Time quasi-periodic vortex patches for
quasi-geostrophic shallow-water equations
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Abstract

In this paper, we shall implement KAM theory in order to construct a large class of time
quasi-periodic solutions for an active scalar model arising in fluid dynamics. More precisely, the
construction of invariant tori is performed for quasi-geostrophic shallow-water equations when the
Rossby deformation length belongs to a massive Cantor set. As a consequence, we construct pul-
sating vortex patches whose boundary is localized in a thin annulus for any time.
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1 Introduction

We shall discuss in this introduction the quasi-geostrophic shallow-water equation which is a nonlinear
and nonlocal transport equation generalizing 2D Euler equations and used to describe large scale
motion for the atmosphere and the ocean circulation. A particular concern will be addressed to the
long time dynamics behavior and especially to the emergence of long-lived structures in the vortex
patch setting. The main novelty in this work is to explore quasi-periodic solutions around the Rankine
vortices using KAM theory and Nash-Moser scheme in the spirit recent work of Baldi, Berti, Haus
and Montalto [4].

1.1 Model, relative equilibria from periodic to quasi-periodic solutions

The current paper deals with the quasi-geostrophic shallow-water equations (QGSW),, which is con-
sidered as one of the most common asymptotic models used to describe the large scale motion of the
atmospheric and oceanic circulation and can be derived asymptotically from the rotating shallow-water
equations when Rossby and Froude numbers are small enough, for more details we refer to [24], [52]
and the references therein. This model is planar and the evolution of the potential vorticity q takes
the form of a nonlinear and nonlocal transport equation,

oq+v-Vqg=0, in R x R? _a
(QGSW)x< v =VH(A -\ 1g, where V+ = ( P 2 ) )
q(07 ) = qop; !

Here v denotes the velocity field which is solenoidal and q is a scalar function. Physically, the

parameter A is defined by
We

V9H'’

where ¢ is the gravity constant, H is the mean active layer depth and w, is the Coriolis frequency,
assumed to be constant. In the literature, the number % is called the Rossby deformation length
or Rossby radius and measures the length scale at which the rotation effects are balanced by the
stratification. Notice that small values of A corresponds to a free surface which is nearly rigid and

when A = 0 we get Euler equations written in the formulation velocity-vorticity.

A=




The main purpose of this paper is to explore the emergence of time quasi-periodic solutions for
(QGSW), when A belongs to a massive Cantor like set. This goal will be accomplished in the special
class of vortex patches. Before coming to the details we shall first discuss the existence of relative
equilibria which are solutions that do not change their shape during the motion. This subject is
well-explored for Euler equations and new results have been established recently for (QGSW), in [22].
Next we shall discuss the vortex patch problem and explore some of its specific feature.

» Vortex patches/relative equilibria. We consider an initial condition taking the form of a vortex
patch, that is, gy = 1p, where Dy is a bounded domain in R?. Since 1p, € L*(R?) N L>=(R?), then
in a similar way to Euler equations Yudovich’s theory applies and implies that this system admits
a unique global in time weak solution. Then from the transport equation governing the potential
vorticity we find that the patch structure is preserved during the motion and one gets

q(t,-) =1p, where D;:= ®(Dy),
where ®; : C — C stands for the flow map associated to the velocity field v and defined by
0i®i(z) = v(t,®(2)) and Pp=Idc. (1.1)

The boundary motion in the smooth case reduces to tackle the evolution of a curve in the complex
plane surrounding a constant area domain and subject to the deformation induced by its own effect.
Local/global in time persistence of the boundary regularity is a relevant subject in fluid dynamics
and has attracted a lot of attention during the past decades, not only for Euler equations but also for
similar active scalar equations such as generalized surface quasi-geostrophic equations, the aggregation
equation. The literature is huge and we shall restrict the discussion to some suitable contributions
that fit with our main task. Let us now briefly see how to write down the contour dynamics equations,
more details can be found in [41, 42]. Given a smooth parametrization z(t,) : T — 9D of the
boundary of the patch, then as particles located at the boundary move with the boundary then we
get the evolution equation

[0i2(t,0) — v(t, 2(t,0))] - n(t, 2(¢,0)) =0, (1.2)

where n(t, -) is the outward normal vector to the boundary 0D, of D;. This equation reflects the fact
that the particle velocity and the boundary velocity admit the same normal components. As we shall
see later in Section one may deduce from the preceding equation that the boundary equation will
evolve through a nonlinear integro-differential equation. Looking for particular solutions where the
domain moves without any shape deformation is a traditional subject in fluid dynamics and important
developments have been performed for long time ago. In the literature, these structures appear under
different names: relative equilibria, V-states, long-lived structures, vortex crystals, etc. .. A particular
case is given by rotating patches which are solutions rotating uniformly with constant angular velocity
about their center of mass that can be fixed at the origin, namely,

q(t,z) =1p, with D; = e"Dj.

These solutions are periodic in time with period %’r or equivalently with frequency €2. For Euler
equations, we know two explicit examples of rotating patches. The first one is the so-called Rankine
vortices given by the discs which are stationary solutions not only for Euler but also for (QGSW),. The
second example is called Kirchhoff ellipses which rotate with the angular velocity 2 = ﬁ where a
and b are the semi-axes of the ellipse, we refer to [45] and [I7), p. 304] for more explainations. Numerical
experiments achieved by Deem and Zabusky in [25] show the existence of rotating solutions with m-fold
symmetry for m = 3,4,5. An analytical proof based on the bifurcation theory and complex analysis
tools was devised by Burbea in [I8] who proved the existence of m-fold (for any m € N*) symmetric
V-states bifurcating from Rankine vortices with angular velocity Qy, := nzl—r;l More investigations on
the V-states in different settings like the doubly-connected patches, vortex pairs, boundary effects or
for different models has been implemented during the past decade by several authors, for more details

we refer to [19, 20, 27, 28, 29, 30, 31, 32, 33} 34 36, 37, 38, 39, 40]. Concerning (QGSW), there are a



few results dealing with relative equilibria. Interesting numerical simulations showing the complexity
and the richness of the bifurcation diagram with respect to the parameter A was studied in [23] 22].
In [22], using bifurcation tools the authors proved analogous results to those of Burbea. They show in
particular the existence of branches of m-fold symmetric V-states (m > 2) bifurcating from Rankine
vortex 1p with the angular velocity

Om(A) = LN K1 (A) = Im(A) Km(}),

where I,, and K, are the modified Bessel functions of first and second kind. For more details about
these functions, we refer to the Appendix [A] Notice that in the same paper the authors explored the
two-fold branch when A is small and proved first that it is located close to the ellipse branch of Euler
equations and second it is not connected and from numerical simulations they put in evidence the
fragmentation of this branch in multiple connected pieces. The second bifurcation from this branch
was also analyzed leading to similar results as for Euler equations.

It is worthy to point out that the model under consideration is typically a reversible Hamiltonian
equation with one degree of freedom given by the external the parameter A\. Therefore, it is a natural
issue to explore whether or not quasi-periodic solutions constructed from the linearized operator can
survive at the the nonlinear level when A is selected in a suitable Cantor set. Studying the persistence
of invariant tori is a relevant subject from KAM theory where a lot of important developments has
been done in different directions. In the next paragraph we shall review and recall some basic notions
and results in this subject.

» Quasi-periodic solutions. A function f : R — R is called quasi-periodic if there exists F : T¢ — R
such that
VteR, f(t)=F(wt)

for some frequency vector w € R? (d € N*) which is non-resonant, that is
Vie 24\ {0}, w-1#0. (1.3)

Here and in the sequel, we denote T¢ = R%/(27Z)? the flat torus of dimension d. In the case d = 1,
we recover from this definition periodic functions with frequency w € R*.

The study of quasi-periodic solutions to Hamiltonian systems goes back to the pioneering works of
Kolmogorov [46], Arnold [3] and Moser [48] where they proved, in finite dimension and under suitable
non degeneracy and smoothness conditions, the persistence of invariant tori for small perturbation
of integrable Hamiltonian systems. Namely, using action-angle variables (I,v) (integrability in the
Liouville sense) we may write

H(I,9) = h(I) + eP(I, ).

The phase space of the integrable Hamiltonian system associated to h is foliated by Lagrangian
invariant tori carrying a resonant or non-resonant quasi-periodic dynamics. Roughly speaking, Kol-
mogorov’s theorem asserts that, for small € and when the perturbation is analytic, many non-resonant
Lagrangian invariant tori persist. Kolmogorov’s proof is based on the reduction of the Hamiltonian
to an integrable one using symplectic change of coordinates. This is done using a Newton scheme
where at any level we may replace the remainder by an integrable contribution (depending only on
the action) up to a new remainder which is smaller than the initial one. To do that we should solve a
functional equation called the homological equation where we should avoid resonances and deal with
small divisors problem. For a long time people like Poincaré thought that it was not possible to make
the scheme convergent due to the uncontrolled loss of regularity. The key idea of Kolmogorov was to
introduce Diophantine conditions to control the small divisors problem and get only an algebraic loss
of regularity. Arnold made rigorous the idea of Kolmogorov and Moser extended it to a differentiable
case using what is now called ” Nash-Moser procedure”. This is a modification of the standard Newton
scheme making appeal to regularizing operators (IIy)y in order to solve an equation F(U) = 0 in a
Banach scale allowing some fixed loss of derivatives at each step. This strategy was first introduced
by Nash in [49] to prove the isometric embedding theorem and improved later by Moser. The theory
born from these works was named afterwards KAM theory in their honor.



Later on, this theory was explored and developed in partial differential equations by several authors

leading to important contributions and opening new perspectives. The complexity of the problem de-
pends on the space dimension and on the structure of the equations. For example in the semi-linear
case the nonlinearity can be seen as a bounded perturbation of the linear problem and this simplifies
a lot the problem of finding a right inverse of the linearized operator around a state close to the
equilibrium. However in the quasi-linear case where the nonlinearity is unbounded and has the same
order as the linear part the situation turns to be much more tricky. This is the case for instance in the
water-wave equations where several results has been obtained in the past few years on the periodic or
quasi-periodic, standing or traveling settings, see [I}, [4, 12} 13|, 14} [44. [50].
Next we shall give some insights on the general scheme performed to construct quasi-periodic solutions
in the quasi-linear setting that was developed in particular by Berti and Bolle in [II]. This approach
is robust and flexible and will be adapted to our framework with the suitable modifications. The first
step is to write in a standard way the equations using the action-angle variables for the tangential
part. When we linearize the nonlinear functional around a state near the equilibrium we end with an
operator with variable coefficients that we should invert approximately up to small errors provided the
external parameters belong to a suitable Cantor set defined through various Diophantine conditions.
To do that we first look for an approximate inverse using an isotropic torus built around the initial one.
It has the advantage to transform the linearized operator via symplectic change of coordinates into
a triangular system up to errors that vanish when tested against an invariant torus. Notice that the
outcome is that the Hamiltonian has a good normal form structure such that we can almost decouple
the dynamics in the phase space in tangential and normal modes. On the tangential part the system
can be solved in a triangular way provided we can invert the linearized operator on the normal part
up to a small coupling error term. This is more or less a finite dimensional KAM theory appearing
here. Then, the analysis reduces to invert the linearized operator on the normal part with is a small
perturbation of a diagonal infinite dimensional matrix. This is done by conjugating the linearized
operator to a diagonal one with constant coefficients. This step is long and technical and most of
the non-resonance conditions in the Cantor set arise during this process. This allows the construction
of an approximate inverse for the linearized operator with adequate tame estimates required along
Nash-Moser scheme. We point out that this approach has been successfully implemented to generate
quasi-periodic solutions to several quasi-linear and fully nonlinear autonomous PDE’s, see for instance
[4, [5l, 16, 14]. Recent progress towards applying KAM theory for the vortex dynamics has been per-
formed for gSQG equation [35] and Euler equation [I5]. Finally, we point out that the use of suitable
isotropic tori is a commodity but it is not essential to get the triangular structure up to small errors.
This point will be discussed in Section [5| see also [35].

1.2 Main result and sketch of the proof

The contour dynamics equation stated in can be written in a more tractable way using polar
coordinates. This is meaningful at least for short time when the initial patch is close to the equilibrium
state given by the Rankine vortex 1p where D is the unit disc of R%2. Thus the boundary 0D; will be
parametrized as follows

o=

2(t,0) = R(t,0)e?  with  R(t,0) = (1 +2r(t,0))? . (1.4)

We shall prove in Section that the function r satisfies a nonlinear and non-local transport equation
taking the form
or + Fy\[r] =0, (1.5)

with

FAlr)(t,6) = / Ko (\AL(8,0,m) 0, (R(tm) (2, 0) sin(y — 0) ) d
T

and ‘ .
A(t,0,7) = ’R(t, 0)ei® — R(t,n)e™| .




The function K is a Bessel function of imaginary parts and it is defined in Appendix [A] Next, we
take a parameter €2 # 0 and look for the solutions in the form

r(t,0) = 7(t,0 + Q), (1.6)
then the equation (1.5]) is equivalent to (to alleviate the notation 7 will be denoted by )
Or + Q0gr + F)\[r] = 0. (1.7)

We point out that the introduction of the parameter {2 seems at this level artificial but it will be
used later to fix the degeneracy of the first eigenvalue associated with the linearized operator at the
equilibrium state. As we shall see in Proposition the equation (|1.7)) has an Hamiltonian structure

Oy = gV H (1), (1.8)

where the Hamiltonian H is related to the kinetic energy and the angular momentum which are
prime integrals of the system. In the quasi-periodic setting, we should find a frequency vector w € R?,
such that the equation admits solutions in the form r(¢,6) = r(wt,#) with 7 being a smooth
(2m)9*+! —periodic function. Then 7 satisfies (to alleviate the notation we keep the notation r for 7)

w - Opr + Q0pr + Fy[r] = 0. (1.9)

To explore quasi-periodic solutions we should first check their existence at the linear level. Then
according to Lemma the linearized operator to (|1.9) around a given small state r is given by the
linear Hamiltonian equation,

L.p=0 with L£,=0,4+0y[V, —L,], (1.10)

where V. is a scalar function defined by

Vi(A\t,0) =Q + R(iﬁ) /K() (AA,(t,0,m)) Oy (R(t,n)sin(n — 0)) dn (1.11)
’ T

and L, is a non-local operator in the form

L, (p)(\1,0) = / Ko (M, (t,6,1)) plt, n)dn. (1.12)

At the equilibrium state r = 0, we find that the linearized operator is a Fourier multiplier, see Lemma

B2
Lop = 0p + Vo(X)Dgp — 0gKx * p- (1.13)

where * denotes the convolution product in the variable 6 and
Vo(A) = Q+ Ii(AM)K1(A) and  Kx(0) = Ko (2A [sin (§)]).

Expanding into Fourier series

p(t,0) = pi(t)e?’,

JEZ
yields to
peker(Lo) <= p(t,0)=> p;(0)elT?" %N, (1.14)
JEL
where the eigenvalues €2; are defined by
9N = j(2+ HOVEI () = K (V) (1.15)



and the Bessel functions of imaginary argument I,, and K, are given by . It is worthy to point out
that the frequency associated to the mode j = 0 is vanishing and therefore it creates trivial resonance.
This can be fixed by imposing a zero space average which can be maintained at the nonlinear level by
virtue of the structure of . Hence we shall work with the phase space of real functions enjoying
this property, namely,

HE = H{(T,R) = {7‘(0) =3l st ory=1 and 2= rPliP < oo}.
JEL* jez*

Another similar comment concerns the mode j = 1 which vanishes for any A when € = 0. This is
why we have introduced €2 which should be strictly positive to remedy to this defect and avoid any
resonance at higher frequencies. The reversibility of the system can be also exploited to find the
requested parity property of the solutions. Actually, we can check that if (¢,0) — r(t,0) is a solution
then (t,0) — r(—t,—0) is a solution too. Then the solutions to the linear problem with this symmetry
are in the form

p(t,0) = Z p; cos (50 — Q;(N)t). (1.16)

JEL*
Now, in order to generate quasi-periodic solutions to the linear problem it suffices to excite a finite
number of frequencies from the linear spectrum. We shall then consider the following frequency vector.

WEq()\) = (Qj()‘))jeS with S = {j1,...,j4} C N".
Note that throughout the paper, we use the notation
N=1{0,1,2,...} and N"={1,2,...}.

Notice that the vector wgq(A) gives periodic solutions provided that it satisfies the non-resonant
condition ([1.3]). This property holds true for almost all the values of A as it is proved in Proposition
Our main result concerns the persistence of quasi-periodic solutions for the nonlinear model
when the perturbation is small enough and the parameter X is subject to be in a massive Cantor set.

Theorem 1.1. Let \y > Ao > 0, d € N* and S C N* with |S| = d. There ezist g € (0,1) small enough
with the following properties : For every amplitudes a = (a;)jes € (]Rj_)d satisfying

|a| < €0,
there exists a Cantor-like set Coo C (Ao, A1) with asymptotically full Lebesgue measure as a — 0, i.e.
lim [Coo| = A1 — Ao,
a—0

such that for any A\ € Co, the equation (L.8|) admits a time quasi-periodic solution with diophantine
frequency vector wpe(A, ) := (w;(A, a))jes € RY and taking the form

r(t,0) = Z a; cos (j0 + w;(A, a)t) + p(wpet, ),
Jes
with
wpe(A, a) 0 (—25(A))jes,

where Qj(\) are the equilibrium frequencies defined in (1.15)) and the perturbation p : T - R is an
even function satisfying

Il zecoasr my =, olla))
for some large index of regularity s.

Before discussing the main steps of the proof, some remarks are in order.



Remark 1.1. e Combining this theorem with (1.6) and (1.4) we find that the boundary shape of
the patch can be parametrized in polar coordinates as follows

N|=

2(t,0) = R(t,0 + Qt)e’  with  R(t,0) = (1 + 2r(t,0))

and r is described as in the theorem. The time evolution of the shape is given by small pulsation
around the unit disc and the boundary s localized in an annulus around the unit circle.

e It is not at clear what could happen when X\ is in the complement of the Cantor set. We expect
the linear invariant tori to be destroyed by the nonlinearity and filamentation may take place
generating fast increase of the curvature and the boundary length.

We shall now outline the main steps of the proof which will be developed following standard scheme
as in the preceding works [4] [6, 11} 14] with different variations connected to the models structure.
We mainly use techniques from KAM theory combined with Nash Moser scheme. This will be imple-
mented along several steps which are detailed below.

» Step 1. Action-angle reformulation. We first notice that the equation (1.8) can be seen as a
perturbation of the integrable system given by the linear dynamics at the equilibrium state. Indeed,

by combining , and we may write
Oyr = OpL(N)(r) + Xp(r),
where L(\) and the perturbed Hamiltonian vector field Xp are defined by
LA (r) = —=(Q+ (LEK)N)r+ Ky xr and  Xp(r) = Ii(A)K1(X\)dpr — 0pK\ + 7 — Fy\[r].

Since we are looking for small solutions then we find it convenient to rescale the solution r ~» er with
€ a small positive number and consequently the new unknown still denoted by r satisfies

Opr = JL(A)(r) + eXp.(r),

where X p_ is the Hamiltonian vector field defined by Xp. () = e“2Xp(er). Then finding quasi-periodic
solutions with frequency w € R? amounts to solve the equation

w - Opr = OgL(A)(r) + eXp. (7).

Here we still use the same notation r for the new profile which depends in the variables (p, #) € T+,
The next step consists in splitting the phase space Hj into an orthogonal sum of tangential and normal
subspaces as follows

1
Hj = Hg® HY,

where Hg is the finite dimensional subspace of real functions generated by {e99 j € S} with S =
SU (—S). For more details on this description we refer to Section To track the dynamics it seems
to be more suitable to use the action-angle variables (I, 1) seen as symplectic polar variables for the
Fourier coefficients of the tangential part in Hg. This leads to reformulate the problem in terms of the
embedded torus,
i: T — T¢xRIx HS
p = (U(p), I(e), 2(¢)),

with
r(p,0) = v((p), 1(9))(0) + 2(p, ) := A(i())(0)
€ Hg eHs
and
v(0,1) = Z \/a§ + %Ij éie; () = e?



Notice that the action and angle variables should satisfy the symmetry properties
VieS, I;=I;eR and J_;=—9; R

Therefore we reduce the problem in the new variables to construct invariant tori with non-resonant
frequency vector w to the system

w- 0,i(¢) = X, (i(9)), (1.17)

where Xpg_ is the Hamiltonian vector field associated to the Hamiltonian H, given by
H,. = *qu()\) I+ %<L()\)Z, Z>L2('J1') + ePe,

with P, defined by P. = P o A. A useful trick used by Berti and Bolle in [I1] consists to solve first
the relaxed problem

w - Byi(p) = Xpe(i(p)),

where the vector field Xpgao is associated to the modified Hamiltonian HS given by
HE =1+ 5(L(N)z,2)r2r) + €Pe.

The advantage of this procedure is to get one degree of freedom with the vector o € R? that will be
used to ensure some compatibility assumptions during the construction of an approximate inverse of
the linearized operator. At the end of Nash-Moser scheme we shall adjust implicitly the frequency w
so that « coincides with the equilibrium frequency —wgq(A), which enables to finally get solutions to
the original Hamiltonian equation. The relaxed problem can be written in the following form

‘F(1/7 a’ )\7 w’ E:) = O?

with
F(i,a, \w,e) :=w - 0,i(p) — Xpga(i(p))
w - % (#) — o — €01 Pe(i(p))
= () + €09 Pe(i(p)) : (1.18)

w-&pz(tp) 3 (L(N)z(p) +eV.P:(i(¢)))

We point out that the linear torus corresponding to the linear solution

0) = Z aje'¥iell?

jes
is given in the new coordinates system by ig4..(¢) = (¢,0,0) and it is obvious that
f(iﬂam _qu()\)a )\; _qu(A), O) = 0

We emphasize that at this stage the classical implicit function theorem does not work because the lin-
earized operator at the equilibrium state is not invertible due to resonances. One can avoid resonances
by restricting the parameter A to a suitable Cantor set according to some Diophantine conditions on
the linear frequency wgq(A) allowing in particular to control the small divisors problem. By this way
we get an inverse at the equilibrium state but with algebraic loss of regularity. Unfortunately, this
is not enough to apply Nash-Moser scheme which requires to construct a right inverse with tame
estimates in a small neighborhood of the equilibrium and this is the challenging deal in this topic.
Indeed, the linearized operator is no longer with constant coefficients as for the integrable case and its
main part is not a Fourier multiplier. At this level we are dealing with a quasilinear problem where
the perturbation is unbounded.

» Step 2. Approzimate inverse. Let ag € R? (actually «p is a function of the parameters w
and \) and consider an embedded torus iy = (Yo, Io, 29) near the flat one with the reversible structure,

Jo(=p) = =Vo(p), Lo(—¢) =Io(p) and zo(—p,—0) = z0(p,0).



To deal with the linearized operator d;oJF (i, ), which exhibits complicated structure, and see
whether we can construct an approximate inverse we should fix two important issues. One is related
to the coupling structure in the new coordinates system and the second is that the linearized operator
is with variable coefficients. For this aim we shall follow the approach conceived by Berti and Bolle
in [11] with making suitable modifications. This approach consists in linearizing around an isotropic
torus close enough to the original one and then use a symplectic change of coordinates leading to a
triangular system up to small errors, essentially of "type Z” or highly decaying in frequency, that
can be incorporated in Nash-Moser scheme. Therefore to invert this triangular system it suffices to
get an approximate right inverse for the linearized operator in the normal direction, denoted in what
follows by Ew. We notice that in Section and similarly to [35], we can bypass the use of isotropic
torus by a slight modification of Berti-Bolle approach. Actually, according to Proposition [5.1}, we can
conjugate the linearized operator with the transformation described by computed at the torus
10 and get a triangular system with small errors mainly of "type Z”. The computations are performed
in a straightforward way using in a crucial way the Hamiltonian structure of the original system.
The main advantage that simplifies some arguments is to require the invertibility for the linearized
operator only at the torus itself and not necessary at a closer isotropic one. By this way, we can avoid
the accumulation of different errors induced by the isotropic torus that one encounters for example in
the estimates of the approximate inverse or in the multiple Cantor sets generated along the different
reduction steps where the coefficients should be computed at the isotropic torus. The final outcome
of this first step is to reduce the invertibility to finding an approximate inverse of Ew which takes,
according to Proposition the form

Lo=T4 (Lo —0pR) G, with Lo =w -0y + g [Ver - —Liy]

where e0p'R is a perturbation of finite rank, the function V,, and the nonlocal operator L., are defined
in and , respectively. At the equilibrium state (corresponding to € = 0) L, is diagonal
and we shall see that the set of parameters (A, w) leading to the existence of a right inverse is almost
full. Now remark that even for ¢ small, the perturbation affects the main part of the operator in a
similar way to water waves [4, [14] or generalized SQG equation [35] and then we should construct
the suitable change of coordinates in order to reduce the positive part of the operator to a diagonal
operator. Later we should implement KAM scheme to diagonalize the zero-order part. This will be
done in three steps.

@ Reduction of the transport part. This procedure will be discussed in Proposition and
Proposition [6.3] We basically use KAM techniques as in [12, 26] in order to conjugate the operator
Ler, through a suitable quasi-periodic symplectic change of coordinates 4, to a transport operator
with constant coefficients. Indeed, we may construct an invertible transformation

Bp(p,0) = (1+ 0pB(,0)) (9,0 + B(p,0))

and a constant ¢;, (A, w) such that for any given number n € N, if the parameter (A, w) belongs to the
truncated set defined through the first order Melnikov condition

ogin= () {00 e0o st fw-l+ja0wl> Gl
(1,5)€2%x2\{(0,0)}
[LISNn
then we have
Cop = B UL B =w-0p+ ciy(\,w)Ig — 0Ky * - + 0pRer + Ep, (1.19)

3\n
with Ny, = N2 No = 2,0 € (0,1), O = (A, A1) X %, 0 < Ao < A and % = B(0, Ro) being an
open ball of R? containing the curve of the linear vector frequency A € (Ao, A1) — —wgq(A). The

operator R, is a self-adjoint Toeplitz integral operator satisfying the estimates

Vs € [so, 5], kerﬁ]alxz} |5 R, |

3 S e (141900350 )
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where the off-diagonal norm || - | O?q s is defined in (4.10)) and the loss of regularity o is connected
to 71 and d but it is independent of the index regularity s. Concerning the operator E2, we can show
that it is a small fast decaying remainder with the following estimate for low regularity

IES IS S & NE2N#2loll7 s

q,80 ~

q,50+2° (120)
where the weighted norms || - |22 are defined in ([A.5). For the number pup, it is connected to the
regularity of the torus ip and can be taken large enough allowing to identify the contributions of EO
as small errors in the construction of the approximate inverse. The next step will be discussed in
Proposition where we explore the effect of the transport reduction on the original operator Ew
which is localized to the normal direction. We prove that with the localized transformation %, defined
by
A, =g, Alg, ,

one obtains in the Cantor set OX7 (ip),
BL, B =w- UG + Do+ By +EL, (1.21)
where % is a diagonal operator whose spectrum {1,uj, J € S5} satisfies
O\ w,ig) = Q) + 5rt (N, w, 4 ith !0 <
Iu’j( 7(“)?10)_ ]( )+jT ( aw720) w1 HT Hq ~ €

and %, is a remainder term taking the form of an integral operator with Toeplitz and reversibility
structures with the estimates the asymptotic

Vs € [so, 5], kr&zg)i}

7 (1 130135 )

We remark that the operator E} satisfies similar estimates as for E) seen before in (1.20)). Finally, we
want to emphasize that the derivation of the asymptotic structure of the operator £., seen before in

(1.19) requires some refined analysis. The delicate point concerns the expansion of the operator L,
defined in ([1.12]) and for this part we use the kernel structure detailed in ({A.6)

Ko(z) = —log (3) Io(» +Zw§:;,§§ (5)™"

with Iy being analytic. This is different from the cases discussed before as for the water waves in [4] [14]
where the kernel is given by that of Euler equations (corresponding to A = 0), that is, K(z) = — log (%)
In this latter case the deformed kernel enjoys the structure

—log (24,(t,0,n)) = —log

sin (92 )‘ + smooth nonhomogeneous kernel.

This means that the associated operator is given by a diagonal operator of order —1 up to a smoothing
non diagonal pseudo-differential operator in OP.S~™°°. In our context, this decomposition fails for A > 0
and we get a similar one but with less smoothing operator. Actually we obtain from (/5.38) the splitting

Ko (2AA(t,0,7)) = @mm( ))h%m )L (N0, 0,n) + HA (N @, 0,m),  (1.22)

where the kernels Jifrll and %,21 are smooth whereas J£ is slightly singular taking the form

A () = sin® (g) log (|sin (g) ).

() KAM reduction of the remainder term. This is the main target of Section and the
result is stated in Proposition The goal is to conjugate the remainder %, of and transform
it into a diagonal operator. This will be developed in a standard way by constructing successive
transformations through the KAM reduction allowing to replace at each step the old remainder by
a new one which is much smaller provided that we make the suitable parameters extraction. This
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scheme can be achieved unless we solve the associated homological equation. To avoid resonances we
should at each step make an extraction from the parameters set through the second order Melnikov
conditions and the final outcome is as follows,

Lo = <I>g01,,$f0<1>oo =w- aspﬂé‘o + Do,

where P, = (iu?o()\, w, io))(l )ezixs is a diagonal operator with pure imaginary spectrum and ®,
2J)ELEXSG

is a reversible invertible operator. This reduction is possible when the parameters (A, w) belong to the
following Cantor-like set,

. . . . 2v{7—1,
o= 1 {Ow) e0umlo) st w1+ uF N wio) - (A w,io)| > 2L}
(1,4,50)€ZE % (8§)2

[LI<Nn

The eigenvalues admit the following asymptotic
5P (A w,ig) = Q5(A) + jri (A, w, o) + r3°(A, w, o),

where 7! and 7“3?0 are real small coefficients with Lipschitz dependence with respect to the torus.
Indeed, we have

Ir 3@ + sup [j[l|r5ll3 @ S evt,
jese

7,0
q,5p+0°

|A12r |79 + sup | A12r5°)| 70 < ey | Al
JESE
for some index regularity 55, + o and Ajor! = r*(\, w,iy) — rt(\,w, ia).
(© Construction of the approximate inverse. The next step is to invert approximately the
operator L, detailed in Proposition First we establish an approximate inverse for .%,,, on the
Cantor set

Az = () {0 €0 st w-l+ ) > 38,
(1,5) €24 x8§

[LI<Nn

Then, introducing the Cantor set
Gn(7, 71, T2, 10) = OL75(i0) N OXTY™ (i0) N AL, (i0),
we are able to construct an approximate inverse of Zw in the following sense,
LoTon=1d+E, inG,,

where E,, is a fast frequency decaying operator as in and T, ,, satisfies tame estimates uniformly
in n. Therefore coming back to Section more precisely to Theorem this enables to construct
an approximate right inverse T for the full differential d; F (io, o) enjoying suitable tame estimates.
In what follows we want to make some comments. The first one concerns the Lipschitz dependence
of the eigenvalues with respsect to the torus. This is required in studying the stability of Cantor sets
in Nash-Moser scheme and allows to construct a final massive Cantor set. As to the second one, it
concerns the KAM reduction which allows to diagonalize the operator when the parameters belong to
a Cantor set like, even though all the involved transformations and operators can be extended in the
whole set of parameters using standard cut-off functions for the Fourier coefficients. This extension
with adequate estimates will be needed later during the implementation of Nash-Moser scheme. This
is not the only way to produce suitable extensions and one expects Whitney extension to be also
well adapted as in [4, [I4]. In our case we privilege the first procedure which can be easily set up
and manipulated using classical functional tools. The last comment is related to a technical point
in KAM reduction, Contrary to the preceding papers such as [4] [14], we do not need to use pseudo-
differential operators techniques in the description of the aforementioned asymptotic structures of £,
and ,%’Ilﬁw% . In fact, they can be avoided since all the involved operators can be described through
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their kernels and therefore instead of splitting the symbols we simply expand the kernels as in (1.22)
which sounds to be more appropriate in our context.

» Step 3. Nash-Moser scheme. This is the main purpose of Section [7.1] where we construct zeros for
the nonlinear function F defined in for small € following Nash-Moser scheme in the spirit of the
papers [4, [14]. Let us quickly sketch this scheme. We build by induction a sequence of approximate
solutions U,

Upy1=U,+ Hpy1 with Hpy = _HNnTnHNn}—(Un)-

with T,, an approximate inverse of d; oF (U,) constructed in Step 2. Thus using Taylor Formula we
may write

F(Upt1) = Oy, F(U,) = Ny, (La Ty, — 1) N, F(Un) + (Lnlly — My L) T XN, F(Un) + Qn,

where @), is a quadratic functional. Consider the Cantor set

n—1

A;YL - ﬂ gk(’Yk+1; 71,72, Zk)?
k=0

with v, = v(1 4+ 27"), then we show by induction that

70 - a 70 -
Ul grs S €7 NG*, Ul 40 S €77 N

o7, -
AT JANIEERS n-1 IFU)lgs" S Nyt (1.23)

4,50

for a suitable choice of the parameters ay, by, @, u, o > 0 and O3, is an open enlargement of A}, needed
to construct classical extensions to the whole set of parameters O. Actually, we get a precise statement
in Proposition allowing to deduce that the sequence (U,,),, converges in a strong topology towards
a sufficient smooth profile (A, w) € O = Uso(A,w) = (iso(\, w), Ao (A, w), (A, w)) with

V()\,w) €0, ‘F(UOO()‘aw)) =0, Gl = ﬂ A
neN

Moreover, we get in view of Corollary a smooth function A € (Mg, A1) — (A, w(A, €)) with
w(Xe) = —wpq(\) +7(N),  [IF=]7€ S ey ING® (1.24)

and
VA eC, ]:(Uoo()\,w()\,s))) =0 with aoo()\,w()\,s)) = —WwEq(A),

where the Cantor set C5 is defined by
c: = {A € (Mo A) st (Lwhe) e ggo}. (1.25)

This gives solutions to the original equation (|1.17)) provided that A belongs to the final Cantor set C5,
and the last point to deal with aims to measure this set.

» Step 4. Measure estimates. The measure of the final Cantor set C5, will be explored in Section
We show in Proposition [7.2] that by fixing v = €% for some small a we get

IC| = (M1 — Xo) — C€°,

with small § connected to the geometry of the Cantor set and the non degeneracy of the equilibrium
spectrum. There are two main ingredients to get this result. The first one is the stability of the inter-
mediate Cantor sets (A7), following from the fast convergence of Nash-Moser scheme. However the
second one is the transversality property stated in Lemma [7.3| used in the spirit of [8] and [51]. This
property will be first established for the linear frequencies in Proposition [3.5] using the analyticity of
the eigenvalues and their asymptotic behavior. Then the extension of the transversality assumption
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to the perturbed frequencies is done using perturbative arguments together with the asymptotic de-

scription of the approximate eigenvalues detailed in (7.67)), (7.82) and ([7.81]).

We emphasize that the transversality is strongly related to the non-degeneracy of the eigenvalues in the
sense of the Deﬁnition. For instance, we show that the curve A € [Ag, \1] — (€25, (A), ..., 25, (X)) is
not contained in any vectorial plane, that is, if there exists a constant vector ¢ = (cy, .., ¢g) such that

d
YAE Do M) D e, (V) =0,

J=1

then ¢ = 0. This is proved in Lemma [3.4 and follows from the asymptotic of the eigenvalues for large
values of A according to the law (A.11)) combined with the invertibility of Vandermonde matrices.

2 Hamiltonian formulation of the patch motion

In this section we shall set up the contour dynamics equation governing the patch motion. A particular
attention will be focused on the vortex patch equation in the polar coordinates system. We shall see
that the Hamiltonian structure still survives at the level of the patch dynamics, which is the starting
point towards the construction of quasi-periodic solutions.

2.1 Contour dynamics equation in polar coordinates

Here and in the sequel, we identify C with R? equipped with the canonical Euclidean structure through
the standard inner product defined for all z;y = a1 + by, 22 = as + ibs € C by

2129 1= <Z1, Z2>IR{2 = Re (2172) = aiag + b1bs. (2.1)

The planar set I stands for the open unit disc of R? and the Rankine vortex 1p (actually any radial
function) is a stationary solution to (QGSW),. To look for ordered structure like periodic or quasi-
periodic vortex patches ¢t — 1p, around this equilibrium state, we find it convenient to consider a
polar parametrization of the boundary

z: Ry x[0,27] — C (2.2)
(t,0) — z(t,0) = (1+ 2r(t,0))2 &®.

Here r is the radial deformation of the patch which is small, namely |r(¢,0)| < 1. Taking r» = 0 gives
a parametrization of the unit circle T. We shall introduce the new symplectic unknown

N

R(t,0) = (1 + 2r(t,0))7 . (2.3)

which will be useful to write down the equations into the Hamiltonian form. In what follows we want
to explicit the contour dynamics equation with the polar coordinates. It is a classical fact, see for
instance [411 [42], that the particles on the boundary move with the flow and remain at the boundary
and therefore in the smooth case one has

[0pz(t,0) — v(t, z(t,0))] - n(t, z(¢,0)) =0,

where n(t, z(¢,0)) is the outward normal vector to the boundary 0D, of D, at the point z(¢,6). Since
one has, up to a real constant of renormalization, n(¢, z(¢,0)) = —i9pz(t,0), then we find the complex
form of the contour dynamics motion,

Im ([8tz(t, 0) — v(t, 2(t,0))] Dpz(t, 0)) = 0. (2.4)

In order to transform it into a nonlinear PDE, we need to recover the velocity field v from the patch
parametrization. To do so, recall that v = V¥ where W is the stream function associated to the
vorticity and governed by Helmholtz equation,

(A = 2\)W(t,-) =1p,.
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To invert this operator we shall make appeal to the Green function T solution of the equation
(=A+X)T) =dy in S'(R?).
Using the Fourier transform yields

1

2 T - .
Vﬁ eR ’ T)\(f) - ’§‘2+)\2

Thus by Fourier inversion theorem and using a scaling argument, we find

' 1 eiz€
Th(z) =Ti(\z) with Ti(z) = An2 /RQ 1+|§]2 dt.

Applying a polar change of variables gives
Ti(z) = 1L /Oo o /27T cos(|z|r cos(0))dOdr
! a 47T2 0 1 + 7’2 0 '

Simple arguments based on the symmetry of trigonometric functions allow to get the identity

2m ™
/ cos(|z|r cos(9))do = 2/ cos(|z|r sin(0))d6.
0 0
Consequently, we get in view of (|A.1))

1 [ rdo(|z|r)
Tl(z) = 27.(_/0 1+T2 dT,

where J,, denotes the Bessel function. Applying (A.7) with v = 4 =0, a = 1 and b = |z|, we finally

deduce the representation

T1(2) = 5-Ko(l2])

Therefore one gets the formula,

W(t.5) = 5 [ KoMz €)1p, (€)d4(0), (25)

where dA denotes the planar Lebesgue measure. To get get explicit form of the velocity in terms of
the patch boundary we shall use the complex version of Stokes theorem

2 [ der(e.0aa©) = [ re8de (2.6)
D oD
In view of v(t,z) = 2i07¥(t, z), one deduces that
1
v(t2) = oo [ Ko - gl (2.7)

Next we intend to write down the boundary motion in terms of the contour dynamics. First, from the
polar parametrization, it is easy to check from (2.2) that

Im (c%z(t, e)m) = —9yr(t,0).
On the other hand, using and , we infer
Im( (t, 2(t,0))Fpz (2, 0) 9 /KO (Mz(t,0) — 2(t,n)|) Im (anz(t,n)m) dn.
Here and throughout this paper, we shall work with the following notation

/ fldn = % [ " fn)dn. (2.8)
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Next we observe that,

Im (an(t, n)0pz(t, 6)) = 83,71111 (z(t, n)z(t, 9))
— 3, (R(t, n)R(t,0) sin(y — 9)).
Thus, by setting ' ‘
Ar(t,8,1) = |2(t,0) — z(t,n)| = |R(t,0)e” — R(t,n)e"| (2.9)
and

F\lr](t,6) = /T Ko (\A,(1,0.0)) 23, (R(t.n)R(t.0) sin(n — 0) ) dn, (2.10)

we get the vortex patch equation in the polar coordinates
or(t,0) + Fi[r](t,0) = 0. (2.11)

Now, we fix a parameter €2 that will be used later to get rid of trivial resonances, and we shall look
for solutions in the form
r(t,0) = 7(t,0 + Qt). (2.12)

Then elementary change of variables applied with show that
F\[7](t, 0+8t) = Fx[r](t,0) . (2.13)
Thus, the equation becomes (to alleviate the notation we simply use r instead of 7)
Opr(t,0) + Q0pr(t,0) + Fx[r](t,0) =0, (2.14)

which is a nonlinear and nonlocal transport PDE. To fix the terminology, we mean by a time quasi-
periodic solution of (2.14)), a solution in the form

r(t,0) = r(wt, ),

where 7: (p,0) € T4 7(p,0) € R, w € R% and d € N*. Hence in this setting, the equation (2.14])
becomes
w - 64%’?((107 9) + Q@g?(@, ‘9) + F)\[ﬂ (807 9) = 0.

In the sequel, we shall alleviate the notation and denote 7 simply by r and the foregoing equation
writes

Y(p,0) € T, w-9,r(p,0) + Qgr(,0) + Fx[r](p,0) = 0. (2.15)

2.2 Hamiltonian structure

We now move to a new consideration related to the analysis of the Hamiltonian structure behind the
transport equation . This structure sounds to be essential if one wants to explore quasi-periodic
solutions near Rankine vortices. Notice that it is a classical fact that incompressible active scalar
equations such as 2D Euler equations are Hamiltonian and as we shall see in this section, we can find
a suitable interpretation of this property at the level of the contour dynamics equations which is a
stronger reformulation.

2.2.1 Hamiltonian reformulation

We consider the kinetic energy and the angular impulse associated to the patch w(t) = 1p, and defined
by
1 1
E(t)=— W(t,z)dA(z) and J(t) = / |z|2dA(2), (2.16)
2 Dy 2 Dy
where the stream function W is defined according to (2.5). The following result dealing with the
time conservation of the preceding quantities is classical and can be proved in a similar way to Euler

equations.
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Lemma 2.1. The kinetic energy E and the angular impulse J are conserved during the motion,

dE(t)
dt

dJ(t)

— 0= .
dt

In what follows we shall state the main result of this section on the Hamiltonian structure governing

the equation (2.14)).
Proposition 2.1. The equation (2.14)) is Hamiltonian and takes the form

Oyr = 0gVH(r), (2.17)

where V is the L*(Ty)-gradient with respect to the L?(Ty)-normalized scalar product defined by

(b1, 92) 201y = /T 01(6)p(6)d6
and the hamiltonian H is defined by
H(r) = 5 (BE(r) = QJ(r)).

In particular, we get the conservation of the average, that is,

d
— =0. 2.1
G 708 =0 (2.18)

Proof. » Using Stokes formula (2.6]), we may write
Ty = o [ 1ePEde.
0Dy
Then from the parametrization detailed in (2.2) one gets easily
T0)0) = 4 [ =000 0)as
T
= llﬁi/Tag (R*(t,0)) d0+}1/TR4(t,9)d0
= i/R‘l(t, 6)do.
T
Consequently,
J(r)(t) = 1/ (14 2r(t,6))* db. (2.19)
T

Differentiating in r one gets for p € L%(T)
(VJ(r), p)r2(m)(t) = /(1 +2r(t,0))p(0)dd, ie. VJ(r)=1+2r
T

It follows that
$Q0pVJ(r) = Qpr. (2.20)

» Next, we shall compute the Gateaux derivative of E in a given direction p € L?(T). We point out
that the computations done below are formal but they can be justified rigorously in a classical way.
The first step is to express the energy
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in terms of the boundary parametrization of 9D;. According to Stokes theorem ([2.6) we have

W(t.5) =~ | Ko(Ag - =)dA(©
_ (E=2)ME—2| K1 (A€—2])—1]
~ b [ o (Eigmpen gy

1 E—Z)[N\E—2z|K1(\[E—z])—1
—ziﬂxz‘/ (E=2)[Al |5|le|§| D ]dg.
dDy

To prove the second equality above, it suffices to find an anti-derivative of Ky(A|§ — z|) with respect
to £. We shall search it in the form

(€ =2)f(AE = 2|).
Then we should get

Ko(M¢ — 21) = 3 (€ = 2) F(NE — 1)) = FOME — 21) + 252 (e — 2).

Hence f is a solution on R% of the ordinary differential equation
sof'(x) + f(z) = Ko(z), ie. (2°f(2)) = 20Ko(z).
Using (A.4)), we obtain

fla) = —2E@EC

where C'is a constant to be fixed so that the integral converges. Using (A.5)), one has on the real line

Kiw) =, 3+ $1og (5) +o (olox (3)

so that ,
K (x) = 1+ 2 log (%) +o(2*log (%)) .

T

Making the choice C = —2 we get
flz) = - 2=l (2.21)

2
which behaves like a logarithm near 0 and thus it is integrable. Therefore using the parametrization

(2.2) we find

_ (Z(t,m) —=(t,0)) [M=(t,0) — 2(t, n)|[ K1 (A|z(t,n) — 2(¢,0)]) — 1]
W(t,2(t,0)) = ;/T S =2t (93'2 B,z (t,n)dn.
Making appeal to f and removing the time dependence, we get

W(z(0)) = Q/T(Z(H) —Z()f(A|2(0) = z(n)]) Oz (n)dn. (2.22)

At this stage we need to look for an anti-derivative with respect to z of Zt(£ — 2)f(A|€ — z|) in the
form

(€ —2)g(\E — z).
Therefore we deduce the constraint

FE - 2SO 2)) = 92 (€~ 2)0(Ng - 2D)) = —€ — 2) (2000 — 2D) + 257 (Ae - 21)) -

Hence, g should be a solution on R of the ordinary differential equation

2g'(2) +29(z) = I8 ie.  (alg(x)) =2 f(z) = 20 — 227Ky (2). (2.23)
Using once again (A.4]) yields
g(x) _ 132—1-2352[12(&:)—&—0
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where C' is again a constant used to cancel the violent singularity. From (A.5)) and (A.2)), one obtains
the asymptotic
Ky(z) = 5-140 (:c2 log(z)) .

Thus
P’ Ks(x) = 2- 2 1 O(z* log(z)).

Then by choosing C' = —4 we deduce that the function below

241222 K. 4
g(z) = %—42(9«“)

is integrable. Hence, applying once again Stokes theorem (2.6]), we infer

2 2 _ —
R p— / / TP AP (20l =)
oD, €l

= ;41// (E(t,n)fE(t,O))Q[Mdunf;(;%ﬂ))lg(é;?é@()\|z(t,n)fz(t,9)|))—4} By (1, 0)0yz(t, ) dndo.
TJT
Hence using g and removing the dependence in time, we find

- _// 2g(A[2(0) — 2(n)|)o2(0)0y2(n)dbdn. (2.24)

The next goal is to compute the derivative of E¥ with respect to r in the direction p, which is straight-
forward

(VE(r) / / )= 2(n)) g (A2(0) — 2(n)]) (2R~ — 2B ) 002(60)0,=(n)dodn
TJT

wb«

/ / GO G (A2(0) — 2(n)]) G Re ((2(8) — 2(n)e ") By=(8)0,=(m)dd

N[>

3 / / COZZOI 57 (X|2(6) — 2(n)]) BB Re ((2(n) — 2(6))e ™) pz(6)0=(n)d6d
/ / )= 2(n) g (A2(0) — =(n)]) 0 (455" ) D ()

/ / )= 2m)” g (A=(8) — 2(n)]) 092(6), (25" ) dbn.

