Boundary effects on the emergence of
quasi-periodic solutions for Euler equations
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Abstract

In this paper, we highlight the importance of the boundary effects on the construction of quasi-
periodic vortex patches solutions close to Rankine vortices and whose existence is not known in the
whole space due to the resonances of the linear frequencies. Availing of the lack of invariance by
radial dilation of Euler equations in the unit disc and using a Nash-Moser implicit function iterative
scheme we show the existence of such structures when the radius of the Rankine vortex belongs to
a suitable massive Cantor-like set with almost full Lebesgue measure.
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1 Introduction
We consider the Euler system set in a domain D C R? written in the velocity-vorticity formulation

Ow+v-Vw=0 inRy xD
v=Viw (1.1)
w(0,) =wo in D

where V+ = (—0s,0,). Here, we are particularly interested in the cases where D is the full plane,
D = R?, or the unit disc D =D := {(:L’l, 1) €R? st 2?43 < 1}. First consider the whole space

dynamics. In this case, the stream function is given by

Vw e R, W(t,w) = % /RQ log (Jw — &|)w(t, §)dA(€),

where dA is the planar Lebesgue measure. The global existence and uniqueness for weak solutions
bounded and integrable follows from Yudovich’s theory [64]. In particular, if the initial datum is a
vortex patch, that is, the characteristic function of a smooth bounded planar domain Dy, then the
solution keeps a patch form 1p, for any time ¢ > 0, where D, is the transported domain Dy by the
flow map associated to v, namely

Dt = ¢t(DO)7 at‘I%(a:) = V(t, ¢t<$)), ‘I’o = IdR2.

The persistence of the regularity of the boundary was proved in [I7, 22]. Notice that any radial profile
generates a stationary solution. It is a classical fact to look for periodic or quasi-periodic solutions
close to these equilibrium state solutions for Hamiltonian systems like . A particular class of
periodic solutions is given by the rigid body rotating vortex patches around the origin described by

Dy = " Dy,

where € is the time independent angular velocity. Such solutions are called V-states according to
the terminology introduced by Deem and Zabusky in [25]. The first explicit example, discovered by
Kirchhoff in [50], is the ellipse which rotates about its center of mass with the constant angular velocity

B ab
- (a+b)?’

where a and b are the semi-axes of the ellipse. Further families of implicit solutions with higher
symmetries were established by Burbea in [20] using local bifurcation tools and complex analysis.
More precisely, he proved the existence of branches of m-fold rotating solutions bifurcating from the
discs at angular velocities

m—1

Notice that the mode m = 1 corresponds to a translation of the trivial solution and the second branch,
emerging at 2o = i, describes the Kirchhoff ellipses. Moreover, all the bifurcation angular velocities
Qn, are in the range (0, %) Outside this interval, the only uniformly rotating solutions are the radial
ones, as proved in the series of papers [30, 34, [40]. The boundary regularity was first discussed in
[211 [38,145] and the global bifurcation diagram was studied in [38]. Note also that countable branches of
rotating patches bifurcating from the ellipses at implicit angular velocities were found in [42], however,
the shapes have in fact less symmetry and being at most two-folds. It is worthy to point out that
Burbea’s approach has been extended in the past few years to different topological structures for the

V-states and for various nonlinear transport equations. For instance, we mention the existence results



for the multiply-connected patches [41l 43, [46] or the multipole vortex patch patches obtained by
desingularization of the point vortex system [32] 33, 35 39 44]. Let us now turn to the case where
Euler equations are set in the unit disc. In this setting, the stream function W solves the following
Dirichlet problem in the unit disc D
{ AV =w
¥sp = 0.

Thus, by using the Green function of the unit disc, we get the expression

1 _
Vw e D, \Il(t,w):4/log (’1“’ 2
™ JD — w

The theory of weak solutions and vortex patches is still valid in this context and the persistence of
the boundary regularity of vortex patches remains true, as proved in [26]. The existence of V-states
close to the discs bD (b € (0,1)), also called Rankine vortices, were obtained in [36]. These curves of
solutions have m-fold symmetry, perform a uniform rotation and emerge at the angular velocities

2
> w(t,£)dA(E). (1.3)

m— 14 p*™
Qm(b) = — om0 M > 1. (1.4)
It is of paramount importance to highlight different boundary effects observable at this periodic level.
First, Burbea’s frequencies ([1.2)) are shifted to the right, implying in particular that the 1-fold patches,
which are not centered at the origin, are no longer associated to the trivial solution. Second, the nu-

merical observations in [36] show that the bifurcation curves have oscillations.

The purpose of the current paper is to prove the existence of time quasi-periodic patch structures
close to Rankine vortices. Remind that a function f : R — R is said to be quasi-periodic if there exist
a frequency vector w € R? (d € N*) which is non-degenerate, that is

VieZ4\ {0}, w-1#0 (1.5)
and a function F : T — R, where T¢ denotes the flat torus of dimension d, such that
VteR, f(t)=F(wt).

Remark that the case d = 1 corresponds to the definition of periodic functions with frequency w € R*.
The variable of F living in T? is denoted . The existence of quasi-periodic vortex patch solutions
has been initiated very recently in [I5], 37, 47] using KAM techniques and Nash-Moser theory. We
emphasize that in the papers [37, [47], respectively devoted to the generalized surface quasi-geostrophic
equations and quasi-geostrophic shallow-water equations, the authors proved the existence of quasi-
periodic patches close to Rankine vortices for suitable selected values of the exterior parameters offered
by the equations. The situation for Euler equations in the whole plane is quite delicate and the search
of quasi-periodic solutions near the discs is not clear due to the resonances of the linear frequencies
and the absence of an exterior parameter. However, in [I5], the authors show the existence of
quasi-periodic solutions for Euler equations close to the ellipses and the parameter used there is the
aspect ratio of the ellipse. In the same spirit, we aim here to take advantage of the lack of invariance by
radial dilation to create a natural geometrical parameter b describing a family of stationary solutions.

Before stating our main theorem, we shall briefly recall some results related to the use of KAM
theory in PDE. Notice that KAM theory is named after Kolmogorov [54], Arnold [2] and Moser [56]
works where they proved, for both the analytic and the finitely many differentiable cases, the persis-
tence of invariant tori supporting quasi-periodic motions under a small perturbation of integrable finite
dimensional Hamiltonian systems. We mention that in the differentiable case, Moser used a modified
version of a regularizing Newton method developed by Nash for the isometric embedding problem [57];
commonly known as Nash-Moser scheme. KAM theory was extended and refined for several Hamilto-
nian PDE with small divisors problems. For instance, it has been implemented for the 1-d semilinear



wave and Schrodinger equations in several papers [19] 23] 24, [5T), 58], 59, 63]. Many results were also
obtained for semi-linear perturbations of PDE [9] 10, [I8] 27 31l [49] 52| [53], 55]. However the case of
quasi-linear or fully nonlinear perturbations were explored in [4 [5, [6l 1T], 12 29]. Many interesting
results have also been obtained in the past few years on the periodic and quasi-periodic settings for
the water-waves equations as in [I} B 13| 14 [16] 48] 60]. Very recently, a quasi-periodic forcing term
was used in [7] to generate quasi-periodic solutions for 3D Euler equations. In the current context,
we have no any forcing to use, and we rather use the internal structure to find quasi-periodic solutions.

We shall now present the main result of this work and discuss the key ideas of its proof. We first
consider a polar parametrization of a patch boundary close to the stationary solution b, namely

2(t,0) = R(b,t,0)e’, R(b,t,0) = /b + 2r(t,6).

The quantity of interest is the radial deformation r assumed to be of small size. We emphasize that our
ansatz is slightly different from the one in the papers [15] [37, [47] where the parametrization is written
in a rotating frame with an angular velocity €2 to remedy to the degeneracy of the first frequency. This
is not the case in our context due to the non-degeneracy of the first frequency according to . As
explained in Lemma [2.T] and Proposition [2.1] the radial deformation solves a non-linear and non-local
transport PDE which admits a Hamiltonian formulation in the form

Or = —19yVE(r), (1.6)

where E is the kinetic energy related to the stream function given by ([L.3]). In view of Lemma
the linearized operator at a state r close to the Rankine patch D takes the form

L, =8+ (V 4L, — sr), (1.7)

where

2
‘/;‘<b7 tv 0) = _% /T EZEZ:izzg dn - R(b{tﬂ) /ﬂ‘log (A'r(bv t? 97 77))877 (R(ba tv 77) Sin(n - 9))d77
- m /1; lOg (Br(ba ta 0> 77))877 (R(b7 ta 77) Sin(77 - 0))d777

L, is a non-local operator in the form

LT(p)(b,t,Q):/p(t,n)log (Ap(b,t,0,m))dn, Aq(b,t,0,n) = \R(b,t,e)ei"—R(b,t,n)ein\
T

and S, is a smoothing non-local operator in the form

S,(p)(b, t,0) = / p(t,n)log (B,(b,t,0,n))dn, B.(b,t,0,n) =|1— R(b,t,0)R(b,t,n)e'"=9|.
T

The operator L, is of order zero and reflects the planar Euler action. Moreover, we observe two
boundary effects of ID. The first one is quasi-linear in the transport part through the last term of V.,
but with a smoothing action. The second one is given by the operator S, which is smoothing since it
involves a smooth kernel. At the equilibrium state » = 0, the linearized operator is a Fourier multiplier
given by

Lo=0 + %89 + OQICL(, * - — 39/C27b *

where

Kip(8) = %log (sin2 (g) ) and Ky ,(6) = log (|1 _ erie‘)_

Notice that the convolution with the kernel 0pKyp is exactly the Hilbert transform in the periodic
setting. From direct computations, we may show that the kernel of Lg is given by the set of functions

in the form
(t,0) — Z rjei(ﬂ’—ﬂj(b)t)’
JEL*



where

Vi e Z\{0}, Q;(b) = 2920 (|| — 1 4 p?]), (1.8)

where we denote by sgn the sign function. Notice that here and in the sequel, we shall use the notation
N=1{0,1,2,...} and N*={1,2,...}.
Consider a finite number of Fourier modes
S={j1,...,ja} CN* with 1<j;1 <...<jag, (d€N").

Then, from Proposition we deduce that, for any 0 < by < by < 1, for almost all b € [bo, b1], any
function in the form

r:(t,0)— er cos(j0 — Q;(b)t), rjeR

jes

is a quasi-periodic solution with frequency wgq(b) = (€2;(b))jes of the equation Lyr = 0 which is
reversible, namely r(—t, —0) = r(t,0). The measure of the Cantor set in b generating these solutions is
estimated using Rissemann Lemma [3.6] requiring a lower bound on the maximal derivative of a given
function up to order gg. In our case, the value of qq is explicit, namely gy = 2j4 + 2 which is due to
the polynomial structure of the §2;(b). The aim of this work is to prove that these structures persist
at the non-linear level, more precisely, our main result reads as follows.

Theorem 1.1. Let 0 < by < by <1, d € N* and S C N* with |S| = d. There exists g € (0,1) small
enough with the following properties : For every amplitudes a = (a;)jes € (Ri)d satisfying

’a‘ g €0,
there exists a Cantor-like set Coo C (bo,b1) with asymptotically full Lebesgue measure as a — 0, i.e.
lim |Coo| = b1 — bo,
a—0

such that for any b € Coo, the equation (L.6) admits a time quasi-periodic solution with diophantine
frequency vector wpe(b, a) := (w;(b,a))jes € R and taking the form

r(t,0) = Z a; cos (j6 + w;(b,a)t) + p(wpe(b, a)t,0),
JEeS

with
wpe(b, @) m (—€;(b))jess

where Q;(b) are the equilibrium frequencies defined in (1.8]) and the perturbation p : T4 5 R is an
even function satisfying

HPHHS(WH,R) . o(lal)
for some large index of reqularity s.

We shall now sketch the main steps used to prove the previous theorem. First remark that small
divisors problems already appear in the proof of Proposition [3.1]to find quasi-periodic structures at the
linear level from the equilibrium. We can invert the linearized operator at the equilibrium with some
fixed loss of regularity. Hence, we need to use a Nash-Moser scheme to find quasi-periodic solutions
for the non-linear model. To do so, we must invert the linearized operator in a neighborhood of the
equilibrium state. Since £, has non constant coefficients, the task is more delicate. The basic idea
consists in diagonalizing, namely to conjugate to constant coefficients operator. Actually, we may
follow the procedure presented in [I1], slightly modified in [37, [47], where the dynamics is decoupled
into tangential and normal parts. On the tangential modes, we introduce action-angles variables (I, )



allowing to reformulate the problem in terms of embedded tori. More precisely, we shall look for the
zeros of the following functional

w - O,9(p) — v — 0P (i())
Fli,a,b,w,e) = w - OpI(p) 4+ €0y Pe(i(p))
w - 9pz(p) — Og[L(D)2() + eV Pe(i(p))]

It turns out that it is more convenient to introduce one degree of freedom through the parameter
« which provides at the end of the scheme a solution for the original problem when it is fixed to
—wpq(b). Given any small reversible embedded torus ig : ¢ — (9o(¢), Io(®), 20(¢)) and any ag € R?,
conjugating the linearized operator d; oF (ig, o) via a suitable linear diffeomorphism of the toroidal
phase space T? x R? x L? | we obtain a triangular system in the action-angle-normal variables up to
error terms. To solve the triangular system, we only have to invert the linearized operator in the
normal directions, which is denoted by L,. This is done using KAM reducibility techniques in a
similar way to [3, 16}, 37, 47]. According to Proposition we can write

Lo =TI, (Lo — cO)R)TIE,,

where HSJ-O is the projector in the normal directions, R is an integral operator and L., is defined by
(1.7). First, following the KAM reducibility scheme in [7, 28] [47], we can reduce the transport part
and the zero order part by conjugating by a quasi-periodic symplectic invertible change of variables
in the form

Bp(, ,0) = (1 + 0p B, 5 9))0(% ©, 0+ B, ¢, 0)).

More precisely, as stated in Proposition we can find a function V;>° = V;-Cox’(b,w) and a Cantor set

0L (o) = N {(b,w) €0 st |w-l+jV2(bw)| > 4Zl>r<f>}

(1,5)€24 xZ\{(0,0)}
[l|[<Nn

in which the following decomposition holds
B Loy B =w-0p+ ViCOp + 0Ky % - — 0pKop * - + 0pRer + Ep,

where R., is a real and reversibility preserving Toeplitz in time integral operator enjoying good
smallness properties. The operator EV is an error term of order one associated to the time troncation
of the Cantor set O}, (7). Notice that N,, is defined by

3\n
Ny =N with Ny > 1.
Then, we project in the normal directions by considering the operator
#, =g P, .

Y71

Therefore, in view of Proposition we obtain the following decomposition in O (o)
BT, B) = w0y + Do+ R+ El = Ly +E),

where %) = (iug(b,w))jegg is a diagonal and reversible operator and %y = H§0%0H§0 is a real and
reversible Toeplitz in time remainder integral operator in O P.S™> in space and satisfying nice smallness
properties. The term E. plays a similar role as the previous one E). The next goal is to reduce the
remainder term Z%. For this aim, we implement a KAM reduction process in the Toeplitz topology
as in [47, Prop. 6.5]. The result is stated in Proposition and provides two operators ®,, and
Do = (ip5°(b,w))jesg, with P a diagonal and reversible operator whose spectrum is described by

VieSs,  pu(b,w) =Q;(b) 45 (Vit(b,w) — 3) + r°(b,w),



such that in the Cantor set

o) = () {Gw) €0t st |wel+pFbw) - pXb.w)| > 20
(1,3,30) €24 % (8§)?

(1,3—30)<Nn
(4,9)7#(0,30)

the following decomposition holds
O] Lo = w0y + Do +E2 = Lo +E2.

Now, we can invert the operator %, when the parameters are restricted to the Cantor set

MG = () {bw) €0 st fwl+pFbw)] > FE T
(L,5) €zt xs§
[LI<Nn

Therefore, we are able to construct an approximate right inverse of Ew in the Cantor set
Gnlio) = OLT(i0) N OLT ™ (i0) N ALT, (io)-

We refer to Proposition [6.5|for more details. Now we can implement a Nash-Moser scheme in a similar
way to [16l 87, [47] to find a solution (b,w) > (iso(b,w), aeo(b,w)) to the equation F(i,,b,w,e) =0
provided that the parameters (b, w) are selected among a Cantor set Gd, which is constructed as the
intersection of all the Cantor sets appearing in the scheme to invert at each step the linearized operator.
To find a solution to the original problem we construct a frequency curve b — w(b, ) implicitly defined
by solving the equation

Qoo (b,w(b,€)) = —wrq(b).

Hence, we obtain the desired result for any value of b in the Cantor set
cc, = {b € (bo,b1) sit. (b,w(b,e)) e ggo}.

Then, it remains to check that this set is non-trivial. This is done by estimating its measure using
perturbed Riissemann conditions from the equilibrium. In Proposition we find a lower bound for
the measure of CS_, namely

|CE.| > (by — by) — C<°  for some & = §(qo, d, 1, 72) > 0.

Notations. Along this paper we shall make use of the following parameters and sets.

e We denote by
N:={0,1,---}, Z:={--,-1,0,1,---}

the set of natural numbers and the set of integers, respectively, and we set
N* := N\{0}, 7" :=7Z\{0}.

e The integer d is the number of excited frequencies that will generate the quasi-periodic solutions.
This is the dimension of the space where lies the frequency vector w € R? that will be a
perturbation of the equilibrium frequency wgq(b), defined by (3.28)).

e The real numbers by and by are fixed such that
0<by<b <1.

The parameter b is the radius of the disc corresponding the the equilibrium state and lies in the
interval (bo, b1). However at the end it will belong to a Cantor set for which invariant torus can
be constructed.



e Since the application b + wgy(b) is continuous then wyq ([bo, b1]) is a compact subset of R%. In
particular, there exists Ry > 0 such that

WEq ((bo, bl)) CU = B(O, Ro).
We also consider O the open bounded subset of R defined by

O .= (bo,bl) X U. (19)

e The integer ¢ is the index of regularity of our functions/operators with respect to the parameters
b and w. It is chosen as
q:=qo+1,

with go being the non-degeneracy index provided by Lemma which only depends on the
linear unperturbed frequencies.

e The real parameters «, 71 and 75 satisfy
0<y<l, To>mn>d (1.10)

and are linked to different Diophantine conditions, see for instance Propositions and[6.4] The
choice of 71 and 19 will be finally fixed in . We point out that the parameter v appears in
the weighted Sobolev spaces and will be fixed in Proposition with respect to the rescaling
parameter € giving the smallness condition of the solutions around the equilibrium.

e The real number s is the Sobolev index regularity of the functions in the variables ¢ and 6. The
index s will vary between sg and S,

S>s>s0> 44 g42, (1.11)
where S is a fixed large number.
e For a given continuous complex function f: T" — C, n > 1, T := R/27Z, we denote by

1

- f(x)dx = (27T)n/[o,27r]n f(x)dzx. (1.12)

e We denote by (ey,;)(; j)ezexz the Hilbert basis of the L2(T, C),

ej(p,0) := lbeti?)

and we endow this space with the Hermitian inner product

(P1:P2) 2 (a1 ¢ =/ p1(p, 0)p2(p, 0)dpd?. (1.13)

Td+1

2 Hamiltonian reformulation

In this section, we shall write down the equation governing the boundary dynamics. For that purpose,
we shall consider a polar parametrization of the boundary and see that the radial deformation in there
is subject to a non-linear and non-local Hamiltonian equation of transport type.



2.1 Equation satisfied by the radial deformation of the patch

Given b € (0,1), consider a vortex patch ¢t — 1p,, near the Rankine vortex 1;p with a smooth
boundary whose polar parametrization is given by

D=

2(t,0) = (b* +2r(t,0)) el (2.1)

where r is the radial deformation assumed to be small, namely |r(¢,6)| < 1. In the sequel, we shall
frequently use the following notations

R(b,1,0) == (0% + 2r(t,0))% . (2.2)
Ap(b,t,0,m) 1= |R(b,1,0)e” — Rb,t, e, (23)
B, (b,t,0,7) = ‘1 ~ R(b.t, G)R(b,t,n)ei("_e)‘ . (2.4)

The equation satisfied by r is given by the following lemma.

