivatives. The arguments would be much more easier
in the quadratic case, that is for q = 2. Nonetheless we also know that in practice the case
q = 2 is too restrictive. In [4] the authors analyze a large data set from the Citigroup US
equity trading desks and show that q = 1.6 is a good estimate of this parameter. This is
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the reason why we keep this general setting.

Breakdown of the chapter. In Section 3.1, we evoke the known results concerning
the BSDE (3.2), its approximating sequence Y n and why the convergence of the sequence
of derivatives DY n cannot be done with the same arguments. In few words, the proof
that Y n converges to Y is heavily based on the non-linearity of the BSDE (3.2). But the
equation satisfied by DY n is linear. In Section 3.2, the asymptotic expansion of Y allows
us to show the differentiability of Y and the behavior of its derivative. The next section
3.3 studies the convergence of DY n to DY . For the liquidation problem such convergence
seems quite incidental and the reader interested by the applications can skip it. In Section
3.4, we explain how to apply the results to the gradient of the related PDE and to the
sensitivity. In the last section, for the sake of completeness, we give the proof for the
asymptotic behavior of Y , which is the key tool of this chapter. If most of the arguments
can be found in [42], we simplify them and give a better estimate of the parameters.

Notations In this chapter we consider a deterministic time horizon T ∈ R∗
+, a probabil-

ity space (Ω,F ,P), a d-dimensional Brownian motion (Wt)0≤t≤T defined on the probability
space and (Ft)t∈[0,T ] the augmented filtration generated by W . For all ρ ∈ (1,+∞), we
remind:

• D1,ρ is the domain of the Malliavin derivative operator in Lρ(Ω). Furthermore we
note D1,∞ = ⋂

ρ≥2
D1,ρ. For A ∈ D1,ρ we note (DθA)0≤θ≤T its Malliavin derivative and

for X a D1,ρ-process we note (DθXt)0≤θ,t≤T .
• Sρ((0, T ),Rk) is the space of stochastic progressively measurable processes (At)0≤t≤T

with values in Rk such that

E
[

sup
0≤t≤T

|At|ρ
]
< +∞

and S∞((0, T ),Rk) = ⋂
ρ>1 S

ρ((0, T ),Rk).
• Hρ((0, T ),Rk) is the space of stochastic progressively measurable processes (At)0≤t≤T

with values in Rk such that

E

(∫ T

0
|At|2dt

) ρ
2
 < +∞

and H∞((0, T ),Rk) = ⋂
ρ>1 H

ρ((0, T ),Rk).
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• Whenever the notation T− appears in the definition of a process space, we mean
the set of all processes whose restrictions satisfy the respective property when T−
is replaced by any T − ε, ε > 0. For example,

Sρ((0, T−),Rk) =
⋂
ε>0

Sρ((0, T − ε),Rk).

Moreover we say that a sequence (Fn)n∈N converges in Sρ((0, T−),Rk) to F in
Sρ((0, T−),Rk) if for any ε > 0, the sequence (Fn)n∈N converges to F in Sρ((0, T −
ε),Rk).

In the rest of the chapter, C denotes a generic constant, which can depend on other
coefficients, and may change from line to line.

3.1 Setting and known results

From now on, we fix q > 1 and p still denotes its Hölder conjugate. We suppose that

Assumption 13.

1. The coefficient η is an Itô process:

ηt = η0 +
∫ t

0
bη

sds+
∫ t

0
ση

sdWs, 0 ≤ t ≤ T,

with an initial condition η0 ∈ R.

(a) The drift bη : Ω × [0, T ] −→ R and the diffusion matrix ση : Ω × [0, T ] −→ Rd

are progressively measurable and bounded.
(b) There exist η∗ and η∗ in R∗

+ such that, a.s. for any s ∈ [0, T ],

0 < η∗ ≤ ηs < η∗.

2. The process γ is a progressively measurable, non-negative and bounded: there exists
γ∗ ∈ R∗

+ such that, a.s. for any s ∈ [0, T ],

0 ≤ γs ≤ γ∗.

In Section 3.4, Example 3.4.2 provides a case where Assumption 13 holds.
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Remark 3.1.1. In particular the process η and γ satisfy

E
[∫ T

0

(
1

ηq−1
s

+ ηs

)
ds

]
< +∞, E

[∫ T

0
γsds

]
< +∞.

Under this framework, if ξ ∈ Lρ(Ω) for some ρ > 1, then there exists a unique solution
(Y, Z) ∈ Sρ((0, T ),R) ×Hρ((0, T ),Rd) to the BSDE (3.2) (see [19, Theorem 4.2]). When
ξ = +∞, following [5, 56], we proceed by truncation and consider the following BSDE:
for any n ∈ N

Y n
t = n+

∫ T

t

(
−(p− 1) |Y n

s |q−1Y n
s

ηq−1
s

+ γs

)
ds−

∫ T

t
Zn

s dWs, t ∈ [0, T ]. (3.3)

Lemma 3.1.2. Under Conditions 13, the truncated BSDE (3.3) admits a unique solution
(Y n, Zn) in Sρ((0, T ),R) ×Hρ((0, T ),Rd) for all ρ ∈ (1,+∞). Moreover the sequence Yn

is non-decreasing and the process Y n is bounded from above: for m ≤ n

∀t ∈ [0, T ], 0 ≤ Y m
t ≤ Y n

t ≤ n+ E
[∫ T

t
γsds

∣∣∣∣∣Ft

]
.

Proof. Existence and uniqueness directly follows from [19, Theorem 4.2]. Now standard
a priori estimate on the solution of a BSDE (see [72, Theorem 5.30]) and the comparison
theorem (see [72, Theorem 5.33]) imply that Y n is non-negative and the desired estimation.
This achieves the proof of this proposition.

Since Y n
t is a non-decreasing sequence, its limit Yt exists. However the upper estimate

on Y n is not sufficient to ensure that Yt is finite. According to [56] or Chapter 2 (our work
[21]), we have:

Proposition 3.1.3. Under Conditions 13, the sequence (Y n, Zn) converges to (Y, Z) in
S∞((0, T−),R) × H∞((0, T−),Rd). The limit (Y, Z) is the minimal supersolution to the
BSDE (3.2) on [0, T [ in the sense that:

1. The couple (Y, Z) belongs to S∞((0, T−),R) ×H∞((0, T−),Rd).

2. The process Y is non negative.

3. For all 0 ≤ s ≤ t < T ,

Ys = Yt +
∫ t

s

(
−(p− 1) |Yr|q−1Yr

ηq−1
s

+ γr

)
dr −

∫ t

s
ZrdWr.
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4. The process Y satisfies a.s. limt→T Yt = +∞.

5. The process (Y, Z) is minimal: if (Ỹ , Z̃) satisfies the four previous points, then a.s.
for any t, Yt ≤ Ỹt.

Moreover for any t ∈ [0, T ] and n ≥ 1:

Y n
t ≤ 1

(T − t+ 1
nq−1 )p

{
1

nq−1 + E
[∫ T

t
(ηs + (T − s+ 1)pγs) ds

∣∣∣∣∣Ft

]}
. (3.4)

As a consequence, the process Y satisfies: for all 0 ≤ t < T

0 ≤ Y n
t ≤ Yt ≤ 1

(T − t)p
E
[∫ T

t
(ηs + (T − s+ 1)pγs) ds

∣∣∣∣∣Ft

]
. (3.5)

We show the Malliavin differentiability of the couple (Y n, Zn), due to [67, Theorem
5.1 and Application 6.1]. We assume that:

Assumption 14. The processes bη, η, γ are in valued in D1,2, their Malliavin derivatives
Dbη, Dη,Dγ admit progressively measurable versions which are in L2(Ω × [0, T ] × [0, T ]).

Proposition 3.1.4. Under Conditions 13 and 14, the solution (Y n, Zn) of the truncated
BSDE (3.3) is in L2([0, T ],D1,2 × D1,2). Moreover for all 0 ≤ t < θ ≤ T , DθY

n
t = 0,

DθZ
n
t = 0 and, for all 0 ≤ θ ≤ t ≤ T ,

DθY
n

t =
∫ T

t

(
−(p− 1) |Y n

r |q−1

ηq−1
r

DθY
n

r + |Y n
r |q−1Y n

r

ηq
r

Dθηr +Dθγr

)
dr −

∫ T

t
DθZ

n
s dWs.

(3.6)

Proof. Under our setting, we can directly apply 2.2.5 ([21, Proposition 6]).

In our setting, the approximating sequence Y n has a Malliavin derivative DY n, which
satisfies the linear BSDE given in Proposition 3.1.4. Very natural questions are: does the
minimal solution Y have also a Malliavin derivative DY and do we have the convergence
of DY n to DY ? Evoke that to obtain the convergence of Y n, the a priori estimate (3.4)
together with the monotonicity of the sequence Y n are crucial. We do not have similar
tools for the Malliavin derivative. And we derive the a priori estimate using the non-
linearity of the BSDE (3.2). Hence it is not possible to directly pass to the limit in the
linear BSDE (3.6).
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3.1. Setting and known results

Formally if we pass to the limit in (3.6), we should have a linear BSDE of the form:

Ut =
∫ T

t

(
−(p− 1) |Yr|q−1

ηq−1
r

Ur + |Yr|q−1Yr

ηq
r

Dθηr +Dθγr

)
dr −

∫ T

t
VsdWs

with a singular generator since a.s.

∫ T

0

|Yr|q−1

ηq−1
r

dr = +∞.

This property comes from the liquidation condition Ξ∗
T = 0 a.s. and Equation (3.1). In

[52, 51], such linear BSDEs with singular generator are studied. Nonetheless to apply the

results of these papers, the process |Y |q−1Y

ηq
Dθη+Dθγ should be bounded. In general this

property does not hold.

However in the liquidation problem, that is for the BSDE (3.2) when ξ = +∞ a.s., we
can prove the Malliavin differentiability of Y . Let us evoke the results of [42] thanks to
Assumption 13. The minimal solution Y of (3.2) can be written: for all 0 ≤ t < T

Yt = ηt

(T − t)p−1 + 1
(T − t)p

Ht. (3.7)

The process H is the unique solution of the BSDE:

Ht =
∫ T

t
F (s,Hs)ds−

∫ T

t
ZH

s dWs, 0 ≤ t ≤ T (3.8)

with generator F given by: for all 0 ≤ t < T

F (t, h) = [(T − t)bη
t + (T − t)pγt]

− (p− 1)ηt

(1 + 1
ηt(T − t)h

) ∣∣∣∣∣1 + 1
ηt(T − t)h

∣∣∣∣∣
q−1

− 1 − q
1

ηt(T − t)h
 . (3.9)

This generator F is singular at time T , in the sense that for h ̸= 0, a.s.
∫ T

0
|F (t, h)|dt = +∞.

Therefore existence and uniqueness of H needs to be explained. Here we prove that there
exist two constants δ > 0 and R ≥ 0, depending only on q, T , η and γ, such that on
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the time interval [0, T ], H satisfies a.s. for any t ∈ [T − δ, T ], |Ht| ≤ R(T − t)2, H is
bounded on [0, T ], and the solution (H,ZH) is obtained by a Picard iteration argument
in the space of adapted processes

Hδ = {H ∈ L∞(Ω;C([T − δ, T ];R)), ∥H∥Hδ < +∞}

endowed with the weighted norm

∥H∥Hδ =
∥∥∥∥∥ sup

t∈[T −δ,T ]
(T − t)−2Ht

∥∥∥∥∥ .
See the appendix for more details. Let us give the value of the constants R and δ:

R = ∥bη∥∞ + 2
p+ 1γ

⋆, L = qR

η⋆

2|q−2|, δ = min
(

1, T, 1
2L,

η⋆

2R

)
. (3.10)

The main results of this paper, Theorems 3.2.3 and 3.3.9, are summarized in the
following statement:

Theorem 3.1.5. The process Y is valued in D1,2 and, for any 0 ≤ θ ≤ t < T ,

DθYt = Dθηt

(T − t)p−1 + 1
(T − t)p

DθHt

and if for some ϱ > 1,

sup
θ∈[0,T ]

E
[
|DθηT |ϱ +

∫ T

0
(|Dθb

η
s |ϱ + |Dθγs|ϱ + |Dθηs|ϱ) ds

]
< +∞

then
lim

n→+∞
sup

θ∈[0,T ]
E
[

sup
t∈[0,T ]

(T − t)ℓp|DθYt −DθY
n

t |ℓ
]

= 0.

In particular for any 0 ≤ τ < T

lim
n→+∞

sup
θ∈[0,T ]

E
[

sup
t∈[0,τ ]

|DθYt −DθY
n

t |ℓ
]

= 0.
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3.2. Malliavin derivative for the minimal solution and its behaviour at time T

3.2 Malliavin derivative for the minimal solution and
its behaviour at time T

Evoke that the generator F is given by (3.9) and we define on the set [0, T )×R×[η⋆, η
⋆]

the function G by:

G(t, h, η) = (p− 1)η
(1 + 1

η(T − t)h
) ∣∣∣∣∣1 + 1

η(T − t)h
∣∣∣∣∣
q−1

− 1 − q
1

η(T − t)h
 .

Thus we have

F (t, h) = (T − t)bη
t + (T − t)pγt −G(t, h, ηt), 0 ≤ t < T, h ∈ R.

On the set [0, T ) × R × [η⋆, η
⋆] we have:

∂G

∂h
(t, h, η) = p

(T − t)

∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

− 1
 (3.11)

∂G

∂η
(t, h, η) = (p− 1)

(1 + 1
η(T − t)h

) ∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

− 1 − q
1

η(T − t)h


− ph

η(T − t)

∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

− 1


= p

(
1 + 1

η(T − t)h
) ∣∣∣∣∣1 + 1

η(T − t)h
∣∣∣∣∣
q−1

−
(

1 + 1
η(T − t)h

) ∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

− p+ 1

− (p− 1)q︸ ︷︷ ︸
=p

1
η(T − t)h− ph

η(T − t)

∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

+ ph

η(T − t)

= −
(

1 + 1
η(T − t)h

) ∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

+ 1 + p

∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

− 1
 .

(3.12)

In the case where q = p = 2, we get the easier expression

G(t, h, η) = h2

η(T − t)2 ,
∂G

∂h
(t, h, η) = 2h

η(T − t)2 ,
∂G

∂η
(t, h, η) = − h2

η2(T − t)2 .
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A key point in the proof of [42, Theorem 23] is a.s. for any T−δ ≤ t ≤ T , |Ht| ≤ R(T−t)2.
Therefore these derivatives are bounded when we replace (h, η) by the processes (Ht, ηt)
for t ∈ [T − δ, T ].

From time to time, we use the next representation of G and their derivatives:

G(t, h, η) = qh2

η(T − t)2

∫ 1

0

∣∣∣∣∣1 + a
1

η(T − t)h
∣∣∣∣∣
q−2

sign
(

1 + a
1

η(T − t)h
)

(1 − a)da

∂G

∂h
(t, h, η) = qh

η(T − t)2

∫ 1

0

∣∣∣∣∣1 + a
1

η(T − t)h
∣∣∣∣∣
q−2

sign
(

1 + a
1

η(T − t)h
)
da (3.13)

∂G

∂η
(t, h, η) = − qh2

η2(T − t)2

∫ 1

0

∣∣∣∣∣1 + a
1

η(T − t)h
∣∣∣∣∣
q−2

sign
(

1 + a
1

η(T − t)h
)
ada. (3.14)

These representations may be not well-defined when q < 2 if 1+a 1
η(T − t)h = 0. However

in the construction of the solution H, δ is chosen such that

|Ht|
ηt(T − t) ≤ 1

2 . (3.15)

Hence we can use these versions with h = Ht on the whole time interval [T − δ, T ].

Lemma 3.2.1. Under the previous assumptions, the process H has a Malliavin derivative,
such that DθHt = 0 if t < θ and for any 0 ≤ θ ≤ t ≤ T

DθHt =
∫ T

t

[
(T − s)Dθb

η
s + (T − s)pDθγs − ∂G

∂η
(s,Hs, ηs)Dθηs − ∂G

∂h
(s,Hs, ηs)DθHs

]
ds

−
∫ T

t
DθZ

H
s dWs. (3.16)

Proof. It is an adaptation of the proof of [33, Proposition 5.4]. The solution (H,ZH) is
the limit in Hδ of the sequence (Hk, ZH,k) unique solution in Hδ of

Hk
t =

∫ T

t
F (s,Hk−1

s )ds−
∫ T

t
ZH,k

s dWs

with (H0, ZH,0) = (0, 0). Moreover for any k and t ∈ [T − δ, T ], |Hk
t | ≤ R(T − t)2 and

|Hk
t | ≤ C. By recursion we prove that Hk has a Malliavin derivative DHk such that for
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3.2. Malliavin derivative for the minimal solution and its behaviour at time T

θ ≤ t ≤ T and t ≥ T − δ:

DθH
k
t =

∫ T

t

[
(T − s)Dθb

η
s + (T − s)pDθγs − ∂G

∂η
(s,Hk−1

s , ηs)Dθηs

−∂G

∂h
(s,Hk−1

s , ηs)DθH
k−1
s

]
ds−

∫ T

t
DθZ

H,k
s dWs.

The processes ∂G

∂η
(s,Hk

s , ηs) and ∂G

∂h
(s,Hk

s , ηs) are bounded, uniformly w.r.t. k. Indeed
using the representations (3.13) and (3.14) we obtain that for T − δ ≤ s ≤ T

∣∣∣∣∣∂G∂h (s,Hk
s , ηs)

∣∣∣∣∣ ≤ q|Hs|k

ηs(T − s)2

∫ 1

0

∣∣∣∣∣1 + a
1

ηs(T − s)H
k
s

∣∣∣∣∣
q−2

da

≤ qR

η⋆

∫ 1

0

∣∣∣∣∣1 + a
1

ηs(T − s)H
k
s

∣∣∣∣∣
q−2

da

≤ qR

η⋆

∫ 1

0

(
1 + a

1
ηs(T − s) |Hk

s |
)q−2

da

≤ qR

η⋆

∫ 1

0

(
1 + a

2

)q−2
da

≤ qR

η⋆

2|q−2|,

where we used that |Hk
t | ≤ R(T − t)2 and that Equation (3.15) also holds for Hk from

the choice of δ given by (3.10). Similarly
∣∣∣∣∣∂G∂η (s,Hk

s , ηs)
∣∣∣∣∣ ≤ q(Hk

s )2

η2
s(T − s)2

∫ 1

0

∣∣∣∣∣1 + a
1

ηs(T − s)H
k
s

∣∣∣∣∣
q−2

ada

≤ qR2(T − s)2

η2
⋆

∫ 1

0

(
1 + a

2

)q−2
ada

≤ qR2(T − s)2

η2
⋆

2|q−2|.

Hence using classical a priori estimates for BSDE (see [72, Section 5.3.1]), we prove that
the sequence DθH

k converges to the solution of (3.16) on [T − δ, T ]. Moreover we can
also use classical arguments on [0, T − δ] ([33] or [67]) thanks to the expression of H on
[0, T − δ] given by (3.7) (see end of the proof of Proposition 3.5.1 for the properties of F
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Chapter 3 – Malliavin derivative convergence

on [0, T − δ]). Fianlly we get

E
[∫ T

0

∫ T

0
|DθHt|2dθdt

]
< +∞.

Note that for q = 2, the BSDE (3.16) becomes

DθHt =
∫ T

t

[
(T − s)Dθb

η
s + (T − s)2Dθγs + H2

s

η2
s(T − s)2Dθηs − 2Hs

ηs(T − s)2DθHs

]
ds

−
∫ T

t
DθZ

H
s dWs.

Lemma 3.2.2. There exists C such that the Malliavin derivative of H satisfies: a.s. for
any 0 ≤ θ ≤ t ≤ T

|DθHt| ≤ C(T − t)E
[∫ T

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]
. (3.17)

Proof. Evoke that |Ht| ≤ R(T − t)2 and remark that, by solution of the linear BSDE
(3.16),

DθHt = E
[∫ T

t

[
(T − s)Dθb

η
s + (T − s)pDθγs − ∂G

∂η
(s,Hs, ηs)Dθηs

]
Γt,sds

∣∣∣∣∣Ft

]
(3.18)

where
Γt,s = exp

(
−
∫ s

t

∂G

∂h
(u,Hu, ηu)du

)
. (3.19)

We already know that on [T − δ, T ]:
∣∣∣∣∣∂G∂h (s,Hs, ηs)

∣∣∣∣∣ ≤ qR

η⋆

2|q−2|,

∣∣∣∣∣∂G∂η (s,Hs, ηs)
∣∣∣∣∣ ≤ qR2

η2
⋆

2|q−2|(T − s)2.

If 0 ≤ θ ≤ T and (T − δ) ∨ θ ≤ t ≤ T , the result directly follows from (3.18). If
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0 ≤ θ ≤ t ≤ T − δ,

DθHt = E
[
DθHT −δΓt,T −δ

∣∣∣∣∣Ft

]

+ E
[∫ T −δ

t

[
(T − s)Dθb

η
s + (T − s)pDθγs − ∂G

∂η
(s,Hs, ηs)Dθηs

]
Γt,sds

∣∣∣∣∣Ft

]

and
∣∣∣∣∣∂G∂h (·, H, η)

∣∣∣∣∣ and
∣∣∣∣∣∂G∂η (·, H, η)

∣∣∣∣∣ are bounded processes on [0, T −δ]. Hence there exists

a constant C such that

|DθHt| ≤ CE
[
|DθHT −δ|

∣∣∣∣∣Ft

]
+ E

[∫ T −δ

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]

≤ CE
[
Cδ

∫ T

T −δ
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

+
∫ T −δ

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]

≤ CE
[∫ T

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]

= C

δ
(T − t)E

[∫ T

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]
.

From Equation (3.7) and the previous lemma, we deduce the following result.

Theorem 3.2.3. The process Y is valued in D1,2 and, for any 0 ≤ θ ≤ t < T ,

DθYt = Dθηt

(T − t)p−1 + 1
(T − t)p

DθHt. (3.20)

From Equation (3.17) and Assumption 14, we deduce that:

|DθHt| ≤ C(T − t)3/2E

(∫ T

t

(
|Dθb

η
s |2 + |Dθγs|2 + |Dθηs|2

)
ds

)1/2 ∣∣∣∣∣Ft

 .

Thus close to T , the leading term in DθYt is Dθηt

(T − t)p−1 , and if limt→T Dθηt = DθηT a.s.

(for example if ηt = η(t,Xt) with X solution of SDE (3.41), see Section 3.4.1) then, on
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the set {DθηT ̸= 0},
lim
t→T

|DθYt| = +∞.

Therefore there is a singularity at time T for the Malliavin derivative, even in this quite
simple case where ξ = +∞ a.s. And we expect that a similar singular behavior holds
in the general setting studied in [56, 21] when ξ can be equal to +∞ with a positive
probability.

Remark 3.2.4. However if η is deterministic, then Dθη = 0 and DθYt = 1
(T − t)p

DθHt

and from (3.18)

|DθHt| ≤ E
[∫ T

t
(T − s)p|Dθγs|Γt,sds

∣∣∣∣∣Ft

]
≤ C(T − t)pE

[∫ T

t
|Dθγs|ds

∣∣∣∣∣Ft

]
.

Then a.s.
lim
t→T

|DθYt| = 0.

Thus in this case we do not have singularity of the derivative.

3.3 Convergence of the Malliavin derivatives

Evoke that Y n
t converges a.s. to Yt given by (3.7). Moreover Y n and Y belong to D1,2

(Proposition 3.1.4 and Theorem 3.2.3) and thus a natural question is: does the sequence
DY n converge to DY ? The goal of this section is to give an answer to this question.

Let us define the process Hn by:

Hn
t =

(
T − t+

(
η⋆

n

)q−1)p

Y n
t −

(
T − t+

(
η⋆

n

)q−1)
ηt, 0 ≤ t ≤ T,

to get
Y n

t = 1(
T − t+

(
η⋆

n

)q−1
)p−1ηt + 1(

T − t+
(

η⋆

n

)q−1
)p Hn

t . (3.21)
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Thus

Hn
T =

((
η⋆

n

)q−1)p

Y n
T −

(
η⋆

n

)q−1
ηT

=
(
η⋆

n

)q

Y n
T −

(
η⋆

n

)q−1
ηT

=
(
η⋆

n

)q

n−
(
η⋆

n

)q n

η⋆
ηT .

The process Hn is the solution of the BSDE

Hn
t = (η⋆)q

(
1 − ηT

η⋆

)
1

nq−1 +
∫ T

t
F

(
s−

(
η⋆

n

)q−1
,Hn

s

)
ds−

∫ T

t
Zn

s dWs. (3.22)

Note that the terminal value is non-negative:

Hn
T = (η⋆)q

(
1 − ηT

η⋆

)
1

nq−1 ≥ 0.

Let us start with an estimate on Hn. With an abuse of notations, we still denote the
constant δ in the next statement. Indeed we can always take the minimum between the
constant δ coming from the existence of the process H and the constant δ coming from
this lemma.

Lemma 3.3.1. There exist δ > 0, n0 ∈ N and two positive constants C1 and C2 s.t. for
any n ≥ n0 and T − δ ≤ t ≤ T :

−C1

(
T − t+

(
η⋆

n

)q−1)2

≤ Hn
t ≤ C2

(
T − t+

(
η⋆

n

)q−1)
.

Moreover there exists C such that for any n, on [0, T − δ], |Hn
t | ≤ C.

Proof. We already know that

0 ≤ Hn
T = (η⋆)q

(
1 − ηT

η⋆

)
1

nq−1 ≤ (η⋆)q

nq−1 .

Hence the estimate holds at time T for any C1 ≥ 0 and C2 ≥ η⋆.
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Now if Vt = C2

(
T − t+

(
η⋆

n

)q−1
)

, then −dVt = C2dt and

F

(
t−

(
η⋆

n

)q−1
, Vt

)
=
[(
T − t+

(
η⋆

n

)q−1)
bη

t +
(
T − t+

(
η⋆

n

)q−1)p

γt

]

− (p− 1)ηt

[(
1 + C2

ηt

)q

− 1 − qC2

ηt

]
.

Hence F
(
t−

(
η⋆

n

)q−1
, Vt

)
≤ C2 if for any t and n:

(p−1)ηt

[(
1 + C2

ηt

)q

− 1 − qC2

ηt

]
+C2 ≥

(
T − t+

(
η⋆

n

)q−1)
bη

t +
(
T − t+

(
η⋆

n

)q−1)p

γt.

In particular it holds if

(p− 1)
[(

1 + C2

ηt

)q

− 1 − qC2

ηt

]
+ C2

ηt

= (p− 1)
[(

1 + C2

ηt

)q

− 1 − C2

ηt

]

≥ 1
η⋆

(T + (η⋆)q−1)
[
∥bη∥∞ + (T + (η⋆)q−1)pγ⋆

]
,

which is equivalent to
(

1 + C2

ηt

)q

− 1 − C2

ηt

≥ q − 1
η⋆

(T + (η⋆)q−1)
[
∥bη∥∞ + (T + (η⋆)q−1)pγ⋆

]
.

The function ψ : x 7→ (1 + x)q − 1 − x is continuous and increasing on [0,+∞[, with
ψ(0) = 0 and ψ(∞) = ∞. Hence it is sufficient to take

C2 ≥ η⋆

[
ψ−1

(
q − 1
η⋆

(T + (η⋆)q−1)
[
∥bη∥∞ + (T + (η⋆)q−1)pγ⋆

])
∨ 1

]
,

to obtain, by the comparison result for BSDE, that a.s. for any t, Hn
t ≤ Vt. Remark that

for q = 2, C2 can be explicitly obtained by solving a second degree equation.

To get the lower estimate, we similarly proceed, by defining

Ut = −C1

(
T − t+

(
η⋆

n

)q−1)2

.
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3.3. Convergence of the Malliavin derivatives

This quantity satisfies −dUt = −2C1

(
T − t+

(
η⋆

n

)q−1
)
dt and

F

(
t−

(
η⋆

n

)q

, Ut

)
=
[(
T − t+

(
η⋆

n

)q−1)
bη

t +
(
T − t+

(
η⋆

n

)q−1)p

γt

]
− (p− 1)ηt

[
(1 − χt) |1 − χt|q−1 − 1 + qχt

]
≥ −2ηtχt (3.23)

where
χt = C1

ηt

(
T − t+

(
η⋆

n

)q−1)
≥ 0.

Note that for some δ > 0 and n0 ∈ N such that

C1

(
δ +

(
η⋆

n0

)q−1)
≤ η⋆

2 , (3.24)

the quantity χt satisfies: χt ≤ 1/2. Moreover let us recall that if 1 − χt > 0, then

(1 − χt) |1 − χt|q−1 − 1 + qχt = q(q − 1)χ2
t

∫ 1

0
|1 − aχt|q−2 (1 − a)da.

Then the previous inequality (3.23) holds if

qηtχ
2
t

∫ 1

0
|1 − aχt|q−2 (1−a)da−2ηtχt ≤ −

(
T − t+

(
η⋆

n

)q−1) [
∥bη∥∞ + (T + (η⋆)q)p−1γ⋆

]
,

which can be written as:

(C1)2 ζt

ηt

(
T − t+

(
η⋆

n

)q−1)
− 2C1 +K ≤ 0,

with
ζt = q

∫ 1

0
|1 − aχt|q−2 (1 − a)da, K =

[
∥bη∥∞ + (T + (η⋆)q)p−1γ⋆

]
.

Note that for q = 2, ζt = 1, which simplifies the discussion here after. First under (3.24),
for any T − δ ≤ t ≤ T and n ≥ n0

ζ⋆ = q

2

( 1
2q−2 ∧ 1

)
≤ ζt = q

∫ 1

0
|1 − aχt|q−2 (1 − a)da ≤ q

2

( 1
2q−2 ∨ 1

)
= ζ⋆.
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Now if
δ +

(
η⋆

n0

)q−1
≤ η⋆

Kζ⋆
, (3.25)

then for any T − δ ≤ t ≤ T and n ≥ n0

ζt

ηt

K

(
T − t+

(
η⋆

n

)q−1)
≤ 1.

Thus the desired estimate holds if

ηt

ζt

(
T − t+

(
η⋆

n

)q−1
)
1 −

√√√√1 − ζt

ηt

K

(
T − t+

(
η⋆

n

)q−1) ≤ C1 (3.26)

and

C1 ≤ ηt

ζt

(
T − t+

(
η⋆

n

)q−1
)
1 +

√√√√1 − ζt

ηt

K

(
T − t+

(
η⋆

n

)q−1) . (3.27)

For the upper bound, remark that for T − δ ≤ t ≤ T and n ≥ n0

ηt

ζt

(
T − t+

(
η⋆

n

)q−1
)
1 +

√√√√1 − ζt

ηt

K

(
T − t+

(
η⋆

n

)q−1)

≥ η⋆

ζ⋆

(
δ +

(
η⋆

n0

)q−1
)
1 +

√√√√1 − ζ⋆

η⋆

K

(
δ +

(
η⋆

n0

)q−1) .
And the lower bound satisfies:

ηt

ζt

(
T − t+

(
η⋆

n

)q−1
)
1 −

√√√√1 − ζt

ηt

K

(
T − t+

(
η⋆

n

)q−1)
= K

1 +
√

1 − ζt

ηt

K
(
T − t+

(
η⋆

n

)q−1
) ≤ K

1 +
√

1 − η⋆

η⋆

(
δ +

(
η⋆

n0

)q−1
) .

Therefore there exists δ > 0, n0 ∈ N and C1 > 0 such that Conditions (3.24),(3.25), (3.26)
and (3.27) hold. Then by comparison principle for BSDEs, for any T − δ ≤ t ≤ T and
n ≥ n0

Hn
t ≥ −C1

(
T − t+

(
η⋆

n

)q−1)2

.
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The last statement of the lemma comes from (3.5): on [0, T − δ]

0 ≤ Y n
t ≤ Yt ≤ 1

δp

(
1
η⋆

+ (T + 1)pγ⋆

)

and from the very definition (3.21) of Hn:

|Hn
t | ≤

(
T +

(
η⋆

n

)q−1)p

Y n
t + η⋆.

This achieves the proof of the lemma.

Since Y n
t converges a.s. to Yt for any t, we already know that Hn

t converges to Ht. The
next result is a convergence result with weights.

Lemma 3.3.2. We have a.s.

lim
n→+∞

∫ T

0

∣∣∣∣∣∣ Ht

T − t
− Hn

t(
T − t+ η⋆

n

)
∣∣∣∣∣∣ dt = 0

and for any ϱ > 0

lim
n→+∞

E

∫ T

0

∣∣∣∣∣∣ Ht

T − t
− Hn

t(
T − t+ η⋆

n

)
∣∣∣∣∣∣
ϱ

dt

 = 0.

Proof. For any 0 ≤ t < T and any n, we have

Ht

T − t
− Hn

t(
T − t+

(
η⋆

n

)q−1
) = (T − t)p−1Yt −

(
T − t+

(
η⋆

n

)q−1)p−1

Y n
t

and Y and Y n are non-negative processes. Using (3.5), we have

0 ≤ (T − t)p−1Yt ≤ 1
T − t

E
[∫ T

t

(
1
ηs

+ (T − s+ 1)pγs

)
ds

∣∣∣∣∣Ft

]
≤ 1
η⋆

+ (T + 1)pγ⋆.
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Now from the a priori estimate (3.4):

Y n
t ≤ 1

(T − t+ 1
nq−1 )p

 1
nq−1 + E

 ∫ T

t

(p− 1
ηs

)p−1

+ (T − s+ 1)pγs

 ds∣∣∣∣∣Ft


≤ 1

(T − t+ 1
nq−1 )p

 1
nq−1 + (T − t)

(p− 1
η⋆

)p−1

+ (T + 1)pγ⋆

 .
Moreover(

T − t+
(
η⋆

n

)q−1)p−1

nq−1
(
T − t+ 1

nq−1

)p =


T − t+

(
η⋆

n

)q−1

T − t+ 1
nq−1


p−1

1

nq−1
(
T − t+ 1

nq−1

)

=
(

1 + (η⋆)q−1 − 1
nq−1(T − t) + 1

)p−1 1
(nq−1(T − t) + 1) ≤ η⋆.

And(
T − t+

(
η⋆

n

)q−1)p−1

(
T − t+ 1

nq−1

)p (T − t) =


T − t+

(
η⋆

n

)q−1

T − t+ 1
nq−1


p−1

T − t(
T − t+ 1

nq−1

)

=
(

1 + (η⋆)q−1 − 1
nq−1(T − t) + 1

)p−1
nq−1(T − t)

(nq−1(T − t) + 1) ≤ η⋆.

Therefore
(
T − t+

(
η⋆

n

)q−1)p−1

Y n
t ≤ η⋆

1 +
(p− 1

η⋆

)p−1

+ (T + 1)pγ⋆

 .
Since Y n converges to Y pointwise, the result is a consequence of the dominated conver-
gence theorem.

Now let us study the Malliavin derivatives. We already know that Y n is Malliavin
differentiable and the solution of the linear BSDE (3.6) is for 0 ≤ θ ≤ t ≤ T :

DθY
n

t = E

∫ T

t

((
Y n

s

ηs

)q

Dθηs +Dθγs

)
exp

−p
∫ s

t

(
Y n

u

ηu

)q−1

du

 ds∣∣∣∣∣Ft

 .
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Proposition 3.3.3. The processes (Hn)n∈N are Malliavin differentiable and their Malli-
avin derivatives satisfy, for any 0 ≤ θ ≤ t ≤ T :

DθY
n

t = 1(
T − t+

(
η⋆

n

)q−1
)p−1Dθηt + 1(

T − t+
(

η⋆

n

)q−1
)pDθHn

t .

Proof. It is due to the fact that the processes Y n and η are Malliavin differentiable and
(3.21).

Evoke that DθH is the solution of the BSDE (3.16):

DθHt =
∫ T

t

[
(T − s)Dθb

η
s + (T − s)pDθγs − ∂G

∂η
(s,Hs, ηs)Dθηs

−∂G

∂h
(s,Hs, ηs)DθHs

]
ds−

∫ T

t
DθZ

H
s dWs.

The Malliavin derivative DθHn is the solution of:

DθHn
t = −

(
η⋆

n

)q−1
DθηT

+
∫ T

t

[(
T − s+

(
η⋆

n

)q−1)
Dθb

η
s +

(
T − s+

(
η⋆

n

)q−1)p

Dθγs

]
ds

−
∫ T

t

[
∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)
Dθηs + ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)
DθHn

s

]
ds

−
∫ T

t
DθZn

s dWs.
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3.3.1 Convergence of DθHn

Our goal is to prove that DθHn converges to DθH. The difference DθH−DθHn satisfies
the next equation:

∆n
t = DθHt −DθHn

t

=
(
η⋆

n

)q−1
DθηT −

(
η⋆

n

)q−1 ∫ T

t

[
Dθb

η
s + p

(∫ 1

0

(
T − s+ a

(
η⋆

n

)q−1)
da

)
Dθγs

]
ds

−
∫ T

t

[
∂G

∂η
(s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
Dθηsds

−
∫ T

t
(DθZ

H
s −DθZn

s )dWs

−
∫ T

t

[
∂G

∂h
(s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
DθHsds

−
∫ T

t

∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)
[DθHs −DθHn

s ] ds. (3.28)

Our first statement is:

Lemma 3.3.4. There exists a constant κ1 > 0 such that a.s. for any n ≥ n0 and s ∈ [0, T ]

∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)
≥ −κ1.

Proof. Evoke that from (3.13)

∂G

∂h
(t, h, η) = qh

η(T − t)2

∫ 1

0

∣∣∣∣∣1 + a
1

η(T − t)h
∣∣∣∣∣
q−2

sign
(

1 + a
1

η(T − t)h
)
da.

Lemma 3.3.1 implies that for any T − δ ≤ s ≤ T and n ≥ n0:

−C1ζ
⋆

η⋆

≤ −C1ζ
⋆

ηs

≤ ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)
≤ C2ζ

⋆

ηs

(
T − s+

(
η⋆

n

)q−1
) . (3.29)
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Now from (3.11) and since Hn is bounded by C, if s ≤ T − δ

∣∣∣∣∣∂G∂h
(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣ = p

(T − s+
(

η⋆

n

)q−1
)

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣1 + 1

ηs(T − s+
(

η⋆

n

)q−1
)
Hn

s

∣∣∣∣∣∣∣
q−1

− 1

∣∣∣∣∣∣∣
≤ p

δ

(1 + C

η⋆(T − δ

)q−1

+ 1
 .

The second result concerns the control of the next difference terms.

Lemma 3.3.5. There exist two processes Υn and Υ̃n such that

∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣ ≤ Υn
s

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

(3.30)
and∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
≤ Υ̃n

s

(T − s)

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

+
(
η⋆

n

)q−1 p

(T − s+ (η⋆/n)q−1)

 .
(3.31)

And Υn and Υ̃n are bounded uniformly w.r.t s ∈ [0, T ] and n ≥ n0.

Proof. For (s, h) and (u, ĥ) and if

δ = h

η(T − s) − ĥ

η(T − u)
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then from (3.12) and (3.14)

∂G

∂η
(s, h, η) − ∂G

∂η

(
u, ĥ, η

)

= −qδ
∫ 1

0

∣∣∣∣∣∣1 + ĥ

η(T − u) + aδ

∣∣∣∣∣∣
q−1

da+ p

∣∣∣∣∣1 + h

η(T − s)

∣∣∣∣∣
q−1

− p

∣∣∣∣∣∣1 + ĥ

η(T − u)

∣∣∣∣∣∣
q−1

(3.32)

= −qδ
∫ 1

0

∣∣∣∣∣∣1 + ĥ

η(T − u) + aδ

∣∣∣∣∣∣
q−1

da

+ p(q − 1)δ
∫ 1

0

∣∣∣∣∣∣1 + ĥ

η(T − u) + aδ

∣∣∣∣∣∣
q−2

sign
1 + ĥ

η(T − u) + aδ

 da
= −qδ

∫ 1

0

∣∣∣∣∣∣1 + ĥ

η(T − u) + aδ

∣∣∣∣∣∣
q−2 ĥ

η(T − u) + aδ

 sign
1 + ĥ

η(T − u) + aδ

 da
(3.33)

provided that there is no division by zero when q < 2.
If (s, h) and (u, ĥ) are chosen such that

h

η(T − s) > −1
2 ,

ĥ

η(T − u) > −1
2 ,

for any a ∈ [0, 1]

1 + ĥ

η(T − u) + aδ = 1 + (1 − a) ĥ

η(T − u) + a
h

η(T − s) >
1
2 .

