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Abstract

In this paper, we shall implement KAM theory in order to construct a large class of time
quasi-periodic solutions for an active scalar model arising in fluid dynamics. More precisely, the
construction of invariant tori is performed for quasi-geostrophic shallow-water equations when the
Rossby deformation length belongs to a massive Cantor set. As a consequence, we construct pul-
sating vortex patches whose boundary is localized in a thin annulus for any time.
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1 Introduction

We shall discuss in this introduction the quasi-geostrophic shallow-water equation which is a nonlinear
and nonlocal transport equation generalizing 2D Euler equations and used to describe large scale
motion for the atmosphere and the ocean circulation. A particular concern will be addressed to the
long time dynamics behavior and especially to the emergence of long-lived structures in the vortex
patch setting. The main novelty in this work is to explore quasi-periodic solutions around the Rankine
vortices using KAM theory and Nash-Moser scheme in the spirit recent work of Baldi, Berti, Haus
and Montalto [4].

1.1 Model, relative equilibria from periodic to quasi-periodic solutions

The current paper deals with the quasi-geostrophic shallow-water equations (QGSW)λ, which is con-
sidered as one of the most common asymptotic models used to describe the large scale motion of the
atmospheric and oceanic circulation and can be derived asymptotically from the rotating shallow-water
equations when Rossby and Froude numbers are small enough, for more details we refer to [24, 52]
and the references therein. This model is planar and the evolution of the potential vorticity q takes
the form of a nonlinear and nonlocal transport equation,

(QGSW)λ


∂tq + v · ∇q = 0, in R+ × R2

v = ∇⊥(∆− λ2)−1q,
q(0, ·) = q0,

where ∇⊥ =

(
−∂2

∂1

)
.

Here v denotes the velocity field which is solenoidal and q is a scalar function. Physically, the
parameter λ is defined by

λ =
ωc√
gH

,

where g is the gravity constant, H is the mean active layer depth and ωc is the Coriolis frequency,
assumed to be constant. In the literature, the number 1

λ is called the Rossby deformation length
or Rossby radius and measures the length scale at which the rotation effects are balanced by the
stratification. Notice that small values of λ corresponds to a free surface which is nearly rigid and
when λ = 0 we get Euler equations written in the formulation velocity-vorticity.
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The main purpose of this paper is to explore the emergence of time quasi-periodic solutions for
(QGSW)λ when λ belongs to a massive Cantor like set. This goal will be accomplished in the special
class of vortex patches. Before coming to the details we shall first discuss the existence of relative
equilibria which are solutions that do not change their shape during the motion. This subject is
well-explored for Euler equations and new results have been established recently for (QGSW)λ in [22].
Next we shall discuss the vortex patch problem and explore some of its specific feature.

I Vortex patches/relative equilibria. We consider an initial condition taking the form of a vortex
patch, that is, q0 = 1D0 where D0 is a bounded domain in R2. Since 1D0 ∈ L1(R2) ∩ L∞(R2), then
in a similar way to Euler equations Yudovich’s theory applies and implies that this system admits
a unique global in time weak solution. Then from the transport equation governing the potential
vorticity we find that the patch structure is preserved during the motion and one gets

q(t, ·) = 1Dt where Dt := Φt(D0),

where Φt : C→ C stands for the flow map associated to the velocity field v and defined by

∂tΦt(z) = v(t,Φt(z)) and Φ0 = IdC. (1.1)

The boundary motion in the smooth case reduces to tackle the evolution of a curve in the complex
plane surrounding a constant area domain and subject to the deformation induced by its own effect.
Local/global in time persistence of the boundary regularity is a relevant subject in fluid dynamics
and has attracted a lot of attention during the past decades, not only for Euler equations but also for
similar active scalar equations such as generalized surface quasi-geostrophic equations, the aggregation
equation. The literature is huge and we shall restrict the discussion to some suitable contributions
that fit with our main task. Let us now briefly see how to write down the contour dynamics equations,
more details can be found in [41, 42]. Given a smooth parametrization z(t, ·) : T → ∂Dt of the
boundary of the patch, then as particles located at the boundary move with the boundary then we
get the evolution equation

[∂tz(t, θ)− v(t, z(t, θ))] · n(t, z(t, θ)) = 0, (1.2)

where n(t, ·) is the outward normal vector to the boundary ∂Dt of Dt. This equation reflects the fact
that the particle velocity and the boundary velocity admit the same normal components. As we shall
see later in Section 2.1, one may deduce from the preceding equation that the boundary equation will
evolve through a nonlinear integro-differential equation. Looking for particular solutions where the
domain moves without any shape deformation is a traditional subject in fluid dynamics and important
developments have been performed for long time ago. In the literature, these structures appear under
different names: relative equilibria, V-states, long-lived structures, vortex crystals, etc. . . A particular
case is given by rotating patches which are solutions rotating uniformly with constant angular velocity
about their center of mass that can be fixed at the origin, namely,

q(t, z) = 1Dt with Dt = eitΩD0.

These solutions are periodic in time with period 2π
Ω or equivalently with frequency Ω. For Euler

equations, we know two explicit examples of rotating patches. The first one is the so-called Rankine
vortices given by the discs which are stationary solutions not only for Euler but also for (QGSW)λ. The
second example is called Kirchhoff ellipses which rotate with the angular velocity Ω = ab

(a+b)2 where a

and b are the semi-axes of the ellipse, we refer to [45] and [17, p. 304] for more explainations. Numerical
experiments achieved by Deem and Zabusky in [25] show the existence of rotating solutions with m-fold
symmetry for m = 3, 4, 5. An analytical proof based on the bifurcation theory and complex analysis
tools was devised by Burbea in [18] who proved the existence of m-fold (for any m ∈ N∗) symmetric
V-states bifurcating from Rankine vortices with angular velocity Ωm := m−1

2m . More investigations on
the V-states in different settings like the doubly-connected patches, vortex pairs, boundary effects or
for different models has been implemented during the past decade by several authors, for more details
we refer to [19, 20, 27, 28, 29, 30, 31, 32, 33, 34, 36, 37, 38, 39, 40]. Concerning (QGSW)λ there are a
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few results dealing with relative equilibria. Interesting numerical simulations showing the complexity
and the richness of the bifurcation diagram with respect to the parameter λ was studied in [23, 22].
In [22], using bifurcation tools the authors proved analogous results to those of Burbea. They show in
particular the existence of branches of m-fold symmetric V-states (m ≥ 2) bifurcating from Rankine
vortex 1D with the angular velocity

Ωm(λ) = I1(λ)K1(λ)− Im(λ)Km(λ),

where Im and Km are the modified Bessel functions of first and second kind. For more details about
these functions, we refer to the Appendix A. Notice that in the same paper the authors explored the
two-fold branch when λ is small and proved first that it is located close to the ellipse branch of Euler
equations and second it is not connected and from numerical simulations they put in evidence the
fragmentation of this branch in multiple connected pieces. The second bifurcation from this branch
was also analyzed leading to similar results as for Euler equations.

It is worthy to point out that the model under consideration is typically a reversible Hamiltonian
equation with one degree of freedom given by the external the parameter λ. Therefore, it is a natural
issue to explore whether or not quasi-periodic solutions constructed from the linearized operator can
survive at the the nonlinear level when λ is selected in a suitable Cantor set. Studying the persistence
of invariant tori is a relevant subject from KAM theory where a lot of important developments has
been done in different directions. In the next paragraph we shall review and recall some basic notions
and results in this subject.

I Quasi-periodic solutions. A function f : R → R is called quasi-periodic if there exists F : Td → R
such that

∀ t ∈ R, f(t) = F (ωt)

for some frequency vector ω ∈ Rd (d ∈ N∗) which is non-resonant, that is

∀ l ∈ Zd \ {0}, ω · l 6= 0. (1.3)

Here and in the sequel, we denote Td = Rd/(2πZ)d the flat torus of dimension d. In the case d = 1,
we recover from this definition periodic functions with frequency ω ∈ R∗.
The study of quasi-periodic solutions to Hamiltonian systems goes back to the pioneering works of
Kolmogorov [46], Arnold [3] and Moser [48] where they proved, in finite dimension and under suitable
non degeneracy and smoothness conditions, the persistence of invariant tori for small perturbation
of integrable Hamiltonian systems. Namely, using action-angle variables (I, ϑ) (integrability in the
Liouville sense) we may write

H(I, ϑ) = h(I) + εP (I, ϑ).

The phase space of the integrable Hamiltonian system associated to h is foliated by Lagrangian
invariant tori carrying a resonant or non-resonant quasi-periodic dynamics. Roughly speaking, Kol-
mogorov’s theorem asserts that, for small ε and when the perturbation is analytic, many non-resonant
Lagrangian invariant tori persist. Kolmogorov’s proof is based on the reduction of the Hamiltonian
to an integrable one using symplectic change of coordinates. This is done using a Newton scheme
where at any level we may replace the remainder by an integrable contribution (depending only on
the action) up to a new remainder which is smaller than the initial one. To do that we should solve a
functional equation called the homological equation where we should avoid resonances and deal with
small divisors problem. For a long time people like Poincaré thought that it was not possible to make
the scheme convergent due to the uncontrolled loss of regularity. The key idea of Kolmogorov was to
introduce Diophantine conditions to control the small divisors problem and get only an algebraic loss
of regularity. Arnold made rigorous the idea of Kolmogorov and Moser extended it to a differentiable
case using what is now called ”Nash-Moser procedure”. This is a modification of the standard Newton
scheme making appeal to regularizing operators (ΠN )N in order to solve an equation F (U) = 0 in a
Banach scale allowing some fixed loss of derivatives at each step. This strategy was first introduced
by Nash in [49] to prove the isometric embedding theorem and improved later by Moser. The theory
born from these works was named afterwards KAM theory in their honor.
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Later on, this theory was explored and developed in partial differential equations by several authors
leading to important contributions and opening new perspectives. The complexity of the problem de-
pends on the space dimension and on the structure of the equations. For example in the semi-linear
case the nonlinearity can be seen as a bounded perturbation of the linear problem and this simplifies
a lot the problem of finding a right inverse of the linearized operator around a state close to the
equilibrium. However in the quasi-linear case where the nonlinearity is unbounded and has the same
order as the linear part the situation turns to be much more tricky. This is the case for instance in the
water-wave equations where several results has been obtained in the past few years on the periodic or
quasi-periodic, standing or traveling settings, see [1, 4, 12, 13, 14, 44, 50].
Next we shall give some insights on the general scheme performed to construct quasi-periodic solutions
in the quasi-linear setting that was developed in particular by Berti and Bolle in [11]. This approach
is robust and flexible and will be adapted to our framework with the suitable modifications. The first
step is to write in a standard way the equations using the action-angle variables for the tangential
part. When we linearize the nonlinear functional around a state near the equilibrium we end with an
operator with variable coefficients that we should invert approximately up to small errors provided the
external parameters belong to a suitable Cantor set defined through various Diophantine conditions.
To do that we first look for an approximate inverse using an isotropic torus built around the initial one.
It has the advantage to transform the linearized operator via symplectic change of coordinates into
a triangular system up to errors that vanish when tested against an invariant torus. Notice that the
outcome is that the Hamiltonian has a good normal form structure such that we can almost decouple
the dynamics in the phase space in tangential and normal modes. On the tangential part the system
can be solved in a triangular way provided we can invert the linearized operator on the normal part
up to a small coupling error term. This is more or less a finite dimensional KAM theory appearing
here. Then, the analysis reduces to invert the linearized operator on the normal part with is a small
perturbation of a diagonal infinite dimensional matrix. This is done by conjugating the linearized
operator to a diagonal one with constant coefficients. This step is long and technical and most of
the non-resonance conditions in the Cantor set arise during this process. This allows the construction
of an approximate inverse for the linearized operator with adequate tame estimates required along
Nash-Moser scheme. We point out that this approach has been successfully implemented to generate
quasi-periodic solutions to several quasi-linear and fully nonlinear autonomous PDE’s, see for instance
[4, 5, 6, 14]. Recent progress towards applying KAM theory for the vortex dynamics has been per-
formed for gSQG equation [35] and Euler equation [15]. Finally, we point out that the use of suitable
isotropic tori is a commodity but it is not essential to get the triangular structure up to small errors.
This point will be discussed in Section 5, see also [35].

1.2 Main result and sketch of the proof

The contour dynamics equation stated in (1.2) can be written in a more tractable way using polar
coordinates. This is meaningful at least for short time when the initial patch is close to the equilibrium
state given by the Rankine vortex 1D where D is the unit disc of R2. Thus the boundary ∂Dt will be
parametrized as follows

z(t, θ) = R(t, θ)eiθ with R(t, θ) = (1 + 2r(t, θ))
1
2 . (1.4)

We shall prove in Section 2.1 that the function r satisfies a nonlinear and non-local transport equation
taking the form

∂tr + Fλ[r] = 0, (1.5)

with

Fλ[r](t, θ) =

ˆ
T
K0 (λAr(t, θ, η)) ∂2

θη

(
R(t, η)R(t, θ) sin(η − θ)

)
dη

and
Ar(t, θ, η) =

∣∣∣R(t, θ)eiθ −R(t, η)eiη
∣∣∣ .
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The function K0 is a Bessel function of imaginary parts and it is defined in Appendix A. Next, we
take a parameter Ω 6= 0 and look for the solutions in the form

r(t, θ) = r̃(t, θ + Ωt), (1.6)

then the equation (1.5) is equivalent to (to alleviate the notation r̃ will be denoted by r)

∂tr + Ω∂θr + Fλ[r] = 0. (1.7)

We point out that the introduction of the parameter Ω seems at this level artificial but it will be
used later to fix the degeneracy of the first eigenvalue associated with the linearized operator at the
equilibrium state. As we shall see in Proposition 2.1, the equation (1.7) has an Hamiltonian structure

∂tr = ∂θ∇H(r), (1.8)

where the Hamiltonian H is related to the kinetic energy and the angular momentum which are
prime integrals of the system. In the quasi-periodic setting, we should find a frequency vector ω ∈ Rd,
such that the equation (1.7) admits solutions in the form r(t, θ) = r̂(ωt, θ) with r̂ being a smooth
(2π)d+1−periodic function. Then r̂ satisfies (to alleviate the notation we keep the notation r for r̂)

ω · ∂ϕr + Ω∂θr + Fλ[r] = 0. (1.9)

To explore quasi-periodic solutions we should first check their existence at the linear level. Then
according to Lemma 3.1 the linearized operator to (1.9) around a given small state r is given by the
linear Hamiltonian equation,

Lrρ = 0 with Lr = ∂t + ∂θ [Vr · −Lr] , (1.10)

where Vr is a scalar function defined by

Vr(λ, t, θ) = Ω +
1

R(t, θ)

ˆ
T
K0 (λAr(t, θ, η)) ∂η (R(t, η) sin(η − θ)) dη (1.11)

and Lr is a non-local operator in the form

Lr(ρ)(λ, t, θ) =

ˆ
T
K0 (λAr(t, θ, η)) ρ(t, η)dη. (1.12)

At the equilibrium state r ≡ 0, we find that the linearized operator is a Fourier multiplier, see Lemma
3.2,

L0ρ = ∂tρ+ V0(λ)∂θρ− ∂θKλ ∗ ρ· (1.13)

where ∗ denotes the convolution product in the variable θ and

V0(λ) = Ω + I1(λ)K1(λ) and Kλ(θ) = K0

(
2λ
∣∣sin ( θ2)∣∣) .

Expanding into Fourier series

ρ(t, θ) =
∑
j∈Z

ρj(t)e
ijθ,

yields to

ρ ∈ ker(L0) ⇐⇒ ρ(t, θ) =
∑
j∈Z

ρj(0)ei(jθ−Ωj(λ)t), (1.14)

where the eigenvalues Ωj are defined by

Ωj(λ) = j
(

Ω + I1(λ)K1(λ)− Ij(λ)Kj(λ)
)

(1.15)
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and the Bessel functions of imaginary argument In and Kn are given by (A.2). It is worthy to point out
that the frequency associated to the mode j = 0 is vanishing and therefore it creates trivial resonance.
This can be fixed by imposing a zero space average which can be maintained at the nonlinear level by
virtue of the structure of (1.8). Hence we shall work with the phase space of real functions enjoying
this property, namely,

Hs
0 := Hs

0(T,R) =
{
r(θ) =

∑
j∈Z∗

rje
ijθ s.t. r−j = rj and ‖r‖2s =

∑
j∈Z∗
|rj |2|j|2s <∞

}
.

Another similar comment concerns the mode j = 1 which vanishes for any λ when Ω = 0. This is
why we have introduced Ω which should be strictly positive to remedy to this defect and avoid any
resonance at higher frequencies. The reversibility of the system (1.8) can be also exploited to find the
requested parity property of the solutions. Actually, we can check that if (t, θ) 7→ r(t, θ) is a solution
then (t, θ) 7→ r(−t,−θ) is a solution too. Then the solutions to the linear problem with this symmetry
are in the form

ρ(t, θ) =
∑
j∈Z∗

ρj cos
(
jθ − Ωj(λ)t

)
. (1.16)

Now, in order to generate quasi-periodic solutions to the linear problem it suffices to excite a finite
number of frequencies from the linear spectrum. We shall then consider the following frequency vector.

ωEq(λ) = (Ωj(λ))j∈S with S = {j1, . . . , jd} ⊂ N∗.

Note that throughout the paper, we use the notation

N = {0, 1, 2, . . .} and N∗ = {1, 2, . . .}.

Notice that the vector ωEq(λ) gives periodic solutions provided that it satisfies the non-resonant
condition (1.3). This property holds true for almost all the values of λ as it is proved in Proposition
3.1. Our main result concerns the persistence of quasi-periodic solutions for the nonlinear model (1.8)
when the perturbation is small enough and the parameter λ is subject to be in a massive Cantor set.

