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Abstract

In this work, we analytically study the existence of periodic vortex cap solutions for the homogeneous
and incompressible Euler equations on the rotating unit 2-sphere, which was numerically conjectured in
1281, 29] [60), [61]. Such solutions are piecewise constant vorticity distributions, subject to the Gauss constraint
and rotating uniformly around the vertical axis. The proof is based on the bifurcation from zonal solutions
given by spherical caps. For the one-interface case, the bifurcation eigenvalues correspond to Burbea’s
frequencies obtained in the planar case but shifted by the rotation speed of the sphere. The two—interfaces
case (also called band type or strip type solutions) is more delicate. Though, for any fixed large enough
symmetry, and under some non-degeneracy conditions to avoid spectral collisions, we achieve the existence
of at most two branches of bifurcation.
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1 Introduction

The purpose of this paper is to give an analytical proof of the emergence of uniformly rotating (around the
z-axis) vortex caps with m-fold symmetries (m € N*) for the incompressible Euler equations set on the rotating
unit sphere S? defined by

s* & {(x,y,z) €ER? st. 2?4y’ +22= 1}.

In particular, we shall implement bifurcation techniques in order to find non-trivial vortex cap solutions close
to the trivial stationary flat (spherical) ones, which was numerically conjectured in [28] 29, 61, 60]. In this
introduction we present the model of interest, discuss some historical background, derive the contour dynamics
equations, expose our results and give the organization of this work.



1.1 Euler equations on the rotating unit sphere

This study deals with the homogeneous incompressible Euler equations on the two dimensional unit sphere in
rotation around the vertical axis. Such a model, sometimes called barotropic, is commonly used in geophysical
fluid dynamics for meteorological predictions or to study the motion of planets’ atmosphere. In order to present
the model, we shall first recall some basic notions in differential calculus/geometry. The set S? is endowed with
a smooth manifold structure described by the following two charts

Ci:(0,7) x (0,2r) — R3
(0,9) — (sin(8)cos(y), sin(f)sin(yp), cos(d)),
Coy: (0,m) x (0,271) — R3
(0,¢) — (—sin(9)cos(¢), —cos(?), —sin(V)sin(¢)).

For our purpose, we shall mainly work in the chart C; where the variables 6 and ¢ are called colatitude and lon-
gitude, respectively. Notice that the physical literature mentioned above rather considers the latitude/longitude
convention, but we found more convenient to work with the other one. In the colatitude/longitude chart C1,
the Riemannian metric of S? is given by

gs2 (0, p) £ db* + sin®(0)dy?. (1.1)

Therefore, denoting N and S the north and south poles, we have that for any p € S? \ {IV, S}, an orthonormal
basis of the tangent space T,,S? is given by

1
) 2 0,.
COT % T Gn(e) ¥

We have used the classical identification between tangent vectors and directional differentiations. In these
coordinates, the Riemannian volume is given by

do = sin(6)dfde.
Therefore, for any function £ : S2 — R, we define
2 ™
f0.0) 2 2(Cu0p). [ 2@ 2 [ [ 50.p)sino)ava. (12)
o Jo
In the sequel, with a small abuse of notation, we shall denote f for both f or f with no possible confusion

according to the context, since one is in the cartesian variables £ and the other one is in the spherical coordinates
(0, %). The gradient of f is defined as follows

a 91 (0, )
Vf(ea 90) - 89f(9? (,D)eg + sm(H) €yp.
Similarly, we define its orthogonal as
L N 0 1
v 2 Vi, M= (0 f).
(es.e,) -10
The Laplace-Beltrami operator applied to f is defined by
1 1
Af(0 & 0p[sin(0)0pf(0 ———02f(6, ).
f( 7%0) Sln(e) G[Sln( ) Gf( a‘p):l +sin2(0) <pf( 7(00)

For a vector field U(6, @) = Up(8, p)eq + U, (8, p)e,, the divergence expresses as

(V- 0)(0.0) & g0l sn®)Un(0. )] + 0.V 0. ).

1
sin(6)
The incompressible Euler equations on the rotating sphere S? with angular rotation speed 7 are given by

Ot 0,0) + U(t,0,0) - V(Q(t,@, ) — 2?005(9)) =0,
(E5)Q U(t,0,0) = VEU(t, 0, ¢), (1.3)
AU(t, 6, p) = Q(t,0, ).

The reader is referred to [43, Sec. 13.4.1] and [66] (see also [67]) for a rather complete introduction to these
equations. We mention that the term —25U (¢, 6, ) - V cos(#) corresponds to the Coriolis force coming from



the rotation of the sphere. Additionally, the equations (|1.3) must be completed by the physical impermeability
condition
V(p € [07 271-]7 U9(07 LP) =0= U@(ﬂ-a 90)

In the sequel, we shall work with the following quantity called absolute vorticity
Q(t,0,0) = Q(t,6, ) — 27 cos(0). (1.4)

The second equation in (|1.3) states that the velocity field U is divergence-free. Then, the divergence theorem
implies the following so-called Gauss constraint

V>0, /Szﬁ(t,f)da(f): / Q(t, £)do(€) = 0. (1.5)

S2

Notice that the first equality above is justified by

/S2 [Q(t, &) — Qt,&)]do(€) = —4my /07r cos(f) sin(0)do = [r7 cos(29)]gr = 0.

According to [], the stream function ¥ can be computed from the vorticity £ through the following integral
representation

1 _ ¢!
¥t = [ GEON0E),  Glee) = 5o (EEFE) (1.6
S2 s 2
where | - |gs is the usual Euclidean norm in R3. In the colatitude/longitude coordinates, we have
1 log(2
G0, 0,0, ¢") = —log (1 — cos(0) cos(#') — sin(6) sin(#") cos(p — cp’)) _ los(2), (1.7)
4n 4T
In what follows, we shall denote for simplicity
D(0,0',p,¢") 21— cos(0) cos(#) — sin() sin(6) cos(p — ¢'). (1.8)

Observe that we can write
D(0,0',¢0,¢") =1—cos( — 0") + sin(6) sin(6") (1 — cos(¢ — ¢'))
=2 [sin2 (G_TQ) + sin(f) sin(#’) sin” (“"_T“al) } (1.9)

The above function D will play an important role since it describes the singularity of the integral operator
defining the stream function. Indeed, with this last expression, we recover that

D(0,0',¢,¢' )20 and  D(0,0,0,¢)=0 < O6=0and (p=¢ orfe{0,x}ord c{0,7}).

Notice that once one works with the colatitude/longitude coordinates instead of the physical ones, the Euclidean
norm is deformed implying that the Green kernel is anisotropic and the north and south poles are degenerating
points. This will generate extra complexity later when dealing with the regularity of the stream function in the
new coordinates.
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Figure 1: Convention colatitude/longitude for spherical coordinates.



1.2 Historical discussion

We shall expose here some relevant results linked to our work.

Vortex patches in the plane

Recall that the planar homogeneous incompressible Euler equations write

Oww(t,x1, ) + v(t, 21, 22) - Vw(t, 21,22) =0, 5
V(t,l‘hl‘g) = V@‘Il(t,xl,xg), Vf@ = <_a:1;2) s Ape e &%1 + 352 (110)
ARz\P(t,Il,Z‘Q) = (AJ(t,fEl,SCQ),

Vortex patches are weak solutions to in the Yudovich class and taking the form ¢ — 1p, where D; is a
bounded planar domain. The vorticity jump here is normalized to 1. The dynamics is described by the evolution
of the boundary dD;. More precisely, according to |55, p. 174], if 2(¢,+) : T — 0Dy is a parametrization of (one
connected component of) the boundary at time ¢, then it must solve the following contour dynamics equation

Im(@tz(t,x)m) - 3m(lP(t,z(t,x))>. (1.11)

The solutions that we construct in this study are the analogous to the V-states obtained in the planar case. These
later are particular vortex patches where the dynamics is given by a uniform rotation of the initial domain around
its center of mass (fixed to be the origin), namely D; = € Dy with Q € R. As remarked by Rankine in 1858, any
radial domain is a V-state rotating with any angular velocity 2 € R. Later, Kirchhoff [62] discovered non-trivial
explicit examples of V-states with elliptic shapes. Close to the unit disc, such solutions were first obtained
numerically by Deem and Zabusky [26] and then analytically by Burbea [5] through bifurcation techniques. He
constructed a countable family of local curves of V-states with m-fold symmetries (i.e. invariance by %’T angular
rotation) bifurcating from the disc at the angular velocities

Q=1 (1.12)

2m

The global continuation of the Burbea’s bifurcation branches was found in [48] through global bifurcation
arguments. Some rigidity results giving necessary conditions on the angular velocity to obtain non-trivial V-
states can be found in [30} [5I], 41]. In the last decade, there have been intensive rigorous studies on the subject,
giving more properties of the V-states and exploring their existence around different topological structures. In
particular, the bifurcation from the annulus

Ay 2{zeC st. b<|z[ <1}, be(0,1),

has been studied by Hmidi-de la Hoz-Mateu-Verdera [25]. They proved that under the condition

2

1—
p(b,m) =1+ bp™ — m < 0,

there are exactly two branches of periodic vortex patches, with two interfaces, emerging at the angular velocities

_p2 _p2 2
Q) & ! 4b + (1 2b m—l) — b2m, (1.13)

2m

The degenerate case p(b,m) = 0 has been discussed in [53] [69]. Periodic multiple patches were found via a
desingularization of an appropriate distribution of point vortices. The first work studying the desingularization
of two point vortices using contour dynamics equations is due to Hmidi-Mateu [54]. Other extensions, in the
same spirit, have been achieved in [31], 32, 45} [50]. Similar results were obtained using variational arguments in
[6, [7, 10, 68] or via gluing techniques in [21], 22]. Recently, the authors in [33] studied the global continuation
of the desingularization of the vortex pairs. The existence of a non-uniform rotating vorticity distribution has
been treated in [16, 37, [36]. In [40], Gémez-Serrano, Park and Shi have constructed stationary configurations of
multi-layered patches with finite kinetic energy using Nash-Moser techniques. Some additional references can
be found in [I5] 24} 52| (5] 56].

Many of the results, mentioned above, apply not only to the planar Euler equations but also to other active
scalar equations such as the generalized surface quasi-geostrophic equation or the quasi-geostrophic shallow-
water equations, see [11[8] 9] 111 14 16, 17, 23| 27, BT 32} 33| B35} 34} 37 38, [44], 45, 48], 501 52), 53], 54, [56], 58, 65], 64] .

We end this discussion by very recent new perspectives concerning the existence of quasi-periodic patches
using the Nash-Moser scheme together with KAM theory, see [3], [39] 46}, (47, [49] 57 [65].



Around stationary solutions on the rotating unit sphere

Looking for stationary solutions to (1.3 is equivalent to solving the following equation on the stream function
V4w, ) - v(m(e, ©) — 27 cos(e)) —0. (1.14)

If ¥(6,¢) = ¥(h) is longitude independant, then it automatically solves (T.14]) because in this case, V+-W¥(6) is
colinear to e, and V(AU(f) — 2y cos(@)) is colinear to ey. Such type of solutions are called zonal solutions.

Also, one can easily check that any solution of the semilinear elliptic problem
AV(0, ) — 2y cos(8) = F(¥(0,¢)), (1.15)

with F € C'(R,R), solves (L.14)), but the converse is not true in general. Constantin and Germain [I9] showed
that any solution to with F” > —6 must be zonal (modulo rotation) and stable in H?(S?) provided the
additional constraint F’ < 0. Notice that the —6 corresponds to the second eigenvalues of the Laplace-Beltrami
operator. The zonal Rossby-Haurwitz stream functions of degree n € N are special stationary solutions in the
form

2y
nn+1)—2
where Y0 is the spherical harmonic. We refer the reader to [2] for an introduction to spherical harmonics. In [19],
the authors also discussed the local and global bifurcation of non-zonal solutions to from Rossby-Haurwitz
waves. They also proved the stability in H?(S?) of Rossby-Haurwitz zonal solutions of degree 2 as well as the
unstability in H?(S?) of more general non-zonal Rossby-Haurwitz type solutions. Very recently, the stability of
the degree 2 Rossby-Haurwitz waves in LP(S?) spaces with p € (1, 00) has been obtained by Cao-Wang-Zuo [12].
Recently, Nualart [63] proved the existence of non-zonal stationary solutions Gevrey-close to the zonal Rossby-
Haurwitz stream functions of degree 2. The L'-Lyapunov stability of zonal monotone vorticities belonging to
LP(S?) for p € (2,00) was discussed by Caprino-Marchioro [I3]. We mention that stationary solutions to
correspond to traveling solutions of the non-rotating case (Ep). More generally, we have the following result,
see [19] 63].