Evoke that from our choice of δ and n0,

Hs

ηs(T − s) > −1
2 ,

Hn
s

ηs(T − s+ (η⋆/n)q−1) > −1
2 ,

and from Lemma 3.3.1

1
2 ≤ 1 + Hn

s

ηs(T − s+ (η⋆/n)q−1) + aδn
s ≤ 1 + C2 +R

η⋆

,

with
δn

s = Hs

ηs(T − s) − Hn
s

ηs(T − s+ (η⋆/n)q−1) .
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Hence we deduce that for any T − δ ≤ s ≤ T and n ≥ n0

∂G

∂η
(s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)
= Υn

s δ
n
s

with the bounded process

Υn
s = −q

∫ 1

0

(
1 + Hn

s

ηs(T − s+ (η⋆/n)q−1) + aδn
s

)q−2 ( Hn
s

ηs(T − s+ (η⋆/n)q−1) + aδn
s

)
da.

On the rest of the time interval [0, T − δ], since s 7→ 1/(T − s), H and Hn are bounded,
from (3.32), we easily deduce that if q ≥ 2, the functions are Lipschitz continuous and
thus ∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣ ≤ Υn
s |δn

s |.

But for 1 < q < 2, since x 7→ |x|q−1 is (q − 1)-Hölder continuous, we only obtain that
∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣ ≤ Υn
s (|δn

s |q−1 ∨ |δn
s |).

Similarly with (3.11) and the same previous notations as previously:

∂G

∂h
(s, h, η) − ∂G

∂h

(
u, ĥ, η

)

= p

(T − s)

∣∣∣∣∣1 + h

η(T − s)

∣∣∣∣∣
q−1

− p

(T − u)

∣∣∣∣∣∣1 + ĥ

η(T − u)

∣∣∣∣∣∣
q−1

= p

(T − s)

∣∣∣∣∣1 + h

η(T − s)

∣∣∣∣∣
q−1

− p

(T − s)

∣∣∣∣∣∣1 + ĥ

η(T − u)

∣∣∣∣∣∣
q−1

+
(

p

T − s
− p

T − u

) ∣∣∣∣∣∣1 + ĥ

η(T − u)

∣∣∣∣∣∣
q−1

= p(q − 1)
T − s

δ
∫ 1

0

∣∣∣∣∣∣1 + ĥ

η(T − u) + aδ

∣∣∣∣∣∣
q−2

sign
1 + ĥ

η(T − u) + aδ

 da
+ p(s− u)

(T − s)(T − u)

∣∣∣∣∣∣1 + ĥ

η(T − u)

∣∣∣∣∣∣
q−1

.

Hence there exists a uniformly bounded process Υ̃n such that a.s. on [T − δ, T ] and for
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n ≥ n0

∂G

∂h
(s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)

= Υ̃n
s

(T − s)

[(
Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

)
+
(
η⋆

n

)q−1 p

(T − s+ (η⋆/n)q−1)

]
.

And on [0, T − δ], we obtain the inequality by Lipschitz-continuity if q ≥ 2 or Hölder-
continuity if q < 2, and by boundedness of H and Hn.

Let us start with the next result:

Lemma 3.3.6. Assume that for some ϱ > 1,

E
[∫ T

0

[
|DθηT |ϱ +

∫ T

0
(|Dθb

η
s |ϱ + |Dθγs|ϱ + |Dθηs|ϱ) ds

]
dθ

]
< +∞.

Then for any 0 ≤ θ ≤ t ≤ T DθHn
t converges a.s. to DθHt and for ℓ < ϱ, DHn converges

to DH in Lℓ(Ω × [0, T ]2).

Proof. From Lemma 3.3.4

Γn
t,s = exp

[
−
∫ s

t

∂G

∂h

(
u−

(
η⋆

n

)q−1
,Hn

u, ηu

)
du

]
,

is bounded uniformly w.r.t. n ≥ n0 by exp(Tκ1). Since (3.28) is a linear BSDE, we have:

DθHt −DθHn
t

=
(
η⋆

n

)q−1
E
[
DθηT Γn

t,T

∣∣∣∣∣Ft

]

−
(
η⋆

n

)q−1
E
[∫ T

t

[
Dθb

η
s + p

(∫ 1

0

(
T − s+ a

(
η⋆

n

)q−1)
da

)
Dθγs

]
Γn

t,sds

∣∣∣∣∣Ft

]

− E
[∫ T

t

[
∂G

∂η
(s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
DθηsΓn

t,sds

∣∣∣∣∣Ft

]

− E
[∫ T

t

[
∂G

∂h
(s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
DθHsΓn

t,sds

∣∣∣∣∣Ft

]
. (3.34)

In the right-hand side of (3.34), the first two terms satisfy for any 0 ≤ θ ≤ t ≤ T and
n ≥ n0 (

η⋆

n

)q−1 ∣∣∣∣∣E
[
DθηT Γn

t,T

∣∣∣∣∣Ft

]∣∣∣∣∣ ≤ C
(
η⋆

n

)q−1
E
[
|DθηT |

∣∣∣∣∣Ft

]
(3.35)
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and
(
η⋆

n

)q−1 ∣∣∣∣∣E
[∫ T

t

[
Dθb

η
s + p

(∫ 1

0

(
T − s+ a

(
η⋆

n

)q−1)
da

)
Dθγs

]
Γn

t,sds

∣∣∣∣∣Ft

]∣∣∣∣∣
≤ C

(
η⋆

n

)q−1
E
[∫ T

t

(
|Dθb

η
s | + p

(
T + (η⋆)q−1

)
|Dθγs|

)
ds

∣∣∣∣∣Ft

]

≤ C
(
η⋆

n

)q−1
E
[∫ T

t
(|Dθb

η
s | + |Dθγs|) ds

∣∣∣∣∣Ft

]
. (3.36)

From (3.30), we obtain that
∣∣∣∣∣E
[∫ T

t

[
∂G

∂η
(s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
DθηsΓn

t,sds

∣∣∣∣∣Ft

]∣∣∣∣∣
≤ E

∫ T

t
Υn

s

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

|Dθηs|Γn
t,sds

∣∣∣∣∣Ft


≤ CE

∫ T

t

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

|Dθηs|ds
∣∣∣∣∣Ft

 . (3.37)

From (3.17), we have
|DθHs| ≤ C(T − s)ζs,

where
ζs = E

[∫ T

s
(|Dθb

η
u| + |Dθγu| + |Dθηu|) du

∣∣∣∣∣Fs

]
= E

[∫ T

s
ϖudu

∣∣∣∣∣Fs

]
.

Thus using (3.31)
∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣ |DθHs|

≤ Cζs|Υ̃n
s |
∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

+ Cp|Υ̃n
s |
(
η⋆

n

)q−1 ζs

(T − s+ (η⋆/n)q−1)
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and ∣∣∣∣∣E
[∫ T

t

[
∂G

∂h
(s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
DθHsΓn

t,sds

∣∣∣∣∣Ft

]∣∣∣∣∣
≤ CE

∫ T

t
ζs

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

ds

∣∣∣∣∣Ft


+ pC

(
η⋆

n

)q−1
E
[∫ T

t

ζs

(T − s+ (η⋆/n)q−1)ds
∣∣∣∣∣Ft

]
. (3.38)

For the second one

0 ≤ E
[∫ T

t

ζs

T − s+ (η⋆/n)q−1ds

∣∣∣∣∣Ft

]
= E

[∫ T

t

1
T − s+ (η⋆/n)q−1

(∫ T

s
ϖudu

)
ds

∣∣∣∣∣Ft

]

= ln(T − t+ (η⋆/n)q−1)ζt − E
[∫ T

t
ln(T − s+ (η⋆/n)q−1)ϖsds

∣∣∣∣∣Ft

]

≤ ln(T + (η⋆)q−1)ζt + E
[∫ T

t
− ln(T − s)ϖsds

∣∣∣∣∣Ft

]

≤ ln(T + (η⋆)q−1)ζt + E
[∫ T

t
| ln(T − s)|ϖsds

∣∣∣∣∣Ft

]
.

Coming back to (3.34), with (3.35), (3.36), (3.37), (3.38), we obtain that for 0 ≤ θ ≤ t ≤ T

|DθHt −DθHn
t | ≤ C

(
η⋆

n

)q−1
E
[
|DθηT | + 2

∫ T

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]

+ C
(
η⋆

n

)q−1
E
[∫ T

t
| ln(T − s)|ϖsds

∣∣∣∣∣Ft

]

+ CE

∫ T

t

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

|Dθηs|ds
∣∣∣∣∣Ft


+ CE

∫ T

t
ζs

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

ds

∣∣∣∣∣Ft

 . (3.39)

With Hölder’s inequality (1/ϱ+ 1/ϱ∗ = 1):

E
[∫ T

t
| ln(T − s)|ϖsds

∣∣∣∣∣Ft

]
≤

[∫ T

t
| ln(T − s)|ϱ∗ds

]1/ϱ∗ [
E
[∫ T

t
(ϖs)ϱds

∣∣∣∣∣Ft

]]1/ϱ

≤ C

[
E
[∫ T

t
(ϖs)ϱds

∣∣∣∣∣Ft

]]1/ϱ
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and

E

∫ T

t

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

|Dθηs|ds
∣∣∣∣∣Ft

 ≤ νn
t

[
E
[∫ T

t
|Dθηs|ϱds

∣∣∣∣∣Ft

]]1/ϱ

,

E

∫ T

t
ζs

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
(q−1)∧1

ds

∣∣∣∣∣Ft

 ≤ νn
t

[
E
[∫ T

t
|ζs|ϱds

∣∣∣∣∣Ft

]]1/ϱ

with

νn
t =

E
∫ T

t

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
ϱ∗((q−1)∧1)

ds

∣∣∣∣∣Ft

1/ϱ∗

.

Note that

E
[∫ T

t
|ζs|ϱds

∣∣∣∣∣Ft

]
= E

[∫ T

t
E
[∫ T

s
ϖudu

∣∣∣∣∣Fs

]ϱ

ds

∣∣∣∣∣Ft

]

≤ E
[∫ T

t
(T − s)ϱ−1E

[∫ T

s
(ϖu)ϱdu

∣∣∣∣∣Fs

]
ds

∣∣∣∣∣Ft

]

≤ 1
ϱ

(T − t)ϱE
[∫ T

t
(ϖu)ϱdu

∣∣∣∣∣Ft

]
.

From Lemma 3.3.2 and its proof, we can use the dominated convergence theorem to
deduce that for a fixed t, νn converges to zero a.s. Thus coming back to (3.39), we obtain
the a.s. convergence of DθHn

t to DθHt.

To obtain the convergence in mean, we raise to the power 1 < ℓ < ϱ and use the
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expectation in (3.39):

E
[
|DθHt −DθHn

t |ℓ
]

≤ C
(
η⋆

n

)ℓ(q−1)
E
[
|DθηT |ℓ +

∫ T

t

(
|Dθb

η
s |ℓ + |Dθγs|ℓ + |Dθηs|ℓ

)
ds

]

+ C
(
η⋆

n

)ℓ(q−1) [
E
[∫ T

t
(ϖs)ϱds

]]ℓ/ϱ

+ CE

(νn
t )ℓ

[
E
[∫ T

t
|Dθηs|ϱds

∣∣∣∣∣Ft

]]ℓ/ϱ
+ CE

(νn
t )ℓ

[
E
[∫ T

t
(ϖu)ϱdu

∣∣∣∣∣Ft

]]ℓ/ρ


≤ C
(
η⋆

n

)ℓ(q−1)
E
[
|DθηT |ϱ +

∫ T

t
(|Dθb

η
s |ϱ + |Dθγs|ϱ + |Dθηs|ϱ) ds

]

+ C
[
E
[
(νn

t )ℓϱ/(ϱ−ℓ)
]](ϱ−ℓ)/ϱ

[E [∫ T

t
|Dθηs|ϱds

]]ℓ/ϱ

+
[
E
[∫ T

t
(ϖu)ϱdu

]]ℓ/ρ


≤ CεnE
[
|DθηT |ϱ +

∫ T

t
(|Dθb

η
s |ϱ + |Dθγs|ϱ + |Dθηs|ϱ) ds

]

with
εn =

(
η⋆

n

)ℓ(q−1)
+
[
E
[
(νn

0 )ℓϱ/(ϱ−ℓ)
]](ϱ−ℓ)/ϱ

.

Therefore with Lemma 3.3.2

lim
n→+∞

E
[∫ T

0

∫ T

0
|DθHt −DθHn

t |ℓ dθdt
]

= 0,

which achieves the proof of the lemma.

Remark that if the condition is:

sup
θ∈[0,T ]

E
[
|DθηT |ϱ +

∫ T

0
(|Dθb

η
s |ϱ + |Dθγs|ϱ + |Dθηs|ϱ) ds

]
< +∞,

then
lim

n→+∞
sup

θ∈[0,T ]
E
[∫ T

0
|DθHt −DθHn

t |ℓ dt
]

= 0.

Now we prove a stronger convergence result.
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Lemma 3.3.7. Assume that for some ϱ > 1,

sup
θ∈[0,T ]

E
[
|DθηT |ϱ +

∫ T

0
(|Dθb

η
s |ϱ + |Dθγs|ϱ + |Dθηs|ϱ) ds

]
< +∞.

Then for any 1 < ℓ < ϱ

lim
n→+∞

sup
θ∈[0,T ]

E
[

sup
t∈[0,T ]

|DθHt −DθHn
t |ℓ
]

= 0.

Proof. We apply Itô’s formula to ∆n
t = DθHt − DθHn

t with the function x 7→ |x|ℓ for
ℓ > 1, 0 ≤ θ ≤ t ≤ T and n ≥ n0. Using the BSDE representation (3.28), we obtain

eµt|∆n
t |ℓ + ℓ(1 ∧ (ℓ− 1))

2

∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0(DθZ

H
s −DθZn

s )2ds

≤
(
η⋆

n

)ℓ(q−1)
eµT |DθηT |ℓ −

∫ T

t
µeµs|∆n

s |ℓds

− ℓ
(
η⋆

n

)q−1 ∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0

[
Dθb

η
s + p

(∫ 1

0

(
T − s+ a

(
η⋆

n

)q−1)
da

)
Dθγs

]
∆n

sds

+ ℓ
∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0

[
∂G

∂η
(s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
Dθηs∆n

sds

− ℓ
∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0∆n

s (DθZ
H
s −DθZn

s )dWs

− ℓ
∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0

[
∂G

∂h
(s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
DθHs∆n

sds

− ℓ
∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0

∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)
(∆n

s )2 ds.

With Young’s inequality we have

(
η⋆

n

)q−1
|∆n

s |ℓ−21∆n
s ̸=0

∣∣∣∣∣Dθb
η
s + p

(∫ 1

0

(
T − s+ a

(
η⋆

n

)q−1)
da

)
Dθγs

∣∣∣∣∣ |∆n
s |

≤ 1
ℓ

(
η⋆

n

)ℓ(q−1) ∣∣∣∣∣Dθb
η
s + p

(∫ 1

0

(
T − s+ a

(
η⋆

n

)q−1)
da

)
Dθγs

∣∣∣∣∣
ℓ

+ ℓ− 1
ℓ

|∆n
s |ℓ

≤ 1
ℓ

(
η⋆

n

)ℓ(q−1) ∣∣∣∣∣Dθb
η
s + p

(
T +

(
η⋆

n

)q−1)
Dθγs

∣∣∣∣∣
ℓ

+ ℓ− 1
ℓ

|∆n
s |ℓ,
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|∆n
s |ℓ−21∆n

s ̸=0

∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣ |DθHs||∆n
s |

≤ 1
ℓ

∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|DθHs|ℓ + ℓ− 1
ℓ

|∆n
s |ℓ,

and

|∆n
s |ℓ−21∆n

s ̸=0

∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣ |Dθηs||∆n
s |

≤ 1
ℓ

∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|Dθηs|ℓ + ℓ− 1
ℓ

|∆n
s |ℓ.

Therefore

eµt|∆n
t |ℓ + ℓ(1 ∧ (ℓ− 1))

2

∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0(DθZ

H
s −DθZn

s )2ds

≤
(
η⋆

n

)ℓ(q−1)
eµT |DθηT |ℓ − ℓ

∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0∆n

s (DθZ
H
s −DθZn

s )dWs

+
∫ T

t

[
3(ℓ− 1) − µ− ℓ

∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)]
eµs|∆n

s |ℓds

+
(
η⋆

n

)ℓ(q−1) ∫ T

t
eµs

∣∣∣∣∣Dθb
η
s + p

(
T +

(
η⋆

n

)q−1)
Dθγs

∣∣∣∣∣
ℓ

ds

+
∫ T

t
eµs

∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|Dθηs|ℓds

+
∫ T

t
eµs

∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|DθHs|ℓds.

Using Lemma 3.3.4, we choose

µ = 1 + 3(ℓ− 1) + ℓκ1
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such that

eµt|∆n
t |ℓ +

∫ T

t
eµs|∆n

s |ℓds+ ℓ(1 ∧ (ℓ− 1))
2

∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0(DθZ

H
s −DθZn

s )2ds

≤
(
η⋆

n

)ℓ(q−1)
eµT |DθηT |ℓ − ℓ

∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0∆n

s (DθZ
H
s −DθZn

s )dWs

+
(
η⋆

n

)ℓ(q−1) ∫ T

t
eµs

∣∣∣∣∣Dθb
η
s + p

(
T +

(
η⋆

n

)q−1)
Dθγs

∣∣∣∣∣
ℓ

ds

+
∫ T

t
eµs

∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|Dθηs|ℓds

+
∫ T

t
eµs

∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|DθHs|ℓds. (3.40)

From Lemma 3.3.5, with Young’s inequality with κ > 1
∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|Dθηs|ℓ

≤ κ− 1
κ

∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ κ

κ−1

+ 1
κ

|Dθηs|ℓκ

≤ κ− 1
κ

∣∣∣∣∣Υn
s

(
Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

)∣∣∣∣∣
ℓ κ

κ−1

+ 1
κ

|Dθηs|ℓκ

≤ C
κ− 1
κ

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
ℓ κ

κ−1

+ 1
κ

|Dθηs|ℓκ.

If ℓ < ϱ, then there exists κ > 1 such that ℓκ ≤ ϱ. With Lemma 3.3.2, our assumption on
Dθη, and the dominated convergence theorem, we deduce that if ℓ < ϱ

lim
n→+∞

E

∫ T

0
eµs

∣∣∣∣∣∂G∂η (s,Hs, ηs) − ∂G

∂η

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|Dθηs|ℓds

 = 0.
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Again with Lemma 3.3.5,

E

∫ T

T −δ
eµs

∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|DθHs|ℓds


≤ 2ℓ−1CE

∫ T

T −δ
|ζs|ℓ

∣∣∣∣∣ Hs

(T − s) − Hn
s

(T − s+ (η⋆/n)q−1)

∣∣∣∣∣
ℓ

ds


+ 2ℓ−1C

(
η⋆

n

)ℓ(q−1)
E
[∫ T

T −δ

|ζs|ℓ

(T − s+ (η⋆/n)(q−1))ℓ
ds

]
.

where again

ζs = E
[∫ T

s
(|Dθb

η
u| + |Dθγu| + |Dθηu|) du

∣∣∣∣∣Fs

]
= E

[∫ T

s
ϖudu

∣∣∣∣∣Fs

]
.

Thus
|ζs|ℓ ≤ E

[∫ T

s
|ϖu|ℓdu

∣∣∣∣∣Fs

]
.

Next we can argue as in the proof of the previous lemma to deduce that

lim
n→+∞

E
∫ T

0
eµs

∣∣∣∣∣∂G∂h (s,Hs, ηs) − ∂G

∂h

(
s−

(
η⋆

n

)q−1
,Hn

s , ηs

)∣∣∣∣∣
ℓ

|DθHs|ℓds = 0

Taking the expectation in (3.40), we deduce that

lim
n→+∞

sup
θ∈[0,T ]

(
sup

t∈[0,T ]
E
[
eµt|∆n

t |ℓ
]

+ E
[∫ T

0
eµs|∆n

s |ℓ−21∆n
s ̸=0(DθZ

H
s −DθZn

s )2ds

]

+E
[∫ T

0
eµs|∆n

s |ℓds
])

= 0.
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The Burkholder-Davis-Gundy inequality leads to:

E
[

sup
t∈[0,T ]

∣∣∣∣∣
∫ T

t
eµs|∆n

s |ℓ−21∆n
s ̸=0∆n

s (DθZ
H
s −DθZn

s )∆n
sdWs

∣∣∣∣∣
]

≤ CE

(∫ T

0
e2µs|∆n

s |2ℓ−21∆n
s ̸=0(DθZ

H
s −DθZn

s )2ds

) 1
2


≤ CE

( sup
t∈[0,T ]

eµt|∆n
t |ℓ
∫ T

0
eµs|∆n

s |ℓ−21∆n
s ̸=0(DθZ

H
s −DθZn

s )2ds

) 1
2


≤ 1
2E

[
sup

t∈[0,T ]
eµt|∆n

t |ℓ
]

+ C2

2 E
[∫ T

0
eµs|∆n

s |ℓ−21∆n
s ̸=0(DθZ

H
s −DθZn

s )2ds

]
.

With the same arguments as above, we obtain that:

lim
n→+∞

sup
θ∈[0,T ]

E
[

sup
t∈[0,T ]

eµt|∆n
t |ℓ
]

= 0.

To obtain the convergence of the sequence ∆Zn
s = DθZ

H −DθZn for 1 < ℓ < 2:

E

(∫ T

0
|∆Zn

s |2ds
)ℓ/2

 = E

(∫ T

0
1∆n

s ̸=0|∆Zn
s |2ds

)ℓ/2


= E

(∫ T

0
(∆n

s )2−ℓ (∆n
s )ℓ−2 1∆n

s ̸=0|∆Zn
s |2ds

)ℓ/2


≤ E

(∆n
∗ )ℓ(2−ℓ)/2

(∫ T

0
(∆n

s )ℓ−2 1∆n
s ̸=0|∆Zn

s |2ds
)ℓ/2


≤

{
E
[
(∆n

∗ )ℓ
]}(2−ℓ)/2

{
E
[∫ T

0
(∆n

s )ℓ−2 1∆n
s ̸=0|∆Zn

s |2ds
]}ℓ/2

≤ 2 − ℓ

2 E
[
(∆n

∗ )ℓ
]

+ ℓ

2E
[∫ T

0
(∆n

s )ℓ−2 1∆n
s ̸=0|∆Zn

s |2ds
]

where we have used Hölder’s and Young’s inequality with 2−ℓ
2 + ℓ

2 = 1 and ∆n
∗ =

sups∈[0,T ] |∆n
s |. This achieves the proof of the lemma.

3.3.2 Convergence of DθY
n

Let us start with the convergence for fixed parameters θ and t.

Proposition 3.3.8. If we set DθYT = 0 for 0 ≤ θ ≤ T , then for any 0 ≤ θ ≤ t ≤ T , we
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have the almost surely convergence:

lim
n→+∞

DθY
n

t = DθYt.

Proof. For any 0 ≤ θ ≤ t < T , according to Theorem 3.2.3, Proposition 3.3.3 and Lemma
3.3.6,

DθY
n

t = 1(
T − t+

(
η⋆

n

)q−1
)p−1Dθηt + 1(

T − t+
(

η⋆

n

)q−1
)pDθHn

t

converges a.s. to
Dθηt

(T − t)p−1 + 1
(T − t)p

DθHt = DθYt.

For t = T , since Y n
T = n, DθY

n
T = 0 for any n. Another way to obtain this fact consists of

using Proposition 3.3.3 and the terminal condition of the process Hn:

DθY
n

T = n

η⋆
DθηT +

(
n

η⋆

)q

DθHn
T = n

η⋆
DθηT −

(
n

η⋆

)q

(η⋆)q 1
nq−1

DθηT

η⋆
= 0.

Hence the sequence DθY
n

T converges a.s. to 0 = DθYT .

Note that

DθHt −DθHn
t

= (T − t)pDθYt −
(
T − t+

(
η⋆

n

)q−1)p

DθY
n

t +
(
η⋆

n

)q−1
Dθηt

= (T − t)p(DθYt −DθY
n

t ) −
[(
T − t+

(
η⋆

n

)q−1)p

− (T − t)p

]
DθY

n
t + η⋆

n
Dθηt.

This equality allows us to prove the following result.

Theorem 3.3.9. Under the conditions of Lemma 3.3.7,

lim
n→+∞

sup
θ∈[0,T ]

E
[

sup
t∈[0,T ]

(T − t)ℓp|DθYt −DθY
n

t |ℓ
]

= 0.

In particular for any 0 ≤ τ < T

lim
n→+∞

sup
θ∈[0,T ]

E
[

sup
t∈[0,τ ]

|DθYt −DθY
n

t |ℓ
]

= 0.
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Proof. From the previous remark,

(T − t)p(DθYt −DθY
n

t )

= DθHt −DθHn
t +

[(
T − t+

(
η⋆

n

)q−1)p

− (T − t)p

]
DθY

n
t − η⋆

n
Dθηt.

Furthermore with Proposition 3.3.3
[(
T − t+

(
η⋆

n

)q−1)p

− (T − t)p

]
DθY

n
t

= p
(
η⋆

n

)q−1
DθY

n
t

∫ 1

0

(
T − t+ a

(
η⋆

n

)q−1)p−1

da

= p
(
η⋆

n

)q−1
DθηtA

n
t + p

(
η⋆

n

)q−1 1(
T − t+

(
η⋆

n

)q−1
)DθHn

t A
n
t

= p
(
η⋆

n

)q−1
DθηtA

n
t + p

(
η⋆

n

)q−1 1(
T − t+

(
η⋆

n

)q−1
)(DθHn

t −DθHt)An
t

+ p
(
η⋆

n

)q−1 1(
T − t+

(
η⋆

n

)q−1
)DθHtA

n
t

with

0 ≤ An
t = 1(

T − t+
(

η⋆

n

)q−1
)p−1

∫ 1

0

(
T − t+ a

(
η⋆

n

)q−1)p−1

da ≤ 1.

Note that for any n and t

0 ≤
(
η⋆

n

)q−1 1(
T − t+

(
η⋆

n

)q−1
) ≤ 1

and from (3.17) for t ∈ [0, T ],

|DθHt| ≤ C(T − t)E
[∫ T

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]
.
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Therefore [(
T − t+

(
η⋆

n

)q−1)p

− (T − t)p

]
|DθY

n
t |

≤ p
(
η⋆

n

)q−1
|Dθηt| + p|DθHn

t −DθHt|

+ p
(
η⋆

n

)q−1
E
[∫ T

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]
.

In other words

(T − t)p|DθYt −DθY
n

t | ≤ (1 + p)|DθHt −DθHn
t | +

(
η⋆

n
+ p

(
η⋆

n

)q−1)
|Dθηt|

+ p
(
η⋆

n

)q−1
E
[∫ T

t
(|Dθb

η
s | + |Dθγs| + |Dθηs|) ds

∣∣∣∣∣Ft

]
.

The conclusion directly comes from Lemma 3.3.7.

3.4 Applications and Examples

3.4.1 Gradient of the related PDE

Here we consider that η and γ are smooth functions, ηt = η(t,Xt) and γt = γ(t,Xt),
of the solution X = Xx of the SDE: for x ∈ Rd

Xt = x+
∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dWs, 0 ≤ t ≤ T. (3.41)

We suppose that b and σ are continuous on [0, T ] × Rd and of class C1 with respect to x
with bounded first derivatives. According to [69, Theorem 2.2.1], we have :

Lemma 3.4.1. The SDE admits a unique solution X in S∞((0, T ),Rd) such that:

1. For any i ∈ {1, · · · , d}, for all t ∈ [0, T ], X i
t ∈ D1,∞ and for all p ∈ [1,+∞),

sup
0≤θ≤t

E
[

sup
θ≤s≤T

|DθX
i
s|p
]
< +∞. (3.42)
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2. The process DX i satisfies the linear SDE

DθX
i
t = σi(θ,Xθ) +

d∑
k=1

∫ t

θ

∂bi

∂xk

(s,Xs)DθX
k
s ds+

d∑
j=1

d∑
k=1

∫ t

θ

∂σj
i

∂xk

(s,Xs)DθX
k
s dW

j
s .

Under this setting,

ηt = η(t,Xt) = η(0, x) +
∫ t

0
(Lη)(s,Xs)ds+

∫ t

0
∂xη(s,Xs)σ(s,Xs)dWs,

where L is the infinitesimal generator of the SDE (3.41):

Lϕ = ⟨b, ∂xϕ⟩ + 1
2tr

(
σσ∗∂2

xϕ
)
. (3.43)

Hence bη
s = (Lη)(s,Xs) and ση

s = ∂xη(s,Xs)σ(s,Xs).

Example 3.4.2. If we apply Itô’s formula to η = φ(X), with d = 1 and φ(x) =
η⋆ − η⋆

π
arctan(x) + η⋆ + η⋆

2 , then η satisfies all required conditions (Assumptions 13 and
14) of the previous sections.

In this section, the superscript t, x indicates the dependence of the solution on the
initial data (t, x), and it will be omitted when the context is clear. In this Markovian
setting, it is known that the coupled system of Equations (3.41)-(3.2) is related to the
solution of the PDE:

∂u

∂t
+ Lu− (p− 1) |u|q−1

η(t, x)q−1u+ γ(t, x) = 0, u(T, ·) = +∞ (3.44)

If Y t,x solves the BSDE (3.2) when ηs and γs are replaced by η(s,X t,x
s ) and γ(s,X t,x

s ),
then for any 0 ≤ t ≤ s < T , Y t,x

s = u(s,X t,x
s ) and u is the viscosity solution of the

previous PDE. See [74, 41, 75, 21]. Furthermore the expansion (3.7) of Y corresponds to:

∀(t, x) ∈ [0, T ) × Rd, u(t, x) = η(t, x)
(T − t)p−1 + h(t, x)

(T − t)p
, (3.45)

with |h(t, x)| = O(T − t)2 at time T . This property is also given in [41, Lemma 4.1]. Here
h is defined thanks to the relation: h(s,X t,x

s ) = H t,x
s .

Proposition 3.4.3. We assume that:
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• The functions (t, x) 7→ η(t, x), (t, x) 7→ Lη(t, x) and (t, x) 7→ γ(t, x) are continuous
w.r.t. (t, x) and of class C1 w.r.t. x, with bounded derivatives.

• The matrix σ is uniformly elliptic, that is if there exists λ > 0 such that

∀s ∈ [0, T ], ∀(x, y) ∈ Rd × Rd, ⟨σ(s, x)σ∗(s, x)y, y⟩ ≥ λ|y|2.

The solution u is of class C1 w.r.t. x and for 0 ≤ t < T and x ∈ Rd

∂xu(t, x) = ∂xη(t, x)
(T − t)p−1 + ∂xh(t, x)

(T − t)p
.

Finally the approximating sequences un and ∂xu
n (resp. hn and ∂xh

n) pointwise converge
to u and ∂xu on [0, T )×Rd (resp. to h and ∂xh on [0, T ]×Rd), where un is the continuous
viscosity solution of the PDE (3.44) with terminal condition un(T, ·) = n and hn is defined
by

un(t, x) = η(t, x)(
T − t+

(
η⋆

n

)q−1
)p−1 + hn(t, x)(

T − t+
(

η⋆

n

)q−1
)p , (t, x) ∈ [0, T ] × Rd.

Proof. The function hn is linked to Hn by the relation: hn(s,X t,x
s ) = Hn,t,x

s . We know
that un and hn pointwise converge to u and h (from the convergence of Y n and Hn to Y
and H), which gives the asymptotic expansion of u.

Under our setting, we use [64, Lemma 2.4 and Theorem 3.1] to deduce that DθY
n

s and
DθHn

s are of the form

DθY
n

s = ∇Y n
s (∇Xθ)−1σ(θ,Xθ)1θ≤s, DθHn

s = ∇Hn
s (∇Xθ)−1σ(θ,Xθ)1θ≤s,

where the processes ∇X, ∇Y n and ∇Hn are solution of the variational equations related
to (3.41), (3.3) and (3.22). Furthermore hn is of class C1 w.r.t. x with ∂xh

n = ∇Hn and
∂xh

n is continuous on [0, T ] × Rd. Let us emphasize that these results cannot be directly
used for Y (singularity in the terminal condition) or H (singularity in the generator).

However we can define the solution (∇H,∇ZH) of the variational equation related to
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(3.8)

∇Hs =
∫ T

s
[(T − u)∂xb

η(u,Xu)∇Xu + (T − u)p∂xγ(u,Xu)∇Xu] du

−
∫ T

s

∂G

∂η
(u,Hu, ηu)∂xη(u,Xu)∇Xudu−

∫ T

s

∂G

∂h
(u,Hu, ηu)∇Hudu−

∫ T

s
∇ZH

u dWu

using again that a.s. |Hu| ≤ C(T − u)2 close to T . And from Lemma 3.2.1, we also have

DθHs = ∇Hs(∇Xθ)−1σ(θ,Xθ)1θ≤s.

Then we check the proof of [64, Theorem 3.1] to deduce that ∂xh exists. We define

∇Xε
s = 1

ε

(
X t,x+ε

s −X t,x
s

)
, ∇Hε

s = 1
ε

(
H t,x+ε

s −H t,x
s

)
, ∇Zε

s = 1
ε

(
ZH,t,x+ε

s − ZH,t,x
s

)
and prove that ∇Hε converges to ∇H when ε goes to zero. First note that

∇Hε
s =

∫ T

s

[
(T − u)∂xb̃

η(u) + (T − u)p∂xγ̃(u) − ∂ηG̃(u)
]

∇Xε
udu

−
∫ T

s
∂hG̃(u)∇Hε

udu−
∫ T

s
∇Zε

udWu

where

∂xb̃
η(u) =

∫ 1

0
∂xb

η(u,X t,x
u + a(X t,x+ε

u −X t,x
u ))da

∂xγ̃(u) =
∫ 1

0
∂xγ(u,X t,x

u + a(X t,x+ε
u −X t,x

u ))da

∂ηG̃(u) =
∫ 1

0
∂ηG(u, ηt,x

u + a(ηt,x+ε
u − ηt,x

u ), H t,x+ε
u )da

×
∫ 1

0
∂xη(u,X t,x

u + α(X t,x+ε
u −X t,x

u ))dα

∂hG̃(u) =
∫ 1

0
∂hG(u, ηt,x

u , H t,x
u + a(H t,x+ε

u −H t,x
u ))da

The key point now is that |H t,x
u | ≤ C(T −u)2 on the interval [T −δ, T ] and both constants

C and δ depend only on the bounds on η and γ, and not on x. Therefore the processes ∂ηG̃

and ∂hG̃ are bounded, uniformly w.r.t. ε. The rest of the proof can be copied from [64],
to conclude that ∂xh exists and is equal to ∇H and that ∂xh is continuous on [0, T ] ×Rd.

From (3.45), we deduce that ∂xu exists on [0, T ) ×Rd and is given by the statement of
the proposition. From our convergence result (Lemma 3.3.7), we deduce that the sequence
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∇Hn converges to ∇H. Hence the sequence ∂xh
n converges to ∂xh on [0, T ] × Rd. The

result follows immediately for ∂xu
n.

Estimate (3.17) becomes for 0 ≤ θ ≤ t ≤ T

|DθHt| = |∇Ht(∇Xθ)−1σ(θ,Xθ)|

≤ C(T − t)E
[∫ T

t
(|∂x(Lu)(s,Xs)| + |∂xη(s,Xs)| + |∂xγ(s,Xs)|) |DθXs|ds

∣∣∣∣∣Ft

]

≤ C(T − t)E
[∫ T

t
|DθXs|ds

∣∣∣∣∣Ft

]
.

From Lemma 3.4.1 and Hölder’s inequality, we deduce that

|∂xh(t, x)| = |∇Ht| ≤ C(T − t).

Remark 3.4.4. In [41, Theorem 2.9], it is already proved that u is of class C1 w.r.t. t.

3.4.2 Sensitivity in liquidation problem

Malliavin calculus is a useful tool to analyze the sensitivity in finance, see among many
others [35, 39]. In the liquidation problem mentioned in the introduction, the optimal state
process is given by

Ξs = x exp
−

∫ s

t

(
Yu

ηu

)q−1

du


or with the previous notations:

Ξs = x exp
−

∫ s

t

1
(T − u)

(
1 + Hu

ηu(T − u)

)q−1

du


= x

T − s

T − t
exp

−
∫ s

t

1
(T − u)

(1 + Hu

ηu(T − u)

)q−1

− 1
 du

 .
In particular for 0 ≤ θ ≤ s < T

DθΞs = −(q − 1)Ξs

∫ s

t

∣∣∣∣∣Yu

ηu

∣∣∣∣∣
q−2

sign (Yu)Dθ

(
Yu

ηu

)
du. (3.46)
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A key argument in the greeks computations is the positivity of the Malliavin covariance
matrix. This property is ensured if there is a diffusion part in Ξ with an elliptic diffusion
matrix (see again [35, 39]). In our case, there is no diffusion part for Ξ. Worse than this,
we know some degenerate examples.

Indeed in [5, Section 5], the authors consider the case where γ = 0 and η has uncor-
related multiplicative increments. In our setting, it means that:

Lemma 3.4.5. When η is an Itô process, η has uncorrelated multiplicative increments if
and only if the drift bη is of the form: bη

t = g(t)ηt where g is a deterministic function.

Proof. If the drift bη is of the form: bη
t = g(t)ηt, from [5, Example 5.1], η has uncorrelated

multiplicative increments. Conversely we have

ηt = η0 +
∫ t

0
bη

sds+
∫ t

0
σsdWs =⇒ E[ηt] = η0 +

∫ t

0
E[bη

s ]ds.

If we consider Mt = ηt/E[ηt], from [5, Lemma 5.1], η has uncorrelated multiplicative
increments if and only if M is a martingale. But

dMt = 1
(E[ηt])2 [E[ηt]bη

t − E[bη
t ]ηt] dt+ σt

E[ηt]
dWt.

Hence bη
t =

(
E[bη

t ]
E[ηt]

)
ηt.

From [5, Propositions 5.2 and 5.3], we know that η has uncorrelated multiplicative
increments if and only if Ξ is deterministic, that is DθΞs = 0 for any 0 ≤ θ ≤ s ≤ T . We
also have another result.

Lemma 3.4.6. When γ = 0, η has uncorrelated multiplicative increments if and only if

for any 0 ≤ θ ≤ u < T , Dθ

(
Yu

ηu

)
= 0.

Proof. From the proof of [5, Proposition 5.3], we also know that if η has uncorrelated
multiplicative increments, then Y

η
is deterministic, hence its Malliavin derivative is zero.

Conversely if the Malliavin derivaitive of Y/η is null, using (3.46), DθΞs = 0, thus Ξ is
deterministic and η has uncorrelated multiplicative increments.

Moreover we can explicitly compute H, either from [5, Proposition 5.3] where Y is
given, or directly.

143



Chapter 3 – Malliavin derivative convergence

Lemma 3.4.7. Assume that η has uncorrelated multiplicative increments, with bη
t =

g(t)ηt. Then Ht = ηt(T − t)h(t) with

h(t) = −1 +
(

1
T − t

∫ T

t
exp

(
−(q − 1)

∫ s

t
g(u)du

)
ds

)1−p

.

Proof. Since γ = 0 and bη
t = g(t)ηt, H is the solution of the BSDE with generator

F (t, h) = (T − t)ηtg(t) − (p− 1)ηt

(1 + 1
ηt(T − t)h

) ∣∣∣∣∣1 + 1
ηt(T − t)h

∣∣∣∣∣
q−1

− 1

−q 1
ηt(T − t)h

]

and terminal condition 0. Make the ansatz that Ht = ηt(T − t)h(t). Then

dHt = [(T − t)h(t)ηtg(t) + ηt(T − t)h′(t) − ηth(t)] dt+ ση
t dWt,

F (t,Ht) = (T − t)ηtg(t) − (p− 1)ηt

[
(1 + h(t)) |1 + h(t)|q−1 − 1 − qh(t)

]
.

Therefore dHt + F (t,Ht)dt is a martingale if

(T − t)i(t)g(t) + (T − t)i′(t) − (p− 1)
[
i(t) |i(t)|q−1 − i(t)

]
= 0

with i(t) = h(t) + 1. Define G as the solution of G′(t) = g(t)G(t) with G(0) = 1. Then

(T − t)(i(t)G(t))′ = (p− 1)G(t)
[
i(t) |i(t)|q−1 − i(t)

]
.