Lemma 2.1. For short time T > 0, the radial deformation r, defined through (2.2)), satisfies the
following nonlinear and nonlocal transport PDE:

Y(t,0) € [0, T) x T, 0r(t,0)+ Fp[r](t,0) =0, (2.5)

where
Fy[r] := = Fplr] = Fy[r] + F[r], (2.6)
Filr] = our(.0) [ faltian, @)

log (A, (b,t,6,1)) 33, (R(b, t,0)R(b, ¢, 1) sin(y — 9)>d77, (2.8)

R = [
Fi = |

where R(b,t,0), A.(b,t,0,n

=

log (B (b, t,0,1)) 05, ( fpe sin(y - 0) ) dn, (2.9)

=

~—

and By (b,t,0,n) are given by (2.2))-(2.4).

Proof. We start with the vortex patch equation. Denoting n the outward normal vector to the bound-
ary of the patch, the evolution equation of the boundary can be written as

Bz(t,0) - n(t, 2(t,0)) = —3pB(t, 2(t,0)).

For a detailed proof see for instance [45, p.174]. We shall identify C with R2. In particular, the
Euclidean structure of R? is seen in the complex sense through the usual inner product defined for all
z1=a1+1by GCand22:a2+ib2€(be

2129 1= <Z1, Z2>R2 = Re (2172) = ajas + b1bo. (2.10)

Since n(t, z(t,0)) = —i0yz(t, ) (up to a real constant of renormalization) then the complex formulation
of the vortex patch equation is given by

Im (8tz(t, Q)W) = 0pW(t, 2(t,0)).
Using the parametrization , one easily checks that
Im <6tz(t, 9)W) — O (t,0).
Thus, the vortex patch equation writes in the following way

Oy (t,0) + g (L, 2(t, 0)) = 0. (2.11)



Now we shall compute 9p¥(t, z(¢,0)). Using complex notations, we have
BpW(t, 2(t,0)) = VE(t, 2(t,0)) - Dyz(t, 0) = 2Re (%w(t, z(t,H))agz(t,9)> . (2.12)

Recall, from (|1.3)), that the stream function ¥ writes

vweD, ¥(tw) =1+ /D log (|w — &*)dA(E) — = /D log ([&w — 1]*)dA(€).
Let € > 0. We set
f(€.8) = €~ ) [log (I — wf +€) — 1] = € = 1) [log (11 - wEP?) - 1).

Then

Oefe(,€) =log (Jw — &[> +¢) — —log (|gw — 1J).

Using the complex version of Stokes’ Theorem,

/&fESEdA / f(€ B)ie,

¢
w &> +e

then passing to the limit as € goes to 0 we obtain

T(tw) = L /8Dt(§—w)[log(\§—w| ) 1) - & /E’Dt (€ 1) [1og (11 — wE?) 1] de.

Performing the change of variables £ = z(t,7), given by (2.1, and using the notation ([1.12]) we can
write

W(t,w) = & [ (260) ~ ) log (=(t. ) — wl) 1] 0,2t
—411/T( 2(t,n) — £) [Tog (11 = w2(t, n)?) — 1)0y2(t, mdn.

It follows that
O (1, w) = — % /T log (|2(t, 1) — w[2) By2(t, n)dn
. 1 ) (2.13)
_ 1 Y%
4i /']T ( (t 77) U)) [Z(t, + wi| 87]Z(t7n)d7]

Direct computations lead to

[W}%Z(t, n) =9y [bg (|=(t,m) - %\2) +log (\w|2)} (E(t,n) _ %) _ 0,5t ).

Inserting this identity into (2.13]), integrating by parts, using the morphism property of the logarithm
and the periodicity imply

O (1, w) = — 1 / log (|2(t,n) — w]?) By=(t, n)dn

tog (11— w=(t, m)|?) 042 (t,m) —y (2.14)

_ 1
4i

.4\,;%\

1
Z(t,m)0y2(t, n)%dn-

As a consequence, one gets

2Re(%@(t, 2(t,0))097(t, e)) = —1 [ log (|2(t,n) — 2(t,0)|%) Tm (9, 2(t, 1) pZ(t, 0) iy

0pZ(t,0)
=(t,0)2 >d77

log (|1 —Z(t,0)z(t, 77)|2) Im (8772@, n)

el

_|_
— —



That is, by ,
oW (t,2(t,0) = —3 / log (|2(t,n) — 2(t,0)[?) 8§nlm(z(t, n)z(t,0))dn

T
+;/T10g(1—z<t 0)=(t,n)P) 8§nlm<z$:;];>dn
39?(75 0

From (2.1) we immediately get

Im(z(t,n)z(t,0)) = R(b,t,0)R(b,t,n) sin(n — 6),
z(t,n)\ _ R(b,t,0)
Im(z(t, 9)) Rib,t,7) "m0 =0);
z 2
Im <z(t,77)87,z(t,77) 32( t“g;’)) _ Zzﬁzig Dyr(t,0) — Dyr(t, ).

Combining the last four identities with (2.11)) and using the notations (2.1)-(2.4) we conclude the
desired result.

O
We look for time quasi-periodic solutions of ; that are functions in the form
7(t,0) = r(wt,0),
where r = r(p,0) : T - R, w € R, d € N*. With this ansatz, the equation (2.5) becomes
w - Oypr(p,0) + Fy[r](¢,0) = 0. (2.15)

2.2 Hamiltonian structure

In this section, we show that the contour dynamics equation (2.5 has a Hamiltonian structure related

to the kinetic energy
1

2 Dy

E(r)(t) =

which is a conserved quantity for (1.1). It is well-known that the bidimensional Euler equations
admits a Hamiltonian structure and we shall see here that such structure still persists at the level of
the boundary equation, which is a stronger formulation.

W(t,z)dA(z), (2.16)

Proposition 2.1. The equation (2.5)) is a Hamiltonian equation in the form
Or =09V H(r), where H(r)=—3E(r), (2.17)
and V is the L}(T)-gradient associated with the L(T) normalized inner product

(9102 200y = [ 1(Opa(0)a0.

Proof. In polar coordinates, the stream function, given by (1.3), at some point w € D writes

R(b,t,m) . . w — 5
W (t,w) = / / G (w, loe") lodladn  with G (w,&) := log <‘ D (2.18)
TJo 1 —wé

and kinetic energy E, in (2.16)), reads

R(b,t,0) R(b,t,m) . )
")(t) = / / / / G(Elele,fgem) Uadly | £rdlydodn.
TJTJO 0
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Differentiating with respect to r in the direction p and using the symmetry of the kernel G(w,§) =
G (&, w) yields

d E(r)[p](t) = 2 /T o(t,0) ( /T /0 e (R(b,t, Q)eie,ﬁgein) fzdzgdn> df

:2/p(t,9)\1'(t, R(b,t,0)e%)do.
T
Since d, E(r)[p] = (VE, p) L2() then
VE(r)(t,0) = 2®(t, R(b,1,0)e"?). (2.19)

Finally, using (2.19) and comparing (2.17) with (2.11]) we conclude the desired result. This achieves
the proof of Proposition [2.1] O

Now, we shall present the symplectic structure associated with the Hamiltonian equation (2.17)).
This will be relevant later in Section when introducing the action-angle variables. We shall also
explore some symmetry property for (2.17]). Observe that this latter equation implies

d
— t,0)do = 0.
G o

Therefore, we will consider the phase space with zero average in the space variable, that is
L(T) := {r = Z rie; st. r_j=7; and |r|% = Z ;| < —i—oo}, ej () := eV,
JEZ* JEL*

The equation (2.17)) induces on the phase space L%(']I‘) a symplectic structure induced by the symplectic
2-form

W(r, h) = / 05 'r(0)h(0)d0  where 95 'r(0) = T ¢idf, (2.20)
T o 1
JEZ
The Hamiltonian vector field is X (r) = 09V H (r) associated to the Hamiltonian H is defined as the
symplectic gradient of the Hamiltonian H with respect to the symplectic 2-form W, namely

dH(r)[] = W(Xg(r),-).

Decomposing into Fourier series

T:E rje; with r_; =7j,
jezx

the symplectic form W becomes

1
JEL* JEL*
that is ) ) )
W= Z Tjdrj ANdr_; = Z gdrj Adr_;, (2.21)
JEL* JEN*

where for any j € Z* the exterior product dr; A dr—; is defined by
drj Ndr_;j(r,h) =rjh_j —r_;h;.

We shall now look at the reversibility property of the equation (2.17)). We consider the involution .
defined on the phase space L3(T) by
(7)) :=r(—6), (2.22)

12



which satisfies
S?2=1d and 8yo.” =—00,. (2.23)

Using the change of variables  — —n and parity arguments, one gets
Fb o =—-Fo0 Fb,

where Fj, is given by (2.6). Then we conclude by Lemma (2.17) and (2.23)) that the Hamiltonian
vector field X satisfies
XgoY =—-Y0Xpg.

Thus, we will look for quasi-periodic solutions satisfying the reversibility condition

r(—t,—0) =r(t,0).

3 Linearization and structure of the equilibrium frequencies

In the current section, we linearize the equation at a given small state r close to the equilibrium.
At this latter, we shall see that the linear operator is a Fourier multiplier with polynomial linear
frequencies with respect to the radius of the Rankine patch bD. At the end of this section, we also
check the transversality conditions for the unperturbed frequency vector.

3.1 Linearized operator

We shall first prove that the linearized operator at a general small state r can be decomposed into
the sum of a variable coefficients transport operator, a non-local operator of order 0 and a smoothing
non-local operator in the variable §. More precisely, we have the following lemma.

Lemma 3.1. The linearized Hamiltonian equation of (2.17)) at a state r is the time-dependent Hamil-
tontan system

Dup(t,0) = =09 (Vo (b,1,0)p(£,0) + Lu(p) (b, £,0) = S, (o) (b.1.6) )

where the function V, is defined by

Vi (b,t,0) = / e an (3.1)

— R(b,t,&)/lOg »(b,t,0 7]))8 (R(b,t,n) sin(n — 9))d77
— O /log - (b,t,0,1)) 9y (R(b, t, 1) sin(n — 0))dn,
L, is a non-local operator in the form
Lo(p)(.4.0) = | plt.n)log (A, (2.0.m) (32)
and S, is a smoothing non-local operator in the form
S (p)(brt.6) = [ p(t.)1og (B, (1.0,1) . (33)

We recall that A,, B, and R are defined by (2.3)), (2.4) and (2.2)), respectively.
Moreover, if r(—t,—60) = r(t,0), then

Vo (b, —t, —0) = V, (b, 1,0). (3.4)

13



Proof. In all the proof, we shall omit the dependence of our quantities with respect to the variables b
and t. Notice that linearizing amounts to compute the Gateaux derivative of the stream function
W(r,z(0)) := ¥(2(0)) given by at point r in the direction p (real-valued). All the computations
are done at a formal level, but can be rigorously justified in a classical way in the functional context
introduced in Section [l Applying the chain rule gives

4, (@ (r,2(0))) o] = (A2 (r,w)[p]),,,__ ) + 2Re (@2 (r,w)) oy deZ®l]) . (35)

Differentiating (2.18)) gives

0w (rw)l) = [ log

T

_— > p(n)dn. (3.6)

we obtain

e ((%‘I’(T’w))m:z(e)drf(@)[p]) = —5@3 /T log (|2(n) — 2(6)[*) 9,Im (z(n)e_ie) dn

- 15358) % /T log (!1 — $z(n)|2> Opylm <E(n)ew) dn
+ 152(?2)% /T Tm (8,z(n)z(n))dn (3.7)

Putting together (3.6)), (3.5, (3.7) and using the identities
tm (2()e™) = R(n)sin(y - 0),  Tm(9,2(m)2(m)) = ~F*(1),

we conclude the desired result. The symmetry property (3.4 is an immediate consequence of (3.1))
with the change of variables 1 — —n. This achieves the proof of Lemma (3.1 O

The following lemma shows that the linearized operator at the equilibrium state is a Fourier multi-
plier. This provides an integrable Hamiltonian equation from which we shall generate, in Proposition
quasi-periodic solutions.

Lemma 3.2. 1. The linearized equation of (2.17)) at the equilibrium state (r = 0) writes
Op = OpLi(b)p = O9yV Hy,(p), (3.8)

where L(b) is the self-adjoint operator on L3(T) defined by

1
L(b) := —5 Ky * - (3.9)
with
Ko :=K1p — Kop, (3.10)
K1(0) := 3 log (Sin2 (g)) , (3.11)
K24(0) == log (|1 - b%%) . (3.12)
It is generated by the quadratic Hamiltonian
1
H.(p) := 5 (L(b)p, ) L2(r)- (3.13)
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2. From Fourier point of view, if we write p(t,0) = Z p;(1)e9? with p_;(t) = pj(t), then the

Jjez*
self-adjoint operator L(b) and the Hamiltonian Hy, write
Q) ij Q;(b
Lb)p(0) = = Y Hpe® and  Hy(p) =Y LP|p,%, (3.14)
JEZ* JEZ*
where (Qj(b))jez* is defined by
j—1+b%
Vi e NY, Q) = % and  Q_;(b) = —;(b). (3.15)
Moreover, the reversible solutions of the equation (3.8) take the form
p(t,0) =Y pjcos (j0 — (b)), pj €R. (3.16)
JEZL*

Proof. 1. Notice that we can rewrite A, and B,, defined in ({2.3)), (2.4), as

[NIES

Ay (b,t,0,m) = (R(b,t,0) + R2(b,t,m) — 2R(b,£,0) R(b, £, 1) cos(n — 0))

N

_ ((R(b, t,0) — R(b,t,n))” + 4R (b, t, 0)R(b, ¢, ) sin (1 — 9)) (3.17)
and

By (b,t,0,m) = (R3(b,t,0)B2(b,t,1) — 2R(b,t, 0) R(b, t, 1) cos(n — 6) + 1)5. (3.18)

Taking r = 0 in , and gives
sin (772;9>
According to , and we obtain, after straightforward simplifications using ,
Vo(b,t,0) = —3 — %/Tlog (4b? sin” (2)) cos(n)dn — bfl? i

Lo(p)(b,t,6) = [ log (25]sin (15°) ) ple,m)an,

T
So(p)(b,t,0) = /T log (!1 — p?el1=0) |> p(t,n)d.

Ao(b,t,0,m) =2b . Bo(b,t,0,n) =1 =029 and R(b,t,60) =b. (3.19)

log (|1 — eri"D cos(n)dn,

We then see that Ly and Sy are convolution operators given by

Lo=Kip*- with Kq(0) := %log (Sin2 (g)) 7
So = ICQ,b %+ with ICQ,b(Q) :=log (|1 _ erie\),

2. To describe the operators above, it suffices to look for their actions on the Fourier basis (e;);cz=
of L3(T). We first study the operator Lg. Recall the following formula which can be found in [21]

Lem. A.3]

Vi ez, /Tlog (sin? (2)) cos(jn)dn = —G,. (3.20)

Using (3.20) together with symmetry arguments, one obtains

Vj € Z*, ,Cl,b * €j<9) = %/Elog (Sin2 (g)) eij(e_n)dn

= ejéﬁ) /Tlog (sim2 (2)) cos(jn)dn (3.21)
_ (0
_ TR (3.22)



We now turn to the study of the operator Sg. Using the following identity proved in [61, Lem. 3.2]

) B2l
Vi ez, / log (|1 — er"’\) cos(jn)dn = Tk (3.23)
T
we obtain
Vi€ Z*, Kap*ej(0) =ej(0) / log (|1 — b*e™|) cos(jn)dn
T
2lil ..
_ _7e0) (3.24)
2|31
In view of the expression of Vj and using formulae (3.20) and (3.23) we find
1
Vo(b,t,0) = 3 (3.25)

Notice that, the kernels K;; and ICgb being even, the operator L(b) is self-adjoint. The identities

in - ) follows immediately from - and (| - Then, according to , a real

function p with Fourier representation p(t,0) = p(t 179 is a solution to if and only if
JEL*

Vi € Z*, ﬁj = —in(b)pj,
where €2;(b) is defined by (3.15]). Solving the previous ODE gives
Z p;l el (70—;5(b)t)
JEL*
Therefore, every real-valued reversible solution to (3.8) has the form (3.16)). This ends the proof of
Lemma, O
3.2 Properties of the equilibrium frequencies

The goal of this section is to explore some important properties of the equilibrium frequencies. We
shall first show some bounds on these frequencies then discuss their non-degeneracy through the
transversality conditions. Such conditions are crucial in the measure estimates of the final Cantor set
giving rise to quasi-periodic solutions for the linear and the nonlinear problems.

Lemma 3.3. (i) For allb € (0,1), the sequence (Qj(b)

- )jeN* 18 strictly increasing.

(i1) For all j € Z*, we have
b2
VO<by<b<l, |Qj(b)]>§0|j|.
(111) For all j,j" € Z*, we have

2
VO<by<b<l, [Q(b)=£Q(b)]> i’\g + 7.

(iv) Given 0 < by < by <1 and qy € N, there exists Cy > 0 such that

Vj,j' €Z*, max sup |9f(Q(b) — ()| < Colj— 5.
q€[0,90] be[bg,b1]

Proof. (i) This point was proved in the proof of [36, Prop. 2].
(ii) By symmetry ({3.15), it suffices to show the inequality for j € N*. From (i) we have




(iii) In view of the symmetry (3.15]), it suffices to check the property for j, 7/ € N*. By symmetry in
j,7' we may assume that j > j’. For j = ' = 1 one has

Q1(b) + 2 (b) = b* > b
In the case where 7 > 2 and 7/ > 1 we get

. ./_ 2J 2]/ . .,_ . -/
:j+j 2+b +b 2(9_4_]_,)]4—.] -2>]+].
2 2 25+ 4") 6

Q;(b) + Q2 (b)

Now we shall move to the difference. Using Taylor formula we obtain, for all j > 7/ > 1,

< b2j o b2j'
J—J n
2 2
/

=19 1 10g(b) / b2 dy
2 P

i—J i-d
2 4

(iv) The case j = j' is trivial, then from the symmetry (3.15) and without loss of generality we shall
assume that j > j' > 1. First, remark that

Q;(b) — () =

-/

> (1+ 2log(b)b™) >

(G—1) £ —1) N b2 4 b2

Vb e (0,1), |Q;(b) = Q0 (b)] < 5 -

<j+j
Now, for all ¢ € N*, one has

05 (% (b) + 25 (b)) = %ag GETL
Moreover, for all g € [1,qo] and n € N*,

nby
qQ
bO

0< (b < ¢! <Z> b <

Since b € (0, 1) then the sequence (n%b7'),,¢cn is bounded. Therefore, there exists Cy := Cy(qo, bo, b1) >
0 such that

VneN, 0<90b") < Co. (3.26)
We deduce that for all ¢ € [1, qo],
‘3{5(9]‘(5) + Qj’(b))‘ < Co < Co(j +5").
This concludes the proof of Lemma (3.3 O

Let us consider finitely many Fourier modes, called tangential sites, gathered in the tangential set
S defined by
S:={j1,....ja} CN* with 1<j1<jo<...<ja (3.27)

Now, we define the equilibrium frequency vector by
wiq(b) = (92;(b))jes, (3.28)

where ;(b) is defined by (3.15). We shall now investigate the non-degeneracy and the transversality
properties satisfied by wgq. Let us first start with the non-degeneracy, for which we recall the definition.

Definition 3.1. Given two numbers by < by and d € N*. A vector-valued function f = (fi,..., fa) :
[bo,b1] — R? is called non-degenerate if, for any vector ¢ = (ci,...,cq) € R%\ {0}, the function
f-c= fici + ... + facq is not identically zero on the whole interval [by, b1]. In other words, the curve
of f is not contained in an hyperplane.
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We have the following result.