0, (0) = BYY(0) + cos(6), B eR",

Lemma 1.1. We consider two vorticities €0, Q related through
Q(t,0, ) = —2ccos(f) + Q(t, 0, o — ct),
with ¢ € R, and associated to stream functions ¥, U and velocity fields U, U:
U(t,0,¢) = ccos(8) + U(t,0, o — ct), U(t,0,¢) = csin(f)e, + U(t,0, ¢ — ct).
Then, the following are equivalent
(i) (,9,U) is a solution to (E5).
(it) (Q,W,U) is a solution to (E54c)-

For our later purposes, we shall prove that a longitude independent (absolute) vorticity generates a zonal
(so stationary) flow. This is given by the following lemma, whose proof is postponed to Appendix

Lemma 1.2. For any a € R, we introduce the rotation of angle a around the z axis

cos(a) —sin(a) 0
R(a) = | sin(a) cos(a) 0] € SO3(R).
0 0 1

Assume that

VaeR, VE€S®, Q(R(a)é) =Q8),
or equivalently

VaeR, VEeS?, Q(R(a)é) =08,
then

VaeR, VEeS? U(R(a)) =T(E).
This means that the flow is zonal (and thus stationary).

Patch type solutions on the rotating 2-sphere

Our analysis is strongly motivated by previous numerical works concerning the existence of patch type solutions
for the rotating 2-sphere. The pioneering results are due to Dritschel-Polvani [28] [29] where they considered
the sphere at rest (7 = 0) and found, numerically, vortex cap solutions with one and two interfaces. They also
studied the numerical nonlinear stability. Later Kim [59] described the free boundary problem for patch type
solutions in the rotating 2-sphere (¥ # 0) by using the stereographic projection. In [61], Kim, Sakajo and Sohn
numerically observed the existence of vortex caps (only one interface) and vortex bands (two interfaces) [60].
They also showed the linear stability of those solutions.



1.3 Dynamics of vortex cap solutions

Here, we introduce the notion of vortex cap solutions on the sphere, which are the analogous to vortex patches
in the plane. Then, we derive the fundamental contour dynamics equations, introduced in this work to track
the evolution of the caps interfaces. Our formulation is derived by following the ideas of [55, p. 174],
implemented in the context of vortex patches, but adapted to fit with the non Euclidean geometry of the sphere.

Fix M € N\ {0,1} and (wi)1<k<ar € RM such that
Vk € [[1,M — ].ﬂ, Wi 7& WEa1- (116)

Consider a partition of the unit sphere in the form

M
s = | | 6(0).
k=1

where for any k € [1, M — 1], the boundary T';(0) £ 9%}.(0) N d%%+1(0) is diffeomorphic to a circle. Take an
initial condition in the form

M
ﬁ(ov) = Zwkl‘(o”k(O)' (117)
k=1

The Gauss constraint ((1.5) requires the following additional condition
M
> wro(%:(0)) =0. (1.18)
k=1

Observe that, by virtue of (1.3)-(T.4), the absolute vorticity € solves the nonlinear transport equation
H0+U-VQ=0.

Since the singularity of the Green function in is logarithmic, then, similarly to Yudovich’s theory [70] in
the planar case, one can expect to obtain existence and uniqueness of a global in time weak solution which is
Lagrangian, namely

VE>0, VEeS?, Q¢ =00, (¢)),

where

VEES?,  0,0.(&) = U(t, 2(€)), o(§) =¢.

Applying this remark with the initial condition ([1.17]) gives the following structure of the solution at any later
timet >0

M
Qt,) =Y wilg @y,  with  Vke[1,M], %(t) 2 & (6(0)). (1.19)
k=1

Since U is solenoidal, then the flow ¢t — ®; is measure preserving
vk € [1, M], a(‘fk(t)) = a(‘fk(O)).

Any solution in the form (|1.19)) satisfying the conditions ([1.16]) and ([1.18]) is called a vortezx cap solution. From
now on, we fix a k € [1, M — 1]. Assume that the initial boundary T';(0) can be described as the zero level set
of a certain C'! regular function hy : S> — R, namely

I'w(0)={¢£€S® st. hy(§) =0}
Let us consider the following quantity
VE>0, VEESE  Fi(t€) £hp(®;1(9)). (1.20)
Then, by construction Fj(t,-) describes the boundary T'y,(t) £ 0%} (t) N 0%y41(t). More precisely,
Ie(t) ={€€S* st. Fi(t,§) =0}.
Differentiating the relation with respect to time yields

VE>0, VEESE OF(t®(8)) + Ut :(€)) - VE(t, ®(€)) = 0.



Now, take a parametrization z(t,-) : T — I'y(¢). We have
vVt >0, VxeT, Fk(t,zk(t,x)) =0.
Differentiating the previous relation with respect to time implies
VE20, Vo eT, 0:F(t zi(t, @) + Ozi(t,x) - VE(t, zi(t,z)) = 0.

Putting together the foregoing calculations, we deduce that
Oz (t, ) — U(t, 2 (t, m))} -VFE, (t, 2 (t, :z:)) =0.

The above scalar products can be understood either as taken in the tangent space T, Zk(w)SQ =~ R? or in the
classical Euclidean space R3, both are equivalent. Indeed, in the spherical coordinates the Euclidean metric
writes

grs (1,0, 0) & dr? + 1 (d0? + sin®(0)dy?).

Since the sphere is described by the equation r = 1, then the induced metric of ggs on S? is indeed gg2 as defined
in . On Tzk(m)SQ, the operator J acts as a rotation of —7. Consequently, since 0,zx(t, ) is tangential
to T'k(t) and contained in TZk(t7w)SZ, then JO,zk(t,z) is orthogonal to I'k(t) and contained in TZk(m.)Sz. In
addition, since I'y(t) is a level set of Fy(t,-), then VFy (¢, z,(t, x)) is also orthogonal to I'y(t) and contained in
T (t,0)S?. We deduce that J,z(t, x) and VFy (¢, z(t, ) are proportional, which leads to

VE>0, VreT, [&zk(t, ¥)—U(t, zk(t,x))} (JOpz(t ) = 0.
But, using that J” = J~! = —J and V' = JV, we obtain
U(t,zi(t,z)) - (JOp2k(t,2)) = VU (¢, 21,(t,2)) - (JOp2k(t, 7))

= —(va(t, zk(t,x))> Dpzi(t, )
= VU (t, 2 (t,2)) - Opzi(t, )
=0, (\If(t, zk(tx))).

Hence the contour dynamics equations for the vortex cap solutions are

Vke[l,M—1], Vt>0, VzeT, Ozt 1) (Josz(t z)) =0, (\I/(t,zk(t,x))), (1.21)

which are comparable to (|1.11)).

1.4 Main results

Let us now present our main results. First observe that Lemma[l.2]implies that any spherical vortex cap in the
form -
Q(0) = wilococo, +walp <o<o, + - Fwni—1loy o<o<on 1 +wWrrloy  <o<n,
with
M € N\ {0,1}, O 20<6,<...<Opy_1 <720, Vke1,M—1], wi# Wi,
and supplemented by the Gauss condition

M

Zwk(cos(Hk,l) — cos(b)) =0,

k=1

generates a stationary vortex cap solution to . In the sequel, we shall focus on the cases M =2 and M =3
(the latter will also be referred to as wvortex bands or wvortex strips). More precisely, we study the existence
non-trivial periodic solutions living close to these structures. Due to the symmetry of the stationary vortex
caps, we will look for rotating solutions around the vertical axis at uniform velocity ¢, that is

VEZ0, VEESE, Qt,€) = Q(0,R(ct)f),
and satisfy for some fixed m € N* the m-fold property

vees?, Q(0,R(5)E) =Q(0,9).

m

Our first result concerns the one-interface case M = 2 and reads as follows.



Theorem 1.1. Let ¥ € R, m € N* and 6y € (0,7). Consider wy,ws € R such that

+
ONTYS _ cos(By).
WN — Wg

There exists a branch of m-fold uniformly rotating vortex cap solutions to (1.3) with one interface bifurcating
from

Qre(0) £ wnlo<o<o, +wslog<o<n
at the velocity

~ - m—1
cm(7) £ 7 — (wn —ws) om

Before moving to the second result, some remarks are in order.

Remark 1.1. 1. The bifurcation points cm(Y) correspond to a shift by the rotation speed 5 of Burbea’s
frequencies (1.12) with a vorticity jump [Q] = wy —ws = —1. Hence, in the rotation frame of the sphere,
the solutions bifurcate at Burbea’s frequencies.

2. The local curve is parametrized in particular with € € (—eg,&0) — & (¥) € R for some small g9 > 0.
Denoting ym = (wn — ws)B=t, we have ¢, (Fm) = 0. Since the dependence of () in 7§ is affine, an
application of the implicit function theorem allows to construct a curve € € (—eg,€0) — 75, € R such that
(up to reducing the size of €g)

Ve € (—€0,€0), n(Fem) = 0.

This means that we can construct a branch of non-trivial m-fold solutions which are stationary in the
geocentric frame. One could also obtain these solutions by implementing bifurcation theory with the pa-
rameter 7.

3. The bifurcation analysis is performed in Hoélder spaces but, similarly to the planar case, we expect our
solutions to be analytic.

Next, we shall present our second result dealing with two interfaces (M = 3). In this case, the computations
in the spectral study are much more involved. For the sake of simplicity, we give here an informal statement of
the second main theorem. More precise statement is postponed to Theorem (3.1

Theorem 1.2. Let ¥ € R and 0 < 01 < 0y < 7. Fiz wy,we,ws € R such that
wy +ws = (Wy —we) cos(01) + (we — wg) cos(bs). (1.22)

Then, there exists N(01,02) = N (01,02, wn,ws,wc) € N* such that for any m € N* with m > N (61, 6y), there
exists at least one branch of m-fold uniformly rotating vortex strips for (1.3) bifurcating from

Qeca(0) = wnlocgen, +wole, <o<o, +wslo,<o<n, (1.23)
at some value of the velocity c.
Remark 1.2. Let us make the following remarks.

1. Notice that the proof in this case reveals some non-degeneracy conditions, required to avoid spectral colli-
sions when applying bifurcation techniques. This situation does not appear in the planar case [25]], where
the bifurcation eigavalues are well-separated.

2. As we shall see in Lemma the bifurcation points are also explicit, in this case, and, a priori, are
independent from the planar case , even if they globally have a similar structure. Moreover, similarly
to Remark[I.1}2, we can construct at most two curves of non-trivial m-fold solutions which are stationary
in the geocentric frame.

3. The cases with more interfaces (M > 4) seem much more involved to study.

1.5 Organization of the paper

This work is organized as follows. In Section [2] we provide the proof of Theorem [I.I] showing the analytical
existence of non-trivial vortex caps with one interface bifurcating from the trivial one. First, we characterize
the existence of such solutions with the non-trivial roots of a nonlinear and nonlocal functional. Later, we give
the spectral properties of such functional and conlude the proof of the first main result. In Section [3]we analyze
the two-interfaces problem (Theorem , which is more delicate since one has to study a coupled nonlinear
system. The spectral study is more complex in this case, and we can show the existence of non-trivial vortex
strips with large m-fold symmetries under non-degeneracy conditions. Finally, the Appendix gives the proof of
some technical lemmas and states the Crandall-Rabinowitz theorem.
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2 The one—interface case

This section is devoted to the proof of Theorem dealing with the case of one interface (M = 2). We first
discuss the stationary flat cap solution. Then, by choosing a suitable ansatz, we can rewrite the vortex cap
equation which leads to reformulate our problem in looking for the zeros of a nonlinear and nonlocal
functional, see . Finally, we implement bifurcation arguments in order to show the existence of non-trivial
roots of such functional. Hence, the proof relies on checking all the hypothesis of Crandall-Rabinowitz Theorem,

see Appendix

2.1 Equation of interest

First, we shall discuss some properties of the spherical stationary solutions with one interface.
Lemma 2.1. Let 6y € (0, 7). For any wy,ws € R such that

WN + wg
ONTYS _ os(By), 2.1
S cox(ty) (2.1)
the following function describing the flat cap (FC)

Qe (0) 2 wyloco<s, +wslog<o<n,

18 a stationary solution to Euler equations. In addition,

WN — Wg

9oV (o) = < 5

- 5) sin(6p). (2.2)

Proof. » Observe that - -
Va eR, VEE€S®, Quo(R()€) = Quo(§).

Hence, Lemma [T.2) applies and proves that this is a stationary solution.

» Notice that the constraint (2.1 is required since (1.5) and (1.2)) imply

27 T
0= /VS2 Qrc(t,€)do(§) = /(; /0 Qre(t, 0, ) sin(0)dod

=27 <wN /06 sin(0)df + wg /07T sin(ﬁ)d@)
0
=2r [wN(l — cos(fp)) + ws (1 + COS(@()))} .
» The potential velocity solves the elliptic equation
AUy = Qpe + 27 cos(0), ie. Op [sin(@)ag\l'pc(e)] = sin(0) (wN10<9<.90 + wslgogkﬁ) + 7 sin(26).