Theorem 1.1. Let λ1 > λ0 > 0, d ∈ N∗ and S ⊂ N∗ with |S| = d. There exist ε0 ∈ (0, 1) small enough
with the following properties : For every amplitudes a = (aj)j∈S ∈ (R∗+)d satisfying

|a| 6 ε0,

there exists a Cantor-like set C∞ ⊂ (λ0, λ1) with asymptotically full Lebesgue measure as a→ 0, i.e.

lim
a→0
|C∞| = λ1 − λ0,

such that for any λ ∈ C∞, the equation (1.8) admits a time quasi-periodic solution with diophantine
frequency vector ωpe(λ, a) := (ωj(λ, a))j∈S ∈ Rd and taking the form

r(t, θ) =
∑
j∈S

aj cos
(
jθ + ωj(λ, a)t

)
+ p(ωpet, θ),

with
ωpe(λ, a) −→

a→0
(−Ωj(λ))j∈S,

where Ωj(λ) are the equilibrium frequencies defined in (1.15) and the perturbation p : Td+1 → R is an
even function satisfying

‖p‖Hs(Td+1,R) =
a→0

o(|a|)

for some large index of regularity s.

Before discussing the main steps of the proof, some remarks are in order.
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Remark 1.1. • Combining this theorem with (1.6) and (1.4) we find that the boundary shape of
the patch can be parametrized in polar coordinates as follows

z(t, θ) = R(t, θ + Ωt)eiθ with R(t, θ) = (1 + 2r(t, θ))
1
2

and r is described as in the theorem. The time evolution of the shape is given by small pulsation
around the unit disc and the boundary is localized in an annulus around the unit circle.

• It is not at clear what could happen when λ is in the complement of the Cantor set. We expect
the linear invariant tori to be destroyed by the nonlinearity and filamentation may take place
generating fast increase of the curvature and the boundary length.

We shall now outline the main steps of the proof which will be developed following standard scheme
as in the preceding works [4, 6, 11, 14] with different variations connected to the models structure.
We mainly use techniques from KAM theory combined with Nash Moser scheme. This will be imple-
mented along several steps which are detailed below.

I Step 1. Action-angle reformulation. We first notice that the equation (1.8) can be seen as a
perturbation of the integrable system given by the linear dynamics at the equilibrium state. Indeed,
by combining (1.13),(1.15) and (1.8) we may write

∂tr = ∂θL(λ)(r) +XP (r),

where L(λ) and the perturbed Hamiltonian vector field XP are defined by

L(λ)(r) = −
(
Ω + (I1K1)(λ)

)
r +Kλ ∗ r and XP (r) = I1(λ)K1(λ)∂θr − ∂θKλ ∗ r − Fλ[r].

Since we are looking for small solutions then we find it convenient to rescale the solution r  εr with
ε a small positive number and consequently the new unknown still denoted by r satisfies

∂tr = ∂θL(λ)(r) + εXPε(r),

where XPε is the Hamiltonian vector field defined by XPε(r) = ε−2XP (εr). Then finding quasi-periodic
solutions with frequency ω ∈ Rd amounts to solve the equation

ω · ∂ϕr = ∂θL(λ)(r) + εXPε(r).

Here we still use the same notation r for the new profile which depends in the variables (ϕ, θ) ∈ Td+1.
The next step consists in splitting the phase space Hs

0 into an orthogonal sum of tangential and normal
subspaces as follows

Hs
0 = HS

⊥
⊕Hs

⊥,

where HS is the finite dimensional subspace of real functions generated by {eijθ, j ∈ S} with S =
S∪ (−S). For more details on this description we refer to Section 5.1. To track the dynamics it seems
to be more suitable to use the action-angle variables (I, ϑ) seen as symplectic polar variables for the
Fourier coefficients of the tangential part in HS. This leads to reformulate the problem in terms of the
embedded torus,

i : Td → Td × Rd ×Hs
⊥

ϕ 7→ (ϑ(ϕ), I(ϕ), z(ϕ)),

with

r(ϕ, θ) = v(ϑ(ϕ), I(ϕ))(θ)︸ ︷︷ ︸
∈HS

+ z(ϕ, θ)︸ ︷︷ ︸
∈Hs
⊥

:= A(i(ϕ))(θ)

and

v(ϑ, I) =
∑
j∈S

√
a2
j + |j|

2 Ij e
iϑjej , ej(θ) = eijθ .
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Notice that the action and angle variables should satisfy the symmetry properties

∀j ∈ S, I−j = Ij ∈ R and ϑ−j = −ϑj ∈ R.

Therefore we reduce the problem in the new variables to construct invariant tori with non-resonant
frequency vector ω to the system

ω · ∂ϕi(ϕ) = XHε(i(ϕ)), (1.17)

where XHε is the Hamiltonian vector field associated to the Hamiltonian Hε given by

Hε = −ωEq(λ) · I + 1
2〈L(λ)z, z〉L2(T) + εPε,

with Pε defined by Pε = Pε ◦ A. A useful trick used by Berti and Bolle in [11] consists to solve first
the relaxed problem

ω · ∂ϕi(ϕ) = XHα
ε

(i(ϕ)),

where the vector field XHα
ε

is associated to the modified Hamiltonian Hα
ε given by

Hα
ε = α · I + 1

2〈L(λ)z, z〉L2(T) + εPε.

The advantage of this procedure is to get one degree of freedom with the vector α ∈ Rd that will be
used to ensure some compatibility assumptions during the construction of an approximate inverse of
the linearized operator. At the end of Nash-Moser scheme we shall adjust implicitly the frequency ω
so that α coincides with the equilibrium frequency −ωEq(λ), which enables to finally get solutions to
the original Hamiltonian equation. The relaxed problem can be written in the following form

F(i, α, λ, ω, ε) = 0,

with

F(i, α, λ, ω, ε) := ω · ∂ϕi(ϕ)−XHα
ε

(i(ϕ))

=

 ω · ∂ϕϑ(ϕ)− α− ε∂IPε(i(ϕ))
ω · ∂ϕI(ϕ) + ε∂ϑPε(i(ϕ))

ω · ∂ϕz(ϕ)− ∂θ (L(λ)z(ϕ) + ε∇zPε(i(ϕ)))

 . (1.18)

We point out that the linear torus corresponding to the linear solution

r(ϕ, θ) =
∑
j∈S

aj e
iϕjeijθ

is given in the new coordinates system by iflat(ϕ) = (ϕ, 0, 0) and it is obvious that

F
(
iflat,−ωEq(λ), λ,−ωEq(λ), 0

)
= 0.

We emphasize that at this stage the classical implicit function theorem does not work because the lin-
earized operator at the equilibrium state is not invertible due to resonances. One can avoid resonances
by restricting the parameter λ to a suitable Cantor set according to some Diophantine conditions on
the linear frequency ωEq(λ) allowing in particular to control the small divisors problem. By this way
we get an inverse at the equilibrium state but with algebraic loss of regularity. Unfortunately, this
is not enough to apply Nash-Moser scheme which requires to construct a right inverse with tame
estimates in a small neighborhood of the equilibrium and this is the challenging deal in this topic.
Indeed, the linearized operator is no longer with constant coefficients as for the integrable case and its
main part is not a Fourier multiplier. At this level we are dealing with a quasilinear problem where
the perturbation is unbounded.

I Step 2. Approximate inverse. Let α0 ∈ Rd (actually α0 is a function of the parameters ω
and λ) and consider an embedded torus i0 = (ϑ0, I0, z0) near the flat one with the reversible structure,

ϑ0(−ϕ) = −ϑ0(ϕ), I0(−ϕ) = I0(ϕ) and z0(−ϕ,−θ) = z0(ϕ, θ).
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To deal with the linearized operator di,αF(i0, α0), which exhibits complicated structure, and see
whether we can construct an approximate inverse we should fix two important issues. One is related
to the coupling structure in the new coordinates system and the second is that the linearized operator
is with variable coefficients. For this aim we shall follow the approach conceived by Berti and Bolle
in [11] with making suitable modifications. This approach consists in linearizing around an isotropic
torus close enough to the original one and then use a symplectic change of coordinates leading to a
triangular system up to small errors, essentially of ”type Z” or highly decaying in frequency, that
can be incorporated in Nash-Moser scheme. Therefore to invert this triangular system it suffices to
get an approximate right inverse for the linearized operator in the normal direction, denoted in what
follows by L̂ω. We notice that in Section 5.3, and similarly to [35], we can bypass the use of isotropic
torus by a slight modification of Berti-Bolle approach. Actually, according to Proposition 5.1, we can
conjugate the linearized operator with the transformation described by (5.63) computed at the torus
i0 and get a triangular system with small errors mainly of ”type Z”. The computations are performed
in a straightforward way using in a crucial way the Hamiltonian structure of the original system.
The main advantage that simplifies some arguments is to require the invertibility for the linearized
operator only at the torus itself and not necessary at a closer isotropic one. By this way, we can avoid
the accumulation of different errors induced by the isotropic torus that one encounters for example in
the estimates of the approximate inverse or in the multiple Cantor sets generated along the different
reduction steps where the coefficients should be computed at the isotropic torus. The final outcome
of this first step is to reduce the invertibility to finding an approximate inverse of L̂ω which takes,
according to Proposition 6.1, the form

L̂ω = Π⊥S0
(Lεr − ε∂θR) Π⊥S0

with Lεr = ω · ∂ϕ + ∂θ [Vεr · −Lεr] ,

where ε∂θR is a perturbation of finite rank, the function Vεr and the nonlocal operator Lεr are defined
in (1.11) and (1.12), respectively. At the equilibrium state (corresponding to ε = 0) L̂ω is diagonal
and we shall see that the set of parameters (λ, ω) leading to the existence of a right inverse is almost
full. Now remark that even for ε small, the perturbation affects the main part of the operator in a
similar way to water waves [4, 14] or generalized SQG equation [35] and then we should construct
the suitable change of coordinates in order to reduce the positive part of the operator to a diagonal
operator. Later we should implement KAM scheme to diagonalize the zero-order part. This will be
done in three steps.
a○ Reduction of the transport part. This procedure will be discussed in Proposition 6.2 and
Proposition 6.3. We basically use KAM techniques as in [12, 26] in order to conjugate the operator
Lεr, through a suitable quasi-periodic symplectic change of coordinates B, to a transport operator
with constant coefficients. Indeed, we may construct an invertible transformation

Bρ(ϕ, θ) =
(
1 + ∂θβ(ϕ, θ)

)
ρ
(
ϕ, θ + β(ϕ, θ)

)
and a constant ci0(λ, ω) such that for any given number n ∈ N, if the parameter (λ, ω) belongs to the
truncated set defined through the first order Melnikov condition

Oγ,τ1∞,n(i0) =
⋂

(l,j)∈Zd×Z\{(0,0)}
|l|6Nn

{
(λ, ω) ∈ O s.t. |ω · l + jci0(λ, ω)| > 4γυ〈j〉

〈l〉τ1

}
,

then we have
Lεr := B−1LεrB = ω · ∂ϕ + ci0(λ, ω)∂θ − ∂θKλ ∗ ·+ ∂θRεr + E0

n, (1.19)

with Nn = N
( 3

2
)n

0 , N0 > 2, υ ∈ (0, 1), O = (λ0, λ1) × U , 0 < λ0 < λ1 and U = B(0, R0) being an
open ball of Rd containing the curve of the linear vector frequency λ ∈ (λ0, λ1) 7→ −ωEq(λ). The
operator Rεr is a self-adjoint Toeplitz integral operator satisfying the estimates

∀s ∈ [s0, S], max
k∈{0,1,2}

‖∂kθRεr‖γ,OO-d,q,s . εγ
−1
(

1 + ‖I0‖γ,Oq,s+σ
)
,
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where the off-diagonal norm ‖ · ‖γ,OO-d,q,s is defined in (4.10) and the loss of regularity σ is connected
to τ1 and d but it is independent of the index regularity s. Concerning the operator E0

n, we can show
that it is a small fast decaying remainder with the following estimate for low regularity

‖E0
nρ‖γ,Oq,s0 . εN

µ2
0 N−µ2

n ‖ρ‖γ,Oq,s0+2, (1.20)

where the weighted norms ‖ · ‖γ,Oq,s0 are defined in (4.5). For the number µ2, it is connected to the
regularity of the torus i0 and can be taken large enough allowing to identify the contributions of E0

n

as small errors in the construction of the approximate inverse. The next step will be discussed in
Proposition 6.4 where we explore the effect of the transport reduction on the original operator L̂ω
which is localized to the normal direction. We prove that with the localized transformation B⊥ defined
by

B⊥ = Π⊥S0
BΠ⊥S0

,

one obtains in the Cantor set Oγ,τ1∞,n(i0),

B−1
⊥ L̂ωB⊥ = ω · ∂ϕΠ⊥S0

+ D0 + R0 + E1
n, (1.21)

where D0 is a diagonal operator whose spectrum {iµ0
j , j ∈ Sc0} satisfies

µ0
j (λ, ω, i0) = Ωj(λ) + jr1(λ, ω, i0) with ‖r1‖γ,Oq . ε

and R0 is a remainder term taking the form of an integral operator with Toeplitz and reversibility
structures with the estimates the asymptotic

∀s ∈ [s0, S], max
k∈{0,1}

‖∂kθR0‖γ,OO-d,q,s . εγ
−1
(

1 + ‖I0‖γ,Oq,s+σ
)
,

We remark that the operator E1
n satisfies similar estimates as for E0

n seen before in (1.20). Finally, we
want to emphasize that the derivation of the asymptotic structure of the operator Lεr seen before in
(1.19) requires some refined analysis. The delicate point concerns the expansion of the operator Lr
defined in (1.12) and for this part we use the kernel structure detailed in (A.6)

K0(z) = − log
(
z
2

)
I0(z) +

∞∑
m=0

ψ(m+1)
(m!)2

(
z
2

)2m
.

with I0 being analytic. This is different from the cases discussed before as for the water waves in [4, 14]
where the kernel is given by that of Euler equations (corresponding to λ = 0), that is, K(z) = − log

(
z
2

)
.

In this latter case the deformed kernel enjoys the structure

− log (2Ar(t, θ, η)) = − log
∣∣∣sin( θ−η2

)∣∣∣+ smooth nonhomogeneous kernel.

This means that the associated operator is given by a diagonal operator of order −1 up to a smoothing
non diagonal pseudo-differential operator in OPS−∞. In our context, this decomposition fails for λ > 0
and we get a similar one but with less smoothing operator. Actually we obtain from (5.38) the splitting

K0 (2λAr(t, θ, η)) = K0

(
2λ sin

(
θ−η

2

))
+ K (η − θ)K 1

r,1(λ, ϕ, θ, η) + K 2
r,1(λ, ϕ, θ, η), (1.22)

where the kernels K 1
r,1 and K 2

r,1 are smooth whereas K is slightly singular taking the form

K (θ) = sin2
(
θ
2

)
log
(∣∣sin ( θ2)∣∣) .

b○ KAM reduction of the remainder term. This is the main target of Section 6.3.2 and the
result is stated in Proposition 6.5. The goal is to conjugate the remainder R0 of (1.21) and transform
it into a diagonal operator. This will be developed in a standard way by constructing successive
transformations through the KAM reduction allowing to replace at each step the old remainder by
a new one which is much smaller provided that we make the suitable parameters extraction. This
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scheme can be achieved unless we solve the associated homological equation. To avoid resonances we
should at each step make an extraction from the parameters set through the second order Melnikov
conditions and the final outcome is as follows,

L∞ := Φ−1
∞L0Φ∞ = ω · ∂ϕΠ⊥S0

+ D∞,

where D∞ =
(

iµ∞j (λ, ω, i0)
)

(l,j)∈Zd×Sc0
is a diagonal operator with pure imaginary spectrum and Φ∞

is a reversible invertible operator. This reduction is possible when the parameters (λ, ω) belong to the
following Cantor-like set,

Oγ,τ1,τ2∞,n (i0) =
⋂

(l,j,j0)∈Zd×(Sc0)2

|l|6Nn

{
(λ, ω) ∈ Oγ,τ1∞,n(i0) s.t.

∣∣ω · l + µ∞j (λ, ω, i0)− µ∞j0 (λ, ω, i0)
∣∣ > 2γ〈j−j0〉

〈l〉τ2

}
.

The eigenvalues admit the following asymptotic

µ∞j (λ, ω, i0) = Ωj(λ) + jr1(λ, ω, i0) + r∞j (λ, ω, i0),

where r1 and r∞j are real small coefficients with Lipschitz dependence with respect to the torus.
Indeed, we have

‖r1‖γ,Oq + sup
j∈Sc0
|j|‖r∞j ‖γ,Oq . εγ−1,

‖∆12r
1‖γ,Oq + sup

j∈Sc0
‖∆12r

∞
j ‖γ,Oq . εγ−1‖∆12i‖γ,Oq,sh+σ,

for some index regularity sh + σ and ∆12r
1 = r1(λ, ω, i1)− r1(λ, ω, i2).

c○ Construction of the approximate inverse. The next step is to invert approximately the
operator L̂ω detailed in Proposition 6.6. First we establish an approximate inverse for L∞, on the
Cantor set

Λγ,τ1∞,n(i0) =
⋂

(l,j)∈Zd×Sc0
|l|6Nn

{
(λ, ω) ∈ O s.t. |ω · l + µ∞j (λ, ω)| > γ〈j〉

〈l〉τ1

}
.

