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Hyperbolicité intermédiaire des variétés admettant une variation de structure de Hodge et
applications en caractéristique positive

Résumé : Soit V une variété quasi-projective complexe lisse. Supposons qu’elle admette une variation
de structure de Hodge dont l’application des périodes est génériquement immersive. Alors V présente
diverses propriétés d’hyperbolicité. En particulier, soit (W, D) une compactification logarithmique lisse de V .
Alors d’après les travaux de Zuo, Brunebarbe, Klingler, Totaro et Cadorel, les fibrés vectoriels cotangent
logarithmique et canonique logarithmique sont big.

Dans cette thèse, on étudie la positivité des fibrés vectoriels Ωp
W (log D) pour tout p. On montre qu’ils

sont tous big. On montre également que pour p assez grand, ils sont big au sens (plus fort) de Viehweg. On
développe l’exemple de l’espace des modules des solides quintiques polarisés.

On s’intéresse ensuite au cas particulier des variétés localement symétriques. On calcule alors explicitement
les lieux de base augmentés associés aux Ωp

W (log D). Ces ensembles décrivent le “défaut d’amplitude” d’un
fibré vectoriel. On calcule également le lieu de base stable associé au fibré cotangent logarithmique (cas
p = 1). Ce lieu de base stable décrit l’ensemble des vecteurs tangents sur lesquels toute forme différentielle
symétrique logarithmique de degré 1 s’annule. Ces deux résultats généralisent un calcul fait par Mok sous les
hypothèses p = 1 et V compact.

On donne deux applications en caractéristique positive. Premièrement, on prouve un théorème d’isotrivialité
des familles de courbes paramétrées par l’espace des modules des variétés abéliennes principalement polarisées.
La preuve nécessite l’étude des formes différentielles absolument logarithmiques définies par Abramovich
(pour pallier le manque de compactifications logarithmiques lisses en caractéristique positive).

Deuxièmement, on considère le “théorème d’Arakelov” pour les schémas abéliens prouvé par Faltings.
Celui-ci énonce que sur une variété algébrique complexe lisse, il n’existe qu’un nombre fini de schémas abéliens
vérifiant une certaine propriété. On démontre qu’une version de ce théorème est vérifiée en caractéristique
positive. On prouve aussi un énoncé similaire pour les familles de surfaces K3.
Mots-clés : Hyperbolicité, Variation de structure de Hodge, Variété localement symétrique

Intermediate hyperbolicity of varieties supporting a variation of Hodge structure and
applications in positive characteristic

Abstract: Let V be a smooth complex quasiprojective variety. Suppose it supports a variation of Hodge
structure whose period map is generically immersive. Then V exhibits various hyperbolicity properties. In
particular, let (W, D) be a smooth logarithmic compactification of V . Then, according to the work of Zuo,
Brunebarbe, Klingler, Totaro, and Cadorel, the logarithmic cotangent and logarithmic canonical vector
bundles are big.

In this thesis, we study the positivity of the vector bundles Ωp
W (log D) for all p. We show that they are

all big. We also show that for sufficiently large p, they are big in the (stronger) Viehweg sense. We develop
the example of the moduli space of polarized quintic threefolds.

We then turn our attention to the special case of locally symmetric varieties. We then explicitly compute
the augmented base loci associated with the Ωp

W (log D). These sets describe the “amplitude defect” of a
vector bundle. We also compute the stable base locus associated with the logarithmic cotangent bundle (case
p = 1). This stable base locus describes the set of tangent vectors on which every logarithmic symmetric
differential form of degree 1 vanishes. These two results generalize a calculation made by Mok under the
assumptions p = 1 and V compact.

We present two applications in positive characteristic. First, we prove an isotriviality theorem for families
of curves parameterized by the moduli space of principally polarized Abelian varieties. The proof requires
the study of the absolutely logarithmic differential forms defined by Abramovich (to compensate for the lack
of smooth logarithmic compactifications in positive characteristic).

Second, we consider the “Arakelov theorem” for Abelian schemes proven by Faltings. This states that on
a smooth complex algebraic variety, there are only a finite number of Abelian schemes satisfying a certain
property. We demonstrate that a version of this theorem holds in positive characteristic. We also prove a
similar statement for families of K3 surfaces.
Keywords: Hyperbolicity, Variation of Hodge structure, Locally symmetric variety

Institut de mathématiques de Bordeaux
UMR 5251 Université de Bordeaux, 33000 Bordeaux, France.



Contents

Remerciements 6

1 Introduction (français) 10
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nantes rencontres mathématiques, ainsi que les nombreux mathématiciennes
et mathématiciens que j’ai eu le plaisir de rencontrer en conférences. Merci
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pour ton immense soutien, ta disponibilité, ta sincérité, ta générosité om-
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Julius pour son imprévisibilité, Maxence pour sa bienveillance et Antoine
pour son honnêteté.
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Chapter 1

Introduction (français)

1.1 Hyperbolicité des variétés localement symétriques

Définissons le premier objet central de cette thèse : les variétés localement
symétriques. Soit Σ un domaine symétrique borné dans Cd (pour un d ∈ N).
Son groupe de biholomorphismes Aut(Σ) admet une unique structure de
groupe de Lie réel. Le groupe Aut(Σ) a un nombre fini de composantes
connexes. Notons Aut(Σ)0 sa composante neutre. Tout réseau sans torsion
Γ de Aut(Σ)0 agit librement et proprement discontinûment sur Σ. Ainsi,
le quotient X := Γ\Σ admet une (unique) structure de variété analytique
complexe pour laquelle le passage au quotient est holomorphe.

Définition 1.1.1. Une variété localement symétrique X est une variété an-
alytique complexe biholomorphe au quotient d’un domaine symétrique borné
par l’action d’un réseau Γ sans torsion de la composante neutre de son groupe
de biholomorphismes.

La variété localement symétrique X est arithmétique si le réseau Γ est
arithmétique.

Par le théorème d’arithméticité de Margulis (voir [54, Theorem 1]), si Σ
est irréductible et de rang au moins 2, le réseau Γ est arithmétique. Dans ce
cas, toute variété localement symétrique ayant Σ pour revêtement universel
est arithmétique. Alors d’après Baily et Borel, X admet une structure de
variété algébrique.

Théorème 1.1.2 (voir [4]). Une variété arithmétique localement symétrique
admet une structure de variété quasi-projective complexe (lisse) compatible
avec sa structure analytique.

Borel a montré dans ce cas l’unicité de la structure de variété algébrique
complexe compatible avec la structure analytique (voir [12]). Une variété
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arithmétique localement symétrique admet une compactification projective
normale canonique X̄SBB appelée compactification de Satake-Baily-Borel.

Un domaine symétrique borné admet une métrique de Kähler-Einstein
canonique : la métrique de Bergman. Elle est invariante par l’action de
Aut(Σ)0 (dans le cas Σ irréductible, cela la caractérise à une constante mul-
tiplicative près parmi les métriques hermitiennes). En particulier, elle est
invariante par l’action de Γ. Par conséquent, la métrique de Bergman induit
une métrique de Kähler-Einstein sur X que nous appellerons la métrique
canonique de X.

1.1.1 Courbure de la métrique canonique

La courbure de la métrique canonique d’une variété localement symétrique
admet plusieurs propriétés de négativité.

Proposition 1.1.3 (voir [58, Proposition 2 p.46]). Soit X une variété locale-
ment symétrique. Alors les courbures sectionnelle, bisectionnelle holomorphe
et de Ricci de la métrique canonique de X sont semi-négatives. De plus les
courbures sectionnelle holomorphe et scalaire de la métrique canonique de X
sont strictement négatives.

La propriété précédente est une propriété d’hyperbolicité des variétés lo-
calement symétriques. Dans l’autre sens, le théorème suivant est une pro-
priété de “non-hyperbolicité” : elle interdit la construction d’une métrique à
courbure “plus négative” que la métrique canonique. Par exemple, il n’existe
pas de métrique hermitienne à courbure bisectionnelle holomorphe stricte-
ment négative. Ce théorème a été démontré par Mok dans le cas compact
(voir [60] ou [58, Theorem 1 p.99]) puis par To dans le cas général.

Théorème 1.1.4 (voir [82]). Soit X une variété localement symétrique dont
le revêtement universel est irréductible et de rang au moins 2. Alors toute
métrique hermitienne à courbure bisectionnelle holomorphe semi-négative est
un multiple constant de la métrique canonique.

Pour prouver le théorème précédent, Mok définit les “(higher) charac-
teristic subvarieties”. Ces sous-variétés décrivent le défaut de négativité de
la courbure de la métrique canonique (et donc d’après le Théorème 1.1.4 le
défaut d’hyperbolicité deX). Nous ne définissons ici que les deux extrêmes S1
(la “characteristic subvariety” originale) et Sr−1 (la plus grande des “higher
characteristic subvarieties”, où r désigne le rang du revêtement universel de
X en tant que domaine symétrique borné). Remarquons d’abord que si x est
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un point d’une variété localement symétrique et v est un vecteur tangent en
x, alors l’ensemble N (v) des vecteurs tangents w en x tels que la métrique
canonique est à courbure bisectionnelle holomorphe nulle sur le plan engendré
par v et w est un espace vectoriel.

Définition 1.1.5. La sous-variété caractéristique S1 (resp. Sr−1) de X est
l’ensemble des [v] ∈ PΩ1

X tels que la dimension de N (v) soit maximale (resp.
soit non nulle).

Mok démontre lorsqueX est compacte une variante Finsler du Théorème 1.1.4
(il montre aussi que l’on peut déduire le cas compact du Théorème 1.1.4 de
cette variante Finsler). Elle est implicite dans [58, §3 p.113] et énoncée dans
[59, Theorem 3].

Théorème 1.1.6. Soit X une variété localement symétrique dont le revêtement
universel est irréductible et de rang au moins 2. Alors toute métrique her-
mitienne à courbure semi-négative sur le fibré en droites O(−1) sur PΩ1

X

cöıncide en restriction à S1 avec un multiple constant de la métrique canon-
ique.

1.1.2 Hyperbolicité au sens de Brody, Kobayashi, De-
mailly et Borel

Plusieurs notions classiques d’hyperbolicité d’une variété algébrique com-
plexe V se définissent en considérant les morphismes d’une variété donnée
vers V .

Définition 1.1.7. � Un espace analytique complexe V est hyperbolique
au sens de Brody si toute application holomorphe C→ V est constante.
Une variété algébrique complexe est hyperbolique au sens de Brody si
l’espace analytique associé est hyperbolique au sens de Brody.

� Un espace analytique complexe V est hyperbolique au sens de Kobayashi
si l’ensemble de ses points admet une distance (au sens de la topolo-
gie générale) pour laquelle toute application holomorphe du disque de
Poincaré vers V est lipschitzienne, le disque étant muni de la métrique
de Poincaré. Une variété algébrique complexe est hyperbolique au sens
de Kobayashi si l’espace analytique associé est hyperbolique au sens de
Kobayashi.

� Une variété projective complexe V est algébriquement hyperbolique (ou
hyperbolique au sens de Demailly) si pour tout fibré en droites ample A
sur V , il existe ε ∈ R>0 tel que pour tout g ∈ N, toute courbe projective
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complexe lisse connexe C de genre g et tout morphisme non constant
f : C → V , on a 2g − 2 ≥ ε deg f ∗A (cela ne dépend pas du choix de
A).

� Une variété algébrique complexe V est hyperbolique au sens de Borel
si pour toute variété algébrique complexe réduite V ′, toute application
holomorphe (V ′)an → V an est induite par un morphisme de variétés
algébriques V ′ → V .

Ces différentes notions sont liées de la manière suivante.

Proposition 1.1.8 (voir [49, 46]). Un espace analytique complexe hyper-
bolique au sens de Kobayashi est hyperbolique au sens de Brody. Une variété
algébrique complexe hyperbolique au sens de Kobayashi ou de Borel est hy-
perbolique au sens de Brody. Pour une variété projective complexe, les hy-
perbolicités au sens de Kobayashi, Brody et Borel sont équivalentes, et elles
impliquent l’hyperbolicité algébrique.

Dans le cas des variétés localement symétriques, on a les énoncés suivants.

Proposition 1.1.9. Une variété localement symétrique est hyperbolique au
sens de Brody et de Kobayashi. Si elle est arithmétique et compacte, elle est
en plus algébriquement hyperbolique.

Preuve. La courbure sectionnelle holomorphe de la métrique de Bergman
d’un domaine symétrique borné est négative. Par homogénéité, elle est
bornée supérieurement par une constante A ∈ R<0. La courbure sectionnelle
holomorphe de la métrique canonique d’une variété localement symétrique X
est donc aussi bornée supérieurement par une constante A ∈ R<0. On peut
alors lui appliquer le lemme d’Ahlfors-Schwarz (voir [49, Theorem 2.1.4]) :
il existe une constante C ∈ R>0 telle que les applications holomorphes du
disque de Poincaré vers X sont C-lipschitziennes. Ainsi X est hyperbolique
au sens de Kobayashi. Le reste découle immédiatement de la proposition
précédente.

C’est en référence au théorème de Borel suivant que Javanpeykar et
Kucharczyk ont donné son nom à l’hyperbolicité au sens de Borel dans [46].
Il implique en particulier que la structure algébrique de Baily-Borel sur X
est la seule compatible avec la structure analytique.

Théorème 1.1.10 (voir [12, Theorem 3.10]). Les variétés arithmétiques lo-
calement symétriques sont hyperboliques au sens de Borel.
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On peut prouver des énoncés d’hyperbolicité de la compactification de
Satake-Baily-Borel. Ceux-ci renforcent les théorèmes qui précèdent, à ceci
près qu’il faut éventuellement remplacer X par un revêtement étale fini.

Théorème 1.1.11. Soit X une variété arithmétique localement symétrique.
Alors X admet un revêtement étale fini X ′ tel que la compactification de
Satake-Baily-Borel X̄ ′SBB de X ′ est hyperbolique au sens de Brody, Kobayashi,
Demailly et Borel.

Nadel a démontré une version intermédiaire entre l’hyperbolicité au sens
de Brody de X ′ et celle de X̄ ′SBB : l’hyperbolicité au sens de Brody “loga-
rithmique” de X ′ (voir [63, Theorem 0.2]). Rousseau a démontré dans [74,
Theorem 1.1] l’hyperbolicité au sens de Kobayashi “logarithmique” de X ′.
Enfin, Brunebarbe a remarqué que par un argument sur la structure du bord
de la compactification de Satake-Baily-Borel, le théorème de Nadel implique
le Théorème 1.1.11, et donc en particulier le théorème de Rousseau (voir [20,
Sous-section 1.2]).

1.1.3 Positivité des fibrés vectoriels de formes différentielles
logarithmiques

Une variété algébrique intègre est dite de type général si elle est birationnelle
à une variété algébrique propre et lisse de type général (c’est-à-dire dont le
fibré en droites canonique est big). Cette propriété ne dépend pas du choix du
modèle birationnel propre et lisse. Tai a montré que toute variété localement
symétrique dont le revêtement universel est irréductible et de rang au moins 2
admet un revêtement étale fini de type général (voir [3, Chapter IV Theorem
1.4]). Brunebarbe a démontré l’énoncé plus fort qui suit.

Théorème 1.1.12 (voir [20, Corollary 1.7]). Soit X une variété arithmétique
localement symétrique. Alors X admet un revêtement étale fini X ′ tel que
toute sous-variété algébrique de la compactification de Satake-Baily-Borel
X̄ ′SBB de X ′ est de type général.

Cet énoncé devient faux si on ne permet pas de prendre un revêtement
étale fini : une variété arithmétique localement symétrique n’est pas nécessairement
de type général (voir [20, Remark 1.2(ii)]). Cadorel a déterminé explicite-
ment des espaces de modules de variétés abéliennes principalement polarisées
avec structure de niveau qui vérifient l’énoncé précédent, ou qui le vérifient
pour des sous-variétés de codimension assez petite (voir [25]).

Pour les formes différentielles de degré 1, le résultat suivant apparait
comme corollaire du Théorème 1.2.4 qui sera énoncé dans la section suivante

14



(voir aussi [26]). Un fibré vectoriel E sur une variété algébrique complexe
propre W est dit L-big s’il existe ε ∈ R>0 tel que pour tout k ≫ 0, on a
dimH0(W, Symk E) ≥ εkdimW+rkE−1. Le fibré vectoriel E est dit faiblement
positif s’il existe un ouvert Zariski-dense U ⊂ W tel que pour tout fibré en
droites ample A sur W et tout entier strictement positif α, il existe un entier
strictement positif β tel que Symαβ Ω1

V̄
(logD) ⊗ Aβ est engendré sur U par

ses sections globales.

Théorème 1.1.13. Soit X une variété arithmétique localement symétrique.
Alors pour toute log-compactification (X̄,D) de X, le fibré vectoriel Ω1

X̄
(logD)

est L-big et faiblement positif.

Mok a montré que dans le cas compact, le fibré vectoriel Ω1
X n’est pas am-

ple (plus précisément, il n’est même pas big au sens de Viehweg). L’obstruction
est décrite par le lieu de base augmenté B+(O(1)) du fibré en droites tau-
tologique O(1) sur PΩ1

X .

Théorème 1.1.14 (voir [58, Proposition 4 p.262]). Soit X une variété lo-
calement symétrique compacte dont le revêtement universel est irréductible et
de rang au moins 2. Alors la sous-variété caractéristique Sr−1 ⊂ PΩ1

X est le
lieu de base stable et le lieu de base augmenté du fibré en droites tautologique
O(1) de PΩ1

X .

L’inclusion B+(O(1)) ⊂ Sr−1 est un résultat d’hyperbolicité. L’inclusion
Sr−1 ⊂ B+(O(1)) est un résultat de non-hyperbolicité (c’est une obstruction
à la positivité de Ω1

X). L’inclusion de Sr−1 dans le lieu de base stable de
O(1) est un résultat plus fort (il signifie que pour tout n ∈ N>0, toute
section globale de SymnΩ1

X s’annule sur Sr−1). La preuve de celle-ci utilise
le théorème de rigidité Finsler (Théorème 1.1.6).

1.1.4 Finitude d’ensembles de morphismes

Borel et Narasimhan ont montré la restriction suivante pour définir des mor-
phismes vers une variété localement symétrique.

Théorème 1.1.15 (voir [14, Proposition 2.1, Theorem 4.6]). Soit X une
variété localement symétrique. Soit M le complémentaire d’un diviseur à
croisements normaux dans une variété analytique complexe compacte con-
nexe. Pour tout x ∈ M , y ∈ X et morphisme de groupes ρ : π1(M,x) →
π1(X, y), il existe au plus une application holomorphe f : M → Xan telle que
f(x) = y qui induise ρ sur les groupes fondamentaux.
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Pour une variété arithmétique localement symétrique X de revêtement
universel noté Σ et de groupe fondamental noté Γ, notons l(Σ) la dimension
maximale deN (v) pour v parmi les vecteurs tangents non nuls de X (l(Σ) est
également la dimension maximale d’une “composante de bord propre” de Σ,
voir [88, Section 5]) et l(Γ) la dimension maximale pour une composante de
bord de X̄SBB. On a l(Σ) ≥ l(Γ). Noguchi a démontré le théorème suivant.

Théorème 1.1.16 (voir [67]). Soit X une variété arithmétique localement
symétrique de revêtement universel noté Σ et de groupe fondamental noté Γ.
Soit M le complémentaire d’un diviseur à croisements normaux dans une
variété analytique complexe compacte connexe.

� Il existe un “espace des modules des morphismes M → X”, c’est-à-dire
un espace analytique complexe Hol(M,X) et une application holomor-
phe f : Hol(M,X) ×M → X tels que pour tout espace analytique M ′

et toute application holomorphe g : M ′ ×M → X, il existe une unique
application holomorphe h : M ′ → Hol(M,X) telle que g = f ◦(h×idM).

� L’espace des modules Hol(M,X) est un ouvert de Zariski d’un espace
analytique complexe compact.

� Pour tout k ∈ N, les applications holomorphes M → X d’image de
dimension k sont paramétrées par un ouvert-fermé Hol(M,X, k) ⊂
Hol(M,X).

� Si k > l(Γ), alors Hol(M,X, k) est compact. Si k > l(Σ), alors
Hol(M,X, k) est fini.

� Soit C une composante connexe de Hol(M,X), soit x ∈ M . Alors
l’application :

C → X
c ↦→ f(c, x)

est un plongement fermé sur une sous-variété complexe totalement géodésique.

On peut donner un énoncé de finitude plus précis dans le cas particulier où
M est une variété algébrique et X est l’espace des modules Ag(n) de variétés
abéliennes principalement polarisées de dimension g ∈ N>0 avec structure
de niveau n ≥ 3. Si V est une variété algébrique complexe, un morphisme
f : V → Ag(n) correspond à la donnée d’une classe d’isomorphismes de
schémas abéliens principalement polarisés avec structure de niveau n sur
V . Comme il n’y a qu’un nombre fini de structures de niveau n sur une
famille donnée, un énoncé de finitude d’ensemble de morphismes V → Ag(n)
équivaut à un énoncé de finitude d’ensemble de classes d’isomorphismes de
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schémas abéliens principalement polarisés. Si V est de dimension 1, on a le
théorème de Faltings suivant.

Théorème 1.1.17 (voir [38]). Soit C une courbe algébrique complexe.

� L’ensemble des classes d’isomorphisme de schémas abéliens principale-
ment polarisés sur C est paramétré par un schéma de type fini sur C.

� En particulier, il n’y a qu’un nombre fini de schémas abéliens princi-
palement polarisés rigides (c’est-à-dire non-déformables).

� Une famille A de schémas abéliens principalement polarisés sur C est
déformable si et seulement s’il existe un endomorphisme antisymétrique
du système local R1π∗ZA qui ne provient pas d’un endomorphisme du
C-schéma abélien principalement polarisé A.

Deligne a remarqué dans [32, Section 3] que l’énoncé de finitude se réduit
au cas de la dimension 1, ce qui donne le théorème suivant.

Théorème 1.1.18. Soit V une variété algébrique complexe. Alors pour
tous les schémas abéliens A principalement polarisés sur V sauf un nom-
bre fini d’entre eux, il existe un endomorphisme antisymétrique du système
local R1π∗ZA qui ne provient pas d’un endomorphisme de la famille A.

En caractéristique positive, la variétéAg(n) perd une partie des propriétés
d’hyperbolicité qu’elle présente en caractéristique 0. En caractéristique au
moins 3, Moret-Bailly a prouvé que Ag(n) contient des courbes rationnelles
(voir [61]). Cela contredit l’énoncé analogue à Théorème 1.1.12 car P1 n’est
pas de type général. Cela contredit aussi l’énoncé analogue au premier point
de Théorème 1.1.17 car en composant un morphisme non constant P1 →
Ag(n) par les endomorphismes de P1, on obtient un ensemble de morphismes
P1 → Ag(n) de degré non borné.

1.2 Hyperbolicité des variétés admettant une

variation de structure de Hodge

Les variétés arithmétiques localement symétriques sont un cas particulier de
variété algébrique admettant une variation de structure de Hodge entière po-
larisable, ou Z-VSHP. Une partie des énoncés d’hyperbolicité de la section
précédente se généralise au cas des variétés admettant une VSHP. Lorsque
l’on parlera de variété admettant une VSHP, on supposera toujours l’immersivité
de l’application des périodes, au moins génériquement.
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1.2.1 Courbure de la métrique

Considérons une variété analytique complexe M munie d’une variation de
structure de Hodge complexe polarisable (C-VSHP) V. Le choix d’une po-
larisation de V donne une métrique hermitienne dite de Hodge sur le fibré
vectoriel holomorphe sous-jacent à V. Comme la polarisation de V induit
une polarisation de la C-VSHP EndC(V), elle définit aussi une métrique de
Hodge sur EndC(V). Supposons que l’application des périodes soit immer-
sive. Cela signifie que le morphisme de OM -modules défini par le champ
de Higgs θ : TM → EndC(V) ⊗C OM est une injection localement scindée.
Ainsi, on peut tirer en arrière la métrique de Hodge sur le fibré sous-jacent
à EndC(V) pour obtenir une métrique hermitienne sur TM . Lu a démontré
que cette métrique est Kähler ([53, Theorem 1.2]), et que sa courbure a les
propriétés de négativité suivantes.

Théorème 1.2.1 (voir [53, Theorem 1.2]). Soit M une variété analytique
complexe munie d’une variation de structure de Hodge complexe polarisée V.
Supposons que l’application des périodes soit immersive. Soit g la métrique
de Kähler définie sur M par V.

Alors la courbure bisectionnelle holomorphe de g est semi-négative. Ses
courbures sectionnelle holomorphe, de Ricci et scalaire sont strictement négatives.

1.2.2 Hyperbolicité au sens de Brody, Kobayashi, De-
mailly et Borel

En utilisant la métrique précédemment définie, Griffiths et Schmid ont démontré
l’hyperbolicité au sens de Kobayashi et donc aussi de Brody des variétés ad-
mettant une C-VSHP.

Théorème 1.2.2 (voir [40, Corollary 9.3]). Soit M une variété analytique
complexe munie d’une variation de structure de Hodge complexe polarisable.
Supposons que l’application des périodes soit immersive.

Alors M est hyperbolique au sens de Brody et de Kobayashi.

Bakker, Brunebarbe et Tsimerman ont montré l’hyperbolicité au sens de
Borel pour les variétés admettant une Z-VSHP dans [5, Corollary 7.1]. En
utilisant cet article, Javanpeykar et Litt ont montré l’hyperbolicité algébrique
des variétés admettant une Z-VSHP à monodromie locale unipotente (voir
[47, Theorem 4.2]). Deng a généralisé ces deux résultats aux variétés admet-
tant une C-VSHP (voir [34]).

Théorème 1.2.3. Soit V une variété algébrique complexe lisse munie d’une
C-VSHP. Supposons que l’application des périodes soit quasi-finie.

18



Alors V est hyperbolique au sens de Demailly et Borel.

Cadorel et Deng ont prouvé la “pseudo-hyperbolicité algébrique” dans le
cadre plus général des variétés admettant un fibré harmonique nilpotent dont
le champ de Higgs est injectif en un point (voir [27, Theorem A]).

1.2.3 Positivité des fibrés vectoriels de formes différentielles
logarithmiques

Le fibré en droites canonique logarithmique et le fibré vectoriel cotangent
logarithmique d’une variété quasi-projective complexe lisse admettant une
C-VSHP ont les propriétés de positivité suivantes.

Théorème 1.2.4. Soit V̄ une variété projective complexe lisse. Soit D ⊂ V̄
un diviseur à croisements normaux. Notons V := V̄ \ D. Soit V une C-
VSHP sur V . Supposons que l’application des périodes soit immersive en un
point de V . Alors :

� V est de type log-général, c’est-à-dire que le fibré en droites canonique
logarithmique ωV̄ (D) est big,

� le fibré vectoriel cotangent logarithmique Ω1
V̄
(logD) est L-big et faible-

ment positif.

Dans le théorème précédent, le fait que ωV̄ (D) soit big et Ω1
V̄
(logD)

soit faiblement positif a été démontré par Zuo (voir [91, Theorem 0.1]).
Brunebarbe, Klingler et Totaro ont prouvé que Ω1

V est L-big quand V = V̄
(voir [24, Theorem 3.1]). Brunebarbe a ensuite montré que Ω1

V̄
(logD) est L-

big si la monodromie de V est entière (voir [22]). Finalement, le cas général
a été démontré par Brunebarbe et Cadorel (voir [23, Theorem 1.1]). Remar-
quons que dans la preuve, ils supposent simplement que V̄ est une variété
kählérienne compacte. Alors la conclusion implique que V̄ est une variété
projective (voir [23, Corollary 1.3]).

Cadorel et Deng ont généralisé le premier point du théorème précédent
aux variétés admettant un fibré harmonique nilpotent dont le champ de Higgs
est injectif en un point (voir [27, Theorem A]).

1.2.4 Finitude d’ensembles de morphismes

Les points du Théorème 1.1.17 de Faltings admettent des généralisations
dans le contexte des variations de structure de Hodge. La preuve du premier
point du Théorème 1.1.17 repose sur une “inégalité d’Arakelov” pour les
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schémas abéliens. Cette inégalité d’Arakelov admet des généralisations pour
les variétés admettant une C-VSHP (voir par exemple le survey [86]). Une
condition nécessaire de déformabilité des variations de structure de Hodge
est prouvée par Peters dans [70].

Deligne a prouvé que sur une variété algébrique complexe lisse fixée, il n’y
a qu’un nombre fini de systèmes locaux entiers sous-jacents à une Z-VSHP
(voir [32]). La théorie de Hodge variationnelle permet aussi de montrer des
analogues du Théorème 1.1.18 pour d’autres espaces de modules (voir par
exemple [37]).

1.3 Résultats de la thèse

On démontre dans cette thèse de nouveaux résultats d’hyperbolicité des
variétés localement symétriques et des variétés admettant une variation de
structure de Hodge. Plus précisément, on s’intéresse à la positivité des fibrés
vectoriels de formes différentielles logarithmiques et à la finitude d’ensembles
de morphismes.

1.3.1 Lieux de base des formes différentielles logarith-
miques de caractéristique quelconque

Soit k un corps. Considérons une k-variété algébrique lisse log-compactifiable
V . Si (V̄ , D) est une compactification logarithmique de V et m et p sont
deux entiers positifs avec 1 ≤ p ≤ dimV , on note Lp

V,m l’ensemble des sec-

tions globales du fibré vectoriel Symm Ωp

V̄
(logD) sur V̄ . Considéré en tant

que sous-espace vectoriel de H0(V, Symm Ωp
V ), L

p
V,m ne dépend pas du choix

de (V̄ , D). Si on note Op(m) := Op(1)
⊗m avec Op(1) le fibré en droites

tautologique de PΩp

V̄
(logD), les sections globales de Symm Ωp

V̄
(logD) sur V̄

(resp. V ) s’identifient à celles de Op(m) sur PΩp

V̄
(logD) (resp. PΩp

V ). On
s’intéresse à deux fermés de (l’espace total de) ΛpTV définis par Lp

V,m.

Notation 1.3.1. Soit V une variété algébrique lisse admettant une log-
compactification (V̄ , D). On note :

� Bp(V ) le fermé de PΩp
V défini comme le lieu d’annulation commun de

tous les éléments de Lp
V,m vus comme des sections de Op(m), pour tout

m ∈ N>0,

� TBp(V ) le fermé de ΛpTV défini comme l’ensemble des tenseurs sur
lesquels tous les éléments de Lp

V,m s’annulent pour tout m ∈ N>0,
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� Bp
+(V ) le fermé de PΩp

V défini comme l’intersection de PΩp
V avec le

lieu de base augmenté de Op(1) sur PΩp

V̄
(logD) (cette intersection ne

dépend pas du choix de (V̄ , D)),

� TBp
+(V ) le fermé de ΛpTV défini comme l’ensemble d’une part des tenseurs

nuls et d’autre part des tenseurs non nuls dont la classe dans PΩp
V est

dans Bp
+(V ).

Le fermé TBp(V ) est égal à l’ensemble d’une part des tenseurs nuls de ΛpTV

et d’autre part des tenseurs non nuls dont la classe dans PΩp
V est dans Bp(V ).

Ainsi, l’ensemble TBp(V ) (resp. TBp
+(V )) contient la même information que

Bp(V ) (resp. Bp
+(V )). Remarquons de plus que Bp(V ) ⊂ Bp

+(V ) (de manière
équivalente TBp(V ) ⊂ TBp

+(V )). Informellement, TBp
+(V ) est l’ensemble des

tenseurs de ΛpTV “mal distingués” par les éléments de Lp
V,m pour tout m.

Ces ensembles nous intéressent pour deux raisons. Premièrement, Bp
+(V )

nous renseigne sur la positivité de Ωp

V̄
(logD). En effet, ce fibré vectoriel est

L-big si et seulement si Bp
+(V ) ̸= PΩp

V , et il est ample relativement à V si et
seulement si la projection de Bp

+(V ) sur V̄ est incluse dans D.

Deuxièmement, Bp et Bp
+ nous renseignent sur les morphismes entre

variétés. Pour V et V ′ deux k-variétés algébriques lisses, un morphisme
f : V → V ′ induit un morphisme Λp df : ΛpTV → ΛpTV ′ . Alors TBp est
fonctoriel. Ce n’est pas le cas de TBp

+ (sauf si f est non-ramifiée). On montre
cependant le théorème suivant.

Théorème 1.3.2 (≃ Theorem 3.5.3). Soit k un corps, soit V et V ′ deux
k-variétés algébriques lisses avec V ′ log-compactifiable. Alors pour tous les
morphismes f : V → V ′ sauf un nombre fini d’entre eux, pour tout entier p
avec 1 ≤ p ≤ dimV ′, l’image de Λp df est incluse dans TBp

+(V
′).

On montrera en fait un énoncé un peu plus général, en autorisant f à être
une application rationnelle, à condition qu’elle soit “complète” (ce qui est le
cas si c’est un morphisme, ou si V ′ est propre). Si Ωp

V̄ ′(logD
′) est ample

relativement à V ′ (ce qui équivaut à Bp
+(V

′) vide), le théorème précédent dit
que le rang de df est majoré par p− 1 pour presque tout f . Cela généralise
des théorèmes de Noguchi et Sunada (cas V ′ = V̄ ′, voir [68]) et de Noguchi
(cas k = C, voir [66]). Si V ′ est de type log-général (ce qui équivaut à
Bp

+(V
′) ̸= PΩp

V ′
∼= V ′ pour p = dimV ′), le théorème précédent dit que le

rang de df est majoré par dimV ′ − 1 pour presque tout f . Cela généralise
des théorèmes de Kobayashi et Ochiai (cas k = C et V ′ = V̄ ′, voir [50]),
Martin-Deschamps et Lewin-Ménégaux (cas V ′ = V̄ ′, voir [55]) et Tsushima
(cas k = C, voir [84]).
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Enfin, notons que pour pouvoir définir Lp
V,m (et donc Bp

+ et Bp) comme
précédemment, il faut que V admette une compactification logarithmique.
Cependant, la preuve du Theorem 7.1.1 nécessitera l’utilisation de ces objets
pour une variété qui n’est a priori pas log-compactifiable. On donne donc une
définition inconditionnelle de Lp

V,m en utilisant la notion de forme absolument
logarithmique définie par Abramovich dans [1, Definition 1]. Dans le chapitre
3, on définit Lp

V,m, B
p
+ et Bp en toute généralité. On démontre les propriétés

dont nous aurons besoin. On finit par la preuve du Théorème 1.3.2.

1.3.2 Hyperbolicité intermédiaire des variétés admet-
tant une variation de structure de Hodge

Dans le chapitre 4, on commence par généraliser la L-bigness dans le Théorème 1.2.4
à tous les degrés.

Théorème 1.3.3 (= Theorem 4.1.1). Soit V une variété quasi-projective
complexe lisse. Soit V une C-VSHP à monodromie locale quasi-unipotente
sur une log-compactification projective (V̄ , D). Supposons qu’il existe x ∈ V
un point où l’application des périodes de V est immersive. Soit p un entier
tel que 1 ≤ p ≤ dimV . Alors Ωp

V̄
(logD) est L-big.

Notre preuve est similaire à celle de Brunebarbe et Cadorel. Ensuite, on
étudie le Bp

+ des variétés admettant une variation de structure de Hodge.
Commençons par introduire une notation.

Notation 1.3.4. Soit M une variété analytique complexe, x ∈ M , V une
C-VSHP sur M . Soit θx : TM,x → EndC(Vx) le champ de Higgs et θ∗x :
T 0,1
M,x → EndC(Vx) le champ de Higgs conjugué en x. Pour v ∈ TM,x, on note

CV(v) := {w ∈ TM,x, [θ
∗
x(v̄), θx(w)] = 0}.

On démontre le théorème suivant.

Théorème 1.3.5 (= Theorem 4.1.5). Soit V une variété quasi-projective
complexe lisse. Soit V une C-VSHP à monodromie locale quasi-unipotente
sur une log-compactification projective. Soit x ∈ V un point où l’application
des périodes de V est immersive. Soit p un entier tel que 1 ≤ p ≤ dimV .
Soit α ∈ ΛpTV,x tel que [α] ∈ Bp

+(V ). Alors il existe v ∈ TV,x \ {0} tel que
α ∈ ΛpCV(v).

Une variété algébrique complexe lisse est d’autant plus hyperbolique que
son Bp

+ est petit. Le théorème précédent est donc un résultat d’hyperbolicité.

On donne aussi un énoncé moins précis mais qui ne fait pas intervenir
le champ de Higgs conjugué (voir la Proposition 4.7.4). On en déduit un
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critère pour que Ωp

V̄
(logD) soit Viehweg-big (c’est-à-dire ample relativement

à un ouvert non vide) lorsque V admet une variation de structure de Hodge.
Pour simplifier l’énoncé de ce critère pour cette introduction, on ajoute une
hypothèse (∗) de “type Torelli” et une hypothèse (∗∗) de “type Calabi-Yau”
à V (voir le Theorem 4.7.6 pour l’énoncé général sans ces deux hypothèses).
Pour une C-VSHP V sur une variété lisse V et un point x ∈ V , on a une
décomposition Vx = ⊕i∈ZVi

x. Pour tout i, j ∈ Z avec j ≤ i, on peut restrein-
dre la (i− j)-ième itérée θi−j du champ de Higgs θ associé à V pour définir
une application θi,jx : TV,x → HomC(Vi

x,Vj
x).

Théorème 1.3.6 (= Theorem 4.1.2). Soit V une variété quasi-projective
complexe lisse. Soit V une C-VSHP à monodromie locale quasi-unipotente
sur une log-compactification projective (V̄ , D). Soit x ∈ V un point où
l’application des périodes de V est immersive. Soit i ∈ Z le plus grand
entier tel que θi,i−1

x ne soit pas nul. Supposons que :
(∗) θi,i−1

x est injective,
(∗∗) dimVi

x = 1.
Soit j le plus petit entier avec j < i tel que θi,jx n’est pas nul. Soit m la

dimension maximale pour un sous-espace vectoriel S ⊂ TV,x tel que pour tout
v ∈ S, θi,jx (v) = 0. Soit p ∈ Z tel que m < p ≤ dimV . Alors Ωp

V̄
(logD) est

Viehweg-big.

Ce théorème peut s’utiliser en pratique. À l’aide d’un système de calcul
formel, on en déduit le théorème suivant.

Théorème 1.3.7 (= Theorem 4.1.3). Soit M l’espace des modules fin des
solides quintiques complexes polarisés, qui est un champ de Deligne-Mumford
lisse sur C admettant un revêtement étale fini M →M avec M une variété
quasi-projective complexe lisse. Soit (M̄,D) une log-compactification projec-
tive de M .

Alors Ωp

M̄
(logD) est Viehweg-big si 91 ≤ p ≤ 101 = dimM .

Dans le théorème précédent, le “91” n’est probablement pas optimal (nous
avons été limités par notre puissance de calcul). Remarquons que M n’est
pas une variété localement symétrique, donc ce résultat n’est pas redondant
avec ceux du chapitre 6.

1.3.3 Hyperbolicité des variétés localement symétriques

Dans le court chapitre 5, on développe des outils qui serviront dans le chapitre
6. Dans ce dernier, on précise les résultats du chapitre 4 dans le cas des
variétés localement symétriques. On commence par généraliser la sous-variété
caractéristique Sr−1 de Mok en degré supérieur.
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Définition 1.3.8. Soit X une variété localement symétrique dont le revêtement
universel est irréductible et de rang au moins 2, soit R le tenseur de courbure
de Riemann de la métrique canonique, soit 1 ≤ p ≤ dimX. La sous-variété
caractéristique de degré supérieur Sp ⊂ PΩp

X est l’ensemble des [α] ∈ PΩp
X

tels qu’il existe v ∈ TX avec v ̸= 0 tel que α ∈ Λp kerR(v, v̄).

On a S1 = Sr−1. On montre alors le théorème suivant.

Théorème 1.3.9 (= Theorem 6.1.4). Soit X une variété localement symétrique
dont le revêtement universel est irréductible et de rang au moins 2. Soit
1 ≤ p ≤ dimX. Alors Bp

+(X) = Sp.

L’inclusion Bp
+(X) ⊂ Sp peut être montrée avec le chapitre précédent,

mais l’on peut aussi presque éviter l’usage des variations de structures de
Hodge en utilisant [49, Chapter 6.8] (voir Remarks 6.4.2.4). L’inclusion
Sp ⊂ Bp

+(X) est un résultat de non-hyperbolicité. On en déduit le théorème
suivant.

Théorème 1.3.10 (= Theorem 6.1.1). Soit (X̄,D) une log-compactification
projective d’une variété localement symétrique X dont le revêtement universel
est irréductible et de rang au moins 2. Soit 1 ≤ p ≤ dimX.

Alors Ωp

X̄
(logD) est L-big. De plus, les assertions suivantes sont équivalentes

:

� Ωp

X̄
(logD) est Viehweg-big,

� Ωp

X̄
(logD) est ample relativement à X,

� p > l avec l la dimension maximale de kerR(v, v̄) pour v ∈ TX avec
v ̸= 0.

Le nombre l est égal au l(Σ) du Théorème 1.1.16. Dans le cas où X
est compact, l’amplitude de Ωp

X quand p > l a été prouvée par Noguchi et
Sunada (voir [68]). En degré 1, on calcule aussi le lieu de base stable.

Théorème 1.3.11 (= Theorem 6.1.5). Soit X une variété localement symétrique
dont le revêtement universel est irréductible et de rang au moins 2. Alors
B1(X) = B1

+(X) = S1.

Le cas X compact du théorème précédent a été montré par Mok (voir [58,
Appendix IV], rappelons-nous que notre S1 est le Sr−1 de Mok). Sa preuve
repose sur le Théorème 1.1.6. La difficulté de la généralisation au cas non
compact réside dans la nécessité d’avoir une théorie de Chern-Weil pour des
métriques singulières. Le principal ingrédient est le travail de Kollár dans [51,
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Section 5] sur les singularités des métriques de Hodge (basé sur les travaux
de Cattani, Kaplan et Schmid [29]). Nous faisons quelques compléments à
l’article de Kollár dans le chapitre 5. Nous utilisons cela pour montrer une
version non compacte du Théorème 1.1.6 pour un type (très spécifique à
notre problème) de métrique singulière.