TJT

By exchanging in the double integral 6 and 7, we deduce

w\r—‘

w\»—t

(VE(r).p)rar) = 2 / / )~ 2(m)) g (A=(8) — =(n)]) 29" 0p(8)0, 2(n) b

- / / COZDE Y (A2(0) — 2(n)]) g Re ((2(6) — 2(n))e ™) 092 (0)Dy =)oy

/ / )= 20m)” g (A=2(0) = 2(n)) 0 (4557 ) D= (m)dbdn.
TJT

An integration by parts in the last integral leads to

/ / )= 2(n) g (A12(0) — =(n)]) 9 45y ) Dz (m) B

=2 [ [ (20) — 2n)g(N=(0) — =(m)) 29" 05700, (n)dbdn
TJT

+A / GO ' (M|2(0) — 2(n)]) 255" Re [(2(0) — 2(7))397(6)] 0,2 (1) dbd.
TJT
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Using the identities . _
e999z(0) — e %9y2(0) = —2iR(6)

N Rel(e) )0 — Bpx(0)Re [(:0) — sa))e ] = —iRO)=(6) — 20
we infer
(VEW). A = 4 [ [ E0)=20)90=(0) = 20))oy(m(0)avan
/ / )12(6) — =(m)lg' (A=2(6) — 2(n) )9y =(m)p(6)dBi.
Applying (2:23), we find
(VE®). o = [ [ (6) = 20) FA=(6) = ()2, =(mp(e)dodn,

which implies by virtue of (2.22)

VE(r) = %/T(Z(@ —2(m)f(N2(0) — z(n)])Opz(n)dn = =2 (2(0)).
Now, using the complex notation we deduce that

0p¥ (2(0)) = V¥ (z

where we used (2.1) and the facts that V*¥ = v and ¥ is real-valued. Recall that the functional
Fy[r] was introduced in (2.10]). Hence

OgVE(r) = —20p¥(2(0)) = —2F\[r](0).

Finally we get
300V E(r) = —F)\[r](6). (2.25)

The conservation of the average is easy to check from the Hamiltonian equation. Therefore the proof
of Proposition is achieved. ]

2.2.2 Reversibility

The main concern is to investigate the reversibility of the Hamiltonian equation . This property
will be used in a crucial way to fix the symmetry in the function spaces and by this way remove from
the phase space the trivial resonances. For more details we refer to Section [£.1] and Section 5] To
define the reversibility, we shall introduce the involution .

(Sr)(0) :=r(—0), (2.26)
which satisfies the obvious properties
S?2=1d and 9po.S =—00. (2.27)

The following elementary result is useful and can be easily checked from the structure of the Hamil-
tonian. Actually, it suffices to make changes of variables.

Lemma 2.2. The Hamiltonian H and its associated vector field X := 09V H satisfy

HoY=H and XoYS=-9Y0X.
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3 Linearization and frequencies structure

This section is devoted to some aspects of the linearized operator associated to the evolution equation
or its Hamiltonian version (2.17). We shall in particular compute it at any state close to the
equilibrium and reveal some of its main general feature. As we shall see, the radial shape is very
special and gives rise to a Fourier multiplier and thus the spectral properties follow immediately. This
latter case serves as a toy model to check the emergence of quasi-periodic solutions at the linear level
provided that the Rossby radius A belongs to a Cantor set, see Proposition |3.1]. However, around this
ideal state the situation is roughly uncontrolled and the operator is no longer diagonal and its spectral
study is extremely delicate due to resonances that prevent to diagonalize the operator. To deal with
this problem we will implement some important tools borrowed from KAM theory as we shall see in
Section [6l

3.1 Linearized operator

The main goal of this section to compute the differential of the nonlinear operator in for any
small state r. The computations will be conducted at a formal level by simply computing Gateaux
derivatives which are related to Frechet derivatives. This formal part can be justified rigorously in a
classical way for the suitable functional setting fixed in Section [4.1

3.1.1 The general form

In what follows we shall derive a formula for the linearized operator associated to the equation (2.17]).
We shall see that it can be split into a transport part with variable coefficients and a nonlocal operator
of order zero. More precisiely, we shall establish the following lemma.

Lemma 3.1. The linearized equation of (2.17) at a given small state r is given by the time-dependent
linear Hamiltonian equation,

Aup(t,0) = (= VoA, 1,0)p(t,0) + Lop(X,1,6)),

where V, is a scalar function defined by

VeA.0) = 0+ gy [ Ko (VA(80,1m) 0, (R(t. ) sinty — 0) d (31)

and L, s a non-local operator given by
Lo(p)(\ 1,6) = /T Ko(A.(t, 0, 7)) p(t, ). (3.2)

We recall that Ko, A, and R are defined by (A.6), (2.9) and (2.3), respectively.
Moreover, if r(—t,—6) = r(t,0), then

V(X —t,—0) = V(A 1, 0). (3.3)

Proof. Throughout the proof, we shall remove the time dependency of the involved quantities except
when it is relevant to keep it. The computations of the Gateaux derivative of I\ defined by at
a point r in the direction p are straightforward and standard and we shall only sketch the main lines.
Notice that the functional F) is smooth in a suitable functional setting and therefore its differential
should be recovered from its Gateaux derivative. First, we observe that the function A, defined in
(2.9) can be written in the form

A,(0,m) = (R(0) + R2(n) — 2R(0)R(n) cos(n — 0))?
0

— ((R(O) - Rn))? + 4RO Repsin? (152)) . (3.4)
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This identity (3.4) will be of constant use in the sequel. Second, after straightforward computations,

we obtain from (2.10)),

drF)\[T’] (p) = 6TF>\[7" + T,O]‘T:O
=11 +1Iy + 13+ 14,

where
3= l6) | 3600 0A6.1)) 8, (RODROr) sy~ 0) .
Toi= A [ p0)BL 05 (A, (6,1) 8, (RO)R(n)sinty — 0) .
Tyi= [ Ko Ac0.0) 3, (o) 05572 ) an
Zui= [ Ko 0.0 3, (o) 5= an

with

._ R(0) — R(n) cos(n — 0)
B (6,n) = RO)A(0.1) : (3.5)

Next, we shall compute Z; + Z3. To do that, we split Z3 into two terms as follows,

s = 09p(0) / Ko (AA(68,m)) 0, (225500 ) ay
T

#010) | Ko O 0.00) 35, (P20 g
T

= Oap(0)V (A, 0) + p(0)Ts.

An integration by parts in Z3 allows to get,

Tu = =2 [ 0,4,000)K% (14,0, ROy (25852 ar.
T

Putting together the preceding identities yields to

Ti + T3 = dpp(O)Vi (N, 0) + p()Vi (N, 6) (3.6)
with
Vi(\,0) = A /T B, (0,1)02, (R(O)R(n) sin(n — 0)) K (AAL(8, ) di

=2 [ 94,0000 (B30 16§ (0, 0.2)) . (37)

Differentiating term by term V, with respect to 6 gives

DVr( N, 0) = A /

A (0,1 Ky (A\A(0,1)) B, (M) d
T

R(0)

+/Ko (A (0,7)) 5, (W) i
T
=71+ Jo.

Integrating by parts in Js yields
Fo ==X [ RO, A1) (\AL(0.1)) 0 (5552 i
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Combining the preceding identities allows to we deduce that

emmxm=A/Kumwamﬂ%mwmm&“%%?”)—%mwmm%”%%ywﬂdn
T
Next we shall check the following identity

00 Ar(0,m)0, (LZHA=L0) = B, (6,m)03, (R(O)R(n) sin(n — 0)) = 0, A,(6, 7). (3.8)

Indeed, by (3.4) and (3.5]), one finds

0p A (0.0)0, ("G ) = B R(0) B, (0. m)0n(R(n) sin(y — 0)) — FLR- G0 0

and

B, (6,n)9, (R(0)R(n) sin(n — 0)) = 0pR(0) B,(8,1)9;(R(n) sin(n — 0))

~ (R(0)—R(n) cos(n—09))0y (R(n) cos(n—9))
Ar(0,m)

Putting together the foregoing identities leads to

A O EN =) (9.1)08, (R6) Rl sin(n ) + g(6.),

where

9(0,n) = gy [(R(0) = R(n) cos(n — 0))0y(R(n) cos(nn — 0)) — R(n) sin(y — 0)9,(R(n) sin(n — 0))]
0)9y

0
R(6)0y (R(n) cos(n—0))—R(1) 0, R(n)
Ar(eﬁi)

= —0,A,(0,7).
This achieves the proof of (3.8]). From the periodicity we get

[ 20n4: 0,85 0, i = [ 0, 50 (A0, = 0
and thus we get the following important identity
AoV (X, 0) = Vi(A, 0).
Plugging this into allows to get
Ty + T3 = 95 (Ve(X,0)p(6)) -
Notice that it is easy to check that if r(—t,—0) = r(¢,0), then
Vi(A, —t,—0) = Vi(A1,0). (3.9)

The next task is to compute Zy + Z4. Using integration by parts in Z4 gives,
Iy = —AAp(n)anAr(H,n)Ké (A4;(8,71)) D (W) dn.

From the symmetry property A,(6,n7) = A,(n,6) and by exchanging the roles of 6 and 7 in (3.8)), one
deduces

B,(1,0)03, (R(O)R(1) sin() — 0)) — 0, Ay (0, 1)y ( EL5G0=0) = —,4,(0, ).

Therefore we obtain
To+Ty = —0p </ p(n) Ko (AA-(0,7)) dn) = —0gL,(p)(\, 0).
T

Finally, by setting
V(A ,60) = Q4+ Vi (A 1,0)

and combining the preceding identities, we end the proof of Lemma [3.1] O

23



3.1.2 The integrable case

The main purpose here is to explore the structure of the linearized operator at the equilibrium state.
We shall see that the radial shape is reflected on the structure the linearized operator which is a
Fourier multiplier (of a convolution type). More precisely, we have the following result.

Lemma 3.2. 1. The linearized equation of (2.17) at the equilibrium state (r = 0) writes,

Op = 9gL(N)p = 09V Hy(p), (3.10)
where L(\) is the self-adjoint operator defined by L(\) = —Vo(A) + Kx*g with
Vo(A) = Q+ I1(A) K1 () (3.11)
and
Ka(0) = Ko (2X |sin (§)]) - (3.12)

We refer to the Appendix A for the definitions of the modified Bessel functions Iy, K1 and K.
Moreover, the Hamiltonian Hy, is quadratic and takes the form

Hy(p) = 3(L(N)p, p)r2(m)-

2. The solutions to (3.10|) with zero space average are given by

pl0.0) = 3 py(0) 0500, (3.13)
JEZL*
with

Q) =7 [+ (LKD) = (LE;)N)]. (3.14)

and for p(0) = Z pjeije we have

Jjezr
LOVp(0) = = Y “pie” and  Hip=— " H|p2, (3.15)
JEL* JEL*

Before proceeding with the proof we want to give some remarks.

Remark 3.1. e When Q =0 the eigenvalue Q1 () vanishes for any A due to the rotation invari-
ance of the equation and the use of the free parameter €1 is to avoid this degeneracy. However
the trivial resonance Qo(\) = 0 can be removed by imposing the zero space average which is

preserved by the nonlinear dynamics from the Hamiltonian structure as we have seen before in
(2.18)).

e The solutions to the linear equation at the equilibrium are aperiodic and if we excite only a finite
number of frequencies with non-resonances assumption we get quasi-periodic solutions. We will
make a precise comment later on Proposition |3.1

Proof. 1. First observe that from (3.4]), one deduces for r = 0 that Ay (0,n) = 2
obtain from (3.1)) and (3.2),

Lop(00) = [ Ko (22 sn (252) ) dn
T
=Ky * p(0)7
with Cy defined in (3.12) and using the change of variables 1 +— n + 6 we obtain

sin <”T79> ’ Then we

VoA, 0) =Q + /TKQ (2)\ sin ("T_g) D cos(n — 0)dn

=Q+ /’[rKO (2 [sin (2)]) cos(n)dn

= Vo(N).
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We remark that if we write e;(6) = €/, then direct computations yield
(K x €5)( /Ko (2X |sin ()]) e 0= gy
— o (0) / Ko (2A]sin (3)]) ¢~ dn.
T

Since the function n — Ky (2)\ }sin (g) }) is even, we deduce using the change of variables n = 27 +
and the formula (A.8) that

/Ko (2X [sin (3)) e ‘]”dn—/Ko 2)\{sm (1) | cos (jn) dn
T

= (_;)j/ Ko(2X cos(T)) cos(2j57)dT

Hence, the Fourier coefficients of ICy are
(), = (LK. (3.16)
Similar arguments as before with j = 1 allow to get
Vo(A) = @+ (L K1) ().

Recall that K, is even and then we find that L(\) is self—adjoint in L*(T).

2. Starting from the Fourier expansion p(t,0) Z p;( lj 9 then we can easily ensure from direct
JEL*
computations using the previous results, that p solves the equation (3.10)) if and only if

pj=—iNp;  with  Q;(\) = j[Q+ (LK) () = (LE;) (V)]

and therefore

Z p 1(]0 Qs ()\)t).

JEL*
Concerning the identities (3.15]) they can be obtained from straightforward computations. This ends
the proof of Lemma O

3.2 Structure of the linear frequencies

The main target in this section is to explore some interesting structures of the equilibrium frequencies.
We shall in particular focus on their monotonicity and detail some asymptotic behavior for large
modes. Another important discussion will be devoted to the non-degeneracy of these frequencies
through the so-called Riisseman conditions. This is the cornerstone step in measuring the final Cantor
set giving rise to quasi-periodic solutions for the linear/nonlinear problems. Actually, in the nonlinear
case the final Cantor appears as a perturbation of the Cantor set constructed from the equilibrium
eigenvalues and therefore perturbative arguments based on their non-degeneracy are very useful and
will be performed in Section

3.2.1 Monotonicity and asymptotic behaviour

Our purpose is to establish some useful properties related to the monotonicity and the asymptotic
behavior for large modes of the eigenvalues of the linearized operator at the equilibrium state. Notice
that their explicit values are detailed in (3.14]). Our result reads as follows.

Lemma 3.3. Let Q > 0 and X € R, then the frequencies (2;(X)) ez~ satisfy the following properties.
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(i) For any j € Z*, A > 0 we have Q_;(\) = —Q;(N).

(i) For any A > 0, the sequences (£2;(\))jen+ and (Qj;)‘)) N OTe strictly increasing.
JeN*

(iii) For any A > 0, the following expansion holds

OGN = VoNi -4+ 3 +0a () (3.17)

j—00
where Vo(A) is defined in (3.11)).

(iv) For any j € Z*, A > 0 we have
€M) = Q3.

(v) Given 0 < Ao < A1, there exists Cy > 0 such that

VA€ [)‘OaAl]a\v/jajO € Za ’Qj()\) ino()\” P CO‘.] :l:]0|

(vi) Given 0 < \g < A1 and qo € N, there exists Cy > 0 such that

Y 4, j0 € Z¥, max  sup ‘8;1\ (Qj()\)—QjO()\))’ < Colg — Jol-
a€[0,90] xe[Ao,\1]

Proof. (i) It is an immediate consequence of (3.14)) and ({A.3).
)

(ii) The monotonicity of the sequence (% - is proved in [22, Prop. 5.9. (1)], see also the
JEN™
Appendix It follows that the sequence (£2j(\))jen+ is strictly increasing as the product of two

strictly increasing positive sequences.

(iii) It is an immediate consequence of (3.14])) and the asymptotic expansion (A.14])
(iv) Recall that j — €;(\) is odd and vanishes at j = 0. Then it suffices to check the result for
j € N*. According to the Appendix [A| the sequence j — (I;K;)(\) is decreasing and therefore

YAS0, (LK) — (I;E;)(A) = 0. (3.18)

It follows that
VA>0, [N =>Q.

(v) By the oddness of j — €2;(A) it is enough to establish the estimate for j, jo € N. We shall first
focus on the estimate of the difference Q;(\) — €, (). Without loss of generality we can assume that
j > jo =1, (The case j = jp is obvious and the case jy = 0 brings us back to the previous point). One

may write by that for A > 0,
() = 2ip(N) = (G = Jo) (2+ HOVELN) = LK)
+ o (L VKo (N) = LK) ). (3.19)
Combining this estimate with yields
Q) = Qi) = (G = §0)2 + o (L W Ko (V) = LK) (3.20)

We need to get refined estimate for the last term of the right hand side. For this goal we use the
formulae (A.9) to write

(InKp)(\) = %/OOO Jo(2Asinh(L))e ™ dt. (3.21)
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This allows to construct for a fixed A a smooth extension n € (0, 00) +— ([,,K;)(A). Thus differentiating
term by term using change of variable we get for any m € N

sup |0 (I, Kp)(N)| < ;/ tme "M dt
AER 0

< g (3.22)

where we have used the classical estimates for Bessel functions (applied with n = ¢ = 0)

sup [J\9(2)| <1, (3.23)
ey

which follows easily from the integral representation (A.1]). In particular, for m = 1 we find that for
forany n > 1

sup an(InKn)()\)‘ < #
AER

Therefore applying Taylor Formula we infer for j > jo > 1

sup 132500 - (R )] < 4 [ %

< li—Jol , (3.24)

Inserting this estimate into gives
%) = (V) = (G = jo) (2 - ).
Therefore for j > N = [Qfl] and j > jo > 1 we get
(A = Qj(N) = 520 — jo)- (3.25)

Now for j # jo € [1, N] we get from the point (ii) that the map A € [Ao, A1] — Q;(A) — Qj,(A) does
not vanish and therefore we can find by a compactness argument a constant C' > 0 such that

VA€ Dol 1925(0) = Q5 (M) = Cli = Jol.
Taking Cy = min(C, %Q) and combining the preceding inequality with (3.25) we obtain
VA€ o, M), Vi =G0 2 1, [925(X) = Q4 (A)] = Coli — Jol-

Finally we get

Let us now move to the estimate ;(\) + ;,()) for 7, jo € N. Since both quantities are positive then
using the point (iv) yields

VA€ o, Al 195(A) + Qe (W] = 5(A) + Q55 (A) = Q5 + o) = Cold + Jo)-

This completes the proof of the desired estimate.
(vi) Let gqo € N*. let ¢ € [0, go]. Differentiating ¢ times (3.19) in A, one obtains

() = 2 (N) = (= o) (92 + (LN EL(N) = 5 (LK, (V)
+ 5008 (Le WKy (V) = LOVEG (V). (3.26)

Similarly, we get by differentiating ¢ times in A the identity (3.21)

(I, K,) () = 207 / J3 (22 sinh(%)) sinh?(%)e " dt. (3.27)
0
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From (3.23)) we deduce for any A\ € [Ag, A1],
[o@)
lﬁg\(ann)()\ﬂ < 2q_1/ sinh?(L)e " dt.
0
Then using the inequality sinh z < € for z > 0 we get for n > %

2

|08 (1, Kn) (V)| < ;/ooe(g”)tdt

0
By compactness argument, we deduce that
sup max_ sup |0%(L;(N)K;(N)| < C. (3.29)

jeN a€[0,q0] xe[rg, A1)

Differentiating in n (3.27) yields

030 (I Kp)(N) = —2f11/ JélJ) (2)\ sinh(t/?)) sinh?(¢/2)te " dt.
0

Therefore applying similar arguments used to show (3.28]) gives for 2n > ¢

1090, (1K) (M) < ;/OO o (=)t
0

2

< m (3.30)

Then Taylor Formula allows to get for j, jo > 2

sup |04 (L — LigKjy) (V)| < G0l (3.31)
)\E[)\o,/\ﬂ

Setting N = [% ] + 1, one obtains for any j, jo > N

max_ sup }8§(IjKj - Ijono)()‘)‘ < Clj = Jol-
a€[0,q0] xe[Ao, 1]

By compactness argument, one obtains for any j, jo € [1, N]

max  sup [95(L;K; — L, Kjo)(N)| < Clj — jol-
qE[[O,qoﬂ )\E[)\o,)\ﬂ

Now for the remaining case jg € [1, N] and j > N one has gathering the previous two estimates

max  sup ‘8?\(IjKj — Ijono)()‘)’ < max  sup ‘8?\(IjKj — INKN)()\)‘
a€[0,q0] xe[Ao, A1) q€[0,90] Ae[Ag,A1]

+ max  sup ’aK(INKN_IjonO)(A)‘
7€[0,90] Ae[Ag,A1]

< Clj = N[+ CIN — jo| < C|j = jol-
Thus we can find C' > 0 such that for any j, jo € N*

max _ sup |93 ([;K; — I, Kjo) (V)| < Clj — jol-
qeﬂovqﬂﬂ /\E[/\o,)q]

Putting together (3.26)), (3.29) and (3.14]) yields

max sup [ (Q;(0) — ,(W)| < Clj — ol
q€[0,90] Ae[Ao,\1]

This ends the proof of Lemma [3.3] O
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3.2.2 Non-degeneracy and transversality

Fix finitely many tangential sites
S:={j1,..,jda} CN* with d>1 and 1<ji<- - <ja
We consider the linear vector frequency at the equilibrium state

wiq(A) = (€2(A))jes, (3.32)

where () is defined by . The main purpose is to study some Diophantine structure of the
curve A € (Ag, A1) — wgq(A) for fixed 0 < A\g < A1. In particular, we shall focus on the non-degeneracy
and the transversality conditions of these eigenvalues which are essential in getting non trivial Cantor
set from which quasi-periodic solutions emerge at the linear and nonlinear levels. Notice that the
approach that we shall implement here has been developed before in several papers such as [4, [8 [51].
Before exploring these properties we need to fix some definitions.

Definition 3.1. Given two numbers \g < A1 and d € N*, a vector-valued function f = (f1,..., fa) :
Mo, \1] — R? is called non-degenerate if, for any vector ¢ = (ci,...,cq) € RE\ {0}, the function
f-c= fici + ...+ facq is not identically zero on the whole interval [Ag, \1]. This means that the curve
of f is mot contained in an hyperplane.

Now we shall prove the following result on the non-degeneracy of the linear frequencies which is
related to the asymptotic behavior of Bessel functions (/;K;)(A) for large values of X\. This property
will be crucial to check a suitable transversality assumption.

Lemma 3.4. Let Q € R* and 0 < Ao < A1, then the frequency curve wg, defined by (3.32)) and the
vector-valued function X + (4 1K1, wg,) € R are non degenerate on [Mo, M1] in the sense of the
Definition (3.1

Proof. » Let us start with checking the non-degeneracy of wg,. For this aim, we shall argue by
contradiction and assume the existence of a fixed vector ¢ = (cx)o<k<d € R? such that

d
YAE Do, Ml D e, (M) = 0. (3.33)
k=1

Since for all j € N*, the application A — (I;K;)()\) admits a holomorphic extension in the open
connected set { A€ C,Re(N) > 0} (see Appendix [A)) then by the continuation principle we obtain

d d
VA >0, chjk<lijjk)()\> = (Z Ck]k) ((IIKl)(/\) + Q) (3.34)
k=1 k=1

Using the asymptotic expansion (A.11)) obtained for I;K; with large A, we first get

Vj € N*, m (IJKJ)()\) =0.

li
A—00
Then taking the limit in (3.34) as A — oo implies
d
Q> crjr = 0.
k=1
d

Since we assumed that 2 # 0, then necessary we find that Z ciJr = 0 which implies in turn according

k=1
to (3.34)

d
YA>0, > erin(l; K ) (N) =0.
k=1
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Applying once again the expansion (A.11)) yields

d

Vm € [1,d], ) crjrajm = 0. (3.35)
k=1

We consider the matrix Ay = (Ank)1<m k<d € Mq(R) defined by
V(m, k) S Hl,d]]2, Am,k = jkajhm.

C1
Then the system (3.35)) is equivalent to Azc = 0 with ¢ = : . To get the desired result, ¢ = 0, it
Cd
suffices to check that det Ay # 0. Using the expression of the coefficients a;, ,, in (A.12)) one deduces
that

m ! -
Oem = am (g, = Q) am = ()" Ty = 47 (3.36)

with @1(X) =1 and for m > 2
Qm(X) =] (X - (20— 1)?).

Remark that @, is a unitary polynomial of degree m — 1. Using the homogeneity of the determinant
with respect to each column and row we find

d

det Ay = H am (@, — 1) det By,
m,k=1

with By the matrix given by

Qi(pgy) - Qulpgy)
By — : :

Quls) - Qalusy)

Therefore we infer that A, is nonsingular if det By # 0. On the other hand, the computation of det By
can be done in a similar way to Vandermonde determinant. Indeed, define the polynomial given by

the determinant
Q1(pj) - Qilpj,_,) Q1(X)
P(X) = : : :
Qalp) - Qalpj,_,) Qa(X)

Then P is a polynomial of degree d — 1 and vanishes at all the points X = p;, for k € [1,d — 1].

Consequently, we get
d—1

detBy = P(uj,) = detBy_y [ [ (130 — 15)-
k=1

Therefore, iterating this identity yields

detBy = H (“J’e - :“jk)‘
1<k<l<d—1

Since p;, # pj, for £ # k we get detBy # 0 which achieves the proof of the first point.
» Next we move to the second point of the lemma and show that if

d
VA€ Dol ao(Q+ (KD + D e (2 + (LKD) = (1, K5) (V) =0,
k=1
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then necessary ¢y = ... = ¢g = 0. As before we can extend by analyticity the preceding identity to
(0,00) By checking the terms in % in the preceding identity using we find immediately that
cg = 0. Therefore the system reduces to and then we may apply the result of the first point in
order to get ¢; = ... = ¢q = 0. This completes the proof of Lemma [3.4 ]

The next goal is to check that Riissemann transversality conditions are satisfied for the linear
frequencies of the equilibrium state. Namely, we shall prove the following result in the spirit of the
papers [4, 8, 51].

Lemma 3.5. [Transversality] Given 0 < A\g < A1, there exist gqo € N and pg > 0 such that the following
results hold true. Recall that wgq and §2; are defined in (3.32) and (3.14)) respectively.

(i) For any | € Z%\ {0}, we have

inf ma 8qw A) -l > I
Ae[Ao,Al]qe[[o,ZEﬂ \wEq(A) 1] = po(l)

(i) For any (I,4) € (Z% x N) \ {(0,0)}

inf 0§ A) L+ (LKD) = poll).
\nf | max [0 (weg(N) -1 (LED )| > poll)

(i4i) For any (1,7) € Z¢ x (N*\ S)

inf o A) - LEQ50) | = poll).
Aefﬁ,mqggg};;ﬂ} 7 (wing(N) i) | = poll)

(iv) For anyl € 7%, 35,5 € N*\'S with (1,5) # (0,5'), we have

nf O (wiqg () - 1+ () £ Qi ()] = poll).
g iy P o)L+ )£ B )2 o)

Proof. (i) We argue by contradiction by assuming that for any ¢o € N and py > 0, there exist
1€ Z4\ {0} and X € [\g, \1] such that

max |0 (wre(N) - )] < l).
max [98() - )] < ool

It follows that for any m € N, and by taking qo = m and py = there exist 1,,, € Z%\ {0} and

Am € [Ao, A1] such that

1
m—+17

max |8§qu(Am) | < Ln).

4€[0,m] m+1
and therefore
VgeN, Vm>q, |Oweq(Am)- 72| < s (3.37)

Since the sequences (éﬁ) and (A\p,)m are bounded, then by compactness and up to an extraction
we can assume that
lim <é%:E;JéO and lim A, = A

m—00 ) m—00
Hence, passing to the limit in (3.37) as m — oo leads to
VgeN, Olwrq(N)-c=0.

Thus, we conclude that the real analytic function A — wgq(A) - € is identically zero which contradicts
the non-degeneracy condition stated in Lemma
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(ii) We shall first check the result for the case [ = 0 and j € N*. Obviously, one has from the
monotonicity of A — I;(A) K1 (\) stated in Appendix

AEEﬁ,AI]qgfﬁf;{(,ﬂ’ VG(LED)N)| = (K ()
= po(l),

for some pg > 0. Now let us consider [ € Z9\{0} and j € N. Then we may write according to the
triangle and Cauchy-Schwarz inequalities combined with the boundedness of wgq and the monotonicity
of A — I1(A)K1()) stated in Appendix

wig(A) -1 £ G LA EL(A)] 2 j1i(A) K1 (M) — [weg(A) - 1] = coj — C(1) = (D)
provided that j > Cy(l) for some Cjy > 0. Therefore we reduce the proof to indices j and ! with
0<j<Coll), jEN and 1¢€z)\{0}. (3.38)

Arguing by contradiction as in the previous case, we may assume the existence of sequences I, €
73\ {0}, jm € N satisfying (3.38) and \,, € [Ao, \1] such that

q N~ . (LK) 1
qg[léi’.i(n]] 8)\ (CL)Eq(A) [l ijm Ton )‘)\:)\m < o |
and therefore
Vg e, Vm> g |0 (weaN) -y & g (EDM) < (3.39)

/N

Since the sequences (lﬂl) ,
m

7 ﬁﬂ‘) and (A, )m are bounded, then up to an extraction we can assume
m m
that

m

lim %:E;&O, lim %:J and  lim A, = A\
m—oo "M m—oo "M m—r0o0

Hence, by letting m — oo in (3.39)), using that A — (I;K1)()\) is smooth, we find

VgeN, 0%(wpq(A)-cEd (L K1)(N)) =0.

IA=X
Thus, the real analytic function A — wgq(A) - € & d I; (\) K1 (A\) with (¢,d) # (0,0) is identically zero
and this contradicts Lemma [3.4]

(iii) Consider (I,7) € Z? x (N*\'S). Then applying the triangle inequality and Lemma (iv),
yields

|weq(A) -1 £ (A = [Q5(M)] = wrq(A) - 1]

=

= Qj = ClI| = {I)

provided j > Cy(l) for some Cy > 0. Thus as before we shall restrict the proof to indices j and [ with
0<j<Col), jeN*\S and [ez)\{0}. (3.40)

Proceeding by contradiction as in the previous case, we may assume the existence of sequences I, €
73\ {0}, jm € N\ S satisfying (3.40) and \,,, € [\, \1] such that

1

m+1

max
q€0,m]

q w2 (N
0! (qu(A) + )M:Am <

[m] [

and therefore

VgeN, VYm>gq, < L. (3.41)




Since the sequences (li> and (\,)m are bounded, then up to an extraction we can assume that
m

[l |

lim = =¢=£0 and lim A\, =\
Now we shall distinguish two cases.
» Case @ : (l)n is bounded. In this case, by (3.40) we find that (j,,,)m is bounded too and thus

up to to an extraction we may assume lim l, = [ and lim j, = j. Since (ju)m and (|ln|)m are
m—0oQ m—0o0

sequences of integers, then they are necessary stationary. In particular, the condition (3.40) implies
[ # 0. Hence, taking the limit n — oo in (3.41)), yields

Vg eN, 07 (wrq(N) -1+ 0Q5(N)) 0.

=X

Thus, the analytic function A +— wgq(A) - [ & Q;(\) with (I,1) # (0,0) is identically zero which
contradicts Lemma [3.4]
» Case @ : (l,,), is unbounded. Up to an extraction we can assume that li_:r}n |l;m| = 0co. We have

two sub-cases.
e Sub-case @ : (jm)m is bounded. In this case and up to an extraction we can assume that it converges.
Then, taking the limit m — oo in (3.41)), we find

Vg eN, Olwrq(N)-c=0.

As before we conclude that function A — wgq(A) - € with ¢ # 0 is identically zero which contradicts

Lemma [3.41

e Sub-case @ : (j,)m is unbounded. Then up to an extraction we can assume that lim 7, = oco. We
m—00

write according to (|3.14])

e = Qe (LKD) — (5, K5,) (V). (3.42)

By (3.40)), the sequence (ﬁﬂ‘) is bounded, thus up to an extraction we can assume that it converges
mi/n

to d. Using the first inequality of (3.22) we deduce that

vmeN, sup|(l,K;,)N| < 55,
AER

which implies that
lim sup(l;,, K, )(A) = 0.

m—o0 AER

Moreover by (3.28]), we have

lim sup |91(1;,, Kj,)(A)| = 0. (3.43)
m—0o0 )\E[)\O,)\l]

Taking the limit in (3.42)) and using (3.43)) yields
870 (Am) - ~
Tim Bee) ot (d(0+ (hK) ).
Consequently, taking the limit m — oo in (3.41]), we have

Vg € N, 831\ (qu()\) -Cc* J(Q + (11K1)(/\))) 0.

A=Am

By continuation the analytic function A — wgq(\) -¢£d(Q+ I (A) K1 (\)) with (¢, d) # 0 is identically
zero which contradicts Lemma [3.4]

(iv) Consider I € Z4, j, j/ € N*\ S with (I, ) # (0,5"). Then applying the triangle inequality combined
with Lemma [3.3} (v), we infer

|wiq(A) - 14 Q5(A) £ Qr (V)] > 19;(A) £ Qi (V)] = lweq(V) - 1] = Colj £ 5| = Clif = (1)
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provided that |j £ j'| = ¢o(l) for some ¢y > 0. Then it remains to check the proof for indices satisfying
j+ 5| <coll), 1ezZN\{0} and j,j € N*\S. (3.44)

Reasoning by contradiction as in the previous cases, we get for all m € N, real numbers I,,, € Z%\ {0},
JmsJm € N*\ S satisfying (3.44) and A, € [A\o, A\1] such that

Q;,, ()£, ()
o <qu(>\) ' ‘ﬁﬁ + = [ )AA

max
q€[0,m]

implying in turn that

VgeN, Vm>=gq, |0 (qu(A) . ﬁ + < Lo (3.45)

Qm(Mi%(A))
A=A,

Up to an extraction we can assume that lim %ﬁ =c¢#0and lim A\, =\

As before we shall distinguish two cases.

» Case @ : (I )m is bounded. We shall only focus on the most delicate case associated to the difference

Qj,, — Q. Up to an extraction we may assume that lim [, =1 # 0. Now according to (3.44) we
m m—00

have two sub-cases to discuss depending whether the sequences (j,)m and (j),)m are simultaneously
bounded or unbounded.

o Sub-case @ : (ji)m and (j,,)m are bounded. In this case, up to an extraction we may assume that
these sequences are stationary j,, = j and j,, = 4/ with 7,7/ € N* \'S. Hence taking the limit as

m — oo in , we infer

Thus, the analytic function A — wgq(A) - 14 Q5(X) — Q7 ()) is identically zero. If j = 4/ then this

contradicts Lemmasince [ # 0. However in the case j # j/ € N*\'S this still contradicts this lemma
applied with the vector frequency (wgq, Q;, Q]f,) instead of wgq.
e Sub-case @ : (jm)m and (j,,)m are both unbounded and without loss of generality we can assume

that lim j, = hm jm = 00. From ({3.31]) combined with (3.44)) and the boundedness of (), we
d duge t(float
e

|08, K, — L, K YA | < 75~

Jmim’

which implies in turn

lim Jm (‘)q(Ijijm - I];nK];n)()\m) =0. (346)

m—r0o0

Coming back to (3.14)) we get the splitting

Q (N) = Qg (N) =(m = Jr) (2 + (LKD) = (G = i) (L, K ) (N)

(L, B3 ) = <Ijijm><A>). (3.47)
Therefore by applying (3.43) and (3.46)) we get for any g € N,
i 985, (0 = 2 V=l = 30 (@ + (LKD) =0,

Using once again (3.44) and up to an extraction we have lim m=im — d Thus

m—oo  |lml

lim |l,]” 18'1 (Qjm()\) — Qj”'n()\))lA:Am = c{az (Q+ (IlKl)(A))\A:X'

m—0o0

By taking the limit as m — oo in (3.45)), we find

Vq € N, 6;1\ (qu()\) -E—FJ(Q—F(IlKl)()\)))M =0.

=\
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Thus, the analytic function A — wgq(A) - €+ d(Q + L(A\)K1()\)) with (¢,d) # 0 is vanishing which
contradicts Lemma [3.41 Now we shall move to the second case.

» Case ® : (I,,)n, is unbounded. Up to an extraction we can assume that lim |[,,| = oo.
m—r0o0

We shall distinguish three sub-cases.
e Sub-case ®. The sequences (jm)m and (j,,)m are bounded. In this case and up to an extraction
they will converge and then taking the limit in (3.45)) yields,

VgeN, dlwgq(N)-¢=0

which leads to a contradiction as before.

e Sub-case ®@. The sequences (jm)m and (j,,)m are both unbounded. This is similar to the sub-case
@ of the case ©.

e Sub-case @. The sequence (j )m is unbounded and (j/, ), is bounded (the symmetric case is similar).
Without loss of generality we can assume that lim jm = oo and j/, = j. By and up to an

3 : ]mi]m _ . . .
extraction one gets ngn ] = d. One may use combined with (3.43)) and (3.46) in order to

get for any g € N,

lim (1710 (25, (0) £ 25, () = (G £ 30) (@ + (ED)) - =

m—s A=Am
. mﬂ: m m =
lim 0 ((] el (1, K, () + ﬁ |<(I]mK )~ (Ij%Kjfvl)(A))M:Am =0

Hence, taking the limit in (3.45)) implies

Vg € N, 831\ (qu()\> -C+ CZ(Q + (IlKl)()\))))\:X = 0.

Thus, the analytic function A — wgq(A) - e+ d(Q2+ 11 (\) K1 ())) is identically zero with (¢,d) # 0 which
contradicts Lemma [3.4 This completes the proof of Lemma O
3.2.3 Linear quasi-periodic solutions

Notice that all the solutions of taking the form are either periodic, quasi-periodic or
almost periodic in time, with linear frequencies of oscillations €2;(\) defined by These different
notions differs on the irrationality properties of the frequencies {€2;(\)} and on the cardinality of
the Fourier-space support (finite for quasi-periodic functions and possibly infinite for almost periodic
ones). Remark that we have the implications

Periodic = Quasi-periodic =  Almost periodic.

We shall prove here the existence of quasi-periodic solutions for the linear equation (3.10)) when A
belongs to a massive Cantor set.

Proposition 3.1. Let \y > \g > 0, d € N* and S C N* with |S| = d. Then, there exists a Cantor-like
set C C [Xo, A\1] satisfying |C| = A1 — Ao and such that for all X € C, every function in the form

6) = pjcos(j6 — Q(N1), p; R (3.48)
JjES

is a time quasi-periodic reversible solution to the equation (3.10) with the vector frequency
wiq(A) = (5(A))jes.

Proof. Tt is easy to check that any function in the form (3.48]) is a reversible solution to (3.10)), that
is a solution satisfying the property

r(—t,—0) =r(t,0).
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Then, it remains to check the non-resonance condition (1.3|) for the frequency vector wgq for almost
every X € [Ag, A1]. For that purpose, we consider 71 > 0,7 € (0,1) and define the set C, by

Cy = ﬂ {/\ € Ao, M) st Jweq(N) -] > @Lﬁ}
leza\{0}

Therefore its complement set takes the form

Do MNCG = | R where Rl:{)\e[)\o,)\l] s.t. ]qu()\)-l\<<l>11}.
1€74\ {0}

It follows that

Do MG < X IR
1ez4\{0}

Now applying Lemma together with Lemma (i)7 one obtains

Then by imposing

one gets a convergent series with

o, M]\ G| < Oy

c=Jc,.

>0

Now, we define the Cantor set

Then one gets easily for any v > 0
1
A= Ao — Oy <G| <C] < A= Ao
Passing to the limit as v — 0 yields
IC| = A1 — Ao,
which achieves the proof of Proposition [3.1] O

In the previous proof, we used the following Lemma whose proof can be found in [5I, Thm. 17.1].
Notice that in all the paper, we use the notation |A| as the Lebesgue measure of a given measurable
set A.

Lemma 3.6. Let gy € N* and o, 8 € Ry. Let f € C?([a,b],R) such that

inf ma ®) (2 > 0.
z€la,b] ke[[o,;(o]}‘f ( >‘ IB

Then, there exists C = C(a, b, qo, || fl|ceo ((a,p),r)) > O such that

1

{z €la,b] st. |f(x)|<a}|<C {fl.

g0
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4 Functional setting and technical Lemmas

In this section, we set up the general topological framework for both the functions and the operators
classes. We also provide some classical results on the law products, composition rule, Toeplitz opera-
tors, etc. ..

Next, we intend to introduce some parameters with some restrictions that will be used later.

v€(0,1), qdeN*, S>s>s >4 4q42, (4.1)
where S is a fixed large number.
T > T > d. (4.2)
Let
0< Ay < Ar.

Since the mapping wgq, defined by , is continuous, then we can find a radius Ry > 0 such that
WEq (Mo, A1)) C % = B(0, Ry).
We consider @ the open bounded subset of R defined by
O = (Ao, \1) X %. (4.3)
Now, we explain the role played by the foregoing parameters throughout this paper.

Remark 4.1. e The parameter \ comes from the model (QGSW)y and it is free in a fized interval
(Ao, A1). However at the end it will belong to a Cantor set for which invariant torus can be
constructed.

e The integer d is the number of excited frequencies that will generate the quasi-periodic solutions.
This is the dimension of the space where lies the frequency vector w € % C R%, that will be a
perturbation of the equilibrium frequency wgy ().

o The real number s is the Sobolev index regularity of the functions in the variables ¢ and 6. The
index s will vary between sg and a large enough parameter S and at this end of Nash-Moser
scheme it will be fixed as a large number related to the geometry of the intermediate Cantor sets.

e The integer q is the index of reqularity of our functions/operators with respect to the parameters
A and w. We have to consider such regularity in order to perform measure estimates in Section
by checking the Riissemann conditions. Its value will be fized equal to qy + 1, where qq is the
non degeneracy index of the tangential frequencies given in Lemma [3.5

o All the remaining parameters v, 11 and To are linked to different Diophantine conditions, see for
instance Lemma and Propositions and [6.5} The choice of 71 and T will be finally fized
m . We point out that the parameter v appears in the weighted Sobolev spaces and will be
fized in Proposition [T.1] with respect to the rescaling parameter € giving the smallness condition
of the solutions around the equilibrium.

4.1 Function spaces

We shall introduce the function spaces that will be frequently used along the paper. They are given
by weighted Sobolev spaces with respect to a parameter v € (0,1) used in defining the Cantor sets to
track the regularity with respect to the external parameters A and w of the solutions to the nonlinear
equation. We denote by (ey;)( j)ezixz the Hilbert basis of the complex Hilbert space L2(T+1,C)
defined by

el,j(‘)oa 9) = ei(l-cp—i—j@)‘
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We endow this space with the Hermitian inner product

(P1,P2) po(pass o) = /T L, 1 002, 0)dipa

1
= — ,0 ,0)dpdh.
(2m)d+1 /[072”]%1 p1(sp, 0)p2(,0)dep

To get the last line of the preceding identity we use the notation (2.8). Given p € L*(T4+!,C), we
may decompose it in Fourier expansion as

p= Z Pl,j €l,j where Plj = <P» el7j>L2(Td+1,(C)'
(Lj)eza+t

Next, we introduce for s € R the complex Sobolev space H*(T9*!, C) by

HAT™,C) = {p e IATTL,C) st ol = > (L3 Ioul? < oo},
(1,5)ezd+1

where (I, j) := max(1,|l,|j|) with | - | denoting either the ¢! norm in R? or the absolute value in R.
The real Sobolev spaces can be viewed as closed sub-spaces of the preceding one,

H* = H(T*LR) = {p € HY(TH,0) st V(p,0) € T, p(p,0) = p(,0) }
- {p € H (T, C) st V(I,j) €24, py_; = m}

We shall also make use of the following subspaces of H?® taking into account of some particular
symmetries on odd and even functions,

HS,, = {p € H® st V(p,0) € T, p(—p,—0) = p(¢, 9)}
- {p eH® st V(,j) ez p_; = pl,j}
and
Hiy={p € B st ¥(p,0) € T, p(—p,~0) = —p(p,6)}
= {p e H® st. V(l,j) e ¢, pi—j = —Pl,j}-
For N € N*, we define the cut-off frequency projectors on H*(T%*!, C) as follows

Myp= Y pjey; and Iy =Id—TIly. (4.4)

(Lj)ezd+t
(L,j)<N

We shall also make use of the following mixed weighted Sobolev spaces.
W (O, H) = {p :0 — H® s.t. ||p||g;§9 < OO},
W (0,0) = {p: 05 C st [l < oo},

where 1 € O — p(p) € H® and

(@)
o732 = > Al sup 08 p(, ) ol
a€eNd+1 neo
|e|<q
ol = >~ 4 sup [0 p(u)]. (4.5)
a€Nd+1 neo
la|<q

Note that a function p € W%7(O, H®) can be written in the form

P9, 0) = > pri(per;(p,0).

(Lj)ezdtl
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Remark 4.2. e From Sobolev embeddings, we obtain

W (0, H*) <+ C1H (O, H®)  and  W*™7(0,C) = C171(0,C).

e The spaces (Wq’w’V(O,HS), Il - |g,’§9> and (Wq’OOW(O,(C), || - ||q’0> are complete.

In the next lemma we collect some useful classical results dealing with various operations in
weighted Sobolev spaces. The proofs are very close to those in [12] 13} [14], so we omit them.

Lemma 4.1. Let (v,q,d, so, s) satisfying (4.1), then the following assertions hold true.

(i) Space translation invariance: Let p € W7 (O, H®), then for all n € T, the function (v,0) —
p(p,n+ 0) belongs to WY (O, H®), and satisfies

oG+ )i3s =

(ii) Projectors properties: Let p € W2V (O, H®), then for all N € N* and for all t € R,

HHNp‘qs—i—t Nt

where the projectors are defined in (4.4)).

and HHNP q7 < th”q s+t

(iii) Interpolation inequality: Let ¢ < s1 < 83 < s2 and 0 € [0, 1], with s3 = 0s1 + (1 — 0)s9
If p e WoY(O, H*?), then p € W23*7(O, H®) and

—0
10128 < (o139)” (Iel3.9)"

(iv) Law products:

(a) Let p1,p2 € WY (O, H?). Then p1pa € WO, H®) and

o 0 0
o213 S llpnllgillo2lig:d + llonlly:S ezl

(L'SO

(b) Let p1,pa € W2(O,C). Then pips € W27(O,C) and

o
lp1p2ll3™ < Mol

I7:°
(c) Let (p1,p2) € WP7(O,C) x WO, H®). Then pips € W2V (O, H®) and
13 lp213:5

(v) Composition law: Let f € C°(O x R,R) and p1, py € WPY(O, H®) such that

o128, 112|728 < Co

for an arbitrary constant Co > 0 and define the pointwise composition

V(i ,0) € O x T f(0) (1, 0,0) = f(p, p(p, 0,0)).

Then f(p1) — f(p2) € W91(O, H*) with
1£(p1) = Fp2)lI3: < C(s,d,q, . Co)llpr — pall3:s-
(vi) Composition law 2: Let f € C*°(R,R) with bounded derivatives. Let p € W7(O,C). Then
1£(p) = FO)7C < Cla.d, Hllplly® (1+ 1161132 o)) -
The following technical lemma turns out to be very useful in the study of the linearized operator.
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Lemma 4.2. Let (v,q,d, so, s) satisfy (4.1) and f € W7(O, H®).
We consider the function g : O x ’]I‘i x Ty x T,) = C defined by

fluom) —F(ps0,0) if 0 £n

91,0, 0,m) = S‘“(nT)
209f (1, 0,0)  ifO=n.

Then
O 0
Ve N, [1059)(xun+ 2 S 106100 SNV cir

Proof. Since the differentiation with respect to p can be transported from g to f, then it is enough to
check the result for ¢ = 0 and therefore we shall remove the dependence in . We start with expanding
f into its Fourier series,

f((p’ 9) = Z fl,jel,j(9079)'

(L.j)ezd+!

Thus, one can write

gle.0m) = > fij _UE f”; el?

S

(Lj)ez+t
()
= 21 Z fl,jelj 2 1770 61 ®
(1,5)ezd+1 Sm(T)
J#0

We shall introduce the Chebychev polynomials of second kind (U, ),en. They are defined for all n € N
by the following relation
VO € R, sin(0)U,(cos()) = sin((n + 1)0).

Using these polynomials, we obtain a new formulation for g, namely

TR L ,
o) =2 30 A U (cos (52))

(1,5)ezd+1
3#0

Differentiating in 6 yields by Leibniz rule

kl—m 5 ; 0+n
Oholo0m) =2 3 z()WmJQ%@H@qm») (46)
(L)ezd+l m=0
Jj#0
For all j € N*, we consider the function f; defined by
sin(j6)
sin(6)

f(0) = Uj-1(cos(0)) =

Notice that f; is even and 2m-periodic. Thus, we restrict its study to the interval [0, 7]. Also remark
that

film —0) = (=1 f;(0).