Then, introducing the Cantor set

Gn(γ, τ1, τ2, i0) = Oγ,τ1∞,n(i0) ∩ Oγ,τ1,τ2∞,n (i0) ∩ Λγ,τ1∞,n(i0),

we are able to construct an approximate inverse of L̂ω in the following sense,

L̂ωTω,n = Id + En in Gn,

where En is a fast frequency decaying operator as in (1.20) and Tω,n satisfies tame estimates uniformly
in n. Therefore coming back to Section 5.3, more precisely to Theorem 5.1, this enables to construct
an approximate right inverse T0 for the full differential di,αF(i0, α0) enjoying suitable tame estimates.
In what follows we want to make some comments. The first one concerns the Lipschitz dependence
of the eigenvalues with respsect to the torus. This is required in studying the stability of Cantor sets
in Nash-Moser scheme and allows to construct a final massive Cantor set. As to the second one, it
concerns the KAM reduction which allows to diagonalize the operator when the parameters belong to
a Cantor set like, even though all the involved transformations and operators can be extended in the
whole set of parameters using standard cut-off functions for the Fourier coefficients. This extension
with adequate estimates will be needed later during the implementation of Nash-Moser scheme. This
is not the only way to produce suitable extensions and one expects Whitney extension to be also
well adapted as in [4, 14]. In our case we privilege the first procedure which can be easily set up
and manipulated using classical functional tools. The last comment is related to a technical point
in KAM reduction, Contrary to the preceding papers such as [4, 14], we do not need to use pseudo-
differential operators techniques in the description of the aforementioned asymptotic structures of Lεr
and B−1

⊥ L̂ωB⊥. In fact, they can be avoided since all the involved operators can be described through
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their kernels and therefore instead of splitting the symbols we simply expand the kernels as in (1.22)
which sounds to be more appropriate in our context.

I Step 3. Nash-Moser scheme. This is the main purpose of Section 7.1 where we construct zeros for
the nonlinear function F defined in (1.18) for small ε following Nash-Moser scheme in the spirit of the
papers [4, 14]. Let us quickly sketch this scheme. We build by induction a sequence of approximate
solutions Un

Un+1 = Un +Hn+1 with Hn+1 = −ΠNnTnΠNnF(Un).

with Tn an approximate inverse of di,αF(Un) constructed in Step 2. Thus using Taylor Formula we
may write

F(Un+1) = Π⊥NnF(Un)−ΠNn

(
LnTn − Id

)
ΠNnF(Un) +

(
LnΠ⊥n −Π⊥NnLn

)
TnΠNnF(Un) +Qn,

where Qn is a quadratic functional. Consider the Cantor set

Aγn =

n−1⋂
k=0

Gk(γk+1, τ1, τ2, ik),

with γn = γ(1 + 2−n), then we show by induction that

‖Un‖γ,Oq,s0+σ . εγ
−1N qa

0 , ‖Un‖γ,Oq,b1+σ . εγ
−1Nµ

n−1, ‖F(Un)‖γ,O
γ
n

q,s0 . εN
−a1
n−1 (1.23)

for a suitable choice of the parameters a1, b1, a, µ, σ > 0 and Oγ
n is an open enlargement of Aγn needed

to construct classical extensions to the whole set of parameters O. Actually, we get a precise statement
in Proposition 7.1 allowing to deduce that the sequence (Un)n converges in a strong topology towards
a sufficient smooth profile (λ, ω) ∈ O 7→ U∞(λ, ω) =

(
i∞(λ, ω), α∞(λ, ω), (λ, ω)

)
with

∀(λ, ω) ∈ Gγ∞, F(U∞(λ, ω)) = 0, Gγ∞ =
⋂
n∈N
Aγn.

Moreover, we get in view of Corollary 7.1 a smooth function λ ∈ (λ0, λ1) 7→ (λ, ω(λ, ε)) with

ω(λ, ε) = −ωEq(λ) + r̄ε(λ), ‖r̄ε‖γ,Oq . εγ−1N qa
0 (1.24)

and
∀λ ∈ Cε∞, F

(
U∞(λ, ω(λ, ε))

)
= 0 with α∞

(
λ, ω(λ, ε)

)
= −ωEq(λ),

where the Cantor set Cε∞ is defined by

Cε∞ =
{
λ ∈ (λ0, λ1) s.t.

(
λ, ω(λ, ε)

)
∈ Gγ∞

}
. (1.25)

This gives solutions to the original equation (1.17) provided that λ belongs to the final Cantor set Cε∞
and the last point to deal with aims to measure this set.

I Step 4. Measure estimates. The measure of the final Cantor set Cε∞ will be explored in Section 7.2.
We show in Proposition 7.2 that by fixing γ = εa for some small a we get

|Cε∞| > (λ1 − λ0)− Cεδ,

with small δ connected to the geometry of the Cantor set and the non degeneracy of the equilibrium
spectrum. There are two main ingredients to get this result. The first one is the stability of the inter-
mediate Cantor sets (Aγn)n following from the fast convergence of Nash-Moser scheme. However the
second one is the transversality property stated in Lemma 7.3 used in the spirit of [8] and [51]. This
property will be first established for the linear frequencies in Proposition 3.5, using the analyticity of
the eigenvalues and their asymptotic behavior. Then the extension of the transversality assumption
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to the perturbed frequencies is done using perturbative arguments together with the asymptotic de-
scription of the approximate eigenvalues detailed in (7.67), (7.82) and (7.81).
We emphasize that the transversality is strongly related to the non-degeneracy of the eigenvalues in the
sense of the Definition 3.1 . For instance, we show that the curve λ ∈ [λ0, λ1] 7→

(
Ωj1(λ), ...,Ωjd(λ)

)
is

not contained in any vectorial plane, that is, if there exists a constant vector c = (c1, .., cd) such that

∀λ ∈ [λ0, λ1],
d∑
j=1

ckΩjk(λ) = 0,

then c = 0. This is proved in Lemma 3.4 and follows from the asymptotic of the eigenvalues for large
values of λ according to the law (A.11) combined with the invertibility of Vandermonde matrices.

2 Hamiltonian formulation of the patch motion

In this section we shall set up the contour dynamics equation governing the patch motion. A particular
attention will be focused on the vortex patch equation in the polar coordinates system. We shall see
that the Hamiltonian structure still survives at the level of the patch dynamics, which is the starting
point towards the construction of quasi-periodic solutions.

2.1 Contour dynamics equation in polar coordinates

Here and in the sequel, we identify C with R2 equipped with the canonical Euclidean structure through
the standard inner product defined for all z1 = a1 + ib1, z2 = a2 + ib2 ∈ C by

z1 · z2 := 〈z1, z2〉R2 = Re (z1z2) = a1a2 + b1b2. (2.1)

The planar set D stands for the open unit disc of R2 and the Rankine vortex 1D (actually any radial
function) is a stationary solution to (QGSW)λ. To look for ordered structure like periodic or quasi-
periodic vortex patches t 7→ 1Dt around this equilibrium state, we find it convenient to consider a
polar parametrization of the boundary

z : R+ × [0, 2π] 7→ C
(t, θ) 7→ z(t, θ) = (1 + 2r(t, θ))

1
2 eiθ.

(2.2)

Here r is the radial deformation of the patch which is small, namely |r(t, θ)| � 1. Taking r = 0 gives
a parametrization of the unit circle T. We shall introduce the new symplectic unknown

R(t, θ) = (1 + 2r(t, θ))
1
2 . (2.3)

which will be useful to write down the equations into the Hamiltonian form. In what follows we want
to explicit the contour dynamics equation with the polar coordinates. It is a classical fact, see for
instance [41, 42], that the particles on the boundary move with the flow and remain at the boundary
and therefore in the smooth case one has

[∂tz(t, θ)− v(t, z(t, θ))] · n(t, z(t, θ)) = 0,

where n(t, z(t, θ)) is the outward normal vector to the boundary ∂Dt of Dt at the point z(t, θ). Since
one has, up to a real constant of renormalization, n(t, z(t, θ)) = −i∂θz(t, θ), then we find the complex
form of the contour dynamics motion,

Im
(

[∂tz(t, θ)− v(t, z(t, θ))] ∂θz(t, θ)
)

= 0. (2.4)

In order to transform it into a nonlinear PDE, we need to recover the velocity field v from the patch
parametrization. To do so, recall that v = ∇⊥Ψ where Ψ is the stream function associated to the
vorticity and governed by Helmholtz equation,

(∆− λ2)Ψ(t, ·) = 1Dt .
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To invert this operator we shall make appeal to the Green function Tλ solution of the equation

(−∆ + λ2)Tλ = δ0 in S ′(R2).

Using the Fourier transform yields

∀ξ ∈ R2, T̂λ(ξ) =
1

|ξ|2 + λ2
·

Thus by Fourier inversion theorem and using a scaling argument, we find

Tλ(z) = T1(λz) with T1(z) =
1

4π2

ˆ
R2

eiz·ξ

1 + |ξ|2
dξ.

Applying a polar change of variables gives

T1(z) =
1

4π2

ˆ ∞
0

r

1 + r2

ˆ 2π

0
cos(|z|r cos(θ))dθdr.

Simple arguments based on the symmetry of trigonometric functions allow to get the identity

ˆ 2π

0
cos(|z|r cos(θ))dθ = 2

ˆ π

0
cos(|z|r sin(θ))dθ.

Consequently, we get in view of (A.1)

T1(z) =
1

2π

ˆ ∞
0

rJ0(|z|r)
1 + r2

dr,

where Jn denotes the Bessel function. Applying (A.7) with ν = µ = 0, a = 1 and b = |z|, we finally
deduce the representation

T1(z) =
1

2π
K0(|z|).

Therefore one gets the formula,

Ψ(t, z) = − 1

2π

ˆ
R2

K0(λ|z − ξ|)1Dt(ξ)dA(ξ), (2.5)

where dA denotes the planar Lebesgue measure. To get get explicit form of the velocity in terms of
the patch boundary we shall use the complex version of Stokes theorem

2i

ˆ
D
∂ξf(ξ, ξ)dA(ξ) =

ˆ
∂D

f(ξ, ξ)dξ. (2.6)

In view of v(t, z) = 2i∂zΨ(t, z), one deduces that

v(t, z) =
1

2π

ˆ
∂Dt

K0(λ|z − ξ|)dξ. (2.7)

Next we intend to write down the boundary motion in terms of the contour dynamics. First, from the
polar parametrization, it is easy to check from (2.2) that

Im
(
∂tz(t, θ)∂θz(t, θ)

)
= −∂tr(t, θ).

On the other hand, using (2.7) and (A.3), we infer

Im
(
v(t, z(t, θ))∂θz(t, θ)

)
=

ˆ
T
K0 (λ|z(t, θ)− z(t, η)|) Im

(
∂ηz(t, η)∂θz(t, θ)

)
dη.

Here and throughout this paper, we shall work with the following notation

ˆ
T
f(η)dη := 1

2π

ˆ 2π

0
f(η)dη. (2.8)
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Next we observe that,

Im
(
∂ηz(t, η)∂θz(t, θ)

)
= ∂2

θηIm
(
z(t, η)z(t, θ)

)
= ∂2

θη

(
R(t, η)R(t, θ) sin(η − θ)

)
.

Thus, by setting
Ar(t, θ, η) := |z(t, θ)− z(t, η)| = |R(t, θ)eiθ −R(t, η)eiη| (2.9)

and

Fλ[r](t, θ) :=

ˆ
T
K0 (λAr(t, θ, η)) ∂2

θη

(
R(t, η)R(t, θ) sin(η − θ)

)
dη, (2.10)

we get the vortex patch equation in the polar coordinates

∂tr(t, θ) + Fλ[r](t, θ) = 0. (2.11)

Now, we fix a parameter Ω that will be used later to get rid of trivial resonances, and we shall look
for solutions in the form

r(t, θ) = r̃(t, θ + Ωt). (2.12)

Then elementary change of variables applied with (2.10) show that

Fλ[r̃](t, θ+Ωt) = Fλ[r](t, θ) . (2.13)

Thus, the equation (2.11) becomes (to alleviate the notation we simply use r instead of r̃)

∂tr(t, θ) + Ω∂θr(t, θ) + Fλ[r](t, θ) = 0, (2.14)

which is a nonlinear and nonlocal transport PDE. To fix the terminology, we mean by a time quasi-
periodic solution of (2.14), a solution in the form

r(t, θ) = r̂(ωt, θ),

where r̂ : (ϕ, θ) ∈ Td+1 7→ r̂(ϕ, θ) ∈ R, ω ∈ Rd and d ∈ N∗. Hence in this setting, the equation (2.14)
becomes

ω · ∂ϕr̂(ϕ, θ) + Ω∂θr̂(ϕ, θ) + Fλ[r̂](ϕ, θ) = 0.

In the sequel, we shall alleviate the notation and denote r̂ simply by r and the foregoing equation
writes

∀(ϕ, θ) ∈ Td+1, ω · ∂ϕr(ϕ, θ) + Ω∂θr(ϕ, θ) + Fλ[r](ϕ, θ) = 0. (2.15)

2.2 Hamiltonian structure

We now move to a new consideration related to the analysis of the Hamiltonian structure behind the
transport equation (2.14). This structure sounds to be essential if one wants to explore quasi-periodic
solutions near Rankine vortices. Notice that it is a classical fact that incompressible active scalar
equations such as 2D Euler equations are Hamiltonian and as we shall see in this section, we can find
a suitable interpretation of this property at the level of the contour dynamics equations which is a
stronger reformulation.

2.2.1 Hamiltonian reformulation

We consider the kinetic energy and the angular impulse associated to the patch ω(t) = 1Dt and defined
by

E(t) =
1

2π

ˆ
Dt

Ψ(t, z)dA(z) and J(t) =
1

2π

ˆ
Dt

|z|2dA(z), (2.16)

where the stream function Ψ is defined according to (2.5). The following result dealing with the
time conservation of the preceding quantities is classical and can be proved in a similar way to Euler
equations.
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Lemma 2.1. The kinetic energy E and the angular impulse J are conserved during the motion,

dE(t)

dt
= 0 =

dJ(t)

dt
·

In what follows we shall state the main result of this section on the Hamiltonian structure governing
the equation (2.14).

Proposition 2.1. The equation (2.14) is Hamiltonian and takes the form

∂tr = ∂θ∇H(r), (2.17)

where ∇ is the L2(Tθ)-gradient with respect to the L2(Tθ)-normalized scalar product defined by

〈ρ1, ρ2〉L2(T) =

ˆ
T
ρ1(θ)ρ2(θ)dθ

and the hamiltonian H is defined by

H(r) = 1
2 (E(r)− ΩJ(r)) .

In particular, we get the conservation of the average, that is,

d

dt

ˆ
T
r(t, θ)dθ = 0. (2.18)

Proof. I Using Stokes formula (2.6), we may write

J(r)(t) = 1
8iπ

ˆ
∂Dt

|ξ|2ξdξ.

Then from the parametrization detailed in (2.2) one gets easily

J(r)(t) = 1
4i

ˆ
T
|z(t, θ)|2z(t, θ)∂θz(t, θ)dθ

= 1
16i

ˆ
T
∂θ
(
R4(t, θ)

)
dθ + 1

4

ˆ
T
R4(t, θ)dθ

= 1
4

ˆ
T
R4(t, θ)dθ.

Consequently,

J(r)(t) = 1
4

ˆ
T

(1 + 2r(t, θ))2 dθ. (2.19)

Differentiating in r one gets for ρ ∈ L2(T)

〈∇J(r), ρ〉L2(T)(t) =

ˆ
T
(1 + 2r(t, θ))ρ(θ)dθ, i.e. ∇J(r) = 1 + 2r.

It follows that
1
2Ω∂θ∇J(r) = Ω∂θr. (2.20)

I Next, we shall compute the Gâteaux derivative of E in a given direction ρ ∈ L2(T). We point out
that the computations done below are formal but they can be justified rigorously in a classical way.
The first step is to express the energy

E(t) = 1
2π

ˆ
Dt

Ψ(t, z)dA(z)
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in terms of the boundary parametrization of ∂Dt. According to Stokes theorem (2.6) we have

Ψ(t, z) = − 1
2π

ˆ
Dt

K0(λ|ξ − z|)dA(ξ)

= 1
πλ2

ˆ
Dt

∂ξ

(
(ξ−z)[λ|ξ−z|K1(λ|ξ−z|)−1]

|ξ−z|2

)
dA(ξ)

= 1
2iπλ2

ˆ
∂Dt

(ξ−z)[λ|ξ−z|K1(λ|ξ−z|)−1]
|ξ−z|2 dξ.

To prove the second equality above, it suffices to find an anti-derivative of K0(λ|ξ − z|) with respect
to ξ. We shall search it in the form

(ξ − z)f(λ|ξ − z|).

Then we should get

K0(λ|ξ − z|) = ∂ξ
(
(ξ − z)f(λ|ξ − z|)

)
= f(λ|ξ − z|) + λ|ξ−z|

2 f ′(λ|ξ − z|).

Hence f is a solution on R∗+ of the ordinary differential equation

1
2xf

′(x) + f(x) = K0(x), i.e. (x2f(x))′ = 2xK0(x).

Using (A.4), we obtain

f(x) = −2xK1(x)+C
x2 ,

where C is a constant to be fixed so that the integral converges. Using (A.5), one has on the real line

K1(x) =
x→0

1
x + x

2 log
(
x
2

)
+ o

(
x log

(
x
2

))
,

so that
xK1(x) =

x→0
1 + x2

2 log
(
x
2

)
+ o

(
x2 log

(
x
2

))
.

Making the choice C = −2 we get
f(x) = −2(xK1(x)−1)

x2 , (2.21)

which behaves like a logarithm near 0 and thus it is integrable. Therefore using the parametrization
(2.2) we find

Ψ(t, z(t, θ)) = 1
iλ2

ˆ
T

(z(t, η)− z(t, θ)) [λ|z(t, θ)− z(t, η)|K1 (λ|z(t, η)− z(t, θ)|)− 1]

|z(t, η)− z(t, θ)|2
∂ηz(t, η)dη.