1.3.4 Applications en caractéristique positive

Si on applique le Théorème 1.3.2 avec les Bp
+ calculés dans le chapitre 6,

le résultat obtenu est un énoncé plus faible que les énoncés rappelés dans
la Sous-section 1.1.4. De plus, nous ne connaissons pas de conséquence
intéressante de la fonctorialité de TBp appliquée avec le Théorème 1.3.11
qui ne puisse pas être directement démontrée avec le théorème de rigidité
métrique de Mok et To (Théorème 1.1.4).

Cependant, les formes différentielles logarithmiques sont des objets algébriques,
contrairement aux variations de structure de Hodge et aux métriques. Des
arguments de spreading-out nous permettent de transférer des informations
sur les formes différentielles logarithmiques en caractéristique positive. On
peut alors s’en servir pour montrer en caractéristique positive des énoncés
qui avaient une preuve transcendante en géométrie complexe. On explique
cela dans le chapitre 7.

D’abord, le Théorème 1.3.11 associé à un spreading-out et à la fonctori-
alité de TBp nous permet de montrer le Théorème 1.3.12 ci-dessous. On note
Mg l’espace des modules des courbes projectives lisses connexes de genre
g ≥ 2. C’est un champ de Deligne-Mumford. Une famille f : V → Mg de
courbes projectives lisses connexes de genre g sur une k-variété intègre V (k
un corps) est séparable si pour toute k-variété V ′ (resp. M), tout morphisme
étale dominant p : V ′ → V (resp. q : M → Mg ⊗ k) et tout relèvement
f ′ : V ′ → M de f , la corestriction f ′ : V ′ → Im f ′ est séparable. La famille
est isotriviale si l’application de V vers l’espace des modules grossiers des
courbes projectives lisses connexes de genre g induite par f est constante.

Théorème 1.3.12 (= Theorem 7.1.1). Pour tous g, h ≥ 2, n ≥ 3, pour
tout nombre premier p sauf un nombre fini d’entre eux, pour tout corps
k de caractéristique 0 ou p avec une racine primitive n-ième de l’unité,
toute famille séparable de courbes projectives lisses connexes de genre h sur
Ag(n)⊗Z[e2iπ/n] k est isotriviale.

Dans le cas k = C, une preuve métrique du théorème précédent a été
donnée par Liu, Sun, Yang et Yau pour une variété localement symétrique
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compacte dont le revêtement universel est irréductible et de rang au moins
2 à la place de Ag(n)⊗Z[e2iπ/n] k dans [52, Corollary 1.6]. Leur preuve fonc-
tionne aussi dans le cas non-compact, elle s’applique donc en particulier à
Ag(n)⊗Z[e2iπ/n] C.

Ensuite, le Théorème 1.3.9 associé à un spreading-out et au Théorème 1.3.2
permet de montrer le Théorème 1.3.13 ci-dessous. Pour un corps k de car-
actéristique différente de 2 et une k-variété lisse V , considérons un V -schéma
abélien principalement polarisé π : A → V de dimension relative g ∈ N sur
V . Dans ce cas, il y a un isomorphisme canonique β : R1π∗TA/V

∼−→ Lie⊗2
A/V

avec LieA/V le fibré vectoriel de rang g défini par l’algèbre de Lie des fibres de
π. De plus, si on note KS l’application de Kodaira-Spencer TV → R1π∗TA/V ,
alors l’image de β ◦KS est dans le facteur direct Sym2 LieA/V de Lie⊗2

A/V (voir

[2, Section 1]).

Théorème 1.3.13 (= Theorem 7.1.2). Soit g ∈ N. Dans toutes les car-
actéristiques positives sauf un nombre fini d’entre elles et en caractéristique
0, pour tout corps k algébriquement clos de cette caractéristique, on a le
résultat suivant.

Soit V une k-variété lisse. Alors pour tous les V -schémas abéliens prin-
cipalement polarisés π : A→ V de dimension relative g sauf un nombre fini
d’entre eux, pour tout point fermé x ∈ V , il existe un sous-espace vectoriel
S ⊂ LieAx de dimension g − 1 tel que Im(βx ◦ KSx) ⊂ Sym2 S, avec KS :
TV → R1π∗TA/V l’application de Kodaira-Spencer et β : R1π∗TA/V

∼−→ Lie⊗2
A/V

l’isomorphisme canonique.

En particulier, le rang de KS est presque sûrement majoré par g(g−1)
2

. Si
la famille est séparable (dans le même sens que pour les familles de courbes),
cela implique que l’adhérence de l’image d’un morphisme V → Ag est presque

sûrement de dimension au plus g(g−1)
2

. Pour k = C, le Théorème 1.3.13 est
une conséquence du Théorème 1.1.18.

On montre aussi un énoncé similaire pour les familles de surfaces K3.
Soit π : S → V une famille polarisée de surfaces K3 sur une k-variété lisse
V . La polarisation permet de définir la “partie primitive” de R1π∗TS/V , qui
en est un facteur direct. L’image de l’application de Kodaira-Spencer KSS/V

est dans cette partie primitive. Pour x ∈ V , le cup-produit et une identifica-
tion TS/V,x

∼= Ω1
S/V,x munissent la fibre R1π∗TS/V,x de R1π∗TS/V d’une forme

quadratique non-dégénérée (déterminée à un scalaire près). On peut alors
définir un “sous-OV -module isotrope” de R1π∗TS/V comme un sous-module
dont toutes les sections définissent un élément isotrope sur chaque fibre.
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Théorème 1.3.14 (= Theorem 7.1.5). Soit d ∈ N>0. Dans toutes les car-
actéristiques positives sauf un nombre fini d’entre elles et en caractéristique
0, pour tout corps k algébriquement clos de cette caractéristique, on a le
résultat suivant.

Soit V une k-variété lisse. Alors pour toutes les familles primitivement
polarisées de degré 2d de surfaces K3 π : S → V sauf un nombre fini d’entre
elles, soit KSS/V est nulle, soit il existe un sous-OV -module inversible isotrope
L de la partie primitive de R1π∗TS/V tel que Im(KSS/V ) ⊂ L.

En particulier, le rang de KSS/V est presque sûrement 0 ou 1. Si la
famille est séparable (dans le même sens que pour les familles de courbes),
cela implique que la dimension de l’adhérence de l’image d’un morphisme
séparable de V vers le champ (de Deligne-Mumford) des modules des surfaces
K3 primitivement polarisées de degré 2d est presque sûrement 0 ou 1.

Deux propriétés des espaces des modules des variétés abéliennes princi-
palement polarisées et des surfaces K3 sont utilisées pour prouver les deux
théorèmes précédents. Premièrement, leur existence en caractéristique mixte.
Deuxièmement, un théorème de Torelli infinitésimal (sur C). On démontre
un théorème général pour les familles de variétés dont l’espace des mod-
ules partage ces deux propriétés (voir Theorem 7.3.14). Il généralise les
Théorèmes 1.3.13 et 1.3.14.

1.4 Conventions

Soit k un corps. Une variété V sur k est un schéma séparé et de type
fini sur k. Une log-compactification de V est la donnée (V̄ , D) d’une k-
variété propre et lisse V̄ et d’un diviseur à croisements normaux D ⊂ V̄
tel que V s’identifie à la sous-variété ouverte V̄ \ D. Une k-variété est log-
compactifiable si elle admet une log-compactification. En particulier, une
k-variété log-compactifiable est lisse. Par le théorème de compactification
de Nagata (voir [64]) et le théorème de résolution des singularités de Hi-
ronaka, si k est de caractéristique 0, une k-variété est log-compactifiable si
et seulement si elle est lisse. Une log-compactification projective de V est
une log-compactification (V̄ , D) de V telle que V̄ soit une variété projec-
tive. Une k-variété est projectivement log-compactifiable si elle admet une
log-compactification projective. En particulier, une k-variété projectivement
log-compactifiable est quasi-projective et lisse. Par le théorème de résolution
des singularités de Hironaka, si k est de caractéristique 0, une k-variété est
projectivement log-compactifiable si et seulement si elle est quasi-projective
et lisse.
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Soit E un fibré vectoriel sur un schéma S. On notera aussi E l’espace total
associé. La notation PE désigne le schéma qui paramètre les hyperplans de
E (en particulier, on utilise la convention de Grothendieck). Il est muni d’un
morphisme projectif PE → S de dimension relative le rang de E moins un.
Lorsque V est une k-variété lisse admettant une log-compactification (V̄ , D)
et p est un entier naturel, on note Op(1) le fibré en droites tautologique de
PΩp

V̄
(logD). Pour m ∈ N, on note Op(m) la m-ième puissance tensorielle de

Op(1).

Soit V une k-variété lisse. Soit p,m ∈ N. La notation Lp
V,m désigne

le sous-espace vectoriel de H0(V, Symm Ωp
V ) composé des formes “absolu-

ment logarithmiques”. Sa définition précise est donnée dans la Sous-section
3.3.1. Si V admet une log-compactification (V̄ , D), alors Lp

V,m est l’ensemble
des éléments de H0(V, Symm Ωp

V ) qui s’étendent en une section globale de
Symm Ωp

V̄
(logD) sur V̄ .

Les notations Bspm(V ), Bp(V ) et Bp
+(V ) sont définies dans la Section 3.4.

Toutes désignent un fermé de PΩp
V . Si V admet une log-compactification

projective (V̄ , D), alors Bspm(V ) (resp. Bp(V ), Bp
+(V )) est l’intersection de

PΩp
V avec le lieu de base de Op(m) (resp. le lieu de base stable de Op(1), le

lieu de base augmenté de Op(1)) sur PΩp

V̄
(logD).

Les notations TBspm(V ), TBp(V ) et TBp
+(V ) sont définies dans la Sec-

tion 3.4. Toutes désignent un fermé de (l’espace total de) ΛpTV . Le fermé
TBspm(V ) (resp. TBp(V ), TBp

+(V )) est l’union de la section nulle de ΛpTV et
de l’ensemble des tenseurs non nuls dont l’image dans PΩp

V est dans Bspm(V )
(resp. Bp(V ), Bp

+(V )).

Une variété localement symétrique X est une variété quasi-projective com-
plexe lisse biholomorphe au quotient d’un domaine symétrique borné Σ de
Cd (pour un d ∈ N) par l’action d’un réseau sans torsion de la composante
neutre du groupe des biholomorphismes de Σ. Nous dirons que le revêtement
universel de X est irréductible s’il n’est pas biholomorphe à un produit non
trivial de deux domaines symétriques bornés.
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Chapter 2

Introduction (English)

2.1 Hyperbolicity of locally symmetric vari-

eties

Let us define the first central object of this thesis: locally symmetric vari-
eties. Let Σ be a bounded symmetric domain in Cd (for some d ∈ N). Its
biholomorphism group Aut(Σ) admits a unique real Lie group structure. The
group Aut(Σ) has a finite number of connected components. Let Aut(Σ)0

denote its identity component. Any torsion-free lattice Γ of Aut(Σ)0 acts
freely and properly discontinuously on Σ. Thus, the quotient X := Γ\Σ has
a (unique) complex analytic variety structure for which the passage to the
quotient is holomorphic.

Definition 2.1.1. A locally symmetric variety X is a complex analytic va-
riety that is biholomorphic to the quotient of a bounded symmetric domain
under the action of a torsion-free lattice Γ of the identity component of its
biholomorphism group.

The locally symmetric variety X is arithmetic if the lattice Γ is arith-
metic.

By Margulis’s arithmeticity theorem (see [54, Theorem 1]), if Σ is ir-
reducible and of rank at least 2, the lattice Γ is arithmetic. In this case,
any locally symmetric variety with Σ as its universal covering is arithmetic.
Therefore, according to Baily and Borel, X has the structure of an algebraic
variety.

Theorem 2.1.2 (see [4]). An arithmetic locally symmetric variety has a
(smooth) complex quasiprojective variety structure compatible with its ana-
lytic structure.
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Borel showed in this case the uniqueness of the complex algebraic variety
structure compatible with the analytic structure (see [12]). An arithmetic
locally symmetric variety admits a canonical normal projective compactifi-
cation X̄SBB called the Satake-Baily-Borel compactification.

A bounded symmetric domain admits a canonical Kähler-Einstein metric:
the Bergman metric. It is invariant under the action of Aut(Σ)0 (in the case
where Σ is irreducible, this characterizes it up to a multiplicative constant
among Hermitian metrics). In particular, it is invariant under the action of
Γ. Consequently, the Bergman metric induces a Kähler-Einstein metric on
X that we will call the canonical metric of X.

2.1.1 Curvature of the canonical metric

The curvature of the canonical metric of a locally symmetric variety has
several properties of negativity.

Proposition 2.1.3 (see [58, Proposition 2 p.46]). Let X be a locally symmet-
ric variety. Then the sectional, holomorphic bisectional, and Ricci curvatures
of the canonical metric of X are semi-negative. Furthermore, the holomor-
phic sectional and scalar curvatures of the canonical metric of X are strictly
negative.

The previous property is a property of hyperbolicity of locally sym-
metric varieties. Conversely, the following theorem is a property of “non-
hyperbolicity”: it prohibits the construction of a metric with curvature “more
negative” than the canonical metric. For example, there exists no Hermitian
metric with strictly negative holomorphic bisectional curvature. This the-
orem was proven by Mok in the compact case (see [60] or [58, Theorem 1
p.99]) and then by To in the general case.

Theorem 2.1.4 (see [82]). Let X be a locally symmetric variety whose uni-
versal covering is irreducible and of rank at least 2. Then every Hermitian
metric with holomorphic bisectional curvature that is semi-negative is a con-
stant multiple of the canonical metric.

To prove the previous theorem, Mok defines the “(higher) characteris-
tic subvarieties”. These subvarieties describe the lack of negativity of the
curvature of the canonical metric (and thus, according to Theorem 2.1.4,
the lack of hyperbolicity of X). Here we define only the two extremes S1
(the original “characteristic subvariety”) and Sr−1 (the largest of the “higher
characteristic subvarieties”, where r denotes the rank of the universal cover-
ing of X as a bounded symmetric domain). Note that if x is a point on a
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locally symmetric variety and v is a tangent vector at x, then the set N (v) of
tangent vectors w at x such that the canonical metric has zero holomorphic
bisectional curvature on the plane spanned by v and w is a vector space.

Definition 2.1.5. The characteristic subvariety S1 (resp. Sr−1) of X is the
set of [v] ∈ PΩ1

X such that the dimension of N (v) is maximal (resp. is
nonzero).

Mok proves that when X is compact, a Finsler variant of Theorem 2.1.4
holds (he also shows that the compact case of Theorem 2.1.4 can be deduced
from this Finsler variant). It is implicit in [58, §3 p.113] and stated in [59,
Theorem 3].

Theorem 2.1.6. Let X be a locally symmetric variety whose universal cov-
ering is irreducible and of rank at least 2. Then every Hermitian metric with
semi-negative curvature on the line bundle O(−1) on PΩ1

X coincides, when
restricted to S1, with a constant multiple of the canonical metric.

2.1.2 Hyperbolicity in the sense of Brody, Kobayashi,
Demailly, and Borel

Several classical notions of hyperbolicity of a complex algebraic variety V are
defined by considering morphisms from a given variety to V .

Definition 2.1.7. � A complex analytic space V is hyperbolic in the
sense of Brody if every holomorphic map C→ V is constant. A complex
algebraic variety is hyperbolic in the sense of Brody if the associated
analytic space is hyperbolic in the sense of Brody.

� A complex analytic space V is hyperbolic in the sense of Kobayashi if
the set of its points admits a distance (in the sense of general topol-
ogy) such that every holomorphic map from the Poincaré disk to V is
Lipschitz, with the Poincaré disk equipped with the Poincaré metric. A
complex algebraic variety is hyperbolic in the sense of Kobayashi if the
associated analytic space is hyperbolic in the sense of Kobayashi.

� A complex projective variety V is algebraically hyperbolic (or hyper-
bolic in the sense of Demailly) if for every ample line bundle A on V ,
there exists ε ∈ R>0 such that for every g ∈ N, every smooth, con-
nected complex projective curve C of genus g, and every non-constant
morphism f : C → V , we have 2g−2 ≥ ε deg f ∗A (this does not depend
on the choice of A).
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� A complex algebraic variety V is hyperbolic in the sense of Borel if
for every reduced complex algebraic variety V ′, every holomorphic map
(V ′)an → V an is induced by a morphism of algebraic varieties V ′ → V .

These different concepts are related as follows.

Proposition 2.1.8 (see [49, 46]). A complex analytic space that is hyperbolic
in the sense of Kobayashi is hyperbolic in the sense of Brody. A complex alge-
braic variety that is hyperbolic in the sense of Kobayashi or Borel is hyperbolic
in the sense of Brody. For a complex projective variety, the hyperbolicities
in the senses of Kobayashi, Brody, and Borel are equivalent, and they imply
algebraic hyperbolicity.

In the case of locally symmetric varieties, we have the following state-
ments.

Proposition 2.1.9. A locally symmetric variety is hyperbolic in the sense of
Brody and Kobayashi. If it is arithmetic and compact, it is also algebraically
hyperbolic.

Proof. The holomorphic sectional curvature of the Bergman metric on a
bounded symmetric domain is negative. By homogeneity, it is bounded above
by a constant A ∈ R<0. The holomorphic sectional curvature of the canoni-
cal metric of a locally symmetric variety X is therefore also bounded above
by a constant A ∈ R<0. We can then apply the Ahlfors-Schwarz lemma (see
[49, Theorem 2.1.4]) to it: there exists a constant C ∈ R>0 such that the
holomorphic maps from the Poincaré disk to X are C-Lipschitz. Thus X is
hyperbolic in the Kobayashi sense. The rest follows immediately from the
previous proposition.

It is in reference to the following Borel theorem that Javanpeykar and
Kucharczyk named Borel hyperbolicity in [46]. In particular, it implies that
the Baily-Borel algebraic structure on X is the only one compatible with the
analytic structure.

Theorem 2.1.10 (see [12, Theorem 3.10]). Arithmetic locally symmetric
varieties are hyperbolic in the sense of Borel.

We can prove statements regarding the hyperbolicity of the Satake-Baily-
Borel compactification. These reinforce the preceding theorems, except that
X may need to be replaced by a finite étale covering.

Theorem 2.1.11. Let X be an arithmetic locally symmetric variety. Then
X has a finite étale covering X ′ such that the Satake-Baily-Borel compactifi-
cation X̄ ′SBB of X ′ is hyperbolic in the sense of Brody, Kobayashi, Demailly,
and Borel.
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Nadel proved an intermediate version between the Brody hyperbolicity
of X ′ and that of X̄ ′SBB: the “logarithmic” Brody hyperbolicity of X ′ (see
[63, Theorem 0.2]). Rousseau proved in [74, Theorem 1.1] the “logarith-
mic” Kobayashi hyperbolicity of X ′. Finally, Brunebarbe noted that by an
argument concerning the boundary structure of the Satake-Baily-Borel com-
pactification, Nadel’s theorem implies Theorem 2.1.11, and thus in particular
Rousseau’s theorem (see [20, Subsection 1.2]).

2.1.3 Positivity of vector bundles of logarithmic differ-
ential forms

An integral algebraic variety is said to be of general type if it is birational to a
proper and smooth algebraic variety of general type (i.e., whose canonical line
bundle is big). This property does not depend on the choice of the proper and
smooth birational model. Tai showed that every locally symmetric variety
whose universal covering is irreducible and of rank at least 2 admits a finite
étale covering of general type (see [3, Chapter IV Theorem 1.4]). Brunebarbe
proved the following stronger statement.

Theorem 2.1.12 (see [20, Corollary 1.7]). Let X be an arithmetic locally
symmetric variety. Then X has a finite étale covering X ′ such that every
algebraic subvariety of the Satake-Baily-Borel compactification X̄ ′SBB of X ′

is of general type.

This statement becomes false if we do not allow a finite étale covering: an
arithmetic locally symmetric variety is not necessarily of general type (see
[20, Remark 1.2(ii)]). Cadorel has explicitly determined moduli spaces of
principally polarized Abelian varieties with level structure that satisfy the
previous statement, or that satisfy it for subvarieties of sufficiently small
codimension (see [25]).

For differential forms of degree 1, the following result appears as a corol-
lary of Theorem 2.2.4, which will be stated in the next section (see also
[26]). A vector bundle E over a proper complex algebraic variety W is
said to be L-big if there exists ε ∈ R>0 such that for all k ≫ 0, we have
dimH0(W, Symk E) ≥ εkdimW+rkE−1. The vector bundle E is said to be
weakly positive if there exists a Zariski-dense open set U ⊂ W such that
for every ample line bundle A on W and every strictly positive integer α,
there exists a strictly positive integer β such that Symαβ Ω1

V̄
(logD) ⊗ Aβ is

generated over U by its global sections.
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Theorem 2.1.13. Let X be an arithmetic locally symmetric variety. Then
for any log-compactification (X̄,D) of X, the vector bundle Ω1

X̄
(logD) is

L-big and weakly positive.

Mok showed that in the compact case, the vector bundle Ω1
X is not ample

(more precisely, it is not even big in the Viehweg sense). The obstruction
is described by the augmented base locus B+(O(1)) of the tautological line
bundle O(1) on PΩ1

X .

Theorem 2.1.14 (see [58, Proposition 4 p.262]). Let X be a compact locally
symmetric variety whose universal covering is irreducible and of rank at least
2. Then the characteristic subvariety Sr−1 ⊂ PΩ1

X is the stable base locus
and the augmented base locus of the tautological line bundle O(1) of PΩ1

X .

The inclusion B+(O(1)) ⊂ Sr−1 is a hyperbolicity result. The inclusion
Sr−1 ⊂ B+(O(1)) is a non-hyperbolicity result (this is an obstruction to the
positivity of Ω1

X). The inclusion of Sr−1 in the stable base locus of O(1)
is a stronger result (it means that for every n ∈ N>0, every global section
of SymnΩ1

X vanishes on Sr−1). The proof of this uses the Finsler rigidity
theorem (Theorem 2.1.6).

2.1.4 Finiteness of sets of morphisms

Borel and Narasimhan proved the following restriction for defining mor-
phisms to a locally symmetric variety.

Theorem 2.1.15 (see [14, Proposition 2.1, Theorem 4.6]). Let X be a locally
symmetric variety. Let M be the complement of a normal crossing divisor
in a connected compact complex analytic variety. For every x ∈ M , y ∈ X,
and group homomorphism ρ : π1(M,x)→ π1(X, y), there exists at most one
holomorphic map f : M → Xan such that f(x) = y which induces ρ on the
fundamental groups.

For an arithmetic locally symmetric variety X with a universal covering
denoted by Σ and a fundamental group denoted by Γ, let l(Σ) denote the
maximum dimension of N (v) for v among the nonzero tangent vectors of X
(l(Σ) is also the maximum dimension of a “proper boundary component” of
Σ, see [88, Section 5]) and l(Γ) denote the maximum dimension of a boundary
component of X̄SBB. We have l(Σ) ≥ l(Γ). Noguchi proved the following
theorem.

Theorem 2.1.16 (see [67]). Let X be an arithmetic locally symmetric variety
with a universal covering denoted by Σ and a fundamental group denoted by
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Γ. Let M be the complement of a normal crossing divisor in a compact,
connected, complex analytic manifold.

� There exists a “moduli space of morphisms M → X”, that is, a complex
analytic space Hol(M,X) and a holomorphic map f : Hol(M,X) ×
M → X such that for every analytic space M ′ and every holomorphic
map g : M ′ × M → X, there exists a unique holomorphic map h :
M ′ → Hol(M,X) such that g = f ◦ (h× idM).

� The moduli space Hol(M,X) is a Zariski open subset of a compact
complex analytic space.

� For every k ∈ N, the holomorphic maps M → X with image of dimen-
sion k are parameterized by a clopen set Hol(M,X, k) ⊂ Hol(M,X).

� If k > l(Γ), then Hol(M,X, k) is compact. If k > l(Σ), then Hol(M,X, k)
is finite.

� Let C be a connected component of Hol(M,X), and let x ∈ M . Then
the map:

C → X
c ↦→ f(c, x)

is a closed embedding onto a totally geodesic complex submanifold.

A more precise finiteness statement can be given in the special case where
M is an algebraic variety and X is the moduli space Ag(n) of principally po-
larized Abelian varieties of dimension g ∈ N>0 with level structure n ≥ 3.
If V is a complex algebraic variety, a morphism f : V → Ag(n) corresponds
to the data of an isomorphism class of principally polarized Abelian schemes
with level-n structure n on V . Since there are only a finite number of level-n
structures on a given family, a statement of finiteness for the set of morphisms
V → Ag(n) is equivalent to a statement of finiteness for the set of isomor-
phism classes of principally polarized Abelian schemes. If V is of dimension
1, we have the following theorem of Faltings.

Theorem 2.1.17 (see [38]). Let C be a complex algebraic curve.

� The set of isomorphism classes of principally polarized Abelian schemes
over C is parameterized by a scheme of finite type over C.

� In particular, there are only a finite number of rigid (i.e., non-deformable)
principally polarized Abelian schemes.
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� A family A of principally polarized Abelian schemes over C is de-
formable if and only if there exists an antisymmetric endomorphism
of the local system R1π∗ZA that does not arise from an endomorphism
of the principally polarized Abelian C-scheme A.

Deligne noted in [32, Section 3] that the finiteness statement reduces to
the case of dimension 1, which yields the following theorem.

Theorem 2.1.18. Let V be a complex algebraic variety. Then, for all prin-
cipally polarized Abelian schemes A over V except finitely many, there exists
an antisymmetric endomorphism of the local system R1π∗ZA that does not
arise from an endomorphism of the family A.

In positive characteristic, the variety Ag(n) loses some of the hyperbol-
icity properties it possesses in characteristic 0. In characteristic at least
3, Moret-Bailly proved that Ag(n) contains rational curves (see [61]). This
contradicts the statement analogous to Theorem 2.1.12 since P1 is not of gen-
eral type. This also contradicts the statement analogous to the first point of
Theorem 2.1.17 because by composing a non-constant morphism P1 → Ag(n)
with the endomorphisms of P1, one obtains a set of morphisms P1 → Ag(n)
of unbounded degree.

2.2 Hyperbolicity of varieties supporting a

variation of Hodge structure

Arithmetic locally symmetric varieties are a special case of algebraic varieties
supporting an integral polarizable variation of Hodge structure, or Z-PVHS.
Some of the hyperbolicity statements from the previous section generalize
to the case of varieties supporting a PVHS. When we speak of a variety
supporting a PVHS, we will always assume the immersivity of the period
map, at least generically.

2.2.1 Curvature of the metric

Consider a complex analytic manifold M equipped with a polarizable com-
plex variation of Hodge structure (C-PVHS) V. The choice of a polarization
of V yields a Hermitian metric known as the Hodge metric on the under-
lying holomorphic vector bundle of V. Since the polarization of V induces
a polarization of the C-PVHS EndC(V), it also defines a Hodge metric on
EndC(V). Suppose the period map is immersive. This means that the OM -
module morphism defined by the Higgs field θ : TM → EndC(V) ⊗C OM is
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a locally split injection. Thus, we can pull back the Hodge metric on the
underlying vector bundle of EndC(V) to obtain a Hermitian metric on TM .
Lu has shown that this metric is Kähler ([53, Theorem 1.2]), and that its
curvature has the following properties of negativity.

Theorem 2.2.1 (see [53, Theorem 1.2]). Let M be a complex analytic man-
ifold equipped with a complex polarized variation of Hodge structure V. Sup-
pose that the period map is immersive. Let g be the Kähler metric defined on
M by V. Then the holomorphic bisectional curvature of g is semi-negative.
Its holomorphic sectional, Ricci, and scalar curvatures are strictly negative.

2.2.2 Hyperbolicity in the sense of Brody, Kobayashi,
Demailly, and Borel

Using the previously defined metric, Griffiths and Schmid proved the hy-
perbolicity in the sense of Kobayashi, and thus also of Brody, of varieties
supporting a C-PVHS.
Theorem 2.2.2 (see [40, Corollary 9.3]). Let M be a complex analytic mani-
fold equipped with a polarizable complex variation of Hodge structure. Suppose
that the period map is immersive.

Then M is hyperbolic in the sense of Brody and Kobayashi.

Bakker, Brunebarbe, and Tsimerman proved hyperbolicity in the sense
of Borel for varieties supporting a Z-PVHS in [5, Corollary 7.1]. Using this
paper, Javanpeykar and Litt proved the algebraic hyperbolicity of varieties
supporting a Z-PVHS with unipotent local monodromy (see [47, Theorem
4.2]). Deng generalized these two results to varieties with a C-PVHS (see
[34]).

Theorem 2.2.3. Let V be a smooth complex algebraic variety equipped with
a C-PVHS. Suppose that the period map is quasi-finite. Then V is hyperbolic
in the sense of Demailly and Borel.

Cadorel and Deng have proven a “pseudo-algebraic hyperbolicity” in the
more general case of varieties supporting a nilpotent harmonic bundle whose
Higgs field is injective at a point (see [27, Theorem A]).

2.2.3 Positivity of vector bundles of logarithmic differ-
ential forms

The logarithmic canonical line bundle and the logarithmic cotangent vector
bundle of a smooth complex quasiprojective variety supporting a C-PVHS
have the following positivity properties.
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Theorem 2.2.4. Let V̄ be a smooth complex projective variety. Let D ⊂ V̄
be a normal crossing divisor. Let V := V̄ \ D. Let V be a C-PVHS on V .
Suppose that the period map is immersive at a point of V . Then:

� V is of log-general type, that is, the logarithmic canonical line bundle
ωV̄ (D) is big,

� the logarithmic cotangent vector bundle Ω1
V̄
(logD) is L-big and weakly

positive.

In the previous theorem, the fact that ωV̄ (D) is big and Ω1
V̄
(logD) is

weakly positive was proven by Zuo (see [91, Theorem 0.1]). Brunebarbe,
Klingler, and Totaro proved that Ω1

V is L-big when V = V̄ (see [24, Theorem
3.1]). Brunebarbe then showed that Ω1

V̄
(logD) is L-big if the monodromy of

V is integral (see [22]). Finally, the general case was proven by Brunebarbe
and Cadorel (see [23, Theorem 1.1]). Note that in the proof, they simply
assume that V̄ is a compact Kähler manifold. Thus, the conclusion implies
that V̄ is a projective variety (see [23, Corollary 1.3]).

Cadorel and Deng generalized the first point of the previous theorem to
varieties supporting a nilpotent harmonic bundle whose Higgs field is injective
at a point (see [27, Theorem A]).

2.2.4 Finiteness of sets of morphisms

The points of Faltings’s Theorem 2.1.17 admit generalizations in the con-
text of variations of Hodge structure. The proof of the first point of The-
orem 2.1.17 relies on an “Arakelov inequality” for Abelian schemes. This
Arakelov inequality admits generalizations for varieties supporting a C-PVHS
(see, for example, the survey [86]). A necessary condition for the deforma-
bility of variations of Hodge structure is proven by Peters in [70].

Deligne proved that on a fixed smooth complex algebraic variety, there are
only a finite number of integral local systems underlying a Z-PVHS (see [32]).
Variational Hodge theory also allows one to show analogues of Theorem 2.1.18
for other moduli spaces (see, for example, [37]).

2.3 Results of the thesis

In this thesis, we prove new results on the hyperbolicity of locally symmetric
varieties and varieties supporting a variation of Hodge structure. More pre-
cisely, we focus on the positivity of vector bundles of logarithmic differential
forms and the finiteness of sets of morphisms.
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2.3.1 Base loci of logarithmic differential forms in ar-
bitrary characteristic

Let k be a field. Consider a smooth, log-compactifiable k-algebraic variety V .
If (V̄ , D) is a log-compactification of V and m and p are two positive integers
with 1 ≤ p ≤ dimV , we denote by Lp

V,m the set of global sections of the

vector bundle Symm Ωp

V̄
(logD) over V̄ . Considered as a vector subspace of

H0(V, Symm Ωp
V ), L

p
V,m does not depend on the choice of (V̄ , D). If we denote

Op(m) := Op(1)
⊗m with Op(1) the tautological line bundle of PΩp

V̄
(logD),

the global sections of Symm Ωp

V̄
(logD) on V̄ (resp. V ) coincide with those of

Op(m) on PΩp

V̄
(logD) (resp. PΩp

V ). We are interested in two closed subsets
of (the total space of) ΛpTV defined by Lp

V,m.

Notation 2.3.1. Let V be a smooth algebraic variety that admits a log-
compactification (V̄ , D). We denote by:

� Bp(V ) the closed subset of PΩp
V defined as the common vanishing locus

of all elements of Lp
V,m viewed as sections of Op(m), for all m ∈ N>0,

� TBp(V ) the closed subset of ΛpTV defined as the set of tensors on which
all elements of Lp

V,m vanish for all m ∈ N>0,

� Bp
+(V ) the closed subset of PΩp

V defined as the intersection of PΩp
V with

the augmented base locus of Op(1) on PΩp

V̄
(logD) (this intersection

does not depend on the choice of (V̄ , D)),

� TBp
+(V ) the closed subset of ΛpTV defined as the set consisting, on the

one hand, of the zero tensors and, on the other hand, of the non-zero
tensors whose class in PΩp

V lies in Bp
+(V ).

The closed set TBp(V ) is equal to the set consisting, on the one hand,
of the zero tensors of ΛpTV and, on the other hand, of the non-zero tensors
whose class in PΩp

V is in Bp(V ). Thus, the set TBp(V ) (resp. TBp
+(V ))

contains the same information as Bp(V ) (resp. Bp
+(V )). Note further that

Bp(V ) ⊂ Bp
+(V ) (equivalently, TBp(V ) ⊂ TBp

+(V )). Informally, TBp
+(V ) is the

set of tensors in ΛpTV that are “poorly distinguished” by the elements of
Lp
V,m for all m.

These sets are of interest to us for two reasons. First, Bp
+(V ) tells us about

the positivity of Ωp

V̄
(logD). Indeed, this vector bundle is L-big if and only if

Bp
+(V ) ̸= PΩp

V , and it is ample relative to V if and only if the projection of
Bp

+(V ) onto V̄ is contained in D.
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Second, Bp and Bp
+ provide information about morphisms between vari-

eties. For V and V ′ two smooth k-algebraic varieties, a morphism f : V → V ′

induces a morphism Λp df : ΛpTV → ΛpTV ′ . Then TBp is functorial. This is
not the case for TBp

+ (unless f is unramified). However, we prove the following
theorem.

Theorem 2.3.2 (≃ Theorem 3.5.3). Let k be a field, and let V and V ′

be two smooth k-algebraic varieties with V ′ log-compactifiable. Then for all
morphisms f : V → V ′ except finitely many of them, for every integer p such
that 1 ≤ p ≤ dimV ′, the image of Λp df is contained in TBp

+(V
′).

We will in fact prove a slightly more general statement, allowing f to be
a rational map, provided that it is “complete” (which is the case if it is a
morphism, or if V ′ is proper). If Ωp

V̄ ′(logD
′) is ample relative to V ′ (which

is equivalent to Bp
+(V

′) being empty), the previous theorem states that the
rank of df is bounded above by p − 1 for almost all f . This generalizes
theorems of Noguchi and Sunada (case V ′ = V̄ ′, see [68]) and Noguchi (case
k = C, see [66]). If V ′ is of log-general type (which is equivalent to Bp

+(V
′) ̸=

PΩp
V ′
∼= V ′ for p = dimV ′), the previous theorem states that the rank of df is

bounded above by dimV ′−1 for almost every f . This generalizes theorems of
Kobayashi and Ochiai (case k = C and V ′ = V̄ ′, see [50]), Martin-Deschamps
and Lewin-Ménégaux (case V ′ = V̄ ′, see [55]) and Tsushima (case k = C,
see [84]).

Finally, note that in order to define Lp
V,m (and thus Bp

+ and Bp) as before,
V must admit a log-compactification. However, the proof of Theorem 7.1.1
will require the use of these objects for a variety that is not a priori log-
compactifiable. We therefore give an unconditional definition of Lp

V,m using
the notion of absolutely logarithmic form defined by Abramovich in [1, Def-
inition 1]. In Chapter 3, we define Lp

V,m, B
p
+, and Bp in a completely general

way. We prove the properties we will need. We conclude with the proof of
Theorem 2.3.2.

2.3.2 Intermediate hyperbolicity of varieties support-
ing a variation of Hodge structure

In Chapter 4, we begin by generalizing the L-bigness in Theorem 2.2.4 to all
degrees.

Theorem 2.3.3 (= Theorem 4.1.1). Let V be a smooth complex quasipro-
jective variety. Let V be a C-PVHS with quasi-unipotent local monodromy
on a projective log-compactification (V̄ , D). Suppose there exists x ∈ V such
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that the period map of V is immersive at x. Let p be an integer such that
1 ≤ p ≤ dimV . Then Ωp

V̄
(logD) is L-big.

Our proof is similar to that of Brunebarbe and Cadorel. Next, we study
the Bp

+ of varieties supporting a variation of Hodge structure. Let us begin
by introducing some notation.

Notation 2.3.4. Let M be a complex analytic manifold, x ∈ M , and V
a C-PVHS on M . Let θx : TM,x → EndC(Vx) be the Higgs field and θ∗x :
T 0,1
M,x → EndC(Vx) the conjugate Higgs field at x. For v ∈ TM,x, we define

CV(v) := {w ∈ TM,x, [θ
∗
x(v̄), θx(w)] = 0}.

We prove the following theorem.

Theorem 2.3.5 (= Theorem 4.1.5). Let V be a smooth complex quasipro-
jective variety. Let V be a C-PVHS with quasi-unipotent local monodromy
on a projective log-compactification. Let x ∈ V be a point where the period
map of V is immersive. Let p be an integer such that 1 ≤ p ≤ dimV . Let
α ∈ ΛpTV,x such that [α] ∈ Bp

+(V ). Then there exists v ∈ TV,x \ {0} such that
α ∈ ΛpCV(v).

A smooth complex algebraic variety is all the more hyperbolic the smaller
its Bp

+ is. The previous theorem is therefore a hyperbolicity result.

We also give a less precise statement that does not involve the conjugate
Higgs field (see Proposition 4.7.4). From this, we deduce a criterion for
Ωp

V̄
(logD) to be Viehweg-big (i.e., ample relative to a non-empty open set)

when V admits a variation of Hodge structure. To simplify the statement of
this criterion for this introduction, we add a “Torelli-type” assumption (∗)
and a “Calabi-Yau-type” assumption (∗∗) to V (see Theorem 4.7.6 for the
general statement without these two assumptions). For a C-PVHS V on a
smooth variety V and a point x ∈ V , we have a decomposition Vx = ⊕i∈ZVi

x.
For any i, j ∈ Z with j ≤ i, one can restrict the (i− j)-th iterate θi−j of the
Higgs field θ associated with V to define a map θi,jx : TV,x → HomC(Vi

x,Vj
x).

Theorem 2.3.6 (= Theorem 4.1.2). Let V be a smooth complex quasipro-
jective variety. Let V be a C-PVHS with quasi-unipotent local monodromy
on a projective log-compactification (V̄ , D). Let x ∈ V be a point where the
period map of V is immersive. Let i ∈ Z be the largest integer such that θi,i−1

x

is nonzero. Suppose that:
(∗) θi,i−1

x is injective,
(∗∗) dimVi

x = 1.
Let j be the smallest integer with j < i such that θi,jx is nonzero. Let m

be the maximum dimension of a vector subspace S ⊂ TV,x such that for every
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v ∈ S, θi,jx (v) = 0. Let p ∈ Z such that m < p ≤ dimV . Then Ωp

V̄
(logD) is

Viehweg-big.

This theorem can be applied in practice. Using a computer algebra sys-
tem, we deduce the following theorem.

Theorem 2.3.7 (= Theorem 4.1.3). Let M be the fine moduli space of po-
larized complex quintic threefolds, which is a smooth Deligne-Mumford stack
over C with a finite étale covering M → M where M is a smooth complex
quasiprojective variety. Let (M̄,D) be a projective log-compactification of M .

Then Ωp

M̄
(logD) is Viehweg-big if 91 ≤ p ≤ 101 = dimM .

In the previous theorem, the “91” is probably not optimal (we were lim-
ited by our computational power). Note that M is not a locally symmetric
variety, so this result is not redundant with those in Chapter 6.

2.3.3 Hyperbolicity of locally symmetric varieties

In the short Chapter 5, we develop tools that will be used in Chapter 6. In the
latter, we refine the results of Chapter 4 for locally symmetric varieties. We
begin by generalizing Mok’s characteristic subvariety Sr−1 to higher degrees.

Definition 2.3.8. Let X be a locally symmetric variety whose universal cov-
ering is irreducible and of rank at least 2, let R be the Riemann curvature
tensor of the canonical metric, and let 1 ≤ p ≤ dimX. The characteristic
subvariety of higher degree Sp ⊂ PΩp

X is the set of [α] ∈ PΩp
X such that

there exists v ∈ TX with v ̸= 0 such that α ∈ Λp kerR(v, v̄).

We have S1 = Sr−1. We then prove the following theorem.

Theorem 2.3.9 (= Theorem 6.1.4). Let X be a locally symmetric variety
whose universal covering is irreducible and of rank at least 2. Let 1 ≤ p ≤
dimX. Then Bp

+(X) = Sp.

The inclusion Bp
+(X) ⊂ Sp can be shown using the previous chapter, but

one can also almost avoid the use of variations of Hodge structure by using
[49, Chapter 6.8] (see Remarks 6.4.2.4). The inclusion Sp ⊂ Bp

+(X) is a
statement of non-hyperbolicity. From this, we deduce the following theorem.

Theorem 2.3.10 (= Theorem 6.1.1). Let (X̄,D) be a projective log-compactification
of a locally symmetric variety X whose universal covering is irreducible and
of rank at least 2. Let 1 ≤ p ≤ dimX.

Then Ωp

X̄
(logD) is L-big. Furthermore, the following statements are

equivalent:
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� Ωp

X̄
(logD) is Viehweg-big,

� Ωp

X̄
(logD) is ample relative to X,

� p > l where l is the maximum dimension of kerR(v, v̄) for v ∈ TX with
v ̸= 0.