We can verify that

i(t)G(t) =
(

1
T − t

∫ T

t

1
G(s)q−1ds

)1−p

.

Thus

h(t) = −1 +
 1
T − t

∫ T

t

(
G(t)
G(s)

)q−1

ds

1−p

.

Note that h(t) ∼ (T − t) as t goes to T . By uniqueness of H, we obtain the result.
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3.4. Applications and Examples

Remark that we obtain an explicit expression for Y :

Yt = ηt

(T − t)p−1 + Ht

(T − t)p
= ηt

(T − t)p−1

(
1

T − t

∫ T

t
exp

(
−(q − 1)

∫ s

t
g(u)du

)
ds

)1−p

= ηt

(∫ T

t
exp

(
−(q − 1)

∫ s

t
g(u)du

)
ds

)1−p

.

Let us consider the case where η is deterministic. Then for θ ≤ s < T

DθΞs = −(q − 1)Ξs

∫ s

t

1
(T − u)2ηu

∣∣∣∣∣1 + Hu

ηu(T − u)

∣∣∣∣∣
q−2

sign
(

1 + Hu

ηu(T − u)

)
DθHudu.

and DθH is the solution of the BSDE (3.16), which becomes:

DθHt =
∫ T

t

[
(T − s)pDθγs − ∂G

∂h
(s,Hs, ηs)DθHs

]
ds−

∫ T

t
DθZ

H
s dWs

= E
[∫ T

t
(T − s)pDθγsΓt,sds

∣∣∣∣∣Ft

]

where Γt,s is given by (3.19). If γs = γ(s,Xs), then Dθγs = (∂xγ)(s,Xs)DθXs. In this
case, we can find easy conditions on ∂xγ and the coefficients b and σ of the SDE of X
such that the Malliavin covariance matrix of DθH is definite positive. For example if ∂xγ

is bounded away from zero and if the parameters b and σ satisfy the conditions of Lemma
3.4.1 and if σ is uniformly elliptic (see Proposition 3.4.3 for the definition), we can apply
[69, Theorems 2.3.1 and 2.3.3].

Now in general we have for 0 ≤ θ ≤ s < T

DθΞs = −(q − 1)Ξs

∫ s

t

∣∣∣∣∣Yu

ηu

∣∣∣∣∣
q−2

sign (Yu)Dθ

(
Yu

ηu

)
du

= −(q − 1)Ξs

∫ s

t

1
(T − u)2η2

u

∣∣∣∣∣1 + Hu

ηu(T − u)

∣∣∣∣∣
q−2

× sign
(

1 + Hu

ηu(T − u)

)
[ηuDθHu −HuDθηu] du

with DθH given by (3.16). Existence of tractable conditions such that the Malliavin
covariance matrix is definite positive is left for further research.
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3.5 Appendix

Let us evoke the arguments of [42, Theorem 23]. We want to solve the BSDE (3.8)

Ht =
∫ T

t
F (s,Hs)ds−

∫ T

t
ZH

s dWs = E
[∫ T

t
F (s,Hs)ds

∣∣∣∣∣Ft

]

where F is gievn by (3.9). We define the operator

Γ(H)t = E
[∫ T

t
F (s,Hs)ds

∣∣∣∣∣Ft

]

and a solution is a fixed point of this operator Γ.

Proposition 3.5.1. If η is bounded away from zero by η⋆ and if the drift bη of η is
bounded, there exists a process (H,ZH) solution of the previous BSDE and there exists
three constants δ > 0, R > 0 and C such that a.s. on [T − δ, T ], |Ht| ≤ R(T − t)2 and on
[0, T ], |Ht| ≤ C.

Proof. Remark that

G(t, h, η) = (p− 1)η
(1 + 1

η(T − t)h
) ∣∣∣∣∣1 + 1

η(T − t)h
∣∣∣∣∣
q−1

− 1 − q
1

η(T − t)h


= qh2

η(T − t)2

∫ 1

0

∣∣∣∣∣1 + a
1

η(T − t)h
∣∣∣∣∣
q−2

sign
(

1 + a
1

η(T − t)h
)

(1 − a)da.

Now suppose for a while that |Ht| ≤ R(T − t)2 on [T − δ, T ]. Then for any a ∈ [0, 1] and
T − δ ≤ t ≤ T

a
|Ht|

ηt(T − t) ≤ a
R(T − t)

ηt

≤ Rδ

η⋆

≤ 1
2 ,

if we choose δ ≤ η⋆

2R . Moreover

∂G

∂h
(t, h, η) = p

(T − t)

∣∣∣∣∣1 + 1
η(T − t)h

∣∣∣∣∣
q−1

− 1


= qh

η(T − t)2

∫ 1

0

∣∣∣∣∣1 + a
1

η(T − t)h
∣∣∣∣∣
q−2

sign
(

1 + a
1

η(T − t)h
)
da.

Thus if again |Ht| ≤ R(T − t)2 on [T − δ, T ], and under our previous condition on δ, we
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have ∣∣∣∣∣∂G∂h (t,Ht, ηt)
∣∣∣∣∣ ≤ qR

η⋆

2|q−2| = L.

Therefore if both H and H̃ are bounded from above by t 7→ R(T − t)2 on [T − δ, T ], then

|Γ(H)t − Γ(H̃)t|

≤ E
[∫ T

t
|F (s,Hs) − F (s, H̃s)|ds

∣∣∣∣∣Ft

]

≤ E
[∫ T

t
L|Hs − H̃s|ds

∣∣∣∣∣Ft

]
≤ E

[∫ T

t
L

|Hs − H̃s|
(T − s)2 (T − s)2ds

∣∣∣∣∣Ft

]

≤ L(T − t)3∥H − H̃∥Hδ ≤ δL∥H − H̃∥Hδ(T − t)2 ≤ 1
2∥H − H̃∥Hδ(T − t)2

if δ ≤ 1/(2L). Hence
∥Γ(H) − Γ(H̃)∥Hδ ≤ 1

2∥H − H̃∥Hδ

that is Γ is a contraction on the ball of Hδ with radius R. Finally

|Γ(H)t| ≤ |Γ(H)t − Γ(0)t| + |Γ(0)t|

≤ 1
2∥H∥Hδ(T − t)2 + E

[∫ T

t
|(T − s)bη

s + (T − s)pγs| ds
∣∣∣∣∣Ft

]

≤ R

2 (T − t)2 + (T − t)2
[

1
2∥bη∥∞ + 1

p+ 1(T − t)p−1γ⋆

]

≤
[

1
2∥bη∥∞ + 1

p+ 1γ
⋆ + R

2

]
(T − t)2 ≤ R(T − t)2

if δ ≤ 1 and R = ∥bη∥∞ + 2
p+ 1γ

⋆. To summarize, if

R = ∥bη∥∞ + 2
p+ 1γ

⋆, L = qR

η⋆

2|q−2|, δ = min
(

1, T, 1
2L,

η⋆

2R

)

then Γ is a contraction from the ball of Hδ with radius R into itself, thus has a unique
fixed point H, which is the solution of the wanted BSDE. Moreover the solution (H,ZH)
is the limit in Hδ of the sequence (Hk, ZH,k) unique solution in Hδ of

Hk
t =

∫ T

t
F (s,Hk−1

s )ds−
∫ T

t
ZH,k

s dWs
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with (H0, ZH,0) = (0, 0) and for any k and t ∈ [T − δ, T ], |Hk
t | ≤ R(T − t)2.

Note that the generator F is continuous and monotone in h on [0, T − δ]:

F (t, h) − F (t, h̃)

= −(p− 1)ηt

(1 + 1
ηt(T − t)h

) ∣∣∣∣∣1 + 1
ηt(T − t)h

∣∣∣∣∣
q−1

−
(

1 + 1
ηt(T − t) h̃

) ∣∣∣∣∣1 + 1
ηt(T − t) h̃

∣∣∣∣∣
q−1
+ p

T − t
(h− h̃)

= − p

(T − t)(h− h̃)
∫ 1

0

∣∣∣∣∣1 + 1
ηt(T − t) h̃+ a

1
ηt(T − t)(h− h̃)

∣∣∣∣∣
q−1

da+ p

T − t
(h− h̃),

thus for t ≤ T − δ

(F (t, h) − F (t, h̃))(h− h̃) ≤ p

δ
(h− h̃)2.

And

|F (t, h)| ≤ (T − t)∥bη∥∞ + (T − t)pγ⋆ + (p− 1)ηt

[∣∣∣∣∣1 + 1
ηtδ

h

∣∣∣∣∣
q

+ 1 + q

ηtδ
|h|
]

≤ T∥bη∥∞ + T pγ⋆ + (p− 1)ηt2q−1
(

1 + 1
ηq

t δq
|h|q

)
+ p

δ
|h|

≤ T∥bη∥∞ + T pγ⋆ + p

δ
|h| + (p− 1)2q−1 1

ηq−1
⋆ δq

|h|q + (p− 1)(2q−1 + 1)ηt.

In particular

E
[

sup
|h|≤M

|F (t, h)| ≤ C(1 + E[ηt])
]
< +∞.

Since HT −δ is a bounded random variable, the BSDE

Ht = HT −δ +
∫ T −δ

t
F (s,Hs)ds−

∫ T −δ

t
ZH

s dWs

has a unique solution on [0, T − δ] and there exists a constant C such that |Ht| ≤ C on
[0, T − δ]. See [72, Proposition 5.24] and [13, Proposition 3.3]. Notice that the martingale∫
ZHdW is a BMO-martingale on [0, T − δ]. Since H is bounded (by C), we can modify

the generator F outside the interval [−C,C], such that F is Lipschitz continuous and
with linear growth w.r.t. h. Then we can define the sequence Hk on [0, T − δ], converging
to H and such that a.s. |Hk

t | ≤ C.
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We define on [0, T ) the process

Ŷt = ηt

(T − t)p−1 + 1
(T − t)p

Ht.

We can easily verify that for any 0 ≤ t ≤ s < T

Ŷt = Ŷs +
∫ s

t

(
−(p− 1) |Ŷu|q−1

ηq−1
u

Ŷu + γu

)
du−

∫ s

t
ẐudWu,

and a.s.
lim
t→T

Ŷt = +∞.

Moreover on [T − δ, T ],

Ŷt ≥ ηt

(T − t)p−1 −R
1

(T − t)p−2 ≥ 1
(T − t)p−1 (η⋆ −R(T − t)) ≥ η⋆

2(T − t)p−1 .

Thus Ŷ is non-negative on [T − δ, T ]. By standard comparison principle on [0, T − δ] (see
[72, Section 5.3.6]), Ŷ is also non-negative on [0, T ]. Since Y is the minimal non-negative
solution, a.s. for any t ∈ [0, T ], Yt ≤ Ŷt.

From the uniqueness result of [42, Theorem 10], Ŷ = Y and thus the minimal solution
of (3.2) is given by (3.7). Let us evoke the main arguments.

Proposition 3.5.2. If η and the process (ση
u)2η−q−1

u are bounded, Ŷ = Y .

Proof. We split Y as follows

Yt = ηt

(T − t)p−1 + 1
(T − t)p

Ht.

Since Ŷ ≥ Y , we deduce that a.s. for any t, Ht ≤ Ht. Our goal is to prove that H = H,
thus Ŷ = Y .

Since Yt ≥ 0, for any t, −(T − t)ηt ≤ Ht, and on [T − δ, T ], Ht ≤ Ht ≤ R(T − t)2.
Thus a.s. limt→T Ht = 0. From the dynamics of Y , H solves the BSDE (3.8) on [0, τ ] for
any τ < T . Finally

1 + Ht

ηt(T − t) = (T − t)p−1Yt

ηt

≥ 0.
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Hence

F (t,Ht) = [(T − t)bη
t + (T − t)pγt]

− (p− 1)ηt

(1 + 1
ηt(T − t)Ht

) ∣∣∣∣∣1 + 1
ηt(T − t)Ht

∣∣∣∣∣
q−1

− 1 − q
1

ηt(T − t)Ht


is controlled on [0, T ]:

−ηt − (p− 1)ηt

(
1 + R

ηt

(T − t)
)q

≤ F (t,Ht) − [(T − t)bη
t + (T − t)pγt]

≤ (p− 1)ηt + pR(T − t).

Hence H is also a solution of the BSDE (3.8).

Now let us consider ∆H = H − H, ∆Z = ZH − Z and we proceed as in the proof of
[42, Proposition 20]. We denote

g(y) = |y|q−1y, g′(y) = q|y|q−1, g′′(y) = q(q − 1)|y|q−2sgn(y).

Then for 0 ≤ t ≤ T

∆Ht =
∫ T

t
F (s,Hs) − F (s,Hs)ds−

∫ T

t
∆ZsdWs

= −(p− 1)
∫ T

t
ηs

[
g

(
1 + Hs

ηs(T − s)

)
− g

(
1 + Hs

ηs(T − s)

)

−g′
(

1 + Hs

ηs(T − s)

)
∆Hs

ηs(T − s)

]
ds

− (p− 1)
∫ T

t
ηs

[
g′
(

1 + Hs

ηs(T − s)

)
− q

]
∆Hs

ηs(T − s)ds−
∫ T

t
∆ZsdWs.

Define for T − δ ≤ t ≤ s < T

Ξs = ηs

[
g

(
1 + Hs

ηs(T − s)

)
− g

(
1 + Hs

ηs(T − s)

)
− g′

(
1 + Hs

ηs(T − s)

)
∆Hs

ηs(T − s)

]
,

Υt,s =
∫ s

t
ηu

[
g′
(

1 + Hu

ηu(T − u)

)
− q

]
1

ηu(T − u)du

=
∫ s

t
q

∣∣∣∣∣1 + Hu

ηu(T − u)

∣∣∣∣∣
q−1

− 1
 1

(T − u)du.
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Then for any ε > 0

∆Ht = E
[
∆HT −ε exp(−(p− 1)Υt,T −ε)

∣∣∣∣∣Ft

]
− (p− 1)E

[∫ T −ε

t
Ξs exp(−(p− 1)Υt,s)ds

∣∣∣∣∣Ft

]

≤ E
[
∆HT −ε exp(−(p− 1)Υt,T −ε)

∣∣∣∣∣Ft

]

since Ξs ≥ 0 because g is a convex function on [0,∞).

Let us explain how to control the negative part of Υt,s. From [42, Lemma 6], we also
know that a.s. for any t ∈ [0, T ]

Yt ≥
[
E
[∫ T

t
η1−q

s ds

∣∣∣∣∣Ft

]]1−p

.

Thus

1 + Ht

ηt(T − t) = (T − t)p−1Yt

ηt

≥
[
ηq−1

t

T − t
E
[∫ T

t
η1−q

s ds

∣∣∣∣∣Ft

]]1−p

≥ η⋆

ηt

.

Evoke that η is an Itô process, bounded from below by η⋆ > 0. By Itô’s formula for
t ≤ s ≤ T

η1−q
s = η1−q

t +
∫ s

t
(1 − q)η−q

u bη
udu+

∫ s

t
(1 − q)η−q

u ση
udWu + q(q − 1)

2

∫ s

t
η−q−1

u |ση
u|2du.

Hence

E
[∫ T

t
η1−q

s ds

∣∣∣∣∣Ft

]
= (T − t)η1−q

t + (q − 1)E
[∫ T

t

(∫ s

t
(−η−q

u bη
u + q

2η
−q−1
u |ση

u|2)du
)
ds

∣∣∣∣∣Ft

]

= (T − t)η1−q
t + (q − 1)E

[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]

with
θu = −η−q

u bη
u + q

2η
−q−1
u |ση

u|2 = 1
ηq−1

u

(
q

2
|ση

u|2

η2
u

− bη
u

ηu

)
.

Thus

Yt ≥
[
(T − t)η1−q

t + (q − 1)E
[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]]1−p

≥ ηt

(T − t)p−1

[
1 + (q − 1)ηq−1

t

T − t
E
[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]]1−p

,
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and

(T − t)p−1Yt

ηt

= 1 + Ht

ηt(T − t) ≥
[
1 + (q − 1)ηq−1

t

T − t
E
[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]]1−p

.

We deduce that∣∣∣∣∣1 + Ht

ηt(T − t)

∣∣∣∣∣
q−1

− 1

≥
[
1 + (q − 1)ηq−1

t

T − t
E
[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]]−1

− 1

= −
[
1 + (q − 1)ηq−1

t

T − t
E
[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]]−1 (q − 1)ηq−1
t

T − t
E
[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]

≥ −(q − 1)ηq−1
t

T − t
E
[∫ T

t
(T − u)θudu

∣∣∣∣∣Ft

]
.

Hence

(p− 1)Υt,s = (p− 1)
∫ s

t
q

∣∣∣∣∣1 + Hu

ηu(T − u)

∣∣∣∣∣
q−1

− 1
 1

(T − u)du

≥ −q
∫ s

t

ηq−1
u

(T − u)2E
[∫ T

u
(T − r)θrdr

∣∣∣∣∣Fu

]
du.

If η and θ are bounded by η⋆ and ∥θ∥∞, we obtain

(p− 1)Υt,s ≥ −q

2(η⋆)q−1∥θ∥∞.

Since for any ε > 0,

∆Ht ≤ E
[
∆HT −ε exp(−(p− 1)Υt,T −ε)

∣∣∣∣∣Ft

]
≤ CE

[
∆HT −ε

∣∣∣∣∣Ft

]

we can pass to the limit to deduce that ∆H ≤ 0, that is H ≤ H.

Remark that another sufficient condition would be: if η ∈ Lϱ(Ω) and

exp
(
q
∫ T

t

ηq−1
u

(T − u)2E
[∫ T

u
(T − r)θrdr

∣∣∣∣∣Fu

]
du

)
∈ Lϱ∗(Ω).
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For example, η geometric Brownian motion: bη = µη, ση = ση and

ηq−1
u E

[
θr

∣∣∣Fu

]
= f(u, r).

Here ϱ∗ = ∞.
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Chapter 4

CONTINUITY PROBLEM FOR BSDE AND

IPDE WITH SINGULAR TERMINAL

CONDITION

The notion of backward stochastic differential equations (BSDEs) was first introduced
by Bismut in [15] in the linear setting and by Pardoux & Peng in [70] for non linear
equation. One particular interest for the study of BSDE is the application to partial
differential equations (PDEs). Indeed as proved by Pardoux & Peng in [71], BSDEs can
be seen as generalization of the Feynman-Kac formula for non linear PDEs. Roughly
speaking, if we can solve a system of two SDEs with one forward in time and one backward
in time, then the solution is a deterministic function and is a (weak) solution of the related
PDE. This is a method of characteristics to solve parabolic PDE. The converse assertion
can be proved provided the solution of the PDE is enough regular to apply Itô’s formula
(see [32, Chapter 6]). Since then a large literature has been developped on this topic (see
in particular the books [26], [32], [72] and the references therein). The extension to quasi-
linear PDEs or to fully non linear PDEs has been already developed (see among other
[63], [83] or [87]).

Among all semi-linear PDEs, a particular form has been widely studied:

∂u

∂t
(t, x) + ∆u(t, x) − u(t, x)|u(t, x)|q−1 = 0. (4.1)

Baras & Pierre [11], Marcus & Veron [65] (and many other papers) have given existence
and uniqueness results for this PDE. In [65] it is shown that every positive solution of (4.1)
possesses a uniquely determined final trace g which can be represented by a couple (S, µ)
where S is a closed subset of Rd and µ a non-negative Radon measure on R = Rd \ S:

lim
t→T

∫
R
u(t, x)φ(x)dx =

∫
R
φ(x)dµ(x), ∀φ ∈ Cc(R).
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The final trace can also be represented by a positive, outer regular Borel measure ν, and
ν is not necessary locally bounded. The two representations are related by:

∀A ⊂ Rd, A Borel,

 ν(A) = +∞ if A ∩ S ̸= ∅
ν(A) = µ(A) if A ⊂ R.

The set S is the set of singular final points of u and it corresponds to a “blow-up” set
of u. From the probabilistic point of view, Dynkin & Kuznetsov [30] and Le Gall [61]
have proved similar results for the PDE (4.1) in the case 1 < q ≤ 2 using the theory of
superprocesses. Now if we want to represent the solution u of (4.1) using an FBSDE (F
means forward), we have to deal with a singular terminal condition ξ in the BSDE, which
means that P(ξ = +∞) > 0. This singular case and the link between the solution of the
BSDE with singular terminal condition and the viscosity solution of the PDE (4.1) have
been studied first in [74] and developed in [75].

Besides PDEs motivation, BSDEs are a powerful tool to solve stochastic optimal con-
trol problems (see e.g. the survey article [33] or the books [73, 86]). In [5] and [56], it is
proved that BSDEs with singular terminal condition provide a purely probabilistic solu-
tion of a stochastic control problem with a terminal constraint on the controlled process,
motivated by models of optimal portfolio liquidation under stochastic price impact. On
liquidation models see, e.g. [2, 3, 34, 43, 37, 47, 54], among many others. The related
BSDEs are of the following form

−dYt = −Yt|Yt|q−1

ηt

dt+ λtdt− ZtdWt (4.2)

with lim
t→T

Yt = +∞ on S. Parameter η is a measure of the illiquidity of the market,
whereas λ penalizes the size of the remaining position of the portfolio. Here the singular
set S corresponds to the scenarios with mandatory liquidation. The important feature is
that the previous BSDE is directly related to a PDE similar to (4.1) and this link and
PDEs technics have been used in [40, 41, 48, 80] to solve the same optimal liquidation
problem.

In the standard Lp setting (see [26, 72]), the solution of the BSDE, with terminal
condition ξ, is càdlàg 1 on [0, T ] and verifies

lim
t→T

Yt = ξ. (4.3)

1. French acronym for right-continuous with left-limits
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When ξ is not integrable, in particular if P(ξ = +∞) > 0, the classical notion of solution
has to be adapted. As proved in [56], the minimal solution only satisfies: a.s.

lim inf
t→T

Yt ≥ ξ = YT .

Therefore it is called a super-solution in [56].
We refer to the problem of establishing that a candidate solution satisfies (4.3) as the

“continuity problem”. In the PDE’s context, if it is quite immediately that under weak
conditions, there exists a minimal (viscosity) solution u such that

lim inf
(t,x)→(T,x0)

u(t, x) ≥ u(T, x0).

The continuity at time T is not obvious.
As explained in details in [1, Section 1.1], solving this problem is crucial to ensure:
• Uniqueness of the solution of the BSDE,
• Tight control for the liquidation problem (no extra liquidation cost or no strict

super-hedging),
• Condition in optimal targeting problem [10].

From [76], it is known that the existence of the limit at time T essentially depends on
the generator of the BSDE. The solution is càdlàg on [0, T ] provided we can control the
growth of the generator w.r.t. y. But replacing ≥ by = is more delicate and has been
studied in [76, 81, 66, 1].

If some partial results are available for general condition ξ, the more accurate results
are given in the Markovian case, that is when ξ = g(XT ), where X is a diffusion process
and g is a function defined on Rd with values in [0,+∞] 2. In this case, the corresponding
trace is S = {g = +∞} and the measure µ has a density w.r.t. the Lebesgue measure
given by g. In the rest of this chapter, we only consider this Markovian framework.

Let us now distinguish two different cases. In the first one, the forward diffusion process
X is continuous. Then the related PDE is a semi-linear parabolic PDE with only local
differential operator, as for example Equation (4.1). Then in [76], it is proved that if the
generator is sufficiently non linear (q > 3 for PDE (4.1) and BSDE (4.2)), Condition (4.3)
holds. Otherwise Malliavin’s calculus is a useful tool to prove that (4.3) holds under some
uniform ellipticity condition on the matrix diffusion of X. It has been done in [74] for
the specific generator related to PDE (4.1) ; the general case is studied in the Section

2. The non-negativity of g is not necessary but it simplifies the presentation of the results.
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Chapter 4 – Continuity problem for BSDE and IPDE with singular terminal condition

2, which is in the final stages of writing for upcoming submission. To summarize, with
non degenerate diffusion matrix, for continuous diffusion process X or equivalently for
parabolic PDE, the continuity property holds and this property is coherent with the
results obtained in [65, 31, 61] for the PDE (4.1).

In the second case,X is also driven by a Poisson process (or more generally by a Poisson
random measure). Then the corresponding integro-partial differential equation (IPDE)
(4.11) has a non-local integral operator. This kind of IPDE with terminal singularity has
not been studied with analytical methods and is only considered (to our best knowledge)
in [75]. From [76, 75], if the generator is sufficiently non linear, continuity property again
holds. In other words, the behaviors with or without jumps (or with local or non-local
operators) are the same.

The goal of this chapter is to provide an explicit example for which continuity property
fails. We study the BSDE (4.2)

Yt = g(NT ) −
∫ T

t
Ys|Ys|q−1ds−

∫ T

t
UsdÑs, 0 ≤ t ≤ T, (4.4)

where N is a Poisson process with intensity λ and Ñ is the compensated Poisson process:
Ñt = Nt − λt. We show that:

• The value q = 2 is critical. We construct an example for which S = {g = +∞} =
[x0,∞) and the minimal solution of the BSDE (4.4) or of the related PDE is the
function t 7→ 1/(T − t). Hence the continuity problem (4.3) does not hold whatever
g1g<+∞ is. We also prove that the lack of continuity is due to the jump part of X
; adding a Brownian part does not change this fact.

• For q < 2, the solution of the BSDE (4.4) (or of the PDE) explodes at time T . The
solution is compared with the solution for q = 2 and the first one is greater than
the second. Again this behavior does not depend on the terminal value.

• For 2 < q, continuity property holds. Note that for q > 3, the result is already
proved in [76].

The main novelty of the chapter is the lack of continuity at time T for BSDEs (resp. for
PDEs), when there are jumps (resp. when the operator is non-local). Here the regular-
ity of the terminal condition (or of the trace in the context of [65]) does not influence
the behavior of the solution. Somehow the solution forgets the terminal constraint. This
property has never been observed in the literature.

This chapter is organized as follows. In Section 4.1, we present the setting for BSDEs
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and PDEs and the known results. Since our goal is to provide an example of discontinuity,
the setting is not the most general (see [26, 55, 72, 85] for the wider framework of BSDEs
with or without jumps).

Section 4.2 studies in details the quadratic case (the generator is y 7→ −y|y|) when
the forward process is the Poisson process. The terminal condition is equal to +∞ on
an interval [x0,+∞) for a fixed threshold x0 and is finite on the complement of this
interval. Our main result is in Theorem 4.2.7 and Corollary 4.2.10: any approximating
sequence of the solution (of the BSDE or of the PDE) converges to u : t 7→ 1/(T − t)
on [0, T ), whatever the value of the terminal condition on (−∞, x0) is. In other words,
for this singular terminal condition, there is only one solution equal to u on [0, T ). As a
consequence, the solution of the BSDE or of the PDE does not depend on the terminal
condition. Theorem 4.2.16 shows that adding a diffusion part does not change the result.
The discontinuity comes from the jump part and cannot be overcome by the smoothing
effect of the diffusion part.

In Section 4.3, we deduce that the quadratic case is critical. With less non linear
generators (q < 2), the discontinuity holds (Theorem 4.3.2), whereas for more non linear
generators (q > 2), continuity property holds (Proposition 4.3.3).

The non-decreasing Poisson process X has a tendency to go into the singular set
S = [x0,∞), which intuitively explains the observed discontinuity. Indeed in Section 4.4,
we show that if S = (−∞, x0], then continuity again holds. Here the Poisson process tends
to exit from S.

To illustrate this final discontinuity, we also study the related numerical scheme in
Section 4.5. In our setting, we solve an ordinary Ricatti differential equation. The implicit
Euler scheme is well posed and approximates the solution for bounded terminal condition
with standard convergence rate. We prove that the same scheme can be used in the
singular case and that it behaves according to the theoretical analysis, that is it forgets
the terminal value and explodes at time T , when the discretization step tends to zero.

Let us emphasize that most of the results of this chapter are true if we work with a com-
pound Poisson process with positive jumps that are bounded away from zero. Nonetheless
the extension to more general Poisson random measures or to multi-dimensional processes
are left for further research.
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Chapter 4 – Continuity problem for BSDE and IPDE with singular terminal condition

4.1 Framework and definitions

We consider a filtered probability space (Ω,F ,P,F = (Ft)t≥0). We assume that this set
supports a one-dimensional Brownian motion W and a Poisson process N with intensity λ.
The filtration F is generated by W and N . The compensated process Ñ = (Nt −λt, t ≥ 0)
is a martingale with respect to F.

For a given T ≥ 0, we denote by P the predictable σ-field on Ω × [0, T ]. On Ω × [0, T ],
a function that is P-measurable, is called predictable. D (resp. D(0, T )) is the set of all
predictable processes on [0,+∞) (resp. on [0, T ]).

Now to define the solution of our BSDE, let us remember the following spaces for
p ≥ 1.

• Sp
c (0, T ) is the space of all adapted processes X with right-continuous with left

limits paths, such that E
[
supt∈[0,T ] |Xt|p

]
< ∞.

• Hp(0, T ) denotes the subspace of all processes X ∈ D(0, T ) such that the expecta-
tion E

[(∫ T
0 |Xt|2dt

)p/2
]

is finite.
Finally we also define

Mp(0, T ) = Sp
c (0, T ) ×Hp(0, T ) ×Hp(0, T ).

We consider the BSDE

Yt = ξ +
∫ T

t
f(s, Ys, Zs, Us)ds−

∫ T

t
ZsdWs −

∫ T

t
UsdÑs, 0 ≤ t ≤ T. (4.5)

Here, the random variable ξ is FT -measurable with values in R and the generator f :
Ω × [0, T ] × R3 → R is a random function, measurable with respect to Prog × B(R) ×
B(R) × B(R) where Prog denotes the sigma-field of progressive subsets of Ω × [0, T ]. The
unknowns are (Y, Z, U) such that Y is progressively measurable and càdlàg with values
in R, Z ∈ D(0, T ) such that a.s.

∫ T
0 |Zs|2ds < +∞ and U ∈ D(0, T ).

4.1.1 Existence of a solution for the BSDE

The next conditions on f are very standard in the BSDE theory (see for example [26,
72]). For notational convenience we will denote f 0

t = f(t, 0, 0, 0).
• The function y 7→ f(t, y, z, u) is continuous and monotone: there exists µ ∈ R such
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4.1. Framework and definitions

that a.s. and for any t ∈ [0, T ], (z, u) ∈ R2

(f(t, y, z, u) − f(t, y′, z, u))(y − y′) ≤ µ(y − y′)2. (A1)

• For every n > 0 the function

sup
|y|≤n

|f(t, y, 0, 0) − f 0
t | ∈ L1((0, T ) × Ω). (A2)

• f is Lispchitz continuous in z, uniformly w.r.t. all parameters: there exists L > 0
such that for any (t, y, u), z and z′: a.s.

|f(t, y, z, u) − f(t, y, z′, u)| ≤ L|z − z′|. (A3)

• There exists a progressively measurable process κ = κy,z,u,v : Ω × [0, T ] → R such
that

f(t, y, z, u) − f(t, y, z, v) ≤ (u− v)κy,z,u,v
t (A4)

with P ⊗ Leb-a.e. for any (y, z, u, v), −1 ≤ κy,z,u,v
t and |κy,z,u,v

t | ≤ ϑ, where ϑ is a
constant.

• There exists ϱ > 1 such that

E
[∫ T

0
|f 0

s |ϱds
]
< +∞. (A5)

In [55, 85], it is proved that under Conditions (A1)-(A5) and if ξ ∈ Lϱ(Ω), then
the BSDE (4.5) has a unique solution (Y, Z, U) in Mϱ(0, T ). Moreover the comparison
principle holds: roughly speaking, if ξ′ ≥ ξ and f ′ ≥ f , then Y ′ ≥ Y .

Now if ξ is not integrable or if P(ξ = +∞) > 0, to ensure the existence of a solution
which is finite before time T , we suppose that there exists a constant q > 1 and a positive
constant η such that for any y ≥ 0

f(t, y, z, u) ≤ −ηy|y|q−1 + f(t, 0, z, u). (A6)

Definition 4.1.1. The generator f satisfies Condition (A) if all assumptions (A1)–(A6)
hold.

Example 4.1.2. The function f(t, y, z, u) = −y|y|q−1 satisfies Condition (A).
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Chapter 4 – Continuity problem for BSDE and IPDE with singular terminal condition

In [56], the following result is proved.

Theorem 4.1.3 (Theorem 1 in [56]). Under Condition (A) and if ξ and f 0 are non-
negative, then there exists a process (Y, Z, U) such that

• (Y, Z, U) belongs to Mϱ(0, t) for any t < T .
• Y is non-negative;
• For all 0 ≤ s ≤ t < T :

Ys = Yt +
∫ t

s
f(t, Yr, Zr, Ur)dr −

∫ t

s
ZrdWr −

∫ t

s
UsdÑs.

• (Y, Z, U) is a super-solution in the sense that a.s.

lim inf
t→T

Yt ≥ ξ. (4.6)

Any process (Ỹ , Z̃, Ũ) satisfying the previous four items is called super-solution of the
BSDE (4.5) with singular terminal condition ξ. Finally the process (Y, Z, U) is the minimal
super-solution, in the sense that for any other supersolution, a.s. for any t, Ỹt ≥ Yt.

Note that this result holds in the more general framework with Poisson random mea-
sure and general filtration.

As explained in the introduction, Condition (4.6) is too weak to ensure uniqueness of
the solution and is interpreted as an extra cost for liquidation in finance. Instead of (4.6),
we want to have (4.3):

lim
t→T

Yt = ξ.

It is proved in [76, Section 3] that the existence of a left-limit at time T for Y only depends
on f . A sufficient condition is the existence of a non-increasing, of class C1 and concave
function h and of a positive constant η̃ such that for any y ≥ 0

η̃h(y) ≤ f(t, y, z, u) − f(t, 0, z, u).

In this chapter, we only discuss if a.s.

lim inf
t→T

Yt = ξ. (4.7)

If some partial results have been obtained for the non-Markovian setting ([81, 66, 1]),
more complete results have been obtained in the Markovian setting.
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4.1. Framework and definitions

4.1.2 Markovian setting

For x ∈ R, we consider the forward SDE: for any 0 ≤ t ≤ T

Xt = x+
∫ t

0
b(r,Xr)dr +

∫ t

0
σ(r,Xr)dWr +

∫ t

0
β(r,Xr−)dÑr. (4.8)

The coefficients b : [0, T ] × R → R, σ : [0, T ] × R → R and β : [0, T ] × R → R satisfy:

1. b, σ and β are jointly continuous w.r.t. (t, x) and Lipschitz continuous w.r.t. x
uniformly in t, i.e. there exists a constant K such that for any t ∈ [0, T ], for any x
and y in R: a.s.

|b(t, x) − b(t, y)| + |σ(t, x) − σ(t, y)| + |β(t, x) − β(t, y)| ≤ K|x− y|

2. b and σ growth at most linearly:

|b(t, x)| + |σ(t, x)| ≤ Cb,σ(1 + |x|).

3. β is bounded w.r.t. t and x: there exists a constant Cβ such that

|β(t, x)| ≤ Cβ.

Under these assumptions, the forward SDE (4.8) has a unique strong solution X (see
[78]).

We assume that
ξ = g(XT )

where the function g is defined on R with values in [0,+∞] = [0,+∞)∪{+∞}. We denote

S = {x ∈ R s.t. g(x) = +∞}

the set of singularity points for the terminal condition induced by g. We suppose that S
is closed and that for all closed set K ⊂ R \ S

g(XT )1K(XT ) ∈ L1 (Ω,FT ,P) .

In [76, Theorem 4.5], under Condition (A) on f and under this setting for ξ = g(XT ),
it is proved that (4.7) holds provided that in (A6) q > 3. There are also some technical
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Chapter 4 – Continuity problem for BSDE and IPDE with singular terminal condition

conditions between the jumps of X and the singular set S ; these conditions are discussed
in Sections 4.2 and 4.4. If F is only generated by W (in particular β = 0 in (4.8)), then
(4.7) holds for any q > 1, provided that the diffusion coefficient σ is uniformly elliptic.
Indeed in this case, we can use the representation of the process Z as the Malliavin
derivative of Y .

The rest of this chapter shows that the presence of jumps can completely destroy (4.7),
that is for q ≤ 2, it is possible to have a.s.

lim inf
t→T

Yt = +∞,

even if P(ξ = +∞) < 1.

4.1.3 Related PDEs

A key feature of BSDE is the link with parabolic PDE. Let us now define for (t, x) ∈
[0, T ] × R, the forward SDE: for any 0 ≤ t ≤ s ≤ T

X t,x
s = x+

∫ s

t
b(r,X t,x

r )dr +
∫ s

t
σ(r,X t,x

r )dWr +
∫ s

t
β(r,X t,x

r−)dÑr. (4.9)

The coefficients b, σ and β still satisfy the previously mentioned conditions: Lipschitz
continuity w.r.t. x and at most linear growth. Then (4.9) has a unique strong solution
X t,x belonging in Sp

c (0, T ) for any p > 1. Together with the SDE (4.9), we solve the BSDE:
for any 0 ≤ t ≤ s ≤ T

Y t,x
s = g(X t,x

T ) +
∫ T

s
f(r,X t,x

r , Y t,x
r , Zt,x

r , U t,x
r )dr −

∫ T

s
Zt,x

r dWr −
∫ T

t
U t,x

r dÑr. (4.10)

Now the generator f : [0, T ] × R4 → R is a deterministic function, such that the random
function fX(s, y, z, u) = f(s,X t,x

s , y, z, u) satisfies Condition (A) uniformly w.r.t. x. The
function g : R → R is measurable and non-negative and ξ = g(X t,x

T ). Hence we can apply
the previous results to ensure the existence of a minimal super-solution (Y t,x, Zt,x, U t,x).

To make the link with IPDE, we also suppose that the generator f verifies some extra
regularity assumptions (see [12, 75]):

• The function f is locally Lipschitz continuous w.r.t. y: for all R > 0, there exists
LR such that for any y and y′ and any (t, x, z, u)

|y| ≤ R, |y′| ≤ R =⇒ |f(t, x, y, z, u) − f(t, x, y′, z, u)| ≤ LR|y − y′|.
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• The function u ∈ R 7→ f(t, x, y, z, u) is non-decreasing for all t ∈ [0, T ] and
(x, y, z) ∈ R3:

∀u ≤ u′, 0 ≤ f(t, x, y, z, u′) − f(t, x, y, z, u) ≤ ϑ(u′ − u).

ϑ is the constant of Condition (A4).
• (t, x) 7→ f(t, x, y, z, u) is continuous and for all R > 0, t ∈ [0, T ], |x| ≤ R, |x′| ≤ R,

|y| ≤ R, (z, u) ∈ R2,

|f(t, x, y, z, u) − f(t, x′, y, z, u)| ≤ ωR(|x− x′|(1 + |z|)),

where ωR(s) tends to 0 when s ↘ 0.
• x 7→ f(t, x, 0, 0, 0) is of at most polynomial growth.

The generator of Example 4.1.2 satisfies these conditions. Now from [12, Proposition 2.5
and Theorem 3.4]:

Proposition 4.1.4. If g : R → R is continuous and with polynomial growth, the function
u(t, x) = Y t,x

t is the unique continuous viscosity solution of the IPDE:

∂u

∂t
(t, x) + Lu(t, x) + I(t, x, u) + f(t, x, u, u′σ,B(t, x, u)) = 0

u(T, x) = g(x)

(4.11)

(among the functions with polynomial growth). Moreover if g is bounded, u is also bounded.

In the previous IPDE, we have:
• L is the local second-order differential operator, due to the continuous part of the

forward SDE:
L(t, x, ϕ) = 1

2σ
2(t, x)ϕ′′(x) + b(t, x)ϕ′(x) ;

• I is a non local differential operator and comes from the jump part of the forward
SDE:

I(t, x, ϕ) = ϕ(t, x+ β(t, x)) − ϕ(t, x) − ϕ′(t, x)β(t, x) ;

• B is also a non local operator coming from the generator of the BSDE:

B(t, x, ϕ) = ϕ(t, x+ β(t, x)) − ϕ(t, x).
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Chapter 4 – Continuity problem for BSDE and IPDE with singular terminal condition

From [75], we obtain the next statement 3

Proposition 4.1.5. If g : R → [0,+∞] is a continuous function such that for any
compact set K in R \ S, g(XT )1K(XT ) is integrable, where S = {x ∈ R, g(x) = ∞}, then
u is the minimal non-negative viscosity solution of (4.11), such that:

lim inf
(t,x)→(T,x0)

u(t, x) ≥ g(x0) (4.12)

holds.