Hence, we restrict the study to the interval [0, 5]. We first consider the function f; on the interval
[, 5]- There, the function f; writes as the quotient of two smooth functions with non vanishing
denominator. Therefore, differentiating in 6 leads to

Vk € N, sup
06[6’2]

0)] < il
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Now we look at the behaviour close to 0 by looking at the function f; restricted to [0, §]. Using Taylor
Formula, we can write

fJ(H) = % X sin9(9)

1
= j/o cos(tj0)dt x Sm(@)

The function 6 — ( ) being smooth on [0, 7], then differentiating in 6 leads to

sin

VkeN, s |95£(0)| S i
96[0,4]
Combining the previous estimates, one gets
VjeN*, VkeN, sup o (U 1 (cos (0)) )’ < |5]F L. (4.7)

Gathering (4.6 and (4.7), we deduce that

(agg)((p? 9, n+ 0) = Z Cl,j,k(n)el,j(% 9)7

(1,5)€zd+1
70
with
sup ek (m)] S 13 i1
neT
Therefore,
sup [[(99) (o1 + I, = > {1,5)% suplerr(n)®
net T ezttt et
70
D ()
(1,j)ez+1
S 119a f 1o sx-
This concludes the proof of Lemma O

4.2 Operators

We shall focus in this section on some useful norms related to suitable operators class. These notions
were used before in [4, 12| 13| [14]. We consider a smooth family of bounded operators on Sobolev
spaces H*(Tt! C), that is a smooth map T : u = (\,w) € O + T(u) € L(H*(T',C)) of linear
continuous operators on Sobolev space H*(T4*!, C), with O being an open bounded set of R4*!. Then

we find it convenient to encode T'(u) in terms of the infinite dimensional matrix (Tl’j , (u))

10,00 ) (110) e (2)?
(4.50)€Z?
with
T(Wewgo = > Tlywer
(Ly)ezdtt
and
1.7
ﬂofjo (,LL) = <T(M)elo,jo7el,j>L2('ﬂ‘d+l)' (48)

Next, we need to fix a notation that we are implicitly using along the paper. For a given family of
multi-parameter operators T'(u1), it acts on W97 (O, H*(T%1 C)) in the following sense,

p € W (O, H¥ (T, C)), (Tp)(ps p,0) := T () p(, ¢, 0).

41



4.2.1 Toeplitz in time operators

In this short section we shall introduce a suitable class of Toeplitz operators.

Definition 4.1. We say that an operator T(u) is Toeplitz in time (actually in the variable @) if its
Fourier coefficients defined by (4.8)), satisfy

. 1.j I—lo,j
Vi, 1,5, jo € Z,  T)%; (1) = T ;07 (w)-

Or equivalently
L .
Ty () = Tj (1, 1 = o),
with T3 (p, 1) == Ty (1)

7]0
The action of a Toeplitz operator T'(x) on a function p = Z Plo,jo®lo,jo 1S then given by
(lo.jo)€Z+1
T(wp= Y. T (.1—10)pij0e1;- (4.9)
(Llg)e(zd)?
(4.d0) €22

In this paper, we will encounter several operators acting only on the variable # and that can be
considered as ¢-dependent operators T'(u, ) taking the form

T(p, 0)p(p,0) = AK(u,wﬁm)p(%n)dn-

One can easily check that those operators are Toeplitz and therefore they satisfy (4.9).
For ¢ € N and s € R, we can equip Toeplitz operators with the off-diagonal norm given by,

TS = Y Sup 195 (T) (1)l o-a,5~al (4.10)

a€Nd+1
|a|<q

where
TG ws = > &m)* sup [TFO)
(I,m)ezZd+1 j=k=m
This norm will be of important use later during the KAM reduction of the remainder. The cut-off
projectors (Py)nyen+ are defined as follows:

(PNT(m)ewjo= Y, T (wey; and PYT =T — PyT. (4.11)
(1,5)ezd+1
[l=lgl,li—dol<N

In the next lemma we shall gather classical results whose proofs are very close to those in [14] con-
cerning pseudo-differential operators. We recall that the weighted norms on functions that will be
used below are defined in (4.5]).

Lemma 4.3. Let (v,q,d, so, s) satisfying (4.1). Let T, T\ and Ty be Toeplitz in time operators.
(i) Projectors properties: Let N € N*. Let t € Ry. Then

HPNTIOHO d,q,s+t Nt”TpHOdqs and HPK/_TPHO d,q,s tHTp”Odqs—f—t

(ii) Interpolation inequality: Let ¢ < s1 < s3 < s2, 0 € [0,1] with s3 = 0s1 + (1 — 0)sy. Then

1-6
7180 S (IT15S001) (11 000)

(iii) Composition law:

,q so”T2| 0-d,q,s

||T1T2Ho d,q,8 ~ ||T1| o- d,q,sHTQ‘ 0-d,q,50 + HTI
(iv) Link between operators and off-diagonal norms:

@
ITolI7S S ITNES g s0ll ol + ITIES s o135

In particular
ITpl 20 S IT(S

q,8 ~~

39,
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4.2.2 Reversible and reversibility preserving operators

In this section we intend to collect some definitions and properties related to different reversibility no-
tions for operators and give practical characterizations. We shall also come back to Toeplitz operators
defined before in Section and discuss two important examples frequently encountered during this
paper and given by multiplications and integral operators.

First, we give the following definitions following [5, Def. 2.2].

Definition 4.2. Introduce the following involution

(20) (0, 0) = p(=p, =0). (4.12)
We say that an operator T'(p) is
e real if for all p € L*(T* C), we have
p=p = Tp=Tp
e reversible if
T(p) o S2 = =S 0T ().

e reversibility preserving if

T(p) o So = S20T(p).

We now detail the following characterizations needed at several places in this paper and the proofs
are quite easy and follow from Fourier expansion. One can find a similar result in [5, Lem. 2.6].

Proposition 4.1. Let T be an operator. Then T is
e real if and only if
. —l,—j 1.7
V(lal()a]a](]) € (Zd)2 X Z2a T*IO,*JJ'O = T‘lo?jo'

e reversible if and only if

v(lvl()aj’j()) S (Zd)2 X Z27 T_l7_j' = _Thj

—lo,—Jjo lo,jo"
o reversibility-preserving if and only if

v(lvl()ajajO) € (Zd)2 X Z2a Tﬁl’ij = TZJ

—lo,—jo — “lojo~

In what follows, we shall focus on two particular cases of operators which will be of constant use
throughout this paper. Namely, multiplication and integral operators.

Definition 4.3. Let T be an operator as in Section[d.2l We say that

e T is a multiplication operator if there exists a function M : (u,¢,0) — M(u, p,0) such that
(To) (1, ¢,0) = M(p, 0,0)p(p, 0, 6).-

e T is an integral operator if there exists a function (called the kernel) K : (i, p,0,m) — K(u, ¢, 6,n)
such that

(Tp) (s ¢, 0) Z/Tp(u, oMK (1, p,0,n)dn.

We intend to prove the following lemma.
Lemma 4.4. Let (v, q,d, so, s) satisfy (4.1)), then the following assertions hold true.

(i) Let T' be a multiplication operator by a real-valued function M, then
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o If M(p,—¢p,—0) = M(u,p,0), then T is real and reversibility preserving Toeplitz in time
and space operator.

o If M(u,—p,—0) = —M(u,p,0), then T is real and reversible Toeplitz in time and space
operator.

Moreover,

(@] @]
gid,q,s 5 HMHZ:S-FSO‘

1]

(i) Let T be an integral operator with a real-valued kernel K.

o If K(,—p,—0,—m) = K(u,9,0,n), then T is a real and reversibility preserving Toeplitz in
time operator.

o If K(p,—p,—0,—m) = —K(u,¢,0,1n), then T is a real and reversible Toeplitz in time oper-
ator.

In addition,

70 ,O
||T|g-d,q,s §/T||K(*m-,7l+-) g,ersodn
and
,O ,0 ,O ,0 ,0
1Tpllqs 5IIPIIJ,SO/TIIK(*m-ﬂ?Jr-)IZ,s dn + |lpllgs /THK(*m-,WJr-) 2506,

where the notation *,-,. denote u, p, 0, respectively.

Proof. We point out that the proofs will be implemented for the particular case ¢ = 0 and the general
case can be done similarly by differentiating with respect to p and using Leibniz rule.
(i) Since M is a real-valued function, then we get by the definition

T = | M(p,0)ety (. 0)er; (0, 0)diodd

Td+1

= M (p,0)e1, 4o (0, 0)e_1.; (s, 0)dpdd = T}

9,
Td+1 0,J0

This shows in view of Proposition [4.1] that the operator T is a real. It remains to check the reversibility
preserving property. We write from the definition

T(y2p)(907 9) = M(SD’ a)p(_@’ _9)
= M(—¢, —0)p(—p, —0)
=S (Tp) (v,0).

This gives the desired result. As to the reversible Toepliz structure, it can be checked in a similar way.
To achieve the proof of the first point it remains to establish the suitable estimate. Using a duality
argument H5T50 — H 5750 we may write,

7 ()] =

'H‘d+1

M(p,0)erj—j (¢, 9)d@d9’ S =3I M rsso

It follows that

ITI2.= > (m)* sup |77 (1)

(I,m)ezd+1 j—j3'=m

SIM | pereg > (Lm) (1, m) 2720
(I,m)eza+1

S”M”?{SHO'

Therefore we find
1T ]lo-a,s S N M| grs+so -
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(ii) By assumption, K is real and thus

S
T2 = K(p,0,m)e_iy—j, (v, n)er; (¢, 0)dpdd

Td+2

== K(@? 97 n)eZOJO (807 n)e*l’*j((p’ G)d(‘oden = j}l(;?JO '
Td+2

This implies, according to Proposition that T is a real operator. Now we shall check the reversibil-
ity preserving. The reversibility can be checked in a similar way. By the change of variables n — —n,
we may write,

T(p)(p,0) = /TK(so,G,n)p(—so, —mn)dn
— /TK(—% —0, —n)p(—p, —n)dn
— /TK(—@, —0,m)p(—p,n)dn = S (Tp) (¢,0).

From Fubini’s theorem and the duality H;'ZSO - H;Z_SO, we infer,

7 (1)) =

Td+2

/ (e +(—1)6) < / K(p,0,n+ e)e‘ij'"dn> d@d9‘
Td+1 T

S (G =7 [N G )l eod

K(p,0,n)eteti=3 '")dwd‘gd’?‘

Hence, we deduce that
[Tllo-as S / K Gy 50 o) || ystso -
T »,0

The last estimate in Lemma [4.4] can be obtained from the expression

(Tp)(p,0) = /Tp(% 0 +n)K(p, 0,0 +n)dn,

combined with the law products and the translation invariance in Lemma (i)-(iv).
This concludes the proof of Lemma [£.4] O

5 Hamiltonian toolkit and approximate inverse

In this section, we shall reformulate the problem into the form of searching for zeros of a functional F.
We first rescale the equation by introducing a small parameter €. This allows us to see the Hamiltonian
equation as a perturbation of the equilibirum one . The latter being integrable and
admitting quasi-periodic solutions in view of Lemma [3.2}2 and Lemma [3.1} we can hope using KAM
technics to find quasi-periodic solutions to the first one. This approach has been intensively used
before in [4, 6, 12} 13}, [14]. According to Proposition it seems more convenient to work with the
phase space

Hy = TR = {r0) = 3 e st ry=75 and ol = 3 Iy Pl < o0
JEL* jezZ*

Therefore, we select finitely-many tangential sites S and decompose the phase space into tangential
and normal subspaces described by the selection of Fourier modes belonging to S or not. On the
tangential part, containing the main part of the quasi-periodic solutions, we introduce action-angle
variables allowing to reformulate the problem in terms of embedded invariant tori. We shall also be
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concerned with some regularity aspects for the perturbed Hamiltonian vector field appearing in F and
needed during the Nash-Moser scheme. Finally, we construct an approximate right inverse for the
linearized operator associated to F.

The symplectic structure on L3(T) (corresponding to the subspace of L?(T) of real functions with zero
average) induced by is given by the symplectic 2-form

W(r, h) = / 95 'r(O)h(O)d  with 9y 'r(0) = > T3 ¢idt, (5.1)
T e J
JEZL
Then for a given function H, its symplectic gradient X is defined through the identity
dH(r)[] = W(Xu(r),-).
Using the Fourier expansion

r(0) = Z rjeijo with r_; =75,
JEL*

we easily find that the symplectic form W writes

Wi(r,h) =Y fl-rjh—j => i?‘jh?

jeze jez- Y
that is 1 1
W = 7 . = _ . e .
D i Adr =23 Sdry Adr (5:2)
JEL* JeN*

Next, with the result of Lemma we can easily check that the equation ([2.17]) can be written in the
form
Oyr = OpL(N)(r) + Xp(r),

where Xp is the Hamiltonian vector field defined by
XP(T) = I1(/\)K1()\)897’ — Oy x 1 — F)\[T]. (53)

Remind that F)[r] is introduced in and the convolution kernel is stated in (3.12]). To measure
the smallness condition it seems to be more convenient to introduce a small parameter £ and rescale
the Hamiltonian as done for instance in the papers [4, 14]. To do that we rescale the solution as follows
r +— er with r bounded. Therefore the Hamiltonian equation takes the form

Or = OpL(N)(r) + eXp. (1), (5.4)

where Xp, is the rescaled Hamiltonian vector field defined by Xp. (1) := e 2Xp(er). Notice that (5.4)
can be recast in the Hamiltonian form

Ogr = 0V H(r), (5.5)
where the rescaled Hamiltonian H.(r) is given by

H.(r) = e 2H(er)
:= Hy(r) +eP(r), (5.6)

with Hiy, being the quadratic Hamiltonian defined in Lemma and eP.(r) is composed with terms
of higher order more than cubic.
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5.1 Action-angle reformulation

Let us consider finitely many Fourier-frenquencies, called tangential sites, gathered in the tangantial
set S defined by
S={j1,.-.,Ja} CN* with 1<ji <jo<...<Jja

We now define the symmetrized tangential sets S and Sy by
S=SuU(-S)={%j, 1 €S} and Sy=SuU{0}. (5.7)
Recall from that we denote the unperturbed tangential frequency vector by
wrq(A) = (25(N))jes, (5.8)

where () are given by (3.14). For s € R, we decompose the phase space of Hj(T) as the direct sum

1
H(T) =Hg & H1, (5.9)
Hy={v=3"re m=ry}, Hi={:= 3 zeje ' 5=2,],
jes JEZ\So
where €;(0) = €79, We denote by I, H§O the corresponding orthogonal projectors defined by
r=v+z, v:=Igr ::Z'rjej, z = H§Or = Z ri€;, (5.10)
jes JEZ\So

where v and z are called the tangential and normal variables, respectively. Fix some small amplitudes
(aj)jes € (R% )% and set a_; = aj. We shall now introduce the action-angle variables on the tangential
set Hg by making the following symplectic polar change of coordinates

VieSs, rj= aj2. + %'Ij Vi (5.11)

where
VjeS, I-j=I;eR and 9J_j;=-9; €R. (5.12)

Thus, any function of the phase space Hj decomposes as

r=AW,1,z):=v(0,I)+ 2 where v(0,I):= Z \Vai+ %Ij eie; . (5.13)

JES

In these coordinates the solutions (3.48|) of the linear system (3.10) simply read as v(—wpq(A)t, 1)
where wgq is defined in (5.8) and I € R? such that the quantity under the square root is positive. The
involution .# defined in (2.26|) now reads in the new variables

S:(WI,2)— (—v,1,7%) (5.14)

and the symplectic 2-form in (5.2) becomes after straightforward computations using (5.11]) and (5.12))

1
W= di;ndl+ Y —dryAdr_; = (D= dv; ndiy) @ Wi, (5.15)
j€s jemso jes

where Wy denotes the restriction of W to H7. Note that W is an exact 2-form as

W = dA,
where A is the Liouville 1-form defined by
A0, 1,2 = =" L + 195 2. 2) ) - (5.16)
jes



The next goal is to study the Hamiltonian system generated by the Hamiltonian . in , in the
action-angle and normal coordinates (¥, 1, z) € T xR x H7 . We consider the Hamiltonian H, defined
by

H, =H.0A, (5.17)
where A is the map described before in . Since L(A) in is a Fourier multiplier keeping
invariant the subspaces Hs, and H{, then the quadratic Hamiltonian Hy, in in the variables
(9,1, z) reads, up to an additive constant which can be removed since it does not change the dynamics

in view of (2.17)),
HyoA=-)Y" QNI+ 3L 2 2) 2y = —wq(A) - T+ $(L(A) 2, 2) r2(r), (5.18)
JES
where wgq € R? is the unperturbed tangential frequency vector defined by (3.14). According to (f.6))
and ([5.18)), one deduces that the Hamiltonian H in (5.17)) has the form

H.=N+¢eP. with N :=—wgq(A\) I+ (L) z,2)r2(r) and P.:= P.o A (5.19)
We look for an embedded invariant torus
i: T4 — RIxRYx HY (5.20)

o = i(p) = (9(p), I(p), 2(p))
of the Hamiltonian vector field

Xp. = (0rH., —09H., 115,09V . H.) (5.21)

filled by quasi-periodic solutions with Diophantine frequency vector w. Remark that for the value
€ = 0, the Hamiltonian system reduces to the linear equation

w - Opi(p) = Xpy (i)
which admits the trivial solution given by the flat torus iq..(¢) = (¢,0,0) provided that w = —wgq(A).
In what follows we shall consider the modified Hamiltonian equation indexed with a parameter o € R,

1
HY :=N,+¢eP. where N, :=«a- -1+ §<L()\) 2, 2) [2(T)- (5.22)

For the value o = —wgq(A) we have HY = H.. The parameter o will play the role of a Lagrangian
multiplier in order to satisfy a compatibility condition during the approximate inverse process. Notice
that the initial problem reduces after this multiple transformations to find zeros of the nonlinear
operator

]:(i’ a, [, 5) =we api((p) - XHg ’L(QO))
w - 0,0(p) — a — eOrP:(i(p))
= w - 9l (p) +20Pe(i()) s 1= (A w),
w - 052(p) — 0 [L(N)2(p) + €V Pe (i())]
where P, is defined in (5.6). We point out that we can easily check that the Hamiltonian H is
reversible in the sense of the Definition [4.2] that is,

(5.23)

HYoG=HZ, (5.24)
where the involution & is defined in . Thus, we shall look for reversible solutions of
F(i,a,p,e) =0,
that is, solutions satisfying
Si(p) = i(—¢),
or equivalently,
H=p) = =0(p), I(=p) =1(p), z(=¢)=(T2)(p) (5.25)

We define the periodic component J of the torus ¢ by
I(p) :=i(p) = (,0,0) = (O(p), I(¢),2(¢)) with  O(p) =d(p) — .
We define the weighted Sobolev norm of J as

F70 .— 0 0 0
19llgs = l1Ollgs” + [1llgs" + llzllgs -
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5.2 Hamiltonian regularity

This section is devoted to some regularity aspects of the Hamiltonian vector field introduced in (/5.3)),
together with the rescaled one associated to the Hamiltonian described in (5.19)). The first main result
reads as follows.

Lemma 5.1. Let (v,q, so, s) satisfying (4.1)). There ezists eg € (0,1) such that if
| ||q,so+2 X €05
then the vector field Xp defined in satisfies the following estimates
(i) 1 Xp(r)llg;
(ii) [ldrXp(r)[p]llg;

o
(ZM') ||d72"XP(T)[p17p2]||g:3 S ||p1| so+1||p2||q,s+2+ ||101| s+2”102 q,so+1 + H || s+2||p1||qso+1||p2|qso+1

Proof. (i) According to (3.16)), the Fourier coefficients of 9pKCy are (ijI;(A)K;(N)), ez Hence

70 « v,0

q78+1

s+1 + [Ir s+2HP

Q780+1

100KCn * 71T = Y (LD NVEE (Nlrl” < 3lrlFs-
(1,§)€Z4xZ,

Notice that the last inequality is obtained by the decay property of the product I;K; on R7, (A.3)
and (A.10). Thus we deduce that

1061 # 7l = < llrllzzs < N7l

Now we claim that

100Ky x (|75 < (5.26)
Indeed, from (3.16)), we infer that
Fokxxr= > LK (MNry(\w)e;. (5.27)
(1,)€24 X7

At this stage we need to explore the regularity of the multiplier with respect to A. By using (A.8§]), we
write

LiNKj(A) = 21 (2X cos(T)) cos(2j7)dr.
From (A.6]), we have the decomposition
Ko(z) = —log(2/2)I0(z) + f(2), (5.28)

with Iy being the modified Bessel function of the first kind and f an analytic function. By the
morphism property of the logarithm, we get

LK () = — log(1) 220 /0 ? [o(2X cos(r)) cos(2j7)dr

= 2207 [P log(eos(r)) cos(2jr)dr
0

us

2w /0 " log(cos(r)) (In(2A cos(r)) — 1) cos(2j7)dr

+2(_7rl)j/2 f(2X\cos(T)) cos(2j7)dT
0
=11 ;(N) + Zoj + I3 5(N) + Za 5 (N).
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Since Iy and f are analytic, then the above expressions are smooth with respect to the parameter
A € (Ao, A1) C R%. An integration by parts in Z; ;(A\) and Zy j(\) yields

Vie {14 ; T oo <1
ie{1,4}, sup (’J’nfél[[%xﬂ 10} "Zijll L ([Ao,A1])> S

)

Looking at the definition of Iy in , we see that we have uniformly in A € [A\g, \1],
Vnel0,q), " (Io(2xcos(r)) — 1) = O (cos(7)) .

Hence, an integration by parts in Z3 j(\) yields

su max 8 s % < 1.
sup (171 . 108730, = a0 ) <

)

It remains to study the integral Zs ;. One can easily check from the above decomposition that

Ty = lim I;(A)K;(N).

A—0*t
Using (A.10)), we then find
1
Lo = —-
2,j 2]

Putting together the preceding estimates, we obtain

. (n)
su max |0 LK 0o <1
jeIZ) <|J| nelogl | A ( J ]) Iz ([Ao,Al])> ~

Then coming back to ((5.27)) and using Leibniz formula, we obtain ([5.26]). On the other hand, applying

Lemma [4.1}(iv)-(c) we get
(1K) Dor 79 < H?‘Hqs+1 (5.29)

Next we shall move to the estimate of F)[r] defined in (2.10)). According to (3.4) we may write

1
2

Al 0,m) = 2sin (%52)| ((W>2 + Rig, n)R(so,m)

. -6
=2 ’sm ("T)
Notice that v, is smooth when r is smooth and small enough, and vp; = 1. More precisely, Lemma
(v) combined with Lemma [£.2] allow to get

'1)7'71(@0,9,77). (530)

@
sup ||,U7"71(*7 S/ ') - 1”3:5 S || ||q s+1»
neT

Wk € N, sup | (9 vr,1) (5, + )38 S Irl78)

0 S (5.31)
neT

q,s+1+k"

Here and in the sequel, the symbols x, -, . denote the variables u = (A, w), ¢, 0, respectively. Then from
the identity (5.28) we infer

KoMy (,60,m)) = Ko (27 ‘sin (25) D +log (A ‘sm (252 D [1o (22 )sin (2) D ~ To(Ay(0,0,))]
—log (vrﬂl(cp,ﬁ,n)) 0(/\AT(<,0,9,17)) F(AA, (gp,@,n)) —f (2/\ sin <%9)’> . (5.32)

By virtue of the expansion (A.2), we can write

Io (2)\

sin 77779 —1’0()\1474(90,9,77)):Sin2 "T % 1A @,0,m),
(%)) (%)
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with %11 being smooth and vanishing at » = 0. More precisely, we have the expansion

AL e, 0,m) =Y 2

m=1

72 - sin?m 2 (T) (1- v T(p,0,m)). (5.33)

Now our aim is to establish the following estimate.

7.9 (5.34)

o
Vk €N, sup\\(85%}1)(*7',-7774‘-)”% < irlly s H1+k:

q,8 ~v
neT

For this goal we apply Taylor Formula at the order 2,

Io(M, (12,0,m)) — To (2) ‘sin (5) D = 2\ |sin ("%9)‘ (0r1(,0,m) = 1) 15 (2 ]sin (252) D

+axsin® (15 (vea(p.0m) 1) /1(1 =025 (2Afsin (%52)| (1 =1 4 tura(0,0,m) )

0

Consequently, the kernel 7,1 11 can be rewritten into the form

S1n 0
K (N e, 0,m) = 2)\(1 —vp1(p, 0, n)) o <TA ‘ (n(:) ‘ ) D (5.35)
S11 3
—4x? (Wl(@,e,n) . 1)2 /01(1 Y (2>\ ‘sin ("T)) (1=t + to1(p,6,m)) dt.

Using the structure (A.2)) and Lemmal[4.1}(iv)-(v) combined with (5.31)) we deduce the estimate (5.34).
Coming back to ([5.32)) and set

K2 (A, @,0,m) = log(A) sin® (’%9) A (N 0,0,m) —log(vr (0, 0,m) Io (A (0, 60,1))
+ FOAL (0. 0,m) = £ (2A]sin (257) ). (5.36)

Then, by virtue of the law products and the composition laws of Lemma combined with (5.31]),
(5.34) and the fact that f is analytic and even, we get

79 (5.37)

Vk e N, sup (057 )(*, San+ )T S el Gst1tk:

q,8 ~v
neT

Consequently we obtain the decomposition
KoMy (,0,m) = Ko (2A[sin (152)|) + # (n = )5\ 0,0,m) + 5w, 0,m), (5:38)

where J£ is defined by
H(0) = sin® (§) log (|sin (%) ) (5.39)

and the functions 7 1 and %21 satisfy the estimates (5.34)) and (5.37). We can obviously check that
¥ is an even function satisfying

K, Og € L®(T,R) ¢ LY(T,R) and 93.# € L*(T,R)\ L>=(T,R). (5.40)

Introduce

K’I’,I(A7 12 97 77) = L75/(77 - 0)%,11(A7 ') 67 77) + L7{/1“,21()‘7 2 07 77) (541)
Hence, putting together (5.34)), (5.37)) and (5.40), we obtain

Wk € {0,1},  sup (9K 1) (s + 7S S P17

q,8 ~v
neT

q,5+1+k" (542)

In addition, if r(—¢, —0) = r(p, 8), then the kernel K, ; satisfies the following symmetry property

Kﬁl()\? —¥, _97 _77) = KT’yl()V 2 07 77) (543)
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Plugging ([5.41]) and ( into Fy\[r] defined in ([2.10]) yields
7= 2 .
Ey[r](e,0) = / (KO (2)\ ‘sm ( 5 > D + K 1(A 0,0, 77)) 8977 [R(gp, 0)R(p,n)sin(n — 9)}dn.
T
We denote

10 0.m) = 33, (R(p.0) Rip,m) sin(n — 0)),

then straightforward computations yield

1(2,0.m) = (9 R(O)0,R(n) + RO)R(n) ) sin(n — 0) + (9pRO)R(n) — D, Rm)R(0) ) cos(n — 0).

We immediately deduce by law products, translation invariance property and composition laws in

Lemma [4.1] that

S S

Hf(*7 ST+ ') - Sin( )

Using a change of variables, we obtain

(5.44)

F\[r](p.6) = / (5o (27 [sin (3)] ) + K1 (A 0,6,0 + 1)) (F(,0,m+6) — sin ) diy
T
+ / (KO <2)\ |Sin (g” ) +Kr1(N 0, 6,0 + 77)) sin 7 dn.
T
By symmetry, we find
/KO 2\ }sm o) | sinndn =0,
which allows to get
Ex[r] (e, 0) = / (Ko (2A |sin (3)] ) +Kr1(A 9,0,0 + 77)) (f(so, 0.0+ 0) —sin 77) dn
T

+ / Kr1 ()\, v, 0,0+ T]) sinn dn.
T

Recall that Ky admits a logarithmic behavior around 0, hence it is integrable at 0. Therefore, using
the law products of Lemma (5.42)), (5.44]) and the smallness property on r, we infer

7,0
q7s+1 (5.45)

Combining ([5.45)) with (5.26]) and (5.29)) achieves the proof of the first point.
(ii) From (3.2)), (3.12)), (5.38)) and (5.41)) we deduce that the operator L, writes

L. =K\x-+ Lr71, (546)

NI,

q,8 ~v

where L, ; is the integral operator of kernel K, ; introduced in (5.41f). From Lemma and its proof
we find

d, Fx[rlp = 0o (Vi — Q)p) — 0pCx * p — OgLiy1p.
Thus, we get according to the definition (5.3])

d:Xp(r)p = 9Ly1p — 95 (Vi — Vo)p). (5.47)

Coming back to (3.1) and using the kernel decomposition ([5.38)) together with the law products, the
composition laws in Lemma [£.I] and the smallness condition, we deduce for any s > s,

v,0
Ve = Voll3d < Irllgsia (5.48)
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Therefore, we obtain from the law products, (5.48) and the smallness property on 7,

v,0
100 (Vi = Vo)) ) 78" S 1V — Voll wrllell so+1+||V Volly st llolgic

< ||p|| ,s+1 + ||T| s+2||p’ q,so+1

Now, by using the last point in Lemma with (5.42)) and the smallness property on r, we obtain

o4 IIr

q,s+2“p| q,50"

Putting together (5.47) and the last two estimates gives

@]
ld: Xp(r)oll S llolgces + Il

q780+1

(iii) Differentiating in r the identity (5.47)) yields,
4 Xp(r)[pr, p) = B (d; L1 (r)[p2lp1) — Dp ((drVi(7)[p2]) p1) - (5.49)
For the first member of the right-hand side we first recall from ([5.41)) that

L. 1p(¢,0) Z/Tp(so,n) [ (n = 0) 1 (N0, 0,m) + 2 (N 0, 0,m) | dn.

Hence, by differentiation and change of variables, we obtain

drLy,1 (7)[p2]p1 (0, 0) = /Tm(som) [ (n = 0) (dr ;1)) [p2] (0, 0,m) + dr ;7)) [p2) (0, 6,m) | dn  (5.50)
= /Tm(so,9+77)[%( ) (dr 34 ) [p2] (0,0, 60 + ) + dr 7)) [p2] (0,6, 6 + )] dny.

Coming back to , we emphasize that the dependence in r of the functional ./} 1 is smooth since
the function v, 1, introduced in , depends smoothly in r. In addition d, Ji/ 1 can be easily related
to dyvr1. From straightforward calculus we see that, for the sake of simple notatlon we remove the
dependence in the parameters and ¢,

1 R(6) — R(n) (0(9) B p(n)) L POYR () + p(m) B*(0)

or1(0,m) \ gin (7729> R(0)  R(n) 2R(0)R(n)

dyror1 (r)[p)(0, 1) = (5.51)

Therefore using (5.31)) combined with the law products stated in Lemma Lemma and the
smallness condition of Lemma we find that

Sup drvr1 (M) [P} (5, -5 + 1T S Mol sn + ol e I35 (5.52)
n
Similarly to (5.52)), one gets from ([5.35) and (5.36)),

Vi € {172}3 SUPHd [p](*a'a'vn+')|q:s ~ s+1 + ||:0| 50+1|| |q,s+1 (553)

neT

Inserting (5.53) into (5.50) and using once again the law products and the smallness condition we
obtain,

19pdr L1 (1) [p2] p1 175 Sl L ( )[pz]plll'y,sﬂ

Slorlysalozl st + leall7S ezl

s+2Hp1Hq,soHp2 q,so+1 (554)

q,s+2 + ||
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Next we shall move to the estimate of the last member of (5.49)). Differentiating the definition of V,
in the proof of Lemma [3.1], we infer

2(0)—
d,V, /KO M 017)8,7< <)RRg9(>9;;2(

Ko (AA(0,1)) 0y (R(n) sin(n — 0))dn

2 2 . _ .
+2) / %’2(;);(%9)(;)(;;’;7{2;5)(9) sin? (252) K4 (AA,(8,)) 0y (R(n) sin(y — 6))dn
T

The estimate of Z; is similar to ([5.45]), we use the same tools and one finds

79 (5.55)

”Il‘ v q,s+1

q,8 ~~v

s+1 + llp2ll;, so+1H7"

For the terms Zo and Z3 the computations are straightforward and we shall only extract their main
parts and give the suitable estimates. For this goal we differentiate (A.6)), leading to

Ki(2) = = +log(:)F(2) + G(2),

with F' and G being entire functions. Hence, applying (5.30)), we deduce that Z, takes the form

1 (R(G)—R( )) P2(8) _ pa(n) .
Iy(0) = —/T 20 <77RS(2 St 2 )))8 (R(n)sin(n — 6))dn + Lo.t.

Hence we proceed as for (5.53)) and one finds

79 (5.56)

122115 g5 1"

s+1 + ||p2||q 80+1||’I“

As to the last term 73, we write

1
T3(0) = —= / p2O) )03 I O0) () sin(n — )y + Lot
T

2 R2(0)R(n)v; 1 (0,n)
Then, we get
IZ317:C S o218 + o2l lirlzin (5.57)
Putting together (5.55)), (5.56) and (5.57)) yields
~,0
1d- Ve (M) [pa)l17S S 2175 B [ oty (5.58)

Therefore we obtain according to the law products in Lemma (5.58) and the smallness condition,

Hag(dTv;(r)[pZ]pl)‘ q,s " Hd V ‘ S—‘y—l”p Hqsg + Hd V [ ‘qngp Hq s+1

S le

Combining the latter estimate with (5.49) and (5.54)) allows to get

12X p(r)[p1, p2)II7E < lpa

allo2llg vy + lorlly ozl o

q,s+2+ ”T s+2Hp1

50

7,0

,0
Tolo2llgiles + Irlly o llon

q,soHPQH so+1 T HP1| s+1||P2| dso+1:

Using Sobolev embeddings we get the desired result. This achieves the proof of Lemma O

As an application of Lemma we shall establish tame estimates for the Hamiltonian vector field

Xp. = (0rP:, —0yPe, g 0V, P-)

defined through (5.19) and (5.21).
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Lemma 5.2. Let (v, q, so, s) satisfy (4.1). There exists eg € (0,1) such that if
e<gy and HCi||qsO+2 1,

then the perturbed Hamiltonian vector field Xp_ satisfies the following estimates,

(i) 1 X7, (0)llq

(ii) HdiXpE(z')[?H

< 1+ ||J||q s+2°

q,s ~ || i ||q,s+1 + ||J” s+2” i ||q,so+1

(i) |a2Xp. D170 S NTIESLIT17 5 + 19178 (17122,)

Proof. These estimates can be recovered from Lemma combined with the following estimate on
the action-angle change of variables introduced in ((5.13)

Vo, B € N, 1050700, 1)]1° <1+ ||3Hg;§°. (5.59)

This estimate follows from Lemma(i )-(v) HI Hq so < 1. This latter condition
is satisfied due to the smallness condition in the Lemma. For more details, we refer to [14, Lem.
5.1]. O

5.3 Berti-Bolle approach for the approximate inverse

In this section, we shall follow the remarkable procedure developed by Berti and Bolle in [I1] to
construct an approximate right inverse for the linearized operator

A~

di,a]:(iOu O‘O)[/i\v a] =w:- &P/Z‘\_ diXHso‘O (10(()0))[] - (&7 0, 0)7 (5'60)

where F is the nonlinear functional defined in (5.23)). This construction is crucial for the Nash-Moser
scheme that we shall perform later in Section |7} From (/5.20)), we denote by ip an embedded torus with

io(p) = (Yo(9), Lo(#), 20()) and  To(p) =io(p) — (¥,0,0).

Throughout this section, we shall assume the following smallness condition : the application (A, w) —
Jo(A,w) is g-times differentiable on O and there exists g € (0,1) (small enough) such that

0 < . (5.61)

We mainly follow the same approach as in [I1] which reduces the search of an approximate right
inverse of (5.60) to the search of an approximate right inverse in the normal directions. The main
difference with [I1] is to be able to bypass the use of the isotropic torus in a similar way to the recent
paper [35].

5.3.1 Triangularization up to error terms

Given a linear operator A € E(Rd,Hi), we define the transposed operator AT : H 7= R? by the

duality relation
Y(u,v) € Hf xRY (ATu,v)pa = (u, Av) r2(T).- (5.62)

We introduce the following change of coordinates Gy : (¢,y,w) — (9,1, z) of the phase space T¢ x
R? x H$ defined by

v ¢ Do(9)
I'l:==Go|y|:=|1o(®)+ Lilp)y + La(p)w | , (5.63)
z w 20(¢P) +w
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where

Li(p) == [0,90(0)] T, (5.64)
La(p) := —[(99%0) (Do(#))] "5 ", (5.65)
Z20(9) = 20(d5 ' (1)), (5.66)

provided that 9 : R* — R? is a diffeomorphism. Notice that one recovers the torus iy by taking in
the new coordinates, the flat torus ig..(¢) = (¢, 0,0) namely

Go(ina () = io(e)-

Next, we shall adopt the notation u = (¢, y, w) to denote the new coordinates induced by Gy in (5.63))
and we simply set up(¢) = ig.:(¢). Now, to measure to which extent an embedded torus io(T) is close
to be invariant for the Hamiltonian vector field X geo, we shall make appeal to the error function

Z(p) = (21,22, Z3) () := F(io, ) () = w - yin(p) — X 2o (i0(0)) - (5.67)

We say that a quantity is of "type Z” is it is O(Z), and particular it is vanishing at an exact solution.
In the next Proposition, we study the conjugation of the linear operator d; o.F (i, ) by the linear
change of variables induced by Gg defined in (5.63)),

(E 890190(%0) 0 (Z
DGo(4,0,0) | 7 | == | 9xlo(v) Lilp) La(e) | | ¥ (5.68)
W 0p20(p) 0 1 w

The following result is proved in [35].

Proposition 5.1. The conjugation of the linearized operator d; oF (ig, ) by the linear change of
variables DGo(ug) writes as follows

[DGo(wo)]~2d; o F (i0, a0) DGo (uo) 6, 7, @, &) = D¢, 7, @, a) + Elg, 7, @), (5.69)

where éo 1s defined by R
Go(U, Oé) = (GO(u)7 Oé)

and where

(i) the operator D admits a triangular structure in the variables (5, Y, W) in the form

~ W D — [K20( )y + K1 (9)@ + L{ ()a]
D[¢a Z//\a {U\v a] = a,oz//\ ( ) ’
w-&pﬁi—(%[Kn( )y + Koa(p)w L;(gp)a]

B(p) and Kag(gp) are d x d real matrices given by

B(¢) = [0,90()] " OpTo () L] (¢) + [0p20(¢)] " L3 (), (5.70)
Kao(p) := eL{ (9)(011P:) (io(¢)) L1 (), (5.71)

Ko2(p) is a linear self-adjoint operator of Hf in the form

Koa() := (9-V.HE)(io()) + €Ly () (911 P:) (io()) L2 ()
+eLj (0)(0:1Pe) (io () + (01 P:) (i0()) L2 () (5.72)

and Ki1(p) € L(RY, HY) is given by

Ki1() := Ly (0)(011P:) (i0(9)) L1 () + €(81 V. P:) (io(0)) L1 (). (5.73)
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(ii) the operator E is an error term in the form

E[o, 7, @] := [DGo(uo)] "' 0,Z(0)d

+ | Alp)[Kao(0)7 + Kﬂ(so)%] — Rio(9)y — Rn(p)w |,
where A(y) and Rio(p) are d x d matrices defined by
A(p) = [0,00(9)] T 9o (0) = [0 10(0)] T 0p00(0) + [Dp20(0)] 0y ' Dp20(0), (5.74)
Rio(p) := [0,21(¢)] " L1 () (5.75)
and Ry () € L(HS ,RY) with
Roi(p) = =[0,Z1()] ' La(9) + [0, Z3(¢)] ' 05 - (5.76)

Now we recall the following result, for the proof we refer to [35, Lemma 6.1] and Lemmata 5.6-5.7
n [14],

Lemma 5.3. The following assertions hold true.

(i) The operator DGo(up) and [DGo(uo)]™* satisfy for all & = (¢,7, D),

Vs € [s0,5],  [DGo(wo)* @7 < GG + 1Foll3 11117

q,s ~~

‘1730 '

(ii) The operators Rig and Ro1, defined in (5.75) and (5.76)), satisfy the estimates

O
2 SN2l it + 121155 11501 s+1||y|qsg+17

70 O
20 SNZ15 2|1 @135 1 + 1215300 1 130l 1B s -

Vs € [SQ,S], ||R10y
Vs € [8075], ||R01w

(iii) The operators Koy and Ky, defined in (5.71)) and (5.73)), satisfy the estimates
Vs € [s0, 5], [|Kaollg:d Se(1+ |!Jo||q,s+3)
Vs € [s0, 5], IKugll}C < (717 w+3 + 119003 sl Tl 50 s)

0
Vs € [s0, 8], KLl S e(l@l] s + 19lly sl @17:5 15) -

(iv) The matrices A and B defined in ) and - 5.70) satisfy

2+ IBIE <

Vs € [s0, 5], | as S HJqu s+l

Notice that the matrix A(p) measures the defect of the symplectic structure. In the following, we
shall see that it is of order O(Z). Notice that according to (5.74]) and [11, Lem. 5], the coefficients
Ajj, of the matrix A can be written

(@) = O To(9) - D5, 00(0) = D Vo (p) - D, Lo (@) + (B Dpyo20(0), Dp, 20(9)) 12(1) (5.77)

and satisfy
w - Ophir(p) = W(0,Z(p)ex, Dpio(p)e;) + W (dyio(p)ex, D, Z(p)e;), (5.78)

where W is the symplectic form defined in and (ej,...,e4) denotes the canonical basis of R,
In order to estimate Aji(p), we shall discuss the invertibility of the operator w - d,. This task was
accomplished in several paper [4], 11 14, 35]. and we shall outline here the main lines.

Let v € (0,1] and 71 > 0 be defined as in . We introduce the Diophantine Cantor set

DC(v.711) = ) {weRd 5. \w-1|><l;ﬁ}
1€Z4\ {0}
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and for N € N* we define the truncated Diophantine Cantor set

— d . il
DCN(7,71) := | {w eR? st |w-l > o } (5.79)
1€z9\{0}
<N

Given f : O x T4 — R a smooth function with zero @-average, that can be expanded in Fourier
series as follows

f - Z fl,j()\,W)el’j, el’j(QO,H) = 6i(l-g0+j0)'
(1,5)€zd+1
1£0

If w € DC(7, 71) then the equation w - d,u = f has a periodic solution u : T! — R given by

u(X, ¢ Y fl e (0, ).

(Lj)ezd+1
1#£0

For all w € O, we define the smooth extension of u by

@-O)hf=—i 3 X w - 1) fi;(N)

w-l

€. (580)

(Lj)ezd+1
1£0

where x € €°°(R,[0,1]) is an even positive cut-off function such that

, 1
w={1§ 451 (5.81)

Notice that this operator is well-defned in the whole set of parameters O and coincides with the formal
inverse of (w-d,)~! when the frequency w belongs to DC(v,71). The next result is the fundamental
theorem of calculus in the quasi-periodic setting. It is proved in [4, Lem. 2.5] and [35 Lem. 5.4].

Lemma 5.4. Let v € (0,1],q € N*. Then for any s > q we have

H(w ) 8‘19 e:(1tqu,s ~ _1||f||q,5+T1Q+7’1
In addition, for any N € N* and for any w € DCN(’)/,T1> we have
where Iy is the orthogonal projection defined by

Oy > fijei= Y. fijeus

(1,5)ezd+1 (1,4)ezd+1
[1I<N

ext

For later purposes we need to fix some notation that will be adopted in the sequel. Take Ny > 2
and define the sequence

No=1, VneN, N,=n3" (5.82)
Next, we shall split the coefficients of the matrix A = A(yp) defined in as
Aoy =AY a0 Al =TIy Ay, AU =TI Ay (5.83)
The proof of the following lemma is quite similar to Lemma 5.3. in [7] with the a minor difference in
the weighted norms. See also [35, Lem. 6.3].
Lemma 5.5. Let n € N, then the following results hold true.

(i) The function A,(g)’J‘ satisfies

W20, Vselso,S] AL I3 S N0l

q,S

q,s+2+b"

(ii) There exist functions A,(C )ext defined for any (\,w) € O, g-times differentiable with respect to A

and satisfying the estimate
t)17,0 _
Vs € [0, 8], AL T S AT 1207 gmi + 1217

Moreover, A,EZ,)’GXt coincides with A,EZ.) in the Cantor set DCn;, (7, T1).

T )
q,s+7'1 q+71+1
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5.3.2 Construction of the approximate inverse

This section is devoted to the construction of an approximate right inverse of the operator d; oF (i, o)
that will be discussed in Theorem One first may observe according to Proposition [5.1}(ii) and
Lemmas [5.3| and that the operator E vanishes at an exact solution up to fast decaying remainder
terms. As a consequence, getting an approximate inverse for the full operator d; oF (i, ) amounts
simply to invert the operator D up to small errors of type ”Z” mixed with fast frequency decaying
error. Let us consider the triangular system given by

N g1
D[¢7 @\7 @7 a] = g2 ) (584)
g3

where D is defined in Proposition (1) The system (|5.84) writes more explicitly in the following
way R

w- 0,0 = g1 + [Kao(9)¥ + K{1 ()W + Ly (p)a]

w- 0,5 = g2~ B(¢)a (5.85)
(w - 0y — B9Koz(p)) W = g3 + Fp[K11(9)7 — Ly (¢)al.

The strategy to solve the above system in the variables (qub, y,w) is first to solve the second action-
component equation, then to solve the third normal-component equation and finally to solve the first
angle-component equation.

Due to the fact that the Cantor set should be truncated then we need to solve approximately the
system and for this aim we need the following statement proved in [35, Lem. 6.4] and [4].

Lemma 5.6. The following results hold true.

(i) There exists a function g : Z¢\ {0} — {—1,1} such that
vl e 24\ {0}, g(-1) = —g(l).
(it) For all (\,w) € O the operator w - 0, can be split as follows

1

with
Dy = w - 0,1y, + HJng
Dé;L) =w- 0,1y, — Iy, 4
where

Iy, ¢ Z figer; = Z g(l) fije1;-

(1,j)eza+t (1,j)ezd+1
[l|>Nn

(iii) The operator D(ln) satisfies

- 0
Vb >0, Vsé€ [so,5], HD(%l)hHZ:? <N, b‘|hHZ,s+b+1-

(iv) There exists a family of linear operators ([D(n)]e_xlt)n satisfying, for any h € W% (O, Hg(T4H)),
_ _ Ko,

Vs € [s0,5], sup IPwlet P17 S A BN st ry g, -

n

Moreover, for all w € DCy;, (7, T1) one has the identity

D(n) ['D(n)];(lt = Id. (586)
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Consider the linearized operator restricted to the normal directions Ew and defined by
L= Hé‘o (w- 0, — 89K02(¢))H§‘0, (5.87)

which appears in the last equation of ([5.85]). The construction of an approximate right inverse of this
operator is the heart part of this paper and will be discussed in Proposition Here we give only a
partial statement.

Proposition 5.2. Let (v,q,d, 11, T2, So, Sh, k2, S) satisfy (4.1)) (4.2) and (6.244). There exist g9 > 0
and o0 = o(71,7T2,q,d) > 0 such that if

ey 2TIN? <o and  ||TJol|) qsh e <1, (5.88)

then there exist a family of linear operator (Ty, n)n satisfying

+ 1130

~

Vs € ls0,8] supTunhl€ S 57" (1055 + 13035 IR ) (5.89)

and a family of Cantor sets {Gn = Gn (7, T1,T2,00) }n, satisfying the inclusion

Gn C (>\07 )‘1) X DCNn('Ya Tl)
such that in each set G, we have the splitting

»Cw :i'\wn"i_ﬁna

)

with
Ly nTwn = 1d, (5.90)

where the operators fw,n and ﬁn are defined in the whole set O with the estimates

Vs e [8078]7 ||L

q s+1 +ev 2||J0Hq,s+a

@] b -1 -2
Vb € [07 S]’ ||R‘np’ ’(;78() 5 N <”p| q730+b+a' + Eﬁy HJ0||q730+b+ng||q So+0’>
+ EW_BN‘LmNn—ff ||qu,so+U

For the splitting below which follows from the foregoing results we refer to (6.45) in [35]. Consider
the linear operator Leyt defined by

Lext = Dn + E%Xt + e@n + Qn; (591)

~

where, for any (¢,7,@,a) € T? x R? x H$ x R?