Making appeal to f and removing the time dependence, we get

Ψ(z(θ)) = i
2

ˆ
T
(z(θ)− z(η))f(λ|z(θ)− z(η)|)∂ηz(η)dη. (2.22)

At this stage we need to look for an anti-derivative with respect to z of −1
2 (ξ − z)f(λ|ξ − z|) in the

form
(ξ − z)2g(λ|ξ − z|).

Therefore we deduce the constraint

−1
2 (ξ − z)f(λ|ξ − z|) = ∂z

(
(ξ − z)2g(λ|ξ − z|)

)
= −(ξ − z)

(
2g(λ|ξ − z|) + λ|ξ−z|

2 g′(λ|ξ − z|)
)
.

Hence, g should be a solution on R∗+ of the ordinary differential equation

x
2g
′(x) + 2g(x) = f(x)

2 , i.e. (x4g(x))′ = x3f(x) = 2x− 2x2K1(x). (2.23)

Using once again (A.4) yields

g(x) = x2+2x2K2(x)+C
x4 ,
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where C is again a constant used to cancel the violent singularity. From (A.5) and (A.2), one obtains
the asymptotic

K2(x) =
x→0

2
x2 − 1

2 +O
(
x2 log(x)

)
.

Thus
x2K2(x) =

x→0
2− x2

2 +O(x4 log(x)).

Then by choosing C = −4 we deduce that the function below

g(x) = x2+2x2K2(x)−4
x4

is integrable. Hence, applying once again Stokes theorem (2.6), we infer

E(r)(t) = − 1
4π2λ4

ˆ
∂Dt

ˆ
∂Dt

(ξ − z)2
[
λ2|ξ − z|2 (1 + 2K2(λ|ξ − z|))− 4

]
|ξ − z|4

dzdξ

= −1
λ4

ˆ
T

ˆ
T

(z(t,η)−z(t,θ))2[λ|z(t,η)−z(t,θ)|(1+2K2(λ|z(t,η)−z(t,θ)|))−4]
|z(t,η)−z(t,θ)|2 ∂θz(t, θ)∂ηz(t, η)dηdθ.

Hence using g and removing the dependence in time, we find

E(r) = −1
2

ˆ
T

ˆ
T
(z(θ)− z(η))2g(λ|z(θ)− z(η)|)∂θz(θ)∂ηz(η)dθdη. (2.24)

The next goal is to compute the derivative of E with respect to r in the direction ρ, which is straight-
forward

〈∇E(r),ρ〉L2(T) = −

ˆ
T

ˆ
T

(z(θ)− z(η)) g (λ|z(θ)− z(η)|)
(
ρ(θ)e−iθ

R(θ) −
ρ(η)e−iη

R(η)

)
∂θz(θ)∂ηz(η)dθdη

− λ
2

ˆ
T

ˆ
T

(z(θ)−z(η))2

|z(θ)−z(η)| g
′ (λ|z(θ)− z(η)|) ρ(θ)

R(θ)Re
(

(z(θ)− z(η))e−iθ
)
∂θz(θ)∂ηz(η)dθdη

− λ
2

ˆ
T

ˆ
T

(z(θ)−z(η))2

|z(θ)−z(η)| g
′ (λ|z(θ)− z(η)|) ρ(η)

R(η)Re
(
(z(η)− z(θ))e−iη

)
∂θz(θ)∂ηz(η)dθdη

− 1
2

ˆ
T

ˆ
T

(z(θ)− z(η))2 g (λ|z(θ)− z(η)|) ∂θ
(
ρ(θ)eiθ

R(θ)

)
∂ηz(η)dθdη

− 1
2

ˆ
T

ˆ
T

(z(θ)− z(η))2 g (λ|z(θ)− z(η)|) ∂θz(θ)∂η
(
ρ(η)eiη

R(η)

)
dθdη.

By exchanging in the double integral θ and η, we deduce

〈∇E(r),ρ〉L2(T) = −2

ˆ
T

ˆ
T

(z(θ)− z(η)) g (λ|z(θ)− z(η)|) ρ(θ)e−iθ

R(θ) ∂θz(θ)∂ηz(η)dθdη

− λ

ˆ
T

ˆ
T

(z(θ)−z(η))2

|z(θ)−z(η)| g
′ (λ|z(θ)− z(η)|) ρ(θ)

R(θ)Re
(

(z(θ)− z(η))e−iθ
)
∂θz(θ)∂ηz(η)dθdη

−

ˆ
T

ˆ
T

(z(θ)− z(η))2 g (λ|z(θ)− z(η)|) ∂θ
(
ρ(θ)eiθ

R(θ)

)
∂ηz(η)dθdη.

An integration by parts in the last integral leads to

−

ˆ
T

ˆ
T

(z(θ)− z(η))2 g (λ|z(θ)− z(η)|) ∂θ
(
ρ(θ)eiθ

R(θ)

)
∂ηz(η)dθdη

= 2

ˆ
T

ˆ
T
(z(θ)− z(η))g(λ|z(θ)− z(η)|)ρ(θ)eiθ

R(θ) ∂θz(θ)∂ηz(η)dθdη

+ λ

ˆ
T

ˆ
T

(z(θ)−z(η))2

|z(θ)−z(η)| g
′(λ|z(θ)− z(η)|)ρ(θ)eiθ

R(θ) Re [(z(θ)− z(η))∂θz(θ)] ∂ηz(η)dθdη.
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Using the identities
eiθ∂θz(θ)− e−iθ∂θz(θ) = −2iR(θ)

and
Re [(z(θ)− z(η))∂θz(θ)] e

iθ − ∂θz(θ)Re
[
(z(θ)− z(η))e−iθ

]
= −iR(θ)(z(θ)− z(η)),

we infer

〈∇E(r), ρ〉L2(T) = 4
i

ˆ
T

ˆ
T
(z(θ)− z(η))g(λ|z(θ)− z(η)|)∂ηz(η)ρ(θ)dθdη

+λ
i

ˆ
T

ˆ
T
(z(θ)− z(η))|z(θ)− z(η)|g′(λ|z(θ)− z(η)|)∂ηz(η)ρ(θ)dθdη.

Applying (2.23), we find

〈∇E(r), ρ〉L2(T) = 1
i

ˆ
T

ˆ
T
(z(θ)− z(η))f(λ|z(θ)− z(η)|)∂ηz(η)ρ(θ)dθdη,

which implies by virtue of (2.22)

∇E(r) = 1
i

ˆ
T
(z(θ)− z(η))f(λ|z(θ)− z(η)|)∂ηz(η)dη = −2Ψ(z(θ)).

Now, using the complex notation we deduce that

∂θΨ(z(θ)) = ∇Ψ(z(θ)) · ∂θz(θ)

= Im
(
v(z(θ))∂θz(θ)

)
= Fλ[r](θ),

where we used (2.1) and the facts that ∇⊥Ψ = v and Ψ is real-valued. Recall that the functional
Fλ[r] was introduced in (2.10). Hence

∂θ∇E(r) = −2∂θΨ(z(θ)) = −2Fλ[r](θ).

Finally we get
1
2∂θ∇E(r) = −Fλ[r](θ). (2.25)

The conservation of the average is easy to check from the Hamiltonian equation. Therefore the proof
of Proposition 2.1 is achieved.

2.2.2 Reversibility

The main concern is to investigate the reversibility of the Hamiltonian equation (2.17). This property
will be used in a crucial way to fix the symmetry in the function spaces and by this way remove from
the phase space the trivial resonances. For more details we refer to Section 4.1 and Section 5. To
define the reversibility, we shall introduce the involution S

(S r)(θ) := r(−θ), (2.26)

which satisfies the obvious properties

S 2 = Id and ∂θ ◦S = −S ◦ ∂θ. (2.27)

The following elementary result is useful and can be easily checked from the structure of the Hamil-
tonian. Actually, it suffices to make changes of variables.

Lemma 2.2. The Hamiltonian H and its associated vector field X := ∂θ∇H satisfy

H ◦S = H and X ◦S = −S ◦X.
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3 Linearization and frequencies structure

This section is devoted to some aspects of the linearized operator associated to the evolution equation
(2.14) or its Hamiltonian version (2.17). We shall in particular compute it at any state close to the
equilibrium and reveal some of its main general feature. As we shall see, the radial shape is very
special and gives rise to a Fourier multiplier and thus the spectral properties follow immediately. This
latter case serves as a toy model to check the emergence of quasi-periodic solutions at the linear level
provided that the Rossby radius λ belongs to a Cantor set, see Proposition 3.1 . However, around this
ideal state the situation is roughly uncontrolled and the operator is no longer diagonal and its spectral
study is extremely delicate due to resonances that prevent to diagonalize the operator. To deal with
this problem we will implement some important tools borrowed from KAM theory as we shall see in
Section 6.

3.1 Linearized operator

The main goal of this section to compute the differential of the nonlinear operator in (2.14) for any
small state r. The computations will be conducted at a formal level by simply computing Gateaux
derivatives which are related to Frechet derivatives. This formal part can be justified rigorously in a
classical way for the suitable functional setting fixed in Section 4.1.

3.1.1 The general form

In what follows we shall derive a formula for the linearized operator associated to the equation (2.17).
We shall see that it can be split into a transport part with variable coefficients and a nonlocal operator
of order zero. More precisiely, we shall establish the following lemma.

Lemma 3.1. The linearized equation of (2.17) at a given small state r is given by the time-dependent
linear Hamiltonian equation,

∂tρ(t, θ) = ∂θ

(
− Vr(λ, t, θ)ρ(t, θ) + Lrρ(λ, t, θ)

)
,

where Vr is a scalar function defined by

Vr(λ, t, θ) = Ω + 1
R(t,θ)

ˆ
T
K0 (λAr(t, θ, η)) ∂η (R(t, η) sin(η − θ)) dη (3.1)

and Lr is a non-local operator given by

Lr(ρ)(λ, t, θ) =

ˆ
T
K0

(
λAr(t, θ, η)

)
ρ(t, η)dη. (3.2)

We recall that K0, Ar and R are defined by (A.6), (2.9) and (2.3), respectively.
Moreover, if r(−t,−θ) = r(t, θ), then

Vr(λ,−t,−θ) = Vr(λ, t, θ). (3.3)

Proof. Throughout the proof, we shall remove the time dependency of the involved quantities except
when it is relevant to keep it. The computations of the Gâteaux derivative of Fλ defined by (2.10) at
a point r in the direction ρ are straightforward and standard and we shall only sketch the main lines.
Notice that the functional Fλ is smooth in a suitable functional setting and therefore its differential
should be recovered from its Gâteaux derivative. First, we observe that the function Ar defined in
(2.9) can be written in the form

Ar(θ, η) =
(
R2(θ) +R2(η)− 2R(θ)R(η) cos(η − θ)

) 1
2

=
(

(R(θ)−R(η))2 + 4R(θ)R(η) sin2
(
η−θ

2

)) 1
2
. (3.4)
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This identity (3.4) will be of constant use in the sequel. Second, after straightforward computations,
we obtain from (2.10),

drFλ[r](ρ) = ∂τFλ[r + τρ]|τ=0

= I1 + I2 + I3 + I4,

where

I1 := λρ(θ)

ˆ
T
Br(θ, η)K ′0 (λAr(θ, η)) ∂2

θη (R(θ)R(η) sin(η − θ)) dη,

I2 := λ

ˆ
T
ρ(η)Br(η, θ)K

′
0 (λAr(θ, η)) ∂2

θη (R(θ)R(η) sin(η − θ)) dη,

I3 :=

ˆ
T
K0 (λAr(θ, η)) ∂2

θη

(
ρ(θ)R(η) sin(η−θ)

R(θ)

)
dη,

I4 :=

ˆ
T
K0 (λAr(θ, η)) ∂2

θη

(
ρ(η)R(θ) sin(η−θ)

R(η)

)
dη,

with

Br(θ, η) :=
R(θ)−R(η) cos(η − θ)

R(θ)Ar(θ, η)
· (3.5)

Next, we shall compute I1 + I3. To do that, we split I3 into two terms as follows,

I3 = ∂θρ(θ)

ˆ
T
K0 (λAr(θ, η)) ∂η

(
R(η) sin(η−θ)

R(θ)

)
dη

+ ρ(θ)

ˆ
T
K0 (λAr(θ, η)) ∂2

θη

(
R(η) sin(η−θ)

R(θ)

)
dη

:= ∂θρ(θ)V r(λ, θ) + ρ(θ)I3.

An integration by parts in I3 allows to get,

I3 = −λ
ˆ
T
∂ηAr(θ, η)K ′0 (λAr(θ, η))R(η)∂θ

(
sin(η−θ)
R(θ)

)
dη.

Putting together the preceding identities yields to

I1 + I3 = ∂θρ(θ)Vr(λ, θ) + ρ(θ)V1(λ, θ) (3.6)

with

V1(λ, θ) := λ

ˆ
T
Br(θ, η)∂2

θη

(
R(θ)R(η) sin(η − θ)

)
K ′0 (λAr(θ, η)) dη

− λ
ˆ
T
∂ηAr(θ, η)∂θ

(
R(η) sin(η−θ)

R(θ)

)
K ′0 (λAr(θ, η)) dη. (3.7)

Differentiating term by term Vr with respect to θ gives

∂θVr(λ, θ) = λ

ˆ
T
∂θAr(θ, η)K ′0 (λAr(θ, η)) ∂η

(
R(η) sin(η−θ)

R(θ)

)
dη

+

ˆ
T
K0 (λAr(θ, η)) ∂2

θη

(
R(η) sin(η−θ)

R(θ)

)
dη

:= J1 + J2.

Integrating by parts in J2 yields

J2 = −λ
ˆ
T
R(η)∂ηAr(θ, η)K ′0 (λAr(θ, η)) ∂θ

(
sin(η−θ)
R(θ)

)
dη.
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Combining the preceding identities allows to we deduce that

∂θVr(λ, θ) = λ

ˆ
T
K ′0 (λAr(θ, η))

[
∂θAr(θ, η)∂η

(
R(η) sin(η−θ)

R(θ)

)
− ∂ηAr(θ, η)∂θ

(
R(η) sin(η−θ)

R(θ)

)]
dη.

Next we shall check the following identity

∂θAr(θ, η)∂η

(
R(η) sin(η−θ)

R(θ)

)
= Br(θ, η)∂2

θη (R(θ)R(η) sin(η − θ))− ∂ηAr(θ, η). (3.8)

Indeed, by (3.4) and (3.5), one finds

∂θAr(θ, η)∂η

(
R(η) sin(η−θ)

R(θ)

)
= ∂θR(θ)Br(θ, η)∂η(R(η) sin(η − θ))− R(η) sin(η−θ)∂η(R(η) sin(η−θ))

Ar(θ,η)

and

Br(θ, η)∂2
θη (R(θ)R(η) sin(η − θ)) = ∂θR(θ)Br(θ, η)∂η(R(η) sin(η − θ))

− (R(θ)−R(η) cos(η−θ))∂η(R(η) cos(η−θ))
Ar(θ,η) ·

Putting together the foregoing identities leads to

∂θAr(θ, η)∂η(R(η) sin(η − θ))
R(θ)

= Br(θ, η)∂2
θη (R(θ)R(η) sin(η − θ)) + g(θ, η),

where

g(θ, η) := 1
Ar(θ,η) [(R(θ)−R(η) cos(η − θ))∂η(R(η) cos(η − θ))−R(η) sin(η − θ)∂η(R(η) sin(η − θ))]

=
R(θ)∂η(R(η) cos(η−θ))−R(η)∂ηR(η)

Ar(θ,η)

= −∂ηAr(θ, η).

This achieves the proof of (3.8). From the periodicity we getˆ
T
λ∂ηAr(θ, η)K ′0 (λAr(θ, η)) dη =

ˆ
T
∂η [K0 (λAr(θ, η))] dη = 0

and thus we get the following important identity

∂θVr(λ, θ) = V1(λ, θ).

Plugging this into (3.6) allows to get

I1 + I3 = ∂θ
(
Vr(λ, θ)ρ(θ)

)
.

Notice that it is easy to check that if r(−t,−θ) = r(t, θ), then

Vr(λ,−t,−θ) = Vr(λ, t, θ). (3.9)

The next task is to compute I2 + I4. Using integration by parts in I4 gives,

I4 = −λ
ˆ
T
ρ(η)∂ηAr(θ, η)K ′0 (λAr(θ, η)) ∂θ

(
R(θ) sin(η−θ)

R(η)

)
dη.

From the symmetry property Ar(θ, η) = Ar(η, θ) and by exchanging the roles of θ and η in (3.8), one
deduces

Br(η, θ)∂
2
θη (R(θ)R(η) sin(η − θ))− ∂ηAr(θ, η)∂θ

(
R(θ) sin(η−θ)

R(η)

)
= −∂θAr(θ, η).

Therefore we obtain

I2 + I4 = −∂θ
(ˆ

T
ρ(η)K0 (λAr(θ, η)) dη

)
:= −∂θLr(ρ)(λ, θ).

Finally, by setting
Vr(λ, t, θ) = Ω + Vr(λ, t, θ)

and combining the preceding identities, we end the proof of Lemma 3.1.

23



3.1.2 The integrable case

The main purpose here is to explore the structure of the linearized operator at the equilibrium state.
We shall see that the radial shape is reflected on the structure the linearized operator which is a
Fourier multiplier (of a convolution type). More precisely, we have the following result.

Lemma 3.2. 1. The linearized equation of (2.17) at the equilibrium state (r = 0) writes,

∂tρ = ∂θL(λ)ρ = ∂θ∇HL(ρ), (3.10)

where L(λ) is the self-adjoint operator defined by L(λ) = −V0(λ) +Kλ∗θ with

V0(λ) = Ω + I1(λ)K1(λ) (3.11)

and
Kλ(θ) = K0

(
2λ
∣∣sin ( θ2)∣∣) . (3.12)

We refer to the Appendix A for the definitions of the modified Bessel functions I1, K1 and K0.
Moreover, the Hamiltonian HL is quadratic and takes the form

HL(ρ) = 1
2〈L(λ)ρ, ρ〉L2(T).

