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Abstract

We construct time quasi-periodic vortex patch solutions with one hole for the planar Euler
equations. These structures are captured close to any annulus provided that its modulus belongs
to a massive Borel set. The proof is based on Nash-Moser scheme and KAM theory applied with a
Hamiltonian system governing the radial deformations of the patch. Compared to the scalar case
discussed recently in [59, 61, 69, 92], some technical issues emerge due to the interaction between
the interfaces. One of them is related to a new small divisor problem in the second order Melnikov
non-resonances condition coming from the transport equations advected with different velocities.
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1 Introduction

This work deals with some aspects on the vortex motion for the classical planar incompressible Euler
equations that can be reformulated in the vorticity/velocity form as follows

∂tω + v · ∇ω = 0, in R+ × R2,
v = ∇⊥ψ,
∆ψ = ω,
ω(0, ·) = ω0.

(1.1)

The quantity v represents the velocity field of the fluid particles which is supposed to be solenoidal

according to the second equation in (1.1) where the notation ∇⊥ ≜

(
−∂2
∂1

)
is used. The scalar

potential ω is called the vorticity and measures the local rotation effects inside the fluid. It is related
to the velocity field by the relation

ω ≜ ∇⊥ · v.

From the third equation in (1.1), we can recover the stream function ψ from the vorticity ω through
the following integral operator with a logarithmic kernel

ψ(t, z) =
1

2π

ˆ
R2

log(|z − ξ|)ω(t, ξ)dA(ξ), (1.2)

where dA is the 2-dimensional Lebesgue measure. It is well-known since the work of Yudovich [97]
that any bounded and integrable initial datum ω0 generates a unique global in time weak solution of
(1.1) which is Lagrangian, namely

ω(t, x) = ω0

(
Φ−1

t (x)
)
, Φt(x) = x+

ˆ t

0
v
(
t,Φs(x)

)
ds.

In particular, if the initial datum is the characteristic function of some bounded domain D0 then

ω(t, ·) = 1Dt , Dt ≜ Φt(D0)

and the resulting solution is called a vortex patch. The dynamics of these solutions is entirely described
by the evolution of the boundary ∂Dt. The global in time persistence of the boundary regularity of type
C1,α, with α ∈ (0, 1) was first proved by Chemin in [29, 30] and later by Bertozzi and Constantin in
[20]. Notice that the boundary motion can be tracked from the contour dynamics equation of the patch.
Indeed, for any parametrization z(t) : T → ∂Dt of the boundary, denoting n

(
t, z(t, θ)

)
≜ i∂θz(t, θ) a

normal vector to the boundary at the point z(t, θ), one has

∂tz(t, θ) · n
(
t, z(t, θ)

)
= ∂θ

[
ψ
(
t, z(t, θ)

)]
. (1.3)

We refer for instance to [68] for a complete derivation of this equation. In 1858, Rankine observed that
any radial initial domain D0 (disc, annulus, etc...) generates a stationary solution to (1.1). Then from
a dynamical system point of view it is of important interest to explore the local structure of the phase
portrait and to know whether periodic solutions may exist around these equilibrium states. This topic
turns out to be highly rich leading to fruitful subjects connecting various areas in Mathematics. The
first result in this direction is due to Kirchhoff in 1874 [75] where he proved that an ellipse Ea,b with
semi-axes a and b performs a uniform rotation about its center with an angular velocity Ω if and only
if

Ω =
ab

(a+ b)2
·
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Actually, the ellipses form a subclass of relative equilibria or V-states which are solutions keeping
the same shape during the motion, from which we derive another subclass given by rotating patches
where the domain Dt rotates uniformly about its center (due to the space invariance, we can suppose
without any loss of generality that the center is the origin),

Dt = eiΩtD0, Ω ∈ R.

They form a family of rigid periodic solutions where the domain is not deformed during the motion and
keeps its initial shape. Then, more recently in 1978, Deem and Zabusky [40] discovered numerically
3-fold, 4-fold and 5-fold V-states living close to the unit disc. Few years after, Burbea [23] confirmed
analytically these simulations using bifurcation theory. More precisely, he proved that for any integer
m ⩾ 1, one can find a branch of m-fold simply-connected V-states bifurcating from the unit disc at the
angular velocity

Ωm ≜
m− 1

2m
·

Actually, the case m = 1 corresponds to a translation of the Rankine vortex whereas the branch
associated with the mode m = 2 gives the Kirchhoff ellipses. Observe that for any m ⩾ 2, the bifurcation
frequency Ωm lives in the interval (0, 12) and the series of works [47, 53, 63] showed that, outside this
interval and in the simply-connected case, the only relative equilibria are the radial ones. The boundary
regularity of the V-states and the global bifurcation were analyzed in [27, 28, 60, 68]. The second
bifurcation from the ellipses has been discussed in [28, 65]. More precisely, if we consider an ellipse
Ea,b (a > b) described by

Ea,b =
{

a+b
2

(
w + Q

w

)
, w ∈ T, Q ≜ a−b

a+b ∈ (0, 1)
}
,

then for any integer m ⩾ 3, the bifurcation occurs at the angular velocity Ω = 1−Q2

4 , where Q is a
solution to the polynomial equation

f(m,Q) ≜ 1 +Qm − 1−Q2

2 m = 0. (1.4)

The boundary effects on the emergence of V-states have been explored recently in [38] where the
authors proved the existence of V-states when the fluid evolves in the unit disc D. It was shown that
for any integer m ⩾ 1 a family of m-fold implicit curves bifurcate from the disc bD, b ∈ (0, 1), at the
angular velocity

Ωm(b) ≜
m− 1 + b2m

2m
·

In contrast to the flat case R2, the one-fold curve is no longer trivial here and moreover the numerical
simulations performed in [38] show that in some regimes of b the bifurcating curves oscillate with
respect to the angular velocity. In the same spirit, Hmidi, de la Hoz, Mateu and Verdera discussed
in [64] the existence of rotating patches with one hole called doubly-connected V-states. They proved
that for a fixed symmetry m ⩾ 3 and b ∈ (0, 1) two m-fold curves of doubly-connected V-states bifurcate
from the annulus

Ab ≜
{
z ∈ C s.t. b < |z| < 1

}
, (1.5)

provided that the following constraint is satisfied

f(m, b) < 0,

where f is given by (1.4). The bifurcation occurs at the angular velocities

Ω±
m (b) ≜

1− b2

4
± 1

2m

√(
1− b2

2
m− 1

)2

− b2m. (1.6)

It is worthy to point out that the role played by the same function f in the two different cases
(bifurcation from the ellipses and the annulus) is quite mysterious and could be explained through
Joukowsky transformation. As for the degenerate case where

f(m, b) = 0 (1.7)
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the situation turns out to be more delicate to handle. The solutions to (1.7) can be ranged in the form

{(2, b), b ∈ (0, 1)} or
{
(n, bn), n ⩾ 3, bn ∈ (0, 1)

}
, (1.8)

where the sequence (bn)n⩾3 is increasing and tends to 1. This problem has been explored by Hmidi and
Mateu in [66], where they show that for b ∈ (0, 1) \ {b2p, p ⩾ 2} there is a trans-critical bifurcation of
the 2-fold V-states. However, there is no bifurcation with the m-fold symmetry for b = bm, m ⩾ 3. Very
recently, Wang, Xu and Zhou extended in [95] the 2-fold trans-critical bifurcation to the cases b = b4
and b = b6. We should also mention that over the past few years there were a lot of rich activities on
the construction of V-states around more general steady shapes (multi-connected patches, Thomson
polygons, von Kármán vortex streets, etc...) and for various active scalar equations (generalized
quasi-geostrophic equations, quasi-geostrophic shallow-water equations, Euler-α equations). For more
details, we refer to [2, 24, 25, 26, 32, 35, 36, 37, 38, 41, 49, 50, 51, 52, 54, 56, 57, 58, 62, 67, 70, 90,
91, 92, 94].

In the current work, we intend to explore the existence of time quasi-periodic vortex patches for
(1.1) close to the annulus. Recall that a quasi-periodic function is any application f : R → R which
can be written

∀ t ∈ R, f(t) = F (ωt),

with F : Td → R, where Td denotes the flat torus of dimension d ∈ N∗ and ω ∈ Rd a non-degenerate
frequency vector, namely

∀ l ∈ Zd \ {0}, ω · l ̸= 0. (1.9)

Observe that the case d = 1 corresponds to the definition of periodic functions with frequency ω ∈ R∗.
This type of functions are the natural solutions of finite dimensional integrable Hamiltonian systems
where the phase space is foliated by Lagrangian invariant tori supporting quasi-periodic motion. The
Kolmogorov-Arnold-Moser (KAM) theory [3, 79, 82] asserts that under suitable regularity and non-
degeneracy conditions, most of these invariant tori persist, up to a smooth deformation, under a small
Hamiltonian perturbation. A typical difficulty in the implementation of the KAM method is linked
to the small divisors problems preventing some intermediate series to be convergent. The solution,
proposed by Kolmogorov, is to introduce Diophantine conditions on the small denominators which
lead to a fixed algebraic loss of regularity. This loss can be treated through a classical Newton method
in the analytical regularity framework as proved by Kolmogorov and Arnold. However, this approach
turns out to be more involved in the finitely many differentiable case (for example Sobolev or Hölder
spaces). Indeed, to overcome this technical difficulty, Moser used in [83] a regularization of the Newton
method in the spirit of the ideas of Nash implemented in the isometric embedding problem [84]. Now,
such a method is known as Nash-Moser scheme.

The search of lower dimensional invariant tori is so relevant not only for finite dimensional Hamil-
tonian systems but also for Hamiltonian PDE where this query is quite natural. Actually, in the
finite dimensional case, this problem has been explored for instance by Moser and Pöschel [83, 86]
leading to new Diophantine conditions called first and second order Melnikov conditions. Later
on, the theory has been extended and refined for several Hamiltonian PDE. For example, it has
been implemented for the 1D semi-linear wave and Schrödinger equations in the following papers
[22, 31, 33, 76, 87, 88, 96]. Several results were also obtained for semi-linear perturbations of inte-
grable PDE [11, 12, 21, 43, 48, 74, 77, 78, 80]. However, the case of quasi-linear or fully nonlinear
perturbations were only explored very recently in a series of papers [5, 6, 7, 14, 18, 46]. A typical
example in this direction is given by the water-waves equations which have been the subject of rich
and intensive activity over the past few years dealing with the periodic and quasi-periodic solutions,
see for instance [1, 4, 15, 16, 19, 73, 85].

Concerning the emergence of quasi-periodic structures for the 2D Euler equations which is known
to be Hamiltonian, few results are known in the literature and some interesting developments have
been made very recently opening new perspectives around the vortex motion. One of the results on the
smooth case, supplemented with periodic boundary conditions, goes back to Crouseilles and Faou in
[34]. The construction of quasi-periodic solutions is founded on the superposition of localized traveling
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solutions without interaction. Notice that no sophisticated tools from KAM theory are required in
their approach. Very recently, their result has been extended to higher dimensions by Enciso, Peralta-
Salas and Torres de Lizaur in [44]. For Euler equations on the 3-dimensional torus, Baldi and Montalto
[8] were able to generate quasi-periodic solutions through small quasi-periodic forcing terms.

Another new and promising topic concerns the construction of quasi-periodic vortex patches to
the system (1.1) or to various active scalar equations (generalized surface quasi-geostrophic equations,
quasi-geostrophic shallow-water equations and Euler-α equations) which has been partially explored
in the recent papers [59, 69, 92]. All of them deal with simply-connected quasi-periodic patches near
Rankine vortices provided that the suitable external parameter is selected in a massive Cantor set.
We emphasize that for Euler model there is no natural parameter anymore and one has to create
an internal one. Two works have been performed in this direction. The first one is due to Berti,
Hassainia and Masmoudi [17] who proved using KAM theory the existence of quasi-periodic patches
close to Kirchhoff ellipses provided that the aspect ratio of the ellipse belongs to a Cantor set. The
second one is obtained by Hassainia and Roulley in [61], where the fluid evolves in the unit disc, and
they proved the existence of quasi-periodic patches close to Rankine vortices 1bD, when b belongs to
a suitable Cantor set in (0, 1).

Our main task here is to investigate the emergence of quasi-periodic patches (denoted by (QPP))
near the annulus Ab. The motivation behind that is the existence of time periodic patches around
the annulus as stated in [64] and one may get (QPP) at the linear level by mixing a finite number of
frequencies. Note that the rigidity of the frequencies (1.6) with respect to the modulus b is an essential
element to get the non-degeneracy of the linear torus. One of the difficulties in the construction of
(QPP) at the nonlinear level stems from the vectorial structure of the problem because we are dealing
with two coupled interfaces. As we shall see, this leads to more time-space resonances coming in part
from the interaction between the transport equations advected by two different speeds.
In what follows, we intend to carefully describe the situation around doubly-connected (QPP), then
formulate the main result and sketch the principal ideas of the proof. First, we consider a modified
polar parametrization of the two interfaces of the patch close to the annulus Ab, namely for k ∈ {1, 2}

zk(t, θ) ≜ Rk(t, θ)e
i(θ−Ωt), Rk(t, θ) ≜

√
b2k + 2rk(t, θ), b1 ≜ 1, b2 ≜ b.

The unknown is the pair of functions r = (r1, r2) of small radial deformations of the patch. It is
worthy to point out that similarly to [17, 59, 69, 92] our parametrization is written in a rotating frame
with an angular velocity Ω > 0. Nevertheless, we have multiple reasons here behind the introduction
of this auxiliary parameter Ω. In the previous works, we make appeal to this parameter to remedy
to the degeneracy of the first equilibrium frequency leading to a trivial resonance. In our setting,
this parameter is needed to avoid an exponential accumulation towards a constant of the unperturbed
frequencies (eigenvalues) {mΩ±

m (b), m ⩾ 2}, see (1.6). This fact induces a harmful effect especially
related to the second order Melnikov non-resonance condition. Therefore, thanks to the parameter Ω
the eigenvalues will grow linearly with respect to the modes m. Another useful property induced by
large values of Ω is the monotonicity of the eigenvalues, see Lemma 4.6, which allows in turn to get
Rüssmann conditions on the diagonal part, see Lemma 4.8-(iv).

One of the major difference with [59, 61, 69, 92] is the vectorial structure of the system related
to the interfaces coupling. Despite that, we are able to check the Hamiltonian structure in terms of
the contour dynamics equations. In fact, we prove in Lemma 3.1 and Proposition 3.1 that the pair of
radial deformations r = (r1, r2) solves a system of two coupled nonlinear and nonlocal transport PDE
admitting a Hamiltonian formulation in the form

∂tr = J∇H(r), J ≜

(
∂θ 0
0 −∂θ

)
, (1.10)

where the Hamiltonian H can be recovered from the kinetic energy and the angular momentum. This
Hamiltonian is reversible and invariant under space translations. The linearized operator at a general
state r close to the annulus Ab is described in Lemma 4.1 and writes

∂t

(
ρ1
ρ2

)
= JMr

(
ρ1
ρ2

)
, Mr ≜

(
−V1(r)− L1,1(r) L1,2(r)

L2,1(r) V2(r)− L2,2(r)

)
,
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where Vk(r) are scalar functions and Lk,n(r) are nonlocal operators given by (4.2)–(4.4). The diagonal
terms correspond to the self-induction of each interface. In particular, the operators Lk,k, for k ∈ {1, 2},
are of zero order and reflect the planar simply-connected Euler action. For k ̸= n ∈ {1, 2}, the anti-
diagonal operators Lk,n describe the interaction between the two boundaries and they are smoothing
at any order. In Lemma 4.2, we shall prove that at the equilibrium r = (0, 0), corresponding to the
annulus patch, each entry of M0 is a Fourier multiplier and the operator JM0 can be written in
Fourier expansion as a superposition of 2× 2 matrices,

JM0

(
ρ1
ρ2

)
=
∑
j∈Z∗

Mj(b,Ω)

(
ρj,1
ρj,2

)
ej , Mj(b,Ω) ≜

ij

|j|

(
−|j|

(
Ω+ 1−b2

2

)
+ 1

2 − b|j|

2
b|j|

2 −|j|Ω− 1
2

)
,

for all ρ1 andρ2 with Fourier expansion

ρk =
∑
j∈mZ∗

ρj,kej s.t. ρ−j,k = ρj,k, ej(θ) ≜ eijθ.

The spectrum of Mj(b,Ω) is

σ
(
Mj(b,Ω)

)
=
{
− iΩj,1(b),−iΩj,2(b)

}
, Ωj,k(b) ≜

j

|j|

[(
Ω+ 1−b2

4

)
|j| − iH

(
∆j(b)

)
(−1)k

2

√
|∆j(b)|

]
,

with H ≜ 1[0,∞) the Heaviside function and

∆j(b) ≜ b2|j| −
(
1−b2

2 |j| − 1
)2
.

At this stage, we shall restrict the discussion to m-fold symmetric structures for some integer m ⩾ 3
large enough. This is done for several reasons. First, the mode j = 2 corresponds to a double root
for any b ∈ (0, 1), because ∆2(b) = 0, implying a nontrivial resonance that we cannot remove using
the parameter b but simply by imposing higher symmetry for the (QPP). Second, the hyperbolic
spectrum, associated to non-zero real part for the eigenvalues, that could generate instabilities and
time growth emerge only for lower symmetries. We believe that with this latter configuration, one
can still hope to construct (QPP) by inserting the hyperbolic modes on the normal directions as it
was recently performed in [17]. We refer for instance the reader to [13, 39, 42, 55, 89, 98, 99] for an
introduction to hyperbolic KAM theory in finite or infinite dimension.

Now, we fix b∗ ∈ (0, 1) and set

m∗ ≜ min
{
n ⩾ 3 s.t. bn > b∗

}
, (1.11)

where the sequence bn defined in (1.8). Then, for any integer |j| ⩾ m∗, we have ∆j(b) < 0. Hence,
the quantity Ωj,k(b) is real and the matrix Mj(b,Ω) has pure imaginary spectrum. The restriction of
the Fourier modes to the lattice Z∗

m ≜ mZ \ {0} with m ⩾ m∗ allows to eliminate the hyperbolic modes.
At this stage, we find it convenient to work with new coordinates where the linearized operator at
the equilibrium state is governed by a diagonal matrix Fourier multiplier operator. This can be
done through the diagonalization of each the matrix Mj(b,Ω). To do that, we use the symplectic
transformation (with respect to W) Q taking the form

Q

(
ρ1
ρ2

)
=
∑
j∈Z∗

m

Qj

(
ρj,1
ρj,2

)
ej , Qj ≜ −1√

1−a2j (b)

(
−1 aj(b)
aj(b) −1

)
,

where

aj(b) ≜
b|j|

1−b2

2 |j| − 1 +
√(

1−b2

2 |j| − 1
)2 − b2|j|

∈ (0, 1), (1.12)

(see Corollary 4.1 for more details on the bound of aj(b)) such that

Q−1JM0Q = JL0, L0

(
ρ1
ρ2

)
≜
∑
j∈Z∗

m

1
j

(
−Ωj,1(b) 0

0 Ωj,2(b)

)(
ρj,1
ρj,2

)
ej .
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Notice that iΩj,1(b) and iΩj,2(b) are not complex conjugate, thus the dynamics cannot be reduced to
one scalar equation associated with a complex variable unlike the water-waves [4, 15, 16, 19] situation.
The new Hamiltonian system through the symplectic transformation r 7→ Qr

∂tr = J∇K(r), K(r) ≜ H(Qr)

whose linearization at the trivial solution has a good normal form

∂tρ = J∇KL0(ρ), KL0(ρ) ≜
1
2

〈
L0ρ, ρ

〉
L2(T)×L2(T) = −

∑
j∈Z∗

m

(
Ωj,1(b)

2j |ρj,1|2 − Ωj,2(b)
2j |ρj,2|2

)
. (1.13)

Consider two disjoint finite sets of Fourier modes

S1,S2 ⊂ mN∗, with |S1| = d1 <∞, |S2| = d2 <∞ and S1 ∩ S2 = ∅. (1.14)

Then, from Lemma 4.9, we deduce that for any 0 < b∗ < 1, Ω > 0 and rj,1, rj,2 ∈ R∗, for almost all
b ∈ [0, b∗], any function in the form

r(t, θ) =
∑
j∈S1

rj,1√
1−a2j (b)

(
1

−aj(b)

)
cos
(
jθ − Ωj,1(b)t

)
+
∑
j∈S2

rj,2√
1−a2j (b)

(
−aj(b)

1

)
cos
(
jθ − Ωj,2(b)t

)
is a quasi-periodic solution with frequency

ωEq(b) ≜
((

Ωj,1(b)
)
j∈S1 ,

(
Ωj,2(b)

)
j∈S2

)
(1.15)

of the original linearized equation ∂tr = JM0r which is m-fold and reversible, namely r(−t,−θ) =
r(t, θ) = r

(
t, θ+ 2π

m

)
. Our main result states that these structures persist at the non-linear level. More

precisely, we have the following theorem.

Theorem 1.1. Let 0 < b∗ < b∗ < 1 and fix m ∈ N with m ⩾ m∗, where m∗ defined in (1.11). There
exists Ω∗

m ≜ Ω(b∗, m) > 0 satisfying
lim
m→∞

Ω∗
m = 0

such that for any Ω > Ω∗
m, there exists ε0 ∈ (0, 1) small enough with the following properties : For

every amplitudes

a =
(
(aj,1)j∈S1 , (aj,2)j∈S2

)
∈ (R∗

+)
d1+d2 satisfying |a| ⩽ ε0,

there exists a Cantor-like set

Ca∞ ⊂ (b∗, b
∗), with lim

a→0
|Ca∞| = b∗ − b∗,

such that for any b ∈ Ca∞, the planar Euler equations (1.1) admit a m-fold time quasi-periodic doubly-
connected vortex patch solution in the form

ω(t, ·) = 1Dt , Dt =
{
ℓei(θ−Ωt), θ ∈ [0, 2π],

√
b2 + 2r2(t, θ) < ℓ <

√
1 + 2r1(t, θ)

}
,

where(
r1
r2

)
(t, θ) =

∑
j∈S1

aj,1 cos(jθ−ωj,1(b,a)t)√
1−a2j (b)

(
1

−aj(b)

)
+
∑
j∈S2

aj,2 cos(jθ−ωj,2(b,a)t)√
1−a2j (b)

(
−aj(b)

1

)
+ p
(
ωpe(b, a)t, θ

)
and aj(b) are given by (1.12). This solution is associated with a non-resonant frequency vector

ωpe(b, a) ≜
((
ωj,1(b, a)

)
j∈S1 ,

(
ωj,2(b, a)

)
j∈S2

)
∈ Rd1+d2

satisfying the convergence

ωpe(b, a) −→
a→0

−
((

Ωj,1(b)
)
j∈S1 ,

(
Ωj,2(b)

)
j∈S2

)
,
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where Ωj,1(b) and Ωj,2(b) are the equilibrium frequencies. The perturbation p : Td1+d2+1 → R2 is a
function satisfying the symmetry properties

∀(φ, θ) ∈ Td1+d2+1, p(−φ,−θ) = p(φ, θ) = p(φ, θ + 2π
m
)

and for some large index of Sobolev regularity s it satisfies the estimate

∥p∥Hs(Td1+d2+1,R2) =
a→0

o(|a|).

Remark 1.1. The lower bound restriction b∗ is required because the operators Lk,n, Vk,n may become
singular when b = 0, a situation which corresponds to the simply-connected case.

Remark 1.2. From this theorem, we obtain global non trivial solutions in the patch form which are
confined around the annulus. More studies on vortex confinement can be found in [71, 72, 81].

We shall now briefly describe the main steps of the proof whose general strategy is borrowed
from the Nash-Moser approach for KAM theory developed by Berti-Bolle [14] and slightly modified
in [59, Sec. 6]. Recall that the Nash-Moser scheme requires to invert the linearized operator in a
neighborhood of the equilibrium state and the inverse operator must satisfy suitable tame estimates
in the framework of Sobolev spaces. The first step that we intend to describe now is to reformulate
the problem in terms of embedded tori. Remark that the Hamiltonian system associated with K is a
quasi-linear perturbation of its linearization at the equilibrium state, namely

∂tr = JL0r +XP (r), with XP (r) ≜ J∇K(r)− JL0r = Q−1XH⩾3(Qr),

where
XH⩾3(r) ≜ J

(
∇H(r)−M0r

)
.

Under the rescaling r 7→ εr and the quasi-periodic framework ∂t ↔ ω · ∂φ, the Hamiltonian system
becomes

ω · ∂φr = JL0r + εXPε(r),

where XPε is the rescaled Hamiltonian vector field defined by XPε(r) ≜ ε−2XP (εr). Notice that the
previous equation is generated by the rescaled Hamiltonian

Kε(r) ≜ ε−2K(εr) = KL0(r) + εPε(r),

with KL0 as in (1.13) and εPε(r) describes all the terms of higher order more than cubic. We consider
two finite sets S1, S2 as in (1.14) and we denote d1 ≜ |S1|, d2 ≜ |S2|, d ≜ d1 + d2 and

Sk ≜ Sk ∪ (−Sk), S0,k ≜ Sk ∪ {0}.

and set
S ≜ S1 ∪ S2, S ≜ S ∪ (−S), S0 ≜ S ∪ {0}.

Next, we decompose the phase space into the following orthogonal sum

L2
m(T)× L2

m(T) = HS
⊥
⊕H⊥

S0
, L2

m(T) ≜
{
f =

∑
j∈Z∗

m

fjej s.t. f−j = fj ,
∑
j∈Z∗

m

|fj |2 < +∞
}
, (1.16)

with

HS ≜

∑
j∈S1

vj,1

(
1
0

)
ej +

∑
j∈S2

vj,2

(
0
1

)
ej , vj,k ∈ C, vj,k = v−j,k

 ,

H⊥
S0

≜

 ∑
j∈Zm\S0,1

zj,1

(
1
0

)
ej +

∑
j∈Zm\S0,2

zj,2

(
0
1

)
ej , zj,k ∈ C, zj,k = z−j,k

 .
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The sets HS and H⊥
S0

are called tangential and normal subspaces, respectively. The associated projec-

tions are defined through

ΠS ≜

(
Π1 0
0 Π2

)
and Π⊥

S0
≜

(
Π⊥

1 0
0 Π⊥

2

)
(1.17)

namely,

∀k ∈ {1, 2}, Πk

∑
j∈Z∗

m

vj,kej ≜
∑
j∈Sk

vj,kej and Π⊥
k ≜ Im −Πk, (1.18)

where Im is the identity map of L2
m(T). On the tangential setHS, we introduce the action-angle variables

ϑ ≜
(
(ϑj,1)j∈S1 , (ϑj,2)j∈S2

)
, I ≜

(
(Ij,1)j∈S1 , (Ij,2)j∈S2

)
as follows : Fix any amplitudes (aj,k)j∈Sk such that for any j ∈ Sk, a−j,k = aj,k > 0 and set

∀k ∈ {1, 2}, ∀j ∈ Sk, vj,k ≜
√

(aj,k)2 + |j|Ij,keiϑj,k ,

supplemented with the symmetry properties

∀k ∈ {1, 2}, ∀j ∈ Sk, I−j,k = Ij,k ∈ R and ϑ−j,k = −ϑj,k ∈ T.

Therefore, we have the following decomposition of r = (r1, r2),

r = A(ϑ, I, z) ≜ v(ϑ, I) + z, (1.19)

where z ∈ H⊥
S0

and

v(ϑ, I) ≜
∑
j∈S1

√
(aj,1)2 + |j|Ij,1eiϑj,1

(
1
0

)
ej +

∑
j∈S2

√
(aj,2)2 + |j|Ij,2eiϑj,2

(
0
1

)
ej ∈ HS.

The transformation A is W-symplectic and, in the new variables, the new Hamiltonian Kε ≜ Kε ◦A
writes

Kε = −
(
JωEq(b)

)
· I + 1

2

〈
L0 z, z

〉
L2(T)×L2(T) + εPε, J ≜

(
Id1 0
0 −Id2

)
, Pε ≜ Pε ◦A.

Observe that the Poisson structure is associated with J, and will be needed later during the imple-
mentation of Berti-Bolle approach. The corresponding Hamiltonian vector field is

XKε ≜
(
J∂IKε,−J∂ϑKε,Π

⊥
S0
J∇zKε

)
.

Therefore, the problem is reduced to looking for embedded invariant tori

i : Td → Rd × Rd ×H⊥
S0
, φ 7→ i(φ) ≜

(
ϑ(φ), I(φ), z(φ)

)
,

solution of the equation
ω · ∂φi(φ) = XKε

(
i(φ)

)
.

As observed in [14, 83], it turns out to be convenient along Nash-Moser scheme to work with one degree
of freedom vector-valued parameter α ∈ Rd which provides at the end of the scheme a solution for the
original problem when it is fixed to −JωEq(b). Therefore, we shall consider the following α-dependent
family of Hamiltonians

Kα
ε ≜ α · I + 1

2

〈
L0 z, z

〉
L2(T)×L2(T) + εPε

and we search for the zeros of the following functional

F(i, α, b, ω, ε) ≜ ω · ∂φi(φ)−XKα
ε

(
i(φ)

)
=

 ω · ∂φϑ(φ)− J
(
α− ε∂IPε(i(φ))

)
ω · ∂φI(φ) + εJ∂ϑPε(i(φ))

ω · ∂φz(φ)− J
[
L0z(φ) + ε∇zPε

(
i(φ)

)]
 .
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At each step of Nash-Moser scheme, we have to linearize this functional at a small reversible embedded
torus i0 : φ 7→

(
ϑ0(φ), I0(φ), z0(φ)

)
and α0 ∈ Rd, then we need to construct an approximate right

inverse of di,αF(i0, α0). The core of the Berti-Bolle theory is to conjugate the linearized operator by
a linear diffeomorphism G0 of the toroidal phase space Td ×Rd ×H⊥

S0
in order to obtain a triangular

system in the action-angle-normal variables up to error terms. Notice that in a similar way to [59],
we do not use isotropic tori. Therefore, in this framework, inverting the triangular system amounts to
inverting the linearized operator in the normal directions, denoted by L̂. This latter fact is analyzed in
Section 7 and uses KAM reducibility techniques similarly to [4, 19, 59, 69] that we shall now explain
and extract the main new difficulties. According to Proposition 7.1, we can write

L̂ = Π⊥
S0
(L − ε∂θR)Π⊥

S0
, L ≜ ω · ∂φIm + Lεr, Im ≜

(
Im 0
0 Im

)
, R ≜

(
TJ1,1(r) TJ1,2(r)
TJ2,1(r) TJ2,2(r)

)
,

where for any (k, ℓ) ∈ {1, 2}2, TJk,ℓ is a m-fold and reversibility preserving integral operator with
smooth kernel Jk,ℓ and Lεr is the linearized operator

Lr =

(
∂θ
(
V1(r) ·

)
+ 1

2H+ ∂θQ ∗ · 0
0 ∂θ

(
V2(r) ·

)
− 1

2H− ∂θQ ∗ ·

)
+ ∂θ

(
T𝒦1,1(r) T𝒦1,2(r)
T𝒦2,1(r) T𝒦2,2(r)

)
,

where we denote by H the 2π-periodic Hilbert transform and Vk(r), k ∈ {1, 2}, are scalar functions.
The convolution operator Q∗· has even smooth kernel Q. For k, n ∈ {1, 2}, the operator T𝒦k,n

(r) is an
integral operator with smooth, m-fold and reversibility preserving kernel 𝒦k,n(r), see Proposition 4.1.

First, following the KAM reducibility scheme in [8, 45, 69], we can reduce the transport part and
the zero order part by conjugating by a quasi-periodic symplectic change of variables in the form

ℬ ≜

(
ℬ1 0
0 ℬ2

)
, ∀k ∈ {1, 2}, ℬkρ(µ, φ, θ) =

(
1 + ∂θβk(µ, φ, θ)

)
ρ
(
µ, φ, θ + βk(µ, φ, θ)

)
.

More precisely, as stated in Propositions 7.2 and 7.3, we can find two functions c1 ≜ c1(b, ω, i0),
c2 ≜ c2(b, ω, i0) and a Cantor set

Oγ,τ1
∞,n(i0) ≜

⋂
k∈{1,2}

(l,j)∈Zd×Z\{(0,0)}
|l|⩽Nn

{
(b, ω) ∈ O s.t.

∣∣ω · l + jck(b, ω, i0)
∣∣ > 4γυ⟨j⟩

⟨l⟩τ1

}
,

where Nn ≜ N
( 3
2
)n

0 with N0 ≫ 1, in which the following decomposition holds

ℬ−1
(
ω · ∂φIm + Lεr

)
ℬ = ω · ∂φIm +𝒟 +ℛ + ℰn,

where

𝒟 ≜

(
c1∂θ + 1

2H+ ∂θQ ∗ · 0
0 c2∂θ −

(
1
2H+ ∂θQ ∗ ·)

)
,

and ℛ ≜ ℛ(εr) is a real, m-fold and reversibility preserving Toeplitz in time matrix integral operator
enjoying good smallness properties. The operator ℰn is of order one but with small coefficients decaying
faster in n. The next step deals with the localization effects on the normal modes. We first introduce
the operator

ℬ⊥ ≜ Π⊥
S0
ℬΠ⊥

S0
=

(
Π⊥

1 ℬ1Π
⊥
1 0

0 Π⊥
2 ℬ2Π

⊥
2

)
.

Then, according to Proposition 7.4, we prove by restricting the parameters to the set Oγ,τ1
∞,n(i0) that

for any n ∈ N∗ we have the identity

ℬ−1
⊥ L̂ℬ⊥ = ℒ0 + ℰ0

n, ℒ0 ≜ ω · ∂φIm,⊥ +𝒟0 +ℛ0,

where Im,⊥ ≜ Π⊥
S0
Im and 𝒟0 = Π⊥

S0
𝒟0Π

⊥
S0

is an m-fold preserving and reversible matrix Fourier

multiplier operator in the form

𝒟0 ≜

(
𝒟0,1 0
0 𝒟0,2

)
,
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with

∀k ∈ {1, 2}, 𝒟0,k ≜
(
iµ

(0)
j,k

)
j∈Zm \S0,k

, µ
(0)
j,k(b, ω, i0) ≜ Ωj,k(b) + j

(
ck(b, ω)− vk(b)

)
andℛ0 = Π⊥

S0
ℛ0Π

⊥
S0

is a small real, m-fold preserving and reversible Toeplitz in time matrix remainder

whose entries are integral operators with smooth kernels. The error term ℰ0
n plays a similar role as

the previous one ℰn. The next goal is to implement a KAM reduction of the remainder term ℛ0. This
is done in a new hybrid operator topology treating the diagonal and anti-diagonal terms differently.
Along the scheme, the diagonal part is treated as in the scalar situation through the use of the off-
diagonal Toeplitz norm, see for instance [69, Prop. 6.5], whereas the anti-diagonal part, which is
smoothing at any order in the spatial variable, is studied in an isotropic topology. We refer to Section
2.2.4 for more details on this topological framework, in particular (2.34). We point out that, thanks
to the nice structure of the 2D-Euler equation, the diagonal and anti-diagonal terms of the remainder
term ℛ0 are smoothing at any order in the spatial variable and therefore both can be studied using
the isotropic topology. However, this fact is not true for other transport models [59, 69] where the
remainders on the diagonal are not highly smoothing but of negative order. For this reason, we prefer
to work in the most general framework. The Proposition 7.5 states that we can find an operator Φ∞
such that in the following Cantor set gathering both diagonal and anti-diagonal second order Melnikov
conditions

𝒪γ,τ1,τ2
∞,n (i0) ≜ Oγ,τ1

∞,n(i0)⋂
k∈{1,2}

j,j0∈Zm \S0,k

⋂
l∈Zd

(l,j)̸=(0,j0)

|l|⩽Nn

{
(b, ω) ∈ O s.t.

∣∣ω · l + µ
(∞)
j,k (b, ω, i0)− µ

(∞)
j0,k

(b, ω, i0)
∣∣ > 2γ⟨j−j0⟩

⟨l⟩τ2

}
⋂

j∈Zm \S0,1
j0∈Zm \S0,2

⋂
l∈Zd

⟨l,j,j0⟩⩽Nn

{
(b, ω) ∈ O s.t.

∣∣ω · l + µ
(∞)
j,1 (b, ω, i0)− µ

(∞)
j0,2

(b, ω, i0)
∣∣ > 2γ

⟨l,j,j0⟩τ2

}

the following decomposition holds

Φ−1
∞ ℒ0Φ∞ = ω · ∂φIm,⊥ +𝒟∞ + ℰ1

n ≜ ℒ∞ + ℰ1
n,

where 𝒟∞ = Π⊥
S0
𝒟∞Π⊥

S0
= 𝒟∞(b, ω, i0) is a diagonal operator with reversible Fourier multiplier

entries, namely

𝒟∞ ≜

(
𝒟∞,1 0
0 𝒟∞,2

)
,

with

∀k ∈ {1, 2}, 𝒟∞,k ≜
(
iµ

(∞)
j,k

)
j∈Zm\S0,k

, µ
(∞)
j,k (b, ω, i0) ≜ µ

(0)
j,k(b, ω, i0) + r

(∞)
j,k (b, ω, i0)

and
sup

j∈Zm\S0,k
|j|
∥∥∥r(∞)

j,k

∥∥∥q,γ ≲ εγ−1.

Notice that, according to the monotonicity of the eigenvalues the difference µ
(∞)
j,k −µ(∞)

j0,k
is not vanishing

for j ̸= j0 and grows like |j − j0|. This is no longer true for the mixed difference µ
(∞)
j,1 − µ

(∞)
j0,2

(coming
from the mutual interactions between the interfaces) due to the different transport speeds leading to
a new small divisor problem. Therefore, to handle this problem we should adjust the geometry of the
Cantor sets 𝒪γ,τ1,τ2

∞,n (i0) with an isotropic decay on frequency. This explains in part the introduction
of the hybrid topology in (2.34) needed in the remainder reduction, Another key observation is that
we have no resonances for the off-diagonal part at j = j0 and consequently the associated homological
equations can be solved without any residual diagonal terms. Thus, at the end of the KAM scheme
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we get a diagonal Fourier multiplier operator 𝒟∞. Now, the final operator ℒ∞ can be easily inverted
by restricting the parameters to the following first order Melnikov conditions

Λγ,τ1
∞,n(i0) ≜

⋂
k∈{1,2}

(l,j)∈Zd×(Zm\S0,k)

|l|⩽Nn

{
(b, ω) ∈ O s.t.

∣∣∣ω · l + µ
(∞)
j,k (b, ω, i0)

∣∣∣ > γ⟨j⟩
⟨l⟩τ1

}
.

As a consequence, we can construct an approximate right inverse of L̂ provided that we choose (b, ω)
in the set

Gγn(i0) ≜ Oγ,τ1
∞,n(i0) ∩ 𝒪γ,τ1,τ2

∞,n (i0) ∩ Λγ,τ1
∞,n(i0).

Therefore, we can perform in Proposition 8.1 and Corollary 8.1 a Nash-Moser scheme as in [19,
59, 69] with slight modifications due to our particular Poisson structure and the off-diagonal second
order Melnikov conditions. Hence, we can find a non-trivial solution (b, ω) 7→ (i∞(b, ω), α∞(b, ω))
to the equation F(i, α, b, ω, ε) = 0 provided that we restrict the parameters (b, ω) to a Borel set Gγ∞
constructed as the intersection of all the Cantor sets encountered along the different schemes of the
multiple reductions. A solution to the original problem is obtained by constructing a frequency curve
b 7→ ω(b, ε) solution to the implicit equation

α∞
(
b, ω(b, ε)

)
= −JωEq(b).

By this way we construct a solution for any value of b in

Cε
∞ ≜

{
b ∈ (b∗, b

∗) s.t.
(
b, ω(b, ε)

)
∈ Gγ∞

}
.

The last step is to check that this final set is non-empty and massive. Actually, we prove in Proposition
8.2 the following measure bound

(b∗ − b∗)− εδ ⩽ |Cε
∞| ⩽ (b∗ − b∗) for some δ ≜ δ(q0, d, τ1, τ2) > 0.

The proof is quite standard and based on the perturbation of Rüssmann conditions, shown to be true
at the equilibrium state. We emphasize that the restriction Ω > Ω∗

m is required by Lemma 4.8-(iv)
and Lemma 8.4-(iv), and the value of Ω∗

m given in (4.76) is not necessary optimal.

Acknoledgments : The work of Zineb Hassainia has been supported by Tamkeen under the NYU
Abu Dhabi Research Institute grant of the center SITE. The work of Taoufik Hmidi has been supported
by Tamkeen under the NYU Abu Dhabi Research Institute grant. The work of Emeric Roulley has
been partially supported by PRIN 2020XB3EFL, ”Hamiltonain and Dispersive PDEs”.

2 Function and operator spaces

This section is devoted to the presentation of the general topological framework for both functions and
operators classes. In addition, we shall set some basic notations, definitions and give some technical
results used in this work.

Notations. Along this paper we shall make use of the following set notations.

• The sets of numbers that will be frequently used are denoted as follows

N = {0, 1, 2, . . .}, N∗ = N \ {0}, Z = N ∪ (−N), Z∗ = Z \ {0}, T = R/2πZ.

For any m ∈ N∗, we may denote

Zm = mZ, Nm = mN, Z∗
m = mZ∗, N∗

m = mN∗, Tm = T× · · · × T︸ ︷︷ ︸
m times

,

and for any m,n ∈ Z, such that m < n,

Jm,nK ≜ {m,m+ 1, . . . , n− 1, n}.
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• We fix two real numbers b∗ and b∗ such that

0 < b∗ < b∗ < 1.

The parameter b lies in the interval (b∗, b
∗) and represents the radius of the annulus Ab in (1.5),

corresponding to the equilibrium state and

• Consider the following parameters, that will be used to construct the Cantor set as well as the
regularity of the perturbations,

d ∈ N∗, q ∈ N∗, (2.1)

0 < γ ⩽ 1, τ2 > τ1 > d, (2.2)

S ⩾ s ⩾ s0 >
d+1
2 + q + 2. (2.3)

• For any n ∈ N∗ and any complex periodic function ρ : Tn → R, we denote

ˆ
Tn

ρ(η)dη ≜
1

(2π)n

ˆ
[0,2π]n

ρ(η)dη. (2.4)

• Let f : X → Y be a map where X is a set and Y is a vector space. For any r1, r2 ∈ X, we
denote

∆12f = f(r1)− f(r2).

2.1 Function spaces

This section is devoted to some functional tools frequently used along this paper. First, we shall
introduce the complex Sobolev space on the periodic setting Hs(Td+1,C) with index regularity s ∈ R .
It is the set of all the complex periodic functions ρ : Td+1 → C with the Fourier expansion

ρ =
∑

(l,j)∈Zd+1

ρl,j el,j , el,j(φ, θ) ≜ ei(l·φ+jθ), ρl,j ≜
〈
ρ, el,j

〉
L2(Td+1)

equipped with the scalar product〈
ρ, ρ̃
〉
Hs ≜

∑
(l,j)∈Zd+1

⟨l, j⟩2sρl,j ρ̃l,j , with ⟨l, j⟩ ≜ max(1, |l|, |j|),

where | · | denotes the classical ℓ1 norm in Rd. For s = 0 this space coincides with the standard
L2(Td+1,C) space equipped with the scalar product

〈
ρ1, ρ2

〉
L2(Td+1)

≜

ˆ
Td+1

ρ1(φ, θ)ρ2(φ, θ)dφdθ.

We shall make use of the product Sobolev space

Hs
m(Td+1,C) ≜ Hs

m(Td+1,C)×Hs
m(Td+1,C), (2.5)

equipped with the scalar product〈
(ρ1, ρ2), (ρ̃1, ρ̃1)

〉
Hs

m(Td+1,C) ≜
∑

(l,j)∈Zd+1

⟨l, j⟩2sρ1l,j ρ̃1l,j +
∑

(l,j)∈Zd+1

⟨l, j⟩2sρ2l,j ρ̃2l,j .

We also simply denote the real space
Hs

m ≜ Hs
m ×Hs

m .

As we shall see later, the main enemy in the construction of quasi-periodic solutions is the resonances
and in particular the trivial ones which can be fortunately removed by imposing more symmetry on
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the solutions. For this aim we need to work with the following subspace Hs
m(Td+1,C), with m ∈ N∗,

whose elements enjoy the m-fold symmetry in the variable θ, that is

Hs
m(Td+1,C) ≜

{
ρ ∈ Hs(Td+1,C) s.t. ∀(φ, θ) ∈ Td+1, ρ

(
φ, θ + 2π

m

)
= ρ(φ, θ)

}
.

Notice the m-fold symmetry is equivalent to say that

∀l ∈ Zd, ∀j ∈ Z \ Zm,
〈
ρ, el,j

〉
L2(Td+1)

= 0.

The real Sobolev space Hs
m(Td+1,R) is simply denoted by Hs

m and we define the subspace

H∞
m ≜

⋂
s∈R

Hs
m .

For N ∈ N, we define the cut-off frequency projectors ΠN and its orthogonal Π⊥
N on Hs(Td+1,C) as

follows
ΠNρ ≜

∑
(l,j)∈Zd+1

⟨l,j⟩⩽N

ρl,jel,j and Π⊥
N ≜ Id−ΠN . (2.6)

We shall also make use of the following mixed weighted Sobolev spaces with respect to a given pa-
rameter γ ∈ (0, 1). Let O be an open bounded set of Rd+1 and define the Banach spaces

W q,∞,γ(O, Hs
m) ≜

{
ρ : O → Hs

m s.t. ∥ρ∥q,γ,ms ≜
∑

α∈Nd+1

|α|⩽q

γ|α| sup
µ∈O

∥∂αµρ(µ, ·)∥Hs−|α|
m

<∞
}
,

W q,∞,γ(O,C) ≜
{
ρ : O → C s.t. ∥ρ∥q,γ ≜

∑
α∈Nd+1

|α|⩽q

γ|α| sup
µ∈O

|∂αµρ(µ)| <∞
}
.

Through this paper, we shall implicitly use the notation ∥ρ∥q,γ,ms , while the function ρ depends on more
variables such as with (φ, θ) ∈ Zd×Zd′

m 7→ ρ(φ, θ), frequently encountered when we have to estimate
the kernels of some operators, in which case the variables can be doubled.

In the next lemma we shall collect some useful classical results related to various actions over
weighted Sobolev spaces. The proofs are standard and can be found for instance in [15, 16, 19].

Lemma 2.1. Let q ∈ N, m ∈ N∗ and (γ, d, s0, s) satisfy (2.2)-(2.3), then the following assertions hold
true.

(i) Frequency growth/decay of projectors : Let ρ ∈W q,∞,γ(O, Hs
m), then for all N ∈ N∗ and t > 0,

∥ΠNρ∥q,γ,ms+t ⩽ N t∥ρ∥q,γ,ms and ∥Π⊥
Nρ∥q,γ,ms ⩽ N−t∥ρ∥q,γ,ms+t ,

where the cut-off projectors are defined in (2.6).