Lemma 3.4. The equilibrium frequency vector wgq and the vector-valued function (wgq, 1) are non-

degenerate on [by, b1] in the sense of Definition[3.1]

Proof. » We shall first prove that the equilibrium frequency vector wgq is non-degenerate on [bg, b1].
Arguing by contradiction, suppose that there exists ¢ := (cy, ..., cq) € R?\{0} such that

Vb € [bo, bi], chgjk ) =0. (3.29)

Since ;(b) is polynomial in b then, from (3.15)), one has

d
YbeR, > cx(je —1+b¥r) =0. (3.30)
k=1
d

Taking the limit b — 0 in (3.30)) gives the relation ch(jk — 1) = 0, which, inserted into (3.30)),

k=1

implies
d .
VbER, Y cpbp™h =0,
k=1

Since j1 < j2 < ... < jq, then
Vk e [1,d], ¢t =0,

which contradicts the assumption.
» Next, we shall check that the function (wgq, 1) is non-degenerate on [bg, b1]. Suppose, by contradic-
tion, that there exists ¢ := (c1,. .., ¢4, car1) € RTT1\{0} such that

d

Vb € [bo,b1], car1t >, (b) =0. (3.31)
k=1

Since €;(b) is polynomial in b then, from (3.15]), one may writes
d .
Vb € R, Cd+1+%zck(jk—1+b2]k) = 0. (3.32)
k=1

Taking the limit b — 0 in (3.32]) yields
d
Cay1+3 Y cwlir—1) =0.
k=1

Inserting this relation into (3.32)) gives

d
VbeER, Y cpbp™h =0,
k=1

Reasoning as in the previous point, we obtain
Vk e [1,d], e, =0
and then cg11 = 0, by coming back to (3.32), contradicting the assumption. ]

We shall now state the transversality conditions satisfied by the unperturbed frequencies.
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Lemma 3.5. [Transversality] Let 0 < by < by < 1. Set qo = 2j4+2. Then, there exists py > 0 such that
the following results hold true. Recall that wgq and € are defined in (3.28) and (3.15)), respectively.

(i) For alll € Z4\ {0}, we have

inf ma aqw b) -1 > N
be[bo,bl]qg[[oyf]{oﬂ’ fwiq(D) - 1] = poll)

(i4) For all (1,7) € Z¢ x (N*\ S)

be%l%,bl] qélﬁ&éiﬂ b (wrq (D) 5)| = pol)

(iii) For all (1,7) € Z% x (N*\'S)

inf o b) - 14 Q;(b))| = poll).
nf, | max [0 (weq(8) -1 2 (1)] > poll)

(iv) For alll € 74,3, ' € N*\'S with (I,7) # (0,5"), we have

inf o4 b) -1+ Q;(b) £ Qi (b))] = poll).
beflfé,bﬂqg[[l(%;z]]|b(WEq() +0) J())} il

Proof. (i) Assume by contradiction that for all pg > 0, there exist [ € Z¢\ {0} and b € [bg, b1] such
that

max _|0fwrq(b) - 1| < po(l).

qe[[O,qo]]| b Eq(b) - I < po(l)

In particular, for the choice pg = we can construct sequences I,,, € Z¢\ {0} and b,, € [bg, b1] such

that

1
m—+1"
Vg € [0,q0],  |0fwiq(bm) - %} < i (3.33)

Since the sequences (éﬁ)m and (by, ) are bounded, then by compactness arguments and, up to an
extraction, we can assume that

lim <§i>:é7é0 and  lim b, =b.
m—0o0 m m—0o0

Therefore, denoting
Py = CUEq(X) -C € szd[X]

then passing to the limit in as m — oo leads to
Vg € [0, qo], Po(q) (b) = 0.
Hence, using the particular choice of g, we conclude that the polynomial (X — b)%¢+3 divides Py,
(X — b)2at3| Py,

Since deg(Py) < 274, we conclude that Py is identically zero. This contradicts the non-degeneracy of
the equilibrium frequency vector wgq stated in Lemma

(ii) The case | = 0,j € N* is trivially satisfied. Thus, we shall consider the case j € N, I € Z%\ {0}.
By the triangle inequality combined with the boundedness of wgq we find

[wia(®) 1+ 3| > 311 = lwrq(®) -1 > 313 = Clil > |l
provided that |j] > Co|l| for some Cp > 0. Thus, we shall restrict the proof to indices j and | with

il < Colll, jeN, 1ez\{o0}. (3.34)
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Arguing by contradiction as in the previous case, we may assume the existence of sequences I, €
ZN\{0}, jm € N satisfying (3.34)) and b, € [bg, b1] such that

Vg € [0,q0l,  |0f (wnalbm) - g5 + o5 )| < o (3.35)

Since the sequences (by,)m, (%) and (ﬁ) are bounded, then up to an extraction we can assume
that

N>

lim by, =b, lim 29" =d#0 and 1imﬁ=a¢o.

Denoting
Qo := qu(X) c+d € Rde[X]

and letting m — oo in (3.35]) we obtain
Va € [0.q0, Q7 (5) =0.
Consequently, using the particular choice of qg, we get
(X —)74|Qo.

Since deg(Qo) < 2j4, we conclude that @ is identically zero. This contradicts Lemma
(iii) Consider (I,5) € Z% x (N*\'S). Then applying the triangle inequality and Lemma (ii), yields

|wiq(b) - 14 Q;(b)] = [Q;(0)] — |weq(D) - 1]
> 45—l >
provided j > Cy(l) for some Cy > 0. Thus as before we shall restrict the proof to indices j and [ with
0<j<Coll), jeN\S and [ez)\{0}. (3.36)

Proceeding by contradiction, we may assume the existence of sequences I,, € Z% \ {0}, jm € N\'S
satisfying (3.36)) and by, € [bg, b1] such that

< 1. (3.37)

vq € [[07 QO]L m+1

Qb
o} (qu(b) ' ﬁﬁ + Sl ))‘b:bm

[ |

b

Since the sequences (%) and (by,)m are bounded, then up to an extraction we can assume that
m

lim = =¢#0 and lim b, =b.

Now we shall distinguish two cases.
» Case @ : (I,)m, is bounded. In this case, by (3.36]) we find that (j,)m is bounded too and thus

up to to an extraction we may assume lim I, = [ and lim j, = 7. Since (jm)m and (|ln|)m are

sequences of integers, then they are necessary stationary. In particular, the condition (3.36)) implies
[ # 0 and j€ N\ S. Hence, denoting

POJ = qu(X) ' Z:t Qj(X) € RmaX(de,Qj) [X]’
then taking the limit m — oo in (3.37)), yields
g € [0,q0], P (b) =0.

If 7 < jq, then in a similar way to the point (i), we find that Py; = 0 which contradicts Lemma
applied with (qu, Qj) in place of wgq. Hence, we shall restrict the discussion to the case 7 > jg. Since
wEq(X) - [ is of degree 2j4, then we obtain in view of our choice of gy that

29\ o 4. . _
1q! ( ;) p¥%a=t = gt (p) = 0.
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This implies that b = 0 which contradicts the fact that b € [bo, b1] C (0, 1).

» Case @ : (l,,), is unbounded. Up to an extraction we can assume that lim |l,,| = co. We have
m—0oQ

two sub-cases.

e Sub-case @ : (j)m is bounded. In this case and up to an extraction we can assume that it converges.
Then, taking the limit m — oo in (3.37)), we find

Vg € [0,q0], Ofwiq(d)-€=0.

Therefore, we obtain a contradiction in a similar way to the point (i).
e Sub-case @ : (j,)m is unbounded. Then up to an extraction we can assume that li_r)n Jm = 00. We
m—0o0

write according to ([3.15])

= —~ + . (3.38)
| 20| 20| 2llm]

N
to d. Moreover, since lim j,, = lim |l,,] = oo and b,, € (bg, b1), then taking the limit in (3.38)), one
m—r0o0 m—0o0

obtains from ([3.26|),

By (3.36)), the sequence <Ji> is bounded, thus up to an extraction we can assume that it converges
n

lim ;
m—00 (L]

O sy, _ [ d ifg=0
1 0 else.

Consequently, taking the limit m — oo in (3.37)), we have
Vg € [0,q0], O (wiq(b)-c+ d)\b:B —0.

Then, in a similar way the the point (ii), we deduce that the polynomial wgq(X) -+ d is identically
zero, which is in contradiction with Lemma [3.4]

(iv) Consider I € Z4, j, j' € N*\'S with (I, ) # (0,5"). Then applying the triangle inequality combined
with Lemma [3.3}(iii), we infer that

b2 | . .
|wiq(b) - T+ () £ Qs (b)] = [€25(b) & Q2 (b)| — Jweq(b) - U] = B 15 £ 5] — ClI[ = (1)
provided that |j & j'| = ¢o(l) for some ¢y > 0. Then it remains to check the proof for indices satisfying
i+ 5| <col), 1€ZN0}, j,j €N\S. (3-39)

Reasoning by contradiction as in the previous cases, we get for all m € N, real numbers I,,, € Z%\ {0},
Jms Jom € N*\'S satisfying (3.39)) and b, € [bo, b1] such that

o <qu(b) cdmo (%(b)ﬂ%(b)) < 1 (3.40)
b=bym,

vq € [[qu0]]) m+1

L] [ |

Up to an extraction we can assume that lim %ﬂ =c¢#0and lim b, =b.

As before we shall distinguish two cases. B
» Case @ : (L) is bounded. Up to an extraction we may assume that lim [,, = | # 0. Now
m—oQ

according to we have two sub-cases to discuss depending whether the sequences (jy,)m and
(47,)m are simultaneously bounded or unbounded.

e Sub-case @ : (jm)m and (j,,)m are bounded. In this case, up to a extraction we may assume that
these sequences are stationary j,, = 7 and j/,, = 7 with 7,7 € N* \ S. Hence, denoting

Pyj7 = wiq(X) - 1+ Q5(X) £ Q7(X) € Ryax(2j,.27.27) (X1,
then, taking the limit m — oo in (3.37)), we have

g€ [0,q0], Py (b) =0.
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If max(J, ') < ja, then, we deduce that Py ;7 = 0 which gives a contradiction as the previous cases, up
to replacing wgq by (qu, 3, QJ—/). Therefore, we are left to study the case max(7,7) > jq. Notice that
the cases 7= 7 and min(7,7) > jg are byproducts of point (i) and (iii). Without loss of generality,
we may assume that 7> 7 > jg + 1. In particular, since wgq(X) - [ is of degree 2j4, then, according to
our choice of gy, we obtain

— 5 _
{ C1b% £ Caob 0 (3.41)

Crab® + Cyb° =0,
with
a:=27—2j4—1, B:=27 —2j4—1, C):= q0!<2‘7> and (s := qo! (2‘7,>
q0 q0
Since Cy and Cs are positive, we immediately get from the first equation in that

Cll_)a + CQZ_)B =0 = b=0.

This contradicts the fact that b € [by, b1] C (0,1). In the case where we have the difference, the system

(3.41)) gives
Cy (O

a N 0104’
which implies in turn that o = 3, that is 7 = 7 which is excluded by hypothesis.

e Sub-case @ : (jm)m and (j),)m are both unbounded and without loss of generality we can assume
that lim j, = li_r)n jr. = oo. Coming back to (3.15) we get the splitting
m—0o0

m—0o0
Q) (b) £ () G 50, b2 £ b2
|| 2|lm| 2|lm|

Using once again (3.39) and up to an extraction we have lim ImEim — 7 Thus

m—0o0 ‘lm|
d ifg=0
. —19q ) , _ q
[l =05 (s (B) % 5, (0),,, = { 0 ifq#0.
By taking the limit as m — oo in (3.40)), we find

Vg € [0,q0], O} (wrq(b) -+ ‘Z)\b:g —0.

This leads to a contradiction as in the point (ii).
» Case @ : (I,)m is unbounded. Up to an extraction we can assume that lim |l,,| = oo.
m—r0o0

We shall distinguish three sub-cases.
e Sub-case @®. The sequences (jm,)m and (j,,)m are bounded. In this case and up to an extraction
they will converge and then taking the limit in (3.40|) yields,

Vg € [0,q0], Ofwrq(b)-c=0.

which leads to a contradiction as before.

e Sub-case ®@. The sequences (ji)m and (j,,)m are both unbounded. This is similar to the sub-case
@ of the case ©.

e Sub-case @. The sequence (j,)m is unbounded and (5!, ), is bounded (the symmetric case is similar).
Without loss of generality we can assume that n}gnoo Jjm = oo and j;, = 7. By and up to an

. B '
Im=Im — d. Once again, we have

extraction one gets lim =%
m—oo |lml

: - d ifqg=0
194 (0. y _
[ =05 (S0 (0) 2 g, (0)) s, { 0 ifgq#0.
Hence, taking the limit in (3.40]) implies
Vq € [[07 QO]]7 ag (qu(b) “C+ J)bzg =0,

which also gives a contradiction as the previous cases. This completes the proof of Lemma [3.5 O
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Notice that by selecting only a finite number of frequencies, the sum in (3.16]) give rise to quasi-
periodic solutions of the linearized equation (3.8]), up to selecting the parameter b in a Cantor-like set
of full measure. We have the following result.

Proposition 3.1. Let 0 < by < by < 1, d € N* and S C N* with |S| = d. Then, there exists a
Cantor-like set C C [bg, b1] satisfying |C| = by — by and such that for all X € C, every function in the
form

p(t,0) = Z pjcos(j8 — Q;(b)t), p; € R (3.42)
jEeS

is a time quasi-periodic reversible solution to the equation (2.17) with the vector frequency
wiq(b) = (2;(b))es-

The proof of this proposition follows in a similar way to [37, Lem 3.3] or [47, Prop. 3.1] where
the main ingredient is the following Riissmann Lemma [62, Thm. 17.1]. This latter is also needed to
prove Proposition :

Lemma 3.6. Let ¢o € N* and o, 5 € Ry. Let f € C?([a,b],R) such that

inf max |f%(z > 0.
x€la,b] kE[[O,qo]]|f ( )| B

Then, there exists C = C(a,b, qo, || f|lcao (ja,p),r)) > O such that

{$ S [(I, b] s.t. ’f(l’)| < Oé} <C a%

1
1+ —=—
g

where the notation |A| corresponds to the Lebesgue measure of a given measurable set A.

4 Topological and algebraic aspects for functions and operators

In this section we present the general topological framework for both functions and operators classes.
We also recall basic definitions and gather some technical results that will be used along the paper.
4.1 Function spaces
Recall the classical complex Sobolev space H*(T%!, C) which is the set of all complex periodic func-
tions with the Fourier expansion

p= D, ey where p;={peL;) s

(Lj)ezd+t

such that

oz == > (L) *|psl* < oo where (I, j) = max(L, Il |j]),
(1,j)ezdtt

with | -| denoting either the ! norm in RY or the absolute value in R. The real Sobolev spaces can be
viewed as closed sub-spaces of the preceding one,

H® = H*(T™!,R) = {p e H (T, C) st. V(I,j) €z, p_y_; = pT]}
For N € N*, we define the cut-off frequency projectors on H*(T4+!, C) as follows

HNp = Z Pl,jel,j and ].—[L =1Id — HN (41)

(Ly)ezrtt
(LIHSN
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We shall also make use of the following mixed weighted Sobolev spaces with respect to the parameter
7. Let O be an open bounded set of R*! and define

W (O, H) = {p 10— H® st lplgs < OO},
W (0,0) = {p: 05 C st [l < oo},
where for p € O — p(p) € H* or p € O — p(p) € C the norm is defined by

> Al sup |3 p(1s Ml ze-en

aeNd+1 ne
la|<q
Ipl3® = > A sup (o p(n)]. (4.2)
a€eNd+1 neo
la|<q
Remark 4.1. e From Sobolev embeddings we obtain,

We7(0,C) — C17H0,C).

e The spaces (Wq’OO’V(O,HS), Il - |Z§9) and (Wq’ooﬁ((’),(C), || - ||q’o) are complete.

e For needs related to the use of the kernels of integral operators, we will have to duplicate the
variable 0. Thus we may define the weighted Sobolev space Wq’OO’V(O,H;’(,,n) similarly as above

and denote the corresponding norm by || - Hq .,

The next lemma gathers some useful classical results related to various operations in weighted
Sobolev spaces. The proofs are standard and can be found for instance in [13| [14] [16].

Lemma 4.1. Let (v,q,d, so, s) satisfy (L.11)), then the following assertions hold true.

(i) Space translation invariance: Let p € W47 (O, H®), then for all n € T, the function (v,0) —
p(p,n+ 0) belongs to WY (O, H®), and satisfies

pCym+ )22

(ii) Projectors properties: Let p € W%°Y(O, H®), then for all N € N* and for all t € R ,

IMnplgye < N* and  ||Txpl3:0 < N7 pll3es
where the projectors are defined in (4.1)).

(iii) Interpolation inequality: Let ¢ < s1 < s3 < s2 and 0 € [0,1], with s3 = 0s1 + (1 — 0)s9
If p e WoY (O, H?*?), then p € W2*7(O, H®*) and

Cb |

1013 < (o) (lell )

(iv) Law products:

(a) Let p1,pa € WO (O, H®). Then p1ps € WO, H®) and

HP1IJ2

] ] 7,0 ~,0
25 S letl3:Qllo2ll3:S + e l3:2 o211y s
(b) Let p1,pa € W2(O,C). Then pips € W27(0O,C) and

lp1p2l137° < llp1

o o
7 lp2llg™
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(c) Let (p1,p2) € WP7(O,C) x WO, H®). Then pips € W2V (O, H®) and
13 lp213:5

(v) Composition law 1: Let f € C*(O x R,R) and p1, ps € WP>7(O, H®) such that

o115 o238 < Co
for an arbitrary constant Co > 0 and define the pointwise composition
V(s 0,0) € O X T F(p) (1, 9,0) == f (1, p(1, 0, 6)).
Then f(p1) — f(p2) € WEY(O, H®) with

1f(p1) = fp2)[13:0 < Cls,d.a, £, Co)llpr — p2lg:2-
(vi) Composition law 2: Let f € C*°(R,R) with bounded derivatives. Let p € W2>7(O,C). Then

1f(p) — FO)I7° < Cla.d, f)llpl)® (1 + leli;l(@)) :

This estimate is also true for v =1, corresponding to the classical Sobolev space W (O, C).
The next result will be useful later in the study of the linearized operator.

Lemma 4.2. Let (v,q,d, so, s) satifying (1.11)) and f € W7 (O, H?).
We consider the function g : O X Tg x Ty x T,) — C defined by

Flsom)—f (ps0,0) if O +£n

9(p, 0,0,m) = S‘“(T)
209 f (11, 0,0 if 0 =n.
Then
, 0
(i) Vk €N, Supll(aeg)( e INTE SN0 1Tk SIS s

neT

. ’y,o
(i) gy,

Proof. (i) This result has been proved in [47, Lem. 4.2].
(ii) It suffices to prove the case ¢ = 0. Recall the following classical norm estimate

q,s—i—l

g1l

p,0,n ™

S llglles 2 + lgllzzms - (4.3)
By the translation invariance property
2 o 2
190315, = [ a0+ -l 00
< sup Hg(*7 S0+, ')HH&,]
0eT
Using the first point and the symmetry ¢ in (7, 0) we obtain
9llge g, S 1 llsta-
Introducing the Bessel potential J® defined in Fourier by
vj ezt (JPu); = max(1,|j]) u;, (4.4)
a use of Fubini’s Theorem implies

||9||H;’9L% =730 9||L3L§L% =726 9||L2,L3,Lg = HgHL%H:w
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Since g is symmetric in the variables 6 and n, we get
||9||L%H;,9 = ||9||L§H;m-
Combining the foregoing estimates leads to

gl o, S W flls4r-

»,0,n

This ends the proof of Lemma (4.2

O]

We now turn to the presentation of quasi-periodic symplectic change of variables needed for the
reduction of the transport part of the linearized operator in the construction of the approximate inverse
in the normal directions. Let 8 : O x T — T be a smooth function such that sup |[|3(, -, «)||lLip < 1

neo

then the map
(p,0) € T s (0,0 + B, ¢, 0)) € THH!

is a diffeomorphism with inverse having the form
(.0) € T = (0,0 + B, 0,0)) € T

Moreover, one has the relation

-~

y=0+ B, e,0) <= 0=y+ B y).