2. The solutions to (3.10) with zero space average are given by

ρ(t, θ) =
∑
j∈Z∗

ρj(0)ei(jθ−Ωj(λ)t), (3.13)

with
Ωj(λ) = j

[
Ω + (I1K1)(λ)− (IjKj)(λ)

]
. (3.14)

and for ρ(θ) =
∑
j∈Z∗

ρje
ijθ we have

L(λ)ρ(θ) = −
∑
j∈Z∗

Ωj(λ)
j ρje

ijθ and HLρ = −
∑
j∈Z∗

Ωj(λ)
2j |ρj |

2, (3.15)

Before proceeding with the proof we want to give some remarks.

Remark 3.1. • When Ω = 0 the eigenvalue Ω1(λ) vanishes for any λ due to the rotation invari-
ance of the equation and the use of the free parameter Ω is to avoid this degeneracy. However
the trivial resonance Ω0(λ) = 0 can be removed by imposing the zero space average which is
preserved by the nonlinear dynamics from the Hamiltonian structure as we have seen before in
(2.18).

• The solutions to the linear equation at the equilibrium are aperiodic and if we excite only a finite
number of frequencies with non-resonances assumption we get quasi-periodic solutions. We will
make a precise comment later on Proposition 3.1.

Proof. 1. First observe that from (3.4), one deduces for r = 0 that A0(θ, η) = 2
∣∣∣sin(η−θ2

)∣∣∣. Then we

obtain from (3.1) and (3.2),

L0ρ(λ, θ) =

ˆ
T
ρ(η)K0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣) dη
= Kλ ∗ ρ(θ),

with Kλ defined in (3.12) and using the change of variables η 7→ η + θ we obtain

V0(λ, θ) = Ω +

ˆ
T
K0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣) cos(η − θ)dη

= Ω +

ˆ
T
K0

(
2λ
∣∣sin (η2)∣∣) cos(η)dη

:= V0(λ).
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We remark that if we write ej(θ) = eijθ, then direct computations yield

(Kλ ∗ ej)(θ) =

ˆ
T
K0

(
2λ
∣∣sin (η2)∣∣) eij(θ−η)dη

= ej(θ)

ˆ
T
K0

(
2λ
∣∣sin (η2)∣∣) e−ijηdη.

Since the function η 7→ K0

(
2λ
∣∣sin (η2)∣∣) is even, we deduce using the change of variables η = 2τ + π

and the formula (A.8) that

ˆ
T
K0

(
2λ
∣∣sin (η2)∣∣) e−ijηdη =

ˆ
T
K0

(
2λ
∣∣sin (η2)∣∣) cos (jη) dη

= (−1)j

π

ˆ π
2

−π
2

K0(2λ cos(τ)) cos(2jτ)dτ

= (IjKj)(λ).

Hence, the Fourier coefficients of Kλ are

(Kλ)j = (IjKj)(λ). (3.16)

Similar arguments as before with j = 1 allow to get

V0(λ) = Ω + (I1K1)(λ).

Recall that Kλ is even and then we find that L(λ) is self-adjoint in L2(T).

2. Starting from the Fourier expansion ρ(t, θ) =
∑
j∈Z∗

ρj(t)e
ijθ, then we can easily ensure from direct

computations using the previous results, that ρ solves the equation (3.10) if and only if

ρ̇j = −iΩj(λ)ρj with Ωj(λ) = j
[
Ω + (I1K1)(λ)− (IjKj)(λ)

]
,

and therefore
ρ(t, θ) =

∑
j∈Z∗

ρj(0)ei(jθ−Ωj(λ)t).

Concerning the identities (3.15) they can be obtained from straightforward computations. This ends
the proof of Lemma 3.2.

3.2 Structure of the linear frequencies

The main target in this section is to explore some interesting structures of the equilibrium frequencies.
We shall in particular focus on their monotonicity and detail some asymptotic behavior for large
modes. Another important discussion will be devoted to the non-degeneracy of these frequencies
through the so-called Rüsseman conditions. This is the cornerstone step in measuring the final Cantor
set giving rise to quasi-periodic solutions for the linear/nonlinear problems. Actually, in the nonlinear
case the final Cantor appears as a perturbation of the Cantor set constructed from the equilibrium
eigenvalues and therefore perturbative arguments based on their non-degeneracy are very useful and
will be performed in Section 7.2.

3.2.1 Monotonicity and asymptotic behaviour

Our purpose is to establish some useful properties related to the monotonicity and the asymptotic
behavior for large modes of the eigenvalues of the linearized operator at the equilibrium state. Notice
that their explicit values are detailed in (3.14). Our result reads as follows.

Lemma 3.3. Let Ω > 0 and λ ∈ R, then the frequencies (Ωj(λ))j∈Z∗ satisfy the following properties.
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(i) For any j ∈ Z∗, λ > 0 we have Ω−j(λ) = −Ωj(λ).

(ii) For any λ > 0, the sequences (Ωj(λ))j∈N∗ and
(

Ωj(λ)
j

)
j∈N∗

are strictly increasing.

(iii) For any λ > 0, the following expansion holds

Ωj(λ) =
j→∞

V0(λ)j − 1
2 + λ2

4j2
+Oλ

(
1
j4

)
, (3.17)

where V0(λ) is defined in (3.11).

(iv) For any j ∈ Z∗, λ > 0 we have
|Ωj(λ)| > Ω|j|.

(v) Given 0 < λ0 < λ1, there exists C0 > 0 such that

∀λ ∈ [λ0, λ1], ∀j, j0 ∈ Z, |Ωj(λ)± Ωj0(λ)| > C0|j ± j0|.

(vi) Given 0 < λ0 < λ1 and q0 ∈ N, there exists C0 > 0 such that

∀ j, j0 ∈ Z∗, max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ (Ωj(λ)− Ωj0(λ))
∣∣ 6 C0|j − j0|.

Proof. (i) It is an immediate consequence of (3.14) and (A.3).

(ii) The monotonicity of the sequence
(

Ωj(λ)
j

)
j∈N∗

is proved in [22, Prop. 5.9. (1)], see also the

Appendix A. It follows that the sequence (Ωj(λ))j∈N∗ is strictly increasing as the product of two
strictly increasing positive sequences.
(iii) It is an immediate consequence of (3.14) and the asymptotic expansion (A.14)
(iv) Recall that j 7→ Ωj(λ) is odd and vanishes at j = 0. Then it suffices to check the result for
j ∈ N∗. According to the Appendix A, the sequence j 7→ (IjKj)(λ) is decreasing and therefore

∀λ > 0, (I1K1)(λ)− (IjKj)(λ) > 0. (3.18)

It follows that
∀λ > 0, |Ωj(λ)| > Ωj.

(v) By the oddness of j 7→ Ωj(λ) it is enough to establish the estimate for j, j0 ∈ N. We shall first
focus on the estimate of the difference Ωj(λ)−Ωj0(λ). Without loss of generality we can assume that
j > j0 > 1, (The case j = j0 is obvious and the case j0 = 0 brings us back to the previous point). One
may write by (3.14) that for λ > 0,

Ωj(λ)− Ωj0(λ) = (j − j0)
(

Ω + I1(λ)K1(λ)− Ij(λ)Kj(λ)
)

+ j0

(
Ij0(λ)Kj0(λ)− Ij(λ)Kj(λ)

)
. (3.19)

Combining this estimate with (3.18) yields

Ωj(λ)− Ωj0(λ) > (j − j0)Ω + j0

(
Ij0(λ)Kj0(λ)− Ij(λ)Kj(λ)

)
. (3.20)

We need to get refined estimate for the last term of the right hand side. For this goal we use the
formulae (A.9) to write

(InKn)(λ) = 1
2

ˆ ∞
0

J0

(
2λ sinh( t2)

)
e−ntdt. (3.21)
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This allows to construct for a fixed λ a smooth extension n ∈ (0,∞) 7→ (InKn)(λ). Thus differentiating
term by term using change of variable we get for any m ∈ N

sup
λ∈R
|∂mn (InKn)(λ)| 6 1

2

ˆ ∞
0

tme−ntdt

6 m!
2nm+1 , (3.22)

where we have used the classical estimates for Bessel functions (applied with n = q = 0)

sup
n,q∈N
x∈R

|J (q)
n (x)| 6 1, (3.23)

which follows easily from the integral representation (A.1). In particular, for m = 1 we find that for
for any n > 1

sup
λ∈R

∣∣∣∂n(InKn)(λ)
∣∣∣ 6 1

2n2 ·

Therefore applying Taylor Formula we infer for j > j0 > 1

sup
λ∈R

∣∣∣(IjKj)(λ)− (Ij0Kj0)(λ)
∣∣∣ 6 1

2

ˆ j

j0

dn

n2

6 |j−j0|2 j j0
· (3.24)

Inserting this estimate into (3.20) gives

Ωj(λ)− Ωj0(λ) > (j − j0)
(

Ω− 1
2j

)
.

Therefore for j > N =
[
Ω−1

]
and j > j0 > 1 we get

Ωj(λ)− Ωj0(λ) > 1
2Ω (j − j0). (3.25)

Now for j 6= j0 ∈ J1, NK we get from the point (ii) that the map λ ∈ [λ0, λ1] 7→ Ωj(λ) − Ωj0(λ) does
not vanish and therefore we can find by a compactness argument a constant C > 0 such that

∀λ ∈ [λ0, λ1], |Ωj(λ)− Ωj0(λ)| > C|j − j0|.

Taking C0 = min(C, 1
2Ω) and combining the preceding inequality with (3.25) we obtain

∀λ ∈ [λ0, λ1],∀j > j0 > 1, |Ωj(λ)− Ωj0(λ)| > C0|j − j0|.

Finally we get
∀λ ∈ [λ0, λ1], ∀j, j0 ∈ N, |Ωj(λ)− Ωj0(λ)| > C0|j − j0|.

Let us now move to the estimate Ωj(λ) + Ωj0(λ) for j, j0 ∈ N. Since both quantities are positive then
using the point (iv) yields

∀λ ∈ [λ0, λ1], |Ωj(λ) + Ωj0(λ)| = Ωj(λ) + Ωj0(λ) > Ω(j + j0) > C0(j + j0).

This completes the proof of the desired estimate.
(vi) Let q0 ∈ N∗. let q ∈ J0, q0K. Differentiating q times (3.19) in λ, one obtains

∂qλ
(
Ωj(λ)− Ωj0(λ)

)
= (j − j0)

(
∂qλΩ + ∂qλ

(
I1(λ)K1(λ)

)
− ∂αλ

(
Ij(λ)Kj(λ)

))
+ j0∂

q
λ

(
Ij0(λ)Kj0(λ)− Ij(λ)Kj(λ)

)
. (3.26)

Similarly, we get by differentiating q times in λ the identity (3.21)

∂qλ(InKn)(λ) = 2q−1

ˆ ∞
0

J
(q)
0

(
2λ sinh( t2)

)
sinhq( t2)e−ntdt. (3.27)
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From (3.23) we deduce for any λ ∈ [λ0, λ1],∣∣∂qλ(InKn)(λ)
∣∣ 6 2q−1

ˆ ∞
0

sinhq( t2)e−ntdt.

Then using the inequality sinhx 6 ex

2 for x > 0 we get for n > q
2∣∣∂qλ(InKn)(λ)

∣∣ 6 1
2

ˆ ∞
0

e

( q
2−n

)
t
dt

6 1
2n−q · (3.28)

By compactness argument, we deduce that

sup
j∈N

max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ(Ij(λ)Kj(λ)
)∣∣ 6 C. (3.29)

Differentiating in n (3.27) yields

∂qλ∂n(InKn)(λ) = −2q−1

ˆ ∞
0

J
(q)
0

(
2λ sinh(t/2)

)
sinhq(t/2)te−ntdt.

Therefore applying similar arguments used to show (3.28) gives for 2n > q∣∣∂qλ∂n(InKn)(λ)
∣∣ 6 1

2

ˆ ∞
0

te
−
(
n− q2

)
t
dt

6
2

(2n− q)2
· (3.30)

Then Taylor Formula allows to get for j, j0 >
q
2

sup
λ∈[λ0,λ1]

∣∣∂qλ(IjKj − Ij0Kj0)(λ)
∣∣ 6 C |j−j0|jj0

· (3.31)

Setting N = b q02 c+ 1, one obtains for any j, j0 > N

max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ(IjKj − Ij0Kj0)(λ)
∣∣ 6 C|j − j0|·

By compactness argument, one obtains for any j, j0 ∈ J1, NK

max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ(IjKj − Ij0Kj0)(λ)
∣∣ 6 C|j − j0|·

Now for the remaining case j0 ∈ J1, NK and j > N one has gathering the previous two estimates

max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ(IjKj − Ij0Kj0)(λ)
∣∣ 6 max

q∈J0,q0K
sup

λ∈[λ0,λ1]

∣∣∂qλ(IjKj − INKN )(λ)
∣∣

+ max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ(INKN − Ij0Kj0)(λ)
∣∣

6 C|j −N |+ C|N − j0| 6 C|j − j0|·

Thus we can find C > 0 such that for any j, j0 ∈ N∗

max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ(IjKj − Ij0Kj0)(λ)
∣∣ 6 C|j − j0|·

Putting together (3.26), (3.29) and (3.14) yields

max
q∈J0,q0K

sup
λ∈[λ0,λ1]

∣∣∂qλ (Ωj(λ)− Ωj0(λ))
∣∣ 6 C|j − j0|.

This ends the proof of Lemma 3.3.
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3.2.2 Non-degeneracy and transversality

Fix finitely many tangential sites

S := {j1, . . . , jd} ⊂ N∗ with d > 1 and 1 6 j1 < · · · < jd.

We consider the linear vector frequency at the equilibrium state

ωEq(λ) := (Ωj(λ))j∈S, (3.32)

where Ωj(λ) is defined by (3.14). The main purpose is to study some Diophantine structure of the
curve λ ∈ (λ0, λ1) 7→ ωEq(λ) for fixed 0 < λ0 < λ1. In particular, we shall focus on the non-degeneracy
and the transversality conditions of these eigenvalues which are essential in getting non trivial Cantor
set from which quasi-periodic solutions emerge at the linear and nonlinear levels. Notice that the
approach that we shall implement here has been developed before in several papers such as [4, 8, 51].
Before exploring these properties we need to fix some definitions.

Definition 3.1. Given two numbers λ0 < λ1 and d ∈ N∗, a vector-valued function f = (f1, ..., fd) :
[λ0, λ1] → Rd is called non-degenerate if, for any vector c = (c1, ..., cd) ∈ Rd \ {0}, the function
f · c = f1c1 + ...+ fdcd is not identically zero on the whole interval [λ0, λ1]. This means that the curve
of f is not contained in an hyperplane.

Now we shall prove the following result on the non-degeneracy of the linear frequencies which is
related to the asymptotic behavior of Bessel functions (IjKj)(λ) for large values of λ. This property
will be crucial to check a suitable transversality assumption.

Lemma 3.4. Let Ω ∈ R∗ and 0 < λ0 < λ1, then the frequency curve ωEq defined by (3.32) and the
vector-valued function λ 7→ (Ω + I1K1, ωEq) ∈ Rd+1 are non degenerate on [λ0, λ1] in the sense of the
Definition 3.1.

Proof. I Let us start with checking the non-degeneracy of ωEq. For this aim, we shall argue by
contradiction and assume the existence of a fixed vector c = (ck)06k6d ∈ Rd such that

∀λ ∈ [λ0, λ1],
d∑

k=1

ckΩjk(λ) = 0. (3.33)

Since for all j ∈ N∗, the application λ 7→ (IjKj)(λ) admits a holomorphic extension in the open
connected set

{
λ ∈ C,Re(λ) > 0

}
(see Appendix A) then by the continuation principle we obtain

∀λ > 0,
d∑

k=1

ckjk(IjkKjk)(λ) =

(
d∑

k=1

ckjk

)(
(I1K1)(λ) + Ω

)
. (3.34)

Using the asymptotic expansion (A.11) obtained for IjKj with large λ, we first get

∀j ∈ N∗, lim
λ→∞

(IjKj)(λ) = 0.

Then taking the limit in (3.34) as λ→∞ implies

Ω

d∑
k=1

ckjk = 0.

Since we assumed that Ω 6= 0, then necessary we find that

d∑
k=1

ckjk = 0 which implies in turn according

to (3.34)

∀λ > 0,
d∑

k=1

ckjk(IjkKjk)(λ) = 0.
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Applying once again the expansion (A.11) yields

∀m ∈ J1, dK,
d∑

k=1

ckjkαjk,m = 0. (3.35)

We consider the matrix Ad = (Am,k)16m,k6d ∈Md(R) defined by

∀(m, k) ∈ J1, dK2, Am,k = jkαjk,m.

Then the system (3.35) is equivalent to Adc = 0 with c =

 c1
...
cd

 . To get the desired result, c = 0, it

suffices to check that det Ad 6= 0. Using the expression of the coefficients αjk,m in (A.12) one deduces
that

αjk,m = am(µjk − 1)Qm
(
µjk
)
, am = (−1)m (2m)!

4m
(
m!
)2 , µj = 4j2, (3.36)

with Q1(X) = 1 and for m ≥ 2

Qm(X) =
m∏
`=2

(
X − (2`− 1)2

)
.

Remark that Qm is a unitary polynomial of degree m− 1. Using the homogeneity of the determinant
with respect to each column and row we find

det Ad =
d∏

m,k=1

am(µjk − 1) det Bd,

with Bd the matrix given by

Bd =

 Q1(µj1) · · · Q1(µjd)
...

...
Qd(µj1) · · · Qd(µjd)

 .