(ii) Product law : Let ρ1, ρ2 ∈W q,∞,γ(O, Hs
m). Then ρ1ρ2 ∈W q,∞,γ(O, Hs

m) and

∥ρ1ρ2∥q,γ,ms ≲ ∥ρ1∥q,γ,ms0 ∥ρ2∥q,γ,ms + ∥ρ1∥q,γ,ms ∥ρ2∥q,γ,ms0 .

(iii) Composition law 1 : Let f ∈ C∞(O × R,R) and ρ1, ρ2 ∈W q,∞,γ(O, Hs
m) such that

∥ρ1∥q,γ,ms , ∥ρ2∥q,γ,ms ⩽ C0

for an arbitrary constant C0 > 0 and define the pointwise composition

∀(µ, φ, θ) ∈ O × Td+1, f(ρ)(µ, φ, θ) ≜ f
(
µ, ρ(µ, φ, θ)

)
.

Then
∥f(ρ1)− f(ρ2)∥q,γ,ms ⩽ C(s, d, q, f, C0)∥ρ1 − ρ2∥q,γ,ms .

14



(iv) Composition law 2 : Let f ∈ C∞(R,R) with bounded derivatives. Let ρ ∈W q,∞,γ(O,C). Then

∥f(ρ)− f(0)∥q,γ ⩽ C(q, d, f)∥ρ∥q,γ
(
1 + ∥ρ∥q−1

L∞(O)

)
.

(v) Interpolation inequality : Let q < s1 ⩽ s3 ⩽ s2 and θ ∈ [0, 1], with s3 = θs1 + (1− θ)s2.
If ρ ∈W q,∞,γ(O, Hs2

m ), then ρ ∈W q,∞,γ(O, Hs3
m ) and

∥ρ∥q,γ,ms3 ≲
(
∥ρ∥q,γ,ms1

)θ (∥ρ∥q,γ,ms2

)1−θ
.

The next result is proved in [69, Lem. 4.2] and will be useful later in the study of some regularity
aspects for the linearized operator.

Lemma 2.2. Let q ∈ N, m ∈ N∗, (γ, d, s0, s) satisfy (2.2)-(2.3) and f ∈W q,∞,γ(O, Hs
m).

We consider the function g : O × Td
φ × Tθ × Tη → C defined by

g(µ, φ, θ, η) =


f(µ,φ,η)−f(µ,φ,θ)

sin

(
η−θ
2

) , if θ ̸= η,

2∂θf(µ, φ, θ), if θ = η.

Then
∥g∥q,γ,ms ≲ ∥f∥q,γ,ms+1 .

2.2 Operators

We intend in this section to explore some algebraic and analytical aspects on the a large class of
operators that fit with our context. Firstly, we shall classify them according to their Toeplitz in time
structures, real and m-fold symmetry, etc... Secondly, we shall fix some specific norms, such as the
off-diagonal/isotropic decay, and analyze some of their properties. This part is a crucial later in the
reduction of the remainder of the linearized operator. Thirdly, a particular attention will be focused
on operators with kernels by exploring the link between the different norms and the action of suitable
quasi-periodic transformations. The last point concerns a short discussion on matrix operators.

2.2.1 Symmetry

Consider a smooth family of bounded linear operators acting on the Sobolev spaces Hs(Td+1,C),

T : µ ∈ O 7→ T (µ) ∈ L
(
Hs(Td+1,C)

)
.

The linear operator T (µ) can be identified to the infinite dimensional matrix
(
T l,j
l0,j0

(µ)
)
l,l0∈Zd

j,j0∈Z

with

T (µ)el0,j0 =
∑

(l,j)∈Zd×Z

T l,j
l0,j0

(µ)el,j , where T l,j
l0,j0

(µ) ≜
〈
T (µ)el0,j0 , el,j

〉
L2(Td+1,C).

Along this paper the operators and the test functions may depend on the same parameter µ and thus
the action of the operator T (µ) on a scalar function ρ ∈ W q,∞,γ

(
O, Hs(Td+1,C)

)
is by convention

defined through
(Tρ)(µ, φ, θ) ≜ T (µ)ρ(µ, φ, θ).

We recall the following definitions of Toeplitz, real, reversible, reversibility preserving and m-fold
preserving operators, see for instance [5, Def. 2.2].

Definition 2.1. Let ρ : Td+1 → R be a periodic function. Define the involution

(ℐ0ρ)(φ, θ) ≜ ρ(−φ,−θ)

and for a given integer m ⩾ 1 consider the transformation

(ℐmρ)(φ, θ) ≜ ρ
(
φ, θ + 2π

m

)
.

We say that an operator T ∈ L
(
L2(Td+1,C)

)
is
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• Toeplitz in time (actually in the variable φ) if its Fourier coefficients satisfy,

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T l,j
l0,j0

= T j
j0
(l − l0), with T j

j0
(l) ≜ T l,j

0,j0
,

• real if for all ρ ∈ L2(Td+1,R), we have Tρ is real-valued, or equivalently

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T−l,−j
−l0,−j0

= T l,j
l0,j0

,

• reversible if T ◦ℐ0 = −ℐ0 ◦ T, or equivalently,

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T−l,−j
−l0,−j0

= −T l,j
l0,j0

,

• reversibility preserving if T ◦ℐ0 = ℐ0 ◦ T, or equivalently,

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T−l,−j
−l0,−j0

= T l,j
l0,j0

,

• m-fold preserving if T ◦ℐm = ℐm ◦ T, or equivalently,

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T l,j
l0,j0

̸= 0 ⇒ j − j0 ∈ Zm.

2.2.2 Operator topologies

We shall restrict ourselves to Toeplitz operators and fix different topologies whose use will be motivated
later by different applications. Given m ∈ N∗, then any m-fold preserving Toeplitz operator T (µ) acting

on m-fold symmetric functions ρ =
∑
l0∈Zd
j0∈Zm

ρl0,j0el0,j0 is described by

T (µ)ρ =
∑

l,l0∈Zd
j,j0∈Zm

T j
j0
(µ, l − l0)ρl0,j0el,j .

For q ∈ N, γ ∈ (0, 1] and s ∈ R, we equip this set of operators with the off-diagonal norm given by,

∥T∥q,γ,mO-d,s ≜ max
α∈Nd+1

|α|⩽q

γ|α| sup
µ∈O

∥∂αµ (T )(µ)∥O-d,s−|α|, (2.7)

with
∥T∥O-d,s ≜ sup

(l,m)∈Zd+1

⟨l,m⟩s sup
j0−j=m

|T j
j0
(µ, l)|.

We define the cut-off frequency operator(
P 1
NT (µ)

)
el0,j0 ≜

∑
(l,j)∈Zd+1

⟨l−l0,j−j0⟩⩽N

T l,j
l0,j0

(µ)el,j and P 1,⊥
N T ≜ T − P 1

NT.

or equivalently (
P 1
NT (µ)

)j
j0
(l) =

{
T j
j0
(µ, l), if ⟨l, j − j0⟩ ⩽ N,

0, if not.
(2.8)

Another norm that will be used together with the previous one during the reduction process of the
remainder of the linearized operator, is given by the isotropic frequency decay

∥T∥q,γ,mI-D,s ≜ sup
α∈Nd+1

|α|⩽q

γ|α| sup
µ∈O

∥∂αµ (T )(µ)∥I-D,s−|α|, (2.9)

where
∥T (µ)∥I-D,s ≜ sup

l∈Zd
j,j0∈Zm

⟨l, j0, j⟩s|T j
j0
(µ, l)|.
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The associated cut-off projectors (P 2
N )N∈N are defined as follows

(
P 2
NT (µ)

)
el0,j0 ≜


∑

(l,j)∈Zd×Zm
⟨l−l0,j⟩⩽N

T j
j0
(µ, l − l0)el,j , if |j0| ⩽ N,

0, if |j0| > N.

(2.10)

or equivalently (
P 2
NT (µ)

)j
j0
(l) =

{
T j
j0
(µ, l), if ⟨l, j, j0⟩ ⩽ N,

0, if not.
(2.11)

We also define the orthogonal projector P 2,⊥
N T ≜ T − P 2

NT. The next lemma lists some elementary
results related to the off-diagonal and the isotropic norms.

Lemma 2.3. Let q ∈ N, m ∈ N∗, (γ, d, s0, s) satisfy (2.2)-(2.3), T and S be Toeplitz in time operators.

(i) Frequency localization : Let N ∈ N∗ and t ∈ R+. Then

∥P 1
NT∥

q,γ,m
O-d,s+t ⩽ Nt∥T∥q,γ,mO-d,s, ∥P 1,⊥

N T∥q,γ,mO-d,s ⩽ N−t∥T∥q,γ,mO-d,s+t

and
∥P 2

NT∥
q,γ,m
I-D,s+t ⩽ Nt∥T∥q,γ,mI-D,s , ∥P 2,⊥

N T∥q,γ,mI-D,s ⩽ N−t∥T∥q,γ,mI-D,s+t.

(ii) Link with the classical operator norm :

∥Tρ∥q,γ,ms ≲ ∥T∥q,γ,mO-d,s0∥ρ∥
q,γ,m
s + ∥T∥q,γ,mO-d,s∥ρ∥q,γ,ms0 ,

∥Tρ∥q,γ,ms ≲ ∥T∥q,γ,mI-D,s0∥ρ∥
q,γ,m
s + ∥T∥q,γ,mI-D,s∥ρ∥q,γ,ms0 .

In particular,

∥Tρ∥q,γ,ms ≲ ∥T∥q,γ,mO-d,s∥ρ∥q,γ,ms ,

∥Tρ∥q,γ,ms ≲ ∥T∥q,γ,mI-D,s∥ρ∥q,γ,ms .

(iii) We have the embedding : for any s ⩾ 0

∥T∥q,γ,mO-d,s ≲ ∥T∥q,γ,mI-D,s .

(iv) Composition law :

∥TS∥q,γ,mO-d,s ≲ ∥T∥q,γ,mO-d,s∥S∥q,γ,mO-d,s0 + ∥T∥q,γ,mO-d,s0∥S∥
q,γ,m
O-d,s

and

∥TS∥q,γ,mI-D,s + ∥ST∥q,γ,mI-D,s ≲ ∥T∥q,γ,mI-D,s∥S∥q,γ,mO-d,s0 + ∥T∥q,γ,mI-D,s0∥S∥
q,γ,m
O-d,s.

Proof. (i) and (ii) can be easily obtained using (2.7)-(2.11) in a similar way to [19].
(iii) We shall prove the embedding for q = 0 and the the case q ⩾ 1 is similar. We write by definition

|T j
j0
(µ, l)| ⩽ ⟨l, j0, j⟩−s∥T (µ)∥I-D,s.

Hence

sup
j0−j=m

|T j
j0
(µ, l)| ⩽ sup

j
⟨l, j +m, j⟩−s∥T (µ)∥I-D,s.

By direct computations we infer
inf
x∈R

⟨l, x+m,x⟩ = ⟨l, m2 ⟩
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Therefore

sup
j0−j=m

|T j
j0
(µ, l)| ≲ ⟨l,m⟩−s∥T (µ)∥I-D,s.

It follows that
∥T∥O-d,s ≲ ∥T (µ)∥I-D,s.

(iv) We shall prove these tame estimates for q = 0. The general case q ⩾ 1 can be done in a similar
way using Leibniz formula. One can check that

(TS)jj0 (l) =
∑
l1∈Zd
j1∈Zm

T j1
j0
(l1)S

j
j1
(l − l1).

Hence for s ⩾ 0 and using the norm definition and the triangle inequality we infer

⟨l, j0, j⟩s
∣∣(TS)jj0(l)∣∣ ≲ ∑

l1∈Zd
j1∈Zm

⟨l1, j0, j1⟩s|T j1
j0
(l1)S

j
j1
(l − l1)|

+
∑
l1∈Zd
j1∈Zm

⟨l − l1, j − j1⟩s|T j1
j0
(l1)S

j
j1
(l − l1)|. (2.12)

By definition we get

⟨l − l1, j − j1⟩s|Sj
j1
(l − l1)| ≲ ∥S∥O-d,s. (2.13)

Consequently,

⟨l, j0, j⟩s
∣∣ (TS)jj0 (l)∣∣ ≲ ∥T∥I-D,s

∑
l1∈Zd
j1∈Zm

|Sj
j1
(l − l1)|+ ∥S∥O-d,s

∑
l1∈Zd
j1∈Zm

|T j1
j0
(l1)|.

Using (2.13) we deduce for s0 >
d+1
2 that∑

l1∈Zd
j1∈Zm

|Sj
j1
(l − l1)| ⩽ ∥S∥O-d,s0

∑
l1∈Zd
j1∈Zm

⟨l − l1, j − j1⟩−s0

≲ ∥S∥O-d,s0 .

We also have ∑
l1∈Zd
j1∈Zm

|T j1
j0
(l1)| ⩽ ∥T∥I-D,s0

∑
l1∈Zd
j1∈Zm

⟨l1, j1⟩−s0

≲ ∥T∥I-D,s0 . (2.14)

Therefore, we obtain

⟨l, j0, j⟩s
∣∣ (TS)jj0 (l)∣∣ ≲ ∥T∥I-D,s∥S∥O-d,s0 + ∥S∥O-d,s∥T∥I-D,s0 ,

leading to

∥TS∥I-D,s ≲ ∥T∥I-D,s∥S∥O-d,s0 + ∥T∥I-D,s0∥S∥O-d,s.

Let us now move to the estimate of ST . Proceeding as for (2.12) we get

⟨l, j0, j⟩s
∣∣(ST )jj0(l)∣∣ ≲ ∑

l1∈Zd
j1∈Zm

⟨l1, j0 − j1⟩s|Sj1
j0
(l1)T

j
j1
(l − l1)|

+
∑
l1∈Zd
j1∈Zm

⟨l − l1, j1, j⟩s|Sj1
j0
(l1)T

j
j1
(l − l1)|.
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Applying (2.13) together with (2.14) yields∑
l1∈Zd
j1∈Zm

⟨l1, j0 − j1⟩s|Sj1
j0
(l1)T

j
j1
(l − l1)| ≲ ∥S∥O-d,s

∑
l1∈Zd
j1∈Zm

|T j
j1
(l − l1)|

≲ ∥S∥O-d,s∥T∥I-D,s0 .

Similarly we get∑
l1∈Zd
j1∈Zm

⟨l − l1, j1, j⟩s|Sj1
j0
(l1)T

j
j1
(l − l1)| ≲ ∥T∥I-D,s

∑
l1∈Zd
j1∈Zm

|Sj1
j0
(l1)|

≲ ∥T∥I-D,s∥S∥O-d,s0

∑
l1∈Zd
j1∈Zm

⟨l1, j1 − j0⟩−s0

≲ ∥T∥I-D,s∥S∥O-d,s0 .

Putting together the preceding estimates we get

∥ST∥I-D,s ≲ ∥T∥I-D,s∥S∥O-d,s0 + ∥T∥I-D,s0∥S∥O-d,s.

This concludes the proof of the lemma.

2.2.3 Integral operators

The main goal in this part is to analyze Toeplitz integral operators and connect the different norms
introduced before to the regularity of the kernel. Consider a Toeplitz integral operator taking the
form

(TKρ)(µ, φ, θ) ≜
ˆ
T
K(µ, φ, θ, η)ρ(µ, φ, η)dη, (2.15)

where the kernel function K(µ, φ, θ, η) may be smooth or singular at the diagonal set {θ = η}. The
kernel is called m-fold preserving if

(ℐm,2K)(µ, φ, θ, η) ≜ K
(
µ, φ, θ + 2π

m
, η + 2π

m

)
= K(µ, φ, θ, η).

We shall need the following lemma whose proof is a consequence of [69, Lem. 4.4].

Lemma 2.4. Let q ∈ N, m ∈ N∗, (γ, d, s0, s) satisfy (2.2)-(2.3) and TK be an integral operator with a
real-valued kernel K. Then the following assertions hold true.

• If K is even in (φ, θ, η), then TK is reversibility preserving.

• If K is odd in (φ, θ, η), then TK is reversible.

• If K is m-fold preserving, then TK is m-fold preserving.

In addition,
∥TK∥q,γ,mI-D,s ≲ ∥K∥q,γ,ms

and

∥TKρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms0 ∥K∥q,γ,ms + ∥ρ∥q,γ,ms ∥K∥q,γ,ms0 .

Proof. The reversibility properties have already been proved in [69, Lem. 4.4]. Now, let us prove the
m-fold property. Assume that K is m-fold preserving, then

TK(ℐmρ)(φ, θ) =

ˆ
T
K(φ, θ, η)ρ

(
φ, η + 2π

m

)
dη

=

ˆ
T
K
(
φ, θ + 2π

m
, η + 2π

m

)
ρ
(
φ, η + 2π

m

)
dη

=

ˆ
T
K
(
φ, θ + 2π

m
, η
)
ρ
(
φ, η

)
dη

= ℐm(TKρ)(φ, θ).
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Hence TK is m-fold preserving. By duality H−s
m −Hs

m , we have∣∣∣(TK)j
′

j (l)
∣∣∣ = ∣∣∣∣ˆ

Td+2

K(φ, θ, η)ei(l·φ+jθ−j′η)dφdθdη

∣∣∣∣
≲ ⟨l, j, j′⟩−s∥K∥q,γ,ms

proving the first estimate. The second one follows easily from Lemma 2.3-(ii)-(iii).

The next task is to introduce some quasi-periodic symplectic change of variables needed later in
the reduction of the transport part of the linearized operator. The following lemma is proved in the
scalar case d′ = 1 in [19, Lem. 2.34]. The vectorial case d′ ⩾ 2 can be obtained in a similar way, up
to slight modifications.

Lemma 2.5. Let q ⩾ 0, m, d, d′ ⩾ 1, s ⩾ s0 >
d+d′

2 + q + 1 and β1, · · · , βd′ ∈ W q,∞,γ
(
O, H∞

m (Td+1)
)

such that
max

k∈{1,··· ,d′}
∥βk∥q,γ,m2s0

⩽ ε0, (2.16)

with ε0 small enough. Then the following assertions hold true.

(i) The function β̂ defined by the inverse diffeomorphism

y = x+ β(µ, φ, x) ⇔ x = y + β̂(µ, φ, y),

where

β(µ, φ, x) ≜
(
β1(µ, φ, x1), · · · , βd′(µ, φ, xd′)

)
, x = (x1, · · · , xd′), (2.17)

β̂(µ, φ, y) ≜
(
β̂1(µ, φ, y1), · · · , β̂d′(µ, φ, yd′)

)
, y = (y1, · · · , yd′),

satisfies
∀s ⩾ s0, ∥β̂∥q,γ,ms ≲ ∥β∥q,γ,ms . (2.18)

(ii) The composition operator B :W q,∞,γ
(
O, Hs

m(Td+d′)
)
→W q,∞,γ

(
O, Hs

m(Td+d′)
)
, defined by

Bρ(µ, φ, x) ≜ ρ
(
µ, φ, x+ β(µ, φ, x)

)
, (2.19)

is continuous and invertible, with inverse

B−1ρ(µ, φ, y) = ρ
(
µ, φ, y + β̂(µ, φ, y)

)
.

Moreover, we have the estimates

∥B±1ρ∥q,γ,ms ⩽ ∥ρ∥q,γ,ms

(
1 + C∥β∥q,γ,ms0

)
+ C∥β∥q,γ,ms ∥ρ∥q,γ,ms0 ,

∥B±1ρ− ρ∥q,γ,ms ⩽ C
(
∥ρ∥q,γ,ms+1 ∥β∥q,γ,ms0 + ∥ρ∥q,γ,ms0 ∥β∥q,γ,ms

)
. (2.20)

(iii) Let β[1], β[2] ∈W q,∞,γ
(
O, H∞

m (Td+d′)
)
as in (2.17) and satisfying (2.16). If we denote

∆12β ≜ β[1] − β[2] and ∆12β̂ ≜ β̂[1] − β̂[2],

then we have

∀s ⩾ s0, ∥∆12β̂∥q,γ,ms ⩽ C

(
∥∆12β∥q,γ,ms + ∥∆12β∥q,γ,ms0 max

ℓ∈{1,2}
∥β[ℓ]∥q,γ,ms+1

)
. (2.21)

Next, we gather several results related to the action of the transformation (2.19) on Toeplitz
integral operators.
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Lemma 2.6. Let q ∈ N, m ∈ N∗ and (γ, d, s0, s) satisfy (2.2)-(2.3). Consider a smooth m-fold preserv-
ing kernel

K : (µ, φ, θ1, θ2) 7→ K(µ, φ, θ1, θ2).

Let βk : O × Td+1 → T, k ∈ {1, 2} be odd m-fold symmetric functions and subject to the smallness
condition

max
k∈{1,2}

∥βk∥q,γ,m2s0
⩽ ε0. (2.22)

Consider the quasi-periodic change of variables

∀k ∈ {1, 2}, ℬk ≜ (1 + ∂θβk)Bk, Bkρ(µ, φ, θ) = ρ
(
µ, φ, θ + βk(µ, φ, θ)

)
,

Then the following assertions hold true.

(i) The operator ℬ−1
1 TKℬ2 is m-fold preserving integral operator. Moreover, we have

∥ℬ−1
1 TKℬ2∥q,γ,mI-D,s ≲ ∥K∥q,γ,ms + ∥K∥q,γ,ms0 max

k∈{1,2}
∥βk∥q,γ,ms+1 . (2.23)

and

∥ℬ−1
1 TKℬ2 − TK∥q,γ,mI-D,s ≲ ∥K∥q,γ,ms+1 max

k∈{1,2}
∥βk∥q,γ,ms0 + ∥K∥q,γ,ms0 max

k∈{1,2}
∥βk∥q,γ,ms+1 . (2.24)

(ii) If K is even in all the variables (φ, θ1, θ2) (resp. odd), then ℬ−1
1 TKℬ2 is a reversibility preserving

(resp. reversible) integral operator.

(iii) Given smooth functionals r ∈W q,∞,γ(O, Hs
m ×Hs

m) 7→ K(r), βk(r), for k ∈ {1, 2}.
Consider r[ℓ] = (r

[ℓ]
1 , r

[ℓ]
2 ) ∈W q,∞,γ(O, Hs

m ×Hs
m), ℓ ∈ {1, 2}. We denote

∀k ∈ {1, 2}, f [k] ≜ f(r[k]) and ∆12f ≜ f [1] − f [2].

Assume that there exists ε0 > 0 small enough such that

max
(k,ℓ)∈{1,2}2

∥β[ℓ]k ∥q,γ,m2s0
+ max

ℓ∈{1,2}
∥K [ℓ]∥q,γ,ms0+1 ⩽ ε0. (2.25)

Then, the following estimate holds,

∥∆12ℬ−1
1 TKℬ2∥q,γ,mI-D,s ≲ ∥∆12K∥q,γ,ms + ∥∆12K∥q,γ,ms0 max

(k,ℓ)={1,2}2
∥β[ℓ]k ∥q,γ,ms (2.26)

+
(

max
ℓ∈{1,2}

∥K [ℓ]∥q,γ,ms+1 + max
(k,ℓ)∈{1,2}2

∥β[ℓ]k ∥q,γ,ms+1

)
max

k∈{1,2}
∥∆12βk∥q,γ,ms0+1

+ max
k∈{1,2}

∥∆12βk∥q,γ,ms+1 .

Proof. (i) Straightforward computations lead to

ℬ−1
1 ρ(µ, φ, y1) =

(
1 + ∂yβ̂1(µ, φ, y1)

)
ρ
(
µ, φ, y1 + β̂1(µ, φ, y1)

)
. (2.27)

Thus, the conjugation of the operator TK writes

ℬ−1
1 TKℬ2ρ(µ, φ, θ1) =

ˆ
T
ρ(µ, φ, θ2)K̂(µ, φ, θ1, θ2)dθ2, (2.28)

with
K̂(µ, φ, θ1, θ2) ≜

(
1 + ∂θ1 β̂1(µ, φ, θ1)

)
(B−1K)(µ, φ, θ1, θ2)

and
B−1K(µ, φ, θ1, θ2) = K

(
µ, φ, θ1 + β̂1(µ, φ, θ1), θ2 + β̂2(µ, φ, θ2)

)
.
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Using the product laws in Lemma 2.1, Lemma 2.5 and (2.22), we get

∥K̂∥q,γ,ms ≲ ∥K∥q,γ,ms + ∥K∥q,γ,ms0 max
k∈{1,2}

∥βk∥q,γ,ms+1 . (2.29)

Consequently, we obtain the estimate (2.23) by applying Lemma 2.4. As for the difference with the
original operator, we can write(

ℬ−1
1 TKℬ2 − TK

)
ρ(µ, φ, θ1) =

ˆ
T
ρ(µ, φ, θ2)K̃(µ, φ, θ1, θ2)dθ2,

with
K̃(µ, φ, θ1, θ2) ≜ ∂θ1 β̂1(µ, φ, θ1)(B−1K)(µ, φ, θ1, θ2) +

[
B−1K −K

]
(µ, φ, θ1, θ2).

Therefore, by the product laws in Lemma 2.1, together with (2.20) and (2.22), we infer

∥K̃∥q,γ,ms ≲ ∥K∥q,γ,ms+1 max
k∈{1,2}

∥βk∥q,γ,ms0 + ∥K∥q,γ,ms0 max
k∈{1,2}

∥βk∥q,γ,ms+1 .

Then, the estimate (2.24) follows by applying Lemma 2.4.
(ii) The symmetry properties follow immediately from Lemma 2.4 and the symmetry assumptions.
(iii) By definition and according to (2.28) we have

∆12(ℬ−1
1 TKℬ2)(ρ)(µ, φ, θ1) =

ˆ
T
ρ(µ, φ, θ2)K(µ, φ, θ1, θ2)dθ2,

with

K(µ, φ, θ1, θ2) ≜
(
1 + ∂θ1 β̂

[1]
1 (µ, φ, θ1)

)
B−1
[1]K

[1]
(
µ, φ, θ1, θ2

)
−
(
1 + ∂θ1 β̂

[2]
1 (µ, φ, θ1)

)
B−1
[2]K

[2]
(
µ, φ, θ1, θ2

)
and

B−1
[ℓ] f(µ, φ, y) = f

(
µ, φ, θ1 + β̂

[ℓ]
1 (µ, φ, θ1), θ2 + β̂

[ℓ]
2 (µ, φ, θ2)

)
.

This can also be written as

K(µ, φ, θ1, θ2) = ∂θ1∆12β̂1(µ, φ, θ1)B−1
[1]K

[1]
(
µ, φ, θ1, θ2

)
+
(
1 + ∂θ1 β̂

[2]
1 (µ, φ, θ1)

)
B−1
[1] (∆12K)

(
µ, φ, θ1, θ2

)
+
(
1 + ∂θ1 β̂

[2]
1 (µ, φ, θ1)

)[
B−1
[1]K

[2]
(
µ, φ, θ1, θ2

)
− B−1

[2]K
[2]
(
µ, φ, θ1, θ2

)]
.

Then, Taylor Formula implies

K(µ, φ, θ1, θ2) = ∂θ1∆12β̂1(µ, φ, θ1)B−1
[1]K

[1]
(
µ, φ, θ1, θ2

)
+
(
1 + ∂θ1 β̂

[2]
1 (µ, φ, θ1)

)
B−1
[1] (∆12K)

(
µ, φ, θ1, θ2

)
+
(
1 + ∂θ1 β̂

[2]
1 (µ, φ, θ1)

)[
∆12β̂1(µ, φ, θ1)

ˆ 1

0

(
Bτ
[1],[2](∂θ1K

[2])
)(
µ, φ, θ1, θ2

)
dτ

+∆12β̂2(µ, φ, θ2)

ˆ 1

0

(
B̃τ
[1],[2](∂θ2K

[2])
)(
µ, φ, θ1, θ2

)
dτ
]
,

where we have used the notations

Bτ
[1],[2]f(µ, φ, θ1, θ2) = f

(
µ, φ, θ1 + τ β̂

[1]
1 (µ, φ, θ1) + (1− τ)β̂

[2]
1 (µ, φ, θ1), θ2 + β̂

[2]
2 (µ, φ, θ2)

)
,

B̃τ
[1],[2]f(µ, φ, θ1, θ2) = f

(
µ, φ, θ1 + β̂

[2]
1 (µ, φ, θ1), θ2 + τ β̂

[1]
2 (µ, φ, θ2) + (1− τ)β̂

[2]
2 (µ, φ, θ2)

)
.

By product laws, (2.21), (2.29), (2.25), we obtain

∥K∥q,γ,ms ≲ ∥∆12K∥q,γ,ms + ∥∆12K∥q,γ,ms0 max
(k,ℓ)∈{1,2}2

∥β[ℓ]k ∥q,γ,ms + max
k∈{1,2}

∥∆12βk∥q,γ,ms+1

+

(
max

ℓ∈{1,2}
∥K [ℓ]∥q,γ,ms+1 + max

(k,ℓ)∈{1,2}2
∥β[ℓ]k ∥q,γ,ms+1

)
max

k∈{1,2}
∥∆12βk∥q,γ,ms0+1.

Finally, combining this estimate with Lemma 2.4 we conclude (2.26). This achieves the proof of
Lemma 2.6.
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Now, we recall the following result stated in [19, Lemma 2.36] and dealing with the conjugation of
the Hilbert transform with the quasi-periodic change of coordinates introduced in (2.27). Here, and
along the paper, H denotes the standard Hilbert transform on the periodic setting acting only on the
variable θ ∈ T, namely,

H(1) = 0, ∀j ∈ Z∗, Hej = −i sgn(j)ej , (2.30)

where sgn denotes the usual sign function.

Lemma 2.7. Let q ∈ N, m ∈ N∗, (γ, d, s0, s) satisfy (2.2)-(2.3) and β ∈ W q,∞,γ(O, H∞
m ) odd in the

variables (φ, θ). There exists ε0 > 0 such that, if ∥β∥q,γ,m2s0
⩽ ε0, then

(ℬ−1Hℬ −H)ρ(µ, φ, θ) =

ˆ
T
K(µ, φ, θ, η)ρ(µ, φ, η) dη,

defines a reversible and m-fold preserving integral operator with the estimates : for all s ⩾ s0,

∥K∥q,γ,ms ⩽ C(s, q)∥β∥q,γ,ms+2 , ∥ℬ−1Hℬ −H∥q,γ,mI-D,s ⩽ C(s, q)∥β∥q,γ,ms+2

and
∥∆12(ℬ−1Hℬ −H)∥q,γ,mI-D,s ⩽ C(s, q)

[
∥∆12β∥q,γ,ms+2 + ∥∆12β∥q,γ,ms0+1 max

ℓ∈{1,2}
∥β[ℓ]∥q,γ,ms+3

]
.

Proof. We shall use the following classical integral representation of the Hilbert transform

H(ρ)(θ) =

ˆ
T
ρ(η) cot

(
θ − η

2

)
dη,

where this integral is understood in the principal value sense. Therefore, we have

K(µ, φ, θ, η) =
(
1 + ∂θβ̂(µ, φ, θ)

)
cot

(
θ − η + β̂(µ, φ, θ)− β̂(µ, φ, η)

2

)
− cot

(
θ − η

2

)
.

One can easily check that

K(µ, φ, θ, η) = 2∂θ

log
sin

(
θ−η+β̂(µ,φ,θ)−β̂(µ,φ,η)

2

)
sin
(
θ−η
2

)

 .

This can also be written as

K(µ, φ, θ, η) = 2∂θ

[
log
(
1 + g(µ, φ, θ, η)

)]
,

where

g(µ, φ, θ, η) = cos
(
β̂(µ,φ,θ)−β̂(µ,φ,η)

2

)
− 1 + cos

(
θ−η
2

) sin
(
β̂(µ,φ,θ)−β̂(µ,φ,η)

2

)
sin
(
θ−η
2

) ·

The symmetry assumptions on β (and thus β̂) implies

g
(
µ, φ, θ + 2π

m
, η + 2π

m

)
= g(µ, φ, θ, η) = g(µ,−φ,−θ,−η),

that is
K
(
µ, φ, θ + 2π

m
, η + 2π

m

)
= K(µ, φ, θ, η) = −K(µ,−φ,−θ,−η),

The Lemma 2.4 implies that ℬ−1Hℬ − H is a reversible and m-fold preserving integral operator.
Using composition laws in Lemma 2.1, Lemma 2.2 and (2.18), we get

∥g∥q,γ,ms ≲ ∥β∥q,γ,ms+1 .
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Hence, still by composition laws, we infer

∥K∥q,γ,ms ≲ ∥β∥q,γ,ms+2

and we conclude by applying Lemma 2.4. As for the difference, we have

∥∆12K∥q,γ,ms ≲ ∥∆12g∥q,γ,ms+1 .

We set

h(µ, φ, θ, η) ≜
β̂(µ, φ, θ)− β̂(µ, φ, η)

2
·

Then, using Taylor formula, we can write

∆12g(µ, φ, θ, η) =−∆12h(µ, φ, θ, η)

ˆ 1

0
sin
(
h[2](µ, φ, θ, η) + t∆12h(µ, φ, θ, η)

)
dt

+ cos
(
θ−η
2

) ∆12h(µ, φ, θ, η)

sin
(
θ−η
2

) ˆ 1

0
cos
(
h[2](µ, φ, θ, η) + t∆12h(µ, φ, θ, η)

)
dt.

From the identity ∆12h(µ, φ, θ, η) = ∆12β̂(µ, φ, θ)−∆12β̂(µ, φ, η) together with the product/composition
laws combined with Lemma 2.2 and (2.21), we get

∥∆12g∥q,γ,ms ≲ ∥∆12β∥q,γ,ms+1 + ∥∆12β∥q,γ,ms0+1 max
ℓ∈{1,2}

∥β[ℓ]∥q,γ,ms+2 .

Again we conclude by invoking Lemma 2.4.

The following lemma deals with the kernel structure of iterative operators that will be useful later.

Lemma 2.8. Let q ∈ N, m ∈ N∗, n ∈ N∗ and (γ, d, s0, s) satisfy (2.2)-(2.3) and consider a family of
m-fold preserving kernel operators (TKi)

n
i=1 as in (2.15). Then there exists a kernel K such that

n∏
i=1

TKi = TK , with ∥K∥q,γ,ms ⩽ C

n∑
i=1

∥Ki∥q,γ,ms

∏
j ̸=i

∥Kj∥q,γ,ms0 .

In addition, if for some i0 we have Ki0(φ, θ, η) = f(φ, θ)δ(θ − η), with f
(
φ, θ + 2π

m

)
= f(φ, θ), then

∥K∥q,γ,ms ⩽ C∥f∥q,γ,ms

∏
i ̸=i0

∥Ki∥q,γ,ms0 + C∥f∥q,γ,ms0

n∑
i=1,
i ̸=i0

∥Ki∥q,γ,ms

∏
j ̸=i,i0

∥Kj∥q,γ,ms0 .

Proof. The kernel K is explicit and takes the form,

K(φ, θ, η) =

ˆ
Tn−1

n∏
i=1

Ki(φ, ηi−1, ηi)
n−1∏
i=1

dηi,

with the convention η0 = θ and ηn = η. The m-fold preserving property of K is inherited from the
one of the Ki. Thus, to get the first result it suffices to use the products law in Lemma 2.1. In the
second case, the kernel takes the form

K(φ, θ, η) =

ˆ
Tn−2

f(φ, θ, ηi0)Ki0−1(φ, ηi0−2, ηi0)

n∏
i=1

i ̸=i0,i0−1

Ki(φ, ηi−1, ηi)

n−1∏
i=1

i ̸=i0−1

dηi

and the desired estimate follows once again from the products law detailed in Lemma 2.1.
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2.2.4 Matrix operators

For further purposes related to the reduction of the remainder in the transport linear parts subject to
a vectorial structure, we need to introduce 2× 2 matrices of scalar operators taking the form

T =

(
T1 T3
T4 T2

)
, (2.31)

acting on the product Hilbert space Hs
m(Td+1,C), defined in (2.5) . Notice that we shall restrict our

discussion to the case where all the Ti : O → L
(
Hs

m(Td+1,C)
)
are m-fold preserving Toeplitz kernel

operators as in (2.15). The matrix operator T is said to be real (resp. m-fold preserving, reversible,
reversibility-preserving) if all the entries Ti enjoy this property. The diagonal part ⌊T⌋ of T is defined
as follows,

⌊T⌋ ≜
(
⌊T1⌋ 0
0 ⌊T2⌋

)
, (2.32)

where for any scalar operator T , the notation ⌊T ⌋ is its diagonal part defined by

∀(l0, j0) ∈ Zd × Zm, ⌊T ⌋el0,j0 ≜ T l0,j0
l0,j0

el0,j0 =
〈
Tel0,j0 , el0,j0

〉
L2(Td+1,C) el0,j0 . (2.33)

The next goal is to equip the class of matrix operators with the following hybrid norm

9T9q,γ,m
s ≜ ∥T1∥q,γ,mO-d,s + ∥T2∥q,γ,mO-d,s + ∥T3∥q,γ,mI-D,s + ∥T4∥q,γ,mI-D,s . (2.34)

The choice of this norm will be motivated later in the remainder reduction performed in Section 7.4.
Actually, the off-diagonal norm used to measure the diagonal terms T1 and T2 is compatible with
the scalar case as in the papers [17, 59, 61, 69, 92]. However the isotropic norm used to measure
the anti-diagonal terms T3 and T4 is compatible with the smoothing effects of the operators and it is
introduced to remedy to a new space resonance phenomenon in the second order Melnikov condition
due to the interaction between the diagonal eigenvalues. The cut-off projectors (PN)N∈N are defined
as follows

PNT ≜

(
P 1
NT1 P 2

NT3

P 2
NT4 P 1

NT2

)
and P⊥

NT ≜

(
P 1,⊥
N T1 P 2,⊥

N T3

P 2,⊥
N T4 P 1,⊥

N T2

)
, (2.35)

where P 1
N is defined in (2.8) and P 2

N in (2.10). We shall prove the following result.

Corollary 2.1. Let q ∈ N, m ∈ N∗, (γ, d, s0, s) satisfy (2.2)-(2.3) and T, S two matrix operators as
in (2.31), then the following assertions hold true.

(i) Projector property : for any t ⩾ 0

9PNT9q,γ,m
s+t ⩽ Nt 9 T 9q,γ,m

s and 9 P⊥
NT9q,γ,m

s ⩽ N−t 9 T 9q,γ,m
s+t .

(ii) Composition law :

9TS9q,γ,m
s ≲ 9T 9q,γ,m

s 9S 9q,γ,m
s0 + 9 T 9q,γ,m

s0 9S 9q,γ,m
s .

(iii) Link with the operator norm : for ρ = (ρ1, ρ2) ∈ Hs
m,

∥Tρ∥q,γ,ms ≲ 9T 9q,γ,m
s0 ∥ρ∥q,γ,ms + 9T 9q,γ,m

s ∥ρ∥q,γ,ms0 .

In particular,
∥Tρ∥q,γ,ms ≲ 9T 9q,γ,m

s ∥ρ∥q,γ,ms .
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Proof. (i) It follows immediately from (2.35), (2.34) and Lemma 2.3-(i).
(ii) One has

TS =

(
T1S1 + T3S4 T1S3 + T3S2
T4S1 + T2S4 T2S2 + T4S3

)
≜

(
R1 R3

R4 R2

)
.

Let us estimate R1. One has from the law products detailed in Lemma 2.3-(iv)

∥R1∥q,γ,mO-d,s ≲ ∥T1∥q,γ,mO-d,s∥S1∥q,γ,mO-d,s0 + ∥T1∥q,γ,mO-d,s0∥S1∥
q,γ,m
O-d,s

+ ∥T3∥q,γ,mO-d,s∥S4∥q,γ,mO-d,s0 + ∥T3∥q,γ,mO-d,s0∥S4∥
q,γ,m
O-d,s.

Then using the embedding estimate in Lemma 2.3-(iii) together with (2.34), we get

∥R1∥q,γ,mO-d,s ≲ 9T 9q,γ,m
s 9S 9q,γ,m

s0 + 9 T 9q,γ,m
s0 9S 9q,γ,m

s .

Let us now estimate R3. Using Lemma 2.3-(iv) and (2.34), we infer

∥R3∥q,γ,mI-D,s ≲ ∥S3∥q,γ,mI-D,s∥T1∥q,γ,mO-d,s0 + ∥S3∥q,γ,mI-D,s0∥T1∥
q,γ,m
O-d,s

+ ∥T3∥q,γ,mI-D,s∥S1∥q,γ,mO-d,s0 + ∥T3∥q,γ,mI-D,s0∥S1∥
q,γ,m
O-d,s

≲ 9T 9q,γ,m
s 9S 9q,γ,m

s0 + 9 T 9q,γ,m
s0 9S 9q,γ,m

s .

The terms R2 and R4 can be treated in a similar way.
(iii) This point is a direct consequence of (2.34) and Lemma 2.3-(ii).

3 Hamiltonian reformulation

Here, we describe the contour dynamics by using polar parametrization for the two interfaces of
the patch near the annulus. We end up with a system of coupled nonlinear and nonlocal transport
equations satisfied by the radial deformations and that can be recast as a Hamiltonian system. This
structure is crucial to establish quasi-periodic solutions near the stationary annulus patch.

3.1 Transport system for radial deformations

Let D0 = D1\D2 be a doubly-connected domain where D1 and D2 are two simply-connected domains
with D2 strictly embedded in D1. Consider the initial datum ω0 = 1D0 , then the Yudovich solution
takes for any t ⩾ 0 the form ω(t) = 1Dt , with Dt = Dt,1\Dt,2 a doubly-connected domain. In
addition, Dt,1 and Dt,2 are two simply-connected domains with Dt,2 strictly embedded in Dt,1. For
fixed b ∈ (0, 1), we start with a domain D0 close to the annulus Ab, defined in (1.5), then for a short
interval of time [0, T ], the domain Dt will be localized around the same annulus. Therefore, we may use
on this time interval the following symplectic polar parametrization of the boundary. For k ∈ {1, 2},

zk(t) : T 7→ ∂Dt,k

θ 7→ e−iΩtwk(t, θ),
where wk(t, θ) ≜

(
b2k + 2rk(t, θ)

) 1
2 eiθ,

b1 ≜ 1, b2 ≜ b.
(3.1)

Similarly to [17, 59, 69], the introduction of the angular velocity Ω > 0 is due to some technical issues
and devised to circumvent the trivial resonances associated to the eigen-mode n = 1 and used in the
current configuration to remedy to a more delicate phenomenon related to the analytic accumulation
of a sequence of eigenvalues in the vectorial case, see Lemma 4.2. The radial deformations r1 and r2
are assumed to be small, namely

|r1(t, θ)|+ |r2(t, θ)| ≪ 1.

In the sequel, for more convenience, we denote

∀k ∈ {1, 2}, Rk(t, θ) ≜
(
b2k + 2rk(t, θ)

) 1
2 . (3.2)

Remind that in this particular case the stream function defined through (1.2) takes the form

ψ(t, z) =
1

2π

ˆ
Dt,1

log(|z − ξ|)dA(ξ)− 1

2π

ˆ
Dt,2

log(|z − ξ|)dA(ξ). (3.3)
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The vortex patch equation (1.3) provides a system of coupled transport-type PDE satisfied by r1 and
r2. This is described by the following lemma.

Lemma 3.1. For short time T > 0, the radial deformations r1 and r2 defined through (3.1) satisfy
the following nonlinear coupled system: for all k ∈ {1, 2}, (t, θ) ∈ [0, T ]× T,

∂trk(t, θ) + Ω∂θrk(t, θ) = −∂θ
[
ψ
(
t, zk(t, θ)

)]
(3.4)

= (−1)k+1Fk,k[r](t, θ) + (−1)kFk,3−k[r](t, θ), (3.5)

where r = (r1, r2) and, for all k, n ∈ {1, 2},

Fk,n[r](t, θ) ≜
ˆ
T
log
(
Ak,n(t, θ, η)

)
∂2θη

(
Rk(t, θ)Rn(t, η) sin(η − θ)

)
dη, (3.6)

Ak,n(t, θ, η) ≜
∣∣Rk(t, θ)e

iθ −Rn(t, η)e
iη
∣∣, (3.7)

where we have used the notation (2.4).

Proof. For k ∈ {1, 2}, we denote by nk(t, ·) an inward normal vector to the boundary ∂Dt,k of the
patch. According to [68, p. 174], the vortex patch equation writes

∀k ∈ {1, 2}, ∂tzk(t, θ) · nk

(
t, zk(t, θ)

)
= ∂θ

[
ψ
(
t, zk(t, θ)

)]
.

Identifying C with R2 and making the choice nk

(
t, zk(t, θ)

)
= i∂θzk(t, θ) we get from (3.1)

∂tzk(t, θ) · nk

(
t, zk(t, θ)

)
= Im

(
∂tzk(t, θ)∂θzk(t, θ)

)
= −∂trk(t, θ)− Ω∂θrk(t, θ).

Combining the last two identities we obtain (3.4). Next, we intend to use Stokes theorem in order to
transform the integral (3.3) into an integration on the boundary. This theorem can be recast in the
complex form,

2i

ˆ
D
∂ξf(ξ, ξ)dA(ξ) =

ˆ
∂D

f(ξ, ξ)dξ, (3.8)

where f : D → C is a function of class C1, D is a simply-connected bounded domain and ∂D is the
boundary of D. To make the argument rigorous, we shall mollify the logarithmic kernel by setting,

ϵ > 0, fϵ(ξ, ξ) ≜ (ξ − z)
[
log
(
|z − ξ|2 + ϵ

)
− 1
]
.

Then, we have

∂ξfϵ(ξ, ξ) = log
(
|z − ξ|2 + ϵ

)
− ϵ

|z − ξ|2 + ϵ
·

Applying (3.8) yields

2i

ˆ
Dt,k

log
(
|z − ξ|2 + ϵ

)
dA(ξ)− 2i

ˆ
Dt,k

ϵ

|z − ξ|2 + ϵ
dA(ξ) =

ˆ
∂Dt,k

fϵ(ξ, ξ)dξ

and taking the limit ϵ→ 0 together with (3.3) allow to get

ψ(t, z) =
1

8iπ

ˆ
∂Dt,1

(ξ − z)
[
log
(
|ξ − z|2

)
− 1
]
dξ − 1

8iπ

ˆ
∂Dt,2

(ξ − z)
[
log
(
|ξ − z|2

)
− 1
]
dξ.

Parametrizing the boundaries with (3.1) and using the notation (2.4) we infer

ψ(t, z) =
1

4i

ˆ
T
(z1(t, η)− z)

[
log
(
|z1(t, η)− z|2

)
− 1
]
∂ηz1(t, η)dη

− 1

4i

ˆ
T
(z2(t, η)− z)

[
log
(
|z2(t, η)− z|2

)
− 1
]
∂ηz2(t, η)dη.