The continuity problem for BSDE can be written here: does the minimal viscosity
solution u satisfy

lim
(t,x)→(T,x0)

u(t, x) = g(x0) ?

A natural question concerns the regularity of the solution u. In [75, Section 4.3], it is
proved that if b and σ are bounded functions and σ is uniformly elliptic, if f is Hölder
continuous w.r.t. (t, x), then u ∈ C1,2([0, T ) × R) (see [75, Lemmas 5 and 6, Proposition
5]).

4.2 Quadratic case with right barrier

In this section, we still assume that X = N is the Poisson process (σ = 0 and β = 1),
denoted X t,x if we want to emphasize that it starts at time t from point x:

X t,x
s = x+

∫ s

t
λdr +

∫ s

t
dÑr = x+Ns −Nt.

We study the quadratic case: f(s, y, z, u) = −y|y| (Example 4.1.2 with q = 2), so the
BSDEs (4.2) and (4.5) become

Yt = g(XT ) −
∫ T

t
Ys|Ys|ds−

∫ T

t
UsdÑs, 0 ≤ t ≤ T. (4.13)

We note Y t,x the solution of the BSDE whose dynamics is that of the BSDE (4.13) on
[t, T ] when X = X t,x. Moreover we consider the following function g : for x0 ∈ R and
φ : R → [0,+∞)

g(x) = (+∞)1{x≥x0} + φ(x)1{x<x0}. (4.14)

3. Note that continuity of the minimal solution is not guaranteed in this proposition.
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For this case, it is obvious that the singularity set S = [x0,∞) has a compact and regular
boundary {x0} and obviously if x ≥ x0, x+1 > x0. In other words it satisfies the technical
conditions (called (E) in [76]) mentioned in Section 4.1.2. But q = 2 is too small to apply
some known result about the continuity at time T . Let us remark that φ plays a role only
if X starts below x0.

Let us evoke some properties for this BSDE and the truncated BSDE: for any K > 0
and for 0 ≤ t ≤ T

Y K
t = g(XT ) ∧K −

∫ T

t
Y K

s |Y K
s |ds−

∫ T

t
UK

s dÑs. (4.15)

From Section 4.1.1 and [56], there exists a unique solution (Y K , UK) for (4.15) and a
minimal solution (Y, U) for (4.13) such that Y is the increasing limit of Y K and since g
is non-negative: a.s.

∀t ∈ [0, T ], 0 ≤ Y K
t ≤ Yt ≤ 1

T − t
.

Note that these estimates do not depend on g. Moreover a.s.

lim
t→T

Yt ≥ ξ = g(XT ).

The existence of the limit follows from [76, Theorem 3.1].

Finally the related IPDE (4.11) is: for any (t, x) ∈ [0, T ] × R

∂u

∂t
(t, x) − λu(t, x) − u(t, x)|u(t, x)| = −λu(t, x+ 1)

u(T, x) = g(x),

(4.16)

and the truncated PDE:
∂uK

∂t
(t, x) − λuK(t, x) − uK(t, x)|uK(t, x)| = −λuK(t, x+ 1)

uK(T, x) = g(x) ∧K.

(4.17)

If g : R → [0,+∞] is continuous, then there exists a unique continuous viscosity solution
uK for (4.17) and a minimal viscosity solution u for (4.16) such that u is the increasing
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limit of uK and for any (t, x)

0 ≤ uK(t, x) ≤ u(t, x) ≤ 1
T − t

.

Recall that uK(t, x) = Y K,t,x
t and u(t, x) = Y t,x

t .
We are going to show that we have

lim
t→T

Yt > ξ = YT , Yt = 1
T − t

∀t ∈ [0, T ).

In other words we show that there exist cases for which the solution is non continuous at
time T . Contrary to [76, 75], the main changements are the quadratic driver (correspond-
ing to q = 2 in (A6)) and simple jumps associated to a Poisson process (without jumps,
for uniformly elliptic diffusions, we have continuity whatever the power q).

4.2.1 Solving the PDE and behavior at time T

Here we are going to resolve the PDEs (4.16) and (4.17), without the help of BSDE’s
theory. Let us state some results concerning the ODE:

y′(t) − λy(t) − y(t)|y(t)| + λψ(t) = 0, 0 ≤ t ≤ T,

y(T ) = χ ∈ R.
(4.18)

Lemma 4.2.1. If ψ ∈ C0([0, T ]), then there exists a unique bounded solution y. Moreover
if χ ≥ 0 and if for any t ψ(t) ≥ 0, then y(t) ≥ 0 for any t. The solution satisfies:

∀t < T, y(t) ≤ 1
(T − t)2

∫ T

t

[
λψ(s)(T − s)2 + 1

]
e−λ(s−t)ds.

As a consequence, if ψ(t) ≤ 1/(T − t), then the same estimate holds for y.

Proof. The function (t, y) 7→ λy+y|y|−λψ(t) is continuous w.r.t. t and is locally Lipschitz
continuous w.r.t. y. Hence there exists a unique solution of the ODE, defined on an interval
(τ, T ]. We also have

y′(t) = (λ+ |y(t)|)y(t) − λψ(t).
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So for τ < t ≤ T

y(t) = χ exp
(

−
∫ T

t
(λ+ |y(s)|)ds

)
+ λ

∫ T

t
ψ(s) exp

(
−
∫ s

t
(λ+ |y(u)|)du

)
ds.

Thus:
|y(t)| ≤ |χ| + λ

∫ T

t
|ψ(s)|ds ≤ |y(T )| + λ

∫ T

0
|ψ(s)|ds.

As ψ ∈ C0([0, T ]), the function y is bounded on (τ, T ], independently of τ . Hence there
exists a global solution defined on [0, T ]. And if χ and ψ are non-negative, the function y
is also non-negative.

Now we prove the a priori estimate on y (adaptation of [56]). Let us solve the following
linear ODE on the interval [0, T − ε] for 0 < ε < T ,

(yε)′ − λyε − 2 1
T − t

yε + 1
(T − t)2 + λψ(t), yε(T − ε) = y(T − ε).

The solution yε is given by

yε(t) = y(T − ε) exp
(

−
∫ T −ε

t

(
λ+ 2 1

T − s

)
ds

)

+ λ
∫ T −ε

t
ψ(s) exp

(
−
∫ s

t

(
λ+ 2 1

T − u

)
du
)
ds

+
∫ T −ε

t

1
(T − s)2 exp

(
−
∫ s

t

(
λ+ 2 1

T − u

)
du
)
ds

= y(T − ε)e−λ(T −ε−t) exp
(

−2
∫ T −ε

t

1
T − s

ds

)

+ λ
∫ T −ε

t
ψ(s)e−λ(s−t) exp

(
−2

∫ s

t

1
T − u

du
)
ds

+
∫ T −ε

t

1
(T − s)2 e

−λ(s−t) exp
(

−2
∫ s

t

1
T − u

du
)
ds

But
exp

(
−2

∫ s

t

1
T − u

du
)

=
(
T − s

T − t

)2
.

Thus
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yε(t) = 1
(T − t)2 ε

2y(T − ε)e−λ(T −ε−t)

+ 1
(T − t)2

∫ T −ε

t

[
λψ(s) + 1

(T − s)2

]
e−λ(s−t)(T − s)2ds.

Using the inequality y2 ≥ 2cy− c2 with c = 1/(T − t), we have the inequality between
the two generators

λy + 2 1
T − t

y − 1
(T − t)2 − λψ(t) ≤ λy + y2 − λψ(t).

Thus, with the comparison result for backward ODE, we deduce that for any t ∈ [0, T −ε]

y(t) ≤ yε(t)

= 1
(T − t)2 ε

2y(T − ε)e−λ(T −ε−t)

+ 1
(T − t)2

∫ T −ε

t

[
λψ(s) + 1

(T − s)2

]
e−λ(s−t)(T − s)2ds.

Letting ε go to zero, since the function y is bounded, we deduce that for any t < T

y(t) ≤ 1
(T − t)2

∫ T

t

[
λψ(s) + 1

(T − s)2

]
e−λ(s−t)(T − s)2ds

= 1
(T − t)2

∫ T

t

[
λψ(s)(T − s)2 + 1

]
e−λ(s−t)ds.

If ψ(t) ≤ 1
T − t

, a computation shows that the same estimate holds for y:

y(t) ≤ 1
(T − t)2

∫ T

t
[λ(T − s) + 1] e−λ(s−t)ds

= 1
(T − t)2

(
−e−λ(T −t)

λ
+ λ(T − t) + 1

λ
+ e−λ(T −t)

λ
− 1
λ

)
= 1
T − t

.

This achieves the proof of the lemma.

Remark 4.2.2. Let us emphasize that the mapping (y(T ), ψ) 7→ y is non-decreasing: if
χ̂ ≥ χ ≥ 0 and ψ̂(t) ≥ ψ(t) ≥ 0 for any t, then ŷ(t) ≥ y(t) ≥ 0.
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Indeed we have

ŷ(t) − y(t)

= χ̂− χ−
∫ T

t
(λŷ(s) + ŷ(s)|ŷ(s)| − λψ̂(s) − λy(s) − y(s)|y(s)| + λψ(s))ds

= χ̂− χ−
∫ T

t
(λŷ(s) − λy(s) + ŷ(s)|ŷ(s)|︸ ︷︷ ︸

=ŷ(s)2

− y(s)|y(s)|︸ ︷︷ ︸
=y(s)2

)ds+ λ
∫ T

t
ψ̂(s) − ψ(s)ds

= χ̂− χ−
∫ T

t
(λ+ a(s)) (ŷ(s) − y(s))ds+ λ

∫ T

t
ψ̂(s) − ψ(s)ds,

with
a(s) = ŷ(s)|ŷ(s)| − y(s)|y(s)|

ŷ(s) − y(s) 1ŷ(s)≤y(s) ≥ 0.

Thus

ŷ(t) − y(t) = (χ̂− χ) exp
(

−
∫ T

t
(λ+ a(s))ds

)

+ λ
∫ T

t
(ψ̂(s) − ψ(s)) exp

(
−
∫ s

t
(λ+ a(u))du

)
ds ≥ 0.

We begin with the case x ≥ x0. We rewrite the PDEs
∂u

∂t
(t, x) − λu(t, x) − u(t, x)|u(t, x)| = −λu(t, x+ 1),

u(T, x) = +∞,

(4.19)

and 
∂uK

∂t
(t, x) − λuK(t, x) − uK(t, x)|uK(t, x)| = −λuK(t, x+ 1),

uK(T, x) = K.

(4.20)

Lemma 4.2.3. On [0, T ] × [x0,∞), for any K > 0, the solutions of (4.19) and (4.20)
are:

u(t, x) = 1
T − t

, uK(t, x) = 1

T − t+ 1
K

.

Proof. For the equation (4.20), we notice that the function t 7−→ 1

T − t+ 1
K

satisfies

the PDE and is continuous and bounded. By uniqueness of the viscosity solution ([12,
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Theorem 3.5]), we have
uK(t, x) = 1

T − t+ 1
K

.

Then the minimal solution is the increasing limit of uK :

u(t, x) = lim
K→+∞

uK(t, x) = 1
T − t

.

Clearly, it satisfies PDE (4.19) on [0, T ) × [x0,+∞).

We consider now the case x ∈ [x0 − 1, x0). So x + 1 ≥ x0 and we rewrite the PDE
(4.17) for uK



∂uK

∂t
(t, x) − λuK(t, x) − uK(t, x)|uK(t, x)| = −λ 1

T − t+ 1
K

,

uK(T, x) = φ(x) ∧K.

Note that it is an ODE with parameter x.

Lemma 4.2.4. On [0, T ] × [x0 − 1, x0), for any K > 0, the solution of (4.17) is

uK(t, x) = 1

T − t+ 1
K

−
1φ(x)<K

eλ(T −t) (K(T − t) + 1)2
(

1
K − φ(x) +

∫ T

t

e−λ(T −s)

(K(T − s) + 1)2ds

) ,
(4.21)

and
u(t, x) = lim

K→+∞
uK(t, x) = 1

T − t
1{t<T } + φ(x)1{t=T }.

Proof. Here x is a fixed parameter in [x0 − 1, x0). We begin with the equation in uK .
We recognize a Riccati equation whose a particular solution of the dynamic is t 7−→

1

T − t+ 1
K

. We make the variable changement

uK(t, x) = 1

T − t+ 1
K

− wK(t, x)

where wK is a non-negative function. The sign of wK comes from the a priori estimate on
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4.2. Quadratic case with right barrier

uk given by [56, Lemma 1]. So the function wK(·, x) satisfies the ODE

∂wK

∂t
(t, x) −

λ+ 2

T − t+ 1
K

wK(t, x) + wK(t, x)2 = 0.

We recognize a Bernoulli equation. We make the variable changement, under reserve of
non cancellation,

yK(t, x) = 1
wK(t, x) .

So the function yK(·, x) satisfies a first order linear differential equation. Solving this ODE
and going back to uK , we obtain that if φ(x) < K

uK(t, x) = 1

T − t+ 1
K

− 1

eλ(T −t) (K(T − t) + 1)2
(

1
K − φ(x) +

∫ T

t

e−λ(T −s)

(K(T − s) + 1)2ds

)

and for φ(x) = K

uK(t, x) = 1

T − t+ 1
K

.

Let us pass to the limit on K for t < T . Since φ(x) < +∞, we have

lim
K→+∞

(K(T − t) + 1)2 1
K − φ(x) ∧K

= +∞

whereas

0 ≤
∫ T

t

e−λ(T −s)

(K(T − s) + 1)2ds ≤
∫ T

t

1
(K(T − s) + 1)2ds = T − t

K(T − t) + 1 .

Therefore we obtain for any t < T .

u(t, x) = lim
K→+∞

uK(t, x) = 1
T − t

.
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This function u satisfies the PDE
∂u

∂t
(t, x) − λu(t, x) − u(t, x)|u(t, x)| = −λ 1

T − t
,

u(T, x) = φ(x).

(4.22)

Again it is an ODE with parameter x. Since ψ = 1
T − ·

̸∈ C0([0, T ]), we cannot apply
Lemma 4.2.1. Nonetheless we have:

Lemma 4.2.5. This function u(·, x) = 1
T − ·

is the unique non-negative solution of (4.22)
defined on [0, T ).

Proof. Again x is fixed and we assume there exists a non-negative solution u(·, x) defined
on [0, T ). So the function u(·, x) satisfies the forward PDE


∂u

∂t
(t, x) − λu(t, x) − u(t, x)2 = −λ 1

T − t

u(0, x) = a,

(4.23)

with a ≥ 0 defined by a = u(0, x). According to the Cauchy-Lipschitz theorem, this ODE
has a unique solution u(·, x) defined on [0, τa) (τa also depends on x, but we do not write
this dependence). If a = 1

T
then the function t 7−→ 1

T − t
is solution and well defined on

[0, T ). In that case
u(t, x) = 1

T − t
.

We are going to show it is the only possibility. We suppose by absurd a ̸= 1
T

. We also

have a Riccati equation whose a particular solution is t 7−→ 1
T − t

. So, by applying the
previous method, we obtain an explicit solution

u(t, x) = 1
T − t

+ 1
(T − t)2

T 2 e−λt

(
c− T 2

∫ t

0

eλs

(T − s)2ds

) , (4.24)

with c =
(
a− 1

T

)−1
=
(
u(0, x) − 1

T

)−1
. Now if a > 1

T
then by divergence of the integral
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4.2. Quadratic case with right barrier

∫ t

0

eλs

(T − s)2ds in T , there exists τa ∈ [0, T ) such that

∫ τa

0

eλs

(T − s)2ds = c

T 2 = 1
T 2a− T

> 0.

So the function u(·, x) is defined only on [0, τa) with τa < T , what contradicts our as-
sumption on u. Now if a < 1

T
then the function u(·, x) is defined on [0, T ) and

u(t, x) = 1
T − t

+ 1

(T − t)2

T 2 e−λt

 1

a− 1
T

− T 2
∫ t

0

eλs

(T − s)2ds


= 1
T − t

+ 1

(T − t)2e−λt
1

aT 2 − T
− e−λt(T − t)2

∫ t

0

eλs

(T − s)2ds

.

Integrating by parts leads to

u(t, x)

= 1
T − t

[
1

+ 1
(T − t)e−λt

(
a

aT −1 + λ ln(T ) + λ2 ∫ t
0 e

λs ln(T − s)ds
)

− 1 − λ(T − t) ln(T − t)

]

=
e−λt

(
a

1−aT
− λ ln(T ) − λ2 ∫ t

0 e
λs ln(T − s)ds

)
+ λ ln(T − t)

(T − t)e−λt
(

a
1−aT

− λ ln(T ) − λ2 ∫ t
0 e

λs ln(T − s)ds
)

+ 1 + λ(T − t) ln(T − t)
.

Therefore we obtain for any x

u(t, x) ∼
t→T

λ ln(T − t). (4.25)

In particular, u(·, x) becomes negative when t tends to T , which contradicts our assump-
tion on u. Thus a = 1

T
and

u(t, x) = 1
T − t

is the only non-negative solution defined on [0, T ).

175



Chapter 4 – Continuity problem for BSDE and IPDE with singular terminal condition

We suppose now x ∈ [x0 − 2, x0 − 1). Then x + 1 ∈ [x0 − 1, x0) and we rewrite the
PDE (4.17) 

∂uK

∂t
(t, x) − λuK(t, x) − uK(t, x)2 = −λuK(t, x+ 1),

uK(T, x) = φ(x) ∧K,

(4.26)

where uK(t, x+ 1) is given by (4.21) with φ(x+ 1) instead of φ(x):

uK(t, x+ 1)

= 1

T − t+ 1
K

−
1φ(x+1)<K

eλ(T −t) (K(T − t) + 1)2
(∫ T

t

e−λ(T −s)

(K(T − s) + 1)2ds+ 1
K − φ(x+ 1)

) .

Existence of uK , solution of (4.26), is given by Lemma 4.2.1 (x is a parameter) since
uK(·, x+ 1) is a bounded function. Moreover since uK(·, x+ 1) is bounded from above by
1/(T − ·) and is non-decreasing w.r.t. K, and with Remark 4.2.2, we have the estimate :
for K ≤ K̂

0 ≤ uK(t, x) ≤ uK̂(t, x) ≤ 1
T − t

.

Nonetheless we cannot derive the explicit expression of uK , but we prove that uK still
converges to t 7→ 1/(T − t). And from our previous result (Lemma 4.2.5), this function is
the unique non-negative solution of (4.22) on [x0 − 2, x0 − 1).

Lemma 4.2.6. For any x ∈ [x0 − 2, x0 − 1), the solution uK(·, x) of (4.26) converges:

uK(t, x) −→
K→+∞

1
T − t

.

Proof. Since uK(·, x) is a non-decreasing sequence of functions, it converges to some limit
function u(·, x) such that for any t < T :

0 ≤ uK(t, x) ↗
K→+∞

u(t, x) ≤ 1
T − t

.

For any t < T

uK(t, x) = uK(0, x) +
∫ t

0

[
λuK(s, x) + uK(s, x)|uK(s, x)| − λuK(s, x+ 1)

]
ds.
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Using dominated convergence theorem and Lemma 4.2.4, we can pass to the limit:

u(t, x) = u(0, x) +
∫ t

0

[
λu(s, x) + u(s, x)|u(s, x)| − λ

1
T − s

]
ds.

Thus u solves the PDE (4.22): on [0, T )

∂u

∂t
(t, x) − λu(t, x) − u(t, x)|u(t, x)| = −λ 1

T − t
.

If we assume
u(0, x) = a <

1
T

− ε

for some ε > 0, then, according to the performed reasoning in the proof of Lemma 4.2.5,
the solution u is equal to zero in a time τ ∈ [0, T ) what it cannot be. Thus u(0, x) = 1

T
and

uK(0, x) −→
K→+∞

1
T
.

Now we consider the difference function

eK(t, x) = uK(t, x) − 1
T − t

= uK(t, x) − u∞(t), 0 ≤ t < T.

By performing the difference between the two PDEs

∂eK

∂t
(t, x) − λeK(t, x) − (uK(t, x)2 − u∞(t)2) = −λ(uK(t, x+ 1) − u∞(t)),

i.e., according to the identity a2 − b2 = (a− b)(a+ b),

∂eK

∂t
(t, x) −

(
λ+ uK(t, x) + u∞(t)

)
eK(t, x) = −λ(uK(t, x+ 1) − u∞(t)).

If we denote

aK(t, x) = λ+ uK(t, x) + u∞(t), cK = eK(0, x) = uK(0, x) − 1
T

the difference function eK is given by

eK(t, x)

=
(
cK − λ

∫ t

0
(uK(s, x+ 1) − u∞(s)) exp

(
−
∫ s

0
aK(r, x)dr

)
ds
)

exp
(∫ t

0
aK(s, x)ds

)
.
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We are going to study the behavior of each term when K → +∞. We already know that

cK = eK(0, x) = uK(0, x) − 1
T

−→
K→+∞

0.

The term
aK(t, x) = λ+ uK(t, x) + u∞(t) ∈ [0, λ+ 2u∞(t)]

is bounded w.r.t. K, so exp
(∫ t

0
aK(s, x)ds

)
also. Finally for the last, apply the dominated

convergence theorem:
∫ t

0
(uK(s, x+ 1) − u∞(s)) exp

(
−
∫ s

0
aK(r, x)dr

)
ds −→

K→+∞
0.

Therefore we obtain
eK(t, x) −→

K→+∞
0,

i.e.
uK(t, x) −→

K→+∞
u∞(t) = 1

T − t
.

Theorem 4.2.7. The solution uK of (4.17) converges to the solution u of (4.16), which
is given by

u(t, x) = 1
T − t

1{t<T } + g(x)1{t=T }, 0 ≤ t ≤ T, x ∈ R.

This solution u is the unique non-negative solution defined on [0, T ].

Proof. For x ≥ x0, it results from Lemma 4.2.3. Then we argue by recursion on the
intervals [x0 −k−1, x0 −k), with k ∈ N. The initialization step comes from Lemma 4.2.4.
We suppose the result for the x ∈ [x0 − k − 1, x0 − k), then, by applying the proof of
Lemma 4.2.6 we obtain the result for the x ∈ [x0 − k − 2, x0 − k − 1). The recurrence
principle allows to conclude. Uniqueness comes from Lemma 4.2.5.

Remark 4.2.8. Of course the same study can be done for f(t, x, y, u) = −ηy|y| with some
constant η > 0. Then the solution becomes u(t, x) = 1

η(T − t) .

The next result is used below to control the martingale part of the BSDE.

Proposition 4.2.9. For any K > 0, the difference uK(t, x + 1) − uK(t, x) is the sum of
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a non-negative term and a bounded term controlled for x < x0 by

|x0 − x| sup
y∈[x,x0)

|φ(y + 1) − φ(y)|.

Proof. For x ≥ x0−1, we have: uK(t, x+1)−uK(t, x) ≥ 0 ; it is an immediate consequence
of Lemmata 4.2.3 and 4.2.4 and the formulas therein. Now for x < x0 − 1, the difference
∆(t, x) = uK(t, x+ 1) − uK(t, x) satisfies: for any t ∈ [0, T ]

∆′(t, x) − (λ+ uK(t, x+ 1) + uK(t, x))∆(t, x) + λ∆(t, x+ 1) = 0.

Hence for any x < x0 − 1:

∆(t, x) = (φ(x+ 1) − φ(x)) exp
(

−
∫ T

t
(λ+ uK(s, x+ 1) + uK(s, x))ds

)

+
∫ T

t
λ∆(r, x+ 1) exp

(
−
∫ r

t
(λ+ uK(s, x+ 1) + uK(s, x))ds

)
dr.

Since uK is non-negative, the first term is bounded by |φ(x+ 1) − φ(x)|.

Now for x ∈ [x0 − 2, x0 − 1), x+ 1 ∈ [x0 − 1, x0), thus ∆(r, x+ 1) ≥ 0. Thus the claim
is true on [x0 − 2, x0 − 1):

∆(t, x) = ∆+(t, x) + Γ(t, x)

where ∆+(t, x) ≥ 0 and |Γ(t, x)| ≤ |φ(x+ 1) − φ(x)|.

For x ∈ [x0 − 3, x0 − 2),

∫ T

t
λ∆(r, x+ 1) exp

(
−
∫ r

t
(λ+ uK(s, x+ 1) + uK(s, x))ds

)
dr

=
∫ T

t
λ∆+(r, x+ 1) exp

(
−
∫ r

t
(λ+ uK(s, x+ 1) + uK(s, x))ds

)
dr

+
∫ T

t
λΓ(r, x+ 1) exp

(
−
∫ r

t
(λ+ uK(s, x+ 1) + uK(s, x))ds

)
dr.

And
∫ T

t
λ|Γ(r, x+ 1)| exp

(
−
∫ r

t
(λ+ uK(s, x+ 1) + uK(s, x))ds

)
dr

≤
∫ T

t
λ|φ(x+ 2) − φ(x+ 1)| exp (−λ(r − t)) dr ≤ |φ(x+ 2) − φ(x+ 1)|.
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Thus again for 2 < x0 − x ≤ 3

∆(t, x) = ∆+(t, x) + Γ(t, x)

where ∆+(t, x) ≥ 0 and |Γ(t, x)| ≤ 2 supy∈[x,x0) |φ(y + 1) − φ(y)|.

We conclude by recursion.

4.2.2 Consequence for the BSDE (4.13)

Here we still consider the terminal condition ξ = g(XT ), with g given by (4.14) and
the BSDE (4.13) is:

Yt = g(XT ) −
∫ T

t
Ys|Ys|ds−

∫ T

t
UsdÑs, 0 ≤ t < T.

We denote by (Y K , UK) the solution of the same BSDE (4.13) with terminal condition
g(XT ) ∧K. The first immediate consequence is the next result:

Corollary 4.2.10. A.s. for any t ∈ [0, T )

lim
K→+∞

Y K
t = 1

T − t
, lim

K→+∞
UK

t = 0.

The solution Y of the BSDE (4.13) is given by

Yt = 1
T − t

1{t<T } + g(XT )1{t=T }, 0 ≤ t ≤ T.

Moreover the process UK is the sum of a non-negative term and of a term controlled by
Φ(Xs−) where Φ(x) = |x0 − x| supy∈[x,x0) |φ(y + 1) − φ(y)|.

Proof. We can apply Itô’s formula to uK(t,Xt) (only regularity w.r.t. t is required) to
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obtain the solution Y K :

Y K
t = uK(t,Xt) = g(XT ) ∧K −

∫ T

t

∂uK

∂t
(s,Xs)ds−

∑
t<s≤T

[
uK(s,Xs) − uK(s,Xs−)

]
= g(XT ) ∧K −

∫ T

t
[λ(uK(s,Xs− + 1) − uK(s,Xs−)) + uK(s,Xs−)2]ds

−
∫ T

t

[
uK(s,Xs− + 1) − uK(s,Xs−)

]
dNs

= g(XT ) ∧K −
∫ T

t
(Y K

s )2ds−
∫ T

t

[
uK(s,Xs− + 1) − uK(s,Xs−)

]
(dNs − λds).

Hence UK
s = uK(s,Xs− + 1) − uK(s,Xs−). The conclusion follows from Proposition 4.2.9

and when we pass to the limit when K tends to ∞.

Therefore we do not have the continuity of the process Y at the terminal time T : a.s.

lim
t→T

Yt = +∞ > ξ = YT .

This property does not depend on a particular choice of φ on (−∞, x0). The singularity
is propagated by the jumps of the forward process.

Note that Remark 4.2.8 still holds for the BSDE.

4.2.3 When we add a diffusion term

As mentioned in the introduction, if there is no jump and if the diffusion is uniformly
elliptic, continuity at time T holds. Here we study the BSDE (4.13)

Yt = g(XT ) −
∫ T

t
Ys|Ys|ds−

∫ T

t
ZsdWs −

∫ T

t
UsÑ(ds),

with g given by (4.14):

g(x) = (+∞)1{x0≤x} + φ(x)1{x<x0},

and now we add a diffusion part in X, namely:

Xt = x+Nt +
∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dWs,
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So the associated PDE (4.16) becomes

∂u

∂t
(t, x) + Lu(t, x) − λu(t, x) − u(t, x)|u(t, x)| = −λu(t, x+ 1)

u(T, x) = g(x),

(4.27)

with
Lu(t, x) = b(x)∂u

∂x
(t, x) + 1

2σ(x)2∂
2u

∂x2 (t, x).

If λ = 0, we have a standard parabolic PDE which is studied in [65]. We want to prove
that the minimal solution is again u(t, x) = 1

T − t
. Compared to Theorem 4.2.7, the

differential operator L does not change the behavior of the solution.
First note that t 7→ 1

T − t
solves the PDE (4.27) on [x0,∞) where g(x) = +∞. We

also consider the truncated version of the PDE:
∂uK

∂t
(t, x) + LuK(t, x) − λuK(t, x) − uK(t, x)|uK(t, x)| = −λuK(t, x+ 1)

uK(T, x) = g(x) ∧K.

(4.28)

An auxiliary function. Let us consider the following PDE on [0, T ] × R

∂uK

∂t
(t, x) + LuK(t, x) − λuK(t, x) − uK(t, x)|uK(t, x)| = −λ 1

T − t+ 1
K

, (4.29)

with uK(T, x) = g(x) ∧K. This PDE is related with the BSDE without jumps

Y
K
t = g(Xt) ∧K −

∫ T

t
Y

K
s |Y K

s |ds−λ
∫ T

t
Y

K
s ds+λ

∫ T

t

ds

T − s+ 1
K

−
∫ T

t
Z

K
s dWs, (4.30)

where
Xt = x+

∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dWs.

Lemma 4.2.11. There exists a unique solution (Y K
, Z

K) to the BSDE (4.30) such that
a.s. for any t,

0 ≤ Y
K
t ≤ 1

T − t+ 1
K

.
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This sequence converges to (Y , Z) in Mp(0, T − ε) for any p > 1 and ε > 0 and for any
0 ≤ t ≤ s < T

Y t = Y s −
∫ s

t
Y

2
rdr − λ

∫ s

t
Y rdr + λ

∫ s

t

dr

T − r
−
∫ s

t
ZrdWr.

Proof. The driver is given by

fK(s, y) = −y|y| − λy + λ

T − s+ 1
K

.

It is continuous and monotone w.r.t. y and bounded w.r.t. s. The terminal condition is
bounded. Thus the solution (Y K

, Z
K) exists and is unique in Mϱ(0, T ) for any ϱ > 1.

Comparison principle implies that a.s. for any t,

0 ≤ Y
K

t ≤ 1

T − t+ 1
K

,

since fK(s, y) ≥ −y|y| − λy and

 1

T − t+ 1
K

, 0

 is the solution with terminal value K.

Moreover for K ≤ K ′, a.s. Y K
t ≤ Y

K′

t . Hence

Y t = lim
K→∞

Y
K

t

exists and satisfies 0 ≤ Y t ≤ 1/(T − t). The rest of the Lemma can be deduced with the
same arguments as in [56, Proposition 3].

Proposition 4.2.12. For any t < T , Y t = 1
T − t

. In particular

lim
t→T

Y t = +∞.
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Proof. The BSDE (4.30) can be considered as a linear BSDE and thus

Y
K
t = E

[
(g(Xt) ∧K)e−λ(T −t) exp

(
−
∫ T

t
|Y K

r |dr
)

+ λ
∫ T

t

e−λ(s−t)

T − s+ 1
K

exp
(

−
∫ s

t
|Y K

r |dr
)
ds

∣∣∣∣∣Ft

]

≥ λE

∫ T

t

e−λ(s−t)

T − s+ 1
K

exp
(

−
∫ s

t
|Y K

r |dr
)
ds

∣∣∣∣∣Ft



≥ λE

∫ T

t

e−λ(s−t)

T − s+ 1
K

exp
(

−
∫ T

t
|Y K

r |dr
)
ds

∣∣∣∣∣Ft


≥ λe−λT

∫ T

t

1

T − s+ 1
K

dsE
[
exp

(
−
∫ T

t
|Y K

r |dr
) ∣∣∣∣∣Ft

]

= λe−λT ln(K(T − t) + 1)E
[
exp

(
−
∫ T

t
|Y K

r |dr
) ∣∣∣∣∣Ft

]
.

Since Y K converges to Y and Y is finite on [0, T ), we deduce that for any t < T

lim
K→∞

E
[
exp

(
−
∫ T

t
|Y K

r |dr
) ∣∣∣∣∣Ft

]
= 0,

in particular by Fatou’s lemma,

E
[
exp

(
−
∫ T

t
|Y r|dr

) ∣∣∣∣∣Ft

]
= 0. (4.31)

Now consider the difference

1
T − t+ 1

K

− Y
K
t = (K − g(XT ) ∧K) (4.32)

−
∫ T

t

(
λ+ 1

T − s+ 1
K

+ Y
K
s

)(
1

T − s+ 1
K

− Y
K
s

)
ds+

∫ T

t
Z

K
s dWs

= E
[
K − g(XT ) ∧K

K(T − t) + 1 e−λ(T −t) exp
(

−
∫ T

t
|Y K

r |dr
) ∣∣∣∣∣Ft

]
. (4.33)
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Since for t < T ,

0 ≤ K − (g(XT ) ∧K)
K(T − t) + 1 ≤ 1

T − t
, and lim

K→+∞

K − (g(XT ) ∧K)
K(T − t) + 1 = 1

T − t
1g(XT )<+∞,

we deduce
lim

K→+∞

(
1

T − t+ 1
K

− Y
K

t

)
= 0

and that Y t = 1/(T − t), which achieves the proof.

According to [12, 75], we have the following link between the BSDE and the PDE:

Lemma 4.2.13. If the function g ∧K is continuous, then there exists a unique bounded
and continuous viscosity solution uK to (4.29). Moreover for any t, x and K

0 ≤ uK(t, x) ≤ 1
T − t+ 1

K

.

Finally if b is bounded and σ is uniformly elliptic, that is, there exists ν > 0 such that for
any (t, x)

ν ≤ σ(t, x)2 ≤ 1
ν,

then for any ε, uK belongs to C1,2([0, T − ε] × R).

Proof. The regularity of uK is proved in [75, Section 4.3] and follows from classical results
for PDEs, see among others [36, 57].

Now evoke that for any (t, x)

uK(t, x) = Y
K,t,x
t .

From this proposition and this lemma, we deduce that for x ∈ R and t < T

lim
K→+∞

uK(t, x) = lim
K→+∞

Y
K,t,x
t = 1

T − t
.

Back to the PDEs (4.28) and (4.27). On [x0,+∞), g(x) ∧K = K and the solution is
uK(t, x) = 1

T − t+ 1
K

. Therefore we can deduce that for x ∈ [x0 − 1, x0) the PDE (4.28)
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is
∂uK

∂t
(t, x) + LuK(t, x) − λuK(t, x) − uK(t, x)|uK(t, x)| = −λ 1

T − t+ 1
K

,

with uK(T, x) = g(x) ∧ K and thus on [0, T ] × [x0 − 1, x0), uK(t, x) = uK(t, x). Hence
the minimal solution of (4.27) satisfies for x ∈ [x0 − 1, x0) and t < T : u(t, x) = 1

T − t
. In

particular
lim
t→T

u(t, x) = +∞ > g(x) = u(T, x).

Now to handle the case x ∈ [x0 − 2, x0 − 1), let us introduce a second auxiliary PDE:
on [0, T ] × R


∂ũK

∂t
(t, x) + LũK(t, x) − λũK(t, x) − ũK(t, x)|ũK(t, x)| = −λuK(t, x+ 1)

ũK(T, x) = g(x) ∧K.

The associated BSDE is

Ỹ K
t = g(XT )∧K−

∫ T

t
Ỹ K

s |Ỹ K
s |ds−λ

∫ T

t
Ỹ K

s ds+λ
∫ T

t
uK(s,Xs+1)ds−

∫ T

t
Z̃K

s dWs. (4.34)

Lemma 4.2.14. There exists a unique solution (Ỹ K , Z̃K) to the BSDE (4.34) such that
a.s. for any t,

0 ≤ Ỹ K
t ≤ 1

T − t+ 1
K

.

This sequence converges to (Ỹ , Z̃) in Mp(0, T − ε) for any p > 1 and ε > 0 and for any
0 ≤ t ≤ s < T

Ỹt = Ỹs −
∫ s

t
Ỹ 2

r dr − λ
∫ s

t
Ỹrdr + λ

∫ s

t

dr

T − r
−
∫ s

t
Z̃rdWr.

Proof. This proof can be deduced with the same arguments as in Lemma 4.2.11.

Now we state the same result as in Proposition 4.2.12:

Proposition 4.2.15. For any t < T , a.s. Ỹt = 1
T − t

. In particular

lim
t→T

Ỹt = +∞.
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Proof. The proof is rather similar as the proof of Proposition 4.2.12. However since the
BSDE (4.34) contains a stochastic term uK(s,Xs + 1) (instead of the deterministic and
explicit 1/(T − s+ 1/K)), new arguments have to be used.

We notice that (Ỹ K , Z̃K) is solution of a linear BSDE:

Ỹ K
t = E

[
(exp

(
−
∫ T

t
|Ỹ K

s |ds
)
e−λ(T −t)g(XT ) ∧K)

∣∣∣∣∣Ft

]

+ λE
[∫ T

t
exp

(
−
∫ s

t
|Ỹ K

r |dr
)
e−λ(s−t)uK(s,Xs + 1)ds

∣∣∣∣∣Ft

]

≥ λe−λTE
[
exp

(
−
∫ T

t
|Ỹ K

r |dr
)∫ T

t
uK(s,Xs + 1)ds

∣∣∣∣∣Ft

]
,

with for t < t, Ỹ K
t ≤ 1/(T − t) < +∞,

∫ T

t
uK(s,Xs + 1)ds a.s.−→

K→+∞

∫ T

t

1
T − s

ds = +∞,

and
exp

(
−
∫ T

t
|Ỹ K

r |dr
)

a.s.

↘
K→+∞

exp
(

−
∫ T

t
|Ỹr|dr

)
.

Thus:
exp

(
−
∫ T

t
|Ỹ K

r |dr
)

a.s.

↘
K→+∞

0. (4.35)

Then with Ỹ K
s ≥ 0, for any t < T

0 ≤ 1
T − t+ 1

K

− Ỹ K
t

= K −
∫ T

t

1
(T − s+ 1

K
)2ds

− g(XT ) ∧K +
∫ T

t
Ỹ K

s |Ỹ K
s |ds+ λ

∫ T

t
Ỹ K

s ds− λ
∫ T

t
uK(s,Xs + 1) +

∫ T

t
Z̃sdWs

= K − g(XT ) ∧K −
∫ T

t

(
λ+ 1

T − s+ 1
K

+ Ỹ K
s

)(
1

T − s+ 1
K

− Ỹ K
s

)
ds

+ λ
∫ T

t

(
1

T − s+ 1
K

− uK(s,Xs + 1)ds
)

+
∫ T

t
Z̃sdWs.

Using the explicit formula for the solution of a linear BSDE leads to:
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0 ≤ 1
T − t+ 1

K

− Ỹ K
t

= E
[
e−λ(T −t)

1
K

T − t+ 1
K

exp
(

−
∫ T

t
Ỹ K

s ds

)
(K − g(XT ) ∧K)

∣∣∣∣∣Ft

]

+ λE
[∫ T

t
e−λ(s−t)T − s+ 1

K

T − t+ 1
K

exp
(

−
∫ s

t
Ỹ K

r dr
)( 1

T − s+ 1
K

− uK(s,Xs + 1)
)
ds

∣∣∣∣∣Ft

]

= e−λ(T −t) 1
T − t+ 1

K

E
[
exp

(
−
∫ T

t
Ỹ K

s ds

)(
1 − g(XT ) ∧K

K

) ∣∣∣∣∣Ft

]
+ λ

1
T − t+ 1

K

× E
[∫ T

t

(
T − s+ 1

K

)
e−λ(s−t) exp

(
−
∫ s

t
Ỹ K

r dr
)( 1

T − s+ 1
K

− uK(s,Xs + 1)
)
ds

∣∣∣∣∣Ft

]

≤ Cλ,T

T − t+ 1
K

E
[
exp

(
−
∫ T

t
Ỹ K

s ds

)
+
∫ T

t

(
T − s+ 1

K

)
exp

(
−
∫ s

t
Ỹ K

r dr
)

(
1

T − s+ 1
K

− uK(s,Xs + 1)
)
ds

∣∣∣∣∣Ft

]
,

with, according to (4.33),

0 ≤ 1
T − s+ 1

K

− uK(s,Xs + 1) ≤ e−λT

T − s+ 1
K

E
[
exp

(
−
∫ T

s
Y

K

r dr

) ∣∣∣∣∣Fs

]
.