The number l is equal to l(Σ) from Theorem 2.1.16. When X is compact,
the ampleness of Ωp

X when p > l was proven by Noguchi and Sunada (see
[68]). In degree 1, we also compute the stable base locus.

Theorem 2.3.11 (= Theorem 6.1.5). Let X be a locally symmetric variety
whose universal covering is irreducible and of rank at least 2. Then B1(X) =
B1

+(X) = S1.

The case where X is compact in the previous theorem was proved by
Mok (see [58, Appendix IV], recall that our S1 is Mok’s Sr−1). His proof
relies on Theorem 2.1.6. The difficulty of generalizing to the non-compact
case lies in the need for a Chern-Weil theory for singular metrics. The main
ingredient is Kollár’s work in [51, Section 5] on the singularities of Hodge
metrics (based on the work of Cattani, Kaplan, and Schmid [29]). We provide
some complements to Kollár’s article in Chapter 5. We use this to prove a
non-compact version of Theorem 2.1.6 for a type of singular metric (very
specific to our problem).

2.3.4 Applications in positive characteristic

If we apply Theorem 2.3.2 with the Bp
+ computed in Chapter 6, the result

obtained is a statement weaker than the statements recalled in Subsection
2.1.4. Furthermore, we know of no interesting consequence of the functorial-
ity of TBp applied with Theorem 2.3.11 that cannot be directly proven using
Mok and To’s metric rigidity theorem (Theorem 2.1.4).

However, logarithmic differential forms are algebraic objects, unlike vari-
ations of Hodge structure and metrics. Spreading-out arguments allow us to
transfer information about logarithmic differential forms to positive charac-
teristic. We can then use this to prove in positive characteristic statements
that had a transcendental proof in complex geometry. This is explained in
Chapter 7.

First, Theorem 2.3.11 combined with a spreading-out and the functorial-
ity of TBp allows us to prove the following Theorem 2.3.12. LetMg denote
the moduli space of smooth, connected projective curves of genus g ≥ 2.
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This is a Deligne-Mumford stack. A family f : V → Mg of smooth con-
nected projective curves of genus g over an integral k-variety V (k a field) is
separable if for every k-variety V ′ (resp. M), every dominant étale morphism
p : V ′ → V (resp. q : M → Mg ⊗ k) and every lift f ′ : V ′ → M of f , the
corestriction f ′ : V ′ → Im f ′ is separable. The family is isotrivial if the map
from V to the coarse moduli space of smooth connected projective curves of
genus g induced by f is constant.

Theorem 2.3.12 (= Theorem 7.1.1). For all g, h ≥ 2, n ≥ 3, for all but
finitely many prime numbers p, for every field k of characteristic 0 or p with
a primitive n-th root of unity, every separable family of smooth connected
projective curves of genus h over Ag(n)⊗Z[e2iπ/n] k is isotrivial.

In the case k = C, a metric proof of the previous theorem was given by
Liu, Sun, Yang, and Yau for a compact locally symmetric variety whose uni-
versal covering is irreducible and of rank at least 2, in place ofAg(n)⊗Z[e2iπ/n]k
in [52, Corollary 1.6]. Their proof also works in the non-compact case, so it
applies in particular to Ag(n)⊗Z[e2iπ/n] C.

Next, Theorem 2.3.9 combined with a spreading-out and Theorem 2.3.2
allows us to prove Theorem 2.3.13 below. For a field k of characteristic other
than 2 and a smooth k-variety V , consider a principally polarized Abelian
V -scheme π : A → V of relative dimension g ∈ N over V . In this case,
there is a canonical isomorphism β : R1π∗TA/V

∼−→ Lie⊗2
A/V where LieA/V is

the vector bundle of rank g defined by the Lie algebra of the fibers of π.
Furthermore, if we denote by KS the Kodaira-Spencer map TV → R1π∗TA/V ,
then the image of β ◦KS lies in the direct factor Sym2 LieA/V of Lie⊗2

A/V (see

[2, Section 1]).

Theorem 2.3.13 (= Theorem 7.1.2). Let g ∈ N. In all but finitely many
positive characteristics and in characteristic 0, for every algebraically closed
field k of that characteristic, the following result holds.

Let V be a smooth k-variety. Then for all but finitely many principally
polarized Abelian V -schemes π : A → V of relative dimension g, for every
closed point x ∈ V , there exists a vector subspace S ⊂ LieAx of dimension
g − 1 such that Im(βx ◦ KSx) ⊂ Sym2 S, where KS : TV → R1π∗TA/V is

the Kodaira-Spencer map and β : R1π∗TA/V
∼−→ Lie⊗2

A/V the canonical isomor-
phism.

In particular, the rank of KS is almost surely bounded above by g(g−1)
2

.
If the family is separable (in the same sense as for families of curves), this
implies that the closure of the image of a morphism V → Ag is almost
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surely of dimension at most g(g−1)
2

. For k = C, Theorem 2.3.13 follows from
Theorem 2.1.18.

We also prove a similar statement for families of K3 surfaces. Let π : S →
V be a polarized family of K3 surfaces on a smooth k-variety V . The polar-
ization allows us to define the “primitive part” of R1π∗TS/V , which is a direct
factor of it. The image of the Kodaira-Spencer map KSS/V lies in this prim-
itive part. For x ∈ V , the cup product and an identification TS/V,x

∼= Ω1
S/V,x

endow the fiberR1π∗TS/V,x ofR
1π∗TS/V with a non-degenerate quadratic form

(defined up to a scalar). We can then define an “isotropic OV -submodule”
of R1π∗TS/V as a submodule all of whose sections define an isotropic element
on each fiber.

Theorem 2.3.14 (= Theorem 7.1.5). Let d ∈ N>0. In all but finitely many
positive characteristics and in characteristic 0, for every algebraically closed
field k of that characteristic, the following result holds.

Let V be a smooth k-variety. Then for all but finitely many primitively
polarized families of K3 surfaces π : S → V of degree 2d, either KSS/V is
zero, or there exists an isotropic invertible OV -submodule L of the primitive
part of R1π∗TS/V such that Im(KSS/V ) ⊂ L.

In particular, the rank of KSS/V is almost surely 0 or 1. If the family is
separable (in the same sense as for families of curves), this implies that the
dimension of the closure of the image of a separable morphism from V to
the moduli (Deligne-Mumford) stack of primitively polarized K3 surfaces of
degree 2d is almost surely 0 or 1.

Two properties of the moduli spaces of principally polarized Abelian va-
rieties and K3 surfaces are used to prove the two previous theorems. First,
their existence in mixed characteristic. Second, an infinitesimal Torelli the-
orem (over C). We prove a general theorem for families of varieties whose
moduli space shares these two properties (see Theorem 7.3.14). It generalizes
Theorems 2.3.13 and 2.3.14.

2.4 Conventions

Let k be a field. A variety V over k is a separated scheme of finite type over
k. A log-compactification of V is the data (V̄ , D) of a proper and smooth
k-variety V̄ and a divisor with normal crossings D ⊂ V̄ such that V iden-
tifies with the open subvariety V̄ \D. A k-variety is log-compactifiable if it
admits a log-compactification. In particular, a log-compactifiable k-variety
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is smooth. By Nagata’s compactification theorem (see [64]) and Hironaka’s
resolution of singularities theorem, if k has characteristic 0, a k-variety is log-
compactifiable if and only if it is smooth. A projective log-compactification
of V is a log-compactification (V̄ , D) of V such that V̄ is a projective variety.
A k-variety is projectively log-compactifiable if it admits a projective log-
compactification. In particular, a projectively log-compactifiable k-variety is
quasiprojective and smooth. By Hironaka’s resolution of singularities theo-
rem, if k is of characteristic 0, a k-variety is projectively log-compactifiable
if and only if it is quasiprojective and smooth.

Let E be a vector bundle over a scheme S. We also denote by E the asso-
ciated total space. The notation PE denotes the scheme that parametrizes
the hyperplanes of E (in particular, we use Grothendieck’s convention). It is
equipped with a projective morphism PE → S of relative dimension equal
to the rank of E minus one. When V is a smooth k-variety with a log-
compactification (V̄ , D) and p is a natural number, we denote by Op(1) the
tautological line bundle of PΩp

V̄
(logD). For m ∈ N, we denote by Op(m) the

m-th tensor power of Op(1).

Let V be a smooth k-variety. Let p,m ∈ N. The notation Lp
V,m de-

notes the vector subspace of H0(V, Symm Ωp
V ) consisting of “absolutely log-

arithmic” forms. Its precise definition is given in Subsection 3.3.1. If V
admits a log-compactification (V̄ , D), then Lp

V,m is the set of elements of

H0(V, Symm Ωp
V ) that extend to a global section of Symm Ωp

V̄
(logD) over V̄ .

The notations Bspm(V ), Bp(V ), and Bp
+(V ) are defined in Section 3.4. All

denote a closed set in PΩp
V . If V admits a projective log-compactification

(V̄ , D), then Bspm(V ) (resp. Bp(V ), Bp
+(V )) is the intersection of PΩp

V with
the base locus of Op(m) (resp. the stable base locus of Op(1), the augmented
base locus of Op(1)) on PΩp

V̄
(logD).

The notations TBspm(V ), TBp(V ), and TBp
+(V ) are defined in Section 3.4.

All denote a closed set in (the total space of) ΛpTV . The closed set TBspm(V )
(resp. TBp(V ), TBp

+(V )) is the union of the zero section of ΛpTV and the set of
non-zero tensors whose image in PΩp

V lies in Bspm(V ) (resp. Bp(V ), Bp
+(V )).

A locally symmetric variety X is a smooth complex quasiprojective variety
that is biholomorphic to the quotient of a bounded symmetric domain Σ of
Cd (for d ∈ N) by the action of a torsion-free lattice of the identity component
of the group of biholomorphisms of Σ. We say that the universal covering
of X is irreducible if it is not biholomorphic to a non-trivial product of two
bounded symmetric domains.
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Chapter 3

Absolutely logarithmic forms
and base loci

3.1 Introduction

In this chapter k is any field. We prove some properties of the absolutely
logarithmic forms of a smooth algebraic variety V (defined by Abramovich)
and of their associated base loci. In Section 3.2, we recall the main properties
of the “basic”, stable and augmented base locus of a line bundle. In Section
3.3, we recall the definition of absolutely logarithmic forms and we prove their
main properties (partial functoriality and descent of finite étale covers). In
Section 3.4, we define the “basic”, stable and augmented base loci Bspm(V ),
Bp(V ) and Bp

+(V ) associated with the absolutely logarithmic forms. In the
case of a log-compactifiable algebraic variety, they correspond to the base
locus of a line bundle. Hence we can often apply the results of the first
section to them. We prove the partial functoriality, the descent of finite étale
covers and the compatibility with base change and spreading-out. In Section
3.5, we state and prove the main theorem of this chapter (Theorem 3.5.3): a
finiteness statement for a set of rational maps between two algebraic varieties
V → V ′ whose image is “not included in Bp

+(V
′)” in some sense.

A log-compactification allows one to define logarithmic forms, but it is
not enough for us because in the proof of Theorem 7.1.1, we do not know if
the k-variety C admits a log-compactification. That is why we use absolutely
logarithmic forms.
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3.2 Base loci of a line bundle

Let L be a line bundle on a smooth proper k-variety W . Its base locus is
the closed subset Bs(L) ⊂ W defined as the intersection of the vanishing
loci of every global section of L on W . Its stable base locus is the closed
subset B(L) ⊂ W defined as the intersection of the base loci Bs(Lm) for
every m ∈ N>0 (the exponent denotes the tensor power).

When W is projective, we can also define the augmented base locus,
which was first defined in [36], in continuation of [65]. Let A be an ample
line bundle on W . Then, one can easily check that

⋂︁
m∈N>0

B(Lm⊗A−1) does
not depend on the choice of A. So the following definition makes sense.

Definition 3.2.1. Let W be a smooth projective k-variety and L a line bundle
on it. The augmented base locus of L is:

B+(L) :=
⋂︂

m∈N>0

B(Lm ⊗ A−1)

where A is any ample line bundle.

3.2.1 Basic properties

The following lemma is easy to deduce from the definition of B+.

Lemma 3.2.2. Let L and L′ be two line bundles on a smooth projective k-
variety W . Let f : L→ L′ be a morphism of OW -modules. Let U ⊂ W be an
open subset in restriction to which f is an isomorphism. Then B+(L

′)∩U ⊂
B+(L).

We will also need the following proposition.

Proposition 3.2.3 (see [18, Proposition 2.3]). Let W and W ′ be two smooth
complex projective varieties. Let f : W → W ′ be a birational morphism,
let C ⊂ W be its exceptional locus. Let L be a line bundle on W ′. Then
B+(f

∗L) = f−1(B+(L)) ∪ C.

3.2.2 Augmented base locus and Kodaira morphism

Thanks to [19], we have the following useful characterizations of the aug-
mented base locus.

Theorem 3.2.4. Let W be a smooth projective k-variety and L a line bundle
on it.
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1. The complement of B+(L) in W is the maximum for inclusion among
Zariski open subsets U of W \ B(L) such that for m ∈ N>0 divisible
enough, Bs(Lm) = B(L) and the m-th Kodaira morphism W \ B(L)→
PH0(W,Lm) defined by L is unramified on U .

2. In the previous statement, we can replace “unramified” by “an isomor-
phism on its image”.

3. For m ∈ N>0 divisible enough, for every x ∈ W \ B(L), we have x /∈
B+(L) if and only if for every v ∈ TW,x, there exists a global section of
Lm which vanishes at x but not on v.

Proof. The second point is [19, Theorem A]. The first point is an immediate
consequence of [19, Theorem A, Theorem B, Corollary 2.5]. The third point
is a reformulation of the first one.

3.2.3 Nakamaye’s theorem

The augmented base locus of a nef line bundle can be determined by the
computation of its exceptional locus.

Definition 3.2.5. Let W be a smooth projective k-variety and L a line bun-
dle on it. The exceptional locus of L, denoted by Exc(L), is the union of
the irreducible closed subsets Z ⊂ W of positive dimension such that the
intersection number LdimZ · Z is 0.

Then, the augmented base locus can be computed thanks to the fol-
lowing theorem (first proved by Nakamaye in [65, Theorem 1.1] when k is
algebraically closed of characteristic 0).

Theorem 3.2.6 (see [10, Theorem 1.4]). Let W be a smooth projective k-
variety and L a line bundle on it. If L is nef, then B+(L) = Exc(L).

3.2.4 Base change and spreading-out

The base loci are compatible with base change and partially compatible with
spreading-out.

Proposition 3.2.7. Let k be a field, k′/k a field extension, W a k-variety,
L a line bundle on W . Denote by f the projection W ×k k

′ → W . Then
Bs(f ∗L) = f−1(Bs(L)) and B(f ∗L) = f−1(B(L)). If moreover W is smooth
projective, then B+(f

∗L) = f−1(B+(L)).
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Proof. It is a direct consequence of the canonical isomorphisms H0(W ×k

k′, f ∗Lm) ∼= H0(W,Lm) ⊗k k
′ for every m ∈ N>0 (see [80, Lemma 02KH])

and of Theorem 3.2.4.1.

Proposition 3.2.8. Let S be an irreducible locally Noetherian scheme, η
the generic point of S, W a scheme, p : W → S a proper morphism, L
a line bundle on W . For y ∈ S, denote by κ(y) the residue field of S at
y, {y} := Spec(κ(y)), Wy the proper κ(y)-variety W ×S {y}, and Ly the
restriction of L to Wy.

Denote by B ⊂W the union of the base loci of Ly for every y ∈ S. Then
there exists a non-empty open subset U ⊂ S such that B ∩ p−1(U) is the
closure of B ∩ p−1({η}).

If moreover p is smooth projective, denote by B+ ⊂ W the union of the
augmented base loci of Ly for every y ∈ S. Then there exists a non-empty
open subset U ⊂ S such that B+ ∩ p−1(U) is included in the closure of
B+ ∩ p−1({η}).
Proof. By the coherence of proper direct images (see [80, Lemma 02O5]),
there exists a non-empty open subset U ⊂ S such that p∗L is free on U .
If σ1, . . . , σn ∈ H0(U, p∗L) = H0(p−1(U), L) are a family of global sections
that generate p∗L on U , then B ×S U is the common vanishing locus of the
σ1, . . . , σn, so it is closed. As η is generic in U , then up to shrinking U ,
B ∩ p−1(U) is the closure of B ∩ p−1({η}).

For the second part, let m ∈ N>0 be such that the Kodaira map given
by Lm

η gives a locally closed embedding ϕm : Wη \ (B+ ∩ p−1({η})) ↪→
PH0(Wη, L

m
η ). As above, let U be a non-empty open subset such that p∗L

m

is free on U . Denote by Bm ⊂ W the union of the base loci of Lm
y for every

y ∈ S. Then we have a Kodaira U -morphism ϕ̄m : p−1(U)\Bm → P(p∗Lm)|U .
Its ramification locus R is closed, thus, as η is generic in U , up to shrinking
U , R is the closure of (B+\Bm)∩p−1({η}) in p−1(U)\Bm. Finally, because of
Theorem 3.2.4.1, for every y ∈ U , the augmented base locus of Ly is included
in (Bm ∪R) ∩ p−1({y}).

3.2.5 Positivity of vector bundles

Let E be a vector bundle on a connected smooth complex projective variety
W . Denote by π the projection PE → W . The augmented base locus
B+(O(1)) of the tautological line bundle O(1) on PE is linked with positivity
properties of E. See [8] for the proof of the following facts.

We have B+(O(1)) ̸= PE if and only if E is L-big, which means that
O(1) is big, or equivalently that there exists ε ∈ R>0 such that for every
m≫ 0, we have dimH0(W, Symm E) ≥ εmdim(W )+rk(E)−1.
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Let U ⊂ W be an open subset. We have π(B+(O(1))) ∩ U = ∅ if and
only if E is ample with respect to U . That means that there exists an
ample line bundle A on W , two integers a, b ∈ N>0 and a morphism A⊕a →
SymbE that is surjective over U . The vector bundle E is said Viehweg-big if
π(B+(O(1))) ̸= W , that is equivalent to the existence of a non-empty open
subset with respect to which E is ample. Viehweg-bigness is stronger than
L-bigness, and both notions coincide with usual bigness for line bundles.
Finally, E is ample if and only if B+(O(1)) = ∅.

3.2.6 Non-Kähler locus

The non-Kähler locus is an analytic analog of the augmented base locus. Let
M be a compact complex manifold. Consider the real Bott-Chern cohomol-
ogy group H1,1

∂∂̄
(M,R) (if M is Kähler, this group is H1,1(M) ∩H2(M,R)).

Definition 3.2.9 (see [16, Definition 3.16]). The non-Kähler locus of a big
class c ∈ H1,1

∂∂̄
(M,R) is the (closed) set of points of M at which the Lelong

number of every Kähler current in the class c is positive.

In case of a non big class c ∈ H1,1

∂∂̄
(M,R), we will call non-Kähler locus of c

the whole manifold M . The non-Kähler locus is interesting for us as it allows
one to compute augmented base loci using singular metrics of semipositive
curvature thanks to the following theorem.

Theorem 3.2.10 (see [15, Corollaire 2.2.8] or [83, Theorem 2.3]). Let W be
a smooth complex projective variety. Let L be a line bundle on it. Then the
non-Kähler locus of c1(L) is B+(L).

If a class is big and nef, then we can compute its non-Kähler locus using
positive currents instead of Kähler currents thanks to the following theorem.
It is an analytic analog of Theorem 3.2.6.

Theorem 3.2.11 (see [83, Theorem 4.5]). Let M be a compact complex
manifold. Let c be a nef and big real (1, 1)-class on M . Let T be a positive
closed current in the class c. Let U ⊂ M be an open subset on which the
restriction of T is a smooth Kähler form. Then the intersection of U and of
the non-Kähler locus of c is empty.

We consider now the case of a vector bundle. Let E be a holomorphic
vector bundle of rank r ∈ N>0 on a complex manifold M of dimension d ∈ N.
Let h be a Hermitian metric on E. Let R be the curvature tensor of the
Chern connection of h. Let x ∈M and e ∈ Ex be such that h(e, e) = 1. Then
there exists an open neighborhood U of x in M and holomorphic sections
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e1, . . . , er of E on U such that er(x) = e, hx(ek, el) = δkl and dhx(ek, el) = 0
for every 1 ≤ k, l ≤ r, with δ the Kronecker symbol (see [58, Lemma 1 p.26]).
Denote by (e∗1, . . . , e

∗
r) the dual basis of (e1, . . . , er) (each e∗k is a holomorphic

section of the dual E∨ of E). For 1 ≤ k < r, denote by uk the quotient
e∗k
e∗r
.

Up to shrinking U , it admits holomorphic coordinates z1, . . . , zd. Denote by
v1, . . . , vd the associated basis of holomorphic vector fields.

Consider PE∨ and the projection π : PE∨ →M . Then (π∗z1, . . . , π
∗zd, u1, . . . , ur−1)

defines holomorphic coordinates in a neighborhood of [e] in PE∨. Let ĥ be
the Hermitian metric induced by h on the tautological line bundle O(1) on
PE∨. Denote by C1(O(1), ĥ) its first Chern form. Then at [e] ∈ PE∨ we
have the following equality (see [58, Proposition 1 p.38]):

C1(O(1), ĥ)[e] = −
i

2π

r−1∑︂
k=1

duk ∧ dūk +
i

2π

∑︂
1≤i,j≤d

h[e](R(vi, v̄j).e, e) dzi ∧ dz̄j.

(3.1)

Lemma 3.2.12. Let M be a complex manifold. Let E be a holomorphic vec-
tor bundle on M . Let h be a Hermitian metric on E. Let R be the curvature
tensor of the Chern connection of h, suppose it is seminegative in the sense
of Griffiths. Let 1 ≤ p ≤ rkE. Let ĥ be the Hermitian metric induced by
h on the tautological line bundle Op(1) on PΛpE∨. Let C1(Op(1), ĥ) be the

first Chern form of ĥ. Let x ∈M , let α ∈ ΛpEx \ {0}.
Then the real (1, 1)-form C1(Op(1), ĥ) is semipositive. Moreover, it is

not positive definite at [α] if and only if there exists v ∈ TM,x \ {0} such that
α ∈ ΛpK(v) with K(v) the kernel of the Hermitian endomorphism R(v, v̄) of
Ex.

Proof. Denote by Rp the curvature tensor of the Chern connection of ΛpE
with the Hermitian metric induced by h. For v ∈ TM,x and e1, . . . , ep ∈ Ex,
we have:

Rp(v, v̄).(e1 ∧ · · · ∧ ep) =

p∑︂
i=1

e1 ∧ · · · ∧ ei−1 ∧R(v, v̄).ei ∧ ei+1 ∧ · · · ∧ ep.

As R(v, v̄) is seminegative Hermitian, Rp(v, v̄) is seminegative Hermitian

too. Hence formula (3.1) gives that C1(Op(1), ĥ) is semipositive, and that it
is not positive definite at [α] if and only if there exists v ∈ TM,x such that
α ∈ kerRp(v, v̄). Finally, we have kerRp(v, v̄) = Λp kerR(v, v̄) as it holds for
every semipositive or seminegative Hermitian endomorphism by the spectral
theorem.
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3.3 Absolutely logarithmic forms

3.3.1 Definition and basic properties

In the next section, we will have to consider the graded k-algebra of loga-
rithmic symmetric forms on a log-compactification of a log-compactifiable
smooth k-variety. This graded k-algebra is actually independent of the
choice of the log-compactification, and Abramovich generalized its defini-
tion to every k-variety in [1, Definition 1]. We give here a reformulation of
Abramovich’s definition in the smooth case.

Let K be a separable function field over k. Let d be its transcendence
degree. A divisorial valuation of K/k is a valuation which vanishes on k and
whose residue field has transcendence degree d − 1 over k. A valuation is
divisorial if and only if it is the valuation defined by a prime divisor of a
normal k-variety with K as function field.

Let ν be a divisorial valuation of K/k. By multiplying by a constant, we
can suppose Im(ν) = Z. Let A be the valuation ring {x ∈ K, ν(x) ≥ 0}, m its
maximal ideal {x ∈ K, ν(x) ≥ 1}, m−1 the A-submodule {x ∈ K, ν(x) ≥ −1}
of K, κ := A/m the residue field of ν. Let p ∈ N>0 with 1 ≤ p ≤ d.
The canonical maps A → κ and A ↪→ K induce morphisms of A-modules
ϖp : Ωp

A/k → Ωp
κ/k and fp : Ωp

A/k → Ωp
K/k. We denote by F p

ν,1 (resp. Lp
ν,1)

the A-submodule Im fp (resp. m−1fp(kerϖp)) of Ωp
K/k. As suggested by the

following proposition, an element of Lp
ν,1 can be thought of as “logarithmic

with respect to ν”.

Proposition 3.3.1. The A-module Lp
ν,1 is the A-submodule of Ωp

K/k gener-

ated by F p
ν,1 and by the elements u−1 du ∧ α for every u ∈ m and α ∈ F p−1

ν,1 .

Proof. Choose z ∈ m such that ν(z) = 1. On the one hand, dz ∈ kerϖ1 and
for every a ∈ A, z da ∈ kerϖ1. On the other hand, by [80, Lemma 00RR],
the A-module kerϖ1 is generated by elements of the form dm for m ∈ m.
As m is the ideal of A generated by z, there exists a ∈ A such that m = za.
Hence dm = d(za) = a dz+ z da. Thus the A-module kerϖ1 is generated by
dz and the elements of the form z da.

Hence, because of [80, Lemma 00DO], the A-module kerϖp is generated
by the elements dz ∧ β and z da ∧ β for every a ∈ A and β ∈ Ωp−1

A/k. As

the A-module m−1 is generated by z−1, Lp
ν,1 is generated by the elements

z−1 dz ∧α and da∧α for every a ∈ A and α ∈ F p−1
ν,1 . But the A-module F p

ν,1

is generated by the elements of the form da ∧ α. Finally, for every u ∈ m, it
is immediate from the definition that u−1 du ∧ α ∈ Lp

ν,1.
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Lemma 3.3.2. 1. The A-modules F p
ν,1 and Lp

ν,1 are free and finite.

2. Let z ∈ m be such that ν(z) = 1. We have F p
ν,1[z

−1] = Lp
ν,1[z

−1] = Ωp
K/k.

Proof. As A is essentially of finite type over k, the A-module Ωp
A/k is finite,

hence kerϖp is finite, so F p
ν,1 and Lp

ν,1 are finite. As they are submodules of
Ωp

K/k, they have no torsion. As A is a discrete valuation ring, they are free: we

get (1). Let a ∈ A and n ∈ N. We have d(z−na) = −nz−n−1a dz + z−n da ∈
F 1
ν,1[z

−1] ⊂ L1
ν,1[z

−1]. This proves (2).

We denote by F p
ν,• =

⨁︁
m∈N F

p
ν,m (resp. Lp

ν,• =
⨁︁

m∈N L
p
ν,m) the free

symmetricA-algebra generated by F p
ν,1 (resp. L

p
ν,1) with its canonical grading.

The inclusions of F p
ν,1 (resp. Lp

ν,1) in Ωp
K/k induce a morphism ιpF (resp. ιpL)

of graded A-algebras from F p
ν,• (resp. Lp

ν,•) to Dp
K,• :=

⨁︁
m∈N Sym

m
K Ωp

K/k.
This last graded A-algebra is a graded algebra of polynomials over K. The
following lemma is easy to prove.

Lemma 3.3.3. 1. The graded A-algebras F p
ν,• and Lp

ν,• are graded algebras
of polynomials over A.

2. The morphisms ιpF and ιpL are injective and induce isomorphisms Frac(F p
ν,•) =

Frac(Lp
ν,•) = Frac(Dp

K,•).

3. The domains ιpF (F
p
ν,•), ι

p
L(L

p
ν,•) and D

p
K,• are integrally closed in Frac(Dp

K,•).

Proof. The point (1) is an immediate consequence of Lemma 3.3.2.1. The in-
jectivity follows, and the equality of fraction fields (2) follows from Lemma 3.3.2.2.
The domains F p

ν,•, L
p
ν,• and Dp

K,• are normal as by (1) they are rings of poly-
nomials over a normal domain. Hence (3) follows from (2).

In the following, we will omit ιpF and ιpL and consider F p
ν,• and Lp

ν,• as
subsets of Dp

K,•.

Let V be a smooth k-variety. We denote by Dp
V,• the graded k-algebra⨁︁

m∈N H
0(V, Symm Ωp

V ). Suppose V connected. Let K be its function field.
Then Dp

V,• is a graded k-subalgebra of Dp
K,•. As every symmetric differential

form defined in codimension 1 on V extends as a global symmetric differential
form on V , Dp

V,• identifies with the intersection of the F p
ν,•’s over all divisorial

valuations ν of K/k centered in V .

If V is connected, we define the graded k-algebra Lp
V,• as the intersection

of Dp
V,• with the Lp

ν,•’s for every divisorial valuation ν of K/k (with K the
function field of V ). In the general case (without connectedness assumption),
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we define the graded k-algebra Lp
V,• as the direct sum of the Lp

C,•’s for every
connected component C of V . Proposition 3.3.1 shows that Lp

V,• is the algebra
of absolutely logarithmic symmetric differential forms defined by Abramovich
in [1, Definition 1]. Then we get the following properties.

Proposition 3.3.4 (see [1, Remark p.46]). If (V̄ , D) is a log-compactification
of V , then Lp

V,• is the graded k-algebra
⨁︁

m∈N H
0(V̄ , Symm Ωp

V̄
(logD)).

Let V, V ′ be smooth k-varieties, let f : V → V ′ be a morphism. Then
the pull-back of differential forms induces a morphism of graded k-algebras
f ∗ : Dp

V ′,• → Dp
V,•.

Proposition 3.3.5 (see [1, Lemma 5]). Suppose V ′ is log-compactifiable.
Then f ∗Lp

V ′,• ⊂ Lp
V,•.

3.3.2 Compatibility with finite étale covering maps

Proposition 3.3.6. Let V be a connected smooth k-variety. Let K be the
function field of V . Then the domains Dp

V,• and Lp
V,• are integrally closed in

Frac(Dp
K,•).

Proof. The domains Dp
V,• and Lp

V,• are intersections of some subrings F p
ν,•’s

and Lp
ν,•’s of Frac(D

p
K,•). They are integrally closed in it by Lemma 3.3.3.3.

Thanks to the previous proposition, we can prove the following property
of compatibility with finite étale covering maps.

Proposition 3.3.7. Let V, S be two connected smooth k-varieties. Let f :
V → S be a finite étale covering map. Then Lp

V,• is the integral closure of
f ∗Lp

S,• in Frac(Dp
V,•).

Proof. As f ∗ : Dp
S,• → Dp

V,• is injective, we consider Dp
S,• as a graded k-

subalgebra of Dp
V,•. Let K (resp. K ′) be the function field of S (resp. V ).

Then f induces a finite separable extension of fields K ′/K. Hence, every
divisorial valuation of K/k is the restriction of a divisorial valuation of K ′/k.
Moreover, if ν ′ is a divisorial valuation of K ′/k and ν is its restriction to K,
then ν is divisorial and Lp

ν,• = Lp
ν′,•∩D

p
K,•. Therefore L

p
S,• = Lp

V,•∩D
p
S,• and,

with Proposition 3.3.6, the integral closure of Lp
S,• in Frac(Dp

V,•) is included
in Lp

V,•.
To prove that Lp

V,• is integral over Lp
S,•, suppose first that f is Galois.

The field extension Frac(Dp
V,•)/Frac(D

p
S,•) is finite and Galois with the same

degree and Galois group as K ′/K. As Lp
V,• is stable under the action of the
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Galois group, the minimal polynomial over Frac(Dp
S,•) of an element of Lp

V,•
has coefficients in Lp

V,• ∩Dp
S,• = Lp

S,•.
In the general case, there exists a Galois finite étale covering map V ′ → S

which dominates V . We have Lp
V,• ⊂ Lp

V ′,• and the latter is integral over
Lp
S,•.

3.3.3 Finiteness of the dimension

As when there exists a log-compactification, Lp
V,m is finite dimensional.

Proposition 3.3.8. Let V be a smooth k-variety. For every m ∈ N>0, the
dimension of Lp

V,m is finite.

Proof. By Nagata’s theorem [64], there exists a proper k-variety V̄ with an
open embedding V ↪→ V̄ . As we can replace it by its normalization, we
can suppose V̄ normal. Let D ⊂ V̄ be the union of the irreducible closed
subsets of codimension 1 that do not intersect V . Then by definition, every
element of Lp

V,m defines a section of Symm Ωp

V̄
on V and of Symm Ωp

V̄
(D′) in

the neighborhood of the generic point of every irreducible component D′ of
D. Hence it defines a section of Symm Ωp

V̄
(D) on an open subset of V̄ whose

complement has codimension at least 2. Thus it defines a global section of
the reflexive hull Sym[m] Ωp

V̄
(D) of Symm Ωp

V̄
(D) (see [43, Proposition 1.6]).

We have defined an injection Lp
V,m ↪→ H0(V̄ , Sym[m] Ωp

V̄
(D)), and the latter

space has finite dimension.

3.4 Base loci of the absolutely logarithmic

forms

Consider a smooth k-variety V and the projective bundle PΩp
V → V (with

Grothendieck’s convention: the fiber at a point x is the set of hyperplanes
of Ωp

V,x, or equivalently the set of lines of ΛpTV,x). Then the vanishing locus
of a homogeneous element of Lp

V,• defines a closed subset of PΩp
V and a

closed subset of ΛpTV . Let m ∈ N>0. We denote by Bspm(V ) ⊂ PΩp
V and

TBspm(V ) ⊂ ΛpTV the intersection of the vanishing loci of the elements of
Lp
V,m. Remark that Bspm and TBspm carry the same information. We denote

by Bp(V ) the closed subset
⋂︁

m∈N>0
Bspm(V ) ⊂ PΩp

V and by TBp(V ) the closed

subset
⋂︁

m∈N>0

TBspm(V ) ⊂ ΛpTV . Remark that there exists m ∈ N>0 such

that Bp(V ) = Bspm(V ) and TBp(V ) = TBspm(V ), and that Bp and TBp carry
the same information.
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Let Op(1) be the tautological line bundle over PΩp
V and Op(m) its ten-

sor power Op(1)
⊗m. If πp denotes the projection PΩp

V → V , then we have
πp
∗Op(m) = Symm Ωp

V . In particular H0(PΩp
V ,Op(m)) = H0(V, Symm Ωp

V ).
Hence the finite dimensional (see Proposition 3.3.8) linear series Lp

V,m ⊂
H0(V, Symm Ωp

V ) = H0(PΩp
V ,Op(m)) defines a Kodaira morphism ϕp

m : PΩp
V \

Bspm(V )→ PLp
V,m. ConsiderR

p
m ⊂ PΩp

V the union of Bspm(V ) and of the ram-
ification locus of ϕp

m. We denote by Bp
+(V ) the closed subset

⋂︁
m∈N>0

Rp
m ⊂

PΩp
V . In concrete terms, we have Bp(V ) ⊂ Bp

+(V ), and a point x ∈ PΩp
V \

Bp(V ) is in Bp
+(V ) if and only if there exists a tangent vector v ∈ TPΩp

V ,x\{0}
such that every homogeneous element of Lp

V,• that vanishes at x vanishes on
v.

We denote by TBp
+(V ) the closed subset of ΛpTV defined as the union of the

zero section Z and of the inverse image of Bp
+(V ) by the quotient morphism

ΛpTV \ Z → PΩp
V . Again, it carries the same information as Bp

+(V ).

Suppose V is log-compactifiable. Let (V̄ , D) be a log-compactification.
Let Op(1) be the tautological line bundle on PΩp

V̄
(logD), let Op(m) be its m-

th tensor power. Then for every m ∈ N>0 we have Bspm(V ) = Bs(Op(m)) ∩
PΩp

V , and Bp(V ) = B(Op(1)) ∩ PΩp
V . If moreover V is projectively log-

compactifiable, we can choose V̄ projective. In this case we have Bp
+(V ) =

B+(Op(1)) ∩ PΩp
V as a consequence of Theorem 3.2.4.

3.4.1 Partial functoriality

The partial functoriality of Lp
• (Proposition 3.3.5) gives the partial functori-

ality of TBspm and TBp .

Proposition 3.4.1. Let f : V → V ′ be a morphism between smooth k-
varieties with V ′ log-compactifiable. Then for everym ∈ N>0, Λ

p df(TBspm(V )) ⊂
TBspm(V

′), and Λp df(TBp(V )) ⊂ TBp(V ′).

The following definition and proposition give the form under which we
will apply the previous proposition.

Definition 3.4.2. A closed subset C of PΩp
V is linearly non-degenerate if

for each closed point x ∈ V , the fiber Cx is not included in a hyperplane of
PΩp

V,x.

Proposition 3.4.3. Let f : V → V ′ be a morphism between smooth k-
varieties with V connected and V ′ log-compactifiable. Suppose the corestric-
tion f : V → Im f is separable. Suppose there exists m ∈ N such that Bs1m(V )
is linearly non-degenerate and Bs1m(V

′) is empty. Then f is constant. The
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same statement holds with B1(V ) instead of Bs1m(V ) and B1(V ′) instead of
Bs1m(V

′).

Proof. Thanks to Proposition 3.4.1 and by the assumption on m, df is zero.
Hence, thanks to the separability assumption, f is constant.

Remark 3.4.4. In the statement of the previous proposition, if we replace the
exponent “1” in the hypothesis by a positive integer p, then a similar proof
gives dim Im f < p.

There is also a functoriality for Bp
+, but only where the morphism is not

ramified. It is an immediate consequence of Propositions 3.4.1 and 3.3.5.

Proposition 3.4.5. Let f : V → V ′ be a morphism between smooth k-
varieties with V ′ log-compactifiable. Let R ⊂ V be the ramification locus of
f . Let fp : PΩp

V \R → PΩp
V ′ be the morphism induced by f . Then fp(Bp

+(V )∩
PΩp

V \R) ⊂ Bp
+(V

′).

3.4.2 Descent of finite étale covering maps

When we have a finite étale covering map V → S between smooth k-varieties,
we consider Dp

S,• as a graded k-subalgebra of Dp
V,•.

Proposition 3.4.6. Let f : V → S be a finite étale covering map of degree
n ∈ N>0 between smooth k-varieties. Let fp be the map PΩp

V → PΩp
S induced

by f . Let m ∈ N>0. Then we have:

1. Bspm(V ) ⊂ (fp)−1(Bspm(S)),

2. (fp)−1

(︄
n⋂︂

r=1

Bspmr(S)

)︄
⊂ Bspm(V ),

3. Bp(V ) = (fp)−1(Bp(S)),

4. Bp
+(V ) ⊂ (fp)−1(Bp

+(S)),

5. if k has characteristic 0 and V is quasiprojective: Bp
+(V ) = (fp)−1(Bp

+(S)).

Proof. We can freely suppose V and S connected. The inclusion (1) results
from the inclusion Lp

S,• ⊂ Lp
V,• given by Proposition 3.3.7.

For the second inclusion, let x ∈ (fp)−1 (
⋂︁n

r=1 Bs
p
mr(S)). Let α ∈ Lp

V,m.
The field extension Frac(Dp

V,•)/Frac(D
p
S,•) is finite of degree n, hence the

minimal polynomial χ of α on Frac(Dp
S,•) is a monic polynomial of degree

at most n. By Proposition 3.3.7, α is integral over Lp
S,•. Its conjugates and
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then the coefficients of χ are integral over Lp
S,•. By Proposition 3.3.6, the

coefficients of χ are in Lp
S,•. As α is homogeneous of degree m, each non-

leading coefficients of χ is homogeneous of degree mr for some 1 ≤ r ≤ n.
Thus, by definition of x, we have χf(x) = Xn. Hence αn

x = 0, so αx = 0: this
gives (2).

The equality (3) is a direct consequence of (1) and (2). The inclusion (4)
results from (3) and the inclusion Lp

S,• ⊂ Lp
V,•.

It remains to prove the inclusion (fp)−1(Bp
+(S)) ⊂ Bp

+(V ), under the
hypothesis that k has characteristic 0 and that V is quasiprojective. We first
suppose that the finite étale covering map f is Galois. As Bp

+(V ) is stable
under the action of the Galois group, the inclusion (fp)−1(Bp

+(S)) ⊂ Bp
+(V )

is equivalent to Bp
+(S) ⊂ fp(Bp

+(V )). Let x ∈ PΩp
V \ B

p
+(V ), let us prove

that f p(x) /∈ Bp
+(S). First we have x /∈ Bp(V ), so by (3) we have x /∈ Bp(S).

Now, let v ∈ TPΩp
V ,x
∼= TPΩp

S ,f
p(x). The additional hypothesis implies that

V is projectively log-compactifiable. Hence we can apply Theorem 3.2.4.2:
there exists m ∈ N>0 such that Bspm(V ) = Bp(V ) and the Kodaira morphism
PΩp

S \ B
p(V ) → PLp

V,m is an isomorphism from PΩp
S \ B

p
+(V ) to its image.

In particular, there exists α ∈ Lp
V,m that vanishes at x but not on v and

not at the conjugates of x (for the action of the Galois group). Hence the
norm N(α) ∈ Lp

S,mn of α (which is the product of the conjugates of α under
the action of the Galois group) vanishes at fp(x) but not on dfp

x .v. Thus
fp(x) /∈ Bp

+(S).
In the general case, there exists a smooth quasiprojective k-variety V ′

and a finite étale covering map g : V ′ → V such that the finite étale covering
map f ′ := f ◦ g : V ′ → S is Galois. Using the Galois case and (4), we get:

(fp)−1(Bp
+(S)) = gp((f ′p)−1(Bp

+(S)))

= gp(Bp
+(V

′))

⊂ Bp
+(V ).

Thus we obtain (5).

3.4.3 Base change and spreading-out

The base loci are compatible with base change.

Proposition 3.4.7. Let k be a field, k′/k a field extension, V a projectively
log-compactifiable smooth k-variety. Let p,m ∈ N>0. Denote by f p the pro-
jection PΩp

V×kk′
→ PΩp

V . Then we have Bspm(V ×k k
′) = (fp)−1(Bspm(V )),

Bp(V ×k k
′) = (f p)−1(Bp(V )) and Bp

+(V ×k k
′) = (fp)−1(Bp

+(V )).