(3.9)
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As a consequence, we get by differentiating inside the integral

∂zψ(t, z) = − 1

4i

ˆ
T
log
(
|z1(t, η)− z|2

)
∂ηz1(t, η)dη +

1

4i

ˆ
T
log
(
|z2(t, η)− z|2

)
∂ηz2(t, η)dη.

Therefore we find through elementary computations

∂θ[ψ(t, zk(t, θ))] = 2Re
(
(∂zψ)(t, zk(t, θ))∂θzk(t, θ)

)
= −
ˆ
T
log
(
|zk(t, θ)− z1(t, η)|

)
∂2θηIm

(
z1(t, η)zk(t, θ)

)
dη

+

ˆ
T
log
(
|zk(t, θ)− z2(t, η)|

)
∂2θηIm

(
z2(t, η)zk(t, θ)

)
dη. (3.10)

Using (3.1) we obtain

∀ k, n ∈ {1, 2}, Im
(
zn(t, η)zk(t, θ)

)
= Rn(t, η)Rk(t, θ) sin(η − θ),

|zk(t, θ)− zn(t, η)| =
∣∣Rk(t, θ)e

iθ −Rn(t, η)e
iη
∣∣.

By combining the last two identities with (3.4)-(3.10) we conclude the proof of Lemma 3.1.

3.2 Hamiltonian structure

The main purpose is to explore the Hamiltonian structure beyond the equations described in Lemma 3.1.
First, the kinetic energy associated to the vortex patch ω(t, ·) = 1Dt = 1Dt,1\Dt,2

is given by

E(r) ≜
1

2π

ˆ
Dt

ψ(t, z)dA(z)

=
1

2π

ˆ
Dt,1

ψ(t, z)dA(z)− 1

2π

ˆ
Dt,2

ψ(t, z)dA(z) (3.11)

and its angular impulse is defined by

J(r) ≜
1

2π

ˆ
Dt

|z|2dA(z)

=
1

2π

ˆ
Dt,1

|z|2dA(z)− 1

2π

ˆ
Dt,2

|z|2dA(z), (3.12)

where the stream function ψ is defined in (3.3). The main result of this section reads as follows.

Proposition 3.1. The system (3.5) is Hamiltonian and takes the form

∂tr = J∇H(r) (3.13)

where r ≜ (r1, r2),

J ≜

(
∂θ 0
0 −∂θ

)
(3.14)

and ∇ is the L2(T)× L2(T)-gradient and the hamiltonian H is defined by

H(r) ≜ −1
2

(
E(r) + ΩJ(r)

)
, (3.15)

where E and J are defined in (3.11) and (3.12).

Proof. We shall first compute the L2(T)× L2(T) gradient of the angular impulse J . For this aim, we
need to write its expression in terms of r. Using (3.8) combined with (3.12) and (3.1) yields

J(r) =
1

8πi

ˆ
∂Dt,1

|z|2zdz − 1

8πi

ˆ
∂Dt,2

|z|2zdz

=
1

4

ˆ
T

(
1 + 2r1(t, θ)

)2
dθ − 1

4

ˆ
T

(
b2 + 2r2(t, θ)

)2
dθ.
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Differentiating in r = (r1, r2) one gets for ρ = (ρ1, ρ2) ∈ L2(T)× L2(T),〈
∇J(r), ρ

〉
L2(T)×L2(T) =

ˆ
T

(
1 + 2r1(t, θ)

)
ρ1(θ)dθ −

ˆ
T

(
b2 + 2r2(t, θ)

)
ρ2(θ)dθ.

This implies that

∇J(r) =
(

1 + 2r1
−b2 − 2r2

)
and 1

2ΩJ∇J(r) = Ω ∂θr. (3.16)

The next task is to compute the L2(T) × L2(T) gradient of the kinetic energy E defined in (3.11).
Combining (3.3) with (3.1) and changing ξ by e−itΩξ we find

ψ
(
t, e−itΩz

)
=

1

2π

ˆ
D̃t,1

log(|z − ξ|)dA(ξ)− 1

2π

ˆ
D̃t,2

log(|z − ξ|)dA(ξ),

where D̃t,k are the domains with boundaries parametrized by

wk : T 7→ ∂D̃t,k

θ 7→ Rk(t, θ)e
iθ, Rk(t, θ) =

(
b2k + 2rk(t, θ)

) 1
2 .

Using polar change of coordinates allows to get after straightforward computations,

ψ
(
t, e−iΩtz

)
=

ˆ
T

ˆ R1(t,η)

R2(t,η)
G
(
z, ℓ2e

iη
)
ℓ2dℓ2dη, G(z, ξ) ≜ log(|z − ξ|). (3.17)

Coming back to (3.11) and using once again polar change of coordinates gives

E(r) =

ˆ
T

ˆ
T

ˆ R1(t,θ)

R2(t,θ)

ˆ R1(t,η)

R2(t,η)
G
(
ℓ1e

iθ, ℓ2e
iη
)
ℓ1ℓ2dℓ1dℓ2dθdη.

Therefore, the Gâteaux derivative of E in a given direction ρ = (ρ1, ρ2) takes the form

dE(r)ρ

dr
=

ˆ
T

ˆ
T

ˆ R1(t,η)

R2(t,η)
G
(
R1(t, θ)e

iθ, ℓ2e
iη
)
ρ1(θ)ℓ2dℓ2dθdη

+

ˆ
T

ˆ
T

ˆ R1(t,θ)

R2(t,θ)
G
(
ℓ1e

iθ, R1(t, η)e
iη
)
ρ1(η)ℓ1dℓ1dθdη

−
ˆ
T

ˆ
T

ˆ R1(t,η)

R2(t,η)
G
(
R2(t, θ)e

iθ, ℓ2e
iη
)
ρ2(θ)ℓ2dℓ2dθdη

−
ˆ
T

ˆ
T

ˆ R1(t,θ)

R2(t,θ)
G
(
ℓ1e

iθ, R2(t, η)e
iη
)
ρ2(η)ℓ1dℓ1dθdη.

Since G(z, ξ) is symmetric in (z, ξ) then we obtain, by exchanging θ ↔ η if necessary,

dE(r)ρ

dr
= 2

ˆ
T

ˆ
T

ˆ R1(t,η)

R2(t,η)
G
(
R1(t, θ)e

iθ, ℓ2e
iη
)
ρ1(θ)ℓ2dℓ2dθdη

− 2

ˆ
T

ˆ
T

ˆ R1(t,η)

R2(t,η)
G
(
R2(t, θ)e

iθ, ℓ2e
iη
)
ρ2(θ)ℓ2dℓ2dθdη.

It follows from (3.17) and (3.1)

∇E(r) =


2

ˆ
T

ˆ R1(t,η)

R2(t,η)
G
(
w1(t, θ), ℓ2e

iη
)
ℓ2dℓ2dη

−2

ˆ
T

ˆ R1(t,η)

R2(t,η)
G
(
w2(t, θ), ℓ2e

iη
)
ℓ2dℓ2dη

 =

(
2ψ
(
t, z1(t, θ)

)
−2ψ

(
t, z2(t, θ)

)) . (3.18)

Finally, (3.18), (3.16) and (3.4) give the desired result. This achieves the proof of Proposition 3.1.
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3.3 Symplectic structure and invariance

In this section, we intend to discuss the symplectic structure behind the Hamiltonian formulation al-
ready seen in Proposition 3.1. We shall also discuss some symmetry properties such as the reversibility
and the m−fold persistence.
▶ Symplectic structure. We shall present the symplectic structure associated with the Hamiltonian
equation (3.13). To do so, we need to fix the phase space but before that we shall use the following
fact that can be derived from (3.13),

d

dt

ˆ
T
r(t, θ)dθ = 0.

This means that the area enclosed by the boundaries is conserved in time. Therefore, we shall work
with the following phase space with zero space average L2

∗(T)× L2
∗(T) defined by

L2
∗(T) ≜

{
f =

∑
j∈Z∗

fjej s.t. f−j = fj ,
∑
j∈Z∗

|fj |2 < +∞
}
, ej(θ) ≜ eijθ.

The equation (3.13) induces on the phase space L2
∗(T) × L2

∗(T) a symplectic structure given by the
symplectic 2-form

W(r, h) ≜
〈
J −1r, h

〉
L2(T)×L2(T)

=

ˆ
T
∂−1
θ r1(θ)h1(θ)dθ −

ˆ
T
∂−1
θ r2(θ)h2(θ)dθ,

where
∂−1
θ f ≜

∑
j∈Z∗

fj
ij ej for f =

∑
j∈Z∗

fjej .

The corresponding Hamiltonian vector field is XH(r) ≜ J∇H(r) (where ∇ is the L2 × L2-gradient).
It is defined as the symplectic gradient of the Hamiltonian H with respect to the symplectic 2-form
W, namely

dH(r)[·] = W(XH(r), ·).

Decomposing into Fourier series

r = (r1, r2), ∀k ∈ {1, 2}, rk =
∑
j∈Z∗

rj,kej with r−j,k = rj,k,

then the symplectic form W becomes

W(r, h) =
∑
j∈Z∗

1

ij

[
rj,1h−j,1 − rj,2h−j,2

]
, (3.19)

or equivalently,

W = 1
2

∑
j∈Z∗

1

ij

[
drj,1 ∧ dr−j,1 − drj,2 ∧ dr−j,2

]
=
∑
j∈N∗

1

ij

[
drj,1 ∧ dr−j,1 − drj,2 ∧ dr−j,2

]
. (3.20)

Definition 3.1. (Symplectic) A linear transformation Φ of the phase space L2
∗(T)× L2

∗(T) is sym-
plectic, if Φ preserves the symplectic 2-form W, i.e.

W(Φu,Φv) = W(u, v),

or equivalently
Φ⊤ ◦ J −1 ◦ Φ = J −1.

30



This allows to establish the following result which is useful later and whose proof is straightforward.

Lemma 3.2. Let Φ be a matrix space-Fourier multiplier with the form

Φ

(
ρ1
ρ2

)
≜
∑
j∈Z∗

Φj

(
ρj,1
ρj,2

)
ej , Φj ∈M2(R),

and consider the symplectic 2-form W defined in (3.19). Then Φ is symplectic if and only if

∀j ∈ Z∗, Φ⊤
j

(
1 0
0 −1

)
Φj =

(
1 0
0 −1

)
.

▶ Reversibility. We shall analyze the reversibility property of the equation (3.13) which is crucial
to reduce by symmetry the phase space and remove most of the trivial resonances. We consider the
involution 𝒮 defined on the phase space L2

∗(T)× L2
∗(T) by

(𝒮 r)(θ) ≜ r(−θ), (3.21)

which satisfies
𝒮 2 = Id and J ◦ 𝒮 = −𝒮 ◦ J . (3.22)

Using the change of variables η 7→ −η and parity arguments, one gets from (3.6)

∀ k, n ∈ {1, 2}, Fk,n ◦ 𝒮 = −𝒮 ◦ Fk,n.

Then we conclude by Lemma 3.1, (3.13) and (3.22) that the Hamiltonian vector field XH satisfies

XH ◦ 𝒮 = −𝒮 ◦XH .

Therefore, we will focus on quasi-periodic solutions to (3.13) satisfying the reversibility condition

r(−t,−θ) = r(t, θ). (3.23)

▶ The m-fold symmetry. Let m ⩾ 1 be an integer and consider the transformation 𝒯m on the phase
space L2

∗(T)× L2
∗(T) defined by

(𝒯mr)(θ) ≜ r
(
θ + 2π

m

)
. (3.24)

Then it is an immediate fact that

𝒯 m
m = Id and J ◦ 𝒯m = 𝒯m ◦ J .

Using the change of variables η 7→ η + 2π
m

we easily obtain from (3.6)

∀ k, n ∈ {1, 2}, Fk,n ◦ 𝒯m = 𝒯m ◦ Fk,n.

Therefore,
XH ◦ 𝒯m = 𝒯m ◦XH .

Thus, the solutions that we shall be interested in satisfy the m-fold symmetry

r
(
t, θ + 2π

m

)
= r(t, θ). (3.25)

Consequently, we shall work in the closed subspace L2
m(T)× L2

m(T) defined by

L2
m(T) ≜

{
f =

∑
j∈Z∗

fjej ∈ L2
∗(T) s.t. fj ̸= 0 ⇒ j ∈ Zm

}
. (3.26)
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4 Linearization and symplectic transformation

In this section we shall compute the linear Hamiltonian obtained through the linearization of the
equation (3.13) at any state close to the equilibrium solution r = 0. It turns out that at the equilibrium
state we find a matrix Fourier multiplier that can be diagonalized in a suitable basis using a linear
symplectic change of coordinates, for more details we refer to Lemma 4.5. However, this procedure
requires to work with higher m-fold symmetries to avoid the double eigenvalue corresponding to the
mode j = 2 as well as potential hyperbolic directions.

4.1 Linearized operator

The main purpose is to explore the structure of the linearized operator which takes the form of a
transport system with variable coefficients and subject to compact perturbations.

Lemma 4.1. The linearized equation of (3.13) at a small state r is given by the linear Hamiltonian
equation,

∂t

(
ρ1
ρ2

)
= JMr

(
ρ1
ρ2

)
, Mr ≜

(
−V1(r)− L1,1(r) L1,2(r)

L2,1(r) V2(r)− L2,2(r)

)
, (4.1)

where Vk(r) are scalar functions and Lk,n(r) are nonlocal operators defined by

Vk(r)(t, θ) ≜ Ω+ (−1)k
[
Vk,k(r)(t, θ)− Vk,3−k(r)(t, θ)

]
, (4.2)

Vk,n(r)(t, θ) ≜
ˆ
T
log
(
Ak,n(r)(t, θ, η)

)
∂η

(
Rn(t,η)
Rk(t,θ)

sin(η − θ)
)
dη, (4.3)

Lk,n(r)ρ(t, θ) ≜
ˆ
T
ρ(t, η) log

(
Ak,n(r)(t, θ, η)

)
dη (4.4)

and Ak,n(r) and Rk are respectively defined by (3.7) and (3.2). Moreover, if r satisfies (3.23) and
(3.25) with m ⩾ 1, then the operator Mr is m-fold reversibility preserving.

Proof. Throughout the proof, we shall alleviate the notation by removing the time dependence and
keep r when it is relevant. In view of (3.4), it suffices to linearize the term involving the stream
function. All the computations are done at a formal level, but can be rigorously justified in a classical
way in the functional context introduced in Section 2. According to (3.9) we can write

ψ
(
zk(θ)

)
= (−1)k+1

[
ψ̃
(
rk, zk(θ)

)
− ψ̃

(
r3−k, zk(θ)

)]
, (4.5)

ψ̃(rn, z) ≜ 1
4i

ˆ
T
(zn(η)− z)

[
log
(
|z − zn(η)|2

)
− 1
]
∂ηzn(η)dη. (4.6)

Applying the chain rule yields

drk

(
ψ
(
zk(θ)

))
[ρk](θ) = (−1)k+1

[
drk ψ̃

(
rk, zk(θ)

)
[ρk](θ)

+ 2Re
(
(∂zψ̃)

(
rk, zk(θ)

)
drkzk(θ)[ρk](θ)

)
− 2Re

(
(∂zψ̃)

(
r3−k, zk(θ)

)
drkzk(θ)[ρk](θ)

)]
,

dr3−k

(
ψ
(
zk(θ)

))
[ρ3−k](θ) = (−1)kdr3−k

ψ̃
(
r3−k, zk(θ)

)
[ρ3−k](θ).

(4.7)

From (3.17), we have the following expression of ψ̃,

ψ̃
(
rk, e

−iΩtz
)
=

ˆ
T

ˆ Rk(η)

0
log
(
|z − ℓ2e

iη|
)
ℓ2dℓ2dη.

Therefore, differentiating with respect to rk in the direction ρk, we obtain

drk ψ̃
(
rk, e

−iΩtz
)
[ρk](θ) =

ˆ
T
ρk(η) log

(
|z −Rk(η)e

iη|
)
dη.
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It follows that, for any k, n ∈ {1, 2}, we have by virtue of (4.4)

drk ψ̃
(
rk, zn(θ)

)
[ρk](θ) =

ˆ
T
ρk(η) log

(
|Rn(θ)e

iθ −Rk(η)e
iη|
)
dη

= Lk,n(r)ρk(θ). (4.8)

On the other hand, differentiating (3.1) leads to

drkzk(θ)[ρk](θ) =
ρk(θ)
Rk(θ)

e−i(θ−Ωt).

In addition, by virtue of (4.6), we have

∂zψ̃(rn, z) = − 1
4i

ˆ
T
log
(
|z − zn(η)|2

)
∂ηzn(η)dη.

Combining the last two identities we infer, for k, n ∈ {1, 2},

2Re
(
(∂zψ̃)

(
rn, zk(θ)

)
drkzk(θ)[ρk](θ)

)
= − ρk(θ)

Rk(θ)

ˆ
T
log
(
|zk(θ)− zn(η)|

)
∂ηIm

(
zn(η)e

−i(θ−Ωt)
)
dη.

From (3.1) we find the identity

Im
(
zn(η)e

−i(θ−Ωt)
)
= Rn(η) sin(η − θ).

Then, by (4.3) we conclude that

2Re
(
(∂zψ̃)

(
rn, zk(θ)

)
drkzk(θ)[ρk](θ)

)
= −Vk,n(r)(θ)ρk(θ). (4.9)

Putting together (4.5), (4.7), (4.8) and (4.9) yields

dr

(
ψ
(
zk(θ)

))
[ρ](θ) = drk

(
ψ
(
zk(θ)

))
[ρk](θ) + dr3−k

(
ψ
(
zk(θ)

))
[ρ3−k](θ)

= (−1)k+1
[
Lk,k(r)ρk(θ)− Vk,k(r)(θ)ρk(θ)

+ Vk,3−k(r)(θ)ρk(θ)− Lk,3−k(r)ρ3−k(θ)
]
.

This gives the expression of Mr in (4.1). Next, assume that r satisfies (3.23) and (3.25). Then, from
(3.2), (4.2) and (4.3), we get the following symmetry properties

Vk(r)(−t,−θ) = Vk(r)(t, θ) = Vk(r)
(
t, θ + 2π

m

)
. (4.10)

Similarly, from (3.2) and (3.7), one has

Ak,n(r)(−t,−θ,−η) = Ak,n(r)(t, θ, η) = Ak,n(r)
(
t, θ + 2π

m
, η + 2π

m

)
. (4.11)

Thus, the symmetry properties of the operator Mr are immediate consequences of Lemma 2.4. The
proof of Lemma 4.1 is now complete.

The next goal is to derive the explicit structure of the linearized operator at the equilibrium
state r = 0.

Lemma 4.2. The linearized equation of (3.13) at r = 0 writes,

∂t

(
ρ1
ρ2

)
= JM0

(
ρ1
ρ2

)
, M0 ≜

(
−V1(0)−K1 ∗ · Kb ∗ ·

Kb ∗ · V2(0)−K1 ∗ ·

)
, (4.12)

where

∀k ∈ {1, 2}, vk(b) ≜ Vk(0) = Ω + (2− k)1−b2

2 , (4.13)

∀x ∈ (0, 1], Kx(θ) ≜ log
∣∣1− xeiθ

∣∣. (4.14)
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The convolution is understood in the following sense

Kx ∗ ρ(θ) =
ˆ
T
Kx(θ − η)ρ(η)dη.

Given the space Fourier expansion of the real solutions

∀k ∈ {1, 2}, ρk(t, θ) =
∑
j∈Z∗

ρj,k(t)e
ijθ, with ρ−j,k = ρj,k,

the system (4.12) is equivalent to the following countable family of linear differential systems

∀j ∈ Z∗,

(
ρ̇j,1

ρ̇j,2

)
=Mj(b,Ω)

(
ρj,1

ρj,2

)
, Mj(b,Ω) ≜

ij

|j|

(
−|j|

(
Ω+ 1−b2

2

)
+ 1

2 − b|j|

2
b|j|

2 −|j|Ω− 1
2

)
. (4.15)

Proof. We shall make use of the following formula which can be found in [27, Lem. A.3] and [91, Lem.
3.2].

∀j ∈ Z∗, ∀x ∈ (0, 1],

ˆ
T
log
(∣∣1− xeiθ

∣∣) cos(jθ)dθ = −x|j|

2|j|
· (4.16)

First observe that from (3.7), one deduces for r = 0 that

Ak,n(0)(θ, η) =
∣∣∣bkeiθ − bne

iη
∣∣∣ = (b2k + b2n − 2bkbn cos(η − θ)

) 1
2

leading in particular to

A1,2(0)(θ, η) = A2,1(0)(θ, η) =
∣∣∣1− bei(η−θ)

∣∣∣ .
Taking r = 0 in (4.3) and using the change of variables η 7→ η + θ together with (4.16) imply

∀ k ∈ {1, 2}, Vk,k(0)(θ) =

ˆ
T
log
(∣∣1− eiη

∣∣) cos(η)dη = −1

2
,

Vk,3−k(0)(θ) =
b3−k

bk

ˆ
T
log
(∣∣1− beiη

∣∣) cos(η)dη = −b3−kb

2bk
·

Combining the last identity with (4.2) yields (4.13). Substituting r = 0 into (4.4) gives, since the
space average of ρ is zero,

∀ k ∈ {1, 2}, Lk,k(0)ρ = K1 ∗ ρ and Lk,3−k(0)ρ = Kb ∗ ρ,

where the kernels K1 and Kb are defined by (4.14). Applying once again (4.16) allows to get

∀j ∈ Z∗, K1 ∗ ej = − 1

2|j|
ej and Kb ∗ ej = − b|j|

2|j|
ej , ej(θ) = eijθ.

Finally, gathering the previous computations leads to (4.15). This achieves the proof of Lemma
4.2.

4.2 Diagonalization at the equilibrium state

In this subsection we shall diagonalize the equilibrium matrix operator appearing in Lemma 4.2. This
provides a new Hamiltonian system more adapted for the action-angles reformulation. Before that,
we will establish the following result on the spectral structure of the matrix Mj introduced in (4.15).
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Lemma 4.3. Let Ω > 0, j ∈ Z∗ and b ∈ (0, 1). Then the eigenvalues of the matrix Mj(b,Ω), defined
in (4.15), are given by −iΩj,k(b), k ∈ {1, 2}, where

Ωj,k(b) ≜
j

|j|

[(
Ω+ 1−b2

4

)
|j| − iH

(
∆j(b)

)
(−1)k

2

√
|∆j(b)|

]
, (4.17)

with H ≜ 1[0,∞) the Heaviside function and

∆j(b) ≜ b2|j| −
(
1−b2

2 |j| − 1
)2
. (4.18)

The corresponding eigenspaces are one dimensional and generated by the vectors

vj,1(b) ≜

(
1

−aj(b)

)
, vj,2(b) ≜

(
−aj(b)

1

)
, aj(b) ≜

b|j|

1−b2

2 |j| − 1 + iH
(
∆j(b)

)√
|∆j(b)|

·

Proof. According to (4.15) we have

∀j ∈ Z∗, M−j(b,Ω) =Mj(b,Ω).

Thus, it suffices to consider the case j ∈ N∗. The eigenvalues of the matrix Mj(b,Ω) are solutions of
the following second order polynomial equation

X2 + i [µj + δj ]X −
[
µjδj +

b2j

4

]
= 0, with µj ≜ j

(
Ω+ 1−b2

2

)
− 1

2 and δj ≜ jΩ+ 1
2 . (4.19)

The discriminant of the last equation is given by

−(µj + δj)
2 + b2j + 4µjδj = b2j −

(
µj − δj

)2
= ∆j(b)

and the solutions to the equation are −iΩj,k(b), k ∈ {1, 2}, where Ωj,k(b) are given by (4.17). The
expression of the eigenvectors vj,k(b) follows by direct computations. Notice that, for all j ∈ N∗,

aj(0) = 0, aj(1) = −1

and for all b ∈ (0, 1), aj(b) is well-defined if ∆j(b) > 0. We shall prove that aj(b) is still well-defined
even when ∆j(b) ⩽ 0. In view of (4.18), we may write for all j ∈ N∗

∆j(b) =
(
bj − 1 + 1−b2

2 j
)(
bj + 1− 1−b2

2 j
)
. (4.20)

In particular we have

∀b ∈ (0, 1), ∆1(b) = −1

4
(1− b)2(1 + b)2 < 0, ∆2(b) = 0 and a2(b) = −1.

For j ⩾ 3, we can easily check that

∀b ∈ (0, 1), 1−b2

2 j + bj − 1 = (1− b)
(
j
2(1 + b)− (1 + b)− b2

[
1 + b+ · · ·+ bj−3

])
⩾ (1− b)

(
j−2
2 (1 + b)− b2(j − 2)

)
⩾ j−2

2 (1− b)2(1 + 2b)

> 0. (4.21)

It follows that ∆j(b) ⩽ 0 if and only if bj + 1 − 1−b2

2 j ⩽ 0. In this case the denominator of aj(b)
satisfies, for all b ∈ (0, 1),

1−b2

2 |j| − 1 +
√
−∆j(b) ⩾ 1−b2

2 |j| − 1 ⩾ bj > 0.

This ends the proof of Lemma 4.3.
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The next task is devoted to the study of the sign of the discriminant ∆j(b) defined in (4.18).

Lemma 4.4. There exists a strictly increasing sequence (bj)j⩾3 ⊂ (0, 1) converging to 1 such that{
b ∈ (0, 1) s.t. ∃ j ∈ N \ {0, 1, 2}, ∆j(b) = 0

}
=
{
bj , j ⩾ 3

}
,

with

b3 =
1

2
and b4 =

√√
2− 1. (4.22)

Moreover, for any fixed j0 ⩾ 3 we have

∀b ∈ (bj0 , bj0+1),

{
∆j(b) > 0, if j ⩽ j0,

∆j(b) < 0, if j ⩾ j0 + 1.

Proof. For j ⩾ 3, one gets in view of (4.20) and (4.21) that the zeros of the function b 7→ ∆j(b) are

the zeros of the function b 7→ bj + 1− 1−b2

2 j. To study the zeros of the latter discrete function let us
consider its continuous version

∀(b, x) ∈ (0, 1)× [3,∞), f(b, x) ≜ bx + 1− 1−b2

2 x. (4.23)

Then, for fixed x ∈ [3,∞), one has f(0, x) = 1− x
2 < 0, f(1, x) = 2 and

∀b ∈ (0, 1), ∂bf(b, x) = x
(
bx−1 + b

)
> 0. (4.24)

Consequently, by the intermediate value theorem, there exists a unique bx ∈ (0, 1) satisfying

f(bx, x) = 0, ∀b < bx, f(b, x) < 0 and ∀b > bx, f(b, x) > 0.

Moreover, since
∀b ∈ (0, 1), ∂xf(b, x) = bx log(b)− 1−b2

2 < 0. (4.25)

Then the function x 7→ f(b, x) is strictly decreasing on [3,∞), which implies that x 7→ bx is strictly
increasing on [3,∞). It follows that for any fixed integer j0 ⩾ 3 we have

f(bj0 , j0) = 0 and ∀b ∈ (bj0 , bj0+1),

{
f(b, j) > 0, if j ⩽ j0,

f(b, j) < 0, if j ⩾ j0 + 1.
(4.26)

Combining (4.20), (4.21), (4.23) and (4.26) we conclude the desired result. Finally, (4.22) follows from
the identities

f(b, 3) = b3 + 3
2b

2 − 1
2

= (b+ 1)2
(
b− 1

2

)
and

f(b, 4) = b4 + 2b2 − 1

=
(
b2 + 1 +

√
2
)(

b+

√√
2− 1

)(
b−

√√
2− 1

)
.

This ends the proof of Lemma 4.4.

We shall now focus on the conditions that guarantee the ellipticity of the eigenvalues based on
Lemma 4.4.
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Corollary 4.1. Let Ω > 0, b∗ ∈ (0, 1) \
{
bn, n ⩾ 3

}
and set

m∗ ≜ m∗(b∗) ≜ min
{
n ⩾ 3 s.t. bn > b∗

}
. (4.27)

Then, for all |j| ⩾ m∗ and b ∈ [0, b∗], the eigenvalues of the matrix Mj(b,Ω), defined in (4.15), are
simple and pure imaginary −iΩj,k(b), k ∈ {1, 2}, with

Ωj,k(b) =
j
|j|

[(
Ω+ 1−b2

4

)
|j|+ (−1)k+1

2

√(
1−b2

2 |j| − 1
)2 − b2|j|

]
(4.28)

= j
|j|

[(
Ω+ (2− k)1−b2

2

)
|j|+ (−1)k

2 + (−1)k+1rj(b)

]
, (4.29)

where

∀(n,m) ∈ N2, ∀α ∈ N∗, sup
b∈[0,b∗]
|j|⩾m∗

|j|α|∂mj ∂nb rj(b)| ⩽ Cn,m,α. (4.30)

The corresponding eigenspaces are real and generated by

vj,1(b) =

(
1

−aj(b)

)
, vj,2(b) =

(
−aj(b)

1

)
, aj(b) =

b|j|

1−b2

2 |j| − 1 +
√(

1−b2

2 |j| − 1
)2 − b2|j|

· (4.31)

Moreover, there exists δ ≜ δ(b∗) > 0 such that for all |j| ⩾ m∗ and b ∈ [0, b∗],

0 ⩽ aj(b) < 1− δ (4.32)

and
∀n, α ∈ N∗, sup

b∈[0,b∗]
|j|⩾m∗

|j|α|∂nb aj(b)| <∞. (4.33)

Proof. In view of (4.27), (4.24), (4.25) and (4.26), for all b ∈ [0, b∗] and |j| ⩾ m∗ one has

f(b, |j|) ⩽ f(b∗, m∗) < f(bm∗ , m
∗) = 0. (4.34)

Combining (4.20), (4.21), (4.23) and (4.34) we find

∀b ∈ [0, b∗], ∀|j| ⩾ m∗, ∆j(b) < 0.

Then, by Lemma 4.3, we conclude (4.28) and (4.31). On the other hand, the inequality (4.34) also
implies

f(b∗, m∗) =
(
b∗
)m∗

+ 1− 1−(b∗)2

2 m∗ < 0. (4.35)

This gives in turn, for any |j| ⩾ m∗ and b ∈ [0, b∗],

1−b2

2 |j| − 1 ⩾ 1−(b∗)2

2 m∗ − 1 > 0. (4.36)

Consequently, for any |j| ⩾ m∗ and b ∈ [0, b∗] we may write, by (4.28),

Ωj,k(b) =
j
|j|

[(
Ω+ 1−b2

4

)
|j|+ (−1)k+1

2

(
1−b2

2 |j| − 1
)√

1− b2|j|
(
1−b2

2 |j| − 1
)−2

]

= j
|j|

[(
Ω+ 1−b2

4

)
|j|+ (−1)k+1

2

(
1−b2

2 |j| − 1
)
+ (−1)k+1rj(b)

]
,

with

rj(b) ≜ 1
2

(
1−b2

2 |j| − 1
)[√

1− b2|j|
(
1−b2

2 |j| − 1
)−2

− 1

]
. (4.37)
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By virtue of (4.35) and (4.36), one has for all |j| ⩾ m∗ and b ∈ [0, b∗] ⊂ [0, 1],

b|j|
(
1−b2

2 |j| − 1
)−1

⩽ (b∗)|j|
(
1−(b∗)2

2 m∗ − 1
)−1

⩽ (b∗)m
∗
(
1−(b∗)2

2 m∗ − 1
)−1

< 1. (4.38)

Thus expanding in power series the square root and using Leibniz rule we get after straightforward
computations the bounds for rj(b) claimed in (4.30). Next, we shall check the inequalities (4.32).
Using (4.31), (4.36) and (4.38) we conclude the existence of δ = δ(b∗) ∈ (0, 1) such that for all |j| ⩾ m∗

and b ∈ [0, b∗],

0 ⩽ aj(b) ⩽ b|j|
(
1−b2

2 |j| − 1
)−1

< 1− δ.

Therefore the estimate (4.33) follows from (4.31) and Leibniz rule. This achieves the proof of Corollary
4.1.

As a consequence of Corollary 4.1, we may restrict the Fourier modes to the lattice Zm with m ⩾ m∗

in order to avoid the hyperbolic spectrum. Therefore, we shall work in the phase space L2
m(T)×L2

m(T)
introduced in (3.26). In what follows, we introduce a suitable symplectic transformation Q used
in the diagonalization of the linearized operator at the equilibrium state described by Lemma 4.2.
This diagonalization is required latter in order to perform the reduction of the remainder term, see
Proposition 7.5. The linear transformation Q is defined by its action on any element (ρ1, ρ2) ∈
L2
m(T)× L2

m(T) with the Fourier expansions

∀k ∈ {1, 2}, ρk =
∑
j∈Z∗

m

ρj,kej , with ρ−j,k = ρj,k, ej(θ) = eijθ

as follows

Q

(
ρ1
ρ2

)
≜
∑
j∈Z∗

m

Qj

(
ρj,1
ρj,2

)
ej , Qj ≜ 1√

1−a2j (b)

(
1 −aj(b)

−aj(b) 1

)
, (4.39)

where aj(b) is given by (4.31). We have the following properties.

Lemma 4.5. Let m ⩾ m∗, b ∈ [0, b∗], where m∗ and b∗ are defined in Corollary 4.1. Then the following
assertions hold true.

1. Q : L2
m(T)× L2

m(T) → L2
m(T)× L2

m(T) is symplectic with respect to the symplectic form (3.20).
In addition Q⊤ = Q.

2. Q is invertible and its inverse is given by

Q−1

(
ρ1
ρ2

)
≜
∑
j∈Z∗

m

Q−1
j

(
ρj,1
ρj,2

)
ej , Q−1

j = 1√
1−a2j (b)

(
1 aj(b)

aj(b) 1

)
. (4.40)

3. The transformations Q+1 ≜ Q and Q−1 write

Q±1 =

(
Im 0
0 Im

)
+

(
P1 ∗ · ∓P2 ∗ ·
∓P2 ∗ · P1 ∗ ·

)
, Pk ≜

∑
j∈Z∗

m

(2−k)+(−1)k
√

(2−k)+(−1)ka2j (b)√
1−a2j (b)

ej . (4.41)

For any k ∈ {1, 2}, the kernel Pk satisfies the symmetry properties

Pk(−θ) = Pk(θ) = Pk

(
θ + 2π

m

)
(4.42)

and the estimate
∀n ∈ N, ∥∂nθ Pk ∗ ρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms . (4.43)

4. The transformation Q diagonalizes the operator JM0, where M0 is introduced in (4.12), namely

Q−1JM0Q = JL0, L0

(
ρ1
ρ2

)
≜
∑
j∈Z∗

m

1
j

(
−Ωj,1(b) 0

0 Ωj,2(b)

)(
ρj,1
ρj,2

)
ej . (4.44)
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5. All the real-valued solutions of the linearized contour dynamics equation (4.12) have the form

ρ(t, θ) =
∑
j∈Z∗

m

Aj√
1−a2j (b)

(
1

−aj(b)

)
e−i(Ω1,j(b)t−jθ) +

Bj√
1−a2j (b)

(
−aj(b)

1

)
e−i(Ω2,j(b)t−jθ) (4.45)

with Aj = A−j , Bj = B−j .

Proof. 1. Straightforward computations based on the definition (4.39) lead to

∀j ∈ Z∗
m, Q⊤

j

(
1 0
0 −1

)
Qj =

(
1 0
0 −1

)
.

Then, using Lemma 3.2 we conclude the first point. Notice that one also has

∀j ∈ Z∗
m, Q⊤

j = Qj ,

which implies Q⊤ = Q.
2. The second point follows easily by direct computations.
3. In view of (4.39) and (4.40) we can write

Q±1
j =

(
1 0
0 1

)
+ 1√

1−a2j (b)

1−
√

1− a2j (b) ∓aj(b)

∓aj(b) 1−
√
1− a2j (b)

 ,

leading to (4.41). The symmetry properties (4.42) are obtained either by the fact that a−j(b) = aj(b)
(see (4.31)) or by the restriction of the Fourier modes in the definition of Pk. The estimate (4.43) is
obtained by applying the Leibniz and the chain rules with (4.41) and (4.33).
4. Notice, from (4.39) and (4.31), that

Qj =
1√

1−a2j (b)

(
vj,1(b) vj,2(b)

)
.

Then, according to Corollary 4.1, the matrices Qj diagonalize the matricesMj(b,Ω), defined in (4.15),
namely

∀j ∈ Z∗
m, Q−1

j Mj(b,Ω)Qj = −i

(
Ωj,1(b) 0

0 Ωj,2(b)

)
.

Therefore we deduce from Lemma 4.2(
Q−1JM0Q

)(ρ1
ρ2

)
=
∑
j∈Z∗

m

(
−iΩ1,j(b) 0

0 −iΩ2,j(b)

)(
ρj,1
ρj,2

)
ej (4.46)

=
∑
j∈Z∗

m

ij

(
1 0
0 −1

)(−1
jΩ1,j(b) 0

0 1
jΩ2,j(b)

)(
ρj,1
ρj,2

)
ej ,

which gives in turn (4.44).
5. It follows immediately from the fourth point when solving the linear differential system (4.15).
This completes the proof of Lemma 4.5.

4.3 Symplectic change of coordinates

In this section we intend to conjugate the nonlinear Hamiltonian system (3.13) with respect to the
symplectic linear transformation Q introduced in (4.39). Notice that this transformation does not
depend on the unknown r, it depends only on the parameter b.

Let us consider the symplectic unknown r̃ ≜ Q−1r. Then the Hamiltonian system (3.13) writes

∂tr̃ = XK(r̃) = J∇K(r̃), K(r̃) ≜ H(Qr̃), r̃ = (r̃1, r̃2) ∈ L2
m(T)× L2

m(T). (4.47)
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Indeed, on one hand, we have

∂tr̃ = Q−1∂tr = Q−1J∇H(r) = Q−1J (∇H)(Qr̃). (4.48)

On the other hand,
J∇K(r̃) = J∇

(
H(Qr̃)

)
= JQ(∇H)(Qr̃). (4.49)

Therefore, if QJQ = J then we have the equivalence(
∂tr = J∇H(r) ⇔ ∂tr̃ = J∇K(r̃)

)
(4.50)

and this last condition is true since Lemma 4.5-1 implies that Q is symplectic and Q⊤ = Q.

We shall look for time quasi-periodic solutions of (4.47) in the form

r̃(t, θ) = r̂(ωt, θ),

where r̂ : (φ, θ) ∈ Td+1 → R2 and ω ∈ Rd is a non-resonant vector frequency. In this setting, the
equation (4.47) becomes

ω · ∂φr̂ = J∇K(r̂).

In the sequel, we shall alleviate the notation and denote r̂ simply by r. Hence, the foregoing equation
becomes

ω · ∂φr = J∇K(r), K(r) ≜ H(Qr), r = (r1, r2) ∈ L2
m(T)× L2

m(T). (4.51)

The main result of this section reads as follows.

Proposition 4.1. The linearized equation of (4.51) at a given small state r takes the form

ω · ∂φρ+ Lrρ = 0, Lr ≜ −dr
(
J∇K(r)

)
,

with

Lr =

(
∂θ
(
V1(r) ·

)
+ 1

2H+ ∂θQ ∗ · 0
0 ∂θ

(
V2(r) ·

)
− 1

2H− ∂θQ ∗ ·

)
+ ∂θ

(
T𝒦1,1(r) T𝒦1,2(r)
T𝒦2,1(r) T𝒦2,2(r)

)
,

(4.52)

where

1. the scalar functions Vk(r) ≜ Vk(Qr), k ∈ {1, 2} satisfy

∥Vk(r)− Vk(0)∥q,γ,ms ≲ ∥r∥q,γ,ms+1 , (4.53)

with Vk(r) and Vk(0) described in (4.2) and (4.13), respectively,

2. the convolution operator Q ∗ · with even kernel Q is defined through

∀ j ∈ Z∗
m, Q ∗ ej ≜ rj(b)

|j| ej , (4.54)

with rj(b) being introduced in Corollary 4.1,

3. for k, n ∈ {1, 2}, the operator T𝒦k,n
(r) is an integral operator in the form (2.15) whose kernel

𝒦k,n(r) is m-fold reversibility preserving and satisfies the estimates: for any s ⩾ s0

∥𝒦k,n(r)∥q,γ,ms ≲ ∥r∥q,γ,ms+1

and
∥∆12𝒦k,n(r)∥q,γ,ms ≲ ∥∆12r∥q,γ,ms+1 + ∥∆12r∥q,γ,ms0+1 max

ℓ∈{1,2}
∥rℓ∥q,γ,ms+1 .
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Proof. According to (4.48), (4.49) and (4.50), one has

J∇K(r) = Q−1J (∇H)(Qr). (4.55)

Differentiating this identity with respect to r in the direction ρ and using Lemma 4.1 lead to

dr
(
J∇K(r)

)
ρ = Q−1

(
dr
(
J∇H

)
(Qr)

)
Qρ

= Q−1JMQrQρ

= Q−1JM0Qρ+Q−1J
(
MQr −M0

)
Qρ. (4.56)

By virtue of (4.46), (4.29), (4.13) and recalling (2.30) and (4.54) we may write

Q−1JM0Q = −
(
V1(0)∂θ +

1
2H+ ∂θQ ∗ · 0
0 V2(0)∂θ − 1

2H− ∂θQ ∗ ·

)
. (4.57)

On the other hand, from Lemma 4.1 and Lemma 4.2 we deduce that

MQr −M0 =

(
−f1(r) 0

0 f2(r)

)
+

(
−L1,1(Qr) +K1 ∗ · L1,2(Qr)−Kb ∗ ·
L2,1(Qr)−Kb ∗ · −L2,2(Qr) +K1 ∗ ·

)
(4.58)

with

∀k ∈ {1, 2}, fk(r) ≜ Vk(Qr)− Vk(0). (4.59)

Notice that if r satisfies (3.23) and (3.25) then, by virtue of (4.10), one gets that fk(r) itself satisfies
the same symmetries,

fk(r)(−φ,−θ) = fk(r)(φ, θ) = fk(r)
(
φ, θ + 2π

m

)
. (4.60)

We shall now turn to the quantitative estimates. For this aim, we shall first give the following
decompositions. According to (3.7), we can write

Ak,k(r)(φ, θ, η) =
(
(Rk(φ, θ)−Rk(φ, η))

2 + 4Rk(φ, θ)Rk(φ, η) sin
2
(
η−θ
2

)) 1
2

= 2bk

∣∣∣sin(η−θ
2

)∣∣∣((Rk(φ, θ)−Rk(φ, η)

2bk sin
(η−θ

2

) )2

+
1

b2k
Rk(φ, θ)Rk(φ, η)

) 1
2

≜ 2bk

∣∣∣sin(η−θ
2

)∣∣∣ vk(r)(φ, θ, η).
the function vk(r) is smooth with respect to each variables and with respect to r. In addition vk(0) = 1.
An application of Lemma 2.2 and Lemma 2.1-(iii) gives

∥vk(r)− 1∥q,γ,ms ≲ ∥r∥q,γ,ms+1 , ∥∆12vk∥q,γ,ms ≲ ∥∆12r∥q,γ,ms+1 + ∥∆12r∥q,γ,ms0+1 max
ℓ∈{1,2}

∥rℓ∥q,γ,ms+1 . (4.61)

We can also write

A2
k,3−k(r)(φ, θ, η) = R2

k(φ, θ) +R2
3−k(η)− 2Rk(φ, θ)R3−k(φ, η) cos(η − θ)

= A2
k,3−k(0)(φ, θ, η)

(
1 + hk(r)(φ, θ, η)

)
,

where

hk(r)(φ, θ, η) ≜ 2
rk(φ, θ) + r3−k(φ, η)− cos(η − θ)

(
Rk(φ, θ)R3−k(φ, η)− bkb3−k

)
b2k + b23−k − 2bkb3−k cos(η − θ)

·

The function hk satisfies by composition laws in Lemma 2.1-(iii)

∥hk(r)∥q,γ,ms ≲ ∥r∥q,γ,ms , ∥∆12hk∥q,γ,ms ≲ ∥∆12r∥q,γ,ms . (4.62)
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According to the foregoing decompositions and the estimates (4.61), (4.62) together with (4.59), (4.2),
(4.3), the product and composition laws in Lemma 2.1-(iii) imply

∥fk(r)∥q,γ,ms ≲ ∥r∥q,γ,ms+1 (4.63)

and
∥∆12fk∥q,γ,ms ≲ ∥∆12r∥q,γ,ms+1 + ∥∆12r∥q,γ,ms0+1 max

ℓ∈{1,2}
∥rℓ∥q,γ,ms+1 . (4.64)

In view of (4.4) and (4.14), we also have the following decompositions for k ∈ {1, 2}

Lk,k(Qr) = K1 ∗ ·+ TKk,k
(r) and Lk,3−k(Qr) = Kb ∗ ·+ TKk,3−k

(r), (4.65)

where TKk,k
(r) and TKk,3−k

(r) are integral operators with smooth kernels

Kk,k(r)(φ, θ, η) ≜ log
(
vk(Qr)(φ, θ, η)

)
and

Kk,3−k(r)(φ, θ, η) ≜
1
2 log

(
1 + hk(Qr)(φ, θ, η)

)
.

Moreover, if r satisfies (3.23) and (3.25) then, for all k, n ∈ {1, 2}, one can easily check, using in
particular (4.11), that

Kk,n(r)(−φ,−θ,−η) = Kk,n(r)(φ, θ, η) = Kk,n(r)
(
φ, θ + 2π

m
, η + 2π

m

)
. (4.66)

It is clear that (4.41)-(4.43) imply the continuity of Q on Hs
m. Thus, applying the composition laws in

Lemma 2.1-(iii) together with (4.61) and (4.62), we infer

∀(k, n) ∈ {1, 2}2, ∥Kk,n(r)∥q,γ,ms ≲ ∥r∥q,γ,ms+1 (4.67)

and

∀(k, n) ∈ {1, 2}2, ∥∆12Kk,n(r)∥q,γ,ms ≲ ∥∆12r∥q,γ,ms+1 + ∥∆12r∥q,γ,ms0+1 max
ℓ∈{1,2}

∥rℓ∥q,γ,ms+1 . (4.68)

Putting together (4.58) and (4.65) we deduce that

Q−1J
(
MQr −M0

)
Q = −Q−1∂θ

(
f1(r) 0
0 f2(r)

)
Q−Q−1∂θ

(
TK1,1(r) −TK1,2(r)
TK2,1(r) −TK2,2(r)

)
Q.

Combining the last identity with (4.56) and (4.57) we find (4.52) with(
T𝒦1,1(r) T𝒦1,2(r)
T𝒦2,1(r) T𝒦2,2(r)

)
≜ Q−1

(
f1(r) 0
0 f2(r)

)
Q−

(
f1(r) 0
0 f2(r)

)
+Q−1

(
TK1,1(r) −TK1,2(r)
TK2,1(r) −TK2,2(r)

)
Q.