Therefore we infer that Ad is nonsingular if detBd 6= 0. On the other hand, the computation of detBd
can be done in a similar way to Vandermonde determinant. Indeed, define the polynomial given by
the determinant

P (X) =

∣∣∣∣∣∣∣
Q1(µj1) · · · Q1(µjd−1

) Q1(X)
...

...
...

Qd(µj1) · · · Qd(µjd−1
) Qd(X)

∣∣∣∣∣∣∣ .
Then P is a polynomial of degree d − 1 and vanishes at all the points X = µjk for k ∈ J1, d − 1K.
Consequently, we get

detBd = P (µjd) = detBd−1

d−1∏
k=1

(
µjd − µjk

)
.

Therefore, iterating this identity yields

detBd =
∏

16k<`6d−1

(
µj` − µjk

)
.

Since µj` 6= µjk for ` 6= k we get detBd 6= 0 which achieves the proof of the first point.
I Next we move to the second point of the lemma and show that if

∀λ ∈ [λ0, λ1], c0

(
Ω + (I1K1)(λ)

)
+

d∑
k=1

ckjk

(
Ω + (I1K1)(λ)− (IjkKjk)(λ)

)
= 0,
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then necessary c0 = ... = cd = 0. As before we can extend by analyticity the preceding identity to
(0,∞) By checking the terms in 1

λ in the preceding identity using (A.11) we find immediately that
c0 = 0. Therefore the system reduces to (3.33) and then we may apply the result of the first point in
order to get c1 = ... = cd = 0. This completes the proof of Lemma 3.4.

The next goal is to check that Rüssemann transversality conditions are satisfied for the linear
frequencies of the equilibrium state. Namely, we shall prove the following result in the spirit of the
papers [4, 8, 51].

Lemma 3.5. [Transversality] Given 0 < λ0 < λ1, there exist q0 ∈ N and ρ0 > 0 such that the following
results hold true. Recall that ωEq and Ωj are defined in (3.32) and (3.14) respectively.

(i) For any l ∈ Zd \ {0}, we have

inf
λ∈[λ0,λ1]

max
q∈J0,q0K

|∂qλωEq(λ) · l| > ρ0〈l〉.

(ii) For any (l, j) ∈ (Zd × N) \ {(0, 0)}

inf
λ∈[λ0,λ1]

max
q∈J0,q0K

∣∣∂qλ(ωEq(λ) · l ± j(I1K1)(λ)
)∣∣ > ρ0〈l〉.

(iii) For any (l, j) ∈ Zd × (N∗ \ S)

inf
λ∈[λ0,λ1]

max
q∈J0,q0K

∣∣∂qλ (ωEq(λ) · l ± Ωj(λ))
∣∣ > ρ0〈l〉.

(iv) For any l ∈ Zd, j, j′ ∈ N∗ \ S with (l, j) 6= (0, j′), we have

inf
λ∈[λ0,λ1]

max
q∈J0,q0K

∣∣∂qλ(ωEq(λ) · l + Ωj(λ)± Ωj′(λ)
)∣∣ > ρ0〈l〉.

Proof. (i) We argue by contradiction by assuming that for any q0 ∈ N and ρ0 > 0, there exist
l ∈ Zd \ {0} and λ ∈ [λ0, λ1] such that

max
q∈J0,q0K

|∂qλ(ωEq(λ) · l)| < ρ0〈l〉.

It follows that for any m ∈ N, and by taking q0 = m and ρ0 = 1
m+1 , there exist lm ∈ Zd \ {0} and

λm ∈ [λ0, λ1] such that

max
q∈J0,mK

|∂qλωEq(λm) · lm| < 〈lm〉
m+1

and therefore
∀q ∈ N, ∀m > q,

∣∣∣∂qλωEq(λm) · lm
〈lm〉

∣∣∣ < 1
m+1 · (3.37)

Since the sequences
(
lm
〈lm〉

)
m

and (λm)m are bounded, then by compactness and up to an extraction

we can assume that
lim
m→∞

lm
〈lm〉 = c̄ 6= 0 and lim

m→∞
λm = λ̄.

Hence, passing to the limit in (3.37) as m→∞ leads to

∀q ∈ N, ∂qλωEq(λ̄) · c̄ = 0.

Thus, we conclude that the real analytic function λ 7→ ωEq(λ) · c̄ is identically zero which contradicts
the non-degeneracy condition stated in Lemma 3.4.
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(ii) We shall first check the result for the case l = 0 and j ∈ N∗. Obviously, one has from the
monotonicity of λ 7→ I1(λ)K1(λ) stated in Appendix A,

inf
λ∈[λ0,λ1]

max
q∈J0,q0K

∣∣∂qλ(j(I1K1)(λ)
)∣∣ > (I1K1)(λ1)

> ρ0〈l〉,

for some ρ0 > 0. Now let us consider l ∈ Zd\{0} and j ∈ N. Then we may write according to the
triangle and Cauchy-Schwarz inequalities combined with the boundedness of ωEq and the monotonicity
of λ 7→ I1(λ)K1(λ) stated in Appendix A,

|ωEq(λ) · l ± jI1(λ)K1(λ)| > jI1(λ1)K1(λ1)− |ωEq(λ) · l| > c0j − C〈l〉 > 〈l〉

provided that j > C0〈l〉 for some C0 > 0. Therefore we reduce the proof to indices j and l with

0 6 j < C0〈l〉, j ∈ N and l ∈ Zd\{0}. (3.38)

Arguing by contradiction as in the previous case, we may assume the existence of sequences lm ∈
Zd \ {0}, jm ∈ N satisfying (3.38) and λm ∈ [λ0, λ1] such that

max
q∈J0,mK

∣∣∣∣∂qλ (ωEq(λ) · lm|lm| ± jm
(I1K1)(λ)
|lm|

)
|λ=λm

∣∣∣∣ < 1
m+1

and therefore

∀q ∈ N, ∀m > q,
∣∣∣∣∂qλ (ωEq(λ) · lm|lm| ±

jm
|lm|(I1K1)(λ)

)
|λ=λm

∣∣∣∣ < 1
m+1 · (3.39)

Since the sequences
(
lm
|lm|

)
m

,
(
jm
|lm|

)
m

and (λm)m are bounded, then up to an extraction we can assume

that
lim
m→∞

lm
|lm| = c̄ 6= 0, lim

m→∞
jm
|lm| = d̄ and lim

m→∞
λm = λ̄.

Hence, by letting m→∞ in (3.39), using that λ 7→ (I1K1)(λ) is smooth, we find

∀q ∈ N, ∂qλ
(
ωEq(λ) · c̄± d̄ (I1K1)(λ)

)
|λ=λ

= 0.

Thus, the real analytic function λ 7→ ωEq(λ) · c̄ ± d̄ I1(λ)K1(λ) with (c̄, d̄) 6= (0, 0) is identically zero
and this contradicts Lemma 3.4.

(iii) Consider (l, j) ∈ Zd × (N∗ \ S). Then applying the triangle inequality and Lemma 3.3-(iv),
yields

|ωEq(λ) · l ± Ωj(λ)| > |Ωj(λ)| − |ωEq(λ) · l|
> Ωj − C|l| > 〈l〉

provided j > C0〈l〉 for some C0 > 0. Thus as before we shall restrict the proof to indices j and l with

0 6 j < C0〈l〉, j ∈ N∗ \ S and l ∈ Zd\{0}. (3.40)

Proceeding by contradiction as in the previous case, we may assume the existence of sequences lm ∈
Zd \ {0}, jm ∈ N \ S satisfying (3.40) and λm ∈ [λ0, λ1] such that

max
q∈J0,mK

∣∣∣∣∂qλ (ωEq(λ) · lm|lm| ±
Ωjm (λ)
|lm|

)
|λ=λm

∣∣∣∣ < 1
m+1

and therefore

∀q ∈ N, ∀m > q,
∣∣∣∣∂qλ (ωEq(λ) · lm|lm| ±

Ωjm (λ)
|lm|

)
|λ=λm

∣∣∣∣ < 1
m+1 · (3.41)
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Since the sequences
(
lm
|lm|

)
m

and (λm)m are bounded, then up to an extraction we can assume that

lim
m→∞

lm
|lm| = c̄ 6= 0 and lim

m→∞
λm = λ̄.

Now we shall distinguish two cases.
I Case ¶ : (lm)m is bounded. In this case, by (3.40) we find that (jm)m is bounded too and thus
up to to an extraction we may assume lim

m→∞
lm = l̄ and lim

m→∞
jm = j̄. Since (jm)m and (|lm|)m are

sequences of integers, then they are necessary stationary. In particular, the condition (3.40) implies
l̄ 6= 0. Hence, taking the limit n→∞ in (3.41), yields

∀q ∈ N, ∂qλ
(
ωEq(λ) · l̄ ± Ωj̄(λ)

)
|λ=λ

= 0.

Thus, the analytic function λ 7→ ωEq(λ) · l̄ ± Ωj̄(λ) with (l̄, 1) 6= (0, 0) is identically zero which
contradicts Lemma 3.4.
I Case · : (lm)m is unbounded. Up to an extraction we can assume that lim

m→∞
|lm| = ∞. We have

two sub-cases.
• Sub-case ¬ : (jm)m is bounded. In this case and up to an extraction we can assume that it converges.
Then, taking the limit m→∞ in (3.41), we find

∀q ∈ N, ∂qλωEq(λ̄) · c̄ = 0.

As before we conclude that function λ 7→ ωEq(λ) · c̄ with c̄ 6= 0 is identically zero which contradicts
Lemma 3.4.
• Sub-case ­ : (jm)m is unbounded. Then up to an extraction we can assume that lim

m→∞
jm =∞. We

write according to (3.14)

Ωjm (λ)
|lm| = jm

|lm| (Ω + (I1K1)(λ)− (IjmKjm)(λ)) . (3.42)

By (3.40), the sequence
(
jm
|lm|

)
n

is bounded, thus up to an extraction we can assume that it converges

to d̄. Using the first inequality of (3.22) we deduce that

∀m ∈ N, sup
λ∈R

∣∣(IjmKjm)(λ)
∣∣ ≤ 1

2jm
,

which implies that
lim
m→∞

sup
λ∈R

(IjmKjm)(λ) = 0.

Moreover by (3.28), we have

lim
m→∞

sup
λ∈[λ0,λ1]

∣∣∂qλ(IjmKjm)(λ)
∣∣ = 0. (3.43)

Taking the limit in (3.42) and using (3.43) yields

lim
m→∞

∂qλΩjm (λm)

|lm| = ∂qλ

(
d
(

Ω +
(
I1K1

)
(λ)
))
.

Consequently, taking the limit m→∞ in (3.41), we have

∀q ∈ N, ∂qλ
(
ωEq(λ) · c̄± d̄

(
Ω +

(
I1K1

)
(λ)
))
|λ=λm

= 0.

By continuation the analytic function λ 7→ ωEq(λ) · c̄± d̄(Ω + I1(λ)K1(λ)) with (c̄, d̄) 6= 0 is identically
zero which contradicts Lemma 3.4.

(iv) Consider l ∈ Zd, j, j′ ∈ N∗ \S with (l, j) 6= (0, j′). Then applying the triangle inequality combined
with Lemma 3.3- (v), we infer

|ωEq(λ) · l + Ωj(λ)± Ωj′(λ)| > |Ωj(λ)± Ωj′(λ)| − |ωEq(λ) · l| > C0|j ± j′| − C|l| > 〈l〉
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provided that |j± j′| > c0〈l〉 for some c0 > 0. Then it remains to check the proof for indices satisfying

|j ± j′| < c0〈l〉, l ∈ Zd\{0} and j, j′ ∈ N∗ \ S. (3.44)

Reasoning by contradiction as in the previous cases, we get for all m ∈ N, real numbers lm ∈ Zd \ {0},
jm, j

′
m ∈ N∗ \ S satisfying (3.44) and λm ∈ [λ0, λ1] such that

max
q∈J0,mK

∣∣∣∣∣∂qλ
(
ωEq(λ) · lm|lm| +

Ωjm (λ)±Ωj′m
(λ)

|lm|

)
|λ=λm

∣∣∣∣∣ < 1
m+1

implying in turn that

∀q ∈ N, ∀m > q,

∣∣∣∣∣∂qλ
(
ωEq(λ) · lm|lm| +

Ωjm (λ)±Ωj′m
(λ)

|lm|

)
|λ=λm

∣∣∣∣∣ < 1
m+1 · (3.45)

Up to an extraction we can assume that lim
m→∞

lm
|lm| = c̄ 6= 0 and lim

m→∞
λm = λ̄.

As before we shall distinguish two cases.
I Case ¶ : (lm)m is bounded. We shall only focus on the most delicate case associated to the difference
Ωjm − Ωj′m . Up to an extraction we may assume that lim

m→∞
lm = l̄ 6= 0. Now according to (3.44) we

have two sub-cases to discuss depending whether the sequences (jm)m and (j′m)m are simultaneously
bounded or unbounded.
• Sub-case ¬ : (jm)m and (j′m)m are bounded. In this case, up to an extraction we may assume that
these sequences are stationary jm = j̄ and j′m = j̄′ with j̄, j̄′ ∈ N∗ \ S. Hence taking the limit as
m→∞ in (3.45), we infer

∀q ∈ N, ∂qλ
(
ωEq(λ) · l̄ + Ωj̄(λ̄)− Ωj̄′(λ)

)
λ=λ

= 0.

Thus, the analytic function λ 7→ ωEq(λ) · l̄ + Ωj̄(λ) − Ωj̄′(λ) is identically zero. If j̄ = j̄′ then this

contradicts Lemma 3.4 since l̄ 6= 0. However in the case j̄ 6= j̄′ ∈ N∗ \S this still contradicts this lemma
applied with the vector frequency (ωEq,Ωj̄ ,Ωj̄′) instead of ωEq.
• Sub-case ­ : (jm)m and (j′m)m are both unbounded and without loss of generality we can assume
that lim

m→∞
jm = lim

m→∞
j′m = ∞. From (3.31) combined with (3.44) and the boundedness of (lm)m we

deduce that ∣∣∂qλ(IjmKjm − Ij′mKj′m)(λm)
∣∣ 6 C

jmj′m
,

which implies in turn

lim
m→∞

j′m ∂
q
λ(IjmKjm − Ij′mKj′m)(λm) = 0. (3.46)

Coming back to (3.14) we get the splitting

Ωjm(λ)− Ωj′m(λ) =(jm − j′m)
(
Ω + (I1K1)(λ)

)
− (jm − j′m)(IjmKjm)(λ)

+ j′m

(
(Ij′mKj′m)(λ)− (IjmKjm)(λ)

)
. (3.47)

Therefore by applying (3.43) and (3.46) we get for any q ∈ N,

lim
m→∞

∂qλ

(
Ωjm(λ)− Ωj′m(λ)−(jm − j′m)

(
Ω + (I1K1)(λ)

))
λ=λm

= 0.

Using once again (3.44) and up to an extraction we have lim
m→∞

jm−j′m
|lm| = d̄. Thus

lim
m→∞

|lm|−1∂qλ
(
Ωjm(λ)− Ωj′m(λ)

)
|λ=λm

= d̄ ∂qλ (Ω + (I1K1)(λ))|λ=λ .

By taking the limit as m→∞ in (3.45), we find

∀q ∈ N, ∂qλ
(
ωEq(λ) · c̄+ d̄

(
Ω + (I1K1)(λ)

))
|λ=λ

= 0.
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Thus, the analytic function λ 7→ ωEq(λ) · c̄ + d̄(Ω + I1(λ)K1(λ)) with (c̄, d̄) 6= 0 is vanishing which
contradicts Lemma 3.4. Now we shall move to the second case.
I Case · : (lm)m is unbounded. Up to an extraction we can assume that lim

m→∞
|lm| =∞.

We shall distinguish three sub-cases.
• Sub-case ¬. The sequences (jm)m and (j′m)m are bounded. In this case and up to an extraction
they will converge and then taking the limit in (3.45) yields,

∀q ∈ N, ∂qλωEq(λ̄) · c̄ = 0.

which leads to a contradiction as before.
• Sub-case ­. The sequences (jm)m and (j′m)m are both unbounded. This is similar to the sub-case
­ of the case ¶.
• Sub-case ®. The sequence (jm)m is unbounded and (j′m)m is bounded (the symmetric case is similar).
Without loss of generality we can assume that lim

m→∞
jm = ∞ and j′m = j. By (3.44) and up to an

extraction one gets lim
m→∞

jm±j′m
|lm| = d̄. One may use (3.14) combined with (3.43) and (3.46) in order to

get for any q ∈ N,

lim
m→∞

|lm|−1∂qλ

(
Ωjm(λ)± Ωj′m(λ)− (jm ± j′m)

(
Ω + (I1K1)(λ)

))
|λ=λm

=

lim
m→∞

∂qλ

(
(jm±j′m)
|lm| (IjmKjm)(λ)± j′m

|lm|

(
(IjmKjm)(λ)− (Ij′mKj′m)(λ)

)
|λ=λm

= 0.

Hence, taking the limit in (3.45) implies

∀q ∈ N, ∂qλ
(
ωEq(λ) · c̄+ d̄

(
Ω + (I1K1)(λ)

))
λ=λ

= 0.

Thus, the analytic function λ 7→ ωEq(λ) · c̄+ d̄(Ω+I1(λ)K1(λ)) is identically zero with (c̄, d̄) 6= 0 which
contradicts Lemma 3.4.This completes the proof of Lemma 3.5.

3.2.3 Linear quasi-periodic solutions

Notice that all the solutions of (3.10) taking the form (3.13) are either periodic, quasi-periodic or
almost periodic in time, with linear frequencies of oscillations Ωj(λ) defined by (3.14) These different
notions differs on the irrationality properties of the frequencies {Ωj(λ)} and on the cardinality of
the Fourier-space support (finite for quasi-periodic functions and possibly infinite for almost periodic
ones). Remark that we have the implications

Periodic ⇒ Quasi-periodic ⇒ Almost periodic.