Define the operators

B = (1+09B)B,
with
Bp(p,,0) = p(p, 0,0 + B, ¢,0)).

By straightforward computations we obtain

B p(p, 0,y) = (1 + 0,81, 0, y))p(u, 0,y + B 0,y))

and R
B~ o, 0,y) = p(p, 0,y + B, ¢, 9)).

The following lemma gives some elementary algebraic properties for B! and %+,
Lemma 4.3. The following assertions hold true.

(i) The action of =1 on the derivative is given by

B9y = 9yB7L.

(i) Denote by #* the L(T)-adjoint of B, then
B =B and B =5".
Now we shall state the following result proved in [47, Lem. 6.2].

Lemma 4.4. Let (q,dv,s0) as in ([I.IT). Let B € W97 (O, H*®(T™)) such that

O
HIBH;/,QSO g €0,

with g small enough. Then the following assertions hold true.
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(i) The linear operators B, % : W7 (O, H*(T4T1)) — W7 (0, H*(T*™)) are continuous and
invertible, with

O
Vs >0, [BTplyd <lellgd (L+ClBIRS) +ClBlaSlelge (4.10)

and
Vs> s0, (185 0l70 < llpllS (1+ClBITS) + ClBIL 2 lel2e. (4.11)

(i) The functions 8 and B are linked through
Vs > s0, 18175 < ClIBILS. (4.12)
(iii) Let By, By € WX (O, H*®(T4Y)) satisfying {.9). If we denote
Awf=p0— B and Apf =5 — b,

then they are linked through

Vs > s0, [AByd <C ( g STl s IIﬁqusH) (4.13)

j {12}

4.2 Operators

In this section we shall collect some basic definitions and properties related to suitable operators class.
Consider a smooth family of bounded operators on Sobolev spaces H*(T4*+1),

T:p=(bw)eOw—T(u) e L(H (T, C)).

The linear operator T'(1) can be represented by the infinite dimensional matrix (Tllojjo (,u)) (L) e(Zd)?
5t0

(4.do) €22
with
1,7 l,j
T(per, jo = 2 Tlo?jo (1)e; where Tlo?jo (1) = <T(:“)el07joael,j>L2(Td+1)-
(Lg)ezdtt

Along this paper the operators and the test functions may depend on the same parameter p and thus
the action of the operator T'(u) on a scalar function p € W% (O, H*(T4*! C)) is by convention
defined through

(Tp) (1, 0,0) :=T(1) p(p, 0, 60).

4.2.1 Toeplitz in time operators

In this paper we always consider Toeplitz in time operators, whose definition is the following.

Definition 4.1. An operator T'(u) is said Toeplitz in time (actually in the variable ¢) if its Fourier
coefficients satisfy,
T2 (1) = To 30 (1)
Or equivalently, ' ‘ '
TH (0) = Th (1 — o) with T (1) := T (1),

lo.jo 0,50
Notice that the action of a Toeplitz operator T'(11) on a function p = Z Plo.jo€lo,jo 1S given by
(lo,jo) €Z4+1
T(wp= Y, T (l—10)pijoer;- (4.14)
(1,1g)e(z4)?
(§.do) €22
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For Toeplitz operators, we can define the off-diagonal norm as

IT8S0s = > A sup [105(T) (1) o4, ol (4.15)
QENd+1 (bw)eO
la|<q
where
1T s = > {m)?* sup |[TFO)
(I,m)ezd+1 j—k=m
The cut-off projectors (Py)nyen+ are defined as follows
1,
(PNT()ewjo= Y, T2 (e, and PyT =T —PyT. (4.16)
(Ly)ezrtt
li~lolili—dol<N

The next lemma lists some classical results. The proofs are very similar to those in [16].
Lemma 4.5. Let (v, q,d, so, s) satisfying . Let T, T and Ty be Toeplitz in time operators.
(i) Projectors properties : Let N € N*. Let t € Ry. Then
IPNT ol < NYITplIES

L
Odq,s+t 14,8 and HPNTpHO d,q,8 tHTpHOdq,s—i-t

(ii) Interpolation inequality : Let ¢ < s1 < s3 < s2, 0 € [0,1] with s3 = 0s1 + (1 — 0)so. Then

1-6
9,.)

7150 S (I71550) (1712

(111) Composition law :

||T1T2Ho d,q,5 ~ ||T1||o d,q,sHTQHO d,q,50 ,q 80 ||T2||o d,q,s

(iv) Link between operators and off-diagonal norms :

O
ITolI7S S ITNES gm0l + 1TSS g o35

In particular
ITpl 22 < IT(S

q,8 ~~

54,

4.2.2 Reversible and reversibility preserving operators

We recall the following definitions of real reversible and reversibility preserving operators, see for
instance [4, Def. 2.2].

Definition 4.2. We define the following involution
(2p) (0, 0) = p(—p, —0). (4.17)
We say that an operator T'(p) is
e real if for all p € L?(T™ C), we have

I
RS
~
S
I
~
B

e reversible if

o reversibility preserving if



The following lemma gives characterizations of the reversibility notion in terms of Fourier coeffi-
cients. A similar result is stated in [4, Lem. 2.6].

Lemma 4.6. Let T be an operator. Then T 1is
e real if and only if
. —l—j 1j
v(lalOaJaJO) € (Zd)2 X Z2a T_IO’_JJ'O = Tlo?jo'

e reversible if and only if

(1o, j,jo) € (2?2 x 22, T 70 =—T}0.

—lo,—Jo lo,jo"
o reversibility-preserving if and only if

V(l,lo, . o) € (2% x 22, T =T

Throughout this paper we shall constantly make use of two kinds of operators : multiplication and
integral operators.

Definition 4.3. Let T be an operator as in Section[£.2 We say that

e T is a multiplication operator if there exists a function M : (u,@,0) — M(u, p,0) such that
(Tp)(1: ,0) = M(p, 0, 0)p(ps, 0, 0).

e T is an integral operator if there exists a function (called the kernel) K : (u, p,0,m) — K(u, ¢, 6,n)
such that

(T'p) (s ¢, 0) Z/Tp(m oMK (p, @, 0,n)dn.

We shall need the following lemma whose proof can be found in [47, Lem. 4.4].
Lemma 4.7. Let (v,q,d, so, s) satisfy (L.11]), then the following assertions hold true.
(i) Let T' be a multiplication operator by a real-valued function M, then the following holds true.

o If M(u,—p,—0) = M(u,p,0), then T is real and reversibility preserving Toeplitz in time
and space operator.

o If M(u,—p,—0) = —M(u,,0), then T is real and reversible Toeplitz in time and space
operator.

Moreover,

,q S ~ HMHq s+s0°

(i) Let T be an integral operator with a real-valued kernel K.
o If K(,—p,—0,—m) = K(u,¢,0,n), then T is a real and reversibility preserving Toeplitz in
time operator.
o If K(p,—p,—0,—m) = —K(u,¢,0,1n), then T is a real and reversible Toeplitz in time oper-

ator.

In addition,

70 ,O
g,ersodn S ||KH’YHS+SO
e,0m

|ﬂbMﬁN/MK fyeye+2)

and
ITpll79 < e

Sle

%%/WK,Hn+>u; WSAMK@MHH+NI2®

@] ~,0
0 HKHq,Hs T lelgs (g

4,50

S0
% H 0,m

where the notation *,-,. denote u, p, 0, respectively.
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In the following lemma we shall study the action of a change of variables as in (4.7]) on an integral
operator. More precisely, we shall need two partial change of coordinates B! and B? acting respectively
on the variables § and 7 and defined through

(Bp) (1; 0.0,m) = p(t, 0,60 + Br (s ¢, 0),7m), (4.18)
(B?p) (1, 0,0,m) = p(1,0,0,n+ Ba(p, ¢,1m)),

with 1,82 two smooth functions satisfying (4.9). A similar result is proved in [I6, Lem. 2.34]
for pseudo-differential integral operators, so we omit the proof here. We also include the difference
estimate which is useful to study the stability of the Cantor sets in Section The proof of the
difference estimate is standard and we shall also skip it here.

Lemma 4.8. Let (v,q,d, so, s) satisfy (1.11)). Given r € WEY(O, H®), we consider a C* function
in the form

K (py0,0,m) = K(p,0,0,m).

We consider the integral operator associated to K, namely

Tp(p, p,0) Z/Tp(so, K, @, 0,m)dn.

Then the following assertions hold true.

(i) Let B and B? as in (&.18) associated to 1 and f32, respectively and enjoying the smallness
condition (4.9)). Then,

1122 17117,0
|B*B K|q7H;0

Yo
R G g T (419)

Now, assume that 51 = Po = B satisfies the following symmetry conditions
Consider B, B be quasi-periodic changes of variables as in (4.6))-(4.7]), then

o if K(u,—p,—0,—n) = K(u,0,0,n), then BYT% is a real and reversibility preserving
Toeplitz in time integral operator.

o if K(p,—p,—0,—1m) = —K (i, 0,0,n), then B-YT% is a real and reversible Toeplitz in time
inegral operator.

In this case, for any k € N,

105B™' TR 300 S 1K

%H(P 0,n

(4.21)

s+30+k||K’ q, HSO
(]

(i) Introduce B, a quasi-periodic change of variables as in (4.7)) associated to B, (linked to r) Con-
sider r1, ro € WY(O, H®). Denote

Apr=r1—ra, Aifr=fr—fr

for any quantity f, depending on r and assume that there exist ¢y > 0 small enough such that

Vie {17 2}7 HB’M’ q,250 T Hso+1 < €g. (4.22)
q, ©,0,m
Then, for any k € N, the following estimate holds
@]
||A128€ lT '% HO d,q,8 ~ ||A12K HZH6+50+1€ + HAlQﬂTHq s+so+k (423)

e,0,m

4,0 7,0
G AL

’ aO ,O
+ ( g%?‘)g} H T4 ||ZH5+050+1€+1 + II%?‘E(} ”57'1‘ Z7S+So+k+1) ||A1267‘”g780'
7 e,0,m
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5 Functional of interest and regularity aspects

The main goal of this section is to reformulate the problem in a dynamical system language more
adapted to KAM techniques. More precisely, we shall write the equation as a Hamiltonian
perturbation of an integrable system, given by the linear dynamics at the equilibrium state. Then, by
selecting finitely-many tangential sites and decomposing the phase space into tangential and normal
subspaces we can introduce action-angle variables on the tangential part allowing to reformulate the
problem in terms of embedded tori. This reduces the problem into the search for zeros of a functional
F to which the Nash-Moser implicit function theorem will be applied. We shall also study in this
section some regularity aspects for the perturbed Hamiltonian vector field appearing in F and needed
during the Nash-Moser scheme. This approach has been intensively used before, for instance in
[3, 5, 13 14, 16].

Notice that, according to Lemmata and the equation , that is also , can be written

in the form

Or = 0pL(b)(r) + Xp(r) with Xp(r) = 30pr + 0pkp x 17 — Fy[r], (5.1)

where the nonlinear functional Fy[r] is introduced in (2.6|) and the convolution kernel is given by ((3.10]).
Since we shall look for small amplitude quasi-periodic solutions then it is more convenient to rescale
the solution as follows r — er with r bounded. Hence, the Hamiltonian equation (2.17)) takes the form

Oyr = OgLi(b)(r) + eXp. (1), (5.2)

where Xp_ is the Hamiltonian vector field defined by Xp. (1) := e 2Xp(er). Notice that (5.2) is the
Hamiltonian system generated by the rescaled Hamiltonian

H.(r) = e 2H(er)
:= Hy,(r) + eP.(r), (5.3)

with Hiy, the quadratic Hamiltonian defined in Lemma and e P.(r) containing terms of higher order
more than cubic.

5.1 Reformulation with the action-angle and normal variables
Recall from that the tangential sites are defined by
S:={j1,...,jay CN* with 1<j; <j2<...<jag
We now define the symmetrized tangential sets S and Sg by
S:=SU(-S)={+£j, j €S} and Sy=Su{0}. (5.4)
Then we decompose the phase space LZ(T) into the following L?(T)-orthogonal direct sum
LY(T) = Lgé L3, Lg:= {erej, ;= r_j}, L} = {z = Z zje; € L%(T)} , (5.5)
j€s JEZ\So
where we denote e;(0) = €% The associated orthogonal projectors I, Hé‘o are defined by
r= Z riej =v+z, v:=lgr:= erej, z = Hé‘or = Z rjej, (5.6)
Jez> jes JEZ\So

where v and z are respectively called the tangential and normal variables. For fixed small amplitudes
(a)) jes € (Rj)d satisfying a_; = a;, we introduce the action-angle variables on the tangential set Lg
by making the following symplectic polar change of coordinates

VieS, rj= \/ajz + 4|1, €, (5.7)
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where
VieS, Ij=I;eR and 9_;=-9,;€T. (5.8)

Thus, any function r of the phase space Lg can be represented as
r=AW,1,z):=v(,I)+z where v(¥,1I):= Z \ /a? + 7125 ewﬂ'ej . (5.9)
jes

Observe that the function v(—wgq(b)t,0), where wgq is defined in (3.28)), corresponds to the solution
of the linear system (3.8) described by (3.42)). In these new coordinates, the involution .7 defined in

(2.22)) reads

S:(W1,2)— (—9,1,72) (5.10)
and the symplectic 2-form in (2.20)) becomes, after straightforward computations using (5.7]) and (5.8]),
1 1
W= dhndli+5 drs A = (D= do; ndiy) @ W, (5.11)
JES JEZ\So jes

where W2 denotes the restriction of W to L2 . This proves that the transformation A defined in (5.9)

is symplectic and in the action-angle and normal coordinates (9, I, z) € T x R% x Li, the Hamiltonian
system generated by H. in (5.3]) transforms into the one generated by the Hamiltonian

H.=%MH.o0A. (5.12)

Since L(b) in Lemma preserves the subspaces Lg and L? then the quadratic Hamiltonian Hj, in
(3.13) (see (3.14))) in the variables (¢, I, z) reads, up to an additive constant,

1 1
HioA=—-% Q0+ S {L(®) 2, 2) 2 (m) = —wrq(b) - L + S{L(b) 2, 2) 12 (), (5.13)
j€s

where wgq € R? is the unperturbed tangential frequency vector defined by (3.28). By (5.3)) and (5.13)),
the Hamiltonian H. in (5.12)) reads

1
H. =N +¢eP. with N :=—wgq(d)- I+ §<L(b) z,z)r2ry and  Pei= P.o A (5.14)

We look for an embedded invariant torus

i: T4 — RIxRYx L2 (5.15)
o = i(p) = (9e),I(),2(9))

of the Hamiltonian vector field
Xy, = (0He, —09H., 15, 0pV . .) (5.16)

filled by quasi-periodic solutions with Diophantine frequency vector w. We point out that for the value
€ = 0 the Hamiltonian system

w - Opi(p) = X1, (i)

possesses, for any value of the parameter b € (b, b1), the invariant torus

inai () == (0,0,0). (5.17)

Now we consider the family of Hamiltonians,

1
HY =N, +eP. where N, :=a- I+ §<L(b) 2, 2) [2(T), (5.18)
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which depends on the constant vector a € R?. For the value a = —wgqy(b) we have HY = H.. The
parameter « is introduced in order to ensure the validity of some compatibility conditions during the
approximate inverse process. We look for zeros of the nonlinear operator

F(i, o, (byw),e) :==w- 0yi(p) — XHg( i(v))
a —edrP:(i(p))

w - Op¥(p) —
= w - (9@[( )+5819PE(( ) ’ (519
w - 0p2(1p) — g [L(b)z(p) + V. P-(i(p))]

where P is defined in (5.3). For any a € R?, the Hamiltonian H¢ is invariant under the involution &

defined in (5.10)),
HYoG& = HZ.

Thus, we look for reversible solutions of F (i, «, (b,w),e) = 0, namely satisfying
U=p) = =0(p), I(=p) =1(¢), 2(=p) = (2)(p). (5.20)
We define the periodic component J of the torus i by
I(p) :=i(p) = (£,0,0) = (B(p), (), 2()) with O(p) =D(p) — ¢,

and the weighted Sobolev norm of J as

1315: = llelgs e B e
q7 q?

5.2 Regularity of the perturbed Hamiltonian vector field

This section is devoted to some regularity aspects of the Hamiltonian involved in the equation ([2.17]).
We shall need the following lemma.

Lemma 5.1. Let (v, q, so, s) satisfy (1.11). There exists g € (0,1] such that if

H | qso+2 \ 507

then the operators OgL, and 0yS,, defined in and write
OgL, = 0pK1p - + OpL,n with L, 1(p)(b, ¢,0) == / p(e,n)K, 1(b, ¢, 8,n)dn, (5.21)
T
09Sy = 0gKap * -+ 0pS,1 with  S,1(p)(b, ¢, 0) = / p(p,n)H1(b, @, 0,m)dn (5.22)
T

where K14, Koy are given by (3.11)-(3.12) and the kernels K, 1(b, ,0,n), % 1(b, 0,0,n) € R satisfy
the following symmetry property: if r(—p, —0) = r(p,0) then

Kr1(b, =, =0, —n) = Kp1(b, ¢, 6,7), (5.23)
Hr1 (b, —p, =0, —n) = Jr1(b, 0,0, 1) (5.24)

and the following estimates
HKrlqus o ST Pl (5.25)
[ 1HqHs S Il - (5.26)

Moreover,

186KC16 * pllgs” S llelly q,s ; (5.27)
106KC2 % Pl 7S < Nollgs (5.28)
186 L1138 < Il ||qso+2||p\ O+ IrlySallollys q,so7 (5.29)
10687 < 7l S+ Irllgalieligs,. (5-30)
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Proof. According to (3.17)) we may write
R(b,p,m) — R(b,¢,0)\?
A (p,0,m) = 2b 19 i i b, o b, o, 0
(o, =2 sin (1) ( ( g )+ e mRb0)
sin (%9)

Unl(ba%ea’?)- (531)
Notice that v, is smooth when 7 is smooth and small enough, and vg; = 1. More precisely, by using
Lemma [£.1} (iv)-(v) combined with Lemma [4.2} (i) and the smallness condition on 7, we get

Using the morphism property of the logarithm, we can write

N

= 2b

q,HS < ||T| qs+1 (532)

log(A, (b, 2,0, m)) = log (2b) + g (sin? (%52) ) +log (v (b, 0,0, m))
= log (2b) + K1,5(n — 6) + K, 1(b, 0,6, n) (5.33)

and 1mmed1ately follows. Moreover, and give (5.21). Applying Lemma [L.1}(v)
together with (5.32) and the smallness condltlon on r, we obtam 1} Using (5.25)), Lemma [4.7}(4)

and the smallness property on 7, we get (5.29). Similarly, from (3.18) we can link B2 to B3 by
B2(b,¢,0,m) = B3(b,0,0,m) + (R2(b,0,0)R(b, 0,) — b*) = 2( R(b, 0, 0) R(b, 0, m) — ) cos(n — 6)
= Bg(ba ®, 97 77) (1 + Pr(ba 2 97 "7))
with

R2(b,0,0) R?(b,,n)—b* ) —2( R(b,,0) R(b,,n)—b2 ) cos(n—0)
Br(b,,0,m) := (e = 1+b)4—21()2cos<fn—9) e)¥) el :

so that we can write

log (B (b, ¢,6,m)) = log (Bo(b, ¢, 0,1)) + 3log (14 P(b,¢,0,7))
= ’C2,b("7 - 9) + %,l(ba 2 07 77) (534)

and ((5.24) immediately follows. Moreover, (3.3)) and (5.34]) give (5.22)). Notice that that P, is smooth
with respect to each variable and with respect to 7 with Py = 0. We conclude by Lemma [4.1}(iv)-(v)

and the smallness property on r that
1P HqHs S Il

As a consequence, composition laws in Lemma together with the smallness property on r imply

(5.26). Then, using , Lemma (zz) and the smallness property on r, we get . The esti-
mates - can be obtained using , and Leibniz rule combined with the following
estimate

sup ||b — b" V’O <1
neN

This ends the proof of Lemma O

We now provide tame estimates for the vector field Xp defined in (5.1)).