L Dinyd — Kaol9)T — K], ()@ — L] (p)a
Dn[¢7 , W, Oé] = N D(n)@\—i_ B(Sp)a y (592)
Lw,n{l} - 89 [Kll(SD)ﬂ - L;(@)a]

0
E (9,5, @, 0] := [DGo(uo(9))] 1 0,2(0)¢ = | Rio(¢)7 + Ro1()@
0
0
+ | A (0) [Kao ()T + Ky (9)T] | (5.93)
0
~ Doy
P67, w,0] == [ D7+ A" (0)[Kao(p)y + K (9)@] | (5.94)
0
~ 0
Dn)¢, Y, w, 0] == 0 (5.95)
R, [10]
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Then, the operator ey is defined on the whole set O and when it is restricted to the Cantor set G,
it coincides with the conjugated linearized operator obtained in (5.69)), that is,

Lext = [DGo(ug)] " di.oF (i0, a0) DGo(ug) in Gp. (5.96)

In the next result, we give some useful estimates for the different terms appearing in Leyt needed to
obtain good tame estimates for the approximate inverse.

Proposition 5.3. Let (v,q,d, Tl,so,ug) satisfy (4.1] . and m and assume the conditions ((5.61))
and - Then, denoting v = (gb,y,w Q), the following assertions hold true.

(i) The operator EE satisfies the estimate

v,0
so+o*

B 15

4,50 ~

(i) The operator 2 satisfies the estimate

¥,0
q,80+o+

¥ >0, [ Za[l50 S N (9

q,50 ~~

q 80+0+b ‘ Hq,so-i-a)
(iii) The operator 2,, satisfies the estimate
Ve (0.5l 12:913 < Nty (19178 010 + o1 21007 o 1817 )
P D q,50 ~ q,50+b+0o q,80+b+0 q,50+0
+ EﬁigNuzN £ H AHq so+o°

n+1

(iv) There exists a family of operators ([Dn];clt)n such that for all g := (g1,92,93) satisfying the
reversibility property

g1(@) =g1(=9), g2(¢) = —g2(—¢), g3(p) = —(FLg3)(—¢),

the function [D,]Lg satisfies the estimate

q,80+0)

— @]
Vse [807 S]? ||[Dn]ex%:g“g,s 5 (||g| q,s+cr + ||J0| q, s+o

and for all (\,w) € Gy, one has
Dy, D)oy = Id.

Proof. (i) The estimate of ES is obtained from (5.93)), Lemmal5.3] Lemmal4.1} (iv) and Lemma [5.5} (ii).
(ii) From (5.94)), Lemma [5.6} (iii), Lemma [4.1} (iv), Lemma [5.5} (i), Lemma [5.3} (i) we obtain the esti-

mate on &,

(iii) It is a consequence of (5.95)) and Proposition
(iv) The proof can be found in [35, Prop. 6.3] and for the sake of completeness we shall sketch the

main ideas. We intend to look for an exact inverse of D, by solving the system

. g1
Dnlo,y,w,0]l = | g2 | (5.97)
g3

where (g1, g2, g3) satisfy the reversibility property
91(P) =g1(=¢), g2(p) =—g2(=¢), g3(p) = —(Lg3)(—¢), (5.98)

with . being the involution defined in (2.26)). Note that in view of (5.92), the system (5.97) writes
Dnyd = g1 + [Kao() + K] ()@ + L] ()8
D)y = g2 —B(p)a (5.99)
Lun® = g3 + 09[K11(9)y — L ()al.
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We first consider the second action-component equation in ([5.99)), namely

Dy = 92 — B(p)a.
In view of (5.98), (5.70) and (5.77), g2 and B are odd in the variable ¢. Thus, the @-average of
the right hand side of this equation is zero. Then, by Lemma [5.6}(iv) its solution in the Cantor
set DCy;, (v, 71) is given by
7 = [Dim)loxt (92 — B(9)@) - (5.100)
Then we turn to the third normal-component equation in ([5.99)), namely
Lua® = g3 + 35[Ki1()7 — Lg (p)a).

By Proposition this equation admits as a solution

@ = Tun (g3 + 0a[Ki1(p)7 — Lg (9)a]) . (5.101)
Finally, we solve the first angle-equation in (5.99)), which, substituting (5.100)), (5.101]), becomes
Dinyd = g1 + Mi(9)a + Ma(¢)g2 + Ms(¢)gs, (5.102)
where
Mi(p) = Li () = Ma()B(p) = M3(¢)9pLs (¢), (5.103)
Ms(p) := Kao () [Diny et + K1 (9)TeonP9K11 (9) [Pyt » (5.104)
Ms(p) = K1 (9)Tuon - (5.105)

To solve the equation (5.102]) we choose @ such that the right hand side has zero y-average. Notice

that Lemma [5.3] (5.61)), (5.89) and Lemma [5.6}(ii) imply
Vs € s0,8],  1Magall g + I Magslly: S e (Nlgl3E o laly o) - (5.106)

By Lemma (iii), (5.61)), the ¢-averaged matrix is (M;) = Id + O(ey~!). Therefore, for ey~! small
enough, (M) is invertible and (M;)~! =1Id + O(ey~!). We thus define

q,s-l—a + ||J0

@ = (M) ((91) + (Ma2g2) + (Mzgz)) . (5.107)

Remark that a satisfies
HOéH”(9 < Nl soso (5.108)
Coming back to and using ([5.108 , - together with Lemma (iv) and Lemma (iv),

we obtain
O
vselso, 8l 7139 77 (g7 0., (5.109)

Putting together (5.101), (5.89), Lemma [5.3}(iii), (5.108)), (|5.109|) and ([5.61]), one should get, up to
redefine the value of o,

vs e [s0. 8] 18130 S 97 (gl + 130l3S ool ) - (5.110)
With the choice (5.107)) of &, the equation ([5.102]) admits as a solution
¢ = [Dinylaxt (91 + M1(9)@ + Ma(p)g2 + Ms(p)gs) - (5.111)

Putting together (5.111)), Lemma [5.6}(ii), (5.108) and (5.106), one obtains

,O
Vs € [807‘5’]’ H¢||3,s 5 (Hqu,s—i—a q,s—i—o-”qu,so—i-o) : (5112)

In conclusion, we have obtained a solution (&ﬁ\, 7, W, Q) := [Dy] 49 of the linear system (5.97) satisfying
in virtue of (5.108]), (5.112)), (5.110) and (5.109),

Ve lsn ) IDAslaly S 77 (

q,8 ~v

q,s+cr + HJO‘ q, s+a||g| qso+a> :

Notice that the relation
D, D)ot =1d in G,

is a direct consequence of ([5.86) and (5.90)). O
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The last point is to prove that the operator
To := To(io) := (DGo)(ug) o D]k o (DGo)(up) ™" (5.113)
is an approximate right inverse for d; oF (io, o).

Theorem 5.1 (Approximate inverse). Let (v, q,d, T1, T2, So, Sh, 2, S) satisfy (4.1)), (4.2), (6.244]) and
@D. Then there exists ¢ = o(71,T2,d,q) > 0 such that if the smallness conditions (5.61)) and

5.88) hold, then the operator Ty defined in (5.113|) is reversible and satisfies for all g = (g1, 92,93),

with (.98),

@
Vs € [s0,5], [ Togllys < ( q,s+a+HJonnglquOw). (5.114)

Moreover Tq is an almost-approzimate right inverse of d; oF (io, o) in the Cantor set G,. More
precisely, for all (A\,w) € G,, one has

di.oFlio) o To —I1d = €™ + &l + g{" (5.115)

where the operators 51(n)7 52(71) and Sén) are defined in the set O with the estimates

H5 20 <y Y F o, a0 19 Sllall TS o, (5.116)

Vb >0, O < 7IN- (\\g\q80+b+a+6]\Jo\ 50+b+0}|g\q750+0), (5.117)
vbe0.5), & glGS S Nt ( H R 2 OO 1 iy

+ey 79 (5.118)

Proof. The estimate ([5.114)) is a consequence of ((5.113)), Proposition(iv) and Lemma(i). Then,
according to (5.91) and (5.96)), in the Cantor set G,, we have the decomposition

d; o F (i0, 09) = DGo(ug) © Lext © D[Go(ug)] ™
— DGy (ug) o Dy, © D[Go(wo)] ™" + DGo(ug) 0 B o [Go (uo)] "
+ DGo(ug) © P 0 [Go(ug)] ™" + DGo(up) 0 2y, 0 [Golug)] ™.
By applying Ty, defined in (5.113)), to the last identity we get for all (A\,w) € G,
di,a]:(i(), Oéo) o To — Id = gl(n) + 52(11) + 5:5”),
with
an) := DGyo(ug) o & o [Go(up)] ™" o T,
gén) = DGo(uO) o P, o [éo(uo)]il oTy,
£ = DGo(up) 0 2, o [Go(ug)] ™" o To.

The estimates on El(n), S(n) and 5( ") come from (5.114]), Proposition and Lemma (1)

6 Reduction of the linearized operator in the normal directions

In this section, we fix a torus ig = (U, lo, 20) close to the flat one and satisfying the reversibility

condition , that is
Yo(—p) = =do(p), To(—p) =Io(p), z0(—¢) = (F20)(¥). (6.1)

As in the previous section, we denote Jo(p) = ig(¢) — (p,0,0). Our main goal here is to explore the
invertibility of the operator

L, = L(io) = Mg, (w - 9, — 9pKoa(p)) Ig, (6.2)
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defined through and with the suitable tame estimates for the inverse. For a precise
statement we refer to Proposition Notice that this operator will be described as a quasilinear
perturbation of the diagonal operator stated in Lemma and we expect that suitable standard
reductions can be performed to conjugate it to a diagonal one provided that the exterior parameters
are subject to live in a Cantor set allowing to prevent resonances. For this aim, we shall implement
with suitable adaptions the strategy developed in the works [4, [I4]. We distinguish two long reduc-
tion steps. First, we perform a quasi-periodic change of variables such that in the new coordinates
system the transport part is straightened to a constant coefficient operator. The construction of this
transformation is based on a KAM reducibility procedure as in [26]. The outcome of this first step is
a new operator whose positive part is diagonal with a small nonlocal perturbation of order —1. Then
the second step consists in applying KAM scheme in order to reduce the remainder and conjugate the
resulting operator from step 1 into a diagonal one up to small errors. The proof follows basically a
common procedure that can be found for instance in [I0]. We point out that our results differ slightly
from the preceding ones in [4, [14], especially at the level of Cantor sets which are constructed over
the final targets.

We shall use throughout the proofs some frequency cut-offs with respect to the sequence defined in
, with Ny a constant needed to be large enough. In the current section, the numbers Ny > 2
and v € (0,1) are a priori free parameters, but during the Nash-Moser scheme, see Proposition
they will be adjusted with respect to € according to the relations

No=~"! and ~y=¢&% forsomea>0.
We shall set the following parameters required along the different reductions that we intend to perform,

S;i=80+Tiq+ T+ 2, [y:=4119+ 6711+ 3,
5= s+ T2q + T, Sh= S+ s+ 1,

supplemented with the assumptions (4.1]) and (4.2)).

(6.3)

6.1 Localization on the normal directions

According to Theorem the construction of an approximate inverse for d; F (g, ) is based on
Proposition dealing with finding an approximate right inverse for the operator Ew. This program
will be achieved along several steps and in the first one we shall describe its asymptotic structure
around the linearized operator at the equilibrium state described in Lemma More precisely, we
shall prove the following result.

Proposition 6.1. Let (v, q,d, so) satisfy (4.1). Then the operator L, defined in (6.2)) takes the form
Lo=Tg (Lep — RIS, Loy =w -y + g (Var) — gLy,
where Vg, and Lg, are defined in Lemma and from (5.13) we have

() = A(Yo(e), To(#), 20(p))
=v(Yo(¢), lo(p)) + 20(¢),

supplemented with the reversibility assumption
T’(A,w,—@, _9> = 74()‘7(*)7807 9) (64)

Moreover, R is an integral operator in the sense of the Definition [£.3] whose kernel J satisfies the
symmetry property

J()‘7w7 —¥, _97 _77) = J()‘v w, v, 07 77) (65)

and under the assumption
~ ,O
1T0llgise <1, (6.6)

we have for all s > sg,
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(i) The function r satisfies the estimates,

171135 (6.7)

and
[A1r]3:0 < [l Avill3S ]m‘dX 1951175 (6.8)

(i) The kernel J satisfies the following estimates for all £ € N,
sup 1DT) (s oo+ ITE S 1+ 130075 50 (6.9)
ne
and
5,0

sup ||A12(85J>(*7 e+ ')Hg:so 5 HAl?ZHq s+3+4 + HA12Z||750+3 maX HJJ q, s+3+€ (6'10)

neT

Here *,-,. stand for (\,w), ¢, 0, respectively and To(¢) = i¢(v) — (,0,0). In addition, for any
function f, Aiof := f(i1) — f(ia) refers for the difference of f taken at two different states i

and 19 satisfying .

Proof. To alleviate the notation we shall at several stages of the proof remove the dependence of the
involved funct/i\ons/ operators with respect to (A\,w) and keep it when we deem it relevant. Recall that
the operator L, is defined in (6.2]). To describe Koa(p) we follow [4, 14]. First, we observe from (/5.72))

and (5.22)) that

KO2(‘P> = L()‘) + 8awvw(,13(5(7;0(90» + 573(90)7

with
R(p) = Ri(p) + Ra(p) + Ra(p),
where
Ri(¢) := Ly (9)0rV Pe(io(9)) La(p),
Ra(p) := Ly (£)0:V Pe(io(p)),
R3(p) := 0rV.Pe(io(p))La(ep).

As we shall see, all the operators Ri(¢), Ra(¢) and R3(¢) have a finite-dimensional rank. This
property is obvious for the operator La(y) defined in ([5.65)), which sends in view of (5.62) the space
Hf to R? and therefore for any p € H | we write

d d
- Z<L2(¢)[ ) €k Rde Z P L2 LQ(T) Ck>
k=1

k=1

with (e;,)¢_; being the canonical basis of R?. Hence

Z {p, Ly (¢ el o Ar(@ler]  with  Ai(p) = Lj (9)0rViPe(io()),
= Z <p, L;(SO) [Qk]>L2(T)A3(‘P) [ with  A3(p) = 0rV.P:(io(¥))-

In a similar way, by setting Aa(¢) := 0,V P:(io(p)) : H] — R?, then we may write
d
Z ﬂ, A2 ek}>L2 (T)L; (90) [Qk]
k=1
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Define
9k 1(2,0) = gr3(0,0) = Xr2(2,0) = Ly (9)[ex](0),  gr2(p,0) := A3 ()[ex] (6)
and

Xk,l(%e) = A1(p)[ex](0), Xk, 3(p, 0) == As(p)[e] (0),

then we can see that the operator R takes the integral form

Z Z ) it (05°)) 2(m) X o (0, 0)

k'=1k=1

= /Tp(% n)J (e, 0,n)dn,
with

J(i0,6,m) Zzgw @)X (9, 0).

k'=1k=1

Now we remark that by construction g/, X € H{ with

(@] ~,0
Hgk,k’ gs + HXk,k’H < 1+ ||J0Hq 543

and straightforward computations yield

1117,0 =1117,0
||digk:,k"[7f] gs + ”lekJﬂ’[fL” g,s S H ||q s+2 + HJOH S+4|| |q,sg+2

On the other hand, one has from direct computations that

3 d
VEEN, (950)(@,0,n+60) =D > grr (0,0 +0)(xrn) (2, 0).
k'=1k=1

Hence, we may combine (6.11]) with Lemma [4.1}(iv) and allowing to get

Y4 o ,O
S]'E]‘IT)||(80J)(*"7'777+ ;/s S Z ZHgk kUK, ,77—|— )H ”Xk,k’(*a'a')|g730+g
n

k'=1k=1
3 d
,0O
+ 2 Dl G+ T Ik G2 ) 157
k'=1k=1
S1+ HJOHq s+3+0

where we have used the interpolation inequality: for s > sg

o ,0 ,O ,0
Hgk,k'(*7 Sy ')‘ ZIY:S ”Xk,k’(*; ) ') g,so+e S ||gk,k’(*7 S/ ')’ 7s+€HXk k’(*? ) ')’ ’qy,SO
,O

I grp (5 m + Dl gsaler (6 )7y

In addition, to estimate the difference we simply write

3

d
VEEN, Aup(@§ ). 0,n+0) =D > Aagrw(p,n+0)((xkw)r) (@, 0)
k'=1k=1

3 d

30 Gkt )ra (01 + 0) (D120 x4 ) (10, ).
k=1 k=1

/I —
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By applying the mean value theorem combined with (6.12) and combined with interpolation
inequalities

3 d
sup HA12<8£J>(*7'7'7”+ g’? ,S Z Z HAIZ.gk k’ *, 777+

0
o5 e G+, -)Hq,so+e

" k'=1k=1

,0
b3 S Wt o + I i e

k'=1k=1

d
,0
LI UVICRU P A ESBUECRD] Hett

k'=1k=1

3 d
0
+ Z Z Hgk,k'(*7 eI g,’g)HAHXk,k’(*v o) :IY,SO—I—Z
k'=1k=1

e
< HAIQZHq s+3+¢ + HAIQZH’Y,SOJ’-S maX ||j Hq s+3+4°

The symmetry property detailed in is a consequence of the deﬁnition of r and the reversibility
condition (6.1]) imposed on the torus 10- Consequently, putting together (5.6)) and ( gives

Koz(p) = LOVTIE, + 8, V. Pe(io()) + eR ()
= L\, + el1g, 0, V, P (A(io ()T, + R ()
= I, 0, V., He (Alio(9))IIE, + eR ()
= 114, 0,V H (e A(io ()1, + R ().

Recall from (5.13) that
r(p,-) = Alio(#)), (6.13)

then according to the general form of the linearized operator stated in Lemma [3.1] one has
—0p0,V H(er(p,")) = 0p (Ver) — OpLicr,
which implies in turn

—Koa(p) =TI, (0p (Ver+) — OpLiey) — eR (1)) 115 .

Plugging this identity into (6.2)) gives the desired result. Next, using (6.13)), (5.13)) and (5.59), we
obtain

138 S oo, To)lI7:5 + 120135
S 1+ [30)10.
We shall now move to the proof of the bound . First, we observe from (5.13]) that

HAlzr”%O < |A12v(9, I)H + ”A12Z||

q,8 ~v

Therefore, Taylor Formula with (5.59) and law products allow to get

181200, D7 S 1Aw(L, 9137 + | Ara (1, 19)|qsgjrnzli“x||‘jj”q,s ,
which implies that
[ALr|[7E < 1Al + ||A12ZHqso max HJJH
This achieves the proof of Proposition O
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6.2 Reduction of order 1

In this section, we perform the reduction of the transport part of the linearized operator L., described
in Proposition More precisely, we conjugate the operator L. by a quasi-periodic symplectic
change of variables % leading to a transport part with constant coefficients depending only on the
torus g and the parameters €, A and w. To get a precise information on the remainder, which is of
order —1 in 6, we need to describe the action of this conjugation on the nonlocal term using the kernel
structure rather than pseudo-differential theory. The reduction to a constant coefficient operator is
based on KAM scheme through the construction of successive quasi-periodic symplectic change of
coordinates. This will be implemented in the same spirit of [13] [26]. Here we need to extend their
construction to the framework of of symplectic change of coordinates with C'? regularity. We point
out that similar results with slight variations have been established in [7, 13] in a non-symplectic
framework.

6.2.1 Reduction of the transport part

Before stating our result, we need to introduce some transformations. Let 8 : O x T4t — T be a

smooth function such that sup ||3(s, -, +)||Lip < 1 then the map
neo

(¢, 0) € T = (9.0 + Blu. ,0)) € T
is a diffeomorphism and its inverse takes the form

(9.6) € T 1 (0,0 + By, 0,6)) € TH.
The relation between 5 and B is described through,

y =0+ B, p,0) <= 0=y + B, o, y). (6.14)

Now we define the operators
B = (1+09B)B, (6.15)

with
Bp(p,¢,0) = p(p, .0 + B(u, ¢, 0)).

Direct computations show that the inverse ! keeps the same form, that is,

B p(, 0,y) = (1 + 0,81, y))p(u, 0.y + B 0,y)) (6.16)

and R
B~ o, 0,y) = p(p, 0,y + B, ¢, 9)).

We shall now give some elementary algebraic properties for B! and #*! which can be checked by
straightforward computations.

Lemma 6.1. The following assertions hold true.

(i) The action of =1 on the derivative is given by
P09 = 0B
(i) The conjugation of the transport operator by A keeps the same structure
@—1@ 0y + 0 (V (0, 0) - ))@ = w0+ 0,(¥(0,0) - ),

with
V(poy) = B (w- 0,8(p.6) + V(. 0)(1+ 2iB(.0)) ).
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(iii) Denote by %* the L3(T)-adjoint of B, then

B =B and B =%

Now we shall state the following result proved in [26] for ¢ = 1 and which can be obtained by
induction for a general ¢ € N* up to slight modifications. We also refer to [13, (A.2)].

Lemma 6.2. Let (q,dv,so) as in (4.1)). Let 5 € WY (O,HOO(']I‘dH)) such that

1811752, < €0, (6.17)

with €9 small enough. Then the following assertions hold true.

(i) The linear operators B, % : W7 (0O, H*(T41)) — WY (O, H5(T1)) are continuous and
invertible, with

Vs >0, [BTolyd <lellgd (1 +ClBIRS) +ClBladlelge (6.18)

and
Vs > s0, B 0l710 < ol (1 +ClBILD) + ClBIT AN LS. (6.19)

(i) The functions 8 and B are linked through
Vs > 50, |18 < CIBIZY. (6.20)
(iii) Let B1,Bo € WP (O, H®(T4)) satisfying (6.17). If we denote
ApB=p1—p and Apf=p— b,

then they are linked through

Vs> 50, [ABIIC <C ( O+ 18815 max H@H%H) (6.21)

Proof. (i)-(ii) For (6.18) and (6.20)), we refer to [13 (A.2)] and [26, Lem. A.3.]. The estimate (6.19)

is obtained from ([6.18) and law product in Lemma
(iii) One has by Taylor Formula

A12B(y) = Bi(y) — Ba(y)
= Baly + Ba(y)) — Buly + Br(y))

o~ o~ 1 o~ o~
— _ApBy + Bay) - ABy) /0 B0B1(y + Br(y) — tA1B(y))dt

Hence
—~ _B-lA
AiBly) = BEAW iy / 09B1(y + i (v) — tA12B(v)) .
By composition estimate in Lemma [4.I] one has
7,0 o
|| st+ee.

)

Thus, applying the law product in Lemma implies

18128]13:8 5 ( 2 1B AwBlgg + (L+17115:6) 1By Azl
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Using (6-18), (6:20) and (6.17) yields

185 A12Bl70 < O( +1313:9) + 1Bl 218028113
+Hb’2l OHAuBHqSO
O+ 1821321812813
and
1713 S 18] q,sﬂ (1+ 18RS + 1208178 + ( POV IR

< ||181|| ,5+1 + ||A12/8|| OHﬁl”q so+1°
Putting together the foregoing estimates gives
o) (9
1802817 < € (1+ 1A% + 18128132 18:175:1) 1+ 18:0179) 14128179
+C (118170, + ummngﬁ||51||q,30+1) (180817 + 1813 180813S) - (6:22)
From the triangle inequality, (6.20) and (6.17]), one has

||A12/3||q 50 < ”61| qso + Hﬂ?| qso

< ||51| q,50 + ||62||q S0
< 280.

From Sobolev embeddings we infer that

5,0
q,230 < €o-

max [|8;]3% 41 < max, 155l

je{1,2} je{1,2
Thus, by choosing £p small enough, we can ensure
ClARBILCIB S 1 (L+ 1B20179) 18128117 < *||A125H

Inserting this term into the left hand side in (6.22)) and using Sobolev embeddings, we find

1ALBIIC < C <||A125|

¥,0
so H%?‘);} ”BJ q,s+1>
This ends the proof of Lemma O

Now we shall state the main result of this section concerning the reduction of the transport part
of the linearized operator L.,.

Proposition 6.2. Let (v,q,d, 1, So, S, S, Sh, fig) satisfy (4.1] ., and . Let v € (0, q+2:| We

set
01 =80+ T11q + 211 + 4. (6.23)

For any (p2,p, sp) satisfying
3
po = iy i=41q+671 +3, p=0, s, >max <2u2 +s+1,5,+ p) , (6.24)

there exists g > 0 such that if

ey INF? <eg and  ||T379,,. <1, (6.25)

q,Spto1

there exist
cip EWT®T(O,R) and Be (| W0, HS,)
s€[s0,9]

such that with B defined in (6.15)) one gets the following results.
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(i) The function c;, satisfies the following estimate,

i £, (6.26)
where Vy is defined in Lemma

(ii) The transformations B+', B!, 3 and E satisfy the following estimates for all s € [sg, S]

+ + -
1B 0172 + 1B 01220 S Mlolls + ev 13011y o 1011750 (6.27)
and
2170 ,O
1B13€ S 18138 S v (14 130355, ) - (6.28)
(iii) Let n € N, then in the truncated Cantor set
. . 4~V (4
o= 1 {oweo st |w e > 5L,
(1.) €2 X Z\{(0,0)}
I<Nn

we have

%’*1(w -0y —i—@g(VgT . ))% =w -0y + ciyOp +E2,

with EY = EY(\,w, i) a linear operator satisfying

(@
||E p”gso SJ ENﬂgNn—&l—leHp q,so+2 (629)
(iv) Given two tori iy and iy both satisfying (6.25)), we have
@]
’y S €||A12Z”q 5h+2 (630)
and
-1
‘ qsthp + ||A12/B||q Sp+p ~ E’Y HAlzz”q Sp+ptor” (631)
Before giving the proof, some remarks are in order.
Remark 6.1. o The final Cantor set O (io) is constructed over the limit coefficient c;, but it

is still truncated in the time frequency, that is |l| < Ny, leading to a residual remainder with
enough decay. This induces a suitable stability property that is crucial during the Nash-Moser
scheme achieved with the nonlinear functional.

e Notice that, since 4v° = ~, then looking at j = 0 we find that the C’antor set 0L (o) is
contained in the Diophantine Cantor set (Ao, A1) x DCn,, (v, 71) introduced in (5.79).

o The parameter v is introduced for technical reasons appearing later in the measure estimates of

the final Cantor set and it will be fixed in (|7.64)).

e The constant 4 used in the definition of the Cantor set O}, (i) is useful to ensure the inclusion
of this set in all the Cantor sets built in the KAM procedure (see in the proof below) and
also to establish some inclusions related to the final Cantor set (see the proof of Lemma .

o We emphasize here that the functions B and E are odd in the sense

5()\5‘*‘)7 2 _9) = _ﬁ(Avc‘% 2 9) and B\(Avc‘% —¥, _9) = _B()\a w, P, 0) (632)

which will be crucial later to get the Toeplitz structure of the new remainder term emerging after
this reduction.
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Proof. Since we are looking at a state near the disc, we can split V, defined by (3.1)) according to

Var()"@a 0) = VO(A) +f0()"90’0)’ (633)

with fy being a perturbation term of small size. We refer to for a more precise quantification
of this smallness. The proof is an iteration process introducing at each step a linear quasi-periodic
symplectic change of coordinates. This transformation is linked to the remainder term of the previous
step. Roughly speaking, if the latter is of size €, then we choose the change of coordinates in such a way
that we extract the main diagonal part of the previous remainder and keep a new perturbation term
of size 2. The choice of the transformation is done through the resolution of an homological equation
requiring non-resonance conditions capted by a suitable selection of the parameters of the system.
Thus, by iteration, we can construct a final Cantor set gathering all the parameters restrictions of all
steps in which we completely reduced the transport operator into a constant coefficient one. We shall
now explain a typical step of the procedure Later, we shall implement the scheme.

(1)-(ii) » KAM step. Let us consider a transport operator in the form,

uw@,-k@g(‘/-f-f)
for suitable parameters (\,w) that belong to a subset O7 C O, where O is the ambient set and
V=V(A\w) and [f=f(\w,ep,0),
where f enjoys the following symmetry condition

f(Aawa —¥, _‘9) = f()‘a W, P, 9) (634)

To alleviate the notations we shall use during the proof the variable p := (A\,w). We consider a
symplectic quasi-periodic change of coordinates close to the identity taking the form

Gp(p,,0) = (14 eg(1,0,0))Gp(p, ¢, 0) (6.35)
= (14 pg(p, 0,0)) p(1, 0,0 + g(p, 0,0)), '

where g : O x T — R is a small which will be later linked to f. Then, by using Lemma we can
write for any N > 2

g—l(w-a@+ag(v+f))g:w-aﬁagg—l (V—l—w-Qog—i—V@gg—i—HNf—i—H]lVf—i—f@gg). (6.36)

Recall that the projections Il are defined in (4.4]). The basic idea is to obtain after this transformation
a new transport operator in the form

g_l(w-ag,—l—ag(‘/—l—f))g:w-6@+39(V+—|—f+), (6.37)

where

V—‘r = V—i-(lu’) and f+ = f+(ﬂ7¢70)’

with fi quadratically smaller than f. In order to get rid of the terms wich are not small of quadratic
in f, then, in view of (6.36)), we shall select g solving the following homological equation

w-0pg+ Vg +1INf = (f)eo, (6.38)

where

(Foop) = /T » F (s 0, 0)depds.

To find a solution to the homological equation (6.38)), we use Fourier decomposition and look for g in
the form

o 0) =1 Y e, (6-39)

(1,5)€zd+1\ {0}
(Li)<N
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The denominators appearing in the Fourier decomposition of ¢ may be small and generate problems
in the convergence of the series in for large N. This is a well-knonw phenomenon in KAM
theory called ”small divisors problem”. To overcome this difficulty, one has to avoid the resonances
and, following the ideas of Kolmogorov, we introduce Diophantine conditions gathered in the following
Cantor set

O] = ﬂ {,u =\ w) €Ol st |w-l+V(p)|> 7U<j>} . (6.40)

(1,5)€zd+1\{o}
(LI)KN

Such a selection of the external parameters allows us to control the size of the denominators in .
As we shall see in , the quantification of this control, linked to the parameters v and 71, allows to
get suitable estimates for g with some loss of regularity uniform with respect to N. Before performing
this estmate, we shall first construct an extension of g to the whole set O. In what follows, we still
denote ¢ this extension. This is done by extending the Fourier coefficients of ¢ using the cut-off
function x defined in . More precisely, we define

X\ (@ 5V () (7 () )™
g5 (p) =1 ( ) )fz,j(u) (6.41)
= g1, (1) f1,5 (1)
Notice that the extension ¢ is a solution to (6.38) only when the parameters are restricted to the
Cantor set (91. Then, we define

Ve=V+(floo and fr=G "(TIxf+ fopg),

so that in restriction to the Cantor set OJ, the identity (6.37) holds. Remark that V} and fy are
well-defined in the whole set of parameters O and the function g is smooth since it is generated by a
finite number of frequencies. According to (6.34), we obtain that g is odd. As a consequence,

g € [\ W= (0, HE,y). (6.42)

s=>0

Our next task is to estimate the Fourier coefficients g; ; defined by (6.41). Notice that we can write
them in the following form

g () = taXla Ay (), X(x) = X2 (6.43)
Apj(p) == w143V (), ay; = @G)"H)™.

Since ¥ is C*° with bounded derivatives and X(0) = 0, then applying Lemma [4.1}(vi), we obtain

—~ 17,0 0 —1 r—1
va e [0.al. Ngisly° S af A0 (1+af; Auli<lo))-

Direct computations lead to

V(l,j) € Z, Va e N*' ol < ¢, sup |05 A(p)| S (1, j) max <1, sup \83‘/(#)\)
neo neo
Sy, )y max (1, [ V]17°) .

Assuming
IViI;e <c, (6.44)

we then obtain
g €0,q), Y(.5) €z, | Ayl5C S (Lg). (6.45)

Added to the fact that 0 < a;; < y7(I)™, we then find that

e €[0,q], llgizllyC Sy, jyma e (6.46)
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Our choice of v in Proposition implies in particular that

1

Therefore, we deduce from (6.41]) and Leibniz rule that for all & € N1 with |a| < ¢
o S Z Z 2|al— 2\B|}aa B ‘ flﬁ\‘agfu( )} ({, ]>2s 2|al

(1,5)€24+1\{(0,0)} BeNd+1
(Li)KN B<a

~2ld |

839(”) ) ') ?.Is—

2
—~ 17,0
S XY (M) PNg fus P e
@ J>e%d+>1\{(o 0)} BEﬂNdH
Lj)SN
< > ST 22808 fi ()2, )2t mIBD),
(L)EZHI\{(0,0)} pend+!
LN B<a

As a consequence, by interverting the summation symbols, we find

,0
Hg‘ g,s S Y 1”HNf q,s—l—ﬁq—&-’rl (648)
Assume now that
10 < e (6.49)
Then added to (6.48) and Lemma (ii), we get
||g| qso C’y_lNqu—‘rﬁHqu sp X C150
On the other hand if we assume
(@]
1712 S & (1+ 190724
then (6.48) gives
-1
”g’ q,250+1 ~ ’7 Hf q,250—|—7'1q+71+1
-1
S &7 ( q,280+7'1q+71+2>
-1
5 ey ( q, sh+o'1) .
Notice that to obtain the last inequality we used the fact that (6.24]) and (6.23) imply
250+ 11g+ 711 +2 < s+ 0.
Using interpolation inequality and (6.25]), one gets for some 6 € (0,1).
1-6
9135 < (917:2)” (I9175%1)
< &p. (6.50)

Thus, taking 9 small enough, we can ensure the smallness condition in Lemma [6.2| and get that the
linear operator ¢ is invertible. Now, we introduce

u=TIy[ + fOpg.
By the triangle inequality, Lemma [4.1}(ii) and (6.48), we obtain for all s € [sg, S]

,O L (@] )
el < & £178 + (11139 71909172
L @] o @
< Ik s 75+COU$QMMHHWHWHﬂwﬁJ
< IT&S 7+ Cy NP nH 2
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Combined with Lemma [6.2] Lemma [4.1}(ii) and (6.49)), we get for all s € [sg, S]
17411575 = 167 @)llgy

,0
<Nl + ¢ (algC 13179 + 1313 1)
@ v,0
< lull3€ + (Il gy + gl q,so)
< IT& /7€ Foy imey 22

Using once again Lemma (ii), we find for S > 5> s > s

132 < N (A8 + Oy NPT F O 28 (6.51)

q,50

» KAM scheme. Let us now assume that we have constructed V,,, and f,,, well-defined in the whole
set of parameters O and satisfying the assumptions (6.44)) and (6.49)). We shall now construct the corre-
sponding quantity at the next order, namely V;,,+1 and f,,41, still satisfying (6.44]) and (6.49)). For this
aim, we shall implement the KAM step with (V, f, V4, f+, N) replaced by (Vin, fins Vi1, frt1s Nm)-
More precisely, we will shall prove by induction the existence of a sequence { Vi, fim }men such that

Sm(s1) < So(sn)NE2NZ2  and Oy (sn) < (2—m+1>50(sh) (6.52)
and
[Vall7€ <C and N6, (s0) < eo, (6.53)

with f,,, satisfying the following symmetry condition

fm(p, =, =0) = fm (1, 0, 0) (6.54)

and where we denote
Sm(s) =7 S -
Recall that the parameters s; and s;, were intruduced in @ and (6.24)).

> Initialization. We shall first check that the estimates (6.52)) and (6.53) are satisfied for m = 0. In
which case the functions Vj and fj are defined by (3.11)) and (6.33). By (5.48) and (6.7) we infer

So(s) = HIVer = Voll3¢
<€7 1” ||qs+1

Ser (14 130075%) - (6.55)

Thus, the notation (6.24) and the smallness condition (6.25) imply that

NéLQ(S()(Sh) < C&?o. (6.56)
In addition, by (6.4) and (3.3), we deduce that fy satisfies the following symmetry condition
f0(>‘7 —®, _9) = fO()‘v 2 9) (657)

We set O = O and consider Ny > 2. Our next task is to check that the assumptions (6.44) and -
are satisfied by Vy and fy. First recall that Vj is defined by

Vo) = Q+ Li(N) K1 (N).
Using the smooth regularity of (A.9), we obtain

Vo

o)
10 < (6.58)
Therefore, the required boundedness property (6.44) is satisfied with V' = V. Now by ([6.24)), we have

Wt = 119+ 11+ 2. (659)
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Hence, using (/6.56]), we obtain

FTINGETEY |10 = NJHET gy (sp)

q,50 0
T1q+T1+1—po 2
N, K Ng do(sp)

By taking Ny large enough we get
ONy' <1, (6.60)

so that
— 1
’Y 1N8'1Q+T1+ ||f0| g’,gg < &o.

Hence, the assumption is satisfied for f = fy. This ends the initialization step.

> [teration. let us now assume that we have constructed V,, and f,, enjoying the properties ,
(6.53) and (6.54). We shall see how to construct V41 and fr,41. According to the KAM step, we
consider a symplectic quasi-periodic change of variables ¥, taking the form

Gnp(1t,0,0) == (1 + Oogm (1, ¢, 0)) Gmp(, ¢, 0)
= (1+ Opgm (11,0, 0)) p(1, 0,0 + gm(p, ,0)),

with

. (W45 Vim (1) (77 (3)) ()™ (Lot
Gt 0,0) =1 Y d VT (g () 5439), (6.61)

(Lj)ezd+1\{o}
(L,5)<Nm

where x is the cut-off function introduced in (5.81)) and N,, is defined in ([5.82). As explained in the
KAM step, g, is well-defined on the whole set of parameters O and solves the homological equation

w - 8<pgm + vmaegm + HNmfm = <fm><p,0

when restricted to the Cantor set

o= {M:()\,w)eO% s.t. |w-z+jvm(u)}>7<giz>}. (6.62)
(L)€ze+1\{0}
(L,j)SNm

Hence, in the Cantor set O], 11, the following reduction holds

@1 (w 0y + Bp (Vi + fm))gm = w- D+ O (Vinst + Frnst),
with V41 and f,+1 defined by

{ Vint1 = Vin + <fm><p,9

frr1 = G (H]lvm f fmaegm) (6.63)

In view of (6.54)), the function f,, is even and therefore g,, is odd. Consequently, we deduce through
elementary manipulations that f,,,+1 is also even. This allows us to follow the symmetry persistence
along the scheme. Besides, in a similar way to (6.42]), one obtains

gm € [\ WO7(0, HS,,). (6.64)
s=>0

Now, we set
B 1=9%1=1d and VmeN, B, =%o0%o0..0%,.

One easily finds that

Bnp(11,0,0) = (14 0B (11, ,0)) Brnp(ps, 0, 0)
= (14 09Bm (1,0, 0)) p(1s 0,0 + B (1, 0,9)),
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where the sequence (8, )men is defined by 51 = g_; = 0 and

Bo=go and  Bulp, . 0) = Bu—1(k, 9. 0) + g (1, 0,0 + Bro—1(p1, 0, 0)). (6.65)
A trivial induction based on (/6.64)) yields
Bm € [\ WP™7(O, HE,). (6.66)
s=>0
According to Sobolev embeddings, (6.63) and the induction assumption (6.52)), we infer
Vin = Vo a 7€ = mab
H Jm—1 Hq 80

= ¥6m-1(s0)
< oo(sn)NE2N, 1. (6.67)

As a consequence, by using the triangle inequality, (6.56]) and choosing £y small enough we deduce

1Vanlly® < Vil + 400 (sn) NE N, 5
< [[VollZ© + vdo(sn) N§* (Z N #2>

< Vall3© + ZNE’“-
k=0

Now, remark that (6.24) implies in particular

po = T1q + 11 + 2.

Hence, by the induction hypothesis (6.52), (6.56]), (6.59) and (6.60)), we have

By (50) NTIHTIHL & 6 (5 ) N2 NTIHTUH L1
< eolVy !
< 0. (6.68)

Using (6.58)) and the previous estimate, we deduce that
sup || Vi HV <C and Gy, (so) NPT L g, (6.69)

meN

Thus, the KAM step applies and, in particular, the estimate becomes

Smi1(8) < N5756,,(3) + CNIITIHLS (5)6,m(s0). (6.70)
If we apply with s = s; and 5 = sp, we obtain

Smp1(s) < N8RS, (s1) + CNTTTIELS (51)8, (50)-
Using the induction assumption and the fact that s; > sg yields
Smr1(s1) < Nyt =*n8(sp) + ONPITTH(5,,(51))?

(2= 5ky) Nt do(sn) + ONGH2 NpaFm 120 gy s,

< 2NE5m 8y (sp) + CNGH2 N n+1=20 5, (5, ))2,
The conditions imply

h=Spe+s+1, and pe >2(rig+m+1)+ 1

N
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Also, using the fact that Ny > 2 and choosing €¢ small enough, we get in view of -,
4N, " <1 and 2CHy(sp)N§? <1
As a consequence, one has

Ng=sn SANEPN I and - ONGP2NJIOmH1-26280(s) < LNE2N, 42, (6.71)

which implies in turn

Smt1(s1) < 50(3h)N“2Nm/fl

This proves the first statement of the induction in and we now turn to the proof of the second
statement. Applying (6.70) with s =35 = 55, and and using the induction (6.52]), we get

Sm+1(sn) < Om(sn) (1+ ONZT 45, (s0))
S <2 - m+1) So(sn) (14 CNE2NEHI=1250(sp,))

Notice that if the condition

(2 - m+1) (14 CON§>Narmt1mm250(s,)) < 2 — i (6.72)

holds true, then
dm+1(sn) < (2 - m+2) do(sn),
which achieves the induction argument of (6.52)). Notice that (6.72)) is equivalent to

(2 - TH) CN(l)QNgzqurnHimeO(Sh) < (m+1)1(m+2)'

Using (6.59)), the preceding condition holds true if

CNSLQNT?Ll(SO(Sh) § m (673)

Since Ny > 2, then in view of (5.82] - ) there exists a small enough constant ¢y > 0 such that

1
Vm S N, CON m

Consequently, is ensured provided that
CN{"?d0(sn) < co. (6.74)
Choosing ¢p small enough and making use of , we obtain
CN§?60(sn) < Ceg
< ¢o-

Hence, the condition (6.74]) is satisfied and the proof of :6.52# is now achieved.
> Persistence of the regqularity. Putting together 16.70:, applied with s = s € [sp, 5], (6.52) and

(6.59), we infer

Om41(8) < Om(s) (1 + CN?;lq+rl+15m(So))
Sm(s) (1 + Co(sp)NL2 Npatnti-uz)
5

m(S) (1 + C’Nn_ll) )

INCININ

Gathering this estimate with (6.55)), implies, up to a trivial induction,

oo

Sm(s) < dols) [ (1+CNY)
k=0

60(8) (6.75)
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Then, ((6.48)), interpolation inequality in Lemma and (6.52)) give
||9m”:1y,’§9 < COom(s+71q+ 1)

< C (B(s0)" (Bunls + g+ 7+ 1)
< 50 (s1)8y "D (s + 71 + 11 + NG 2N Fwz,
with 0(s) := m. From (6.75)), (6.25) and (6.55)), we deduce

,0 -1 0 -9
lomll3€ < Cov™ (14 1300700 41) (14130175 rgmsn) No P2 N2

0(s —0(s
< Cey™ (1 + HJOHq s+T1q+T1+2> NO( )mNme( e, (6.76)
Using (6.65) and (6.18)), we get for all s € [sg, 5]
1Bl < 2 (L4 Cllgmll3:0) +C (L + 11Bm-1lI3:0) llgmlg:s- (6.77)
If we apply this estimate with s = sy and use Sobolev embeddings, we deduce

[ s)

The previous two expressions make appear recurrent relation for the welghted norms of the sequence
(Bm)m- To get good estimate for f,,, we shall make use the following result which is quite easy to
prove by induction : Given three positive sequences (an)nen, (bn)nen and (¢,)nen satisfying

q,80 < || Bm- I‘QSO (

VTLG<N} an+15§bnan_%cna

we have

n—1 n—2 n—1
Vn > 2, an<a0H5i+ch H bi +cn1

=0 k=0 i=k+1
n—1 n—1
< <a0 +3 ck> I % (6.78)
k=0 =0

o [ee]
In particular, if H b, and Z ¢, converge then
n=0 n=0

neN

sup a, < (ao + i cn) ﬁ b;. (6.79)
n=0 n=0

Since the conditions (6.24]) and (6.23]) imply

so+Tg+T +2< s, +01 and O(so)u2 = 1, (6.80)
then, from (6.76)) and (6.25]), we deduce

Hgm‘ @ SO < Cer N‘MQ (1 * HJO”Q So+7’1q+7'1+2) Nm (s0)us2
< CEQNrﬁl.

Choosing ¢ small enough to ensure Cey < 1, Ny sufficiently large to ensure Z N,;l < oo and we

m=0

can apply (6.79) together with the fact that 5y = go to obtain

sup || Bm 1750 < (IIBoIIq,SO + CZ IIQkIIq,SO) 1T (L +Cligells)
meN

k=0

<1+CZN )kHO (1+ N1

<C. (6.81)
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Hence the sequence (H ﬁm||g,’§?)> N is bounded and inserting this information in (6.77) gives for all
me

CES [SO,S]
1Bml3: < N1Bm-1llFS (1 + Cllgml3:5) + Cllgm 135

Similarly to what preceeds, if we apply (|6.79|) and (§6.76)), we infer

Slé%\\ﬁmlgj ( +CZH9k| >H(1+O||9k|qso)

k=0

_ 0 _
< 05’7_1 (1 + ||30] q, s+71q+71+2> (1 + Ng(s)“2 ZNk—@(S)m) .
k=0

From Lemma [A71] we get

_ o0 _
Vs € [SO,SL Ng(s)#2 ZNIC_G(S)u2 5 1
k=0

which implies in turn

Vs €[50, 8], sup 18l < Cev™ (14 130l Simgirisz)- (6.52)

meN

From the condition (6.3) we have s; = so + 11¢ + 71 + 2, and consequently we deduce from (/6.18)),

D). 638 and (652,

1B = Bn1 1752 < Cllgmlly s (14 18m-1175)
<

< Cllgml1 sz < Com(st)
< CNE2N#280(sp,). (6.83)

Applying once again Lemma, we deduce that

Z 18 — B 17S 5 < Co(sn)-

Hence there exists 3 € W%>7(O, H%0%2) such that

/Bm — ,6 (Strongly) in quoov’Y(O’HSoJr?)‘

m—ro0

By ([6.82) the sequence (53;,),,c is bounded in W°7(0, H?), then by a weak-compactness argument
we find that g € W2°7(O, H®). Using ((6.82), we obtain

Vs € [s0,5], 1817 <11m1nf||5mH

S“ e (1 - HJO 117s+7'1q+71+2> (6'84)

We then can consider the quasi-periodic symplectic change of variables % associated with S and
defined by

Bp(Aw, ¢, 0) = (1+ 0pB(\,w,9,0)) Bp(A,w,¢,0)
= (]- + 89ﬁ(A7UJ, @, 9)) p()‘u w, P, 0 + ﬁ(A7w7 28 0))

By (6.84)), (6.80) and (6.25]), we have

,0
18138 S & (14 130135 gims2) S 0 (6.85)

Proceeding as for ([6.50)), using interpolation (6.84)), (6.85)), (6.25)) and the fact that 2sg+71¢+71+3 <
sp + o1, one obtains

0
18llg250 < €0-
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Therefore, choosing ey small enough, we deduce in view of Lemmal6.2] that £ is an invertible operator.