Integrating the previous relation gives

w ¥ 0 c .
Dy Wpa() = ity (1= cos(0)) = Fin@) + ey if 0 € (0,6p),
e - & w 5 cos(26 c .
Sinl(ve) (1 - COS(GO)) + Sinsg) (COS(QO) N COS(G)) o A/2 sin((29)) + sin(0)’ if 0 € [0o, ).

Since the flow is zonal, there is no velocity at the pole. Which implies that

lim OpW¥rc(0) = 0.
oLy e (0)



As a consequence, we must take the constant of integration c¢ as follows

Finally, using (2.1)), we can write

wN 1— 0 A 07 f&e 0’0 ’
0 ¥rc(0) = {SIH(G)( cos( )3 7 sin(0) i (0, 6)

|
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At 0 = 0, using again (2.1]), we find

99 Wsc(0p) = 28%(90) [WN(1 — cos(By)) —ws (1+ cos(ao))} — Fsin(fg) = (“’N;“’S - 5) sin(fo).
The proof of Lemma [2.1] is now complete. O
z
Y

ws

Figure 2: Representation of one interface (in red) vortex cap solutions with 6-fold symmetry.

Now, fix 6y € (0,7), wy,ws € R satisfying (2.1)) and let us consider a vortex cap solution close to Qg in
the form

Q(ta 07 90) = WN (f)10<0<90+f(t,g0) + w3190+f(t,<p)§9<7ra |f(ta @)' <1
The quantity wy (f) is defined implicitely so that the Gauss constraint is satisfied,namely

0= [ a.e)io(o

27 Oo+f(t,0) ™
:/ wN(f)/ sin(9)d9+ws/ sin(0)d0 | dy
0 0 o+f(t.)

27
- /0 won () (1~ cos(Bo + F(t.0)) +ws (1 +cos(Bo + £t 2))dip.

To make the argument rigorous, we define, for any reasonable Banach algebra functional space X whose elements
have zero space-average, the functional

G: XxR — R
(f,w) 02ﬂw(1—cos(90+f(t,<p))+ws(1+cos(00+f(t,g0))dgo.

The precise function spaces will be given in the next section. The application G is clearly smooth and, using
that 6y € (0, ),
G(0,wn) =0, (0,9)(0,wn) =27 (1 — cos(by)) # 0.

Therefore, one can apply the classical implicit function theorem to get the existence of a smooth functional
wn(+) : Bx(r9) = R such that

Vf S Bx(To), g(f,UJN(f)) =0, (JJN(O) = WN- (23)

10



We have denoted Bx (7o) the ball in X of center 0 and small enough radius rg > 0. Differentiating with respect
to f in any direction h € X (which has zero average), we get

(07G)(0,wn )R]
(ng) (07 "’JN)

_sin(fo)(wy — ws) 2 B
~ 27(1 — cos(6p)) /0 Mt p)dp =

dywn (0)[h] = -

Therefore,

dwa(O) =0. (2.4)
Let us mention that one could also fix wy and make wg vary. The evolution is given by the dynamics of the
interface which can be described (in the colatitude/longitude chart) through the following parametrization

sin (90 + f(t, 90)) cos(¢p)
2t ) = C1 (6o + f(t,0),0) = | sin (6o + f(t,)) sin(e)

cos (90 + f(t, <p))

Differentiating in time amounts to

cos (6 + f(t,¢)) cos(i)
Dez(t,0) = 0 f(t, ) | cos (6o + f(t,¢))sin(p) |,
—Sin(eo +f(ta¢ )
and the derivation in the longitude variable gives
cos (6o + f(t, p)) cos <p —sin (6o + f(t, ¢)) sin(p)
0,2(t, ) = 0, f(t, ) | cos (90 + f(t,¢)) sin( + | sin (6 + f(t,¢)) cos(e)
—gin (6‘0 + f(t, <p)) 0

The vector JO,z(t,¢) can be obtained using the cross product

JO,2(t, @) = 0pz(t, ) X 2(t, )

sin(¢p) cos (0o + f(t,¢)) sin (6o + f(t,¢)) cos(y)
=0, f(t, ) | —cos(p) | + [ cos (6o + f(2, w)) sin (6o + f(t, ©)) sin(p) | .
0 —sin (90 + f(t, )

Therefore,
Ouz(t, ) - (JO,2(t,0)) =sin (6 + f(t, )0 f(t, ).

Our ansatz corresponds to a vorticity in the form

Q(t,0,0) = WN(f)Lo<o<to+f(t0) T Ws Loy f(t.p)<o<n + 27 cos(0).

Consequently, according to m E ) and E, we have

2w
\I/(t z 90 477 / / log 90 + f(t, )7 L0, ))Q(t, 0, 90/) Sin(@l)dﬂldcp/
2r  pOo+f(ty")
- WL / / log (D(00 + f(ta 30)7 0/7 ®, SD/)) Sin(al)dgld(p/
47 0 0
ws

2w pm
5/ / log (D(8 + f(t,0),0' 0, ') ) sin(8')d6 di
& o+ (t,0")

~ 2w
+ — / log D0 + f(t,9),0" ¢, 0 )) sin(20')d0'dy’.

Remark that the unperturbed stream function can be written as follows

27 ™
Vo) = i /0 /O log (D(G,H’,O,@'))QFC(H’)sin(G’)dG’dw’
27 90
_wN / log D(@,G’,O,gp’))sin(ﬂ')dﬂ'dgp/
21
+7 /log D(0,0',0 ,go))sm(@)dé’dgo
0o

27r
+ L / log (D(6,0/,0,¢) ) sin(20')d0'dg.

11



Thus, making appeal to Chasles’ relation, we can write

U(t,2(t9)) = Urc (b + f(t.9) + L MO0 + £(E ). 0) + TFHSH (00 + F(2,0), )
2 W{f}(0o + f(t.0), ),

where

— wg 21 pOo+f(te")
{116, 9) s ON 25 / /9 log D(G, 9, o, gp’)) sin(6')do'dy’,

_ 7w rOo+f(te")
\IIE"]{J“}(f),so)éwN(fWN/2 / e log (D(6,0',0,') ) sin(0')d0' .

Therefore, the vortex cap equation (1.21)) becomes

2 (L (FHb0 + f(tp).))

Ot (t, ) = 2.5
tf( 30) sin (00 +f(t,<,0)) ( )
Looking for traveling solutions at speed ¢ € R leads to consider
[t 9) = flo—ct).
Inserting this into (2.5)) gives
, 2, (W{1} (60 + 1(0).¢))
F (e, /(@) = cO,f(p) + . =0. (2.6)

sin (o + f(y))

Observe, using in particular (2.3)), that
VeeR, F(c0)=0.

That corresponds to a trivial line of roots of .%, corresponding to the flat cap stationary solution associated
with the angle 6y. In order to look for non-trivial roots, we shall use bifurcation arguments in terms of the
Crandall-Rabinowitz Theorem. For that goal, we shall study the regularity of .# and the spectral properties of
its linearized operator.

2.2 Bifurcation study

In this section, we shall check the hypothesis of the Crandall-Rabinowitz Theorem for the functional .% intro-
duced in . Firstly, let us introduce the function spaces, in terms of Holder regularity, that will be used
in the bifurcation argument. Fix « € (0,1), then the Holder space C%(T) consists in 27-periodic functions
f: T — R such that the following norm is finite:

£ () = f(P)]
flleay £ 1 fllpeemy +  sup  ——=
Iloem = M llewe + sup 5 0=

pHEe!

The subspace C1T(T) of regular functions is associated with the following norm

I Fllcr+acry £ 1 Fllnee(r) + 100 fllco(m)-

Define also the following subspaces taking into account parity and symmetries
Xl & {f e C1TY(T) st. VpeT, fl Z fncos(mny), f,€ R} ,

Yo & {gGCO‘(’}l‘) st. Yo eT, gy Zgnsm mny), gnGR},
B%:Ir?na = {f S Xéja s.t. ||fHC1+0‘ < r} r>0.

The next proposition gathers the regularity properties for the functional .# and gives the structure of its
linearized operator at the flat cap.

Proposition 2.1. Let o € (0,1) and m € N*. There exists r > 0 such that

12



(i) The function Z : R x BHO‘ — Y2 is well-defined and of class C*.
(it) The partial derivative d.ds.7 : R x B}EY — L(XF*,Y,2) exists and is continuous.

(iii) At the equilibrium f = 0, the linearized operator admits the following Fourier representation

d¢F(c,0) [Z hn, cos(mngp)} = Z mn {—c — (wn — ws)n;zn_nl + 7| hy sin(mngp). (2.7)

n=1 n=1

In addition, if ¢ # “N59S — 5, then the operator d;.7 (c,0) : XpF® — Y& is of Fredholm type with index

ZEro.

Proof. (i) First, notice that the oddness and m-fold properties follow from the evenness and m-fold properties
of f and changes of variables in the non-local part. Now, we need to check that .#(c, f) belongs to C*(T)
provided that f € C'*®(T). Then, let us write .Z as

@ {fH (00 + (), ) | (B.T{f}) (00 + f0).0)
sin (60 + f(¢)) sin (6o + f(¢))

Notice that since 6y ¢ {0, 7} and || f||c1+e(r)y < 7, hence by considering r small enough we find

F(c, [)) =cf'(v) + ()

inf |sin (6 + > 8y >0, dp & inf 5i € (0,1). 2.8
inf |sin (0 + ()| > b 0%t [sm@) € (0.1) (28)

Thus, in order to check that % is well-defined, it is enough to prove that
0o {f}) (00 + f(-),)) € C*(T) and (9U{f})(00 + f(),") € C(T (2.9)

Note that proving (2.9) uses the same techniques as the one used to show (2.11). Thus, we shall skip the
details and only check that f +— (d;.%) is continuous using the expression in (2.6)). Indeed, we can compute the
Gateaux derivative of .# and obtain

dyF (e, R)(p) = ch(p) - h(¢)m

1
+ m@a (h(@(aa‘l’{f})(ao + f(p), 90))

1
T o+ 1)

0, (VLY (00 + 1(0).4))

0, ((ds WL HR) (B + 1), 9) )
with
(dpU{f}[R) (60 + f(0), ) = (dp U £}R) (B0 + £(0), ) + (dp U2 £}R) (B0 + £(0), 0),

—w 27
(df‘I’z[;”{f}[h])((?o+f(90),30)—WNTTS / B 10g (D (0 + F(9),00 + F(¢),0,¢) ) sin (B + F(¢))de,

27 6o
(dr@B{FYR) (00 + £(9). ) = dwa / / log (D (0 + (),0'0,¢) ) sin(0') o/ s’

+M/ log (D(80 + /(). 00 + /(') ') ) sin (60 + /() d?

47 0

and

2m  pOo+f(¢) / N o /
_ealf) [T [ D00 ) 0) 1
0 0 D(ea 0 y Py P )
QJS /271- /ﬂ. 89D(93 9/? gi)? SO/) b;ln(el) deld@l
o Jorsen  DO00,¢)

77
~ 2w pm / AR /
q 00 D(0,0, 0, )sin(20")  ,
+ /0 /0 D0,0,,9) df'dy’. (2.10)

Notice that d¢% (c, f) is continuous in f provided that the functions

1 0,((000){f} (80 + F(9),9)) and  fr 0, (dy{fHA)(B0 + f(9),9)) (2.11)
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are continuous. Let us start with the first condition in (2.11]) and, since the analysis is similar, we shall only
give details for just one of the terms. Note that from (2.10)), we can write

/27'( /00+f(<P) oD (60 + f(), 0,0, ¢") sin(6)
2m

(&,\I}{f})(eo + f( (90 + f( ) 0 © 90/) dald(p/

+ ws / 90D (00 + f(), 0,0, ¢") sin(8)
bty Do+ f(9),0,0,¢)
5 2”/ 90D (00 + f(p), 0, ¢, ¢") sin(20")
D(b0 + f(#), 0. 0,¢)
=J1{f}( )+ o {fHe) + J3{f}p).

We focus on the first term J;. Note that to check that the first condition in (2.11) is satisfied, we need to
compute d,J1{f}. However, let us simplify J; before differentiating. Observe that taking the derivative of

(1.9) leads to

do'dy’

d9'dy’

9 D(0,0',0,¢") =2 {sin (9 = ) cos (0 ) + cos(#) sin(#') sin? (‘P = ) } (2.12)
g D(0,0',0,¢") =2 [ — sin (9_29/> cos (9_29 ) + sin(0) cos(0') sin” (“" - ) ] (2.13)

Hence,
(99D + 09 D) (0,0, 0, ") = 2[ cos(0) sin(6') + sin(f) cos(#')] sin® (%)
= 25in(0 + ') sin® (£52 ).