Lemma 5.2. Let (v,q, so, s) satisfy (L.11)). There exists g € (0, 1] such that if

| ||q,so+2 X €05
then the vector field Xp, defined in satisfies the following estimates
(i) 1Xp(r)135" < Il Sallr 41
(i6) 11a: Xp () A3 S lollg e llr s + Il Sallol e
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s+2 +r s+2HP1 |q,so+1) HP2Hq,so+1

(iii) | d2Xp(r) v, pa) |35 S loallysaralloally o + (lonl

Proof. We shall follow the proof developed in [15, Lem 10.2]. We first prove the estimate (ii¢) and the
estimates (i7) and (7) then follow by Taylor formula since d, Xp(0) = 0 and Xp(0) = 0. Recall from

Lemmau and - that
d, X (r)[p) = —dr Fy(r)[p] = —0p (Vrp) — 0oy % p — OgLir,1p + 0pSy1p.

According to (5.1), P is is the Hamiltonian generated by higher order more than cubic terms Hss3.
Then differentiating with respect to r the last expression we obtain

deP(T)[Pl,m] = —0p ((d+Vi[p2]) p1) — 0o (dy L [p2]p1) + 0o (drSpalp2]pr) - (5.35)
Recall, from and - that
Ly.1(0)(b, .0) = /T (9, 1) 10 (01,1 (b, 0, 6,17))i. (5.36)

Hence by differentiation we obtain

1 drv2 ) [p2](byp,0,m)
AL (r)lp2lpr (b0, 6) = 5 /qr e Ugﬁ)(ﬁ;,e;; d. (5.37)

Coming back to ([5.31)) it is obvious that the dependance in r of the functional 1)371 is smooth. Straight-
forward calculus leads to

L, 2 R(b,p,0)—R(b,p,m) (¢,0) () (2,0) R? (b,p,n) +p2(,m) R (bp,0)
22 ()2l (0, 0,m) = HEEGERGED) (a0 — fay) + el e,

Using ((5.32)) combined with the law products stated in Lemma Lemma 4.2} (i) and the smallness
condition of Lemma [5.2 we find that

0
ldrors (M lealllT s, S llo2llgss + lir et lloalls. (5.38)
According to (5.38)), (5.37) and using Lemma [4.1}(iv)-(v), Lemma[4.7}(i¢) and the smallness condition
we obtain,
190, L1 () [p2) o1 13 Sl Lo (1) [p2lon 175

Sl alloallso s + lerll3s (Lol S + IrlySalloely ). (5:39)

Now we shall move to the estimate of d,S, 1(r)[p2]p1(b, ¢, ). By differentiating with respect to r in
(5.22) and (5.34), we obtain

1 drB? byp,0,
drSy1(r) 2] p1 (b, 2, 0) = 5 /T m(w,n)( BQ)(Efi,]Eg;; " dn.

In view of (3.18)), direct computations yield

L0 B2() 2] (b, 0.0, 1) = palp. O)RE(b, 0.1m) + palip, ) R2(b, 0.6)

2
- (pg(so, 0) mr2d) + pa(0,m) T Z,jii) cos(n — 0).

Then, Lemma [4.1} (iv)-(v) and the smallness condition on r imply

~,0

7,0 ] v,0
ld, B} (r)[p olllgms,, S lellgs +lIrlgs llezllgs,:

It follows from Lemma [4.7}(i4), that

0
109y Sr1 (1) [p2)p1 1172 SlldrSra (r)p2) o1 1154
oS o2l 7S o+ el (o2l o + IS lo2ll T ,1). (5.40)
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Next we shall move to the estimate of d,.V,[p2]. From Lemma we can write

= wi R=(bp,
Vi VTO + VT1 + Vf, ith Vro(b, 0, 0) = — / QEb ,ng
v (b ©,0): b, 79) / log b, ¢, 0, 77))6,7 (R(b, @, n)sin(n — 9))d77,

V(b . 0) = —W/Tbg (Br(b, 0, 0,1)) On (R (b, ,m) sin(n — 0))dn.

Differentiating V0 with respect to r in the direction py yields

O)R? (b,p.n)—p2(p,1) R (b,p,0
Vel 0) = — [ Do 000 g

Law products in Lemma [£.1] and the smallness condition in r then imply

14, V2 () [p2]lI5: S Np2llgzs + Il N2 1 o (5.41)

Differentiating V! with respect to r in the direction py gives
AV Olpd(0) = = [ 108 (Arb.0.0.0)) 0, £ Lol .0, m)y

1 [ (do?,)[p2l(biob.m)
_Q/T oL oo ) 200 (b, 0,7

= 11(9) + 12(9),

with

f'r"(ba 2 97 n) = EZ’Z g; Sll’l(’l] 9)

Straightforward computations give

dy f:[p2] (b, 0, 0) = p2(e,m) R2(b,,0)—p2(,0) R%(b,0,1)

T3 00, 0) Rby1) sin(1 — ).

Then, by law products and composition laws in Lemma we immediately deduce that
10, £:11757 s, S+l (5.42)
|mdﬁ@mqm, ( per)llo2ll3 (5-43)

The following estimate on Z can be obtained combining ([5.38)), (5.32)) and ([5.42)) together with Lemma
(iv)-(v) and the smallness property on 7.

qs+17

q,so+1) HIOQ

1Z211g;

q,8 ~v

O N 71 e (5.44)

As for 7; we argue in a similar way to Lemma [5.1] to get

”Il‘ :;Y:s ~ q,8+ s—i—alQHq,so—i-l (545)
Putting together (5.44]) and (| - yields
(A G| aietllo2ll st (5.46)

Differentiating V,2 with respect to r in the direction py yields

R (o) —3p (0 D) 2 (brpm)
dr V(1) 2] (b, 0,0) = — / log (B (b, ,0,m)) 0y (2Ll e D000 gin (1 — 6)) iy
T

1 dr B? ) [p2])(b,p.0.1) R(bp,)
) / ( 33)(b,s0,9ﬂ7) 0 ( gy sin(n — 0) ) dn.
T
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Arguing in a similar way as above we find
V2 2] 75 S
Putting together (5.41)), (5.46)) and (5.47)) gives

1d: Ve () P2l S Nlp2licin + Il 2l e (5.48)

Therefore, according to the law products in Lemma (5.48) and the smallness condition we obtain

H@g(drv}( )[p2]P1)‘ < |ldrVie(r)[p ]P1| q,s+1

q, s+1HP2Hq so+1° (5.47)

~ Hdr‘/;«(T)[ ‘q,s+1 |p Hq,so + Hd V ‘qsoHp Hq s+1
S leallg S ezl + llr s+2\|pl\Z,’so monit oty o2l i1

Combining the latter estimate with (5.35]), (5.39) and ([5.40) allows to get

12X p(r) o1, p2)I7C S lonll2S)

O
Tollo2llgides + lIrlly o llonl;

~,0
Talloall st + ol lp2lgs 1

Using Sobolev embeddings we get the desired result. This concludes the proof of Lemma [5.2] O

Notice in particular that Lemma (1) implies that there is no singlarity in ¢ for the rescaled
vector field Xp_ defined in (5.2). Based on the previous lemma we obtain tame estimates for the
Hamiltonian vector field

XPE = (617)5, _819’]36’ HSLaOVZ,PE)
defined by (5.14) and (5.16]). The proof can be done in a similar way to [16, Lem. 5.1].

Lemma 5.3. Let (v, q, so, s) satisfy (1.11)). There exists eg € (0,1) such that if
e<eg and HJ\qSO+2<1

then the perturbed Hamiltonian vector field Xp_ satisfies the following tame estimates,

(i) 1 X7, (8)llq
(ii) ||di Xp. (i)m!

(”Z) HszXPe (7’)[ H q,s ~ H i H s+2” i ‘ 30+1 + ||J| q,s+2(” i ‘ q, 50+1) .

< 1+ HJHq s+2°

q,s ~ ”,LH s+2+ ||J”qs+2”l|q,so+1

6 Construction of an approximate right inverse

In order to apply a modified Nash-Moser scheme, we need to construct an approximate right inverse
of the linearized operator associated to the functional F, that is

d(i,a)]:(im Oéo)[/Z\, &] =W a@/Z\— diXHS‘O (Zo((p))m — (&, O, 0). (6.1)

where F is defined in (5.19), ag : O — R? is a vector-valued function and ig = (g, Ip, 29) is an
arbitrary torus close to the flat one and satisfying the reversibility condition

Jo(—p) = —Vo(p), Lo(—¢) =1Io(p) and zo(—p) = (L20)(¢). (6.2)

For this aim, we may follow the procedure introduced in [I1] and slightly simplified in [37, Sec. 6].
The main idea consists in conjugating by a linear diffeomorphism of the toroidal phase space
T x R x Lﬁ_ to a triangular system in the action-angles-normal variables up to small fast decaying
error terms and terms vanishing at an exact solution. Then, to solve the triangular system we are led
to almost invert the linearized operator in the normal directions, given by

Lo, =TI <w 8y — Bp(8. V. HO) (ig(p)) — eagn(w))néo, (6.3)
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where HZ0 is given by (5.18)),

R(¢) := L3 (9)01VP-(io(9)) La() + L3 (9)8:V1Pe(io(¢)) + OrV.Pe(io()) La(), (6.4)
P- is defined by and
La(¢) = —[(0920)(o(e))] 1051, Z0(9) = z0(95 " (9)). (6.5)

Here, for any linear operator A € £(R?, Li) the transposed operator A" : Li — R?is defined through
the duality relation

Vue L%, VYveR% <ATu,v>Rd = <u,Av> (6.6)

L2(Td)"

We point out the presence of the remainder term due to the linear change of variables performed to
decouple the dynamics of the action-angle components from the normal ones. For more details we
refer the reader to [37, Sec. 6].

6.1 Linearized operator in the normal direction

Our main goal here is to explore the structure of the linear operator Zw, introduced in (6.3). We
have the following result. The following lemma describes the asymptotic structure of £, around the
equilibrium state, described in Lemma,

Proposition 6.1. Let (v,q,d,so) satisfy (L.11). Then, the operator L, defined in (6.3)) takes the

form
L =T, (Lor — cOR)TH,, (6.7)
where
(i) the operator L., is given by
Ear =we ago + 89 (Var : ) + 801‘51“ - aGSsra (6'8)

with Ver, Lgy and Se, defined by (3.1)), (3.2]) and (3.3)).

(ii) the function r is given by

r(e,-) = Alio(p)), (6.9)
satisfies the following symmetry property
r(—p,—0) = r(p,0) (6.10)
and the following estimates
)3 < 1+ 130 Hqs : (6.11)
112739 < 1A12il3: + | Availlg) e 195135 (6.12)

(iii) the operator R, defined in (6.4]), is an integral operator with kernel J satisfying the symmetry

property
J(=p,—0,—n) = J(p,0,n) (6.13)
and the following estimates: for all £ € N,
sup [|(951) (5, e+ DT S 1+ 130l175 540 (6.14)
neT
~v,0 ~,0
itelgHAu(aéJ)(*,.,.,n+.>!g;§9 S A2l 70 500+ 1A221]775 1 nﬁ}w T s (6.15)

where *, -, ., denote successively the variables b, p,0 and J;(p) =1;(p) — (¢,0,0).
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Proof. From (5.18)), (5.12)), (5.9) and (5.3) we obtain
(0:V-H2)(io () = L(0)ILg, +€0:VP=(io())
= L(b)Is, +ellg, 0,V P-(A(io(¢)))
= Hé_()arera(A(iO(@)))
= Hé()@TVTH(sA(iO(gp))).
According to the general form of the linearized operator stated in Lemma one has
_89(8ZVZHgO)<i ( )) HSO (89( ( (2 ) ) + OpLe, — 8QSET)H§_O'
Inserting this identity into (6.3]) gives (6.7)). The operator R(¢p) in (6.4) may be written as
R(p) = Ri(p) + Ralp) + Ra(w), with Ru(p) = L (¢)rVrP=(io(p)) L2(),
Ra(p) == L;((P)an['Pg(’io((P)),
Ra(p) := OV Pe(io()) La()-
Notice that R1(¢), Ra2(¢) and R3() have a finite-dimensional rank. In fact, from (6.5) and (6.6) one

may write

d d
Z ek Rd [ Z <p¢ L;((,O) [Qk]>L2(’]I‘) €k
k=1 k=1
with (e;,)¢_; being the canonical basis of R?. Hence
Z (p. L3 (D)ler]) oy Ar(@)ler]  with  Ai(p) = L3 (9)9r V1Pe(io (),
Z <P> L2 L2(']I‘)A (90) [Qk] with A3(‘70) = alvz,PE(ZO((P))

Analogously, since Aa(¢) := 0,V P:(io(p)) : L2 — R%, then we may write
P

=

d
A2 ek}>L2 ('H‘)L;— (@)[Qk]
k=1

By setting

91,1(0,0) = gr3(0,0) = xr2(9,0) = Ly (9)[ex)(0),  gra(p,0) = Aj (©)[er](0),
Xk,1 (0, 0) = A1(9)[er](0),  xr3(p,0) := Az(p)[er] (),

we can see that the operator R takes the integral form

3 d

Rp(p,0) =/Tp(so,77)J(so,9,n)dn, with  J(0,0,1) = > > grw (@, m)xww (0, 0)-
k'=1k=1

The symmetry property (6.13)) is a consequence of the definition of r and the reversibility condition
(6.2) imposed on the torus ig. The estimates (6.15)), (6.14]), (6.11)) and (6.12)) are straightforward and
follow in a similar way to Proposition 6.1 in [47]. O

6.2 Diagonalization of the linearized operator in the normal directions

This section is devoted to the reduction of the linearized operator Ew, defined in (6.7]), to constant
coefficients. This procedure is done in three steps. First, we reduce the operator L, introduced in
up to smoothing reminders. Then we study the action of the localization in the normal directions.
Finally, we almost eliminate the remainders by using a KAM reduction procedure. We fix the following
parameters.
S1:=580+T1q+T1+2, Ty :=4mq+ 671+ 3, (6.16)
3 1= 8 + T2q + T2, 5= Sy + s+ 1. '
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6.2.1 Leading orders reduction

In this section, we shall straighten the transport part by using a suitable quasi-periodic symplectic
change of variables and look at its conjugation action on the non-local terms. The reduction of
the transport part is done by a KAM iterative scheme. Such technique is now well-developed in
13, [7, 14, 28|, 37, [47]. The result reads as follows.

Proposition 6.2. Let (v, q,d, 11, S0, fig, S, Sn, S) satisfy (1.11] , and - Let v € ( q+2]
We set
o1=8 +711q+2m1+4 and o9 =89+ 01+ 3. (6.17)

For any (p2,p, sp) satisfying
_ 3 _
p2 =T, P20, sp>max|guzt+s+13+p), (6.18)

there exists g > 0 such that if
ey INE? <eg and ||Jo|] q5h+0'2 <1, (6.19)
then following assertions hold true.

1. There exist
Ve € W(O,C)  and B € WT(O, HY)

such that with % defined in (4.6) one gets the following results.

(i) The function V,2° satisfies the estimate:
,O
IViee = 31179 S e (6.20)

(ii) The transformations #+', B!, 3 and [/i’\ satisfy the following estimates: for all s € [sg, 5],

1B P18 + 1B o117 S M1AlI7E + v 130ll) o 11752 (6.21)
BIE < 16132 5 < 7 (1 1300350 - (6.22)
Moreover, 8 and E satisfy the following symmetry condition:
B(:U’a B2 _9) = _IB(/“L’ 2 0) and B(:U’a 2 _9) = _IB(/“L’ 2 0) (623)
(iii) Let n € N, then in the truncated Cantor set
o= ) {bweo st |wltivrow)|> 2l (624
(lyj)€Zd|é]ZV\{(070)}

we have the decomposition
Ler 1= %71£5r=@ =w- a(p + VZ-EOC% + 0pKp * - + OpRer + E?p

where Lo, is given by (6.8), Ky is defined in Lemma and EX = EV (b, w, i) is a linear
operator satisfying

@
HE Io”’qyso 5 ENN2Nn—ﬁ12Hp q,so+2 (625)
The operator Re,r is a real and reversibility preserving integral operator satisfying
VS S [SO, S], kérﬁ)?l}f ||80 57’”0 d,q,s N (1 + ||J0Hq,s+ag) . (626)
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2. Given two tori iy and iy both satisfying (6.19), we have

1AV )10 < el Avnill)S ., (6.27)
HAlZ/BHq Sh+p + ”AIQ/BHq Sp+p ~ 67 1HA12ZHq Sp+ptor” (628)

In addition, we have

S ey Ay (6.29)

||O d,q,5p+p ~

max} HAH(&Q ‘W) q,Sp+p+o2”

ke{0,1

Proof. Notice that along the proof, to simplify the notation, we shall omit the dependence with respect
to the parameters b, w kipping in mind that the functions appearing actually depend on them. We
begin by setting

Vo=35 and fo(% 0) := Ver(9,0) — 3, (6.30)
with V,, defined by (3.1 . According to and ( ., one gets

Notice that according to (3.1]), (5.48) and Taylor formula, one has

170132 5 & (1+ 130l3:%1) (632

These properties allow to apply [47, Prop. 6.2], whose proof is based on a KAM iterative scheme
reduction of the perturbation term fy and construct S and V;>°. In particular, for any n € N, we are
able to construct a Cantor set OX7(i0) in the form (6.24) in which the following reduction holds

B (w04 0p(Ver ) B =w 05+ V0 +ED, (6.33)

where E? is an operator enjoying the decay property stated in (6.25). Using (6.33)), (5.21)), (5.22) and
Lemma [4.3} (i), one obtains in the Cantor set O (ig) the following decomposition

BB =B (w-0p+ 0p (Vo)) B+ B OgLcy B — B 0Scr B
=w- 0y +ViC0p+ B 09 (K1p*) B+ B ' OpLer1 B
— B 109 (Ko * ) B — B 99S:01% +EY
=w 0, + V0 + 0pK1p - — Koy * - + OpRer +ED,

wehre
Ry i= (B (K ) — Kigx:| = [B (Ko ) B — Koy x| + B Ler 8 — B'S.08. (6.34)

Direct computations using (3.11]) lead to

B (01 (#0)(.0) = | plim)lox(el.0.m)

where

,,(ng(gp, 07 77) = )Sin (%79 + }\L(SD7 97 77)) ‘ with ?L((p, 0, 7]) = 75(90,9);5(%0777) .