Moreover, by (6.19)) and (6.84)), we get

12 ll3;

q,8 ~~v

+57_1“J0” s+T1q+7'1+3Hqu s0° (686)

In addition, by , and Sobolev embeddings (to get pointwise convergence), we find
Be [ W*™7(0,H,).
s€[s0,5]

We also have an estimate of the rate of convergence for the sequence (S,,)m towards S,

o

30+2 \ Z ||Bk+1 514?”(17504»2

< 0o (sp) N4 Z N "2, (6.87)
k=m+1
From Lemma one obtains
o0
kz N = O(NgH?). (6.88)
=m

Gathering (6.88), (6.87) and (6.55), we get

||B 5m| q, 80+2 N 750(8;1)]\7“2Nmi21

S eNE2N . (6.89)

» KAM conclusion

By (6.67)), we have

o o0
D Vi1 = Vinll3© < Ado(sn)NE? Y N2

m=0

< voo(sh).

We deduce that the sequence (Vi )men is convergent in W%>7(O, C) and let us denote by ¢;, its limit.
Moreover, we have by (6.88]), (6.55) and (6.25))

oo
llcio — Vb”g’o < Z [Vin1 — Vm”gp

m=0

S v0o(sn) S e (1 + ||J0Hqsh+l>
Se.

Now, we introduce the truncated Cantor set

o= () {r= €0 st fwel+ e > L),

(1,3) €24 xZ\{(0,0}
[1I<Nn

In what follows, we shall prove that the Cantor set O%}, (i) satisfies the inclusion

n+1
"/7'1
0L ﬂ o015, =04,

where the intermediate Cantor sets are defined in (6.62)). For this aim, we shall argue by induction.
We first remark that by construction OX(ip) C O =: O]. Now assume that OX7(ip) C O}, for

m < n and let us check that
OLT4(ig) C O 1. (6.90)
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Putting together (6.67) and - we infer

7,0

o0
Vi = cio 1779 < D 1 Vigr = Vill]

l=m

< voo(sn) Ny Z N,

l=m

< 700 (1) N N2, (6.91)

Given p € O (ig) and (1,5) € Z% x Z\ {(0,0)} such that 0 < |I| < N,,, we have then |I| < N,, and
by triangle 1nequahty,

|w‘l+jvm<:u’)‘>‘w'l+jczo( )| ‘]HV ( ) Cio(:u)‘
> T8 — C(j)yo0(s) N* Ny

> UL Oy Pen(l)THe.

Since ((6.24)) implies puo > 71, then taking gg < %, we deduce from the previous estimate
w1+ V()] > .

Consequently, p € O] 41 and the inclusion holds.
(iii) We can write for all n € N,

B w0+ 0p+ 0y (Vo + o) ) B = (7 = ,") (w0, + 05 (Vo + fo) ) B
+ B, (w05 + 00 (Vo + fo) ) (% — )
—i—%;l(w-ap—l-ag(%—l-fo))%
In view of and the definition of %,,, we have in the Cantor set OX7, (i)
@gl(w D+ Oy (Vo + fo))%n = w0+ 0 (Virs + far)-
Therefore, in the Cantor set O (io), the following decomposition holds
B (w By + 0y (Vo + fo) )@ = w0, + cig + E (io),
where
B (i0) i= (Va1 — i) O + 0 (far1) + (B = B0) (w0, + 0y (Vo + fo) ) 2
+ 57w 05+ 0y (Vo + o) ) (% — %)
=E) | +E)y+Eps+E,.

By the law products in Lemma (6.91) and (6.55]) we have

0O O
IED 1Pl15250 S Vst — cio g ||P||q,so+1
S 750(8h)NM2N MQHIOH(] so+1

n+1
N ENIQNTL—{-? Hp”q so+1°

From (6.52)) and since (6.3) implies in particular s; > so + 1, we obtain
@
HE 2pH’qY,7so S 7571-‘!-1(80 +1 Hp q,so+1

S Vdo(sh)Nﬂ2Nn—le Hqu so+1
SeNEN ol i (6.93)

(6.92)
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We now turn to the estimate of E?l’4. First remark that by the law products in Lemma we have

Hw ¢p+ Oy ( E?“p) ”q 50 < Hw asop 4,50 + ||89 ( 8T‘p) Hq,so
Sy sy (1 Varlis)

But combining (6.33]), (6.58]), (6.75)) and (6.25]), we obtain

IVrligze < IVOlI© + Lo Hqso
<C+Cey™ 1||J() q,so+1
<C.
Therefore, we get
leo - 00+ 0 (Verd) 132 S 191751 (6.94)
Putting together (6.94)), (6.86]) and (6.25)), gives
~,0
IER 4Pl S (2 — Bu)plly g1 (6.95)

Applying Taylor Formula, we may write

(B — Pn)p(0) = (1+ 0pB(0))p(0 + 5(0)) — (14 095n(0))p(0 + hn(0))
= (L+998(0)) [p(0 + B(0)) — p(0 + Bn(0))] + 99 (B — Bn) (0)p(6 + 5n(0))
= (14 995(0))(B = Bn)(0)-In(0) + 0o (5 — n)(0)Brp(6),

where
1
Fupl0) = /0 (B0p) (0 + Bu(8) + £(B(6) — Bu(6))) dt

Hence, we get by the law products, and (6.89))

||30 (6 - 5n) np

o S8 =Bl 50+2||pr|q,30+1 (1+ 183 51)

n+1 q so+1

Using the law products together with (6.89)), (6.81) and (6.85) we find

|1+ 208) (8 82)

v,0
Y,
p\mﬂ (11813 42) 18 = Bally 11213

X (14 18al7 s + 18 = Ball 70
S 6N“2Nn—f12 ”qu so+2°
Gathering the foregoing estimates leads to
H(‘% % )qusg-i-l S €NM2Nn—|I:L12HIOHqSO+2 (696)
Plugging into (6.95)) gives
,O
HE 4/)”’(;/80 g EN,UZNTL—&/—L]?HP q,30+2 (697)
Proceeding in a similar way as before using in particular the identity (6.16|) and (6.20) we find
O
IED 5ol S eNE2N, L2 ol oo (6.98)

Putting together (6.92)), (6.93)), (6.97), (6.98) allows to get

@
HE p”gso 5 eNuan—fprHq so+2°
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(iv) » Estimate of Ajs3. First notice that, since f_1 = 0, then

A1aB =" A1o(Bm — Bn-1). (6.99)

m=0

The triangle inequality allows us to write

121281175 Sntp S Z 1A12(Bm — Bm-1)ly; q5h+p (6.100)
According to Taylor Formula and (6.65)), we infer
A126m(0) = A128m—1(0) + (Bm—1)r (A129m)(0)

1
+ ArsBr(0) /0 (O6(g)ra) (0 + (Bun1)ra(6) + tA 125 —1(0)) .

Thus,
A12(Bm = Bm-1)(0) = (Bm—1)r (A129m)(0)
1
4 AvsBr 1 (6) /0 (D5(gr)ra) (0 + (Bro1)r(0) + tA 1251 (6) ) dt.

Consequently, using the law product in Lemma, Lemma [6.2] and Sobolev embeddings we obtain

1812(Bm = Brn-1)lIy 5,1 < 1A129ml 35 15 (L CllBrm—1)rs 13:59) + [ A129m 130 | (B 135 45

(@] ,O
+ C”A12/8m—l”g’so‘|(g7n)rz g,§h+p+1 ( + H(ﬂm 1)7“2Hq 80 + HAI?BM 1Hq so)
+ CHAIQ/Bm 1||q,so||(gm) q,30+1 (H(/Bm 1)7'2| qsh+p + HAlZBm 1| q, 5h+P>
,0
+C)|A12Bm1 15 o1 @m)rs [7eas1 (L4 [Bmt)r 1350 + [ Ar12Bm-135)

and for all s € [sg, 5, + p]

< NAL2gm 7€ (1 + Cll(Bm— 1)r1\q,50)+HA129qu50H(ﬁm 1)
+ BB [0 gm)ra 50 (14 )l
Ol IS a7 1 (1)l N3 110)

181281138 (14 Cllgm)rsll s (14 ||(5m Dl + Nz 13:9))-

Ts0)

Notice that (6.24]) implies in particular 5, + p + 719 + 71 + 3 < s, + 1. Therefore, using (6.76) and
(6.25)), we get

sup max <Ceyv 1+ max J
sup )3 0 < C7 (1 g 10013 gm0

< C. (6.101)
Notice that the previous estimate is sufficient to easily get rid of most of terms in the estimates of

A198m and A12(Bm — Bm—1), but not enough to make the series convergent. For this purpose,
we shall refine the estimates. By (6.76)), (6.24) and (6.25]), we have

0(sp+p+1)u2 0GR +p+1) 2
q78h+p+7'1q+‘r1 +3) N N

-1
s [ (gm)e o per < Cor™ (

< Cey ING (Sh+p+1)u2N O(Sn+p+1)p2 (6.102)
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Combining (6.82)) and -

-1
Sllép kHﬁX}H(ﬁm)rqu,swp < Cey ( + H‘l{?}é}n k’|Q75h+P+T1q+Tl+3>

<C. (6.103)

Hence, using (6.101)), (6.103)) and Sobolev embeddings, the previous two estimates can be reduced to

HAlQ(’B ’Bm 1)|qsh+p (HAngqu sh+p+ ||A12/Bm 1||qsh—l—pH(gm)Tqu,sh—‘rp—i-l) (6104)
1A128ml350 < ClA2gmll35 + [1A1265m- 1|q,so( +C||(gm)r2Hqso+1) (6.105)
and
18128175 15 < (\|A12gm||qsh+p+ 1A128m-111750 1 (grn ) qshﬂm)
0
+ 181281175 5 (14 Cllga)ra 750 41) - (6.106)

From (6.105)), using (6.79) and the fact that Sy = go, we deduce that

00
Sup ||A12/8m| qSO < (HA1290| 4,50 + Cz HAngk‘ q,so> H < + H gk 7”2’ q50+1>

k=0 k=0

Adding (6.102)), we obtain

Sup ||A12Bm| q,so

Similarly, (6.106), (6.79), (6.102]) and the previous estimate allow to get

SUP ||A12Bm||q Sh+p < q8h+P

Putting together the previous bounds, (6.104) and (6.102) gives

_ 1
1A12(Brm — Brn 1)Hq5h+p < ||A12gm”qsh+p tery lN 0(sh+p+ )“2N 0(sn+p+1)p2 Z ||A129k||qsh+p
k=0
(6.107)

Thus, the main delicate point is to estimate A12¢,,. First remark that according to and -,
we can make the splitting

g ,0) =1 > R (ani (A (1) (Arafm )i g (1)er

(L.g)ezd+1\{o}
(L5)<Nm

+1i Z az,jAm)?(al,jAl,j(M)) ((frm)ri )i ()er

(1,5)€zd+1\{o}

(L)Y <Nm
= Il + IQ.
Similarly to (6.48]), one obtains
H11HZ:§9 S IHHNmA12meq8+T1q+Tl (6.108)
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We shall now estimate the second term. Applying Taylor Formula, we get

1
L=i Y. a(Andy) /0 R (a0 [ 7400 (1) + (U= 7) (A ()] ) A7 (o) ey

(1,5)€zd+1\ {0}
(L,i)<Nm

= Z El,j(M)((fm)n)l,j(ﬂ)ez,j- (6.109)

(Lj)ezdti\(o}
(1,7)<Nm
Remark that direct computations yield
Vq/ € [[O’Q]]a HA12Al,j
Since that ¥ € C* with X'(0) = 0, then applying Lemma [4.1}(iv)-(vi) together with (6.45) and
(6.110), we get

Vq/ € [[O7Q]]7 ||hl,]

159 < L AVnllTC. (6.110)

79 < af || A Al

7€ (AR + 1AL 1)

_ /1
x (14 a7 (1AL (o) + (ALl =) )
< ,y*v(q’+2)<l,j>nq’+2n+q’+1HAIQVmHZ;O

By assumption in Proposition we have
v < L (6.111)
and using Leibniz rule, we deduce that
IT07° < v A2 Vil TN, (o) 1 ey g 1 (6.112)
Putting together and (| m, we obtain for all s > sg

] — -1 @
’qy,’s 5 Y lHHN Al?me’y,s—&-qu—‘rTl + Y HAlQV H% HHN (fm)Tl‘ q7s+7'1q+27'1+1 (6113)
SN Ava full3:0 4 7 NI A Vin |29 (fin) 1325

HA12gm

Therefore, estimating A12¢,, can be done through the estimate of Aysf;,. To do so, we shall argue by
induction. For that purpose, we shall consider a parameter p (which can depend on the parameter p,
see for instance (6.127))) satisfying the following constraint

Sh+p+3<sy,+or1. (6.114)
We denote
Um = HJNmfm + fmaé'gm-

Then, we can write

Ao fmi1 = (G ) Aot + (A12G,1) (tm) s
with
A127v’fm = HJ]\_fmA12fm + Almeaé(gm)rl + (fm)rgaéAmgm'

By the triangle inequality, we have for all s > sg
12 fm1llgs <G I Arzum 3 + [1(A12G5") ()1
Therefore, combining (6.18)), (6.20), (6.48) and Lemma [4.1}(ii), we get for all s > sg

(G A€ < A€ (1+ CI G 132 + OGN Arotim 1
< ||A12um| (1 + Cl/(gm)r q,so) +Cll(g m)r1| O||A12um||q,so
< 8raunl (14 €N a1 1)

F OV e (ol 131 A,

7.9, (6.115)

q,s
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Using (6.75)),(6.114]) and (6.25)), one gets

—1 1 Vs
7 sup ()0 < v (1 g 10039 00

<C. (6.116)

Therefore, from (6.52)) and (6.116)), we get for all s € [so, 5]

_ ,0
(G ) Arzum 35 < |

'ys(’) (1 + CNN2N7'1Q+7'1 Hz) 4 CNTl(H-Tl ||A12Um||q,so

At this level we need to give a suitable estimate for Ajsu,,. For this aim, we apply the law products
in Lemma ensuring that for all s > sg

<IN, Avafinlls + CHAnme 1186 (gm)ri 13250 + CHAlzmeZ,’gHae(gm)nHZ,’?
+ Cll(fm)rgllq,s 1A129ml17:60 + Cll(fm)ra 13250 1 A 1291525

Hence we deduce by (/6.48) and Lemma (ii),
HA12umHZ,’§9 < ||HlmA12fm| + Oy T ENDTTY Ay |29

H (fm)Tk Hq,so

ax
D3 pef1,2}
i ny_lNqu+Tl+1HA12fm| quo ax ||(fm)7“k| q,’s

+C kg?);} H (fm)rk H HAI?gqu 50 +C kr%?)é} H (fm)rk Hq,so HAngmH

Added to (6.113]), we finally obtain for all s > sq

1A 12|39 < TN, A2 finll7s + Cy T INZT Ao frn 727 maxx |[(fm)

Tk”q S0

ke{1,2}
+C’7_1Nqu+7—1+1||A12fm|qso Qnax }H(fm)rkllq,
C 2N7'1q+27'1+1 - ) 7,0 A Vm ¥,0
+Cy knﬁg}!!(f) kgﬁwf;}\\(f Jricllgso 1212Vl

Consequently, we find from , Lemmau (ii) and ( E,

| A st |76 < Njo—5~ p||A12fm||qs,ﬂrp + NP N 2602 (5) [ Ava |19
CN2M2N71q+27'1+1 2”251 2(8h)|’A12v ’ 'y,
and
|Aszunll7S 5 < NSl 5 (14 ONG2NRETHTR552(5) ) 4+ ONGe ™ F 160 ()| Ao funl 29

+ ONJ? N T2 2502 (50| A1 Vi ||,

where we use the notation

07() =7t max [1(fo)r 37

It follows from the preceding estimates that,

1G ) < CNRTT Argu |35
T T 2 +71)+1— 1,2
< CNso+ 1q+T71—5p— p”Alzmeqsh—l—p + CNHzN (T19+71) H25 (Sh)||A12fm so
+ CNglLZN?n’T'1‘I+3Tl+1—2,LL2(Sé 2(8h)HA12VmHg’ . (6.117)

In a similar way, direct computations yield

G Azt € o < (1 Ar2finl 1€ 45 (1+ Nt mF L N Ngqm“—méé,a(gh))

+ C (NSLQN%TIQ+TI)+1*EQ + N'rﬂ;%q—‘r’rl—‘rl) 6572(§h)||A12fm ~,0

)
q,50
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By a new use of Taylor Formula, we can write
1
(8120, ) (6) = D1252(6) [ Bo(tm)rs (6-+ (G501 6) + D127 (6) )
0

Applying Lemma and (6.48)), we deduce for all s > s

O <&, fnll 28 + CllfmllEN06gmlI TS + Cllfm 17 Bpguml| 32
< fmllas (1 4+ CNZEEHL £ 2:9)
< Clfml7C. (6.119)

Using once again the law products in Lemma combined with (6.18]) yield for all s > sq

_ 0 —~
1(A12G5") (wm)ra 179 < CllA2Gm 1351 () llg.so1 (1 + 1@m)r 1750 + 1212711550
70 0
+ Cllﬁlzgmllgsoll(um)mIIqu (1+ H(gnz)mllqs0 + 1| A12Gml1355)
+ CllAsagimlg.soll (m)r 130 11 (1@m)ra 35 + 11 A129m13) -

In view of (6.21]), (6.102)) and Sobolev embeddings, one gets for all s € [sg, Sy + p]

O 4 | Av2gml|)

0
q,so max ||(gm)rk||g,s+1>

A9 <
2uglif <o i

Putting together the previous estimates, (6.101)) and (6.20]) gives for all s € [sg, 53]
H(A12QT;1)(um)7~2 q,

Thus, by virtue of (6.113)), (6.119), we get for all s € [sg, 5]

O ~v,0
H(Um)m lg,s0+1 + CllA129m| 3,’50\\(um)r2\ qst1°

- ,O - T T , ,O
(812G ) (Um)rs 1728 < Cy N[ Ava frn 35 ;frfm}||(ﬁn)mc dso+1
1 + 7,0
+ C~ N4 Tl”Alem Sok {12}”(fm)rk q,5+1
-2 +271+1 ) 7,0
+ OV NGO AV 7 e (v [3500 s 1m0

Hence, (6.52]), (6.75]) and (6.116|) allow to get (since s; > sg + 1)

(212G, ) (1) < ONGENR 12602 (50) | Ava fonl I 50
4 CN02N2N77;L1Q+2T1+1 2M26(1)72(§h)”A12Vm”:;’0 (6.120)

and

+ CNqu+7151 2(sh +P+ 1)||A12fm 7,0

Q»SO

+ CNgzN;%qHTIH ”25372(% +p+ 1)HA12VmH3’O- (6.121)

Gathering (6.115]), (6.117)) and (6.120]) implies (since NP < 1)

Nso+7’1q+71 Sh ||A12fm| 7. 8h+P

+ ONGE NG TG0 ) | Az fn 76
+ CNgﬂzNgnanr?)nJrl 2u26é,2 (Eh)HAHVmHg’O- (6.122)

1180\
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In a similar war, we get in view of , and
1802t 79 15 < 1 Aa2fnl} oy (1 Nagriotm=mn® 4 ONJ2 NI 1402,
LC <N6LQN7YL(T1(1+T1)+1*EQ + NZ,}‘”TIH) 50 (Sh F P+ ]-)”A12fm||q50
+ ONP2NG IR 502 (5 4 B4 1) || A2 Vi 2. (6.123)
In the sequel, we shall use the following notations
Snl(s) =7 Awfmllgy and g, =y AwValg©.

Notice that
A1V = AaViy + (A2 fim)pe  andApVp = 0.
Then, by using Sobolev embeddings, we obtain

m—1
01 (s0). (6.124)
k=0

We shall now prove by induction that, for all p satisfying the condition (6.114]), we have
Vk<m, dr(so) < N()%Nk—ﬁ?y(gh +p) and (3, +P) < ( k+1> v(sp+p), (6.125)
with

v(s) := do(s) + €7 | Arzilso42.

First remark that the property (6.125) is trivially satisfied for m = 0 according to Sobolev embeddings.
We now assume that (6.125)) is true at the order m and let us check it at the next order. By the
induction assumption :6.125# and (6.124)), one obtains the following estimate

sup s, < Cv (s, +p). (6.126)
meN

Using (6.122)), (6.126)) and hypothesis of induction (6.125)), we find

3m+1(30) < ng—l—nq-i—ﬁ —Ehg (gh + 5) + CNﬁg NTQn(quJrTl)+1*ﬁ2 53,2 (gh)gm(s())
+ CN2u2N2qu+3T1+1 2u251 Q(Sh)%m

< [2Nrsr?+nq+nfsh + CNOQN2N%T1q+371+1—2ﬁ25372(§h) v(sh +p).
Then, in view of (6.24)), we infer

T1q+T1—35, SHy—3 3
QNOFatTI=S — o, 2M2 T — o N SN FE
3 z
< 2N °N, 12

Fiy NP
N 2]\7m+21
To prove the last inequality, we remark that since Ny > 2 and fi; > 0 (according to (6.3))), then
4 < N2,

Similarly, from the expression of fiy in (6.24]) and using (5.82) one obtains

CN(?EQ N,%lqu+3Tl+1_2ﬁ2 53,2< ) CE"y_lNMQ N27‘1q+37'1+1 QMQNHZN o

m+1
271q+3'r1+1+2u2 Ty Tio
< C 0 N Nm+1
< Ce leﬂzNﬂzN o

m—+1-°
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Hence, choosing g small enough and using (6.25) we deduce that

2y Ar27T1q+3T1+1-2715 ¢1,2 o N7 —Hao
CNy"™* Nin 8™ (5n) < N N3

Gathering the preceding estimates gives
Sm+1(s0) < NG2N v (s +B).

This ends the proof of the first statement in (6.125)). As to the second one, we shall first write in view

of (6.123),
Om+1(3n +P) < 0m(3n +P) (1 + N T 4 CN(?QNQHHH_%(%’Q(?}L))
+ O (N NN TR ) G025, 4B+ 1)5(s0)
+ CONE2 N g2 () 4 5 4+ 1) 54,

Notice that since 5, +p + 2 < s, + 01, then by (6.55)) and (6.25), one has

1,2 < 1 o
o2 on+ B ) S e (1 e 19007 0

Sev

It follows from (/6.125)) and (6.126}),

Omt1(3n +P) < (2 — +1> (1 + Ngotmatn=sh 4 CN(??NQWIH‘%) v(5h +P)
e (N;;Hﬂ“ + N(??N%qu”ﬂ“*ﬁ?) NI NpP2eq1u(3), +B).
Proceeding as for (6.72)), taking ¢ small enough and thanks to ([6.24)), we obtain
(2 ) (14 Nagtmoen=s . oNga Nt
+C (N:,;q+ﬂ+1 + NI N,%Zl“?’”“%) N2 N P2eny !
1
< 2 - m+2°
so that B
St (51 +B) < (2 - kg ) v(5H + ).

This completes the proof of the second statement in ((6.125|).
> Conclusion. From (6.113)), we get for s = sg.

[A129m 179 < (S0 + T1q + T1) + 3mm (0 + T1q + 271 + 1).

By interpolation inequality in Lemma i applied with pe = @iy, (6.125)) applied with p = 0
and Sobolev embeddings, we have for some 6 € (0,1)

m(s0 +Tiq+ 271 + 1)

m(SO)egm(Sh)l d

Om(so + T1qg + 71)

and
Om(s0o +711q+2m +1) S 5m(30)65m(§h)1_9
< Ngﬁg N%9ﬁ2 8o0(sn)
S Ngﬁan_lgﬁ2
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Therefore - -
1A120m 175 < No™* Now "2 1/(5h).

q,50 ~~

Now from (6.113]), we have
|\A12gqu sutptl S Om(Bn + P+ 7T1g + 71+ 1) + 36500 (5h +p + T1g + 271 +2).

Applying (6.125)) with
p=p+t7ig+mn+1, (6.127)

which is possible since from (6.3)), (6.24) and (6.23), one has S, +p+71¢+ 71 +4 < s, + 01, we find
OmGn+p+mg+n+1)<2u@Bp+p+mg+m+1)
<250(Sh+p+Tig+ T+ 1)+ 2y 1HA121Hq s0t2°

Implementing a similar proof to ([5.48]) based on the kernel decomposition (5.38]), the composition laws
and , we find

Vs > 89, 0o(s) =

Sev (

’Y»
er

e 18zl ma el 5 ).

On the other hand, since
Sp+p+T1q+ 27 +3 < s+ o1,

one may obtain through combining (6.75)) and (6.25))

5m(§h +Pp+ 719+ 21 + 2) < 057_1 ( + HJ0|’q,sh+p+T1q+2n+3)
< Cey L.
Thus, by interpolation inequality in Lemma we finally obtain for some 6 € (0,1)
18129 l1C 1) S NO Nt P20(83, + p + 1aq + 71 + 1). (6.128)

Choosing Ny sufficiently large, then the composition law in Lemma allows to get

Z |

_ oo _
v(5h+p+7mg+T1+ )Ny ZN%WQ

q Sh+P N

< ey M| Ard]19 (6.129)

q,5p+p+T1g+T1+2"

Finally, gathering (6.100), (6.107)), (6.128)) and (6.129), we get
HA12/8Hqsh+p ~ _1HA12i
Putting together this estimate, (6.21]) and (6.103]) yields

”A12/B||q ) S/ HA12B”(] Sp+p

< ey Y| Avzillg s 4pmigimite-

q,5p+p+T1q+T1+2-

» Estimate on Ajsc;. Since Vo = Q + [1 K7 is independent of r, then
oo
Argei = Y Ap(Ving1 — Vi)

Therefore we obtain in view of (6.63)), Sobolev embeddings and (6.125]) applied with p = 0,

1A12(Ving1 — Vm) :H<A12fm>go,9”%
Cy6m(s0)

C N#szsz(Sh)

NN
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Hence by the composition law in Lemma Lemma and one may find
[e.e]
) ,O
1A12¢]79 < A1 (Vinsr = Vi) g
m=0

00

< Cyw(Sn)NG? Y Ny
m:O

CEHAHZH

q,5p+2°

This achieves the proof of Proposition [6.2] O

6.2.2 Action on the non-local term

In this section, we shall analyze the conjugation action by % on the nonlocal term appearing in the
linearized operator L., described in Proposition The main result reads as follows.

Proposition 6.3. Let (v,q,d, 11, S0, 8k, 01,S5) satisfy (4.1), (4.2), (6.3) and (6.23). We set
o9 =S89+ 01+ 3. (6.130)
For any (p2,p, sp) satisfying the condition (6.24)), there exists eg > 0 such that if

7,0
q,5h+o2 g 17

ey N2 <eo and ||Jg

(6.131)
then in the Cantor set O (o), we have

Copi= B Loy B =w- 0, + cigOp — gk % - + 0pRey +EY,
where ICy is defined in , Eg s introduced in Proposition and Rer s a real and reversibility

preserving self-adjoint integral operator satisfying

~,0 _
WGbmﬂ,M%%ﬂ%’ﬁowﬁwmlo+wwwwg- (6.132)

In addition, if i1 and ia are two tori satz’sfymg the smallness property (6.131)), then

max HAlgag 57«‘ (6133)

ke{0,1}
Proof. We recall from Proposition [6.1] and Lemma [3.1] that
Lo =w- agp + 0o (Vsr) - 80]:457”7

O-d Q»5h+P ~ Efy q Sh+P+02

where L, is a non-local operator defined by

L., (p) (¢, 0) =/Tp(w,n)Ko(AAar(so,H,n))dn,

with

(NI

Acr(i2,0,m) = ((Rlp,m) = R(¢,0))” +4R(p, ) R(p,0)sin? (52 )

and

N

R(p,0) = (1 + 251"(g0,9))

Notice that we have removed the dependance in (\,w) from the functions in order to alleviate the
notation. Hence by Proposition Lemmal[6.1}(i) and , we have in the Cantor set 0%} (io)

Lo =B L., B
=B w0+ 0 (Vo) ) B — B 09Ler B
=w- 0y + g0y — 0pB~ 'L B +EX
= w8y + ciy0p — o (8—1 (KCx ) 2 + B—lLH,I@) T EC. (6.134)
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From a direct computation using (3.12)) combined with (6.16) and (6.15)), we find

B~ (I + Bp) (¢,0) = /Tp(so, ) Ko (A5, 0,m))dn,

where

A3(,0,n) =2

sin ("T 3(9079777)),

with A A
h - 0
h(@a 0, 77) = %

Using elementary trigonometric identities, we can write
: -0
A5, 0,1m) =2 ’Sln (”T) ‘ v5.4(,6,m),

with R
~ in(h(p,0,n)
V55, 0,m) := cos (h(so,ﬂ, n)) + Stin(f;eg)

Notice that vp2 = 1 and one may write

03,2(9777) =1+ (cos (E(e,n)) — 1)+ ) i (sin@(@,n)) - 1) 3(9’77)9

tan( -

tan(”T_G) h(0,m)

and then using Lemma [1.1}(iv)-(v), Lemma [4.2) and (6.28), we obtain

70 ,O —
Slelp HUEQ(*’ ERIE/ I ') - 1”3,8 5 ||/8||Zs+1 N ey ! (1 + ||J0Hq s+01+1)
n

¥k € N*, sup [[(0hv5.) (e + IS S 1B n S 277 (L 19005500, 1)

neT

Proceeding as for (5.38)), one obtains the decomposition

KU()\‘Q{E<)\7W7SO797T/)) (2)\

with similar estimates to (5.34) and (5.37)), that is, for all k € N,

0
sup (1| @55,) (e + )07+ 105 2,) G+ DIGT) S 151G

sm( >D + 2 (n— 0)%/ (@,9 77)+J45/3272(<P79777)

(6.135)

(6.136)

S 87 (1 + |’J0Hq,s+o’1+1+k>

(6.137)

where the symbols #, -,. stand for (A, w), ¢, 6, respectively. Now we shall denote by L., the integral

operator with the kernel K., o defined by
Ker2(,0,m) = A (n = 0)75,(0,0,m) + K5, (0, 0,m).
Then we find the decomposition
B (Ky%) B =Ky +Lea.
Inserting this identity into allows to get
Lop =B Loy B =w-0p+ iy0p — 0Ky * - + OpRer +Eb,

with
Rer = 7LET,2 - B_ILST,I’%'

(6.138)

(6.139)

Observe that by (6.4) and (6.32) we can easily check that the kernel K., satisfies the following

symmetry property
Kar,2(_907 -0, _77) = K5T72(907 0, 77) €ER,
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which implies in turn, according to Lemma@, that L, 2 is a real and reversibility preserving operator.

Moreover, one obtains from (6.137)

pnax (05 Ker2) (s + )] %S <eny! (1 T ||J0Hqs+o_1+3) (1 —log|sin ()]). (6.141)

Our next purpose is to highlight some properties of the operator B‘lLEM,@ which takes the integral
form

(B~ Ler18) pl, 0) :/TP(‘;9777)K€T,1(‘Pa0777)d777 (6.142)
where the kernel ]IA{EM is related to the kernel K., ; defined in (5.41]) through the formula,

Ker1(9,0,1) = Ker1 (0.0 + Blw, 0),n + By, n)). (6.143)

It is quite easy to check from ([5.43)) and (6.32), that

~

Ker1 (=0, —0,—n) = Kep1(0,0,7) € R. (6.144)

According to (5.41]), one gets the decomposition

Ksr,1(907 97 77) = ‘%//\((pa 07 77)‘%//5\1},1 (907 97 77) + t%/ar 1(()07 0 77) (6145)
with
H(,0,m) == H (n— 0+ B, n) — B, 0)),
Ko (9,0,1) = H 1 (9,0 + B(,0), 1+ B(p,m)),
K2 (9.0,m) == H2 1 (9.0 + Blg. 0),n + Blo,m)).

Coming back to (5.39) and using the morphism property of the logarithm, combined with (6.135]) we
deduce that

Ji/(go,Hn = sin <7’T> % (p,0,m) <log‘sm(%>‘+log’v52¢,9 n)‘)

H =0+ # (0= 0) (12 (0. 0m) 1)

+ sin® (%‘9 (go,& n) log ‘vﬁQ ©,0, 77)}
Combining Lemma [4.1}(iv)-(v), (6.136)), gives for any n € T
PN . n .
5 1B+ 1225 13035 (s (1)) - 9]
Sey ( 7. 8+02> (1 — log ‘sin (g) D —log|sin (3)|+1.  (6.146)

The next goal is to prove that

@A) (%, 0 + o < 1(1 3 ) 6.147
ke%%}?é%” bHes) (5o + )10 S v (14 130l ks (6.147)

For this aim we first write from ([5.35)) and (A.2)
%1‘,1(@7 97 77) = 4)\2 (1 - '1)57‘71(@, 97 U))iA(n - 0)
1
— 420 (0, 0) — 1)2/ (=015 (2Asin (%52) (1=t + v (0, 0,m)) )
0

= 4N (1 = ver1 (0, 0,m) In(n — 0) + G(,60,7), (6.148)
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with

- Iy (2 |sin (
L) = 2\ ‘sin (2

Then we get the decomposition

ji?:rl,l (‘107 67 77) = 4)‘2 [1 - 651“,1(90’ 97 77)] —?/\(907 ‘9a 77) + é((pv 97 n)v

with
Ter1 (,0,1) = ver,1 (9,0 + B(12,0),m + Bl m)),
Ih(,8,m) : f (n+ Blp,n) — 0 — Blp,0)),
G(p,0,1) == G (0,0 + B, 0),n+ B(w,n)).
It follows that
Kok (90,0 + 1) =4N2[1 — ver1 (0,0 + B(,0),0 + 0+ B, 0 + 1)) In(n + Blg, 0 +n) — B(,0))
+G(p, 0+ B(p,0), 1+ 6+ B, n+0)). (6.149)

Notice that (X, 7) — Ix(n) is C*°, then using Lemma (v) and (6.28]) yields for any k € N

sup [[(95 1) (%, -, + )17 S T+ 18175

neT
—1
< 1+€’Y HJOHqS-‘rO'1+k
Now using , Lemmau - . and proceeding as in we obtain
~,0 — v,0
SlelpH'Uarl( s "777+')_1| <5||T| s+1+5ry 1HJOH qso+1
n
_ 0
Ser (141907501
and
,0 — ~,0
max sup [[(90er1) (%, 0+ )75 S ellrllyoys + v 13oll} "l 50+

ke{1,2} neT
-1
5 ey ( + HJOHq s+01+3)

Arguing as above using the structure of G detailed in ((6.148]) allows to get

N o
up |G (5, 2) ~ 1FE ey (113003550, 41)
ne

and

max_sup ||(OFG(x, e, 0 + O<6_1<1+J )
e up OG5 27 (14 13013

Thus applying the law products in Lemma and using the preceding estimates combined with

(16.149) imply

max sup || (OF A1 *, 0+
kE{O,l)fQ}ne'I[[‘)H( 0 srl)( n )

o _
vy Sev! (1 + ||Jqus+01+3) (6.150)

95



which gives in particular (6.147). The estimate of the last term Ji/;l in (6.145|), which is connected
to (5.36]), can be treated in a similar way to the estimate (6.150|) and one finds

—

ke%%}fg;\\ (O5A2) (5 + )70 S e (1+ HJollqs+m+3) (6.151)

Consequently, putting together (6.145),(6.146[), (6.147) and (6.151)) yields

ke%%}H(agfﬂim)(*,.?.,n+.)| s er (14 130 S hs) (1 —Toglsin (3)]). (6.152)

By (6.139)) we infer that PR, is an integral operator of kernel K., given by

Ker = _Kar,l - Kar,2'

Therefore, by virtue of Lemma [4.4] combined with (6.141)) and (6.152) we find, taking o = s+ 01+ 3,

.
i 10895 5 e [ (OB oS, + N0 32 )

S (14 13005 S g0 55) [ (1= Tog sin (3)])
Ser (1+1%035.,,) -

Notice that by (6.144)), (6.140]), the kernel K., satisfies the following symmetry property

Ker(=, =0, —n) = Ker(9,0,n) €R, (6.153)
which implies in view of Lemma @ that R, is a real and rever81b1hty preserving Toeplitz in time
integral operator. It remains to estimate the quantity kn}[ax} | A1208 Eng(qu s5,4+p- Lhis is will be

€{0,1

implemented as before and we shall here sketch the main ideas. First we observe that for k € {0,1}
the kernel of Algagi)‘igr is given by

ApIFK,, = —A1235K5r,1 — A2 Koo
To estimate AlgagKg’Q we shall use leading to
A12Kera(p,0,m) = (0 — 1) D123, (,0,7) + A2 k2, (. 0,m) (6.154)
and
A120pKera(p,0,m) = H (0 = 1) M120p K5, (0.0,m) + A (0 — 1) A2, (0,0, 7)
+ A1289<%/3272(cp, 0,n). (6.155)

Observe from (6.135)) that the preceding kernels can be expressed with respect to 5 . Then proceeding
in a similar way to (5.53)) we obtain

vie (L2}, max supdsdfg, el n+IGE S Nl
7] K

ke{0,1} ne so-&—l”BHq s+2° (6156)

Applying Taylor Formula yields for all ¢ € {1,2} and for all k € {0,1},

1

It follows from (6.156) that for all ¢ € {1,2} and for all k € {0,1}

HA1255<1§72(*7',-,77+-)\,]3 SNB = Bull) o + 1152 — qso+1/ (1 = 7)Ba + 7B} Sy dr

96



Therefore, by our previous choice of oy, we obtain in view of (6.28]), (6.31)) (applied with p replaced
by p + so) and the smallness condition (6.131]),

Vi € {1,2}, kg}%‘%}”A12aMg, (k- +)|[]

-1
Sey ||A12l”q Sp+pto2 (1 terv ( q3h+P+0'2)>

qSh+P+50
S ~ &Y 1HA12ZHq Sp+ptos”
Inserting this estimate into (6.154) and (6.155) yields
max supHA1289 Ker2(k, e n + )| Sey 1HA12ZHq7Sh+p+02 (6.157)

k€{0,1} neT ¢,5h+p+so ~

Using similar techniques based on Taylor Formula, one can estimate Au@gﬂgw,l. We use in particular
the identity (6.145)) combined with (5.53)), (6.28)), (6.31]) and the smallness condition (6.131]) allowing
to get

~1
5 | A0 Rera 5o 4 5 g 7 IARIGE i (0158)
Putting together (6.157) and (6.158) gives
—1
R L R R
Comibining this estimate with Lemma [£.4] yields
2 180208 35 % i, [ IAOE o4 G
-1 v,0
< ey ”AIQZ q,sh+p+02
This completes the proof of the Proposition O

6.3 Diagonalization up to small errors

The main goal of this section is to diagonalize, up to small errors, the operator /Ew discussed in
Proposition [6.1] and given by R
Lo, =g, (Ler — ORI, .

This will be performed in two main steps. First, we shall explore the effect of the frequency localization
in the normal direction on the transport reduction discussed in Section We essentially get the
same structure up to a small perturbation of finite-dimensional rank. Then, in the second step we
shall implement a KAM reducibility scheme in order to reduce the remainder to a diagonal one modulo
small fast decaying operators. This will be performed through the use of a suitable strong topology
on continuous operators given by . With this topology one has tame estimates and the Toeplitz
structure of the remainder is very important in this part. The reduction will be conducted by assuming
non resonance conditions stemming from the second order Melnikov conditions needed in the resolution
of adequate homological equations during the scheme.

6.3.1 Projection in the normal directions

In this section, we study the effects of the reduction of the transport part when the linearized operator
is localized in the normal directions. Notice that the change of coordinates does not stabilize the
normal subspace and as we shall see the defect of the commutation can be modeled by projectors of
finite ranks. Let us define
A, =15, Bllg, ,

where the transformation % is introduced in and constructed in Proposition Recall that
the projection Hé‘o and the Soboloev space H{ were respectively defined in and . We also
recall the following notations

e i(p,0) = 90 and e, (0) = €™,

The first main result of this section reads as follows.
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Lemma 6.3. Let & the transformation constructed in Proposition then under the condition
(6.131) and (6.24)), the following assertions hold.

(i) For all s € [sg,S], the operator %, : Wq’ooﬁ((’),Hj) — Wq’ooﬁ((’),Hj) is continuous and
invertible, with

10} _
1B 1728 S M1ol13S + ev 130113 o 10117 5o (6.159)
In addition, we have the representations
-1
BLp=RBp— Z <p, (B — Id)em>L3(T)em
meSy
and
Blp=P"p=> (p.(B 9m>L2(Tr)'%)_lem’
meSy
where
A(SO) - <<€m, Bek>L3(T)) mesy A_l(‘vp) - <ak,m) mesy gm v, 0 Z 893 m
keSq keSq keSo
with the estimate
— O[3 Sey (140
sup Hakm km ~ €Y + |l 0| q, s+01+1
k,meESo
(i) Given two tori iy and iy satisfying the smallness condition (6.131]), one has
s [N - N Y[ (6.160)

Proof. (i) The first estimate concerning %, follows easily from the continuity of the orthogonal
projector HSLO on Sobolev spaces H7, combined with . For the representation of 4, take
p € WY (O, HY) and set

Bp= HSLO,@HSJ‘Op = HSJ‘O%,O =g.

Next, we write the following splitting
PBp=g+h with Ilg,h = h. (6.161)

Notice that the projector Ilg, is defined by
Msop = Y piej = gp + (p)o,
J€So
where Ilg is defined in (5.10)) and (-)p denotes the avarage in the variable §. Therefore
0) = Z hin(0)em (6)
meSy

supplemented with the orthogonal conditions
Vk €Sy, <'%)p_h’ek>L§(T) =0.

This implies
h(%e) = Z <’%p7 em>L§(T)em(0)'

meSy

Using Lemma [6.1}(iii) leads to

h(,0) = Z <p78_1€m>L§(’ﬂ‘)em(9)-

meSy
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Inserting this identity into (6.161)) yields

Brp=g=Sp— ) (0B em)apem-

meSy

Since Ym € Sy, <p, em> = 0, then

L3(m)

Bip=9g=RBp— Z <p, (B_l — Id)em>Lg(T)em.

meSy

This ensures the desired representation of % .
Next, we intend to establish similar representation for ,%’Il. Let g € Wo*7(0O, HY) and we need to
solve the equation

feWS™Y(0,HY), #.f=15%f=qg.

This is equivalent to
Bf =g+h, with Ig;h=h and Ilg,f =0.

Then we get
f=%"g+hn), with Igh=h and I, f=0. (6.162)
The condition IIs, f = 0 is equivalent to,
-1
Vk € S, <% (g+h),ek>Lg(T) = 0.
Therefore using Lemma [6.1}(iii) the latter equation reads

Wk €S0, (9 hek)aq =0 with (e, 60) = Be(p,6) = eh(0+8(0.0))
0

which will fix h. Indeed, by expanding h(p,0) = Z am(p)em(0), we can transform the preceding

meSy
system into
Vk S SO, Z am(@)<€m,/€\k>L3(T) = _<ga/e\k‘>L§(T) (6163)
meSy
Define the matrix
A(@) = (emk(®) ppyesz:  cmk(®) = {em, ) rz(r) = /T el(m=k)0=kB(2.0)) g9 (6.164)

Notice that according to (6.32) and the change of variables # — —#, one obtains
V(m, k) €S2, Vo €T cpi(—9) = com_r(p) = cmr(e,0). (6.165)

One can check by slight adaptation of the composition law in Lemma [4.1] and using the smallness
condition (6.131)) and (6.28)

lemam =100 < [ 170 117 2
T
,O
S 1BlIgs

— ~ O
Sey! (1 + HJoH;’Hm) : (6.166)

For k # m € Sy we use integration by parts,
ema9) = gy A (m=h0=kB(00) 9, (5. 6)do.
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Then using law products and composition laws in Lemma combined with (6.28]) yield

,O
sup ||Cm,k”g,s S ||5||q s+1
(m,k)es?
m#k

S 57_1 < + HJOHq s+01+1>

Finally, we get that
Alp)=1d+R(p) with [RIZC S1B179,. (6.167)

Hence under the smallness condition || ||qsO < 1 following from (6.131)), combined with the law
products in Lemma [£.I] we get that A is invertible with

1A~ = Td[I7 S 1Bl

q,s r~
eyt ( o SMH) (6.168)
Therefore the system (6.163]) is invertible and one gets a unique solution given by
> - ~1(,) —
= 3 amsl@)0:B) ey vith AT = (amae)) (6.169)

kESo
We claim that the coefficients of A~! admit the same symmetry conditions as (6.165)), that is
V(m, k) €S2, Vo €T  ami(—9) = am _1(¢) = ami(p). (6.170)

This can be done through the series expansion A~! = Z(—l)”(A —1Id)™ together with the fact that

neN
the entries of the monomials (A — Id)™ satisfy in turn (6.165). Next, using the law products yields

sup Ham\
meSy

Notice that one gets from (|6.168|)

_ @]
suplovem = Semll3:” S 2 (14130017 5,001
(m,k)€SE

O — @) ~
7 S sup (AT 320G 8 2y 7500 + IATRN G B oy 757, ). (6:171)
0

where dp,,, denotes the Kronecker symbol. Let us now move to the estimate of the partial scalar product
containing ¢ in (6.171)). Using the law products in Lemma with Cauchy-Schwarz inequality gives

. 7,0 , O 11iB(0)17,O
0.8 355 % [ (I9COR 175 + ot O o215, o
< Hqu L2Hs Hel/BHqL?HSO + Hg”’ngHso Helﬁ”q L2Hs
S gy el + lglyle’

Then applying the composition law as in ((6.166|) combined with with (6.28)) and the smallness condition
(16.131)) gives

||<gaé\k>L§(T)| ’qY:Hs

@] ]
O+ llglizaliBlas

O eyt (14190075, ) 1938

Plugging this estimate into (6.171)) and using (6.28)), (6.168) combined with the smallness condition
(6.131) and Sobolev embeddings implies

O —
sup [lam |70 < gl + e (14 30| q,sm“) ol

meESQ

S Ngllgs +ev %ol

50

100



Therefore we obtain

IRI3E S Y Namlly s,

meSy

< llgllys + e

Coming back to (6.162) and using (6.27)), we get

LIS < Nlg + RIS +€7‘1HJ0H s+al+1\lg+hlqso
S gl +er TllTs

v,0
50

0"
It follows that
121 91172 < Mgl +ev 190l 6o 1 llal 2.
In addition from (|6.169)) and (6.162]) we deduce the formula
%119(9070) ZS: amk gaB€k>Lg(T)'@ilem(9)
=
= %_19(5070) - Z <gvlggm>L§(T) (%_leM)(San)v
meSy

with

9) = Z O‘m,k(@)ek 0

kESo
From (6.170) and the symmetry of Sy, we infer

Vm €Sy, V(p,0) € T, gn(—¢,—0) = g_m(p,0) = gm(p,0).

Since Héog =g and Hé‘ogm = 0 then <g,gm>L§(T) = 0 and therefore

(9, 89m>Lg(T) = (9, (B- Id)9m>Lg(1r)

Plugging this identity into (6.172]) yields

@Ilg =B 19— Z <g, (B — Id)gm>L3(T)@_lem.

meSy

(ii) Coming back to the definition of ¢, in (6.164]), one can write
V(m, k) S Sg, AIQCm,k = <6m, (A128)6k>L3(’]1‘)~
Hence, using Taylor Formula and (6.31]), we have

max ||A126m k” 1||A12l||

(m,k)eS? asntp > 7

q,Sptpto1’

From (6.173)), one has
Atagm = > Araim g e
kESo

Thus

meax HA12gqu Sh+p S ( mz;xx ”Al?am qu Sp+p°

Using Neumann series, we can write

(6.172)

(6.173)

(6.174)

(6.175)



Therefore, the law products in Lemma combined with (6.167)) and the smallness condition (|6.131))
lead to

||A12A 1”q Sptp ~ Z HAlQRanSh""p

< ||A12RHq Sp+p

Sey 1||A12Z||’y7sh+p+0'1+1'

As a consequence,

( n;ngQ 18120} 15 S o7 18128017E 4 (6.176)
Gathering and (6.175)) finally gives
max 1212935 15 S &7 1 A120l 75 4 pvor 41
This achieves the proof of Lemma O

In Lemma the parameter p is subject to the constraint (6.24)) and from now on, we shall fix it
to the value

p = 4mq + 47o. (6.177)

This particular choice is determined through some constraints in the proof of the remainder reduction.
More precisely, it appears in (6.373)). Next we shall establish the second main result of this section.