Thus, adding and substracting dy: D appropriately and integrating by parts, we find

2r B0+ f(¢') sin® ) sin (0" + 6o + f(¢)) i
J / / sin(0")d@’ dy’
ke (90+f( A= R
21 pOo+f(e") , 0 o’ ’
89 0 + f( ) y Py P ) Sin(el)deldtpl
00 + f( )7 y s 4,0/)

wN 21 rBo+f(p') sin? )Sm (9 +00+ f(e )) PPy
/ / (00+f( o) O

2m
wzg) /O log (D(90 + £(9),00 + ('), ¢, w’)) sin (6o + f(¢'))dy’

21 Oo+f(¢")
/ / tog (D (6 + (). 8, 0,¢') ) cos(#)de'd
=J1,1{f}( )+ Ta{f0) + Tus{ (o).

Let us work with J1 1{f}, which is the most singular term. Now, we differentiate in ¢ and obtain

21 (Oo+1(e') f(g)cos (0" + 0o + f(p)) sin® (%) NPT,
o)) =5 [ eSO R

-2 / i | i sin (6 + 6 + /() sin(p — ¢)
D6+ f(9),0,0,¢")
A sin (0 + 0 + 1)) sin® ((£52
D2(90 4 f(gp)’9/780,g0,)
2T He) + T2 {1 (e) + Tia3{f}e).

Notice that the most singular integral is J; 1,3. Thus, we only deal with that term. Remark that

sin(0')d6’ dy’

)8 ( (60 + F(), 0", ¢, w))sin(é”)dG’dso’

0y (D(90 + f(9), 0,0, w’)) = f'(¢)3D(00 + f(),0'. 0,¢") + 9D (00 + f(0),0', 0, ¢")
=2f"(¢) [% sin (6o + f() — 0) + cos (6o + f(¢)) sin(#') sin® <“’_2“’ ) }
+sin (6 + f(¢)) sin(0) sin(p — ¢').

14



We can make the change of variables 8 = t(6y + f(¢’)) to simplify the integral obtaining

2m 1
hastiie) =3 [ [ Ky,
where

sin (14 )0o + f(p) + tf(¢')) sin® (%)
D2(8o + (), 80+ F(¢), 0, ¢')
x {20(9) [ Ssin (1 = ) + F() = £ (&) + cos (B + /() sin (t(0 + /() sin? (£52) |

+sin (6 + F(¢)) sin (60 + f(¢))) sin(p — &) }.

K{f}(t,0,¢") £ wn(f)

sin (t(00 + f(¢))) (90 + £())

Our goal is to check that f — Ji1,3{f} is continuous. For this aim, we take f1, fo € B,{j,f‘ and we estimate the
difference at those points

Jia3{feb () = Ji13{f1}(p).

In order to simplify, let us illustrate one of the terms since the order of singularity is the same at every term.
For that, define

B 27 1
sl fo} () 2 / / K{f1, f2} (¢, ¢, o )dtd,

where

sin (14 t)00 + f2(p) + tf2(¢')) sin® (%)
D2(0p + f2(9), (00 + f2()), 2. &)
X sin (90 + f2(<,0)) [UJN(fQ) - WN(fl)]~

K{f1, f2}(t,0,¢") £ sin® (t(00 + f2(¢))) (6o + f2(¢")) sin(e — &)

To estimate the previous term in the Holder space C*(T), we use Proposition with kernel

1
K(p, ¢") é/ K{f1, f2}(t, 0, ")t
0
Remark that, using the smoothness of wy(+), the mean value theorem implies

o (f2) = wn (£2)] < Cllfy = fell o

Now, we choose
{r < Lmin(fy, |60 — =), if 60 # %,

r<7, if o = 5
and denote _
g, (1) & {90 LR SN fo — i Zz i 5
O +r, if 0y > 7, ’ 2

Oy + 7, if90<g'

Notice that mg,(r) € (0,7) and Mg, (r) € (0,7), thus, a convexity argument ensures that
3C1,Co >0, Vte[0,1], Cit <sin(tmg,(r)) < Cat, Cit < sin (tMg, (r)) < Cat.

A direct estimation gives

[sin(e — )| sin? (£5")
0o + f2(), t(00 + f2(¢')), . ¢')
|sin(p — ¢')| sin? (W_T“’/> t?
0o + f2(9), t(00 + fo(¢')), 0, ¢")

1
|K(p,¢")| <C|Ifr - f2HL°°(1r)/O D2 sin® (Mg, (r))dt

dt.

1
<CMfi = fall /
1 Q‘L (T) o D2(
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We need to control the denominator. For any ¢ € [0, 1], we have
D2 (00 + fa(9), 100 + f2(¢)), 0, ')
_ {2 sin? (<1*’f)"°+f22(*">*tf2(“")) +2sin (60 + fa(0)) sin (£(00 + f2('))) sin? (W;W') }E (2.14)

> {\/i sin ((1—t)90+f22(<p)—tfz(sa'))‘ + CV't |sin (—“"72“’/) ‘} )

Let us now estimate the first term. For r small enough, we have

0< (1 — t)oo —2r § (1 — t)00 + fQ(QO) - tfg(go') S 90 + 2||f2HLoo(’H‘) § 90 +2r < m.

us

Using the concavity of the function sin on (0, §), we infer

sin (UL ) > 0((1- 1) (00 + fale) +E(Fle) — 12(#))

sin (£52)

> Co(1 —t) —t] f

Lip

Inserting this into (2.14) we arrive to

D (B0 + folip), 100 + o)), 0,¢) = C{ (1= 1) + (VE — [ Falluspt) [sin (£52) [}
>c{-n+vifsin(552)]}

where in the last inequality we are using that ¢ < 1 and that || fa||Lip is small enough. Finally, we find

D(8o+ fo(e), 6o + (@) ,) > C[(1 =07 + tsin® (252) ],

implying 2
D2(80 + fal), 100 + fole), 0,6) 2 C[(1 =) 4 s (52) ]

Putting together the foregoing calculations yields

1 |sin(p — ¢')| sin? (“D_Q‘P/) t?
dt.

[(1 — )2 + ¢ sin? (*";"’) ]2

|K(0,¢")| < Cllfr = fall(my /0

Now, observe that

and then

t|sin(p — ¢’

|sin(p — ¢')| .
1 — )2 + tsin® <%)

1
K (0, ")| < Cll = fell i / (

Next, use that for any ¢ € [0, 1],

t|sin(p — ¢')| - t]sin(p — ¢)|
. 9 o\ , T
(1 —1)? +tsin (%) [(1—t)2+tsin2(@;<f’ )}2\/5

o
< [(1 — )% + tsin® (W)
sin (252
The last inequality follows from the following classical estimate

Y(a,b) € (Ry)?, Va2 +b2> L(a+b).

)
I

<C[\1—t\+\/i

S
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This implies in turn

1
K. < Cllfi = fallieery [ [11=11+ VE
0

sin (%"’/) ‘ } 71dt

1

AN T C O ST _
<C\|fl—f2||mm/ sin (252 = e
0

. o —(1—a)
< Ol fr = follpee(m) ‘sm(‘f’;’ )‘ 7
where we have used the classical interpolation estimate
Vae (0,1), V(a,b) € (Ry)? (a+b)~t<a b (17,

The above computations allow to conclude that the hypothesis (A.1]) is checked for the kernel K. Similarly, we
can check that (A.2)) is satisfied and hence Proposition can be applied obtaining the continuity in f. Let us

continue with the second condition in (2.11). We only treat the case of \I/y], the other one being similar. We
can write

0 (40 + 10, )) = 2 [ O BT IO L IED 4 g v

By adding and subtracting 0, [D (00 + f(p),00+ f (cp’))] appropriately and integrating by parts, we find

0, (ALY (0 + 1), ) )
_ Wy —ws /2” 05 [D(0o + f(#),00 + f(¢), 0, ¢")] + 0 [D(00 + f (). 00 + f ('), 0. ¢")]
drJo D(0o + f(),00 + f(&'), 0, ¢)
_ WN —Wws /27r Do [D(00 + f9), 00+ f(£),0,¢")] .
dmJo o D(0o+ f(9). 00+ f(#),0,¢)

_ WN —Wg /27r acp [D(QO + f(SO)a90 + f(‘p/)ﬂpa@/)]
T 4rx 0

sin (0 + (")) h(")dy'

in (6 + f(¢")) h(¢")de

+ 9 [D(0y + f(10),00 + F(2'),0,¢)]
D(00+f( ), 00+ fo /)790750/)
WN —Wg

+47T/02ﬂ10g(D(90+f( )60+ f(e ) (sm (60 + fleo (go’))dga’.
Using the definition of D in 7 we infer
9,D(0,0',¢,¢") = sin(f) sin(8') sin(p — ') = =0 D(6,8', 0, ¢").
Combined with —, we get

ds[D (0o + f(),00 + f(¢),0,¢")] 4+ 0pr [D (60 + f(), 00 + f(¢),0,¢")]
= f'(©)06D (00 + f(©), 00 + f(£"), 0,¢") + f'(" )06 D (00 + f(0),00 + f(&'), 0,¢")

=sin (f(¢) — f(&") (f'(¢) = f'(¢") +2f'(¢) cos (6o + f(¢)) sin (60 + f(¢)) sin® (‘p%‘”)
+2f'(¢") cos (6o + f(¢')) sin (6o + f(p)) sin® (‘F_T“’/) .
As a consequence, we obtain

0, (w1} ](90+f te),y))

sin (90 + f(@/))h(SOI)dW/

_ON WS " sin ( (‘0/))( / /)) in / ’ /
o /0 (90+f(s0), o+ ( ) Wp’) sin (0o £ () ()i
(@) () sin (60 + f(¢')) sin® (‘”‘T*"/

+

~we 2mcos (fo+ f
WN s / 0 sin (90 + f(wl))h(sﬁl)d@/

2 Jo (90+f(90)790+f(¢)a%¢')

s [ cos(f -+ /(¢) (') sin(B + f () sin? (£5)
2m 0 D(HO + f((p)7 90 + f((P/)a 2 (P/)

WN — Wg

+ T/ 1o (D(90 + f(),00 + f(¢'), ¢, w’))aw (sin (6o + f(¢"))h(¢")) dg’
0

aWw

%ws (LA fYh(p) + LA f}h(p) + I{fI(p) + L{ f}(p)]-

+ sin (6o + f(¢")) h(¢")de’
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In the following, we show that f +— I;{f} is continuous by showing that it has a modulus of continuity. Let us
just give the details for I; and the others follow similarly. For that, take fi, fo € B1t®, and estimate

ram
27

L{fi}h(e) — Li{f2}h(p) = ; Ki{f1, f23(0,0") (f1(9) — F1(¢")) b )dg'
2
+/O Ko{f1, f2} (0, @) ((f1 = f2) (@) = (f1 — f2) (")) h(")d’

+ / " Kslfi, 123 (o) (fi0) — o) )
where

R L)
)

N A Sln<f2( _fQ( /)) . ’
Kao{f1, f2}(p, ") = D(90—|—f1( 90+f1( ) o, 90/) Sln(90+f1(%0 )),

)s
sin (fg( )
D(6o + f1(¢), 00 + f1

Ks{f1, f2}(p,¢") &

[bln (90 + fi(e )) — sin (90 + f2(§0/))]

Sln(f2(<P) fa(¢")
D(00+f1( ) 90+f1 )D(00+f2 00+f2(90/)a§0790/)

X [D(eo + fz(@)veo + f2(§0 )7(»0790) - (90 + f1(¢)a90 + fl(gal)7(p, SD/)] sin (00 + fQ(SDI))

Since the kernel of the integral operator has a non differentiable term, our purpose is to use Proposition
For that, let us estimate each kernel K;. First note that using (|1.8)) and (2.8)), we get

D0 + [(9),00 + F(¢),,¢') > 25in (00 + /() sin (6 + f(¢)) sin (£52)
> 263 sin? (£52°). (2.15)

Using (2.15)), it is easy to check that for K; we get

Kal i B} ) < I = B)(e) — (= () [sin (252

N =1
< Cllfr = follgr+ary [sin (%)’

o—¢' |72
sm( 3 )‘ )

and

10, K1{f1, f2} (0, )| < Cllf1 = fallcra(m

Similarly for K5 we obtain

N =1
[ {fu, fo (o )] < Clsin (25|
N =2
0. Kaf1, 2} (r¢)| < Clsin (252)|
Finally, we shall work with the last kernel K3. Note that

D(8o+ f2(¢): 00 + 2(9'):0:¢') = DB + f1(9): 00 + [1(#), 0. ¢)
= 2sin? (M) — 2sin? (M)

+ 2sin? (sa—Qsa’) { sin (00 + fa()) sin (8o + fa(')) — sin (6o + f1()) sin (6 + fl(@/))}
) ’sm (fmo —f1(¢) )’ ‘Sm (fzw fa(e' )) ~sin (M)’

+2sin’ (T) |sin (6 + f2()) | [sin (60 + f2(¢")) —sin (60 + f1(¢"))]

+2sin’ (”E“"') |sin (00 + f1(#")) | [sin (6o + fa(0)) — sin (60 + f1(9))]

< Ol fe = fillorea(ry sin? (%

<2

SN—
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To get the last estimate, we have used the 1-Lipschitz property of the function sin together with (A.5)) and

vk € {1,2},

sin (L) | <[ £i(g) = i)
< N fellervaqmle — ¢l
< Cr [sin (“’_T“"/) ’ .

o' |
an(52)[
=o'\ |2
an(52)[

Hence

|K3{f1, f2} (0, ") < Ol f2 = fillerem

Then, differentiating we find

10 K3{f1, f2} (0, ¢")| < Cllf2 = fillor+a(r)
Hence Proposition implies

| (I {f1} = I2{f2})[h]Hca(T) < C|f1 = fellerram IRl o (1)

concluding that f — I;{f} is continuous.