Thus:

0 ≤ 1
T − t+ 1

K

− Ỹ K
t

≤ Cλ,T

T − t+ 1
K

E
[

exp
(

−
∫ T

t
Ỹ K

s ds

)
+
∫ T

t
exp

(
−
∫ s

t
Ỹ K

r dr
)

× E
[
exp

(
−
∫ T

s
Y

K
r dr

) ∣∣∣∣∣Fs

]
ds

∣∣∣∣∣Ft

]

= Cλ,T

T − t+ 1
K

E
[
exp

(
−
∫ T

t
Ỹ K

s ds

)
+
∫ T

t
exp

(
−
∫ s

t
Ỹ K

r dr
)

exp
(

−
∫ T

s
Y

K

r dr

)
ds

∣∣∣∣∣Ft

]

≤ Cλ,T

T − t+ 1
K

E
[
exp

(
−
∫ T

t
Ỹ K

s ds

)
+
∫ T

t
exp

(
−
∫ T

s
Y

K

r dr

)
ds

∣∣∣∣∣Ft

]
.

From (4.31) and (4.35), we deduce the statement of the proposition.
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Therefore for any t < T and any x ∈ R,

lim
K→+∞

ũK(t, x) = lim
K→+∞

Ỹ K,t,x
t = 1

T − t
.

And for such x ∈ [x0 − 2, x0 − 1) and for all t ∈ [0, T ],

uK(t, x) = ũK(t, x).

We deduce for x ∈ [x0 − 2, x0 − 1)

lim
K→+∞

uK(t, x) = 1
T − t

.

Then, by recurrence, for all x ∈ R:

u(t, x) = lim
K→+∞

uK(t, x) = 1
T − t

.

Theorem 4.2.16. The minimal super-solution (Y, Z, U) verifies: a.s.

lim
t→T

Yt = +∞ > ξ = g(XT ).

Proof. From Lemma 4.2.13, the solutions uK are smooth. Thus Y K
t = uK(t,Xt). Passing

through the limit on K, we deduce that Yt = 1/(T − t) a.s. The conclusion follows
immediately.

4.3 Other generators

We now use the results of the previous section, to show that the quadratic case is piv-
otal. We consider the BSDE (4.5) and we assume that the generator f satisfies Condition
(A), such that existence of a solution is guaranteed.

We suppose that X is the Poisson process and that the terminal condition is still given
by (4.14). We denote by (Y (2),K , Z(2),K , U (2),K) = (Y (2),K , 0, U (2),K) the solution of BSDE
(4.13) with terminal condition g(XT ) ∧K.

4.3.1 For q < 2

Let us start with the particular case: f(t, x, y, u) = −y|y|q−1 for 1 < q < 2.
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Proposition 4.3.1. The minimal super-solution (Y, U) of the BSDE (4.5) with generator
y 7→ −y|y|q−1 for 1 < q < 2 satisfies: a.s. for any t ∈ [(T − 1) ∨ 0, T )

Yt ≥ 1
T − t

.

In particular a.s. limt→T Yt = +∞.

Proof. (Y (q),K , U (q),K) denotes the solution of the BSDE with terminal condition g(XT ) ∧
K. Then

Y
(q),K

t − Y
(2),K

t =
∫ T

t
(−Y (q),K

s |Y (q),K
s |q−1 + Y (2),K

s |Y (2),K
s |)ds

−
∫ T

t

(
U (q),K

s − U (2),K
s

)
dÑs

=
∫ T

t
aK

s (Y (q),K
s − Y (2),K

s ) +
∫ T

t
(−Y (2),K

s |Y (2),K
s |q−1 + Y (2),K

s |Y (2),K
s |)ds

−
∫ T

t

(
U (q),K

s − U (2),K
s

)
dÑs

with, by decrease of the function y 7−→ −y|y|q−1,

aK
s = −Y (q),K

s |Y (q),K
s |q−1 + Y (2),K

s |Y (2),K
s |q−1

Y
(q),K

s − Y
(2),K

s

1{Y
(q),K

s ̸=Y
(2),K

s } ≤ 0.

The formula for linear BSDE implies that

Y
(q),K

t − Y
(2),K

t = E
[∫ T

t

(
−Y (2),K

s |Y (2),K
s |q−1 + Y (2),K

s |Y (2),K
s |

)
ΓK

t,sds

∣∣∣∣∣Ft

]

with ΓK
t,s = exp

(∫ s

t
aK

u du
)

∈ [0, 1]. In other words

Y
(q),K

t − Y
(2),K

t ≥ E
[∫ T

t
ΓK

t,s

(
−Y (2),K

s |Y (2),K
s |q−1 + Y (2),K

s |Y (2),K
s |

)
1[0,1](Y (2),K

s )ds
∣∣∣∣∣Ft

]

since for y ≥ 1, y|y|q−1 = yq ≤ y2 = y|y|. By the dominated convergence theorem, we
deduce that for any T − 1 < t < T

Y
(q)

t − Y
(2)

t = lim
K→+∞

Y
(q),K

t − Y
(2),K

t ≥ 0,
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4.3. Other generators

that is : a.s. for (T − 1) ∨ 0 ≤ t < T

Y
(q)

t ≥ 1
T − t

.

This achieves the proof.

Our proof shows that more general generators can be considered.

Theorem 4.3.2. If Condition (A) holds, if f 0 is non-negative, if u 7→ f(t, y, z, u) is
non-decreasing and if for q < 2 and some R > 0

∀y > R, f(t, y, z, u) − f(t, 0, z, u) ≥ −yq,

then the minimal super-solution of the BSDE (4.5) verifies: a.s.

lim
t→T

Yt = +∞.

Proof. If (Y K , ZK , UK) denotes the solution of the BSDE (4.5) with terminal condition
g(XT ) ∧K, then using a standard linearization method :

Y K
t − Y

(2),K
t =

∫ T

t

(
f(s, Y K

s , ZK
s , U

K
s ) + Y (2),K

s |Y (2),K
s |

)
ds−

∫ T

t
ZK

s dWs

−
∫ T

t

(
UK

s − U (2),K
s

)
dÑs

=
∫ T

t
aK

s (Y (q),K
s − Y (2),K

s )ds+
∫ T

t
bK

s Z
K
s ds−

∫ T

t
ZK

s dWs

+
∫ T

t

(
f(s, Y (2),K

s , 0, UK
s ) − f(s, Y (2),K

s , 0, U (2),K
s )

)
ds

−
∫ T

t

(
UK

s − U (2),K
s

)
dÑs

+
∫ T

t
f(s, 0, 0, 0)ds

+
∫ T

t

(
f(s, Y (2),K

s , 0, 0) − f(s, 0, 0, 0) + Y (2),K
s |Y (2),K

s |
)
ds

+
∫ T

t

(
f(s, Y (2),K

s , 0, U (2),K
s ) − f(s, Y (2),K

s , 0, 0)
)
ds
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with

aK
s = f(s, Y K

s , ZK
s , U

K
s ) − f(s, Y (2),K

s , ZK
s , U

K
s )

Y K
s − Y

(2),K
s

1{Y K
s ̸=Y

(2),K
s },

bK
s = f(s, Y (2),K

s , ZK
s , U

K
s ) − f(s, Y (2),K

s , 0, UK
s )

ZK
s

1{ZK
s ̸=0}.

The process bK is bounded and the process aK is bounded from above. Solving this linear
BSDE leads to

Y K
t − Y

(2),K
t = E

[∫ T

t

(
f(s, 0, 0, 0) + AK

s +BK
s

)
EK

t,sds

∣∣∣∣∣Ft

]

where EK is non-negative and belongs to any Lϱ([0, T ] × Ω),

BK
s = f(s, Y (2),K

s , 0, U (2),K
s ) − f(s, Y (2),K

s , 0, 0),

and

AK
s = f(s, Y (2),K

s , 0, 0) − f(s, 0, 0, 0) + Y (2),K
s |Y (2),K

s |

≥
(
f(s, Y (2),K

s , 0, 0) − f(s, 0, 0, 0) + Y (2),K
s |Y (2),K

s |
)

1{
Y

(2),K
s ≤R

}
+
(
−Y (2),K

s |Y (2),K
s |q−1 + Y (2),K

s |Y (2),K
s |

)
1{

Y
(2),K

s ≥R

}
≥
(
f(s, Y (2),K

s , 0, 0) − f(s, 0, 0, 0) + Y (2),K
s |Y (2),K

s |
)

1{
Y

(2),K
s ≤R

}
if R > 1. From our assumptions, with the dominated convergence theorem, we obtain
that for every t ∈

[
T − 1

R
, T
]

lim inf
K→∞

E
[∫ T

t
AK

s EK
t,sds

∣∣∣∣∣Ft

]
≥ 0.

Moreover

|BK
s | ≤ C|U (2),K

s | = C|uK(s,Xs− + 1) − uK(s,Xs−)| ≤ C
2

T − s
.
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Thus for any ε > 0

lim
K→∞

E
[∫ T −ε

t
BK

s EK
t,sds

∣∣∣∣∣Ft

]
= 0

Let us decompose U (2),K
s = Û (2),K

s + Ũ (2),K
s , with Û (2),K

s ≥ 0. Then

BK
s = f(s, Y (2),K

s , 0, U (2),K
s ) − f(s, Y (2),K

s , 0, Ũ (2),K
s )

+f(s, Y (2),K
s , 0, Ũ (2),K

s ) − f(s, Y (2),K
s , 0, 0).

Since u 7→ f(t, y, z, u) is non-decreasing, the first term is non-negative, whereas the second
is bounded by C|Ũ (2),K

s | ≤ CΦ(Xs−) (see Corollary 4.2.10). Hence for any ε > 0

E
[∫ T

T −ε
BK

s EK
t,sds

∣∣∣∣∣Ft

]
≥ −CE

[∫ T

T −ε
|Φ(Xs−)|ϱ∗

ds

∣∣∣∣∣Ft

]
.

Evoke that f(s, 0, 0, 0) is also non-negative. Hence

Y K
t ≥ Y

(2),K
t +E

[∫ T

t
AK

s EK
t,sds

∣∣∣∣∣Ft

]
+E

[∫ T −ε

t
BK

s EK
t,sds

∣∣∣∣∣Ft

]
−CE

[∫ T

T −ε
|Φ(Xs−)|ϱ∗

ds

∣∣∣∣∣Ft

]
.

Then passing to the limit on K gives : a.s. Yt ≥ Y
(2)

t − CE
[∫ T

T −ε |Φ(Xs−)|ϱ∗
ds

∣∣∣∣∣Ft

]
on

[T − 1
R
, T ]. Note that

Φ(Xs−) ≤ |Xs− − x0| sup
y∈[X0,x0)

|φ(y + 1) − φ(y)|.

Letting ε go to zero, we obtain that a.s. Yt ≥ Y
(2)

t on [T − 1
R
, T ], which achieves the proof

of the proposition.

4.3.2 The case q > 2

From [76, Section 4] we already know that for q > 3, continuity holds: a.s. limt→T Yt =
g(XT ). From the previous section, we also know that continuity fails for q ≤ 2. In this
part, we prove that continuity remains true for 2 < q ≤ 3.

We still consider the terminal condition g(XT ) with g given by (4.14) and the truncated
BSDE is : for 0 ≤ t ≤ T

Y K
t = g(XT ) ∧K −

∫ T

t
Y K

s |Y K
s |q−1ds−

∫ T

t
UK

s dÑs. (4.36)
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Again from [56], there exists a unique solution (Y K , UK) for (4.36) and a minimal solution
(Y, U) for (4.13) such that Y is the increasing limit of Y and since g is non-negative: a.s.

∀t ∈ [0, T ], 0 ≤ Y K
t ≤ Yt ≤

(
p− 1
T − t

)p−1
.

Here p is the Hölder conjugate of q. Note that these estimates do not depend on g.
Moreover a.s.

lim
t→T

Yt ≥ ξ = g(XT ).

Finally the related IPDE (4.11) is: for any (t, x) ∈ [0, T ] × R

∂u

∂t
(t, x) − λu(t, x) − u(t, x)|u(t, x)|q−1 = −λu(t, x+ 1)

u(T, x) = g(x),

(4.37)

and the truncated PDE:
∂uK

∂t
(t, x) − λuK(t, x) − uK(t, x)|uK(t, x)|q−1 = −λuK(t, x+ 1)

uK(T, x) = g(x) ∧K.

(4.38)

With the same arguments as for Lemma 4.2.3, on [0, T ] × [x0,∞), the solutions are

u(t, x) =
(
p− 1
T − t

)p−1
, uK(t, x) =

(
p− 1

T − t+K1−q

)p−1
.

Thus on [0, T ] × [x0 − 1, x0), the PDE (4.38) becomes

∂uK

∂t
(t, x)−λuK(t, x)−uK(t, x)|uK(t, x)|q−1 = −λuK(t, x+1) = −λ

(
p− 1

T − t+K1−q

)p−1
.

The statement of Lemma 4.2.1 remains valid, that is uK is well-defined, is non-decreasing
w.r.t. K and converges to u as K tends to ∞. Moreover for any t < T
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4.3. Other generators

uK(t, x) = uK(T, x) −
∫ T

t

[
λuK(s, x) + uK(s, x)|uK(s, x)|q−1

]
ds

+ λ
∫ T

t

(
p− 1

T − s+K1−q

)p−1
ds

= g(x) ∧K −
∫ T

t

[
λuK(s, x) + uK(s, x)|uK(s, x)|q−1

]
ds

+ λ
(p− 1)p−1

2 − p

(
(T +K1−q)2−p − (T − t+K1−q)2−p

)
.

It is equivalent to

uK(t, x)+
∫ T

t

[
λuK(s, x) + uK(s, x)|uK(s, x)|q−1

]
ds = g(x) ∧K

+ λ
(p− 1)p−1

2 − p

(
(T +K1−q)2−p − (T − t+K1−q)2−p

)
.

Here is the key point : q > 2 implies that p < 2 or 2 − p > 0. Hence we can pass to the
limit w.r.t. K and the right-hand side is finite and equal to

g(x) + λ
(p− 1)p−1

2 − p

(
T 2−p − (T − t)2−p

)
.

By the monotone convergence theorem, the left-hand side converges to

u(t, x) +
∫ T

t

[
λu(s, x) + u(s, x)|u(s, x)|q−1

]
ds

and is larger than u(t, x). We deduce that

u(t, x)+
∫ T

t

[
λu(s, x) + u(s, x)|u(s, x)|q−1

]
ds = g(x) + λ

(p− 1)p−1

2 − p

(
T 2−p − (T − t)2−p

)

and that t 7−→ u(t, x) is bounded by g(x) + λ
(p− 1)p−1

2 − p
T 2−p. Therefore

lim
t→T

∫ T

t

[
λu(s, x) + u(s, x)|u(s, x)|q−1

]
ds = 0

and for x ∈ [x0 − 1, x0)
lim
t→T

u(t, x) = g(x).
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We can iterate these arguments on [x0 − 2, x0 − 1) since uK(t, x + 1) ≤ u(t, x + 1) and
t 7→ u(t, x+ 1) is a bounded function. Then by recursion we prove that:

Proposition 4.3.3. If q > 2, the PDE (4.37) has a unique solution u, which is equal to

t 7→
(
p− 1
T − t

)p−1
for x ≥ x0, such that t 7→ u(t, x) is bounded for any x < x0 and that

limt→T u(t, x) = g(x).

In other words continuity holds for q > 2. For the BSDE, from the representation
Y K

t = uK(t,Xt), we immediately deduce that a.s.

lim
t→T

Yt = g(XT ).

Remark 4.3.4. Note that the same result holds if the generator is of the form

(s, y) 7→ −y|y|q−1 + f 0
s

where f 0 is a deterministic and integrable function.

We replace the explicit expression of the solution on [x0,+∞), by the solution of the
ODE

y′ = y|y|q−1 − f 0
s , y(T ) = +∞

which is bounded by

1
(T − t)p

∫ T

0

[
(p− 1)p−1 + (T − s)pf 0

s

]
ds

(see [56]) and is still integrable on (0, T ) if q > 2.
As a consequence, under condition (A) with q > 2, and if f 0 is deterministic and

integrable (or bounded from above by a deterministic and integrable function), then the
solution of the BSDE (4.5) satisfies a.s.

lim
t→T

Yt = g(XT ).

The proof is based on a comparison principle between the solution of (4.5) and the solution
of the BSDE with generator (s, y) 7→ −y|y|q−1 + f 0

s .
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4.4 Poisson case with left barrier

As mentioned in Section 4.1.2, continuity property is proved in [75] under a sufficient
condition, which link the set S to the jumps of X. This assumption is verified for the
terminal value given by (4.14).

Let us show here that this condition is unnecessary. We again consider that X is a
Poisson process. Now the function g is defined with x0 ∈ R and φ : R −→ [0,∞) a
continuous function with polynomial growth:

g(x) = (+∞)1{x≤x0} + φ(x)1{x>x0}. (4.39)

Note that S = (−∞, x0] has a compact boundary, but x ∈ S does not imply that x+1 ∈ S.
Moreover in general, the truncated function g ∧K is not continuous at the point x0.

Nonetheless since the forward process is a Poisson process, if the process is greater
than x0 at some time τ , it remains greater than x0 after. Let us consider the unique
solution of the BSDE:

YK
t = φ(XT ) ∧K +

∫ T

t
f(s,YK

s ,UK
s )ds−

∫ T

t
UK

s dÑs,

where f still verifies Condition (A).

Let us fix τ < T and consider the Fτ -measurable set Aτ = {Xτ > x0}. Then on Aτ ,
for any τ ≤ t ≤ T , Xt ≥ Xτ > x0 and g(XT ) = φ(XT ). Multiplying the two BSDEs by
1Aτ , we deduce that for any τ < t ≤ T , YK

t = Y K
t on Aτ . Letting K go to +∞ leads to:

Yt = Yt on the set Aτ , where (Y ,U) solves the BSDE:

Yt = φ(XT ) +
∫ T

t
f(s,Ys,Us)ds−

∫ T

t
UsdÑs.

Note that the existence and uniqueness of (Y ,U) is ensured by the growth assumption on
φ. In particular a.s. on the set Aτ

lim
t→T

Yt = φ(XT ).

Now we take a increasing sequence of τn converging to T . Since the family Aτ is a
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non-decreasing family of sets, a.s.

⋃
n∈N

{Xτn > x0} = {XT − > x0} = {XT > x0}

since T cannot be a jump time of X. According to the Theorem 4.1.3, we deduce that a.s.

lim
t→T

Yt = g(XT ).

We proved that

Proposition 4.4.1. The minimal super-solution (Y, U) of the BSDE (4.5) with terminal
condition ξ = g(XT ) for g given by (4.39), satisfies (4.3).

With our choice of X, the PDE (4.11) becomes:

∂u

∂t
(t, x) + λu(t, x+ 1) − λu(t, x) + f(t, x, u(t, x), λ(u(t, x+ 1) − u(t, x))) = 0. (4.40)

Here the function f satisfies Condition (A) (uniformly in x) and the regularity conditions
mentioned just before Proposition 4.1.4.

Proposition 4.4.2. The minimal viscosity solution u of the PDE (4.40), with terminal
condition g given by (4.39) is continuous on [0, T ] × R \ {x0}.

Proof. For a starting point x > x0 at time t, we have : for any t ≤ s ≤ T , X t,x
s > x0.

Hence a.s. g(X t,x
T ) = φ(X t,x

T ). We can apply Proposition 4.1.4 to deduce that the quantity
û(t, x) = Y t,x

t solves the PDE (4.40) with terminal condition φ, and that on {x > x0},
û = u. In other words, the solution uK of the PDE (4.40), with terminal condition g(x)∧K,
converges to û on (x0,+∞). And we know that u = û is continuous on [0, T ] × (x0,∞).

Now for x ∈ (x0−1, x0], to solve the PDE (4.40), let us consider the ordinary differential
equation with parameter x:

(yK,x)′(t) + λû(t, x+ 1) − λyK,x(t) + f(t, x, yK,x(t), λ(û(t, x+ 1) − yK,x(t))) = 0

with terminal condition yK(T ) = K. It is equivalent to

yK,x(t) = K +
∫ T

t
F (s, x, yK,x(s))ds.
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The generator F satisfies Conditions (A1) to (A5), hence the solution yK,x exists and is
unique. Since û = u for x > x0, it is immediate that ǔK(t, x) = yK,x(t) is the solution of
(4.40) with terminal condition ǔK(T, x) = K.

Moreover F is continuous w.r.t. x. Hence standard stability estimate on BSDE (see [71,
Theorem 2.9] or [49] for the Lipschitz case or [72, Theorem 5.10]) implies that x 7→ yK,x

is also continuous w.r.t. x, uniformly in K. Roughly speaking for (x, x′)

(yK,x(t) − yK,x′(t))2 = 2
∫ T

t
(yK,x(s) − yK,x′(s))(F (s, x, yK,x(s)) − F (s, x′, yK,x′(s)))ds

≤ Cµ,ϑ

∫ T

t
(yK,x(s) − yK,x′(s))2ds+ λ2

∫ T

t
(û(s, x+ 1) − û(s, x′ + 1))2ds

+
∫ T

t
(F (s, x, yK,x(s)) − F (s, x′, yK,x(s)))2ds.

Using regularity condition on f w.r.t. x and Gronwall’s lemma, we deduce the regularity
of x 7→ yK,x uniformly w.r.t. K. Hence passing to the limit on K for ǔK , (t, x) 7→ u(t, x)
is also continuous on [0, T ] × (x0 − 1, x0]. Iterating this procedure, we deduce that u is
continuous on [0, T ] × (−∞, x0].

At the point x0, g is not continuous. But if limx→x0 φ(x) = +∞, then u is also contin-
uous at x0.

Remark 4.4.3. Note that the arguments can be generalized to any non-decreasing forward
process X. For example X can be a Lévy subordinator and the BSDE is driven by the
Poisson random measure associated to X.

4.5 Associated Euler scheme

We are interesting here in the convergence of the numerical scheme for the ODE: for
t ∈ [0, T ) 

u′(t) − λu(t) − u(t)|u(t)| = −λ 1
T − t

,

u(T ) = χ ∈ [0,+∞).

This ODE is the same as the ODE (4.23), but with a terminal condition, and has been
used to solve the PDE (4.22) and in Lemma 4.2.5, we prove that the unique non-negative
solution u is given by:

u(t) = 1
T − t

, ∀t < T,
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whatever χ is. Our aim is to illustrate this behavior for the numerical scheme and to show
that the approximating sequence generated to the scheme converges to u for any χ.

We consider a regular subdivision 0 = t0 < ... < tN = T of the interval [0, T ] with a
step hN = T

N
. We use here the implicit Euler method to define the scheme uN(tk) by

uN(tN) = χ

and by the implicit descending recurrence relation

uN(tk+1) = uN(tk) − hNf(tk, uN(tk)),

with
f(t, u) = λu+ u2 − λ

1
T − t

.

We have the convergence on all closed intervals of [0, T ):

Theorem 4.5.1. For all 0 < α < 1, we have

max
0≤k≤⌊αN⌋

∣∣∣∣uN(tk) − 1
T − tk

∣∣∣∣ −→
N→+∞

0.

We implemented the scheme. On Figure 4.1, on the left graph, the terminal value
χ = 10 is fixed and N increases. On the interval [0, 0.8], the curves are overlaid on each
other. On the right, N is equal to 1000 and χ increases; again on [0, 0.93], the curves are
overlaid.

Figure 4.1 – Backward Euler Numerical Method for T = 1 and λ = 10. On the left,
χ = 10; on the right N = 1000.
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To proof this theorem, firstly we are going to study the behavior of the scheme at the
time t0 = 0 thanks to the inferior and superior limits. Secondly we are using the results
of convergence of forward schemes. To study the behavior of the scheme, we can explicit
its expression.

Lemma 4.5.2. The implicit backward Euler scheme can be written explicit : for all k ∈
J0, N − 1K, we have

uN(tk) =

√
(1 + hNλ)2 + 4hN

(
uN(tk+1) + hNλ

1
T − tk

)
− (1 + hNλ)

2hN

≥ 0.

Proof. We prove by recurrence the nonnegativity of uN(tk). For k = N , we have uN(tN) =
χ ≥ 0. Then if we assume uN(tk+1) ≥ 0 for k ∈ J0, N − 1K, thus

0 ≤ uN(tk+1) + λhN
1

T − tk
= uN(tk) + hN (λuN(tk) + uN(tk)|uN(tk)|) = F (uN(tk)),

with F (x) = hN(λx+ x|x|). F is non-decreasing with F (0) = 0. Thus uN(tk) ≥ 0.
Then we have that uN(tk) is a non-negative root of the polynome

P = hNX
2 + (1 + λhN)X −

(
uN(tk+1) + λhN

1
T − tk

)
,

of discriminant

∆ = (1 + λhN)2 + 4hN

(
uN(tk+1) + λhN

1
T − tk

)
> 0,

so the root are

x1 = −(1 + λhN) +
√

∆
2hN

> 0, x2 = −(1 + hN) −
√

∆
2hN

< 0.

Therefore we obtain the expression of the lemma.

With this lemma, we have the following inequalities which will be useful to obtain
contradictions if we assume the inferior and superior limits are different from the wished
limit.
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Lemma 4.5.3. For all k ∈ J0, NK,

0 ≤ uN(tk) ≤ χ+ λ
N∑

i=1

1
i
.

Proof. We show by descending recurrence on k ∈ J0, NK the property

uN(tk) ≤ χ+ λ
N−k∑
i=1

1
i
.

For k = N , we directly have
uN(tk) = uN(tN) = χ.

Then we suppose the result at rank k+1 for k ∈ J0, N −1K. Then, we have the expression
of uN(tk) in function of uN(tk+1) according to the lemma 4.5.2,

uN(tk) =

√
(1 + hNλ)2 + 4hN

(
uN(tk+1) + hNλ

1
T − tk

)
− (1 + hNλ)

2hN

=
2
(
uN(tk+1) + hNλ

1
T − tk

)
√

(1 + hNλ)2 + 4hN

(
uN(tk+1) + hNλ

1
T − tk

)
+ (1 + hNλ)

≤ uN(tk+1) + hNλ
1

T − tk

≤ χ+ λ
N−k−1∑

i=1

1
i

+ hNλ
1

NhN − khN

= χ+ λ
N−k∑
i=1

1
i
.

The recurrence principle allows to conclude and to obtain the inequality of this lemma.

From this lemma, we deduce the rough estimate that for any 0 ≤ k ≤ N :

uN(tk) ≤ χ+ λ(1 + γ) + λ ln(N),

with the Euler’s constant γ.

Lemma 4.5.4. The inferior limit in t0 = 0 satisfies

lim inf
N→+∞

uN(t0) ≥ 1
T
.
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Proof. We assume by contradiction that lim infN→+∞ uN(t0) <
1
T
. Then, for all ε > 0,

there exists a subsequence of (uN(t0))N∈N which we note (UN)N∈N, and N0 ∈ N such that

lim
N→+∞

UN = ℓ <
1
T

− 2ε, ∀N ≥ N0, 0 ≤ UN ≤ 1
T

− ε.

For all a ∈
[
0, 1
T

− ε
]

the solution va of the ODE (4.23) with initial condition a is given
by (4.24):

va(t) = 1
T − t

1 − 1
T − t

T (1 − aT )e
−λt + (T − t)e−λt

∫ t

0

eλs

(T − s)2ds

 , t ∈ [0, T ).

So, for ε < e−λT

T
,

va(t) ≤ v
1
T

−ε(t) ≤ 1
T − t

1 − 1
T − t

εT 2 e−λt + (T − t)
∫ t

0

1
(T − s)2ds


= e−λt − εT

(T − t)e−λt + εtT
≤ 1

(T − t)e−λT + εtT

= 1
Te−λT + (εT − e−λT )t ≤ 1

Te−λT + (εT − e−λT )T = 1
εT 2 ,

According to (4.25), we have

v
1
T

−ε(t) ∼
t→T

λ ln(T − t) < 0.
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So, for η > 0, there exists τ ε ∈ (0, T ) such that: v 1
T

−ε(τ ε) < −η. Moreover

va(t) ≥ v0(t) = 1
T − t

1 − 1
T − t

T
e−λt + (T − t)e−λt

∫ t

0

eλs

(T − s)2ds



= −
λe−λt

∫ t

0

eλs

T − s
ds

1 − λ(T − t)e−λt
∫ t

0

eλs

T − s
ds

.

By continuity on the interval [0, τ ε], the function v0 is bounded from below by a constant
Kε < 0. So, on this interval, each solution va is bounded between Kε and 1

T 2ε
. Then

we can consider the ODE (4.23) starting at time 0 from UN , with a driver f̃ which is
bounded, of class C1 with bounded derivative, such that the bounds for f̃ do not depend
on a or N . Thus the associated Euler scheme

wN(t0) = UN

wN(tk+1) = wN(tk) + hN

(
λwN(tk) + wN(tk)|wN(tk)| − λ

1
T − tk

)

satisfies the standard conistency and stability results for Euler’s scheme (see [8, Theorem
2.4] or [27, Chapter VIII]): there exists a constant C > 0 which depends on the driver f̃ ,
such that

max
0≤k≤⌊ τεN

T ⌋
|wN(tk) − vℓ(tk)| ≤ C|wN(t0) − ℓ| + C

N
, C > 0.

where we have chosen a = ℓ <
1
T

− 2ε < 1
T

− ε. But we have

wN(t0) = UN −→
N→+∞

ℓ,
1
N

−→
N→+∞

0.

So, for N big enough,
max

0≤k≤⌊ τεN
T ⌋

|wN(tk) − vℓ(tk)| ≤ η

2 .

Furthermore
vℓ(τ ε) ≤ v

1
T

−ε(τε) < −η,
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the function vℓ is continuous on [0, τ ε] and tN =
⌊
τ εN

T

⌋
T

N
−→

N→+∞
τ ε. So, for N big enough,

vℓ(tN) < −3η
4 .

Thus

wN(tN) = wN(tN) − vℓ(tN) + vℓ(tN)

≤ max
0≤k≤⌊ τε

T ⌋
|wN(tk) − vℓ(tk)| + vℓ(tN)

<
η

2 − 3η
4

= −η

4
< 0.

But, after extraction, the sequence wN(tk) satisfies the same Euler scheme than uN(tk),
so, after extraction,

uN

(
tN
)

= wN

(
tN
)
< 0.

However the scheme uN(tk) cannot be negative according to the lemma 4.5.2. We obtain
a contradiction, therefore

lim inf
N→+∞

uN(t0) ≥ 1
T
.

Lemma 4.5.5. The superior limit in t0 = 0 satisfies

lim sup
N→+∞

uN(t0) ≤ 1
T
.

Proof. We again prove this result by contradiction. We assume

lim sup
N→+∞

uN(t0) >
1
T
.

Then, for all ε > 0, there exists a subsequence of (uN(t0))N∈N, which we note (UN)N∈N,
and N0 ∈ N such that

lim
N→+∞

UN = ℓ >
1
T

+ 2ε, ∀N ≥ N0, UN ≥ 1
T

+ ε.

205



Chapter 4 – Continuity problem for BSDE and IPDE with singular terminal condition

But, for a > 1
T

, the differential equation (4.23) does not admit solution on [0, T ) (Lemma
4.2.5). More precisely, the solution is defined on [0, τ) with τ defined like the first time in
[0, T ) such that

1
Ta− 1 = T

∫ τ

0

eλs

(T − s)2ds.

If a ≥ 1
T

+ ε, then we have

T

T − τ
− 1 = T

∫ τ

0

1
(T − s)2ds ≤ T

∫ τ

0

eλs

(T − s)2ds = 1
Ta− 1 ≤ 1

εT
.

So
τ ≤ T

1 + εT
.

In other words, each solution va of the differential equation (4.23) which satisfies va(0) =
a ≥ 1

T
+ ε, explodes before the time T

1 + εT
. Now we consider the Euler scheme


wN(t0) = a ≥ 1

T
+ ε

wN(tk+1) = wN(tk) + hN

(
λwN(tk) + wN(tk)|wN(tk)| − λ

1
T − tk

)
,

for 0 ≤ tk ≤ T

1 + εT
i.e. k ∈

s
0,
⌊

N

1 + εT

⌋{
. On this interval we have

0 ≤ 1
T − tk

≤ 1 + ε

εT 2 < +∞.

Let us now prove by recursion that for N larger than some constant depending on T

and ε, and for any k
wN(tk) ≥ 1

T − tk
+ ε.

This property holds for k = 0. If the property is satisfied for k then

wN(tk+1) = wN(tk) + hN

(
λwN(tk) + wN(tk)2 − λ

1
T − tk

)
≥ wN(tk) + hNwN(tk)2 + hNλε ≥ wN(tk) + hNwN(tk)2.
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But
1

T − tk+1
= 1
T − tk − hN

= 1
T − tk

+ hN

(T − tk)(T − tk − hN) .

So

wN(tk+1) − 1
T − tk+1

≥ wN(tk) − 1
T − tk

+ hN

(
wN(tk)2 − 1

(T − tk)(T − tk − hN)

)

≥ ε+ hN

(
ε2 + 2ε

T − tk
+ 1

(T − tk)2 − 1
(T − tk)(T − tk − hN)

)

= ε+ hN

(
ε2 + 2ε

T − tk
− hN

(T − tk)2(T − tk − hN)

)
,

with

1
(T − tk)2(T − tk − hN) = 1

(T − tk)2
1

T − tk+1
≤ (1 + ε)2

ε2T 4
1 + ε

εT 2 = (1 + ε)3

ε3T 6 .

So, for N larger than ε5T 5/(1 + ε)3

wN(tk+1) − 1
T − tk+1

≥ ε+ hN

(
ε2 + 2ε

T − tk
− hN

(1 + ε)3

ε3T 6

)
≥ ε.

Hence the property is proved for any k and the recurrence formula can be rewritten

wn(tk+1) = wN(tk) + hNwN(tk)2 + hNλ
(
wN(tk) − 1

T − tk

)
≥ wN(tk) + hNwN(tk)2.

If we define wN(tk) the sequence defined by

wN(t0) = 1

T
+ ε

wN(tk+1) = wN(tk) + hNwN(tk)|wN(tk)|

this sequence is well-defined, non-negative and non-decreasing. From the previous property
of wN(tk), a direct comparison for the schemes leads to:

wN(tk) ≤ wN(tk).
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We consider the sequence
yN(tk) = 1

wN(tk) .

So

yN(tk+1) = 1
wN(tk+1)

= 1
wN(tk) + hNwN(tk)2 = 1

1
yN(tk) + hN

yN(tk)2

= yN(tk)

1 + hN

yN(tk)

,

and
yN(t0) = 1

wN(t0)
= 1

1
T

+ ε
= T

1 + εT
.

Assume that for the biggest k : k̂ =
⌊

N

1 + εT

⌋
,

yN(tk̂) > 2
√
T
√
hN .

So, since the sequence yN(tk) is non-increasing in k, we have

yN(t0) ≥ ... ≥ yN(tk) ≥ yN(tk+1) ≥ ... ≥ yN(tk̂) > 2
√
T
√
hN .

Thus, from the inequality 1
1 + u

≤ 1 − u+ u2,

yN(tk+1) = yN(tk) 1

1 + hN

yN(tk)

≤ yN(tk)
(

1 − hN

yN(tk) + h2
N

yN(tk)2

)

= yN(tk) − hN + h2
N

yN(tk) < yN(tk) − hN + 1
2
√
T
h

3
2
N .

So, by successive iterations,

yN(tk) < yN(t0) − khN + k
1

2
√
T
h

3
2
N

= T

1 + εT
− k

T

N
+ k

T

N

1
2
√
T

√
hN .

208



4.5. Associated Euler scheme

But, for k̂ ≥ N

1 + εT
− 1, we have

T

1 + εT
− k̂

T

N
≤ T

1 + εT
− T

1 + εT
+ T

N
= T

N
.

Hence with k̂ ≤ N

yN(tk̂) < T

N
+ k̂

T

N

1
2
√
T

√
hN ≤ T

N
+ T

2
√
T

√
hN =

√
hN

(√
T√
N

+
√
T

2

)
≤ 2

√
T
√
hN

what contradicts the assumption. Therefore

0 ≤ yN(tk̂) ≤ 2
√
T
√
hN = 2T 1√

N
.

Thus
wN(tk̂) ≥ wN(tk̂) = 1

yN(tk̂) ≥ 1
2T

√
N.

Now if we consider a = ℓ >
1
T

+ 2ε > 1
T

+ ε, we can deduce, after extraction,

uN(tk̂) ≥ 1
2T

√
N,

what cannot be according to the lemma 4.5.2. Therefore we have

lim sup
N→+∞

uN(t0) ≤ 1
T
.

As a consequence of the two previous lemmata, we state

Proposition 4.5.6. We have the limit in t0 = 0 :

lim
N→+∞

uN(t0) = 1
T
.

Finally we obtain Theorem 4.5.1 by using the convergence results about the forward
Euler scheme.
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Proof of Theorem 4.5.1. We consider the forward numerical scheme

wN(tk+1) = wN(tk) + hN

(
λwN(tk) + wN(tk)|wN(tk)| − λ

1
T − tk

)

wN(t0) = uN(t0)

,

associated to the differential equation

w′(t) = λw(t) + w(t)|w(t)| − λ

1
T − t

= f(t, w(t)), 0 ≤ t < T

w(0) = uN(t0).

To obtain the exact solution, we have to distinguish if uN(t0) <
1
T
, uN(t0) >

1
T

or

uN(t0) = 1
T

. The last case is direct because, in that case, the exact solution is wN(t) =
1

T − t
, 0 ≤ t < T . In a first time, if

uN(t0) <
1
T
,

then the solution is given by (4.24):

wN(t) = 1
T − t

1 − 1
T − t

T (1 − uN(t0)T )e
−λt + (T − t)e−λt

∫ t

0

eλs

(T − s)2ds

 .

Let us prove that for N large enough (depending on the convergence proved in the previous
proposition), wN is non-negative and bounded from above on [0, αT ]. Indeed with an
integration by part, we obtain

wN(t) = 1
T − t

1 − 1
T − t

T (1 − uN(t0)T )e
−λt + 1 − (T − t)e−λt

T
− (T − t)λe−λt

∫ t

0

eλs

T − s
ds

 .
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Therefore the function wN is positive until the first time t = t(N) such that

T − t

T (1 − uN(t0)T )e
−λt − (T − t)e−λt

T
− (T − t)λe−λt

∫ t

0

eλs

T − s
ds = 0,

which is equivalent to
1

1
uN(t0)

− T
=
∫ t

0

eλs

T − s
ds.

Thus
1

1
uN(t0)

− T
=
∫ t

0

eλs

T − s
ds < eλT

∫ t

0

ds

T − s
= eλT ln

(
T

T − t

)
,

and we deduce that

t(N) > T

1 − exp

− e−λT

1
uN(t0)

− T


 −→

N→+∞
T,

because uN(t0) −→
N→+∞

1
T

. Therefore for N large enough, the time t(N) is greater than
αT , that wN is positive on [0, αT ]. Furthermore the function wN is bounded from above
on [0, αT ] by

Cα = 1
T − αT

,

because
wN(t) ≤ 1

T − t
, 0 ≤ t ≤ αT.

Now if uN(t0) >
1
T
, then the exact solution wN is still given by (4.24), is non-

decreasing, but is only defined on [0, τ) with τ defined by

1

uN(t0) − 1
T

=
∫ τ

0

eλs

(T − s)2ds.

But uN(t0) −→
N→+∞

1
T

, so 1

uN(t0) − 1
T

−→
N→+∞

+∞, thus, for N big enough, we have τ > αT .

So the function wN is defined and continuous on [0, αT ] and bounded from above by, for
ε > 0 and N large enough such that uN(t0) <

1
T

+ 1
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Cα,N = wN(αT )

= 1
T − αT

1 − 1
T − αT

T (1 − uN(t0)T )e
−λαT + (T − αT )e−λαT

∫ αT

0

eλs

(T − s)2ds



≤ 1
T − αT

1 − 1

−(1 − α)e−λαT + (T − αT )e−λαT
∫ αT

0

eλs

(T − s)2ds

 =: Cα.