Using elementary trigonometric identities, we can write

n—~0
an (130)

In view of (6.23)), one finds that vg enjoys the following symmetry property,

~ sin(h ,0,
v5(0,0,m)  with v5(0,6,m) == cos (h(,6,1)) + 1 2lies),

‘52{3“07 0, 77) ton T)

v

5(=, =0, —n) = v5(p,0,n). (6.35)
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Using the morphism property of the logarithm, one gets

[B’l (Kip*p)B — Ky * p(0,0) = /Tp(so, Kz, (¢, 0,m)dn

where
Kj,(¢.0,n) :=log (v5(,0.n)). (6.36)

Notice that (6.36|) and (6.35) imply
R. (6.37)

—0,—n) =Kz ,(p,0,n) €

Kza(—
Hence, we deduce from Lemma that B! (ICLb * )% — Ky * - is a real and reversibility preserving
Toeplitz in time operator. Writting
Sin(ﬁ(wﬁm))

(p,0,m) =1+ (cos (ﬁ(gp,@,n)) — 1) + . (L—(’) ,
an P}

one finds, by Lemma (V), Lemma and (/6.22)),
HUA_ 1|qHs q,s+1

S, 5771 (1 + HJOHq s+1+01) :

Moreover, by - and the Mean Value Theorem (applied with p replaced by p + sg + 2), we find

sh+p+so+1 ~ ||A12B||q Sp+p+so+2

<;>9n

HA12U5||
S e | Arzillg s, 4ptsod24or -

In a similar way, we deduce that
||K 2||q,Hs Ser (141300175 140, ) (6.33)
HAIQK sh+p+so+1 ~ 5'7 1HA12ZHq Sp4+p+so+2+o1” (639)
In view of Lemma [4.7] we get, from (/6.38) and (6.39)
max (0[5 (e )2 K | <o (1413007 1) (6.40)
ke{0,1,2} 0 ’ ’ 0-d,q,s ~ q,s+so+3+01 | .
k[ -1 7,0 -1
kg*l{%ﬁ} HAH@G [B (Kl’b ¥ )% B ’Cl’b ¥ } 0-d,q9,8p,+p S ~ &Y HAIQZHQ Sptptsot2+or” (6'41)

According to (3.12)), one finds
B™H(Kap * (2p)) (0,0) — Ko % p(p,0) = AP(¢,H)%,2(¢,9,n)dn,

with
H5 5 (p,0,m) = % {log (1+ bt — 2b% cos(n — 0 + /f;(go, 0,1))) —log (1 + bt — 202 cos(n 9))}

1 1 14+b%*—2b2 cos (77—0—}—71(4,0,0,77))
2 1+b4—2b2 cos(n—0) :

(6.42)

From ([6.23)), we deduce that
(=, =0, —n) = H5,(p,0,m) €R

ﬁ72
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It follows from Lemma that B! (ICg,b * )93 — Koy * - is a real and reversibility preserving Toeplitz
in time operator. Arguying as for (5.26) and using (6.22)), we obtain

217,00
Hf/”i/QHqHs L S Bl

Ser™ (1+13%

q,s+o‘1) . (643)
Using Mean Value theorem, applied with p replaced by p + sg + 1, one also gets by ([6.28))

||A12=%/ 2”% sh+P+80+l ~ ||A126||q7sh+p+80+1

Sev 1”A122||’Y’Sh+P+50+1+01 (6.44)
Consequently, in view of Lemma we get from ((6.43))
7,0
O (B (Ko ) B — Koy + | Sev (143 ) 6.45
ker?oz?l);} H 0 (K2 %) 20 % o-dyg,s = + %ol @ 8+5°+2+01 (6.45)
and from (6.44))
k[ 1z—1 70 -1
o et 8 2SS

Next, putting together (5.23)), (6.23]) and Lemma we infer that B~1Le, 1% is a real and reversibility
preserving Toeplitz in time operator. Moreover, we obtain from (4.21)) in Lemma (6.22]), ,
(6.11) and the smallness condition (6.19)),

-1 o 7,0
ke%‘?‘fz} Haﬁ Le, 1%H0 d,q,8 ~ ”K q.H s+so+2HKar 1Hq’H;?9,n
5 67 (1 + HJOH(] S+50+2+01> : (647)

Applying Lemma we get from ((5.31)), Lemma and (6.12)),
@
||A12Kar1\|qHs < ||A12U£r,1||g:Hs

Sey (I

7,0
qs+l + ”Al?ZHq,so ‘n%ax ||JJ| qs—i—l)

Added to Lemma [4.8}(ii), (6.28), (6.22), (5.25) and (6.19)), we infer

max, 181205 B Ler 1 B3 5 S 27 AL (6.48)

ke{0,1} q,Sp+pt+sot+ltor”

The next task is to estimate the term B~!S., 12 in (6.34). Note that (5.24), (6.23) and Lemma
imply that B_ISEM%’ is a real and reversibility preserving Toeplitz in time operator. In addition,

Lemma [4.8) together with the estimates (5.26]), (6.11) and (6.22) give

kerﬁ)z,ll}fZ} ||89 lser 1'%||0qu ~ ”%MH%HHQ + HBH s+2||{;i/”1||w, e

Ser ™ (14 19001 Shaprzion ) - (6.49)

Applying Lemma we get from (5.34) and (6.12)),

A erall e, %er™ (el + IMmaill ma 190172).

Then, combining Lemma [4.8}(ii), (6.28), (6.22), (5.26) and (6.19), we get

max || Awdf B Ser1 B3 540 S 7 A1l (6.50)

ke{0,1} ¢,5p+ptso+1+o1”
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In view of (6.34]), Lemma and the previous computations, we conclude that R., is a real and
reversibility preserving toeplitz in time integral operator which satisfies, by (6.40)), (6.45)), (6.47) and

F19).

k 7,0
e S R (R reriy §

In addition, combining (6.41)), (6.46)), (|6.48|) and (6.50]) yields

max} HA1289 <ey 1||A121H

ke{o,1

,q Sp+p ~ q,8p+p+sot+2+o1”

This ends the proof of Proposition O

6.2.2 Projection in the normal directions

In this section, we study the effects of the localization in the normal directions for the reduction of
the transport part. For that purpose, we consider the localized quasi-periodic symplectic change of
coordinates defined by

#, =g P, .

Then, the main result of this section reads as follows.

Proposition 6.3. Let (v,q,d, 11, S0, Sh, Sh, P, S) satisfy the assumptions (L.11f), (1.10) and (6.18]).
There exist eg > 0 and o3 = 03(71,q,d, S0) = 02 such that if

5’7_1N6L2 <€ and HJOHq Sh+o3 < 17 (651)
then the following assertions hold true.

(i) The operators f%’fl satisfy the following estimate

1B 0158 S Nplgs +ev™ 1130

q,s ~~

q,s-i—og”p q,so (652)

(ii) For any n € N*, in the Cantor set Oy (ig) introduced in Proposition we have

BTLLB) = (w0 + VO + Ky + )&, + R + EL,
= w - Opllg, + o + %o +Ej,
=%+ ETIL,
where Xy = HSLOQ?OHSLO is reversible and Yy = H§O 90H§0 is a reversible Fourier multiplier

operator given by
V(l,j) € Z' x S5, Toery =ipj ey,

with
ug(b,w,io) =Q;(b) +jr'(bw,io) and 1! (bw,ip) = V(bw)— 1 (6.53)

and such that
O O
1179 <& and  [|Awrt|]€ S ellAwil)S . (6.54)

(iii) The operator EL satisfies the following estimate

,0
IERpllG < eN6* N5 ol

7.5 +2 (6.55)
(iv) The operator %y is a real and reversible Toeplitz in time operator satisfying

Vs €[50 8], max [BA0N3 000 S v (14130030, (6.56)

and

1812200135 5 sp S €V 1 AME]0S) (6.57)

44



(v) Furthermore the operator £y satisfies

o 0 —1)~ 17O 0
Vs € [50,5], [1<%onll3s < lellyis + v 1ol sioslloll35- (6.58)

q,s ~~ q,5+03 4,50

Proof. (i) Follows from (6.21]) and Lemma [4.1} (i).
(ii) From (6.7) and the decomposition Id = IIs, + H§O we write

BTL, B = BTG (Lo — cO3R) B
= B 'g, Lo, BN, — B 'TIg, L., 15, Bg, — B g, 0yRA .

According to the definitions of £., and L., seen in Proposition and in Lemma and using ((5.21)),
(5.22) and (3.10), one has in the Cantor set O (ig)

LovPB =RBLeyr and Lo =w-0p + 09 (Vor) + 0pKCh * - + OgLicr1 — 0pSer1
and therefore
B LB =B g BL G, — BTG (99 (Var-) + OpLieys — 0gSer1) s, BIIE, — B 0yRAB..,
where we have used the identities
# Mg =% " and (g, T) =0 = [I,, 7],

for any Fourier multiplier 7. The structure of £, is detailed in Proposition [6.2] and from this we
deduce that
Ilg, BEL, Mg, = g, B(w - 0, + Vg + 0pKy # - + 0pRer + Ep )T,
= g, BIg, (w - Op + Vi + 0pKp * ) + g, BOpR., 115, + g, BEOg,
=B (w0 + V0 + 0pKy, + -) + g, BOyRe, 1g, + g, BEIG, .

It follows that

BE BL, G = (w- Dy + V20 + 09Ky + ) 1Ig, + B g BIpR., 11g, + B 115 BETIS,
= (w+ 0y + V209 + 0Ky * )1, + 15 OpR-, g, + B Bl 0pRe, 115,
+ %'y, BEL, .

Consequently, in the Cantor set O}, (i), one has the following reduction

BTLLBL =(w - 0y + V2D + 0gKy )1, + 115, R, 1Ig + BT Blls, IR, 11
— % 'g, (99 (Ver') + gLy, — 09Ser) s, Bllg, — e B[ ' 0yRAB| + 27 ' g, BEIg,
i=w - 0,113, + Po + %o + EL, (6.59)
where we set
Dy = (Vi‘g‘]@g + 0Ky * -)Hé‘o
and
E, = % 15, BEIg, . (6.60)

(iii) Results from (6.60), (6.52), (6.21), (6.25) and Lemma [4.1}(ii).
(iv) For the estimates (6.56)) and (6.57)), we refer to Lemma [47, Prop 6.3 and Lem. 6.3]. They are
based on suitable duality representations of %fl linked to #*!.

(v) It is obtained by (5.27), (5.28), (6-20), (6.56) and Lemma [4.5}(iv). O
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6.2.3 Elimination of the remainder term

We perform here the KAM reduction of the remainder %, of Proposition This procedure allows
to diagonalise the linearized operator in the normal directions, namely to conjugate it to a constant
coeflicients operator %, up to fast decaying terms.

Proposition 6.4. Let (v,q,d, 11, T2, S0, S1, 81, Sh, i, S) satisfy (1.11), (1.10), (6.16). For any (ue, sp)
satisfying

3
> p2+35+ 1, (6.61)

pe = g+ 272q + 272, and s 5

there exist g € (0,1) and o4 = 04(11,72,q,d) = 03 such that if
ey TINY? <o and  |TolTS L, <1, (6.62)

then the following assertions hold true.

(i) There exists a family of invertible linear operator P, : O — E(HS ﬂLi) satisfying the estimates

Vs € [s0, 5], 193 pl3 S Hlellgs +ev 2 1Toll;

(6.63)

s+a4 Hp

30

There exists a diagonal operator L, = Loo(b,w,ig) taking the form
Lo = w - OlIE + Do
where Do = Doo(b,w,ig) = HSL0 @mﬂ§0 is a reversible Fourier multiplier operator given by,

V(l,j) € 7% x S, Dcery =ip5° ey,

with
Vi €S pt(b,w, i) = ,u?(b,w,io) + 757 (b,w, io) (6.64)
and
sup |j[[r3°(17° S ev! (6.65)
JESE

such that in the Cantor set

. ol
oL (o) = ﬂ {(b,w) € OLTL (o), |w - L+ p5o (b, w, ig) — pss (b, w, io) | > %}
(1,4,50) €ZE % (8§)?
[l|<Nn
(1,5)#(0,50)
we have

AP = Lo +E2,
and the linear operator E2 satisfies the estimate

O —
IERPIGS S e P NG N2 o,

qSON

q7so+l (666)

Notice that the Cantor set Oy (ig) was introduced in Proposition the operator £y and the
frequencies (,u?(b,w, io))jeSg were stated in Proposition .
(i) Given two tori iy and iy both satisfying (6.62)), then

\V/j S Sg, HAlz’l“OO”7 0 < S ey 1||A12Z|| (6.67)

q,5pto4

Vi €S 1Anul7C S ev il Al (6.68)

q,5p+04”
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Proof. The proof consists in a KAM reduction algorithm. We may refer for instance to [4l 8, 29] [37, [47]
to see some implementations of this method. Here, the main reference which fits with our purpose is
[47, Prop 6.5]. Hence, we only explain here the main lines of this procedure and refer to this work
for the technical details. In Proposition we managed to find the following reduction valid in the
Cantor set 0L}, (7o),

BB = Lo +EL,

where %) is an operator admitting the following structure
Ly =w - 0,115, + Do + Ro, (6.69)

with 9y = Hé‘o.@oHé—O = (iug(b,w))j esg @ diagonal operator of pure imaginary spectrum and %, =

HSLO %(JHSJ-O a real and reversible Toeplitz in time operator of zero order. The proof consists in a
recursive elimination of the remainder term %y. First notice that if we denote

- o
Jo(s) == 7|01 3a.q.0
then, in view of (/6.56)), we get
o(s) < C=v 2 (14 130117550, ) - (6.70)

Hence, according to (6.61]), (6.62)) and the fact that o4 > o3, we infer

N{260(sp) < CNY?ey ™2
< Cso. (6.71)

We construct recursively a sequence (£, )men of operators in the form
L = w - OIIg, + D + Rom, (6.72)
with 2, = H§O QmH§ = (iu;”(b, w))jESc a diagonal real reversible operator, that is,
0
Dmer; =1ipj' (bw)e; and p;(b,w) = —puj" (b,w) (6.73)

and %Z,, = HSJ-O %mHSLO a real and reversible Toeplitz in time operator of zero order quadratically
smaller than the previous one in the Toeplitz topology introduced in Section To construct Zp,41
and Zm11, we consider a linear invertible transformation close to the identity

O, =g, + ¥y, : O — L(H N LT),
where W, is small and depends on %,,. Straightforward computations give
O, Ly = w - DG, + Do + q%l([w 005, + Dn, U] + P, %m + PN, B, + %mxlfm>,

where the projector Py, was defined in (4.16)). Therefore, we shall define ¥,, so that it satisfies the
following homological equation

(w - 0,05, + D, Uin| + Py B = | P, B, (6.74)

where | Py,, %] is the diagonal part of the operator Py, %,. We emphasize that the notation |R |
with a general operator R is defined as follows, for all (g, jo) € Z% x S,

_ l,j ) . — plojo,, . _ . . 4
Relo,jo = Z Rlo,joeld — LRJ Clo.jo = Mg, 50 Clo.do = <Relo,J07 elo,Jo>L2(11‘d+1) €lo.jo0- (6.75)
(1) €7 xSE

Recall that we denote e, j, (,0) = !l0¥+509)  The equation (6.74) can be solved using the Fourier
decomposition of operators. Indeed, since Z%,, is a real and reversible Toeplitz in time operator, then
by virtue of Lemma we can write

l?’ o— 1 j
('@m)lo],jo T ”q;om

(byw,lo—1) €iR  and (Bm) 0 2. = (%) (6.76)

lo,jo~
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Therefore, we define the operator ¥,,, by

Wy i) = { o Gom D (b1 102 (0 (6.77)

with

¥ (@ (b,0) = i (b,w) (G = o))~ (1))

Qio’m(b’ w 1) = w1+ u;-”(b, w) — u;’;(b,w) ’ (6.78)
where the cut-off function x € C*°(R, [0, 1]) is even and defined by
wo-{! 1451 (6.79)
supplemented by the normal conditions
Vi ez Vjor jo€So, (¥m)) (bw,l)=0.
Using Lemma [4.1}(v), we can prove that
115008 < OV PN B |5 @ s rag s (6.80)
provided that
¥ (j.do) € (S5)°,  max - sup |9, (i (b,w) — pfy (b, w))| < Clj = jol. (6.81)

lal€[0,a] (b,w)e0O

Remark that is satisfied for m = 0 in view of Lemma [3.3}(iv) and (6.20). By construction,
U, = Hgo WmH§O is a real and reversibility preserving Toeplitz in time operator well-defined in the
whole set of parameters O and solves the equation when restricted to the Cantor set & 41
defined recursively by &7 = O and

ora= N {(b,w)eﬁ% site w14 p (b, w) — (b, w)|>7<j>]0>}. (6.82)
(1,5,50) €2 x (8§)?
[l|<Nm
(1,5)#(0,50)

Consequently, in the Cantor set & 41, one has
L1 = O L0 = w - OIIE, + Dyt + Bins1, (6.83)
with
D1 = Do + | PnpPBm]  and  RBms1 = @3 (= Ui | Py, Bm) + PN, B + B V). (6.84)

Remark that 2, and | Pn,, %] are Fourier multiplier Toeplitz operators that can be identified to

their spectra (iu]")jess and (ir]")jese, namely

V(l,7) € 2% x S§, Dmer; =iy er; and | Py, %mle; =ir] ey ;. (6.85)

By construction, we find
,u}”“ = pj" +ry. (6.86)

We set R
6n(5) =7 B3 Dgs and du(s) = max (v 0Bl 55 - 0m(s))
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By Lemma and (6.80)), we get for all S >35> s > s,

Sms1(s) < NET26,(5) + CNPITT268, (50)6m(s), (6.87)
Smi1 () S NET56,,(5) + CN2IA2HS  (50)8,m(5). (6.88)

These recursive relations allow us to prove by induction on m that

5m(§l) < 50(Sh)N6L2Nn;N2 and 5m(3h) < <2 — m+1> 50(8h) (6.89)
Sm(s0) < do(sn)NE2NZF2  and  d(sp) < (2 - +1) So(sn), (6.90)

with 5; and s;, fixed by (6.16)) and (6.61). Using the definition of the Fourier coefficients for an operator
and the Toeplitz structure of %,,, we find

i = =
— 71<PNm%mel,j,elvj>L2(Td+1)
— PN, Zmeo,;, €o,5) L2 (Td+1)-
By a duality argument combined with Lemma (6.89), (6.70) and (6.62)), we infer
i+ — 0 < Oy NN (6.91)

As the assumption (6.81)) is satisfied with Z,,, then we obtain by (/6.91])

Y (4,70) € (88)2, max  sup

m+1 m—+1 —1— w2 NT— . .
A A, ( <C(1 INE2NH2Y |5 — jol.
lal€[0.4] (A w)eo ( (A w) =5 ( “)> (1+ey 02 NLF2) 1 = dol

Therefore, the sequence (u;”) converges in W%°7(0,C). We denote p3° its limit and consider

meN
the associated diagonal operator Z, = (i,ujo-o)j cge- We introduce the sequence of operators <</I\>m> N
0 me

by
dy:= Py and Vm > 1, D, = Dgo Py o...0 D, (6.92)

It is obvious from the identity ®,, = Id + ¥,, that
D1 = Py + Py Uy (6.93)

From (6.93), (6.80) and (6.62)), we can make the sequence (®y,)men converge to an element @ in the
Toeplitz operator topology introduced in Section Moreover, arguing in a similar way to [47] we
may prove that

[R5

[e.e]

7,0
7(1 80 + Hq) | 0-d,9,50 X CéO(Sh)NHQNmiQI (694)

In addition, for any m € N, we find in view of (6.91))

15° = 11130 < Z [ i
< C’y 60(5]1)]\752]\[7;'“2. (6.95)

Therefore, we deduce

= + 5, (6.96)



where (M?) jesg is described in Proposition and takes the form

15 (byw, o) = Q;(b) + 3 (Vi (b,w) — 3).
Define the diagonal operator Y, by

V(1,j) € 24 x S, Dwcer; = ipey. (6.97)
By the norm definition we obtain

70 Pl
H-@m - ‘@OOH’(;fd,q,SO = Sup H/ﬂgﬂ - /‘?OH;/ (’)7
JES§

which gives by virtue of (6.95)

70 -
H-@m - @00’ g-d,q,so < CPY(SO(Sh)NSQNmMZ- (698)
Let us consider the following Cantor set for a given n € N,
. . olie i
O™ (o) = m {(b,w) € 0L (io) st ’w L+ pge(b,w) — ,u%’(b,w)’ > <(]l)7]20> },
(1,3,30) €24 % (8§)?
(L,i—30)<Nn
(1,3)#(0,30)

where the intermediate Cantor sets are defined in (6.82). A finite induction, in a similar way to [47],
allows to prove that
LT (i) C Oy,
Now define the operator
Lo = w - 0I5, + Des.
Writing
Zm _egoo = @m_@oo'f‘%ma
then using (6.98]) and (6.89)), we can deduce the convergence of the sequence (.Z,)men to the operator
%+ in the Toeplitz operator topology. In view of (6.92)) and (6.83]) one obtains

VYOw) € O, 3, %8, = w - 0,llE + Dni1 + RBnia
= foo + -@n+1 - -@oo + f%n+1'

It follows that for any (\,w) € O,
q);olg()q)oo = goo + -@n—l—l - goo + %n—&—l
+0' % <<I>oo - <T>n> + (@;} - $gl> Z®,
= Lo +E2.