By virtue of the preceding estimate, (4.41), (4.43), (4.63) and (4.67), together with Lemma 2.8 we
find through straightforward computations that the kernels 𝒦k,n(r) satisfy the following estimate

∀(k, n) ∈ {1, 2}2, ∥𝒦k,n(r)∥q,γ,ms ≲ ∥r∥q,γ,ms+1 .

Similar argument as before using in particular (4.68) and (4.64) implies

∀(k, n) ∈ {1, 2}2, ∥∆12𝒦k,n(r)∥q,γ,ms ≲ ∥∆12r∥q,γ,ms+1 + ∥∆12r∥q,γ,ms0+1 max
ℓ∈{1,2}

∥rℓ∥q,γ,ms+1 .

As for the symmetry property, it can be obtained easily from the structure of the kernel. Actually,
one may check from (4.66), (4.60) and (4.42) that

r(−φ,−θ) = r(φ, θ) =⇒ 𝒦k,n(r)(−φ,−θ,−η) = 𝒦k,n(r)(φ, θ, η), (4.69)

r
(
φ, θ + 2π

m

)
= r(φ, θ) =⇒ 𝒦k,n(r)

(
φ, θ + 2π

m
, η + 2π

m

)
= 𝒦k,n(r)(φ, θ, η). (4.70)

The proof of the desired results is now complete.
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Remark 4.1. The linearized equation of (4.47) at r = 0 takes the form

∂tρ = J∇KL0(ρ), ρ = (ρ1, ρ2) ∈ L2
m(T)× L2

m(T), (4.71)

where J is defined in (3.14), KL0 is the quadratic Hamiltonian

KL0(ρ) ≜
1
2

〈
L0ρ, ρ

〉
L2(T)×L2(T) = −

∑
j∈Z∗

m

(
Ωj,1(b)

2j |ρj,1|2 − Ωj,2(b)
2j |ρj,2|2

)
(4.72)

and L0 is the operator defined by (4.44). Thus, real-valued oscillating solution of the linearized contour
dynamics equation (4.71) are given by

ρ(t, θ) =
∑
j∈Z∗

m

Aj

(
1
0

)
e−i(Ω1,j(b)t−jθ) +Bj

(
0
1

)
e−i(Ω2,j(b)t−jθ),

with Aj = A−j , Bj = B−j.

4.4 Geometric structure of the equilibrium frequencies

This section is devoted to some useful properties of the equilibrium frequencies. We shall first discuss
their monotonicity and prove some useful bounds. Then, we shall be concerned with their non-
degeneracy through the study of the transversality conditions. Those latter are crucial in the measure
estimates of the final Cantor set giving rise to quasi-periodic solutions emerging at the linear and
nonlinear levels. We have the following lemma.

Lemma 4.6. Let Ω > 0 and m∗, b∗ be defined as in Corollary 4.1. Then the following holds true.

1. For all |j| ⩾ m∗ and k ∈ {1, 2}, Ω−j,k(b) = −Ωj,k(b).

2. The sequence
(
− ∆j(b)

j2

)
j⩾m∗

is positive increasing. Recall that ∆j(b) was defined in (4.18).

3. The sequence
(
Ωj,1(b)

j

)
j⩾m∗

is positive increasing and the sequence
(
Ωj,2(b)

j

)
j⩾m∗

is positive de-

creasing. Moreover, for all |j| ⩾ m∗ and k ∈ {1, 2} we have

lim
n→∞

Ωj,k(b)
j = Ω+ (2− k)1−b2

2 · (4.73)

and ∣∣Ωj,k(b)
∣∣ ⩾ Ω|j|.

4. For all m ⩾ m∗, there exists Ω∗
m = Ω∗(b∗, m) > 0 satisfying

lim
m→∞

Ω∗
m = 0 (4.74)

such that for all Ω > Ω∗
m the sequence

(
Ωj,2(b)

)
j⩾m is increasing.

5. There exists c > 0 such that, for all k ∈ {1, 2},

∀Ω > Ω∗
m, ∀ b ∈ [0, b∗], ∀ |j| ⩾ m∗, ∀ |j′| ⩾ m∗,

∣∣Ωj,k(b)− Ωj′,k(b)
∣∣ ⩾ c|j − j′|.

6. Given q0 ∈ N, there exists C > 0 such that, for all k ∈ {1, 2},

∀ |j| ⩾ m∗, ∀ |j′| ⩾ m∗, max
q∈J0,q0K

sup
b∈[0,b∗]

∣∣∣∂qb (Ωj,k(b)− Ωj′,k(b)
)∣∣∣ ⩽ C|j − j′|.
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Proof. 1. It follows immediately from (4.28).

2. In order to study the discrete function j 7→ −∆j(b)
j2

we shall consider its continuous version

∀x ⩾ m∗, g(x) ≜ −∆x(b)
x2 = 1

x2

(
1−b2

2 x− 1
)2 − b2x

x2 ·

Differentiating with respect to x and using (4.36), we conclude that

g′(x) = 2
x3

(
1−b2

2 x− 1 + b2x
)
− 2b2x

x2 log(b) > 0.

Thus, the mapping j 7→ −∆j(b)/j
2 is strictly increasing.

3. The monotonicity of the sequences
(
Ωj,k(b)

j

)
j⩾m∗

follows from the identity

Ωj,k(b)
j =

(
Ω+ 1−b2

4

)
+ (−1)k+1

2

√
−∆j(b)

j2

and the second point. Moreover, from the last identity we also conclude that

Ωj,1(b)
j ⩾ Ω.

Next, from (4.29)-(4.30) we obtain (4.73). Since
(
Ωj,2(b)

j

)
j⩾m∗

is decreasing, then from (4.73) we infer

that
Ωj,2(b)

j ⩾ lim
j→∞

Ωj,2(b)
j = Ω > 0.

This ends the proof of the third point.
4. Consider the continuous extension of the discrete mapping j 7→ Ωj,2(b),

∀(b, x) ∈ [0, b∗]× (m∗,∞), h(b, x) ≜ Ωx+ 1−b2

4 x− 1
2

√
−∆x(b).

Differentiating with respect to x and using (4.18) and (4.36) lead to

∂xh(b, x) =
b2x log(b)−1−b2

2

(
1−b2

2 x−1−
√

−∆x(b)
)
+2Ω

√
−∆x(b)

2
√

−∆x(b)

=
b2x log(b)+

(
1−b2

2 x−1
)[

2Ω

√
1−b2x

(
1−b2

2 x−1
)−2

+
1−b2

2

(√
1−b2x

(
1−b2

2 x−1
)−2

−1

)]
2
√

−∆x(b)
·

According to (4.38) we have, for all b < b∗ and x ⩾ m ⩾ m∗,

0 <

√
1− (b∗)2m

(
1−(b∗)2

2 m− 1
)−2

⩽

√
1− b2x

(
1−b2

2 x− 1
)−2

< 1. (4.75)

Thus, in view of (4.36) and (4.75) we get

2
√

−∆x(b)∂xh(b, x) ⩾ b2x log(b) +
(
1−b2

2 x− 1
)[
2Ω

√
1− (b∗)2m

(
1−(b∗)2

2 m− 1
)−2

+ 1−(b∗)2

2

(√
1− (b∗)2m

(
1−(b∗)2

2 m− 1
)−2

− 1
)]
.

Setting

Ω∗
m ≜

1−(b∗)2

2

(
1−

√
1−(b∗)2m

(1−(b∗)2

2 m−1
)−2
)
− min

b∈[0,b∗]

(
bm log(b)

)
2

√
1−(b∗)2m

(1−(b∗)2

2 m−1
)−2

> 0 (4.76)

gives

∀Ω > Ω∗
m, 2

√
−∆x(b)∂xh(b, x) >

(
bx + 1− 1−b2

2 x
)

min
b∈[0,b∗]

(
bm log(b)

) (4.23)
= f(b, x) min

b∈[0,b∗]

(
bm log(b)

)
.
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Then by (4.34) we conclude that

∀Ω > Ω∗
m, ∂xh(b, x) > 0.

Taking the limit m → ∞ in (4.76) gives immediately (4.74). This ends the proof of the fourth point.
5. Since j 7→ Ωj,k(b), k ∈ {1, 2}, are odd then it is enough to check the result for j ∈ N∗. The
estimate on the sum |Ωj,k(b)+Ωj′,k(b)| easily follows from the positivity of the sequences

(
Ωj,k(b)

)
j⩾m∗ ,

k ∈ {1, 2}, and the third point, namely,

∀b ∈ [0, b∗],
∣∣Ωj,k(b) + Ωj′,k(b)

∣∣ = Ωj,k(b) + Ωj′,k(b) ⩾ Ω(j + j′).

Next we shall prove the estimate on the difference. In view of (4.29), for all j, j′ ⩾ m∗ with j ̸= j′,
one has

Ωj,k(b)− Ωj′,k(b) =
(
Ω+ (2− k)1−b2

2

)
(j − j′) + (−1)k+1

(
rj(b)− rj′(b)

)
. (4.77)

It follows that ∣∣Ωj,k(b)− Ωj′,k(b)
∣∣ ⩾ Ω|j − j′| − sup

b∈[0,b∗]

∣∣rj(b)− rj′(b)
∣∣.

Using Taylor formula combined with (4.30) gives, for any b ∈ [0, b∗],

∣∣rj(b)− rj′(b)
∣∣ ⩽ C0

∣∣∣ ˆ j

j′

dx

x2

∣∣∣
⩽ C0

|j−j′|
jj′ ·

This implies that ∣∣Ωj,k(b)− Ωj′,k(b)
∣∣ ⩾ (Ω− C0

jj′

)
|j − j′|. (4.78)

Therefore, there exists N such that if jj′ > N the desired inequality holds. For jj′ ⩽ N we shall use
the one-to-one property of j 7→ Ωj,k(b) combined with the continuity of b ∈ [0, b∗] 7→ Ωj,k(b)−Ωj′,k(b)
to get, for any j ̸= j′ ∈ Jm∗, NK,

∀Ω > Ω∗
m, inf

b∈[0,b∗]

∣∣Ωj,k(b)− Ωj′,k(b)
∣∣ ≜ ckjj′ > 0.

Consequently
inf

j ̸=j′∈Jm∗,NK
b∈[0,b∗]

∣∣Ωj,k(b)− Ωj′,k(b)
∣∣ = inf

j ̸=j′∈Jm∗,NK
ckjj′ > 0.

Taking

c ≜
1

N
min

(
inf

j ̸=j′∈Jm∗,NK
ckjj′ , NΩ− C0

)
and combining the last inequality with (4.78) we get the desired result.
6. Differentiating (4.77) gives

∂b
(
Ωj,k(b)− Ωj′,k(b)

)
= −(2− k)b(j − j′) + (−1)k+1∂b

(
rj(b)− rj′(b)

)
,

∂2b
(
Ωj,k(b)− Ωj′,k(b)

)
= −(2− k)(j − j′) + (−1)k+1∂2b

(
rj(b)− rj′(b)

)
,

∀q ⩾ 3, ∂qb
(
Ωj,k(b)− Ωj′,k(b)

)
= (−1)k+1

(
∂qbrj(b)− ∂qbrj′(b)

)
.

By the mean value theorem combined with (4.30) we conclude the proof of Lemma 4.6.
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Non-degeneracy and transversality. Through the rest of this section we shall follow the approach
developed in [9, 19] to discuss the non-degeneracy and the transversality properties of the linear
frequencies. Let us first recall the definition of the non-degeneracy for vector-valued functions.

Definition 4.1. Let N ∈ N∗. A function f ≜ (f1, . . . , fN ) : [α1, α2] → RN , with α1 < α2, is called
non-degenerate if, for any vector c ≜ (c1, . . . , cN ) ∈ RN\{0}, the scalar function f ·c = f1c1+· · ·+fNcN
is not identically zero on the whole interval [α1, α2].

We have the following result.

Lemma 4.7. Let Ω > 0 and m∗, b∗ be defined as in Corollary 4.1. Fix an integer m ⩾ m∗ and consider
the finite subsets

∀k ∈ {1, 2}, Sk ⊂ Zm ∩ N∗ with |Sk| <∞.

Then the following hold true.

1. If |S1 ∩ S2| ⩽ 1 then the vector valued function

[0, b∗] ∋ b 7→
((

Ωj,1(b)
)
j∈S1

,
(
Ωj,2(b)

)
j∈S2

)
is non-degenerate.

2. If |S1 ∩ S2| = 0 then the vector valued functions

[0, b∗] ∋ b 7→
((

Ωj,1(b)
)
j∈S1

,
(
Ωj,2(b)

)
j∈S2

, v1(b), v2(b)
)
,

[0, b∗] ∋ b 7→
((

Ωj,1(b)
)
j∈S1

,
(
Ωj,2(b)

)
j∈S2

, vk(b)
)
, k ∈ {1, 2}

are non-degenerate, where the vk are defined in (4.13).

Proof. We point out that the linear frequencies (4.28) are very similar to the linear frequencies close to
the Kirchhoff ellipses, studied in [17]. Thus we shall use the same arguments developed in [17, Lemma
5.2] with slight modifications. According to (4.28) the functions b 7→ Ωj,k(b), k ∈ {1, 2}, are well
defined and analytic in a full neighborhood of b = 0. Moreover, by (4.29) and (4.37) the frequencies
Ωj,k(b) write

Ωj,k(b) = Aj,k(z) + (−1)k+1Bj(z) ≜ Ω̃j,k(z), (4.79)

z ≜ b2, Aj,k(z) ≜ Ωj +
2− k

2
j(1− z) + (−1)k

2 , Bj(z) ≜ rj(b) =
z→0

− zj

2(j − 2)
+O(zj+1).

1. In view of Definition 4.1 one has to prove that, for all c ≜
(
(cj,1)j∈S1 , (cj,2)j∈S2

)
∈ R|S1|+|S2|\{0},

the function

z 7→
∑

j∈S1\(S1∩S2)

cj,1Ω̃j,1(z) +
∑

j∈S2\(S1∩S2)

cj,2Ω̃j,2(z) +
∑

j∈S1∩S2

(
cj,1Ω̃j,1(z) + cj,2Ω̃j,2(z)

)
is not identically zero on the interval [0, (b∗)2]. By contradiction, suppose that there exists c ≜(
(cj,1)j∈S1 , (cj,2)j∈S2

)
∈ R|S1|+|S2|\{0} such that for any |z| ⩽ (b∗)2,∑

j∈S1\(S1∩S2)

cj,1Ω̃j,1(z) +
∑

j∈S2\(S1∩S2)

cj,2Ω̃j,2(z) +
∑

j∈S1∩S2

cj,1Ω̃j,1(z) + cj,2Ω̃j,2(z) = 0. (4.80)

Writing
S1 ∪ S2 = {j1, j2, · · · , jd}, with m ⩽ j1 < j2 < · · · < jd,

then differentiating with respect to z the identity in (4.80), we find, since m ⩾ 3,
c̃j1D

(j1)
z Bj1(z) + . . .+ c̃jdD

(j1)
z Bjd(z) = 0,

. . . . . . . . .

c̃j1D
(jd)
z Bj1(z) + . . .+ c̃jdD

(jd)
z Bjd(z) = 0,
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where

c̃j ≜


cj,1, if j ∈ S1 \ (S1 ∩ S2),
−cj,2, if j ∈ S2 \ (S1 ∩ S2),
cj,1 − cj,2, if j ∈ S1 ∩ S2.

The latter is a linear system that can be recast as in a matricial form as

M(z)c̃ = 0, M(z) ≜

D
(j1)
z Bj1(z) . . . D

(j1)
z Bjd(z)

...
. . .

...

D
(jd)
z Bj1(z) . . . D

(jd)
z Bjd(z)

 , c̃ ≜

c̃j1...
c̃jd

 .

Note, from (4.79), that for all j ⩾ m we have

D(j)
z Bj(0) = − j!

2(j − 2)
and ∀ 2 ⩽ m < j, D(m)

z Bj(0) = 0.

It follows that, for some real constants αi,j , we have that

M(0) =



− j1!
2(j1−2) 0 0 . . . 0

α2,1 − j2!
2(j2−2) 0 . . . 0

...
. . .

. . .
. . .

...

αd−1,1 . . . αd−1,d−2 − jd−1!
2(jd−1−2) 0

αd,1 . . . αd,d−2 αd,d−1 − jd!
2(jd−2)


which is a triangular matrix whose determinant is given by

detM(0) = (−1)d
d∏

i=1

ji!

2(ji − 2)
̸= 0 .

It follows that c̃ = 0, i.e.

∀j ∈ (S1 ∪ S2) \ (S1 ∩ S2), cj,k = 0 and ∀j ∈ S1 ∩ S2, cj,1 = cj,2. (4.81)

Inserting (4.81) into (4.80) evaluated at z = 0, we get from (4.79) that(
2Ω + 1

2

) ∑
j∈S1∩S2

jcj,1 = 0.

Using the fact that Ω > 0, if S1 ∩ S2 = {j0} then we have

cj0,1 = 0.

This with (4.81) lead to a contradiction proving the first point.
2. Next, we shall prove that the function

[0, b∗] ∋ b 7→
((

Ωj,1(b)
)
j∈S1

,
(
Ωj,2(b)

)
j∈S2

, v1(b), v2(b)
)

is non-degenerate according to the Definition 4.1 provided that S1∩S2 = ∅. Suppose, by contradiction,
that there exists

c ≜
(
(cj,1)j∈S1 , (cj,2)j∈S2 , c0,1, c0,2

)
∈ R|S1|+|S2|+2\{0}

such that for any |z| ⩽ (b∗)2,

c0,1ṽ1(z) + c0,2ṽ2(z) +
∑
j∈S1

cj,1Ω̃j,1(z) +
∑
j∈S2

cj,2Ω̃j,2(z) = 0, (4.82)
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where we denote

∀k ∈ {1, 2}, ṽk(z) ≜ vk(b) = Ω +
2− k

2
(1− z).

Arguing in a similar way to the first case we conclude by a differentiation argument that

∀j ∈ S1 ∪ S2, ∀k ∈ {1, 2}, cj,k = 0.

Plugging these identities into (4.82) we find

c0,1ṽ1(z) + c0,2ṽ2(z) = 0.

That is

Ω
(
c0,1 + c0,2

)
+

1− z

2
c0,1 = 0.

The last expression being true for any |z| ⩽ (b∗)2, then using the fact that Ω ̸= 0 we infer

c0,1 = c0,2 = 0.

Thus, the vector c is vanishing and this contradicts the assumption. The proof of the non-degeneracy
of the function

[0, b∗] ∋ b 7→
((

Ωj,1(b)
)
j∈S1

,
(
Ωj,2(b)

)
j∈S2

, vk(b)
)
, k ∈ {1, 2}

can be obtained from the previous case by choosing

c ≜
(
(cj,1)j∈S1 , (cj,2)j∈S2 , c0,k, c0,3−k

)
=
(
(cj,1)j∈S1 , (cj,2)j∈S2 , c0,k, 0

)
.

This ends the proof of Lemma 4.7.

Let Ω > 0 and m∗, b∗ be defined as in Corollary 4.1. Fix an integer m ⩾ m∗ and consider the finite
subsets

∀k ∈ {1, 2}, Sk ⊂ Zm ∩ N∗, with dk ≜ |Sk| <∞ and S1 ∩ S2 = ∅. (4.83)

For all b ∈ [0, b∗] define the tangential equilibrium frequency vector by

ωEq(b) ≜
(
ωEq,1(b), ωEq,2(b)

)
∈ Rd, with ωEq,k(b) ≜

(
Ωj,k(b)

)
j∈Sk

∈ Rdk , d ≜ d1 + d2 (4.84)

and set

S ≜ S1 ∪ S2, S ≜ S ∪ (−S), S0 ≜ S ∪ {0}, Sk = Sk ∪ (−Sk) and S0,k = Sk ∪ {0}.

In the next proposition we deduce some quantitative bounds from the qualitative non-degeneracy
condition of Lemma 4.7, the analyticity of the linear frequencies and their asymptotics.

Lemma 4.8. [Transversality] There exist q0 ∈ N and ρ0 > 0 such that the following results hold true.
Recall that vk(b), Ωj,k and ωEq are defined in (4.13), (4.28) and (4.84) and respectively.

1. For any l ∈ Zd \ {0}, we have

inf
b∈[0,b∗]

max
q∈J0,q0K

∣∣∣∂qbωEq(b) · l
∣∣∣ ⩾ ρ0⟨l⟩.

2. For any k ∈ {1, 2} and (l, j) ∈ (Zd × Nm) \ {(0, 0)}

inf
b∈[0,b∗]

max
q∈J0,q0K

∣∣∣∂qb (ωEq(b) · l + jvk(b)
)∣∣∣ ⩾ ρ0⟨l⟩.

3. For any k ∈ {1, 2} and (l, j) ∈ Zd × (N∗
m \ Sk)

inf
b∈[0,b∗]

max
q∈J0,q0K

∣∣∣∂qb (ωEq(b) · l +Ωj,k(b)
)∣∣∣ ⩾ ρ0⟨l⟩.
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4. We assume the additional constraint Ω > Ω∗
m, see Lemma 4.6-4-5. For any k ∈ {1, 2} and

l ∈ Zd, j, j′ ∈ N∗
m \ Sk, satisfying the additional condition (l, j) ̸= (0, j′), we have

inf
b∈[0,b∗]

max
q∈J0,q0K

∣∣∣∂qb (ωEq(b) · l +Ωj,k(b)± Ωj′,k(b)
)∣∣∣ ⩾ ρ0⟨l⟩.

5. For any l ∈ Zd, j ∈ N∗ \ S1, j′ ∈ N∗ \ S2, we have

inf
b∈[0,b∗]

max
q∈J0,q0K

∣∣∣∂qb (ωEq(b) · l +Ωj,1(b)± Ωj′,2(b)
)∣∣∣ ⩾ ρ0⟨l, j, j′⟩.

Proof. 1. Suppose, by contradiction, that for all n ∈ N there exist bn ∈ [0, b∗] and ln ∈ Zd \{0} such
that

max
q∈J0,nK

∣∣∣∂qb(ωEq(b) · ln
⟨ln⟩

)
|b=bn

∣∣∣ < 1
n+1 .· (4.85)

The sequences (bn)n ⊂ [0, b∗] and (cn)n ≜
(

ln
⟨ln⟩
)
n
⊂ Rd\{0} are bounded. Up to an extraction we may

assume that
lim
n→∞

ln
⟨ln⟩ = c̃ ̸= 0 and lim

n→∞
bn = b̃.

Taking to the limit in (4.85) for n→ ∞ we deduce that

∀q ∈ N, ∂qb
(
ωEq(b) · c̃

)
|b=b̃

= 0, with c̃ ̸= 0.

Therefore, the real analytic function b→ ωEq(b) · c̃ is identically zero. This contradicts Lemma 4.7.
2. In the case l = 0 and j ∈ N∗

m we obviously have from (4.13),

inf
b∈[0,b∗]

max
q∈J0,q0K

∣∣∂qb (jvk(b))∣∣ ⩾ inf
b∈[0,b∗]

∣∣vk(b)∣∣ ⩾ Ω ⩾ ρ0⟨l⟩,

for some ρ0 > 0. Next, we shall consider the case j ∈ N∗
m, l ∈ Zd \ {0}. By the triangle inequality

combined with the boundedness of ωEq and vk(b) we get∣∣ωEq(b) · l + jvk(b)
∣∣ ⩾ |j|

∣∣vk(b)∣∣− ∣∣ωEq(b) · l
∣∣ ⩾ c|j| − C|l| ⩾ |l|

provided that |j| ⩾ C0|l| for some C0 > 0. Hence, we shall only consider indices j and l satisfying

|j| ⩽ C0|l|, j ∈ Nm, l ∈ Zd \ {0}. (4.86)

By contradiction, assume the existence of sequences {ln} ⊂ Zd \{0}, {jn} ⊂ Nm satisfying (4.86) and
{bn} ⊂ [0, b∗] such that

∀q ∈ N, ∀n ⩾ q,

∣∣∣∣∂qb (ωEq(b) · ln
⟨ln⟩ +

jnvk(b)
⟨ln⟩

)
|b=bn

∣∣∣∣ < 1
1+n · (4.87)

The sequences {bn}, {dn} ≜
{ jn
⟨ln⟩
}
and {cn} ≜

{
ln
⟨ln⟩
}
are bounded. Thus, up to an extraction, we

may assume that

lim
n→∞

bn = b̃, lim
n→∞

dn = d̃ ⩾ 0 and lim
n→∞

cn = c̃ ̸= 0.

Hence, letting n→ +∞ in (4.87) and using the fact that b 7→ vk(b) is smooth we obtain

∀q ∈ N, ∂qb

(
ωEq(b) · c̃+ d̃ vk(b)

)
|b=b̃

= 0.

Consequently, the real analytic function b 7→ ωEq(b) · c̃+ d̃ vk(b) with (c̃, d̃) ̸= (0, 0) is identically zero
and this is in contradiction with Lemma 4.7.
3. Let k ∈ {1, 2} and consider (l, j) ∈ Zd × (N∗

m \ Sk). By the triangle inequality and Lemma 4.6-3, we
get ∣∣ωEq(b) · l +Ωj,k(b)

∣∣ ⩾ ∣∣Ωj(b)
∣∣− ∣∣ωEq(b) · l

∣∣ ⩾ Ωj − C|l| ⩾ Ω
2 ⟨l⟩
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provided that j ⩾ C0|l| for some C0 > 0. Therefore, we shall restrict the proof to integers j with

0 ⩽ j < C0|l|, j ∈ N∗
m \ Sk and l ∈ Zd\{0}. (4.88)

By contradiction, for all n ∈ N, we assume the existence of sequences {ln} ⊂ Zd \{0}, {jn} ⊂ N∗
m \ Sk

and {bn} ⊂ [0, b∗] such that

∀q ∈ N, ∀n ⩾ q,
∣∣∣∂qb(ωEq(b) · ln

⟨ln⟩ +
Ωjn,k(b)

⟨ln⟩

)
|b=bn

∣∣∣ < 1
1+n · (4.89)

Since the sequences {bn} and {cn} ≜
{

ln
⟨ln⟩
}
are bounded, then by compactness we can assume that

lim
n→∞

bn = b̃ and lim
n→∞

cn = c̃ ̸= 0.

We shall distinguish two cases.
• Case 1: {ln} is bounded. From (4.88) and up to an extraction the sequences {ln} and {jn} are
stationary. Thus, we can assume that for any n ∈ N, we have ln = l̃ ∈ Zd \{0} and jn = ȷ̃ ∈ N∗

m \ Sk.
Taking the limit as n→ +∞ in (4.89) yields

∀q ∈ N, ∂qb

(
ωEq(b) · l̃ +Ωȷ̃,k(b)

)
|
b=b̃

= 0.

Consequently, the real analytic function b 7→ ωEq(b) · l̃ +Ωȷ̃,k(b) with (l̃, 1) ̸= (0, 0) is identically zero
and this contradicts Lemma 4.7.

• Case 2: {ln} is unbounded. Up to a subsequence, we assume that lim
n→∞

|ln| = ∞ and lim
n→∞

ln
⟨ln⟩

=

c̃ ∈ Rd \{0}. We shall distinguish two sub-cases.
• Sub-case ①. The sequence {jn} is bounded. Up to an extraction we may assume that this sequence
of integers is stationary. Taking the limit n→ +∞ in (4.89), we get

∀q ∈ N, ∂qbωEq(b)|
b=b̃

· c̃ = 0.

Thus, the real analytic function b 7→ ωEq(b)· c̃, with c̃ ̸= 0, is identically zero and this is a contradiction
with the Lemma 4.7.
• Sub-case ②. The sequence {jn} is unbounded. Then up to an extraction we can assume that
lim
n→∞

jn = ∞. According to (4.29) we have

Ωjn,k(b)
⟨ln⟩ = jn

⟨ln⟩

(
Ω+ (2− k)1−b2

2

)
+ (−1)k

2⟨ln⟩ + (−1)k+1 rjn (b)
⟨ln⟩ · (4.90)

By (4.88), the sequence
{

jn
⟨ln⟩

}
is bounded. Up to a subsequence, it converges to d̃. Differentiating

then taking the limit in (4.90) we obtain

lim
n→+∞

∂q
bΩjn,k(bn)

⟨ln⟩ = ∂qb
(
d̃ vk(b)

)
|
b=b̃
,

having used in the last identity the estimate (4.30). Hence, taking the limit j → +∞ in (4.89) gives

∀q ∈ N, ∂qb

(
ωEq(b) · c̃+ d̃ vk(b)

)
|
b=b̃

= 0.

Thus, the real analytic function b 7→ ωEq(b) · c̃+ d̃vk(b) is identically zero. This contradicts Lemma 4.7

as (c̃, d̃) ̸= 0.
4. Let l ∈ Zd, j, j′ ∈ N∗

m \ Sk with (l, j) ̸= (0, j′). By the triangle inequality and Lemma 4.6-5, since
Ω > Ω∗

m, we infer that∣∣ωEq(b) · l +Ωj,k(b)± Ωj′,k(b)
∣∣ ⩾ ∣∣Ωj,k(b)± Ωj′,k(b)

∣∣− ∣∣ωEq(b) · l
∣∣ ⩾ c|j ± j′| − C|l| ⩾ ⟨l⟩
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provided |j − j′| ⩾ C0|l| for some C0 > 0. In this case the desired estimate is trivial. So we shall
restrict the proof to integers such that

|j ± j′| < C0⟨l⟩, l ∈ Zd\{0}, j, j′ ∈ N∗
m \ Sk. (4.91)

Arguing by contradiction, assume that for all n ∈ N, there exists (ln, jn) ̸= (0, j′n) ∈ Zd+1 satisfying
(4.91) and bn ∈ [0, b∗] such that

∀q ∈ N, ∀n ⩾ q,

∣∣∣∣∣∂qb
(
ωEq(b) · ln

⟨ln⟩ +
Ωjn,k(b)±Ωj′n,k(b)

⟨ln⟩

)
|b=bn

∣∣∣∣∣ < 1

1 + n
· (4.92)

Since the sequences
{

ln
⟨ln⟩

}
n
and {bn}n are bounded, then up to an extraction we can assume that

lim
n→∞

ln
⟨ln⟩

= c̃ ̸= 0 and lim
n→∞

bn = b̃. We distinguish two cases :

• Case 1: (ln)n is bounded. We shall only focus on the most delicate case associated to the difference
Ωjn,k −Ωj′n,k. Up to an extraction we may assume that this sequence of integers is stationary, that is,

ln = l̃. Looking at (4.91) we have two sub-cases.
• Sub-case ① : (jn)n and (j′n)n are bounded. Up to an extraction we can assume that they are
stationary, that is, jn = ȷ̃, j′n = ȷ̃′. Moreover, by assumption we also have (l̃, ȷ̃) ̸= (0, ȷ̃′) and ȷ̃, ȷ̃′ /∈ Sk.
Hence taking the limit n→ +∞ in (4.92), we get

∀q ∈ N, ∂qb

(
ωEq(b) · l̃ +Ωȷ̃,k(b)− Ωȷ̃′,k(b)

)
|
b=b̃

= 0.

Therefore, the real analytic function b 7→ ωEq(b) · l̃+Ωȷ̃,k(b)−Ωȷ̃′,k(b) is identically zero. If ȷ̃ = j̃′ then

this contradicts Lemma 4.7 since l̃ ̸= 0. In the case ȷ̃ ̸= j̃′ ∈ N∗
m \ Sk this still contradicts Lemma 4.7,

applied with the vector frequency (ωEq,Ωȷ̃,k,Ωj̃′,k
).

• Sub-case ② : (jn)n and (j′n)n are unbounded. Up to an extraction, we assume that lim
n→∞

jn =

lim
m→∞

j′n = ∞. Assume, without loss of generality, that for a given n we have jn ⩾ j′n. In view of

(4.29) we may write

∂q
b

(
Ωjn,k(b)−Ωj′n,k(b)

)
⟨ln⟩ = ∂qbvk(b)

jn−j′n
⟨ln⟩ + (−1)k+1

⟨ln⟩ ∂kb
(
rjn(b)− rj′n(b)

)
. (4.93)

According to (4.91), up to an extraction, we can assume that lim
n→∞

j′n − jn
⟨ln⟩

= d̃. Therefore, combining

(4.93) and (4.30), we find

lim
n→∞

∂qb

(
Ωjn,k(b)− Ωj′n,k(b)

⟨ln⟩

)
|b=bn

= d̃ ∂qb
(
vk(b)

)
|
b=b̃
.

Taking the limit n→ +∞ in (4.92) gives

∀q ∈ N, ∂qb

(
ωEq(b) · c̃+ d̃ vk(b)

)
|
b=b̃

= 0.

Then, the real analytic function b 7→ ωEq(b) · c̃ + d̃ vk(b) with (c̃, d̃) ̸= (0, 0) is identically zero. This
contradicts Lemma 4.7.
• Case 2: (ln)n is unbounded. Up to an extraction we can assume that lim

n→∞
|ln| = ∞. We shall

distinguish three sub-cases.
• Sub-case ①. The sequences (jn)n and (j′n)n are bounded. Thus, up to an extraction they will
converge. Taking the limit in (4.92) leads to

∀q ∈ N, ∂qbωEq(b̄) · c̃ = 0.

which gives a contradiction with Lemma 4.7.
• Sub-case ②. The sequences (jn)n and (j′n)n are both unbounded. This case is similar to the sub-case
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② of the case 1.
• Sub-case ③. The sequence (jn)n is unbounded and (j′n)n is bounded. Without loss of generality, we

can assume that lim
n→∞

jn = ∞ and j′n = ȷ̃. By (4.91) and up to an extraction one gets lim
n→∞

jn ± j′n
|ln|

= d̃.

Using Taylor formula combined with (4.30) gives for any b ∈ [0, b∗],

∣∣∂qbrj′n(b)− ∂qbrjn(b)
∣∣ ⩽ C

∣∣∣ˆ jn

j′n

dx

x2

∣∣∣
⩽ C|jn − j′n|(jnj′n)−1· (4.94)

Using (4.29) combined with (4.94) and (4.30) we get, for any q ∈ N,

lim
n→∞

⟨ln⟩−1∂qb

(
Ωjn,k(b)± Ωj′n,k(b)− (jn ± j′n)vk(b)

)
|b=bn

=

(−1)k lim
n→∞

∂qb

(
1±1
2⟨ln⟩ −

rjn (b)±rj′n
(b)

⟨ln⟩

)
|b=bn

= 0.

Hence, taking the limit in (4.92) implies

∀q ∈ N, ∂qb

(
ωEq(b) · c̃+ d̃vk(b)

)
b=b̃

= 0.

Thus, the real analytic function b 7→ ωEq(b) · c̃+ d̃vk(b) is identically zero with (c̃, d̃) ̸= 0 leading to a
contradiction with Lemma 4.7.
5. Arguing by contradiction, suppose that for all n ∈ N, there exist bn ∈ [0, b∗] and (ln, jn, j

′
n) ∈

Zd+2 \{0}, with jn ∈ (N∗ ∩ Zm) \ S1, and j′n ∈ (N∗ ∩ Zm) \ S2, such that

max
q∈J0,nK

∣∣∣∣∣∂qb
(
ωEq(b) · ln

⟨ln,jn,j′n⟩
+

Ωjn,1(b)±Ωj′n,2(b)

⟨ln,jn,j′n⟩

)
|b=bn

∣∣∣∣∣ < 1

1 + n

and therefore

∀q ∈ N, ∀n ⩾ q,

∣∣∣∣∣∂qb
(
ωEq(b) · ln

⟨ln,jn,j′n⟩
+

Ωjn,1(b)±Ωj′n,2(b)

⟨ln,jn,j′n⟩

)
|b=bn

∣∣∣∣∣ < 1

1 + n
· (4.95)

The sequence (bn)n ⊂ [0, b∗] is bounded. Up to an extraction we may assume that

lim
n→∞

bn = b̃ ∈ [0, b∗].

We distinguish two cases.
• Case 1: The sequence {⟨ln, jn, j′n⟩}n is bounded. Then up to an extraction we may assume that

lim
n→∞

ln = c̃ ∈ Zd, lim
n→∞

jn = ȷ̃ ∈ (N∗ ∩ Zm) \ S1 and lim
n→∞

j′n = ȷ̃′ ∈ (N∗ ∩ Zm) \ S2.

Taking the limit in (4.95) we find

∀q ∈ N, ∂qb
(
ωEq(b) · c̃+Ωȷ̃,1(b)± Ωȷ̃′,2(b)

)
b=b̃

= 0.

Thus, the real analytic function b 7→ ωEq(b) · c̃ + Ωȷ̃,1(b) ± Ωȷ̃′,2(b) is identically zero on the interval
[0, b∗]. This contradicts Lemma 4.7 if one of the following holds:

ȷ̃ ̸∈ S2 and ȷ̃′ ̸∈ S1,

or
ȷ̃ ∈ S2 and ȷ̃′ ̸∈ S1,

or
ȷ̃ ̸∈ S2 and ȷ̃′ ∈ S1.
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Thus, it remain to check the case where

ȷ̃ ∈ S2 and ȷ̃′ ∈ S1. (4.96)

Denoting c̃ =
((
c̃j,1
)
j∈S1 ,

(
c̃j,1
)
j∈S2

)
, then we have for any z ∈ [0, (b∗)2],∑

j∈S1\{ȷ̃′}

c̃j,1Ω̃j,1(z) +
∑

j∈S2\{ȷ̃}

c̃j,2Ω̃j,2(z) + c̃ȷ̃′,1Ω̃ȷ̃′,1(z)± Ω̃ȷ̃′,2(z) + c̃ȷ̃,2Ω̃ȷ̃,2(z) + Ω̃ȷ̃,1(z) = 0. (4.97)

Arguing as in the proof of Lemma 4.7 we conclude by a differentiation argument that

∀j ∈ (S1 ∪ S2) \ {ȷ̃′, ȷ̃}, ∀k ∈ {1, 2}, cj,k = 0, cȷ̃,2 = 1 and cȷ̃′,1 = ±1.

Substituting these identities into (4.97) evaluated at z = 0 and using (4.79) we get(
2Ω + 1

2

)
(ȷ̃′ ± ȷ̃) = 0.

This implies that ȷ̃′ = ∓ȷ̃ contradicting (4.96) and (4.83).
• Case 2: The sequence {⟨ln, jn, j′n⟩}n is unbounded. Using (4.29) we may write

∀q ∈ N, ∀n ⩾ q,

∣∣∣∣∣∂qb
((
ωEq(b),Ω+ 1−b2

2 ,±Ω
)
· (ln,jn,j′n)
⟨ln,jn,j′n⟩

+
−1
2±

1
2+rjn (b)∓rj′n

(b)

⟨ln,jn,j′n⟩

)
|b=bn

∣∣∣∣∣ < 1

1 + n
·

(4.98)

The sequence (cn)n ≜
( (ln,jn,j′n)
⟨ln,jn,j′n⟩

)
n
⊂ Rd\{0} is bounded. By compactness and up to an extraction we

may assume that

lim
n→∞

(ln,jn,j′n)
⟨ln,jn,j′n⟩

= c̃ ̸= 0.

Taking the limit in (4.98) and using (4.30) we get

∀q ∈ N, ∂qb

((
ωEq(b),Ω+ 1−b2

2 ,±Ω
)
· c̃
)
b=b̃

= 0.

Thus, the real analytic function b 7→
(
ωEq(b),Ω + 1−b2

2 ,±Ω
)
· c̃ is identically zero with c̃ ̸= 0 which

contradicts Lemma 4.7. This completes the proof of the lemma.

Linear quasi-periodic solution. Notice that by selecting only a finite number of frequencies, the
sum in (4.45) gives rise to quasi-periodic solutions of the linearized equation (4.12), provided that the
parameter b belongs to a suitable Cantor-like set of full measure. The following result follows in a
similar way to [59, Lem 3.3], based on Lemma 4.8-(i) and Lemma 8.1.

Lemma 4.9. Let Ω > 0, S1, S2 ⊂ N∗, as in (4.83) and b∗ as in Corollary 4.1. Then, there exists a
Cantor-like set C ⊂ [0, b∗] satisfying |C| = b∗ and such that for all b ∈ C, every function in the form

ρ(t, θ) =
∑
j∈S1

ρj,1√
1−a2j (b)

(
1

−aj(b)

)
cos
(
jθ − Ωj,1(b)t

)
+
∑
j∈S2

ρj,2√
1−a2j (b)

(
−aj(b)

1

)
cos
(
jθ − Ωj,2(b)t

)
,

with ρj,1, ρj,2 ∈ R∗, is a time quasi-periodic reversible solution to the equation (4.12) with the vector
frequency ωEq(b), defined in (4.84).

5 Hamiltonian toolkit

The main scope of this section is to relate the existence of quasi-periodic solutions to the Hamiltonian
equation (4.47) to the construction of invariant tori in a suitable phase space. More precisely, we shall
reformulate the problem in terms of embedded tori through the introduction of action-angle variables.
Note that, according to Remark 4.1, (4.55) and (4.44), the equation (4.47) can be seen as a quasilinear
perturbation of its linear part at the equilibrium state, namely,

∂tr = JL0r +XP (r), with XP (r) ≜ J∇K(r)− JL0r = Q−1XH⩾3(Qr), (5.1)
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where

XH⩾3(r) ≜ J
(
∇H(r)−M0r

)
and Q, H, M0, L0 are defined in (4.39), (3.15), (4.12), (4.44), respectively. The following lemma
summarizes some tame estimates satisfied by the vector field XP . Notice that the structure of the
two components of vector field XH⩾3(r) are very similar to the one obtained in the setting of Euler
equations in the unit disc [61, eq. (5.1)]. Moreover, the symplectic change of variables Q±1 depends
only on the parameter b (and not on r) and it acts continuously from Hs

m into itself for any s. Therefore,
one gets in a similar way to [61, Lemma 5.2] the following estimates.

Lemma 5.1. Let b∗, m∗ as in Corollary 4.1, m ⩾ m∗, and (γ, q, s0, s) satisfy (2.1), (2.2) and (2.3).
There exists ε0 ∈ (0, 1] such that if

∥r∥q,γ,ms0+2 ⩽ ε0,

then the vector field XP , defined in (5.1) satisfies the following estimates

(i) ∥XP (r)∥q,γ,ms ≲ ∥r∥q,γ,ms+2 ∥r∥q,γ,ms0+1.

(ii) ∥drXP (r)[ρ]∥q,γ,ms ≲ ∥ρ∥q,γ,ms+2 ∥r∥q,γ,ms0+1 + ∥r∥q,γ,ms+2 ∥ρ∥q,γ,ms0+1.

(iii) ∥d2rXP (r)[ρ1, ρ2]∥q,γ,ms ≲ ∥ρ1∥q,γ,ms0+1∥ρ2∥
q,γ,m
s+2 +

(
∥ρ1∥q,γ,ms+2 + ∥r∥q,γ,ms+2 ∥ρ1∥q,γ,ms0+1

)
∥ρ2∥q,γ,ms0+1.

Since we shall look for small amplitude quasi-periodic solutions then it is more convenient to rescale
the solution as follows r 7→ εr with r bounded in a suitable functions space. Hence, the Hamiltonian
equation (4.51) takes the form

ω · ∂φr = ∂θL0r + εXPε(r), (5.2)

where L0 is the operator defined by (4.44) and XPε is the rescaled Hamiltonian vector field defined
by XPε(r) ≜ ε−2XP (εr). Notice that (5.2) is the Hamiltonian system generated by the rescaled
Hamiltonian

Kε(r) ≜ ε−2K(εr)

= KL0(r) + εPε(r), (5.3)

withKL0 the quadratic Hamiltonian defined in Remark 4.1 and εPε(r) describes all the terms of higher
order more than cubic.

Action-angle-normal variables Recalling the notations introduced in (3.26), (4.83)–(4.84). Given
the decomposition (1.16) of the phase space L2

m(T) × L2
m(T) and the decomposition in action-angle-

normal variables (1.19), the symplectic 2-form in (3.20) becomes

W =
∑
j∈S1

dϑj,1∧dIj,2−
∑
j∈S2

dϑj,2∧dIj,2+
1

2i

∑
j∈Zm\S0,1

1

j
drj,1∧dr−j,1−

1

2i

∑
j∈Zm\S0,2

1

j
drj,2∧dr−j,2. (5.4)

The Poisson bracket is given by

{F,G} ≜ W(XF , XG) =
〈
∇F,J∇G

〉
, (5.5)

where ⟨·, ·⟩ is the inner product, defined by〈
(ϑ, I, z), (ϑ, I, z)

〉
≜ ϑ · ϑ+ I · I +

〈
z, z
〉
L2(T)×L2(T).

The Poisson structure J corresponding to W, defined by the identity (5.5) , is the unbounded operator

J : (ϑ, I, z) 7→ (JI,−Jϑ,J z),

where J is given by (3.14) and

J ≜

(
Id1 0
0 −Id2

)
,
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with Idk the identity matrix of size dk. Now we shall study the Hamiltonian system generated by the
Hamiltonian Kε in (5.3), in the action-angle-normal variables (ϑ, I, z) ∈ Td × Rd ×H⊥

S0
. We consider

the Hamiltonian Kε(ϑ, I, z) defined by
Kε ≜ Kε ◦A (5.6)

where A is the map defined in (1.19). Since L0 in (4.44) stabilizes the subspace H⊥
S0

then the quadratic

Hamiltonian KL0 in (4.72) in the variables (ϑ, I, z) reads, up to a constant,

KL0 ◦A = −
∑
j∈S1

Ωj,1(b)Ij,1 +
∑
j∈S2

Ωj,2(b)Ij,2 +
1

2

〈
L0 z, z

〉
L2(T)×L2(T)

= −
(
JωEq(b)

)
· I + 1

2

〈
L0 z, z

〉
L2(T)×L2(T), (5.7)

where ωEq(b) ∈ Rd is the unperturbed tangential frequency vector. By (5.3) and (5.7), the Hamiltonian
Kε in (5.6) reads

Kε = N + εPε, with

N ≜ −
(
JωEq(b)

)
· I + 1

2

〈
L0 z, z

〉
L2(T)×L2(T), Pε ≜ Pε ◦A.