Therefore, in each case, the solution is non-negative and bounded from above by some
constant Cα on [0, αT ].

We can consider the function ψ defined by

ψ(w) =


λw si w < 0
λw + w2 si 0 ≤ w ≤ Cα

(λ+ 2Cα)w − C2
α si w > Cα.

The function ψ is of class C1 on R and Lipschitz continuous with a Lipschitz constant
equal to λ+ 2Cα. We consider the function f̃ defined by

f̃(t, w) = ψ(w) − λ
1

T − t
, w ∈ R, 0 ≤ t < T.

This function is equal to f on [0, T ) × [0, C −α] and inherits the regularity property of ψ
w.r.t. w. Therefore, with the previous inequalities, the function wN satisfies the differential
equation 

w′(t) = f̃(t, w(t)), 0 ≤ t < T

w(0) = uN(t0)

with driver f̃ . So, according to [8] or [27], there exists a constant C such that

max
0≤k≤⌊αN⌋

|wN(tk) − wN(tk)| ≤ C(|wN(t0) − wN(t0)︸ ︷︷ ︸
=uN (t0)

| + ThN) = CThN .

This constant C depends on T , λ and α, but not on N . A direct computation shows that
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C can be chosen equal to

eλ+2Cα

[
λ

1
T 2(1 − α)2 + λ2 1

T (1 − α) +
(
λ2 + 2λ 1

T (1 − α)

)
Cα + 3λC2

α + 2λC3
α

]
,

which shows the dependence w.r.t. α. Therefore, since uN(tk) = wN(tk) by definition of
the numerical schemes satisfied by these two sequences,

max
0≤k≤⌊αN⌋

|uN(tk) − wN(tk)| ≤ CThN −→
N→+∞

0.

Therefore all that remains is to study the second term in the inequality

max
0≤k≤⌊αN⌋

|uN(tk) − u(tk)| ≤ max
0≤k≤⌊αN⌋

|uN(tk) − wN(tk)| + max
0≤k≤⌊αN⌋

|wN(tk) − u(tk)|,

with
u(t) = 1

T − t
, 0 ≤ t < T.

We have

|wN(tk) − u(tk)| = 1
T − tk

T (1 − uN(t0)T )e
−λtk + (T − tk)e−λtk

∫ tk

0

eλs

(T − s)2ds

≤ 1
T − tk

T (1 − uN(t0)T )e
−λtk

= T (1 − uN(t0)T )eλtk

T − tk

≤ T (1 − uN(t0)T )e−λt⌊αN⌋

T − t⌊αN⌋
.

So
max

0≤k≤⌊αN⌋
|wN(tk) − u(tk)| ≤ T (1 − uN(t0)T )e−λt⌊αN⌋

T − t⌊αN⌋
−→

N→+∞
0,

because
uN(t0) −→

N→+∞

1
T

and t⌊αN⌋ = ⌊αN⌋ T
N

−→
N→+∞

αT < T.

Finally we have shown
max

0≤k≤⌊αN⌋
|uN(tk) − u(tk)| −→

N→+∞
0

which achieves the proof of Theorem 4.5.1.
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Chapter 5

MALLIAVIN CALCULUS WITH RESPECT

TO A HAWKES PROCESS

In this chapter we aim to develop a local Malliavin calculus with respect to a Hawkes
process. Malliavin calculus is a mathematical framework used to study the smoothness
of random variables and functionals of stochastic processes, especially those driven by
Brownian motion. The central concept is the Malliavin derivative, a type of derivative
that extends the classical notion of differentiation to the space of random variables. This
approach allows one to analyze the regularity and differentiability of random processes,
providing powerful tools for studying stochastic differential equations (SDEs) and prob-
abilistic systems. The key ideas of Malliavin calculus were introduced by Paul Malliavin
in the 1970s. There is a huge literature on this subject, encompassing Malliavin calculus
for Lévy processes (see among others [69, 14, 29, 16] and the references therein).

Hawkes processes have been introduced by Alan Hawkes in the 1970s as a class of self-
exciting point processes. They are widely used to model events or occurrences where the
occurrence of one event increases the likelihood of subsequent events in the near future.
These processes have been used to model earthquakes, and for some time now, they have
been experiencing a renewed interest due to their applications in finance and actuarial
science [9, 25, 58].

A Hawkes process is characterized by an intensity function that depends on both a
baseline intensity and a history of past events. More specifically, the intensity at time t is
given by:

λ∗(t) = λ+
∫

(0,t]
µ(t− s)dNs

where λ is the baseline intensity, µ is a function that describes the impact of past events,
and N is the counting process that represents the occurrences of events. The key feature of
Hawkes processes is that the function µ is typically a non-negative function, which means
that past events increase the probability of future events — hence the term "self-exciting."

215



Chapter 5 – Malliavin calculus with respect to a Hawkes process

Recently a Malliavin calculus with respect to the Hawkes process N is developed in
[45] and [46]. Roughly speaking, the main ingredient consists to perturb the system by
adding a particle (or a jump) (see [45, Lemma 3.5]) leading to an expansion formula for
functionals of the Hawkes process [45, Theorem 3.13]). Let us mention that the derivative
operator is not local. With these results, they are able to develop a Stein method (see
[46]) and to compute some prices of financial or insurance derivatives (see [45, Section 4]).

Our method is different and follows the approach of Carlen-Pardoux [22]. We perturb
the jump times and formally differentiate with respect to these jump times. This allows us
to define a local derivative, satisfying the chain rule. We apply it to the study of absolute
continuity for the law of Hawkes functionals and to the computation of Greeks.

Breakdown of the chapter. The first step of our construction of a Malliavin derivative
with respect to a Hawkes process is to define a directional derivative with respect to a
function m ∈ H, where H is the ad hoc Cameron-Martin space. An integration by parts
formula is obtained thanks to the absolute continuity property of the law of the perturbed
jump times w.r.t. the initial probability measure (see Proposition 5.1.7, Theorem 5.1.13,
Proposition 5.1.15 and Corollary 5.1.16).

The second step is to define the Malliavin derivative D in all directions by considering
a Hilbert basis of H. We get a local Dirichlet form (D1,2, E) which admits a carré du
champ Γ and a gradient D (see Proposition 5.2.1). Therefore we get similar properties to
the directional derivative as the chain rule. Moreover we are interested in the associated
divergence operator δ, for which we get an explicit expression of δ(u) when u is predictable
(see Proposition 5.2.4, Remark 5.2.5 and Corollary 5.2.7).

We then establish an absolute continuity criterion: conditionally to

Γ[F ] = (Γ[Fi, Fj])1≤i,j≤d ∈ GLd(R),

the random vector F = (F1, · · · , Fd) ∈ (D1,2)d admits a absolutely continuous law with
respect to the Lebesgue measure on Rd (see Theorem 5.3.5 and Corollary 5.3.6).

This criterion is firstly applied to the solution of stochastic differential equation driven
by the Hawkes process (see Theorem 5.4.9, Corollary 5.4.11 and Proposition 5.4.13). As a
second application, we compute Greeks for a financial payoff when the underlying process
is driven by the Hawkes process (see Proposition 5.4.17).
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5.1 Framework and directional derivation

5.1.1 Setting and first notations

We consider the probability space (Ω,F ,P) where Ω is the space of càdlàg trajectories

ω(t) =
∑

i

i1[ti,ti+1),

with 0 < t1 < · · · < ti < · · · .
We define

Nt(ω) =
∑
s≤t

∆ωs, t ≥ 0,

the process which counts the jumps between 0 and t, where ∆ws = ws − ws− and ws− =
limu→s− wu.

We assume that, under P, (Nt)t∈R+ is a Hawkes process with conditional intensity

λ∗(t) = λ+
∫

(0,t)
µ(t− s)dNs = λ+

+∞∑
i=1

µ(t− Ti)1{t>Ti} = λ+
Nt∑
i=1

µ(t− Ti).

Throughout this chapter, we suppose that

Assumption 15.
• λ ∈ (0,+∞)
• µ : R+ −→ R+ differentiable with bounded derivative and such that

∥µ∥1 =
∫ +∞

0
µ(t)dt < 1.

We introduce (Ti)i∈N∗ the jump instants of the Hawkes process N , and, for any n ∈ N∗,
0 < t1 < · · · < tn and s ∈ R∗

+:

λ∗(s; t1, · · · , tn) = λ+
n−1∑
i=1

µ(s− ti)1{s>ti}.

Thus, for any n ∈ N∗, on the event {Nt = n},

λ∗(t) = λ∗(t;T1, · · · , Tn).

We consider the P-complete right continuous filtration (Ft)0≤t≤T generated by the
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Hawkes process N where T ∈ R∗
+ is a fixed time horizon.

We apply the same approach as in [22] to define the directional derivative using the
reparametrization of time with respect to a function in a Cameron-Martin space.

Let L2([0, T ]) be the usual space of square integrable function on [0, T ] with respect
to the Lebesgue measure and H be the closed subspace of L2([0, T ]) orthogonal to the
constant functions, i.e.,

H =
{
m ∈ L2([0, T ])

∫ T

0
m(s)ds = 0

}
. (5.1)

We denote m̂ =
∫ .

0 m(s)ds for every m ∈ H, then m̂(0) = m̂(T ) = 0. In a natural way,
H inherits the Hilbert structure of L2([0, T ]) and we denote by ∥ ∥H and ⟨·, ·⟩H the norm
and the scalar product on it. From now on in this section, we fix a function m ∈ H. The
condition

∫ T
0 m(s)ds = 0 ensures that the change of intensity that we are about to define

simply shifts the jump times without affecting the total number of jumps. Let us define

m̃ε(s) =


− 1

3ε
if m(s) ≤ − 1

3ε
;

m(s) if −1
3ε

≤ m(s) ≤ 1
3ε

;
1
3ε

if m(s) ≥ 1
3ε
.

and mε ∈ H such that
mε(s) = m̃ε(s) − 1

T

∫ T

0
m̃ε(s)ds. (5.2)

We remark that 1
3 ≤ 1 + εmε(s) ≤ 5

3 (since − 1
3ε

≤ m̃ε(s) ≤ 1
3ε

).

Lemma 5.1.1. We have the following convergence

||m−mε||H −→
ε→0

0.

Proof. We have ||m − mε||H ≤ ||m − m̃ε||H + ||m̃ε − mε||H with for the first term, for
almost every s ∈ [0, T ],

m(s) − m̃ε(s) =



m(s) + 1
3ε if m(s) ≤ − 1

3ε
0 if − 1

3ε ≤ m(s) ≤ 1
3ε

m(s) − 1
3ε if 1

3ε ≤ m(s).

(5.3)
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Thus
|m(s) − m̃ε(s)| ≤

(
|m(s)| + 1

3ε

)
1{|m(s)|≥ 1

3ε
} ≤ 2|m(s)|1{|m(s)|≥ 1

3ε
}.

Therefore, by dominated convergence theorem,

∥m− m̃ε∥H −→
ε→0

0.

Indeed |m(s)|21{|m(s)|≥ 1
3ε

} −→
ε→0

0 and |m(s)|21{|m(s)|≥ 1
3ε

} ≤ |m(s)|2 ∈ L1([0, T ]). Now for
the second term, as

∫ T
0 m(s)ds = 0 and by Cauchy-Schwarz inequality,

||m̃ε −mε||H = 1
T

∣∣∣∣∣
∫ T

0
m̃ε(s)ds

∣∣∣∣∣ = 1
T

∣∣∣∣∣
∫ T

0
(m̃ε(s) −m(s))ds

∣∣∣∣∣
≤ 1√

T
||m̃ε −m||H −→

ε→0
0.

We define the reparametrization of time with respect to mε as follow

τε(s) = s+ εm̂ε(s) =
∫ s

0
(1 + εmε(u))du, s ∈ R+.

Notice that τε(0) = 0, τε(T ) = T , and since 1 + εmε(s) ∈
[

1
3 ,

5
3

]
⊂ R∗

+, τε is an increasing
function hence invertible so the number and the order of jump times between 0 and T

remain unchanged. Moreover, a direct calculation gives

∀s ∈ [0, T ], τ−1
ε (s) =

∫ s

0

1
1 + εmε(τ−1

ε (u))du.

Let Tε : Ω → Ω be the map defined by, for any ω ∈ Ω,

(Tε(ω))(s) = ω(τε(s)),

TεF = F ◦ Tε for all F ∈ L2(Ω),

and Pε be the probability measure PT −1
ε defined on FT .
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5.1.2 Directional derivation

Definition 5.1.2. We denote

D0
m =

{
F ∈ L2(Ω) : ∂TεF

∂ε
|ε=0 = lim

ε→0

1
ε

(TεF − F ) in L2(Ω) exists
}
.

For F ∈ D0
m, DmF is defined as the limit

DmF = ∂TεF

∂ε
|ε=0 = lim

ε→0

1
ε

(TεF − F ). (5.4)

Definition 5.1.3. Let define the set S of “smooth" functions. We say that a map F :
Ω → R belongs to S if there exists a ∈ R, d ∈ N∗ and for any n ∈ {1, · · · , d}, a function
fn : Rn → R such that:

1. The random variable F can be written

F = a1{NT =0} +
d∑

n=1
fn(T1, T2, · · · , Tn)1{NT =n}. (5.5)

2. For any n ∈ {1, · · · , d}, the function fn is smooth with bounded derivatives of any
order.

Remark 5.1.4. The space S is dense in L2(Ω,FT ,P).

Here are some basic properties of directional derivatives on S.

Lemma 5.1.5. Let j ∈ N∗ and T j = Tj ∧ T . Then T j ∈ D0
m and

DmT j = −m̂(Tj).

Proof. We first remark that, for any ω ∈ Ω,

Tj(ω ◦ τε) = τ−1
ε (Tj(ω)).
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Then

|TεT j(ω) − Tj(ω) + εm̂(Tj)(ω)| =
∣∣∣∣∣(T j ◦ Tε)(ω) − T j(ω) + ε

∫ Tj(ω)

0
m(t)dt

∣∣∣∣∣
=
∣∣∣∣∣T j(ω ◦ τε) − T j(ω) + ε

∫ Tj(ω)

0
m(t)dt

∣∣∣∣∣ =
∣∣∣∣∣τ−1

ε (T j(ω)) − T j(ω) + ε
∫ Tj(ω)

0
m(t)dt

∣∣∣∣∣
=
∣∣∣∣∣τ−1

ε (T j(ω)) − τε(τ−1
ε (T j(ω))) + ε

∫ Tj(ω)

0
m(t)dt

∣∣∣∣∣
=
∣∣∣∣∣τε(sε) − sε − ε

∫ τε(sε)

0
m(t)dt

∣∣∣∣∣ , with sε = τ−1
ε (T j(ω))

≤
∣∣∣∣∣τε(sε) − sε − ε

∫ τε(sε)

0
mε(t)dt

∣∣∣∣∣+ ε
∫ τε(sε)

0
|mε(t) −m(t)|dt

≤ ε

∣∣∣∣∣
∫ τε(sε)

sε

mε(t)dt
∣∣∣∣∣+ ε

∫ τε(sε)

0
|mε(t) −m(t)|dt

≤ ε
√
τε(sε) − sε

√∫ T

0
|mε(t)|2dt+ ε

∫ T

0
|mε(t) −m(t)|dt.

We have

|τε(sε) − sε| = T j(ω) − sε =
∫ T j(ω)

0

(
1 − 1

1 + εmε(τ−1
ε (u))

)
du

≤
∫ T

0

(
1 − 1

1 + εmε(τ−1
ε (u))

)
du −→

ε→0
0.

Moreover limε→0
∫ T

0 |mε(t) − m(t)|dt = 0 and
∫ T

0 |mε(t)|2dt is bounded so that we get by
a dominated convergence argument that T j belongs to D0

m and DmT j = −m̂(T j).

Proposition 5.1.6. Let n ∈ N∗ and f : Rn → R a function of class C1. Then

f(T 1, T 2, · · · , T n) ∈ D0
m

and
Dmf(T 1, T 2, · · · , T n) = −

n∑
j=1

∂f

∂tj
(T 1, T 2, · · · , T n) m̂(T j).

Thus S ⊂ D0
m and for any F ∈ S of the form (5.5),

DmF = −
d∑

n=1

n∑
j=1

∂fn

∂tj
(T1, · · · , Tn)m̂(Tj)1{NT =n}.
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Proof. By the definition of Dm given by (5.4) we have

Dmf(T 1, T 2, · · · , T n) = ∂Tεf(T 1, T 2, · · · , T n)
∂ε

|ε=0

= ∂

∂ε
f(TεT 1, TεT 2, · · · , TεT n)|ε=0 =

n∑
j=1

∂f

∂tj

∂

∂ε
TεT j|ε=0

=
n∑

j=1

∂f

∂tj
DmT j = −

n∑
j=1

∂f

∂tj
(T 1, T 2, · · · , T n)m̂(T j)

where the last equality is due to Lemma 5.1.5. We deduce the last assertion by linearity
using the fact that NT ◦ Tε = NT .

Proposition 5.1.7.

1. If F,G ∈ S then FG ∈ S and Dm(FG) = (DmF )G+ F (DmG).

2. We have the chain rule: If F1, F2, · · · , Fn ∈ S and Φ : Rn → R is a smooth function
then

Φ(F1, F2, · · · , Fn) ∈ S

and
DmΦ(F1, F2, · · · , Fn) =

n∑
j=1

∂Φ
∂xj

(F1, F2, · · · , Fn)DmFj.

Proof.

1. We assume that F,G ∈ S. Then

F = a1{NT =0} +
d∑

n=1
fn(T1, · · · , Tn)1{NT =n}

and
G = b1{NT =0} +

d∑
n=1

gn(T1, · · · , Tn)1{NT =n}.

So
FG = ab1{NT =0} +

d∑
n=1

(fn × gn)(T1, · · · , Tn)1{NT =n}.
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Thus FG ∈ S and

Dm(FG)

= abDm1{NT =0} +
d∑

n=1
Dm[(fn × gn)(T1, · · · , Tn)1{T =n}]

= 0 −
d∑

n=1

n∑
j=1

∂(fn × gn)
∂tj

(T1, · · · , Tn)m̂(Tj)1{NT =n}

= −
d∑

n=1

n∑
j=1

∂fn

∂tj
(T1, · · · , Tn)gn(T1, · · · , Tn)m̂(Tj)1{NT =n}

−
d∑

n=1

n∑
j=1

fn(T1, · · · , Tn)∂gn

∂tj
(T1, · · · , Tn)m̂(Tj)1{NT =n}

=
d∑

n=1

−
n∑

j=1

∂fn

∂tj
(T1, · · · , Tn)m̂(Tj)

 gn(T1, · · · , Tn)1{NT =n}

+
d∑

n=1

−
n∑

j=1

∂gn

∂tj
(T1, · · · , Tn)m̂(Tj)

 fn(T1, · · · , Tn)1{NT =n}

=
d∑

n=1
Dmfn(T1, · · · , Tn)gn(T1, · · · , Tn)1{NT =n}

+
d∑

n=1
Dmgn(T1, · · · , Tn)fn(T1, · · · , Tn)1{NT =n}.

Moreover

(DmF )G =
(
aDm1{NT =0} +

d∑
n=1

Dm[fn(T1, · · · , Tn)1{NT =n}]
)

×
(
b1{NT =0} +

d∑
n=1

gn(T1, · · · , Tn)1{NT =n}

)

= 0 +
d∑

n=1
Dmfn(T1, · · · , Tn)gn(T1, · · · , Tn)1{NT =n}

and
F (DmG) =

d∑
n=1

Dmgn(T1, · · · , Tn)fn(T1, · · · , Tn)1{NT =n}.

Thus we obtain
Dm(FG) = (DmF )G+ F (DmG).
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2. We assume that F, · · · , G ∈ S and Φ : R2 −→ R smooth. Then

Φ(F,G)

= Φ
(
a1{NT =0} +

d∑
n=1

fn(T1, · · · , Tn)1{NT =n}, b1{NT =0} +
d∑

n=1
gn(T1, · · · , Tn)

)

= Φ(a, b)1{NT =0} +
d∑

n=1
Φ(fn(T1, · · · , Tn), gn(T1, · · · , Tn))1{NT =n}

= Φ(a, b)1{NT =0} +
d∑

n=1
(Φ(fn, gn))(T1, · · · , Tn))1{NT =n}.

Thus Φ(F,G) ∈ S and, according to the Proposition 5.1.6,

Dm(Φ(fn, gn))(T1, · · · , Tn)

= −
n∑

j=1

∂Φ(fn, gn)
∂tj

(T1, · · · , Tn)m̂(Tj)

= −
n∑

j=1

(
∂Φ
∂x

(fn, gn)∂fn

∂tj
+ ∂Φ
∂y

(fn, gn)∂gn

∂tj

)
(T1, · · · , Tn)m̂(Tj)

= ∂Φ
∂x

(fn, gn)(T1, · · · , Tn)
−

n∑
j=1

∂fn

∂tj
(T1, · · · , Tn)m̂(Tj)


+∂Φ
∂y

(fn, gn)(T1, · · · , Tn)
−

n∑
j=1

∂gn

∂tj
(T1, · · · , Tn)m̂(Tj)


= ∂Φ
∂x

(fn, gn)(T1, · · · , Tn)Dmfn(T1, · · · , Tn)

+∂Φ
∂y

(fn, gn)(T1, · · · , Tn)Dmgn(T1, · · · , Tn).

Then

Dm(Φ(F,G)) = Φ(a, b)Dm1{NT =0}

+
d∑

n=1

∂Φ
∂x

(fn, gn)(T1, · · · , Tn)Dmfn(T1, · · · , Tn)1{NT =n}

+
d∑

n=1

∂Φ
∂y

(fn, gn)(T1, · · · , Tn)Dmgn(T1, · · · , Tn)1{NT =n}.
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Moreover

∂Φ
∂x

(F,G)DmF

= ∂Φ
∂x

(
a1{NT =0} +

d∑
n=1

fn(T1, · · · , Tn)1{NT =n}, b1{NT =0}

+
d∑

n=1
gn(T1, · · · , Tn)1{NT =n}

)

×
(
aDm1{NT =0} +

d∑
n=1

Dmfn(T1, · · · , Tn)1{NT =n}

)

=
d∑

n=1

∂Φ
∂x

(fn(T1, · · · , Tn), gn(T1, · · · , Tn))Dmfn(T1, · · · , Tn)1{NT =n}

and

∂Φ
∂y

(F,G)DmG

=
d∑

n=1

∂Φ
∂y

(fn(T1, · · · , Tn), gn(T1, · · · , Tn))

×Dmgn(T1, · · · , Tn)1{NT =n}.

Thus
Dm(Φ(F,G)) = ∂Φ

∂x
(F,G)DmF + ∂Φ

∂y
(F,G)DmG.

The case with more than two random variables is left to the reader.

5.1.3 Absolute continuity of Pε w.r.t. P

Evoke that Pε is defined at the end of Section 5.1.1. Let Pε be the expectation under
the probability Pε.

Let k ∈ N∗ and 0 < t1 < t2 < · · · < tk, knowing T1 = t1, · · · , Tk = tk, the conditional
link for t ≥ tk is given by:

P(Tk+1 > t|T1 = t1, · · · , Tk = tk) = P(Nt −Ntk
= 0|T1 = t1, · · · , Tk = tk)

= e
−
∫ t

tk
λ∗(s;t1,··· ,tk)ds

.
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Thus the density of Tk+1 knowing T1 = t1, · · · , Tk = tk is

t 7−→ λ∗(t; t1, · · · , tk)e−
∫ t

tk
λ∗(s;t1,··· ,tk) ds1{t>tk}.

We deduce that (T1, · · · , Tk, Tk+1) admits for density

(t1, · · · , tk+1) 7−→
(

k+1∏
i=1

λ∗(ti; t1, · · · , tk)
)
e−
∫ tk+1

0 λ∗(s;t1,··· ,tk) ds1{0<t1<···<tk+1},

where we used the fact that λ∗(s; t1, · · · , tk) = λ∗(s; t1, · · · , ti−1) if s ≤ ti.

Let n ∈ N∗ and a smooth function f : Rn → R, we have

Eε[f(T1, · · · , Tn)1{NT =n}]

= E[(f ◦ Φ−1
ε )(T1, · · · , Tn)1{Tn≤T <Tn+1}]

=
∫∫

0<t1<···<tn≤T <tn+1
(f ◦ Φ−1

ε )(t1, · · · , tn)
(

n+1∏
i=1

λ∗(ti; t1, · · · , tn)
)

×e−
∫ tn+1

0 λ∗(s;t1,··· ,tn) dsdt1 · · · dtn+1

=
∫∫

0<t1<···<tn≤T
(f ◦ Φ−1

ε )(t1, · · · , tn)
n∏

i=1
λ∗(ti; t1, · · · , tn)dt1 · · · dtn

×
∫ ∞

T
λ∗(tn+1; t1, · · · , tn)e−

∫ tn+1
0 λ∗(s;t1,··· ,tn) dsdtn+1

=
∫∫

0<t1<···<tn≤T
(f ◦ Φ−1

ε )(t1, · · · , tn)φn(t1, · · · , tn)dt1 · · · dtn

=
∫∫

0<u1<···<un≤T
f(u1, · · · , un)(φn ◦ Φε)(u1, · · · , un)| det JΦε|du1 · · · dun

=
∫∫

0<u1<···<un≤T
f(u1, · · · , un)(φn ◦ Φε)(u1, · · · , un)

×
n∏

i=1
(1 + εmε(ui))du1 · · · dun

= E
[
f(T1, · · · , Tn)1{NT =n}Z

ε
n

]
,

where
Φε(u1, · · · , un) = (u1 + εm̂ε(u1), · · · , un + εm̂ε(un)), (5.6)

φn(t1, · · · , tn) =
(

n∏
i=1

λ∗(ti; t1, · · · , tn)
)
e−
∫ T

0 λ∗(s;t1,··· ,tn)ds, (5.7)
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det JΦε denotes the determinant of the Jacobian matrix of Φε and

Zε
n = (φn ◦ Φε)(T1, · · · , Tn)

φn(T1, · · · , Tn)

n∏
i=1

(1 + εmε(Ti)). (5.8)

Let us emphasize that Assumption 15 is used to ensure that: λ∗(s; t1, · · · , tn) ≥ λ > 0.
This yields:

Proposition 5.1.8. Pε is absolutely continuous with respect to P with density

dPε

dP
=

+∞∑
n=0

Zε
n1{NT =n} := Gε.

Remark 5.1.9. This series converges in L1 uniformly in ε because for f = 1

E[Gε] =
+∞∑
n=0

E[Zε
n1{NT =n}] =

+∞∑
n=0

Eε[1{NT =n}] = 1.

Remark 5.1.10. In case of the Poisson process, φn is constant, equal to λn and we have
again the result obtained in [22] for standard Poisson processes

dPε

dP
=

NT∏
i=1

(1 + εmε(Ti)).

5.1.4 Limit behavior of the density Gε when ε → 0

We begin with a first result about the limits when ε tends to 0.

Proposition 5.1.11. For any n ∈ N∗, a.s.

lim
ε→0

Zε
n = lim

ε→0
Gε = 1.

Proof. Firstly we have the almost surely convergences

∀i ∈ {1, · · · , n}, εmε(Ti) a.s.−→
ε→0

0.

Indeed we use (5.2) and (5.3) to get

m(s) −mε(s) = m(s) − m̃ε(s) + 1
T

∫ T

0
(m(r) − m̃ε(r))dr.
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As Ti < +∞ a.s., for ε ∈ R∗
+ small enough,

|m(Ti) −mε(Ti)| =
∣∣∣∣∣ 1T

∫ T

0
(m(r) − m̃ε(r))dr

∣∣∣∣∣ ≤ 1
T

∫ T

0
|m(r) − m̃ε(r)|dr

≤ 1√
T

∥m− m̃ε∥H −→
ε→0

0.

See Lemma 5.1.1. Thus

εmε(Ti) = εm(Ti) + ε(mε(Ti) −m(Ti)) a.s.−→
ε→0

0.

So we have the convergence of the product in (5.8)

n∏
i=1

(1 + εmε(Ti)) a.s.−→
ε→0

1.

Secondly for the convergence of (5.6), for a.e. s ∈ [0, T ],

|m̂(s) − m̂ε(s)| ≤
∫ T

0
|m(r) −mε(r)|dr ≤

√
T∥m−mε∥H −→

ε→0
0.

In particular we have the uniform convergence on [0, T ] of m̂ε to m̂. Then, for any i ∈
{1, · · · , n},

εm̂ε(Ti) = εm̂(Ti) + ε(m̂ε(Ti) − m̂(Ti)) a.s.−→
ε→0

0.

Moreover

φn(Φε(T1, · · · , Tn)) = φn(T1 + εm̂ε(T1), · · · , Tn + εm̂ε(Tn))

=
n∏

j=1
λ∗(Tj + εm̂ε(Tj);T1 + εm̂ε(T1), · · · , Tn + εm̂ε(Tn))

× exp
(

−
∫ T

0
λ∗(s;T1 + εm̂ε(T1), · · · , Tn + εm̂ε(Tn))ds

)

=
n∏

j=1

λ+
j−1∑
i=1

µ(Tj − Ti + ε(m̂ε(Tj) − m̂ε(Ti)))


× exp
(

−λT −
n−1∑
i=1

∫ T −Ti−εm̂ε(Ti)

0
µ(u)du

)
.
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Thus, as the function µ is continuous,

φn(Φε(T1, · · · , Tn)) a.s.−→
ε→0

φn(T1, · · · , Tn).

Therefore the a.s. convergence of Zε
n is proved. We have the same convergence for Gε by

dominated convergence theorem because

+∞∑
n=1

E[Zε
n1{NT =n}] =

+∞∑
n=1

E[1{NT =n}] = 1 < +∞.

This achieves the proof.

5.1.5 Integration by parts in Bismut’s way

Proposition 5.1.12. Under our setting

∂Gε

∂ε
|ε=0 =

∫
(0,T ]

(ψ(m, s) + m̂(s)µ(T − s) +m(s))dNs

where

ψ(m, s) = 1
λ∗(s)

∫
(0,s)

(m̂(s) − m̂(t))µ′(s− t)dNt (5.9)

=
∑Ns−1

i=1 (m̂(s) − m̂(Ti))µ′(s− Ti)
λ+∑Ns−1

i=1 µ(Ti − s)
.

Proof. Let n ∈ N∗ and let’s work on the event {NT = n}. From (5.8), we have

Zε
n = (φn ◦ Φε)(T1, . . . , Tn)

φn(T1, . . . , Tn)

n∏
i=1

(1 + εmε(Ti)).

Thus, for any ε ∈ R∗
+, according to Proposition 5.1.11, Zε

n a.s. converges to Z0
n = 1 and

Zε
n − 1
ε

= (φn ◦ Φε)(T1, . . . , Tn) − φn(T1, . . . , Tn)
εφn(T1, . . . , Tn)

n∏
i=1

(1 + εmε(Ti))

+1
ε

(
n∏

i=1
(1 + εmε(Ti)) − 1

)
. (5.10)
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For the first term

(φn ◦ Φε)(T1, . . . , Tn) − φn(T1, . . . , Tn)
εφn(T1, . . . , Tn)

= φn(T1 + εm̂ε(T1), . . . , Tn + εm̂ε(Tn)) − φn(T1, . . . , Tn)
εφn(T1, . . . , Tn)

=
n∑

i=1

∫ 1

0

∂φn

∂ti
(T1 + αεm̂ε(T1), . . . , Tn + αεm̂ε(Tn)) εm̂ε(Ti)

εφn(T1, · · · , Tn)dα

=
n∑

i=1

m̂ε(Ti)
φn(T1, · · · , Tn)

∫ 1

0

∂φn

∂ti
(T1 + αεm̂ε(T1), . . . , Tn + αεm̂ε(Tn))dα

a.s.−→
ε→0

n∑
i=1

m̂(Ti)
φn(T1, . . . , Tn)

∂φn

∂ti
(T1, . . . , Tn)

where the almost surely convergence is justified by, for any i ∈ {1, ..., n}, m̂ε(Ti) a.s.−→
ε→0

m̂(Ti) and ∂φn

∂ti
bounded because µ admits a bounded derivative. And, as in the proof of

Proposition 5.1.11,
n∏

i=1
(1 + εmε(Ti)) a.s.−→

ε→0
1.

For the second term
n∏

i=1
(1 + εmε(Ti)) − 1 = ε

n∑
i=1

mε(Ti) + ε2 ∑
1≤i<j≤n

mε(Ti)mε(Tj) + · · · + εn
n∏

i=1
mε(Ti).

Thus∏n
i=1(1 + εmε(Ti)) − 1

ε
=

n∑
i=1

mε(Ti) + ε
∑

1≤i<j≤n

mε(Ti)mε(Tj) + · · · + εn−1
n∏

i=1
mε(Ti).

with, for any i ∈ {1, . . . , n},mε(Ti) a.s.−→
ε→0

m(Ti). Thus

∏n
i=1(1 + εmε(Ti)) − 1

ε
a.s.−→
ε→0

n∑
i=1

m(Ti).

Therefore
Zε

n − Z0
n

ε
a.s.−→
ε→0

n∑
i=1

m̂(Ti)
φn(T1, . . . , Tn)

∂φn

∂ti
(T1, . . . , Tn) +

n∑
i=1

m(Ti)
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with, for any i0 ∈ {1, . . . , n} and 0 < t1 < · · · < tn ≤ T ,

1
φn(t1, . . . , tn)

∂φn

∂ti0

(t1, . . . , tn)

= ∂

∂ti0

ln(φn(t1, . . . , tn))

=
n∑

i=1

∂

∂ti0

ln(λ∗(ti; t1, . . . , tn)) − ∂

∂ti0

(∫ T

0
λ∗(s; t1, . . . , tn)ds

)

= 1
λ∗(ti0 ; t1, . . . ti0−1)

∂λ∗

∂ti0

(ti0 ; t1, . . . , ti0−1) +
n∑

i=i0+1

1
λ∗(ti; t1, . . . ti−1)

∂λ∗

∂ti0

(ti; t1, . . . , ti−1)

− ∂

∂ti0

(∫ T

0
λ∗(s; t1, . . . , tn)ds

)
.

Evoke that for any i ∈ {i0 + 1, ..., n} and s ∈ [0, T ],

λ∗(ti0 ; t1, . . . , ti0−1) = λ+
i0−1∑
j=1

µ(ti0 − tj),

λ∗(ti; t1, . . . , ti−1) = λ+
i−1∑
j=1

µ(ti − tj),

λ∗(s; t1, · · · , tn) = λ+
n∑

j=1
µ(s− tj)1{s>tj}.

Thus

∂λ∗

∂ti0

(ti0 ; t1, . . . , ti0−1) =
i0−1∑
j=1

µ′(ti0 − tj),

∂λ∗

∂ti0

(ti; t1, . . . , ti−1) = −µ′(ti − ti0),∫ T

0
λ∗(s; t1, . . . , tn)ds = λT +

n∑
j=1

∫ T

tj

µ(s− tj)ds

= λT +
n∑

j=1

∫ T −tj

0
µ(s)ds,

∂

∂ti0

∫ T

0
λ∗(s; t1, . . . , tn)ds = −µ(T − ti0).
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Therefore

1
φn(t1, . . . , tn)

∂φn

∂ti0

(t1, . . . , tn)

=
∑i0−1

j=1 µ
′(ti0 − tj)

λ∗(ti0 ; t1, . . . , tn) −
n∑

i=i0+1

µ′(ti − ti0)
λ∗(ti; t1, . . . , tn) + µ(T − ti0).

Then
n∑

i0=1

m̂(Ti0)
φn(T1, . . . , Tn)

∂φn

∂ti0

(T1, . . . , Tn)

=
n∑

i0=1
m̂(Ti0)

∑i0−1
j=1 µ

′(Ti0 − Tj)
λ∗(Ti0 ;T1, . . . , Tn) −

n∑
i0=1

m̂(Ti0)
n∑

i=i0+1

µ′(Ti − Ti0)
λ∗(Ti;T1, . . . , Tn)

+
n∑

i0=1
m̂(Ti0)µ(T − ti0)

=
n∑

i0=1

i0−1∑
j=1

m̂(Ti0) µ′(Ti0 − Tj)
λ∗(Ti0 ;T1, . . . , Tn) −

n∑
i0=1

i0−1∑
i=1

m̂(Ti)
µ′(Ti0 − Ti)

λ∗(Ti0 ;T1, . . . , Tn)

+
n∑

i0=1
m̂(Ti0)µ(T − Ti0)

=
n∑

i0=1

 1
λ∗(Ti0 ;T1, . . . , Tn)

i0−1∑
j=1

(m̂(Ti0) − m̂(Ti))µ′(Ti0 − Ti) + m̂(Ti0)µ(T − Ti0)
 .

Finally

Zε
n − Z0

n

ε
a.s.−→
ε→0

n∑
i0=1

(
1

λ∗(Ti0 ;T1, . . . , Tn)

i0−1∑
j=1

(m̂(Ti0) − m̂(Ti))µ′(Ti0 − Ti)

+m̂(Ti0)µ(T − Ti0) +m(Ti0)
)
.
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Then we would like the same result for ∂G
ε

∂ε
|ε=0. We have, according to Proposition 5.1.11,

∂Gε

∂ε |ε=0
1{NT =n} = lim

ε→0

Gε − 1
ε

1{NT =n}

= lim
ε→0

Gε1{NT =n} − 1{NT =n}

ε

= lim
ε→0

Zε
n1{NT =n} − 1{NT =n}

ε

= lim
ε→0

Zε
n − 1
ε

1{NT =n}

= ∂Zε
n

∂ε
|ε=01{NT =n}.

Therefore

∂Gε

∂ε
|ε=0 =

+∞∑
n=1

∂Gε

∂ε
|ε=01{NT =n}

=
+∞∑
n=1

∂Zε
n

∂ε
|ε=01{NT =n}.

=
NT∑

i0=1

(
1

λ∗(Ti0 ;T1, . . . , TNT
)

i0−1∑
j=1

(m̂(Ti0) − m̂(Tj))µ′(Ti0 − Tj)

+m̂(Ti0)µ(T − Ti0) +m(Ti0)
)

=
∫

(0,T ]
(ψ(m, s) + m̂(s)µ(T − s) +m(s))dNs

where ψ is given by (5.9).

Theorem 5.1.13. For any F ∈ S,

E[DmF ] = E
[
∂Gε

∂ε
|ε=0F

]
.

Proof. We consider F = fn(T1, · · · , Tn)1{NT =n} ∈ S. Then, as the vectors

(τ−1
ε (T1), · · · , τ−1

ε (Tn)) and (T1, · · · , Tn)

are in the compact set [0, T ]n and the function fn is smooth, there exists a constant
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C = C(fn, n, T ) ∈ R∗
+ such that

∣∣∣∣TεF − F

ε

∣∣∣∣ = |fn(τ−1
ε (T1), · · · , τ−1

ε (Tn)) − fn(T1, · · · , Tn)|
ε

1{NT =n}

≤ C
∥(τ−1

ε (T1), · · · , τ−1
ε (Tn)) − (T1, · · · , Tn)∥

ε
1{NT =n}

= C
∥(τ−1

ε (T1) − T1, · · · , τ−1
ε (Tn) − Tn)∥

ε
1{NT =n}

= C sup
1≤i≤n

|τ−1
ε (Ti) − Ti|

ε
1{NT =n}

(∗)
≤ C

∫ T

0
|mε(s)|ds1{NT =n}

≤ C
∫ T

0
|mε(s) −m(s)|ds1{NT =n} + C

∫ T

0
|m(s)|ds1{NT =n}

≤ C21{NT =n} + C
∫ T

0
|m(s)|ds1{NT =n}

where the last inequality is true for ε small enough because mε
H−→

ε→0
m according to Lemma

5.1.1, and the inequality (∗) is due to the equality

Ti = τε(τ−1
ε (Ti)) = τ−1

ε (Ti) + ε
∫ τ−1

ε (Ti)

0
mε(s)ds.

Thus, by dominated convergence theorem and E[TεF ] = Eε[F ] = E[GεF ],

E[DmF ] = E
[
lim
ε→0

TεF − F

ε

]
= lim

ε→0
E
[TεF − F

ε

]
= lim

ε→0
E
[
Gε − 1
ε

F
]
.