Proof. Apply Proposition 3.2.7 to Op(1).
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Let S be an irreducible Noetherian scheme, W a scheme and q : W → S a
smooth morphism. A closed subset D ⊂ W of codimension 1 with irreducible
components (Di)i∈I is a horizontal strict normal crossing divisor over S if
for every I ′ ⊂ I, the schematic intersection

⋂︁
i∈I′ D

′
i is smooth over S and its

codimension is the cardinality of I ′. A closed subset D ⊂ W of codimension 1
is a horizontal normal crossing divisor over S if there exists a scheme W ′ and
a surjective étale morphism π : W ′ → W such that π−1(D) is a horizontal
strict normal crossing divisor over S. In this case, for every p ∈ N that is
at most the relative dimension of W over S, there is a well-defined vector
bundle Ωp

W/S(logD), compatible with base change. If k is a field and V is

a k-variety, then the horizontal (strict) normal crossing divisors of V over k
are the (strict) normal crossing divisors of V .

To prove that the base loci are compatible with spreading-out, we need
the following lemma.

Lemma 3.4.8. Let S be an irreducible Noetherian scheme, η the generic
point of S, V a scheme, q : V → S a smooth morphism. For s ∈ S, denote
by κ(s) the residue field of S at s, {s} := Spec(κ(s)), and Vs the κ(s)-variety
V ×S {s}. Suppose Vη is (projectively) log-compactifiable.

Then there exists a non-empty open subset U ⊂ S, a smooth proper (resp.
projective) U-scheme V̄ , an open embedding j : q−1(U) ↪→ V̄ over U such
that D := V̄ \ Im(j) is a horizontal normal crossing divisor of V̄ over S.

In particular, for every s ∈ U , Vs is (projectively) log-compactifiable,
(V̄ ×U {s}, D ×U {s}) is a (projective) log-compactification of Vs, and for
every p ∈ N>0, there is a well-defined vector bundle Ωp

V̄ /U
(logD) on V̄ .

Proof. It is an easy consequence of the definitions and of classical spreading-
out arguments from EGA (see [73, Theorem 3.2.1] and [80, Lemma 05F9]).

The “basic” base loci are compatible with spreading-out, and the aug-
mented base loci are partially compatible.

Proposition 3.4.9. Let S be an irreducible Noetherian scheme, η the generic
point of S, V a scheme, q : V → S a smooth morphism. For s ∈ S, denote
by κ(s) the residue field of S at s, {s} := Spec(κ(s)), and Vs the κ(s)-variety
V ×S {s}. Suppose Vη is log-compactifiable. Let m ∈ N>0. For every p ∈ N,
denote by πp the smooth morphism PΩp

V/S → S.

Denote by Bp ⊂ PΩp
V/S the union of the Bspm(Vs)’s for every s ∈ S. Then

there exists a non-empty open subset U ⊂ S such that for every p ∈ N,
Bp ∩ (πp)−1(U) is the closure of Bp ∩ (πp)−1({η}).
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If moreover Vη is projectively log-compactifiable, denote by Bp
+ ⊂ PΩp

V/S

the union of Bp
+(Vs)’s for every s ∈ S. Then there exists a non-empty open

subset U ⊂ S such that for every p ∈ N, Bp
+ ∩ (πp)−1(U) is included in the

closure of Bp
+ ∩ (πp)−1({η}).

Proof. Consider (U, V̄ ,D) given by Lemma 3.4.8, replace S by U , then apply
Proposition 3.2.8 to the tautological line bundle on PΩp

V̄ /S
(logD). Take the

intersection of the open subsets obtained for the different values of p with
1 ≤ p ≤ dimVη.

The previous proposition allows one to spread-out emptyness and linear-
non-degeneracy.

Corollary 3.4.10. Let S be an irreducible Noetherian scheme, η the generic
point of S, V a scheme, q : V → S a smooth morphism. For s ∈ S, denote
by κ(s) the residue field of S at s, {s} := Spec(κ(s)), and Vs the κ(s)-variety
V ×S {s}. Suppose Vη is log-compactifiable. Let m, p ∈ N.

Suppose Bspm(Vη) is empty (resp. linearly non-degenerate). Then there
exists a non-empty open subset U ⊂ S such that for every s ∈ U , Bspm(Vs) is
empty (resp. linearly non-degenerate).

Suppose Vη is projectively log-compactifiable and Bp
+(Vη) is empty. Then

there exists a non-empty open subset U ⊂ S such that for every s ∈ U ,
Bp

+(Vs) is empty.

Proof. The statements of emptyness are immediate consequences of Propo-
sition 3.4.9. To prove the statement of linear-non-degeneracy, replace S by
a non-empty open subset given by Proposition 3.4.9 so that the union of
the Bspm(Vs)’s for every s ∈ S is a closed subset B of PΩp

V/S. Let d be
the relative dimension of V over S. Consider P the fiber product over V :
P :=

∏︁d
i=1 PΩp

V/S. Let C ⊂ P be the open subset of maximal rank d-uples of

lines. Let Bd :=
∏︁d

i=1 B ⊂ P : then Bd∩C is a locally closed subset of P , let
Q be its projection on V . Chevalley’s theorem gives that Q is constructible,
hence that q(V \ Q) is constructible. By assumption, it does not contain
the generic point of S. Hence the complement of q(V \ Q) in S contains a
non-empty open subset.

3.4.4 Metric tools

The following proposition shows how to use Lemma 3.2.12 to compute non-
Kähler loci. We will not directly use this proposition, as the hypotheses of
compactness and nefness are too restrictive for our cases. However its proof
gives the outline of the proof of Theorem 4.1.5.
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Proposition 3.4.11. Let M be a compact Kähler manifold. Suppose the
curvature R is seminegative in the sense of Griffiths. Let 1 ≤ p ≤ dimM .
Suppose the tautological line bundle Op(1) on PΩp

M is nef. Let α ∈ ΛpTM,x \
{0}, suppose [α] is in the non-Kähler locus of the first Chern class c1(Op(1)).
Then there exists v ∈ TM with v ̸= 0 such that α ∈ ΛpK(v) with K(v) the
kernel of the Hermitian endomorphism R(v, v̄) of TM,x.

Proof. Denote by U the complement of the set of [α] ∈ PΩp
M such that there

exists v ∈ TM with v ̸= 0 such that α ∈ ΛpK(v). By Lemma 3.2.12, U is
open and the semipositive real (1, 1)-form C1(Op(1), ĥ) is Kähler on U (with

h the Kähler metric and ĥ the metric induced on Op(1)).
Suppose U is not empty (otherwise there is nothing to prove). Then we

have
∫︁
PΩp

M
C1(Op(1), ĥ)

dimPΩp
M > 0. Hence Theorem 3.4.13 below gives that

Op(1) is a big line bundle.
As the real (1, 1)-class c1(Op(1)) is big and, by hypothesis, nef, Theo-

rem 3.2.11 applied with the closed positive real (1, 1)-form C1(Op(1), ĥ) gives
that the non-Kähler locus of c1(Op(1)) does not intersect U .

Remark 3.4.12. Let M be a Kähler manifold, suppose the curvature R is
seminegative in the sense of Griffiths. Let x ∈ M and v, w ∈ TM,x. Then
w ∈ K(v) if and only if v ∈ K(w). It is obvious if v and w are linearly
dependent. Otherwise, as R(v, v̄) is seminegative, it vanishes on w if and
only if ⟨R(v, v̄)(w), w⟩ = 0, which means that the holomorphic bisectional
curvature in the direction of the plane generated by v and w is zero.

The bigness of a line bundle is deduced from metric information thanks
to the following theorem.

Theorem 3.4.13 (see [17, Theorem 1.2]). Let M be a connected compact
Kähler manifold. Let L be a line bundle on M . Suppose that there exists a
nonempty open subset U ⊂M and a singular Hermitian metric of semiposi-
tive curvature on L such that the restriction of its curvature to U is a Kähler
form. Then L is big.

3.5 Finiteness of sets of complete rational maps

Let k be a field, V and V ′ two k-varieties and f : V 99K V ′ a rational map.
We denote by Γ(f) the closure in V ×V ′ of the graph of f and by Im(f) the
closure of the projection of Γ(f) on V ′. Remark that Γ(f) and Im(f) do not
depend on the choice of a dense open subset U of definition of f and that
Im(f) is the closure of f(U) in V ′.
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By [80, Lemma 056V], the variety V is generically smooth if and only if
it is geometrically reduced. In this case, denote by V reg its smooth locus.

Definition 3.5.1. Let k be a field, V and V ′ two k-varieties with V irre-
ducible and geometrically reduced. A rational map f : V 99K V ′ is complete
if there exists an open subset U ⊂ V reg such that V reg \U has codimension at
least 2 in V reg and f is defined on U .

The hypothesis of completeness is useful because it allows one to define
the pull-back of a logarithmic form (Lemma 3.5.12 below).

Examples 3.5.2. 1. A morphism V → V ′ is a complete rational map.

2. If V ′ is proper, then every rational map V 99K V ′ is complete.

3. Noguchi defines in [66] a proper rational map as a rational map f :
V 99K V ′ such that Γ(f) is proper over V 1. A proper rational map is
complete. Indeed, by the valuative criterion of properness, there exists
an open subset U ⊂ V reg such that V reg \ U has codimension at least 2
and the birational map V 99K Γ(f) is defined on U . Composing with the
projection Γ(f)→ V ′, we obtain that f is defined on U . This example
is more general than the two previous ones.

If V is irreducible and geometrically reduced and V ′ is smooth, then a
rational map f : V 99K V ′ induces a rational map from the total space of
ΛpTV reg to the total space of ΛpTV ′ denoted by Λp df .

In this section, we prove the following theorem.

Theorem 3.5.3. Let k be a field, V an irreducible and geometrically reduced
k-variety and V ′ a smooth and projectively log-compactifiable k-variety. Then
for all but finitely many complete rational maps f : V 99K V ′, for every p ∈ N
with 1 ≤ p ≤ dimV ′, we have Im(Λp df) ⊂ TBp

+(V
′).

Remark 3.5.4. By definition, TBp
+(V

′) contains the zero section of ΛpTV ′ .
Thus the inclusion Im(Λp df) ⊂ TBp

+(V
′) is verified if the rank of df is ev-

erywhere strictly less than p.

1The graph is supposed proper over the source, not over the target. In particular, it
has no link with the usual notion of properness for morphisms.
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3.5.1 Corollaries

Let us firstly prove some corollaries.

Corollary 3.5.5. Let k be a field, V an irreducible and geometrically reduced
k-variety and V ′ a smooth irreducible k-variety with a log-compactification
(V̄ ′, D′). Suppose the log-canonical line bundle ωV̄ ′(D′) is big. Then for all
but finitely many complete rational maps f : V 99K V ′, the rank of df is
bounded above by dimV ′ − 1.

In particular, if f is separable on Im(f), then f is not dominant.

This corollary was proven by Kobayashi and Ochiai in the case V ′ =
V̄ ′ and k = C (with a generalization to an analytic setting, see [50]), by
Martin-Deschamps and Lewin-Ménégaux in the case V ′ = V̄ ′ (see [55]) and
by Tsushima in the case k = C with f proper in the sense of Noguchi (see
[84]).

Proof. Denote dimV ′ by p and identify PΩp
V ′ with V ′. For a complete ra-

tional map f : V 99K V ′, if there is a point at which the rank of df is
p, then dim Im(f) = p. Thus Im(f) = V ′. As Im(Λp df) is not included
in the zero section of ΛpTV ′ , we have Im(Λp df) = ΛpTV ′ . By Subsec-
tion 3.2.5, the hypothesis on ωV̄ ′(D′) is equivalent to Bp

+(V
′) ̸= V ′. Hence

Im(Λp df) ̸⊂ TBp
+(V

′) so the corollary follows from Theorem 3.5.3.

For p < dimV ′, the bigness hypothesis is not sufficient.

Corollary 3.5.6. Let k be a field, V an irreducible and geometrically reduced
k-variety and V ′ a smooth k-variety with a log-compactification (V̄ ′, D′). Let
p ∈ N with 1 ≤ p ≤ dimV ′. Suppose Ωp

V̄ ′(logD
′) is ample with respect to V ′.

Then for all but finitely many complete rational maps f : V 99K V ′, the rank
of df is bounded above by p− 1.

In particular, if f is separable on Im(f), then dim Im(f) < p.

This corollary was proven by Noguchi and Sunada in the case V ′ = V̄ ′

(see [68]) and by Noguchi in the case k = C with f proper (see [66]).

Proof. By Subsection 3.2.5, the hypothesis is equivalent to Bp
+(V

′) = ∅, thus
the corollary is immediate with Theorem 3.5.3.

In some cases, we can partially extend the theorem with a Deligne-
Mumford stack as codomain.
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Corollary 3.5.7. Let k be an algebraically closed field, V a smooth irre-
ducible k-variety, M a Deligne-Mumford k-stack, V ′ a smooth and projec-
tively log-compactifiable k-variety and q : V ′ → M a finite étale covering
map of degree n ∈ N>0. Suppose the characteristic of k does not divide n.
Then for all but finitely many morphisms f : V →M, for every p ∈ N with
1 ≤ p ≤ dimM, we have Im(Λp df̃) ⊂ TBp

+(V
′) with f̃ : V ×M V ′ → V ′ the

pull-back of f by q.

Proof. For every f : V →M, V ×M V ′ is a finite étale cover of degree n of
V . As the characteristic of k does not divide n and k is algebraically closed,
there exist only finitely many isomorphism classes of finite étale covers of
V of degree n (see [69, Théorème 4.11]). Thus the statement results from
Theorem 3.5.3, applied to every finite étale cover of degree n of V .

3.5.2 Outline of the proof

The outline of the proof is based on Martin-Deschamps and Lewin-Ménégaux’s
article [55] mentioned above. We denote by C the category of reduced k-
varieties. The Yoneda functor associates to every object A (resp. morphism
f : A→ B) of C a presheaf (resp. morphism of presheaves) on C denoted by
A (resp. f) such that for every object C of C, A(C) is the set of morphisms
from C to A (resp. f : A(C)→ B(C) is the composition with f).

We will define a presheaf D on C such that D(k) := D(Spec k) is the set of
complete rational maps such that Im(Λp df) ̸⊂ TBp

+(V
′). Our goal is to prove

thatD(k) is finite. Recall that Lp
V,n and Lp

V ′,n are finite dimensional by Propo-
sition 3.3.8. We choose n ∈ N>0 such that the Kodaira map ϕn : PΩp

V ′ 99K
PLp

V ′,n defined by the line bundle Op(n) on PΩp
V ′ gives a locally closed em-

bedding PΩp
V ′ \Bp

+(V
′) ↪→ PLp

V ′,n (such a n exists by Theorem 3.2.4.2). We
denote by E the vector space Homk(L

p
V ′,n, L

p
V,n)

∨. Denote by VE the vector
space Homk(L

p
V ′,n, L

p
V,n) considered as an affine k-space (in particular the set

of rational points of VE is Homk(L
p
V ′,n, L

p
V,n)). It is an object of C. For every

object S of C, we have VE(S) = H0(S,OS ⊗k Homk(L
p
V ′,n, L

p
V,n)). Denote

V∗E := VE \ {0}.

We will see that we can pull back absolutely logarithmic forms by com-
plete rational maps. Hence to every complete rational map V 99K V ′, we
can associate a k-linear map Lp

V ′,n → Lp
V,n. This procedure gives a map

D(k) → V∗E(k). We will see that this map extends as a morphism of
presheaves u : D → V∗E.

Thanks to the condition Im(Λp df) ̸⊂ TBp
+(V

′), we can find again f ∈
D(k) from the datum of u(f) ∈ V∗E(k). Actually, it is even sufficient to
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know q(u(f)) ∈ PE with q : V∗E → PE the canonical projection. We
would like to define a projective variety A ⊂ PE such that Im(q ◦ u) ⊂ A
and a morphism r : A→ D such that r ◦ q ◦u = idD. In this case, by Yoneda
lemma, we would have u◦r = e for some morphism e : A→ VE. The crucial
point is that as A is projective and VE is affine, the image of e would be
finite. Hence the image of A(k) by u ◦ r would be a finite set of rational

points of VE. As the composition D
q◦u
−−→ A

r−→ D u−→ q−1(A)
q
−→ A

r−→ D is the
identity and contains u ◦ r, D(k) would be finite.

We will not exactly do this. Instead of a projective variety A ⊂ PE, we
will define a finite union of smooth locally closed subvarieties Ai ⊂ PE for i
in a finite set I. Then we will define a morphism ri : Ai → D for every i. We
will prove that every u ◦ ri extends on a compactification of Ai. As above,
this implies that the image of every Ai(k) by u ◦ ri is finite, allowing us to
finish the proof in the same way.

In Subsection 3.5.3, we define (complete) rational maps in families (that
will allow us to define D). In Subsection 3.5.4, we explain how to pull back
absolutely logarithmic forms by families of complete rational maps (that will
allow us to define u). In Subsection 3.5.5, we give the definition of D and u.
In Subsection 3.5.6, we explain the construction of the Ai’s and the ri’s. We
conclude the proof in Subsection 3.5.7.

3.5.3 Families of rational maps

To define the presheaf D, we need to define a convenient notion of family of
rational maps. In this subsection, k is any field.

If S, V and V ′ are k-varieties and f : V → V ′ is a morphism, we denote
VS := V ×k S and fS : VS → V ′

S the pulled back morphism. If s is a point of
S, W and W ′ are S-varieties and f : W → W ′ is a S-morphism, we denote
by Ws the fiber of W above s and by fs : Ws → W ′

s the induced morphism.

Definition 3.5.8 (see [55]). Let S be a k-variety. Let W and W ′ be S-
varieties such that the fibers of W are geometrically irreducible. A S-rational
map W 99K W ′ is a rational map f : W 99K W ′ such that there exists an
open subset U ⊂ W such that the structural morphism U → S is surjective
and f defines a S-morphism U → W ′.

We denote by RatS(W,W ′) the set of S-rational maps W 99K W ′. The
condition of surjectivity of U → S makes this notion functorial: if T is a
k-variety, then every morphism g : T → S induces a pull back map g∗ :
RatS(W,W ′)→ RatT (W ×S T,W ′ ×S T ).
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Definition 3.5.9. Let S be a k-variety. Let W and W ′ be S-varieties such
that the fibers of W are geometrically integral. A S-rational map f : W 99K
W ′ is S-complete if for every s ∈ S, fs : Ws 99K W ′

s is complete.

Remark that this property is preserved by pull backs.

For f ∈ RatS(W,W ′), denote by ΓS(f) the closure in W ×S W ′ of the
graph of f . Again, ΓS(f) does not depend on the choice of a dense open
subset U of definition of f . Remark that ΓT (g

∗f)×S U = ΓS(f)×S T ×S U
and Im(g∗f)×S U = Im(f)×S T ×S U . Thus we have ΓT (g

∗f) ⊂ ΓS(f)×S T
and Im(g∗f) ⊂ Im(f) ×S T , but there is not equality in general.2 For this
reason, we define strict S-rational maps, which are more compatible with
base change.

Definition 3.5.10. Let S be a k-variety. Let W and W ′ be S-varieties
such that the fibers of W are geometrically irreducible. A S-rational map
f : W 99K W ′ is strict if for every s ∈ S, ΓS(f)s is geometrically irreducible.

Strictness is preserved by pull backs. Moreover, for every S-variety g :
T → S and every strict S-rational map f : W 99K W ′, we have ΓT (g

∗f) =
ΓS(f)×S T and Im(g∗f) = Im(f)×S T .

Lemma 3.5.11. Let S be a k-variety. Let W and W ′ be S-varieties such
that the fibers of W are geometrically irreducible. Let f be a S-rational map
W 99K W ′. Then there exists a finite partition S =

⨆︁
i∈I Si such that for

every i ∈ I, Si is a locally closed subset of S, and if we denote by ιi : Si ↪→ S
the inclusion, the Si-rational map ι∗i f is strict.

Proof. The fiber of ΓS(f) above the generic point of an irreducible compo-
nent of S is geometrically irreducible. Hence by [80, Lemma 0559], there
exists a dense open subset U ⊂ S such that the fibers of ΓS(f) above U are
geometrically irreducible. Then the pull-back of f on U is strict. Now we
restrict to S \ U and conclude by induction on the dimension.

3.5.4 Pulling back absolutely logarithmic forms

First, we prove that one can pull-back absolutely logarithmic forms by com-
plete rational maps.

2A counterexample is given by S a variety, π : W → S a S-variety, W ′ the blow-up of
W centered at a closed point x ∈ W such that dimx W > dimπ(x) S > 0, f : W 99K W ′

the rational inverse of the blow-up, T the point π(x) and g the inclusion of T in S. Then
the exceptional divisor is included in Im(f)×S T but not in Im(g∗f).
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Lemma 3.5.12. Let k be a field, let V and V ′ be two smooth k-varieties
with V irreducible and V ′ log-compactifiable. Let f : V 99K V ′ be a complete
rational map. Let U ⊂ V be a dense open subset on which f is defined. Let
p ∈ N with 1 ≤ p ≤ dimV ′, let α ∈ Lp

V ′,•. Then the form f ∗α on U is the
restriction of an element of Lp

V,•.

Proof. By Proposition 3.3.5, the pull-back by f : U → V ′ gives a morphism of
graded k-algebras Lp

V ′,• → Lp
U,•. As f is complete, we can suppose that V \U

has codimension at least 2. Thus, as V is normal, a symmetric differential
form of U extends to V . Finally, by definition, a global form β on V is
absolutely logarithmic if and only if its restriction to a dense open subset
U is absolutely logarithmic (indeed, it is equivalent to β ∈ Lp

ν,• for every
divisorial valuation ν, and the set of divisorial valuations only depends on
the function field).

Now, we prove that we can pull-back elements of Lp
V ′,• “in families” by

S-complete S-rational maps, with S a reduced k-variety.

Lemma 3.5.13. Let k be an algebraically closed field, let S be a reduced
k-variety, let V and V ′ be two smooth k-varieties with V irreducible and V ′

log-compactifiable. Let n ∈ N. Let f ∈ RatS(VS, V
′
S) be S-complete. Let

U ⊂ VS be a dense open subset on which f is defined. Denote by π (resp.
π′) the projection VS → S (resp. V ′

S → S). Denote by f ∗ the morphism of
OS-modules π′

∗ Sym
n Ωp

V ′
S/S
→ π∗ Sym

nΩp
U/S induced by f . Then there exists

a unique morphism of OS-modules f ∗
L : OS ⊗k L

p
V ′,n → OS ⊗k L

p
V,n such that

the following diagram commutes.

OS ⊗k L
p
V ′,n OS ⊗k H

0(V ′, SymnΩp
V ′) π′

∗ Sym
nΩp

V ′
S/S

OS ⊗k L
p
V,n OS ⊗k H

0(V, SymnΩp
V ) π∗ Sym

nΩp
VS/S

π∗ Sym
n Ωp

U/S

f∗
L

f∗

Proof. If f ∗
L exists, it is uniquely determined because of the injectivity of the

morphisms of the bottom line in the diagram. Now we prove the existence.
As f is S-rational, we can freely enlarge U to suppose that π(U) = S.

We have to check that for every open subset S ′ ⊂ S and every α ∈
H0(S ′,OS′) ⊗k Lp

V ′,n, there exists ρ ∈ H0(S ′,OS′) ⊗k Lp
V,n whose image in

H0(VS′ , SymnΩp
VS′/S′) restricts as f ∗α on U ×S S ′. It is sufficient to prove

it for every S ′ in a base of open subsets of S. Hence, as Lp
V,n has finite

dimension (see Proposition 3.3.8), we can suppose that there exists a finite
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set of closed points P ⊂ V such that PS′ ⊂ U and the linear composition
ι : Lp

V,n ↪→ H0(V, Symn Ωp
V )→ H0(P, (SymnΩp

V )|P ) is injective.
The restriction of f ∗α to PS′ defines an element ρ′ ofH0(PS′ , (SymnΩp

VS′/S′)|PS′ ) ∼=
H0(S ′,OS′)⊗kH

0(P, (Symn Ωp
V )|P ). By Lemma 3.5.12, for every closed point

s ∈ S ′, (f ∗α)s is the restriction to Us of an element of Lp
V,n. Hence we have

ρ′ ∈ H0(S ′,OS′)⊗k ι(L
p
V,n). As ι(L

p
V,n)
∼= Lp

V,n, we have defined an element ρ
of H0(S ′,OS′)⊗kL

p
V,n, whose image in H0(U ×S S

′, SymnΩp
VS′/S′) is f ∗α.

3.5.5 Notations

Let k be a field, V an irreducible and geometrically reduced k-variety, V ′

a smooth and projectively log-compactifiable k-variety and f : V 99K V ′

a rational map. Let k′ be a field extension of k. Let f ′ : V ⊗k k′ 99K
V ′ ⊗k k

′ be the pull-back of f . By Proposition 3.4.7, for every p ∈ N with
1 ≤ p ≤ dimV ′, we have Im(Λp df) ⊂ TBp

+(V
′) if and only if Im(Λp df ′) ⊂

TBp
+(V

′ ⊗k k
′). Moreover, this last inclusion is realized in restriction to an

irreducible component of V ⊗k k
′ if and only if it is realized in restriction to

every irreducible component. Hence, we can suppose k algebraically closed
to prove Theorem 3.5.3.

Moreover, one can freely replace V with a nonempty open subset to prove
the theorem. Thus, as k is perfect, we can suppose V smooth. Finally,
we can consider each irreducible component of V ′ independently, so we can
suppose V ′ (geometrically) integral. From now on, we fix V a smooth integral
variety and V ′ a projectively log-compactifiable smooth integral variety over
an algebraically closed field k, and p ∈ N with 1 ≤ p ≤ dimV ′.

Notation 3.5.14. We denote by D the presheaf on the category C of reduced
k-varieties such that:

� for every object S of C: D(S) is the set of S-complete S-rational maps
f : VS 99K V ′

S such that for every s ∈ S, Im(Λp dfs) ̸⊂ TBp
+(V

′)⊗k κ(s)
(with κ(s) the residue field of S at s),

� for every morphism f of C: D(f) := f ∗.

To define u, we first need the following notations.

Notations 3.5.15. � We denote by E the vector space Homk(L
p
V ′,n, L

p
V,n)

∨.

� We denote by VE the vector space Homk(L
p
V ′,n, L

p
V,n) viewed as an affine

k-variety (which means that for every object S of C, we have VE(S) =
H0(S,OS ⊗k Homk(L

p
V ′,n, L

p
V,n))).
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� We denote V∗E := VE \ {0}.

In Lemma 3.5.13, we have defined a morphism of OS-modules f ∗
L : OS⊗k

Lp
V ′,n → OS ⊗k L

p
V,n for every object S of C and every S-complete element

f of RatS(VS, V
′
S). It corresponds to an element of VE(S) = H0(S,OS ⊗k

Homk(L
p
V ′,n, L

p
V,n)). As f

∗ is compatible with base changes T → S, f ∗
L is com-

patible with base changes too, so that procedure is functorial in S. Moreover,
by definition of Bp

+, the image of an element of D(S) is in V∗E(S). Hence
we get a morphism of presheaves D → V∗E.

Notation 3.5.16. We denote by u the morphism D → V∗E of presheaves on
the category C such that for every object S of C and every element f of D(S),
u(f) is the element of V∗E(S) ⊂ H0(S,OS ⊗k Homk(L

p
V ′,n, L

p
V,n)) given by

f ∗
L (from Lemma 3.5.13).

3.5.6 Finding again the initial morphism

Let q be the canonical projection V∗E → PE. In this subsection, we prove
the following lemma.

Lemma 3.5.17. There exists:

� a finite set I,

� a disjoint family (Ai) of smooth locally closed subvarieties of PE in-
dexed by I,

� for every i ∈ I, a morphism ri : Ai → D of presheaves on C,

such that for every f ∈ D(k), there exists i ∈ I such that q ◦ u(f) ∈ Ai(k)
and ri(q ◦ u(f)) = f .

For every n ∈ N>0, an element s of PE(k) gives a nonzero k-linear map
Lp
V ′,n → Lp

V,n, up to a scalar. As the elements of Lp
V,n give global sections

of the line bundle Op(n) on PΩp
V , there is an associated Kodaira rational

map f 1
s : PΩp

V 99K PLp
V ′,n. On the other hand, we have a Kodaira map

ϕn : PΩp
V ′ 99K PLp

V ′,n. Thanks to Theorem 3.2.4.2, we can choose n ∈ N>0

such that ϕn defines a locally closed embedding PΩp
V ′ \ Bp

+(V
′) ↪→ PLp

V ′,n.
We suppose Bp

+(V
′) ̸= PΩp

V ′ so that ϕn is a rational map (otherwise, the
statement of the theorem is obvious).

Our goal is to define a complete rational map fs : V 99K V ′ in D(k) such
that the following diagram commutes.
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PLp
V ′,v

PΩp
V PΩp

V ′

V V ′

f1
s

ϕn

fs

The family (Ai) of locally closed subsets of PE will be defined such that s
is an element of one of the Ai(k)’s if and only if it is possible to define fs as
above, and the morphism ri : Ai → D will be defined such that ri(s) = fs.

But to define a morphism of presheaves Ai → D, we have to do this in
family. Using the universal property of PE, it is easy to check that we can
assemble the f 1

s ’s to form a PE-rational map f 1 : (PΩp
V )PE 99K (PLp

V ′,n)PE.
Apply Lemma 3.5.11: there exists a finite set I1 and a family of locally closed
embeddings ιi : A

1
i ↪→ PE indexed by i ∈ I1 such that PE =

⨆︁
i∈I1 A

1
i and

for every i ∈ I1, f 1
i := ι∗i f

1 is a strict A1
i -rational map. Denote ImA1

i
(f 1

i ) by

Imi.

For s ∈ PE(k), we have to define a lift PΩp
V 99K PΩp

V ′ of f 1
s when it

is possible. Denote by W the locally closed subset of PLp
V ′,n defined as the

image of the Kodaira map ϕn : PΩp
V ′ \ Bp

+(V
′) ↪→ PLp

V ′,n. Consider the set

Bi of points s ∈ A1
i such that (Imi)s is included in W̄ ⊗k κ(s) and intersects

W⊗kκ(s), with κ(s) the residue field of A1
i at s. The set Bi is constructible by

Chevalley’s theorem. Indeed, if we denote by qi the projection (PLp
V ′,n)A1

i
→

A1
i , we have Bi = qi(Imi ∩WA1

i
) \ qi(Imi \W̄A1

i
). The union of the Bi’s for

every i ∈ I1 is then constructible, so it is a disjoint finite union of locally
closed subsets A2

i indexed by i ∈ I2 with I2 a finite set. We can suppose
that for every i ∈ I2, there exists i′ ∈ I1 such that A2

i ⊂ A1
i′ . Moreover,

by definition, for every i ∈ I2, we have a A2
i -rational map (PΩp

V )A2
i
99K

(PΩp
V ′)A2

i
. Composing with the projection PΩp

V ′ → V ′, we obtain a strict

A2
i -rational map f 2

i : (PΩp
V )A2

i
99K (V ′)A2

i
. We denote ΓA2

i
(f 2

i ) by Γ
2

i .

For s ∈ A2
i (k), we need to factorize (f 2

i )s : PΩp
V 99K V ′ by a rational

map (f 3
i )s : V 99K V ′ when it is possible. To do this, we need the following

lemma.

Lemma 3.5.18. Let k be an algebraically closed field. Let S be a geomet-
rically irreducible k-variety. Let W , W ′ and P be three S-varieties with W
and P geometrically irreducible. Let π : P → W a faithfully flat S-morphism

71



and f : P 99K W ′ be a S-rational map. Then there exists a (unique) S-
rational map h : W 99K W ′ such that f = h ◦ π (i.e. the diagram below
commutes) if and only if there exists a closed subset G ⊂ W ×S W

′ such that
ΓS(f) = π′−1(G) with π′ : P ×S W ′ → W ×S W ′ the pull-back of π.

P

W W ′

π
f

h

Moreover, in this case, G = ΓS(h). In particular h is strict if and only if f
is strict.

Proof. The direct implication is obvious with G = ΓS(h). For the converse,
let U ⊂ P be the maximal open subset on which f is defined. Denote by O
the open subset π(U) of W . As f is S-rational, O intersect every fiber above
S. The restriction U → O of π is faithfully flat. By the definition of U and
by the faithfully flat descent [41, Exposé VIII Corollaire 5.4], G×W O → O
is an isomorphism. Hence we can define h as the composition W ←↩ O ∼=
G ×W O → W ′. Moreover, we have G = π′(ΓS(f)), so G is geometrically
irreducible, hence G = ΓS(h).

Denote by Gi the set of points of (V × V ′)A2
i
above which the fiber of Γ

2

i

is equal to the whole fiber of (PΩp
V ×V ′)A2

i
. Let Fi be the projection of Gi on

VA2
i
. Denote by A3

i the set of points of A
2
i above which the fiber of Fi is equal

to the whole fiber of VA2
i
. By Chevalley’s theorem, A3

i is a constructible subset

of A2
i . We can freely refine the partition A2 :=

⨆︁
iA

2
i to suppose that either

A3
i is empty or A3

i = A2
i . In the first case, Lemma 3.5.18 implies that for

every s ∈ A2
i (k), there is no factorization of (f 2

i )s : PΩp
V 99K V ′ by a rational

map V 99K V ′. In the second case, denote Hi := Gi×V PΩp
V ⊂ (PΩp

V ×V ′)A2
i
.

Then Hi is included in Γ
2

i . Moreover, the fibers of Hi and Γ
2

i above A2
i have

the same dimension and the fibers of Γ
2

i are irreducible. Hence Hi = Γ
2

i .

Now we apply Lemma 3.5.18: we obtain that Γ
3

i := Gi is the graph of a
strict A3

i -rational map f 3
i : VA3

i
99K V ′

A3
i
.

We have to restrict to the set of points s ∈ A3
i such that (f 3

i )s is in
D(κ(s)). Let A4

i be the set of points s ∈ A3
i such that (f 3

i )s is complete. Let
us check that A4

i is constructible. Let (V̄
′, D′) be a log-compactification of V ′.

Denote by f̄ 3
i : VA3

i
99K V̄ ′

A3
i
the composition of f 3

i with the inclusion of V ′
A3

i

in V̄ ′
A3

i
. Then f̄ 3

i is a A3
i -complete A3

i -rational map (see Examples 3.5.2.2).

By Lemma 3.5.11, we can freely refine the partition A3 :=
⨆︁

i A
3
i to suppose
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that every f̄ 3
i is strict. Let Ki be the projection of Γ

3

i ∩D′
A3

i
on VA3

i
. Then f 3

i

is not defined on Ki, and outside of Ki, f̄
3
i and f 3

i are defined on the same
open subset. Thus A4

i is the set of points of A
3
i above which the codimension

of the fiber of Ki in VA3
i
is at least 2. Hence A4

i is constructible (see [80,
Lemma 05F9]).

Finally, we define Ai as the set of points s ∈ A4
i such that Im(Λp d(f 4

i )s) ̸⊂
TBp

+(V
′)A4

i
. It is constructible by Chevalley’s theorem. We can freely refine

the partition (Ai) so that every Ai is locally closed and smooth.

For each Ai, the pull-back of f 4
i gives a (strict) Ai-complete Ai-rational

map fi : VAi
99K V ′

Ai
such that for every s ∈ Ai, Im(Λp d(fi)s) ̸⊂ TBp

+(V
′){s}.

By definition of D, fi is an element of D(Ai). By Yoneda lemma, it cor-
responds to a morphism ri : Ai → D. Following the construction of Ai

and ri, one can check that for every f ∈ D(k), there exists i ∈ I such
that q(u(f)) ∈ Ai(k), and ri(q(u(f))) = f . That concludes the proof of
Lemma 3.5.17.

3.5.7 End of the proof

Denote by Ai a normal compactification of Ai such that Ai \ Ai is a divisor
(take for instance the normalization of a blow-up of the closure of Ai in
P(E)). As Ai is normal and V̄ ′ is proper, there exists an open subset O ⊂
Ai such that Ai ⊂ O, Ai \ O has codimension at least 2 and fi extends
as a O-rational map f i : VO 99K V̄ ′

O. Let B be the divisor O \ Ai of O.
Then the pull-back of an element α ∈ Lp

V ′,n by f i defines an element f
∗
iα

of H0(VO, Sym
n Ωp

VO
(log VB)). As the divisor VB of VO is vertical above O,

there is a canonical surjection SymnΩp
VO
(log VB)→ SymnΩp

VO/O. Hence f
∗
iα

defines an element β ∈ H0(VO, Sym
nΩp

VO/O). Let us prove that β comes from

an element ρ of H0(VO,OVO
)⊗ Lp

V,n.

As Lp
V,n has finite dimension, there exists a finite set of closed points

P ⊂ V such that the linear composition ι : Lp
V,n ↪→ H0(V, SymnΩp

V ) →
H0(P, (Symn Ωp

V )|P ) is injective. Then β defines an element ρ′ ofH0(PO, (Sym
nΩp

VO/O)|PO
).

As P is finite, we have:

H0(PO, (Sym
n Ωp

VO/O)|PO
) ∼= H0(O,OO)⊗k H

0(P, (SymnΩp
V )|P ).

By Lemma 3.5.12, the restriction of ρ′ to PAi
is in H0(Ai,OAi

)⊗k Im(ι). By
density of Ai in O, ρ′ is in H0(O,OO) ⊗k Im(ι). Thus it defines an element
ρ of H0(VO,OVO

)⊗ Lp
V,n.
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We got a k-linear map Lp
V ′,n → H0(VO,OVO

)⊗Lp
V,n. It defines a morphism

O → VE. As Ai is normal, Ai \ O has codimension at least two and VE is
affine, this morphism extends as a morphism ei : Ai → VE. By construction
of ei, for every s ∈ Ai(k), we have ei(s) = u(ri(s)). Moreover, as Ai is proper
and VE is affine, ei has finite image. Denote by Fi ⊂ VE(k) the finite set of
closed points that are both in the image of ei and in q−1(Ai(k)).

Finally, let f ∈ D(k). Let i ∈ I be such that q(u(f)) ∈ Ai(k). We have
u(f) = u(ri(q(u(f)))) ∈ Fi, thus f = ri(q(u(f))) ∈ ri(q(Fi)). Therefore
D(k) =

⨆︁
i∈I ri(q(Fi)), so it is finite. This concludes the proof of Theo-

rem 3.5.3.

Remark 3.5.19. Absolutely logarithmic forms are not essential in the previ-
ous proof: one can replace Lp

V,n by H0(V̄ , Sym[n] Ωp

V̄
(D)) as in the proof of

Proposition 3.3.8.
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Chapter 4

Varieties supporting a variation
of Hodge structure

4.1 Introduction

If a smooth complex quasiprojective variety admits a polarizable variation of
Hodge structure, then the logarithmic cotangent and the logarithmic canon-
ical bundles on a log-compactification are known to have some positivity
properties. In this chapter, we investigate the positivity of the vector bun-
dles of logarithmic differential forms of every degree. See Subsection 3.2.5
for the definition of the different notions of positivity.

4.1.1 Bigness

We begin by a result of L-bigness.

Theorem 4.1.1. Let V̄ be a connected smooth complex projective variety.
Let D ⊂ V̄ be a normal crossing divisor. Let V be a complex polarizable
variation of Hodge structure (C-PVHS) on V := V̄ \D. Let p be an integer
such that 1 ≤ p ≤ dimV . Suppose there exists a point x in V at which the
period map of V is immersive. Then the vector bundle Ωp

V̄
(logD) is L-big.

The cases of p = 1 and p = dimV of the previous theorem were proven by
Brunebarbe and Cadorel [23] (generalizing results of Zuo [91], Brunebarbe-
Klingler-Totaro [24] and Brunebarbe [22]). A similar proof gives the general
case.

The notion of Viehweg-bigness is stronger than L-bigness, and is equiva-
lent to it if E is a line bundle. In particular, in the setting of Theorem 4.1.1,
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Ωdim V̄
V̄

(logD) is Viehweg-big. We prove that it is actually the case for every
degree high enough.

To give a degree from which Ωp

V̄
(logD) is Viehweg-big, we consider some

restrictions of iterations of the Higgs field. For a C-PVHS V on a smooth
variety V and a point x ∈ V , we have a grading Vx = ⊕i∈ZVi

x. For every
i, j ∈ Z with j ≤ i, we can restrict the (i − j)-th iterate θi−j of the Higgs
field θ associated with V to define a map θi,jx : TV,x → HomC(Vi

x,Vj
x).

In order to simplify the statement, we add here a “Torelli type” hypoth-
esis (∗) and a “Calabi-Yau type” hypothesis (∗∗) (for the general statement
without these hypotheses, see Theorem 4.7.6).

Theorem 4.1.2. Let V̄ be a connected smooth complex projective variety.
Let D ⊂ V̄ be a normal crossing divisor. Let V be a C-PVHS on V := V̄ \D.
Suppose V has quasi-unipotent local monodromy (around every irreducible
component of D). Let x ∈ V be a point where the period map of V is im-
mersive. Let i ∈ Z be the biggest integer such that θi,i−1

x is nonzero. Suppose
that:

(∗) θi,i−1
x is injective,

(∗∗) dimVi
x = 1.

Let j be the smallest integer with j < i such that θi,jx is nonzero. Let m be
the maximum dimension for a vector subspace S ⊂ TV,x such that for every
v ∈ S, θi,jx (v) = 0. Let p ∈ N be such that m < p ≤ dimV . Then Ωp

V̄
(logD)

is Viehweg-big.

The previous theorem applies to the moduli space of quintic threefolds.
In the following theorem, the “91” stems from the limits of our computing
power and could probably be improved.

Theorem 4.1.3. ConsiderM the fine moduli space of smooth complex quin-
tic threefolds, that is a smooth Deligne-Mumford stack that admits a finite
étale cover M → M with M a connected smooth complex quasiprojective
variety. Let (M̄,D) be a projective log-compactification of M .

Then Ωp

M̄
(logD) is Viehweg-big if 91 ≤ p ≤ 101 = dimM .