According to Lemma (6.58), (6.95)), (6.62) and (6.94) we get (6.66). Next let us see how to get
the estimate ([6.65)). Recall that

)
0 m 3 m ]
Ty = r; with i = _1<PNm‘%me07]" e07j>L2('ﬂ'd+1)‘

m=0

An integration by parts gives
<PNm=@meo,j7 eO,j>L2(Td+1) = %<PNm%meO,j7 aQeO,j>L2(Td+1)
= ?‘ (PN,, 0% meoj, eo,j>L2(Td+1)-

Using a duality argument H®® — H~% combined with Lemma (6-90), (6.56) and ([6.62), we obtain

Ir52l70 S Il e
The difference estimates (6.67) and (6.68|) can be obtained by fixing p = 47mq + 472 as in [47]. The
proof of Proposition [6.4] is now complete. O
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6.3 Construction and tame estimates for the approximate inverse

At this step, we can construct an almost approximate right inverse for Ew defined in (6.7). This
enables to find in turn an almost approximate right inverse for the whole operator d; F (ig, ap) given

by .

Proposition 6.5. Let (v,q,d, 11, S0, Sh, 2, S) satisfying (1.11)), (1.10) and (6.61). There exists o :=
o(11,72,q,d) = o4 such that if

ey TING <ep and [90l30 ., <1, (6.99)
then, the following assertions hold true.

(i) Consider the operator £ defined in Proposition then there exists a family of linear reversible
operators (T”)neN defined in O satisfying the estimate

O —
Vs € [50’ S]’ Sug HTTL:O| g:s 5 Y alHq S+T19+T71
ne

and such that for any n € N, in the Cantor set

MGG = () {bw €0 st o+ pPbwio > HE
(1,5)ezdxs§
[l]<Nn

we have
LT, =1d +E3,
with
Vso <s<5<S, [ERI7 S Ny v ol s mgin

(i) There exists a family of linear reversible operators (Tw,n)n ey Satisfying

@
Vs € ls0, 8] suplTunell” S 77 (el + 190055 1500 (6.100)
n

and such that in the Cantor set
Gn (7,71, T2,10) := (’)771( )OOVT“TQ( )ﬁA”Tl( 0), (6.101)

we have
LyTyn =1d+E,,

where E,, satisfies the following estimate

Vseln Sl Bl S Moy

q,80

(178_i_a‘i’ff')/_2||*J ”qs-i—o‘Hp q,80>
+ 57_3N“2an:12 HP”q soto (6.102)

Recall that L., 0L (i) and OXT ™ (i) are given by (6.7) and Propositions . and re-
spectively.
(iii) In the Cantor set G, (v, T1,T2,10), we have the following splitting

Lo=Lyn+Ry with L,,Tun,=1d and R, =E,Lyn,

where fw,n and R,, are reversible operators defined in © and satisfy the following estimates

~,0 —
s € [s0 8L, sup Bl S o35 + <77 103 ol (6.103)
n
70 -
Vs € [SO’ S]a HRnP| g,so 5 NSO S (”P| q,s+a + gy 2HJ Hq,s—i—a”p| q, S()+O'>
+5773Nu2an12Hp”q so+o* (6104)
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Proof. (i) First recall from Proposition [6.4] that
Lo = w - 115, + Do
Using the projectors defined in (4.1]), we can split this operator as follows

Lo =Tn,w - O,IN, g, + Do — Iy w - 0,11y, 15,
:= L, — Ry, (6.105)
where
R, = Iy w- 9,1y Mg .
According to the structure of ., in Proposition we obtain from ((6.105|),

w1+ p) i I < Ny

. d c
V(l,j) € Z° X S5, e—i—jLney; = { i e if 1| > N,,.

Let us now consider the diagonal operator T,, defined by

. X (w480 (bw,io))y~H(D)™) i(1-p+356
Tnp(bawv 14 9) =1 Z w-l]Jru]‘?o(b,w,io) pl’j(b’ w) € (ea0)
(1.g)€zd xs§
[lISNn
—i Z p1,;(bw) cillp+50)
22 (b,w,io) ’
w2 (byw,io
(1.)ezdxsg
[L|>Nn

where y is the cut-off function introduced in and (py,;(b,w)), ; are the Fourier coefficients of p.
Now recall the expansion of the perturbed elgenvalues given by Proposmon [6.4] namely

ujo-o(b,w, io) = 25(b) —i—jrl(b,w) + T;O(b,w) with rl(b,w) = Vigo(b,w) — %

In view of Lemma [3.3}(iv), (6.54) and (6.65)), they satisfy the following estimates

Vi €SG, eIy < il
According to Lemman ii - and the smallness condition we infer
< Msell© -
Computations based on Lemma [4.1}(vi) give
(@]
Vs 2 50, HTTLIOH’qy:s S ’Y q S+qu+T1 (6106)
In addition, by construction
L,T, =1d in AL (%0) (6.107)
since x(-) =1 in this set. Gathering (6.107)) and (6.105]) yields
V(b,w) € AL (10), LTy =1d —R,Ty
=1d +E2. (6.108)
Remark that by Lemma [4.1}(ii),
Vso<s<5<S, [Rapll S Nl
Putting this estimate with (6.106|) implies
VS[) < S < s < S7 ”E O < Ns s 71”/)”(1 S+1+T19+71" (6109)
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(ii) We set
Ty i= BL P T O B, (6.110)

where the operators %, and ®, are defined in Propositions and respectively. Notice that
Tw,n is defined in the whole range of parameters O. Since the condition is satisfied, then, both
Propositions and apply and the estimate ((6.100|) is obtained combining ((6.52)), (6.63), (6.106))
and (6.99). Now combining Propositions and [6.4] we find that in the Cantor set O (ig) N
OLTH ™ (ig) the following decomposition holds

OB B Do = DL LB + PLEL D,
= %o +E2 + O EL O

According to ([6.108)), one finds that in the Cantor set OX7 (i0) N OX A (o) N AXL(io) the following
identity holds

OB, PB) BooTy = 1d + E> + BT, + OLEL DT,
which implies in turn, in view of (6.110)), the following identity in G, (v, 71, T2, i0)

LTy =1d + By 0o (B3 + E2T, + OLEL B T,) Ol BT
:=1d +E,. (6.111)

Combining (6.111)), (6.55)), (6.66), (6.109), (6.106), (6.52)), (6.63) and (6.99)), we get (6.102), up to take

o large enough.
(iii) By virtue of (6.111]), one can write in the Cantor set G, (v, 71, T2, ig)

L,=T,% +E,T L. (6.112)

Putting together (6.110)) and (6.107]), one finds in the Cantor set G, (7, 11, T2, 0)

~

Lop =Ty, = B Pl @) BT

Therefore, (6.112)) can be rewritten

~

L, = fwm +R, with R,:= Enfw,n.

The estimate (6.103) is obtained gathering (6.105)), (6.52)), (6.63) and (6.99). Finally, (6.103)) together
with (6.102)) implies (6.104)). This ends the proof of Proposition O

The following theorem, which can be found in [I1) 16, [37], states that the linearized operator
d;i.oF (ig, o) in (6.1) admits an approximate right inverse on a suitable Cantor set.

Theorem 6.1. (Approximate inverse)

Let (v, q,d, 11,72, S0, Sh, p2) satisfy (1.11)), (1.10)), (6.16]) and . Then there exists & = & (11, 72,d, q) >
0 and a family of reversible operators Ty := T ,(ig) such that if the smallness condition holds,
then for all g = (g1, g2, g3), satisfying

91(0) = 91(¢),  g2(=¢) = —g2(p) and  g3(—p) = (Lg3)(),
the function Tyg satisfies the following estimate

7,0
q,s+0o

7,0

@ — ~ ,0
Vs € [s0,8), 1Togl3C <7 (9138 + 130l s llolly s ) -

q,8 ~v

Moreover Ty is an almost-approzimate right inverse of d; o F (io, o) in the Cantor set Gn(7y, T1, T2, %0)

defined by (6.101). More precisely,

Y(b,w) € Gu(7, 71,72y 00),  diaF(io) 0 To —1d = & + & + &5,
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where the operators c‘fl(n), SQ(n) and Sén) are defined in the whole set O with the estimates

HE n) SO < Y IH‘F(/LO’QON q50+a'||g| q,s0+0?
(n) -1
Vb > 07 ||5 q 80 < fy N (||g| q, 50+b+o' + E’.HJO| So+b+a’“g| q780+0') )
b -2
Vb e [07 SL ||5 () q 80 S N ( q, so+b+o' + gy ||J0||q so+b+o-||g||q750+a>

+ 57 q So+a

7 Nash-Moser iteration and measure of the final Cantor set
In this last section, we shall find a non-trivial solution (b,w) > (i0o(b,w), o (b,w)) to the equation
F(i,a,b,w,e) =0,

where F is the functional defined in . This done by using a Nash-Moser scheme in a similar way
to the series of papers [3| [16, 37, [47]. The solutions are constructed for parameters (b,w) belonging to
the intersection of all the Cantor sets GJ, on which we are able to invert the linearized operator at the
different steps. In order to find a solution to the original problem, we must rigidify the frequencies
w so that it coincides with the equilibrium frequencies. This amounts to consider a frequency curve
b — w(b,e) implicitly defined by the equation

oo (b, w(b,€)) = —wpq(b).

Considering the associated rigidified Cantor set
s = {b € (boby) st (bw(be)) € ggo},

we have a solution to the original problem provided that the measure of C5_ is non-zero. This will be
checked, in Section by perturbative arguments in the spirit of the previous works [3] 14} 16l 37, [47].
This proves in particular Theorem

7.1 Nash-Moser iteration

In this section we implement the Nash-Moser scheme, which is a modified Newton method consisting
in a recursive construction of approximate solutions of the equation F (i, a, b, w) =F (i, a,b,w, 5) =0
where the functional F is defined in . At each step of this procedure, we need to construct
an approximate inverse of the linearized operator at a state near the equilibrium by applying the
reduction procedure developed in Section [6] This allows to get Theorem with the suitable tame
estimates associated to the final loss of regularity @ that could be arranged to be large enough. We
point out that & depends only on the shape of the Cantor set through the parameters 71, 75,d and
q but it is independent of the regularity of the solutions that we want to construct. Now, we shall
fix the following parameters needed to implement the Nash-Moser scheme and related to the loss of
regularity o.

(@ = T +2
pr = 3q(me+2)+65+6
ap = 6q(m2+2)+125+15
az = 3q(r2+2)+65+9 (7.1)
pe = 2q(me+2)+55+7
s, = So+4q(me+2)+ 97 + 11
L b1 = 25h — 50.

We shall now impose the constraint relating v and Ny to €

0<a< m, yi=¢e% Np:=~"1 (7.2)
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We consider the finite dimensional subspaces
E, ::{3 —(0,1,2) st. ©=1,0, [=I,] and 2= an},
where 11, is the projector defined by

IPUNED S P TRV Sl W

(1.7)ELIXZ (Lj)<Nn

The main result of this section can be stated as follows. The proof is now standard and to avoid the
technical details we refer to the works [16l 37, [47]. In our context, we may follow closely the version
detailed in [47, Prop. 7.1]. In particular the roles of the parameters in ([7.1)) are explained there.

Proposition 7.1. (Nash-Moser)
Let (11,72,q,d, s0) satisfy (1.11) and (1.10). Consider the parameters fized by (7.1) and (7.2)). There
exist Cy, > 0 and g9 > 0 such that for any € € [0,&9] we get for all n € N the following properties.

(P1),, There exists a q-times differentiable function

Wy, : O — E,1 xRIx R
(byw) (3n, oy — w,O)
satisfying B
Wo=0 and for neN*" |W, |]q30+a Chey TN
By setting

Up = <(g0,0,0),w, (b,w)) and for neN*, U,=Uy+W, and H,=U,—U,1, (7.3)

then
1 _
Vs € [s0, 5], | H1[|2$ < 5c*gflzvga and V2 <k <n, |Hl[79, 5 < Coey INZ%. (7.4)
We also have for n > 2, o
H | q,Spt+oa 3 C*E’yian_faf‘ (75)
(P2),, Define
In = (907 07 0) + jny Yn = '7(1 + 2—n)7 (76)

then i, satisfies the following reversibility condition
Sin(p) = in(—¢), (7.7)
where & 1is defined by . Define also
Al=0 and Al =A)NGu(Ynt1,T1, T2, 0n)
where Gn(Yn+1, 1, T2, in) 18 defined in Proposition Consider the open sets
Vr >0, Oj:= {(b,w) €0 st dist((bw), A)) < rN;E}

where dist(x, A) = inf1 llx — y||. Then we have the following estimate
ye
IFUn)ll3r < CueN“4

(P3) IWall 8 s < Coey INI.

95



A non trivial reversible quasi-periodic solution of our problem is obtained as the limit of the
sequence (Up,)nen according to the fast convergence stated in Proposition This is explained in the
following corollary.

Corollary 7.1. There exists €9 > 0 such that, for all € € (0,e), the following assertions hold true.
We consider the Cantor set G, related to € through «y, and defined by

Gl =[] AL
neN
There exists a function
Us : O — (T?xR?xLENH®) xR x R

(byw) (ioo(b,w),aoo(b,w),(b,w))

such that
V(b,w) € G, F(Ux(byw))=0.

In addition, iy, is reversible and an, € W37 (O, RY) with
oo (byw) =w+r.(b,w) and Hrng’O < ey ING® (7.8)
Moreover, there exists a q-times differentiable function b € (b, b1) — w(b,e) with
w(be) = —wpq(b) + 7 (b), 73O S =7 NG, (7.9)

and

Vb € CS,, F(Uoo(b,w(b,a‘))) =0 and a (b,w(b, E)) = —wpq(b),
where the Cantor set C5, is defined by

cc, = {b € (bo,b1) st (bw(be)) e ggo}. (7.10)

Proof. In view of ((7.3) and ([7.4]), we obtain

7O - -
Wass = Wall3g = 1Hns1 15 < 1 Hnt1[ 5045 < Crey ™ N2

This implies the convergence of the sequence (Wp,), oy - Its limit is denoted by
We = lim W, := (T, Qoo — w, 0,0)
n—oo

and we set
Uy := (ioo,aoo, (b,w)) = Uy + Weeo.

Taking n — oo in (|7.7)) gives
Gico(p) = ico(—)-

According to Proposition [7.1}(P2),,, we get for small values of &
V(b,w) € G, f(z‘oo(b,w),aoo(b,w), (b,w),e) =0, (7.11)

where F is the functional defined in (5.19). We emphasize that the Cantor set GJ, depends on &
through v fixed in (7.2). Now, from Proposition [7.1}(P1),, we deduce that

oo (byw) =w+r.(byw) with  |re

~v,0 —1arqa
g7 Sey Ny

Next we shall prove the second result and check the existence of solutions to the original Hamiltonian
equation. First recall that the open set O is defined in (1.9) by

O = (bo,b1) x % with % = B(0,Ry) for some large Ry > 0,
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where the ball % is taken to contain the equilibrium frequency vector b — wgq(b). In view of (7.8]),
we obtain that for any b € (bg,b1), the mapping w — ax(b,w) is invertible from % into its image
Qoo (b, %) and we have

O = oo (b,w) =w+re(bw) & w=0a(h,a) =0 +1.(b,d).

In particular,
Te(b,@0) = —re(b,w).

Differentiating the previous relation and using , we find
I[E13° < ev ' NG (7.12)
Now, we set
w(b,e) = a;}(b, —wiq(b)) = —wrq(b) +T:(b) with Tc(b) :=T¢ (b, —qu(b))
and consider the following Cantor set
Ce = {b € (bo,by) st (buw(be)) € ggo}.
Then, according to , we get
e C,  F(Us(bwlbe)) =0,

This gives a nontrivial reversible solution for the original Hamiltonian equation provided that b € C5,.
From Lemma we obtain that all the derivatives up to order ¢ of wgq are uniformly bounded on
[bo, b1]. As a consequence, the chain rule and (7.12)) imply

g,o <146y N <1 (7.13)

79 SeyINGT and Jlw(-e)

7=

This achieves the proof of Corollary O

7.2 Measure estimates

In this last section, we check that the Cantor set CS, defined in (7.10]), of parameters generating
non-trivial quasi-periodic solutions is non trivial. More precisely, we have the following proposition
giving a lower bound measure for CZ_.

Proposition 7.2. Let qy be defined as in Lemma and impose (7.1)) and (7.2) with ¢ = qo + 1.
Assume the additional conditions
T > qu
T > 71 + dqo (7.14)
v =

1
qo+3°
Then there exists C > 0 such that

2| = (b1 — bo) — Cem.

In particular,

lim [C5,| = b1 — bo.

Remark 7.1. The constraints listed in (7.14) appear naturally in the proof, see (7.22)) and (7.27)), for

the convergence of series and for smallness conditions. Notice that these conditions agree with (|1.10])

and Proposition [6.9
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Proof. According to Corollary we can decompose the Cantor set C_ in the following intersection

Coi= (€5 where C5:= {be(bo,bl) 5.t (b,w(b,g))eAg}. (7.15)
neN

Recall that the intermediate sets A}, and the perturbed frequency vector w(b, ) are respectively defined
in Proposition and in (7.8)). Instead of measuring directly CS,, we rather estimate the measure of
its complementary set in (bg, by). Thus, we write

o0

(bo,b1) \ C5 = ((bo, b)) \ C) LI | | (C2\Coyy). (7.16)
n=0

Then, we have to measure all the sets appearing in the decomposition ([7.16|). This can be done by
using Lemma together with some trivial inclusions allowing to link the time and space Fourier
modes in order to make the series converge. For more details, we refer to Lemmata and

From ([7.2)) and (7.9), one obtains

sup |w(b,¢) +WEq(b)’ < T

g,(’) < Cf-:'y_lNga = Cel-all+qa)
be(bo,bl)

Notice that the conditions (7.1)) and (7.2)) imply in particular

O0<a<

1+qa
Therefore, taking € small enough yields

sup |w(b, &) + wrq(b)] < Tl < L.
bE(bo,bl)

Recall that % = B(0, Ry), then, up to take Ry large enough, we get
Vb € (bo,b1), Ve € [0,e0), w(b,e) € Z = B(0, Ro).

Recall that Aj = O = (by,b1) x % then, from (7.15)),

Co = (bo, b1)
and coming back to ([7.16|), we find
[0 b) \ €] <3 |\ G|
n=0

= isn. (7.17)
n=0

In accordance with the notations used in Propositions and we denote the perturbed frequencies
associated with the reduced linearized operator at state i, in the following way

wy " (b,e) = g (b, w(bs ), in)

= Q;(b) + jri"(b,e) + 177" (bs€), (7.18)
where
Tlm(b’ 6) = Vnoo(bvg) - %7
Vo (bye) := Vi (b,w(b,e)),
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Now, according to ([7.15)), Propositions and one can write for any n € N,

e\ e 0),. . 1),.
Co\Cry1 = U Rl,j (in) U Rij.jo(in) U Rz,j (in), (7.19)
(1,5) €24 xZ\{(0,0)} (1,3,30) €ZE X (8§)? (1,4)€ZE xS§
< Nn [LI<Nn, ILI<Nn,

where we denote

R\ (i) = {beci st ‘w(b,e)-lJernoo(b,s)‘ < ‘%’H“)},
Rl:]:]O<Z ) =

{b eC; st. ‘w(b, e)-l+ ,u,?o’n(b, ) — ,u;?’”(b, 6)‘ < 72%+1<j7j0>} ,
R (i) = {b €C: st ‘w(b,e)-zwj@”(b,e)) < %H@}.