Pr0p051t10n 6.4. Let (v,q,d, 1,805 Shs Shy 42, P, 02, S) satisfy the assumptions (4.1), (4.2), (6.3),

-, and (| m Consider the operator E defined in Proposition
There ezzsts g0 > 0 and o3 = 03(11,q,d, s0) = o2 such that if

7,0

ey 'NE? <eo and  ||Joll)s, 4os < 1 (6.178)

then the following assertions hold true.
(i) For any n € N*, in the Cantor set O (ig) introduced in Proposition we have
BLL B = (w- Dy + ciyp — DgkCy % ) II& + Ko +EL
= (w+ 0y + Z0)lg, + %o +E,,
=%+ E7117
where Py is a reversible Fourier multiplier given by
V(l,]) S Zd X Sg, .@()el’j = iujo- €,
with
u?()\,w,ig) =Q;(N) + it (N w,ig)  and i\ w, i) = Cio (A, w) — Vo(N)
and such that
P70 Se and (At [79 S el Awil)s 4o (6.179)
(ii) The operator E., satisfies the following estimate

@
IEnollys < eNg> N {5 ol

q780+2 (6.180)

(i1i) %o is a real and reversible Toeplitz in time operator satisfying %o = HSLO %()HSLO with

Vs € [s0,5), max [|05Rol|3S s < eyt (1+ 170 qsm) (6.181)
ke{0,1} ’
and
AR Y o540 S €7 IAWRIYS 1o (6.182)
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(iv) The operator £y satisfies

Vs € [5075]’ ||$0p

0
% S elgd + e M T0l3, oIl - (6.183)

Proof (i) We shall first start with finding a suitable expansion for %7 E 2 . Using the expression
of L'w given in Proposition and the decomposition Id = Ilg, + HS we write

BTL, B = BT (Lo — cO4R) B
= B g, Lo, BN, — BTy, Lo, 15, BTg, — B ' g, 0§RA . .

According to the definitions of £, and L., seen in Proposition and in Lemma and using ((5.46)),
one has in the Cantor set OX'}, (7o)

LovPB =RBLeyr and Lo =w-0p + 0 (Ver:) — OpLlicr,1 — 0Ky * -
and therefore
BL, B =BT g BL NG — BTG (89 (Ver) — OpLey) s, BlIg, — BT 0yRA
where we have used the identities
# Mg =% and (g, T) =0 = [Is,, 7],

for any Fourier multiplier 7. The structure of £, is detailed in Proposition and from this we
deduce that
Ilg, BEL., Mg, = g, % (w - 0, + ciy0p — 0gkCx * - + OpRer + EN )5,
=I5, B, (w - Oy + iy0p — 0pkCx * ) + I, BOpR., 11, + 15, BEO g,
=B (v 0y + ciyOp — OpKx  +) + I, BOpR., 15, + g, BEIS, .

It follows that

BE BL, g = (w- 0y + ciy0p — Dy + ) IIg, + B ' 1Ig BN, 11g, + B 113 BEIIS
= (w+ Oy + 3009 — 0Ky * )15, + g, OpR=, 15, + B Bl 0pR., 13,
+ % g, BEG, .

Consequently, in the Cantor set O}, (i), one has the following reduction

BTL, B =(w- Oy + cigOp — 0pK + )1, + 11 DR, 1IE + B Blls, IR, 11E
— B 'g, (0 (Ver+) — OpLiey,1) s, Bg, — e B 0yRA | + %' g, BEMIG,
=(w - 9y + ciy0p — OpK + )5, + %o +EL, (6.184)

where we set
1. —1y7L 017l
E, =% HSO%’EHHSO.

n

Notice that the estimates (6.179) are simple reformulations of (6.26) and ([6.30) since Ajar! = Ajac;.
(ii) By using (6.159)), (6.27)), the continuity of the projectors, (6.29)) and (6.178)), one obtains

IE o115

4,50 ~

N ||E0HSOP| 450

S 6Nﬂ2Nn—|l—L12 Hp”q Sso+2°

‘150

(iii) Now, we shall prove the following estimates,

k -1
R el (R iy (6.185)
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and
-1
HAlQ%OHO d,q,Sp+p ~~ 67 HAlQZHq Sp+ptos* (6186)
To do that, we shall study separately the different terms appearing in ((6.184)) in the definition of %.
Notice that in the various estimates below, we use the notation o3 to denote some loss of regularity.
This index depends only on 71, ¢q, d, sp and may change increasingly from one line to another and it is

always taken greater than the o, introduced in Proposition
» Study of the term HL 699%57«11§ . One gets easily according to (6.132]) and ((6.133])

kga}i ||89 HSOaGmETHS()| 0-d,q,s S; & Iﬁ)aIXQ} Haﬂ ar’ O- d,q s

Sert (1413001700, ) (6.187)
and

HA12 (HgoaegiETHSo) ’ 0-d,q,Sp+p ~ HA12809{57’H0 d,q,8p+p

< ey 1\|A121Hq ntphoa” (6.188)
» Study of the term 9311,95’1180 89%ETH§O. Using the first point of Proposition yields
B B, 0pR. 115, = s, 0pRe, 115, — ToS1, (6.189)
where
Top = Z <p, (B — Id)gm>Lg(T)<@_1€m and &7 := %’HSO%%ETHSLO. (6.190)
meSy
To estimate the first term, we use Proposition
kg}[a)i ”80 H5089m5THSO| 0-d,q,s S, k 1?0?‘52} Hal? 57"’ 0-d,q,s
<oy (1 n ||J0||q8+03) . (6.191)

As to the second term, we write

ToS1p= ) (S1p. (B ~1d)gm) 12 #~'em

meSy

- Z (p, ST (B~ d)9m>L2(T)‘%_1em’

meSy

where St is the L3(T)-adjoint of S;. This is an integral operator taking the form

(%Slp) 907 /ICI 9079 77) ((pﬂ )dna

Ki(p.0,m) = Y (ST(B—1d)gm) (2, 1) (B "em) (e, 0).

meSy

Recall from Proposition that M., is self-adjoint and using Lemma we have the identities
#* =B~ and B* = %!, then

St = —IIg, M., 9115, B (6.192)
Therefore, combining (6.174]), (6.32) and (6.153)) imply
Ki(=p,—0,—n) = =K1(p,0,n) € R. (6.193)

Applying Lemma [4.4] combined with the law products yield for any k¥ € N

n%%&rgﬁw/u%nu,,m+>gﬁwm (6.194)
SJ Z (HST( _Id)gquS-‘rsouﬁil {qso—&—k—i_HSl( _Id) qsoH% ' qus—f—so—f—k)

meSy
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Remark that implies
St (B —1d) gy, = —TIg, Rer Oplls, (Id — B~) gy
Hence according to Lemma combined with Proposition we find
1S3 (B = 1) gim[7:° < 1Rer 135,511 06TIs, (Id = B™1) gunl|7:5 + [|Rer 35,50 [106TTs, (1d — B™H) g [7:°
S e (141900350, ) 110 = B™)gml75 41

ey (14 190079 40, ) 1 (1d = B g

,O
sy (6.195)

Using (6.27)) together with Lemma and the smallness condition ((6.178)) leads to

1(1d = B g7 < Mlgml3: + &7 13007505 l9m I35

‘1750

_ O
< sup ||akm| Hs+67 1||JOHqs+ag sup HO"“WHZ,HZO

k,meSy k,meSy
S1+ey q8+03 (6.196)
Therefore, inserting this estimate into (6.195]) and using (6.178]) allow to get
|7 (5 ~ 1) (14 19001780, )
Plugging this estimate into (6.194]) and using (6.27)) ensure
s [0 ToS113 500 S ev™! (14 19003:2,)- (6.197)
Consequently, by combining (6.189)), (6.191)) and (6.197)), we find
1057 A, 0y Rer T, |25, S 277 (1+ 1300130, ) - (6.198)
We now turn to the difference estimate. From ([6.189)), it is obvious that
A1 (B Blls,06Rer115,) = s, A1200Rr 115, — A12(ToSh). (6.199)
To estimate the first term, we use ((6.133))
TIs, A120pRe I, 5 5, 1 S I1A1200R
S ey 1\|A121||qsh+p+g3 (6.200)

As to the second term, we notice that Aqs (7681) is an integral operator whose kernel A15K is

A2 (0, 6,m) Z A12(ST (B —1d) gim) (¢, n) (Br em) (9, 0)

meSy

+ (87 (B~ 1d)gim),, (0, 1) (Ar2Bem) (2. 0).

Hence, using Lemma (ii) together with the law products we deduce that

AT s 0 S / 112K (o oo+ 7 4

~v,0
~ Z HAI? Sl —Id)gm) q,sh—&-p-&-SOH‘%’"lem q,Shtp+so0
meSy
+ H (Sf (B - Id)gm) | g7sh+p+50HA12‘@equ Spt+p+so”
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Notice that by Taylor Formula and (6.31)) (applied with p replaced by p + sg), one has

¥,0 .
sup [|A1 B enlll, sprso S &Y A12illg5, 4pros- (6.201)

meSy

On the other hand, we have
A128} = —TIg, A1aRe, OpIls, By, — g, Rer, Oplls, Ar2B 1,
leading to

A1 (SH(B —1d) gm) = — g, A1oRe, 9pIls, (Id — B ") gimyry — g, Rery OpIls, A12B7 1 (Bry — 1d) gy
+ 81 2 (AuB)gm r T 81 2 (B — Id)Alggm.

AAccording to Lemma [£.3] we obtain

,O
||HS0A12£R57'69HSO (Id BT‘l )gm T1 || ,Sp+p+so ~ ”A12m€7' Hg_dg,gh—‘,—p—}—so || (Id B’r‘l )gm T1 ||q Sp+p+so+1°
From ([6.196)), one has
1(1d = B ) g 130 S 14 ey 1901725
Thus, from (6.133]) and(6.178)), we infer
"HéoAIQ%ETa@HSO (Id - B?“il )gm T1 H’y78h+p+30 ~ 6’}/ ! HAIQZHq sh+p+a'3 (6202)
Applying Lemma (6.132)) and (6.178)) we deduce that

|’ST,T2 (AIQB)gm 1 | 5h+P+50 ~ ”SRET2 HO d,q,8p+S0 ||B7'2 (AIQB)gm 1 ||Q75h+P+50+1

S 1Br, (Al?B)gm 1 Hq Sp+pt+sot+l-

q,5+03"

To estimate the right hand side member, it suffices to use and m leading to

||BT'2 (A12B)gm T1 ||g75h+P+50+1 S H (A12B)gm r1 H’Y73h+p+so+1

By Taylor Formula, we may write

A1Bp(0) = A125(0) /01 Agp (0 + B2(0) + tA123(0))dt

It follows from the law products in Lemma (6.31) and (6.178) that

¥,0 O
H (A12B) Q78h+P+1 ~ ||A126‘ q78h+p+80+1Hgma7‘l ||;§h+P+50+2
S ~EY 1HA12ZHQ Sptptos”
Thus
ST (A12B)9mr || S ey 1||A121H (6.203)
T2 1llg,sp+p+so ~ q,5p+p+o3”

In the same way, using Taylor Formula together with (| -, we get

||HSLOSR€T'2 80H80A12B_1 (B Id) gm ,T1 ||q,5h+p+50 ~ 57 -1 ||A12Z q78h+P+03 (6204)
By Lemma [4.3](6.132) and (6.178), one finds
”8{,7’2 ( Id)AIZ.gqu Sp+pt+so ~ ”marz ”O d,q9,5p+p+Sso0 || (B Id)AIZ.gqu Sp+p+so+1

5 ”( T T Id)AlQ.gm”q Sp+p+so+1°

Applying (6.27) and (6.178]), we obtain

7(9 7(9
|| (Brz - Id)AlzgmH’th—Fp—l—So—i—l 5 ||A129m||g,§h+p+so+1‘
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Using (6.160|) (applied with p = sp + 1), we finally get
”Sirg( Id)AlQQqu Sp+p+so ~ 57 1||A127'||q Sp+p+o3° (6205)

Gathering (6.201]), (6.202]), (6.203]), (6.204)) and (6.205]) implies

~,0
q SptTPptos’ (6'206)

[A12(ToS1) |15

,q Sptp ~ Sev

Putting together (6.199)), (6.200) and (6.206]), one obtains

| A2 (2 1‘@HS089m€THSO)

(6.207)

~v,0
,q Sptp ~ 57 q Spt+p+o3”

» Study of the term %Ilﬂéo (09 (Vzr+) — OpLicr1) Hgoﬂﬂéo. We first write,
Pz, (99 (Ver+) — OpLier1) s, Blg, := B 0pS2 P11, ,

with
S = ((‘/z-:r - Cio) ) _Lsr,l) Is,.

Notice that to get the above identity we have used the identity
I, 9p(cio-) s, = 0.
Recall from and (| - ) that

Ler1p(p, 0 /Km ©,0,m)p(w,n)dn.

Then from elementary computations we find

Sap(ep, 0 /K2 ©,8,m)p(e,n)dn,
with
Ka(p,0,n) == (Ver(,0) — cig) Ds, (0 — 1) — /TKer,l(SDa 0,1")Ds,(n' —n)dr,
Ds,(0) := > e’

neSy

Combining (5.43)), (6.4)), and the change of variables 1 — 7/, one gets
Ka(—p,—=0,—n) = Ka(p,0,n) € R. (6.208)
Proceeding as in we obtain
B 0pS, BN, = B 09SsBTg, — ToOpS2 B, . (6.209)
It follows that

|0k 27 0pSo B11E, || 1€

D S oh T BT S B||L  + (|05To0eS2 8|1 (6.210)

0-d,q,s 0-d,q,s”

The expression of the first term is similar to that of (6.142]), namely, one has

(B~18:%)p(,0) =/Tp(s0,n)/€2(s0, 0,m)dn,

with R R R
Ka(p,0.m) == K2(p,0 + B, 0),n+ B(p.m)).
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Combining (6.208)) and (6.32)), one gets

Ka(—p,—0,—n) = Ka(p,0,7) € R. (6.211)

Then coming bacl to (6.143]) and arguing as for (6.152)), we find
sup “(85/62)(*, Rl Z’S <ey ! (1 + 1ol 5+03) (1 —log | sin (1/2) D (6.212)

ke{0,1,2}
By virtue of Lemma and (6.212]) we obtain
k+1 1 k+175
sup ||0p BT S52% Nsup/@ ICg *, 001+ AN
s (o5 s, 5w [ M

Ser ™ (14100350, ) - (6.213)

Notice that from (|6.190)), we can write

T00sS2%Bp = Y (06S2%p, (B ~1d)gm) 120 %~ em

meESy

= - Z p? 18589 B )gm>Lg(T)<@_lem7

meESy

where S5 is the adjoint of Sp and is given by
85 =Tls, (Ver — ¢ig) + —Lier)- (6.214)
This is an integral operator taking the form
(768982%0) SD, /IC3 8079 77) (907 )dna

Ks(p,0,m) = > (B7'S306(B—1d)gm) (0, n) (B "em) (0, 6).

meSy
According to (6.174]), (6.32)), (6.214)), (6.4)), (3.3) and (5.43)), one gets

On the other hand, applying Lemma combined with the law products yield for any k € N

7,0
q,s+sod77

1057506528284 < / 1(OEKCs) (%, oo+ 2)

<> (IB78506 (B~ 1) g3, 15 e

meSy

Applying (6.27) we find
1B718509 (B — 1d) g |7 < (1550 (B — 1d)

q,8 ~~

p + 1B71S385 (B — 1d) 9|28 B~ emllqs+so+k)

q So+

0 4 e 3001354011859 (B = 1) g 3,9

Now, from (|6.214]), the law products and Lemma we find

1S5p

28 SIVer = ciolles

a8+ Ver = ciollys Hp”qso
4 L |1 d,q,SHp’ 050"

+ HLerlHO d,q,50

From the composition law and (|6.26)), one has

%(9

IVer = ciolI28 < ([Ver = VollZ:E + Vo — ¢4
<

= (1419001350,
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According to Lemma [4.4{ and (5.42)), we deduce that

7,0
q,5+S0 d77

[ Ler,

s,\,/HKsrl H,TH')

Ser (1+113%

q,8+03) :

Using (6.178)), one gets
(’) —
1S322 S M1pl2E + &y 1301y Sy 121725

Combining this with (6.27)) allow to get

18595 (B = 1) g1 S lgm 13521 + 27 1”JO
S 1+ey 9ol

q,s-{—crg Hgm Hq,so

q,8+0'3

Therefore,

s |05 TodsS2 8|25 S e 1( +ypo||qs+a3). (6.216)

Plugging the estimates ((6.213)) and (6.216)) into (6.210]) we find

max ||0§ B 0pSa 11, || max || 818,50+ X, |0k To0pS28||

kG{Ol} Od’qukG{Ol} 0-d,q,s 0-d,q,s
587‘1( + !\ﬁolqs+g3). (6.217)
We now turn to the estimate of the difference. Coming back to (6.209)), one can write
A1 ( B 0pS2 B, ) = A12(B ' 0pS2 BNz, ) — A12(To0pS2 By, ).
It follows that
-1 1
1802 (110082218 |17 5 p S 802087 2215 oy + [ B12(To0682B) 15, e (6:218)
Arguing as for (6.158]), one obtains
”A12(891C2)(*> SN/ ')H%SthPJrSO ~ €Y 1HA12ZHq Spt+ptos ( - log ‘Sin (g) D .
Then, using Lemma [£.4] implies
1812(06B~'$28) |15 o 10 S / 1812(96K2) (%, -y 031 + 2)llgy33+p+501
N 8’7 - HA12ZHq Sp+p+tos3” (6219)
On the other hand, proceeding as for (6.206]), and using in particular (6.30)),
7,0
|A12(T006528) || 1 g SV T ot (6.220)
Putting together (6.219]), (6.220) and (6.218)), ensures that
-1 -1
A1 (2 008, 114, ) || 1€ asip S E 112375 4 (6.221)

» Study of the term 5%’11397&%7 | . Using the relation Id = Ilg, + HSJ-O, we can write

Oy BT 0 RABL = Oy BTI'RAB, — 9y TodyRAB,
= Oy M BRIy, 105, — 05 TodyRI1g, Bllg,
= Oy BT 'RBIg, — 05T BT RILs, B10g, — 05 ToOpR B, + 05 ToOpR1s, Blg,.  (6.222)
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Hence

10521 0 RB LN g <057 BT RA| ,qs+||<9’““8 "RILs, B30,
+ 1195 To <+ 105 To0yRT1s, B 5 (6.223)

Recall that from Proposition that R is an integral operator of kernel J and therefore direct
computations give

(B~'"R%p)(¢,0) = /Tp(%n) T(i0,0,m)dn, (6.224)
with R R R
J(@,0,m) = J(@,0+ B(p,0),n+ B(w,n)). (6.225)
Combining (6.32)) and ( ., one gets
J(—p,—0,—n) = J(p,0,n) € R. (6.226)

Using the composition law and , we obtain

a PR . 19 < 1 J
ke%aXQ}?}lélp”( ) )( n+ )‘q,s ~ +|| 0”(]5-}—03

Thus, applying Lemma [4.4}(ii) implies

k+112—1 0
s |05 B RANS 0 S max, / (IO [
< 1+ ||J0’ q, s+0'3 (6227)
On the other hand we notice from (6.224]) that we get the structure
(B~'RIls,%p) (. 0) = /Tp(so,n)f(% 0,n)dn, (6.228)
with
Tpu0.0) = [ 7(0.0-+ B 0).1/) Dy = n)a (6.229)
Combining (6.32), (6.5)) and the change of variables ' — —n', one finds
J(—p,—6,—n) = J(¢,0,n) € R. (6.230)
Using the change of variables i’ — 1’ + 0 yields
‘]N(gov 07 n+ 9) = /]I‘J(QD’ 0+ B(@? ‘9)7 77/ =+ 0)DSO<T’/ - 77)d77/
Then by the composition law, we infer
8 PRERY) %O S1 J
by SUP 1@FT) G5y + 728 S 1+ [130[17 53y
Consequently, we find in view of Lemma [1.7]
-1 kT , 0
kelo1) 055 Ry 213545 < k rﬁ)af%}/ 105 T) (¢, s w11 + ) 137545041
S 1+ [130l1] 4, - (6.231)

If wet set
S3=09RA or OgRIls, A,
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then using , we deduce that
ToSsp = Y (S3p. (B ~1d)gm) 12 #~em

meSy

- Z <p>8§(3_Id)9m>Lg(T)<@_lemv

meSy

with &3 is the adjoint of S3 given by
Sy =-B'R*9p or — B 'Tg,R*0y, (6.232)

and R* the adjoint of R which is an integral operator with kernel

T*(,0,m) Z ng w (2, 0) Xk ke (93m), (6.233)

k'=1k=1

where we use the notations of the proof of Proposition Notice that similarly to and (6.5)),
the kernel J* satisfies

T (, -, 1O <147 6.234
ke%axg}f]‘é%? I1( )G+ ) a7 + || qusm ( )

and
T (=, —0,—n) = J*(p,0,n) € R. (6.235)

Now, we have the integral representation

(7683[)) 90, /}C4 9079 77) (SD’ )dna

Ka(p,0,m) == > (S5(B—=1d)gm) (2, 1) (B "em) (0, 0).

meSy

Then by virtue of (6.174)), (6.32)), (6.214) and (6.235)) we obtain

Applying Lemma combined with the law products, we get for all k € {0,1}

0
105 T8 12S,0 < / 1K) (5 e+ LG
5 Z (HSS( Id)gqu,s—&-soH’gg_ qso+k+||83( _Id)gmHgZSOOH’% 6m||q8+80+k‘>'
meSy

Consequently, using Lemma and ((6.234]), we get

||R* Od,q,sN/HJ* PR 777+ )|qs+so

< 1 + HJ ”q s+o03°

Applying (6.27)), Lemma and the previous estimate implies

0
183017 < IR Guplly + 27 q75+(,3||7z*aepuqso
~ (afl (1+ HJOHQW) + HR*I ¥ 20s) 013501 + IR S g0 llo 35
< ||P‘ q,s—i—ag q,so+1

Thus

~,0
q780+1

,O
HSE’:(B - Id)gm| g,s 5 ||gm” 5+1 + HJ0| q,s+03

< 1 + H‘J0| qS+03
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Hence

)
pnax, 195 To

Putting together (6.223)), (6.227)), (6.231)) and (6.237)) allows to get

Cas S 1+ 119003550 (6.237)

Loas Sev (

max. el|of 7 R ] 3003 5s,) - (6.238)

We now move to the estimate of the difference. From 6.222, one has
A2 (BT 0 RB,) < ||A12 (3B~ RS) || + | A2 (9pB~ 1 RITs, B) |2

”o d,q,5p+p

0-d,q,5,+p

+ || Ag2 (76897393) Ho a,95n+p T ||A12 (7689RH§0 )Ho 4,q,5h+p" (6.239)

Combining Lemma {4.4] with Taylor Formula, (6.224)), (6.225)), (6.10) and ( one obtains

[ A12(99B~ 17&%’)| g Fntp S / [A12(0pT) (%, -, s 4 +) q,sh+p+$0dn
5,0
q Shp+pto3” <6'240)
In the same spirit, (6.228) and (6.229) give
HAlQ(aeBilRHSO )HOdq,sh+p ~ / HA12 89J)( TS/ Iy ) q’sh+p+50d7]

< HA12Z‘ q, sh+p+o-3 (6241)

According to the structure of J* detailed in (6.233]) one can check that J* satisfies similar estimates
as (6.10). Then using (6.31]), one finds in a similar way to (/6.206)),

1212 (ToS) 13 510 S / JAssKa(e, o+ )]

q, Sh +p+so d77

v,0
q Sptptos” <6'242)
Hence, putting together, (6.240)), (6.241)), (]6.242[) and (6.239)) gives
el A2 (BT ORBLES y50sp S &7 1||A121Hq7sh+p+ag (6.243)

On the other hand, gathering (6.184)), (6.153)), (6.193)), (6.211]), (6.215)), (6.236), (6.226]) and (6.230))
together with Lemma we find that %, is a real and reversible Toeplitz in time integral operator.

In addition, (6.184]), (6.187)), (6.1983)), 46 217)and16 238)give(6 185]).
Furthermore, (6.184)), (6.188)), (6.207)), and (6.243]) imply (6.186} m
(iv) Using Lemma [4.3] together with 16 181) (5.26)), 16 26) and (6.178), one obtains for all s € [sg, 5]

Lol < || (w -8 + ¢igOp + OpICy * ')) 179 + He@09| 19

0
s+1 + ||‘%0| O- d,q,s”p q,so ,q,so ||P| g,s
1
s+1 +ey HJ0||qS+U3 |p| q,so
This ends the proof of Proposition O

6.3.2 KAM reduction of the remainder term

The goal of this section is to conjugate %y defined in Proposition to a diagonal operator, up to a
fast decaying small remainder. This will be achieved through a standard KAM reducibility techniques
in the spirit of Proposition but well-adapted to the operators setting. This will be implemented
by taking advantage of the exterior parameters which are restricted to a suitable Cantor set that
prevents the resonances in the second Melnikov assumption. Notice that one gets from this study
some estimates on the distribution of the eigenvalues and their stability with respect to the torus
parametrization. This is considered as the key step not only to get an approximate inverse but also
to achieve Nash-Moser scheme with a final massive Cantor set. The main result of this section reads
as follows.
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Proposition 6.5. Let (v, q,d, 11, T2, S0, 51, g, S) satisfy (4.1)), (4.2)) and (6.3). For any (us2, sp) satis-
fying

3
—p2+35 +1, (6.244)

to = o + 270 + 279 and sh>2

there exist g € (0,1) and o4 = 04(71,72,q,d) > 03, with o3 defined in Proposition[6.4] such that if
ey TINE2 <o and  [|FolS L, < 1, (6.245)

then the following assertions hold true.

(i) There exists a family of invertible linear operator ®o : O — E(Hj_) satisfying the estimates

0 -2
Vs € [s0, 5], [19E 0177 S HAl7E + v 2130l Il - (6.246)
There exists a diagonal operator Loo = Loo(A,w, 1) taking the form
Zoo =w - 8¢H§0 + -@00
where Do = Doo( A, w,i0) is a reversible Fourier multiplier operator given by,
V(l,5) € Z% x S, ey = in5 ey,
with
Vi €8s pt(A\w,io) = ,u?()\,w,io) + 757\, w, o), ||7“;-)°||:]”(9 Sey ! (6.247)
and
sup [j][[r°llg? S evt, (6.248)
JESS
such that in the Cantor set
OV LT () = A O%Tl I A\, oo\ : 2y(j—jo)
co,n (20) : ( 7w) € ’LO ‘w +/'1/j ( w 20) M]()( awvl(])‘ > (™2
(L,5,30) EZ4 X (8§)2
[l|<Nn
(1,9)7#(0,30)
we have
O} AP = Loo +E2,
and the linear operator E2 satisfies the estimate
@ -2
B2 Pl S ev > NE2N L2 ol - (6.249)

Notice that the Cantor set OL n(io) was introduced in Proposition the operator £y and the
frequencies (,uj A\ w, z()))jeSS were stated in Proposition

(i) Given two tori iy and iz both satisfying (6.245)), then

Vi€Ss, AP0 S ey AwdlS (6.250)

q,Sht+04

and

Vi€ Sh,  1AuslTC < ey il Al (6.251)

q;5p+04”
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Proof. (i) We shall introduce the quantity
_ 0
50(5) =7 1”‘@0”g—d,q,sa

where % is the remainder seen in Proposition . By applying (6.181)), we deduce that

q,st03

Jo(s) < Cey2 (1 130l ) . (6.252)
Therefore with the notation of (6.244)), (6.245) and the fact that o4 > o3 we obtain

N§280(sp) < ONp2ey™2
< Ceo. (6.253)

» KAM step. Recall from Proposition that in the Cantor set O}, (7o) one has
BB = Lo+ EL,
where the operator £ has the following structure
Ly = (w0, + D)5, + Zo, (6.254)

with 2 a diagonal operator of pure imaginary spectrum and % a real and reversible Toeplitz in time
operator of zero order satisfying H§0%0H§0 = Hy. Similarly to the reduction of the transport part, we
shall first expose a typical step of the iteration process of the KAM scheme whose goal is to reduce to
a diagonal part %y. Notice that the scheme is flexible and has been used in the literature to deal with
various equations. Assume that we have a linear operator .Z taking the following form in restriction
to some Cantor set ¢ one has

L= (w-0p+ P)g, + X,

where Z is real and reversible diagonal Toeplitz in time operator, that is,
De; =ipj(Aw)e; and  p_j(A\w) = —pi(Aw). (6.255)

The operator Z is assumed to be a real and reversible Toeplitz in time operator of zero order satisfying
HSLO %H§O = Z%. Consider a linear invertible transformation close to the identity

o =Tlg +T:0 — L(H}),
where W is small and depends on Z%. Then straightforward calculus show that in &
LD =07 (@ w0y + D), + [w- 0,11, + 7, ] + 2+ 2V
— (w0 + 2V, + @7 ([(w 0, + PV, W] + Py + PR + RV,

where the projector Py was defined in . The main idea consists in replacing the remainder %
with another quadratic one up to a diagonal part and provided that the parameters (A, w) belongs to
a Cantor set connected to non-resonance conditions associated to the homological equation. Iterating
this scheme will generate new remainders which become smaller and smaller up to new contributions
on the diagonal part and with more extraction on the parameters. Then by passing to the limit we
expect to diagonalize completely the operators provided that the parameters belong to a limit Cantor
set. Notice that the Cantor set should be truncated in the time mode in order to get a stability form
required later in Nash-Moser scheme and during the measure of the final Cantor set. This will induce a
diagonalization up to small fast decaying remainders modeled by the operators E2 in Proposition [6.5}
Now the first step is to impose the following homological equation,

[(w- 0, +2)g,, V] + Pn% = | PnZ), (6.256)

114



where | PyZ] is the diagonal part of the operator #. We emphasize that the notation |R| with a
general operator R is defined as follows, for all (g, jo) € Z¢ x S,

_ — pldo, . _ . . .
Relodo = Z Rlo Go€li = LRJ €lo,j0 = Rlo,joelo,Jo - <Relo,Joveloﬁo>L2('ﬂ‘d+1) €lo,50- (6'257)
(Lj)e ZdXSC

Remind the notation ey, j, (¢, 0) = elllo+j09)  The Fourier coefficients of ¥ are defined through
_ Lj Lj
\I/eloyjo - Z \I/l(),joel’j’ \I,loajo cC
(1,7) €29 xS

From direct computations based on the above Fourier decomposition, we infer

. 1,5
[w . apl_—[é_o? \If] €lg,j0 = 1 Z \Ijloj,jo w - (l — lo) €l
(l,j)edeSg

and using the diagonal structure of Z,

. 1j
[-@Ua ‘lj]elo,jo =1 Z \IIZOJJO (H]()\vw) — HKjo ()\,W)) €5
(1,7)€ZEXSE

By hypothesis, Z is a real and reversible Toeplitz in time operator. Hence its Fourier coefficients write
in view of Proposition

l,j

‘@lo .Jo

Consequently W is a solution of (6.256) if and only if

_ L,j )
ey, j, = E: ‘I/zo,joel,ﬂ

=ir] (\w,lo—1) €iR and Z;7. =-%’

—lo,—Jjo lo,jo~

(6.258)

[l—lg|<N
[i—dol<N
and A
J . . .
Lj . . _ -r; (Aawvlo - l) if <l7.]) 7& (l()a.j())
U5 (w0 = 10) + i w) = o (A w)) = { NE )

In particular, we get that ¥ is a Toeplitz in time operator with \IJ;:O(ZO —1) =" L

oo . Moreover, for
(1,4, 70) € Z% x (S§)? with |I,|j — jo| < N, one obtains

) (Aw,l) .
\I/;.O(A7w, l) = { u.)'lJr,LLj()J\?W)*MjO()\,w) if (l J) 7& (0 -70) (6.259)
0 if (1,7) = (0, jo),

provided that the denominator is non zero. In addition, from HSLO %HSLO = %, one easily gets
Vi ez Vjor jo€So, 1 (\wl)=0

Therfore, we should impose the compatibility condition
Vi ez’ Vjor jo€So, W (A\wl) =0

This implies that H§O\PHLO = U. To justify the formula given by (6.259)) we need to avoid resonances
and restrict the parameters to the following open set according to the so-called second Melnikov
condition,

ol= (N {dweo st i+ i) - m(w) > 2

(1,3,40) €24 % (8§)?
<N
(1,5)#(0,40)
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In view of this restriction, the identity (6.259)) is well defined and to extend ¥ to the whole set O we
shall use the cut-off function x of (5.81)). We set

: —0 O\ w, D)l (N w, ), if  (1,5) % (0,
\Iléo()\,w,l):{ 07Qj0( ) ]O( ) ) ( ])i( ]0) (6260)

with
X ((w - 1+ (A w) — g (A w) (77 — o) "H(D™)
w4 (A w) = g (A, w)

To simplify the notation, in the sequel we shall still write ¥ to denote this extension. Note that the
extension ((6.260]) is smooth and in restriction to the Cantor set 6’1 coincides with ¥. On the other

hand, (6.258) and ((6.260)) imply that \Ilgo(l) € R. In addition, (6.261]) combined with (6.255) give

v (=) =W (1),

—Jjo

gl (A w,1) == (6.261)

Consequently, in view of Proposition we deduce that U is a real and reversibility preserving
operator. Now consider,

Py =9+ |PNZ), Ry=0(-V|PyR|+ Px%#+RV) (6.262)

and
L= (w-0p+ Dy + %+)H§O.

Therefore, in restriction to the Cantor set &7, we can write
$+ - @_lgq).

Our next task is to estimate Q;O defined by (6.261)). Notice that this quantity can be written in the
following form

Q;O ()‘7‘*}7 l) = al,j,joX(al,j,joAl,jJO ()‘7(“‘)))7 X('T) = (x)v
Al,j,jo ()" (.d) =w-l+ ,uj()‘a (/J) - ,Ujo()\,CU), al.j.j0 = (’7<] - jO))_1<l>T27 (6263)
where X(z) := @ is C*° with bounded derivatives. Assume now the following estimate
¥ (j.do) € (S5)%,  max sup |95, (u;(A\w) = pjo(A,w))| < Clj = jol. (6.264)
lal€[0,a] (A, w)GO
Then, we find
¥ (1d.do) € 20 x (85)%,  maxc [|Ay5/I5C < C (1.7~ jo). (6.265)

q'€[0,4]
In a similar way to (6.46]), using Lemma [4.1} (vi) and (6.265)), we obtain
va' € [0.ql, lol, (= DIITC < Cy @I 5 — Go)y T (6.266)

Similarly to (6.48)), using Leibniz rule, we get

‘ ,q s X C’Y_l ||PN'%||O d,q,5+T12q+T72" (6267)
We also assume that the following smallness condition holds
_1 ||‘@||O d,q,80+712q+T2 X CEO' (6268)
Hence, by virtue of (6.267]), we get
H\IIHO d,q,S0 g C ! ”%Ho d,q,50+7T2q+T2
< Cey. (6.269)
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As a consequence, up to take g9 small enough, the operator ® is invertible and

o0

o =) ()" i=1d + %,
n=0

According to the law products in Lemma [4.1 Lemma [4.3] (6.267) and (6.269) one gets

HEHOdqs ~ H\Il”Odqs (1+Z <CH\IIHOdq50> >

< Cy N2 2|09 (6.270)

Therefore, we conclude with the assumption (6.268]) that ®~! is satisfies the following estimate

o <Oy NP |3, (6.271)

From ([6.262)), we can write
R =PNR+ O 'RV —V |PyZ| + S (Pv%# — ¥ | PnZ)).
Thus, by virtue of Lemma and ((6.271)), we infer
H‘%-l-‘ O- d,q S \ HP]#‘%HO d,q,s + CHZHO d,q,s <HP]¢_%HO d,q,50 + H\IIHO d,q,so”‘%’ O-d,q, so)
+C (141200000 ) (1200 1213 gy + 11013 o 1213 D) - (6:272)

By Lemma[1.3], (6.267),(6.269) and (6.271), we get for all S >3 > s > s,

H%-i-’ 0O-d,q,s \ Ns S”‘@HO d,q,5 + Cv_lNTQQ—i_TQH‘%H O-d,q, SoH‘%’ O-d,q,s* (6273)

» Initialization We shall verify that the assumptions (6.264) and (6.268)) required along the KAM
step to get the final form (6.273)) are satisfied for . = % in (6.254]). Indeed, (6.264) is an immediate
consequence of Lemma [3.3}(vi), that is

3C >0, ¥(j,50) €Z%, max  sup |95 (Q;(N) — (M) < C|j — jol- (6.274)
lal€[0,q] Ae(xg,A1)

Thus, applying (6.179) we obtain

3C >0, V(j,jo) € Z°, max sup |05, (nI(\w) — ) (A w))| < Clj— ol
lal€0.g] (\w)eO

Concerning the second assumption (6.268]), we may combine (6.181)) and ((6.245]) to find

o)

—1
”‘%O”O d,q,50+72q+T2 < 05’7 (
< 050.

» KAM iteration. Let m € N and consider a linear operator
L= (w+ Op + D + % ) 11§, (6.275)

with Z,, a diagonal real reversible operator and Z%,, a real and reversible Toeplitz in time operator
of zero order satisfying HSL0 %mH§O = . We assume that both assumptions and are
satisfied for %, and %,,. Remark that for m = 0 we take the operator %, defined in . Let
®,, =1Id + ¥, be a linear invertible operator such that

O, 1 L0, o= (W Oy + Dins1 + B )15, (6.276)
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with ¥, satisfying the homological equation
(v 0y + D)s,, V] + PN, %#m = | PN, %m).-

Recall that N,, was defined in (5.82)). The diagonal parts (Z,)men and the remainders (%, )men are
defined similarly to (6.262)) by the recursive formulas,

Dyt = Do + | Pr, B and By = &1 (—xym | Py, %o | + Pt T + %mwm) . (6.277)

Remark that 2, and | Pn,, %] are Fourier multiplier Toeplitz operators that can be identified to
their spectra (iu]")jesg and (ir]");esg, namely

V(1,j) € 2T x S5, Dmer; = ip]" e ; and | Pn,,Zmle; =i e ;. (6.278)

By construction, we find

pyth = g (6.279)
In a similar way to (6.259) we obtain
. _Tgo,m(kvwrl) if (l ) ?é (0 . )
() (A w,1) = @l Qe a0y 1T 74500 (6.280)
]O . . .
0 if (laj) = (07]0)1

where the collection {Tﬁo,m(% w, 1)} describes the Fourier coefficients of %,,, that is,

— J
Fmeingo =1 > 1hmNw lo— ey,
(1.j)ezd+!

Now we shall define the open Cantor set where the preceding formula is meaningful,

o), = N {()\,w) €0 st |w-l+prw) — gt w)| > vg;gw}. (6.281)
(Lo €24 (85)?
[l|<Nm
(,5)#(0,50)

Similarly to (6.260]) and (6.261]) we can extend (|6.280|) as follows

| (@ ()= M) (li=doD T 072 ) ) .
(T)) (N, 1) =~ R v Bt v R if(1,7) # (0.50)  (6.282)

We point out that working with this extension for ¥, allows to extend both Z,,+1 and the remainder
Hm+1 provided that the operators %, and %, are defined in the whole range of parameters. Thus
the operator defined by the right-hand side in can be extended to the whole set O and we
denote this extension by %,11, that is,

(W 0y + Dt + Rrni1 )15, = Lri1. (6.283)

This enables to construct by induction the sequence of operators (-Z,+1) in the full set O. Similarly
the operator ®,!.%,®,, admits an extension in O induced by the extension of ®}! . However, by
construction the identity %11 = ®,.1.%,®,, in occurs in the Cantor set &) 41 and may fail
outside this set. We define

5m(5) = 7_1”‘@771"87—2(],8 (6'284)

and we want to prove by induction in m € N that

Vm eN, Vs € [s0,5], om(s) < So(sn)NE2N;#2  and 6 (sp) < (2 - m%l) So(sn),  (6.285)
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with 5; and s, fixed by and . Moreover, we should check the validity of the assumptions
(6.264) and (6.268|) for Z,,+1 and Zp+1. Notice that by Sobolev embeddings, it is sufficient to prove
the first inequality with s = 5;. The property is obvious for m = 0. Now, assume that the property
(6.285)) is true for m € N and let us check it at the next order. We write

o0
o' =Id+ %, with %, =) (-1)"0p. (6.286)

n=1

Thus similarly to (6.270)), using in particular (6.267) and (6.269) we deduce successively

,qso <1+Z CH\I/m|Odqso) )

< Om (S0 + T2q + 72) (1 + Z (Com(so+72q + 72))n>
n=0

||Zm|0dq,50 ||\I/

and for any s € [sg, 5],

HEWL’ d,q,s \ H‘llm’Od,qs (1+Z CH\I]m’Od,qso) )

n=0

< NRTTT26,(s) (1 + Z (Cém(so+ T2q + TQ))n> .

n=0

Hence, from the induction assumption, the fact that N,, > Ny and since (6.3]) implies in particular
S0 + T2q + ™2 < 'S;, we obtain

Sl ey < OGN 200(s1) (”Z N“QNT;N250<Sh>)">

< ONY® N2 00(sn) (1 + Z (050(8h>)">

n=0

and for any s € [sg, 5],

1%

,q s < NT2q+725 (1 + Z N[';LQNn_lMQ&O(Sh))n)

< N6, (5) (1 + Z (Céo(sh))n> )

n=0

It follows from the condition that
2 15 g0 < ONEZNL200(sn) and ||| 35gc < ONJIT25,(s). (6.287)
One also gets
ISml|3S s < COm(s + T2q + 7). (6.288)
From KAM step and Sobolev embeddings, we infer
Sm1(31) < Npi=*" 6 (sp) + CNZIFT (8,(51))°
Using the induction assumption yields

Omt1(5) < N§z—8h (2 — m7+1) So(sn) + CNT2L]+7’250 (sn)N. 2u2N 2o

< 2N Gg(s) + ONpRa™262 (s, ) o N, 20,
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At this level we need to select the parameters 5, s, and po in such a way

1

< 1
NF—sh < N‘usziﬁ and CN;fq+TQ(SO(Sh)N3H2N 22 < 2NM2Nmi21 (6.289)

leading to
Om+1(51) < o(sn) NG N, 53

The conditions ((6.244)) imply in particular

3
sp > §M2+§l+1 and g > 2(m2q + 12) + L.

Then, using (5.82)), we conclude that the assumptions of (6.289)) hold true provided that
4N <1 and 20N[?60(sp) < 1, (6.290)

which follow from , since the first condition 4N, " < 1 is automatically satisfied because
Ny > 2 and pg > 2, according to . Therefore, under the assumptions we get the first
statement of the induction in . The next goal is to establish the second estimate in .
By KAM step combined with the induction assumptions we deduce that

Smi1(sn) < Om(sn) + CNZTE25 (50)8m (sn)
< (2 - +1)50(sh)(1 + CNgQN;gqmwao(sh)).
Thus if one has
(2 - m) (1 + ONE2 N2atm— “250(sh)) <21 (6.201)
then we get

dm+1(sn) < (2 - m+2) do(sn),
which ends the induction argument of (6.285)). Remark that with the choice pg > 2(72q + 72) fixed in

(16.244)), the condition (|6.291]) is staisfied if

CN2N, T8 (sp) < m (6.292)
Since Ng > 2 we may find a constant cg > 0 small enough such that
vmeN, Ny < gamimry
Consequently, is satisfied provided that
CN{2N,, 21750 (sp,) < co. (6.293)
By virtue of the assumption we get in particular
Toq+ 12— 12> 0. (6.294)

Thus is satisfied in view of . To conclude the induction proof of it remains to
check that the assumptions (|6.264}) and ((6.268)) are satisfied for Z,,,+1 and %, +1. First, the assumption
is a consequence of the first inequality of applied at the order m + 1 with the regularity
index s = sg + 10q + 0 < §; supplemented with . Concerning the validity of for D11,
we combine and (6.279)) and (6.257)), in order to find

(@]

= ||<PNm%mel7j7el,j>L2(’]Td+1)HZ’ .

m+1

145
From the Topeplitz structure of %, we may write

0
||Merl }an’O = |[(Pn,, Zmeo.;, €0,j) [2(Td+1) HZ
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By a duality argument combined with Lemma and we infer
17 = 17130 S | Zmeo il ()
S 152l (17
S35 g0 = VOm(50). (6.295)
Hence we deduce from , and

Y = w70 < Cydo(sn) NG Nk
< Cey IN[2N, F2. (6.296)

As the assumption (6.264)) is satisfied with Z,,, that is,

Y (j,j0) € (S§)?, max sup |95, (u]'(\w) —pl (A w))| < Clj— ol (6.297)
la|€[[0,q] ()\w)EO

then we obtain by (|6.296))

Y (4,70) € (88)2, max  sup

P w) = T (A w ‘ < C(1+ ey VINP2NF2) |j — jol.
lal€[0,q] (A w)cO ( (Aw) = Jo ( )> ( 0 )’ ol

Consequently, the convergence of the series > N,/ gives the required assumption with the same
constant C independently of m. This completes the induction principle. In what follows, we shall
provide some estimates for W, that will be used later to study the string convergence. Using
combined with Lemma [£.3] and sg + 72q + 72 + 1 < 5; we find

1
H\Pm| 0-d q,so+1 <Oy ||PNm‘% HO d,q,80+T2q+T2+1

< Con(3). (6.298)
Thus (6.285) and (6.253) yield
N2 1 < Coo(sp)NG* N, 12
< Cey 2Ni? Ny #2. (6.299)

Next, we discuss the persistence of higher regularity. Let s € [so,S], then from (6.273]), (6.285) and
(6.253]) and ((6.294])

bm11(5) < O (s) (1 4+ CNZZT 26 (50)
Sm(s) (1 + CN5‘2N;2Q+TQ—“250(sh))
< Om 3 (1 + CNT?Ll)

/_\

Combining this estimate with (5.82)) and (6.252)) yields

Vs>s9, VmeN, dn( H —I-CN
n=0
< Céo(s)
< Cer? (1 + HJ0|]qS+U4>. (6.300)

Using (6.267]) combined with Lemma applying in particular interpolation inequalities, leads to

—1 ,O
< C/V HPNm‘%m”g-d,q,s—I—mq-i-D
< Cop(s+ 12q+ 1)
<

C 8% (50)057 (s + Taq + T2+ 1). (6.301)

120 |55,
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with 6 = m Inserting (6.285]) and (6.300]) into (6.301]) and using (6.253) give

19300 < €30 (52)8) " (s + 72 + 72 + NG N, 127
< Ceo?6570(s + g + 72 + 1)N#20. (6.302)
We point out that one also finds from (6.288]), the second inequality of (6.301)) and ([6.300|) that
Vs €l Sl sup (112350 + 1¥ml3S,:) < Cr7 (14120035 )- (6.303)
me
» KAM conclusion. Let us examine the sequence of operators <</13m> N defined by
me
dy:=®y and VYm =1, &, = Pyodi0...0d,,. (6.304)

It is obvious from the identity ®,, = Id+ V,,, that </I\>m+1 = ;I\Dm + @m‘ym+1. Applying the law products
yields

1B 1 gt < 183 pin (1 N1 13001 ).
By iterating this inequality and using ((6.299)) we infer

m+1
e Loy || (1+ 1Pl o)

< ﬁ <1 + CsoNn_“?).

n=0

Using the first condition of (6.253) and (5.82f) imply

(o)
”(I)m-&-l”o d,q,s0+1 H (1 + Cepd™ @) >
n=0

and since the infinite product converges, we obtain for ¢y small enough

sup s < 2. (6.305)

Now we shall estimate the difference (/ﬁm+1 — ;I\Dm and for this aim we use the law products combined
with (6.299) and (6.305))

= 7,0
H(I)erl | 0-d,q,s0+1 < C||(I)m| O-d q,so+1 H\I]m+1 Ho d,q,50+1
< Cdo(sp)N§”? Nmfl (6.306)
Applying Lemma [AT] gives
m o~ o~
Y @it = @l 3 gsoe1 < C Solsn)- (6.307)

~

Therefore, by a completeness argument we deduce that the series Z (ZISmH — ®,,) converges to an

meN
element ®,. In addition, we get in view of (6.306) and Lemma

~,0
-d,g,80+1

oo
||(I)m — Poo o d,q so+1 Z ||(I)J+1
j=m

o0

g C(Sg(sh)N(’)” Z N]Jruf

j=m

< Cy(sp)NE2NH. (6.308)
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Remark that one also finds from (|6.305|)
1Pooll3 g 01 < 2 (6.309)

Using (6.307)) combined with (6.301]) for m = 0 and (6.244])

H Id’ O- d ,q,50+1 Z H(I)m‘i’l | O- d,q,80+1 + ||\1J0| O- d,q,80+1
\‘(750(Sh). (6.310)

Let us now check the convergence with higher order norms. Take s € [sg, S|, then using the law

products, (6.299)), (6.302) and (6.305)) we infer

H(I)m+1Ho d,g,s S Hq)m| O- d,q, (1 + CH\I’m-HHo d,q, 50> + CH(I) ,q,so”\l}m-i-lHo d,q,s (6.311)

< H(I)mHo aq,s (1 +Ceg Nmfl> + Cég(sh)]\f(l)@%é—@(s + T9q + 12 + 1)Nn;li25.