(5.8)

We look for an embedded invariant torus

i : Td → Rd × Rd ×H⊥
S0
, φ 7→ i(φ) ≜

(
ϑ(φ), I(φ), z(φ)

)
,

where ϑ(φ)− φ is a (2π)d-periodic function, of the Hamiltonian vector field

XKε ≜
(
J∂IKε,−J∂ϑKε,Π

⊥
S0
J∇zKε

)
filled by quasi-periodic solutions with Diophantine frequency vector ω. Note that for the value ε = 0,
the Hamiltonian system

ω · ∂φi(φ) = (XN + εXPε)(i(φ)) (5.9)

possesses, for any value of the parameter b ∈ [0, b∗] , the invariant torus

iflat(φ) ≜ (φ, 0, 0),

provided that ω = −ωEq(b). Now, in order to construct an invariant torus to the Hamiltonian system
(5.9) which supports a quasi-periodic motion with frequency vector ω, close to −ωEq(b), we shall
formulate the problem as a ”Nash-Moser Theorem of hypothetical conjugation” established in [19]. It
consists in using the frequencies ω ∈ Rd as parameters and introducing “counter-terms” α ∈ Rd in the
family of Hamiltonians

Kα
ε ≜ Nα + εPε , Nα ≜ α · I + 1

2

〈
L0 z, z

〉
L2(T)×L2(T). (5.10)

The value of α will be adjusted along the iteration in order to control the average of the I-component
at the linear level of the Hamiltonian equation

F(i, α) ≜ F(i, α, ω, b, ε) ≜ ω · ∂φi(φ)−XKα
ε
(i(φ)) = ω · ∂φi(φ)− (XNα + εXPε)(i(φ))

=

 ω · ∂φϑ(φ)− J
(
α− ε∂IPε(i(φ))

)
ω · ∂φI(φ) + εJ∂ϑPε(i(φ))

ω · ∂φz(φ)− JL0z(φ)− εJ∇zPε(i(φ))

 = 0. (5.11)

This degree of freedom through a parameter α will provides at the end of the scheme a solution (ω, i)
for the original problem when it is fixed to α = −JωEq(b) for any value of b in a suitable Cantor set.
Note that the involution 𝒮 , described in (3.21), becomes

S : (ϑ, I, z) 7→ (−ϑ, I,𝒮 z) (5.12)
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and the operator 𝒯m in (3.24) becomes

Tm : (ϑ, I, z) 7→ (ϑ, I,𝒯mz). (5.13)

Moreover, we can easily check that the Hamiltonian vector field XKα
ε
is reversible with respect S

and m-fold preserving with respect to Tm. Thus, it is natural to look for m-fold reversible solutions of
F(i, α) = 0, namely satisfying

ϑ(−φ) = −ϑ(φ), I(−φ) = I(φ), z(−φ) =
(
𝒮 z(φ)

)
and 𝒯mz(φ) = z(φ). (5.14)

In the sequel, we shall denote by

I(φ) ≜ i(φ)− (φ, 0, 0) =
(
ϑ(φ)− φ, I(φ), z(φ)

)
the periodic component of the torus φ 7→ i(φ). We end this section by summarizing some tame
estimates satisfied by the Hamiltonian vector field

XPε ≜
(
J∂IPε,−J∂ϑPε,Π

⊥
S0
J∇zPε

)
,

where Pε is defined in (5.8). The proof of the next lemma follows in a similar way to [19, Lem. 5.1]
using Lemma 5.1.

Lemma 5.2. Let b∗, m∗ as in Corollary 4.1, m ⩾ m∗ and (γ, q, s0, s) satisfy (2.1), (2.2) and (2.3).
There exists ε0 ∈ (0, 1) such that if

ε ⩽ ε0 and ∥I∥q,γ,ms0+2 ⩽ 1,

then the perturbed Hamiltonian vector field XPε satisfies the following tame estimates,

(i) ∥XPε(i)∥
q,γ,m
s ≲ 1 + ∥I∥q,γ,ms+2 .

(ii)
∥∥diXPε(i)[ î ]

∥∥q,γ,m
s

≲ ∥ î ∥q,γ,ms+2 + ∥I∥q,γ,ms+2 ∥ î ∥q,γ,ms0+1.

(iii)
∥∥d2iXPε(i)[ î, î ]

∥∥q,γ,m
s

≲ ∥ î ∥q,γ,ms+2 ∥ î ∥q,γ,ms0+1 + ∥I∥q,γ,ms+2

(
∥ î ∥q,γ,ms0+1

)2
.

6 Approximate inverse

In order to prove the Theorem 1.1 using a Nash-Moser scheme, we have to construct an approximate
right inverse of the linearized operator associated to the functional F , defined in (5.11), at any m-fold
and reversible state (i0, α0) close to the flat torus,

d(i,α)F(i0, α0) = ω · ∂φi0 − diXK
α0
ε
(i0)−

 Jα̂
0
0

 . (6.1)

For this aim, we shall use the Berti-Bolle approach for the approximate inverse developed in [12]
and which ”approximately” decouples the linearized equations through a triangular system in the
action-angle components and the normal ones. This strategy was slightly simplified in [59, Section 6]
bypassing the introduction of an intermediate isotropic torus and directly working with the original
one i0. Here, we shall closely follow this latter procedure with giving close attention to the difference
in the Hamiltonian structure, which is due to the vectorial framework. Thus, for completeness sake,
we shall reproduce all the algebraic computations and refer the reader to [59, Section 6] for more
details on the analysis, which is very similar.

We first introduce the diffeomorpshim G0 : (ϕ, y, w) 7→ (ϑ, I, z) of the phase space Rd × Rd ×H⊥
S0

given by ϑI
z

 ≜ G0

ϕy
w

 ≜

ϑ0(ϕ)I0(ϕ) + L1(ϕ)y + L2(ϕ)w
z0(ϕ) + w

 , (6.2)
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where

L1(ϕ) ≜ J[∂φϑ0(ϕ)]
−⊤, L2(ϕ) ≜ J[(∂ϑz̃0)(ϑ0(ϕ))]

⊤J −1, z̃0(ϑ) ≜ z0(ϑ
−1
0 (ϑ)) (6.3)

and the transposed operator is defined through the following duality relation : Given a Hilbert space
H equipped with the inner product ⟨·, ·⟩H and a linear operator A ∈ L(Rd, H),

∀u ∈ H , ∀v ∈ Rd,
〈
A⊤u, v

〉
Rd ≜

〈
u,Av

〉
H
.

Note that, in the new coordinates, i0 becomes the trivial embedded torus (ϕ, y, w) = (φ, 0, 0), namely

G0(φ, 0, 0) = i0(φ).

In what follows we shall use the following notations

• We denote by u = (ϕ, y, w) the coordinates induced by G0 in (6.2).

• The mapping
u0(φ) ≜ G−1

0 (i0)(φ) = (φ, 0, 0)

refers to the trivial torus

• We shall denote by
G̃0(u, α) ≜

(
G0(u), α

)
the diffeomorphism with the identity on the α-component.

• We quantify how an embedded torus i0(T) is approximately invariant for the Hamiltonian vector
field XK

α0
ε

in terms of the ”error function”

Z(φ) ≜ (Z1, Z2, Z3)(φ) ≜ F(i0, α0)(φ) = ω · ∂φi0(φ)−XK
α0
ε

(
i0(φ)

)
. (6.4)

6.1 Linear change of variables and defect of the symplectic structure

In this subsection we shall conjugate the linearized operator di,αF(i0, α0) in (6.1), via the linear change
of variables

DG0(u0(φ))

ϕ̂ŷ
ŵ

 =

∂φϑ0(φ) 0 0
∂φI0(φ) L1(φ) L2(φ)
∂φz0(φ) 0 I

ϕ̂ŷ
ŵ

 , (6.5)

to a triangular system with small errors of size Z = F(i0, α0). Our main result is the following.

Proposition 6.1. Under the linear change of variables DG0(u0) the linearized operator di,αF(i0, α0)
is transformed into

[DG0(u0)]
−1d(i,α)F(i0, α0)DG̃0(u0)[ϕ̂, ŷ, ŵ, α̂] = D[ϕ̂, ŷ, ŵ, α̂] + E[ϕ̂, ŷ, ŵ] (6.6)

where

1. the operator D has the triangular form

D[ϕ̂, ŷ, ŵ, α̂] ≜

 ω · ∂φϕ̂−
[
K20(φ)ŷ +K⊤

11(φ)ŵ + L⊤
1 (φ)α̂

]
ω · ∂φŷ + B(φ)α̂

ω · ∂φŵ − J
[
K11(φ)ŷ +K02(φ)ŵ + L⊤

2 (φ)α̂
]
 ,

B(φ) and K20(φ) are d× d real matrices,

B(φ) ≜ L−1
1 (φ)∂φI0(φ)L

⊤
1 (φ) + [∂φz0(φ)]

⊤L⊤
2 (φ),

K20(φ) ≜ εL⊤
1 (φ)(∂IIPε)(i0(φ))L1(φ) ,
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K02(φ) is a linear self-adjoint operator of H⊥
S0
, given by

K02(φ) ≜ (∂z∇zK
α0
ε )(i0(φ)) + εL⊤

2 (φ)(∂IIPε)(i0(φ))L2(φ) (6.7)

+ εL⊤
2 (φ)(∂zIPε)(i0(φ)) + ε(∂I∇zPε)(i0(φ))L2(φ),

and K11(φ) ∈ L(Rd,H⊥
S0
),

K11(φ) ≜ εL⊤
2 (φ)(∂IIPε)(i0(φ))L1(φ) + ε(∂I∇zPε)(i0(φ))L1(φ),

2. the remainder E is given by

E[ϕ̂, ŷ, ŵ] ≜ [DG0(u0)]
−1∂φZ(φ)ϕ̂

+

 0
A(φ)

[
K20(φ)ŷ +K⊤

11(φ)ŵ
]
−R10(φ)ŷ −R01(φ)ŵ

0


where A(φ) and R10(φ) are d× d real matrices,

A(φ) ≜ [∂φϑ0(φ)]
⊤J∂φI0(φ)− [∂φI0(φ)]

⊤J∂φϑ0(φ)− [∂φz0(φ)]
⊤J −1∂φz0(φ),

R10(φ) ≜ [∂φZ1(φ)]
⊤[∂φϑ0(φ)]

−⊤,

and R01(φ) ∈ L(H⊥
S0
,Rd),

R01(φ) ≜ [∂φZ1(φ)]
⊤[(∂ϑz̃0)(ϑ0(φ))]

⊤J −1 − [∂φZ3(φ)]
⊤J −1 .

Proof. The composition of the nonlinear operator F , in (5.11), with the map G0 is given by

F(G0(u(φ)), α) = ω · ∂φ
(
G0(u(φ))

)
−XKα

ε

(
G0(u(φ))

)
. (6.8)

Then, by differentiating (6.8) at (u0, α0) in the direction (û, α̂) we obtain

d(u,α)(F ◦G0)(u0, α0)[(û, α̂)](φ) = ω · ∂φ
(
DG0(u0)û

)
− ∂ϕ

[
XK

α0
ε

(
G0(u(φ))

)]
u=u0

ϕ̂ (6.9)

− ∂y
[
XK

α0
ε

(
G0(u(φ))

)]
u=u0

ŷ − ∂w
[
XK

α0
ε

(
G0(u(φ))

)]
u=u0

ŵ −

 Jα̂
0
0

 .

In view of (6.5), one has

ω · ∂φ
(
DG0(u0)[û](φ)

)
= DG0(u0)ω · ∂φû+ ∂φ

(
ω · ∂φi0

)
ϕ̂+

 0
(ω · ∂φL1(φ))ŷ +

(
ω · ∂φL2(φ)

)
ŵ

0

 ,

(6.10)
and from (6.3)–(6.4) we get

ω · ∂φL1(φ) = −J[∂φϑ0(φ)]−⊤(ω · ∂φ[∂φϑ0(φ)]⊤)[∂φϑ0(φ)]−⊤

= −J[∂φϑ0(φ)]−⊤
([
∂φZ1(φ)

]⊤
+
[
∂φ
(
(∂IK

α0
ε )(i0(φ))

)]⊤
J
)
[∂φϑ0(φ)]

−⊤.
(6.11)

Observe, from (6.3), that we have the identity

∂φz0(φ) = (∂ϑz̃0)(ϑ0(φ))∂φϑ0(φ). (6.12)

Therefore the operator L2(φ) can be written as

L2(φ) = J[∂φϑ0(φ)]
−⊤[∂φz0(φ)]

⊤J −1 = L1(φ)[∂φz0(φ)]
⊤J −1. (6.13)
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From the last two identities we find

ω · ∂φL2(φ) = −J[∂φϑ0(φ)]−⊤(ω · ∂φ[∂φϑ0(φ)]⊤)[∂φϑ0(φ)]−⊤[∂φz0(φ)]
⊤J −1

+ J[∂φϑ0(φ)]
−⊤[∂φ(ω · ∂φz0)(φ)]⊤J −1

and by (6.4) we obtain

ω · ∂φL2(φ) = −J[∂φϑ0(φ)]−⊤
([
∂φZ1(φ)

]⊤
+
[
∂φ
(
(∂IK

α0
ε )(i0(φ))

)]⊤)
L2(φ)

+ J[∂φϑ0(φ)]
−⊤
([
∂φZ3(φ)

]⊤ −
[
∂φ
(
(∇zK

α0
ε )(i0(φ))

)]⊤)
. (6.14)

Gathering (6.10), (6.11) and (6.14) gives

ω · ∂φ
(
DG0(u0)[û](φ)

)
= DG0(u0)ω · ∂φû+ ∂φ

(
ω · ∂φi0

)
ϕ̂

−

 0

J[∂φϑ0(φ)]
−⊤
([

CI(φ)L1(φ) +R10(φ)
]
ŷ +

[
CI(φ)L2(φ) + Cz(φ) +R01(φ)

]
ŵ
]

0

 , (6.15)

where R10(φ) and R01(φ) are given by (ii) and

CI(φ) ≜
[
∂φ
(
(∂IK

α0
ε )(i0(φ))

)]⊤
(6.16)

= [∂φI0(φ)]
⊤(∂IIK

α0
ε )(i0(φ)) + [∂φϑ0(φ)]

⊤(∂ϑIK
α0
ε )(i0(φ)) + [∂φz0(φ)]

⊤(∂I∇zK
α0
ε )(i0(φ)),

Cz(φ) ≜
[
∂φ
(
(∇zK

α0
ε )(i0(φ))

)]⊤
(6.17)

= [∂φI0(φ)]
⊤(∂zIK

α0
ε )(i0(φ)) + [∂φϑ0(φ)]

⊤(∂zϑK
α0
ε )(i0(φ)) + [∂φz0(φ)]

⊤(∂z∇zK
α0
ε )(i0(φ)).

According (5.11) and (6.2), one may writes

∂ϕ
[
XK

α0
ε

(
G0(u(φ))

)]
u=u0

ϕ̂ = ∂φ
[
XK

α0
ε
(i0(φ)))

]
ϕ̂,

∂y
[
XK

α0
ε

(
G0(u(φ))

)]
u=u0

ŷ =

 J(∂IIK
α0
ε )(i0(φ))L1(φ)ŷ

−J(∂IϑKα0
ε )(i0(φ))L1(φ)ŷ

J
[
(∂I∇zK

α0
ε )(i0(φ))L1(φ)ŷ

]
 ,

∂w
[
XK

α0
ε

(
G0(u(φ))

)]
u=u0

ŵ =

 (J∂IIK
α0
ε )(i0(φ))L2(φ)ŵ + J(∂zIK

α0
ε )(i0(φ))ŵ

−J(∂IϑKα0
ε )(i0(φ))L2(φ)ŵ − J(∂zϑK

α0
ε )(i0(φ))ŵ

J
[
(∂I∇zK

α0
ε )(i0(φ))L2(φ)ŵ + (∂z∇zK

α0
ε )(i0(φ))ŵ

]
 .

Therefore inserting (6.15) and the last three identities into (6.9) we get

d(u,α)(F ◦G0)(u0, α0)[(û, α̂)] = DG0(u0)ω · ∂φû+ ∂φ
[
F(i0(φ))

]
ϕ̂

+

 −J(∂IIKα0
ε )(i0(φ))L1(φ)ŷ

J(∂IϑK
α0
ε )(i0(φ))L1(φ)ŷ − J[∂φϑ0(φ)]

−⊤[CI(φ)L1(φ) +R10(φ)]ŷ
−J (∂I∇zK

α0
ε )(i0(φ))L1(φ)ŷ


+

 −J(∂IIKα0
ε )(i0(φ))L2(φ)ŵ − J(∂zIK

α0
ε )(i0(φ))ŵ[

J(∂IϑK
α0
ε )(i0(φ))L2(φ) + J(∂zϑK

α0
ε )(i0(φ))

]
ŵ

−J
[
(∂I∇zK

α0
ε )(i0(φ))L2(φ)ŵ + (∂z∇zK

α0
ε )(i0(φ))ŵ

]


−

 0
J[∂φϑ0(φ)]

−⊤[CI(φ)L2(φ) + Cz(φ) +R01(φ)
]
ŵ

0

−

 Jα̂
0
0

 . (6.18)

From (6.5), (6.12) and (6.13), one may easily check that

[DG0(u0)]
−1 =

 [∂φϑ0(φ)]
−1 0 0

−B(φ)J [∂φϑ0(φ)]
⊤J −[∂φz0(φ)]

⊤J −1

−(∂ϑz̃0)(ϑ0(φ)) 0 I


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where B(φ) is given by (i). Finally, applying [DG0(u0)]
−1 to (6.18) and using (6.16), (6.17) we obtain

[DG0(u0)]
−1d(u,α)(F ◦G0)(u0, α0)[û, α̂] = ω · ∂φû+ [DG0(u0)]

−1∂φ
[
F(i0(φ))

]
ϕ̂

+

 −K20(φ)ŷ
A(φ)K20(φ)ŷ −R10(φ)ŷ

−JK11(φ)ŷ

+

 −K⊤
11(φ)ŵ

A(φ)K⊤
11(φ)ŵ −R01(φ)ŵ
−JK02(φ)ŵ

+

 −[∂φϑ0(φ)]
−1Jα̂

B(φ)α̂
[(∂ϑz̃0)(ϑ0(φ))]Jα̂

 ,

where A(φ) is defined in (ii) and satisfies B(φ) = A(φ)L⊤
1 (φ) + [∂φI0(φ)]

⊤, and

K20(φ) ≜ L⊤
1 (φ)(∂IIK

α0
ε )(i0(φ))L1(φ) ,

K11(φ) ≜ L⊤
2 (φ)(∂IIK

α0
ε )(i0(φ))L1(φ) + (∂I∇zK

α0
ε )(i0(φ))L1(φ) ,

K02(φ) ≜ (∂z∇zK
α0
ε )(i0(φ)) + L⊤

2 (φ)(∂IIK
α0
ε )(i0(φ))L2(φ) + L⊤

2 (φ)(∂zIK
α0
ε )(i0(φ))

+ (∂I∇zK
α0
ε )(i0(φ))L2(φ).

This together with (5.10) give the desired identity, concluding the proof of Proposition 6.1.

Next, in order to prove that the remainder E is of size Z, we shall prove that the matrix A, defined
in Proposition 6.1-(ii), is zero at an exact solution on some Cantor like set, up to an exponentially
small remainder. In particular, we shall prove the following lemma.

Lemma 6.1. The coefficients of the matrix A, given by

Akj(φ) ≜ [J∂φjI0(φ)] · ∂φk
ϑ0(φ)− [J∂φjϑ0(φ)] · ∂φk

I0(φ)−
〈
J −1∂φjz0(φ), ∂φk

z0(φ)
〉
L2(T)×L2(T).

satisfy for all φ ∈ Td, are

ω · ∂φAkj(φ) = [J∂φjZ2(φ)] · ∂φk
ϑ0(φ)− [J∂φjZ1(φ)] · ∂φk

I0(φ)−
〈
J −1∂φjZ3(φ), ∂φk

z0(φ)
〉
L2(T)×L2(T)

+ [J∂φjI0(φ)] · ∂φk
Z2(φ)− [J∂φjϑ0(φ)] · ∂φk

Z1(φ)−
〈
J −1∂φjz0(φ), ∂φk

Z3(φ)
〉
L2(T)×L2(T).

where (e1, . . . , ed) denotes the canonical basis of Rd.

Proof. From the expression of the coefficients Akj one has

ω · ∂φAkj(φ) =
〈
J∂φjω · ∂φI0(φ), ∂φk

ϑ0(φ)
〉
Rd +

〈
J∂φjI0(φ), ∂φk

ω · ∂φϑ0(φ)
〉
Rd

−
〈
J∂φjω · ∂φϑ0(φ), ∂φk

I0(φ)
〉
Rd −

〈
J∂φjϑ0(φ), ∂φk

ω · ∂φI0(φ)
〉
Rd

−
〈
J −1∂φjω · ∂φz0(φ), ∂φk

z0(φ)
〉
L2(T)×L2(T) −

〈
J −1∂φjz0(φ), ∂φk

ω · ∂φz0(φ)
〉
L2(T)×L2(T)

In view of (6.4) we get

ω · ∂φAkj(φ) =
〈
J∂φjZ2(φ), ∂φk

ϑ0(φ)
〉
Rd +

〈
J∂φjI0(φ), ∂φk

Z1(φ)
〉
Rd (6.19)

−
〈
J∂φjZ1(φ), ∂φk

I0(φ)
〉
Rd −

〈
J∂φjϑ0(φ), ∂φk

Z2(φ)
〉
Rd

−
〈
J −1∂φjz0(φ), ∂φk

Z3(φ)
〉
L2(T)×L2(T) −

〈
J −1∂φjZ3(φ), ∂φk

z0(φ)
〉
L2(T)×L2(T)

+ B1
kj(φ) + B2

kj(φ) + B3
kj(φ),

where

B1
kj(φ) ≜ −

〈
∂φj (∂IK

α0
ε )(i0(φ)), ∂φk

I0(φ)
〉
Rd +

〈
∂φjI0(φ), ∂φk

(∂IK
α0
ε )(i0(φ))

〉
Rd ,

B2
kj(φ) ≜ −

〈
∂φj (∂ϑK

α0
ε )(i0(φ)), ∂φk

ϑ0(φ)
〉
Rd +

〈
∂φjϑ0(φ), ∂φk

(∂ϑK
α0
ε )(i0(φ))

〉
Rd ,

B3
kj(φ) ≜

〈
∂φjz0(φ), ∂φk

(∇zK
α0
ε )(i0(φ))

〉
L2(T)×L2(T) −

〈
∂φj (∇zK

α0
ε )(i0(φ)), ∂φk

z0(φ)
〉
L2×L2 .
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Straightforward computations leads to

B1
kj(φ) = −

〈
(∂IϑK

α0
ε )(i0(φ))∂φjϑ0(φ), ∂φk

I0(φ)
〉
Rd −

〈
(∂zIK

α0
ε )(i0(φ))∂φjz0(φ), ∂φk

I0(φ)
〉
Rd

+
〈
∂φjI0(φ), (∂IϑK

α0
ε )(i0(φ))∂φk

ϑ0(φ)
〉
Rd +

〈
∂φjI0(φ), (∂IzK

α0
ε )(i0(φ))∂φk

z0(φ)
〉
Rd ,

B2
kj(φ) = −

〈
(∂IϑK

α0
ε )(i0(φ))∂φjI0(φ), ∂φk

ϑ0(φ)
〉
Rd −

〈
(∂zϑK

α0
ε )(i0(φ))∂φjz0(φ), ∂φk

ϑ0(φ)
〉
Rd

+
〈
∂φjϑ0(φ), (∂IϑK

α0
ε )(i0(φ))∂φk

I0(φ)
〉
Rd +

〈
∂φjϑ0(φ), (∂ϑzK

α0
ε )(i0(φ))∂φk

z0(φ)
〉
Rd ,

B3
kj(φ) =

〈
(∂I∇zK

α0
ε )(i0(φ))∂φk

I0(φ), ∂φjz0(φ)
〉
L2(T)×L2(T)

−
〈
∂φk

z0(φ), (∂I∇zK
α0
ε )(i0(φ))∂φjI0(φ)

〉
L2(T)×L2(T)

+
〈
(∂ϑ∇zK

α0
ε )(i0(φ))∂φk

ϑ0(φ), ∂φjz0(φ)
〉
L2(T)×L2(T)

−
〈
∂φk

z0(φ), (∂ϑ∇zK
α0
ε )(i0(φ))∂φjϑ0(φ)

〉
L2(T)×L2(T).

Combining the last three identities we obtain

B1
kj(φ) + B2

kj(φ) + B3
kj(φ) = 0.

This with (6.19) concludes the proof of the lemma.

We define the sequence (Nn)n∈N∪{−1} as

N−1 ≜ 1, ∀n ∈ N, Nn ≜ N
( 3
2)

n

0 , with N0 ⩾ 2. (6.20)

The following lemma is proved in [19, Lemma 5.3] and [59, Lemma 6.2].

Lemma 6.2. The coefficients Ajk, defined in Lemma 6.1, decomposes as

Akj = A(n)
kj +A(n),⊥

kj , with A(n)
kj ≜ ΠNnAkj and A(n),⊥

kj ≜ Π⊥
Nn

Akj . (6.21)

In addition, the following properties hold true.

1. The function A(n),⊥
kj satisfies for any s ∈ R,

∀ b ⩾ 0, ∥A(n),⊥
kj ∥q,γ,ms ≲ N−b

n ∥I0∥q,γ,ms+1+b.

2. There exist functions A(n),ext
kj defined for any (b, ω) ∈ O and satisfying, for any s ⩾ s0, the

estimate
∥A(n),ext

kj ∥q,γ,ms ≲ γ−1
(
∥Z∥q,γ,ms+τ1(q+1)+1 + ∥Z∥q,γ,ms0+1∥I0∥

q,γ,m
s+τ1(q+1)+1

)
.

Moreover, A(n),ext
kj coincides with A(n)

kj on the Cantor set

DCNn(γ, τ1) ≜
⋂

l∈Zd\{0}
|l|⩽Nn

{
ω ∈ Rd s.t. |ω · l| ⩾ γ

⟨l⟩τ1

}
. (6.22)

6.2 Construction of an approximate inverse

According to Proposition 6.1-(ii) and Lemma 6.2, the error term E is zero at an exact solution,
up to an exponentially small remainder on the Cantor set DCNn(γ, τ1). Therefore, in order to find
an approximate inverse of the linear operator in (6.6) it is sufficient to almost invert the operator
D, which is triangular. More precisely, we first invert the action-component equation, in the linear
system D[û] = (g1, g2, g3), which is decoupled from the other equations,

ω · ∂φŷ = g2 − B(φ)α̂.

Then, we shall solve the last normal-component equation

ω · ∂φŵ − JK02(φ)ŵ = g3 + J
[
K11(φ)ŷ + L⊤

2 (φ)α̂
]
.

61



For this aim we need to find an approximate right inverse of the linearized operator in the normal
direction

L̂ ≜ Π⊥
S0

(
ω · ∂φ − JK02(φ)

)
Π⊥

S0
(6.23)

when the set of parameters is restricted to a Cantor-like set. Here the projector Π⊥
S0

is the one defined

in (1.17). Finally, we shall solve the first equation in D[û] = (g1, g2, g3) after choosing α̂ in such way
we get zero average in the equation.

The following proposition gives a brief statement about the invertibility in the normal direction;
the construction of an approximate right inverse of the operator L̂ is the subject of Section 7 and a
precise statement with a detailed description of Cantor like sets, see Proposition 7.6.

Proposition 6.2. Given the conditions (2.2), (2.3), (7.42) and (7.43). There exists σ5 ≜ σ5(τ1, τ2, q, d) >
0 such that if

∥I0∥q,γ,msh+σ5
⩽ 1,

then there exists a family of linear operators
(
T̂n
)
n∈N defined in O and satisfying the estimate

∀ s ∈ [s0, S], sup
n∈N

∥T̂nρ∥q,γ,ms ≲ γ−1
(
∥ρ∥q,γ,ms+σ5

+ ∥I0∥q,γ,ms+σ5
∥ρ∥q,γ,ms0+σ5

)
and, for any n ∈ N, we have the following splitting

L̂ = L̂n + R̂n, with L̂nT̂n = Id,

in a Cantor set Gn ≜ Gn(γ, τ1, τ2, i0) ⊂ DCNn(γ, τ1)×(b∗, b
∗), where the operators L̂n and R̂n are defined

in O and satisfy

∀s ∈ [s0, S], sup
n∈N

∥L̂nρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms+1 + εγ−2∥I0∥q,γ,ms+σ5
∥ρ∥q,γ,ms0+1,

∀s ∈ [s0, S], ∥R̂nρ∥q,γ,ms0 ≲ N s0−s
n γ−1

(
∥ρ∥q,γ,ms+σ5

+ εγ−2∥I0∥q,γ,ms+σ5
∥ρ∥q,γ,ms0+σ5

)
+ εγ−3Nµ2

0 N−µ2
n+1∥ρ∥

q,γ,m
s0+σ5

.

The main goal is to find an approximate inverse to the operator [DG0(u0)]
−1d(i,α)F(i0, α0)DG̃0(u0)

in (6.6). For this aim, since we require only finitely many non-resonance conditions (6.22), for any
ω ∈ Rd, we decompose ω · ∂φ as

ω · ∂φ = D(n) +D⊥
(n), D(n) ≜ ω · ∂φΠNn +Π⊥

Nn,g, D⊥
(n) ≜ ω · ∂φΠ⊥

Nn
−Π⊥

Nn,g, (6.24)

where
Π⊥

Nn,g

∑
l∈Zd \{0}

hlel ≜
∑

l∈Zd \{0}
|l|>Nn

g(l)hlel.

and the function g : Zd \ {0} → {−1, 1} is defined, for all l = (l1, · · · , ld) ∈ Zd \ {0}, as the sign of
the first non-zero component in the vector l. Thus, it satisfies

∀l ∈ Zd \ {0}, g(−l) = −g(l).

The projector Π⊥
Nn,g

is used here instead of Π⊥
Nn

in order to preserve the reversibility property. Then,
according to Proposition 6.1, the identities (6.21)-(6.24) and Proposition 6.2 we have the following
decomposition

[DG0(u0)]
−1d(i,α)F(i0, α0)DG̃0(u0) = Dn + En + 𝒫n + 𝒬n, (6.25)
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with

Dn[ϕ̂, ŷ, ŵ, α̂] ≜

 D(n)ϕ̂−K20ŷ −K⊤
11ŵ − L⊤

1 α̂

D(n)ŷ + Bα̂
L̂ω,nŵ − J

[
K11ŷ + L⊤

2 α̂
]

 ,

En[ϕ̂, ŷ, ŵ] ≜ [DG0(u0)]
−1[∂φZ]ϕ̂+

 0

A(n)
[
K20ŷ +K⊤

11ŵ
]
−R10ŷ −R01ŵ

0


𝒫n[ϕ̂, ŷ, ŵ] ≜

 D⊥
(n)ϕ̂

D⊥
(n)ŷ +A(n),⊥[K20ŷ +K⊤

11ŵ
]

0

 , 𝒬n[ϕ̂, ŷ, ŵ] ≜

 0
0

R̂n[ŵ]

 ,

where A(n) and A(n),⊥ are the matrices with coefficients A(n)
kj and A(n),⊥

kj respectively, see (6.21). We
define the linear operator Lext as

Lext ≜ Dn + Eext
n + 𝒫n + 𝒬n, (6.26)

where the operator Eext
n vanishes at exact solutions on the whole set of parameters O and it is given

by

Eext
n [ϕ̂, ŷ, ŵ] ≜ [DG0(u0)]

−1[∂φZ]ϕ̂+

 0

A(n),ext
[
K20(φ)ŷ +K⊤

11ŵ
]
−R10ŷ −R01ŵ

0

 ,

with A(n),ext is the matrix with coefficients A(n),ext
kj , see (6.21). The operator Lext is defined on the

whole set O and, by construction, coincides with the linear operator in (6.25) on the Cantor set Gn,

∀(b, ω) ∈ Gn, Lext = [DG0(u0)]
−1d(i,α)F(i0, α0)DG̃0(u0). (6.27)

The following proposition shows that the principal term Dn has an exact inverse. Its proof can be
found in [59, Prop. 6.3]

Proposition 6.3. Given the conditions (2.2), (2.3), (7.42) and (7.43). There exists σ6 ≜ σ6(τ1, τ2, q, d) >
0 such that if

∥I0∥q,γ,msh+σ6
⩽ 1,

then there exist a family of operators
(
[Dn]

−1
ext

)
n
such that for all g ≜ (g1, g2, g3) satisfying the re-

versibility and m-fold symmetry properties

g1(φ) = g1(−φ), g2(φ) = −g2(−φ), g3(φ) = −(Sg3)(φ), (𝒯mg3)(φ) = g3(φ), (6.28)

the function [Dn]
−1
extg satisfies the estimate, for all s0 ⩽ s ⩽ S,

∥[Dn]
−1
extg∥q,γ,ms ≲ γ−1

(
∥g∥q,γ,ms+σ6

+ ∥I0∥q,γ,ms+σ6
∥g∥q,γ,ms0+σ6

)
and for all (b, ω) ∈ Gn one has

Dn[Dn]
−1
ext = Id.

Coming back to the linear operator di,αF(i0, α0), according to (6.26) and (6.27), on the Cantor
set Gn, we have the decomposition

di,αF(i0, α0) = DG0(u0)Dn [DG̃0(u0)]
−1 +DG0(u0)Eext

n [DG̃0(u0)]
−1

+DG0(u0)𝒫n [DG̃0(u0)]
−1 +DG0(u0)𝒬n [DG̃0(u0)]

−1.

Applying the operator
T0 ≜ T0(i0) ≜ DG̃0(u0) [Dn]

−1
ext [DG0(u0)]

−1 (6.29)
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to the right of the last identity we get for all (b, ω) ∈ Gn,

di,αF(i0, α0)T0 − Id = E(n)
1 + E(n)

2 + E(n)
3 with E(n)

1 ≜ DG0(u0)Eext
n [DG̃0(u0)]

−1T0,

E(n)
2 ≜ DG0(u0)𝒫n [DG̃0(u0)]

−1T0,

E(n)
3 ≜ DG0(u0)𝒬n [DG̃0(u0)]

−1T0.

Consequently, the operator T0 is an approximate right inverse for di,αF(i0, α0). In particular, we have
the following result, whose proof is similar to [69, Theorem 5.1].

Theorem 6.1. (Approximate inverse) Let (γ, q, d, τ1, s0, µ2, sh, S) satisfy (2.2)–(2.3) and (7.42)–
(7.43). There exists σ = σ(τ1, τ2, d, q) > 0 such that if

∥I0∥q,γ,msh+σ ⩽ 1, (6.30)

then for smooth g = (g1, g2, g3), satisfying (6.28), the operator T0 defined in (6.29) is reversible, m-fold
preserving and satisfies

∀s ∈ [s0, S], ∥T0g∥q,γ,ms ≲ γ−1
(
∥g∥q,γ,ms+σ + ∥I0∥q,γ,ms+σ ∥g∥q,γ,ms0+σ

)
. (6.31)

Moreover T0 is an almost-approximate right inverse of di,αF(i0, α0) on the Cantor set Gn. More
precisely, for all (b, ω) ∈ Gn one has

di,αF(i0, α0)T0 − Id = E(n)
1 + E(n)

2 + E(n)
3 , (6.32)

where the operators E(n)
1 , E(n)

2 and E(n)
3 are defined in the whole set O with the estimates

∥E(n)
1 ρ∥q,γ,ms0 ≲ γ−1∥F(i0, α0)∥q,γ,ms0+σ∥ρ∥

q,γ,m
s0+σ, (6.33)

∀ b ⩾ 0, ∥E(n)
2 ρ∥q,γ,ms0 ≲ γ−1N−b

n

(
∥ρ∥q,γ,ms0+σ+b + ∥I0∥q,γ,ms0+σ+b

∥∥ρ∥q,γ,ms0+σ

)
, (6.34)

∀ b ∈ [0, S], ∥E(n)
3 ρ∥q,γ,ms0 ≲ N−b

n γ−2
(
∥ρ∥q,γ,ms0+b+σ + εγ−2∥I0∥q,γ,ms0+b+σ∥ρ∥

q,γ,m
s0+σ

)
(6.35)

+ εγ−4Nµ2
0 N−µ2

n ∥ρ∥q,γ,ms0+σ.

7 Reduction

This section is devoted to the reducibility of the linearized operator associated to the nonlinear equation
(4.51), whose structure is detailed in Proposition 4.1. The first main step is to conjugate it into a
diagonal matrix Fourier multiplier using a suitable quasi-periodic symplectic change of coordinates
as in [59, 69]. The second part deals with the asymptotic structure of the operator localized on the
normal directions. In the last part, we focus on the remainder reduction. To formulate our statements
we need to introduce the following parameters.

sl ≜ s0 + τ1q + τ1 + 2, µ2 ≜ 4τ1q + 6τ1 + 3,

sl ≜ sl + τ2q + τ2, sh ≜ 3
2µ2 + sl + 1

(7.1)

and
σ1 ≜ s0 + τ1q + 2τ1 + 4, σ2 ≜ σ1 + 3. (7.2)

Throughout this section and we shall work under the following assumption

O ≜ (b∗, b
∗)×𝒰 , with 0 < b∗ < b∗ < 1 and m ⩾ m∗, (7.3)

where m∗ is defined in Corollary 4.1. The set 𝒰 is an open subset of Rd containing the equilibrum
frequency vector curve, namely, we choose

𝒰 ≜ B(0, R0) s.t. ωEq

(
[b∗, b

∗]
)
⊂ B

(
0, R0

2

)
, R0 > 0. (7.4)

We denote
Hs

⊥,m ≜ Hs
m ∩H⊥

S0
and equip this space with the same norm as Sobolev spaces.
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7.1 Structure of the linearized operator restricted to the normal directions

Here, we present the structure of the linearized operator in the normal directions

L̂ = L̂(i0) = Π⊥
S0

(
ω · ∂φ − JK02(φ)

)
Π⊥

S0

defined through (6.23) and (6.7), where i0 = (ϑ0, I0, z0) is a m-fold reversible torus (satisfying (5.14))
and whose periodic component I0 satisfy the smallness condition

∥I0∥q,γ,ms0+2 ⩽ 1,

given in Lemma (5.2). The linear operator L̂ decomposes as a finite rank perturbation of the linearized
operator associated with the original problem, as the following shows. We refer the reader to [69, Prop.
6.1] for a detailed proof that one can adapt to our matrix case. We mention that the m-fold symmetry
property can also be easily tracked.

Proposition 7.1. Let (γ, q, d, s0) satisfy (2.3). Then the operator L̂ defined in (6.23) takes the form

L̂ = Π⊥
S0
(L − ε∂θR)Π⊥

S0
, L ≜ ω · ∂φIm + Lεr, R ≜

(
TJ1,1(r) TJ1,2(r)
TJ2,1(r) TJ2,2(r)

)
,

where

Im ≜

(
Im 0
0 Im

)
denotes the identity map of L2

m(Td+1)×L2
m(Td+1). The operator Lεr is defined in Proposition 4.1 and

from (1.19) we have

r(φ) = A
(
ϑ0(φ), I0(φ), z0(φ)

)
,

with A as in (1.19), supplemented with the reversibility and m-fold properties

r(−φ,−θ) = r(φ, θ) = r
(
φ, θ + 2π

m

)
.

Moreover, for any k, n ∈ {1, 2}, the operator TJk,n(r) is an integral operator in the form (2.15), whose
kernel Jk,n(r) is m-fold reversibility preserving. In addition, under the assumption

∥I0∥q,γ,ms0 ⩽ 1, (7.5)

we have for all s ⩾ s0,

(i) the function r satisfies the estimates,

∥r∥q,γ,ms ≲ 1 + ∥I0∥q,γ,ms (7.6)

and
∥∆12r∥q,γ,ms ≲ ∥∆12i∥q,γ,ms + ∥∆12i∥q,γ,ms0 max

ℓ∈{1,2}
∥Iℓ∥q,γ,ms . (7.7)

(ii) for any k, n ∈ {1, 2}, the kernel Jk,n satisfies the following estimates

∥Jk,n∥q,γ,ms ≲ 1 + ∥I0∥q,γ,ms+3 (7.8)

and
∥∆12Jk,n∥q,γ,ms ≲ ∥∆12i∥q,γ,ms+3 + ∥∆12i∥q,γ,ms0+3 max

ℓ∈{1,2}
∥Iℓ∥q,γ,ms+3 . (7.9)

Here Iℓ(φ) = iℓ(φ)−(φ, 0, 0), and for any function f , ∆12f ≜ f(i1)−f(i2) refers to the difference
of f taken at two different states i1 and i2 satisfying (7.5).
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7.2 Reduction of the transport part

The main purpose is to reduce to constant coefficients the transport parts in the linearized operator,
described in Proposition 4.1. Notice that the transport operator is diagonal, therefore we shall reduce
each scalar component apart. This was done by a KAM iterative scheme in [59, 69], in the same spirit
of the papers [4, 8, 15, 45]. We skip the proof of the following proposition since it is the same as in
[69, Prop. 6.2], where the scheme is initialized by (4.59), (4.53) and (7.12). Moreover, the persistence
of the m-fold symmetry property can be easily checked along the scheme.

Proposition 7.2. Given the conditions (2.3)–(2.2) and (7.1)–(7.3). Let υ ∈ (0, 1
q+1 ]. For any

(µ2, p, sh) satisfying

µ2 ⩾ µ2, p ⩾ 0, sh ⩾ max
(
3
2µ2 + sl + 1, sh + p

)
, (7.10)

there exists ε0 > 0 such that if

εγ−1Nµ2
0 ⩽ ε0 and ∥I0∥q,γ,msh+σ1

⩽ 1, (7.11)

then for all k ∈ {1, 2} there exist ck ≜ ck(b, ω, i0) ∈W q,∞,γ(O,C) and βk ≜ βk(b, ω, i0) ∈W q,∞,γ(O, HS
m )

such that the following results hold true.

(i) The constants ck satisfy the following estimate,

∥vk − ck∥q,γ ≲ ε, (7.12)

where vk is defined in (4.13).

(ii) The transformation ℬ±1
k , related to the functions βk and β̂k through (2.19)-(2.27), are m-fold

reversibility preserving and satisfying the following estimates: for all s ∈ [s0, S]

∥ℬ±1
k ρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms + εγ−1∥I0∥q,γ,ms+σ1

∥ρ∥q,γ,ms0 , (7.13)

∥β̂k∥q,γ,ms ≲ ∥βk∥q,γ,ms ≲ εγ−1
(
1 + ∥I0∥q,γ,ms+σ1

)
. (7.14)

(iii) In the Cantor set

Oγ,τ1
∞,n(i0) ≜

⋂
k∈{1,2}

(l,j)∈Zd×Zm\{(0,0)}
|l|⩽Nn

{
(b, ω) ∈ O s.t.

∣∣ω · l + jck(b, ω)
∣∣ > 4γυ⟨j⟩

⟨l⟩τ1

}
(7.15)

we have
ℬ−1

k

(
ω · ∂φIm + ∂θ

(
Vk(εr) ·

))
ℬk = ω · ∂φIm + ck∂θ + ℰn,k, (7.16)

where Vk are defined in Proposition 4.1-1 and ℰn,k ≜ ℰn,k(b, ω, i0) are linear operators satisfying

∥ℰn,kρ∥q,γ,ms0 ≲ εNµ2
0 N−µ2

n+1∥ρ∥
q,γ,m
s0+2. (7.17)

(iv) Given two tori i1 and i2 both satisfying (7.11) (replacing I0 by I1 or I2), we have

∥∆12ck∥q,γ ≲ ε∥∆12i∥q,γ,msh+σ1
, (7.18)

∥∆12βk∥q,γ,msh+p + ∥∆12β̂k∥q,γ,msh+p ≲ εγ−1∥∆12i∥q,γ,msh+p+σ1
. (7.19)

Define the matrix operators

ℬ ≜

(
ℬ1 0
0 ℬ2

)
and ℰn ≜

(
ℰn,1 0
0 ℰn,2

)
, (7.20)

where ℬk and ℰn,k have been defined in Proposition 7.2. Next, we plan to describe the action of
the transformation ℬ on the linearized operator introduced in Proposition 4.1 and derive some useful
estimates.
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Proposition 7.3. Given the conditions (2.2)–(2.3), (7.1), (7.3) and (7.10). Then, there exists ε0 > 0
such that if

εγ−1Nµ2
0 ⩽ ε0 and ∥I0∥γ,mq,sh+σ2

⩽ 1, (7.21)

where σ2 is given by (7.2), then by restricting the parameters to the Cantor set defined in (7.15) we
get

ℒ ≜ ℬ−1
(
ω · ∂φIm + Lεr

)
ℬ = ω · ∂φIm +𝒟 +ℛ + ℰn, (7.22)

where

𝒟 ≜

(
c1∂θ ·+1

2H+ ∂θQ ∗ · 0
0 c2∂θ · −

(
1
2H+ ∂θQ ∗ ·)

)
,

and the operator ℛ ≜ ℛ(εr) is a real, m-fold and reversibility preserving matricial integral operator
satisfying

∀s ∈ [s0, S], 9ℛ9q,γ,m
s ≲ εγ−1

(
1 + ∥I0∥q,γ,ms+σ2

)
. (7.23)

Moreover, given two tori i1 and i2 both satisfying (7.21) (replacing I0 by I1 or I2), we have

9∆12ℛ9q,γ,m
sh+p ≲ εγ−1∥∆12i∥q,γ,msh+p+σ2

. (7.24)

Proof. From (7.20) and (4.52) we may write

ℬ−1
(
ω · ∂φIm + Lεr

)
ℬ =

(
ℬ−1

1

(
ω · ∂φIm + ∂θ

(
V1(εr) ·

))
ℬ1 0

0 ℬ−1
2

(
ω · ∂φIm + ∂θ

(
V2(εr) ·

))
ℬ2

)
+

(
1
2H+ ∂θQ ∗ · 0

0 −1
2H− ∂θQ ∗ ·

)
+

(
ℛ1,1 ℛ1,2

ℛ2,1 ℛ2,2

)
,

where

ℛk,k′ ≜ ℬ−1
k ∂θT𝒦k,k′ (εr)

ℬk′ + (−1)k+1δk,k′
(
1
2ℬ

−1
k Hℬk − 1

2H+ℬ−1
k

(
∂θQ ∗ ·

)
ℬk − ∂θQ ∗ ·

)
and δk,k′ denotes the usual Kronecker symbol. Putting together (7.16) and (4.52) allows to get in the
Cantor set Oγ,τ1

∞,n(i0) the decomposition (7.22) with

ℛ =

(
ℛ1,1 ℛ1,2

ℛ2,1 ℛ2,2

)
.