We shall prove here the existence of quasi-periodic solutions for the linear equation (3.10) when λ
belongs to a massive Cantor set.

Proposition 3.1. Let λ1 > λ0 > 0, d ∈ N∗ and S ⊂ N∗ with |S| = d. Then, there exists a Cantor-like
set C ⊂ [λ0, λ1] satisfying |C| = λ1 − λ0 and such that for all λ ∈ C, every function in the form

ρ(t, θ) =
∑
j∈S

ρj cos(jθ − Ωj(λ)t), ρj ∈ R∗ (3.48)

is a time quasi-periodic reversible solution to the equation (3.10) with the vector frequency

ωEq(λ) = (Ωj(λ))j∈S.

Proof. It is easy to check that any function in the form (3.48) is a reversible solution to (3.10), that
is a solution satisfying the property

r(−t,−θ) = r(t, θ).
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Then, it remains to check the non-resonance condition (1.3) for the frequency vector ωEq for almost
every λ ∈ [λ0, λ1]. For that purpose, we consider τ1 > 0, γ ∈ (0, 1) and define the set Cγ by

Cγ =
⋂

l∈Zd\{0}

{
λ ∈ [λ0, λ1] s.t. |ωEq(λ) · l| > γ

〈l〉τ1

}
.

Therefore its complement set takes the form

[λ0, λ1] \ Cγ =
⋃

l∈Zd\{0}

Rl where Rl =
{
λ ∈ [λ0, λ1] s.t. |ωEq(λ) · l| 6 γ

〈l〉τ1

}
.

It follows that ∣∣∣[λ0, λ1] \ Cγ
∣∣∣ 6 ∑

l∈Zd\{0}

|Rl| .

Now applying Lemma 3.6 together with Lemma 3.5-(i), one obtains

|Rl| . γ
1
q0 〈l〉−1− τ1+1

q0 .

Then by imposing
τ1 > (d− 1)q0 − 1,

one gets a convergent series with ∣∣[λ0, λ1] \ Cγ
∣∣ 6 Cγ 1

q0 .

Now, we define the Cantor set

C =
⋃
γ>0

Cγ .

Then one gets easily for any γ > 0

λ1 − λ0 − Cγ
1
q0 6 |Cγ | 6 |C| 6 λ1 − λ0.

Passing to the limit as γ → 0 yields
|C| = λ1 − λ0,

which achieves the proof of Proposition 3.1.

In the previous proof, we used the following Lemma whose proof can be found in [51, Thm. 17.1].
Notice that in all the paper, we use the notation |A| as the Lebesgue measure of a given measurable
set A.

Lemma 3.6. Let q0 ∈ N∗ and α, β ∈ R+. Let f ∈ Cq0([a, b],R) such that

inf
x∈[a,b]

max
k∈J0,q0K

|f (k)(x)| > β.

Then, there exists C = C(a, b, q0, ‖f‖Cq0 ([a,b],R)) > 0 such that∣∣∣ {x ∈ [a, b] s.t. |f(x)| 6 α}
∣∣∣ 6 C α

1
q0

β
1+ 1

q0

·
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4 Functional setting and technical Lemmas

In this section, we set up the general topological framework for both the functions and the operators
classes. We also provide some classical results on the law products, composition rule, Toeplitz opera-
tors, etc. . .
Next, we intend to introduce some parameters with some restrictions that will be used later.

γ ∈ (0, 1), q, d ∈ N∗, S > s > s0 >
d+1

2 + q + 2, (4.1)

where S is a fixed large number.
τ2 > τ1 > d. (4.2)

Let
0 < λ0 < λ1.

Since the mapping ωEq, defined by (3.32), is continuous, then we can find a radius R0 > 0 such that

ωEq ((λ0, λ1)) ⊂ U := B(0, R0).

We consider O the open bounded subset of Rd+1 defined by

O = (λ0, λ1)×U . (4.3)

Now, we explain the role played by the foregoing parameters throughout this paper.

Remark 4.1. • The parameter λ comes from the model (QGSW )λ and it is free in a fixed interval
(λ0, λ1). However at the end it will belong to a Cantor set for which invariant torus can be
constructed.

• The integer d is the number of excited frequencies that will generate the quasi-periodic solutions.
This is the dimension of the space where lies the frequency vector ω ∈ U ⊂ Rd, that will be a
perturbation of the equilibrium frequency ωEq(λ).

• The real number s is the Sobolev index regularity of the functions in the variables ϕ and θ. The
index s will vary between s0 and a large enough parameter S and at this end of Nash-Moser
scheme it will be fixed as a large number related to the geometry of the intermediate Cantor sets.

• The integer q is the index of regularity of our functions/operators with respect to the parameters
λ and ω. We have to consider such regularity in order to perform measure estimates in Section
7.2 by checking the Rüssemann conditions. Its value will be fixed equal to q0 + 1, where q0 is the
non degeneracy index of the tangential frequencies given in Lemma 3.5.

• All the remaining parameters γ, τ1 and τ2 are linked to different Diophantine conditions, see for
instance Lemma 5.4 and Propositions 6.2 and 6.5. The choice of τ1 and τ2 will be finally fixed
in (7.64). We point out that the parameter γ appears in the weighted Sobolev spaces and will be
fixed in Proposition 7.1 with respect to the rescaling parameter ε giving the smallness condition
of the solutions around the equilibrium.

4.1 Function spaces

We shall introduce the function spaces that will be frequently used along the paper. They are given
by weighted Sobolev spaces with respect to a parameter γ ∈ (0, 1) used in defining the Cantor sets to
track the regularity with respect to the external parameters λ and ω of the solutions to the nonlinear
equation. We denote by (el,j)(l,j)∈Zd×Z the Hilbert basis of the complex Hilbert space L2(Td+1,C)
defined by

el,j(ϕ, θ) = ei(l·ϕ+jθ).
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We endow this space with the Hermitian inner product〈
ρ1, ρ2

〉
L2(Td+1,C)

=

ˆ
Td+1

ρ1(ϕ, θ)ρ2(ϕ, θ)dϕdθ

=
1

(2π)d+1

ˆ
[0,2π]d+1

ρ1(ϕ, θ)ρ2(ϕ, θ)dϕdθ.

To get the last line of the preceding identity we use the notation (2.8). Given ρ ∈ L2(Td+1,C), we
may decompose it in Fourier expansion as

ρ =
∑

(l,j)∈Zd+1

ρl,j el,j where ρl,j =
〈
ρ, el,j

〉
L2(Td+1,C)

.

Next, we introduce for s ∈ R the complex Sobolev space Hs(Td+1,C) by

Hs(Td+1,C) =
{
ρ ∈ L2(Td+1,C) s.t. ‖ρ‖2Hs :=

∑
(l,j)∈Zd+1

〈l, j〉2s|ρl,j |2 <∞
}
,

where 〈l, j〉 := max(1, |l|, |j|) with | · | denoting either the `1 norm in Rd or the absolute value in R.
The real Sobolev spaces can be viewed as closed sub-spaces of the preceding one,

Hs = Hs(Td+1,R) =
{
ρ ∈ Hs(Td+1,C) s.t. ∀ (ϕ, θ) ∈ Td+1, ρ(ϕ, θ) = ρ(ϕ, θ)

}
=
{
ρ ∈ Hs(Td+1,C) s.t. ∀ (l, j) ∈ Zd+1, ρ−l,−j = ρl,j

}
.

We shall also make use of the following subspaces of Hs taking into account of some particular
symmetries on odd and even functions,

Hs
even =

{
ρ ∈ Hs s.t. ∀ (ϕ, θ) ∈ Td+1, ρ(−ϕ,−θ) = ρ(ϕ, θ)

}
=
{
ρ ∈ Hs s.t. ∀ (l, j) ∈ Zd+1, ρ−l,−j = ρl,j

}
and

Hs
odd =

{
ρ ∈ Hs s.t. ∀ (ϕ, θ) ∈ Td+1, ρ(−ϕ,−θ) = −ρ(ϕ, θ)

}
=
{
ρ ∈ Hs s.t. ∀ (l, j) ∈ Zd+1, ρ−l,−j = −ρl,j

}
.

For N ∈ N∗, we define the cut-off frequency projectors on Hs(Td+1,C) as follows

ΠNρ =
∑

(l,j)∈Zd+1

〈l,j〉6N

ρl,jel,j and Π⊥N = Id−ΠN . (4.4)

We shall also make use of the following mixed weighted Sobolev spaces.

W q,∞,γ(O, Hs) =
{
ρ : O → Hs s.t. ‖ρ‖γ,Oq,s <∞

}
,

W q,∞,γ(O,C) =
{
ρ : O → C s.t. ‖ρ‖γ,Oq <∞

}
,

where µ ∈ O 7→ ρ(µ) ∈ Hs and

‖ρ‖γ,Oq,s =
∑

α∈Nd+1

|α|6q

γ|α| sup
µ∈O
‖∂αµρ(µ, ·)‖Hs−|α| ,

‖ρ‖γ,Oq =
∑

α∈Nd+1

|α|6q

γ|α| sup
µ∈O
|∂αµρ(µ)|. (4.5)

Note that a function ρ ∈W q,∞,γ(O, Hs) can be written in the form

ρ(µ, ϕ, θ) =
∑

(l,j)∈Zd+1

ρl,j(µ)el,j(ϕ, θ).
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Remark 4.2. • From Sobolev embeddings, we obtain

W q,∞,γ(O, Hs) ↪→ Cq−1(O, Hs) and W q,∞,γ(O,C) ↪→ Cq−1(O,C).

• The spaces
(
W q,∞,γ(O, Hs), ‖ · ‖γ,Oq,s

)
and

(
W q,∞,γ(O,C), ‖ · ‖γ,Oq

)
are complete.

In the next lemma we collect some useful classical results dealing with various operations in
weighted Sobolev spaces. The proofs are very close to those in [12, 13, 14], so we omit them.

Lemma 4.1. Let (γ, q, d, s0, s) satisfying (4.1), then the following assertions hold true.

(i) Space translation invariance: Let ρ ∈ W q,∞,γ(O, Hs), then for all η ∈ T, the function (ϕ, θ) 7→
ρ(ϕ, η + θ) belongs to W q,∞,γ(O, Hs), and satisfies

‖ρ(·, η + ·)‖γ,Oq,s = ‖ρ‖γ,Oq,s .

(ii) Projectors properties: Let ρ ∈W q,∞,γ(O, Hs), then for all N ∈ N∗ and for all t ∈ R∗+,

‖ΠNρ‖γ,Oq,s+t 6 N t‖ρ‖γ,Oq,s and ‖Π⊥Nρ‖γ,Oq,s 6 N−t‖ρ‖
γ,O
q,s+t,

where the projectors are defined in (4.4).

(iii) Interpolation inequality: Let q < s1 6 s3 6 s2 and θ ∈ [0, 1], with s3 = θs1 + (1− θ)s2.
If ρ ∈W q,∞,γ(O, Hs2), then ρ ∈W q,∞,γ(O, Hs3) and

‖ρ‖γ,Oq,s3 .
(
‖ρ‖γ,Oq,s1

)θ (‖ρ‖γ,Oq,s2)1−θ .
(iv) Law products:

(a) Let ρ1, ρ2 ∈W q,∞,γ(O, Hs). Then ρ1ρ2 ∈W q,∞,γ(O, Hs) and

‖ρ1ρ2‖γ,Oq,s . ‖ρ1‖γ,Oq,s0‖ρ2‖γ,Oq,s + ‖ρ1‖γ,Oq,s ‖ρ2‖γ,Oq,s0 .

(b) Let ρ1, ρ2 ∈W q,∞,γ(O,C). Then ρ1ρ2 ∈W q,∞,γ(O,C) and

‖ρ1ρ2‖γ,Oq . ‖ρ1‖γ,Oq ‖ρ2‖γ,Oq .

(c) Let (ρ1, ρ2) ∈W q,∞,γ(O,C)×W q,∞,γ(O, Hs). Then ρ1ρ2 ∈W q,∞,γ(O, Hs) and

‖ρ1ρ2‖γ,Oq,s . ‖ρ1‖γ,Oq ‖ρ2‖γ,Oq,s .

(v) Composition law: Let f ∈ C∞(O × R,R) and ρ1, ρ2 ∈W q,∞,γ(O, Hs) such that

‖ρ1‖γ,Oq,s , ‖ρ2‖γ,Oq,s 6 C0

for an arbitrary constant C0 > 0 and define the pointwise composition

∀(µ, ϕ, θ) ∈ O × Td+1, f(ρ)(µ, ϕ, θ) := f(µ, ρ(µ, ϕ, θ)).

Then f(ρ1)− f(ρ2) ∈W q,∞,γ(O, Hs) with

‖f(ρ1)− f(ρ2)‖γ,Oq,s 6 C(s, d, q, f, C0)‖ρ1 − ρ2‖γ,Oq,s .

(vi) Composition law 2: Let f ∈ C∞(R,R) with bounded derivatives. Let ρ ∈W q,∞,γ(O,C). Then

‖f(ρ)− f(0)‖γ,Oq 6 C(q, d, f)‖ρ‖γ,Oq
(

1 + ‖ρ‖q−1
L∞(O)

)
.

The following technical lemma turns out to be very useful in the study of the linearized operator.
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Lemma 4.2. Let (γ, q, d, s0, s) satisfy (4.1) and f ∈W q,∞,γ(O, Hs).
We consider the function g : O × Tdϕ × Tθ × Tη → C defined by

g(µ, ϕ, θ, η) =


f(µ,ϕ,η)−f(µ,ϕ,θ)

sin

(
η−θ

2

) if θ 6= η

2∂θf(µ, ϕ, θ) if θ = η.

Then
∀k ∈ N, ‖(∂kθ g)(∗, ·, �, η + �)‖γ,Oq,s . ‖∂θf‖

γ,O
q,s+k . ‖f‖

γ,O
q,s+k+1.

Proof. Since the differentiation with respect to µ can be transported from g to f , then it is enough to
check the result for q = 0 and therefore we shall remove the dependence in µ. We start with expanding
f into its Fourier series,

f(ϕ, θ) =
∑

(l,j)∈Zd+1

fl,jel,j(ϕ, θ).

Thus, one can write

g(ϕ, θ, η) =
∑

(l,j)∈Zd+1

fl,j
eijη−eijθ

sin

(
η−θ

2

)eil·ϕ

= 2i
∑

(l,j)∈Zd+1

j 6=0

fl,je
ij
θ+η

2
sin

(
j
η−θ

2

)
sin

(
η−θ

2

) eil·ϕ.

We shall introduce the Chebychev polynomials of second kind (Un)n∈N. They are defined for all n ∈ N
by the following relation

∀θ ∈ R, sin(θ)Un(cos(θ)) = sin((n+ 1)θ).

Using these polynomials, we obtain a new formulation for g, namely

g(ϕ, θ, η) = 2i
∑

(l,j)∈Zd+1

j 6=0

jfl,j
|j| e

ij
θ+η

2 U|j|−1

(
cos
(
θ−η

2

))
eil·ϕ.

Differentiating in θ yields by Leibniz rule

∂kθ g(ϕ, θ, η) = 2i
∑

(l,j)∈Zd+1

j 6=0

k∑
m=0

(
k

m

)
jk+1−mfl,j i

k−m

|j|2k−m eij
θ+η

2 ∂mθ

(
U|j|−1

(
cos
(
θ−η

2

)))
. (4.6)

For all j ∈ N∗, we consider the function fj defined by

fj(θ) = Uj−1(cos(θ)) =
sin(jθ)

sin(θ)
.

Notice that fj is even and 2π-periodic. Thus, we restrict its study to the interval [0, π]. Also remark
that

fj(π − θ) = (−1)jfj(θ).

Hence, we restrict the study to the interval [0, π2 ]. We first consider the function fj on the interval
[π6 ,

π
2 ]. There, the function fj writes as the quotient of two smooth functions with non vanishing

denominator. Therefore, differentiating in θ leads to

∀k ∈ N, sup
θ∈[π

6
,
π
2 ]

∣∣∣∂kθ fj(θ)∣∣∣ . |j|k.
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Now we look at the behaviour close to 0 by looking at the function fj restricted to [0, π4 ]. Using Taylor
Formula, we can write

fj(θ) = sin(jθ)
θ × θ

sin(θ)

= j

ˆ 1

0
cos(tjθ)dt× θ

sin(θ) .

The function θ 7→ θ
sin(θ) being smooth on [0, π4 ], then differentiating in θ leads to

∀k ∈ N, sup
θ∈[0,

π
4 ]

∣∣∣∂kθ fj(θ)∣∣∣ . |j|k+1.

Combining the previous estimates, one gets

∀j ∈ N∗, ∀k ∈ N, sup
θ∈R

∣∣∣∂kθ(Uj−1 (cos (θ))
)∣∣∣ . |j|k+1. (4.7)

Gathering (4.6) and (4.7), we deduce that

(∂kθ g)(ϕ, θ, η + θ) =
∑

(l,j)∈Zd+1

j 6=0

cl,j,k(η)el,j(ϕ, θ),

with
sup
η∈T
|cl,j,k(η)| . |j|k+1|fl,j |.

Therefore,

sup
η∈T
‖(∂kθ g)(·, �, η + �)‖2Hs

ϕ,θ
=

∑
(l,j)∈Zd+1

j 6=0

〈l, j〉2s sup
η∈T
|cl,j,k(η)|2

.
∑

(l,j)∈Zd+1

〈l, j〉2s|j|2k+2|fl,j |2

. ‖∂θf‖2Hs+k .

This concludes the proof of Lemma 4.2.