(ii) It follows from
0cds F (¢, )[h] = Oyh. (2.16)

(iii) We assume now that f = 0. First notice that (2.3))-(2.4) imply df\I/][f] (0) = 0. In addition, one readily has
\Ilg,l]{O} = 0. Hence, we have

47 @OM(E) = D) + 0, (S Tacl00)h(e) + (4, VI{OHA) (00 ).
From , we deduce
%8@ (59\Ppc(90)h) = (9598 F) §,h = — (L5 — ) Z mnh, sin(mny). (2.17)

n=1

After straightforward simplifications and using Lemma we get

—w 27
(4, WO} (1) (B0 ) = “2—5 sin (o) / h(')1og (1 = cos? (8) — sin?(6) cos(ip — &) ) di’

o0 2
WN —Wg . .
— sin(6p) 7?:1 hn /0 log (1 — cos?() — sin?(6p) cos(@/)) cos (mn(p — ¢'))d¢’

WN —Wg . >0
= NTS sin(6) T; B Imn (60, 60) cos(mnep)
_ N Y5 G 00) S cos(mng)

el mn
Therefore,
1 WN — W >
I (1] _ WN —Ws .
sin(fo) 0, ((df‘I’p {0}[h]) (o, 90)) 5 ; By, sin(mnp). (2.18)

Introducing the classical 2w-periodic Hilbert transform H defined by

Hh(p) & - /27r h(¢') cot (“"*‘p') dy’
27T 0 2 ’
which acts on the cosine basis as
Vn € N*,  Hcos(ny) = sin(nyp),

we have
WN —Wg

1 1
Sin(00)0° ((dsw{0}A]) (60, ¢)) = X2 n(p). (2.19)
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Combining (2.17), (2.18) and (2.19)), we obtain the Fourier representation (2.7) or equivalently, the following

structure for the linearized operator

dp 7 (c,0) = (c+ o

~ WN — W
_7)8¢+N78

A (2.20)

Clearly, if ¢ # 7 — ®25*5, the operator (ch NS fﬁ) Dy XpF* — Y% is an isomorphism. We shall prove the

compactness of the Hilbert transform in the Holder spaces. For that, we come back to the integral expression
which can be rewritten as

1 27 . o
sm(‘/’;" )

Hh(p) K(p, ¢ )0 h(¢)dye',  K(p,¢') £ log (

=5 ),
For any § € (0,1), we have

’

—(145
sin (£5%) o

N
Ko@) S [sin (552) ) 10K, S
Thus, we can apply Lemma (with 6 =1 — ) and get
VB € (1), [[Hhlles(r) S 10phllLee(r) S [1hllcr+acr).

Since, for B € (a,1), the injection C#(T) < C(T) is compact, we deduce that the operator H : C1+(T) —
C*(T) is compact. Thus, (2.20) together with [I8, Cor. 5.9] implies, for ¢ # 7—“~5#5 the desired Fredholmness
property. This proves Proposition [2.1 O

According to , the candidates for bifurcation points define the following singular set

S, A {cm(a) 25 (wy—ws)B=l me N*}. (2.21)

Finally, in the following proposition, we gather all the remaining conditions required to apply the Crandall-
Rabinowitz Theorem. Then, Theorem follows immediately from this proposition.

Proposition 2.2. Let a € (0,1), ¥ € R and m € N*.
(i) The linear operator d;.F (cm(7),0) : X5 — Y2 is of Fredholm type with index zero.

(it) The kernel of dy.F (cem(¥),0) is one dimensional. More precisely,
ker (dff(cm(:?), O)) = span(y — cos(my)). (2.22)
(iii) The transversality condition is satisfied, namely
Oed F (cm(7),0) i = cos(mp)] & 1m (A7 (6m(7),7,0) ) (2.23)
Proof. (i) By construction , our bifurcation points satisfy

- - m-1 , _ wy—ws
cm(Y) =7~ (wy —ws) = #F7 — ——5—

Hence, Proposition (iii) gives the desired Fredholmness property.

(ii) The sequence (cmnﬁ))n cn- being strictly monotone, then (2.7) and (2.21) give that the kernel is one
dimensional and generated by ¢ +— cos(mey).

(iii) To prove the transversality condition, we first need to describe the range. For this aim, we introduce on

Y% the scalar product
oo oo oo
(Z an sin(mmp)‘ Z bn sin(mmp)) £ Z Gnby,.
n=1 n=1 n=1

Now we claim that
Im (dfﬂ(cmﬁL 0)) = span™ (1) (¢ — sin(mey)). (2.24)

Indeed, the first inclusion is obvious from ([2.7))-(2.21). The converse inclusion is obtained because the range
is closed and of codimension 1, which results from the Fredholmness property with zero index and the one
dimensional kernel condition. Now, it remains to check the transversality condition. In view of (2.16)), we infer

dcds F (cm(7),0)[cos(myp)] = —msin(myp) € span(yp — sin(my)). (2.25)
Combining (2.24) and (2.25)), the condition (2.23) follows. This achieves the proof of Proposition O
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3 The two—interfaces case: vorticity bands

This section is devoted to the proof of Theorem dealing with the case of two interfaces (M = 3). As
before, we shall reformulate the problem with a suitable functional and implement bifurcation techniques. The
computations are more involved due to the interactions between the boundaries which leads to a vectorial
analysis.

3.1 Equations of interest
We start again by some remarks on the flat solution.

Lemma 3.1. Let 0 < 6; < 03 < w. For any wy,wc,ws € R such that
wy +ws = (Wy —we) cos(01) + (we — wg) cos(bs), (3.1)
the following function describing the flat cap (FC2)
Qs (0) = wnlocoen, +wole <o<o, +wslo,<o<r
s a stationary solution to Euler equations. In addition,
0p¥rca(01) = wy tan ( ) Fsin(6y), Upeo(02) = —wg cot (?2) 7 sin(6z). (3.2)

Proof. » Observe that - -
Va eR, VEES? Qpo(R(@)€) = Qpes(€).

Hence, Lemma [T.2] applies and proves that thib is a stationary solution.
» The constramt . follows again from and .7 namely

27
0 —/ Qrea(t,&)do (€ / / Qrea(t, 0, ) sin(6)dbdp

1 02 ™
=27 (wN/ sin(6)df + wc/ sin(6)df + ws/ sin(@)dﬂ)
0 01 02

=2 {wN(l — cos(6)) + we(cos(6y) — cos(62)) + ws (1 + cos(eg))} )
» The potential velocity solves the elliptic equation
AVico = Qpoa, ie. Op [sin(@)ag\Ichz(H)] = sin(0) (wN10<9<91 +wele, <o<o, + 192g9<ﬂ—> + 7 sin(26).

Integrating the previous relation and chosing the constant of integration as in Lemma gives

siazgy (1= cos(6)) — 7 sin(6), if 9 (0,61),
0gWrcs(0) = q siazgy (L — cos(01)) + sy (cos(61) — cos(0)) — Fsin(0), if 0 € [6,05),

si‘ﬁ%(l — cos(b)) + s1ﬁ'(39)( 0s(61) — cos(62)) + ) (cos(B2) — cos(0)) — ysin(f), if 6 € [, ).

Finally, using (3.1), we can write

(1 — cos(#)) — 7 sin(6), if 0 € (0,6,),
0pWscs(0) = { acyy (cos(B2) — cos(B)) — iy (1 + cos(f2)) —sin(f), if 0 € [01,62),
_ w( 7y (1 + cos(6)) — 7 sin(0), if 6 € [0q, ).

At 0 = 0, we find

Do Wrcs(61) = %(1 — cos(61)) — sin(6:)

= wy tan (%) — Fsin(6s).

At 0 = 65, we find

ws
sin(6s)
= —wg cot (%2) — 7 sin(f2).

89\:[]}7‘02 (92) = -

(1 + cos(62)) — sin(6s)
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Figure 3: Representation of two interfaces (in red and blue) vortex cap solutions with 6-fold symmetry.

From now on, we fix
0<b < <m, (3.3)

wn,we,ws € R satisfying (3.1) and consider a vortex cap solution close to Qpe, in the form

Q(t,0,0) = wn(1)Lo<o<01+f1(t,0) T WC L0141 (1,0)<O<02+ fo (1) T WS Loyt fs(t,0) <0<

with
Vk € {172}7 |fk(ta<p)| <L

The quantity wy(f1) is defined implicitely so that the Gauss constraint is satisfied, namely
0= [ at.e)ir(e

2 01+f1(t.) 01+f1(t:) ™
:/ wN(fl)/ sin(@)d9+wc/ sin(&)d0+ws/ sin(6)df | dy
0 0 0

2+ f2(t,¢) 2+ f2(t,¢)
2
- /0 {wN(fl)(l —cos(f1 + fi(t,¢)) + wc(cos (02 + fa(t, ) — cos (61 + fu(t, <p))>
+ ws (1 + cos(b2 + fa(t, (,0))} de.

As in Section by means of the implicit function theorem, we can rigorously justify the definition of wy (f1)
and obtain
wN(O) = WN, dfle(O) =0. (3.4)

For k € {1, 2}, the interface oscillating around 6 = 6; can be parametrized by

sin (0x + fu(t, )) cos(e)
sin (01, + fx(t, ¢)) sin()
cos (Ox + fi(t, 9))

In view of (1.21)), the parametrizations z; and zo must satisfy the following equations

L

Zk(t7 90)

ke {12}, Bt o) (T0,2(L9) = 0 ((t 20t ) ).
Proceeding as in Section we obtain
Apzr(t,p) - (JOp21(t, ) = sin (O + fi(t, 9))Defu(t, ).

Consequently, the unknowns f; and fo have to solve the following (coupled) system

a, (\I/(t, 2t 9))) |
sin (00 + fk(ta ()0))

Vk e {1,2}, O, fult, ) =
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Now, the stream function writes

2 0yt
U(t, zi(t, ) = wN fl / / log( (0 + fr(t, ), 0, 0,0 )) sin(0")d0'dy’

2 02+f2(t <p
e tog (D (0 + filt. )./, 0.2') ) sin(0")d0'
01+ f1(t,0")
2

ws

+ — / 10g (D (ek + fk (ta 90), 0/3 ®, 90/)) Sin(e/)deldsol
dn O2+f2(t,¢")

~ 2m
+ — / log (0r + fr(t, @), 0 ,cp,go’)) sin(260")d0'dy".
Remark that the unperturbed stream function can be written as follows

(UN 27 91

Vo (0) = —/ / log D(Q,&',O,cp’)) sin(0")d0'dy’

+ we / log D(6,0',0,¢ )) sin(0')d6'dy’

+ —/ / log D(9, 9,0, <p’)) sin(0")d0'dy’
02 Jo
~ 2m .

+ L / log D(0,0',0,¢ )) sin(20')d6'dy’.

Making appeal to Chasles’ relation, we can write

W (t, 2k(t, ) = Vees (O + [t ) + vl pol 1, f23 Ok + fr(t, ©), ) +‘I’,[,2,}2{f1}(9k + fr(t,

_q/{fl7f2 0k+fk( )80)7
27 01+ f1(t¢")
WL R0 £ 2 [0 ] tog (D(6, 8/, 0,0')) sin (8 b d'

_ 2w 92+f2ttp
v is / / log (D(0.0/.0.2') ) sin(0)db/
62

_ 27 91+f1(t [*2) )
\IILQ,]Q{fl} (97 90) £ O‘W(fiiﬂw]\’ / / log (D(aa 017 ®, 901)) Sin(gl)deldsol'
0 0

Therefore, the vortex cap equation (|1.21) becomes

0, (V{1 £2) (00 + St 0).0))

Vk € {1,2}, Oifi(t,p) = sin (Gk + fr(t ‘P))

We look for traveling solutions at speed ¢ € R

VkE{LQ}, fk(ta@:fk(@—d)
Thus, we shall solve
g(c,flva)ZOa %é(%lagQ)v

where

0, (V{11 123 (81 + Su(),9))
sin (Hk + fr ((,0)) '

Gi(c, f1, f2) (@) £ O, fr(p) +

Observe that
VeeR, 9(c0,0)=0.