The symmetry properties of Q, β and β̂, given by Proposition 4.1-2 and Proposition 7.2-2, together
with Lemma 2.4 and Lemma 2.7 imply that ℬ−1

k Hℬk − H and ℬ−1
k Qℬk − Q are real, reversible

and m-fold preserving integral operators. In view of Lemma 2.7, (7.14), (7.19), (7.21) and (7.2) the
operator ℬ−1

k Hℬk −H is an integral operator and satisfies

∥ℬ−1
k Hℬk −H∥q,γ,mI-D,s ≲ εγ−1

(
1 + ∥I0∥q,γ,ms+2+σ1

)
, (7.25)

∥∆12(ℬ−1
k Hℬk −H)∥q,γ,m

I-D,sh+p ≲ εγ−1∥∆12i∥q,γ,msh+p+2+σ1
. (7.26)

As for the term in Q, we observe according to the notation (2.15), (4.54) and (4.30) that

Q ∗ ρ = T
Q̂
ρ, with Q̂(b, φ, θ, η) ≜ Q(b, θ − η)

and
∥Q̂∥q,γ,ms ⩽ C(q, s),

for some constant C(q, s) > 0. Therefore, applying Lemma 2.6 together with (7.14), (7.19) and the
smallness condition (7.21) yield to

∥ℬ−1
k (∂θQ ∗ ·)ℬk − ∂θQ ∗ ·∥q,γ,mI-D,s ≲ εγ−1

(
1 + ∥I0∥q,γ,ms+σ1+1

)
, (7.27)

∥∆12

(
ℬ−1

k (∂θQ ∗ ·)ℬk − ∂θQ ∗ ·
)
∥q,γ,m
I-D,sh+p ≲ εγ−1∥∆12i∥q,γ,msh+p+σ1+1. (7.28)
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As for the operator ℬ−1
k ∂θT𝒦k,k′ (εr)

ℬk′ , first it is real, m-fold preserving and reversible Toeplitz in

time operator according to Lemma 2.4 together with (4.69), (4.70) and the symmetry properties of
β, β̂, given by Proposition 7.2-2. In addition, using (2.23), Proposition 4.1-3, (7.14), (7.6), (7.21) and
(7.2), we deduce that

∥ℬ−1
k ∂θT𝒦k,k′ (εr)

ℬk′∥q,γ,mI-D,s ≲ ∥𝒦k,k′(εr)∥q,γ,ms+1 + ∥𝒦k,k′(εr)∥q,γ,ms0 max
ℓ∈{1,2}

∥βℓ∥q,γ,ms+2

≲ εγ−1
(
1 + ∥I0∥q,γ,ms+σ1+2

)
. (7.29)

Using Proposition 4.1-3 supplemented by (7.6) and (7.7), we obtain

∥∆12𝒦k,k′(εr)∥q,γ,ms ≲ ε∥∆12r∥q,γ,ms+1 + ε∥∆12r∥q,γ,ms0+1 max
ℓ∈{1,2}

∥rℓ∥q,γ,ms+1

≲ ε
(
∥∆12i∥q,γ,ms+1 + ∥∆12i∥q,γ,ms0+1 max

ℓ∈{1,2}
∥Iℓ∥q,γ,ms+1

)
. (7.30)

Therefore, applying (2.26) together with (7.30), (7.14), (7.19) and (7.21), we get

∥∆12ℬ−1
k ∂θT𝒦k,k′ (εr)

ℬk′∥q,γ,mI-D,sh+p ≲ εγ−1∥∆12i∥q,γ,msh+p+2+σ1
. (7.31)

Combining (7.25), (7.27) and (7.29), we find

∥ℛk,k′∥q,γ,mI-D,s ≲ εγ−1
(
1 + ∥I0∥q,γ,ms+2+σ1

)
.

Moreover, putting together (7.26), (7.28) and (7.31) implies

∥∆12ℛk,k′∥q,γ,mI-D,sh+p ≲ εγ−1∥∆12i∥q,γ,msh+p+2+σ1
.

This proves the Proposition 7.3.

7.3 Localization into the normal directions

We shall focus in this section on the localization effects in the normal directions for the reduction
of the transport part. For this aim, we consider the localized quasi-periodic symplectic change of
coordinates defined by

ℬ⊥ ≜ Π⊥
S0
ℬΠ⊥

S0
=

(
Π⊥

1 ℬ1Π
⊥
1 0

0 Π⊥
2 ℬ2Π

⊥
2

)
,

where the projectors are defined in (1.17)-(1.18). Then, the main result of this section reads as follows.

Proposition 7.4. Let (γ, q, d, τ1, s0, S, m) satisfy (2.2)–(2.3) and (7.3). Let (µ2, sl, sh, µ2, p, sh) satisfy
(7.1) and (7.10). There exist ε0 > 0 and σ3 ≜ σ3(τ1, q, d, s0) ⩾ σ2, where σ2 is given by (7.2), such
that if

εγ−1Nµ2
0 ⩽ ε and ∥I0∥q,γ,msh+σ3

⩽ 1, (7.32)

then the following assertions hold true.

(i) The operators ℬ±1
⊥ satisfy the following estimate

∥ℬ±1
⊥ ρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms + εγ−1∥I0∥q,γ,ms+σ3

∥ρ∥q,γ,ms0 . (7.33)

(ii) For any n ∈ N∗, in the Cantor set Oγ,τ1
∞,n(i0) introduced in (7.15), we have

ℬ−1
⊥ L̂ℬ⊥ = ℒ0 + ℰ0

n, ℒ0 ≜ ω · ∂φIm,⊥ +𝒟0 +ℛ0, (7.34)

where Im,⊥ ≜ Π⊥
S0
Im and 𝒟0 = Π⊥

S0
𝒟0Π

⊥
S0

is a reversible Fourier multiplier operator given by

𝒟0 ≜

(
𝒟0,1 0
0 𝒟0,2

)
, 𝒟0,k ≜

(
iµ

(0)
j,k

)
j∈Zm \S0,k

, µ
(0)
−j,k(b, ω) = −µ(0)j,k(b, ω),
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with

µ
(0)
j,k(b, ω, i0) ≜ Ωj,k(b) + jr

(0)
k (b, ω, i0), r

(0)
k (b, ω, i0) ≜ ck(b, ω)− vk(b) (7.35)

and such that
∥r(0)k ∥q,γ ≲ ε and ∥∆12r

(0)
k ∥q,γ ≲ ε∥∆12i∥q,γ,msh+σ1

. (7.36)

Notice that the frequencies Ωj,k(b) are defined in (4.17).

(iii) The operator ℰ0
n satisfies the following estimate

∥ℰ0
nρ∥q,γ,ms0 ≲ εNµ2

0 N−µ2
n+1∥ρ∥

q,γ,m
s0+2. (7.37)

(iv) The operator ℛ0 is an m-fold preserving and reversible Toeplitz in time matricial operator satis-
fying

∀s ∈ [s0, S], 9ℛ09q,γ,m
s ≲ εγ−1

(
1 + ∥I0∥q,γ,ms+σ3

)
(7.38)

and
9∆12ℛ09

q,γ,m
sh+p ≲ εγ−1∥∆12i∥q,γ,msh+p+σ3

. (7.39)

(v) The operator ℒ0 satisfies

∀s ∈ [s0, S], ∥ℒ0ρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms+1 + εγ−1∥I0∥q,γ,ms+σ3
∥ρ∥q,γ,ms0 . (7.40)

Proof. (i) It is obtained using (7.13) and Lemma 2.1-(i).
(ii) The first estimate of (7.36) follows from (7.12) and the second one from (7.18). On the other hand,
using the expression of L̂ detailed in Proposition 7.1, combined with the decomposition Id = ΠS0+Π⊥

S0
we write

ℬ−1
⊥ L̂ℬ⊥ = ℬ−1

⊥ Π⊥
S0
(L − ε∂θR)ℬ⊥

= ℬ−1
⊥ Π⊥

S0
LℬΠ⊥

S0
−ℬ−1

⊥ Π⊥
S0
LΠS0ℬΠ⊥

S0
− εℬ−1

⊥ Π⊥
S0
∂θRℬ⊥.

By virtue of Proposition 7.3 one has in the Cantor set Oγ,τ1
∞,n(i0),

Lℬ = ℬℒ

and therefore, using also that ℬ−1
⊥ Π⊥

S0
= ℬ−1

⊥ , we get

ℬ−1
⊥ L̂ℬ⊥ = ℬ−1

⊥ ℬℒΠ⊥
S0

−ℬ−1
⊥ LΠS0ℬΠ⊥

S0
− εℬ−1

⊥ ∂θRℬ⊥.

Thus, using (7.22) we deduce that

ℬ−1
⊥ ℬℒΠ⊥

S0
= (ω · ∂φIm +𝒟 )Π⊥

S0
+ ℰ0

n +ℬ−1
⊥ ℬℛΠ⊥

S0
,

with
ℰ0
n ≜ ℬ−1

⊥ ℬℰnΠ
⊥
S0
. (7.41)

Consequently, in the Cantor set Oγ,τ1
∞,n(i0), one has the following reduction

ℬ−1
⊥ L̂ℬ⊥ = ω · ∂φIm,⊥ +𝒟0 +ℛ0 + ℰ0

n,

where we set

𝒟0 ≜

(
c1∂θ ·+1

2H+ ∂θQ ∗ · 0
0 c2∂θ · −1

2H− ∂θQ ∗ ·

)
Π⊥

S0
,

ℛ0 ≜ −ℬ−1
⊥ LΠS0ℬΠ⊥

S0
− εℬ−1

⊥ ∂θRℬ⊥ +ℬ−1
⊥ ℬℛΠ⊥

S0
.

(iii) It can be obtained from (7.41), (7.33), (7.13) and (7.17).
(iv) To get the estimates (7.38) and (7.39), we may refer to Lemma [69, Prop 6.3 and Lem. 6.3]
up to very slight modifications corresponding to the hybrid topology introduced in Section 2. The
computations are long and based on a duality representations of ℬ±1

⊥ and ℬ±1. In particular, one
may use Lemma 2.4, (7.23), (7.24), (7.8), (7.9) and (7.19).
(v) This estimate follows from (7.34), (7.12), (7.38), (7.32) and Corollary 2.1-(iii).
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7.4 Reduction of the remainder

This section is devoted to the conjugation of the operator ℒ0 defined in Proposition 7.4 to a diagonal
one, up to a fast decaying small remainders. This will be achieved through a standard KAM reducibility
techniques well-adapted to the operators setting. This will be implemented by taking advantage of
the exterior parameters which are restricted to a suitable Cantor set that prevents the resonances in
the second order Melnikov assumption. Notice that one gets from this study some estimates on the
distribution of the eigenvalues and their stability with respect to the torus parametrization. This is
considered as the key step not only to get an approximate inverse but also to achieve the Nash-Moser
scheme with a final massive Cantor set. We may refer for instance to [5, 10, 46, 59, 69] for some
implementations of this KAM strategy to PDEs.

Proposition 7.5. Let (γ, q, d, τ1, τ2, s0, sl, µ2, S, m) satisfy (2.3), (2.2), (7.1) and (7.3). For any
(µ2, sh) satisfying

µ2 ⩾ µ2 + 2τ2q + 2τ2 and sh ⩾
3

2
µ2 + sl + 1, (7.42)

there exist ε0 ∈ (0, 1) and σ4 ≜ σ4(τ1, τ2, q, d) ⩾ σ3, with σ3 defined in Proposition 7.4, such that if

εγ−2−qNµ2
0 ⩽ ε0 (7.43)

and
∥I0∥q,γ,msh+σ4

⩽ 1, (7.44)

then the following assertions hold true.

(i) There exists a family of invertible linear operator Φ∞ : O → L
(
Hs

⊥,m

)
satisfying the estimates

∀s ∈ [s0, S], ∥Φ±1
∞ ρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms + εγ−2∥I0∥q,γ,ms+σ4

∥ρ∥q,γ,ms0 . (7.45)

There exists a diagonal operator ℒ∞ ≜ ℒ∞(b, ω, i0) taking the form

ℒ∞ = ω · ∂φIm,⊥ +𝒟∞

where 𝒟∞ = Π⊥
S0
𝒟∞Π⊥

S0
= 𝒟∞(b, ω, i0) is a diagonal operator with reversible Fourier multiplier

entries, namely

𝒟∞ ≜

(
𝒟∞,1 0
0 𝒟∞,2

)
, 𝒟∞,k ≜

(
iµ

(∞)
j,k

)
j∈Zm\S0,k

, µ
(∞)
−j,k(b, ω) = −µ(∞)

j,k (b, ω),

with

∀j ∈ Zm \S0,k, µ
(∞)
j,k (b, ω, i0) ≜ µ

(0)
j,k(b, ω, i0) + r

(∞)
j,k (b, ω, i0) (7.46)

and

sup
j∈Zm\S0,k

|j|
∥∥∥r(∞)

j,k

∥∥∥q,γ ≲ εγ−1, (7.47)

such that in the Cantor set

𝒪γ,τ1,τ2
∞,n (i0) ≜ Oγ,τ1

∞,n(i0)⋂
k∈{1,2}

j,j0∈Zm \S0,k

⋂
l∈Zd

(l,j)̸=(0,j0)

|l|⩽Nn

{
(b, ω) ∈ O s.t.

∣∣ω · l + µ
(∞)
j,k (b, ω, i0)− µ

(∞)
j0,k

(b, ω, i0)
∣∣ > 2γ⟨j−j0⟩

⟨l⟩τ2

}
⋂

j∈Zm \S0,1
j0∈Zm \S0,2

⋂
l∈Zd

⟨l,j,j0⟩⩽Nn

{
(b, ω) ∈ O s.t.

∣∣ω · l + µ
(∞)
j,1 (b, ω, i0)− µ

(∞)
j0,2

(b, ω, i0)
∣∣ > 2γ

⟨l,j,j0⟩τ2

}
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we have

Φ−1
∞ ℒ0Φ∞ = ℒ∞ + ℰ1

n,

and the linear operator ℰ1
n satisfies the estimate

∥ℰ1
nρ∥q,γ,ms0 ≲ εγ−2Nµ2

0 N−µ2
n+1∥ρ∥

q,γ,m
s0+1. (7.48)

We refer to (7.15), (7.34) and (7.35) for the definition of Oγ,τ1
∞,n(i0),ℒ0 and

(
µ
(0)
j,k(b, ω, i0)

)
j∈Zm \S0,k

,

respectively.

(ii) Given two tori i1 and i2 both satisfying (7.43)-(7.44), then for k ∈ {1, 2} we have

∀j ∈ Zm \S0,k,
∥∥∥∆12r

(∞)
j,k

∥∥∥q,γ ≲ εγ−1∥∆12i∥q,γ,msh+σ4
(7.49)

and

∀j ∈ Zm \S0,k,
∥∥∥∆12µ

(∞)
j,k

∥∥∥q,γ ≲ εγ−1|j|∥∆12i∥q,γ,msh+σ4
. (7.50)

Proof. (i) First recall that Proposition 7.4 states that in restriction to the Cantor set Oγ,τ1
∞,n(i0) the

following identity holds
ℬ−1

⊥ L̂ℬ⊥ = ℒ0 + ℰ0
n,

where the operator ℒ0 decomposes as follows

ℒ0 = ω · ∂φIm,⊥ +𝒟0 +ℛ0,

with

𝒟0 = Π⊥
S0
𝒟0Π

⊥
S0

=

(
𝒟0,1 0
0 𝒟0,2

)
, 𝒟0,k =

(
iµ

(0)
j,k

)
j∈Zm \S0,k

, µ
(0)
−j,k(b, ω) = −µ(0)j,k(b, ω)

and ℛ0 a real and reversible Toeplitz in time operator of zero order satisfying Π⊥
S0
ℛ0Π

⊥
S0

= ℛ0. Let

us define the quantity
δ0(s) = γ−1 9 ℛ09q,γ,m

s ,

By virtue of (7.38), we find

δ0(s) ⩽ Cεγ−2
(
1 + ∥I0∥q,γ,ms+σ3

)
. (7.51)

Thus, combining (7.42), (7.43) and the fact that σ4 ⩾ σ3 yields

Nµ2
0 δ0(sh) ⩽ CNµ2

0 εγ−2

⩽ Cε0. (7.52)

The smallness conditions (7.51) and (7.52) allow to start a KAM reduction procedure similarly to the
scalar case [69, Prop. 6.5]. Nevertheless the following KAM iteration is done at the matricial level.
For this aim, we need to consider the hybrid norm (2.34) to overcome spatial resonances coming from
the anti-diagonal entries when solving the homological equations. To clarify this point, let us first
discuss a general KAM step of the procedure.
▶KAM step. Now, we explain the typical KAM step used in the reduction of the remainder. Assume
that we have a linear operator ℒ taking the following form when the parameters are restricted to some
Cantor set 𝒪

ℒ = ω · ∂φIm,⊥ +𝒟 +ℛ,

with

𝒟 = Π⊥
S0
𝒟Π⊥

S0
=

(
𝒟1 0
0 𝒟2

)
, 𝒟k =

(
iµj,k

)
j∈Zm \S0,k

, µ−j,k(b, ω) = −µj,k(b, ω). (7.53)

71



In addition we assume that the matrix operator

ℛ =

(
ℛ1 ℛ3

ℛ4 ℛ2

)
is real, reversible Toeplitz in time of zero order and satisfies

Π⊥
S0
ℛΠ⊥

S0
= ℛ.

One may check from (1.17) that this latter assumption is equivalent to(
Π⊥

1 ℛ1Π
⊥
1 Π⊥

1 ℛ3Π
⊥
2

Π⊥
2 ℛ4Π

⊥
1 Π⊥

2 ℛ2Π
⊥
2

)
=

(
ℛ1 ℛ3

ℛ4 ℛ2

)
. (7.54)

According to Definition 2.1, the real and reversibility properties of ℛk are equivalent to say

(ℛk)
l,j
l0,j0

≜ i rjj0,k(b, ω, l − l0) ∈ iR and (ℛk)
−l,−j
−l0,−j0

= −(ℛk)
l,j
l0,j0

. (7.55)

Moreover, the condition (7.54) is equivalent to

∀k ∈ {1, 2}, ∀ l ∈ Zd, ∀ j or j0 ∈ S0,k, rjj0,k(b, ω, l) = 0, (7.56)

∀ℓ ∈ {3, 4}, ∀ l ∈ Zd, ∀ j ∈ S0,ℓ−2 or j0 ∈ S0,5−ℓ, rjj0,ℓ(b, ω, l) = 0. (7.57)

Now, consider a linear invertible transformation close to the identity

Φ = Im,⊥ +Ψ : O → L(Hs
⊥,m), Ψ = Π⊥

S0
ΨΠ⊥

S0
=

(
Ψ1 Ψ3

Ψ4 Ψ2

)
, (7.58)

with Ψ depending on ℛ and small in a suitable sense related to the hybrid norm (2.34). Then, one
readily obtains, in restriction to 𝒪 , the following decomposition

Φ−1ℒΦ = Φ−1
(
Φ
(
ω · ∂φΠ⊥

S0
+𝒟

)
+
[
ω · ∂φΠ⊥

S0
+𝒟 ,Ψ

]
+ℛ +ℛΨ

)
= ω · ∂φΠ⊥

S0
+𝒟 +Φ−1

([
ω · ∂φΠ⊥

S0
+𝒟 , Ψ

]
+PNℛ +P⊥

Nℛ +ℛΨ
)
,

where PNℛ and P⊥
Nℛ are defined as in (2.35). We shall select Ψ such that the above expression

contains a new remainder ℛnext quadratically smaller than the previous one ℛ up to modify the
diagonal part 𝒟 into a new one 𝒟next with the same structure (7.53). Therefore, we choose Ψ such
that it solves the following matricial homological equation[

ω · ∂φIm,⊥ +𝒟 , Ψ
]
+PNℛ = ⌊PNℛ⌋, (7.59)

where ⌊PNℛ⌋ is the diagonal part of the matrix operator PNℛ as defined by (2.32)-(2.33), namely

⌊PNℛ⌋ =
(
⌊P 1

Nℛ1⌋ 0
0 ⌊P 1

Nℛ2⌋

)
.

The matricial equation (7.59) is equivalent to the following set of four scalar homological equations
[
ω · ∂φΠ⊥

1 +𝒟1 , Ψ1

]
= ⌊P 1

Nℛ1⌋ − P 1
Nℛ1,[

ω · ∂φΠ⊥
2 +𝒟2 , Ψ2

]
= ⌊P 1

Nℛ2⌋ − P 1
Nℛ2,(

ω · ∂φΠ⊥
1 +𝒟1

)
Ψ3 −Ψ3

(
ω · ∂φΠ⊥

2 +𝒟2

)
= −P 2

Nℛ3,(
ω · ∂φΠ⊥

2 +𝒟2

)
Ψ4 −Ψ4

(
ω · ∂φΠ⊥

1 +𝒟1

)
= −P 2

Nℛ4.

(7.60)

As we shall see these equations can be solved modulo the selection of suitable parameters (b, ω) among
a Cantor-type set connected to non-resonance conditions. Let us begin with the diagonal equations
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on Ψ1 and Ψ2 which can be treated in a similar way. Fix k ∈ {1, 2}, then we are interested in solving
the equation [

ω · ∂φΠ⊥
k +𝒟k , Ψk

]
= ⌊P 1

Nℛk⌋ − P 1
Nℛk.

This will be done by using the Fourier expansion of our operators. First notice that similarly to
(7.54)-(7.56), the condition Ψk = Π⊥

k ΨkΠ
⊥
k is equivalent to say that the Fourier coefficients of Ψk

satisfy
∀(l, l0) ∈ (Zd)2, ∀j or j0 ∈ S0,k, (Ψk)

l,j
l0,j0

= 0. (7.61)

Straightforward computations lead to

∀(l0, j0) ∈ Zd × (Zm \ S0,k),
[
ω · ∂φΠ⊥

k ,Ψk

]
el0,j0 = i

∑
(l,j)∈Zd×(Zm\S0,k)

(Ψk)
l,j
l0,j0

ω · (l − l0) el,j

and using (7.53)

∀(l0, j0) ∈ Zd × (Zm \ S0,k), [𝒟k,Ψk]el0,j0 = i
∑

(l,j)∈Zd×(Zm\S0,k)

(Ψk)
l,j
l0,j0

(
µj,k(b, ω)− µj0,k(b, ω)

)
el,j .

Consequently Ψk is a solution of (7.59) if and only if for any (l0, j0) ∈ Zd × (Zm \ S0,k),∑
(l,j)∈Zd×(Zm\S0,k)

(Ψk)
l,j
l0,j0

(
ω · (l− l0)+µj,k(b, ω)−µj0,k(b, ω)

)
el,j = −

∑
(l,j)∈Zd×(Zm\S0,k)

⟨l−l0,j−j0⟩⩽N
(l,j) ̸=(l,j0)

rjj0,k(b, ω, l− l0)el,j .

By identification, we deduce that for any (l, l0, j, j0) ∈ (Zd)2× (Zm \S0,k)2, if ⟨l− l0, j− j0⟩ > N , then

(Ψk)
l,j
l0,j0

= 0, otherwise we have

(Ψk)
l,j
l0,j0

(
ω · (l − l0) + µj,k(b, ω)− µj0,k(b, ω)

)
=

{
−rjj0,k(b, ω, l − l0), if (l, j) ̸= (l0, j0),

0, if (l, j) = (l0, j0).

As a consequence, we have that Ψk is a Toeplitz in time operator with (Ψk)
j
j0
(l − l0) ≜ (Ψk)

l,j
l0,j0

. In

addition, for (l, j, j0) ∈ Zd × (Zm \ S0,k)2 with ⟨l, j − j0⟩ ⩽ N, one gets

(Ψk)
j
j0
(b, ω, l) =

 −rjj0,k
(b,ω,l)

ω·l+µj,k(b,ω)−µj0,k
(b,ω) , if (l, j) ̸= (0, j0),

0, if (l, j) = (0, j0),
(7.62)

provided that the denominator is non zero. This latter fact is imposed by selecting suitable values of
the parameters (b, ω) among the following set

𝒪k =
⋂

(l,j,j0)∈Zd×(Zm\S0,k)
2

|l|⩽N

(l,j)̸=(0,j0)

{
(b, ω) ∈ 𝒪 s.t. |ω · l + µj,k(b, ω)− µj0,k(b, ω)| >

γ⟨j−j0⟩
⟨l⟩τ2

}
.

This restriction avoids the resonances and implies that the identity (7.62) is well defined. Now, we
shall extend Ψk to the whole set O by using the cut-off function χ ∈ C∞(R, [0, 1]) defined by

χ(x) =

{
1 if |x| ⩾ 1

2

0 if |x| ⩽ 1
3 .

(7.63)

Then, the extension of Ψk, still denoted Ψk, is obtained by defining the Fourier coefficients by (7.61)
and for (l, j, j0) ∈ Zd × (Zm \ S0,k)2 with ⟨l, j − j0⟩ ⩽ N,

(Ψk)
j
j0
(b, ω, l) =

{
−ϱjj0,k(b, ω, l) r

j
j0,k

(b, ω, l), if (l, j) ̸= (0, j0),

0, if (l, j) = (0, j0),
(7.64)
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with

ϱjj0,k(b, ω, l) ≜
χ
(
(ω · l + µj,k(b, ω)− µj0,k(b, ω))(γ⟨j − j0⟩)−1⟨l⟩τ2

)
ω · l + µj,k(b, ω)− µj0,k(b, ω)

· (7.65)

The extension (7.64) is smooth and coincides with (7.62) for the parameters taken in 𝒪k. In addition,
putting together (7.64), (7.65), (7.55) and (7.53) gives

(Ψk)
j
j0
(l) ∈ R and (Ψk)

−j
−j0

(−l) = (Ψk)
j
j0
(l).

Therefore Definition 2.1 implies that Ψk is a real and reversibility preserving Toeplitz in time operator.
We now turn to the anti-diagonal equations satisfied by Ψ3 and Ψ4 in (7.60) which can be unified in
the following form. Fix ℓ ∈ {3, 4}, then both equations of interest write(

ω · ∂φΠ⊥
ℓ−2 +𝒟ℓ−2

)
Ψℓ −Ψℓ

(
ω · ∂φΠ⊥

5−ℓ +𝒟5−ℓ

)
= −P 2

Nℛℓ. (7.66)

First notice that similarly to (7.54)-(7.57), the condition Ψℓ = Π⊥
ℓ−2ΨℓΠ

⊥
5−ℓ implies that the Fourier

coefficients of Ψℓ satisfy

∀(l, l0) ∈ (Zd)2, ∀j ∈ S0,ℓ−2 or j0 ∈ S0,5−ℓ, (Ψℓ)
l,j
l0,j0

= 0. (7.67)

One readily has that Ψℓ is a solution of (7.66) if and only if for any (l0, j0) ∈ Zd × (Zm \ S0,5−ℓ),∑
(l,j)∈Zd×(Zm\S0,ℓ−2)

(Ψℓ)
l,j
l0,j0

(
ω · (l − l0) + µj,ℓ−2(b, ω)−µj0,5−ℓ(b, ω)

)
el,j

= −
∑

(l,j)∈Zd×(Zm\S0,ℓ−2)

⟨l−l0,j,j0⟩⩽N

rjj0,ℓ(b, ω, l − l0)el,j .

By identification, we deduce that for any (l, l0, j, j0) ∈ (Zd)2×(Zm\S0,ℓ−2)×(Zm\S0,5−ℓ), if ⟨l−l0, j, j0⟩ >
N , then (Ψℓ)

l,j
l0,j0

= 0, otherwise we have

(Ψℓ)
l,j
l0,j0

(
ω · (l − l0) + µj,ℓ−2(b, ω)− µj0,5−ℓ(b, ω)

)
= −rjj0,ℓ(b, ω, l − l0).

As a consequence, we have that Ψℓ is a Toeplitz in time operator with (Ψℓ)
j
j0
(l − l0) ≜ (Ψℓ)

l,j
l0,j0

. In

addition, for (l, j, j0) ∈ Zd × (Zm \ S0,ℓ−2)× (Zm \ S0,5−ℓ) with ⟨l, j, j0⟩ ⩽ N, one gets

(Ψℓ)
j
j0
(b, ω, l) =

−rjj0,ℓ(b, ω, l)
ω · l + µj,ℓ−2(b, ω)− µj0,5−ℓ(b, ω)

(7.68)

provided that the denominator is non zero. This latter fact is imposed by selecting suitable values of
the parameters (b, ω) among the following set

𝒪1,2 =
⋂

(l,j,j0)∈Zd×(Zm\S0,1)×(Zm\S0,2)
⟨l,j,j0⟩⩽Nn

{
(b, ω) ∈ Oγ,τ1

∞,n(i0) s.t.
∣∣ω · l + µj,1(b, ω)− µj0,2(b, ω)

∣∣ > γ
⟨l,j,j0⟩τ2

}
.

This implies that the identity (7.68) is well defined. Now, the extension of Ψℓ, still denoted Ψℓ, is
obtained by defining the Fourier coefficients by (7.67) and for (l, j, j0) ∈ Zd×(Zm\S0,ℓ−2)×(Zm\S0,5−ℓ)
with ⟨l, j, j0⟩ ⩽ N,

(Ψℓ)
j
j0
(b, ω, l) = −ϱjj0,ℓ(b, ω, l) r

j
j0,ℓ

(b, ω, l) (7.69)

with

ϱjj0,ℓ(b, ω, l) ≜
χ
(
(ω · l + µj,ℓ−2(b, ω)− µj0,5−ℓ(b, ω))γ

−1⟨l, j, j0⟩τ2
)

ω · l + µj,ℓ−2(b, ω)− µj0,5−ℓ(b, ω)
, (7.70)

74



where χ is the cut-off function introduced in (7.63). The extension (7.69) is smooth and coincides
with (7.68) for the parameters taken in 𝒪1,2. In addition, putting together (7.69), (7.70), (7.55) and
(7.53) gives

(Ψℓ)
j
j0
(l) ∈ R and (Ψℓ)

−j
−j0

(−l) = (Ψℓ)
j
j0
(l).

Therefore Definition 2.1 implies that Ψℓ is a real and reversibility preserving Toeplitz in time operator.
Now consider,

𝒟next ≜ 𝒟 + ⌊PNℛ⌋, ℛnext ≜ Φ−1
(
−Ψ ⌊PNℛ⌋+P⊥

Nℛ +ℛΨ
)

(7.71)

and
ℒnext ≜ ω · ∂φIm,⊥ +𝒟next +ℛnext.

Recall that 𝒟 , ℛ and Ψ satisfy the localizations properties (7.53), (7.54) and (7.58), respectively.
One can easily check that this property is stable under composition/addition and therefore obtains

Π⊥
S0𝒟nextΠ

⊥
S0 = 𝒟next and Π⊥

S0ℛnextΠ
⊥
S0 = ℛnext.

Therefore, in restriction to the Cantor set

𝒪γ
next ≜ 𝒪1 ∩ 𝒪2 ∩ 𝒪1,2,

the above construction implies that
ℒnext = Φ−1ℒΦ.

To end this KAM step, we shall now give some quantitative estimates in order to prove the convergence
of the scheme. For this aim, we assume that the following estimates hold true.

∀k ∈ {1, 2}, ∀(j, j0) ∈ (Zm \S0,k)2, max
α∈Nd+1

|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω(µj,k(b, ω)−µj0,k(b, ω))∣∣∣ ⩽ C|j− j0| (7.72)

and

∀(j, j0) ∈ (Zm \ S0,1)× (Zm \ S0,2), max
α∈Nd+1

|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω(µj,1(b, ω)− µj0,2(b, ω)
)∣∣∣ ⩽ C⟨j, j0⟩. (7.73)

We denote

Ak,k′

l,j,j0
(b, ω) ≜ ω · l + µj,k(b, ω)− µj0,k′(b, ω), al,j,j0 ≜ (γ⟨j − j0⟩)−1⟨l⟩τ2 , ãl,j,j0 ≜ γ−1⟨l, j, j0⟩τ2 .

Then, we can write

∀k ∈ {1, 2}, ϱjj0,k(b, ω, l) = al,j,j0χ̂
(
al,j,j0A

k,k
l,j,j0

(b, ω)
)
,

∀ℓ ∈ {3, 4}, ϱjj0,ℓ(b, ω, l) = ãl,j,j0χ̂
(
ãl,j,j0A

ℓ−2,5−ℓ
l,j,j0

(b, ω)
)
,

where χ̂(x) ≜ χ(x)
x is C∞ with bounded derivatives. The assumptions (7.72)-(7.73) imply

∀ (l, j, j0) ∈ Zd × (Zm \ S0,k)2, max
α∈Nd+1

|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ωAk,k
l,j,j0

(b, ω)
∣∣∣ ⩽ C⟨l, j − j0⟩

and

∀ (l, j, j0) ∈ Zd × (Zm \ S0,ℓ−2)× (Zm \ S0,5−ℓ), max
α∈Nd+1

|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ωAℓ−2,5−ℓ
l,j,j0

(b, ω)
∣∣∣ ⩽ C⟨l, j, j0⟩.

Applying Lemma 2.1-(iv), we obtain for any α ∈ Nd+1 with |α| ∈ J0, qK,

∀k ∈ {1, 2}, sup
(b,ω)∈O

∣∣∣∂b,ωϱjj0,k(b, ω, l)∣∣∣ ⩽ Cγ−(|α|+1)⟨l, j − j0⟩τ2|α|+τ2+|α|,

∀ℓ ∈ {3, 4}, sup
(b,ω)∈O

∣∣∣∂b,ωϱjj0,ℓ(b, ω, l)∣∣∣ ⩽ Cγ−(|α|+1)⟨l, j, j0⟩τ2|α|+τ2+|α|.
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In similar way to [69, Prop. 6.5], making use Leibniz rule implies

∀k ∈ {1, 2}, ∥Ψk∥q,γ,mO-d,s ⩽ Cγ−1∥P 1
Nℛk∥q,γ,mO-d,s+τ2q+τ2 , (7.74)

∀ℓ ∈ {3, 4}, ∥Ψℓ∥q,γ,mI-D,s ⩽ Cγ−1∥P 2
Nℛℓ∥q,γ,mI-D,s+τ2q+τ2 . (7.75)

Combining (7.74), (7.75), (2.34) and Corollary 2.1, we get

9Ψ9q,γ,m
s ⩽ Cγ−1 9 PNℛ9q,γ,m

s+τ2q+τ2

⩽ Cγ−1N τ2q+τ2 9 ℛ 9q,γ,m
s . (7.76)

Now assume the following smallness condition

γ−1N τ2q+τ2 9 ℛ9q,γ,m
s0 ⩽ Cε0. (7.77)

Putting together (7.76) and (7.77), we obtain

9Ψ9q,γ,m
s0 ⩽ Cε0. (7.78)

We deduce that, for ε0 small enough, the operator Φ is invertible and its inverse is given by

Φ−1 =

∞∑
n=0

(−1)nΨn ≜ Id + Σ.

According to Corollary 2.1-(ii), (7.76) and (7.78), one obtains

9Σ9q,γ,m
s ⩽ 9Ψ 9q,γ,m

s

(
1 +

∞∑
n=1

(
C 9 Ψ9q,γ,m

s0

)n)
(7.79)

⩽ C γ−1N τ2q+τ2 9 ℛ 9q,γ,m
s . (7.80)

In particular, (7.77) implies

9Σ9q,γ,m
s0 ⩽ Cγ−1N τ2q+τ2 9 ℛ9q,γ,m

s0 ⩽ Cε0. (7.81)

The second identity in (7.71) also writes

ℛnext = P⊥
Nℛ +Φ−1ℛΨ−Ψ ⌊PNℛ⌋+Σ

(
P⊥

Nℛ −Ψ ⌊PNℛ⌋
)
.

Hence, one gets from Corollary 2.1-(ii), (7.79), (7.78) and (7.81),

9ℛnext9q,γ,m
s ⩽ 9P⊥

Nℛ 9q,γ,m
s +C 9 Σ 9q,γ,m

s

(
9P⊥

Nℛ 9q,γ,m
s0 + 9 Ψ 9q,γ,m

s0 9ℛ9q,γ,m
s0

)
+ C

(
1 + 9Σ9q,γ,m

s0

) (
9Ψ 9q,γ,m

s 9ℛ 9q,γ,m
s0 + 9 Ψ 9q,γ,m

s0 9ℛ9q,γ,m
s

)
. (7.82)

Using Corollary 2.1-(i), (7.76), (7.77), (7.78), (7.80), (7.81) and (7.82), we have for all S ⩾ s ⩾ s ⩾ s0,

9ℛnext9q,γ,m
s ⩽ N s−s 9 ℛ 9q,γ,m

s +Cγ−1N τ2q+τ2 9 ℛ 9q,γ,m
s0 9ℛ 9q,γ,m

s . (7.83)

One also has

∂θℛnext = Φ−1
(
P⊥

N∂θℛ + ∂θℛΨ−Ψ∂θ⌊PNℛ⌋ − [∂θ,Ψ]⌊PNℛ⌋
)

+ [∂θ,Σ]
(
P⊥

Nℛ +ℛΨ−Ψ⌊PNℛ⌋
)
.

Using the fact that for any scalar operator T ,

∥[∂θ, T ]∥q,γ,mO-d,s ≲ ∥T∥q,γ,m
O-d,s+1, ∥[∂θ, T ]∥q,γ,mI-D,s ≲ ∥T∥q,γ,m

I-D,s+1,

one has for any matricial operator T,

9[∂θ,T]9q,γ,m
s ≲ 9T 9q,γ,m

s+1 .
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Thus, in a similar way to (7.83), one obtains for any s0 ⩽ s ⩽ s ⩽ S,

δ̂next(s) ⩽ N s−s δ̂(s) + Cγ−1N τ2q+τ2+1δ̂(s0)δ̂(s), (7.84)

where
δ̂(s) ≜ max

(
γ−1 9 ∂θℛ9q,γ,m

s , δ(s)
)
.

▶ Initialization Now, we shall check the validity of the assumptions (7.72), (7.73) and (7.77) for
the initial operator ℒ = ℒ0 in (7.34). It is clear from (4.29)-(4.30) that

∀k ∈ {1, 2}, ∀(j, j0) ∈ Z2, max
q′∈J0,qK

sup
b∈(b∗,b∗)

∣∣∂q′b (Ωj,k(b)− Ωj0,k(b)
)∣∣ ⩽ C |j − j0|

and
∀(j, j0) ∈ Z2, max

q′∈J0,qK
sup

b∈(b∗,b∗)

∣∣∂q′b (Ωj,1(b)− Ωj0,2(b)
)∣∣ ⩽ C ⟨j, j0⟩.

Consequently, we infer from (7.35)-(7.36),

∀k ∈ {1, 2}, ∀(j, j0) ∈ Z2, max
α∈Nd+1

|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω (µ(0)j,k(b, ω)− µ
(0)
j0,k

(b, ω)
)∣∣∣ ⩽ C |j − j0|

and

∀(j, j0) ∈ Z2, max
α∈Nd+1

|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω (µ(0)j,1 (b, ω)− µ
(0)
j0,2

(b, ω)
)∣∣∣ ⩽ C ⟨j, j0⟩.

This proves the initial assumptions (7.72)-(7.73). Now let us focus on the assumption (7.77). This
latter is obtained by gathering (7.38), (7.43) and (7.42). Indeed,

γ−1N τ2q+τ2
0 9 ℛ09q,γ,m

s0 ⩽ Cεγ−2Nµ2
0

(
1 + ∥I0∥q,γ,msh+σ4

)
⩽ Cε0.

▶ KAM iteration. Now, we shall implement the complete KAM reduction scheme. Given m ∈ N
we assume that we have constructed a linear operator

ℒm ≜ ω · ∂φIm,⊥ +𝒟m +ℛm, (7.85)

with

𝒟m =

(
𝒟m,1 0
0 𝒟m,2

)
, 𝒟m,k =

(
iµ

(m)
j,k

)
j∈Zm\S0,k

, µ
(m)
−j,k(b, ω) = −µ(m)

j,k (b, ω)

and ℛm a real and reversible Toeplitz in time matrix operator of zero order satisfying Π⊥
S0
ℛmΠ⊥

S0
=

ℛm. In addition, we assume that the assumptions (7.72), (7.73) and (7.77) hold for 𝒟m and ℛm.
Notice that for m = 0 we take the operator ℒ0 defined in (7.34). Applying the KAM step we can
construct a linear invertible operator Φm = Im,⊥ +Ψm with Ψm living in O such that in restriction to
the Cantor set

𝒪γ
m+1 =

⋂
k∈{1,2}

j,j0∈Zm \S0,k

⋂
l∈Zd

(l,j) ̸=(0,j0)

|l|⩽Nm

{
(b, ω) ∈ 𝒪γ

m s.t.
∣∣∣ω · l + µ

(m)
j,k (b, ω, i0)− µ

(m)
j0,k

(b, ω, i0)
∣∣∣ > γ⟨j−j0⟩

⟨l⟩τ2

}
⋂

(l,j,j0)∈Zd×(Zm\S0,1)×(Zm\S0,2)
⟨l,j,j0⟩⩽Nm

{
(b, ω) ∈ 𝒪γ

m s.t.
∣∣∣ω · l + µ

(m)
j,1 (b, ω)− µ

(m)
j0,2

(b, ω)
∣∣∣ > γ

⟨l,j,j0⟩τ2

}
, (7.86)

the operator Ψm satisfies the following homological equation[
ω · ∂φIm,⊥ +𝒟m,Ψm

]
+PNmℛm = ⌊PNmℛm⌋
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and consequently, the following identity holds in 𝒪γ
m+1

Φ−1
m ℒmΦm = ω · ∂φIm,⊥ +𝒟m+1 +ℛm+1, (7.87)

with

𝒟m+1 ≜ 𝒟m + ⌊PNmℛm⌋ and ℛm+1 ≜ Φ−1
m

(
−Ψm ⌊PNmℛm⌋+PNm

⊥ℛm +ℛmΨm

)
. (7.88)

Recall that the operator ⌊PNmℛm⌋ is defined by

⌊PNmℛm⌋ =
(
⌊P 1

Nm
ℛm,1⌋ 0

0 ⌊P 1
Nm

ℛm,2⌋

)
,

with
⌊P 1

Nm
ℛm,k⌋ =

(
ir

(m)
j,k

)
j∈Zm\S0,k

, r
(m)
−j,k(b, ω) = −r(m)

j,k (b, ω).

Observe that the symmetry condition for r
(m)
j,k is a consequence of the reversibility of ℛm. By con-

struction, we find

µ
(m+1)
j,k = µ

(m)
j,k + r

(m)
j,k . (7.89)

We point out that working with this extension for Ψm allows to extend both 𝒟m+1 and the remainder
ℛm+1 provided that the operators 𝒟m and ℛm are defined in the whole range of parameters. Thus
the operator defined by the right-hand side in (7.87) can be extended to the whole set O and we
denote this extension by ℒm+1. that is,

ω · ∂φIm,⊥ +𝒟m+1 +ℛm+1 ≜ ℒm+1.

This enables to construct by induction the sequence of operators (ℒm+1) in the full set O. Similarly
the operator Φ−1

m ℒmΦm admits an extension in O induced by the extension of Φ±1
m . However, by

construction the identity ℒm+1 = Φ−1
m ℒmΦm in (7.87) occurs in the Cantor set 𝒪γ

m+1 and may fail
outside this set. Define

δm(s) ≜ γ−1 9 ℛm 9q,γ,m
s and δ̂m(s) ≜ max

(
δm(s) , γ−1 9 ∂θℛm 9q,γ,m

s

)
. (7.90)

Assume that the following estimates hold

∀ (j, j0) ∈ (Zm \ S0,k)2, max
|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω (µ(m)
j,k (b, ω)− µ

(m)
j0,k

(b, ω)
)∣∣∣ ⩽ C |j − j0| (7.91)

and

∀ (j, j0) ∈ (Zm \ S0,1)× (Zm \ S0,2), max
|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω (µ(m)
j,1 (b, ω)− µ

(m)
j0,2

(b, ω)
)∣∣∣ ⩽ C ⟨j, j0⟩. (7.92)

Applying the KAM step, we deduce from (7.83) and (7.84) the following induction formulae true for
any s0 ⩽ s ⩽ s ⩽ S,

δm+1(s) ⩽ N s−s
m δm(s) + CN τ2q+τ2

m δm(s0)δm(s),

δ̂m+1(s) ⩽ N s−s
m δ̂m(s) + CN τ2q+τ2+1

m δ̂m(s0)δ̂m(s).

Hence, in a similar way to [69, Prop. 6.5], our choice of parameters (7.1) allow to prove by induction
on m ∈ N that

∀m ∈ N, δm(sl) ⩽ δ0(sh)N
µ2
0 N−µ2

m and δm(sh) ⩽
(
2− 1

m+1

)
δ0(sh), (7.93)

and
∀m ∈ N, δ̂m(s0) ⩽ δ̂0(sh)N

µ2
0 N−µ2

m and δ̂m(sh) ⩽
(
2− 1

m+1

)
δ̂0(sh). (7.94)
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Observe that the first condition in (7.93) together with (7.52) and (7.42) implies that the smallness
condition (7.77) is satisfied for any m (replacing ℛ by ℛm and N by Nm). Using the Topeplitz
structure of ℛm,k and an integration by parts, we get from (7.89)∥∥∥µ(m+1)

j,k − µ
(m)
j,k

∥∥∥q,γ =
∥∥〈P 1

Nm
ℛm,kel,j , el,j

〉
L2(Td+1)

∥∥q,γ
=
∥∥〈P 1

Nm
ℛm,ke0,j , e0,j

〉
L2(Td+1)

∥∥q,γ
= 1

|j|
∥∥〈P 1

Nm
ℛm,ke0,j , ∂θe0,j

〉
L2(Td+1)

∥∥q,γ
= 1

|j|
∥∥〈P 1

Nm
∂θℛm,ke0,j , e0,j

〉
L2(Td+1)

∥∥q,γ .
Therefore, a duality argument together with (7.90), (7.94), (7.51), (7.43) and Corollary 2.1-(iii) imply

|j|
∥∥∥µ(m+1)

j,k − µ
(m)
j,k

∥∥∥q,γ ⩽
∥∥∂θℛme0,j∥q,γ,ms0 ⟨j⟩−s0

⩽ C 9 ∂θℛm 9q,γ,m
s0 ∥e0,j∥Hs0 ⟨j⟩−s0

⩽ Cγ δ̂0(sh)N
µ2
0 N−µ2

m

⩽ Cεγ−1Nµ2
0 N−µ2

m . (7.95)

Now we shall check that the assumptions (7.91) and (7.92) are satisfied for the next step. Combining
(7.95) with (7.91) we infer that for k ∈ {1, 2} and (j, j0) ∈ (Zm \ S0,k)2,

max
|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω (µ(m+1)
j,k (b, ω)− µ

(m+1)
j0,k

(b, ω)
)∣∣∣ ⩽ C

(
1 + εγ−1−qNµ2

0 N−µ2
m

)
|j − j0|.

Now putting together (7.95) and (7.92), we get for (j, j0) ∈ (Zm \ S0,1)× (Zm \ S0,2),

max
|α|∈J0,qK

sup
(b,ω)∈O

∣∣∣∂αb,ω (µ(m+1)
j,1 (b, ω)− µ

(m+1)
j0,2

(b, ω)
)∣∣∣ ⩽ C

(
1 + εγ−1−qNµ2

0 N−µ2
m

)
⟨j, j0⟩.