4.1.2 Augmented base locus

Consider (V̄ , D) a projective log-compactification of a connected smooth
quasiprojective variety V . Recall that for p ∈ N with 1 ≤ p ≤ dimV ,
the augmented base locus Bp

+(V ) controls the positivity of Ωp

V̄
(logD):

� Ωp

V̄
(logD) is L-big if and only if Bp

+(V ) ̸= PΩp
V ,
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� Ωp

V̄
(logD) is ample with respect to a Zariski open subset U ⊂ V if and

only if the projection of Bp
+(V ) on V does not intersect U ,

� Ωp

V̄
(logD) is Viehweg-big if and only if the projection of Bp

+(V ) on V
is not V .

We prove that when V supports a C-PVHS V with quasi-unipotent local
monodromy, Bp

+(V ) is controlled by the Higgs field and the conjugate Higgs
field.

Notation 4.1.4. Let M be a complex manifold, x ∈ M , V a C-PVHS on
M . Let θx : TM,x → End(Vx) be the Higgs field and θ∗x : T 0,1

M,x → End(Vx)
the conjugate Higgs field at x. For v ∈ TM,x, we denote CV(v) := {w ∈
TM,x, [θ

∗
x(v̄), θx(w)] = 0}.

Theorem 4.1.5. Let V̄ be a smooth complex projective variety. Let D ⊂ V̄
be a normal crossing divisor. Let V be a C-PVHS with quasi-unipotent local
monodromy on V := V̄ \ D. Let x ∈ V be a point where the period map
of V is immersive. Let p be an integer such that 1 ≤ p ≤ dimV . Let
α ∈ ΛpTV,x be such that [α] ∈ Bp

+(V ). Then there exists v ∈ TV,x \ {0} such
that α ∈ ΛpCV(v) (Notation 4.1.4).

4.1.3 Outline of the proofs

We begin by the proof of Theorem 4.1.5, which is based on the study of the
positivity of the curvature of the Hodge metric which comes from a polar-
ization of the C-PVHS. Indeed, a polarization of V induces a polarization
of End(V), that gives a Hodge metric. Outside of the Zariski closed subset
Deg(V) ⊂ V of points where the period map is not immersive, we can pull
back this Hodge metric by the Higgs field θ to obtain a Kähler metric h
on V \ Deg(V). It induces a Hermitian metric on ΛpTV \Deg(V), and then a

Hermitian metric ĥ on Op(1). The negativity properties of the Hodge metric

imply positivity properties of ĥ. We obtain the following proposition, that is
proved in Section 4.4.

Proposition 4.1.6. Let M be a complex manifold. Let V be a complex
polarized variation of Hodge structure on M with an immersive period map.
Let p be an integer such that 1 ≤ p ≤ dimM . Let C1(Op(1), ĥ) be the first

Chern form of ĥ (notation given above). Let x ∈M , let α ∈ ΛpTM,x \ {0}.
Then the real (1, 1)-form C1(Op(1), ĥ) is semipositive. Moreover, if it

is not positive definite at [α] then there exists v ∈ TM,x \ {0} such that
α ∈ ΛpCV(v) (Notation 4.1.4).
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We can deduce information on the augmented base locus from it thanks
to Tosatti’s analytic version of Nakamaye’s theorem ([83, Theorem 4.5], see
Theorem 3.2.11). The latter theorem has a nefness hypothesis. We do not
prove that Op(1) is nef, but we compare it with the dual of a subquotient
of a log-Higgs bundle, that is nef (see Theorem 4.5.5). Then we obtain the
proof of Theorem 4.1.5 (section 4.5).

The key result to deduce Theorem 4.1.2 from Theorem 4.1.5 is that a tan-
gent vector v ∈ TV,x induces a decomposition of the complex Hodge structure
Vx compatible with the endomorphisms θx(w) for every w ∈ CV(v) with θ
the Higgs field (Proposition 4.6.5). The proof of this decomposition is based
on Schur’s lemma, applied in a semisimple category of “complex polarizable
infinitesimal variations of Hodge structure” (C-PIVHS, see Definition 4.6.1).
We deduce Theorem 4.1.2 from Proposition 4.6.5 in Section 4.7.

4.2 Definitions and notations

As in this chapter, we will consider only complex Hodge structures, it is not a
loss of generality to consider that the weight is always 0, and then to consider
simple (and not double) gradings. Thus, a complex Hodge structure (C-HS)
is a finite dimensional complex vector space H with a grading H =

⨁︁
i∈Z H

i.
A polarization Q of this C-HS is a conjugate-symmetric sesquilinear form
on H with respect to which the decomposition

⨁︁
i∈Z H

i is orthogonal and
such that for every i ∈ Z, the restriction of (−1)iQ to H i is positive definite.
The Hodge metric associated with Q is the unique Hermitian product of H
with respect to which the decomposition

⨁︁
i∈Z H

i is orthogonal such that its
restriction to H i is equal to (−1)iQ for every i ∈ Z.

LetM be a complex manifold. Denote by C∞ the sheaf of rings of smooth
complex functions onM , by A1 the C∞-module of smooth differential 1-forms
and by A0,1 (resp. A1,0) the submodule of 1-forms of bidegree (0, 1) (resp.
(1, 0)). A complex variation of Hodge structure (C-VHS) on M is the data
of a complex local system V on M and for every x ∈M , of a C-HS

⨁︁
i∈Z Vi

x

on Vx such that for every i ∈ Z:

� the Vi
x’s define a C∞-submodule Vi of VC∞ := V⊗C C∞,

� if ∇ is the flat connection induced by V on VC∞ and if σ is a local
section of Vi, then the local section ∇σ of V ⊗C A1 is a section of
(Vi−1 ⊗C∞ A1,0)⊕ (Vi ⊗C∞ A1)⊕ (Vi+1 ⊗C∞ A0,1).
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A polarization Q of V is a conjugate-symmetric sesquilinear form V⊗CV̄→ C
such that for every x ∈M , Qx is a polarization of the C-HS Vx. The Hodge
metric associated with Q is the Hermitian metric defined on VC∞ by the
Hodge metrics associated with the Qx’s. A complex polarizable variation of
Hodge structure (C-PVHS) is a C-VHS that admits a polarization.

For V a C-VHS, i ∈ Z and σ a local section of Vi, we have a decomposition
∇σ = θσ + δ′σ + δ′′σ + θ∗σ where θσ (resp. δ′σ, δ′′σ, θ∗σ) is a section of
Vi−1 ⊗C∞ A1,0 (resp. Vi ⊗C∞ A1,0, Vi ⊗C∞ A0,1, Vi+1 ⊗C∞ A0,1). It is easy
to see that θ (resp. θ∗) is defined by a section of End(V) ⊗C A1,0 (resp.
End(V)⊗C A0,1). We call it the Higgs field (resp. conjugate Higgs field). If
V is polarizable, then θ and θ∗ are adjoint with respect of every polarization.

The Higgs bundle associated with a C-VHS V is the data of the unique
holomorphic vector bundle E whose sheaf of smooth sections is VC∞ and
whose Dolbeault operator is δ′′ defined above, and of the holomorphic global
section of End(E) ⊗ Ω1

M defined by the Higgs field θ. If V is polarizable,
then the Hodge metric associated with a polarization is a smooth Hermitian
metric on E.

4.3 L-bigness

With Lemma 3.2.12, we can prove Theorem 4.1.1. The proof is close to the
proof of [23] for the cases p = 1 and p = dimV . Recall that a C-PVHS on a
complex manifold M induces a Hermitian metric h of seminegative curvature
on the open subset U of points of M at which the period map is immersive.
The proof is based on the following fact due to Brunebarbe, Klingler and
Totaro.

Lemma 4.3.1 (see [24, Lemma 1.4]). For every x ∈ U , there exists v ∈
TV,x \ {0} such that kerR(v, v̄) = {0} with R the Riemann curvature tensor
of h.

Proof of Theorem 4.1.1. By [23, Proposition 2.4], h extends as a singular
Hermitian metric of seminegative curvature on Ω1

V̄
(logD). Hence it induces

a singular Hermitian metric of seminegative curvature on Ωp

V̄
(logD), and

then on Op(1) (it is sufficient to check it over U thanks to [23, Lemma 2.3]).
Let x be any point of U . Let v be a vector as given by Lemma 4.3.1

just above. Let v2, . . . , vp be tangent vectors at x such that v, v2, . . . , vp are
linearly independent. By Remark 3.4.12, for every w ∈ TU,x \ {0}, we have
v /∈ kerR(w, w̄). Thus, α := v ∧ v2 ∧ · · · ∧ vp /∈ Λp kerR(w, w̄).

79



Thus by Lemma 3.2.12, the curvature of the singular Hermitian metric
of Op(1) is Kähler on a Euclidean open neighborhood of [α] in PΩp

V̄
(logD).

We conclude by applying Theorem 3.4.13.

4.4 Curvature of the Hodge metric

In this section, we prove Proposition 4.1.6. In the following, M is a complex
manifold, V a complex polarized variation of Hodge structure on M , (E, θ)
the associated Higgs bundle and θ∗ the conjugate Higgs field.

The curvature of the Chern connection of the Hodge metric on E is −θ∧
θ∗ − θ∗ ∧ θ (see [75, Definition 4.2.8]). The local system End(V) has an
induced structure of C-PVHS and an induced polarization. It is easy to see
that its Higgs field is given by:

Θ(v).f = [θ(v), f ] (4.1)

for x ∈ M , v ∈ TM,x and f ∈ End(Ex). Hence the curvature tensor RE of
End(E) over M is given for x ∈M , v, w ∈ TM,x and f ∈ End(Ex) by:

RE(v, w̄).f = −[[θ(v), θ∗(w̄)], f ]. (4.2)

Lemma 4.4.1. Let x ∈M , v ∈ TM,x and f ∈ End(Ex)
−1. Suppose [θ(v), f ] =

0. Then [θ∗(v̄), f ] = 0 if and only if RE(v, v̄).f = 0.

Proof. The direct implication follows from the formula of the curvature (4.2)
and the Jacobi formula.

For the converse implication, let sl ⊂ End(Ex) be the complex Lie subal-
gebra of endomorphisms of trace zero. Consider its real form su of endomor-
phisms of trace zero which are skew-adjoint with respect to the polarization.
Denote by f ∗ the conjugate of f ∈ sl for this real form. This is consistent
with the notation θ∗ in the sense that (θ(v))∗ = θ∗(v̄). Denote by sl0 (resp.
su0) the intersection of sl (resp. su) with End(Ex)

0. Note that su0 is a real
form of sl0 and is compactly embedded in su (which means that su0 is the
Lie algebra associated with a compact Lie subgroup of the real Lie group
of inner automorphisms of su). Let β be the Killing form of su. By [44,
Proposition 6.8], β is negative definite on su0.

Now suppose RE(v, v̄).f = 0. As [θ∗(v̄), f ] ∈ sl0, by the foregoing, it is
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sufficient to prove β([θ∗(v̄), f ], [θ(v), f ∗]) = 0. We have:

β([θ∗(v̄), f ], [θ(v), f ∗]) = β([[θ∗(v̄), f ], θ(v)], f ∗)

= −β([[f, θ(v)], θ∗(v̄)], f ∗)− β([[θ(v), θ∗(v̄)], f ], f ∗)

= −β([[θ(v), θ∗(v̄)], f ], f ∗)

= β(RE(v, v̄).f, f
∗)

= 0.

Now, suppose that the period map is immersive: equivalently, for every
point x ∈ M , the linear map TM,x → End(Ex) given by θ is injective. Con-
sider the Hermitian metric on TM defined as the pull back by θ of the Hodge
metric on End(V). By [53, Theorem 1.2], it is a Kähler metric. Denote by
R its Riemann curvature tensor.

Lemma 4.4.2. Let x ∈M , v, w ∈ TM,x. If R(v, v̄).w = 0, then [θ∗(v̄), θ(w)] =
0

Proof. The Hodge metric on End(E) has Griffiths seminegative curvature.
As the injection θ : TM ↪→ End(E) is locally split and the curvature decreases
on direct factor subbundles, we have θ(kerR(v, v̄)) ⊂ kerRE(v, v̄). Moreover,
θ(v) and θ(w) commute. Hence we can apply Lemma 4.4.1.

Proof of Proposition 4.1.6. Apply Lemma 3.2.12 to the tangent bundle and
apply Lemma 4.4.2.

4.5 Augmented base locus

In this section, we prove Theorem 4.1.5, using the same method as for Propo-
sition 3.4.11. Let V be a smooth complex quasiprojective variety. Let (V̄ , D)
be a projective log-compactification of V . Let V be a C-PVHS on V . Sup-
pose its local monodromy is unipotent. This hypothesis is not restrictive to
prove Theorem 4.1.5. Indeed, for every C-PVHS V with quasi-unipotent local
monodromy on V , there exists a finite étale covering map V ′ → V such that
the pull-back of V on V ′ has unipotent local monodromy (see [6, Proposition
8.2]), and the augmented base locus is compatible with finite étale covering
maps (Proposition 3.4.6.5).

Let (E, θ) be the Higgs bundle associated with V. Denote by θ∗ the
conjugate Higgs field. Denote by Deg(V) the degeneracy locus of V, that is
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the set of points x ∈ V such that the linear map TV,x → End(Ex) defined
by θ is not injective. Equivalently, it is the set of points at which the period
map is not immersive. It is a Zariski closed subset of V .

The following lemma is essentially [42, Example 7.17.3].

Lemma 4.5.1. Let k be a field. Let V be an algebraic k-variety. Let E be a
locally free coherent OV -module. Let L be an invertible coherent submodule
of E. Let U ⊂ V be the biggest open subset of V on which L is locally a
direct factor of E. Then there exist a blow-up b : V ′ → V whose center does
not intersect U and an invertible coherent submodule L′ of b∗E that is locally
a direct factor, includes b∗L and is equal to it above U .

Proof. The injection of L in E induces a morphism a : E∨ ⊗ L → OV . The
image I of a is a coherent sheaf of ideals whose restriction to U is equal to
the structural sheaf. Let b : V ′ → V be the blow-up with respect to I. Let
I ′ := b−1I · OV ′ be the inverse image ideal sheaf of I. Then I ′ is the image
of the morphism b∗a : b∗E∨ ⊗ b∗L → OV ′ , and it is an invertible coherent
OV ′-module. Then define L′ as I ′−1.b∗L.

Schmid’s nilpotent orbit theorem (see [77]) gives a canonical extension
of E as a holomorphic vector bundle ⋄E on V̄ . The Higgs field defines
a morphism of holomorphic vector bundles ⋄θ : TV̄ (− logD) → End(⋄E)
called the log-Higgs field. It induces a morphism ⋄θp : ΛpTV̄ (− logD) →
Λp End(⋄E).

We denote by π the projection PΩp

V̄
(logD)→ V̄ and by Op(−1) the dual

of Op(1). It is locally a direct factor of π∗ΛpTV̄ (− logD).

Lemma 4.5.2. There exist a smooth projective variety P , a projective bi-
rational morphism b : P → PΩp

V̄
(logD) which is an isomorphism above

V \ Deg(V) and such that b−1(π−1(D ∪ Deg(V))) is a normal crossing divi-
sor, and an invertible coherent submodule L of b∗π∗Λp End(⋄E) that is locally
a direct factor, includes b∗⋄θp(Op(−1)) and is equal to it above V \Deg(V).

Proof. Apply Lemma 4.5.1 and define P as a desingularization of V ′.

The following lemma shows that above V \Deg(V), the augmented base
locus of L∨ restricts the one of Op(1).

Lemma 4.5.3. With the notations of the previous lemma, we have B+(Op(1))∩
PΩp

V \Deg(V) ⊂ b(B+(L
∨)).
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Proof. Because of Proposition 3.2.3, we have:

B+(Op(1)) ∩ PΩp
V \Deg(V) ⊂ b(B+(b

∗Op(1))).

Then Lemma 3.2.2 gives B+(b
∗Op(1)) ∩ b−1(PΩp

V \Deg(V)) ⊂ B+(L
∨).

To conclude the proof of Theorem 4.1.5, we need to prove that L∨ has
properties close to the ones needed for Op(1) in the hypotheses of Proposi-
tion 3.4.11. This is given by the two theorems below, that we can apply to
L because of the following lemma.

Lemma 4.5.4. The log-Higgs field of b∗π∗Λp End(⋄E) vanishes on the line
bundle L defined in Lemma 4.5.2.

Proof. Let x ∈ V , let v ∈ TV,x. As θ(v) commutes with θ(w) for every
w ∈ TV,x, the Higgs field Θ of End(E) vanishes at θ(v) because of formula
(4.1). Hence the Higgs field Θp of Λp End(E) vanishes on the image of ΛpTV

in Λp End(E) (defined by θ and Leibniz rule). Therefore, the Higgs field of
π∗Λp End(E) vanishes on the image of Op(−1). By density of b−1(PΩp

V ) in
P , it is equivalent to the vanishing of the log-Higgs field of b∗π∗Λp End(⋄E)
on L.

The following two theorems allow us to use L∨ instead of Op(1) to mimic
the proof of Proposition 3.4.11.

Theorem 4.5.5 (see [91, Theorem 1.2] or [22, Theorem 1.8]). Let L be an
invertible coherent submodule of ⋄E which is locally a direct factor. Suppose
the log-Higgs field vanishes on L. Then the dual L∨ of L is nef.

Theorem 4.5.6 (see [21, Theorem 1.4]). Let L be an invertible coherent
submodule of ⋄E. Suppose the log-Higgs field vanishes on L. Then the re-
striction of the Hodge metric of E (given by a polarization of E) to L is a
singular Hermitian metric with seminegative curvature.

Proof of Theorem 4.1.5. Denote by U the complement of the set of [α] ∈
PΩp

V \Deg(V) such that there exists v ∈ TV \Deg(V) with v ̸= 0 such that α ∈
ΛpC(v). We have to prove that U does not intersect Bp

+(V ). By Lemma 4.5.3,
it is sufficient to prove that b−1(U) does not intersect B+(L

∨) with b and L
defined in Lemma 4.5.2.

By Theorem 4.5.6 applied to L thanks to Lemma 4.5.4, the Hodge metric
induces a singular metric ĥ of semipositive curvature on L∨. It means that
C1(L

∨, ĥ) defines a positive closed real (1, 1)-current on P whose de Rham
class is the first Chern form c1(L

∨). By Proposition 4.1.6 applied on V \
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Deg(V), and because L∨ and Op(1) are equal above it, b
−1(U) is included in

a Euclidean open subset U ′ ⊂ P on which C1(L
∨, ĥ) is Kähler.

Suppose U ′ is not empty (otherwise there is nothing to prove). Then we
have

∫︁
P
C1(L

∨, ĥ)dimP > 0. Hence Theorem 3.4.13 gives that L∨ is a big line
bundle.

The real (1, 1)-class c1(L
∨) is big, and nef by Theorem 4.5.5 (applied to

L thanks to Lemma 4.5.4). Hence we can apply Theorem 3.2.11 with the
positive closed real (1, 1)-form C1(L

∨, ĥ). It gives that the non-Kähler locus
of c1(L

∨) does not intersect U ′. Thanks to Theorem 3.2.10, the non-Kähler
locus of c1(L

∨) is the augmented base locus of L∨.

4.6 Decomposition of polarized infinitesimal

variations of Hodge structure

To deduce the positivity properties of the logarithmic cotangent bundles from
Theorem 4.1.5, we will need Proposition 4.6.5 below. To state and prove it,
we need to define a notion of complex polarizable infinitesimal variation of
Hodge structure.

Definition 4.6.1. Let T be a complex vector space. A complex polarizable
infinitesimal variation of Hodge structure (C-PIVHS) on T is the data of
(H,H i, δ, δ∗) with (H,H i) a C-HS, δ : T → End(H,H i)−1 a linear map and
δ∗ : T → End(H,H i)1 an antilinear map such that:

� for every v, w ∈ T , δ(v) and δ(w) commute,

� there exists a polarization Q of (H,H i) with respect to which for every
v ∈ T , δ(v) and δ∗(v) are adjoint.

A morphism of C-PIVHS (H,H i, δ, δ∗)→ (H ′, H ′i, δ′, δ′∗) on T is a mor-
phism f : H → H ′ of C-HS which is equivariant for δ and δ′, and for δ∗

and δ′∗ (i.e. for every v ∈ T and a ∈ H, we have f(δ(v).a) = δ′(v).f(a) and
f(δ∗(v).a) = δ′∗(v).f(a)).

Examples 4.6.2. � Consider M a complex manifold, x ∈ M , and V
a C-PVHS on M . Denote by Vx the fiber of V above x, Vi

x its C-
HS, θx the Higgs field and θ∗x the conjugate Higgs field at x. Then
(Vx,Vi

x, θx, θ
∗
x) is a C-PIVHS on TM,x.

� If (HZ, H
i,j, Q, T, δ) is an infinitesimal variation of Hodge structure of

weight n ∈ Z in the sense of Carlson-Green-Griffiths-Harris [28], then
(HZ ⊗ C, H i,n−i, δ, δ̄) is a C-PIVHS on T , where δ̄ is the conjugate of
δ for the natural real form of HZ ⊗ C.
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Remark 4.6.3. The definition is made so that we can apply Schur’s lemma.
In particular:

� We do not use the “integral” infinitesimal variations of Hodge structure
defined by Carlson, Green, Griffiths and Harris. Indeed, even if we
are only interested by integral, rational or real variations of Hodge
structure, it is necessary to have a C-linear category to apply Schur’s
lemma.

� We do not use the “naive” complex analog of integral infinitesimal vari-
ations of Hodge structure, that would be the data of (H,H i, δ) without
δ∗. Indeed, the category of “naive” C-PIVHSs on a complex vector
space T is not semi-simple. Consider for instance a line T = Cv, a C-
HS H = H0⊕H1 with H0 and H1 two lines, and δ(v) an isomorphism
H1 ∼−→ H0. Then H0 is stable by δ(v) but has no complement in H
stable by δ(v).

Proposition 4.6.4. Let T be a complex vector space. The category CT of
C-PIVHSs on T is semi-simple Abelian.

Proof. It is easy to see that CT is additive and admits kernels. Let H be
an object of CT and H ′ ⊂ H a sub-object, i.e. a sub-C-HS stable by δ(v)
and δ∗(v) for every v ∈ T . Consider the orthogonal H ′⊥ for a polarization
of H as in Definition 4.6.1. It is a sub-C-HS stable by δ(v) (resp. δ∗(v))
because H ′ is stable by its adjoint δ∗(v) (resp. δ(v)), for every v. Hence we
have H = H ′ ⊕H ′⊥ in the category CT . This proves semi-simplicity and the
existence of quotients.

LetH andH ′ be two objects of CT . Using Leibniz rule for δ and δ∗, we can
define the tensor product H⊗H ′ as an object of CT . If T ′ is a complex vector
space, then a linear map f : T → T ′ induces an exact functor f ∗ : CT ′ → CT .
Hence, using the pullbacks by the projections, for S a complex vector space,
an object H of CS and an object H ′ of CT define an object H ⊗H ′ of CS⊕T .

Proposition 4.6.5. Let S, T be two complex vector spaces. Let (H,H i, δ, δ∗)
be a C-PIVHS on S ⊕ T . Then the following are equivalent.

� For every v ∈ S and w ∈ T , δ∗(v) and δ(w) commute.

� There exists a finite set A and a family (Va) (resp (Wa)) of C-PIVHS on
S (resp. T ) indexed by A such that H is isomorphic to

⨁︁
a∈A Va ⊗Wa

(in the category CS⊕T ).

85



Proof. We prove the direct implication, the converse is obvious. Denote
HS := i∗SH with iS : S ↪→ S⊕T the inclusion and HT := i∗TH with iT : T ↪→
S ⊕ T the inclusion. The group Z acts freely by shift of the grading on the
set of isomorphism classes of simple objects of CS. Let A be the finite set of
orbits under this action which are represented by a simple sub-C-PIVHS of
HS. For every a ∈ A, choose a C-PIVHS Va on S which represents a.

Let Wa be the vector space of linear maps Va → H which are equivariant
for δ|S and δ∗|S (but that are not necessarily morphisms of C-HS). Then Wa

is naturally a C-HS, so it can be considered as an object of CS with zero δ
and δ∗.

Consider the following morphism of C-PIVHS on S.

α :
⨁︁

a∈A Va ⊗Wa → HS

va ⊗ wa ↦→ wa(va).

Schur’s lemma gives the injectivity of α, and Proposition 4.6.4 gives the
surjectivity.

For every w ∈ T , δ(w) is an element of End(H)−1. By definition of a
C-PIVHS, δ(w) is equivariant for δ|S. By hypothesis, it is equivariant for δ∗|S.

Hence, by Schur’s lemma, using the isomorphism α, δ(w) can be considered
as an element of

⨁︁
a∈A End(Wa)

−1. The same applies for δ∗(w), which can
be considered as an element of

⨁︁
a∈A End(Wa)

1. Denote by δWa and δ∗Wa
the

morphisms T → End(Wa) defined in this way for every a ∈ A.
It only remains to check that for every a ∈ A, the structure (Wa,W

i
a, δWa , δ

∗
Wa

)
that we just defined is a C-PIVHS on T , by proving that it admits a con-
venient polarization. A polarization Q of C-HS of H and a polarization
Q′ of C-HS of Va induce a polarization Q′′ of C-HS of Wa, as it is a sub-
C-HS of HomC(Va, H). By definition of C-PIVHS, we can choose Q such
that for every w ∈ T , δ(w) and δ∗(w) are adjoint. Moreover, one can easily
check that for every w ∈ T and f ∈ Wa, we have δWa(w).f = δ(w) ◦ f and
δ∗Wa

(w).f = δ∗(w) ◦ f , so δWa(w) and δ∗Wa
(w) are adjoint with respect to

Q′′.

4.7 Rank criterion

Let (H,H i, δ, δ∗) be a C-PIVHS on a complex vector space T . For v ∈ T, i ≥
j ∈ Z, we will denote by vi,j the restriction H i → Hj of the iterate δ(v)i−j

and by δi,j the map v ↦→ vi,j.
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4.7.1 Decomposed PIVHS and rank

The existence of the decomposition given by Proposition 4.6.5 allows one to
prove properties of the rank of θi,jx (w) for w ∈ CV(v) and for some integers i
and j, in the context of Theorem 4.1.5.

Lemma 4.7.1. Let (H,H i, δ, δ∗) be a C-PIVHS on a complex vector space
T . Let S ⊂ T be a vector subspace. Let v ∈ T be such that δ(v) ̸= 0 and for
every w ∈ S, [δ∗(v), δ(w)] = 0. Let i ∈ Z be maximal such that vi,i−1 ̸= 0.
Then there exists j ∈ Z, λ ∈ C\{0} and u ∈ S such that j < i and for every
w ∈ S, rk((λv + u)i,j) > rk(wi,j).

Proof. Applying Proposition 4.6.5 to the pull-back of H on Cv ⊕ S, we get
a decomposition H =

⨁︁
a∈A Xa (with A a finite set) and for every a ∈ A,

Xa = Va⊗Wa with Va a C-PIVHS on Cv and Wa a C-PIVHS on S. We can
refine the decomposition to suppose that every Va is simple. For every a ∈ A
and j ∈ Z such that j < i, the set of (λ, u) ∈ C×S for which rk((λv+u)i,j|Xa

) is
maximal is a non-empty Zariski open subset of C×S. Hence, the intersection
of these subsets is a non-empty Zariski open subset of C× S. In particular,
there exists (λ, u) ∈ (C \ {0}) × S such that for every a ∈ A, every j ∈ Z
such that j < i and every w ∈ S, we have rk((λv + u)i,j|Xa

) ≥ rk(wi,j
|Xa

). Now,

it is sufficient to prove that there exists a and j such that (λv + u)i,j|Xa
̸= 0

and for every w ∈ S, we have wi,j
|Xa

= 0.

By definition of i, there exists a ∈ A such that the restriction of vi,i−1

to X := Xa is non-zero. From now on, we denote V := Va, W := Wa and
the endomorphisms of H defined by δ are considered in restriction to X. We
denote by vV the action of v on V and by wW the action of an element w ∈ S
on W .

Let s ∈ Z be maximal such that W s ̸= 0, let t ∈ Z with t ≤ s be minimal
such that there exists w ∈ S such that ws,t

W ̸= 0. Let k ∈ Z be maximal such
that V k ̸= 0. By simplicity of V , k is also maximal such that vk,k−1

V ̸= 0. Let
l ∈ Z with l < k be minimal such that vk,lV ̸= 0. Then we have i = k+ s. Let
j := l + t: because l < k and by definition of t, we have wi,j = 0 for every
w ∈ S. It remains to check that (λv + u)i,j ̸= 0:

(λv + u)i,j = (λvV ⊗ idW + idV ⊗ uW )i,j

=
∑︂

l′+t′=j

(︃
i− j

k − l′

)︃
λk−l′vk,l

′

V ⊗ us,t′

W

=

(︃
i− j

k − l

)︃
λk−lvk,lV ⊗ us,t

W

̸= 0.
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The following two propositions are simplified forms of the previous lemma.

Proposition 4.7.2. Let (H,H i, δ, δ∗) be a C-PIVHS on a complex vector
space T . Let S ⊂ T be a vector subspace. Suppose there exists v ∈ T such
that δ(v) ̸= 0 and for every w ∈ S, [δ∗(v), δ(w)] = 0.

Then there exists i, j ∈ Z and z ∈ T such that j < i and for every w ∈ S,
rk(zi,j) > rk(wi,j).

Proof. Take z := λv + u as given by the previous lemma.

Proposition 4.7.3. In the setting of the previous proposition, let i ∈ Z be
maximal such that δi,i−1 ̸= 0.

If δi,i−1 is injective, then the conclusion of the proposition can be realized
with this i.

If moreover dimH i = 1, then the conclusion of the proposition can be
realized with this i and for j the minimal integer such that δi,j ̸= 0. In this
case this conclusion is equivalent to: for every w ∈ S, wi,j = 0.

Proof. For the first part, the injectivity of δi,i−1 guarantees that vi,i−1 ̸= 0,
so i is the one in the hypothesis of Lemma 4.7.1.

For the second part, we have by the first part j′ ∈ Z and z′ ∈ T such that
j′ < i and for every w ∈ S, rk(z′i,j

′
) > rk(wi,j′). As dimH i = 1, this implies

wi,j′ = 0. Composing with wj′,j, we have wi,j = 0. By definition of j, there
exists z ∈ T such that zi,j ̸= 0. Hence rk(zi,j) = 1 > 0 = rk(wi,j).

4.7.2 Augmented base locus and rank

Combining the study of infinitesimal variations of Hodge structures of the
previous subsections with Theorem 4.1.5, we obtain the following descriptions
of the augmented base loci associated with V .

Proposition 4.7.4. Let V̄ be a smooth complex projective variety. Let D ⊂
V̄ be a normal crossing divisor. Let V be a C-PVHS on V := V̄ \D. Suppose
V has quasi-unipotent local monodromy. Let θ be the associated Higgs field.
Let x ∈ V \Deg(V). Let p ∈ N be such that 1 ≤ p ≤ dimV . Let [α] ∈ Bp

+(V )
be above x.

Then there exists a vector subspace S ⊂ TV,x, two integers i and j with
i > j and z ∈ TV,x such that α ∈ ΛpS and for every w ∈ S, we have
rk θi,j(w) < rk θi,j(z).

Proof. Apply Theorem 4.1.5: then the conclusion results from Proposition 4.7.2
applied to the C-PIVHS defined by V on TV,x, with CV(v) as S.
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Proposition 4.7.5. In the setting of the previous proposition, let i ∈ Z be
the biggest integer such that θi,i−1

x is nonzero. If:
(∗) θi,i−1

x is injective,
then the conclusion of the proposition can be realized with this i.
If moreover:
(∗∗) dimVi

x = 1,
then the conclusion of the proposition can be realized with i and for j the

minimal integer such that θi,jx ̸= 0. In this case this conclusion is equivalent
to: for every w ∈ S, θi,jx (w) = 0.

Proof. Apply Proposition 4.7.3.

4.7.3 Positivity and rank

Finally, we can deduce Theorem 4.1.2 and its generalization Theorem 4.7.6
from the properties of the augmented base locus proven in the previous sub-
section.

Theorem 4.7.6. Let V̄ be a connected smooth complex projective variety.
Let D ⊂ V̄ be a normal crossing divisor. Let V be a C-PVHS on V := V̄ \D.
Suppose V has quasi-unipotent local monodromy. Let x ∈ V \ Deg(V). Let
m be the maximum dimension for a vector subspace S ⊂ TV,x such that there
exist two integers j < i and a vector z ∈ TV,x such that for every w ∈ S,
rk θi,jx (w) < rk θi,jx (z). Let p ∈ N be such that m < p ≤ dimV . Then
Ωp

V̄
(logD) is Viehweg-big.

Proof. Combine Proposition 4.7.4 with Subsection 3.2.5.

Remark 4.7.7. In the statement of the previous theorem, m depends on x. If
the inequality p > m is realized for every x in an open subset U ⊂ V \Deg(V),
then Ωp

V̄
(logD) is ample with respect to U .

Proof of Theorem 4.1.2. Combine Proposition 4.7.5 with Subsection 3.2.5.

4.8 Example: the moduli space of quintic three-

folds

Let n and d be two positive integers. Denote by M the fine moduli space
of smooth hypersurfaces of degree d of Pn+1

C polarized by the tautological
line bundle O(1). It is a smooth Deligne-Mumford stack of finite type over
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C. If U ⊂ PH0(Pn+1
C ,O(d))∨ is the open subset of points [f ] such that

{f = 0} is smooth, thenM is the stack quotient [PGLn+2 \U ]. Let M be a
connected smooth complex quasiprojective variety with a finite étale covering
map M → M. If d ≥ 3 and (n, d) ̸= (1, 3), then there exists a ∈ N>0 such
that for every N ≥ 3 coprime to a, the moduli space of hypersurfaces with a
N -level structure gives an example of such a M (see [48, Theorem 3.2]). We
will apply Theorem 4.1.2 to M .

Let f be a non-zero homogeneous polynomial of C[X0, . . . , Xn+1] of de-
gree d. Consider the hypersurface Y := {f = 0} polarized by O(1)|Y . For
p, q ∈ Z, denote by Hp,q

prim(Y ) the primitive cohomology of Y of bidegree

(p, q). Denote by I :=
(︂

∂f
∂X0

, . . . , ∂f
∂Xn+1

)︂
the Jacobian ideal of f and by

R := C[X0, . . . , Xn+1]/I its Jacobian ring. As I is graded, R has a structure
of graded ring. By a theorem of Griffiths, there are canonical isomorphisms
Hn−q,q

prim (Y ) ∼= Rd(q+1)−n−2 for every 0 ≤ q ≤ n and TM,x
∼= Rd (see [28,

Example p.186]).

Let W be the pull-back on M of the universal family ofM. The primitive
cohomology of degree n of fibers of W define an integral polarized variation
of Hodge structure VZ on M . Let x ∈M be a point. Let f ∈ H0(Pn+1

C ,O(d))
be such that Wx and {f = 0} are isomorphic as polarized varieties. Griffiths
proved that the following square commutes:

TM,x ⊗Hn−q,q
prim (Wx) Rd ⊗Rd(q+1)−n−2

Hn−q−1,q+1
prim (Wx) Rd(q+2)−n−2

∼

∼

where the horizontal maps are given by the isomorphisms mentioned above,
the left vertical map by the Higgs field and the right vertical map by the
product in R.

Now, suppose d = n+ 2. Then Hn,0
prim
∼= R0 has dimension 1. Let x ∈ M

be a point corresponding to the Fermat hypersurface {Xn+2
0 + · · ·+Xn+2

n+1 =
0}. In this case we have R = C[X0, . . . , Xn+1]/

(︁
Xn+1

0 , . . . , Xn+1
n+1

)︁
. The

iterate θn,0x : TM,x → HomC(H
n,0
prim(Wx), H

0,n
prim(Wx)) of the Higgs field is non-

zero. Indeed, consider v ∈ TM,x corresponding to X0 . . . Xn+1 ∈ Rn+2 by
the isomorphism TM,x

∼= Rn+2 mentioned above. Then we have θn,0x (v) ̸= 0
because (X0 . . . Xn+1)

n ̸= 0 in R.

Hence we can apply Theorem 4.1.2 to VZ ⊗C with i = n and j = 0. Let
m be the biggest dimension for a vector subspace S ⊂ Rn+2 such that for
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every g ∈ S, we have gn = 0. Then Ωp

M̄
(logD) is Viehweg-big for every p ∈ N

such that m < p ≤ dimM , with (M̄,D) a projective log-compactification of
M . To compute m, we use the following lemma.

Lemma 4.8.1. Let Y be a hypersurface of degree at least 2 in a projective
space Pn (n ∈ N>0). Let c be the codimension in Pn of the singular locus of
Y . Let c′ be the minimal codimension in Pn for a linear subspace included in
Y . Then c ≤ 2c′.

Proof. See [45, Remark 1.3.3] for the proof in the smooth case. The proof
easily generalizes to give the general case.

Consider the hypersurface N := {[g], gn = 0} ⊂ PR∨
n+2. By the Jacobian

criterion, the singular locus of N is the set of [g] ∈ N such that for every
h ∈ Rn+2, we have gn−1h = 0. By Macaulay’s theorem, it is equivalent to
gn−1 = 0. Hence, if k denotes the dimension of {g, gn−1 = 0} ⊂ Rn+2, we
have m ≤ k+dimRn+2

2
.

Consider the case n = 3 of quintic threefolds. We have dimM = dimRn+2 =
101. Computing in the Jacobian ring of the Fermat quintic threefold with
a computer algebra system (see the SageMath code below), we get k ≤ 79,
hence m ≤ 90. Thus we get Theorem 4.1.3: Ωp

M̄
(logD) is Viehweg-big for

every p ∈ N such that 91 ≤ p ≤ 101.

Remarks 4.8.2. � In the statement of Theorem 4.1.3, the “91” may not
be optimal. It is probable that actually k < 79: 79 is only the limit of
our computer algebra system and our patience.

� The proof shows that the statement of Theorem 4.1.3 holds more gen-
erally for every connected smooth complex quasiprojective variety M
that parametrizes a smooth polarized family π : W → M of quintic
threefolds such that there exists a closed point x ∈M such that:

– the fiber π−1({x}) is isomorphic to the Fermat quintic threefold,

– the period map of the C-PVHS R3π∗CW is immersive at x.

from sage.all import *

from itertools import product

degrees5 = [vector(t) for t in product(range(4), repeat=5) if sum(t

) == 5]

# List of multidegrees of monomials generating R5
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degrees10 = [vector(t) for t in product(range(4), repeat=5) if sum(

t) == 10]

# List of multidegrees of monomials generating R10

index_map = {tuple(v): i for i, v in enumerate(degrees5)}

# Dictionary to find the index of a monomial in degrees5 from its

multidegree

S = PolynomialRing(QQ, 101, ’x’)

def coordProd(i):

"""

Computes one of the coordinates of the product R5 x R5 -> R10.

Parameters

----------

i : int

Index of the coordinate (between 0 and 100).

Returns

-------

res : polynomial

Quadratic form giving the i-th coordinate of the bilinear

map R5 x R5 -> R10.

"""

res = S.zero()

monom10 = degrees10[i]

for j in range(101):

monom5 = degrees5[j]

diff = monom10 - monom5

if min(diff) >= 0:

k = index_map.get(tuple(diff))

if k is not None:

res += S.gen(j) * S.gen(k)

return res

chosenCoord = [24, 10, 45, 89, 50, 63, 9, 22, 58, 78, 29, 82, 1, 0,

2, 3, 4, 7, 8, 100, 99, 98]

# The calculation time depends heavily on the choice of the

coordinates. This list is the best that we have found for

performing calculations in a reasonable amount of time (2-3

minutes on our computer. A few hours were not enough to compute

92



the dimension with one more coordinate).

quadForms = [coordProd(i) for i in chosenCoord]

I = S.ideal(quadForms)

# Ideal included in the ideal generated by all the coordProd(i).

print(I.dimension())

# Prints "79", giving an upper bound to the dimension of the

variety defined by the vanishing of the square R5 -> R10.
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Chapter 5

Singularities of the Hodge
metric

5.1 Introduction

In the next chapter, we will need a theorem of Kollár [51, Theorem 5.20]. In
this short chapter, we rewrite and sometimes change the definitions, state-
ments and proofs of [51, Section 5], first to complete some arguments that
we were not able to follow (in particular the proof of [51, Theorem 5.20]
seems incomplete), secondly because we will use in the next chapter notions
of growth moderation for differential forms near a normal crossing divisor
close to the ones introduced by Kollár.

The differences between this chapter and [51, Section 5] are the following.
First, we change the definition of “almost bounded” so that the set of almost
bounded forms is an algebra, which is used to prove [51, Theorem 5.20]
(Theorem 5.3.4). Secondly, we detail the proof of [51, Proposition 5.16.(ii)]
(Proposition 5.2.6.2). Thirdly, we introduce the notion of “quasipositive” to
justify the integrability in [51, Corollary 5.17] (Proposition 5.2.12). Finally,
we allow a constant C in the definition of “nearly bounded” and we introduce
the notion of “(almost) quasibounded”. This last point is not useful for the
study of PVHS, but will be important in the next chapter.

5.2 Growth moderation near singularities

Let r ∈ (0, e−1). We consider the disk and the punctured disk of radius r:

∆r := {z ∈ C, |z| < r},
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∆∗
r := ∆r \ {0}.

We denote by χ the divisor {z1 . . . zd = 0} of ∆d
r . For 1 ≤ i, j ≤ d, i ̸= j and

C, ε ∈ R>0, we denote:

TC,ε
i,j := {z ∈ (∆∗

r)
d, |zj| ≤ exp(−C|zi|−ε)},

TC,ε
i :=

⋃︂
j ̸=i

TC,ε
i,j .

For 0 < ε < ε′ and 0 < C < C ′, we have TC′,ε′

i,j ⊂ TC,ε
i,j and TC′,ε′

i ⊂ TC,ε
i .

5.2.1 Functions with moderate growth

Definition 5.2.1. Let f be a smooth complex-valued function over the punc-
tured polydisk (∆∗

r)
d.

� f has at most log growth if there exist A ∈ R≥0 and k ∈ N such that
for every z = (zi) ∈ (∆∗

r)
d:

|f(z)| ≤ A
d∏︂

i=1

(− ln|zi|)k.