This leads again to implement bifurcation theory.

3.2 Spectral properties
We check here the hypothesis of Crandall-Rabinowitz Theorem.

Proposition 3.1. Let o € (0,1) and m € N*. There exists r > 0 such that
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(i) The function 4 : R x BI1® x BITe — V& x Y& is well-defined and of class C*.
(i) The partial derivative Oed(y, 1) : Rx By i x BIEY — L(XF*x X3F* Ve xY,q) exists and is continuous.

(iii) At the equilibrium (f1, fo) = (0,0), the linearized operator admits the following Fourier representation

dify,9(¢,0,0) [Z h{Y cos(mngp), Z h{? cos(mngp)
n=1 n=1
= e
= Z mnMp,(c, 61, 02) h&) sin(mn), (3.6)
n=1 n
with
WN—Ww w ~ weo—wg sin(f n (6 n (0
—c+ N2n < - QCOSZI\E%) +7 CQn . singeig tan (71) cot (72)
Mn(cv 917 92) £ . sin(61) 0 0 B N (37)
NQn < sin(@i) tan™ (71) cot™ (72) —c+ CQn =+ 251112?972) +7

In addition, if ¢ & {7 — N N+ v s } , then the operator dy, 7,)%(c,0,0) : XLra o xlva

2cos2(971) n2(972)

Yo x Y5 is of Fredholm type with index zero.

Proof. (i) The proof is very close to Proposition (i). Indeed, the functional involves terms corresponding to
the self-interaction of each boundary with itself, which correspond to the one-interface analysis. It also involves
new terms corresponding to the interaction between both boundaries, but which are non-singular (smooth
kernels). Therefore, we omit the proof and just give the expression of the linearized operator. For k € {1,2},

g G(e, frs f2) [l (¢)
= 0,hu(p) + i) (("91 ++ ];;((Z)))) Op (Wec (B1 + ul9) + (WoL{f1, 2} + WELLAY) (O + i), ) )

- ma (e () [00Wrc (O + Fr(9)) + (90h5 L1, fo} + 00WEL (1)) (0 + i), 9) )

+ MQ@ ((dfk UL LF, Fo ) (O + fr(9), ) + Gady, (RELLF Y RAD) (65 + fi(p), 90)),

where 6y 1 is the kronecker symbol and

dio (e, f2) s i)(p) = : % ((dra WS, L2 s—k]) (0 + i), )

sin (Qk + fr

03— ,1 2
ey e LA (O DR EC D)

If we denote (wy,wc,ws) = (w1, we, ws), then for k € {1,2}, we have,
2
wE — W .
(dp U {1, fo} () (6, 0) = = / Bl 10g (D 0,0k + (@), 0, ') ) sim (0 + Fils))di
0

Moreover,

21 01+ f1(0")
_ dnonth)i] le4( Sl / / log (D(6,60', ¢, ¢")) sin(0)d’' dy'
u 0 0

w _ 27
W /0 ha(¢") log (D(G, O+ f1(#), o, <,0/)) sin (60 + f1(¢))de'.

(s, OPL{ £} []) (0, )

+
(ii) Immediate since
0ut 0¥ (e i o)l o) = (95O (33)
c)(f1,f2) s J15J2 1,762 0 6¢h2 . .
(iii) We assume now that (fi, f2) = (0,0). Using (3.4) and \IIE’]Q{O,O} =0, we have

41 0.0) 1u)(9) = € Dohn(9) + o0 (OrWrc 00 (2) + (a5 P (0.0} 1u]) (01 0)).

1

sl 0,0)hs-1(9) = 50 (A W1210,0) b)) B 0)).
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From (3.2]), we deduce

1 _ wpy tan (%1) -
smwg@4%wm@ﬂm)—<gm&)‘” Ot
wWN ~
= ——F7~—7]0sh
<2cos2(921) 7) o
— (5o 9N 3 (D) g;
= (7 B (921)> nz::lmnhn sin(mn) (3.9)

and

1 _ wg cot (%2) -
mwg%@ﬂm%mﬁ—‘<-+73w2

2

ws RS 2) o
= — 4 mnh; sin(mnp). 3.10
<2sm2 @) 7) ; (mnp) (3.10)

After straightforward simplifications and using Lemma, we get for k, ¢ € {1,2},

2m
W —w ,
(A5 W 10.0}0]) 01 0) = 2 sin(0) [ hete) og (D601, 4) )
= wl%w”l sin(6y) Z RO L (O, 04) cos(mngp)
n=1
- _w@ — We+1 Sin(9 ) i ﬁ tanmn (Inin(ék,@g)) Cotmn (max(akﬂ[)) COS(mn )
N 2 ¢ “— mn 2 2 -

Therefore,

(1] . 0
&o((dfe‘llp,z{QO}[htz])(Gm @)) _ we— Wy sin(0y) Z (O tanmn (min(&kﬂ[)) o™ (max(ek,ﬂg)) sin(mn)
sin () 2 sin(0y) " 2 2 '

n=1

Putting together the foregoing calculations, we get (3.6)-(3.7). Now, denoting

Q(p) £ log (1 — cos(6:) cos(6) — sin(6:) sin(6s) cos(i)),
we have

d(f1,f2)g(c7 0, O) = I + K,

WN _~
I N (C+ 20052(071) ’Y) 8¢ 0
O (C - 25inu2}kz672) B :y) 8“7
wy=—we gy wo—ws Sin(92)a Q % -
K2 2., 2 sin(61) 7Y . (3.11)
wzv;wo :256;; 6@9 % - wc'gws H

Ifeg 7 — %7+ 5550y (o then I XLre s XiFe  ya x Y2 is an isomorphism. We have already
() (%)

studied the compact property of the Hilbert transform in the proof of Proposition [2.2] so we are left with the
anti-diagonal terms. Actually, the corresponding symbol decays exponentially fast in n, which implies that
0,Q * - is smoothing at every order (so a fortiori compact in the considered functional framework). Thus, the
operator K : X1Fe x XHe 5 V& x Y@ is compact. We deduce the desired Fredholmness property. O

We shall now study the spectrum.
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Lemma 3.2. Let ¥ € R. There exists N(01,02) = N(61,05,wy,ws,wc) € N* such that for any n € N* with
n > N(601,02), there exist two velocities

20 0) L Ws _____WN WN — Ws 3.12
cn (7,01,02) =7 + Asin2 (072) 4 cos2 (971) + 4n 1)
1 tws —2 !
i (bin;}?f’?) + cosb:]zﬁ) - WZ wC) + —(wy —we)(we —ws) tan®" (%) cot® ()
2 2

for which the matriz M, (c,ilﬁ, 91,92),01,92) is singular. The sequences (c,fﬁ, 91792)) are strictly

n>=N(61,02)
monotone and

]Lé{lim cH(7,01,605), lim ¢ (7,61,0 }: Fo YN 5y WS . 3.13
Jim ¢, (7,01,02), lim ¢, (7,601,062) v 2co? (5 2 2o (%) (3.13)
Moreover,
1. If
wg cos? (%1) + wy sin? (%) # 0. (3.14)
then |L| = 2 and the following equations have no solution
C;(ﬁ, 01792) = Cq_(alv 91702)7 b, q P> N(91702)~ (315)
2. If
wg cos> (%1) + wy sin? (%) =0. (3.16)
then
|]L| =1, wN +wg =we # 0, wywg < 0.
In particular, (3.12)) simplifies into
4o~ ~ WN —Ws WN 1\/2 2n (6 2n (6
01,05) = — + — — t =) cot=™ (22). 3.17
ey (7,61,02) =7+ i 20052(%1) i wg — wNws tan (2)(30 (2) ( )

In addition, for any m € N with m > N(61,02), under one of the additional constraints

(H1+) we >0, wn >0, wg < 0,
(H2+) we >0, wy <0, wg >0 and 2cos? (%) > sin? (%),
(H3+) we <0, wn >0, wg < 0,
(H44) we < 0, wyn <0, wg >0 and 2sin? (%2) > cos? (%1) ,

the following equations have no solution
C§1(§791a92) :C];m(5701a92)7 ke N*.

And under one of the additional constraints

(H1-) we >0, wn <0, wg > 0,
(H2-) we > 0, wn >0, wg <0 and 2sin? (%2) > cos? (%1) ,
(H3-) we <0, wn <0, wg >0,
(H4-) we <0, wyn >0, wg <0 and 2 cos? (%1) > sin? (%2) ,

the following equations have no solution
C;q‘rm(;??oheQ) :C;(5701a02)7 ke N*.

This means that there is no m-fold spectral collision, i.e. the m-fold spectrum is simple.
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(a)251n(2)>cos(2). (b)2cos(2)>sm (2)

Figure 4: The shaded regions represent the admissible couples (61, 602) € (0,7)? with 6; < 6s.

Proof. From (3.7)), we have that the determinant of M, (c,0;,02) is

det (Mn(c, 01, 92)) L2 Bn(ﬁa 01, 92)6 + ’yn(ﬁ, 01, 92) € Ry [C],

~ WN — Wg WN wg ~

(7, 601,6,) & — + + 27, 3.18
ﬁ (7 1 2) m 2C052 (%) 28in2 (%) Y ( )

~ we —ws wg ~ WN — We WN ~

a0 70 £ + + — —+
(3, 61,02) ( 2n 2 sin? (‘972) 7 2n 2 cos? (%1) 7
1

-5 (wy —we)(we — ws) tan®" (Z) cot® (%) . (3.19)

The discriminant of the previous polynomial is
An(01,02) £ B2(3,01,02) — 4y (7,61, 02)

1 ws WN wN +ws — 2we 1 . .
T (sm + N + E(WN — we)(we — wg) tan? (%1) cot? (%)

cos? (%1) n
Notice that A,,(61,02) is independent of 5. We shall now prove that
E|N(91,92) € N*, Vn € N, n > N(61,92) = An(el, 92) > 0. (320)

Assuming that (3.20) is true, then we conclude that, for n large enough, we have two distinct real roots

- 1 - 1
Cf(%91,92) £ 55n(7791,92) + 5 Ay (61,62)

o~ wgs . wWN WN — Wg
0T 4sin® (072) 4 cos? (0—21) * 4n
2
1 ws WN WN + ws — 2we 1 n (0 n (0
3 <sm2<%>+cosz I ) Faaleow el mus)tan (5) ol ().

1. First assume that ({3.14) holds. From the proof of Lemma we know that tan (%) cot (%) < 1, then

1 . . 1
Vk e N, F(WN — we)(we — ws) tan®™ (&) cot™ (£) T Oo, 0, (ﬁ) . (3.21)
Then,
2
1 wg WN
As(f1,05) = - n >0, 3.22
(61,02) 4 (sin2 () cos? (%)) (3.22)
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and ([3.20) is true. Factorizing, we can write for any n sufficiently large

4o~ ~ ws WN wN —ws 1
¢, (7,01,02) =7+ — + 4=
(7, 601,02) =7 4sin® (%) 4cos? (%) 4n 4

ws n WN _WN + wg — 2wce
sin® (%) cos? (%) n

irn<91; 92)a

D>

with

(wy —we)(we — ws) tan?" (%) cot2n (%2)

r,(61,62) = 5
—S~ + —N— | n — (Wy +ws — 2w
({n (Z) " cos ("2)} (wy +ws 0))

1 ws__ 4 wN _ wWNtws—2wc
4 |sin? ( 72)

9( 0
12 1 n
cos ( P) )

1+ -1

Notice that (3.21]) implies
1
Vk € N, I‘n(91,02) j 091792 (n’f) . (323)

n— 00

We have the following dichotomy.

o If wgcos? (%1) + wy sin® (%) > 0, then for n large enough we have

wg WN wWN + ws — 2we ws n WN wN +ws — 2we
_ — 5 i~

%) cos® (%) n ’

sin? (

and therefore

02(91792) ::77—’— w3 + wcz:lws +rn(01792)7

25in2(972)
C; (013 02) = :)7 - QCO:;]Z%) + wNQ_”wc - rn(017 92)
As a consequence,
ni1(7,01,02) — ¢ (3,061, 02) = 2D T 000 (75)

1
n3
i1 (7,01, 62) — ¢ (3,01,602) = S22 + Opy 6, (=) -

Since wy # we and we # ws, then we conclude the asymptotic (strict) monotonicity of n +— ¢ (7, 01, 62).
In addition,

. + (=~ o~ ws . — o~ _x_ WN .
nh_)rgocn (7791u92) =7+ 25in2 (%) ) and nh—>H;o Cp (’7791792) Y 2 cos2 (%)
o If wgcos? (&) +wysin® (%) <0, then for n large enough we have
wg i WN wN +ws — 2we - wN +ws — 2we wg WN
W@ e @ T wr(®) w (D)

and therefore

62(61’92> = ;\7'_ 2C0:)21\E971) + WNQ_nwc - rn(91792)5

e (01,02) =7 + 58ty + =5 + (01, 62).