According to the first condition of (6.253) and (5.82)) one finds

ﬁ (1+CeoN,#?) < ﬁ (1 - 0504*(%)”)
n=0 n=0
<2

)

where the last inequality holds if ¢g is chosen small enough. Applying (6.79)) together with (6.311))
and Lemma and using ((6.267)) yield

_ 517
sup (B30 < € (1203 Ty,0 + 00 NE55 7 (5 + 720 4+ 72 +1))
< C(l + 0o(s + 12q + T2) + 55(%)]\76‘295575(5 + Toq + T + 1))
Interpolation inequalities and ((6.253)) allow to get

sup 1@ |25 4.6 C(l +00(s+ g+ 12 + 1)) (6.312)
me

The next task is to estimate the difference || @1 — ® D, 19 7’0. By the law products combined with the
first inequality in (6.299)), (6.302)), (6.305]) and (6.312)) we obtain

U113 S50 + 1P mllE T Wm0 1355 )

< Cdo(sn)NE? N (1 + 00 (s+T2g+ T2 + 1))

H(I’m—f—l mHOdqs X (H(I)mHo d,q,s
+ C 50 (s,)NE20 510 (s+T2q+ 1+ 1)Nmfle
Thus, we obtain in view of Lemma

[o¢]
> 1@ — B, )| 35 4.6 < 050(3h)(1 + 00 (s + 12q + T2 + 1))
m=0

+C (505(511)6(1)_5 (8 + Toq 4+ To + 1).

Combining the interpolation inequalities with the second condition in (6.253)) gives

ST Bt — Bll s C(éo(sh) +00(s+ g+ 72+ 1)) (6.313)
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From this latter inequality combined with (6.253) and (6.312)) we infer
o0
”(I)OOHO d,q,s Z H(I)m-i-l m”o d,q,s + ”(I)0| o- d,q,
—

<C(1+do(s+m2a+7+1)). (6.314)
On the other hand, using ((6.313]) and the second inequality in (6.301)) with m = 0, one can check that

oo
|| Id|0d,qs = Z ||(I)m+1_q) ,qs“‘”‘lj()”oaq,

< C’((Sg(sh) +do(s + g+ 72+ 1)) (6.315)
Therefore, Lemma together with ( m and Sobolev embeddings give
1®ocpl| 7 S NPocllESg.so 1011 + 1 PocllESgsllPl7S
S loll3€ + (1+50(s+mq+m + 1))\\puqso
Spll3E +60(s + m2q + 72+ 1) ol 15 (6.316)
Applying (6.181)) and (6.284]) we obtain

So(s+mq+ 710+ 1) =77 Rl 58 g
<eq? (1 + 1130 yqsm) . (6.317)
Plugging (6.317)) into (6.316)) and using (6.245]) combined with Sobolev embeddings and (6.244]) yield

o —
1Bl S 10172 + 272 (14 13001350, ) 10138

< 1elg2 + ey 21300170, oIS, (6.318)
In a similar way to (6.316]) we get by Lemma combined with (6.315]) and (6.310))
H((I)oo_ld) ‘qs ~ H(I) So”p‘ +H(I) Id’Odq,sHp|q,so
< dolsn) ol + (ao<8h> +do(s+ g+ 72+ 1) ) IpI3S
550(8h)\\p! +(50(8+7’2q+7'2+1) 29,
Hence we find from (6.317)) and (6.245)) combined with Sobolev embeddlngs and (6.252))
[(@oe = 1d) |77 S (972 + do(s) 112 + & pi
Sevlollys + 8772”*10Hq ol (6.319)

q s+a4

The estimates @' and & — zﬁ; ! follow from the same type pf arguments.
> In what follows we plan to study the asymptotic of the eigenvalues. Summing up in m the estimates

(16.296)) and using Lemma we find
Z ”Mm—i-l

< Cy do(sp)N§? Z N, 12

m=0

< Cvdo(sh)- (6.320)

Thus for each j € S§ the sequence (1) men converges in the space W°*7(0O, C) to an element denoted
by p3° € W ’7((’) C). Moreover, for any m € N, we find in view of ([6.296)

) ,O
157 = w1130 Z i = w115

o

< Cy 0o (sp)N§”? Z N, #2.

n=m
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Applying Lemma,

sup 115° = pP3C < Cydo(sn) NY2 N2 (6.321)
JES§

Therefore, we deduce

where (u?-) is described in Proposition and takes the form

1y (N w,io) = Q5(A) + 4 (cip (A, w) — LA K1 ().

Hence (6.320)), (6.252) and (6.245) yield

17521137 < Oy do((sn)

<
<Cey!

and this gives the first result in (6.248). Define the diagonal operator %, defined on the normal
modes by
V(l,j) € Z X S5, D1 = i er;. (6.323)

By the norm definition we obtain

,O
1D — Doo | Sags0 = sup I — p5° 179,
jESS

which gives by virtue of ((6.321])
1D — Doo|| 55 4,50 < C 7y Go(sn) NE> N2 (6.324)
> The next goal is to prove that the Cantor set €337 (ig) defined in Proposition [6.5| satisfies

n+1
YsT1,T2 (5 Y — Y
ﬁoo,n (ZO) - ﬂ ﬁm - ﬁnJrl'
m=0

where the intermediate Cantor sets are defined in (6.281)). For this aim we shall proceed by finite
induction on m with n fixed. First, we get by construction 037 (ig) C O =: 0. Now assume that
0L (ig) C O, for m < n and let us check that

oL ™ (o) C ﬁ;wrl- (6.325)

Let (\,w) € 0L ™ (o) and (I,7,70) € Z% x (S§)? such that 0 < |I| < Ny, and (1, 5) # (0, j0). Then,
the triangle inequality, (6.321)), (6.244)) and (6.253)) imply

o 14 P w) = iAW) > - L () = 55 (A )| = 2 sup [l — ply®
AR

> 2W<(ZJ;2J'0> - 2,},50(8}1)]\76@]\;”—1#2
(

> 200 — yeq (172 (j — jo).

Thus for ¢ small enough and by (6.244) (implying that ps > 72) we get

w1+ 1t (A w) — ,u%()\,w)‘ > 7%;2())
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which shows that (\,w) € &) . and therefore the inclusion ([6.325) is satisfied.

> Next we shall discuss the convergence of the sequence (%), introduced in (6.275) towards the
diagonal operator %, = w - @,HSLO + P, where Y is detailed in (6.323)). Applying (6.324)) and
(16.285))

1% = LocllB0g50 < N1Zm = DocllB g 50 + 12l 300,50

C’y(So(Sh)NéQNm“Q, (6.326)

0<
<

which gives in particular that

i (| L — o35

By virtue of ((6.304]) and (6.276]) one gets
V()\,w) co) 1 &);1.,%:ISR = (w . &p + .@n_H +<@n+1)1—[§'0
= goo + (@n+l - @oo + %n+1)1—1§'07

o = 0. (6.327)

It follows that any (\,w) € ),
(I)golfgq)oo =%+ (-@n+1 — Do + ‘%"+1)H§0
+ ol % (<I> -3 ) + (cb;} - <T>;l> %®,
= Lo +EL | +Eby +EL 3= Lo +Ep.

For the estimate E721,1 we use (6.324]) combined with ((6.284)), (6.285)), (6.252) and ((6.245))

HE 1||O d,q,80 < C’Y(SO(Sh) MQan:f
< Cey 'N[2N 2. (6.328)

According to Lemma [4.11{ with (6.328) we obtain

IEZ 1pll:50 < Cev™'NG*N L2 llol3:s)

Q»SO

Now let us move to the estimates of E2 o and EZ 5.3~ They can be treated in a similar way. Therefore we
shall restrict the discussion to the term Eig' Using ((6.246)) yields

19 S 1 (0n B9 + e

q,50 ~

Therefore we get from (6.183]) combined with (6.245|)

1E2 50]170 < (|2 (oo — B ) p||©

q,50 q,50

(@ — Ba)o] 1€,

Applying (|6.308]) with Lemma (6.245)) and (6.252) allow to get

HETL 2P q,80+0'4H$0( )p‘ 4,50° (6329)

O
IEZ 261179 < || ®Poc — P HOdqsOHHP q,so+1
< C5O(Sh)NM2N q,so+1
2
<C€")/ N'UQN +1Hqusg+1

Notice that for E%B we get the same estimate as the preceding one. Consequently, putting together
the foregoing estimates yields (6.249)).
> The goal now is to prove (|6.248)). We set

S (5) = max (7109 B 15,007 1Bl |5 0.5) -
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Then we shall prove by induction on m € N that

~

Sm(s0) < do(sn)NL2 NP2 and  dm(sp) < (2 - m+1> So(sn)- (6.330)

According to Sobolev embeddings, the property is trivially satisfied for m = 0. Notice that from
(6.181) and (6.245)) one gets

o(sn) S &7 (1+ 1301135 1,
<ey 2 (6.331)

We ssume that ((6.330) is satisfied at the order m and let us check it at the order m + 1. Applying dy
to the second identity in (6.277) and using (6.286[ we obtain the expression

69%m+1 = (I)7_nl (Pﬁm O0g%m + OgFm ¥ m — Vi 0y LPNm%mJ - [39, \Ijm} LPNm%mJ)
+ [0 5] (P, o + Hon Wi — Wi P, %o ).
= Uy, + U,

with
ng = [307 Zm] (Pﬁm%m + ZmYm — Vi, LPNm%mJ>'

It is easy to check that for any Toeplitz in time operator T'(\,w), we have

[89, T()\,UJ)] €ly,50 — 1 Z (] - ]O)T]JO ()‘a w,l— lo)elJ’

(1,5)ezd+1
which implies using the norm definition
7,0
1100, TY 23 s < ITNS o1 (6.332)

Since ®! = Id + X,,, then applying Lemma we obtain successively for S >35> s > sg

U 13S0 < CUEMIED s (106l E D00 (14 191

+CH2mH0d,q80 [H(%% ”Odq7 <1+H\If

qs 50) + ” [8‘97 } ||O d,q,80 7q S0

7Q780> + H(‘%}% ”Odq,SOH\IImHOqu (6.333)

+|| [86'7 \I’m] ,qs”*% ‘ o- d,q,so + H [897 \I}m] | o- dq,soH% | o- d,q7 ] + HPNma@'%) | o- d,q7
and
U211 S 1100, ] 1594, (11%m ||Odq,souwmuoa,q, 13S0 (14 12205 ))
1100, B 11501 55,00 (1 + 1l 3D ) - (6.334)
By using (6.332), (6.267)) and Lemma we obtain
1190, W) 13500 < Wm0
—1
< Oy HPNm% ”O d,q,5+T2q+Ta+1
< ONPatm2tls (s).

Coming back to (6.287]), we obtain
119, ]

Od,qs<|| |od,qs+1
< CN T2q+'rz+15 ( )
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Then inserting the preceding estimates and (6.299) into (6.333|) we deduce that

VS 2525250, Omyi(s) < NZ0m(3) + CNZITHE (5)6,,(s0). (6.335)

In particular, for s = sg we get by the induction assumption ((6.330)),

~

P 2
Sms1(50) < N2O50G, (sp,) + CN2a+m2+1 (5 (50)>

N

2
(2 - m+1> 80 (sp) NSO™sh 4 CNJH> N2t T2 +1=2p2 (50(3h))

-~

< Bo(sn) (2N;g—8h + CN§“2N;3q+T2+1—2#250(5h)) .
If we fix s9 and ps such that

Nso—sh < 1N'u2Nmizl and CN2M2N72q+7'2+1 2'u250(3h) 1N“2Nm121, (6.336)

then we find

~ ~

Om+1(s0) < do(sn) NG Ny i
Notice that implies in particular
h?%#2+80+1 and o > 2(mg+ 1+ 1)+ 1.
Hence, using , we see that the assumptions of hold true provided that
AN <1 and  2C6(sp) < Ny ™.

Remark that these conditions are satisfied thanks to (6.290]), 16.331) and (6.245)). Now, we turn to

the proof of the second estimate in (6.330[). By ((6.335)) and ((6.330))
Smi1(5n) < Om(sn) + CNPITHLS (636 (s0)
< (2 7k) Bolo) (1 + ONEENZI 1 o))

Taking the parameters sy and pg such that

(2 _ F—H) (1 + CN52N£q+72+1_M2§0<3h)> <2-— #H’ (6.337)

then we obtain

Om1(sn) < (2 - #ﬁ) do(sn),

which achieves the induction argument in (6.330)). Now observe that (6.337) is quite similar to (6.291))
using in particular pe > 2(72q + 72) + 1 and one may proceed following the same lines. Next let us see
how to get the estimate (|6.248]). Recall that

o0
= E Ty with ri = <PNm°%meO7]7eOvJ>L2(T‘H1)’

Then it is clear that
<PNm%meﬂij eO,j>L2(Td+17c) ;<PNm%meo 7> Op€0, >L2(Td+1)
Therefore integration by parts leads to
(PN, #meu,j, Opeo,; >L2(']I‘d+1 C) —( P, 0p%meo,j, €o,; >L2 (Td+1)
Using a duality argument H*°® — H~% combined with Lemma and , we obtain

1(Px,,86%meo.€05) 12 (ras1) | 1€ < Cy 8 (50)
< Cy 50(8h)N52NT;“2.
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Putting together the preceding estimates with (6.331) and Lemma yields

o0
Ir217:° < 151 o (sn) NG S Nyt
m=0

Sl tey

This achieves the proof of (6.248)).
(ii) We shall now work with fixed values (minimal) of po and sj, denoted respectively by p. and s,
namely

Lo := Tz + 279q + 219 and s := ;uc + 35 +1=75, + 41mq + 41m. (6.338)
From and , we can write
Pm+1 = (1d + ) Upy,
where
Un = Py R + BV — Uin | Py, %o - (6.339)
After straightforward computations, we get

A12Up, :P]%"LAl%Qm + (A12<@m)(\ym)r1 =+ (%m)rg (A12\I/m)
— (A12%) [ PNy (%) | — (W) | PNy A 12%0m | (6.340)

and
A1oPmt1 = DN12Up 4+ (A1250) (Un)ry + (Zm)ry A12Un,. (6.341)
We have used the notation (f), = f(r). Elementary manipulations based on give
ArpXn =A@ = —(05)r, (A12950) (P, )y -
The law products of Lemma together with and imply

Vs € [s0, 8¢], ||A12Zm||o d,q,8 ~> ||A12‘1Jm”o d,q,s (6.342)

Using once again the law products of Lemma (6.342) and (6.341) we obtain

1812 Zm 11185050 < 1A12UmlI3S 050 + 1(A12Zm) 155 450l (Ui 105 .50
+||( m)""zHOdq,So”A12U HOdqso (6-343)

and

HAl?%m‘H”Odq,Sc HAl?U HOdq,sc + H(Al?q] )HO d,q,so||(Um)r1”O d,q,S¢
(AR 180 sl Un) e [ 85 qs0 + 1 (Em)rs 350,501 A12Um |30 .0
+ ”(Em)mHOdq,scHAl?U ”Odqso (6.344)

For the estimate (U,,),, (to alleviate the notation we shall remove in this part remove the subscript
r1) described by (6.339) we use the law products leading to

1Um 150 g.00 < 12m1 550,50 N 12 (6.345)
and
HU HO d,q,S¢ X ”‘%mHO d,q,Sc + H‘% ”O d,q, S()H‘Ilm”o d,q,S¢
+ % & d,q,sc”\IJmHo 4,4,50" (6.346)
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By (6.285)),(6.252)) and (6.299) together with (6.345)) we infer

Uml|& 5 g0 < Cey T NE<N 1. (6.347)
Putting together the first estimate of (6.301]), (6.285)) and (6.252) we deduce that

JH:H%); () 7‘]HOdq,Sc < NTQ(HTQ‘; (s¢)

< ey INTTT2 (6.348)
Hence we get in view of (6.346)), (6.285])) and ((6.245)|)
U139 4. < Cery™t (6.349)

Plugging (6.347)) and (6.349) into (6.344]) implies

_ 0
|A12Rm i1 |55 aase < [A12Un 15 vase T CeV AW 135 .00
+Cey INMCN “C||A12'1’m”o d,q,5c T [(Em)r ||o d q,soHABU ”o d,q;Sc
+ I(Z m)v"zHo aa,5c1A12Um ||0dq,so (6.350)

Applying (6.287)) and (6.252)) gives

—9 ArHe NT— e 0 _
H(Em)w‘odqso Cey 2N€ Npteand  [[(Zp)r; [[05,g,5. < Oy INRIET, (6.351)

Inserting (6.351]) into (6.350) allows to get

,O - c c — T T ,O
”A12f%m+1”g-d,q,sc X (1 + Cey 2N“ Ny )HAHU ||0dq,sc + Cey 2N 20t 2"A12Um||g»d,q,so
+ Cey  INF N [ AU |35 g s + Cev M AL T [5G 450 (6.352)

In a similar way, by combining (6.347)), (6.351)) with (6.343) we find

O C c
1812 P 1115 g5 < (14 Cey 2NE N | AU |5 .50
+ Cey I Nf°N,, #v||A12\1/m||Odq7SO (6.353)

From (6.340]) and the law products of Lemma we obtain Vs € [sg, ¢,

|ALUm 8200 SN NA12m 35 5. + Cll D12 Bl 1025 | (L) 13550
+ A1 5 00 085 | (V) 3+ ClA12Wm 3.0 1005 | (o), 1S
+ OB 3G 00 1025 | o), 135
Combining the foregoing estimate with , and yields
1A LUm 135 50 SN (| A12Zm |55 g5 + Cev 2 NEE Nt l| A1 B |55 .50
+ Cey I NYE Nyt | AU |35 4,50 (6.354)

and

_ c e _ 70
AU 158 g5 <1+ Cey™2NY NiHe) | A 12 B |55 4.5 + CNET2eq 2| A2 Bon | 55 .50
+ Cey™ INHCN uc||A12‘1’mH0d,q,sc+CE'Y 1HAl?quno d,,50°

Putting together the preceding estimate with (6.352)), (6.353)), (6.244) and (6.245)) we deduce that

1812 111135 .50 < (1 + Cey 2NN, le + Cey 2Ny~ s“'wqw)HAu«@ 1S

»q;Sc
+ CN72q+T2€fY 2HA12%mHO d,q,80 + Cgfy_lNucN e HAH\I}
+ CE’)/ ||A12\I’

7Q7sc

711 50" (6.355)
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In a similar way, by making appeal to (6.353)), (6.354]) and (6.245)) we find
||A12%m+l||gl?,q,so NSO SCHA12% HOdqsc + CE’)/ 2N#CN uC”AIQ% ”O d,q,50
+ Cey T NE Npke | Ao W, |5 .0 (6.356)

We shall now estimate Aq12¥,,. Remark that

N|=

. 2
@
HAlQ\I]m”gzd,q,s = Z 7" sup Z <l k>2(8 lal)sup 8)\ Al?( );’—i-k()‘?w’l)
acNd+1 (/\,UJ)GO (1,k)ezd+1 JEZ
lal<q [ k< Nm,

By virtue of (6.282)), we get
70 0 if (laj) = (07.70)7

where
w0 L O w) = () (G = o)) (1)
w-l+ /,L;n()\,w) - ,U/;E(A,LU)

Recall from (6.258)), that {irjfo’m()\,w, [)} are the Fourier coefficients of Py, %, that is

(Qm)go ()‘a W, l) =

()\ w l) < %meo’jo, el’j>L2(Td+1). (6.357)

Jom

We can write for non-zero coefficients

A12(qjm)§+k()\,w>l) = A12(Qm)§+k(>\ W l)( §+k m)rl(/\,w,l)
+ ((Qm);-_‘_k)m(/\, Z)A12Tj+k m()‘ w,l).

Hence, using Lemma [4.1} (iv)

j 0 j Ko, 0
Vg € [0,q],  [[A12(Tm)] 4 (5, DIT S I1A12(0m )44, DIl g%‘f@;}”( o) (5 D1
. ? 0
s [((0m)] ), (5 DI 1121 (. DI (6:358)
From (6.357)), we deduce
1A127‘]O m()\,w,l) = <PNmA12<@me(),j0,el7j>L2(']1-d+1).
One can write '
(0m) ]y 0 0,1) = b1 jomX (BLgjosm Brigom (M) ),
with
bijiom == (VG = o) D™, Bijjom(Aw) i= w1+ p (A w) — 1l (A L) = X2,
1,3,50,m = (v{j = Jo)) ()™, l,J,Jo,m( W) =w +Mj( ;W) Njo( W), X(x) = -
Notice that from (|6.297)), one obtains
g € [0,q],  11BrjjomlZC < (1j — jo)- (6.359)
In a similar way to (6.266[), one gets from (|6.297))
¥a' € [0,q],  [l(em)?, (DT S A~ WHI(, 5 — jo) ™7 T4, (6.360)

Using Taylor formula in a similar way to (6.109), we find (to simplify the notation we remove the
dependence in (\,w))

. 1
Arz(om)], (1) = b7 1, m(AlzBl,j,jo,m)/O X (bl,j,jo,m [(1 —7)(Bujom)r + T(Bl,j,o,m)deT-
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We shall estimate A28y j j,.m- For that purpose, we use (6.279)) to write

m—1

W= G+ D (PN Fneo i, 05) Lacran).
n=0

We recall from Proposition [6.4] that

,u?()\,w, io) = Q;(X) —i—jrl()\,w,io), (N w,ig) = ciy(A\,w) — Vo(N).

Therefore
m—1
Aoy = Avop) + > (A1a Py, Bneo 5, €0,5) 12(ra+1)
n=0
and

A12Byjjom = Av2 (] — plfy)

m—1
= (j — Jjo)A12c; + Z <A12PNn%neO,j, eo,j>L2(Td+1)
n=0
m—1
= > (A12PN, oo, €0,50) L2 (pas) -
n=0
Hence, using ([6.30)), one gets
m—1
O
Ve €0,q],  1212B1550ml5 S eli — dolllA2ilZS o+ D I1Pw, s
n=0
Then, one obtains from Lemma (vi), (6.359)) and (6.361))
; o) oy
¥ € [0.ql,  [1Ar2(om)], (5 DITC S ey 27015 — jo) ™7 T2 Y| A 29

m—1
/

(6.361)

(6.362)

LG )Ty | P, Al 3

n=0

Gathering (6.358)), (6.360]) and (6.362)) gives for all ¢’ € [0, ¢],

1812(Wn)] (6, DIITE S ey >0 (1 k)22 A i |79 L) max ||(r

752 e {12} J+km) Dl

+y 2RO max || (r] ), (D0 Z 1PN, D12 ZallS o

ie{1,2} o

— T T ,O
4+ 1—¢ <l k> 2q'+12+¢' HAl?rﬁ-km( J)H} .
We deduce that for all s € [sg, S],

HAlQ\Pm”O d,q,s N€7 2 qHAmZH sh+2||PNm‘@ Ho d,q,5+712q+2712+1

m—1
—2— O
qHP % ||O d,q,8+T2q+272 Z ||PNnA12'%nH’CY)—d,q,So
n=0
—1—
+ qHPNmAm% ||O d,q,8+T2q+T2"
We set .
m—
_ _ o _
Om(s) =7 1”A12=%m”g’-d,q,s and  sm(s) 1= n(s).
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Then, using (6.363)), (6.284)) and (6.3)), we get

1AW |58 gs0 S v TINZ | Av2il 25 4 20m (51) + 7N 726 (51) 24 (50)

+ TIN5, (s0) (6.365)
and
12120 [ 35 gs0 S &7 TINZI Y Agi |10 L 00m(5e) + 7 ING2T 276, (5¢) 30m (50)
+ T INTRITT2S, (5. (6.366)
According to , one has
6m(31) S ey AN N e and  sup 6pm(se) Sey 2 S 1. (6.367)
meN
Putting together and and using yields
1812%m 3D 00 7 NP A12il] 7 5 + N2 Hestm(s0) + 7 ING =B (s0). (6.368)

In a similar way, on gets by (6.367), (6.366)) and ((6.245|)

AT 55 < €W_1N72q+272+1||A122|| iz NI 50, (s0)

FTINTRITT2S (5. (6.369)

Plugging (6.368)) into (6.356)) yields by virtue of (6.285]) and (6.245])

Oma1(50) < NOT56, (5.) + CNRIT27Hes  (50) + C N2~ 2He 5, (50)

+ Ce*y_le 2“CHA12qu Y (6.370)
Therefore, inserting (6.368)), (6.369) into (6.355)) and using implies
St (50) < (1 + ONT2a+T2—pe | C’NSO‘SC*T?q*TQ)E (s¢) + 057_2_qN,;2q+723m(30)
+ ONP2ATT27Re 30 (50) + Cey LN 22 1=ke | Ao |7 0. 5h+2 (6.371)
Next, we intend to prove by induction in m € N that
Yk <m, Ok(so) < NEN Peu(s)) and B4(se) < (2 - ,%H) V(se), (6.372)

with 7
v(s) == 0o(s) + ey M| Awi 1S L,

The estimate (6.372) is obvious for m = 0 by Sobolev embeddings. Now let us assume that the
preceding property holds true at the order m and let us check it at the order m + 1. Thus by applying

(16.364]) and Lemma we get

sup s, (so) < Cv(se).
meN

Putting together this estimate with the induction assumption, (6.370), (6.371),(6.338|) and (6.245))
yields

Bm1(0) < (2N + CNG Nor+7=2e) i (s,)

and

1
Omt1(se) < (1 + ONITmhe 4 CNS?_”T”MQ) <2 - ) v(sc)

+C (NTT,LQHTT“C + NTTr?quQTerlfuc) v(se).
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Since (6.338]) implies in particular
fic =272+ 21+ 1 and  s. > 3puc+so+ g+ 2+ 1,

then proceeding similarly to the proof of (6.285)), we conclude that

Omt1(s0) < NE°N, tqv(se) and 5m+1(sc)\<2—m—+2> v(se),

which achieves the induction. The next target is to estimate Algrjo-o. Then similarly to (6.295]) we
obtain through a duality argument, Lemma (6.372) and Lemma

oo
7,0
HAlgrjo.o”g’O < Z H<PNmA12%meO,jveO,j>L2(Td+1) .
m=0

o0

fs Z HAl}Qm‘ 0-d,9,80

S w(se) Z NE“ Nt
m=0

< Cyv(se).
From the particular value of p in (6.177)), we infer

Se = Sp + 410q + 419 =S + p. (6.373)
Then, applying we obtain
A2 179 < Cy v (s, + 47’2q + 4717)
< Cey 0 5h+0'4

Finally, combining the previous estimate with (6.322)) and (6.179) we deduce

Vi €85, Al < I1Anug T + Hﬁlzr"ol!'y’
S ey il Al

q,5p+o4”

The achieves the proof of Proposition O

6.4 Approximate inverse in the normal directions

In this section we plan to construct an approximate right inverse in the normal directions for the
linearized operator L, defined in (5.87) when the parameters are restricted in a Cantor like set. Our
main result is the following.

Proposition 6.6. Let (v, q,d, 11, So, 42, Sh, S) satisfying (4.1)), (4.2) and (6.244). There exists o :=
o(11,72,q,d) = o4 such that if

ey 2TINS? <ep and ||J0Hq8h o <1, (6.374)
then the following assertions hold true.

(i) Consider the operator £, defined in Proposition then there exists a family of linear operators
(T”)neN defined in O satisfying the estimate

@) _
Vs S [80’ S]? Slelg HTan:]y:s ,S 0 1Hqu,s+qu+7—1
n

and such that for any n € N, in the Cantor set

MGG = () {Aw) €0 st w4+ pEAwio) > 7}

(1,5)€ezdxs§
[l|[<Nn
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we have
LTy =1d +E3,
with
Vso <s <5< S, [ERITS SNy oIl S s mgin:

(i) There exists a family of linear operators (Tw,n)n N satisfying

oo (6.375)

(@]
Vse [SO7S]7 Sug”Tw,nM Z,’s 5 (Hp|qs+0+ ||J0’q,s+o'
ne

and such that in the Cantor set
Ga(7,71,72s10) = OX o) 1 OXT™ (o) 0 AT ().

we have
LyTyn =1d+Ey,

where E,, satisfies the following estimate

7(9 - -
Vs € [SOaS]a ||Enp”gso S Nso s 1<||p|q,s+a+8’7 2”JO||q7S+U||p| q,so—i—J)

+ ey 3NM2an12 ||p||q,so+a

Recall that L,,, OLT(io) and OLTN™ (i) are given in Propositions and respectively.

(iii) In the Cantor set G, (v, T1,T2,10), we have the following splitting

~

Ly=Lyn+Ry with LynTun=1d and R, =E,Lyy,

where the operators fwm and Ry, are defined in O and satisfy the following estimates

5,0 —
Vs € [507 S]v Slelp ”Lw nPH < Hp” ,$+1 +ey 2HJOHq,s+JHp| q780+1’
n

70 -
Vs €[50, 8], IRnpll G S Niv vt (1035 + e 219003 o324 )

+ ey NN 2ol T S

g.50+0"
Proof. (i) From Proposition |6.5| we recall that
Lo =w- 3¢H§0 + Do
Then we may split this operator as follows, using the projectors defined in
Lo =N, w - 0,1y, g, + Doo — Iy, w - 9,11y Mg,
—L, R, (6.376)

with R, := Hﬁnw . 8¢,HﬁnH§0. From this definition and the structure of Y, in Proposition ﬁ we
deduce that
i(w-l+,u;’°) if |l < Ny,

. d c
V(l,]) € 1% x SO’ €—i— Lnel’j { 1/1,(])0 if m > Nn-

Define the diagonal operator T,, by

w- 29 (\,w, iy LT : .
Z x(( s (Awsio))y™ (D) I)Pl,jo\aw) eil-p+i0)

TnP()\, W, @, 0) =1 wl+p3° (A w,i0)

(Lj)ezdxsg
[l[SNn
i Z PLiA) i(lo+56)
/,L‘(;O(A,w,io) ’
(L,5)€Zd X8
[1|>Nn

135



where x is the cut-off function defined in and (py;(A, w)) are the Fourier coefficients of p. We
recall from Proposition [6.5] that

137 (A w,io) = Qj(A) + it (A w) + r°(Aw)  with O\ w) = ciy(A\,w) — Vo(N),

with the estimates
Vi €S lug°

where we use in part the estimate ((6.274), (6.248)) and (6.179)). According to Lemma (iii), (16.274),
(16.248)) and the smallness condition (6.245]) we infer

79 < i,

. (’)
1S Me5elle™ < llugelly
Implementing the same arguments as for (6.267)) one gets
Vs > 50, [Tapllgd S olgsingin: (6.377)
Moreover, by construction
L,Tp =1d in ALT} (i0) (6.378)

since x(-) = 1 in this set. It follows from ([6.376] that

V(AN w) € AL (G0),  ZooTn =1d —R,Ty
=1d+E. (6.379)

Notice that by Lemma [4.1}(ii),

Vsg < s <5, q5+1‘

Combining this estimate with (6.377)) yields
Vso <s <5, [[EMI7 S Ny P lITupll )0
SN ol g (6.380)

(ii) Let us define
T = B P T @ BT, (6.381)

where the operators %, and ®,, are defined in Propositions and respectively. Notice that
Tw.n is defined in the whole range of parameters O. Since the condition (6.374)) is satisfied, then, both

Propositions and apply and from (6.159) we obtain

Vs €[50, 5] [Tunplf S I1PacTa® B 078 + 119013500 | PocTa®ol 210l 1.

By using (6.246)) and (6.374), one gets

Vs € [50, 5], [ PocTn®d B 0lI70 S ITa®d 21 plI70 + 119013500 I Ta®d 21l 5.

Thus the point (i) of the current proposition implies

Vs Z S0, ”Tn(I)gol‘@IlpH%O S Y 1H(I> 1‘@L qu $+T1q+71"

q,8 ~v

Applying (6.246) and (6.159) with (6.374)) yields

Vs € [s0,5], 1008 pllpY S ||«93_1

q,8 ~v

+ HJ Hq,s—l—a”’%L p’ !1,80
< ”pH + HJ0| s+cr”:0”q s0°
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Putting together the preceding three estimates gives (6.375)). Now combining Propositions and
we find that in the Cantor set Q%) (i) N OX ™ (o) the following decomposition holds
LB LB Do, = DL Lo + DLEL D,
= 2 +E2 + O ELD,,

It follows that in the Cantor set QX (ig) N O (ip) N ALn(ip) one has by virtue of the identity

(6-379)
OB LB BooTy = 1d + E2 + E2T, + OLEL Do Ty,
which gives, using (6.381)), the following identity in G, (y, 71, T2, i0)
LTy = 1d + B Boo (B3 + EXT, + OLEL BT, ) O BT
=1d+ B P EL D B!
= 1d +E,. (6.382)

The estimate of the first term of EZ is given in (6.380). For the second term of E} we use (6.249) and

(16.377) leading to

IEXTupll S ev > NG N L2 I Taplly s

q,80 qso+1

S 87_3N“2an12 ”qu750+1+71q+T1 (6.383)

For the estimate of ®'El ®,,T,, we combine (6.246)), (6.180)), (6.377) and (6.374) to get

1P En PocTuplg S IE, PocTaplly s,

q,50

< eNIEN 12D Tpp 20

n+1 q,50+2

’S’ 5771N“2Nn+“12 ||p‘|q750+2+7'1q+7'1 (6384)

Putting together (6.380)) and (6.383)) and (/6.384) we find

IERAIITS S N>y HlollZS +ey P NEEN

q,50 ~

Set ¥ = A | &, then from (|6.246)), (6.159) and (6.374) we deduce that

Vs € [s0, 8], I pl70 < oIS + v 2190l 0 oIS (6.386)

Straightforward computations based on (6.385]), (6.386) and (6.374)) yields

IWE, oIl S IER Y plI3e

q,50 ~~

q,80+2+‘r1 q+71° (6'385)

s+2+719+71

4,50

—1 -3
< NSO B H\II :0” s+2+11q+71 +ey Nu2Nn—|l—LlZH\II qu s0+2+711q+T1

T50)

<N50 s

(Hp‘ q, 5+2+7—1q+71 +ter
-3
+ ey ]\ﬂm]\fn_{fl2 Hqu S0+24+71g+71"

Consequently, taking o large enough, we get

(1750+U) + 67_3N“2 Nn—fl—tIQ ”p”q so+o-

IEnpll3se S N~y (llollyshe + €7
(iii) According to (6.382)), one can write in the Cantor set G, (v, 71,72, i0)
Lo =T, +E, T, (6.387)
Gathering and (6.378), one obtains in the Cantor set Gy (7, 71, T2, %0)

~

Lop =Ty, = B PocLn @) B = UL, U
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Hence, (6.387]) can be rewritten

~

Ly =Lyn+Ry with R,:=E,L,,. (6.388)

Putting together (6.376)), (6.386)) and (6.374]), we obtain
Vs € [s0, 8], [Eunpll} =

< |Ln \Il‘lp\ +67_2HJ0H o ILn ¥ P‘ o

S ||¢f ,o| pen +er %

q,s—i—o”‘ll P| q,80+1
qs+1 +5’y_2”*’0”q,s+aHqu so+1° (6389)

Hence combining this estimate with (6.387) yields

Vs € [50,S], |[Rup

q,50 ~~

0 ] ;
v,<NwslomsM+m2wmmAwwa

+ 57—3]\]’#2an12 Hqu so+o

This achieves the proof of the third point and the proof of the proposition is now complete. O

7 Proof of the main result

This section is devoted to the proof of Theorem For this aim we intend to implement Nash-Moser
scheme in order to construct zeros for the nonlinear functional F (i, a, )\,w,e) defined in . We
shall be able to capture the solutions when the parameters (A, w) belong to a suitable final Cantor
set Gd obtained as the intersection of all the Cantor sets required during the steps of the scheme
to invert the linearized operator. More precisely, we get a relatively smooth function (\,w) € O

Uso(A,w) = (foo(A,w), (A, w)) such that
V(A w) € GL, f(Uoo()\,w),)\,w,a) =0.

To generate solutions to the initial Hamiltonian equation we should adjust the parameters so that
Qoo (A, w) = —wpg(A), where wgq corresponds to the equilibrium frequency vector defined in (3.32)).
As a consequence, nontrivial solutions are constructed when the scalar parameter A is selected in the
final Cantor set

cc = {)\ € Do M) st (Awhe) €GL with as(hw(he)) = —qu(A)}.

The measure of this set will be discussed in Section [T.2

7.1 Nash-Moser scheme

In this section we implement the Nash-Moser scheme, which is a modified Newton method implemented
with a suitable Banach scales and through a frequency cut-off. Basically, it consists in a recursive
construction of approximate solutions to the equation F (i, a, )\,w,e) = 0 where the functional F is
defined in . At each step of this scheme, we need to construct an approximate inverse of the
linearized operator at a state near the equilibrium by applying the reduction procedure developed in
Section[6] This enables to get the result of Theorem with the suitable tame estimates associated to
the final loss of regularity @ that could be arranged to be large enough. We point out that & depends
only on the shape of the Cantor set through the parameters m,72,d and on the non degeneracy
of the equilibrium frequency through ¢ = 1 + qg, where ¢y be defined in Lemma However, &
is independent of the regularity of the solutions that we want to construct. Now, we shall fix the
following parameters needed to implement Nash-Moser scheme and related to the geometry of the
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Cantor sets encoded in 71, 72, d fixed by (4.2]) and to the parameter ¢ = gy + 1,

(@ = T +2
pr = 3q(me+2)+65+6
ap = 6q(r2+2)+125 + 15
az = 3q(2+2)+65+9 (7.1)
p2 = 2q(m2+2)+50+7
s, = So+4q(me+2)+ 97+ 11
bl = 28h — S0.

The numbers a; and ag will describe the rate of convergence for the regularity sg and sg + @, respec-
tively. They appear in the statements (P1), and (P2), in the Proposition The parameter puq
controls the norm inflation at the high regularity index b; and appears in (P3),,. As to the parameter
@, it is linked to the thickness of a suitable enlargement of the intermediate Cantor sets, needed to con-
struct classical extensions of our approximate solutions. Finally, the numbers puo and s, corresponds
to those already encountered before in the reduction of the linearized operator and are now fixed to
their minimal required values. In particular, we recall that uo corresponds to the rate of convergence
of the error terms emerging in the almost reducibility of the linearized operator, for instance we refer
to Theorem We should emphasize that, by taking & large enough, the choice for puo and sp done
in enables to cover all the required assumptions in (6.24]) and (6.244). Another assumption that
we need to fix is related to v, Ny and ¢

0<a< m, yi=¢% Ny:=7"L (7.2)

This constraint is required for the measuring the final Cantor set and to check that it is massive, for
more details we refer to Proposition

We shall start with defining the finite dimensional subspaces where the approximate solutions are
expected to live with controlled estimates. Consider the space,

E, ::{3 —(0,1,2) st. ©=1,0, I=1,] and 2= an},
where I, is the projector defined by

flo,0)= Y fiidtoH = ML f(e0)= > fieltet?),

(1.4)€ZIXZ (1,§)<Nn

where the sequence (N,,) is defined in (5.82). We observe that the same definition applies without
ambiguity when the functions depend only on ¢ such as the action and the angles unknowns. The
main result of this section is to prove the following induction statement.

Proposition 7.1 (Nash-Moser). Let (11,72,q,d, so) satisfy (4.1)) and (4.2). Consider the parameters
fized by (7.1) and (7.2). There exist C > 0 and g9 > 0 such that for any e € [0,e9] we get for all
n € N the following properties,

(P1), There exists a q-times differentiable function

W, O — E,1xRIxRIH!
Aw) = (Tn,an —w,0)
satisfying -
Wo=0 and for n>1, q SO+U C*afy—lNga.
By setting

Uy = ((@,0,0),w, (A,w)) and for neN*, U, =Uy+W, and H,=U,—U,_1,
then

Vs € [s0, 8], |H1[3C < 2C.en™ING®  and V2 <k <n, [HilJS,, < Cuey LN,

q,50+0
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(P2)n, Define
in="(¢,0,0)+Jn, Y=704+27")¢€[y,27].

The embedded torus i, statisfies the reversibility condition
Sin(p) = in(—¢),
where the involution & is defined in (5.14]). Introduce
A =0 and A?H_l = A} N Gn(Vnt1,T1, T2, n),

where Gp(Yn+1,T1, T2, in) 1S described in Proposz'tz'on and consider the open sets
Vr >0, OF:= {()\,w) €0 st dist((\w), A)) < rN;E},

where dist(x, A) = ing |z —yl||. Then we have the following estimate
ye

|FU32% < CueN,

4,50

70 —
(P3)n HWTL”,qy,b1+5 < Ceey 'NJLL

Remark 7.1. Let O be an open subset of O. Since ¥n € N,~,, € [v,27], then the norms || - Hg? and
O
I llgs

qs . are equivalent uniformly in n.
Proof. e Initialization : By construction, Uy = ((@,0,0),w, (A,w)) and the flat torus ig.(p) =

(,0,0) satisfies obviously the reversibility condition. By (5.23]), we have

_aI,Pa((QOv 07 0))
}—(UO) =€ aﬂps((@v 0, 0))
_89Vz7)5((907 07 O))

Using Lemma [5.2 we get

Vs 20, [F(Uo)lgs < Cue, (7.3)
up to take C, large enough. The properties (P1)g, (P2)o and (P3)y then follow immediately since
N_1 =1 and O] = O and by setting Wy = 0.

e Induction step : Given n € N, assume that (P1)g, (P2); and (P3)x are true for all k € [0,n] and
let us check them at the next order n + 1. Introduce the linearized operator of F at the state (i, o)

Ly = Ly(A\w) 1= di o F(in (A, w), an (X, w), (A, w)).

In order to construct the next approximation U,11, we need an approximate right inverse for L,. Its
construction was performed along the preceding sections and we refer to Theorem [5.1] for a precise
statement. To apply this result and get some bounds on U, 1 we need to establish first some inter-
mediate results connected to the smallness condition and to some Cantor set inclusions.

» Smallness/boundedness properties. First of all, remark that the parameters conditions
are automatically satisfied by . Then, provided that the smallness assumption is satisfied,
Proposition applies. It remains to check that is satisfied. According to the first condition
in and choosing € small enough, we can ensure

E")/izin(l)m _ Elfa(uerqu?) < g0 (7.4)

for some a priori fixed g9 > 0. Therefore the first assumption in (6.374) holds. We now turn to the
second assumption. Since from ([7.1)) by = 2s;, — s, then by interpolation inequality in Lemma we
have

[NIES

|1 Hn

10 < (70, (IS (7.5)

q,Spto ~ q,80+0 q,b1+7
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Besides, by using (P1),, we find

Vs € [s0,S], | Hi] gf < %C’*afy_lNga and ||H, \qSOJrU Chey IN %, (7.6)
Now (P3),, and (P3),—1 imply
||H |qb1+g' HU Un 1||q b1+a'
= HW Wn 1Hq bi+o
< NWallJpr iz + 1 Wanill )1
<2C,ey NI
Putting together the foregoing estimates into ((7.5)) gives for n > 2,
_ ( a2)
\|Hp, |q5h+a CChey INZY 1 2 (7.7)
and for n =1, B
1150 45 < 3Cser ™ NG™. (7.8)
Now from ([7.1)) we infer
az = W1 + 2. (79)

Thus, by ([7.2)) and Lemma we get for small €
HW Hq sp+o \ ||H1||q Sp+o + Z ”Hqu sp+o

< %C*efy_lNga + CC*efy_l Z Nk_1

k=0
1C.ey INJ® + CNy ' Chey™!
O*gl—a(H-qa).

NN

One can check from and . ) that

a < Q(qua) (7.10)

and therefore, by choosing € small enough and since 7 > o, we get

,0
ranto < IWallys)

||jn‘ q,8p+

1
q,Sh+0 Cie>
1

<
<

As we have already mentioned, the parameter & is the final loss of regularity constructed in Theorem [5.1]
and depending only on the parameters 71, 72, ¢ and d but it is independent of the state and the regular-
ity. Hence it can be selected large enough such that so +7 > 53, + 04 where 5, and o4 are respectively
defined in and Proposition Then using and Sobolev embeddings, we obtain

Vn =2, ||Hn|?9, < C.ey 'N % (7.11)

q,Sp+04

» Set inclusions. From the previous point, Propositions and apply and allow us to
perform the reduction of the linearized operator in the normal directions at the current step. Therefore,
the sets AZ for all £ < n+1 are well-defined. We shall now prove the following inclusions needed later
to establish suitable estimates for the extensions.

Al CcO¥, (A2H noy ) (7.12)

Notice that the first inclusion is obvious by construction since On ‘1 1s an enlargement of Al - It
remains to prove the last inclusion. We have the inclusion

vk € [0,n], O}, CO}. (7.13)
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Indeed, since by construction A} 1 C Al then taking (X, w) € Oill we have the following estimates

dist((\,w), A]) < dist((\w), AlL;)
_ _1g
< 2yN; % = 2yN; N, **
<N,

_1g
provided that 2.V, 2% < 1, which is true up to take Ny large enough, that is in view of (7.2)) for
small enough. We shall now prove by induction in k£ that

Vke[0,n+1], O c AE. (7.14)

ol
The case k = 0 is trivial since 0(2)V = O = A} . Let us now assume that (7.14]) is true for the index
k € [0,n] and let us check it at the next order. From ((7.13]) and (7.14]), we obtain

021, C O] 0¥ C AZ.
Therefore, we are left to check that

Oiz—l (- gk (M7

5 T1,T2,ik)-

Let (A\,w) € Ok 11, then by construction, there exists (X,w’) € A],; such that
dist (A, w), (N, w')) <2yN.

Hence, for all (I,75) € 74 % Sg with || < Ng, we have by left triangle and Cauchy-Schwarz inequalities
together with (\, ') € A;ﬂg’ﬂ,n (ir)

> 'Yk<+>1< i 27Nkaf1 |M;?°()\7w’ik) _ /"L;?O()\,;w/,ik)}

> Bl oy NI |5\ w, i) — i (X, W)

Using the Mean Value Theorem and the definition of Ok 41 yields

152 (N w, i) = e (N W' i) < (8 w) = (V@)Y g () 179
<2 k+1||NJ (Zk)H%
On the other hand,
Vi€ Ss iy < Ilus®(ie) = ll7° + 192505°-
Using the asymptotic (3.17) and the smoothness of A — I;(X)K;(\) for all j € N*, one has
1€2;
Since ((6.245]) is satisfied by the previous point, we can apply (6.247)) and obtain

VieSss,  |lus(in) — )17° < Cljl.