The convergence of the series
∑
N−µ2

m implies the desired result with a constant C uniform in m.
This achieves the induction argument. Observe that the bound (7.95) implies the convergence of the

sequence
(
µ
(m)
j,k

)
m∈N

toward some µ
(∞)
j,k ∈W q,∞,γ(O,C) given by

µ
(∞)
j,k = µ

(0)
j,k +

∞∑
m=0

(
µ
(m+1)
j,k − µ

(m)
j,k

)
≜ µ

(0)
j,k + r

(∞)
j,k , (7.96)

where (µ
(0)
j,k) was introduced in Proposition 7.4, writes

µ
(0)
j,k(b, ω, i0) = Ωj,k(b) + j

(
ck(b, ω, i0)− vk(b)

)
.

The estimate (7.47) follows immediately from (7.96) and (7.95). Define the diagonal operator 𝒟∞,k

defined on the normal modes by

∀(l, j) ∈ Zd × (Zm \ S0,k), 𝒟∞,kel,j = iµ
(∞)
j,k el,j . (7.97)

By definition of the off-diagonal norm and (7.95), we obtain

∥𝒟m,k −𝒟∞,k∥q,γ,mO-d,s0 = sup
j∈Zm\S0,k

∥∥∥µ(m)
j,k − µ

(∞)
j,k

∥∥∥q,γ ⩽ C γ δ0(sh)N
µ2
0 N−µ2

m . (7.98)

Consider the diagonal operator ℒ∞ ≜ ω · ∂φIm,⊥ + 𝒟∞, where 𝒟∞ is introduced in (7.97). For any
m ∈ N, applying (7.98) and (7.93) yields

9ℒm −ℒ∞9q,γ,m
s0 ⩽ 2 max

k∈{1,2}
∥𝒟m,k −𝒟∞,k∥q,γ,mO-d,s0 + 9ℛm9q,γ,m

s0

⩽ C γ δ0(sh)N
µ2
0 N−µ2

m ,
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where ℒm is given in (7.85). As a consequence,

lim
m→∞

9ℒm −ℒ∞9q,γ,m
s0 = 0.

Now we define the sequence
(
Φ̂m

)
m∈N

of the successive transformations as follows

Φ̂0 ≜ Φ0 and ∀m ⩾ 1, Φ̂m ≜ Φ0 ◦ Φ1 ◦ ... ◦ Φm. (7.99)

The identity Φm = Id + Ψm gives
Φ̂m+1 = Φ̂m + Φ̂mΨm+1.

Using (7.76) and (7.93), a completeness argument implies that the series
∑

(Φ̂m+1 − Φ̂m) converges
to an element Φ∞ still close to the identity, so invertible and which satisfies

9Φ−1
∞ − Φ̂−1

n 9q,γ,m
s0+1 + 9 Φ∞ − Φ̂n9q,γ,m

s0+1 ≲ δ0(sh)N
µ2
0 N−µ2

n+1 (7.100)

and (7.45). We refer the reader to [69, Prop. 6.5] for the complete computations up to slight modi-
fications corresponding to the hybrid norm. By construction (7.99) and (7.87), we have in 𝒪γ

n+1 the
following identity

Φ̂−1
n ℒ0Φ̂n = ω · ∂φIm,⊥ +𝒟n+1 +ℛn+1

= ℒ∞ +𝒟n+1 −𝒟∞ +ℛn+1.

Assume for a while that the set 𝒪γ,τ1,τ2
∞,n (i0) described in Proposition 7.5 satisfies the following inclusion

property with respect to the intermediate Cantor sets given by (7.86),

𝒪γ,τ1,τ2
∞,n (i0) ⊂

n+1⋂
m=0

𝒪γ
m = 𝒪γ

n+1. (7.101)

Hence, in restriction to 𝒪γ,τ1,τ2
∞,n (i0) ⊂ 𝒪γ

n+1, we obtain

Φ−1
∞ ℒ0Φ∞ = ℒ∞ +

(
𝒟n+1 −𝒟∞ +ℛn+1

)
Π⊥

S0

+Φ−1
∞ ℒ0

(
Φ∞ − Φ̂n

)
+
(
Φ−1
∞ − Φ̂−1

n

)
ℒ0Φ̂n

≜ ℒ∞ + ℰ1
n.

The estimate (7.48) is obtained by using (2.34), Lemma 2.3-(ii)-(iii), (7.98), (7.40) and (7.100) com-
bined with (7.90), (7.93), (7.51), (7.45) and (7.43). Now it remains to prove (7.101). This is done by
a finite induction on m with n fixed. First, by definition we have 𝒪γ,τ1,τ2

∞,n (i0) ⊂ O ≜ 𝒪γ
0 . Now suppose

that 𝒪γ,τ1,τ2
∞,n (i0) ⊂ 𝒪γ

m for m ⩽ n and let us prove that

𝒪γ,τ1,τ2
∞,n (i0) ⊂ 𝒪γ

m+1. (7.102)

Let (b, ω) ∈ 𝒪γ,τ1,τ2
∞,n (i0). For (l, j, j0) ∈ Zd × (Zm \ S0,1)× (Zm \ S0,2) such that 0 ⩽ ⟨l, j, j0⟩ ⩽ Nm, the

triangle inequality, (7.98), (7.42) and (7.52) imply∣∣∣ω · l + µ
(m)
j,1 (b, ω)− µ

(m)
j0,2

(b, ω)
∣∣∣ ⩾ ∣∣∣ω · l + µ

(∞)
j,1 (b, ω)− µ

(∞)
j0,2

(b, ω)
∣∣∣− 2 max

k∈{1,2}
sup

j∈Zm\S0,k

∥∥∥µ(m)
j,k − µ

(∞)
j,k

∥∥∥q,γ
⩾ 2γ

⟨l,j,j0⟩τ2 − 2Cγδ0(sh)N
µ2
0 N−µ2

m

⩾ γ
⟨l,j,j0⟩τ2

(
2− 2Cγε0⟨l, j, j0⟩τ2−µ2

)
.

Thus for ε0 small enough and by (7.42)(implying that µ2 ⩾ τ2) we get∣∣∣ω · l + µ
(m)
j,1 (b, ω)− µ

(m)
j0,2

(b, ω)
∣∣∣ > γ

⟨l,j,j0⟩τ2 ·
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Now for k ∈ {1, 2} and (l, j, j0) ∈ Zd × (Zm \ S0,k)2 with (l, j) ̸= (0, j0) and |l| ⩽ Nm, we get∣∣∣ω · l + µ
(m)
j,k (b, ω)− µ

(m)
j0,k

(b, ω)
∣∣∣ ⩾ ∣∣∣ω · l + µ

(∞)
j,k (b, ω)− µ

(∞)
j0,k

(b, ω)
∣∣∣− 2 sup

j∈Zm\S0,k

∥∥∥µ(m)
j,k − µ

(∞)
j,k

∥∥∥q,γ
⩾ 2γ⟨j−j0⟩

⟨l⟩τ2 − 2Cγδ0(sh)N
µ2
0 N−µ2

m

⩾ γ⟨j−j0⟩
⟨l⟩τ2

(
2− 2Cγε0⟨l⟩τ2−µ2

)
.

Hence, taking ε0 small enough, we obtain k ∈ {1, 2},∣∣∣ω · l + µ
(m)
j,k (b, ω)− µ

(m)
j0,k

(b, ω)
∣∣∣ > γ⟨j−j0⟩

⟨l⟩τ2 ·

Hence, (b, ω) ∈ 𝒪γ
m+1 which proves (7.102).

(ii) One can get the estimates (7.49) and (7.50) by a similar induction procedure as above starting
with (7.18) and (7.39) applied with p = 4τ2q+4τ2. For more details, we refer the reader to [69, Prop.
6.5].

We end this section with the effective construction of the approximate right inverse of the linearized
operator in the normal directions. Since we have constructed a diagonal operator ℒ∞ with Fourier
multiplier entries, the situation is brought back to two decoupled scalar studies. Therefore, we can
copy the proof done in [69, Prop. 6.6] with small adaptations and obtain the following result.

Proposition 7.6. Let (γ, q, d, τ1, s0, µ2, sh, S, m) satisfying (2.2)–(2.3), (7.3) and (7.42)–(7.43). There
exists σ5 ≜ σ5(τ1, τ2, q, d) ⩾ σ4 such that if

∥I0∥q,γ,msh+σ5
⩽ 1, (7.103)

then the following assertions hold true.

(i) Consider the operator ℒ∞ defined in Proposition 7.5, then there exists a family of linear operators(
Tn
)
n∈N defined in O satisfying the estimate

∀s ∈ [s0, S], sup
n∈N

∥Tnρ∥q,γ,ms ≲ γ−1∥ρ∥q,γ,ms+τ1q+τ1

and such that for any n ∈ N, in the Cantor set

Λγ,τ1
∞,n(i0) ≜

⋂
k∈{1,2}

(l,j)∈Zd×Sc0
|l|⩽Nn

{
(b, ω) ∈ O s.t.

∣∣∣ω · l + µ
(∞)
j,k (b, ω, i0)

∣∣∣ > γ⟨j⟩
⟨l⟩τ1

}
,

we have
ℒ∞Tn = Im,⊥ + ℰ2

n,

with
∀s0 ⩽ s ⩽ s ⩽ S, ∥ℰ2

nρ∥q,γ,ms ≲ N s−s
n γ−1∥ρ∥q,γ,ms+1+τ1q+τ1

.

(ii) There exists a family of linear operators
(
T̂n
)
n∈N satisfying

∀ s ∈ [s0, S], sup
n∈N

∥T̂nρ∥q,γ,ms ≲ γ−1
(
∥ρ∥q,γ,ms+σ5

+ ∥I0∥q,γ,ms+σ5
∥ρ∥q,γ,ms0+σ5

)
and such that in the Cantor set

Gn(γ, τ1, τ2, i0) ≜ Oγ,τ1
∞,n(i0) ∩ 𝒪γ,τ1,τ2

∞,n (i0) ∩ Λγ,τ1
∞,n(i0), (7.104)

we have
L̂ T̂n = Im,⊥ + En,
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where En satisfies the following estimate

∀ s ∈ [s0, S], ∥Enρ∥q,γ,ms0 ≲ N s0−s
n γ−1

(
∥ρ∥q,γ,ms+σ5

+ εγ−2∥I0∥q,γ,ms+σ5
∥ρ∥q,γ,ms0+σ5

)
+ εγ−3Nµ2

0 N−µ2
n+1∥ρ∥

q,γ,m
s0+σ5

.

Recall that L̂, Oγ,τ1
∞,n(i0) and 𝒪γ,τ1,τ2

∞,n (i0) are given in Propositions 7.1, 7.2 and 7.5, respectively.

(iii) In the Cantor set Gn(γ, τ1, τ2, i0), we have the following splitting

L̂ = L̂n + R̂n, with L̂nT̂n = Id and R̂n = EnL̂n,

where the operators L̂n and R̂n are defined in O and satisfy the following estimates

∀s ∈ [s0, S], sup
n∈N

∥L̂nρ∥q,γ,ms ≲ ∥ρ∥q,γ,ms+1 + εγ−2∥I0∥q,γ,ms+σ5
∥ρ∥q,γ,ms0+1,

∀s ∈ [s0, S], ∥R̂nρ∥q,γ,ms0 ≲ N s0−s
n γ−1

(
∥ρ∥q,γ,ms+σ5

+ εγ−2∥I0∥q,γ,ms+σ5
∥ρ∥q,γ,ms0+σ5

)
+ εγ−3Nµ2

0 N−µ2
n+1∥ρ∥

q,γ,m
s0+σ5

.

8 Construction of quasi-periodic solutions

We provide, in this last section, a construction of a non-trivial solution to the equation (5.11). This
is done in two steps. First, we implement a Nash-Moser iteration, where we find a solution provided
that the parameters (b, ω) belong to a suitable Borel set. The latter is constructed as the intersection
of the Cantor sets required to invert the linearized operator in the normal modes for all the steps of
the procedure. Then we rigidified the frequencies in order to get a solution for the original problem
where α = −JωEq(b). This gives rise to a final set described in terms of b that we should estimate
its Lebesgue measure. Actually, we prove that it has asymptotically full measure as the parameter ε
vanishes.

8.1 Nash-Moser iteration

Here, we perform the Nash-Moser scheme which allows to find a solution of

F
(
i, α, b, ω

)
≜ F

(
i, α, b, ω, ε

)
= 0,

with F as in (5.11). This method is classical and has been used in several papers, see for instance
[4, 5, 14]. The iterative construction of the approximate solutions is summarized in the following
proposition. The proof is a slight modification of the one exposed in [19, 59, 69].

Proposition 8.1. (Nash-Moser scheme)
Let (τ1, τ2, q, d, s0) satisfy (2.2)–(2.3) and m ⩾ m∗, where m∗ is defined in Corollary 4.1. We consider
the following parameters 

a = τ2 + 3
µ1 = 3q(τ2 + 3) + 6σ + 6
a1 = 6q(τ2 + 3) + 12σ + 15
a2 = 3q(τ2 + 3) + 6σ + 9
µ2 = 2q(τ2 + 3) + 5σ + 7
sh = s0 + 4q(τ2 + 3) + 9σ + 11
κ1 = 2sh − s0

(8.1)

where the number σ = σ(τ1, τ2, d) is the total loss of regularity given by Theorem 6.1. There exist
C∗ > 0 and ε0 > 0 such that for any ε ∈ [0, ε0] we impose the constraint relating γ and N0 to ε,

0 < a < 1
µ2+q+2 , γ ≜ εa, N0 ≜ γ−1. (8.2)

Let n ∈ N. We introduce the finite dimensional subspace En,m defined by

En,m ≜
{
I = (Θ, I, z) ∈ Td × Rd ×H∞

⊥,m s.t. Θ = ΠNnΘ, I = ΠNnI and z = ΠNnz
}
,

where ΠNn is the projector defined through (2.6). Then, the following properties hold true.
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(P1)n There exists a q-times differentiable application

Wn : O → En−1,m × Rd × Rd+1

(b, ω) 7→
(
In, αn − Jω, 0

)
satisfying W0 = 0 and for n ∈ N∗,

∥Wn∥q,γ,ms0+σ ⩽ C∗εγ
−1N qa

0 . (8.3)

We set
U0 ≜

(
(φ, 0, 0), Jω, (b, ω)

)
(8.4)

and for n ∈ N∗,
Un ≜ U0 + Wn and Hn ≜ Un − Un−1, . (8.5)

Then

∀s ∈ [s0, S], ∥H1∥q,γ,ms ⩽ 1
2C∗εγ

−1N qa
0 , (8.6)

∀ 2 ⩽ m ⩽ n, ∥Hm∥q,γ,ms0+σ ⩽ C∗εγ
−1N−a2

m−1, (8.7)

∀n ⩾ 2, ∥Hn∥q,γ,msh+σ ⩽ C∗εγ
−1N−a2

n−1 . (8.8)

(P2)n Set
in ≜ (φ, 0, 0) + In, γn ≜ γ(1 + 2−n) ∈ [γ, 2γ]. (8.9)

The torus in is reversible and m-fold, that is

Sin(φ) = in(−φ) and Tmin(φ) = in(φ), (8.10)

with S and Tm as in (5.12)-(5.13). Define also

A
γ
0 ≜ O and A

γ
n+1 ≜ Aγn ∩ Gn(γn+1, τ1, τ2, in)

where Gn(γn+1, τ1, τ2, in) is given through (7.104). Consider the open sets

∀v > 0, Ov
n ≜

{
(b, ω) ∈ O s.t. dist

(
(b, ω), A2γn

)
< vN−a

n

}
, dist(x, A) ≜ inf

y∈A
∥x− y∥.

Then we have the following estimate

∥F(Un)∥q,γ,m,O
2γ
n

s0 ≜
∑

α∈Nd+1

|α|⩽q

γ|α| sup
(b,ω)∈O2γ

n

∥∂α(b,ω)F(Un)(b, ω, ·)∥Hs0−|α|
m

⩽ C∗εN
−a1
n−1 . (8.11)

(P3)n We have the following growth in high regularity norm

∥Wn∥q,γ,mκ1+σ ⩽ C∗εγ
−1Nµ1

n−1. (8.12)

Proof. We follow closely [69, Prop. 7.1]. First notice that the initial guess U0 is associated to a
reversible flat torus and satisfies by virtue of (5.11) and Lemma 5.2 the following estimate for some
large enough constant C∗

∀s ⩾ 0, ∥F(U0)∥q,γ,ms ⩽ C∗ε. (8.13)

The properties (P1)0, (P2)0 and (P3)0 follow immediately since N−1 = 1 and Oγ
0 = O and by setting

W0 = 0. Now, let us turn to the induction step. Fix n ∈ N∗ and suppose that (P1)ℓ, (P2)ℓ and (P3)ℓ
hold for any ℓ ∈ J0, nK. The purpose is to verify that these properties also hold at the order n+1. We
denote by

Ln ≜ Ln(b, ω) ≜ di,αF(in
(
b, ω), αn(b, ω), (b, ω)

)
the linearized operator of F at the state (in, αn). As we shall see later, the next approximation
Un+1 can be obtained through the construction of a reversible and m-fold preserving approximate right
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inverse for Ln, which is the subject of Theorem 6.1. To apply this result and get some bounds on Un+1

we need to establish first some intermediate results connected to the smallness condition and to some
Cantor set inclusions.
▶ Smallness/boundedness properties. First observe that (8.1) implies (7.42). Thus, to apply
Theorem 6.1, we need to check the smallness (7.43) and boundedness (6.30) properties. According to
(8.2), a small enough choice of ε leads, for some a priori fixed ε0 > 0, to

εγ−2−qNµ2
0 = ε1−a(µ2+q+2) ⩽ ε0, (8.14)

which is exactly (7.43). Now, since from (8.1) κ1 = 2sh − s0, then by interpolation inequality in
Lemma 2.1-(v), we have for n ⩾ 2,

∥Hn∥q,γ,msh+σ ≲
(
∥Hn∥q,γ,ms0+σ

) 1
2
(
∥Hn∥q,γ,mκ1+σ

) 1
2 . (8.15)

The property (8.12) applied with the indices n and n− 1 gives

∥Hn∥q,γ,mκ1+σ = ∥Un − Un−1∥q,γ,mκ1+σ

= ∥Wn − Wn−1∥q,γ,mκ1+σ

⩽ ∥Wn∥q,γ,mκ1+σ + ∥Wn−1∥q,γ,mκ1+σ

⩽ 2C∗εγ
−1Nµ1

n−1.

Inserting the last estimate together with (8.7) into (8.15) leads to

∀n ⩾ 2, ∥Hn∥q,γ,msh+σ ⩽ CC∗εγ
−1N

1
2
(µ1−a2)

n−1 . (8.16)

Observe that (8.1) implies in particular a2 ⩾ µ1 + 2. Hence, by (8.2), (8.6) and (8.16), we infer

∥Wn∥q,γ,msh+σ ⩽ ∥H1∥q,γ,msh+σ +
n∑

k=2

∥Hk∥q,γ,msh+σ

⩽ 1
2C∗εγ

−1N qa
0 + CN−1

0 C∗εγ
−1

⩽ C∗ε
1−a(1+qa).

Remark that (8.1) and (8.2) provide a ⩽ 1
2(1+qa) . Thus, taking ε small enough and σ ⩾ σ5 with σ5 as

in Proposition (7.6), we get

∥In∥q,γ,msh+σ5
⩽ ∥Wn∥q,γ,msh+σ

⩽ C∗ε
1
2

⩽ 1, (8.17)

which corresponds to (7.103). Up to increase the value of σ, we can always assume that s0+σ ⩾ sh+σ4
where sh and σ4 are respectively given by (7.1) and Proposition 7.5. Consequently (8.7) gives (8.8).

▶ Set inclusions. The properties (8.14) and (8.17) allow to apply Theorem 6.1. Hence, we can reduce
the linearized operator Ln at the current step. Therefore, the sets A

γ
ℓ for ℓ ⩽ n + 1 and γ ∈ (0, 1)

are well-defined. Our next purpose is to check some suitable inclusions required later for defining the
extensions of our quantities outside the constructed Cantor sets. More precisely, we shall verify the
following

A
2γ
n+1 ⊂ O4γ

n+1 ⊂
(
A
γ
n+1 ∩O2γ

n

)
.

Obviously, by construction, the first inclusion is trivial. Hence, we are left to prove the last one.
Observe that by construction A

2γ
ℓ+1 ⊂ A

2γ
ℓ . Then for (b, ω) ∈ O4γ

ℓ+1, we have

dist
(
(b, ω), A2γℓ

)
⩽ dist

(
(b, ω), A2γℓ+1

)
< 4γN−a

ℓ+1 = 4γN−a
ℓ N

− 1
2
a

0

< 2γN−a
ℓ .
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The last estimate is true provided that 2N
− 1

2
a

0 < 1, which is obtained taking ε small enough according
to (8.2). Thus, we have proved

∀ℓ ∈ J0, nK, O4γ
ℓ+1 ⊂ O2γ

ℓ . (8.18)

Now we prove by induction in ℓ the following inclusion

∀ℓ ∈ J0, n+ 1K, O4γ
ℓ ⊂ A

γ
ℓ . (8.19)

The case ℓ = 0 is obvious because O4γ
0 = O = A

γ
0 . Now suppose that (8.19) is true for some ℓ ∈ J0, nK

and let us check the inclusion property (8.19) at the next order ℓ + 1. Putting together (8.18) and
(8.19), we get

O4γ
ℓ+1 ⊂ O2γ

ℓ ⊂ O4γ
ℓ ⊂ A

γ
ℓ .

Hence, it remains to verify that

O4γ
ℓ+1 ⊂ Gℓ

(
γℓ+1, τ1, τ2, iℓ

)
.

Let (b, ω) ∈ O4γ
ℓ+1, then by construction, one can find (b′, ω′) ∈ A

2γ
ℓ+1 with

dist
(
(b, ω), (b′, ω′)

)
< 4γN−a

ℓ+1. (8.20)

Let us start proving that (b, ω) ∈ Oγℓ+1,τ1
∞,ℓ (iℓ). For all k ∈ {1, 2} and (l, j) ∈ Zd × Zm \ {(0, 0)} with

|l| ⩽ Nℓ, we have by triangle and Cauchy-Schwarz inequalities together with (8.20) and the fact

(b′, ω′) ∈ O2γℓ+1,τ1
∞,ℓ (iℓ),

|ω · l + jck(b, ω, iℓ)| ⩾
∣∣ω′ · l + jck(b

′, ω′, iℓ)
∣∣− |ω − ω′||l| − |j|

∣∣ck(b, ω, iℓ)− ck(b
′, ω′, iℓ)

∣∣
>

4γυ
ℓ+12

υ⟨j⟩
⟨l⟩τ1 − 4γN1−a

ℓ+1 − ⟨j⟩
∣∣ck(b, ω, iℓ)− ck(b

′, ω′, iℓ)
∣∣ .

Now the Mean Value Theorem and the definition of O4γ
ℓ+1 imply∣∣ck(b, ω, iℓ)− ck(b

′, ω′, iℓ)
∣∣ ⩽ CN−a

ℓ+1∥ck(iℓ)∥
q,γ .

From (7.12), we deduce

∥ck(iℓ)∥q,γ ⩽ ∥ck(iℓ)− vk∥q,γ + ∥vk∥q,γ

⩽ C.

Combining the last two estimates gives∣∣ck(b, ω, iℓ)− ck(b
′, ω′, iℓ)

∣∣ ⩽ Cγγ−1N−a
ℓ+1 ⩽ CγN1−a

ℓ+1 .

Consequently, using the facts that γℓ ⩾ γ and υ ∈ (0, 1), we get

|ω · l + jck(b, ω, iℓ)| >
4γυ

ℓ+12
υ⟨j⟩

⟨l⟩τ1 − Cγ⟨j⟩N1−a
ℓ+1

⩾
4γυ

ℓ+1⟨j⟩
⟨l⟩τ1

(
2υ − CN τ1+1−a

ℓ+1

)
.

Our choice of parameters (8.1) and (2.2) implies in particular

a = τ2 + 3 ⩾ τ1 + 2. (8.21)

Therefore, taking N0 sufficiently large, we obtain

2υ − CN τ1+1−a
ℓ+1 ⩾ 2υ − CN−1

0 > 1,

which implies in turn

|ω · l + jck(b, ω, iℓ)| >
4γυ

ℓ+1⟨j⟩
⟨l⟩τ1 ·
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This proves that (b, ω) ∈ Oγℓ+1,τ1
∞,ℓ (iℓ). Now, let us check that (b, ω) ∈ 𝒪γℓ+1,τ1,τ2

∞,ℓ (iℓ). For all k ∈ {1, 2}
and (l, j, j0) ∈ Zd × (Zm \ S0,k)2 with |l| ⩽ Nℓ, using the triangle and Cauchy-Schwarz inequalities

together with (8.20) and the fact that (b′, ω′) ∈ 𝒪2γℓ+1,τ1,τ2
∞,ℓ (iℓ)∣∣∣ω · l + µ

(∞)
j,k (b, ω, iℓ)− µ

(∞)
j0,k

(b, ω, iℓ)
∣∣∣ ⩾ ∣∣∣ω′ · l + µ

(∞)
j,k (b′, ω′, iℓ)− µ

(∞)
j0,k

(b′, ω′, iℓ)
∣∣∣− |ω − ω′||l|

−
∣∣∣µ(∞)

j,k (b, ω, iℓ)− µ
(∞)
j0,k

(b, ω, iℓ) + µ
(∞)
j0,k

(b′, ω′, iℓ)− µ
(∞)
j,k (b′, ω′, iℓ)

∣∣∣
>

4γℓ+1⟨j−j0⟩
⟨l⟩τ2 − 4γN1−a

ℓ+1

−
∣∣∣µ(∞)

j,k (b, ω, iℓ)− µ
(∞)
j0,k

(b, ω, iℓ) + µ
(∞)
j0,k

(b′, ω′, iℓ)− µ
(∞)
j,k (b′, ω′, iℓ)

∣∣∣ .
We remind from (7.46) that the perturbed eigenvalues admit the following structure

µ
(∞)
j,k (b, ω, iℓ) = µ

(0)
j,k(b, ω, iℓ) + r

(∞)
j,k (b, ω, iℓ). (8.22)

Hence, ∣∣∣µ(∞)
j,k (b, ω, iℓ)− µ

(∞)
j0,k

(b, ω, iℓ) + µ
(∞)
j0,k

(b′, ω′, iℓ)− µ
(∞)
j,k (b′, ω′, iℓ)

∣∣∣
⩽
∣∣∣µ(0)j,k(b, ω, iℓ)− µ

(0)
j0,k

(b, ω, iℓ) + µ
(0)
j0,k

(b′, ω′, iℓ)− µ
(0)
j,k(b

′, ω′, iℓ)
∣∣∣

+
∣∣∣r(∞)

j,k (b, ω, iℓ)− r
(∞)
j,k (b′, ω′, iℓ)

∣∣∣+ ∣∣∣r(∞)
j0,k

(b, ω, iℓ)− r
(∞)
j0,k

(b′, ω′, iℓ)
∣∣∣ .

The Mean Value Theorem, (8.20) and the definition of O4γ
ℓ+1 allow to write∣∣∣µ(0)j,k(b, ω, iℓ)− µ

(0)
j0,k

(b, ω, iℓ) + µ
(0)
j0,k

(b′, ω′, iℓ)− µ
(0)
j,k(b

′, ω′, iℓ)
∣∣∣ ⩽ γCN1−a

ℓ+1 ⟨j − j0⟩. (8.23)

Similarly, using in particular (7.47), (8.14) and the definition of O4γ
ℓ+1 we get∣∣∣r(∞)

j,k (b, ω, iℓ)− r
(∞)
j,k (b′, ω′, iℓ)

∣∣∣ ⩽ CγN−a
ℓ+1εγ

−2 ⩽ γCN1−a
ℓ+1 ⟨j − j0⟩. (8.24)

Gathering the previous inequalities and using the facts that |l| ⩽ Nℓ and γℓ+1 ⩾ γ we deduce∣∣∣ω · l + µ
(∞)
j,k (b, ω, iℓ)− µ

(∞)
j0,k

(b, ω, iℓ)
∣∣∣ ⩾ γℓ+1⟨j−j0⟩

⟨l⟩τ2

(
4− CN τ2+1−a

ℓ+1

)
.

By the choice (8.21), if N0 is large enough, then we obtain

CN τ2+1−a
ℓ+1 ⩽ CN−1

0 < 1,

which implies in turn ∣∣∣ω · l + µ
(∞)
j,k (b, ω, iℓ)− µ

(∞)
j0,k

(b, ω, iℓ)
∣∣∣ > 2γℓ+1⟨j−j0⟩

⟨l⟩τ2 ·

For all (l, j, j0) ∈ Zd×(Zm\S0,1)×(Zm\S0,2) with ⟨l, j, j0⟩ ⩽ Nℓ, using the triangle and Cauchy-Schwarz

inequalities together with (8.20) and the fact that (b′, ω′) ∈ 𝒪2γℓ+1,τ1,τ2
∞,ℓ (iℓ)∣∣∣ω · l + µ

(∞)
j,1 (b, ω, iℓ)− µ

(∞)
j0,2

(b, ω, iℓ)
∣∣∣ ⩾ ∣∣∣ω′ · l + µ

(∞)
j,1 (b′, ω′, iℓ)− µ

(∞)
j0,2

(b′, ω′, iℓ)
∣∣∣− |ω − ω′||l|

−
∣∣∣µ(∞)

j,1 (b, ω, iℓ)− µ
(∞)
j0,2

(b, ω, iℓ) + µ
(∞)
j0,2

(b′, ω′, iℓ)− µ
(∞)
j,1 (b′, ω′, iℓ)

∣∣∣
>

4γℓ+1

⟨l,j,j0⟩τ2 − 4γN1−a
ℓ+1

−
∣∣∣µ(∞)

j,1 (b, ω, iℓ)− µ
(∞)
j0,2

(b, ω, iℓ) + µ
(∞)
j0,2

(b′, ω′, iℓ)− µ
(∞)
j,1 (b′, ω′, iℓ)

∣∣∣ .
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Similarly to (8.23) and (8.24), we get∣∣∣µ(0)j,1 (b, ω, iℓ)− µ
(0)
j0,2

(b, ω, iℓ) + µ
(0)
j0,2

(b′, ω′, iℓ)− µ
(0)
j,1 (b

′, ω′, iℓ)
∣∣∣ ⩽ γCN1−a

ℓ+1 ⟨j, j0⟩ ⩽ γCN2−a
ℓ+1 ,∣∣∣r(∞)

j,1 (b, ω, iℓ)− r
(∞)
j,1 (b′, ω′, iℓ)

∣∣∣+ ∣∣∣r(∞)
j0,2

(b, ω, iℓ)− r
(∞)
j0,2

(b′, ω′, iℓ)
∣∣∣ ⩽ γCN1−a

ℓ+1 ⟨j, j0⟩ ⩽ γCN2−a
ℓ+1 .

Therefore, ∣∣∣ω · l + µ
(∞)
j,1 (b, ω, iℓ)− µ

(∞)
j0,2

(b, ω, iℓ)
∣∣∣ ⩾ γℓ+1

⟨l,j,j0⟩τ2

(
4− CN τ2+2−a

ℓ+1

)
.

By the choice (8.21), if N0 is large enough, then we obtain

CN τ2+2−a
ℓ+1 ⩽ CN−1

0 < 1,

and then ∣∣∣ω · l + µ
(∞)
j,1 (b, ω, iℓ)− µ

(∞)
j0,2

(b, ω, iℓ)
∣∣∣ > 2γℓ+1

⟨l,j,j0⟩τ2 ·

This proves that (b, ω) ∈ 𝒪γℓ+1,τ1,τ2
∞,ℓ (iℓ). It remains to check that (b, ω) ∈ Λ

γℓ+1,τ1
∞,ℓ (iℓ). For all k ∈ {1, 2}

and (l, j) ∈ Zd × (Zm \ S0,k) with |l| ⩽ Nℓ, we have by left triangle and Cauchy-Schwarz inequalities

together with (8.20) and the fact (b′, ω′) ∈ Λ
2γℓ+1,τ1
∞,ℓ (iℓ)∣∣∣ω · l + µ

(∞)
j,k (b, ω, iℓ)

∣∣∣ ⩾ ∣∣∣ω′ · l + µ
(∞)
j,k (b′, ω′, iℓ)

∣∣∣− |ω − ω′||l| −
∣∣∣µ(∞)

j,k (b, ω, ik)− µ
(∞)
j,k (b′, ω′, iℓ)

∣∣∣
>

2γℓ+1⟨j⟩
⟨l⟩τ1 − 4γNℓN

−a
ℓ+1 −

∣∣∣µ(∞)
j,k (b, ω, iℓ)− µ

(∞)
j,k (b′, ω′, iℓ)

∣∣∣
>

2γℓ+1⟨j⟩
⟨l⟩τ1 − 4γN1−a

ℓ+1 −
∣∣∣µ(∞)

j,k (b, ω, iℓ)− µ
(∞)
j,k (b′, ω′, iℓ)

∣∣∣ .
The Mean Value Theorem and the definition of O4γ

ℓ+1 give∣∣∣µ(∞)
j,k (b, ω, iℓ)− µ

(∞)
j,k (b′, ω′, iℓ)

∣∣∣ ⩽ |(b, ω)− (b′, ω′)|γ−1∥µ(∞)
j,k (iℓ)∥q,γ

⩽ 4N−a
ℓ+1∥µ

(∞)
j,k (iℓ)∥q,γ .

Now, by triangle inequlity

∀j ∈ Zm \ S0,k, ∥µ(∞)
j,k (iℓ)∥q,γ ⩽ ∥µ(∞)

j,k (iℓ)− Ωj,k∥q,γ + ∥Ωj,k∥q,γ .

From (4.73) one has for all |j| ⩾ m∗,
∥Ωj,k∥q,γ ⩽ C|j|.

Besides, (7.46), (7.35), (7.36) and (7.47) imply

∀j ∈ Zm \ S0,k, ∥µ(∞)
j,k (iℓ)− Ωj,k∥q,γ ⩽ C|j|.

Putting together the preceding three estimates gives

∀j ∈ Zm \ S0,k, ∥µ(∞)
j,k (iℓ)∥q,γ ⩽ C|j|.

As a consequence, we have∣∣∣µ(∞)
j,k (b, ω, iℓ)− µ

(∞)
j,k (b′, ω′, iℓ)

∣∣∣ ⩽ C⟨j⟩N−a
ℓ+1 ⩽ Cγ⟨j⟩N1−a

ℓ+1 .

Usint that |l| ⩽ Nℓ ⩽ Nℓ+1 and γℓ+1 ⩾ γ, we get∣∣∣ω · l + µ
(∞)
j,k (b, ω, iℓ)

∣∣∣ ⩾ 2γℓ+1⟨j⟩
⟨l⟩τ1 − Cγ⟨j⟩N1−a

ℓ+1

⩾ γℓ+1⟨j⟩
⟨l⟩τ1

(
2− CN τ1+1−a

ℓ+1

)
.
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Now, we choose N0 sufficiently large so that

CN τ1+1−a
ℓ+1 ⩽ CN−1

0 < 1,

and then ∣∣∣ω · l + µ
(∞)
j,k (b, ω, iℓ)

∣∣∣ > γℓ+1⟨j⟩
⟨l⟩τ1 ·

This shows that, (b, ω) ∈ Λ
γℓ+1,τ1
∞,ℓ (iℓ) and finally (b, ω) ∈ Gℓ

(
γℓ+1, τ1, τ2, iℓ

)
. Therefore (b, ω) ∈ A

γ
ℓ+1.

This achieves the induction proof of (8.19).

▶ Construction of the next approximation. Our next task is to construct the next approximate
solution denoted Un+1. Observe that according to Theorem 6.1, the properties (8.14) and (8.17) allow
to construct a reversible approximate right inverse Tn ≜ Tn(b, ω) of the linearized operator Ln. Recall
that the operator Tn is well-defined on the whole set of parameters O and satisfies, by virtue of (6.31),
the following tame estimate

∀s ∈ [s0, S], ∥Tnρ∥q,γ,ms ≲ γ−1
(
∥ρ∥q,γ,ms+σ + ∥In∥q,γ,ms+σ ∥ρ∥q,γ,ms0+σ

)
. (8.25)

In addition it is an approximate right inverse of Ln when restricted to Gn(γn+1, τ1, τ2, in). More pre-
cisely, according to (6.32) we have in Gn(γn+1, τ1, τ2, in)

LnTn − Id = E(n)
1 + E(n)

2 + E(n)
3 , (8.26)

where the error terms in the right hand-side satisfy the estimates (6.33), (6.34) and (6.35). The next
approximation is defined as follows,

Ũn+1 ≜ Un + H̃n+1, H̃n+1 ≜ (În+1, α̂n+1, 0) ≜ −ΠNnTnΠNnF(Un) ∈ En,m × Rd × Rd+1,

where the projector ΠNn and its orthogonal are defined by

ΠNn(I, α, 0) = (ΠNnI, α, 0) and Π⊥
Nn

(I, α, 0) = (Π⊥
Nn

I, 0, 0). (8.27)

Then, applying Taylor formula yields

F(Ũn+1) = F(Un)− LnΠNnTnΠNnF(Un) +Qn

= F(Un)− LnTnΠNnF(Un) + LnΠ
⊥
Nn

TnΠNnF(Un) +Qn

= F(Un)−ΠNnLnTnΠnF(Un) + (LnΠ
⊥
Nn

−Π⊥
Nn
Ln)TnΠNnF(Un) +Qn

= Π⊥
Nn

F(Un)−ΠNn(LnTn − Id)ΠNnF(Un) + (LnΠ
⊥
Nn

−Π⊥
Nn
Ln)TnΠNnF(Un) +Qn, (8.28)

where Qn denotes the quadratic part given by

Qn = F(Un + H̃n+1)−F(Un)− LnH̃n+1. (8.29)

Now, we shall prove (8.11) at the order n+ 1 for a suitable extension Un+1 of Ũn+1|O2γ
n+1

. This is done

in two steps. The first one is to prove that

∥F(Ũn+1)∥
q,γ,m,O4γ

n+1
s0 ⩽ C∗εN

−a1
n . (8.30)

The second step is to construct the classical extension of Un+1 which fulfills the desired estimate (8.11).
➢ Proof of (8.30). We estimate each one of the four terms in the right hand-side of (8.28). Let us
begin with the first one. Applying Lemma 2.1-(i) and using the inclusion (8.18), we obtain

∥Π⊥
Nn

F(Un)∥
q,γ,m,O4γ

n+1
s0 ⩽ N s0−κ1

n ∥F(Un)∥q,γ,m,O
2γ
n

κ1
. (8.31)

Now, Taylor formula together with (5.11), Lemma 5.2, (8.13) and (8.5) imply

∀s ⩾ s0, ∥F(Un)∥q,γ,m,O
2γ
n

s ⩽ ∥F(U0)∥q,γ,ms + ∥F(Un)−F(U0)∥q,γ,m,O
2γ
n

s

≲ ε+ ∥Wn∥q,γ,ms+σ . (8.32)
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Besides, (8.12), (6.20) and (8.2) together give

ε+ ∥Wn∥q,γ,mκ1+σ ⩽ ε
(
1 + C∗γ

−1Nµ1
n−1

)
⩽ 2C∗εN

2
3
µ1+1

n . (8.33)

Inserting (8.32) and (8.33) into (8.31) yields

∥Π⊥
Nn

F(Un)∥
q,γ,m,O4γ

n+1
s0 ≲ C∗εN

s0+
2
3
µ1+1−κ1

n . (8.34)

Let us move on to the second term. According to (8.19), we have the following inclusions

O4γ
n+1 ⊂ A

γ
n+1 ⊂ Gn

(
γn+1, τ1, τ2, in

)
.

Hence, the decomposition (8.26) holds on O4γ
n+1 and we can write

ΠNn(LnTn − Id)ΠNnF(Un) = E1,n + E2,n + E3,n,

with for any k ∈ {1, 2, 3},
Ek,n ≜ ΠNnE

(n)
k ΠNnF(Un).

Thus, we need to estimate each one of the error terms Ek,n. We begin with E1,n for which we need
the following interpolation-type inequality

∥F(Un)∥γ,m,O
2γ
n

q,s0+σ ⩽ ∥ΠNnF(Un)∥γ,m,O
2γ
n

q,s0+σ + ∥Π⊥
Nn

F(Un)∥γ,m,O
2γ
n

q,s0+σ

⩽ Nσ
n ∥F(Un)∥γ,m,O

2γ
n

q,s0 +N s0−κ1
n ∥F(Un)∥γ,m,O

2γ
n

q,κ1+σ . (8.35)

Now, putting together (8.32) and (8.33), we infer

∥F(Un)∥q,γ,m,O
2γ
n

κ1+σ ⩽ C∗εN
σ+ 2

3
µ1+1

n . (8.36)

Combining (6.33), (8.35), (8.3), (8.14) and (8.36), we obtain

∥E1,n∥q,γ,m,O
2γ
n

s0 ≲ γ−1∥F(Un)∥q,γ,m,O
2γ
n

s0+σ ∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ

(
1 + ∥In∥q,γ,ms0+σ

)
≲ γ−1Nσ

n

(
Nσ

n ∥F(Un)∥q,γ,m,O
2γ
n

s0 +N s0−κ1
n ∥F(Un)∥q,γ,m,O

2γ
n

κ1+σ

)
∥F(Un)∥q,γ,m,O

2γ
n

s0

(
1 + ∥Wn∥q,γ,ms0+σ

)
≲ C∗ε

(
N

2σ− 4
3
a1

n +N
s0+2σ+ 2

3
µ1+1− 2

3
a1−κ1

n

)
. (8.37)

As for E2,n, we apply (6.34) with b = κ1 − s0 and use (8.14), (8.11) and (8.12) in order to find

∥E2,n∥q,γ,m,O
2γ
n

s0 ≲ γ−1N s0−κ1
n

(
∥ΠNnF(Un)∥q,γ,m,O

2γ
n

κ1+σ + ε∥In∥q,γ,mκ1+σ∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ

)
≲ γ−1N s0−κ1

n

(
∥F(Un)∥q,γ,m,O

2γ
n

κ1+σ + εNσ
n ∥Wn∥

q,γ,m
κ1+σ∥F(Un)∥q,γ,m,O

2γ
n

s0

)
≲ C∗εN

s0+σ+ 2
3
µ1+2−κ1

n + C∗εN
s0+σ+ 2

3
µ1+2− 2

3
a1−κ1

n

≲ C∗εN
s0+σ+ 2

3
µ1+2−κ1

n . (8.38)

Similarly, putting together (6.35), (6.20), (8.2) and (8.14), we infer

∥E3,n∥q,γ,m,O
2γ
n

s0 ≲ N s0−κ1
n γ−2

(
∥ΠNnF(Un)∥q,γ,m,O

2γ
n

κ1+σ + εγ−2∥In∥q,γ,mκ1+σ∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ

)
+ εγ−4Nµ2

0 N−µ2
n ∥ΠNnF(Un)∥q,γ,m,O

2γ
n

s0+σ

≲ C∗ε

(
N

s0+σ+ 2
3
µ1+2−κ1

n +N
σ+1−µ2− 2

3
a1

n

)
. (8.39)
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Gathering, (8.37), (8.38) and (8.39), we deduce

∥ΠNn(LnTn − Id)ΠNnF(Un)∥
q,γ,m,O4γ

n+1
s0 ⩽ CC∗ε

(
N

2σ− 4
3
a1

n +N
s0+2σ+ 2

3
µ1+1−κ1

n +N
σ+1−µ2− 2

3
a1

n

)
.

(8.40)
For n = 0, we deduce from (8.13), (8.14) and by slight modifications of the preceding computations

∥ΠN0(L0T0 − Id)ΠN0F(U0)∥
q,γ,m,O4γ

1
s0 ⩽ ∥E1,0∥q,γ,ms0 + ∥E2,0∥q,γ,ms0 + ∥E3,0∥q,γ,ms0

≲ ε2γ−1 + εγ−1 +
(
εγ−2N s0−κ1

0 + ε2γ−4
)

≲ εγ−2. (8.41)

Now, we turn to the estimate corresponding to the third term in (8.28). In view of (6.1), we have for
H = (Î, α̂) with Î = (Θ̂, Î, ẑ),

LnH = ω · ∂φÎ− (0, 0,JL0(b)ẑ)− εdiXPε(in)Î− (Jα̂, 0, 0). (8.42)

Now, (8.27) and the fact that ω · ∂φ and JL0(b) are diagonal yield(
LnΠ

⊥
Nn

−Π⊥
Nn
Ln

)
H = −ε[diXPε(in),Π

⊥
Nn

]Î.

Applying Lemma 5.2-(ii) together with Lemma 2.1-(i) and (8.18), we infer∥∥∥(LnΠ
⊥
Nn

−Π⊥
Nn
Ln

)
H
∥∥∥q,γ,m,O4γ

n+1

s0
≲ εN s0−κ1

n

(
∥Î∥q,γ,m,O

2γ
n

κ1+1 + ∥In∥q,γ,mκ1+σ∥Î∥
q,γ,m,O2γ

n
s0+1

)
.

Hence,∥∥∥(LnΠ
⊥
Nn

−Π⊥
Nn
Ln

)
TnΠnF(Un)

∥∥∥q,γ,m,O4γ
n+1

s0
≲ εN s0−κ1

n ∥TnΠNnF(Un)∥q,γ,m,O
2γ
n

κ1+1

+ εN s0−κ1
n ∥In∥q,γ,mκ1+σ∥TnΠNnF(Un)∥q,γ,m,O

2γ
n

s0+1 .

Now, using (8.25), (8.18), Lemma 2.1-(i), Sobolev embeddings, (8.14) and (8.2), we get∥∥∥(LnΠ
⊥
Nn

−Π⊥
Nn
Ln

)
TnΠnF(Un)

∥∥∥q,γ,m,O4γ
n+1

s0

≲ εγ−1N s0−κ1
n ∥ΠNnF(Un)∥q,γ,m,O

2γ
n

κ1+σ+1 + ∥In∥q,γ,mκ1+σ+1∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ

+ εγ−1N s0−κ1
n ∥In∥q,γ,mκ1+σ

(
∥ΠNnF(Un)∥q,γ,m,O

2γ
n

s0+σ+1 + ∥In∥q,γ,ms0+σ+1∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ

)
≲ εN s0+2−κ1

n

(
∥F(Un)∥q,γ,m,O

2γ
n

κ1+σ + ∥Wn∥q,γ,mκ1+σ∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ

)
.

Besides, from Lemma 2.1-(ii), (8.11) and (6.20), we obtain

∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ ⩽ Nσ
n ∥F(Un)∥q,γ,m,O

2γ
n

s0

⩽ C∗εN
σ
nN

−a1
n−1

⩽ C∗εN
σ− 2

3
a1

n .