2 sin2(7

As a consequence,

CI+1(§7 Hla 92) - c;’z_ (?Y/v 917 02) n—:>oo ;,f(;illv) + 091,02 ( ) )

ns
C’V:-ﬁ-l(i? Hla 92) —Cp (%a 617 92) n—:>oo ;ns(;:% + 091,92 (#) .

The monotonicity conclusion is still valid. In addition, in this case, the limits are exchanged

. 4o~ = WN . i~ o~ ws .

nh—>ncj>lo Cn (7791792) =7 92 cos2 (971) and nh—>H;o Cn ('Yaehe?) - ’Y—i_ 2Sin2 (072)
The condition ([3.14) implies that the above limits are well-separated. Together with the strict monotonicity
property, we conclude (3.15)).
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2. Conversely, we assume that (3.16)) holds. This condition can also be written

1 — cos(62)

M1y cos(fy) (3:24)

wg = —

Notice that the Gauss constraint (3.1) can be written as follows

_wN (1 —cos(6)) +wg (1 + cos(b2))
we = cos(f2) — cos(fy) . (3:25)

Plugging (3.24)) into (3.25]) gives

(1 —cos(61)) (1 4 cos(61)) — (1 — cos(62)) (1 + cos(bz))
(cos(62) — cos(61)) (1 + cos(61))
o cos?(f2) — cos? (1)
N (cos(62) — cos(61)) (1 + cos(61))
cos(61) + cos(fa)
1+ cos(61)

We = WN

(3.26)

From and ( -, we get

cos(61) + cos(2)
1+ cos(6)

WN |:
1+ cos(61)

wn twg = 1+ cos(61) — (1—005(92))} =wy = we.

This last expression implies that wy # 0 (resp. wg # 0) otherwise ws = we (resp. wy = we) which is excluded
by construction. We also deduce
WN —Weo = —Ws, We —Ws = WN-

Now, using ((3.24)), we infer

5 1 —cos(f2)

—_— . .2
TUNT T cos(67) <0 (3.27)

WNWS =

In particular wy # wg and have opposite sign. Now, assume for the sake of contradiction that we = 0, i.e.
wny = —wg. Combined with (| and the fact that 91 ‘9"‘ € (0, ) we deduce

cos (91) = sin (02) , i.e. 01 = 0s.
This enters in contradiction with (3.3]). Thus,
we #£0 and wN +ws — 2we = —we # 0. (3.28)

In this case, the discriminant becomes

Vn e N*,  A,(601,60) = w% — wywg tan?®"? (%1) cot?" (%2)] > 0.

1
el
This implies in particular (3.20)). Factorizing, we can write

WN WN — |wc|

:t»-v
0y, 0,) =7 — SR el B N
n (7,61, 02) 2oos? (%) 4n T (01,62)
- ws WN — Ws |WC|
=34 + + +r,(01,0
7 2 sin? (%) 4dn 4n (61, 62).

with

We have the following dichotomy.

e If we > 0, then |we| = we = wy + ws and therefore

e (01,02) =7 — sy T T a(01,02) =T+ ey 4 5 4 xa(fh, 62), 529)
- - y . 3.29
Cp (01,00) =7 — —Hgs — 32 —1,(01,02) =7+ 355y — 32 — ru(01,02).
2005(2) 251n(2)



As a consequence,

c;;rl(ﬁ’ 01, 02) = (5, 01,02) nroo _% + 00, 0, (%) )
a7 00, 02) = 6 5 00) 5 ity + O (3
This is sufficient to conclude the asymptotic strict monotonicity. In addition, since wywg < 0, then

both sequences have the same monotonicity asymptotically. Nevertheless, in this case, both part of the
spectrum accumulate at the same point

w ~ w
N P s

lim cf(7,01,00) =

= lim ¢, (7,601,609).
neyoo 2COS2(%) n(’y 1 2)

2sin (92 ) n—00

Therefore, one must avoid the spectral collisions by a more careful analysis.
» Let us first study the equation

C;(§791792) :Cl;m(avelveQ)v k GN*‘
According to (3.29)), this equation is equivalent to
—k(wN +Tm) = ws + Tm, T, £ 2nr,(01,02) > 0. (3.30)

Observe that n — T,, is asymptotically decreasing and satisfies (3.23)).
> If wy > 0, then the equation (3.30) can be written

0=wc +2(k — 1wy + kT + Trm-

Each term in the right hand-side is non-negative and w¢ > 0, then this equation has no solution.
> Assume now that wy < 0. By virtue of -7 we have wg > 0. According to and - we can
select m large enough to ensure

Tm < |wN|.

Added to the asymptotic decay property of n — T, we get
Vk e N\ {0,1}, —k(wy +Tm) > 2(|lwn| —Tm) and wg + Tom = Ws + Thm.
Hence, it sufficies to impose
2(Jon| — Tm) > ws + Tom, ie. 2Jwn| > ws + 2T + Tom,

so that the equations (3.30) admit no solution for any k € N* (recall that ¢, # cp,). Using (3.23), we
deduce that, up to taking m large enough, the following condition is sufficient

2wy | > ws. (3.31)
But, according to , the constraint is equivalent to
2 cos? ( ) > sin (92) .
» Now, we turn to the study of the equation
cﬁm(ﬁ7 01,02) = ¢, (7, 61,02), k € N*.
Using again , this equation is equivalent to
WN + Thm = —k(ws + fm).

This is basically the same equation as ([3.30) where wg and wy have been exchanged. So either wg > 0
and there is no solution, or wg < 0 and there is no solution provided that m is large enough and

2|ws| > wn, ie. 2sin? ( 2) > cos (01) .
e If wo <0, then |we| = —we = —wny — wg and therefore
—+ - wN _ wWs — 5 Ws _ Ws
e (01,02) =7 — Zoos? () 2n +1r,(01,02) =7+ o (Z)  n +1,(01,02), 5.32)
Cp(01,02) =7 — —— g~ + X —1,(01,02) =7 + ——Fggs + X —1,(01,02)
2 cos (7) 2sin (7)



As a consequence,

a7 002) = 6100, 00) = g5 + Ovuos ()
5 01,02) = 2 5,01,02) = ity + v ().

As before, we can conclude the asymptotic strict monotonicity with the same limit.
» According to (3.32)), the equation

em(3,01,02) = ¢y (7,61, 62), kK EN
is equivalent to
—k(—ws+Tm) = —wN + Trm

which is (3.30]) with (wy,ws) replaced by (—wg, —wy). So there is no solution for either wg < 0 or wg > 0
and 2sin > cos? (%1) .
» The equation

C;c‘—m(ﬁ’el’QQ) :C:n(§,91792), k € N*

is equivalent to
—Wwgs +fkm = - (_WN +fm)

which is (3.30) with (wy,ws) replaced by (—wn, —wg). So there is no solution for either wy < 0 or wy >0
and 2 cos? () > sin? (%2) .

O

3.3 Proof of the main result

In the following proposition, we gather all the remaining conditions required to apply the Crandall-Rabinowitz
Theorem.

Proposition 3.2. Let a € (0,1), k € {+,—} and m € N* with m > N(01,602). Assume that (3.14) holds or
assume that (3.16) with (Hkk) for some k € [1,4] holds.

(i) The linear operator d(y, )% (ci(¥,601,62),0,0) is of Fredholm type with index zero.

(i) The kernel of d(fhfz)%(c"‘m(ﬁ, 01,62),0, O) is one dimensional. More precisely,

ker (d(f17f2)%(cﬁm(ﬁ7 015 02)7 07 O)) = SPan(UO), (333)
with N B
—Cia(7, 01, 0) + BG4 Gty 7
Ug : P = _ ’ cos(my).
o St ™ () o (%)

(iii) The transversality condition is satisfied, namely
8Cd(f1,f2)%(c"m(§, 91, 92), 0, 0) [Uo] Q Im(d(fl,fz)%(cfnﬁ, 91, 92), O, 0)) . (334)

Proof. (i) The strict monotonicity of n — ¢ (5,601,02) gives c& (7,01,02) € L, where L is defined in (3.13).
Together with Proposition (iii) this implies the desired Fredholmness property.

(ii) The non-degeneracy conditions imply that
Vi € N\{0,1},  det (M (cia(F,61,02), 01, 62) ) #0.

Together with the fact that the matrix M, (c%,(¥,61,602),601,62) is singular and non-zero, we obtain from (3.6)
the desired result because

—Cm (7, 01,02) + 25085 + —5% y 7

2m 2 sin? ( £

ker (Mm (cfn(ﬁ, 01,6), 061, 02)) = span

S St} tan™ (%) cot™ (%)
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(iii) The next step is to describe the range. For this aim, we introduce on Y, x Y, the scalar product

((Z ap, sin(mny), ch sin(mngp ) ’ (Z by, sin(mny), Z dy, sin(mny )) S ianbn + cndy,
2 n=1

n=1 n=1

Now we claim that

_cfn(”?7 61702) + T + N WSS: ) +’7

2m 2 sin? ( 2

III’l(d(fl fz)%( (7,91,92) )) = Span_J‘('l')z go:p— sm(mgp)

e S tan™ () cot™ (%)
(3.35)
Indeed, as in the proof of Proposition (iii), we shall prove the first inclusion and the second one is obtained

by the Fredholmness property and the previous point. First observe that

(T, 01,02) + L e 1

’Ur’;(91792) £ € ker (M;;(Cfn(ﬁ, 91792)701792))~

o ) tan™ () cot™ (%)

Now, consider
[e%e] B hgll)
g:pr— Z mann(cfn(fy,Hl, 02), 91,92) 1@ sin(mnyp) € Im(d(f1 fZ)%( o (7, 01,02), 0,0)).
n=1 n

Then, denoting - the usual scalar product on R2, we have

ey
(9190), = (mM (i (7. 61, 62), 61, 62) (h@)) v (61, 62)
1
hiv _
(h(z > : (Ml;l;(c’;l(’}/)ela92)791792)@&(91792))
=0.

This proves the claim. Now, we turn to the transversality condition. We shall prove that the following quantity
does not vanish

(8 d(f,.1)9 (a7, 01, 62), 0, 0) [uo] |90)

2
~ we — wg ws 1 2m (0 2m (0
=m —cP 6,0 — — t o1 t b2
( em(7,01,02) + s T 2oin? (%) +7> 4m2(wN we)(we — ws) tan™ (L) cot™™ (2)

Using the fact that det (Mm (cﬁl(% 01,02), 61, 02)) =0, we obtain

2
(—c'fmﬁ7 01,02) + 2525 4 Py ?%2) —l—ﬁ) + ﬁ(WN —we)(we — ws)tan2m (%1) cot?™ (%2)

— (. 00,00) + 25+ 4 7) (2,00, 00) + S — S+ S 25
According to the definition of ¢f,, the equation

ws WN WN — Ws

. 27 =0
2sin? (9"‘) 2 cos? (%1) + 2m +e

_QCRm (?v 91; 02)

is equivalent to Ay, (01,602) = 0, which corresponds to a double eigenvalue. This is excluded by hypothesis.
Besides, we can write
we — ws ws ~ wWN ws wN +ws — 2we 1

= /A (01.0).
2m Jr2811r1 (92)+Py 40052(%)+4sin2(92) 4m +/<;2 (01, 62)

—cm(7,01,02) +

Assume for the sake of contradiction that

wWeo —wWs wgs ~

et (3,61,0
em(7: 00, 02) + =50 25in? (%)
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This equation is equivalent to

—2 N
wN " w592 _ WN tws wo _ A (01,03,

2 cos? (%1) 2in? (7) 2m

Taking the square, we end up with

1
E(WN — we)(we — wg) tan?™ (%1) cot?™ (%2) =0.
But, by construction wy # we and we # wg. In addition tan (%1) cot (%2) € (0,1). Contradiction. Conse-

quently,
(acd(fth)g(C?n(a? 017 02)7 07 0) ['LLO] | gO) 9 # 0
This ends the proof of Proposition [3.2] O

Finally, from the previous analysis, we have proved the following theorem, which gives a refined version of
Theorem [[.2

Theorem 3.1. Let 7 € R and 0 < 01 < 0y < 7. Fiz wy,we,ws € R satisfying (1.22)). Then, there exists
N(61,02) 2 N(01,02,wn,ws,we) € N* such that for any m € N* with m > N(01,0,), the following hold true.