79 < oljl.

Hence
viess Ikl < Cljl

It follows that B B
1 (N w, i) — p* (N, W i) | < CUYNZE < Cr(G)NT.
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Since || < Ni < Ni41 and yi41 = 7, we obtain

w14 p3 (O wyin)| = 2 — Oy (HNLT
o

+1-a
> Yie+1(5) (1 _CNI:—li—l a) .

Hm

From ([7.1) and (4.2)) we infer
a>1+2>21+2 (7.15)

and we can take Ny sufficiently large to ensure

T1+1-a -1 1
CNLT < CONy <3,

allowing to finally get

|w - L+ pP N w,ik)| > 7§<+Z>1T<f>

Tet1 Tkl
This shows that, (A\,w) € A_? "™ (i1,). Let us now check that (\,w) € 0% "™ (i1,). For all (1,j) €
74 x S§ with || < Ni, we have by Cauchy-Schwarz inequality together with (X, w') € Ozszl’n (ig)

w14 G (0 w)| > [ 14 jea, (V)| — | =& 11l = |11 |es (A w) — 5, (V)|

4710 -G .
> 75}11] - QWN;H — () |ei (A, w) = ey, (N, )] -

Using the Mean Value Theorem and the definition of Ozll yields
i (A w) = i, (N, ') < ONG llei I3 ©-
Since ((6.25)) is satisfied by the previous point, we can apply (6.26) leading to

@ @] @
leillg™ < llei = Vollg™ + Volly

<
<C.

Thus ~ -
‘cik (A w) — Ciy, (>‘/7w/)| < 0’7’771]\[];31 < C’}’Nkl;;?‘

Therefore, we obtain from the definition of v, and v € (0,1)

. 4vY L (G N nrla
w1+ jer, (A w)| > Tt oy (N

e, () +1-a
> Sh (20— o N ).

By the choice of @ made in ([7.15]), we can ensure, up to take Ny sufficiently large,
CNJPAT < CONyt<1-27",

so that e G)
. J
w1+ jei (A w)| > S

L T+l
As a consequence, (\,w) € O_? o (). Let us now check that (\,w) € O_7% ’Tl’m(ik), For all
(1,4,70) € Z% x (S§)? with [I] <
gether with (X, w') € ﬁ;’c’j}l’”’” (i

k
Ny, we have by the triangle and Cauchy-Schwarz inequalities to-
k)

o T B2 owni) — (i) > | -1 Y i) — p2 Vi) — e — 1]
- ’,uz?o()\,w,ik) — 5 (N w,ig) 4+ pse (N, W' i) — ujo-o()\',w’,ik)‘
S 2%4@1)(5;]& — 2y Nlizla
- ’/’L?O()Hw?ik) - “?g()‘vwaik) + /’L?(?()‘/vw/7ik) - /L;?O()‘lvw,,ik)’ :
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We recall by virtue of Proposition [6.5 that
M;o()V W, Zk) = lug)()‘? W, Zk‘) + r;o()\’ ) Zk)
Thus

‘M;‘)O(A>w7ik) - M]Q(?()‘awvik) + M%J(A,?w,a Zk) - :u;?o()‘,aw/aik)‘
< [N wyin) — (N wyin) 4+ phy (N, W' yig) = pf (N ik)|
+ |r]oo<)\7w7zk)) - ;O()\,awl7ik)‘ + ‘T] )\ w Zk) — 7’ (A/ (,u lk)|

According to the Mean Value Theorem, and the definition of 0?7 ry1 We find
|1\ w, i) — p9 (N w,ik) + pd (N, w'y i) — S (N, o) | < YCNET(G — do)-

Applying once again the Mean Value Theorem, , and the definition of O?H yields

P22 (N w, i) — r3° (N, W' ig) | < CyNEey ™2 < YCNLTHG — do)-
Putting together the foregoing estimates and the facts that |I| < Ny and x4 > v we infer

- L p2 O w, i) — pS2(N, w, i) | > B ( _oNptI ) _
By virtue of and taking Nj sufficiently large we get

CNPH= 8 < ONyt < 1.

This implies

- L+ 1w, i) — SN w, i) | > Dol

Vit

As a consequence, we deduce that (\,w) € 03 TI’TQ( n). Finally, (\,w) € Gi (%t
ol

therefore (A\,w) € A7, . This achieves the induction proof of (7.14)).

TQ,Zk) and

» Construction of the next approximation. We are now going to construct the next approxima-
tion U,41 by using a modified Nash-Moser scheme. The assumption being satisfied, we can
apply Theorem with L, and obtain the existence of an operator T,, := T,,(A\,w) well-defined in
the whole set of parameters O and satisfying the following estimates

,O
VS € [5075]7 ||Tnp’ gs 5 (||p| q,s+0 + HJn| qs—O—o-Hp q,so+o) (716)
and
||T’np g;soo Sry 1||p q,so—‘,-o' (717)

Moreover, when it is restricted to the Cantor set Gy, (vn+1, 71, T2, in ), Ty is an approximate right inverse
of L, with suitable tame estimates needed later, see Theorem Next we define,

Upir :=Up+ Hps1  with  Hpy1 := (Jpi1, Gng1,0) i= —IL,T,IL, F(Uy,) € E, x R? x R,
where I1,, is defined by
I,(3,0,0) = (II,3,0,0) and TII>(J,a,0) = (I,3,0,0). (7.18)

Notice that the projectors II, are reversibility preserving due to the symmetry with respect to the
Fourier modes. Then, using the reversibility of T,, together with and Lemma one deduces
from &i,(¢) = in(—¢) that R R

STnt1(p) = Tnt1(—¢). (7.19)
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Note that U, is defined in the full set O and so does (7”+1 Nevertheless, we will not be working with
this natural extension but rather with a suitable localized version of it around the Cantor set A)_ .
Doing so, we shall get a nice decay property allowing the scheme to converge. Now, introduce the
quadratic function

Qn = F(Un + Hyi1) — F(Un) = LnHps1, (7.20)

then simple transformations give

F(Ups1) = F(Up) — L1, T, I, F(U,) + Qn
= F(U,) — L, T, 1, F(U,) + L,JI:T,IL, F(U,) + Q,
= F(Up) — U, Ly Tp I, F(Uy) + (LI — T L) TR I, F(Uy) + Qn

=y F(Uy) — Uy (Ly Ty — IILF(Uy) + (Lp Xy — Ty L) To I, F(Up) 4+ Q. (7.21)

In the sequel we shall prove
|F i)l < CueNy ™,

with U,11 a suitable extension of Un+1’07+1

» Estimates of F(U,11). We shall now estimate F(U, 1) with the norm || - HJ’SO”“ by using (|7.21)).

The localization in O?gﬂ is required for the classical extension in the next point, see (7.48)).
> FEstimate of II.-F(U,). We apply Taylor formula combined with (5.23) and Lemma together

with (7.3) and (P1),. Therefore, we obtain

.
Vs >0, [IF(O)38" < IFO0)I7S + IF(Un) = FUo) 175"
<

€+ ”W Hq s+ao° (722)
As a consequence, ([7.2) and (P1),, imply
Y HFOF" < (7.23)
From Lemmau ii) and ( -, we get
w _
I F (U [3:9F < N3~ | F(U)[70
b
< N7 ( qb1+g> : (7.24)
Now, (P3),, together (5.82) and (7.2) yield
e+ |Wall? o b1+a <e(l+ C’w_lNﬁil)
2
< 20,eNMH (7.25)
By putting together ([7.25) and (7.24]) and by making appeal to (7.13), we infer for any n € N,
L, F(U, )Hqso"“ T F (U139
<c, NS(H— Fmt1- b1 (7.26)
Remark that one also obtains, combining ([7.22)) and -,
~,07% G+2u +1
IFU75505 < CueNy 3 (7.27)

> Estimate of I1,,(L,T,, — Id)IL,, F(Uy). In view of (7.14)), one has

2 Z Tn+1
071, € ALy € Go 22,

9 7_177—272‘71)-
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Then, applying Theorem we can write
0, (L, Ty, — I, F(Uy) = E1p + o + Sz,
with
& = IL,EML, F(U,),
& = ILETL, F(U,),
Esp = ,ES T, F(U,)

where Sl(n), 82(71) and Eén) satisfy the estimates (5.116)), (5.117) and (5.118)) respectively. By (7.13)), we
get

ML, (L T, = IA)IL, F (U )Hqso"+1 < a3t + €2l + ISl (7.28)

4,50

We shall first focus on &7 ,. We need the following interpolation-type inequality

I F U < T F U [7:0r 5 + T F (U7

q,50+ q,50+0
\wammMNWWH>u&U (7.29)
Combining ([5.116} -, P1)n, and ( , we obtain
néamwggyif;v—lnf% DI T F(U,) q;3+0 (1+130745)
SN (NIIFODIRE+ N IF W) s ) IF I3 (14 Wl 1)
< Ce ( e N§°+2‘”§“l+1§“1”1> . (7.30)

We now turn to &, and &3 ,,. Applying (5.117)) with b = by — 59 and using (7.4), (P2), and (P3),, we
get

[&2,n

oy — —b
3 ST N (I F () 750 5 + 3l I F ()79 )

<A N (KIS + eNTIWl S A F OISR

80+U+3u1+2 b1 so+a+3u1+2—fa1 —by

< CieNp + CyeN,
< C, N80+U+3u1+2 bl (7.31)

Using the same techniques together with (5.118)), (5.82)), (7.2)) and (7.4)), we infer

o3, - - 7:0n
1651797 S N3~ (I F ORI + &9 213l T F V) 7.9 5)
+ ey NG N2 [T F (U)o 5
<C’ ( 80+0+3u1+2 b1+NU+1—u2—3a1> (7 32)
n . .

Putting together (7.28)), (7.30)), (7.31) and ([7.31]), we obtain

— 2 _ =11 a_2
Hm@ﬂwmmJKMMﬁloc{Z““+mW”W““+m“W3ﬂ.W%>

For n = 0, we deduce from (7.3)),(7.4) and by slight modifications of the preceding computations

o (LoTo — I)I0F (Uo) g

g H(g}l OHq,son + HgQ OHq,so

< 2 ATSO— b1 —4

Sy eyt + (e 2N + &2y )

<ey i (7.34)

q750
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> Estimate of (LyIL; — I} Ly,) T, 1L, F(U,). Combining (5.60) and (5.23), we get for H = (3,@) with
J=(6,1,2),

LoH =w- 8,3 — (0,0,L(\)Z) — ed; Xp, (in)3 — (@,0,0). (7.35)

Using (7T8) and the fact that w0, and 9pL(A) are diagonal leading to ([T} ,w-9,] = [II3, SL(N)] =0,
one has for H = (J,a),
(LaTTy = T Ly ) H = —e[diXp, (i), T3,

In view of Lemma [5.2}(ii), Lemma (7.13)) and (P1),, we get

7,0 n+1

H(L I - T L )H‘

—b
< 8N£0 1 ( || ||q,50+1)

J
q,50 q’b1+1 * ” "

Consequently,

7,05,
N0 1= [| (LT~ B2,) L@ € oMb 7 @100,

q,50

I F(U) 7200,

+€N80 blHJn| q,s0+1"

g,b1+o

Hence, gathering (7.16]), Lemma Sobolev embeddings, (7.4), (7.2) and (P1),, yields

4,0 ~,0%
bzt T3l b1+a+1||H FUn)l g0z

so+o+1HH ‘F( )Hq so—l-a)

I F U5 )

q,50+0

Neom (50) S &7 N~ I F (U1

b
+ev INSO 1HJn”qb1+U (HHH‘F( )H so+o+1+H‘J”

SeN N (IF W]

+ [[Wally,

q, b1+0 q, b1+0

Applying Lemma, (ii), (P2),, and ([5.82)), we infer

7,00
q,80+0

T F(Un) g

2

Added to ([7.1)), (7.27) and (P3),, we obtain for n €

(LaTLE — 1AL T ILF(U,) [0 < CLenymtHim T, (7.36)
> Estimate of Qn. We apply Taylor formula together with (7.20f) leading to
1 ~ ~ ~
0, = / (1= )2 F(Up + tHy 1) [y 1, Hoy)dt.
0
Thus, (7.35) and Lemma [5.2}(iii) allow to get
2
’Y’ n 7) n n
QIS S (14 IVl o+ W o ) (1l 55 ) (7.37)
Combining (|7.14), (7.16)), (7.22) and (7.23)), we find for all s € [sq, 5]
~ 70317 70?]
1 Hpallgs ™ = T TuI F(Un) flg)s "
_ 7,0n
S (I F )28 + ||Jn||qs+oun FU)70%)
_ — v
S (NTIF@IE + N33 0 1 F () 1397
SN (e 4+ IWall3d) - (7.38)
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In the same way, according to (7.17)), (P1), and (P2),, we infer

o < AT IN | F ) ISF

4,50

S Cuey™ 1N,‘;Nn_1

Hﬁn—&-l

Choosing € small enough and using (P1),, and ( -7 we find

7,05, 7.0
HW ”q 50+2 + HHnJrlHq so—:21 < 0*6’7 + N, HHnJrl 4,50 i
<1+ Cey INITT2N Y
1 A3t 30—
<14 Cey IN2° “
Now notice that ((7.1)) implies
a1 >3+ 30

Therefore, we obtain

77
||W Hq so+2 + ||Hn+1||q soT—Li-El < 2.

Hence, plugging this estimate and into and using and ., we find

2
77 n n
lQall o < (HHMHW?)

2
(HHnHHqsO"“)

20-+4 —2a1
S eCy NN, .

By using (5.82)), we deduce when n > 1,

26+4—

1Qn
For n = 0, we come back to ([7.38) and (7.3]) to obtain for all s € [sq, S]

q,so”“ CC.eNy,

~ , _ O
LIRS < IToF @) 2

q,s+0
< Chey L

Finally, the inequality ([7.41)) becomes for n = 0,

HQquso Cie®y ™2

> Conclusion. Inserting ((7.26), (7.33]), (7.36) and (7.41]), into (7.21)) implies for n € N*,

1F (Uns1)

The parameters conditions stated in (7.1)) give

so+20+3m+2+a < b
d+gar+2 < p
25+5 < jar

Thus, by taking Ny large enough, that is € small enough, we obtain for n € N,

50+20+2 p1+1-b

CN, < IN;®
E—&-l—,ug—%al 1 —a

CN, » < 3N, ®
20+4—3a _

CNn 341 < %Nn a17
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(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)



which implies in turn that when n € N*,

IF Tl < Cuenyo, (7.46)

However, when n = 0, we plug (7.26)), (7.34]), (7.36) and ([7.43) into ( in order to get

80+20+2u1+1 —b1

IF@IST a?( ﬂﬁ+&ﬂ.

From (|7.45)), one already has
CNgo+2E+%u1+lfb1 < INgo

Therefore, we need at this level to take € small enough to ensure
C(ev?+e*y7?) <3Ny ™.

This occurs since (7.2)) and (7.1]) imply

1

Hence
[[F( UI)HQSO < CieeNy ™.

This completes the proof of the estimates in (P2),,41.

» Extension and verification of (P1),;1 — (P3),11. We shall now construct an extention of H,, 4,
living in the whole set of parameters and enjoying suitable decay properties. This is done by using
the C*° cut-off function y,+1 : O — [0, 1] defined by

_ [ 1 im0,
Xnp1(A,w) = { 0 in (9\OnJrl

and satisfying the additional growth conditions
Vo € N 0 a5 < (v N 747
aeNY ol €[0,q], [0 xnt1llr=(0) S (vTNG) T (7.47)

Next, we shall deal with the extension H,; of ﬁInJrl defined by

Xnst (A w)Hpi(\w)  in 02
Hyr (N, w) = n+1 7.48
nhe) {0 in  0\02, (749

and the extension U,4+1 of ﬁn+1 by
Un+1 = Un + Hn+1. (749)

We remark that B B
Hn+1 = Hn+1 and }-(Un—l—l) = F(Un+1) in O;Yz—i-l

Looking at the first component of , one can write with obvious notations
Int1 = tn + Tnt1
By the induction assumption (P2),, and , one has
Sin(p) = in(—¢) and &Tni1(p) = Iny1(—¢).

Thus
6in+1(30) = int1(=)- (7.50)
Using Lemma (1v) together with ( and the fact that H,4; =0in O\ On+17 we obtain

O

Vs> s0, [ HarlO S NEIHupallgs ™. (7.51)
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Applying (7.51)) and (7.39)) we deduce that for n € N*,

||Hn+1| q50+o' CN aHHn‘i’lHq 307—7“,-7;'1

< ONF | B [0

g CC*&"')/ ga+2077a1
From ([7.1)), we have
ag=2a; —qa—25—1>1. (7.52)

Therefore, choosing € small enough, we obtain

ONy'Cuey ' N, @2
Cuey N2, (7.53)

||Hn+1| q so+o <
<

As to the case n = 0, we combine ([7.51)) and ((7.42) to obtain, up to take C, large enough,
|0 < 3C,erLNE". (7.54)
We now set
Wn+1 = Wn + Hn+1, (755)

then by construction, we infer
Uny1 = U+ Wyy1.

Moreover, applying (P1),, (7.54) and (7.53) and Lemma [A.1] we infer

n+1
||Wn+1H’Y,SO+U = ||H1 q,so—l-a + Z HH]C

q,so—&-o

< 3Cey N + Cuey™? Z Nt

k=0
1Cey IN$® + CNy Crey ™!
C*sfy_lNga.

NN

This completes the proof of (P1),+1. Now gathering (7.38), (7.51)) and (P3),, allows to write

”Wn—I—IHq bi+o < [Wa Hq bt T+ CNqa”Hn—I—l”q b1+o

20
< Ciey 1N’“1 + OO (e 4+ [WaliT )

< CC,eny qa+2o+1+3m

From (|7.1)), we can ensure the condition
qa+20+2 =8, (7.56)

in order to get

”Wn+1||qb11+al S CNo_lc*E’YilNﬁl

< Cuey INM

by taking € small enough and using (7.2)). This proves (P3),4+1 and the proof of Proposition is
now complete. 0
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Once this sequence of approximate solutions is constructed, we may obtain a non-trivial solution
by passing to the limit. This is possible due the decay properties given in Proposition Actually,

we obtain the following corollary.

Corollary 7.1. There ezists g > 0 such that for all ¢ € (0,¢), the following assertions hold true.

We consider the Cantor set G, depending on e through v, and defined by

gL, =) A}

neN

There exists a function

Uss : O — (T¢xR?x Hg) x R? x R
Aw) (oA w), ass(A,w), (A, w))

such that
V(A w)eGl, FUx(A\w))=0.

In addition, i is reversible and as, € W7 (O, R?) with
oo (A w) =w+r1:(\,w) and H1“€||g’(9 < ey ING
Moreover, there exists a q-times differentiable function X € (Ao, A1) — w(\, &) € R? with

w(A€) = —wiq(A) +7=(A), ||I7e

5,0 —1 ap7qa
q 5 67 NO

and
VA€ C, ]-“(UOO(/\,w()\,a))> =0 and  an(Aw()e)) = —wiq(N),

where the Cantor set C5, is defined by
cc = {)\ € (o M) st (Aw(he) € ggo}.

Proof. Putting together (7.55)) and (|7.53)), we infer

70 - -
(Wit = WallG = [ Hnaa 135 < 1Hnall] e < Ceen™ N2,

(7.57)

(7.58)

(7.59)

Thus, the telescopic series associated with the sequence (W), ), .y is convergent, so the sequence itself

converges. We denote its limit
Weo := lim W, := (T, oo — w, 0,0)

and
Uy := (ioo,aoo, ()\,UJ)) = Uy + W

Passing to the limit in ((7.50]), one obtains the reversibility property
Sioo(ip) = too(—).
By the point (P2),, of Proposition we have for small

Y\ w) € G, ]-"(z'oo()\,w), oo (N, ), (A,w),s) —0,

(7.60)

with F the functional defined in (5.23)). We highlight that the Cantor set G depends on & through

v and (7.2)). By the point (P1),, of the Proposition we have

Qoo A\, w) =w +1.(\,w) with  |re

7,0 —1a7qa
yTSey Ny
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We now prove the second result and check the existence of solutions to the original Hamiltonian
equation. First recall that the open set O is defined in (4.3)) by

O =N, \1) X% with % = B(0,Ry) for some large Ry > 0,

where the ball % is taken to contain the equilibrium frequency vector A — wgq(A). According to
(7.57), we deduce that for any A € (g, A1), the mapping w — ao(A,w) is invertible from % into its
image o (A, %) and we have

O =M\ w) =w+r:(\w) & w=0at(\0) =0 +T:(\0Q).

This gives the identity
T:(A\, @) = —1:(\, w),

which implies in turn after using successive differentiation and that T, satisfies the estimate
[E13° < ev ' NG™. (7.61)
We now set
w(\e) == agd (A, —wpq(N) = —wrq(A) +T(A)  with  T.(A) :=T: (X, —wrq(N)).
As a consequence of , if we denote

Cc = {A € (Mo M) st (Lwhe) € ggo},

then we have
VA € 2, ]-'(Uoo(/\,w()\,s))) —0.

This gives a nontrivial reversible solution for the original Hamiltonian equation provided that A € CS,.
Since all the derivatives up to order ¢ of wgq are uniformly bounded on [Ag, A{], see Lemma (Vi),
then by chain rule and ((7.61)), we obtain

IR0 S er NG and ()70 S 1+ e INE S 1. (7.62)
This ends the proof of Corollary O

7.2 Measure of the final Cantor set

The purpose of this final section is to give a lower bound of the Lebesgue measure of the Cantor set
CZ, constructed in Corollary via . We show that this set is massive and asymptotically when
e — 0 it tends to be of full measure in (Ao, A1). Note that Corollary allows us to write the Cantor
set C5, in the following form

o= ()¢ where C5:= {)\ € (Mo M) st (Awhe) e A’JL}. (7.63)
neN

The sets A;, and the perturbed frequency vector w(\,¢e) are respectively defined in Proposition
and in ([7.57). The main result of this section reads as follows.

Proposition 7.2. Let qy be defined as in Lemma and assume that (7.1) and (7.2) hold with
q = qo + 1. Assume the additional conditions

T > qu
To > T1 + dqo (7.64)

_ 1
U= G+3

Then, there exists C' > 0 such that
C5| = (A1 = Ag) — Ceo
In particular,

lim |C5,| = A1 — Ao

e—0
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The remainder of this section is devoted to the proof of Proposition We shall begin by giving
the proof using some a priori results. These results will be proved later in Lemmas and
We first give a short insight about the strategy to prove Proposition [7.2] The idea is to measure the
complementary set of C5_ in (Ag, A\1). To proceed with, we write

oo
(Mo, A1) \ € = ((ho, A1) \ C5) U |_| (C\Cx (7.65)
The measure of each set which appears, we estimate it by using Lemma We shall now give the
proof of Proposition
Proof. By choosing Ry large enough, one can ensure using ([7.58)) that
VA€ (Ao, A1), w(Ne) e = B(0,Ry).

Indeed, % contains by construction the curve A € (Ag, A1) — fwrq(A) and by (7.58)) and (7.2]), one
has

sup (A 2) + wig(N)| < [E[€ < Cey N = Cel-alim),
)\G()\Q,)\l)

Now, the conditions (|7.1)) and (7.2) imply in particular

0<a<

1+qa
Hence, by taking € small enough, we find

sup |w(A, €) + wrq (V)] < T30 < 1.
/\E()\(),)\l)

As a consequence,

C5 = (Ao, A1)
By (7.65)), we can write
(o )\ oo <D Jea\ G|
n=0

oo
=> S (7.66)
n=0
According to the notation introduced in Proposition and Proposition one may write

pi "(Ave) = 5t (A w(A€), i)
= Q;(A) + 4" (N e) + 757" (N o), (767

with

cen(N €)=, (N w(\ e)),
r" (N e) =10 (N w€),in).

Coming back to ([7.63]) and using the Cantor sets introduced in Proposition Proposition and
Proposition [6.2] one obtains by construction that for any n € N,

0),. . 1
c\Ga= U ®mY6 U Rue) U RGG),  (768)
(1,5) €29 XZ\{(0,0)} (L,3,30) €29 x (S§)2 (1,5)€zd xs§
< Nn [LI<Nn, [LI<Nn,
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with

Rl(g)( n) = {)\ €Cr st |w\e) I+ jen(Ne)| < 472;11<j>} :

Rigsnlin) = {A €Co st fw(Xe) - L4 ™" (A g) = 3" (A )] < el |

Rg;)(ln) = {)\ € C,,sl s.t. |w()\,5) .l +Iul]00,n()\7€)| < ’Yn+1(j>}.

Notice that using the inclusion
W% (0, C) — 1710, C)
and the fact that ¢ = qo + 1, one gets that for all n € N and (1, §, jo) € Z% x (S§)?, the curves
A= w(e) - T4+ cp(Ae),
A= w(he) T4 ps " (A e) = pg " (A €),
A= w(Ae) L4 pg " (A e)

have a C'? regularity. Then, applying Lemma combined with Lemma gives for any n € N,

1 T1+1
R )| S 70 (Do @y~
(1), . i 01 q_ntl
(RS )| 90 Giyio ™' (7.69)
1 1 q_Tetl
[Raiolin)| 704G = o) )™

Let us now move to the estimate of Sy and &; defined in (7.66) that should be treated differently from
the other terms. This is related to the discussion done at the beginning of the proof of Lemma
dealing with the validity of the estimate ([7.74]). By using Lemma we find for all k£ € {0, 1},

0),. . 1),
Sk S Z ‘RZJ (i) | + Z Raij.go (ik)| + Z Rl,j (ik)|- (7.70)
(1,7)€Z4xZ\{(0,0)} (1,,30) EZ¥ X (S§)? (1,)€Z4 xS
[F1<Co (D) LIS N, l7=dol<Co (L), [LISNy [71<Co (D) [1I<Ng
min(1j],jol)<eav ¥ (1)1

Plugging ([7.69) into (7.70) yields for all k € {0,1},

1 . 1 7177—1+1 . . 1 7171—2+1
Sk§7q0< o il e+ > |J = Jol % () q°>
l71<Co (l) l7—3dol<Co(l)
min(|7],[5p) ey~ V()L
v 1 _ _7'7"’1
T ED DI VT R
71<Co(l)
Consequently, we obtain
71 _ _1_i -1
ax S <y Iy a0 47" nm" t 0 )" @ 7.71
g S5 (S0 e T S0 1)
lezd lezd lez

s v 1
mimn| —,——v
<% (qo’qo )
~Y

Notice that the last estimate is obtained provided that we choose the parameters 71 and 7 in the
following way in order to make the series convergent

T1>dqgy and T > T +dqp. (7.72)
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This condition is exactly what we required in . Concerning the estimate of S,, for n > 2 in
we may use Lemma [7.1] and Lemma [7.2] in order to get

0), ‘ 1.
Si< Y \Rl,j (in)| + ) Rigali)| + > RG]
(1,J) €24 xZ\{(0,0)} (1,7,Jo) EL* X (S§)? (1.j)EZ4 xS§
171SCo (1) Np—1 <|I[SNn [3=30|<Co (1), Np—1<[l|[SNn [1€Co (1), Npp 1 <|l|<Nn

min(|j1.|io ) <ea v, ¥y (171
Remark that if |j — jo| < Co(l) and min(|j], |70]) < v, 1()™, then
max (7], |jol) = min(|j], [jol) + |7 = jol < %1 (D™ + Co(l) S+ (™.
Therefore, (7.69)) implies
1 T T
sad( X whe ¥ oo E)es 3 0

|l|>Nn,1 ‘l|>Nn,1 |l‘>Nn,1

Under the assumption, we obtain ([7.72)

i S, <yl mY). (7.73)

n=2

Plugging (7.73)) and ([7.71]) into (7.66) gives
[Qo.w 2| < i)

provided that the condition ([7.72) is satisfied. The condition ([7.64) implies that

We then find, since v = €% according to (7.2)),
[0, A\ O] S €

This completes the proof of Proposition O

Now we are left to prove Lemma [7.1] and Lemma [7.2] used in the proof of Proposition [7.2]

Lemma 7.1. Let n € N\ {0,1} and | € Z% such that |I| < . Then the following assertions hold
true.

(1) For j € Z with (1,5) # (0,0), we get Rl(oj)(zn) =g.

(ii) For (j,j0) € (S§)* with (1,7) # (0,40), we get Ryjj,(in) = .
(iii) For j € Sf, we get R( )( n) = 9.
(iv) For any n € N\ {0,1},

0)/. . 1),.
G\CGn= U RY@u U RuaG)u U R G
(1,7)€Z4xZ\{(0,0)} (1.j,Jo) €L X (S§)? (1,§) €L xS
Np_1<|lI<Nn Ny _1<|lI<Nn Np_1<|lI<Np

Proof. In all the proof, we shall use the following estimate coming from ([7.11]), namely, for all n > 2,

. N6,
HZn qsh+o'4 < ”U gsh+0'4

g ||H ||q,sh+a4

< Chey N % (7.74)
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The fact that the previous estimate is valid only for n > 2 is the reason why we had to treat the cases
of Sy and &7 sparately in the proof of Proposition

(1) We begin by proving that if |[| < N,—1 and (I,7) # (0,0), then R( )(zn) C R(O) (tn— 1) Assume

for a while this inclusion and let us check how this implies that Rl( j) (zn) = @. In view of ({ one

obtains
Ry (in) € Ry (in-1) € Gy \ €.

Now ((7.68]) implies in particular Rz( )(zn) C C;, \ C; 1 and thus we conclude

Ri(in) € (CE\Coyr) N (C54\C5) = 2

(0)

We now turn to the proof of the inclusion. Let us consider A € R, ] (in). By construction, we get in
particular that A € C;, C C;_;. Moreover, by the triangle inequality, we obtain

lw(X, ) - L+ jen—1(Xe)| < ! ()\ e) - L+ jea(Ne)| + lil|en (A €) — cnm1 (A, €)|

1149) 0
< 28l 1 Oljlei, — i, 179

Therefore, combining ((6.30} - and the fact tht o4 > 2, we infer

[whe) -1+ jenma (A o)| < DY 4 Ce(lin — in1l]S) 4
< 47?;L1< J) + O IN 2,
In view of the definition of 7, in Proposition [7.1}(P2),, one gets
Jdcg >0, VneN, .4 —v, < —coy’27".
Now remark that ( - and (7.2)) imply
2—a—av>1 and ag >, (7.75)
and therefore one gets sup 2" N, 2™ < co. It follows that, for € small enough and |I| < N,,_1,

neN

WX e) L+ jena (M e)| < Rl + 0ol ( — deo + 052”N;_“§+ﬁ)

]
<t

Consequently A\ € Rl([;‘) (in—1) and this achieves the proof.

(ii) Let (4,70) € (S§)2 and (1,5) # (0,jo). If j = jo then by construction Ry, jo(in) = R\ (in)
and then the result follows from the point (i). Now let us discuss the case when j # jo. Sirﬁﬂarly
to the point (i), in order to get the result it is enough to check that Ry j,(in) C Rijj,(in-1). Let
A € Ry jjo(in) then from the definition of this set introduced in we deduce that A € C; C C;_;

and

W) L4 u " (e) = " (A e)| < Bl 1 g (0 ), (7.76)

where we set
0o (Ne) = [ (N e) — 10" (Ae) — i TH(N e) + 0" T ().
Then coming back to (7.67)), one gets

o (Ne) < 1j = jol|rt (M e) — T )| + [0t (A ) — 10T (N o)

] (Ae) = " (N g). (7.77)

Jo
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In view of (6.179)), (7.74)), (7.2) and the fact that o4 > o3, one obtains

"l“l’n(/\,E) _ TLn—l()\’g)’ < éellin — in— 1||

q,5p+03
< 527_1]\7 ag
ST —Jo>N_“2-

In a similar line, using (6.250)), (7.74) and ([7.2)) yields
720N e) = " N )| S ey Ml — il
< 627_2N a
< 20705 — o) N, .

q,Sht+0o4

Inserting the preceding two estimates into ((7.77]) gives

o7\ e) S 2V — jo) N (7.78)

Putting together (7.78)) and (7.76)) and using v,411 = vn — %2771, we deduce

w(A,e) L+ 5o (N e) = " T ()| < el —a — Ggh2 (1)

+ 0217 (j — o) N, 4.

n—1

Since |I| < Np—_1,we can write
—e" 2T T CHITINTT < et (1) (- 1 Ce2 RN ),
Now remark that and yield in particular
as >T and a < % (7.79)
Hence, we find for € small enough
VneN, —1+4Ce?3nN-_2%7

and therefore
oo,n—1 oo n—1 2vn{J—7
w(X,e) - L+ 1" (e) — (A )] < 2z dol.
Consequently, A € Ry j j, (in—1) and the proof of the second point is now achieved.
(iii) Let j € S§. In particular, one has (l,j) # (0,0). We shall first prove that if |I| < N,—; and

then R( )(zn) C R(l)(zn 1) As in the point (i) this implies that R( )( n) = . Remind that the set

R( )(zn) is defined below . Consider \ € R(l)(zn) then by construction A € C;, C C;_,. Now by
the triangle inequality we rnay wrlte in view of (6.251)) and ({ and the choice v = €

JwAe) 1+ u2 T N e)| < Jw(he) T+ po (A e H 32" (A €) = i (9
<

a0 4 Cey ] in

< WTEJSN J) +Ce 2(1— a)<j>Nn—_a%_

q 5h+0'4

Since Y11 = Yo — 927" and |I| < N,_1, then

’CU()\,E) l + /,,L;)O n— 1()\,5)} < 'Yng._7> + ngﬂ)?{;fl ( -1 + 62—3a2n+1N;_a%+7'1).
Notice that (7.79) implies in particular

ag>7 and a<32 (7.80)
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and taking € small enough we find that
Vn €N, —14g23antliy—atn

which implies in turn that

2

‘w()\,a) l—l—u?on 1()\,5)‘ < <7><33.

Consequently, \ € R( )(zn 1) and this ends the proof of the third point.
(iv) It is an 1mmed1ate consequence of ([7.68) and the points (i)-(ii) and (iii) of Lemma O

The next result deals with necessary conditions such that the sets in (7.68) are nonempty.

Lemma 7.2. There exists ey such that for any ¢ € [0,20] and n € N the following assertions hold
true.

(i) Let (1,5) € Z7 x Z\ {(0,0)}. If R{")(in) # &, then |j| < Co(l).
(ii) Let (1,j,jo) € Z% x (S§)%. If Ry j,(in) # @, then |5 — jo| < Co(l).
(iii) Let (1,§) € Z4 x S§. If R{(in) # @, then |j| < Co(l).

(iv) Let (1,3, jo) € Z% x (S§)2. There exists cz > 0 such that if min(|j|, [jo|) = cav, {1 (D)™, then

R j.jo(in) C R (in)-

l,3—7J0

Proof. (i) Assume R( (in) # @, then we can find A € (A, A1) such that, using triangle and Cauchy-
Schwarz inequalities,

[en (s 1] < 4l (D7 4 w(Ase) -1

< Aljlmsa +C0)

< 8™+ O,

where we have used v = € and the fact that (A, &) — w(\, ¢) is bounded. Notice that

cn(N ) = HINK1(N) + 71 (\ ) and inf  L(\Ki()\) :=¢1 > 0.
)\G()\Q,)\l)

Then, from (6.26), (6.248) and Proposition [7.1] (P1),,, we obtain

vk € [0,q], sup sup [O5r'"(Ae)] <y Fsup [P0
neEN Xe(Ao,A1) neN
Sey*
S gl_ak. (781)

Thus, by choosing ¢ small enough, we can ensure by ((7.81))

inf inf Ae)l > g,
éréme(lilo,m‘c”( o)l =9

Hence, by taking ¢ small enough we find that |j| < Cp(l) for some Cp > 0.
(ii) In the case j = jo we get by definition Ry j, j, (in) = Rl(%)( in), and then we use the point (7). In
what follows we take j # jo and we assume that Ry j,(i,) # @ then there exists A € (Ag, A1) such

that

15" (N e) — w5y " ()| < 2941l — Gol{D) T + [w(A, ) -
< 29n41]J — Jo| + C(1)
< de

7 = dol +C{0)-
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Similarly to (7.81)), we can prove

¥k € [0,q], supsup sup [j[|03r5" (N, €)| < 47 sup sup |17
neNFESF Ae(No, 1) neN jeS§
Sey i F
< glmall+k), (7.82)
By using the triangle inequality, Lemma [3.3}(v), (7-81)) and (7.82)) we get for j # jo,
157" (N e) = kg (A e)] 2 145 (A) = Qi (V)] = [ (N )17 — ol — ™" (A, €)= 55" (A )]
> (Cy — 061 a) 17 — Jol
> |5 — jo|

provided that ¢ is small enough. Putting together the previous inequalities yields for € small enough
|7 — jo| < Co(l), for some Cy > 0.

(iii) First remark that the case j = 0 is trivial. Now for j # 0 we assume that R( (in) # @ then
there exists A € (Ag, A1) such that

157" (A )] < g LI + |w (A, ) -]

<
< 2:%j| + C(1).

Using the definition combined with the triangle inequality, Lemma ( and -,

we get

137" (A €)= Il = lillrt " (A e) = 77" (A €)]

il — Ce' Y.

P 2

>
>
Combining the previous two inequalities and the second condition in (7.80)) implies

(Q—Cel™" —2e)|5] < C(l).

Thus, by taking ¢ small enough we obtain [j| < Co(l), for some Cy > 0.
(iv) First notice that the case j = jp is trivial and follows from the definition (7.68)). Let j # jp and
A € Ry jjo(in), then by definition

oo, oo,M 2 " L
‘w()\,&‘)-l—i—,uj (/\,E)—Mjo ()\,5)‘ < W
Combining (7.67) and (3.14) with the triangle inequality we infer

[w(he) -1+ (G — o)en(N )] < Jwlhe) -1+ (A €)= (A )|

+ TLGNEGN) = GoLiy N Ejo (V)] + 57" (A €) = ™ (A €)|-

Thus, we find

W e) - 14 (5 = jo)en (A, )| <Z L) 4 1N (A) = oLy (N Ky (V)]

+ [ () = (A9 (7.83)

Without loss of generality, we can assume that |jo| > |j| and remind that j # jo. Then, from (3.24))
and (3.22)), we easily find

L (NEG(N) = joLio (N Ko (W] < 151 LN EG(A) = Lig WV Ejo (V)] + 17 = ol i (V) iy (V)|

(j—dgo) .
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Applying (6.248)), we find for j # jo € Sf,

15 () = 5 (v 9)] <Gt (151 + Lol )

J Jo
<Cel—o_ti—jo)
<Ce @D

Plugging the preceding estimates into (7.83)) yields

jw(Xe) L+ (G — do)en(A €)| < Bilimio) 4 o Ul

Therefore, if we assume min(|j|, |jo|) = $Cv, 11 ()™ and 72 > 71, then we deduce

o o
W €) - L+ (G — Jo)en(A, )| < Dm0l

This ends the proof of the lemma by taking co = % O

We shall now establish that the perturbed frequencies w(A\,¢) satisfy the Riissemann conditions.
This is done by a perturbation argument from the equilibrium linear frequencies wgq(A) for which we
already know by Lemma that they satisfy the transversality conditions.

Lemma 7.3. Let qy, Co and py as in Lemma|3.5. There exist g > 0 small enough such that for any
e € [0,e9] the following assertions hold true.

(i) For alll € 74\ {0}, we have

inf A (wh,e)- 1) ] > 2o
el e 193 we) D | > %

(i) For all (1,7) € Z3H1\ {(0,0)} such that |j| < Co(l), we have

VneN,  inf I (whe) -1+ jen(N e))] = 2l
n Aefﬁ,xﬂk?ﬁ&in“((‘)( ) -1+ jen(Xe)) =2

(iii) For all (1,j) € Z¢ x S§ such that |j| < Co(l), we have

VneN, inf O (W, &) - 1+ p" (N, )| = 2l
! el e (3 (w2 1+ () > 2

(i) For all (1,7,70) € Z x (S§)? such that |j — jo| < Co(l), we have

VneN,  inf I (whe) - 1+ (N e) — " (N e)) | = 2l
n Aeﬂﬁ,ngfg‘,éiﬂ‘ Mwe) T+ u7" (N e) — s (N e))| = 25

Proof. (i) From the triangle and Cauchy-Schwarz inequalities together with (7.62)), (7.2 and Lemma
(i), we deduce

A (w(\e) -1 o A0 = A (T-(\) - 1
kgﬁg’;ﬂlx(w( g)-1)] kgﬁggcoﬂh(wlaq() )| klgl[[%?;“)\(ra() )|

WV

> poll) — Cey ' INE (1)
> p0<l> i Cslfa(1+q+qa) <l>
> P02<l>
provided that € is small enough and
1—a(l+qg+gqa)>0. (7.84)
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Notice that the condition (7.84) is automatically satisfied by (7.2]) and (7.1)).
(ii) As before, using the triangle and Cauchy-Schwarz inequalities combined with (7.62]), (7.81)),

Lemma [3.5}(ii) and the fact that || < Co(l), we get
max (9} (w(A,€) - I+ jea(€))| > max |85 (weq(N) -1+ LA K1(N)]
ke[0,90] k€[0,q0]

- O (To(N) - L+ jrbm™(,
kgl[[%f’;“,\(f() + gt (A ) |

> po(l) — Ce'melraran gy — el |
2 P

for £ small enough and with the condition ([7.84)).
(iii) As before, performing the triangle and Cauchy-Schwarz inequalities combined with ((7.62)), (7.81)),

(7-82), Lemma [3.5}(iii) and the fact that |j| < Co(l), we get
A (whe) - 14 p™(\e))| = ok A) L+ Q5 (N
kéﬁf%u‘ Mwhe) L+ ps7" (N e))| pDhax (03 (wra () i) |

- kIen[[%,};]} {6’; (Te(N) - L+ grit(\e) + rjo-o’n()\, 6)))}

poll) — Celetatan ) — gelalita
p

o (1)
2

ARV

for € small enough with the condition (7.84)).

(iv) Arguing as in the preceding point, using (7.81)), (7.82), Lemma [3.5}(iv)-(v) and the fact that
0 < |7 — jo| < Co(l) (notice that the case j = jo is trivial), we have

max [0 (w(A, &) -1+ pS7" (N, €) — u5e " (N e))| = max |05 (wiq(A) -1+ 25(A) — Q5 (V)]

ke[[0,q0] ke[0,q0]
= g [AEO) 4 = )y 0, 8) 457 (0,6) = )|
> poll) — CeI=e ) — Ce-altaj _ g
l
> et
for & small enough. This ends the proof of Lemma O

A Modified Bessel functions

In this short section we shall collect some properties about Bessel and modified Bessel functions that
were used in the preceding sections. We refer to [53] for an almost exhaustive presentation of these
special functions.
We define first the Bessel functions of order v € C by

—1)™ (z)”“’”

Ju(2) = Z N —|—2m ryt larg(z)| < .

Notice that when v € N we have the following integral representation, see [47), p. 115].

1 ™
Ju(x) = / cos (zsin 6 — v§)df. (A.1)
T Jo
We shall also introduce the Bessel functions of imaginary argument also called modified Bessel func-
tions of first and second kind

I,(z) = i (%)VHm larg(z)| < = (A.2)
Y L= mll(v+m+1) 8 '
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and
Tl y(2) — L(2)

Ku(z) = 2 sin(v)

, veC\Z, larg(z)| <.
For j € Z, we define K;(z) = il_)H; K, (z). We give now useful properties of modified Bessel functions.
» Symmetry and positivity, see [2, p. 375]

VieN, VAeRL, I_;N)=I(\eR, and K_;(\) =K\ eRj. (A.3)
» Anti-derivative, see [2, p. 376]. If we set Z,(z) = I,(z) or e”"K,(2), then for all v € R, we have

dii (z”HZVH(Z)) _ z”+IZV(Z). (A.4)

» Power series expansion for Kj, see [2, p. 375].

K6 =167 X S (F) 0 e () 56)
k=0 ~ L2\ F (A'S)
+ 1 () Z (Wk+1)+9([+k+1)) kg(;Jr)k)!’
k=0

where (1) = —y (Euler’s constant) and Vm e N* ¢p(m+1)= Z% —A.

In particular we have the expansion

00 (z)2m
Ky(z) = —log (%) In(z) + Z ((7272!)2 P(m+1). (A.6)

m=0

» Integral representation for K,, see [47, p. 133] For all a,b > 0 for any v, u € C satisfying —1 <
Re(v) < 2Re(u) + 3 one has

oo ,.v+1 V—L L
/ ey (br) IV K, (ab). (A7)
0

@+ a2y 1T T (1 1)

» Nicholson’s integral representation, see [53, p. 441]. Let j € N then

2(—1)7 2 .
(I Kj)(z) = 7r/ Ko (2z cos(T)) cos(2j7)dr. (A.8)

0
Another similar representation can be found in [47, p. 140]
1 [ ,
(LK;)(\) = 3 / Jo(2Xsinh(t/2))e 7" dt. (A.9)
0

» Holomorphic property of the product I;K;. Let j € N then the function z — (;K;)(%) is holomorphic
on the half plane Re(z) > 0.

» Monotonicity of I,K,, see for instance [0, 22].The map (\,v) € (R})? — I,(A)K,()) is strictly
decreasing in each variable.

» Asymptotic expansion of small argument, see for instance [2, p. 375].

eN, L) ~ BV and k() ~ LG (A.10)
P IR A 50 2(30)

» Asymptotic expansion of large argument for the product I;K;, see for instance [2, p. 378].

N
* 1 E Q5 om
m=1
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with

ajm = ()" P (), =[] (X - @-1)?%), u =45 (A.12)
(=1
In particular,
Ij()\)Kj()\) )\—> 0. (A.l?))
— 00

» Asymptotic expansion of high order for the product I;K;, for more details see [43].

| ) ) [ (_qymbm )
LK (A HX) (Z ><Z 1) jm>, (A.14)

m=0

where for each m € N, b,,(\) is a polynomial of degree m in A? defined by
" k
bo(A) =1 and Vm e N* b,(\) = Z(_l)mka(ZL!,k) <>\72>
k=1

and the S(m, k) are Stirling numbers of second kind defined recursively by
V(m,k) e N* x N, S(m,k)=S(m—-1,k—1)+kS(m—1,k),
with
S5(0,0) =1, Ym € N*,S(m,1) =1 and S(m,0) = 0 and if m < k then S(m, k) = 0.
We shall also prove the following result which has been frequently used before.

Lemma A.1. Let Ny > 2. Consider the sequence (Np,)men defined by (5.82)). Then for all o > 0, we
have

0

N;® o~ N
Z Eomeoo ™ ™
k=m

Proof. We consider the positive decaying function
—a(3)
t e Ri —> NO a(2) = exp (—a]n(NO)e“n(%)) ,

and apply to it a series-integral comparison, namely

o0

Z N / exp <*O[1D(Ng) “n(%)) dt:/ exp( aln(Nyg)e “m(%)emln(%))du.
0

k=m+1

Now remark that
N exp <fozln(N0)e“1n(%)emln(%)> = exp <a In(Ny) <1 - e“ln(%)) emln(%)) .
Since ,
Vue Ry, 1- eun(3) < 0,
then we deduce that
Vu € R%, NS exp (—aln(No)euln(%)emln(%)) — 0
m—r0o0
and
Vu e R, Vm e N, 0< N exp (—aln(No)e“m(%)emln(%)) < N§exp (—aln(Ng)e“m(%)) € LY(Ry).
Applying dominated convergence theorem, we obtain

oo
> N = _o(N.9).
k=m-+1

As a consequence

oo oo

—a _ pnT—ao —a —a
DN = NG DD NG~ N
k=m k=m-+1
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