Hence, as F = fn(T1, · · · , Tn)1{NT =n},

E[DmF ] = lim
ε→0

E
[
Gε − 1
ε

fn(T1, · · · , Tn)1{NT =n}

]
= lim

ε→0
E
[
Gε1{NT =n} − 1

ε
fn(T1, · · · , Tn)1{NT =n}

]

= lim
ε→0

E
[
Zε

n − 1
ε

fn(T1, · · · , Tn)1{NT =n}

]
= lim

ε→0
E
[
Zε

n − 1
ε

F
]
.

Let us come back to the definition (5.10) of the growth rate of Zε
n. For the last term in
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(5.10), we have

E
[∣∣∣∣∣1ε

[
n∏

i=1
(1 + εmε(Ti)) − 1

]
−

n∑
i=1

m(Ti)
∣∣∣∣∣
]

≤ E
[∣∣∣∣∣1ε

[
n∏

i=1
(1 + εmε(Ti)) − 1

]
−

n∑
i=1

mε(Ti)
∣∣∣∣∣
]

+
n∑

i=1
E [|mε(Ti) −m(Ti)|]

≤ ε
∑

1≤i<j≤n

E[|mε(Ti)mε(Tj)|] + ...+ εn−1E
[

n∏
i=1

|mε(Ti)|
]

+
n∑

i=1
E [|mε(Ti) −m(Ti)|] (5.11)

with, for any i ∈ {1, ..., n}, |mε(Ti) − m(Ti)| ≤ 1√
T

∥m − m̃ε∥H −→
ε→0

0 as in the proof of
Proposition 5.1.11. Thus

n∑
i=1

E [|mε(Ti) −m(Ti)|] −→
ε→0

0.

Moreover we know that (T1, · · · , Tn+1) admits for density

(t1, · · · , tn+1) 7−→

n+1∏
j=1

λ∗(tj; t1, · · · , tn)
 e−

∫ tn+1
0 λ∗(s;t1,··· ,tn) ds1{0<t1<···<tn+1}.

Thus, for any Borel function f : Rn −→ R,

E[f(T1, · · · , Tn) | NT = n] = E[f(T1, · · · , Tn)1{Tn≤T <Tn+1}]
P(NT = n)

= 1
P(NT = n)

∫
Rn
f(t1, · · · , tn)

 n∏
j=1

λ∗(tj; t1, · · · , tn−1)
 e−

∫ tn

0 λ∗(s;t1,··· ,tn−1)ds

×
(∫ +∞

tn

λ∗(tn+1; t1, · · · , tn)e−
∫ tn+1

tn
λ∗(s;t1,··· ,tn)ds

dtn+1

)
1{0<t1<···<tn≤T }dt1 · · · dtn

= 1
P(NT = n)

∫
Rn
f(t1, · · · , tn)

 n∏
j=1

λ∗(tj; t1, · · · , tn−1)
 e−

∫ tn

0 λ∗(s;t1,··· ,tn−1)ds

×
[
−e−

∫ tn+1
tn

λ∗(s;t1,··· ,tn)ds
]+∞

tn

1{0<t1<···<tn≤T }dt1 · · · dtn

= 1
P(NT = n)

∫
Rn
f(t1, · · · , tn)

 n∏
j=1

λ∗(tj; t1, · · · , tn−1)
 e−

∫ tn

0 λ∗(s;t1,··· ,tn−1)ds

×
(

1 − e
−
∫ +∞

tn
λ∗(s;t1,··· ,tn)ds

)
1{0<t1<···<tn≤T }dt1 · · · dtn.
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Therefore (T1, · · · , Tn) knowing {NT = n} admits for density

(t1, · · · , tn) 7−→ 1
P(NT = n)

 n∏
j=1

λ∗(tj; t1, · · · , tn−1)
 e−

∫ tn

0 λ∗(s;t1,··· ,tn−1) ds

×
(

1 − e
−
∫ +∞

tn
λ∗(s;t1,··· ,tn)ds

)
1{0<t1<···<tn<T }

with, for any 0 < t1 < · · · < tn < T and any j ∈ {1, · · · , n},

λ∗(tj; t1, · · · , tn−1) = λ+
j−1∑
i=1

µ(tj − ti) ≤ λ+ n∥µ∥∞.

Thus the density of (T1, · · · , Tn) knowing {NT = n} is bounded by

(t1, · · · , tn) 7−→ 1
P(NT = n) (λ+ n∥µ∥∞)n 1{0<t1<···<tn<T }.

Therefore, for any I ⊂ {1, ..., n},

E
[∣∣∣∣∣∏

i∈I

mε(Ti)
∣∣∣∣∣
]

≤ 1
P(NT = n) (λ+ n∥µ∥∞)n

×
∫

[0,T ]n

∣∣∣∣∣∏
i∈I

mε(ti)
∣∣∣∣∣ 1{0<t1<···<tn<T }dt

≤ 1
P(NT = n) (λ+ n∥µ∥∞)n

∫
[0,T ]n

∏
i∈I

|mε(ti)|dt

= 1
P(NT = n) (λ+ n∥µ∥∞)n T n−|I| ∏

i∈I

∫ T

0
|mε(ti)|dti

= 1
P(NT = n) (λ+ n∥µ∥∞)n T n−|I|

(∫ T

0
|mε(t)|dt

)|I|

≤ 1
P(NT = n) (λ+ n∥µ∥∞)n T n−|I|

(∫ T

0
|m(t)|dt+ 1

)|I|

.

The last inequality is justified by the convergence proved in Lemma 5.1.1. Thus we deduced
with (5.11) that

1
ε

[
n∏

i=1
(1 + εmε(Ti)) − 1

]
L1(Ω)−→
ε→0

n∑
i=1

m(Ti).
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For the first term in (5.10), we have, due to the construction of mε in Section 5.1.1,
∣∣∣∣∣

n∏
i=1

(1 + εmε(Ti))
∣∣∣∣∣ ≤

(5
3

)n

and

(φn ◦ Φε)(T1, · · · , Tn) − φn(T1, · · · , Tn)
ε

=
n∑

k=1

∫ 1

0

∂φn

∂tk
(T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .) dα m̂ε(Tk).

Let us define
ψn(t1, · · · , tn) =

n∏
i=1

λ∗(ti; t1, · · · , tn).

Thus
φn(t1, · · · , tn) = ψn(t1, · · · , tn)e−

∫ T

0 λ∗(s;t1,··· ,tn)ds.

Therefore, as µ is differentiable,

1
φn(T1, · · · , Tn)

∂φn

∂tk
(T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .)

=
[

1
ψn(T1, · · · , Tn)

∂ψn

∂tk
(T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .)

− ∂

∂tk

∫ T

0
λ∗(s;T1, . . . , Tk−1, Tk + αεm̂ε(Tk), Tk+1 + εm̂ε(Tk+1), . . .)ds

]

with, for the first term

ψn(t1, · · · , tn) =
n∏

i=1

λ+
i−1∑
j=1

µ(ti − tj)1{ti>tj}

 .
Thus

|ψn(t1, · · · , tn)| ≥ λn

and for any 0 < t1 < · · · < tn < T ,

∂ψn

∂tk
(t1, · · · , tn) =

n∑
ℓ=1

ℓ−1∑
j=1

∂

∂tk
(µ(tℓ − tj)1{tℓ>tj})

n∏
i=1,i̸=ℓ

λ+
j−1∑
i=1

µ(ti − tj)1{ti>tj}

 .
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Therefore
∣∣∣∣∣∂ψn

∂tk
(t1, · · · , tn)

∣∣∣∣∣ ≤
n∑

ℓ=1

ℓ−1∑
j=1

∥µ′∥∞

n∏
i=1,i̸=ℓ

λ+
j−1∑
i=1

∥µ∥∞


≤ n2∥µ′∥∞ (λ+ n∥µ∥∞)n−1 .

Now for the second term ∣∣∣∣∣∂λ∗

∂tk
(t1, · · · , tn)

∣∣∣∣∣ ≤ n∥µ′∥∞.

Thus, as, for any α ∈ (0, 1), T1 < · · · < Tk−1 < Tk +αεm̂ε(Tk) < Tk+1 + εm̂ε(Tk+1) < · · · ,
∣∣∣∣∣(φn ◦ Φε)(T1, · · · , Tn) − φn(T1, · · · , Tn)

ε

1
φn(T1, · · · , Tn)

n∏
i=1

(1 + εmε(Ti))
∣∣∣∣∣

≤ 2n

(
n2∥µ′∥∞ (λ+ n∥µ∥∞)n−1

λn
+ Tn∥µ′∥∞

)
n∑

k=1
|m̂ε(Tk)|

≤ n22n

(
n∥µ′∥∞ (λ+ n∥µ∥∞)n−1

λn
+ T∥µ′∥∞

)

where the last inequality is due to the uniform convergence of m̂ε to 0. Thus, by dominated
convergence theorem and the almost surely convergence of the first term in (5.10),

(φn ◦ Φε)(T1, . . . , Tn) − φn(T1, . . . , Tn)
εφn(T1, . . . , Tn)

n∏
i=1

(1 + εmε(Ti))

L1(Ω)−→
ε→0

n∑
i=1

m̂(Ti)
φn(T1, . . . , Tn)

∂φn

∂ti
(T1, . . . , Tn).

Thus the two previous convergence in L1(Ω) and (5.10) give

E[DmF ] = E
[
lim
ε→0

Zε
n − 1
ε

F
]

= E
[
∂Gε

∂ε
F

]
.

Then, by linearity, we deduce the same equality for any F ∈ S.

Remark 5.1.14. For F = 1 in E[DmF ] = E
[
∂Gε

∂ε
|ε=0F

]
we get: E

[
∂Gε

∂ε
|ε=0

]
= 0.
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Note that we can also prove this property with the expression of the Proposition 5.1.12:

E
[
∂Gε

∂ε
|ε=0

]

= E
[∫ T

0
(ψ(m, s) + m̂(s)µ(T − s) +m(s))λ∗(s)ds

]

= E
[∫ T

0

(∫
(0,s)

(m̂(s) − m̂(t))µ′(s− t)dNt + (m(s) + m̂(s)µ(T − s))λ∗(s)
)
ds

]

=
∫ T

0

∫ s

0
(m̂(s) − m̂(t))µ′(s− t)E[λ∗(t)]dtds+

∫ T

0
(m(s) + m̂(s)µ(T − s))E[λ∗(s)]ds

=
∫ T

0

∫ s

0
(m̂(s) − m̂(t))µ′(s− t)g(t)dtds+

∫ T

0
(m(s) + m̂(s)µ(T − s))g(s)ds

=
∫ T

0

(∫ T

t
(m̂(s) − m̂(t))µ′(s− t)ds

)
g(t)dt+

∫ T

0
(m(s) + m̂(s)µ(T − s))g(s)ds

=
∫ T

0

(
[(m̂(s) − m̂(t))µ(s− t)]Tt −

∫ T

t
m(s)µ(s− t)ds

)
g(t)dt

+
∫ T

0
(m(s) + m̂(s)µ(T − s))g(s)ds

=
∫ T

0

(
(0 − m̂(t))µ(T − t) − 0 −

∫ T

t
m(s)µ(s− t)ds

)
g(t)dt

+
∫ T

0
(m(s) + m̂(s)µ(T − s))g(s)ds

= −
∫ T

0
m̂(t)µ(T − t)g(t)dt−

∫ T

0
m(s)

(∫ s

0
µ(s− t)g(t)dt

)
︸ ︷︷ ︸

=g(s)−λ

ds

+
∫ T

0
(m(s) + m̂(s)µ(T − s))g(s)ds

= 0

where we note g(s) = E[λ∗(s)] which satisfies, according to Proposition 1.3.8 or [59],

g(s) = λ+
∫ s

0
µ(s− t)g(t)dt.

5.1.6 Directional Dirichlet space

Proposition 5.1.15 (and definition of D1,2
m ). The quadratic bilinear form on L2(Ω),

(S, Em) defined by
∀X, Y ∈ S, Em(X, Y ) = E[DmXDmY ],
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is closable. We denote by (D1,2
m , Em) its closed extension. As a consequence, Dm is also

closable and we still denote by Dm its extension which is well-defined on the whole space
D1,2

m .

Proof. Let (Xn)n∈N be a sequence in S converging to 0 in L2(Ω) and such that

lim
n,k→+∞

Em(Xn −Xk) = lim
n,k→+∞

E[(DmXn −DmXk)2] = 0.

Thus (DmXn)n∈N is a Cauchy sequence in L2(Ω), so it converges to an element Z in L2(Ω).
Then, let Y be in S, we have by integration by part formula:

E[DmXnY ] = E[Dm(XnY )] − E[XnDmY ]

= E
[
XnY

∂Gε

∂ε
|ε=0

]
− E[XnDmY ].

The last equality comes from Theorem 5.1.13. Since Y ∂G
ε

∂ε
|ε=0 and DmY belong to L2(Ω),

we get, by dominated convergence theorem,

∀Y ∈ S, E[ZY ] = lim
n→+∞

E[DmXnY ] = 0.

Hence Z = 0 by density. We deduce thanks to [18, Proposition 1.3.2] that (S, Em) is
closable.
As a consequence, for any X ∈ D1,2

m , there exists a sequence (Xn)n∈N ∈ S converging to
X in D1,2

m since for all n, k ∈ N

Em(Xn −Xk) = E[|DmXn −DmXk|2]

we deduce that (DmXn)n∈N is a Cauchy sequence in L2 hence converges to an element
that we still denote DmX and defines in a unique way the extension of Dm to D1,2

m .

Corollary 5.1.16. Proposition 5.1.7 and Theorem 5.1.13 remain valid for any F ∈ D1,2
m .
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5.2. The local Dirichlet form

5.2 The local Dirichlet form

5.2.1 Definition using a Hilbert basis

We would like to define an operator D with domain D1,2 ⊂ L2(Ω) and taking values
in L2(Ω; H) such that

∀F ∈ D1,2,m ∈ H, DmF = ⟨DF,m⟩H =
∫ T

0
DtFm(t)dt.

Let (mi)i∈N be a Hilbert basis of the space H. Then every function m ∈ H can be
expressed as

m =
+∞∑
i=0

⟨m,mi⟩Hmi.

We now set
D1,2 =

{
X ∈

+∞⋂
i=0

D1,2
mi
,

+∞∑
i=0

∥Dmi
X∥2

L2(Ω) < +∞
}

and
∀X, Y ∈ D1,2 E(X,Y ) =

+∞∑
i=0

E[Dmi
XDmi

Y ].

We also note E(X) = E(X,X). Then, according to [18, Proposition 4.2.1],

Proposition 5.2.1. The bilinear form (D1,2, E) is a local Dirichlet form admitting a carré
du champ Γ and a gradient D given by, for all X, Y ∈ D1,2,

Γ[X, Y ] = ⟨DX,DY ⟩H

and
DX =

+∞∑
i=0

Dmi
Xmi ∈ L2(Ω,H).

As a consequence D1,2 is a Hilbert space equipped with the norm

∥X∥2
D1,2 = ∥X∥2

L2(Ω) + E(X).

Moreover, as S is dense in each D1,2
mi
, i ∈ N, S is dense in D1,2.

Proof. We start by proving that (D1,2, E) is a Dirichlet form on L2(Ω) in sense of [16,
Definition 2.14]:
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• The bilinear form (D1,2, E) is a closed form on L2(Ω). Let (Xn)n∈N ∈ (D1,2)N such
that E[(Xn)2] −→

n→+∞
0 and

lim
n,k→+∞

+∞∑
i=0

E[(Dmi
Xn −Dmi

Xk)2] = lim
n,k→+∞

E(Xn −Xk) = 0.

Then, for any i ∈ N,

lim
n,k→+∞

E[(Dmi
Xn −Dmi

Xk)2] = 0.

However, according to Proposition 5.1.15, the operator Dmi
is closable. Thus

lim
n→+∞

E[(Dmi
Xn)2] = 0.

Let ε ∈ R∗
+. There exists n0 ∈ N such that, for any n, k ≥ n0,

+∞∑
i=0

E[(Dmi
Xn −Dmi

Xk)2] ≤ ε

4 .

Thus for any j ∈ N,

j∑
i=0

E[(Dmi
Xn −Dmi

Xk)2] ≤
+∞∑
i=0

E[(Dmi
Xn −Dmi

Xk)2] ≤ ε

4 .

Therefore

j∑
i=0

E[(Dmi
Xn)2] ≤ 2

j∑
i=0

E[(Dmi
Xn −Dmi

Xk)2] + 2
j∑

i=0
E[(Dmi

Xk)2]

≤ ε

2 + 2
j∑

i=0
E[(Dmi

Xk)2]

with ∑j
i=0 E[(Dmi

Xk)2] −→
k→+∞

0. Thus there exists k = kj ∈ N such that

j∑
i=0

E[(Dmi
Xk)2] ≤ ε

4 .

242
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Therefore ∑j
i=0 E[(Dmi

Xn)2] ≤ ε and

+∞∑
i=0

E[(Dmi
Xn)2] ≤ ε.

To conclude we get

E(Xn) =
+∞∑
i=0

E[(Dmi
Xn)2] −→

n→+∞
0.

Therefore (D1,2, E) is a closed form on L2(Ω).
• The closed form (D1,2, E) satisfies:

∀F ∈ D1,2, F ∧ 1 ∈ D1,2, E(F ∧ 1) ≤ E(F ).

Indeed let F ∈ D1,2 and i ∈ N. Thus, by definition of D1,2, F ∈ D1,2
mi

. We have to
prove that F ∧ 1 ∈ D1,2

mi
and that Emi

(F ∧ 1) ≤ Emi
(F ). According to the definition

of D1,2
mi

in Proposition 5.1.15, there exists (Fn)n∈N ∈ SN such that Fn
L2(Ω)−→

n→+∞
F

and Dmi
F = limn→+∞ Dmi

Fn exists in L2(Ω). For any n ∈ N, there exists an ∈
R, dn ∈ N∗ and fn

1 : R −→ R, . . . , fn
dn

: Rdn −→ R smooth functions with bounded
derivatives of any order such

Fn = an1{NT = 0} +
dm∑

m=1
fn

m(T1, · · · , Tm)1{NT =m}.

We consider a sequence of smooth functions (ϕk)k∈N with bounded derivatives
of any order such that we have the uniform convergence of ϕk to the function
x 7−→ x ∧ 1 and ∥ϕ′

k∥∞ ≤ 1 for any k ∈ N. Thus

ϕk(Fn) = ϕk(an)1{NT =0} +
dm∑

m=1
ϕk(fn

m(T1, · · · , Tm))1{NT =m} ∈ S.

Moreover the following convergence in L2(Ω) holds:

F ∧ 1 = lim
n→+∞

lim
k→+∞

ϕk(Fn).

Therefore F ∧ 1 ∈ D1,2
mi

and

Dmi
(F ∧ 1) = lim

n→+∞
lim

k→+∞
Dmi

(ϕk(Fn))
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with for any n, k ∈ N, by the chain rule,

Dmi
(ϕk(Fn)) = ϕ′

k(Fn)Dmi
Fn.

Thus
Emi

(F ∧ 1) = E[(Dmi
(F ∧ 1))2] ≤ E[(Dmi

F )2] = Emi
(F ).

Therefore
E(F ∧ 1) =

+∞∑
i=0

Emi
(F ∧ 1) ≤

+∞∑
i=0

Emi
(F ) = E(F ).

Now we prove that Γ is a carré du champ of the local Dirichlet form (D1,2, E) in sense of
[16, Definition 2.19]. Indeed the application Γ is a positive symmetric continuous bilinear
form from D1,2 × D1,2 into L1(Ω) such that, for any X,Y ∈ D1,2,

E[Γ[X,Y ]] = E[⟨DX,DY ⟩H]

= E
[+∞∑

i=0
⟨DX,mi⟩⟨DY,mi⟩

]

= E
[+∞∑

i=0
Dmi

XDmi
Y

]
= E(X, Y )

where we used the fact that the family (mi)i∈N is a Hilbert basis in H.
To conclude we prove that the operator D is the gradient of the local Dirichlet form

(D1,2, E) in sense of [16, p. 16]. Indeed:
• For any X ∈ D1,2, as (mi)i∈N is an orthonormal basis in H,

∥DX∥2
H =

∥∥∥∥∥
+∞∑
i=0

Dmi
Xmi

∥∥∥∥∥
2

H
=

+∞∑
i=0

(Dmi
X)2 = Γ[X].

• Let Φ : R −→ R is a Lipschitz function and X ∈ D1,2. Then, according to Remark
5.2.3, Φ(X) ∈ D1,2 and D(Φ(X)) = Φ′(X)DX where Φ′(X) is the Lebesgue partial
derivative of Φ almost everywhere defined.

Corollary 5.2.2. For all n ∈ N∗ and j ∈ {0, ..., n}, writing T j = Tj ∧ T , we have

DT j = T j

T
− 1[0,T j ].
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5.2. The local Dirichlet form

As consequence for all

F = a1{NT =0} +
d∑

n=1
fn(T1, · · · , Tn)1{NT =n} ∈ S,

we have F ∈ D1,2 and

DF =
d∑

n=1

n∑
j=1

∂fn

∂tj
(T1, · · · , Tn)

(
Tj

T
− 1[0,Tj ]

)
1{NT =n}.

In particular this expression does not depend on the basis (mi)i∈N.

Proof. We have

DT j =
+∞∑
i=0

Dmi
T jmi = −

+∞∑
i=0

m̂i(T j)mi

= −
+∞∑
i=0

∫ T

0
mi(s)1{0≤s≤T j}dsmi

=
+∞∑
i=0

〈
T j

T
− 1[0,T j ],mi

〉
H
mi = T j

T
− 1[0,T j ].

Notice that the term T j

T
is mandatory to belong to H defined by (5.1).

We get the chain rule for the operator D on D1,2

Remark 5.2.3. For any F1, . . . , Fn ∈ D1,2 and smooth function Φ : Rn −→ R, the random
variable Φ(F1, . . . , Fn) belongs to D1,2 and

DΦ(F1, . . . , Fn) =
n∑

j=1

∂Φ
∂xj

(F1, . . . , Fn)DFj.

Moreover we can extend this result with a Lipschitz function Φ thanks to Proposition 5.3.3
where we replace ∂Φ

∂xj

is the Lebesgue partial derivative of Φ almost everywhere defined

(see [18, Proposition III.2.1.5] for more details).
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5.2.2 Divergence operator by duality

Let δ : L2(Ω,H) −→ L2(Ω) be the adjoint operator of D. Its domain, Dom(δ), is the
set of u ∈ L2(Ω,H) such that there exists c ∈ R∗

+ such that

∀F ∈ D1,2,

∣∣∣∣∣E
[∫ T

0
DtFutdt

]∣∣∣∣∣ ≤ c∥F∥D1,2 .

Hence, for all u ∈ Dom(δ), δ(u) is the unique element in L2(Ω) such that

∀F ∈ D1,2, E[δ(u)F ] = E[⟨u,DF ⟩H] = E
[∫ T

0
utDtFdt

]
.

We now introduce the set S̃ of elementary processes u of the form

u =
n∑

i=1
Aimi, n ∈ N∗, Ai ∈ D1,2.

Proposition 5.2.4. For all u in S̃, we have u ∈ Dom(δ) and

δ(u) =
∫

(0,T ]
(ψ(u, s) + û(s)µ(T − s) + u(s))dNs −

∫ T

0
Dt(u(t))dt

where ψ is defined by (5.9).

Proof. Let u = Ami0 with A ∈ D1,2 and i0 ∈ N. For any F ∈ D1,2 we have
∣∣∣∣∣E
[∫ T

0
DtFutdt

]∣∣∣∣∣ ≤ E
[∫ T

0
|DtF ||Ami0(t)|dt

]

≤ ∥F∥D1,2

√√√√E
[∫ T

0
|A|2|mi0(t)|2dt

]
= ∥F∥D1,2 ∥A∥L2(Ω) ∥mi0∥L2(0,T ) = c ∥F∥D1,2
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with c = ∥A∥L2(Ω) ∥mi0∥L2(0,T ). Thus u ∈ Dom(δ) and for any F ∈ D1,2

E[δ(u)F ] = E
[∫ T

0
utDtFdt

]
= E

[
A
∫ T

0
mi0(t)DtFdt

]

= E
[
A
∫ T

0
mi0(t)

+∞∑
i=0

Dmi
Fmi(t)dt

]

= E
[
A

+∞∑
i=0

Dmi
F
∫ T

0
mi0(t)mi(t)dt

]

= E
[
A

+∞∑
i=0

Dmi
F ⟨mi0 ,mi⟩H

]
= E[ADmi0

F ].

Thus, integrating by parts:

E[δ(u)F ] = E[Dmi0
(AF )] − E[FDmi0

A]

= E
[
∂Gε

mi0

∂ε |ε=0
AF

]
− E[FDmi0

A]

= E
[(
∂Gε

mi0

∂ε |ε=0
A−Dmi0

A

)
F

]
.

Therefore, because ⟨DA,mi0⟩H = ∑+∞
i=0 Dmi

A⟨mi,mi0⟩H = Dmi0
A,

δ(u) =
∂Gε

mi0

∂ε |ε=0
A−Dmi0

A

=
(∫

(0,T ]
(ψ(mi0 , s) + m̂i0(s)µ(T − s) +mi0(s))dNs

)
A−

∫ T

0
mi0(t)DtAdt

=
∫

(0,T ]
(ψ(Ami0 , s) + Âmi0(s)µ(T − s) + Ami0(s))dNs −

∫ T

0
Dt(Ami0(t))dt

=
∫

(0,T ]
(ψ(u, s) + û(s)µ(T − s) + u(s))dNs −

∫ T

0
Dt(u(t))dt.

We deduce the result for any u ∈ S̃ by linearity.

Remark 5.2.5. We can retain that:

1. For all m ∈ H and A ∈ D1,2,

δ(mA) = δ(m)A−DmA.
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2. For all m ∈ H and A,F ∈ D1,2,

E[ADmF ] = E[Fδ(mA)].

3. For all u ∈ H we have Du = 0 and

δ(u) =
∫

(0,T ]
(ψ(u, s) + û(s)µ(T − s) + u(s))dNs.

Remark 5.2.6. Contrary to the standard Malliavin calculus on the Wiener space (see
[69]), we do not have a priori the inclusion of D1,2 ⊗ H in Dom(δ) (see [22, Example3.4]
where µ = 0).

Corollary 5.2.7. If u ∈ L2(Ω,H) is a predictable process then

δ(u) =
∫

(0,T ]
(ψ(u, s) + û(s)µ(T − s) + u(s))dNs

Proof. We establish this result for an elementary process of the form:

u(t) = f01[0,t1](t) +
n−1∑
j=1

fj(T 1, · · · , T n)1]tj ,tj+1](t)

where n ∈ N∗, tj = jT
n

, f0 is a constant, for any j ∈ {1, · · · , n}, fj is an infinitely
differentiable function from Rn into R vanishing outside the simplex

∆j
n = {(x1, · · · , xn) ∈ Rn, 0 < x1 < · · · < xn ≤ tj}

and fn−1 = −f0 −∑n−2
j=1 fj. This last condition ensures that u belongs to L2(Ω; H). As a

consequence, we can rewrite u as

u(t) = f0

(
1[0,t1](t) − T

n

)
+

n−1∑
j=1

fj(T 1, · · · , T n)
(

1]tj ,tj+1](t) − T

n

)
,

this proves that u belongs to S̃. We have, by Proposition 5.2.4 and Corollary 5.2.2,

Dtu(t) =
n−1∑
j=1

n∑
i=1

∂fj

∂xi

(T 1, · · · , T n)DtT i1]tj ,tj+1](t)

=
n−1∑
j=1

n∑
i=1

∂fj

∂xi

(T 1, · · · , T n)
(
T i

T
− 1[0,T i](t)

)
1]tj ,tj+1](t).
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Now, since fj vanishes outside ∆j
n, we have for any j ∈ {1, · · · , n − 1} and any i ∈

{1, · · · , n}

∂fj

∂xi

(T 1, · · · , T n)1[0,T i](t)1]tj ,tj+1](t) = 0.

Moreover for any i, as u is valued in H,

∫ T

0

q∑
j=1

∂fj

∂xi

(T 1, · · · , T n)T i

T
1]tj ,tj+1](t)dt = T i

T

∂

∂xi

∫ T

0
u(t)dt = 0.

Therefore ∫ T

0
Dtu(t)dt = 0,

Hence from Proposition 5.2.4 we deduce that

δ(u) =
∫

(0,T ]
(ψ(u, s) + û(s)µ(T − s) + u(s))dNs.

We conclude by using a density argument. Indeed if u ∈ L2(Ω,H) is a predictable pro-
cess, there exists a sequence (un)n∈N of elementary processes as above converging to u in
L2(Ω,H) and clearly δ(un) converges to

∫
(0,T ](ψ(u, s) + û(s)µ(T − s) + u(s))dNs. Since δ

is a closed operator, we conclude that u belongs to Dom(δ) and that

δ(u) =
∫

(0,T ]
(ψ(u, s) + û(s)µ(T − s) + u(s))dNs.

Proposition 5.2.8. Let F ∈ D1,2 and X ∈ Dom(δ) such that

Fδ(X) −
∫ T

0
DtFXtdt ∈ L2(Ω),

then FX ∈ Dom(δ) and

δ(FX) = Fδ(X) −
∫ T

0
DtFXtdt.
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Proof. For any G ∈ S

E[δ(FX)G] = E
[∫ T

0
FXtDtGdt

]

= E
[∫ T

0
Xt(Dt(GF ) −GDtF )dt

]

= E
[
δ(X)GF −G

∫ T

0
XtDtFdt

]

= E
[
G

(
Fδ(X) −

∫ T

0
DtFXtdt

)]
.

In particular if X = m ∈ H ⊂ Dom(δ) then δ(m) =
∫

(0,T ](ψ(m, s) + m̂(s)µ(T − s) +
m(s))dNs and

∫ T
0 DtFm(t)dt = DmF . Hence we have

δ(mF ) = F
∫

(0,T ]
(ψ(m, s) + m̂(s)µ(T − s) +m(s))dNs −DmF.

Remark 5.2.9. We do not have the Clark-Ocone formula because for F = NT ∈ D1,2 we
have NT ̸= E[NT ] and DtNT = 0. Indeed, for any m ∈ H and ε ∈ R∗

+, TεNT = NT .

5.3 Absolute continuity criterion

5.3.1 Local criterion

Lemma 5.3.1. The distribution of (T1, · · · , Tn) conditionally to {NT = n} has a density

kn : Rn −→ R+

(t1, · · · , tn) 7−→ κ(t)∫
Rn
κ(s)ds

with, for any t = (t1, · · · , tn) ∈ Rn,

κ(t) = 1{0<t1<···<tn≤T }

(
n∏

i=1
λ∗(ti; t1, · · · , tn)

)
e−
∫ T

0 λ∗(s;t1,··· ,tn)ds.
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Proof. Let f be a measurable function on Rn. Then

E[f(T1, · · · , Tn) | NT = n]

= E[1{NT =n}f(T1, · · · , Tn)]
P(NT = n)

= E[1{Tn≤T <Tn+1}f(T1, · · · , Tn)]
P(Tn ≤ T < Tn+1)

=
∫

0<t1<···<tn≤T <tn+1
f(t1, · · · , tn)φ(t1, · · · , tn+1)dt1 · · · dtn+1∫

0<t1<···<tn≤T <tn+1
φ(t1, · · · , tn+1)dt1 · · · dtn+1

with

φ(t1, · · · , tn+1) =
(

n+1∏
i=1

λ∗(ti; t1, · · · , tn)
)
e−
∫ tn+1

0 λ∗(s;t1,··· ,tn)ds

=
(

n∏
i=1

λ∗(ti; t1, · · · , tn)
)
λ∗(tn+1; t1, · · · , tn)e−

∫ tn+1
0 λ∗(s;t1,··· ,tn)ds

=
(

n∏
i=1

λ∗(ti; t1, · · · , tn)
)
e−
∫ tn

0 λ∗(s;t1,··· ,tn)ds

×
(
λ+

n∑
i=1

µ(tn+1 − ti)
)
e

−
∫ tn+1

tn
(λ+

∑n

i=1 µ(s−ti))ds
.

Thus
∫

T <tn+1
φ(t1, · · · , tn+1)dtn+1

=
(

n∏
i=1

λ∗(ti; t1, · · · , tn)
)
e−
∫ tn

0 λ∗(s;t1,··· ,tn)ds

×
∫ +∞

T

(
λ+

n∑
i=1

µ(tn+1 − ti)
)
e

−
∫ tn+1

tn
(λ+

∑n

i=1 µ(s−ti))ds
dtn+1

=
(

n∏
i=1

λ∗(ti; t1, · · · , tn)
)
e−
∫ tn

0 λ∗(s;t1,··· ,tn)dse
−
∫ T

tn
(λ+

∑n

i=1 µ(s−ti))ds
.

Therefore

E[f(T1, · · · , Tn) | NT = n] =
∫
Rn f(t)κ(t)dt∫

Rn κ(t)dt =
∫
Rn
f(t)kn(t)dt
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with, for any t = (t1, · · · , tn) ∈ Rn,

κ(t) = 1{0<t1<···<tn≤T }

(
n∏

i=1
λ∗(ti; t1, · · · , tn)

)
e−
∫ tn

0 λ∗(s;t1,··· ,tn)ds

×e−
∫ T

tn
(λ+

∑n

i=1 µ(s−ti))ds

= 1{0<t1<···<tn≤T }

(
n∏

i=1
λ∗(ti; t1, · · · , tn)

)
e−
∫ T

0 λ∗(s;t1,··· ,tn)ds,

which implies the conclusion of the lemma.

Now fix n ∈ N∗, as usual C∞(Rn) denotes the set of infinitely differentiable functions
on Rn. We consider the following quadratic form on C∞(Rn):

en(u, v) = 1
2

∫
Rn

n∑
i,j=1

∂u

∂ti
(t) ∂v
∂tj

(t)
(
ti ∧ tj − titj

T

)
kn(t)dt

and

en(u) = en(u, u).

Proposition 5.3.2.

1. (C∞(Rn), en) is closable, its closure (dn, en) defines a local Dirichlet form on the
space L2(kn(t)dt) and each u ∈ dn is a B(Rn)-measurable function in L2(kn(t)dt)
such that for any i ∈ {1, · · · , n} and for almost all

t̃ = (t1, · · · , ti−1, ti+1, · · · , tn) ∈ Rn−1,

the function
s 7−→ u

(i)
t̃

(s) = u(t1, · · · , ti−1, s, ti+1, · · · , tn)

has an absolutely continuous version ũ
(i)
t̃

on [ti−1, ti+1] such that

n∑
i,j=1

∂u

∂ti
(t) ∂u
∂tj

(t)
(
ti ∧ tj − titj

T

)
∈ L1(kn(t)dt)

where ∂u

∂ti
=
∂ũ

(i)
t̃

∂s
.

2. The Dirichlet form (dn, en) admits a carré du champ operator γn and a gradient
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operator D̃n given by

γn[u, v](t) =
n∑

i,j=1

∂u

∂ti
(t) ∂v
∂tj

(t)
(
ti ∧ tj − titj

T

)

and
D̃n

s u(t) =
n∑

i=1

∂u

∂ti
(t)
(
ti
T

− 1[0,ti](s)
)

for all u, v ∈ dn, t = (t1, · · · , tn) ∈ Rn and s ∈ [0, T ].

3. The structure (Rn,B(Rn), kn(t)dt, dn, γn) satisfies for every d ∈ N∗, u ∈ (dn)d,

u∗[det(γn[u]) · knνn] ≪ νd

where γn[u] denotes the matrix (γn(ui, uj))1≤i,j≤d, νn (resp. νd) the Lebesgue mea-
sure on Rn (resp. Rd) and u∗[det(γn[u]) · knνn] the image measure defined by, for
any B ∈ B(Rd),

(u∗[det(γn[u]) · knνn])(B) = [det(γn[u]) · knνn](u−1(B))

=
∫

u−1(B)
det(γn[u, u](t))kn(t)dt.

Proof. We prove this result thanks to [16, Proposition 2.30 and Theorem 2.31] with

k = kn, d = d̃n, ξij(t) = ti ∧ tj − titj
T
,

where d̃n is the set of B(Rn)-measurable functions u ∈ L2(kn(t)dt) such that for any
i ∈ {1, · · · , n} and for almost all

t̃ = (t1, · · · , ti−1, ti+1, · · · , tn) ∈ Rn−1,

the function
s 7−→ u

(i)
t̃

(s) = u(t1, · · · , ti−1, s, ti+1, · · · , tn)

has an absolutely continuous version ũ
(i)
t̃

on [ti−1, ti+1] such that

n∑
i,j=1

∂u

∂ti
(t) ∂u
∂tj

(t)
(
ti ∧ tj − titj

T

)
∈ L1(kn(t)dt)
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where ∂u

∂ti
=
∂ũ

(i)
t̃

∂s
and set for any u, v ∈ d̃n:

en(u, v) = 1
2

∫
Rn

n∑
i,j=1

∂u

∂ti
(t) ∂v
∂tj

(t)
(
ti ∧ tj − titj

T

)
kn(t)dt.

The function k = kn : Rn −→ R+ is measurable and the functions ξi,j are symmetric
Borel function. We have to check if the two assumptions (HG) of [17] are satisfied.

Condition 1. For any i ∈ {1, ..., n} and νn−1-a.e. t ∈ Bn−1 with

Bn−1 =
{
t̃ = (t1, · · · , ti−1, ti+1, · · · , tn) ∈ Rn−1

∫
R
k

(i)
n,̃t

(s)ds > 0
}
,

we have 0 < t1 < · · · < ti−1 < ti+1 < · · · < tn < T because else

κ
(i)
t

= κ(t1, · · · , ti−1, ·, ti+1, · · · , tn) = 0

and
∫
R k

(i)
n,t

(s)ds = 0. Thus, for any ti ∈]ti−1, ti+1[,

k
(i)
n,t

(ti) = κ(t1, · · · , tn) > 0

because λ > 0 and µ ≥ 0. Therefore

kn(t1, · · · , tn) = κ(t1, · · · , tn)∫
Rn κ(t)dt > 0.

In particular kn(t1, · · · , tn) is invertible and

(kn(t1, · · · , tn))−1

=
∫
Rn κ(t)dt

κ(t1, · · · , tn)

= 1{0<t1<···<tn≤T }

(
n∏

i=1
(λ∗(ti; t1, · · · , tn))−1

)
e
∫ T

0 λ∗(s;t1,··· ,tn)ds
∫
Rn
κ(t)dt.

Therefore ti 7−→ (kn(t1, · · · , tn))−1 is integrable on R because it is only the integral of a
continuous function on [ti−1, ti+1] and equal to 0 on R\[ti−1, ti+1].

Condition 2. For any t = (t1, · · · , tn) ∈ Rn and any c ∈ Rn, such that 0 = t0 < t1 <
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t2 < · · · < tn < T = tn+1,

n∑
i,j=1

ξij(t)cicj =
n∑

i,j=1

(
ti ∧ tj − titj

T

)
cicj

= 1
T

n∑
i=1

ti (T − ti) c2
i + 2

T

∑
1≤i<j≤n

ti (T − tj) cicj

This double sum can be split as follows:

n∑
i=1

ti (T − ti) c2
i =

n∑
i=1

i∑
k=1

(tk − tk−1)
n∑

ℓ=i

(tℓ+1 − tℓ)c2
i

=
n∑

k=1
(tk − tk−1)

n∑
ℓ=k

(tℓ+1 − tℓ)
ℓ∑

i=k

c2
i

=
n∑

k=1
(tk − tk−1)(tk+1 − tk)c2

k +
n−1∑
k=1

(tk − tk−1)
n∑

ℓ=k+1
(tℓ+1 − tℓ)

ℓ∑
i=k

c2
i

and

2
∑

1≤i<j≤n

ti (T − tj) cicj = 2
∑

1≤i<j≤n

i∑
k=1

(tk − tk−1)
n∑

ℓ=j

(tℓ+1 − tℓ)cicj

= 2
n−1∑
k=1

(tk − tk−1)
∑

k≤i<j≤n

n∑
ℓ=j

(tℓ+1 − tℓ)cicj

= 2
n−1∑
k=1

(tk − tk−1)
n∑

ℓ=k+1
(tℓ+1 − tℓ)

∑
k≤i<j≤ℓ

cicj

Coming back to the initial sum, we have

n∑
i,j=1

ξij(t)cicj = 1
T

n∑
k=1

(tk − tk−1)(tk+1 − tk)c2
k

+ 1
T

n−1∑
k=1

(tk − tk−1)
n∑

ℓ=k+1
(tℓ+1 − tℓ)

 ℓ∑
i=k

c2
i + 2

∑
k≤i<j≤ℓ

cicj


= 1

T

n∑
k=1

(tk − tk−1)(tk+1 − tk)c2
k

+ 1
T

n−1∑
k=1

(tk − tk−1)
n∑

ℓ=k+1
(tℓ+1 − tℓ)

 ℓ∑
i,j=k

(ci + cj)2


≥ 1

T

n∑
k=1

(tk − tk−1)(tk+1 − tk)c2
k.
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Thus, for any compact K ⊂ {(t1, · · · , tn), 0 = t0 < t1 < · · · < tn < T = tn+1}, there
exists c ∈ R∗

+ such that, for any (t1, · · · , tn) ∈ K,

n∑
i,j=1

ξij(t)cicj ≥ c2

T

n∑
k=1

c2
k.