1. If the condition (3.14) is satisfied then there exist two branches of m-fold uniformly rotating vortex
strips for (L.3|) bifurcating from the absolute vorticity distribution Qpc., given by (1.23) at the veloci-
ties ¢t (7,01, 02), defined in (3.17).

2. Fir k € {+,—} and assume that the condition (3.16)), supplemented with (Hkk) for some k € [1,4], holds.
Then, there exist one branch of m-fold uniformly rotating vortex strips for (1.3) bifurcating from Qpc, at
the velocity ci (7,601, 02).

A  Appendix
A.1 An integral

In this appendix, we give an explicit value for an integral with parameters oftenly used in this work.

Lemma A.1l. Letn € N* and a,b € (0,7). We define

I.(a,b) = % /0 ' cos(nz)log (1 — cos(a) cos(b) — sin(a) sin(b) cos(z))dz.

Then 1 | b b
Lo(a,b) = L, (b,a) = — tan" (mm;“)) cot” (maX;a)) |
n

Proof. » Let us first begin with the case a = b. Observe that
log (1 — cos?(a) — sin®(a) cos(z)) = log (1 — cos(z)) + log (sin*(a))
= log (sin2 (%)) + log(2) + log (sin*(a)).

Hence, using [I5, Lem. A.3], we get

I 1
I.(a,a) = / log (sin2 (%)) cos(nz)dr = ——-
T™Jo n
» Now, we assume a # b with, without loss of generality, a < b. We can write
sin(a) sin(b)

> 0.

1 s
I,(a,b) = - / cos(nz)log (1 — pia,p cos(z))d, =
0

1 — cos(a) cos(b)
Notice that

a #b < cos(a—b) <14 cos(a)cos(b) + sin(a) sin(b) < 1
< sin(a) sin(b) < 1 — cos(a) cos(b)
< Hab < 1.
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Performing an integration by parts yields

L(a,b) = _M/ﬂ sin(nz) sin(z) de
U Jo 1= papcos(z)

Now we shall use the following result which can be found in [42] p. 391]

1 /7T sin(mj)sm(x))ahc:/Tr sin(nx) sin(z) i {gan—l’ if a2 <1,
0 0

1+ a2 1_%(308(;5 1 — 2acos(x) + o2 - s, ifa?> 1

We apply it with
2«

1_’_7 — 'u,a7b’ 1e ,U,a7b0[2 — 20[ + /’La,b = O

The discriminant of the previous second order polynomial equation is A = 4(1 — ,ufhb) > 0, so we can take

1=\ 1—p2,
£ —+ " e(0,1).

,LLa,b

aayb<1<:>1_/.la,b<ﬁ/1—/,tz’b

& (1= pap)? <1—pay

Q= Qq,b

Observe that

<= fap < 1.
Hence,
-1

L (a,b) = _Ha,b(l + ai,b)aZ,b _ _O‘Z,b_

T 2n n
We can also write

1 1
aa’b = - 3 - 1
Ha,b Hab

1= cos(a) cos(b) — \/(1 — cos(a) cos(b))2 — sin?(a) sinQ(b)'

N sin(a) sin(b)

But

(1 — cos(a) cos(b))2 — sin®(a) sin?(b)

1+ cos®(a) cos®(b) — 2 cos(a) cos(b) — (1 — cos*(a)) (1 — cos(b))
cos?(a) + cos?(b) — 2 cos(a) cos(b)
= (cos(a) — cos(b))z.

Since a,b € (0,7) with a < b, then cos(a) > cos(b). Consequently,

N 1 — cos(a) cos(b) — (cos(a) — cos(b))
@b sin(a) sin(b)

sin(a

Finally, we have

YneN*, VOo<a<b<wm I(ab)=—
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A.2 Potential theory

This section is devoted to some results on the continuity of specific operators with singular kernels. The proof
of the next result can be found in [58, Lem. 2.6].

Proposition A.1. Let « € (0,1). Consider a kernel K : T x T — R smooth out of the diagonal and satisfying,
for some Cy > 0,

S

Vo#¢ €T, |K(p,¢")<Co

sin (£52) ‘_(1_a) , (A.1)

sin ( _“’/) ‘_(Q_Q) . (A.2)

S

Vo# ¢ €T, [0,K(p,¢")l<Co

2

Then, the integral operator KC defined by

27
VoeT, K(f)(e)= ; K(p, ') f(¢")de'

is bounded from L*°(T) into C*(T). More precisely, we have the following estimate
Vfe L™(T), [IK(f)lloary < CCollfllLee(r),
with C' > 0 an absolute constant.

In some cases, the above proposition cannot be applied directly because the kernel K has a non differentiable
term, and thus the condition (A.2)) does not make sense. In those cases, let us give the alternative result.

Proposition A.2. Let a € (0,1) and g € C*(T), consider a kernel K : T x T — R smooth out of the diagonal
and satisfying

sin (*"—29” )’_1 : (A.3)

Vo# ¢ €T, 10K (p. )] < O lsin (52)| (A4)

Then, the integral operator /Eg defined by

2m

Vo eT, Ky(f)(p) 2 i K(p,¢") (9(9) — 9(")) f(¢')de’

is bounded from L*°(T) into C*(T). More precisely, we have the following estimate

Ve L=(T), [IKo(f)llcecm < CCollgllca(mllfllLe ),
with C' > 0 an absolute constant.

Proof. The L* norm of IEg(f) can be estimated as

2
”Cg(f)(w)‘ < CIIfIILoomIIgIIca(T)/O |K (0,9 )|lo — ¢'|*d¢’

=1
sin (%) ‘ lp — ¢'[*dy".

27
< CCo| fll L (mllgll o Sup/
peT Jo

Since we work on the torus, we can always assume that
Vo# P €T, 0<|p—¢[<m

As a consequence, we have the following classical convexity estimate

Vo g €T, -yl <2fsin(52)| <le- ¢l (A5)

Therefore, by using (A.5)), a change of variable and the fact that « € (0,1), we get

27
Vo € T, /
0

VAN e e S\
sm( 5 )‘ lo —¢'|%dy" < C ; sm(7>‘ dyp’ < 0.
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Hence, we obtain _
1 g ()l ry < CColl L= (mllgllce (-
For the Holder regularity, take 1 # o € T. Define

42 2sin (2522) | = [e — |
and for ¢ € T and r > 0,
B,(r) & {(p' eT st 2

sin (v’—;’)\ <r}, BL) 2T\ B,

Hence
27 27

Kg(H) (1) = Kg(f)(02) = [ K(e1,¢")(9(e1) — 9(¢")) f(¢")dy' — K(pa,¢")(g(p2) — (") f(¢")de

0 0

:/ K(e1,¢") (9(p1) — 9(¢") f(¢")dy'
B, (3d)
—/ K(p2,¢") (9(p2) — 9(¢") f(£)de'
B, (3d)
s (Kl - Klon ) (g(e1) - o)) ()
Bg,l(Bd)

+/ K(p2,¢")(g(e1) — g(2)) f(&")dg'
B, (3d)

Eh+ L+ I3+ Iy
Using (A.1), (A.5) and a change of variables, we arrive at

L] < COollflzm gl /

1

—1
sin (“‘”5“’ )‘ o1 — ' [“dy’
sin (‘Dl_wl)‘i(lia)d !
5 ©

34

2 dw
< Ccollf\lmmllgllcmr)/ oy
o |wl

«@ 1—’[1)2

(3d)

< CCollf |z Igllcm /

1

< CCo|Ifllee ¢y llgll o (ryd®
= CCo||fllzemllgllemler — e2|*.
In order to work with I, note that By, (3d) C By, (4d). Thus, proceding as before, we infer
-1
<CColflicoliglenm [ Jsin (25| loa — 70

B<P1

|12

N1
< CCol = colglencr) [ i (259)] lee -

P2

. p2—¢' ~me) /
< CCo| fll=(mllgllcam st ( 2 ) a7

P2

< CCol| fllLemllgllcamyler — @]
For the third term I3 we use the mean value theorem and (A.2) achieving

3| < C

(1 — ¢2) / / (0 K) (01 + (1 5)(02 — 01). ') (9(01) — 9(&)) F(&) o' ds
0 JBg (3d)

-2
lor — ¢'|*dy'ds.

1
< CCO”fHLOO(’]I‘)Hg||CG(’]I‘)|<P1 — g02| / / sin (‘PlJr(lfs)(;PzﬂPl)*@ ) ’
o JBg (3d)

Note that if ¢’ € B, (3d) and s € [0, 1], then

9 ‘sin <W1+(1*S)(;027901)*90/> ‘ —

elle1=¢") _ i1=s)(p1—¢2)

) , i
> [eller—¢) _ 1‘ _ eit=9)(01=p2) _ 1‘
B ’ . . . 12 . .
> el(¢1—¢) _ 1‘ _ 61(901—902) _ 1‘ = |elP1 _ l® ‘ _ ’eltﬂl _ 61<P2|
2 | ip1 _ e’ | 4 i (i
> 3le e = 3 [sin 5
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which implies, through (A.5) and a change of variables,

N\ | —2
sin (25| Jor = ¢°d’

113 < CCollf Lo llgllnmlor — ol /
B, (3d)

. 7 _(2_0‘)
<Caollfl=lslo=mler — el [ Jsin(252) " dp
Bg, (3d)
1
dw
< CC oo o — /—
OHf”L (T)HQHC (']1')|901 902‘ p |w|2*am
1
< CCollfllL=mllgllcemler — w2li———
H ||L (T)” ||C (']1')| ‘|§01_§02|1_a

< CCo| fllze(myllgllcemyler — w2l

Let us finish with I, using that g € C*(T),
=1
|14] < CCO||fHLoo(T)H9||Ca(T)/ ) ‘Sin (%)’ lo1 — @a|“dy'.
Bg, (3

Applying (A.6) with s = 0, we get

’ ’

o [ p2=¢ 4 g [(P1=0
2‘sm( 5 )’23‘5m( 5 )‘
sin ((er=¢

5 .

3 p1—¢’ —(=a) /
sin (TM dy
o

< CCollfllLe=mllgllca(ryler — @a|®.

Besides, for ¢’ € BE (3d), we have

|sin (#522)[ < 3

Combining the foregoing facts, we end up with

ITa| < CCo|l flz=m gl /B

3d)

Putting together the preceding estimates yields

Ko(f)(p1) — ’Eg(f)(sﬁz)‘ < CColfllLee(myllglloa(myler — w2|*,

concluding the proof. O

A.3 Crandall-Rabinowitz theorem
In this last appendix, we recall the classical Crandall-Rabinowitz Theorem whose proof can be found in [20].

Theorem A.1 (Crandall-Rabinowitz Theorem). Let \g € R, X, Y be two Banach spaces, V be a neighborhood
of 0 in X and & : R xV =Y be a function with the properties,

1. F(A\,0)=0 for all X € R.

2. The partial derivatives Ox% , dyF and Oxdy F exist and are continuous.

3. The operator d;.F (X, 0) is Fredholm of zero index and ker (dyF (Xo,0)) = span(fy) is one-dimensional.
4. Transversality assumption: Oxds.Z (Ao, 0)[fo] ¢ Im(ds.7 (Ao, 0)).

If Z is any complement of ker (dy.F (Xo,0)) in X, then there is a neighborhood U of (Ao, 0) in R x X, an interval
(—a,a) with a > 0, and two continuous functions ® : (—a,a) = R, B : (—a,a) = Z such that ®(0) = Ny and
8(0) =0 and

FH0)NU = {(D(s),sfo + sB(s)) : [s| <a} U{(X,0):(),0) €U}
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A.4 Proof of Lemma [1.2]

Fix a € R. Since R(a) € SO3(R), then it preserves the Euclidean norm | - |gs, i.e.

VEER®,  [R(a)€|ps = I€]re.

As a consequence,

V(EE) € (§7), VaceR, Gmmkmm%?—lhg<mmK_Rmkkﬁ

2T 2
1 [ R() (€ = &) ps
_%m<2R>
L (e €
Ton 8 2
=G(&¢).

Hence, using the change of variables ¢’ — R(a)¢’ € SO(R?) (which preserves S?), we get for any £ € S?,

U(R(a)f) = | G(R(e)§,&)Q(ENde

0

— o

0

G(R(a)¢, R(0)E)Q(R(a)¢') e’

G(&, 8NN de!

S2

§). (A7)

I
sy

This achieves the proof of Lemma (1.2
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