� f has at most log-log growth if there is B ∈ R≥0 such that for every
z = (zi) ∈ (∆∗

r)
d:

|f(z)| ≤ B
d∑︂

i=1

ln(− ln|zi|).

� For C, ε ∈ R>0, D ∈ R≥0 and p ∈ N, f is (C, ε,D, p)-nearly bounded
if for each z ∈ (∆∗

r)
d one of the following cases occurs:

– |f(z)| ≤ D,

– there exists 1 ≤ i ≤ d such that z ∈ TC,ε
i and |f(z)| ≤ D(− ln|zi|)p.

� f is nearly bounded if there exist C, ε ∈ R>0, D ∈ R≥0 and p ∈ N such
that f is (C, ε,D, p)-nearly bounded.

� f is quasibounded if it is the product of a function with at most log-log
growth by a nearly bounded function.

� f is integrable if it is integrable for the Lebesgue measure.

� f is quasipositive if it is the sum of a nonnegative real-valued function
and an integrable function.
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Remark 5.2.2. Our definition of nearly bounded is more general than the one
of Kollár, for whom C = 1.

The functions that are continuous on ∆d
r have at most log-log growth

and are nearly bounded. Functions with at most log-log growth and nearly
bounded functions are quasibounded. Quasibounded functions have at most
log growth and are integrable. Integrable functions are quasipositive. If f
has values in R>0 and f and f−1 have at most log growth, then ln ◦f has
at most log-log growth. The following proposition is an easy consequence of
the definitions.

Proposition 5.2.3. The set of nearly bounded functions is a complex algebra.
The set of quasibounded functions is a module over this algebra.

5.2.2 Differential forms with moderate growth on the
punctured polydisk

We denote by C∞((∆∗
r)

d) the ring of smooth complex-valued functions over
(∆∗

r)
d. We denote by A((∆∗

r)
d) the graded C∞((∆∗

r)
d)-algebra of smooth

complex differential forms over (∆∗
r)

d. The Poincaré basis is the C∞((∆∗
r)

d)-
basis of A((∆∗

r)
d) whose elements are the ordered wedge products of elements

of
(︂

dz1
|z1|(− ln|z1|) , . . . ,

dzd
|zd|(− ln|zd|)

, dz̄1
|z1|(− ln|z1|) , . . . ,

dz̄d
|zd|(− ln|zd|)

)︂
.

Definition 5.2.4. A form of A((∆∗
r)

d) is nearly bounded (resp. quasi-
bounded) if its coefficients in the Poincaré basis are nearly bounded (resp.
quasibounded) functions.

As a corollary of Proposition 5.2.3, the set of nearly bounded forms is a
graded complex subalgebra of A((∆∗

r)
d).

Definition 5.2.5. A form of A((∆∗
r)

d) of degree 2d is integrable (resp. semi-
positive, quasipositive) if it is the product of an integrable (resp. nonnegative
real-valued, quasipositive) function by i dz1 ∧ dz̄1 ∧ · · · ∧ i dzd ∧ dz̄d.

The integral of a quasipositive form of degree 2d is a well defined element
of C ∪ {+∞}. It is finite if and only if the form is integrable.

Proposition 5.2.6. 1. A quasibounded form of degree 2d is integrable.

2. If a quasibounded form α has degree 2d− 1, is supported on a compact
of ∆d

r and dα is quasipositive, then dα is integrable and
∫︁
(∆∗

r)
d dα = 0.
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Proof. 1. Let us check that if g is a nearly bounded function, then

h := ln(− ln|z1|)g(z)
d∏︂

i=1

|zi|−2(− ln|zi|)−2

is integrable.

Let C, ε ∈ R>0, D ∈ R≥0 and p ∈ N be such that g is (C, ε,D, p)-
nearly bounded. As |z|−2(− ln|z|)−2 and |z|−2(− ln|z|)−2 ln(− ln|z|) are
integrable over ∆r, h is integrable on ∆d

r \
⋃︁

i T
C,ε
i .

Moreover, for 1 ≤ i, j ≤ d, i ̸= j, i ̸= 1, j ̸= 1:∫︂
TC,ε
i,j

ln(− ln|z1|)(− ln|zi|)p
d∏︂

k=1

|zk|−2(− ln|zk|)−2 dz1 ∧ dz̄1 ∧ · · · ∧ dzd ∧ dz̄d

=E

∫︂
∆r

min{(− ln r)−1, C−1|zi|ε}|zi|−2(− ln|zi|)p−2 dzi ∧ dz̄i

≤EC−1

∫︂
∆r

|zi|−(2−ε)(− ln|zi|)p−2 dzi ∧ dz̄i

<+∞

where E ∈ R>0 is a constant. The case i = 1 simply adds a factor
ln(− ln|zi|) to the last integral, that does not change the integrability.

Finally, it remains to treat the case j = 1. Let 1 < i ≤ d:∫︂
TC,ε
i,1

ln(− ln|z1|)(− ln|zi|)p
d∏︂

k=1

|zk|−2(− ln|zk|)−2 dz1 ∧ dz̄1 ∧ · · · ∧ dzd ∧ dz̄d

=F

∫︂
∆r

min{(− ln r)−1(1 + ln(− ln r)), (C−1|zi|ε)(1 + ln(C|zi|−ε))}

|zi|−2(− ln|zi|)p−2 dzi ∧ dz̄i

≤FC−1

∫︂
∆r

|zi|−(2−ε)(− ln|zi|)p−2(1 + ln(C) + ε(− ln(|zi|))) dzi ∧ dz̄i

<+∞.

2. Let ∆ be the disk of radius 1, and ∆∗ the punctured disk of radius 1.
Consider the following function:

η : (∆∗)d → R
z ↦→

∑︁d
i=1 ln(− ln|zi|)
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with differential:

ω := dη =
d∑︂

i=1

d|zi|
|zi| ln|zi|

.

Consider the Poincaré Hermitian metric over (∆∗)d given by:

µ :=
d∑︂

i=1

|dzi|2

|zi|2(ln|zi|)2
.

Let v be the unique real vector field over (∆∗)d such that for every
tangent vector w, we have µ(v, w) = 1

d
ω(w). Then v is complete. In-

deed, its norm for the Poincaré metric is constant (of value 1√
d
at every

point). Thus integral curves of v with bounded domain are bounded
for the Poincaré metric. As this one is complete, an integral curve with
bounded domain is relatively compact. Hence maximal integral curves
are defined on R.
Consider an integral curve x : R→ (∆∗)d for v. Then, for t ∈ R:

(η ◦ x)′(t) = ω(v(x(t))) = 1.

Hence η ◦ x : R→ R is affine, in particular it is a diffeomorphism.

For t ∈ R, let Ut := {η = t}. We just proved that the flow of v gives a
diffeomorphism ϕ : R× U0

∼= (∆∗)d, with ϕ({t} × U0) = Ut.

Now, consider the homothety h : ∆d → ∆d
r of rate r. Then h∗ω has

Poincaré growth. Recall that α is a quasibounded form of degree 2d−1
supported on a compact of ∆d

r such that dα is quasipositive. Hence,
thanks to Proposition 5.2.3, h∗ω ∧ α is quasibounded. Thanks to the
first point, it is integrable. Hence, if we denote α′ := h∗α, ω ∧ α′ is
integrable. Moreover, ϕ∗ω = ϕ∗ dη = dϕ∗η = dt. Hence the function
t ↦→

∫︁
Ut
α′ is integrable on R.

Moreover, if we denote Zt :=
⨆︁

s<t Us:∫︂
(∆∗)d

dα′ = lim
t→+∞

∫︂
Zt

dα′ = lim
t→+∞

∫︂
Ut

α′,

and the integrability of
∫︁
Ut
α′ implies limt→+∞

∫︁
Ut
α′ = 0.
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5.2.3 Differential forms with moderate growth on a
complex manifold

Let M be a complex manifold. Let D be a normal crossing divisor of M . Let
us extend the notions of the previous subsection to this case.

Definition 5.2.7. � An admissible chart on (M,D) is a holomorphic
open embedding f : ∆d

r →M such that f−1(D) ⊂ χ.

� A smooth differential form α over M \ D is locally nearly bounded
(resp. locally quasibounded) if for each r ∈ (0, e−1) and each admissible
chart ∆d

r →M on (M,D), there exists r′ ∈ (0, r) such that the pull-back
of α on (∆∗

r′)
d is nearly bounded (resp. quasibounded).

� A permissible blow-up on (M,D) is the data of a complex manifold
M ′, a normal crossing divisor D′ and a blow-up b : M ′ →M of center
Z ⊂ M such that b−1(D) = D′ and for each x ∈ Z, there is an ad-
missible chart f : ∆d

r → (M,D) such that f(0) = x and f−1(Z) is the
intersection of some of the {zi = 0}.

� Let E ⊂ M be a divisor. A desingularization of E in (M,D) is a
composition of permissible blow-ups g : (M ′, D′) → (M,D) such that
g−1(E) ∪D′ has normal crossings.

� A smooth differential form α on (∆∗
r)

d is pre-almost (quasi)bounded
if there exists a divisor E ⊂ ∆d

r such that the pull-back of α by every
desingularization of E in (∆d

r , χ) is locally nearly bounded (resp. locally
quasibounded).

� A smooth differential form α on M \D is almost (quasi)bounded if for
each r ∈ (0, e−1) and for each admissible chart f : ∆d

r → (M,D), there
exists r′ ∈ (0, r) such that the restriction of f ∗α on (∆∗

r′)
d is pre-almost

(quasi)bounded.

� A smooth differential form α of degree 2d on M \D is locally integrable
(resp. semipositive, locally quasipositive), if for every x ∈ M , there
is an admissible chart f on (M,D) such that f(0) = x and f ∗α is
integrable (resp. semipositive, quasipositive).

Remark 5.2.8. Our definition of almost bounded is different from Kollár’s.
First, our definition of nearly bounded is different (see Remark 5.2.2). Sec-
ond, in the definition of “locally nearly bounded” (resp. “pre-almost bounded”,
“almost bounded”), we require a condition to be verified for every admissi-
ble chart (resp. every desingularization of a fixed divisor, every admissible
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chart), whereas Kollár only requires the existence of an admissible chart
(resp. a proper bimeromorphism, an admissible chart) on which the con-
dition is verified. In particular, the divisor E does not appear in Kollár’s
definition.

The integral of a locally quasipositive form of degree 2d that is supported
on a compact of M is a well defined element of C∪ {+∞}. It is finite if and
only if the form is locally integrable. Thanks to [81, Theorem 1.1.9], every
divisor has a desingularization in (M,D).

Proposition 5.2.9. The set of almost bounded forms over M\D is a complex
graded algebra. The set of almost quasibounded forms over M \D is a graded
module over this graded algebra.

Proof. We only prove that the set of almost bounded forms is stable by
wedge product (we can prove in the same way that it is a vector space,
and that almost quasibounded forms give a graded module). Let α and β
be two almost bounded forms over M \ D. We prove that α ∧ β is almost
bounded. Let f : ∆d

r → (M,D) be an admissible chart. By definition, there
exists r′ ∈ (0, r) such that the restrictions of f ∗α and f ∗β on (∆∗

r′)
d are

pre-almost bounded. By definition, there exists a divisor E (resp. F ) of
∆d

r′ such that the pull back of f ∗α (resp. f ∗β) by every desingularization
of E (resp. F ) is locally nearly bounded. Consider now the divisor G :=
E ∪ F . Then every desingularization g : (M ′, D′) → (∆d

r′ , χ) of G is a
desingularization of both E and F . Thus g∗f ∗α and g∗f ∗β are locally nearly
bounded. By definition, for every admissible chart ∆d

r → (M ′, D′), there
exists r′ ∈ (0, r) such that the restrictions of g∗f ∗α and g∗f ∗β on (∆∗

r′)
d are

nearly bounded. By Proposition 5.2.3, the restriction of g∗f ∗(α∧β) on (∆∗
r′)

d

is nearly bounded. Thus g∗f ∗(α ∧ β) is locally nearly bounded, f ∗(α ∧ β) is
pre-almost bounded and finally α ∧ β is almost bounded.

The following proposition is a direct consequence of Proposition 5.2.6.1.

Proposition 5.2.10. An almost quasibounded (resp. locally quasibounded,
pre-almost quasibounded) form of degree 2d is locally integrable.

We also have an analog of the second point of Proposition 5.2.6. First,
Propositions 5.2.3, 5.2.6.1, 5.2.9 and 5.2.10 used with Leibniz formula give
us the following lemma.

Lemma 5.2.11. Let α be an almost quasibounded (resp. quasibounded, lo-
cally quasibounded, pre-almost quasibounded) form of degree 2d−1 on M \D
(resp. (∆∗

r)
d, M \ D, (∆∗

r)
d) such that dα is (locally) quasipositive. Let ρ

be a smooth positive real function on M (resp. ∆d
r, M , ∆d

r). Then ρα is
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almost quasibounded (resp. quasibounded, locally quasibounded, pre-almost
quasibounded) and d(ρα) is (locally) quasipositive.

This lemma allows us to use partitions of unity to deduce the following
proposition from Proposition 5.2.6.

Proposition 5.2.12. Let α be an almost quasibounded form of degree 2d−1
on M \D such that dα is locally quasipositive. Then dα is locally integrable.
If, moreover, α is supported on a compact of M , then

∫︁
M\D dα = 0.

Corollary 5.2.13. An almost quasibounded form α on M \ D defines a
current on M . If α is closed, then this current is closed.

5.3 Real polarized variations of Hodge struc-

ture and singularities

LetM be a complex manifold. In the following, we identify a finite locally free
OM -module with the associated holomorphic vector bundle. In particular,
a holomorphic vector subbundle corresponds to a OM -submodule which is
locally a direct factor, and a morphism between two holomorphic vector
bundles corresponds to a morphism of OM -modules.

When we denote by (HR,S,F
•) an R-PVHS, HR is the underlying real

local system, S is the polarization form, and F• is the Hodge filtration. We
denote by HO the holomorphic vector bundle associated with HR. The Higgs
map, which is a morphism of vector bundles Fp/Fp+1 → Ω1

M ⊗ Fp−1/Fp, is
denoted by θ. We denote by

⨁︁
p+q=k H

p,q the Hodge decomposition of HO
and by h the Hodge metric over HO. We will use the same notation for the
Hermitian metric induced on holomorphic vector subquotients of HO.

Let H be a complex local system on M \D with unipotent monodromy
around D. We denote by ⋄H the Deligne extension of the holomorphic vector
bundle associated with H on M (see [30, Proposition II.5.2]). If (HR,S,F

•)
is an R-PVHS over M \D with unipotent monodromy around D, we denote
by ⋄F• the canonical extension of F• on ⋄H given by Schmid’s Nilpotent
Orbit Theorem ([77, Theorem 4.12]). The definition of the Deligne extension
allows one to extend the flat connection as a logarithmic connection ⋄Fp →
Ω1

M(logD) ⊗ ⋄Fp−1 (for p ∈ Z) and the Higgs map as a morphism of holo-
morphic vector bundles over M : θ : ⋄Fp/⋄Fp+1 → Ω1

M(logD)⊗ ⋄Fp−1/⋄Fp.
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5.3.1 Singularities of the Hodge metric

Let (HR,S,F
•) be an R-PVHS over (∆∗

r)
d with unipotent monodromy. Let

H be the matrix associated with the Hodge metric in a holomorphic local
basis of ⋄H. By a theorem of Cattani, Kaplan and Schmid, det(H)−1 and
the coefficients of H have at most log growth (see [29, Theorem (5.21)]). One
can check that this metric property is preserved on locally split subbundles
and quotients (see [39, Corollary 3.5]). Thus we get the following statement.

Theorem 5.3.1. Let (HR,S,F
•) be an R-PVHS over (∆∗

r)
d with unipotent

monodromy. Let p ≤ q be two integers, let s be a non vanishing section of
⋄Fp/⋄Fq. Then h(s, s) and h(s, s)−1 have at most log growth.

In the following statement, Kollár’s definition of almost bounded is differ-
ent from ours, but one can easily check that the proof works for our definition.

Lemma 5.3.2 (see [51, Proposition 5.15]). Let E be a holomorphic vector
line subbundle of the canonical extension of an R-PVHS over M \ D with
unipotent monodromy around D, let h be its Hodge metric. Then the first
Chern form C1(E, h) is almost bounded, and for every trivializing section s
of det(E) on an open subset U of M , the connection form ∂ ln∥s∥2h is almost
bounded on U \D.

The following two statements of Kollár were originally stated with “nearly
bounded” instead of “almost bounded”. However, his proof goes by reduction
to the case of a line subbundle for which only the almost boundedness is
known. Moreover, Kollár’s proof uses the fact that the class of forms under
consideration is an algebra. This is clear for the class of nearly bounded
forms (Proposition 5.2.3), but not for the class of almost bounded forms
in the original definition. This is why we changed the definition of almost
bounded forms (second point in Remark 5.2.8), so that their set is an algebra
too (see Proposition 5.2.9).

Proposition 5.3.3 (see [51, Remark 5.19]). Let E be a holomorphic vec-
tor subquotient of the canonical extension of an R-PVHS over M \ D with
unipotent monodromy around D, let h be its Hodge metric. Then the first
Chern form C1(E, h) is almost bounded, and for every trivializing section s
of det(E) on an open subset U of M , the connection form ∂ ln∥s∥2h is almost
bounded on U \D.

Theorem 5.3.4 (see [51, Theorem 5.20]). Let E1, . . . , En be holomorphic vec-
tor bundle subquotients of R-PVHSs over M \D with unipotent monodromy
around D, let h1, . . . , hn be their Hodge metrics, let k1, . . . , kn ∈ N>0. Let P ∈
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C[X1, . . . , Xn] be a polynomial in n variables. Then P (Ck1(E1, h1), . . . , Ckn(En, hn))
is almost bounded and defines a closed current on M whose de Rham coho-
mology class is P (ck1(E1), . . . , ckn(En)).

Proof. Same proof as [51, Theorem 5.20], using Corollary 5.2.13.
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Chapter 6

Locally symmetric varieties

6.1 Introduction

In this chapter, we study the positivity of vector bundles of logarithmic dif-
ferential forms on locally symmetric varieties. Zucker gave in [90] a way to
construct C-PVHSs on them. The results that we get if we apply Chap-
ter 4 to those C-PVHSs almost reduce to an application of [49, Chapter 6.8],
meaning that it is almost possible to obtain the positivity of Ωp

X̄
(logD) with-

out using variational Hodge theory when X is a locally symmetric variety
(see Remarks 6.4.2.4).

6.1.1 Bigness

We prove a “non-hyperbolicity” result (remark that the following statement
is an equivalence). We denote by R the Riemann curvature tensor of the
canonical metric of X, that is the quotients of the Bergman metric of the
universal cover. The values of l are given in Remarks 6.4.2.2.

Theorem 6.1.1. Let (X̄,D) be a log-compactification of a locally symmetric
variety X whose universal cover is irreducible and of rank at least 2. Let
1 ≤ p ≤ dimX.

Then the vector bundle Ωp

X̄
(logD) is L-big. Moreover, the following are

equivalent:

� Ωp

X̄
(logD) is Viehweg-big,

� Ωp

X̄
(logD) is ample with respect to X,

� p > l with l the maximal dimension of kerR(v, v̄) for v ∈ TX with
v ̸= 0.
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6.1.2 Augmented base locus

The previous theorem is a corollary of a computation of the augmented base
locus. First, we define higher degree characteristic subvarieties, that gen-
eralize the (higher) characteristic subvariety Sr−1 defined by Mok in [58,
Appendix III] in degree 1.

Definition 6.1.2. Let X be a locally symmetric variety whose universal cover
is irreducible and of rank at least 2, let R be the Riemann curvature tensor
of its canonical metric, let 1 ≤ p ≤ dimX. The higher degree characteristic
subvariety Sp ⊂ PΩp

X is the set of [α] ∈ PΩp
X such that there exists v ∈ TX

with v ̸= 0 such that α ∈ Λp kerR(v, v̄).

These higher degree characteristic subvarieties can also be defined using
the Lie algebra associated with G, see Definition 6.3.14. They are closely
linked with C-PVHS because of the following proposition.

Proposition 6.1.3. Let V be a non-unitary C-PVHS on a locally symmetric
variety X whose universal cover is irreducible and of rank at least 2. Let
1 ≤ p ≤ dimX. Then Sp is the set of [α] ∈ PΩp

X such that there exists
v ∈ TX with v ̸= 0 such that α ∈ ΛpCV(v) (Notation 4.1.4).

Thus Theorem 4.1.5 gives the inclusion Bp
+(X) ⊂ Sp. We prove that it is

actually an equality.

Theorem 6.1.4. Let X be a locally symmetric variety whose universal cover
is irreducible and of rank at least 2. Let 1 ≤ p ≤ dimX. Then Bp

+(X) = Sp.

6.1.3 Stable base locus in degree one

In degree 1, we compute the stable base locus too. The compact case of the
following theorem was proven by Mok in [58, Proposition 4 p.262].

Theorem 6.1.5. Let X be a locally symmetric variety whose universal cover
is irreducible and of rank at least 2. Then B1(X) = B1

+(X) = S.

As an application, we prove the generalization of [52, Corollary 1.6] to
the non compact case.

Theorem 6.1.6. A smooth projective family of curves of genus g ≥ 2 over a
locally symmetric variety X whose universal cover is irreducible and of rank
at least 2 is isotrivial.
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6.1.4 Outline of the proofs

In [90], Zucker explained a procedure to construct C-PVHSs on a locally
symmetric variety X. This procedure is recalled in Subsection 6.2.1. In
Subsection 6.2.2, we explain that thanks to Margulis’s superrigidity theorem,
every C-PVHS on X comes from the construction of Zucker, up to a finite
étale cover (see Proposition 6.2.1). This allows one to reduce the proof of
Proposition 6.1.3 to the case of Zucker’s C-PVHSs (see Proposition 6.2.3).
However, this reduction is not necessary to prove Theorems 6.1.4 and 6.1.1
because for this, it is sufficient to know the statement of Proposition 6.1.3
for a single R-PVHS (with quasi-unipotent local monodromy).

In Subsection 6.3.2, we define the higher degree characteristic subvarieties
Sp (see Definition 6.3.14). We prove that the Sp’s are Zariski closed in PΩp

X

(see Proposition 6.3.16). The key tool used to prove the latter proposition
is the o-minimal Chow’s lemma [71, Corollary 4.5]. To apply it, we have to
prove that the Sp’s are definable in an o-minimal structure. It is proven as a
consequence of [7, Theorem 1.1]. In Section 6.4, we prove Proposition 6.1.3.
Then we prove Theorem 6.1.4 by applying Nakamaye’s theorem [65, Theorem
1.1] (see Theorem 3.2.6) to them. Knowing that the Sp’s are Zariski closed is
crucial to apply this theorem. Then, Theorem 6.1.1 is an immediate corollary
of Theorem 6.1.4.

Mok’s proof of the compact case of Theorem 6.1.5 is based on a Finsler
metric rigidity theorem. The obstruction to extending his proof in a non
compact context is the use of integrals over closed subvarieties: the integra-
bility of differential forms is obvious in the compact case but not in the non
compact case. To answer this problem, we use Chapter 5. The construction
of Zucker allows us to see the logarithmic tangent bundle and its metric as a
holomorphic subquotient bundle of the holomorphic bundle associated with
the local system of some R-PVHS, with the metric induced by the Hodge
metric. Then, we can use the careful study of the singularities of this metric
done by Cattani, Kaplan, Schmid [29] and Kollár [51].

6.2 PVHS on locally symmetric varieties

Let d ∈ N>0, let Σ ⊂ Cd be an irreducible bounded symmetric domain of
rank at least 2. The group of biholomorphisms of Σ has a unique structure
of real Lie group. We denote by Hol(Σ)+ its identity component. It is a
connected simple real Lie group with trivial center. Let Γ ⊂ Hol(Σ)+ be
a torsion-free lattice. It is arithmetic because of Margulis’s arithmeticity
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theorem (see [54]). Denote by X the quotient Γ\Σ. It admits a unique
structure of smooth complex algebraic variety compatible with its natural
structure of complex manifold. This structure is quasiprojective (it is given
by the Baily-Borel compactification, see [13, p. III.4]).

6.2.1 The construction of Zucker

In his interpretation of bounded symmetric domains as moduli spaces of
Hodge structures, Deligne gives a way to construct variations of Hodge struc-
ture on Σ (see [33, Corollaire 1.1.17]). We recall this construction in this
subsection, following the more explicit description given by Zucker ([90], see
this article for the proofs).

Let G be a connected semisimple real Lie group. Let α : G → Hol(Σ)+

be a surjective morphism with compact kernel. Let A be a finite dimensional
complex vector space and ρ : G → GL(A) a representation of G. We will
construct a C-PVHS denoted by Ṽ (G,A) on Σ starting from these data.

Denote by Gad the quotient of G by its (finite) center. As the center
of Hol(Σ)+ is trivial, α factorizes by a morphism α′ : Gad → Hol(Σ)+. As
Hol(Σ)+ is simple of non compact type and kerα′ is semisimple compact, the
surjection α′ is naturally split and Gad is naturally isomorphic to Hol(Σ)+×N
with N := ker(α′). In particular, the Lie algebra h associated with Hol(Σ)+

naturally identifies with a direct factor of the Lie algebra g associated with
G. This gives a natural representation of h on A.

Denote by U the real Lie group of complex numbers of modulus 1. The
group of characters of U is freely generated by the inclusion χ : U ↪→ C∗. For
every x ∈ Σ, there exists a unique real Lie group homomorphism cx : U ↪→ G
such that:

� cx is injective,

� pN ◦ cx is trivial, with pN the morphism G→ N induced by the decom-
position Gad ∼= Hol(Σ)+ ×N ,

� the action α ◦ cx of U on Σ fixes x,

� the holomorphic tangent vector space TΣ,x has weight χµ for the action
dx ◦ α ◦ cx of U for a positive integer µ.

Suppose A is a simple representation of G. Consider the set W of weights
that appear in A for the representation ρ◦cx of U (W does not depend on x).
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There exist λ ∈ Z andm ∈ N such thatW = {χλ−kµ, 0 ≤ k ≤ m}. Denote by
Ak

x the weight space of A for the weight χλ−kµ under the representation ρ◦cx.
This gives to A a C-HS Ax which depends on x ∈ Σ. In general, we choose⨁︁

iAi a decomposition of A as a sum of irreducible representations. Then the
C-HS Ax :=

⨁︁
i(Ai)x does not depend on the choice of the decomposition.

Those C-HSs vary smoothly with x. We will recall the proof that it actually
gives a complex variation of Hodge structure Ṽ (G,A) on Σ, with the constant
local system of fiber A as underlying local system.

Consider h equipped with the adjoint action Ad of Hol(Σ)+. It defines
cx : U ↪→ Hol(Σ)+ as above (in this case µ = 1). For every x ∈ Σ, the kernel
of the action Ad ◦cx on h is the real Lie subalgebra l of h which is tangent
to the stabilizer Kx ⊂ Hol(Σ)+ of x. As Hol(Σ)+ is simple, there exists a
unique Hol(Σ)+-subrepresentation m of h such that h = l⊕m.

The smooth action of Hol(Σ)+ on Σ induces a morphism e : h×Σ→ TR
Σ of

real smooth vector bundles on Σ (where TR
Σ is the real tangent bundle). For

every x ∈ Σ, denote by ex the restriction h → TR
Σ,x. Then ex is equivariant

under the action of Kx. In particular, it is equivariant for the action of
U by Ad ◦cx on h and by scalar-vector product on TR

Σ,x. Its kernel is l.
As Hol(Σ)+ acts transitively on Σ, ex is surjective. Hence it induces an
isomorphism m→̃TR

Σ,x of representations of U. Hence only the characters
χ and χ−1 appears in mC, so we have W = {χ, 1, χ−1}, h1C,x = lx,C and
mC = h0C,x⊕h2C,x. Denote by ιx the inverse of ex: it induces two isomorphisms

TΣ,x→̃h0C,x and T 0,1
Σ,x→̃h2C,x.

Let hx ∈ l be the unique element such that for every holomorphic tangent
vector v ∈ TΣ,x, we have hx.v = iv. Note that Ak

x is the eigenspace of hx for
the eigenvalue (λ− kµ)i.

Now, let U ⊂ Σ be an open subset, let k ∈ Z and let f : U → A
be a smooth section of Ak. That means that for every x ∈ U , we have
hx.f(x) = (λ − kµ)if(x). Let v ∈ TΣ,x, let z := ιx(v) ∈ h0C,x. Consider the
decomposition:

∂fx.v = a0 + a−1 (6.1)

with a0 = ∂fx.v − z.f(x) and a−1 = z.f(x). We have a−1 ∈ Ak−1 because
hx.z.f(x) = [hx, z].f(x) + z.hx.f(x) = (λ− (k − 1)µ)iz.f(x). Now we prove
that a0 ∈ Ak.

By definition of f , for g ∈ Hol(Σ)+ in a neighborhood of the neu-
tral element, we have (Ad(g).hx).f(g.x) = (λ − kµ)if(g.x). Consider the
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differential d
dg

of this expression at g = 1 and evaluate it on z: we get

[z, hx].f(x) + hx. df(x).v = (λ− kµ)i dfx.v. As [z, hx] = −µiz and v ∈ TΣ,x,
this gives −µiz.f(x) + hx.∂fx.v = (λ − kµ)i∂fx.v. One can check that it
implies that hx.a0 = (λ− kµ)ia0, hence a0 ∈ Ak.

In the same way, we can prove that for v̄ ∈ T 0,1
Σ,x, we have:

∂̄fx.v̄ = b0 + b1 (6.2)

with b0 = ∂̄fx.v̄ − ιx(v̄).f(x) ∈ Ak and b1 = ιx(v̄).f(x) ∈ Ak+1. This proves
that the C-HS associated with every x ∈ Σ defines a complex variation of
Hodge structure Ṽ (G,A) on the constant local system defined by A on Σ.
Zucker proved that it admits a polarization whose associated Hodge metric
is G-equivariant.

Now we recall Zucker’s construction of locally homogeneous variations of
Hodge structure (see [90]). Let Λ ⊂ G be a torsion-free lattice. The group Λ
acts by α on Σ and by ρ on A. This gives an action of Λ on Σ equipped with
the constant local system of fiber A. The C-PVHS Ṽ (G,A) is equivariant
under this action, and admits an equivariant polarization. Hence it descends
as a C-PVHS on X = Λ\Σ that we will denote by V (G,A,Λ).

In the case where A is of the form AR ⊗R C with AR a simple real rep-
resentation of G, the set W = {χλ−kµ, 0 ≤ k ≤ m} of weights defined
above is stable under inversion, i.e. mµ = 2λ. For 0 ≤ k ≤ m, let
Ṽ (G,AR)

k,m−k
x := Ṽ (G,A)kx. This defines a real polarizable variation of

Hodge structure (R-PVHS) Ṽ (G,AR) of weight m on Σ, with the constant
local system of fiber AR as underlying local system. If A is of the form AR⊗RC
with AR a real representation of G, we define the R-PVHS Ṽ (G,AR) as the
direct sum

⨁︁
i Ṽ (G,Ai,R) with

⨁︁
i Ai,R a decomposition of AR as a sum of

simple representations. Again, the action of G on Σ extends as an action
on Ṽ (G,AR), and there exists an equivariant polarization. Thus, Ṽ (G,AR)
descends as an R-PVHS denoted by V (G,AR,Λ) on Λ\Σ.

6.2.2 Higgs field and conjugate Higgs field

Every C-PVHS comes from locally homogeneous C-PVHSs in some sense
(Proposition 6.2.1 below). In preparation for this statement, we define G-C-
HS to define more C-PVHSs on X.

Let G be a Lie group. We call G-C-HS a C-HS equipped with an action
of G such that G acts by automorphisms of C-HS. A C-HS A with an action
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of an algebraic group G is a G-C-HS if and only if for every i ∈ Z, Ai is
a subrepresentation of G. Now, let G be a connected semisimple real Lie
group with a surjective morphism with compact kernel α : G→ Hol(Σ)+ (as
in Section 6.2.1), and let A be a G-C-HS. Consider the C-PVHS Ṽ (G,Ai)
on Σ, for every i ∈ Z. Shift the grading of Ṽ (G,Ai) by i. Sum the obtained
C-PVHS for every i: we get a C-PVHS Ṽ (G,A) on Σ.

Let Λ ⊂ G be a torsion-free lattice. Then Ṽ (G,A) descends as a C-PVHS
V (G,A,Λ) on Λ\Σ. The monodromy representation of the local system
underlying V (G,A,Λ) is A with the action of G restricted to Λ. Up to a
finite étale covering map, every C-PVHS on X has the form V (G,A,Λ) for
some group G, some G-C-HS A and some lattice Λ.

Proposition 6.2.1. Let Σ be a bounded symmetric domain of rank at least
2. Let Γ ⊂ Hol(Σ)+ be an irreducible torsion-free lattice. Let V be a C-PVHS
on Γ\Σ.

Then there exists a connected semisimple real Lie group G, a surjective
morphism with compact kernel α : G→ Hol(Σ)+, a G-C-HS A and a torsion-
free lattice Λ ⊂ G such that α(Λ) is a finite index subgroup of Γ and such
that the pull-back of V on Λ\Σ is isomorphic to V (G,A,Λ).

Proof. As Σ has rank at least 2 and Γ is irreducible, Γ is arithmetic by
Margulis’s arithmeticity theorem (see [54, Theorem (1’) p.4]). There exist a
connected Q-simple Q-group GQ, a surjective morphism of real Lie groups
α : GQ(R)→ Hol(Σ)+ with compact kernel and an arithmetic lattice (in the
sense of Q-groups) Λ′ ⊂ GQ(Q) such that α(Λ′) is a finite index subgroup
of Γ. By the existence of algebraic universal covers for algebraic groups, we
can suppose GQ simply connected. By Malcev’s theorem, we can suppose
that Λ′ is torsion-free. Denote by π the natural finite étale covering map
Λ′\Σ→ Γ\Σ.

By [32, Proposition 1.13], a C-PVHS decomposes as a direct sum of C-
PVHSs with irreducible underlying local system. Hence one can suppose the
local system underlying π∗V irreducible. We can replace Λ′ by a finite index
subgroup to suppose moreover that it remains irreducible after pull-back by
every finite étale cover. By [32, Proposition 1.13] again, it is sufficient to prove
that up to a finite étale covering map, the local system underlying π∗V is
isomorphic to the local system underlying V (G,A,Λ) for some representation
A of G and some finite index subgroup Λ ⊂ Λ′. It is equivalent to prove that
the representation of Λ′ given by the monodromy of π∗V coincides with a
representation of G on a finite index subgroup Λ ⊂ Λ′. As Λ′ is an arithmetic
lattice of a simply connected semisimple Q-group of rank at least 2, it is
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given by the superrigidity theorem of Margulis for arithmetic lattices (see
[54, Theorem (6)(iii) p.5]).

The Higgs field and the conjugate Higgs field of Ṽ (G,A) are transparent
in the construction of Zucker.

Proposition 6.2.2. Let A be a G-C-HS. Let x ∈ Σ. Let θx : TΣ,x → End(A)
be the Higgs field of Ṽ (G,A) at x and θ∗x the conjugate Higgs field. Let
v ∈ TΣ,x, let a ∈ A. Then θx(v).a = ιx(v).a and θ∗x(v̄).a = ιx(v̄).a.

Proof. The Higgs field is given by a−1 in (6.1) and the conjugate Higgs field
by b1 in (6.2).

Recall that the Hodge filtration of a C-PVHS V is flat if and only if the
Higgs field of V vanishes. In the case where the C-PVHS is defined on a
smooth complex quasiprojective variety, this is also equivalent to the relative
compactness of the image of the monodromy representation of V in the linear
group of a fiber (it is an easy consequence of [32, Proposition 1.13.(ii)]). In
this case, V is said to be unitary.

Proposition 6.2.3. Let V be a non-unitary C-PVHS on a locally symmetric
variety X whose universal cover p : Σ → X is irreducible and of rank at
least 2. Let x ∈ Σ, let v, w ∈ TΣ,x. Denote y := p(x), v′ := dpx.v and
w′ := dpx.w. Let θy : TX,y → End(Vy) be the Higgs field of V at y, let θ∗y
be the conjugate Higgs field. Then [θy(v

′), θ∗y(w̄
′)] = 0 (in EndC(Vy)) if and

only if [ιx(v), ιx(w̄)] = 0 (in hC).

Proof. It is sufficient to prove the statement on a finite étale covering of X.
Hence, thanks to Proposition 6.2.1, we can assume V = V (G,A,Γ) for a
connected semisimple real Lie group G, a surjective morphism with compact
kernel α : G→ Hol(Σ)+ and a G-C-HS A.

As V is non-unitary, the action of G on A is nontrivial. By simplicity of
h, the associated action of h on A is faithful. Hence ιx(v) and ιx(w̄) commute
in hC if and only if their actions on A commute. Thus the conclusion results
from Proposition 6.2.2.

6.2.3 A useful PVHS

We will need a PVHS with good properties on locally symmetric varieties.

Proposition 6.2.4. Let X be a locally symmetric variety whose universal
cover is irreducible and of rank at least 2. Then there exists:

� a finite étale covering map X ′ → X,
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� a projective log-compactification (X̄ ′, D′) of X ′,

� a real polarized variation of Hodge structure V on X ′ with unipotent
local monodromy (on X̄ ′),

such that:

� if (E, θ) denote the Higgs bundle defined by V on X ′, then the pull-
back by θ of the Hodge metric on End(E) is a constant multiple of the
canonical metric g on TX′,

� if (⋄E, ⋄θ) denote the log-Higgs bundle defined by V on X̄ ′, then the
injection ⋄θ : TX̄′(− logD′) ↪→ End(⋄E) is locally split.

Proof. Consider the R-PVHS V (Hol(Σ)+, h,Γ) defined over X by the adjoint
representation of Hol(Σ)+ over h. As Γ is an arithmetic lattice, it has a
neat (see [11, §17.1]) finite index subgroup Γ′. We set X ′ := Γ′\Σ and
V := V (Hol(Σ)+, h,Γ′) on X ′.

As X ′ is a locally symmetric variety and Γ′ is arithmetic and neat, X ′

admits a toroidal compactification (X̄ ′, D′) (see [3]). A small loop around an
irreducible component of D′ corresponds to a unipotent element of G (see
[62, p.255-256]), thus the local monodromy is unipotent.

We can easily check with Proposition 6.2.2 that the Higgs field θ : TX′ →
End(E) of V is locally split injective. On the one hand TX̄′(− logD′) is the
good extension of TX′ in the sense of [62]. On the other hand the Hodge
metric has at most log growth on the sections of End(E) thanks to Theo-
rem 5.3.1. Thus, thanks to [62, Proposition 1.3], the log-Higgs field ⋄θ is also
locally split injective over D′.

Choose a polarization of V: the pull-back θ∗ h of the Hodge metric
h on End(E) is an Hermitian metric on X ′. Finally, the Higgs map of
Ṽ (Hol(Σ)+, h) is equivariant with respect to the action of G. As G acts
transitively on Σ and the isotropy group Kx acts irreducibly on TΣ,x (for
x ∈ Σ), θ∗ h is a constant multiple of g. Hence we can change the polariza-
tion by a constant multiple so that over X ′, θ∗ h = g.

6.3 Characteristic subvarieties

We recall the definition and main properties of Mok’s characteristic subva-
rieties. Then we define and prove the main properties of the higher degree
characteristic subvarieties.

112



6.3.1 Characteristic subvarieties

The proofs of the results of this subsection can be found in [58, Chapter 10,
Appendices III & IV]. Let r ∈ N be the rank of Σ. Let x ∈ Σ, let Kx be the
isotropy group of x. We equip Σ with the Bergman metric g. The starting
point is the polydisk theorem.

Theorem 6.3.1. There is a totally geodesic complex submanifold D ⊂ Σ

biholomorphically isometric to the Poincaré polydisk ∆r such that Σ =
⋃︂

γ∈Kx

γ·

D and TΣ,x =
⋃︂

γ∈Kx

dγ · TD,x.

Proposition 6.3.2. Let v ∈ TΣ,x. Let D,D′ be two totally geodesic complex
submanifolds of Σ with biholomorphic isometries f : D → ∆r and f ′ : D′ →
∆r, such that x ∈ D ∩ D′ and v ∈ TD,x ∩ TD′,x. Then dfx(v) has as many
nonzero coordinates as df ′

x(v).

Definition 6.3.3. Let v ∈ TΣ,x. Let D be a totally geodesic complex sub-
manifold of Σ with a biholomorphic isometry f : D → ∆r such that x ∈ D
and v ∈ TD,x. The rank of v is the number of nonzero coordinates of dfx(v).

The rank exists thanks to Theorem 6.3.1 and is unique thanks to the
previous proposition. As the rank is invariant under the action of C∗, we can
set the following definition.

Definition 6.3.4. Let 0 ≤ k ≤ r. We call k-th characteristic subvariety at
x the subset Sx

k ⊂ PΩ1
Σ,x of lines of vectors of rank at most k. We call k-th

characteristic bundle of Σ the union Sk(Σ) :=
⋃︂
x∈Σ

Sx
k ⊂ PΩ1

Σ.

The characteristic subvarieties are Zariski closed complex subvarieties of
PΩ1

Σ,x. The characteristic bundles are closed holomorphic subbundles of PΩ1
Σ

(over Σ). Notice that Sx
0 = ∅ and S0(Σ) = ∅.

Fix 1 ≤ k ≤ r. We can describe characteristic subvarieties in terms of
group actions: Sx

k is stable under the action ofKx over PΩ1
Σ,x. Moreover, this

action induces an action of the complexified group Kx,C over PΩ1
Σ,x. Hence,

if we denote Sreg,x
k := Sx

k \ Sx
k−1 and Sk(Σ)reg := Sk(Σ) \ Sk−1(Σ), according

to the first section of [57], the set Sreg,x
k is an orbit of PΩ1

Σ,x under the action
of Kx,C. The set Sreg,x

k (resp. Sk(Σ)reg) is a smooth open subset of Sx
k (resp.

Sk(Σ)). Remark that it is dense (by definition of characteristic subvarieties).