The hypotheses (HG) of [16, Proposition 2.30] being satisfied, we conclude that (d̃n, en)
is a local Dirichlet hence (C∞(Rn), en) is closable and its closure (dn, en) is such that
dn ⊂ d̃n. The last assertion is a consequence of [16, Theorem 2.31].

Using this result, we consider ∥·∥dn the norm on dn defined by, for any u ∈ dn,

∥u∥2
dn

= ∥u∥2
L2(kn(t)dt) + 2en(u).

5.3.2 Global criterion

We remind that for any F ∈ L0(Ω), there exists a ∈ R and fn : Rn −→ R, n ∈ N∗,

measurable such that, P-almost surely,

F = a1{NT =0} +
+∞∑
n=1

fn(T1, · · · , Tn)1{NT =n}. (5.12)

Proposition 5.3.3. Let F ∈ L0(Ω) of the form (5.12). Then F ∈ D1,2 if and only if
fn ∈ dn for any n ∈ N∗ and

+∞∑
n=1

∥fn∥2
dn
P(NT = n) < +∞.

In this case
∥F∥2

D1,2 = a2P(NT = 0) +
+∞∑
n=1

∥fn∥2
dn
P(NT = n).

Proof. Let F = a1{NT =0} + ∑d
n=1 fn(T1, T2, · · · , Tn)1{NT =n} be in S. Then as a conse-

quence of Corollary 5.2.2, F belongs to D1,2 and

E(F, F ) = E
[∫ T

0
|DsF |2ds

]
= 2

d∑
n=1

P (NT = n)en(fn).
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5.3. Absolute continuity criterion

Hence
∥F∥2

D1,2 = a2P(NT = 0) +
d∑

n=1
∥fn∥2

dn
P(NT = n).

We conclude using a density argument. Indeed, if F belongs to D1,2, there exists a sequence
(F k)k in S converging to F in D1,2. Now if for any k

F k = ak1{NT =0} +
+∞∑
n=1

fk
n(T1, T2, · · · , Tn)1{NT =n}

with fk
n ∈ C∞(Rd) and fk

n = 0 for n large, then clearly for all n, k, ℓ:

∥fk
n − f ℓ

n∥2
dn
P(NT = n) ≤ ∥F k − F ℓ∥2

D1,2

hence (fk
n)n converges to an element fn in dn, ak tends to a real number a and we get that

F = a1{NT =0} +
+∞∑
n=1

fn(T1, T2, · · · , Tn)1{NT =n},

and
∥F∥2

D1,2 = lim
m→+∞

∥F1{NT ≤m}∥2
D1,2 = a2P(NT = 0) +

+∞∑
n=1

∥fn∥2
dn
P(NT = n).

Conversely, if F ∈ L0(Ω) of the form (5.12) is such that fn ∈ dn for any n ∈ N∗ and

+∞∑
n=1

∥fn∥2
dn
P(NT = n) < +∞,

then define for any m, Fm = a1{NT =0} +∑m
n=1 fn(T1, T2, · · · , Tn)1{NT =n} by approximating

each fn for n ∈ {1, · · · ,m} by a sequence of functions in C∞(Rd) we easily get that Fm

belong to D1,2 and

∥Fm∥2
D1,2 = a2P(NT = 0) +

m∑
n=1

∥fn∥2
dn
P(NT = n).

Then (Fm) is a Cauchy sequence in D1,2 converging to F in L2, this ends the proof.

Remark 5.3.4. We can summarize the equalities between the Dirichlet structures

(Ω,FT ,P,D1,2,Γ) and (Rn,B(Rn), kn(t)dt, dn, γn), n ∈ N∗ :
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for any F ∈ D1,2 of the form (5.12)

1.
∥F∥2

L2(Ω) = a2P(NT = 0) +
+∞∑
n=1

∥fn∥2
L2(kn(t)dt),

2. For a.e. s ∈ [0, T ],

DsF =
+∞∑
n=1

D̃n
s fn(T1, · · · , Tn)1{NT =n},

with
D̃n

s fn(T1, · · · , Tn) =
n∑

i=1

∂fn

∂ti
(T1, · · · , Tn)

(
Ti

T
− 1[0,Ti](s)

)
,

3.
Γ[F ] =

+∞∑
n=1

γn[fn](T1, · · · , Tn)1{NT =n},

4.

E(F ) =
+∞∑
n=1

en(fn)P(NT = n),

5.
∥F∥2

D1,2 = a2P(NT = 0) +
+∞∑
n=1

∥fn∥2
dn
P(NT = n).

Theorem 5.3.5. Let d ∈ N∗ and F = (F1, · · · , Fd) ∈ (D1,2)d. Then, noting

Γ[F ] = (Γ[Fi, Fj])1≤i,j≤d,

the image measure F∗[det(Γ[F ]).P] is absolutely continuous with respect to the Lebesgue
measure νd on Rd.

Proof. Let B ⊂ Rd such that νd(B) = 0. We would like to get

0 = (F∗[det(Γ[F ]).P])(B) =
∫

F −1(B)
det(Γ[F ](ω))dP(ω)

=
∫

Ω
det(Γ[F ](ω))1B(F (ω))dP(ω) = E [det(Γ[F ])1B(F )] .

But, according to Proposition 5.3.3, there exist a ∈ R and fn ∈ (dn)d, n ∈ N∗ such that

F = a1{NT =0} +
+∞∑
n=1

fn(T1, · · · , Tn)1{NT =n}.
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Thus
Γ[F ] = Γ[F, F ] =

+∞∑
n=1

γn[fn](T1, · · · , Tn)1{NT =n}.

In particular
det(Γ[F ])1{NT =0} = 0,

for any n ∈ N∗,

det(Γ[F ])1{NT =n} = det(γn[fn](T1, · · · , Tn))1{NT =n}

and also

1B(F )1{NT =n} = 1B(fn(T1, · · · , Tn))1{NT =n}.

Therefore

det(Γ[F ])1B(F ) =
+∞∑
n=1

det(γn[fn](T1, · · · , Tn))1B(fn(T1, · · · , Tn))1{NT =n}

and, according to Lemma 5.3.1,

E [det(Γ[F ])1B(F )]

=
+∞∑
n=1

E
[
det(γn[fn](T1, · · · , Tn)1B(fn(T1, · · · , Tn)1{NT =n}

]

=
+∞∑
n=1

E [det(γn[fn](T1, · · · , Tn)1B(fn(T1, · · · , Tn) | NT = n]P(NT = n)

=
+∞∑
n=1

(∫
Rn

det(γn[fn](t))1B(fn(t))kn(t)dt
)
P(NT = n)

=
+∞∑
n=1

((fn)∗[det(γn[fn] · knνn)])(B)P(NT = n).

However, according to Proposition 5.3.2 applied to fn ∈ (dn)d, the measure (fn)∗[det(γn[fn]·
knνn)] is absolutely continuous with respect to νd. Thus, for any n ∈ N∗,

((fn)∗[det(γn[fn] · knνn)])(B) = 0

and
E [det(Γ[F ])1B(F )] = 0.
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This concludes the proof.

Corollary 5.3.6. Let d ∈ N∗ and F = (F1, · · · , Fd) ∈ (D1,2)d. Then, conditionally to
Γ[F ] ∈ GLd(R), the law of the random variable F is absolutely continuous with respect to
the Lebesgue measure νd.

5.4 Applications

5.4.1 SDE and density of the solution

We consider the stochastic differential equation

Xt = x0 +
∫ t

0
f(s,Xs)ds+

∫
(0,t]

g(s,Xs−)dNs, 0 ≤ t ≤ T, (5.13)

or in the differential form

dXt = f(t,Xt)dt+ g(t,Xt−)dNt, X0 = x0.

We assume that:

Assumption 16. The functions f, g : [0, T ] × Rd −→ Rd are measurable and satisfy

1. For any t ∈ [0, T ], the maps f(t, ·), g(t, ·) are of class C1.

2. supt,x(|∇xf(t, x)| + |∇xg(t, x)|) < +∞.

3. For any x ∈ Rd, the map g(·, x) is differentiable.

Remark 5.4.1. Since NT admits moments of any order (See [62]), according to [78,
Chapter V.3 Theorem 7 and Chapter V.4 Theorem 10], there exists a unique solution X

to (5.13) such that sup0≤t≤T |Xt| ∈ L2(Ω).

We consider the deterministic flow Φ defined by the solution of the ordinary differential
equation (ODE in short)

Φs,t(x) = x+
∫ t

s
f(u,Φs,u(x))du, 0 ≤ s ≤ t ≤ T, x ∈ Rd.

Proposition 5.4.2. On the set {NT = 0}, we have

Xt = Φ0,t(x0), 0 ≤ t ≤ T.
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And, for any n ∈ N∗, on the set {NT = n}, we have

Xt = [ΦTn,t ◦ Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2 ◦ Ψ(T1, ·) ◦ Φ0,T1 ](x0), Tn ≤ t ≤ T,

where
Ψ(t, x) = x+ g(t, x), 0 ≤ t ≤ T, x ∈ Rd.

Proof. We proceed by induction. On the set {NT = 0} we have

Xt = x0 +
∫ t

0
f(s,Xs)ds, 0 ≤ t ≤ T.

Thus for all t ∈ [0, T ], Xt = Φ0,t(x0).

On the {NT = 1} we have, for any t ∈ [0, T1),

Xt = x0 +
∫ t

0
f(s,Xs)ds.

Thus Xt = Φ0,t(x0). Then for any t ∈ [T1, T ] we have

Xt = XT1− +
∫ t

T1
f(s,Xs)ds+

∫
[T1,t]

g(s,Xs−)dNs

= XT1− +
∫ t

T1
f(s,Xs)ds+ g(T1, XT1−)

= Ψ(T1, XT1−) +
∫ t

T1
f(s,Xs)ds.

Hence

Xt = ΦT1,t(Ψ(T1, XT1−)) = ΦT1,t(Ψ(T1,Φ0,T1(x0)))

= [ΦT1,t ◦ Ψ(T1, ·) ◦ Φ0,T1 ](x0).

We assume that the equality is satisfied on {NT = n} for n ∈ N∗ :

Xt = [ΦTn,t ◦ Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2(·) ◦ Ψ(T1, ·) ◦ Φ0,T1 ](x0), Tn ≤ t ≤ T.
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Let consider the set {NT = n+ 1}. The process X satisfies, for any t ∈ [Tn+1, T ],

Xt = XTn+1− +
∫ t

Tn+1
f(s,Xs)ds+

∫
[Tn+1,t]

g(s,Xs−)dNs

= Ψ(Tn+1, XTn+1−) +
∫ t

Tn+1
f(s,Xs)ds.

Thus
XT = ΦTn+1,T (Ψ(Tn+1, XTn+1−)).

However, as we are on {NT = n + 1}, we are also on {Nt = n} for any t ∈ [Tn, Tn+1).
According to the recurrence hypothesis,

Xt = [ΦTn,t ◦ Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2 ◦ Ψ(T1, ·) ◦ Φ0,T1 ](x0).

Thus, by continuity of the map Φ with respect to t,

XTn+1− = [ΦTn,Tn+1 ◦ Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2 ◦ Ψ(T1, ·) ◦ Φ0,T1 ](x0).

Therefore

XT = ΦTn+1,T (Ψ(Tn+1, XTn+1−))

= ΦTn+1,T (Ψ(Tn+1, [ΦTn,Tn+1 ◦ Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2 ◦ Ψ(T1, ·) ◦ Φ0,T1 ](x0)))

= [ΦTn+1,T ◦ Ψ(Tn+1, ·) ◦ ΦTn,Tn+1 ◦ Ψ(Tn, ·) ◦ · · · ◦ ΦT1,T2 ◦ Ψ(T1, ·) ◦ Φ0,T1 ](x0).

The statement is proved.

We continue this section with the same ideas as in [28]. As the following results are
formal computations, they are proved in the same way.

Remark 5.4.3. The process ∇xΦ satisfies, for any 0 ≤ s ≤ t ≤ T and x ∈ Rd,

∂

∂t
∇xΦs,t(x) = ∇xf(t,Φs,t(x))∇xΦs,t(x), ∇xΦs,s(x) = Id.

Thus
∇xΦs,t(x) = exp

(∫ t

s
∇xf(u,Φs,u(x))du

)
, 0 ≤ s ≤ t ≤ T.

Definition 5.4.4. We define the process K as the derivative of the flow generated by X,
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solution of the SDE

Kt = Id +
∫ t

0
∇xf(s,Xs)Ksds+

∫
(0,t]

∇xg(s,Xs−)Ks−dNs, 0 ≤ t ≤ T.

From now we assume that:

Assumption 17. For any (t, x) ∈ [0, T ] × Rd,

det(Id + ∇xg(t, x)) ̸= 0

and (Id + ∇xg)−1 is uniformly bounded.

We now define the process K̃ as the solution of

K̃t = Id −
∫ t

0
K̃s∇xf(s,Xs)ds

−
∫

(0,t]
K̃s∇xg(s,Xs−)(Id − ∇xg(s,Xs−)(Id + ∇xg(s,Xs−))−1)dNs.

Following [16, Proposition 8.7], we have:

Lemma 5.4.5. Processes K and K̃ satisfy

KtK̃t = Id, 0 ≤ t ≤ T.

Moreover:

KTi
= (Id + ∇xg(t,XTi−))KTi−, K̃Ti

= (Id + ∇xg(Ti, XTi−))−1K̃Ti−, i ∈ N∗.

Definition 5.4.6. We define the process (Ks
t )0≤s≤t≤T by:

Ks
t = KtK̃s, 0 ≤ s ≤ t ≤ T.

Similarly to [28, Proposition 6.4], we get the following result.

Proposition 5.4.7. Let φ : [0, T ] × Rd −→ Rd defined by:

∀(t, x) ∈ [0, T ] × Rd, φ(t, x) = f(t, x+ g(t, x)) − (Id + ∇xg(t, x))f(t, x) − ∂g

∂t
(t, x).
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Then XT ∈ D1,2 and, for a.e. s ∈ [0, T ],

DsXT = −
∫

(0,T ]
Kt

Tφ(t,Xt−)
(
t

T
− 1[0,t](s)

)
dNt.

Moreover

Γ[XT ] =
∫

(0,T ]

∫
(0,T ]

Kt
Tφ(t,Xt−)(φ(u,Xu−))∗(Ku

T )∗
(
u ∧ t− ut

T

)
dNtdNu.

Thanks to this expression of DXT and Γ[XT ], we can deduce results about the absolute
continuity of the law of XT using Corollary 5.3.6.

Corollary 5.4.8. If we consider the event

C =
{

det
(∫

(0,T ]

∫
(0,T ]

Kt
Tφ(t,Xt−)(φ(u,Xu−))∗(Ku

T )∗
(
u ∧ t− ut

T

)
dNtdNu

)
> 0

}

then if P(C) > 0, the law of XT conditionally to C is absolutely continuous with respect to
the Lebesgue measure on Rd.

Proof. It is a direct consequence of Proposition 5.4.7 and Corollary 5.3.6.

Theorem 5.4.9. In dimension d = 1, if for any t ∈ [0, T ] and x ∈ R,

φ(t, x) = f(t, x+ g(t, x)) − f(t, x) − ∂g

∂x
(t, x)f(t, x) − ∂g

∂t
(t, x) ̸= 0,

then, conditionally to {NT ≥ 1}, the law of XT is absolutely continuous with respect to
the Lebesgue measure on R.

Proof. As d = 1 we have, according to Proposition 5.4.7,

DsXT = −
NT∑
i=1

KTi
T φ(Ti, XTi−)

(
Ti

T
− 1[0,Ti](s)

)
.

Let ω ∈ Ω such that
Γ[XT ](ω) =

∫ T

0
|DsXT (ω)|2ds = 0,

then, for almost every s ∈ [0, T ], DsXT (ω) = 0. Thus, for almost every s ∈ [TNT (ω), T ], we
get, writing Ti instead of Ti(ω),

NT (ω)∑
i=1

KTi
T φ(Ti, XTi−)Ti

T
= 0.
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Then for almost every s ∈ [TNT (ω)−1, TNT (ω)]

NT (ω)−1∑
i=1

KTi
T φ(Ti, XTi−)Ti

T
+K

TNT (ω)
T φ(TNT (ω), XTNT (ω)−)

(
TNT (ω)

T
− 1

)
= 0.

Therefore, by subtracting the two equations, we get

φ(TNT (ω), XTNT (ω)−) = 0

then
NT (ω)−1∑

i=1
KTi

T φ(Ti, XTi−)Ti

T
= 0.

Thus, by considering s ∈ [TNT (ω)−2, TNT (ω)−1] then s ∈ [TNT (ω)−3, TNT (ω)−2], ..., we get, by
successive iterations, for any i ∈ {1, · · · , NT (ω)},

φ(Ti, XTi−) = 0.

Therefore, by contrapositive, if φ(t, x) ̸= 0 for any t ∈ [0, T ] and x ∈ R then Γ[XT ] > 0
on the set {NT ≥ 1}. Thus, according to Corollary 5.3.6, conditionally to {NT ≥ 1}, the
law of XT is absolutely continuous with respect to the Lebesgue measure on R.

Example 5.4.10 (Linear with constant coefficients in dimension d = 1). We consider X
the solution of the linear SDE

dXt = (aXt + b)dt+ (αXt− + β)dNt, 0 ≤ t ≤ T, X0 = x0, (5.14)

where x0, a, b, α, β ∈ R satisfy
aβ − αb ̸= 0.

In this case we have, for any t ∈ [0, T ] and x ∈ R,

φ(t, x) = a(x+ αx+ β) + b− ax− b− α(ax+ b) = aβ − αb ̸= 0.

Then, according to Theorem 5.4.9, conditionally to {NT ≥ 1}, the law of XT is absolutely
continuous with respect to the Lebesgue measure on R.

Corollary 5.4.11. We assume that d = 1 and the parameters f, g do not depend on
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t ∈ [0, T ]. We consider the Wronskian of f and g:

W (f, g) = g′ × f − f ′ × g.

Thus if the function f is of class C2 and

∀x ∈ R, |W (f, g)(x)| > 1
2∥f ′′∥∞∥g∥2

∞

then, conditionally to {NT ≥ 1}, the law of XT is absolutely continuous with respect to
the Lebesgue measure on R.

Proof. As the parameters f and g do not depend on t, we have, for any t ∈ [0, T ] and
x ∈ R,

φ(t, x) = f(x+ g(x)) − f(x) − g′(x)f(x).

Then, by Taylor expansion, there exists yx ∈ R such that

φ(t, x) = g(x)f ′(x) + 1
2g(yx)2f ′′(x) − g′(x)f(x) = 1

2g(yx)2f ′′(x) −W (f, g)(x).

Thus, if there exists x ∈ R such that φ(t, x) = 0 then, according to the assumption,

|W (f, g)(x)| = 1
2g(yx)2|f ′′(x)| ≤ 1

2∥g∥2
∞∥f ′′∥∞ < |W (f, g)(x)|

which is absurd. Therefore φ(t, x) ̸= 0 for any t ∈ [0, T ] and x ∈ R. We conclude by using
Theorem 5.4.9.

Example 5.4.12. We consider X the solution of the SDE in dimension d = 1

dXt = cos(Xt)dt+ sin(Xt−)dNt, 0 ≤ t ≤ T, X0 = x0, (5.15)

where x0 ∈ R. In particular

∀x ∈ R, |W (f, g)(x)| = 1 > 1
2 = 1

2∥cos′′∥∞∥sin∥2
∞.

Thus, according to Corollary 5.4.11, conditionally to {NT ≥ 1}, the law of XT is absolutely
continuous with respect to the Lebesgue measure on R.

Proposition 5.4.13. If there exists ℓ ∈ N such that for any n ≥ ℓ, 0 ≤ t1 < · · · < tn ≤ T
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and x1, · · · , xn ∈ Rd, the family (Kti
T φ(ti, xi))1≤i≤n spans Rd then, conditionally to {NT ≥

ℓ}, the law of XT is absolutely continuous with respect to the Lebesgue measure on Rd.

Proof. Let ω ∈ {NT ≥ ℓ} such that Γ[XT ](ω) is non invertible. Then, as it is a nonnegative
symetric matrix, there exists u ∈ Rd\{0} such that

u∗Γ[XT ](ω)u =
∫ T

0
(u∗DsXT (ω))2ds = 0.

Then, according to Proposition 5.4.7,

0 =
∫ T

0
(u∗DsXT (ω))2ds =

∫ T

0

u∗
NT (ω)∑

i=1
KTi

T φ(Ti, XTi−)
(
Ti

T
− 1[0,Ti](s)

)2

ds.

Thus, for almost every s ∈ [0, T ],

u∗
NT (ω)∑

i=1
KTi

T φ(Ti, XTi−)
(
Ti

T
− 1[0,Ti](s)

)
= 0.

We deduce, as in dimension d = 1, that, for any i ∈ {1, . . . , NT (ω)},

u∗KTi
T φ(Ti, XTi−) = 0

which is absurd because (KTi
T φ(Ti, XTi−))1≤i≤NT (ω) spans Rd.

Remark 5.4.14. Necessarily we have ℓ ≥ d.

Example 5.4.15 (Linear with constant coefficients in dimension d ∈ N∗). We consider
X the solution of the linear SDE

dXt = (AXt + b)dt+ (MXt− + β)dNt, 0 ≤ t ≤ T, X0 = x0, (5.16)

where x0, b, β ∈ Rd and A,M ∈ Rd×d such that

det(M + Id) ̸= 0, AM = MA

and if there exists ℓ ∈ N such that, for any n ≥ ℓ and 0 ≤ t1 < · · · < tn ≤ T , the family

(exp(A(T − ti))(Id +M)n−i(Aβ −Mb))1≤i≤n
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spans Rd. In this case we have:

• The process K defined by Definition 5.4.4 satisfies

Kt = Id +
∫ t

0
AKsds+

∫
(0,t]

MKs−dNs, 0 ≤ t ≤ T,

i.e.
dKt = AKsds+MKs−dNs, 0 ≤ t ≤ T, K0 = Id,

i.e., for any t ∈ [0, T ], as AM = MA,

Kt = exp (At)
∏

0<s≤t

(Id +M∆Ns) = exp(At)(Id +M)Nt .

• As det(Id +M) ̸= 0 then we can consider the process K̃ = K−1 defined just above
Lemma 5.4.5:

K̃t = Id −
∫ t

0
AK̃sds−M(Id +M)−1

∫
(0,t]

K̃s−dNs, 0 ≤ t ≤ T,

i.e.
dK̃t = −AK̃tdt−M(Id +M)−1K̃t−dNt, 0 ≤ t ≤ T, K̃0 = 1,

i.e., for any t ∈ [0, T ], as AM = MA,

K̃t = exp(−At)
∏

0<s≤t

(
Id −M(Id +M)−1∆Ns

)
= exp(−At)(Id −M(Id +M)−1)Nt

= exp(−At)(Id +M)−Nt .

• The process (Ks
t ) is equal to, for any 0 ≤ s ≤ t ≤ T ,

Ks
t = KtK̃s

= exp(A(t− s))(Id +M)Nt−Ns .

• According to Proposition 5.4.7, we consider the function φ : [0, T ] × R −→ R
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defined by, for any t ∈ [0, T ] and x ∈ R,

φ(t, x) = A(x+Mx+ β) + b− (Id +M)(Ax+ b)

= Aβ −Mb.

Therefore, according to the assumption about the spanning property, we get the follow-
ing result by Proposition 5.4.13: conditionally to {NT ≥ ℓ}, the law of XT is absolutely
continuous with respect to the Lebesgue measure on Rd.

This is the case for example when A = Id, M is a diagonalizable matrix with d distinct
eigenvalues (different to −1 to have det(M + Id) ̸= 0): there exists λ1, · · · , λd in R\{−1}
(distinct) and P ∈ GLd(R) such that

M = P


λ1 (0)

. . .
(0) λd

P−1,

and v := [P−1(β − Mb)]j = [P−1β − DP−1b]j ̸= 0 for any j ∈ {1, · · · , d}. Thus, for any
n ≥ ℓ, 0 ≤ t1 < · · · < tn ≤ T and i ∈ {1, · · · , n},

exp(A(T − ti))(Id +M)n−i(Aβ −Mb)

= eT −tiP


(1 + λ1)n−i (0)

. . .
(0) (1 + λd)n−i

P−1(β −Mb).

Therefore the family (exp(A(T − ti))(Id +M)n−i(Aβ −Mb))1≤i≤n spans Rd if and only if
the family 


(1 + λ1)n−1v1

...
(1 + λd)n−1vd

 , · · · ,


(1 + λ1)v1

...
(1 + λd)vd

 ,

v1
...
vd




spans Rd. The determinant of the last d vectors of this family is related to a Vandermonde
determinant:

v1 · · · vd

∏
1≤i<j≤d

(λj − λi)

which is not null. Therefore, conditionally to {NT ≥ ℓ}, the law of XT admits an absolutely
continuous law with respect to the Lebesgue measure on Rd.
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5.4.2 Application to Greek computation

We consider an asset price whose dynamics is given by

dSt = rStdt+ σSt−dÑt, S0 = x0, (5.17)

where N is a Hawkes process with conditional intensity λ∗, r the interest rate, σ the
volatility and x0 the initial wealth. In other words we have

dSt = (r − σλ∗(t))Stdt+ σSt−dNt.

Thus, if we write αt = r − σλ∗(t) then the dynamic is equivalent to

dSt = αtStdt+ σSt−dNt, S0 = x0. (5.18)

We also consider an European option

C = E [f(ST )]

with f a function which can be not continuous as f = 1[K,+∞) for example for a binary
European option, and we interest to compute Greeks as

∆ = ∂C

∂x0
, Γ = ∂2C

∂x2
0
, ρ = ∂C

∂r
, ν = ∂C

∂σ
.

In the sequel x denotes a real number in an interval (a, b) which can be equal to x0, r

or σ.
We consider a class L of real functions f of the form

f(y) =
n∑

i=1
Φi(y)1Ai

(y), y ∈ R, (5.19)

where n ∈ N, Φi is continuous and bounded and Ai is an interval with endpoints in
T = T0 ∪ {−∞,+∞} with the set T0 ⊂ R defined by:

T0 =
{
y ∈ R lim

n→+∞
sup

a<x<b
P
(
F x ∈

(
y − 1

n
, y + 1

n

))
= 0

}
.

Proposition 5.4.16. Let (a, b) be an interval of R. Let (F x)a<x<b and (Gx)a<x<b be two
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families of random variables such that the maps x ∈ (a, b) 7−→ F x ∈ D1,2 and x ∈
(a, b) 7−→ D1,2 are continuously differentiable. Let m ∈ H such that for any x ∈ (a, b) on{
∂F x

∂x
̸= 0

}
DmF

x ̸= 0

and such that mGx
∂F x

∂x

DmF x
is continuous in x in Dom(δ). Thus for any f ∈ L the map

x 7−→ E[f(F x)] is continuous differentiable and

∂

∂x
E[Gxf(F x)] = E

[
f(Sx0

T )δ
(
Gxm

∂F x

∂x

DmF x

)]
+ E

[
∂Gx

∂x
f(F x)

]
.

Proof. We follow the proof of [28, Proposition 7.2]. First if f ∈ C1
b (R) then, as the maps

x 7−→ F x and x 7−→ Gx are differentiable, the map x 7−→ Gxf(F x) is differentiable and,
for any x ∈ (a, b),

∂

∂x
(Gxf(F x)) = ∂Gx

∂x
f(F x) + ∂F x

∂x
f ′(F x)Gx.

Then, as f ∈ C1
b (R), Dmf(F x) = f ′(Fx)DmF

x, and, as DmF
x ̸= 0 on

{
∂F x

∂x
̸= 0

}
,

∂

∂x
(Gxf(F x)) = ∂Gx

∂x
f(F x) + ∂F x

∂x

Dmf(F x)
DmF x

Gx.

Thus, according to Remark 5.2.5 and mGx
∂F x

∂x

DmF x
∈ Dom(δ),

E
[
∂

∂x
(Gxf(F x))

]
= E

[
∂Gx

∂x
f(F x)

]
+ E

Gx

∂F x

∂x
DmF x

Dmf(F x)



= E
[
∂Gx

∂x
f(F x)

]
+ E

δ
mGx

∂F x

∂x
DmF x

 f(F x)

 .

Finally, as the function x 7−→ ∂

∂x
(Gxf(F x)) is continuous, we have

∂

∂x
E[Gxf(F x)] = E

[
∂

∂x
(Gxf(F x))

]
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and the result follows in that case. For the general case (f ∈ L) we conclude as in [28,
Proposition 7.2], using an approximation argument.

As in [53], if we can apply the Proposition 5.4.16 with

F x = Sx
T , Gx = 1{NT >0}, x ∈ (a, b),

then we can compute the Delta conditionally to {NT ≥ 1}

∂

∂x0
E
[
1{NT >0}f (Sx0

T )
]

= E

f(Sx0
T )δ

m1{NT >0}

∂S
x0
T

∂x0

DmS
x0
T


 .

The solution of (5.17)
dSt = Stαtdt+ σSt−dNt, S0 = x0,

is given by

Sx0
t = x0 exp

(∫ t

0
αsds

)
(1 + σ)Nt = x0 exp

(
rt− σ

∫ t

0
λ∗(s)ds

)
(1 + σ)Nt , 0 ≤ t ≤ T.

In particular
Sx0

T = x0 exp (rT − σΛT ) (1 + σ)NT

with

ΛT =
∫ T

0
λ∗(s)ds = λT +

NT∑
i=1

∫ T

0
µ(s− Ti)1{Ti≤s}ds

= λT +
NT∑
i=1

∫ T

Ti

µ(s− Ti)ds = λT +
NT∑
i=1

∫ T −Ti

0
µ(s)ds

= λT +
NT∑
i=1

µ̂(T − Ti).

Thus the map x0 7−→ Sx0
T is continuously differentiable and

∂Sx0
T

∂x0
= exp (rT − σΛT ) (1 + σ)NT = Sx0

T

x0
.

To compute DSx0
T we cannot use the results of Section 5.4.1 because the paramater of

the SDE f : (t, x) 7−→ αtx is not deterministic. However we can directly compute DSx0
T .
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Indeed we have

TεΛT = ΛT ◦ Tε

= λT +
NT ◦Tε∑

i=1
µ̂(T − Ti ◦ Tε)

where NT ◦ Tε = NT because τε(T ) = T . Therefore

TεΛT − ΛT

ε
=

NT∑
i=1

µ̂(T − Ti ◦ Tε) − µ̂(T − Ti)
ε

L2(Ω)−→
ε→0

NT∑
i=1

(µ̂(T − Ti))′DmTi =
NT∑
i=1

µ(T − Ti)m̂(Ti).

Thus ΛT ∈ D0
m and

DmΛT =
NT∑
i=1

µ(T − Ti)m̂(Ti) =
∫

(0,T ]
µ(T − t)m̂(t)dNt.

Since DmNT = 0 (see Remark 5.2.9), we get, by chain rule, Sx0
T ∈ D1,2

m and

DmS
x0
T = −σSx0

T DmΛT = −σSx0
T

NT∑
i=1

µ(T − Ti)m̂(Ti) = −σSx0
T

∫
(0,T ]

µ(T − t)m̂(t)dNt.

Thus we have to choose a function m ∈ H such that, for any t ∈ [0, T ], m̂(t) = 0 if and
only if t ∈ {0, T}. In this case we get

1{NT >0}

∂S
x0
T

∂x0

DmS
x0
T

= −
1{NT >0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)
= −

1{NT >0}

σx0
∫

(0,T ] µ(T − t)m̂(t)dNt

.

Finally, according to Remark 5.2.5, m1{NT >0}

∂S
x0
T

∂x0

DmS
x0
T

∈ Dom(δ) because we have m ∈
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H and 1{NT >0}

∂S
x0
T

∂x0

DmS
x0
T

∈ D1,2
m , and

δ

m1{NT >0}

∂S
x0
T

∂x0

DmS
x0
T


= −δ(m) 1{NT >0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)
+Dm

(
1{NT >0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)

)

= −δ(m) 1{NT >0}

σx0
∫

(0,T ] µ(T − t)m̂(t)dNt

+Dm

(
1{NT >0}

σx0
∫

(0,T ] µ(T − t)m̂(t)dNt

)

with, on {NT > 0},

Dm

(
1{NT >0}

σx0
∑NT

i=1 µ(T − Ti)m̂(Ti)

)

= −σx0
∑NT

i=1 Dm(µ(T − Ti)m̂(Ti))
σ2x2

0

(∑NT
i=1 µ(T − Ti)m̂(Ti)

)2

= −
∑NT

i=1[m̂(Ti)Dm(µ(T − Ti)) + µ(T − Ti)Dmm̂(Ti)]
σx0

(∑NT
i=1 µ(T − Ti)m̂(Ti)

)2

=
∑NT

i=1 m̂(Ti)µ′(T − Ti)DmTi

σx0
(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2 −

∑NT
i=1 µ(T − Ti)m(Ti)DmTi

σx0
(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2

= −
∑NT

i=1 µ
′(T − Ti)m̂(Ti)2

σx0
(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2 +

∑NT
i=1 µ(T − Ti)m(Ti)m̂(Ti)

σx0
(∑NT

i=1 µ(T − Ti)m̂(Ti)
)2

= −
∫

(0,T ] µ
′(T − s)m̂(s)2dNs

σx0
(∫

(0,T ] µ(T − s)m̂(s)dNs

)2 +
∫

(0,T ] µ(T − s)m(s)m̂(s)dNs

σx0
(∫

(0,T ] µ(T − s)m̂(s)dNs

)2 ,
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and, using Remark 5.2.5,

δ(m) =
∫

(0,T ]
(ψ(m, s) + m̂(s)µ(T − s) +m(s))dNs

=
NT∑
j=1

(ψ(m,Tj) + m̂(T − Tj) +m(Tj))

=
NT∑
j=1

(
1

λ∗(Tj)

∫
(0,Tj)

(m̂(Tj) − m̂(t))µ′(Tj − t)dNt + m̂(T − Tj) +m(Tj)
)

=
NT∑
j=1

(∑j−1
i=1 (m̂(Tj) − m̂(Ti))µ′(Tj − Ti)

λ+∑j−1
i=1 µ(Tj − Ti)

+ m̂(T − Tj) +m(Tj)
)
.

Thus we deduce the following expression of the Delta:

Proposition 5.4.17. For any f ∈ L, we have

∂

∂x0
E[1{NT ≥1}f(ST )]

= E

f(Sx0
T )δ

m1{NT >0}

∂S
x0
T

∂x0

DmS
x0
T




= −E
[

f(Sx0
T )δ(m)1{NT >0}

σx0
∫

(0,T ] µ(T − t)m̂(t)dNt

]
− E

f(Sx0
T )

∫
(0,T ] µ

′(T − s)m̂(s)2dNs

σx0
(∫

(0,T ] µ(T − s)m̂(s)dNs

)2 1{NT >0}


+E

f(Sx0
T )

∫
(0,T ] µ(T − s)m(s)m̂(s)dNs

σx0
(∫

(0,T ] µ(T − s)m̂(s)dNs

)2 1{NT >0}

 .

Remark 5.4.18. Any term in the expression of ∆ can be written from the Hawkes process
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N , the jump instants (Ti)i∈N∗ and the parameters T, λ, µ, µ̂, µ′,m, m̂ and f :

Sx0
T = x0 exp (rT − σΛT ) (1 + σ)NT ,

ΛT = λT +
NT∑
i=1

µ̂(T − Ti),

δ(m) =
NT∑
j=1

(∑j−1
i=1 (m̂(Tj) − m̂(Ti))µ′(Tj − Ti)

λ+∑j−1
i=1 µ(Tj − Ti)

+m̂(T − Tj) +m(Tj)
)
,

∫
(0,T ]

µ(T − t)m̂(t)dNt =
NT∑
i=1

µ(T − Ti)m̂(Ti)

∫
(0,T ]

µ′(T − t)m̂(t)2dNt =
NT∑
i=1

µ′(T − Ti)m̂(Ti)2

∫
(0,T ]

µ(T − t)m(t)m̂(t)dNt =
NT∑
i=1

µ(T − Ti)m(Ti)m̂(Ti).

In other words, if we simulate a sample of Hawkes process then we can approach ∆ con-
ditionally to {NT > 0}.

Remark 5.4.19. On {NT = 0}, the process Sx0 is deterministic and we have to know
the derivative of the function f to compute ∆.

Remark 5.4.20. For the other Greeks we can notice that

∂2Sx0
T

∂x2
0

= 0,

∂Sr
T

∂r
= TSx0

T

∂Sσ
T

∂σ
=

(
−ΛT + NT

1 + σ

)
Sx0

T .

Then we can deduce similar expressions of the other Greeks conditionally to {NT > 0}.
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For Γ = ∂2C

∂x2
0

we can start by writing

Gx0 = m1{NT >0}

∂S
x0
T

∂x0

DmS
x0
T

,

∂2

∂x2
0
E[1{NT >0}f(Sx0

T )] = ∂

∂x0
E [f(Sx0

T )δ (Gx0)]

= E

f(Sx0
T )δ

Gxm

∂S
x0
T

∂x0

DmS
x0
T


+ E

[
f(Sx0

T ) ∂

∂x0
δ (Gx0)

]

where we apply two times Proposition 5.4.16 with different processes G.
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Titre : Calculs de Malliavin et applications aux équations différentielles stochastiques.

Mot clés : Equations différentielles stochastiques rétrogrades, calcul de Malliavin, équations

intégro-différentielles, processus de Hawkes, calcul de Greeks, singularité terminale

Résumé : Cette thèse est consacrée à
l’étude d’équations différentielles stochas-
tiques grâce aux calculs de Malliavin. Dans le
premier chapitre, nous étudions le comporte-
ment de la solution minimale d’une équation
différentielle stochastique rétrograde (EDSR)
à valeur terminale singulière. Le calcul de
Malliavin appliqué aux EDSR permet de trou-
ver une condition suffisante sur la croissance
du générateur, pour obtenir la continuité de la
solution à l’instant final. Puis dans le second
chapitre est montré que la dérivée de Malli-

avin de cette solution possède aussi une sin-
gularité en l’instant terminal. Dans le troisième
chapitre, nous reprenons la même équation
que dans le premier chapitre en ajoutant des
sauts et montrons que la présence de ces
sauts peut empêcher la continuité de la so-
lution. Le quatrième chapitre termine avec le
développement d’un calcul de Malliavin local
par rapport à un processus de Hawkes. Il
est appliqué pour obtenir un critère de den-
sité de la solution d’une équation différentielle
stochastique et au calcul de Greeks.

Title: Malliavin calculus and applications in stochastic differential equations

Keywords: Backward stochastic differential equations, Malliavin calculus, integro-differential

equation, Hawkes processes, Greeks computations, Final singularity

Abstract: This thesis is dedicated to the study
of stochastic differential equations using Malli-
avin calculus. In the first chapter, the continu-
ity at the terminal time of the minimal solution
to a backward stochastic differential equation
with a singular terminal condition is examined.
Malliavin calculus is used to control the var-
ious terms that appear in the computations,
specifically by using the relationship between
the Malliavin derivative of the process of in-
terest and the process adapted to the filtra-
tion of the motion. In the second chapter, it is

shown that the Malliavin derivative of the solu-
tion exhibits a singularity at the terminal time.
In the third chapter, we add a jump term to
the same equation as in the first chapter and
show that these jumps can prevent the conti-
nuity of the solution. The fourth chapter con-
cludes with the development of a local Malli-
avin calculus with respect to a Hawkes pro-
cess. This is applied to obtain a density crite-
rion for the solution of a stochastic differential
equation and for the computation of Greeks.
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