{Hr2

In view of the inclusion

W7 (0,C) < C1710,C)
and the fact that ¢ = qg 4+ 1, one obtains that for any n € N the curves
b w(be) 14 jV2(be), (1,5) € Z% x Z\{(0,0)}
b w(b7 5) L+ M?om(b) 5) - /'L]O'?n(b? 5)7 (lajajO) € Zd X (88)2
b= w(be) - L+ps"(be), (I,§) € Z? x S

are of regularity C%. Therefore, applying Lemma [3.6] together with Lemma [7.3] yields

1 q_mHl
R )| 5 730 (e @~
(1), . 11 _q_ntl
R )| S 730 Gy @y~ (7.20)
1 1 q_Tatl
[Ruoin)| 790 = goys ()™

We first estimate the measure of Sp and S; defined in (7.17). From Lemma we have some trivial
inclusions allowing us to write for n € {0,1},

0): . (1)
S5 Y [RYG+ X [RuwG)+ X RG] 2
(1.J)€Z4xZ\{(0,0)} (1,4,50) €2 X (S§)? (1,4) €24 xS§
[71<Co (), |LI<Nn [7=301<Co(l),[l|<Nn [71<Co (1), [l|<Nn
min(|5], |0 )<eayy V(DT

Inserting ([7.20]) into (7.21)) implies that for n € {0, 1},

1 oL 1N+l . L L _1_T2tl
Sn§7q0< > il T+ > 7 = Jol @ () q0>
|7]1<Co(l) l7—70]<Co(l)
min(|j],]5p])<egy ™V ()71
v 1 q_mtl
SR DI VI

171<Co (D)
The first two conditions listed in ([7.14)) write
T >dgy and T > 71 +dqo. (7.22)
Hence, we can make the series appearing in the following expression converge and write

max S, <wo(z<z>‘3é+wz<z>l - ) DU (7.23)

lezd lezd lezd

: v 1
mmy| —,-———vU
<ry (QO’qo )
~Y

99



Let us now move to the estimate of S, for n > 2 defined by ([7.17)). Using Lemmau and Lemma -,
we infer

©0) - . 1),
Sn < Z ‘Rl,j (in)| + Z Rijjo(in) | + Z Ry (in)|
(1,3)€Z4XZ\{(0,0)} (1.,70) €4 % (S§)? (Lj)E€ZIxSG
131<Co (1) N1 <|lI<Nm 340l <Co (1) Np—1 <IlI<Nn 131<Co (1) Npp—1 <[I<Nn

min(|j],lj0l)<e2v,, 'y (D71
Notice that if |j — jo| < Co(l) and min(|j], [jo|) < v,11()™, then

max (||, [jo|) = min(|5], |70]) + [ — Jo| < Y1 (D™ + Coll) S ()™,

Hence, we deduce from ([7.20)) that

snsv%< S omway Y m“l‘)+vm S o

|l|>Nn,1 ‘l|>Nn,1 |l‘>Nn,1

Now according to ([7.22]), we obtain

Ss. g A (o) (7.24)

n=2

Inserting (7.24)) and ([7.23]) into ([7.17)) yields

(0. b) \ €| 5

Remark also that ([7.14)) implies
1 — v
min (170 qio —'U) =%
Consequently, using the fact that v = €% due to , we finally get
< 5%.

]wmbn\c;

This ends the proof of Proposition O

We shall now prove Lemmata and [7.3] used in the proof of Proposition

Lemma 7.1. Let n € N\ {0,1} and | € Z% such that |I| < . Then the following assertions hold
true.

(i) For j € Z with (l,7) # (0,0), we get Rl((;)(zn) =g.
(ii) For (j,jo) € (S§)* with (1, 7) # (0, o), we get Ry j,(in) = 2.
(iii) For j € S, we get 7?,( )( n) = 2.

() For any n € N\ {0,1},

0)/. . 1),.
CENCE,, = U Ry (in) U U Rijnlin)U | R ().
(L,7)EZAXZ\{(0,0)} (1,4,30) EZ4 X (S§)? (1,§) €L xS§
Ny, _1<|l|I<Nn N, _1<[|l|[<Nn N,,_1<|l|<Nn

Proof. The following estimate, obtained from ([7.5)), turns to be very useful in the sequel. For any
n > 2, we have

. 0
HZn qsh+o'4 < ”U gsh+0'4
g ||H ||q,sh+a4
< Chey N % (7.25)
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Since (|7.25)) is only true for n > 2, we had to estimate the measures of Sy and S; differently in the
proof of Proposition
(i) Assume that |[| < N,—1 and (I, j) # (0,0). Let us prove that

Ry (in) € R (in1)- (7.26)

Take b € Rl((;)(zn) In view of ([7.19)), we have in particular that b € C; C C_,. In addition, the triangle
inequality gives

|w(b,e) - 1+ V21 (be)| < |w(b,e) - T+ Vo (b )| + 1] |V (b, e) — V21 (b, e)|
<%T + Ve = v

In—1

7

Thus, putting together (6.27] - and the fact that o4 > 2, we obtain

. o 4 n
w(b,2) L Vi (b,9)] < L 4 Ce(i)lin — in1 7545

4n ) a —Q
< Ball | ge-ajNTe.

According the definition of v,, in Proposition [7.1}(P2),,, we infer

Jeo >0, VneEN, -7 <—cy"27"

Notice that (7.14), (7.1)) and (7.2) give

2—a—av>1 and ag > 1, (7.27)

which implies in turn
sup Z”Nniafrn < 00.
neN

Consequently, for € small enough and |I| < N,—1,

|w(be) L+ V2 (b,e)| < D 4+ oM ( —deo + Cs2”N;f§+ﬁ)

4y, {4)

S WA

It follows that b € Rl((;) (in—1) and this proves (7.26). Now, from ([7.19) we deduce

R (in) € R (in-1) € €54\ C5.

In view of ([7.26]) and (7.19), we get R( )(zn) C C;, \ C; 1 and thus we conclude

Rl(g)( n) C (Co\Crg1) N (Chi \Cr) =@

This proves the first point.

(ii) Let (4,40) € (S§)? and (1,5) # (0,40). If j = jo then by construction Ry, j,(in) = Rg%)(in) and
then the result is an immediate consequence of the first point. Then, we restrict the discussion to the
case j # jo. In a similar way to the point (i), we only have to check that

Rl7j’j0 (/Ln) C Rl7j7j0 (ln—l)-

Take b € Ry j j,(in). Then coming back to (7.19)), we deduce from the triangle inequality that b € C;, C
C;_, and

‘W(bﬂ?) l_’_'uoon 1(b E) M;};‘)TL 1(b7€)‘ < %ﬁm _|_ Q_]_]O(b E) (728)

where

(b,e) = | (b,e) — u5e " (bye) — p3=" " (bye) + pie " (b, €).

(0
Qj’]o Jo
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According to ([7.18]), one obtains
(b,2) <[5 = Jol [P (b,€) = rH (b, e)| + |75 (b, e) = " (b, )|
+|rm(b,e) — " (b,e). (7.29)
From -, and the fact that o4 > o3, we deduce that
‘rl’"(b,e) rn=l(b, e ‘ < eHzn — Uy 1”
-1
SeTINY

< ePTON 2.

~

n
5,50

q,5n+03

Similarly, -> and (7.2) imply
b ’ _1
P29 (b,e) = 32" (b, 8)| S ey Mlin — i1 )5 4o
S € F)/_ZNn—af
< 2= (5 — jo) N2,

Plugging the preceding two estimates into (7.29) yields

o, (b,e) < 2795 — jo) N, 2. (7.30)

Gathering (7.30) and (7.28) and using 7,11 = 7, — €227""!, we obtain

[w(b,e) 1+ pS" T (b, e) = e (b )| < B — et (5 — oy )T
+Ce2179 (j — jo) N, .

n—1

Using the fact that |I] < N,_1, we deduce

—e927(1)T™ + CXTIN B < 27T ( 14 Ce*™ 3“2"N_“2+T2>.
Notice that and imply in particular
ag >7o and a< % (7.31)
Therefore, for € small enough, we get
VneN, —1+Ce* 92" N, 277 L0,

which implies in turn

29 (j—j
jw(bye) - L+ 5" (be) = p " (b,e)| < 2l
Finally, b € R j j,(in—1). This achieves the proof of the second point.
(iii) Let j € S§. In particular, one has (I, 5) # (0,0). In a similar line to the first point, we shall prove
that if || < N,—1 and then

R(l)( )CR( )(Zn D,

where the set Rl( )(zn) is defined below (|7 Take be Rl( )( n). Then, by construction, b € C;, C C;_;
By using the tr1angle inequality, - and the ch01ce v = €%, we obtain

/

|w(b, e) - L+ p™" Y(b, e) )| < |w(b,e) - L+ p~" (bye )|+ |15"" (b, e) — ,u;?o’”_l(b,s)\

210) 4 Cey ™ jlllin — in1

< ’YTSI(J> +Ce 2(1— a)< > 7:11%

7,0
Q7§h+o-4

//\
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Now recalling that 7,41 = 7, — %2771 and |I| < N,,_1, we get

w(v2) - L+ s (b,)] < B+ gl (= 14 2 Papr N ),
As a byproduct of , we infer

az>71 and a< 3. (7.32)
Therefore, up to take ¢ small enough, we deduce

VneN, —14 g2 30gntliN—atn <

which implies in turn that

|w(bye) - L+ " (bye)| < 2k,

Finally, b € Rl( )(zn 1) and the proof of the third point is now complete.
(iv) Follows 1mmed1ately from and the points (i)-(ii)-(iii). O

The following lemma provides necessary constraints on the time and space Fourier modes so that

the sets in ([7.19) are not void.

Lemma 7.2. There exists €y such that for any € € [0,e9] and n € N the following assertions hold
true.

(i) Let (1,j) € Z% x Z\ {(0,0)}. If R{")(in) # @, then |j| < Co(l).
(ii) Let (1,7, jo) € Z% x (S§)2. If Rijjo(in) # @, then |j — jo| < Co(l).
(iii) Let (1,5) € Z% x S§. If R\ (in) # @, then |j] < Co(l).
(iv) Let (1,7, jo) € Z* x (S§)2. There exists cz > 0 such that if min(|j|, [jo|) = cav, {1 ()™, then

Rijijoin) C R\ (in).

l,3—7J0

Proof. (i) Let us assume that ’R,l( (in) # @. Then, there exists b € (by, b1) such that

. 4yY j
wlb,) -1+ Vo (b,e)] < Dbl

From triangle and Cauchy-Schwarz inequalities, (7.6) and (7.2)), we deduce

Vs (b )[13] < 4ldlmpa ()7 + [w(b,e) -1

<4
< Ajlnyr +C0)
< 8&™|j| + C(1).

Remark that we used the fact that (b,e) — w(b,e) is bounded. Also notice that the identity
V.o (be) = 5 —1—7“1”(17 £)
together with (6.20)), (6.65) and Proposition [7.1}(P1),, imply

Vk €[0,q], sup sup |95 "™ (be)|] <~y Fsup|lr®
neN be (bo,b1) neN

57_]“

glak, (7.33)

N N

Hence, taking ¢ small enough, we infer

inf inf |V, °(b,e)] > 1
érelee(llg,bl)’ (b,€)l > 3.
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Therefore, up to choose € small enough we can ensure [j| < Cy(l) for some Cy > 0.

ii) In the case j = jg we get by definition Ry ;, i, (in) = R(O) in), 80 this case can be treated by the
»J0,70 1,0

first point. Then, we shall restrict the discussion to the case j # jo. Let us assume that R ; j,(in) # @.
Then, there exists b € (bg, b1) such that

, ) yar li—i
(b &) - 1+ p5o" (b,€) — 5o (bye)| < Hepli=dol,
By using triangle and Cauchy-Schwarz inequalities, (7.6 and (7.2), we get

177" (b, €) = gy " (b, €)] < 29m1ld — Jol(1) ™™ + [w(b,€) -

<2
< 274107 — Jo| + C(1)
< 4elj — jol + C(1).

In a similar way to (7.33)), we may obtain

Vk € [0,q], supsup sup |j][0f7;°" (b,e)] <7 Fsup sup 115" 153:°
nENjESS bE(bo,b1) neN jeS§ 0
S 5’7_1_k
5 61—a(1+k). (734)

From the triangle inequality, Lemma (iii), (7.33) and ([7.34)) we infer for j # jo,

1" (by ) — pgy " (bse)| = ’Q'(b) — Q5o (0)] = P17 (b, €)1]5 — Jol — [r;7" (b, €)| = |r5e " (b €))
( — Ce'™)|j — jol

> %IJ — Jol-

WV

Notice that the last inequality is obtained for ¢ sufficiently small. Gathering the previous inequalities
implies that, up to choose ¢ small enough, we can ensure |j — jo| < Co(l), for some Co > 0.

(iii) First notice that the case j = 0 is obvious. Now for j # 0 we assume that R( (in) # @. Then,
there exists b € (bo, b1) such that

w(b,e) -1+ u§-°’”<b, o)l < gt
Thus, triangle and Cauchy-Schwarz inequalities, and . 7.2) imply

157" (0,€) < gl )7+ fw(be) 1]
< 2+ O

According to the definition ([7.18)) together with the triangle inequality, Lemma (ii), (7.33)) and
(7.34), we obtain
b2 . .
137" (0, €)| = F il = il (0,)] = 7" (b, €)]
bg . 1—a) -
> Flil = Ce |4l
Putting together the previous two inequalities and the second condition in ([7.32)) yields

(8 — ol — 209 |5] < C(D).

Finally, by choosing ¢ small enough we get |j| < Cy(l), for some Cy > 0.
(iv) First remark that the case j = jo is obvious as a direct consequence of the definition (7.19)). Let
j # jo. In view of the symmetry property uiojfn = — u?o’n of the perturbed eigenvalues, we can always

assume that 0 < j < jo. Take b € Ry j,(in). Then by construction
b 1 on + 7 < 29n+1{j%jo)
}W( ,€) + K (b,e) Ho ( a5)| S oz

64



Putting together , and the triangle inequality, we find
|w(b,e) -1+ (j £ Jo)Vi(b,e)| < |w(be) - L4 ;> (b,e) + " (b,e)| + 5[b% 4+ 70|
+ 3]0 =D £ Go—1) = (G £jo)| + 7" (b,€) 15" (b )).
Hence, we deduce

w(b,2) -1+ (G o)V (b, )] < 2R 4 Jjp 4+ 20|

+ 3G = 1) £ (o — 1) = (G £ jo)| + |57 (b,e) £ 5" (b,e)|. (7.35)

Notice that

B [

In addition, Taylor formula implies

. . J0 .
b2] _ b2]0 < —9 ln(b)/ bed:L, < Cl(Jj_JO>’
J

where ¢ =  sup (= 2In(b)jb*) > 0. On the other hand, one has
JEN,b€(0,1)

(=1 £ (o= 1) = (£ o) = 1+ 1 < 500,
Applying (6.65), we find for j # jo,

[P35 (b, ) £ 150" (b, 2) | <O (1517 + Lol )

J
Lealidi
<Ce a{j on>,

Plugging the preceding estimates into ([7.35|) yields

‘w(bv 5) I+ (] + ]O)Vnoo(ba 5)} < Q'Ynﬁzll)%ijD) + C<jijjo> ’

Therefore, if we assume j > %C'y;_fl(lyl and 7o > 7, then we deduce

L, NTr00 4vY 1 (g
w(b,e) - 1+ (G + Go) Vo (b, e)| < Dann 0],

This achieves the proof of Lemma taking co = % O

We shall now establish that the perturbed frequencies w(b, ¢) satisfy the Riissemann conditions.
This is done by a perturbation argument on the transversality conditions of the equilibrium linear
frequencies wgq(b) stated in Lemma

Lemma 7.3. Let qy, Co and py as in Lemma|3.5. There exist g > 0 small enough such that for any
e € [0,e9] the following assertions hold true.

(i) For alll € Z%\ {0}, we have

inf ak be)-1)] > P0<l>'
sl 18 19 (0 D> 5%

(ii) For all (1,7) € Z41\ {(0,0)} such that |j| < Co(l), we have

WneN, inf max [0f (w(be) -1+ Vi(b,2))| > 2.
be[b()’bl] keﬂo,qO]]’ b( ( ) J ( ))’

(i4i) For all (1,j) € Z¢ x S§ such that |j| < Co(l), we have

VneN, inf O (w(b,e) - 1+ po™(b,e))| > el
! selbl g oigee 106 (w8, 2) - 1+ 45 (0, 2)
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i) For all (1,7, 40) € Z% x (S§)? such that |j — jo| < Co(l), we have
0

VneN, inf OF (w(b,e) -1+ uS" (b, ) — ™ (b,e))| = 2l
n befﬁ,bl]kéﬁﬁiu‘ p (w(bye) - 1+ p57" (be) — p3 " (be)) | = 25

Proof. (i) From the triangle and Cauchy-Schwarz inequalities together with ([7.13)), (7.2 and Lemma
(i), we deduce

k(wbe) 1) > k b)-1)| — OF (F-(b) - 1
kg[[l(?:;%ﬂmb (w(bse) 1) ] kgm%ﬂlﬁb (wEq(D) - 1) | krél[[%?;ﬂ‘b(r() )|

> po(l) — Cey™ " TING(1)
> p0<l> _ Oelfa(1+q+qa)<l>
> 1902<l>
provided that € is small enough and
1—a(l+4q+qa)>0. (7.36)

Notice that the condition ([7.36) is automatically satisfied by (7.2]) and (7.1)).
(ii) As before, using the triangle and Cauchy-Schwarz inequalities combined with ((7.13]), (7.33)),

Lemma [3.5}(ii) and the fact that || < Co(l), we get

O (w(b,e) -1+ jV;2(b,e)) | > OF (wrq() - 1+ )| — Ok (T.(b) - L + jrin(b,
ymax [0y (w(be) - L+ 3V (b,0)) | kgﬁgf;%ﬂ!b(wm() +3)] kgl[[gf;]!b(r() +jrin(bse)) |

for € small enough and with the condition ([7.36)).
(iii) As before, using triangle and Cauchy-Schwarz inequalities combined with (7.13)), (7.33)), (7.34),
Lemma [3.5}(iii) and the fact that |j| < Co(l), we get

max ‘8{,“ (w(b,e) -1+ 115" (b, e))| = maxﬂ 10 (wiq(b) - 1+ ;D)) |

k€[[0,q0] ke[0,90
k(= - 1n oo,m
— kren[[%?;]] |0y (T=(b) - L+ jr-"(b,e) + r; (b,)))]
2 p0<l> . Cgl—a(l-‘rq-i-qﬁ) <l> . C€l_a(1+q)|j|
> ool

for € small enough with the condition (7.36)).

(iv) Arguing as in the preceding point, using (7.33)), (7.34), Lemma (iv) and the fact that 0 <
|7 — jo| < Co(l) (notice that the case j = jo is trivial), we have

max ‘85 (w(b, e)- 1+ ,u?o’"(b, ) — ,u?(?’"(b, 5))‘ > max ‘85 (qu(b) 14 Q;(b) — QjO(b))}

ke[[0,q0] ke[0,q0]
= i [0 (F(0) - L+ (G = o)™ (b,€) + 157" (b 2) =" (0,9))|
> poll) — Cel=o0+r+am) 1) _ celmali+a)|j _
> P02(l>
for € small enough. This ends the proof of Lemma O
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