We can make a link between characteristic subvarieties and curvature.
For a holomorphic vector v tangent to Σ at x, we denote by Nv the complex
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vector space of holomorphic vectors u such that the antilinear form w ↦→
g(R(v, v̄)u, w̄) is zero. There is a unique decreasing map n : [[1, r]] → [[0, d]]
such that for each v ∈ TΣ,x of rank k, dimNv is n(k). This number determines
the dimension of characteristic subvarieties.

Proposition 6.3.5. We have dimSx
k = d− n(k)− 1 and dimSk(Σ) = 2d−

n(k)− 1.

Using the equation (4.2), we see that for y = (x, [v]) ∈ PΩ1
Σ of rank k,

the projection π : PΩ1
Σ → Σ induces an isomorphism between the kernel of

C1(O(1), ĝ)(y) and Nv. Moreover, the kernel of C1(O(1), ĝ)(y) is tangent to
Sk(Σ). This proves the following proposition.

Proposition 6.3.6. The pull-back of C1(O(1), ĝ)(y) on Sk(Σ)reg has rank
2d− 2n(k)− 1.

An explicit computation gives the following result on dimensions.

Proposition 6.3.7. If 1 ≤ k < r − 1, Sk(Σ) has codimension at least 2 in
Sk+1(Σ).

Let X be a smooth complex algebraic variety whose universal cover is
isomorphic to Σ. Let Γ ⊂ Aut(Σ) be its fundamental group. Let 0 ≤ k ≤
r. Remark that Sk(Σ) and Sk(Σ)reg are stable under the action of Γ. We
denote Sk := Γ\Sk(Σ) ⊂ PΩ1

X and Sreg
k := Γ\Sk(Σ)reg. We will call Sk a

characteristic subvariety of X (though it is a subvariety of PΩ1
X). We will

denote by S the characteristic subvariety Sr−1.

Proposition 6.3.8. For every 0 ≤ k ≤ r, Sk is a closed algebraic subvariety
of PΩ1

X .

To prove the previous proposition, one can use [79, Definition 3.1 & Theo-
rem 3.3]. This article gives a characterization of characteristic subvarieties in
terms of PVHS. Then the algebraicity results from Schmid’s nilpotent orbit
theorem (see [77]) and from Serre’s GAGA theorem. A proof similar to the
one of Proposition 6.3.16 below also works.

6.3.2 Higher degree characteristic subvarieties

In this subsection, we define the higher degree characteristic subvarieties and
prove that they are Zariski closed (that we will need to prove Theorems 6.1.4
and 6.1.5). To do this, we will need the notion of Borel dual (see [88] for the
proofs). For every x ∈ Σ, let Kx,C be the connected complex Lie subgroup of
GL(TΣ,x) whose associated Lie algebra is lC. Let HC be the adjoint complex
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Lie group of the complex Lie algebra hC. The faithful action of Hol(Σ)+ on
hC by the adjoint action induces an injective real Lie group homomorphism
Hol(Σ)+ ↪→ HC. Moreover, the restriction Kx ↪→ HC extends as an injective
complex Lie group homomorphism ix : Kx,C ↪→ HC. Define the Borel dual Σ̌
of Σ as the orbit of the morphism ix under the action of HC (this orbit does
not depend on x). It admits a unique structure of complex manifold such
that HC acts biholomorphically. It is a smooth projective variety. The map
i : x ↦→ ix is a holomorphic open embedding of Σ in Σ̌, equivariant under the
action of G. Denote by Px the stabilizer of ix under the action of HC. Then
the image of Px in Aut(TΣ,x) is equal to Kx,C.

We will also need some o-minimal geometry (see [85]). In this theory,
some subsets of V (R) of any real algebraic variety V are said to be semi-
algebraic, and some subsets are said definable in Ran, exp. Those two classes
of subsets are stable by finite unions, finite intersections, complement, direct
and inverse images by a morphism of real algebraic varieties, and they contain
the “trivial” subset V (R) of V (R) for every real algebraic variety V . The
class of semi-algebraic subsets can be defined as the smallest class that verifies
these properties. The class of subsets definable in Ran, exp is the smallest class
of subsets that verifies the previous properties and that contains the following
subsets:

� the graph of the real exponential (as a subset of A2(R)),

� the subset {(x, f(x)), x ∈ [0, 1]n} of An+1(R) for every n ∈ N>0 and
every real analytic function f defined in a Euclidean open neighborhood
of [0, 1]n.

A map between semi-algebraic (resp. definable in Ran, exp) subsets is said to
be semi-algebraic (resp. definable in Ran, exp) if its graph is. For every com-
plex algebraic variety V , the set of closed points of V canonically identifies
with the set of real points of its real Weil restriction of scalars. Hence, the
notions of semi-algebraic subsets and subsets definable in Ran, exp of V (C)
are well-defined.

In the following, we will only need the following facts.

� Constructible subsets and morphisms of complex algebraic varieties
are semi-algebraic. Semi-algebraic subsets and maps are definable in
Ran, exp.

� The class of semi-algebraic (resp. definable in Ran, exp) subsets is stable
under finite union, finite intersection, complement, direct and inverse
image by a semi-algebraic (resp. definable in Ran, exp) map.
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� o-minimal Chow’s lemma: an analytic closed subset definable in Ran, exp

is Zariski closed (see [71, Corollary 4.5], that we can apply here because
Ran, exp is an o-minimal structure by [35]).

� The open subset i(Σ) ⊂ Σ̌ is semi-algebraic.

� There exists a semi-algebraic subset S ⊂ Σ such that the restriction
to S of the quotient map Σ→ X is surjective and definable in Ran, exp

(see [7, Theorem 1.1] and the paragraph just below it).

Let x ∈ Σ, let v ∈ TΣ,x. Consider the vector space:

C(v) := {w ∈ TΣ,x, [ιx(v̄), ιx(w)] = 0} ⊂ TΣ,x.

Remark 6.3.9. The domain Σ admits a canonical Kähler metric called the
Bergman metric. Up to a constant multiple, it is the only Hermitian metric
equivariant under the action ofG. Denote by R̃ its Riemann curvature tensor.
It is seminegative in the sense of Griffiths. By [49, (6.8.8) and (6.8.5)], we
have C(v) = ker R̃(v, v̄).

As ιx is equivariant under the action of Kx, for g ∈ Kx,C, we have:

C(g.v) = ḡ.C(v). (6.3)

Denote:
SGr
x := {C(v)|v ∈ TΣ,x \ {0}} ⊂ Gr(TΣ,x)

with Gr(TΣ,x) :=
⨆︁dimΣ

k=0 Grk(TΣ,x) where Grk(TΣ,x) is the Grassmannian
variety of vector subspaces of dimension k of TΣ,x.

Lemma 6.3.10. The set SGr
x is a finite union of orbits of Gr(TΣ,x) under the

algebraic action of the algebraic group Kx,C. In particular, it is a constructible
subset of Gr(TΣ,x).

Proof. The vector space TΣ,x has finitely many orbits under the action of
the algebraic group Kx,C × C∗, where Kx,C acts by adjunction and C∗ by
homothety (see [57, (1.1)]). Hence, the first statement results from (6.3).
Then the second statement results from Chevalley’s theorem.

Let 1 ≤ p ≤ dimΣ. Denote:

Sp
x :=

⋃︂
C∈SGr

x

{[α]|α ∈ ΛpC \ {0}} ⊂ PΩp
Σ,x.
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Lemma 6.3.11. Let V,W be two vector spaces. Let 1 ≤ p ≤ dimV . Let F
be the subset of PΛpV ∨ × Hom(V,W ) defined by:

F := {([α], f)|α ∈ Λp ker f \ {0}}.

Then F is Zariski closed.

Proof. For f ∈ Hom(V,W ), consider the linear map:

ΛpV → W ⊗ Λp−1V
v1 ∧ · · · ∧ vp ↦→

∑︁p
i=1(−1)i−1f(vi)⊗ v1 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · ∧ vp

.

Its kernel is Λp ker f . This procedure defines a linear map χ : Hom(V,W )→
Hom(V ′,W ′) with V ′ := ΛpV and W ′ := W ⊗ Λp−1V . The following subset
of V ′ × Hom(V ′,W ′) is closed:

G := {(β, g)|g(β) = 0}.

Pulling-back by χ, we obtain that the following subset of ΛpV ×Hom(V,W )
is closed:

F ′ := {(α, f)|α ∈ Λp ker f}.
Hence F is closed in PΛpV ∨ × Hom(V,W ).

Lemma 6.3.12. The set Sp
x is a Zariski closed subset of PΩp

Σ,x. It is stable
under the action of Kx,C.

Proof. Let S ⊂ PΩp
Σ,x × Gr(TΣ,x) be defined as the set of points ([α], C)

such that α ∈ ΛpC and C ∈ SGr
x . By Lemma 6.3.10, it is a constructible

subset stable under the action of Kx,C. Its projection on PΩp
Σ,x is Sp

x. Hence,
Sp
x is stable under the action of Kx,C and, by Chevalley’s theorem, it is

constructible.
Then, consider the Euclidean continuous map:

c : TΣ,x → EndC(TΣ,x)
v ↦→ w ↦→ [ιx(v̄), ιx(w)].

It induces a Euclidean continuous map c′ : PΩp
Σ,x×TΣ,x → PΩp

Σ,x×EndC(TΣ,x).
Now, let S ′ ⊂ PΩp

Σ,x × TΣ,x be defined as the set of points ([α], v) such
that α ∈ ΛpC(v). By definition, it is the pull-back by c′ of the set F of
Lemma 6.3.11 (with V = W = TΣ,x). Hence, by this lemma, S ′ is a Eu-
clidean closed subset of PΩp

Σ,x × TΣ,x. As it is stable under the action of C∗

on the second factor, it defines a Euclidean closed subset S ′′ of PΩp
Σ,x×PΩ1

Σ,x.
By definition, Sp

x is the image of S ′′ by the projection on PΩp
Σ,x. As PΩ1

Σ,x is
Euclidean compact, Sp

x is Euclidean closed. As Sp
x is both constructible and

Euclidean closed, it is Zariski closed.
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Now, define Sp
Σ ⊂ PΩp

Σ as the disjoint union of each Sp
x for every x ∈

Σ. Define Sp

Σ̌
as HC.Sp

x ⊂ PΩp

Σ̌
. We have Sp

Σ = Sp

Σ̌
∩ PΩp

Σ. Indeed, by
Lemma 6.3.12, Sp

x is stable under the action of Kx,C, hence under the action
of Px.

Lemma 6.3.13. The subset Sp

Σ̌
is a Zariski closed subset and a holomorphic

subbundle of PΩp

Σ̌
over Σ̌. In particular, the subset Sp

Σ is a semi-algebraic
subset and a closed holomorphic subbundle of PΩp

Σ over Σ.

Proof. Let x ∈ Σ̌: we prove that in a neighborhood of x, Sp

Σ̌
is a closed

holomorphic subbundle of PΩp

Σ̌
over Σ̌. By applying an element of HC,

we can suppose x ∈ Σ. Let px be complex Lie subalgebra of hC defined
by the complex Lie subgroup Px ⊂ HC. Let m+ be a complement of px
in hC. There exists an open neighborhood U of 0 in m+ such that v ↦→
exp(v).x is a biholomorphism from U to an open neighborhood V of x in Σ.
This biholomorphism induces a local trivialization PΩp

Σ̌,x
×U ∼= PΩp

V of the

holomorphic bundle PΩp

Σ̌
over Σ̌. This trivialization restricts as a bijection

Sp
x × U ∼= Sp

Σ̌
×Σ̌ V . As Sp

x is Zariski closed in PΩp

Σ̌,x
by Lemma 6.3.12, this

proves that Sp

Σ̌
is a closed holomorphic subbundle of PΩp

Σ̌
.

In particular, it is a closed analytic subset. Moreover, as HC and Sp
x

are algebraic varieties, Sp

Σ̌
= HC.Sp

x is constructible by Chevalley’s theorem.
Hence it is Zariski closed.

As i : Σ ↪→ Σ̌ is a holomorphic open embedding with semi-algebraic
image, it is also true for the induced injection PΩp

Σ ↪→ PΩp

Σ̌
. Hence the

second statement is an immediate consequence of the first one.

Definition 6.3.14. The higher degree characteristic subvariety Sp ⊂ PΩp
X

is the set of [α] ∈ PΩp
X such that there exists x ∈ Σ, v ∈ TΣ,x \ {0} and

β ∈ ΛpTΣ,x such that α is the image of β in ΛpTX and such that β ∈ ΛpC(v).

Recall that C(v) = {w ∈ TΣ,x, [ιx(v̄), ιx(w)] = 0} by definition and
C(v) = ker R̃(v, v̄) by Remark 6.3.9. Remark that Sp ⊂ PΩp

X is the quotient
of Sp

Σ by the action of Γ.

Remark 6.3.15. As the Bergman metric is equivariant for the action of G,
it descends as Kähler metric g on X. Denote by R its curvature: then
Sp ⊂ PΩp

X is the set of [α] ∈ PΩp
X such that there exists v ∈ TX with v ̸= 0

such that α ∈ Λp kerR(v, v̄). This proves that S1 = S (Mok’s characteristic
subvariety Sr−1).

Proposition 6.3.16. The subset Sp ⊂ PΩp
X is Zariski closed. It is a holo-

morphic subbundle of PΩp
X on X.
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Proof. The second statement and the analytic closure are immediate con-
sequences of Lemma 6.3.13. By o-minimal Chow’s lemma, it is sufficient
to prove that Sp is definable in Ran, exp to conclude. By Lemma 6.3.13,
Sp
Σ ∩ (PΩp

Σ ×Σ S) is semi-algebraic. By definition of S, its image in PΩp
X is

definable in Ran, exp and is equal to the image of Sp
Σ. Hence, Sp is definable

in Ran, exp.

6.4 Augmented base locus

In this section, we prove Proposition 6.1.3 and Theorems 6.1.4 and 6.1.1.

Proof of Proposition 6.1.3. By definition of the higher degree characteristic
variety, the statement of the proposition is an immediate consequence of
Proposition 6.2.3.

Lemma 6.4.1. In the setting given by Proposition 6.2.4, the tautological line
bundle Op(1) on PΩp

X̄′(logD
′) is nef.

Proof. The log-Higgs field of V gives a locally split injection ΛpTX̄′(− logD′) ↪→
Λp End(⋄E). Hence it induces a locally split injectionOp(−1) ↪→ π∗Λp End(⋄E)
with π the projection PΩp

X̄
(logD′) → X̄ ′. Because of Lemma 4.5.4 (with

b = id and L = Op(−1)), the Higgs field vanishes on Op(−1). Now Theo-
rem 4.5.5 gives our statement.

Proof of Theorem 6.1.4. Because of Proposition 3.4.6.5, it is sufficient to
prove Theorem 6.1.4 up to a finite étale covering map. Hence, we can ap-
ply Proposition 6.2.4 and suppose without loss of generality that X ′ = X.
The inclusion Bp

+(X) ⊂ Sp is given by Theorem 4.1.5 and Proposition 6.1.3
applied to V.

Denote by Sp,reg the smooth locus of Sp. Let x = [α] ∈ Sp,reg. Let y :=
π(x) with π the projection PΩp

X̄
(logD) → X̄. By Proposition 6.3.16, there

exists a Euclidean open neighborhood U of y in X and a biholomorphism
b : PΩp

U
∼= PΩp

X,y×U such that b(Sp∩PΩp
U) = Sp

y×U . This biholomorphism
gives decompositions TPΩp

X ,x
∼= TPΩp

X,y ,x
⊕ TX,y and TSp,reg,x

∼= TSp,reg
y ,x⊕ TX,y.

Consider formula (3.1): the kernel of the alternating bilinear form ω :=
C1(Op(1), ĝ)x on TPΩp

X ,x is included in TX,y. Hence, the dimension of this
kernel stays the same after restriction to Sp,reg. In particular, ω|Sp,reg is
not positive definite at x if and only if ω is not positive definite at x. By
Lemma 3.2.12, this is equivalent to the existence of v ∈ TX,y \ {0} such that
α ∈ Λp kerR(v, v̄). By Remark 6.3.9, this is always true, because x ∈ Sp:
thus ω|Sp,reg does not have maximal rank at x. Therefore, ωdimSp

|Sp,reg = 0.
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Consider a desingularization d : Ŝp → Sp
, with Sp

the Zariski closure of
Sp in PΩp

X̄
(logD). The properties of the (log-) Higgs field given by Proposi-

tion 6.2.4 give the hypothesis of [51, Theorem 5.20] (Theorem 5.3.4 above).
This theorem gives

∫︁
Ŝp d

∗C1(Op(1), ĝ)
dimSp

=
∫︁
Ŝp c1(d

∗Op(1))
dimSp

. With the
foregoing, this implies

∫︁
Ŝp c1(d

∗Op(1))
dimSp

= 0, so
∫︁
Sp c1(Op(1))

dimSp
= 0.

By Lemma 6.4.1 Op(1) is nef, so we can apply Theorem 3.2.6, which gives
Sp ⊂ B+(Op(1)).

Proof of Theorem 6.1.1. It is an immediate consequence of Theorem 6.1.4
and Subsection 3.2.5.

Remarks 6.4.2. 1. As a consequence of Theorem 6.1.4, we have that for
every x ∈ X and for every α ∈ B+(Op(1))x, there exists a vector
subspace E ⊂ TX,x such that α ∈ ΛpE and the subset PE∨ of PΩ1

X,x

is included in B+(O1(1)).

2. The l of Theorem 6.1.1 is also the maximum dimension of boundary
components of Σ (see [49, Theorem 6.8.17]). The values of l are com-
puted in [89] (the following table comes from [49, p.329]).

Domain Dimension l
I SU(p, q)/S(U(p)× U(q)) pq (p− 1)(q − 1)

II Sp(m,R)/U(m) m(m+1)
2

(m−1)m
2

III SO∗(2m)/U(m) m(m−1)
2

(m−2)(m−3)
2

IV SO0(m, 2)/(SO(m)× SO(2)) m 1
V E6/(SO(10) · SO(2)) 16 1
VI E7/(E6 · SO(2)) 27 8

3. For the compact case, the fact that Ωp
X is ample if p > l is a consequence

of [68, Theorem 3.4], formula (3.1) and Kodaira’s embedding theorem.

4. In the computation of the augmented base loci, it is possible not to use
Theorem 4.1.5 and to use the canonical metric instead of the Hodge
metric (see [49, Chapter 6.8]). However, for the non compact case,
there are two points where we do not know how to avoid the use of
variational Hodge theory: to prove the nefness of the tautological line
bundle, and to use Chern-Weil theory in the proof of Theorem 6.1.4.

6.5 Stable base locus

In this section, we compute B1(X) (Theorem 6.1.5). We begin with a tech-
nical lemma.
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Lemma 6.5.1. Let r ∈ (0, e−1).

� Let f be a smooth positive real-valued function over (∆∗
r)

d such that
f−1 has at most log growth.

� Let a be a holomorphic function over ∆d
r such that {a = 0} ⊂ χ.

Let g := |a|2. Then there exists r′ ∈ (0, r) such that ∂g
f+g

is nearly bounded

on (∆∗
r′)

d.

Proof. Let (zi) be the coordinates of ∆d
r . Because {a = 0} ⊂ χ, there exist

nonnegative integers (ni) ∈ Nd and a non-vanishing holomorphic function α
over ∆d

r such that:

a = α
d∏︂

i=1

zni
i . (6.4)

Then:
∂g

g
=

∂α

α
+

d∑︂
i=1

ni
∂zi
zi

,

hence:
∂g

f + g
=

g

f + g

∂α

α
+

d∑︂
i=1

ni
g

f + g

∂zi
zi

. (6.5)

Consider the first term of (6.5). As f and g are positive real-valued on (∆∗
r)

d,
g

f+g
is bounded (by 1) on it. As α is non-vanishing and continuous over ∆d

r

and ∂α is continuous over it, for each r′ ∈ (0, r), ∂α
α

is bounded on (∆∗
r′)

d.
Hence g

f+g
∂α
α

is bounded on it too.

So, going back to (6.5), it remains to check that for each i such that ni > 0,
there exists r′ ∈ (0, r) such that on (∆∗

r′)
d, g

f+g
∂zi
zi

is a nearly bounded form.
We have:

g

f + g

∂zi
zi

=
g(− ln|zi|)

f + g

∂zi
zi(− ln|zi|)

.

As the factor ∂zi
zi(− ln|zi|) has Poincaré growth, it remains to check that there

exists r′ ∈ (0, r) such that on (∆∗
r′)

d, the positive real-valued function

b :=
g(− ln|zi|)

f + g

is nearly bounded.
To do this, we first need to give the values of the constants C and ε

that appear in Definition 5.2.1 of nearly bounded functions, and the radius
r′ ∈ (0, r) of the polydisk which we restrict ourselves to. Without loss of
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generality, we consider the index i = 1 and suppose n1 > 0. Because f−1

has at most log growth, there are A ∈ R>0, k ∈ N>0 such that for every
z ∈ (∆∗

r)
d:

f(z) ≥ A
d∏︂

i=1

(− ln|zi|)−k. (6.6)

Let:
ε :=

n1

dk
> 0. (6.7)

The map:
ξ : (0, r] → R>0

h ↦→ (− ln(h)− 1)−
1
dkh−ε

is continuous, and lim
h→0

ξ(h) = +∞. Hence ξ is bounded below by a constant

> 0. Moreover, choose any r′′ ∈ (0, r). As |α(z)|2 is positive real-valued

continuous on ∆d
r , |α(z)|−

2
dk is bounded below by a constant > 0 on ∆d

r′′ .
Therefore, we can define the following positive real constant.

C := inf
z∈(∆∗

r′′ )
d
(A−1|α(z)|2(− ln|z1| − 1))−

1
dk |z1|−ε > 0. (6.8)

Finally, we choose r′ ∈ (0, r′′) small enough so that for every h ∈ (0, r′),
Ch−ε > − lnh.

Now that we have our two constants C and ε and our radius r′, we
can check that b is (C, ε, 1, 1)-nearly bounded on (∆∗

r′)
d. First, for each

z ∈ (∆∗
r′)

d, we have b(z) ≤ − ln|z1|, in particular it is true for z ∈ TC,ε
1 .

Now, let z ∈ (∆∗
r′)

d \ TC,ε
1 , which means that for every 1 < i ≤ d,

ln|zi| > −C|z1|−ε. Moreover, we chose r′ so that we have ln|z1| > −C|z1|−ε

too. Then, for 1 ≤ i ≤ d:

ln|zi| > −C|z1|−ε (6.9)

≥ −
(︁
A−1|α(z)|2(− ln|z1| − 1)|z1|2n1

)︁− 1
dk (6.10)

≥ −

(︄
A−1|α(z)|2(− ln|z1| − 1)

d∏︂
j=1

|zj|2nj

)︄− 1
dk

, (6.11)

using the definition (6.8) of C and the definition (6.7) of ε for the line (6.10),
and the fact that for every 1 ≤ j ≤ d, |zj| < 1 for the line (6.11). Therefore:

(− ln|zi|)−k >

(︄
A−1|α(z)|2(− ln|z1| − 1)

d∏︂
j=1

|zj|2nj

)︄ 1
d

(6.12)
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Hence:

f(z) ≥ A

d∏︂
i=1

(− ln|zi|)−k (6.13)

> (− ln|z1| − 1)|α(z)|2
d∏︂

i=1

|zi|2ni (6.14)

= (− ln|z1| − 1)g(z), (6.15)

using (6.6) for the line (6.13), (6.12) for the line (6.14) and (6.4) for the line
(6.15). Eventually, we get f(z) + g(z) > (− ln|z1|)g(z). Hence by definition,
b is bounded (by 1) outside of TC,ε

1 .

Let X be a locally symmetric variety whose universal cover is irreducible
and of rank at least 2. Let Σ be its universal cover. We denote by π : PΩ1

X →
X the canonical projection. Let O(1) be the tautological line bundle over
PΩ1

X , O(p) := O(1)⊗p its tensor power (for p ∈ Z), ĝ the Hermitian metric
induced on O(−1) by the canonical Kähler metric g on X, quotient of the
Bergman metric of Σ. Let ν be a Kähler form on PΩ1

X (for example, the sum
of C1(O(−1), ĝ) and of the canonical Kähler form over X). In the following,
we will omit O(−1) in the notations of first Chern forms C1.

Let p ∈ N>0, let σ be a global section of O(p) over PΩ1
X , suppose that it

comes from a global section of Symp Ω1
X̄
(logD) for some log-compactification

(X̄,D) of X (it does not depend on the choice of the compactification). We
have to prove that σ vanishes on S (recall that S := Sr−1). Remark that

µ := (ĝp + σ ⊗ σ̄)
1
p defines an Hermitian metric of seminegative curvature

on O(−1) (see [58, Proof of Proposition 2 p.260]). Let u := ln
(︂

µ
ĝ

)︂
. Then

φ := ∂u is the difference between the Chern connections of µ and ĝ, it is
a differential form of type (1, 0) defined over PΩ1

X (which does not depend
on the choice of local trivializations). Fix a k such that 1 ≤ k < r, let
ι : Sreg

k ↪→ PΩ1
X be the inclusion. Let β := C1(ĝ)

2d−2n(k)−1 ∧ νn(k)−1, with
n(k) defined in Subsection 6.3.1.

Lemma 6.5.2. We have:

ι∗(φ̄ ∧ φ ∧ β) = 0.

Proof. It is obviously sufficient to prove the lemma for a finite étale covering
of X. Then we can apply Proposition 6.2.4: we have a PVHS (HR,S,F

•)
over X and a log-compactification (X̄,D) of X such that H has unipotent
monodromy and there is a locally split injective morphism of holomorphic

123



complex vector bundles TX̄(− logD) → ⋄F−1/⋄F0 such that over X, the
pull-back of the Hodge metric is the metric induced by g.

We extend π as the canonical projection PΩ1
V̄
(logD) → X̄ and O(1) as

the tautological line bundle over it. By definition, σ is (the restriction of)
a global section of O(p) over PΩ1

V̄
(logD). We denote D′ := π−1D, hence

(PΩ1
V̄
(logD), D′) is a log-compactification of PΩ1

X .
Let S̄k be the closure of Sk in PΩ1

V̄
(logD) for the Euclidean topology.

Thanks to Proposition 6.3.8, S̄k is a Zariski closed subvariety of PΩ1
V̄
(logD),

and its intersection with PΩ1
X is Sk. Hironaka’s desingularization theorem

gives us a smooth projective variety A and a proper birational morphism
b : A → S̄k such that D1 := b−1({σ = 0} ∪D′) is a normal crossing divisor.
We now work on A and, in order to lighten notations, we will forget the
mention of “b∗ι∗” before OPΩ1

V̄
(logD)-modules and differential forms.

Let us show that φ ∧ β is almost bounded and uφ ∧ β is almost qua-
sibounded. Let r ∈ (0, e−1), let f : ∆d

r → A be an admissible chart on
(A,D1). Let s be a trivializing section of O(−1) defined in a neighborhood
of f(0). Thanks to Proposition 5.3.3 (“Connection form of the Hodge met-
ric on a subquotient of a PVHS with unipotent monodromy near a normal
crossing divisor is almost bounded”), there exists r′ ∈ (0, r) such that s is
defined on f(∆d

r′) and the pull-backs of ∂ ln∥s∥2ĝ and C1(ĝ) on (∆∗
r′)

d are

pre-almost bounded. There exists a divisor E on ∆d
r′ such that the pull-

backs of f ∗∂ ln∥s∥2ĝ and f ∗C1(ĝ) by any desingularization of E are locally

nearly bounded. Let g : (M,DM)→ (∆d
r′ , χ) be a desingularization of E. Let

t ∈ (0, e−1), let f1 : ∆
d
t →M be an admissible chart on (M,DM). Then, there

is t′ ∈ (0, t) such that the restrictions of f ∗
1 g

∗f ∗∂ ln∥s∥2ĝ and f ∗
1 g

∗f ∗C1(ĝ) to

(∆∗
t′)

d are nearly bounded. It remains to show that f ∗
1 g

∗f ∗(φ ∧ β) is nearly
bounded and f ∗

1 g
∗f ∗(uφ ∧ β) is quasibounded on (∆∗

t′)
d. Now, we work on

∆d
t′ , and we forget to mention “f ∗

1 g
∗f ∗” before differential forms.

We have:

φ = ∂ ln

(︄
∥s∥2µ
∥s∥2ĝ

)︄
=

1

p
∂ ln

(︁
∥s∥2pĝ + |σ(sp)|2

)︁
− ∂ ln

(︁
∥s∥2ĝ

)︁
The right term is nearly bounded. Hence, it remains to show that the left
term is nearly bounded. We have:

∂ ln(∥s∥2pĝ + |σ(sp)|2) =
∥s∥2pĝ

∥s∥2pĝ + |σ(sp)|2
∂ ln(∥s∥2pĝ ) +

∂(|σ(sp)|2)
∥s∥2pĝ + |σ(sp)|2

.
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The first term is nearly bounded because
∥s∥2pĝ

∥s∥2pĝ +|σ(sp)|2
is bounded by 1

and ∂ ln∥s∥2ĝ is nearly bounded. Moreover, we can pull back the PVHS and
apply Theorem 5.3.1 (“Hodge metric has at most log growth at singularities
of PVHS with unipotent monodromy”) to obtain that for each i ∈ Z, ∥s∥iĝ
has at most log growth. Then Lemma 6.5.1 shows that the second term is
nearly bounded. Therefore φ is nearly bounded and, as β too, φ∧β is nearly
bounded. Moreover, as for each i ∈ Z, ∥s∥iĝ has at most log growth, so u
has at most log-log growth. Hence, on A, f ∗(φ ∧ β) is almost bounded and
f ∗(uφ ∧ β) is almost quasibounded.

Because of dφ = C1(µ)−C1(ĝ) and Proposition 6.3.6 (“on Sreg
k , C1(ĝ) has

rank 2d−2n(k)−1”), we have df ∗(φ∧β) = f ∗(C1(µ)∧β), which is a semipos-
itive form. Indeed, as the Bergman metric g has a seminegative Griffiths cur-
vature, the formula (4.2) implies that the first Chern form C1(O(1), ĝ) is semi-
positive. Hence, Proposition 5.2.12 gives us

∫︁
A
df ∗(φ∧β) = 0, and by positiv-

ity, df ∗(φ∧β) = 0. Hence by Leibniz formula: df ∗(uφ∧β) = f ∗(φ̄∧φ∧β). As
the first term is almost quasibounded and the second term is clearly semipos-
itive, we obtain in the same way f ∗(φ̄∧φ∧β) = 0. Thus ι∗(φ̄∧φ∧β) = 0.

In the previous proof, we could not simply use the fact that g is good (in
the sense of [62]) because this property is not necessarily shared by ĝ (see
[39, Example 3.9]).

Now that we have the previous lemma, the proof of the inclusion S ⊂
B1(X) is exactly the same as Mok’s one in the compact case. First [58,
Chapter 6 (3.2)] gives the following lemma.

Lemma 6.5.3. The pull-back of u over Sr−1(Σ) ⊂ PΩ1
Σ is invariant under

the action of G.

Then the proof of [58, Appendix 4 Proposition 4] gives the inclusion we
want.

Lemma 6.5.4. We have S ⊂ B1(X).

We finally have all the inclusions of Theorem 6.1.5, which is the equality
B1(X) = B1

+(X) = S.

Proof of Theorem 6.1.5. The inclusion S ⊂ B1(X) is the previous lemma.
The inclusion B1(X) ⊂ B1

+(X) is true for every smooth complex algebraic
variety. The inclusion B1

+(X) ⊂ S is given by Theorem 6.1.4.
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6.6 Application: isotriviality of families of curves

In this section, we prove Theorem 6.1.6. Consider an integer g ≥ 2. Let V be
a smooth complex quasiprojective variety with a projective log-compactification
(W,D). The ampleness of Ω1

W (logD) with respect to V is equivalent to the
emptiness of B1

+(V ), so we have the following proposition.

Proposition 6.6.1 (see [87, Proposition 2.6]). Suppose there is a smooth
projective family f : C → V of curves of genus g such that the Kodaira-
Spencer map TV → R1f∗TC/V is a locally split injection. Then B1

+(V ) is
empty.

Lemma 6.6.2. Let M be a smooth complex quasiprojective variety with a
finite étale covering map M →Mg⊗C. Then B1

+(M) is empty. In particular
B1(M) is empty.

Proof. According to Proposition 3.4.6.3, the conclusion does not depend on
the choice of M , hence we can choose the moduli space of connected smooth
projective curves of genus g with a 3-level structure to suppose M quasipro-
jective. Then the previous proposition with C the pull-back of the universal
family gives B1

+(M) = ∅, and we have B1(M) ⊂ B1
+(M).

Proof of Theorem 6.1.6. Let M be a quasiprojective smooth complex alge-
braic variety with a finite étale covering map M → Mg(C). A smooth
projective family of curves of genus g ≥ 2 over X induces by base change a
map h : X ′ → M where X ′ is a finite étale covering of X. Hence X ′ verifies
the same hypotheses as X. Theorem 6.1.5 and the definition of S give that
B1(X ′) is linearly non-degenerate (see Definition 3.4.2). Moreover the previ-
ous lemma gives that B1(M) is empty. Hence Proposition 3.4.3 applied to h
(in characteristic 0, the separability hypothesis is always verified) gives the
conclusion.

This theorem has been proved in the compact case in [52, Corollary 1.6].
Their proof relies on the use of Mok’s metric rigidity theorem ([60, Theorem
1]). There actually does not seem to be any obstruction to apply the gener-
alized version of To [82, Theorem 1] of the metric rigidity theorem to keep
the same proof for the non compact case.

Hence, the usefulness of Theorem 6.1.5 and Proposition 3.4.3 over C would
be revealed in cases where we consider morphisms X → V whose target has
an empty stable (or augmented) base locus, but does not have an obvious
metric of Griffiths seminegative curvature.
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Chapter 7

Applications in positive
characteristic

7.1 Introduction

We give some applications of the computations of Bp
+ and B1 of the previous

chapters in positive characteristic. For g, n ∈ N with n ≥ 3, the moduli space
Ag(n) of principally polarized Abelian varieties of dimension g with a level-n
structure is a scheme of finite type over Spec(Rn) with Rn := Z[1/n, e2iπ/n].
The complex variety Ag(n)⊗Rn C is locally symmetric: its universal cover is
biholomorphic to the g-th Siegel upper half-space. In particular, this univer-
sal cover is irreducible. If moreover g ≥ 2, its rank is at least 2. Thus, we can
apply the results of Chapter 6 to Ag(n)⊗Rn C and apply the spreading-out
properties of Chapter 3 to compute the base loci of Ag(n) ⊗Rn k with k a
field of positive characteristic.

Using the (“non-hyperbolicity”) inclusion B1(X) ⊂ S given by Theo-
rem 6.1.5 and the functoriality of B1, we will obtain the following generaliza-
tion of Theorem 6.1.6 for Ag(n). Consider a field k and a k-variety V . For
g ≥ 2 an integer, we call family of smooth projective curves of genus g over V
the data of a k-variety W and a smooth projective morphism W → V whose
geometric fibers are connected smooth projective curves of genus g. LetMg

be the moduli stack of connected smooth projective curves of genus g. The
data of an isomorphism class of families of smooth projective curves over V
is equivalent to the data of a k-morphism V →Mg ⊗Z k.

If V is geometrically integral, a morphism f from V to a Deligne-Mumford
stack M of finite type over k is separable if for every integral k-variety V ′

(resp. M), for every dominant étale morphism p : V ′ → V (resp. q : M →
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M) and every lift f ′ : V ′ → M of f , the corestriction f ′ : V ′ → Im f ′ is
separable. This is equivalent to the existence of such V ′,M, p, q and f ′ that
realize this condition. A family of smooth projective curves of genus g over
V is separable if the associated morphism f : V →Mg ⊗Z k is separable.

Let Mg be the coarse moduli space associated with Mg. A family of
smooth projective curves of genus g over V is isotrivial if the composition of
the morphism V →Mg⊗Z k associated with the family of smooth projective
curves and of the natural morphismMg ⊗Z k →Mg ⊗Z k is constant.

Theorem 7.1.1. For every integers g, h ≥ 2, n ≥ 3, for all but finitely many
prime numbers p, for every field k of characteristic 0 or p with a primitive
n-th root of unity, every separable family of smooth projective curves of genus
h over Ag(n)⊗Rn k is isotrivial.

Using the (“hyperbolicity”) inclusion Sp ⊂ Bp
+ given by Theorem 6.1.4

and the finiteness Theorem 3.5.3, we obtain the theorem below. If V is a
smooth k-variety, consider a principally polarized Abelian V -scheme π : A→
V of relative dimension g ∈ N. In this case, there is a canonical isomorphism
β : R1π∗TA/V

∼−→ Lie⊗2
A/V with LieA/V the vector bundle of rank g defined by

the Lie algebra of fibers of π. Moreover, if the characteristic of k is not 2, if
we denote by KS the Kodaira-Spencer map TV → R1π∗TA/V , then the image
of β ◦KS is in the direct factor Sym2 LieA/V of Lie⊗2

A/V (see [2, Section 1]).

Theorem 7.1.2. Let g ∈ N>0. In all but finitely many positive character-
istics and in characteristic 0, for every algebraically closed field k of this
characteristic, the following holds.

Let V be a smooth k-variety. Then for all but finitely many principally
polarized Abelian V -schemes π : A → V of relative dimension g, for every
closed point x ∈ V , there exists a vector subspace S ⊂ LieAx of dimension g−
1 such that Im(βx ◦KSx) ⊂ Sym2 S, with KS : TV → R1π∗TA/V the Kodaira-

Spencer map and β : R1π∗TA/V
∼−→ Lie⊗2

A/V the canonical isomorphism.

The previous property that we obtain (almost surely) for A gives in partic-
ular a bound on the rank of KS. This bound is also the last degree p for which
Ωp

Āg(n)
(logD) (for a projective log-compactification (Āg(n), D) of Ag(n)) is

not ample with respect to Ag(n): see Theorem 6.1.1 and Remarks 6.4.2.2
(type II). We denote by Ag the Deligne-Mumford stack of principally polar-
ized Abelian varieties of dimension g.

Corollary 7.1.3. Let g ∈ N>0. In all but finitely many positive charac-
teristics and in characteristic 0, for every algebraically closed field k of this
characteristic, the following holds.
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Let V be a smooth k-variety. Then for all but finitely many principally
polarized Abelian V -schemes π : A→ V of relative dimension g, the rank of
the Kodaira-Spencer map is bounded above by g(g−1)

2
.

As the dimension of the image of a separable morphism is equal to the
generic rank of the differential, we obtain the following corollary.

Corollary 7.1.4. Let g ∈ N>0. In all but finitely many positive charac-
teristics and in characteristic 0, for every algebraically closed field k of this
characteristic, the following holds.

Let V be a reduced k-variety. Then there exist only finitely many princi-
pally polarized Abelian V -schemes π : A → V of relative dimension g such
that the morphism V → Ag ⊗Z k associated with A is separable and the

dimension of the closure of its image is more than g(g−1)
2

.

In this last corollary, the g(g−1)
2

is optimal. Indeed, by taking the product
of Abelian schemes, we obtain a family of finite morphisms Ag−1(3) → Ag

parameterized by A1 (Ag−1(3) has dimension g(g−1)
2

).

Also with Sp ⊂ Bp
+ and Theorem 3.5.3, applied this time to the period

domain of K3 surfaces, we get analogous theorem and corollaries for families
of K3 surfaces (see Subsection 7.3.2 for the definitions).

Theorem 7.1.5. Let d ∈ N>0. In all but finitely many positive character-
istics and in characteristic 0, for every algebraically closed field k of this
characteristic, the following holds.

Let V be a connected smooth k-variety. Then for all but finitely many
polarized families π : S → V of K3 surfaces such that the polarizations of the
fibers of π are primitive of degree 2d, either KSS/V is zero or there exists an

isotropic invertible OV -submodule L of the primitive part P 1,1
S/V of R1π∗TS/V

such that Im(KSS/V ) ⊂ L.

Corollary 7.1.6. Let d ∈ N>0. In all but finitely many positive charac-
teristics and in characteristic 0, for every algebraically closed field k of this
characteristic, the following holds.

Let V be a smooth k-variety. Then for all but finitely many polarized
families π : S → V of K3 surfaces such that the polarizations of the fibers of
π are primitive of degree 2d, the rank of the Kodaira-Spencer map is bounded
above by 1.

Denote by Md the fine moduli space of K3 surfaces with a primitive
polarization of degree 2d (d ∈ N>0). It is defined over Rd := Z[1/(2d)].
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Corollary 7.1.7. Let d ∈ N>0. In all but finitely many positive charac-
teristics and in characteristic 0, for every algebraically closed field k of this
characteristic, the following holds.

Let V be a reduced k-variety. Then there exist only finitely many separable
morphisms f : V →Md ⊗Rd

k such that the dimension of the closure of the
image of f is at least 2.

The proof of Theorems 7.1.2 and 7.1.5 is based on a spreading-out ar-
gument. To apply this argument, it is necessary to have a moduli space
defined in mixed characteristic. Moreover, to apply the previous chapters,
it is necessary to have an infinitesimal Torelli theorem over C. We give a
general theorem for families of varieties that satisfy these two conditions (see
Theorem 7.3.14 for the statement). This theorem generalizes Theorems 7.1.2
and 7.1.5.

7.2 Isotriviality of families of curves parametrized

by the moduli space of Abelian varieties

We prove Theorem 7.1.1. For h ≥ 2, recall that Mh is the moduli stack
of connected smooth projective curves of genus h. There exist a subring
R′ of Q finite over Z, a scheme M̄ smooth and proper over Spec(R′), the
complement M ⊂ M̄ of a normal crossing divisor and a finite étale covering
map M → Mh ⊗Z R′. For example, we can take R′ = Z[1/3] and M
the moduli space of connected smooth projective curves of genus h with
a convenient non-Abelian level structure, see [72].

Proof (of Theorem 7.1.1). Thanks to Lemma 6.6.2, B1(M ⊗R′ C) = ∅, hence
Bs1m(M ⊗R′ C) = ∅ for some m ∈ N>0. Thanks to Proposition 3.4.7 and
Corollary 3.4.10, for all but finitely many prime numbers p, for every field k
of characteristic 0 or p, Bs1m(M ⊗R′ k) = ∅.