Added to (8.1), (8.36) and (8.12), we deduce that

∥(LnΠ
⊥
n −Π⊥

nLn)TnΠnF(Un)∥
q,γ,m,O4γ

n+1
s0 ⩽ CC∗εN

s0+σ+ 2
3
µ1+3−κ1

n . (8.43)

We are left with the quadratic term in (8.28). Another application of Taylor formula with (8.29) leads
to

Qn =

ˆ 1

0
(1− t)d2i,αF(Un + tH̃n+1)[H̃n+1, H̃n+1]dt.
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Now, (8.42) and Lemma 5.2-(iii) give

∥Qn∥
q,γ,m,O4γ

n+1
s0 ≲ ε

(
1 + ∥Wn∥q,γ,ms0+2 + ∥H̃n+1∥

q,γ,m,O4γ
n+1

s0+2

)(
∥H̃n+1∥

q,γ,m,O4γ
n+1

s0+2

)2

. (8.44)

Observe that, (8.32), (8.2) and (8.3) imply

γ−1∥F(Un)∥q,γ,m,O
2γ
n

s0 ⩽ 1. (8.45)

Gathering (8.18), (8.19), (8.25), (8.32) and (8.45), we obtain for all s ∈ [s0, S]

∥H̃n+1∥
q,γ,m,O4γ

n+1
s = ∥ΠNnTnΠNnF(Un)∥

q,γ,m,O4γ
n+1

s

≲ γ−1
(
∥ΠNnF(Un)∥q,γ,m,O

2γ
n

s+σ + ∥In∥q,γ,ms+σ ∥ΠNnF(Un)∥q,γ,m,O
2γ
n

s0+σ

)
≲ γ−1

(
Nσ

n ∥F(Un)∥q,γ,m,O
2γ
n

s +N2σ
n ∥In∥q,γ,ms ∥F(Un)∥q,γ,m,O

2γ
n

s0

)
≲ γ−1N2σ

n (ε+ ∥Wn∥q,γ,ms ) . (8.46)

Similarly, (8.25), (8.18), (8.3), (8.14) and (8.11), we infer

∥H̃n+1∥
q,γ,m,O4γ

n+1
s0 ≲ γ−1Nσ

n ∥F(Un)∥q,γ,m,O
2γ
n

s0

≲ C∗εγ
−1Nσ

nN
−a1
n−1 . (8.47)

For ε sufficiently small, (8.3) and (8.47) imply

∥Wn∥q,γ,ms0+2 + ∥H̃n+1∥
q,γ,m,O4γ

n+1

s0+2 ⩽ C∗εγ
−1N qa

0 +N2
n∥H̃n+1∥

q,γ,m,O4γ
n+1

s0

⩽ 1 + Cεγ−1Nσ+2
n N−a1

n−1

⩽ 1 + Cεγ−1N
3+ 3

2
σ−a1

n−1 .

But (8.1) gives in particular a1 ⩾ 3 + 3
2σ. Thus,

∥Wn∥q,γ,ms0+2 + ∥H̃n+1∥
q,γ,m,O4γ

n+1

s0+2 ⩽ 2. (8.48)

Therefore, inserting (8.48) and (8.47) into (8.44) and using (8.2) and (8.14), we get

∥Qn∥
q,γ,m,O4γ

n+1
s0 ≲ ε

(
∥H̃n+1∥

q,γ,m,O4γ
n+1

s0+2

)2

⩽ εN4
n

(
∥H̃n+1∥

q,γ,m,O4γ
n+1

s0

)2

≲ εC∗N
2σ+4
n N−2a1

n−1 .

Using (6.20), we finally obtain for n ∈ N∗,

∥Qn∥
q,γ,m,O4γ

n+1
s0 ⩽ CC∗εN

2σ+4− 4
3
a1

n . (8.49)

As for n = 0, we come back to (8.46) and (8.13) to get for all s ∈ [s0, S]

∥H̃1∥
q,γ,m,O4γ

1
s ≲ γ−1∥Π0F(U0)∥q,γ,ms+σ

≲ C∗εγ
−1. (8.50)

Finally, the inequality (8.49) becomes for n = 0,

∥Q0∥
q,γ,m,O4γ

0
s0 ≲ C∗ε

3γ−2. (8.51)
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Plugging (8.34), (8.40), (8.43) and (8.49), into (8.28) gives for n ∈ N∗,

∥F(Ũn+1)∥
q,γ,m,O4γ

n+1
s0 ⩽ CC∗ε

(
N

s0+2σ+ 2
3
µ1+1−κ1

n +N
σ+1−µ2− 2

3
a1

n +N
2σ+4− 4

3
a1

n

)
.

Now, our choice of parameters in (8.1) implies

s0 + 2σ + 2
3µ1 + 2 + a1 ⩽ κ1, σ + 1

3a1 + 2 ⩽ µ2, 2σ + 5 ⩽ 1
3a1.

Consequently, for N0 large enough, that is ε small enough, we can obtain for any n ∈ N,

max
(
CN

s0+2σ+ 2
3
µ1+1−κ1

n , CN
σ+1−µ2− 2

3
a1

n , CN
2σ+4− 4

3
a1

n

)
⩽ 1

3N
−a1
n , (8.52)

which implies in turn (8.30) for n ∈ N∗. As for the case n = 0, we insert (8.34), (8.41), (8.43) and
(8.51) into (8.28) to get

∥F(Ũ1)∥
γ,m,O4γ

1
q,s0 ⩽ CC∗ε

(
N

s0+2σ+ 3
2
µ1+1−κ1

0 + εγ−2 + ε2γ−2

)
.

Hence, using (8.52) and the fact that (8.2) and (8.1) imply 0 < a < 1
2+a1

·, then taking ε small enough,
we infer

C
(
εγ−2 + ε2γ−2

)
⩽ 2

3N
−a1
0 .

As a consequence, (8.30) occurs also for n = 0.
➢ Construction of the extension. The next goal is to construct an extention of H̃n+1 to the whole set
of parameters O and still satisfying nice decay properties. For this aim, we introduce the following
cut-off function χn+1 ∈ C∞(O, [0, 1]) given by

χn+1 =

{
1 in O2γ

n+1

0 in O \O4γ
n+1

and such that
∀α ∈ Nd, |α| ∈ J0, qK, ∥∂αb,ωχn+1∥L∞(O) ≲

(
γ−1Na

n

)|α|
. (8.53)

Therefore, we can define the extension Hn+1 of H̃n+1 as follows

Hn+1 ≜

{
χn+1 H̃n+1 in O4γ

n+1,

0 in O \O4γ
n+1.

(8.54)

We also define
Wn+1 ≜ Wn + Hn+1, Un+1 ≜ U0 + Wn+1 = Un + Hn+1. (8.55)

We can observe that in restriction to O2γ
n+1, we have

Hn+1 = H̃n+1, Un+1 = Ũn+1 and F(Un+1) = F(Ũn+1).

The last identity together with (8.30) and the fact that O2γ
n+1 ⊂ O4γ

n+1 imply (8.11). Now, the product
laws in Lemma 2.1 together with (8.54) and (8.53) provide the following estimate

∀s ⩾ s0, ∥Hn+1∥q,γ,ms ≲ N qa
n ∥H̃n+1∥

q,γ,m,O4γ
n+1

s . (8.56)

Then, gathering (8.56) and (8.47), implies for any n ∈ N∗,

∥Hn+1∥q,γ,ms0+σ ⩽ CN qa+σ
n ∥H̃n+1∥

q,γ,m,O4γ
n+1

s0

⩽ CC∗εγ
−1N

qa+2σ− 2
3
a1

n .
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The constraint (8.1) implies in particular a2 =
2
3a1 − qa− 2σ − 1 ⩾ 1, we get for ε small enough

∥Hn+1∥q,γ,ms0+σ ⩽ CN−1
0 C∗εγ

−1N−a2
n

⩽ C∗εγ
−1N−a2

n . (8.57)

As for the case n = 0, we combine (8.56) and (8.50) to get, up to take C∗ sufficiently large,

∥H1∥q,γ,ms ⩽ 1
2C∗εγ

−1N qa
0 . (8.58)

Putting together (8.5), (8.58) and (8.57), we deduce

∥Wn+1∥q,γ,ms0+σ ⩽ ∥H1∥q,γ,ms0+σ +
n+1∑
k=2

∥Hk∥q,γ,ms0+σ

⩽ 1
2C∗εγ

−1N qa
0 + CN−1

0 C∗εγ
−1

⩽ C∗εγ
−1N qa

0 .

This proves (8.3) at the order n+ 1. Now (8.46), (8.56) and (8.12) all together yield

∥Wn+1∥q,γ,mκ1+σ ⩽ ∥Wn∥q,γ,mκ1+σ + CN qa
n ∥Hn+1∥q,γ,mκ1+σ

⩽ C∗εγ
−1Nµ1

n−1 + CC∗γ
−1N qa+2σ

n

(
ε+ ∥Wn∥q,γ,mκ1+σ

)
⩽ CC∗εγ

−1N
qa+2σ+1+ 2

3
µ1

n .

By (8.1) we get qa+ 2σ + 2 = µ1

3 , which implies that for ε small enough we have

∥Wn+1∥q,γ,mκ1+σ ⩽ CN−1
0 C∗εγ

−1Nµ1
n

⩽ C∗εγ
−1Nµ1

n .

This proves (8.12) at the order n+ 1.
➢ Reversibility preserving property of the scheme. Form (P2)n, we know that the torus in is reversible.
Observe that the projectors ΠNn are reversibility preserving thanks to the symmetry with respect to
the Fourier modes. Now, using the reversibility property of the operators Tn and ΠNn we have that
the torus component of În+1 of H̃n+1 is reversible. Since the cut-off function χn+1 only depends on
the variables (b, ω), then the reversibility property is also preserved for the torus component In+1 of
Hn+1. Looking at the first component of (8.55), we have

in+1 = in + In+1.

Hence, the reversibility property (8.10) also holds at the order n+ 1.

The previous iteration procedure converges and allows to find a non trivial reversible quasi-periodic
solution of our problem provided some restriction on the internal radius b. More precisely, we have
the following result.

Corollary 8.1. There exists ε0 > 0 such that, for all ε ∈ (0, ε0), the following assertions hold true.
There exists a q-times differentiable function

U∞ : O →
(
Td × Rd ×Hs0

⊥,m

)
× Rd × Rd+1

(b, ω) 7→
(
i∞(b, ω), α∞(b, ω), (b, ω)

)
such that in restriction to the Cantor set Gγ∞ defined by

Gγ∞ ≜
⋂
n∈N

Aγn, (8.59)

we have
∀(b, ω) ∈ Gγ∞, F

(
U∞(b, ω)

)
= 0. (8.60)
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The torus i∞ is m-fold and reversible. The vector α∞ ∈W q,∞,γ(O,Rd) satisfies

α∞(b, ω) = Jω + rε(b, ω), ∥rε∥q,γ ≲ εγ−1N qa
0 . (8.61)

In addition, there exists a q-times differentiable function b ∈ (b∗, b
∗) 7→ ω(b, ε) implicitly defined by

α∞
(
b, ω(b, ε)

)
= −JωEq(b) (8.62)

with
ω(b, ε) = −ωEq(b) + r̄ε(b), ∥r̄ε∥q,γ ≲ εγ−1N qa

0 , (8.63)

such that
∀b ∈ Cε

∞, F
(
U∞
(
b, ω(b, ε)

))
= 0, (8.64)

where
Cε
∞ ≜

{
b ∈ (b∗, b

∗) s.t.
(
b, ω(b, ε)

)
∈ Gγ∞

}
. (8.65)

Proof. We deduce from (8.5) and (8.57) that

∥Wn+1 − Wn∥q,γ,ms0 = ∥Hn+1∥q,γ,ms0 ⩽ ∥Hn+1∥q,γ,ms0+σ ⩽ C∗εγ
−1N−a2

n .

Consequently, the sequence (Wn)n∈N converges and we denote

W∞ ≜ lim
n→∞

Wn ≜ (I∞, α∞ − Jω, 0, 0), U∞ ≜
(
i∞, α∞, (b, ω)

)
= U0 + W∞.

The reversibility and m-fold properties of i∞ are obtained as the pointwise limit in (8.10). Now, for
ε small enough, we get (8.60) from (8.11). The identity (8.61) follows from the previous construction
and the corresponding estimate is obtained by taking the limit in (8.3). We recall that the open set
O is defined in (7.3)-(7.4) by

O = (b∗, b
∗)×𝒰 , 𝒰 = B(0, R0), ωEq

(
[b∗, b

∗]
)
⊂ B

(
0, R0

2

)
.

According to (8.61), we have that for any b ∈ (b∗, b
∗), the mapping ω ∈ 𝒰 7→ α∞(b, ω) ∈ α∞(b,𝒰) is

invertible, implying that

ω̂ = α∞(b, ω) = Jω + rε(b, ω) ⇔ ω = α−1
∞ (b, ω̂) = Jω̂ + r̂ε(b, ω̂).

In particular,
r̂ε(b, ω̂) = −Jrε(b, ω).

Then, differentiating the previous relation and using (8.61), we get

∥̂rε∥q,γ ≲ εγ−1N qa
0 . (8.66)

Finally, if we denote

ω(b, ε) ≜ α−1
∞ (b,−JωEq(b)) = −ωEq(b) + rε(b), rε(b) ≜ r̂ε

(
b,−JωEq(b)

)
,

then we have in particular (8.62) and the estimate (8.63) follows from (8.66). In addition, combining
(8.60), (8.62) and (8.65), the indentity (8.64) holds. The proof of Corollary 8.1 is now complete.

8.2 Measure of the final Cantor set

In this last section, we check that the final Cantor set Cε
∞ in the variable b given by (8.65) is massive

set, which proves the existence of non-trivial quasi-periodic solution to our problem. Actually, we
prove that the measure of Cε

∞ is ε-close to (b∗ − b∗). One of the main technical ingredient is the
following Rüssmann Lemma [93, Thm. 17.1].
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Lemma 8.1. Let q0 ∈ N∗ and α, β ∈ R∗
+. Let f ∈ Cq0([a, b],R) such that

inf
x∈[a,b]

max
k∈J0,q0K

|f (k)(x)| ⩾ β.

Then, there exists C = C(a, b, q0, ∥f∥Cq0 ([a,b],R)) > 0 such that∣∣∣{x ∈ [a, b] s.t. |f(x)| ⩽ α
}∣∣∣ ⩽ C α

1
q0

β
1+ 1

q0

,

where the notation |A| corresponds to the Lebesgue measure of a given measurable set A.

Our main result is stated in the next proposition.

Proposition 8.2. Let q0 be defined as in Lemma 4.8 and assume that (8.1) and (8.2) hold with
q = q0 + 1. Assume the additional conditions

τ1 > dq0, τ2 > τ1 + dq0, υ ≜
1

q0 + 3
· (8.67)

Then there exists C > 0 such that

(b∗ − b∗)− Cε
aυ
q0 ⩽

∣∣Cε
∞
∣∣ ⩽ b∗ − b∗.

Proof. The identities (8.65) and (8.59) provide the following decomposition of the final Cantor set

Cε
∞ =

⋂
n∈N

Cε
n, where Cε

n ≜
{
b ∈ (b∗, b

∗) s.t
(
b, ω(b, ε)

)
∈ Aγn

}
, (8.68)

with A
γ
n and ω(b, ε) as in Proposition 8.1 and (8.63). We can write

(b∗, b
∗) \ Cε

∞ =
(
(b∗, b

∗) \ Cε
0

)
⊔

∞⊔
n=0

(
Cε
n \ Cε

n+1

)
. (8.69)

First, let us prove that
(b∗, b

∗) \ Cε
0 = ∅, i.e. Cε

0 = (b∗, b
∗). (8.70)

For this purpose, notice that (8.63) and (8.2) imply

sup
b∈(b∗,b∗)

∣∣ω(b, ε) + ωEq(b)
∣∣ ⩽ ∥rε∥q,γ ⩽ Cεγ−1N qa

0 = Cε1−a(1+qa).

But (8.1) and (8.2) give in particular

0 < a <
1

1 + qa
·

Hence, in view of (7.4), for ε sufficiently small we can ensure

∀b ∈ (b∗, b
∗), ω(b, ε) ∈ 𝒰 = B(0, R0).

By construction of Aγ0 and O, we deduce (8.70). Coming back to (8.69), we find∣∣∣(b∗, b∗) \ Cε
∞

∣∣∣ ⩽ ∞∑
n=0

∣∣∣Cε
n \ Cε

n+1

∣∣∣
≜

∞∑
n=0

Sn. (8.71)

Using the notations of Propositions 7.5 and 7.4, we denote the perturbed frequencies associated with
the reduced linearized operator at state in in the following way

µ
(∞)
j,k,n(b, ε) ≜ µ

(∞)
j,k,n

(
b, ω(b, ε), in

)
= Ωj,k(b) + jr

(0)
k,n(b, ε) + r

(∞)
j,k,n(b, ε), (8.72)
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where

r
(0)
k,n(b, ε) ≜ ck,n(b, ε)− vk(b), ck,n(b, ε) ≜ ck

(
b, ω(b, ε), in

)
, r

(∞)
j,k,n(b, ε) ≜ r

(∞)
j,k

(
b, ω(b, ε), in

)
.

Now, according to (8.68) and Propositions 7.2, 7.5 and 7.6, one has by construction that for any
n ∈ N,

Cε
n \ Cε

n+1 =
⋃

k∈{1,2}
(l,j)∈Zd×Zm\{(0,0)}

|l|⩽Nn

R(0,k)
l,j (in) ∪

⋃
k∈{1,2}

(l,j)∈Zd×(Zm\S0,k)

|l|⩽Nn

R(1,k)
l,j (in)

∪
⋃

k∈{1,2}
(l,j,j0)∈Zd×(Zm\S0,k)2

⟨l⟩⩽Nn
(l,j)̸=(0,j0)

Rk
l,j,j0(in) ∪

⋃
(l,j,j0)∈Zd×(Zm\S0,1)×(Zm\S0,2)

⟨l,j,j0⟩⩽Nn

R1,2
l,j,j0

(in), (8.73)

where we denote for k ∈ {1, 2},

R(0,k)
l,j (in) ≜

{
b ∈ Cε

n s.t.
∣∣∣ω(b, ε) · l + jck,n(b, ε)

∣∣∣ ⩽ 4γυ
n+1⟨j⟩
⟨l⟩τ1

}
,

Rk
l,j,j0(in) ≜

{
b ∈ Cε

n s.t.
∣∣∣ω(b, ε) · l + µ

(∞)
j,k,n(b, ε)− µ

(∞)
j0,k,n

(b, ε)
∣∣∣ ⩽ 2γn+1⟨j−j0⟩

⟨l⟩τ2

}
,

R1,2
l,j,j0

(in) ≜
{
b ∈ Cε

n s.t.
∣∣∣ω(b, ε) · l + µ

(∞)
j,1,n(b, ε)− µ

(∞)
j0,2,n

(b, ε)
∣∣∣ ⩽ 2γn+1

⟨l,j,j0⟩τ2

}
,

R(1,k)
l,j (in) ≜

{
b ∈ Cε

n s.t.
∣∣∣ω(b, ε) · l + µ

(∞)
j,k,n(b, ε)

∣∣∣ ⩽ γn+1⟨j⟩
⟨l⟩τ1

}
.

Since
W q,∞,γ(O,C) ↪→ Cq−1(O,C) and q = q0 + 1,

one obtains for any n ∈ N and for any (k, ℓ) ∈ {1, 2}2, the Cq0 regularity of the curves

b 7→ ω(b, ε) · l + jck,n(b, ε), (l, j) ∈ Zd × Zm\{(0, 0)},

b 7→ ω(b, ε) · l + µ
(∞)
j,k,n(b, ε)− µ

(∞)
j0,ℓ,n

(b, ε), (l, j, j0) ∈ Zd × (Zm \ S0,k)× (Zm \ S0,ℓ),

b 7→ ω(b, ε) · l + µ
(∞)
j,k,n(b, ε), (l, j) ∈ Zd × (Zm \ S0,k).

Therefore, applying Lemma 8.1 together with Lemma 8.4 yields that for all n ∈ N,

∀|j| ⩽ C0⟨l⟩,
∣∣∣R(0,k)

l,j (in)
∣∣∣ ≲ γ

υ
q0 ⟨j⟩

1
q0 ⟨l⟩−1− τ1+1

q0 ,

∀|j| ⩽ C0⟨l⟩,
∣∣∣R(1,k)

l,j (in)
∣∣∣ ≲ γ

1
q0 ⟨j⟩

1
q0 ⟨l⟩−1− τ1+1

q0 , (8.74)

∀|j − j0| ⩽ C0⟨l⟩,
∣∣∣Rk

l,j,j0(in)
∣∣∣ ≲ γ

1
q0 ⟨j − j0⟩

1
q0 ⟨l⟩−1− τ2+1

q0 ,∣∣∣R1,2
l,j,j0

(in)
∣∣∣ ≲ γ

1
q0 ⟨l, j, j0⟩

−1− τ2+1
q0 .

We first estimate the measure of S0 and S1 defined in (8.71). Their estimation cannot be done in a
similar way to the other terms due to the range of validity of the estimate (8.80) obtained later in
the proof of Lemma 8.2. From Lemma 8.3, we have some trivial inclusions allowing us to write for
n ∈ {0, 1},

Sn ≲
∑

k∈{1,2}
(l,j)∈Zd×Zm\{(0,0)}
|j|⩽C0⟨l⟩,|l|⩽Nn

∣∣∣R(0,k)
l,j (in)

∣∣∣+ ∑
k∈{1,2}

(l,j)∈Zd×(Zm\S0,k)

|j|⩽C0⟨l⟩,|l|⩽Nn

∣∣∣R(1,k)
l,j (in)

∣∣∣ (8.75)

+
∑

k∈{1,2}
(l,j,j0)∈Zd×(Zm\S0,k)2

|j−j0|⩽C0⟨l⟩,|l|⩽Nn

(l,j)̸=(0,j0),min(|j|,|j0|)⩽c2γ
−υ
1 ⟨l⟩τ1

∣∣∣Rk
l,j,j0(in)

∣∣∣+ ∑
(l,j,j0)∈Zd×(Zm\S0,1)×(Zm\S0,2)

⟨l,j,j0⟩⩽Nn

∣∣∣R1,2
l,j,j0

(in)
∣∣∣.
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Inserting (8.74) into (8.75) implies that for n ∈ {0, 1},

Sn ≲ γ
υ
q0

∑
(l,j)∈Zd+1

|j|⩽C0⟨l⟩

⟨j⟩
1
q0 ⟨l⟩−1− τ1+1

q0 + γ
1
q0

∑
(l,j)∈Zd+1

|j|⩽C0⟨l⟩

⟨j⟩
1
q0 ⟨l⟩−1− τ1+1

q0

+ γ
1
q0

∑
(l,j,j0)∈Zd+2

|j−j0|⩽C0⟨l⟩
min(|j|,|j0|)⩽c2γ

υ
1 ⟨l⟩τ1

⟨j − j0⟩
1
q0 ⟨l⟩−1− τ2+1

q0 + γ
1
q0

∑
(l,j,j0)∈Zd+2

⟨l, j, j0⟩
−1− τ2+1

q0 .

Notice that the conditions |j − j0| ⩽ C0⟨l⟩ and min(|j|, |j0|) ⩽ c2γ
−υ
1 ⟨l⟩τ1 imply

max(|j|, |j0|) ⩽ min(|j|, |j0|) + |j − j0| ⩽ c2γ
−υ
1 ⟨l⟩τ1 + C0⟨l⟩ ≲ γ−υ⟨l⟩τ1 . (8.76)

Consequently, we have

max
n∈{0,1}

Sn ≲ γ
1
q0

(∑
l∈Zd

⟨l⟩−
τ1
q0 + γ−υ

∑
l∈Zd

⟨l⟩τ1−1− τ2
q0 +

∑
(l,j,j0)∈Zd+2

⟨l, j, j0⟩
−1− τ2+1

q0

)
+ γ

υ
q0

∑
l∈Zd

⟨l⟩−
τ1
q0 .

(8.77)

Observe that (8.67) implies
min

(
υ
q0

1
q0

− υ
)
= υ

q0
.

Now the constraints on τ1 and τ2 listed in (8.67) allow to make the series in (8.77) convergent and
we get

max
n∈{0,1}

Sn ≲ γ
min
(

υ
q0

,
1
q0

−υ
)
= γ

υ
q0 . (8.78)

Let us now move to the estimate of Sn for n ⩾ 2 defined by (8.71). Using Lemma 8.2 and Lemma 8.3,
we infer

Sn ≲
∑

k∈{1,2}
(l,j)∈Zd×Zm\{(0,0)}

|j|⩽C0⟨l⟩,Nn−1<|l|⩽Nn

∣∣∣R(0,k)
l,j (in)

∣∣∣+ ∑
k∈{1,2}

(l,j)∈Zd×(Zm\S0,k)

|j|⩽C0⟨l⟩,Nn−1<|l|⩽Nn

∣∣∣R(1,k)
l,j (in)

∣∣∣
+

∑
k∈{1,2}

(l,j,j0)∈Zd×(Zm\S0,k)2

|j−j0|⩽C0⟨l⟩,Nn−1<|l|⩽Nn

(l,j)̸=(0,j0),min(|j|,|j0|)⩽c2γ
−υ
n+1⟨l⟩

τ1

∣∣∣Rk
l,j,j0(in)

∣∣∣+ ∑
(l,j,j0)∈Zd×(Zm\S0,1)×(Zm\S0,2)

Nn−1<⟨l,j,j0⟩⩽Nn

∣∣∣R1,2
l,j,j0

(in)
∣∣∣.

Similarly to (8.76), we have the implication(
min(|j|, |j0|) ⩽ c2γ

−υ
n+1⟨l⟩

τ1 and |j − j0| ⩽ C0⟨l⟩
)

⇒ max(|j|, |j0|) ≲ γ−υ⟨l⟩τ1 .

Hence, we deduce from (8.74) that for any n ⩾ 2

Sn ≲ γ
1
q0

( ∑
l∈Zd

|l|>Nn−1

⟨l⟩−
τ1
q0 + γ−υ

∑
l∈Zd

|l|>Nn−1

⟨l⟩τ1−1− τ2
q0 +

∑
(l,j,j0)∈Zd+2

⟨l,j,j0⟩>Nn−1

⟨l, j, j0⟩
−1− τ2+1

q0

)
+ γ

υ
q0

∑
l∈Zd

|l|>Nn−1

⟨l⟩−
τ1
q0 .

We deduce that the series of general term Sn converges and

∞∑
n=2

Sn ≲ γ
υ
q0 = ε

aυ
q0 . (8.79)

Inserting (8.78) and (8.79) into (8.71) yields∣∣∣(b∗, b∗) \ Cε
∞

∣∣∣ ≲ ε
aυ
q0 .

This proves the Proposition 8.2.
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We shall now prove Lemma 8.2 and Lemma 8.3 used in the proof of Proposition 8.2.

Lemma 8.2. Let n ∈ N \ {0, 1} and k ∈ {1, 2}. Then the following assertions hold true.

(i) For (l, j) ∈ Zd × Zm with (l, j) ̸= (0, 0) and |l| ⩽ Nn−1, we get R(0,k)
l,j (in) = ∅.

(ii) For (l, j) ∈ Zd × (Zm \ S0,k) with |l| ⩽ Nn−1, we get R(1,k)
l,j (in) = ∅.

(iii) For (l, j, j0) ∈ Zd × (Zm \ S0,k)2 with |l| ⩽ Nn−1 and (l, j) ̸= (0, j0), we get Rk
l,j,j0

(in) = ∅.

(iv) For (l, j, j0) ∈ Zd × (Zm \ S0,1)× (Zm \ S0,2) with ⟨l, j, j0⟩ ⩽ Nn−1, we get R1,2
l,j,j0

(in) = ∅.

(v) For any n ∈ N \ {0, 1},

Cε
n \ Cε

n+1 =
⋃

k∈{1,2}
(l,j)∈Zd×Zm\{(0,0)}

Nn−1<|l|⩽Nn

R(0,k)
l,j (in) ∪

⋃
k∈{1,2}

(l,j)∈Zd×(Zm\S0,k)

Nn−1<|l|⩽Nn

R(1,k)
l,j (in)

∪
⋃

k∈{1,2}
(l,j,j0)∈Zd×(Zm\S0,k)2

Nn−1<|l|⩽Nn

(l,j)̸=(0,j0)

Rk
l,j,j0(in) ∪

⋃
(l,j,j0)∈Zd×(Zm\S0,1)×(Zm\S0,2)

Nn−1<⟨l,j,j0⟩⩽Nn

R1,2
l,j,j0

(in).

Proof. Observe that the point (v) follows immediately from (8.73) and the points (i), (ii), (iii) and
(iv). The points (i), (ii) and (iii) can be proved similarly to [69, Lem. 7.1-(i)-(ii)-(iii)] based on the
following estimate, obtained from (8.8).

∀n ⩾ 2, ∥in − in−1∥q,γ,msh+σ ⩽ ∥Un − Un−1∥q,γ,msh+σ

⩽ ∥Hn∥q,γ,msh+σ

⩽ C∗εγ
−1N−a2

n−1 . (8.80)

We mention that the required constraint on υ stated in (8.67) appears in the skipped proofs. Now it
remains to prove the point (iv).
(iv) Let (l, j, j0) ∈ Zd× (Zm \S0,1)× (Zm \S0,2) such that ⟨l, j, j0⟩ ⩽ Nn−1. It is sufficient to prove that

R1,2
l,j,j0

(in) ⊂ R1,2
l,j,j0

(in−1).

Indeed, if this inclusion holds, then by construction

R1,2
l,j,j0

(in) ⊂
(
Cε
n \ Cε

n+1

)
∩
(
Cε
n−1 \ Cε

n

)
= ∅.

Take b ∈ R1,2
l,j,j0

(in) ⊂ Cε
n ⊂ Cε

n−1. Then coming back to (8.73), we deduce from the triangle inequality
that ∣∣∣ω(b, ε) · l + µ

(∞)
j,1,n−1(b, ε)− µ

(∞)
j0,2,n−1(b, ε)

∣∣∣ ⩽ 2γn+1

⟨l,j,j0⟩τ2 + ϱj,j0,n(b, ε), (8.81)

where
ϱj,j0,n(b, ε) ≜

∣∣∣µ(∞)
j,1,n(b, ε)− µ

(∞)
j0,2,n

(b, ε)− µ
(∞)
j,1,n−1(b, ε) + µ

(∞)
j0,2,n−1(b, ε)

∣∣∣ .
Using the decomposition (8.72), we infer

ϱj,j0,n(b, ε) ⩽ |j|
∣∣∣r(0)1,n(b, ε)− r

(0)
1,n−1(b, ε)

∣∣∣+ |j0|
∣∣∣r(0)2,n(b, ε)− r

(0)
2,n−1(b, ε)

∣∣∣
+
∣∣∣r(∞)

j,1,n(b, ε)− r
(∞)
j,1,n−1(b, ε)

∣∣∣+ ∣∣∣r(∞)
j0,2,n

(b, ε)− r
(∞)
j0,2,n−1(b, ε)

∣∣∣ . (8.82)

Applying (7.36) together with (8.80), (8.2) and the fact that σ4 ⩾ σ3, we obtain∣∣∣r(0)1,n(b, ε)− r
(0)
1,n−1(b, ε)

∣∣∣+ ∣∣∣r(0)2,n(b, ε)− r
(0)
2,n−1(b, ε)

∣∣∣ ≲ ε∥in − in−1∥q,γ,msh+σ3

≲ ε2γ−1N−a2
n−1

≲ ε2−aN−a2
n−1 . (8.83)
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In the same way, we can apply (7.47) together with (8.80) and (8.2) to deduce∣∣∣r(∞)
j,1,n(b, ε)− r

(∞)
j,1,n−1(b, ε)

∣∣∣+ ∣∣∣r(∞)
j0,2,n

(b, ε)− r
(∞)
j0,2,n−1(b, ε)

∣∣∣ ≲ εγ−1∥in − in−1∥q,γ,msh+σ4

≲ ε2γ−2N−a2
n−1

≲ ε2(1−a)⟨l, j, j0⟩N−a2
n−1 . (8.84)

Inserting (8.83) and (8.84) into (8.82) gives

ϱj,j0,n(b, ε) ≲ ε2(1−a)⟨l, j, j0⟩N−a2
n−1 . (8.85)

Now putting together (8.81), (8.85) and the fact that γn+1 = γn − εa2−n−1, we get∣∣∣ω(b, ε) · l + µ
(∞)
j,1,n−1(b, ε)− µ

(∞)
j0,2,n−1(b, ε)

∣∣∣ ⩽ 2γn
⟨l,j,j0⟩τ2 − εa2−n⟨l, j, j0⟩−τ2 + Cε2(1−a)⟨l, j, j0⟩N−a2

n−1 .

Added to the constraint ⟨l, j, j0⟩ ⩽ Nn−1, we obtain

−εa2−n⟨l, j, j0⟩−τ2 + Cε2(1−a)N−a2
n−1 ⩽ εa2−n⟨l, j, j0⟩−τ2

(
− 1 + Cε2−3a2nN−a2+τ2+1

n−1

)
.

Observe that our choice of parameters (8.1) and (8.2) gives in particular

a2 > τ2 + 1 and a < 2
3 ·

Hence, up to taking ε small enough, we infer

∀n ∈ N, −1 + Cε2−3a2nN−a2+τ2+1
n−1 ⩽ 0.

Consequently, ∣∣∣ω(b, ε) · l + µ
(∞)
j,1,n−1(b, ε)− µ

(∞)
j0,2,n−1(b, ε)

∣∣∣ ⩽ 2γn
⟨l,j,j0⟩τ2 ·

This means that b ∈ R1,2
l,j,j0

(in−1). This concludes the proof of Lemma 8.2.

The following lemma provides necessary constraints between time and space Fourier modes so that
the sets in (8.73) are not void.

Lemma 8.3. Let k ∈ {1, 2}. There exists ε0 such that for any ε ∈ [0, ε0] and n ∈ N the following
assertions hold true.

(i) Let (l, j) ∈ Zd × Zm \ {(0, 0)}. If R(0,k)
l,j (in) ̸= ∅, then |j| ⩽ C0⟨l⟩.

(ii) Let (l, j) ∈ Zd ×
(
Zm \ S0,k

)
. If R(1,k)

l,j (in) ̸= ∅, then |j| ⩽ C0⟨l⟩.

(iii) Let (l, j, j0) ∈ Zd × (Zm \ S0,k)2. If Rk
l,j,j0

(in) ̸= ∅, then |j − j0| ⩽ C0⟨l⟩.

(iv) Let (l, j, j0) ∈ Zd × (Zm \ S0,k)2. There exists c2 > 0 such that if min(|j|, |j0|) ⩾ c2γ
−υ
n+1⟨l⟩τ1 , then

Rk
l,j,j0(in) ⊂ R(0,k)

l,j−j0
(in).

Proof. (i) Observe that the case j = 0 is trivial. Now, for j ̸= 0 we assume that R(0,ϵ)
l,j (in) ̸= ∅. Then,

there exists b ∈ (b∗, b
∗) such that

|ω(b, ε) · l + jck,n(b, ε)| ⩽
4γυ

n+1|j|
⟨l⟩τ1 ·

From triangle and Cauchy-Schwarz inequalities, (8.9), (8.2) and the fact that (b, ε) 7→ ω(b, ε) is
bounded, we deduce

|ck,n(b, ε)||j| ⩽ 4|j|γυn+1⟨l⟩−τ1 + |ω(b, ε) · l|
⩽ 4|j|γυn+1 + C⟨l⟩
⩽ 8εaυ|j|+ C⟨l⟩. (8.86)
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Now by construction (7.35), we can write

ck,n(b, ε) = vk(b) + r
(0)
k,n(b, ε).

Remark that by definition (4.13), we have

inf
k∈{1,2}

inf
b∈(b∗,b∗)

∣∣vk(b)∣∣ ⩾ Ω.

Together with (7.12) and Proposition 8.1-(P1)n, this implies

∀q′ ∈ J0, qK, sup
n∈N

sup
b∈(b∗,b∗)

∣∣∂q′b r(0)k,n(b, ε)
∣∣ ⩽ γ−q′ sup

n∈N
∥r(0)k,n∥

q,γ

≲ εγ−q′

≲ ε1−aq′ . (8.87)

Hence, choosing ε small enough implies

inf
k∈{1,2}

inf
n∈N

inf
b∈(b∗,b∗)

|ck,n(b, ε)| ⩾ Ω
2 · (8.88)

Inserting (8.88) into (8.86) yields (
Ω
2 − 8εaυ

)
|j| ⩽ C⟨l⟩.

Thus, selecting ε small enough ensures that |j| ⩽ C0⟨l⟩ for some C0 > 0.

(ii) The case j = 0 is obvious so we may treat the case where j ̸= 0. Assume that R(1,k)
l,j (in) ̸= ∅.

Then, we can find b ∈ (b∗, b
∗) such that∣∣ω(b, ε) · l + µ

(∞)
j,k,n(b, ε)

∣∣ ⩽ γn+1|j|
⟨l⟩τ1 ·

Applying the triangle and Cauchy-Schwarz inequalities together with (8.9) and (8.2) yields∣∣µ(∞)
j,k,n(b, ε)

∣∣ ⩽ γn+1|j|⟨l⟩−τ1 + |ω(b, ε) · l|
⩽ 2εa|j|+ C⟨l⟩. (8.89)

Now coming back to the structure of the eigenvalues in (8.72), then using the triangle inequality, we
infer ∣∣µ(∞)

j,k,n(b, ε)
∣∣ ⩾ |Ωj,k(b)| − |j|

∣∣r(0)k,n(b, ε)
∣∣− ∣∣r(∞)

j,k,n(b, ε)
∣∣. (8.90)

Notice that (7.47) implies

∀q′ ∈ J0, qK, sup
n∈N

sup
b∈(b∗,b∗)

sup
j∈S0,k

∣∣∂q′b r(∞)
j,k,n(b, ε)

∣∣ ⩽ γ−q′ sup
n∈N

sup
j∈S0,k

∥r(∞)
j,k,n∥

q,γ

≲ εγ−q′−1

≲ ε1−a(q′+1). (8.91)

Gathering (8.90), Lemma 4.6-3, (8.87) and (8.91), we obtain∣∣µ(∞)
j,k,n(b, ε)

∣∣ ⩾ Ω|j| − Cε1−a|j|. (8.92)

Inserting (8.92) into (8.89) yields (
Ω− Cε1−a − 2εa

)
|j| ⩽ C⟨l⟩.

Hence, taking ε small enough we obtain |j| ⩽ C0⟨l⟩, for some C0 > 0.

(iii) Notice that for j = j0 we have Rk
l,j0,j0

(in) = R(0,k)
l,0 (in). Hence this situation has already been

100



studied in the first point. Therefore, we shall consider j ̸= j0. Let us assume that Rl,j,j0(in) ̸= ∅. We
can find b ∈ (b∗, b

∗) such that∣∣ω(b, ε) · l + µ
(∞)
j,k,n(b, ε)− µ

(∞)
j0,k,n

(b, ε)
∣∣ ⩽ 2γn+1|j−j0|

⟨l⟩τ2 ·

Using one more time the triangle and Cauchy-Schwarz inequalities together with (8.9) and (8.2), we
infer ∣∣µ(∞)

j,k,n(b, ε)− µ
(∞)
j0,k,n

(b, ε)
∣∣ ⩽ 2γn+1|j − j0|⟨l⟩−τ2 + |ω(b, ε) · l|
⩽ 2γn+1|j − j0|+ C⟨l⟩
⩽ 4εa|j − j0|+ C⟨l⟩.

On the other hand, the triangle inequality, Lemma 4.6-5, (8.87) and (8.91) give for ε small enough∣∣µ(∞)
j,k,n(b, ε)− µ

(∞)
j0,k,n

(b, ε)| ⩾ |Ωj,k(b)− Ωj0,k(b)| −
∣∣r(0)k,n(b, ε)

∣∣|j − j0| −
∣∣r(∞)

j,k,n(b, ε)
∣∣− ∣∣r(∞)

j0,k,n
(b, ε)

∣∣
⩾
(
c− Cε1−a

)
|j − j0|

⩾ c
2 |j − j0|.

Putting together the foregoing inequalities yields(
c
2 − 4εa

)
|j − j0| ⩽ C⟨l⟩.

Thus, for ε sufficiently small, we get |j − j0| ⩽ C0⟨l⟩, for some C0 > 0.
(iv) Observe that the case j = j0 is trivial, so we may restrict our discussion to the case j ̸= j0.

Now, according to the symmetry property µ
(∞)
−j,k,n(b, ε) = −µ(∞)

j,k,n(b, ε) we can assume, without loss of

generality that 0 < j < j0. Take b ∈ Rk
l,j,j0

(in). Then by definition, we have∣∣ω(b, ε) · l + µ
(∞)
j,k,n(b, ε)± µ

(∞)
j0,k,n

(b, ε)
∣∣ ⩽ 2γn+1⟨j±j0⟩

⟨l⟩τ2 · (8.93)

Recall from (4.13) and (4.29) the decompositions for j > 0,

vk(b) = Ω + (2− k)
1− b2

2
,

Ωj,k(b) = jvk(b) +
(−1)k

2
+ (−1)k+1rj(b).

Therefore, by the triangle inequality, we get∣∣ω(b, ε) · l + (j ± j0)ck,n(b, ε)
∣∣ ⩽ ∣∣ω(b, ε) · l + µ

(∞)
j,k,n(b, ε)± µ

(∞)
j0,k,n

(b, ε)
∣∣+ 1

2(1± 1)

+
∣∣rj(b)± rj0(b)

∣∣+ ∣∣r(∞)
j,k,n(b, ε)± r

(∞)
j0,k,n

(b, ε)
∣∣. (8.94)

First, it is obvious that
1± 1 ⩽ ⟨j±j0⟩

j · (8.95)

Second, the estimate (4.30) implies in particular∣∣rj(b)± rj0(b)
∣∣ ⩽ C

(
|j|−1 + |j0|−1

)
⩽ C ⟨j±j0⟩

j · (8.96)

Third, the estimate (7.47) together with (8.2) give∣∣r(∞)
j,k,n(b, ε)± r

(∞)
j0,k,n

(b, ε)
∣∣ ⩽Cε1−a

(
|j|−1 + |j0|−1

)
⩽C ⟨j±j0⟩

j · (8.97)
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Gathering (8.93), (8.94), (8.95), (8.96) and (8.97) yields∣∣ω(b, ε) · l + (j ± j0)ck,n(b, ε)
∣∣ ⩽2γn+1⟨j±j0⟩

⟨l⟩τ2 + C ⟨j±j0⟩
j ·

Hence, using the assumptions j ⩾ C
2 γ

−υ
n+1⟨l⟩

τ1 and τ2 > τ1, we infer∣∣ω(b, ε) · l + (j ± j0)ck,n(b, ε)
∣∣ ⩽ 4γυ

n+1⟨j±j0⟩
⟨l⟩τ1 ·

This gives the desired result and ends the proof of Lemma 8.3, up to defining c2 ≜ C
2 ·

The next and last lemma is concerned by the transversality property of the perturbed frequency
vector ω(b, ε) given by Corollary 8.1.

Lemma 8.4. Let q0, C0 and ρ0 as in Lemma 4.8. There exist ε0 > 0 small enough such that for any
ε ∈ [0, ε0] the following assertions hold true.

(i) For all l ∈ Zd \ {0}, we have

inf
b∈[b∗,b∗]

max
q′∈J0,q0K

∣∣∂q′b (ω(b, ε) · l)
∣∣ ⩾ ρ0⟨l⟩

2 ·

(ii) For all (l, j) ∈ Zd × Zm \ {(0, 0)} such that |j| ⩽ C0⟨l⟩, we have

∀n ∈ N, inf
b∈[b∗,b∗]

max
q′∈J0,q0K

∣∣∣∂q′b (ω(b, ε) · l + jck,n(b, ε)
)∣∣∣ ⩾ ρ0⟨l⟩

2 ·

(iii) For all (l, j) ∈ Zd × (Zm \ S0,k) such that |j| ⩽ C0⟨l⟩, we have

∀n ∈ N, inf
b∈[b∗,b∗]

max
q′∈J0,q0K

∣∣∣∂q′b (ω(b, ε) · l + µ
(∞)
j,k,n(b, ε)

)∣∣∣ ⩾ ρ0⟨l⟩
2 ·

(iv) For all (l, j, j0) ∈ Zd × (Zm \ S0,k)2 such that |j − j0| ⩽ C0⟨l⟩, we have

∀n ∈ N, inf
b∈[b∗,b∗]

max
q′∈J0,q0K

∣∣∣∂q′b (ω(b, ε) · l + µ
(∞)
j,k,n(b, ε)− µ

(∞)
j0,k,n

(b, ε)
)∣∣∣ ⩾ ρ0⟨l⟩

2 ·

(v) For all (l, j, j0) ∈ Zd × (Zm \ S0,1)× (Zm \ S0,2), we have

∀n ∈ N, inf
b∈[b∗,b∗]

max
q′∈J0,q0K

∣∣∣∂q′b (ω(b, ε) · l + µ
(∞)
j,1,n(b, ε)− µ

(∞)
j0,2,n

(b, ε)
)∣∣∣ ⩾ ρ0⟨l,j,j0⟩

2 ·

Proof. The points (i), (ii), (iii) and (iv) are obtained following closely [69, Lem. 7.3]. The estimates
are obtained by a perturbative argument from the equilibrium transversality conditions proved in
Lemma 4.8-1-2-3-4. Therefore, it remains to prove the point (v).
(v) Using the decompositions (7.35)-(7.46)-(8.63) together with (8.87), (8.91) and Lemma 4.8-5, we
get for ε sufficiently small

max
q′∈J0,q0K

∣∣∣∂q′b (ω(b, ε) · l +µ
(∞)
j,1,n(b, ε)− µ

(∞)
j0,2,n

(b, ε)
)∣∣∣ ⩾ max

q′∈J0,q0K

∣∣∣∂q′b (ωEq(b) · l +Ωj,1(b)− Ωj0,2(b)
)∣∣∣

− max
q′∈J0,qK

∣∣∣∂q′b (rε(b) · l + jr
(0)
1,n(b, ε)− j0r

(0)
2,n(b, ε) + r

(∞)
j,1,n(b, ε)− r

(∞)
j0,2,n

(b, ε)
)∣∣∣

⩾ ρ0⟨l, j, j0⟩ − Cε1−a(1+q+qa)⟨l, j, j0⟩ − Cε1−a(1+q)⟨l, j, j0⟩

⩾ ρ0⟨l,j,j0⟩
2 ·

This ends the proof of Lemma 8.4.
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[51] C. Garćıa, S. V. Haziot, Global bifurcation for corotating and counter-rotating vortex pairs,
arXiv:2204.11327.

[52] C. Garc̀ıa, T. Hmidi, J. Soler, Non uniform rotating vortices and periodic orbits for the two-
dimensional Euler Equations. Archive for Rational Mechanics and Analysis 238 (2020), 929–
1085.
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