As the universal covering of the smooth complex algebraic varietyAg(n)⊗Rn

C is biholomorphic to the g-th Siegel upper half-space, a symmetric variety
of type II, Theorem 6.1.5 implies that B1(Ag(n) ⊗Rn C) is linearly non-
degenerate. Thus Bs1a(Ag(n) ⊗Rn C) is linearly non-degenerate for every
a ≤ md!, with d the degree of the finite étale covering map M →Mh⊗Z R

′.
Thanks to Proposition 3.4.7 and Corollary 3.4.10, there exists a finite set P
of prime numbers such that for every field k of characteristic not in P with
a primitive n-th root of unity, Bs1a(Ag(n) ⊗Rn k) is linearly non-degenerate
for every a ≤ md!.

Let k be a field of characteristic not in P with a primitive n-th root of
unity (which defines a morphism Rn → k). Consider a separable family

130



of smooth projective curves over Ag(n) ⊗Rn k associated with a morphism
Ag(n) ⊗Rn k → Mh ⊗Z k. It lifts as a morphism of k-varieties f : C →
M ⊗R′ k with C a finite étale covering of Ag(n) ⊗Rn k of degree at most d.
By Proposition 3.4.6, Bspm(C) is linearly non-degenerate. We conclude with
Proposition 3.4.3.

7.3 Infinitesimal Arakelov’s theorems

7.3.1 Families of Abelian varieties

We prove Theorem 7.1.2 by applying Corollary 3.5.7. We start by looking at
Bp

+ in the complex case.

Lemma 7.3.1. Let g ∈ N>0. Let V be a smooth complex quasiprojective
variety. Let π : A → V be a principally polarized Abelian V -scheme of
relative dimension g. Assume the period map of the canonical Z-PVHS on
R1π∗ZA is immersive. Then for every p ∈ N with 1 ≤ p ≤ dimV , for every
closed point x ∈ V , for every α ∈ TBp

+(V )x, there exists a vector subspace
S ⊂ LieAx of dimension g − 1 such that Λp(β ◦KS)(α) ∈ Λp Sym2 S.

Proof. The Higgs bundle associated with the canonical C-PVHS on the C-
local system R1π∗CA is π∗Ω

1
A/V ⊕R1π∗OA. The Higgs field θ is given by the

cup-product with the Kodaira-Spencer map TV → R1π∗TA/V . Let x ∈ V be
a closed point, let α ∈ TBp

+(V ) be above x. As the period map of R1π∗ZA

is immersive, we can apply Theorem 4.1.5: there exists a non-zero linear
map h : (R1π∗OA)x → (π∗Ω

1
A/V )x and a vector subspace H ⊂ TV,x such that

α ∈ ΛpH and for every v ∈ H, θ(v) and h commute as endomorphisms of
(π∗Ω

1
A/V )x ⊕ (R1π∗OA)x.

There are canonical isomorphisms:

� Lie∨A/V
∼= π∗Ω

1
A/V ,

� LieA/V
∼= R1π∗OA,

� β−1 : Lie⊗2
A/V

∼−→ R1π∗TA/V ,

that identify the tensor contraction Lie∨A/V ⊗OV
Lie⊗2

A/V → LieA/V with the

cup-product π∗Ω
1
A/V ⊗OV

R1π∗TA/V → R1π∗OA (see [2, Section 1]).
Using these isomorphisms, h gives a non-zero element f : LieAx →

(LieAx)
∨. Denote by F ⊂ Sym2 LieAx the image of H by βx ◦ KSx. Then

we have Λp(β ◦ KS)(α) ∈ ΛpF and for every s ∈ F , if we denote by s̃ the
contraction (LieAx)

∨ → LieAx defined by s, then s̃ ◦ f = 0 and f ◦ s̃ = 0.
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In particular the image of s̃ is in ker f . Let S be a vector space of dimension
g − 1 such that ker f ⊂ S ⊊ LieAx. Then s ∈ Sym2 ker f ⊂ Sym2 S.

Denote by Ag(3) the moduli space of principally polarized Abelian va-
rieties with a level-3 structure. It is a smooth R-scheme of relative dimen-
sion g(g+1)

2
with R := R3 = Z[1/3, e2iπ/3]. Let π : Ag → Ag(3) be the

universal family of principally polarized Abelian varieties on Ag(3). The
morphism β ◦ KS (defined by Ag as above) is an isomorphism TAg(3)/R

∼−→
Sym2 LieAg/Ag(3).

Proposition 7.3.2. Let g ∈ N>0. There exists an integer N ∈ N>0 such
that for every algebraically closed field k whose characteristic does not divide
N , for every morphism R → k, for every p ∈ N with 1 ≤ p ≤ g(g+1)

2
,

for every closed point x ∈ Ag(3) ⊗R k, for every α ∈ TBp
+(Ag(3) ⊗R k)x,

there exists a vector subspace S ⊂ Lie(Ag)x of dimension g − 1 such that
Λp(β ◦KS)(α) ∈ Λp Sym2 S.

Proof. We can fix p ∈ N with 1 ≤ p ≤ g(g+1)
2

and take at the end the product
of the N ’s obtained for each value of p. By Proposition 3.4.9, there exists
an integer N ′ ∈ N>0 such that for every prime ideal p ⊂ R[1/N ′], if we
denote by k the residue field Frac(R[1/N ′]/p), then the set TBp

+(Ag(3) ⊗R

k) is included in the closure B̄+ of TBp
+(Ag(3) ⊗R Frac(R)) in ΛpTAg(3)/R.

Moreover, as TBp
+(Ag(3) ⊗R Frac(R)) is closed in ΛpTAg(3)⊗RFrac(R), we have

TBp
+(Ag(3) ⊗R Frac(R)) = B̄+ ⊗R Frac(R). As Bp

+ is partially compatible
with base change (see Proposition 3.4.7), then for every field k and every
morphism f : R[1/N ′] → k, we have TBp

+(Ag(3) ⊗R k) ⊂ B̄+ ⊗R k, with
equality if f is injective.

Let Y → Ag(3) be the Grassmannian bundle where for every x ∈ Ag(3),
the fiber of Y above x parametrizes the (g−1)-dimensional vector subspaces
of Lie(Ag)x. Consider E the tautological vector bundle (of rank g − 1) on
Y . We have a canonical Ag(3)-morphism from the total space of E to the
total space of LieAg/Ag(3). It induces a Ag(3)-morphism ξ : Λp Sym2E →
Λp Sym2 LieAg/Ag(3) (we use the same notation for a vector bundle and for its

total space). Denote γ := Λp((β ◦KS)−1) ◦ ξ : Λp Sym2E → ΛpTAg(3)/R.
We have to prove that there exists N ′′ ∈ N>0 such that for every al-

gebraically closed field k and every morphism R[1/N ′′] → k, the following
holds:

(∗) B̄+ ⊗R k is in the image of the morphism γ ⊗R k.
Indeed, when k is algebraically closed, (∗) holds if and only if B̄+(k) is

included in the image of Λp Sym2E(k) by γ. Every k-point of Λp Sym2E is
above a k-point of Y , that gives S as in the statement of the proposition.
Thus we obtain the proposition with N := N ′N ′′.
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We prove more generally that there exists N ′′ ∈ N>0 such that (∗)
holds for every field k (not necessarily algebraically closed) with a morphism
R[1/N ′′] → k. The case k = C of (∗) is given by Lemma 7.3.1 applied to
Ag(3)⊗R C. It is clear that if k′/k is a field extension, then (∗) is true for k
if and only if it is true for k′. Hence (∗) holds for k = Frac(R).

By Chevalley’s theorem, the image I of γ is a constructible subset of
ΛpTAg(3)/R. Thus B̄+ \ I is constructible, so by Chevalley’s theorem again,
its projection J on SpecR is constructible. As (∗) holds for k = Frac(R), J
does not contain the generic point. As R has Krull dimension one, J contains
only finitely many points. Let N ′′ be the product of the characteristic of
their residue field. Then (∗) holds for every k = Frac(R[1/N ′′]/p) with p ⊂
R[1/N ′′] a prime ideal. As (∗) is compatible with extension and every field k
with a morphism f : R[1/N ′′]→ k is an extension of Frac(R[1/N ′′]/ ker(f)),
(∗) holds for every field k and every morphism R[1/N ′′]→ k.

Proof of Theorem 7.1.2. Consider the integer N given by Proposition 7.3.2.
Let k be an algebraically closed field whose characteristic is not 3 and di-
vides neither N nor the order n of the group Sp2g(F3). Then there exists
a morphism R → k. Let V be a smooth k-variety. Consider Ag the mod-
uli stack of principally polarized Abelian varieties of dimension g. There is
a canonical finite étale covering map Ag(3) ⊗R k → Ag ⊗Z k of degree n.
Moreover, by Faltings and Chai [38, Section IV.6] (or by Lemma 3.4.8 and
a change of N), Ag(3)⊗R k is projectively log-compactifiable. Thus, we can
apply Corollary 3.5.7: for all but finitely many morphisms f : V → Ag, for

every p ∈ N with 1 ≤ p ≤ g(g+1)
2

, we have Im(Λp df̃) ⊂ TBp
+(Ag(3)⊗R k) with

f̃ : V ×Ag Ag(3)⊗R k → Ag(3)⊗R k the pull-back of f .
Choose such a morphism f . Denote by A the pull-back of the universal

family by f , by KS : TV → R1π∗TA/V the Kodaira-Spencer map and by

β : R1π∗TA/V
∼−→ Lie⊗2

A/V the canonical isomorphism. Let x be a closed point
of V . Let p be the rank of βx ◦ KSx. Let v1, . . . , vp ∈ TV,x be a basis of a
complement of ker βx ◦ KSx. Apply Proposition 7.3.2: there exists a vector
subspace S ⊂ LieAx of dimension g− 1 such that Λp(β ◦KS)(v1 ∧ · · · ∧ vp) ∈
Λp Sym2 S. As (v1, . . . , vp) is free, we have β(KS(vi)) ∈ Sym2 S for every
i ∈ N>0 with i ≤ p. As the β(KS(vi))’s generate the image of β ◦ KS, we
have Im(βx ◦KSx) ⊂ Sym2 S.

Remarks 7.3.3. 1. In the case k = C, Theorem 7.1.2 is a consequence of
“Arakelov-Faltings’s” Theorem 2.1.18. Indeed, let π : A→ V be a fam-
ily of principally polarized Abelian varieties on a smooth complex alge-
braic variety V . Assume there exists a skew-symmetric endomorphism
f of R1π∗ZA that does not come from an endomorphism of A. Then in
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the Hodge decomposition f = f 1,−1+f 0,0+f−1,1, we have f 1,−1 ̸= 0 and
f−1,1 ̸= 0. By Deligne’s fixed part theorem [31, Corollaire 4.1.2], f 1,−1

and f−1,1 are (nonzero) endomorphisms of the complex local system
R1π∗CA. Thus V := Im(f 1,−1) ⊕ Im(f−1,1) is a nontrivial flat sub-R-
PVHS of R1π∗RA. Consider the orthogonal for a polarization V⊥ of V
in R1π∗RA. For every x ∈ V , (V⊥

x )
0,1 is a proper vector subspace of

H0,1(Ax). By the canonical isomorphism H0,1(Ax) ∼= LieAx, it corre-
sponds to a proper vector subspace S of LieAx for which the statement
of Theorem 7.1.2 holds.

2. Remark that in the proof of the previous point, the vector spaces S
combine to form a direct factor of LieA/V . In the general case (k not
necessarily C), we can choose the spaces S as fibers of a coherent OV -
submodule F of LieA/V . Indeed, if σ is a section of Sym2 LieA/V and
τ is a section of Lie∨A/V , denote by σ · τ their tensor contraction, that
is a section of LieA/V . Then define F as the image of the following
morphism of OV -modules.

TV ⊗OV
Lie∨A/V → LieA/V

v ⊗ ϕ ↦→ β(KS(v)) · ϕ.

We do not know if in general, we can realize F as a direct factor of
LieA/V , or even as a locally free module.

3. In the case k = C, we can also deduce from Faltings’s Theorem 2.1.17
that for every smooth algebraic complex variety V , there exist only
finitely many isomorphism classes of Higgs bundles on V of the form
π∗Ω

1
A/V ⊕ R1π∗OA, with the Higgs field given by the Kodaira-Spencer

map, with A a principally polarized Abelian scheme on V (see the be-
ginning of the proof of Lemma 7.3.1). Indeed, the Higgs field associated
with a C-PVHS on V only depends on the underlying local system (it
is for instance an application of [32, Proposition 1.13]).

The analogous finiteness statement is not true in positive characteristic.
Indeed, let k be an algebraically closed field of characteristic at least
5. Moret-Bailly proved that there are rational curves in Ag(3) ⊗R k
(see [61]). Choose one of them f : P1

k → Ag(3). We can freely suppose
that its Kodaira-Spencer map is nonzero. Consider a finite surjective
separable morphism h : P1

k → P1
k of degree 2. Then the Kodaira-

Spencer map of (f ◦ h)∗Ag is nonzero, but vanishes at the ramification
points of h. Thus we obtain infinitely many non-isomorphic Higgs
bundles by making PSL(2, k) act on P1

k.
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7.3.2 Families of K3 surfaces

In this subsection, we prove Theorem 7.1.5. Let k be a field, let S be a
K3 surface over k. The canonical line bundle is trivial, thus H0(S, ωS) has
dimension 1 and its nonzero elements vanish nowhere (they are symplectic
forms on S). Let ϕ ∈ H0(S, ωS) \ {0} be a symplectic form. The interior
product defines an isomorphism of OS-modules:

TS
∼−→ Ω1

S

v ↦→ (vϕ : w ↦→ ϕ(v, w)).

It induces an isomorphism of cohomology groups:

H1(S, TS)
∼−→ H1(S,Ω1

S)
µ ↦→ µϕ.

Denote by b the product Sym2H1(S,Ω1
S)→ k induced in cohomology by the

cup product Ω1
S ∧ Ω1

S → ωS and the trace isomorphism H2(S, ωS) ∼= k.

Definition 7.3.4. An element µ ∈ H1(S, TS) is isotropic if µϕ is b-isotropic,
i.e. b(µϕ, µϕ) = 0.

Fix a polarization ω ∈ H1(S,Ω1
S) of S (i.e. the Atiyah class of an ample

line bundle). An element µ ∈ H1(S, TS) is primitive if µϕ is b-orthogonal to
ω, i.e. b(µϕ, ω) = 0.

These notions do not depend on the choice of ϕ, but the primitive part
depends on the choice of ω. The polarization ω is never b-isotropic. The prim-
itive elements form a vector subspace P 1,1(S) of dimension 19 of H1(S,Ω1

S)
(that has dimension 20). We can consider these notions for families of K3
surfaces.

Definition 7.3.5. Let V be a smooth k-variety. Let π : S → V be a family
of K3 surfaces over V (i.e. a smooth proper V -variety whose fibers are K3
surfaces). A local section of R1π∗TS/V is isotropic if it gives an isotropic
element of the fiber R1π∗TS/V,x

∼= H1(Sx, TSx) for every x ∈ V . A OV -
submodule of R1π∗TS/V is isotropic if all its local sections are isotropic.

If π : S → V is projective, consider a polarization. The primitive part of
R1π∗TS/V is the direct factor of rank 19 denoted by P 1,1

S/V such that for every

x ∈ V , P 1,1
S/V,x is the subspace P 1,1(Sx) of primitive elements of H1(Sx, TSx).

Denote by KSS/V the Kodaira-Spencer map TV → R1π∗TS/V . If the family

is polarized, then the image of KSS/V is in the primitive part P 1,1
S/V .

For a K3 surface S, the tensor contraction TS ⊗OS
Ω1

S → ωS with the
cup-product gives a linear map c : H1(S, TS)⊗k H

1(S,Ω1
S)→ H2(S,OS).
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Lemma 7.3.6. Let k be a field, let S be a K3 surface over k, let ϕ ∈
H0(S, ωS) \ {0} be a symplectic form, let µ ∈ H1(S, TS). Then µ is isotropic
if and only if c(µ⊗ µϕ) = 0.

Proof. Let v be a local section of TS and α a local section of Ω1
S. As the

interior product is an antiderivation, we have α(v)ϕ = α ∧ vϕ. This means
that the following square of OS-modules commutes up to a sign:

TS ⊗OS
Ω1

S OS

(Ω1
S)

⊗2 ωS
∧

•ϕ ⊗ id ∼ ϕ ∼
where the upper map is the tensor contraction. Thus the following square
commutes (up to a sign):

H1(S, TS)⊗k H
1(S,Ω1

S) H2(S,OS)

H1(S,Ω1
S)

⊗2 H2(S, ωS)

c

γ

•ϕ ⊗ id ∼ ∼

where the lower map γ is the composition of the cup and wedge products. For
α, α′ ∈ H1(S,Ω1

S), γ(α⊗α′) identifies with b(α, α′) via the trace isomorphism
H2(S, ωS) ∼= k. Thus we have c(µ⊗ α) = 0 if and only if b(µϕ, α) = 0. The
statement of the lemma is the case α = µϕ.

Lemma 7.3.7. Let V be a smooth complex quasiprojective variety. Let π :
S → V be a polarized family of K3 surfaces over V . Assume the period
map of the natural Z-PVHS on the primitive part R2

primπ∗ZS of R2π∗ZS is
immersive.

For every closed point x ∈ V , for every v ∈ TB1
+(V )x, the primitive vector

KSS/V (v) ∈ P 1,1
S/V,x is isotropic.

Proof. The primitive part R2
primπ∗ZS of R2π∗ZS defines a Z-PVHS of weight

2 on V . The Hodge decomposition of R2
primπ∗ZS at x is H2,0 ⊕H1,1 ⊕H0,2

with H2,0 = π∗ωS/V , H
1,1 ⊂ R1π∗Ω

1
S/V and H0,2 = R2π∗OS. Let θx : TV,x ↪→

Hom(H2,0, H1,1) ⊕ Hom(H1,1, H0,2) be the Higgs field at x. It is injective
by hypothesis. As the PVHS is real, the induced linear map θx : TV,x ↪→
Hom(H2,0, H1,1) is injective too. As Sx is a K3 surface, we have dimH2,0 = 1.
Thus we can apply Proposition 4.7.4 and Proposition 4.7.5, with i = 2: either
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θx(v) vanishes onH2,0 (case j = 1), or the iterate θx(v)
2 vanishes (case j = 0).

Obviously, the first case implies the second one, so θx(v)
2 = 0.

The Higgs field is given by cup-product and contraction by the Kodaira-
Spencer class. Hence, for ϕ ∈ H0(Sx, ωSx) \ {0}, θx(v)2 = 0 is equivalent to
c(KSS/V (v)⊗KSS/V (v)

ϕ) = 0. By Lemma 7.3.6, KSS/V (v) is isotropic.

Let d ∈ N>0, let Rd := Z[1/(2d)]. There exists a Deligne-Mumford stack
Md that is a fine moduli space for families K3 surfaces with a primitive
polarization of degree 2d over Rd-schemes (see [9, Subsection 1.2], withMd =
M2d⊗Z[1/2] Rd). It is smooth and of finite type over Rd. Let π : S →Md be
the universal family of K3 surfaces. There exists a finite étale covering map
M′

d → Md, a smooth Rd-scheme of finite type X and an open embedding
q : M′

d ↪→ X (in particular M′
d is a scheme) such that XC := X ⊗Rd

C is
a finite étale cover of the period domain and q ⊗Rd

C is a lift of the period
map for the Z-PVHS defined by the primitive cohomology of degree 2 of
(S ⊗Md

M′
d)⊗Rd

C aboveM′
d ⊗Rd

C (see [9, Théorème 1.4]). In particular,
the universal cover of XC is biholomorphic to the bounded symmetric domain
SO0(19, 2)/(SO(19)× SO(2)) (type IV).

Proposition 7.3.8. Let d ∈ N>0. There exists an integer N ∈ N>0 such
that for every field k whose characteristic does not divide N :

� for every x ∈ M′
d ⊗Rd

k and every v ∈ TB1
+(M′

d ⊗Rd
k)x, KSx(v) is

isotropic,

� for every p ∈ N with 2 ≤ p ≤ dimM′
d ⊗Rd

k = 19, Bp
+(M′

d ⊗Rd
k) is

empty.

Proof. As in the proof of Proposition 7.3.2, we reduce the proof to the case
k = C. In this case, the first point is given by Lemma 7.3.7. Moreover, for
every p ∈ N with 2 ≤ p ≤ 19, Bp

+(XC) is empty thanks to Theorem 6.1.1
with Remarks 6.4.2.2. As there is an open embeddingM′

d⊗Rd
C ↪→ XC, the

second point is given by Proposition 3.4.5.

Proof of Theorem 7.1.5. Consider an integerN as given by Proposition 7.3.8.
Let k be an algebraically closed field whose characteristic divides neither
N nor the degree n of the finite étale covering map M′

d → Md. Then
there exists a morphism Rd[1/N ] → k. Let V be a smooth k-variety. By
Lemma 3.4.8, we can freely change N to supposeMd⊗Rd

k projectively log-
compactifiable. Thus, we can apply Corollary 3.5.7: for all but finitely many
morphisms f : V →Md, for every p, we have Im(Λp df̃) ⊂ TBp

+(M′
d ⊗Rd

k)

with f̃ : V ×Md
M′

d →M′
d ⊗Rd

k the pull-back of f .
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Choose such a morphism f . Denote by π : S → V the pull-back by f
of the universal family, by KS : TV → R1π∗TS/V the Kodaira-Spencer map
and by L the image of KS. Let x ∈ V ×Md

M′
d and v, v′ ∈ TV×Md

M′
d,x

. By

hypothesis on f , we have df̃x(v) ∈ TB1
+(M′

d⊗Rd
k). By Proposition 7.3.8, this

implies that L is isotropic. Moreover, we have df̃x(v)∧df̃x(v′) ∈ TB2
+(M′

d⊗Rd

k). By Proposition 7.3.8, B2
+(M′

d⊗Rd
k) = ∅, thus df̃x(v)∧df̃x(v′) = 0. Hence

for every x ∈ V , the dimension of the fiber Lx is at most 1.
As V is connected, if there exists x ∈ V with dimLx = 0, then L has

torsion. As R1π∗TS/V is locally free, this implies that L is zero. Otherwise,
for every x ∈ V , dimLx = 1, hence L is invertible.

Remark 7.3.9. For k = C, the corollaries of Theorem 7.1.5 (i.e. the fact that
the image of the Kodaira-Spencer map is almost surely zero or included in a
line bundle) were proven by Miyano and Noguchi (see [56, (4.11) & (4.12)]).
The fact that the image is almost surely isotropic can be deduced from [70,
Theorem 4.2]. See also [76] about non-rigid families of K3 surfaces.

7.3.3 Families of polarized varieties in mixed charac-
teristic

The crucial points in the proof of the two previous theorems are that prin-
cipally polarized Abelian varieties and K3 surfaces have a moduli space in
mixed characteristic, and that over C, there is an infinitesimal Torelli theo-
rem. The fact that the moduli spaces over C are embedded in locally symmet-
ric varieties is not important. In this subsection, we give a general theorem
that applies for every type of polarized varieties that admit a moduli space
in mixed characteristic and an infinitesimal Torelli theorem.

We begin by the definition of a polarization.

Definition 7.3.10. Let M and F be two Deligne-Mumford stacks and π :
F →M a smooth proper representable morphism. A polarization of π : F →
M is a global section ω of R1π∗Ω

1
F/M such that there exists a scheme M and a

surjective étale morphism q : M →M such that q∗ω ∈ H0(M,R1π′
∗Ω

1
F×MM/M)

is given by the Atiyah class (relatively to M) of a line bundle on F ×M M
that is relatively ample over M (with π′ : F ×M M → M the pullback of π
by q).

In particular, F ×M M is projective over M . Now we can define families
of polarized varieties in mixed characteristic.
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Definition 7.3.11. A family of polarized varieties in mixed characteristic is
the data of:

� an integral ring R of characteristic 0, quasi-finite over Z,

� a Deligne-Mumford stackM of finite type over R,

� a Deligne-Mumford stack F with a smooth proper representable mor-
phism π : F →M with equidimensional fibers,

� a polarization ω of π : F →M,

such that there exists a smooth quasiprojective Frac(R)-variety M and a finite
étale covering Frac(R)-map M →M⊗R Frac(R).

To state the theorem, we define the primitive cohomology in a similar
way as over C.

Definition 7.3.12. Let k be a field, V a smooth projective k-variety of di-
mension d ∈ N, ω ∈ H1(V,Ω1

V ) the Atiyah class of an ample line bundle on
V , i, j ∈ N with i + j ≤ d. The primitive part P ij

V of Hj(V,Ωi
V ) is the cok-

ernel of the k-linear map Hj−1(V,Ωi−1
V ) → Hj(V,Ωi

V ) given by cup product
and wedge product with ω if i, j > 0, and is Hj(V,Ωi

V ) if i = 0 or j = 0.

The primitive part depends on the choice of ω. If k = C, by the hard Lef-
schetz theorem, the linear map Hj−1(V,Ωi−1

V ) → Hj(V,Ωi
V ) of the previous

definition is injective.

If M and F are two Deligne-Mumford stacks and π : F → M is a
smooth proper representable morphism with fiber of dimension d ∈ N and
with a polarization ω, then for every i, j ∈ N with i + j ≤ d, the primitive
parts of the fibers define a submodule P ij

F/M of Rjπ∗Ω
i
F/M.

Now, let k be a field, V and F two smooth k-varieties, π : F → V a
smooth proper morphism with fibers of dimension d ∈ N and with a polar-
ization ω. Denote by KSF/V : TV → R1π∗TF/V the Kodaira-Spencer map.
The cup-product and tensor contraction with ω gives a morphism of OV -
modules:

R1π∗TF/V → R2π∗OF .

This morphism vanishes on the image of KSF/V (see [78, Theorem 3.3.11.(iii)]).
Thus, cup-product/tensor contraction by an element of the image of KSF/V

commutes with cup-product/tensor contraction by ω. In particular, the prod-
uct by an element of the image of KSF/V stabilizes primitive parts. Hence
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for every i, j ∈ N with i ≥ 1 and i+ j ≤ d, we have a canonical morphism of
OV -modules:

TV ⊗OV
P ij
F/V → P i−1,j+1

F/V

v ⊗ α ↦→ KSF/V (v) · α.
For every point x ∈ V and every n ∈ N with n ≤ d, that gives to the
graded vector space P n

F/V,x :=
⨁︁n

i=0 P
i,n−i
F/V,x a structure of infinitesimal system

of Hodge bundles on TV,x in the following sense.

Definition 7.3.13. Let k be a field. An infinitesimal system of Hodge bun-
dles on a k-vector space T is the data of a finite dimensional graded k-vector
space E =

⨁︁
i∈Z E

i with a linear map δ : T → End(E)−1 such that for every
v, w ∈ T , δ(v) and δ(w) commute.

The direct sum of two infinitesimal systems of Hodge bundles on a same
vector space has a structure of infinitesimal system of Hodge bundles. More-
over, the tensor product of an infinitesimal system of Hodge bundles with
a finite dimensional graded k-vector space has a structure of infinitesimal
system of Hodge bundles (make v ∈ T act by δ(v) ⊗ id). Now we can state
the theorem.

Theorem 7.3.14. Let (R,M,F , ω) be a family of polarized varieties in
mixed characteristic. Let d be the dimension of the fibers of F over M.
Let n ∈ N be such that n ≤ d. Suppose that for a morphism of rings R→ C,
a complex scheme M and a finite étale covering map M → M⊗R C, the
period map of the Z-PVHS defined by the primitive cohomology of degree n
of F ⊗M M over M is immersive. Then there exists N ∈ N>0 such that for
every algebraically closed field k and every morphism of rings R[1/N ] → k,
the following holds.

Let V be a smooth k-variety. Then for all but finitely many R-morphisms
f : V →M, for every closed point x ∈ V , the following holds.

Denote by Fx the fiber of F×MV over V at x. Denote P n
x := P n

F×MV/V,x.
Then there exists:

� a nonzero δ ∈ End(P n
x )

−1 given by the Kodaira-Spencer map of a de-
formation of Fx given by an R-morphism Spec(k[ε]/(ε2))→M,

� a finite set A,

� for every a ∈ A, an infinitesimal system of Hodge bundles Ea on TV,x,

� for every a ∈ A, a finite-dimensional graded k-vector space Ha,

� for every a ∈ A, an element δa ∈ End(Ha)
−1,
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� an isomorphism α :
⨁︁

a∈A Ea ⊗ Ha
∼−→ P n

x of infinitesimal systems of
Hodge bundles on TV,x,

such that via the isomorphism α, δ corresponds to the sum of the δa’s (i.e.
δ = α ◦

(︁⨁︁
a∈A idEa ⊗ δa

)︁
◦ α−1).

Remarks 7.3.15. 1. We can also give a nontrivial statement in the case
where the period map is only generically immersive. In this case, we
can define the “degeneracy locus” of the primitive cohomology (with the
similar definition as for C-PVHS in the complex case). For a convenient
choice of N , a spreading-out argument gives that it is a closed subset of
M. The statement of the theorem remains true (with the same proof)
if we replace “for every closed point x ∈ V , the following holds” by
“for every closed point x ∈ V , f(x) is in the degeneracy locus or the
following holds”.

2. Theorems 7.1.2 and 7.1.5 can be deduced from Theorem 7.3.14.

The crucial point of the theorem is that δ is nonzero, making the decom-
position nontrivial (in the sense that there exists a ∈ A such that dimEa ≥ 1
and dimHa ≥ 2). Here are two consequences of the existence of the decom-
position.

Proposition 7.3.16. Let (R,M,F , ω), n,N, k, V, f, x be as in the previous
theorem.

1. In the category of infinitesimal systems of Hodge bundles on TV,x, there
exists a decomposition P n

x = B ⊕ C ⊕ C ′ where C and C ′ are nonzero
and are isomorphic up to a shift of 1 in the grading.

2. There exists i, j ∈ Z with j < i and a nonzero γ ∈ End(P n
x )

−1 given by
the Kodaira-Spencer map of a deformation of Fx given by a morphism
Spec(k[ε]/(ε2)) → M such that for every w ∈ TV,x, the rank of the
linear map (P n

x )
i → (P n

x )
j given by iterating the action of w is strictly

less than the rank of the linear map (P n
x )

i → (P n
x )

j given by iterating
γ.

Proof. For the first point: as δ ̸= 0, there exists a ∈ A such that δa ̸= 0
and dimEa > 0. Thus there exists a nonzero homogeneous element h ∈ Ha

such that δa(h) ̸= 0. Let Da be a graded vector subspace of Ha such that
Ha = k.h⊕ k.δa(h)⊕Da. Let D := Ea⊗k Da⊕

⨁︁
b∈A\{a}Eb⊗k Hb. Then we

set B := α(D), C := α(Ea⊗ k.h) and C ′ := α(Ea⊗ k.δa(h)). The restriction
of δ to C gives an isomorphism of degree −1 with C ′.

The second point has the same proof as Proposition 4.7.2.

141



To prove the theorem, we need two lemmas.

Lemma 7.3.17. Let (R,M,F , ω) be a family of polarized varieties in mixed
characteristic. Let d be the dimension of the fibers of F overM. Then there
exists N ∈ N>0, a smooth and quasiprojective R[1/N ]-scheme M and a finite
étale covering R[1/N ]-map M →M⊗R R[1/N ] such that for every i, j ∈ N
with i+ j ≤ d, the OM -module P ij

F×MM/M is locally free.

Proof. By definition of a family of polarized varieties in mixed characteristic,
there exists a smooth and quasiprojective Frac(R)-scheme MFrac(R) and a
finite étale covering Frac(R)-map MFrac(R) →M⊗R Frac(R). We first need
to prove that this holds with R[1/N ] instead of Frac(R) for some N ∈ N>0.
By definition of a Deligne-Mumford stack, there exists a scheme D and a
surjective étale morphism D → M, and the datum of a finite étale cover
of M is equivalent to the data of a finite étale cover of D with descent
data. Thus, by classical spreading-out arguments for schemes (see EGA or
[73, Theorem 3.2.1]), there exists a nonempty open subset U ⊂ Spec(R), a
smooth and quasiprojective U -scheme MU and a finite étale covering U -map
MU → M×R U . As R is quasi-finite over Z, U contains Spec(R[1/N ]) for
some N ∈ N>0.

Let C be the set of points of M at which for some i, j, the rank of
P ij
F×MM/M is not maximal. As the OM -modules P ij

F×MM/M are coherent, C is

closed. Moreover, as the construction of P ij
F×MM/M is compatible with field

extension, the hard Lefschetz theorem over C gives that C does not intersect
M⊗RFrac(R). By Chevalley’s theorem, the projection of C on Spec(R[1/N ])
is constructible. As it does not contain the generic point and R has Krull
dimension 1, this projection is a finite set. Thus we can change N so that C
is empty, meaning that the P ij

F×MM/M ’s are locally free.

Lemma 7.3.18. Let (R,M,F, ω) be a family of polarized varieties in mixed
characteristic, where M (and then F ) is a scheme. Let d be the dimension
of the fibers of F over M . Let n ∈ N be such that n ≤ d. Suppose that
for a morphism of rings R → C, the period map of the Z-PVHS defined
by the primitive cohomology of degree n of F over M is immersive. Then
there exists N ∈ N>0 such that for every algebraically closed field k, every
morphism of rings R[1/N ] → k, every k-point x of M , every p ∈ N with
1 ≤ p ≤ d, every β ∈ TBp

+(M ⊗R k)x, the following holds.
Denote by Fx the fiber of F over M at x. Denote by P n

x the infinitesimal
system of Hodge bundles P n

F⊗Rk/M⊗Rk,x on TM⊗Rk,x. Then there exists:

� a vector subspace S ⊂ TM⊗Rk,x such that β ∈ ΛpS,

� a vector v ∈ TM⊗Rk,x whose action δ ∈ End(P n
x )

−1 on P n
x is nonzero,
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� a finite set A,

� for every a ∈ A, an infinitesimal system of Hodge bundles Ea on S,

� for every a ∈ A, a finite dimensional graded k-vector space Ha,

� for every a ∈ A, an element δa ∈ End(Ha)
−1,

� an isomorphism α :
⨁︁

a∈A Ea ⊗ Ha
∼−→ P n

x of infinitesimal systems of
Hodge bundles on S,

such that via the isomorphism α, δ corresponds to the sum of the δa’s (i.e.
δ = α ◦

(︁⨁︁
a∈A idEa ⊗ δa

)︁
◦ α−1).

Proof. By Lemma 7.3.17, we can suppose that for every i, j ∈ N with i+ j =
n, the OM -module P ij

F/M is locally free. For p′ ∈ N, denote by Grp′ the
smooth proper M -scheme that parametrizes vector subspaces of dimension
p′ of TM/R (in particular Gr1 = PΩ1

M/R). Denote B := Grp×M Gr1 and by

q (resp. qp) the projection of B on M (resp. Grp). There is a tautological
locally free OB-submodule Tp (resp. T1) of q

∗TM/R of rank p (resp. 1).
Let e = (eia) 0≤a

0≤i≤n
and h = (hi

a) 0≤a
0≤i≤n

be two elements of (Nn+1)N such

that the sum
∑︂
0≤a

0≤j≤i

ejah
i−j
a is the rank of P i,n−i

F/M if 0 ≤ i ≤ n and 0 if i > n and

such that the sequence

(︄∑︂
0≤j≤i

ejah
i−j
a

)︄
0≤a

is non-increasing. The families of

numbers e and h describe possible dimensions for the vector spaces Ei
a and

H i
a. Consider now the following locally free OB-module:

Ξ :=
⨁︂
0≤a

1≤i≤n

HomOB

(︂
Tp,HomOB

(︂
O⊕eia

B ,O⊕ei−1
a

B

)︂)︂
⊕

⨁︂
0≤a

1≤i≤n

HomOB

(︂
T1,HomOB

(︂
O⊕hi

a
B ,O⊕hi−1

a
B

)︂)︂

⊕
⨁︂
0≤i≤n

HomOB

⎛⎜⎝⨁︂
0≤a

0≤j≤i

O⊕eja
B ⊗OB

O⊕hi−j
a

B , q∗P i,n−i
F/M

⎞⎟⎠ .

Denote by C the total space of Ξ and by r the projection C → B. There are
tautological morphisms of OC-modules:

� δ
′i
a : r∗Tp → HomOC

(O⊕eia
C ,O⊕ei−1

a
C ) for 0 ≤ a, 1 ≤ i ≤ n,
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� δia : r
∗T1 → HomOC

(O⊕hi
a

C ,O⊕hi−1
a

C ) for 0 ≤ a, 1 ≤ i ≤ n,

� αi :
⨁︂
0≤a

0≤j≤i

O⊕eja
C ⊗OC

O⊕hi−j
a

C → r∗q∗P i,n−i
F/M for 0 ≤ i ≤ n.

Moreover, for every i with 1 ≤ i ≤ n, denote by θi the morphism of OC-
modules r∗q∗TM/R → HomOC

(r∗q∗P i,n−i
F/M , r∗q∗P i−1,n−i+1

F/M ) given by the prod-
uct by the Kodaira-Spencer map of the family F →M .

Now, denote by De,h the set of points x (with residue field denoted by
κ(x)) of C such that in the fibre over x:

� there exists 0 ≤ a, 0 ≤ i ≤ n and 1 ≤ j ≤ n such that hi
a ̸= 0 and

δja ̸= 0,

� every αi is an isomorphism,

� for every w ∈ (r∗Tp)x ⊂ (r∗q∗TM/R)x, every a ∈ N, every i with 1 ≤
i ≤ n, every j with 0 ≤ j ≤ i, every σ ∈ κ(x)⊕eja , every τ ∈ κ(x)⊕hi−j

a ,
we have (θi(w) ◦ αi)(σ ⊗ τ) = (αi−1 ◦ (δ′j

a (w)⊗ id))(σ ⊗ τ),

� for every v ∈ (r∗T1)x ⊂ (r∗q∗TM/R)x, every a ∈ N, every i with 1 ≤ i ≤
n, every j with 0 ≤ j ≤ i, every σ ∈ κ(x)⊕eja , every τ ∈ κ(x)⊕hi−j

a , we
have (θi(v) ◦ αi)(σ ⊗ τ) = (αi−1 ◦ (id⊗ δi−j

a (v)))(σ ⊗ τ).

Then De,h is a locally closed subset of C. There are finitely many possible
choices for e and h, thus the union D of the De,h’s is a constructible subset
of C. By Chevalley’s theorem, its projection D′ := (qp ◦ r)(D) on Grp is
constructible. Consider the inverse image Y of D in (the total space of)
the vector bundle ΛpTp on Grp. We have a canonical M -morphism ΛpTp →
ΛpTM/R. Denote by Z the image of Y : again, it is constructible by Chevalley’s
theorem.

To prove the statement, it is now sufficient to prove that there exists
N ∈ N>0 such that for every algebraically closed field k and every morphism
of rings R[1/N ]→ k, the following statement holds:

(∗) for every p ∈ N with 1 ≤ p ≤ d, the image of TBp
+(M ⊗R k) in ΛpTM/R

is included in Z.
Indeed, in this case, as k is algebraically closed, every element β of

TBp
+(M ⊗R k) is the image of a k-point y in Y . Its image in Grp is a k-

point s′ in D′. This s′ gives the vector space S of the statement of the
lemma. Consider a k-point s in D above s′: then the image of s in Gr1 gives
a line of tangent vectors, the v of the statement of the lemma can be chosen
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in this line. The statement of the lemma is verified by definition of De,h, with

Ei
a := k⊕eia and H i

a := k⊕hi
a .

Actually, (∗) is true even when k is not algebraically closed. Using Propo-
sition 3.4.9 and Proposition 3.4.7 as in the proof of Proposition 7.3.2, it
reduces to the case k = C. Now (∗) is given by Theorem 4.1.5 and Proposi-
tion 4.6.5.

Now we can prove the theorem.

Proof of Theorem 7.3.14. By Lemma 7.3.17, there existsN ′ ∈ N>0, a smooth
and quasiprojective R[1/N ′]-scheme M and a finite étale covering R[1/N ′]-
map M → M ⊗R R[1/N ′]. Then Lemma 7.3.18 applied to the family
(R[1/N ′],M,F ×M M,ω ×M M) gives information on Bp

+(M ⊗R[1/N ′] k) for
every algebraically closed field k with a morphism R[1/N ′′] → k for some
N ′′ ∈ N>0. Thanks to Lemma 3.4.8, for some N ∈ N>0 divisible by N ′′,
for every field k with a morphism R[1/N ] → k, M ⊗R[1/N ′] k is projectively
log-compactifiable. Now apply Corollary 3.5.7: for every smooth k-variety V
and all but finitely many k-morphisms f : V →M⊗R k, there exists a lift
f̃ : Ṽ →M⊗R[1/N ]k of f with Ṽ a finite étale covering of V such that for every

p ∈ N with 1 ≤ p ≤ dimM⊗R[1/N ]k, we have Im(Λp df̃) ⊂ TBp
+(M⊗R[1/N ]k).

Let x be a k-point of Ṽ . Let p be the rank of df̃x, let v1, . . . , vp ∈ TṼ ,x be a

basis of a complement of ker df̃x. Then Λp df̃(v1∧· · ·∧vp) is in ΛpS with S ⊂
TM⊗R[1/N ]k,f̃(x)

as in the statement of Lemma 7.3.18. As (df̃(v1), . . . , df̃(vp))

is free, we have df̃(vi) ∈ S for every i ∈ N>0 with i ≤ p. As the df̃(vi)’s
generate the image of df̃x, we have Im(df̃x) ⊂ S. As the Kodaira-Spencer
map is compatible with pull-backs (here by f), this gives the theorem.
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Séminaire Bourbaki (2014), p. 66.

[10] Caucher Birkar. “The augmented base locus of real divisors over arbi-
trary fields”. In: Mathematische Annalen 368.3 (2017), pp. 905–921.

146

https://arxiv.org/abs/2408.16441
https://arxiv.org/abs/2408.16441


[11] Armand Borel. “Introduction aux groupes arithmétiques. Publications
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