4.2 Operators

We shall focus in this section on some useful norms related to suitable operators class. These notions
were used before in [4, 12, 13, 14]. We consider a smooth family of bounded operators on Sobolev
spaces Hs(Td+1,C), that is a smooth map T : µ = (λ, ω) ∈ O 7→ T (µ) ∈ L(Hs(Td+1,C)) of linear
continuous operators on Sobolev space Hs(Td+1,C), with O being an open bounded set of Rd+1. Then

we find it convenient to encode T (µ) in terms of the infinite dimensional matrix
(
T l,jl0,j0(µ)

)
(l,l0)∈(Zd)2

(j,j0)∈Z2

with
T (µ)el0,j0 =

∑
(l,j)∈Zd+1

T l,jl0,j0(µ)el,j

and

T l,jl0,j0(µ) =
〈
T (µ)el0,j0 , el,j

〉
L2(Td+1)

. (4.8)

Next, we need to fix a notation that we are implicitly using along the paper. For a given family of
multi-parameter operators T (µ), it acts on W q,∞,γ(O, Hs(Td+1,C)) in the following sense,

ρ ∈W q,∞,γ(O, Hs(Td+1,C)), (Tρ)(µ, ϕ, θ) := T (µ)ρ(µ, ϕ, θ).
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4.2.1 Toeplitz in time operators

In this short section we shall introduce a suitable class of Toeplitz operators.

Definition 4.1. We say that an operator T (µ) is Toeplitz in time (actually in the variable ϕ) if its
Fourier coefficients defined by (4.8), satisfy

∀ lo, l, j, j0 ∈ Z, T l,jl0,j0(µ) = T l−l0,j0,j0
(µ).

Or equivalently
T l,jl0,j0(µ) = T jj0(µ, l − l0),

with T jj0(µ, l) := T l,j0,j0
(µ).

The action of a Toeplitz operator T (µ) on a function ρ =
∑

(l0,j0)∈Zd+1

ρl0,j0el0,j0 is then given by

T (µ)ρ =
∑

(l,l0)∈(Zd)2

(j,j0)∈Z2

T jj0(µ, l − l0)ρl0,j0el,j . (4.9)

In this paper, we will encounter several operators acting only on the variable θ and that can be
considered as ϕ-dependent operators T (µ, ϕ) taking the form

T (µ, ϕ)ρ(ϕ, θ) =

ˆ
T
K(µ, ϕ, θ, η)ρ(ϕ, η)dη.

One can easily check that those operators are Toeplitz and therefore they satisfy (4.9).
For q ∈ N and s ∈ R, we can equip Toeplitz operators with the off-diagonal norm given by,

‖T‖γ,OO-d,q,s =
∑

α∈Nd+1

|α|6q

γ|α| sup
µ∈O
‖∂αµ (T )(µ)‖O-d,s−|α|, (4.10)

where
‖T‖2O-d,s =

∑
(l,m)∈Zd+1

〈l,m〉2s sup
j−k=m

|T kj (l)|2.

This norm will be of important use later during the KAM reduction of the remainder. The cut-off
projectors (PN )N∈N∗ are defined as follows:

(PNT (µ)) el0,j0 =
∑

(l,j)∈Zd+1

|l−l0|,|j−j0|6N

T l,jl0,j0(µ)el,j and P⊥NT = T − PNT. (4.11)

In the next lemma we shall gather classical results whose proofs are very close to those in [14] con-
cerning pseudo-differential operators. We recall that the weighted norms on functions that will be
used below are defined in (4.5).

Lemma 4.3. Let (γ, q, d, s0, s) satisfying (4.1). Let T, T1 and T2 be Toeplitz in time operators.

(i) Projectors properties: Let N ∈ N∗. Let t ∈ R+. Then

‖PNTρ‖γ,OO-d,q,s+t 6 N
t‖Tρ‖γ,OO-d,q,s and ‖P⊥NTρ‖

γ,O
O-d,q,s 6 N

−t‖Tρ‖γ,OO-d,q,s+t.

(ii) Interpolation inequality: Let q < s1 6 s3 6 s2, θ ∈ [0, 1] with s3 = θs1 + (1− θ)s2. Then

‖T‖γ,OO-d,q,s3 .
(
‖T‖γ,OO-d,q,s1

)θ (
‖T‖γ,OO-d,q,s2

)1−θ
.

(iii) Composition law:

‖T1T2‖γ,OO-d,q,s . ‖T1‖γ,OO-d,q,s‖T2‖γ,OO-d,q,s0 + ‖T1‖γ,OO-d,q,s0‖T2‖γ,OO-d,q,s.

(iv) Link between operators and off-diagonal norms:

‖Tρ‖γ,Oq,s . ‖T‖
γ,O
O-d,q,s0‖ρ‖

γ,O
q,s + ‖T‖γ,OO-d,q,s‖ρ‖γ,Oq,s0 .

In particular
‖Tρ‖γ,Oq,s . ‖T‖

γ,O
O-d,q,s‖ρ‖γ,Oq,s .
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4.2.2 Reversible and reversibility preserving operators

In this section we intend to collect some definitions and properties related to different reversibility no-
tions for operators and give practical characterizations. We shall also come back to Toeplitz operators
defined before in Section 4.2.1 and discuss two important examples frequently encountered during this
paper and given by multiplications and integral operators.
First, we give the following definitions following [5, Def. 2.2].

Definition 4.2. Introduce the following involution

(S2ρ)(ϕ, θ) = ρ(−ϕ,−θ). (4.12)

We say that an operator T (µ) is

• real if for all ρ ∈ L2(Td+1,C), we have

ρ = ρ =⇒ Tρ = Tρ.

• reversible if
T (µ) ◦S2 = −S2 ◦ T (µ).

• reversibility preserving if
T (µ) ◦S2 = S2 ◦ T (µ).

We now detail the following characterizations needed at several places in this paper and the proofs
are quite easy and follow from Fourier expansion. One can find a similar result in [5, Lem. 2.6].

Proposition 4.1. Let T be an operator. Then T is

• real if and only if

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T−l,−j−l0,−j0 = T l,jl0,j0 .

• reversible if and only if

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T−l,−j−l0,−j0 = −T l,jl0,j0 .

• reversibility-preserving if and only if

∀(l, l0, j, j0) ∈ (Zd)2 × Z2, T−l,−j−l0,−j0 = T l,jl0,j0 .

In what follows, we shall focus on two particular cases of operators which will be of constant use
throughout this paper. Namely, multiplication and integral operators.

Definition 4.3. Let T be an operator as in Section 4.2. We say that

• T is a multiplication operator if there exists a function M : (µ, ϕ, θ) 7→M(µ, ϕ, θ) such that

(Tρ)(µ, ϕ, θ) = M(µ, ϕ, θ)ρ(µ, ϕ, θ).

• T is an integral operator if there exists a function (called the kernel) K : (µ, ϕ, θ, η) 7→ K(µ, ϕ, θ, η)
such that

(Tρ)(µ, ϕ, θ) =

ˆ
T
ρ(µ, ϕ, η)K(µ, ϕ, θ, η)dη.

We intend to prove the following lemma.

Lemma 4.4. Let (γ, q, d, s0, s) satisfy (4.1), then the following assertions hold true.

(i) Let T be a multiplication operator by a real-valued function M , then
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• If M(µ,−ϕ,−θ) = M(µ, ϕ, θ), then T is real and reversibility preserving Toeplitz in time
and space operator.

• If M(µ,−ϕ,−θ) = −M(µ, ϕ, θ), then T is real and reversible Toeplitz in time and space
operator.

Moreover,
‖T‖γ,OO-d,q,s . ‖M‖γ,Oq,s+s0 .

(ii) Let T be an integral operator with a real-valued kernel K.

• If K(µ,−ϕ,−θ,−η) = K(µ, ϕ, θ, η), then T is a real and reversibility preserving Toeplitz in
time operator.

• If K(µ,−ϕ,−θ,−η) = −K(µ, ϕ, θ, η), then T is a real and reversible Toeplitz in time oper-
ator.

In addition,

‖T‖γ,OO-d,q,s .
ˆ
T
‖K(∗, ·, �, η + �)‖γ,Oq,s+s0dη

and

‖Tρ‖γ,Oq,s . ‖ρ‖γ,Oq,s0

ˆ
T
‖K(∗, ·, �, η + �)‖γ,Oq,s dη + ‖ρ‖γ,Oq,s

ˆ
T
‖K(∗, ·, �, η + �)‖γ,Oq,s0dη,

where the notation ∗, ·, � denote µ, ϕ, θ, respectively.

Proof. We point out that the proofs will be implemented for the particular case q = 0 and the general
case can be done similarly by differentiating with respect to µ and using Leibniz rule.
(i) Since M is a real-valued function, then we get by the definition

T−l,−j−l0,−j0 =

ˆ
Td+1

M(ϕ, θ)e−l0,−j0(ϕ, θ)el,j(ϕ, θ)dϕdθ

=

ˆ
Td+1

M(ϕ, θ)el0,j0(ϕ, θ)e−l,−j(ϕ, θ)dϕdθ = T l,jl0,j0 .

This shows in view of Proposition 4.1 that the operator T is a real. It remains to check the reversibility
preserving property. We write from the definition

T (S2ρ)(ϕ, θ) = M(ϕ, θ)ρ(−ϕ,−θ)
= M(−ϕ,−θ)ρ(−ϕ,−θ)
= S2 (Tρ) (ϕ, θ).

This gives the desired result. As to the reversible Toepliz structure, it can be checked in a similar way.
To achieve the proof of the first point it remains to establish the suitable estimate. Using a duality
argument Hs+s0 −H−s−s0 , we may write,

|T j
′

j (l)| =
∣∣∣∣ˆ

Td+1

M(ϕ, θ)el,j−j′(ϕ, θ)dϕdθ

∣∣∣∣ . 〈l, j − j′〉−s−s0‖M‖Hs+s0 .

It follows that

‖T‖2O-d,s =
∑

(l,m)∈Zd+1

〈l,m〉2s sup
j−j′=m

|T j
′

j (l)|2

.‖M‖2Hs+s0

∑
(l,m)∈Zd+1

〈l,m〉2s〈l,m〉−2s−2s0

.‖M‖2Hs+s0 .

Therefore we find
‖T‖O-d,s . ‖M‖Hs+s0 .
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(ii) By assumption, K is real and thus

T−l,−j−l0,−j0 =

ˆ
Td+2

K(ϕ, θ, η)e−l0,−j0(ϕ, η)el,j(ϕ, θ)dϕdθ

=

ˆ
Td+2

K(ϕ, θ, η)el0,j0(ϕ, η)e−l,−j(ϕ, θ)dϕdθdη = T l,jl0,j0 .

This implies, according to Proposition 4.1, that T is a real operator. Now we shall check the reversibil-
ity preserving. The reversibility can be checked in a similar way. By the change of variables η 7→ −η,
we may write,

T (S2ρ)(ϕ, θ) =

ˆ
T
K(ϕ, θ, η)ρ(−ϕ,−η)dη

=

ˆ
T
K(−ϕ,−θ,−η)ρ(−ϕ,−η)dη

=

ˆ
T
K(−ϕ,−θ, η)ρ(−ϕ, η)dη = S2 (Tρ) (ϕ, θ).

From Fubini’s theorem and the duality Hs+s0
ϕ,θ −H

−s−s0
ϕ,θ , we infer,

|T j
′

j (l)| =
∣∣∣∣ˆ

Td+2

K(ϕ, θ, η)ei(l·ϕ+jθ−j′η)dϕdθdη

∣∣∣∣
=

∣∣∣∣ˆ
Td+1

ei(l·ϕ+(j−j′)θ)
(ˆ

T
K(ϕ, θ, η + θ)e−ij′ηdη

)
dϕdθ

∣∣∣∣
. 〈l, j − j′〉−s−s0

ˆ
T
‖K(∗, ·, �, η + �)‖

H
s+s0
ϕ,θ

dη.

Hence, we deduce that

‖T‖O-d,s .
ˆ
T
‖K(∗, ·, �, η + �)‖

H
s+s0
ϕ,θ

dη.

The last estimate in Lemma 4.4 can be obtained from the expression

(Tρ)(ϕ, θ) =

ˆ
T
ρ(ϕ, θ + η)K(ϕ, θ, θ + η)dη,

combined with the law products and the translation invariance in Lemma 4.1-(i)-(iv).
This concludes the proof of Lemma 4.4.

5 Hamiltonian toolkit and approximate inverse

In this section, we shall reformulate the problem into the form of searching for zeros of a functional F .
We first rescale the equation by introducing a small parameter ε. This allows us to see the Hamiltonian
equation (2.17) as a perturbation of the equilibirum one (3.10). The latter being integrable and
admitting quasi-periodic solutions in view of Lemma 3.2-2 and Lemma 3.1, we can hope using KAM
technics to find quasi-periodic solutions to the first one. This approach has been intensively used
before in [4, 6, 12, 13, 14]. According to Proposition 2.1, it seems more convenient to work with the
phase space

Hs
0 = Hs

0(T,R) =

r(θ) =
∑
j∈Z∗

rje
ijθ s.t. r−j = rj and ‖r‖2s =

∑
j∈Z∗
|rj |2|j|2s <∞

 .

Therefore, we select finitely-many tangential sites S and decompose the phase space into tangential
and normal subspaces described by the selection of Fourier modes belonging to S or not. On the
tangential part, containing the main part of the quasi-periodic solutions, we introduce action-angle
variables allowing to reformulate the problem in terms of embedded invariant tori. We shall also be
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concerned with some regularity aspects for the perturbed Hamiltonian vector field appearing in F and
needed during the Nash-Moser scheme. Finally, we construct an approximate right inverse for the
linearized operator associated to F .
The symplectic structure on L2

0(T) (corresponding to the subspace of L2(T) of real functions with zero
average) induced by (2.17) is given by the symplectic 2-form

W(r, h) =

ˆ
T
∂−1
θ r(θ)h(θ)dθ with ∂−1

θ r(θ) =
∑
j∈Z∗

rj
ij
eijθ. (5.1)

Then for a given function H, its symplectic gradient XH is defined through the identity

dH(r)[·] =W(XH(r), ·).

Using the Fourier expansion

r(θ) =
∑
j∈Z∗

rje
ijθ with r−j = rj ,

we easily find that the symplectic form W writes

W(r, h) =
∑
j∈Z∗

1

ij
rjh−j =

∑
j∈Z∗

1

ij
rjhj ,

that is

W =
∑
j∈Z∗

1

ij
drj ∧ dr−j = 2

∑
j∈N∗

1

ij
drj ∧ dr−j . (5.2)

Next, with the result of Lemma 3.2 we can easily check that the equation (2.17) can be written in the
form

∂tr = ∂θL(λ)(r) +XP (r),

where XP is the Hamiltonian vector field defined by

XP (r) = I1(λ)K1(λ)∂θr − ∂θKλ ∗ r − Fλ[r]. (5.3)

Remind that Fλ[r] is introduced in (2.10) and the convolution kernel is stated in (3.12). To measure
the smallness condition it seems to be more convenient to introduce a small parameter ε and rescale
the Hamiltonian as done for instance in the papers [4, 14]. To do that we rescale the solution as follows
r 7→ εr with r bounded. Therefore the Hamiltonian equation takes the form

∂tr = ∂θL(λ)(r) + εXPε(r), (5.4)

where XPε is the rescaled Hamiltonian vector field defined by XPε(r) := ε−2XP (εr). Notice that (5.4)
can be recast in the Hamiltonian form

∂tr = ∂θ∇Hε(r), (5.5)

where the rescaled Hamiltonian Hε(r) is given by

Hε(r) = ε−2H(εr)

:= HL(r) + εPε(r), (5.6)

with HL being the quadratic Hamiltonian defined in Lemma 3.2 and εPε(r) is composed with terms
of higher order more than cubic.
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5.1 Action-angle reformulation

Let us consider finitely many Fourier-frenquencies, called tangential sites, gathered in the tangantial
set S defined by

S = {j1, . . . , jd} ⊂ N∗ with 1 6 j1 < j2 < . . . < jd.

We now define the symmetrized tangential sets S and S0 by

S = S ∪ (−S) = {±j, j ∈ S} and S0 = S ∪ {0}. (5.7)

Recall from (3.32) that we denote the unperturbed tangential frequency vector by

ωEq(λ) = (Ωj(λ))j∈S, (5.8)

where Ωj(λ) are given by (3.14). For s ∈ R, we decompose the phase space of Hs
0(T) as the direct sum

Hs
0(T) =HS

⊥
⊕Hs

⊥, (5.9)

HS =
{
v =

∑
j∈S

rje
ijθ, rj = r−j

}
, Hs

⊥ =
{
z =

∑
j∈Z\S0

zjej ∈ Hs, zj = z−j

}
,

where ej(θ) = eijθ. We denote by ΠS,Π
⊥
S0

the corresponding orthogonal projectors defined by

r = v + z, v := ΠSr :=
∑
j∈S

rjej , z := Π⊥S0
r :=

∑
j∈Z\S0

rjej , (5.10)

where v and z are called the tangential and normal variables, respectively. Fix some small amplitudes
(aj)j∈S ∈ (R∗+)d and set a−j = aj . We shall now introduce the action-angle variables on the tangential
set HS by making the following symplectic polar change of coordinates

∀ j ∈ S, rj =

√
a2
j + |j|

2 Ij e
iϑj , (5.11)

where
∀ j ∈ S, I−j = Ij ∈ R and ϑ−j = −ϑj ∈ R. (5.12)

Thus, any function of the phase space Hs
0 decomposes as

r = A(ϑ, I, z) := v(ϑ, I) + z where v(ϑ, I) :=
∑
j∈S

√
a2
j + |j|

2 Ij e
iϑjej . (5.13)

In these coordinates the solutions (3.48) of the linear system (3.10) simply read as v(−ωEq(λ)t, I)
where ωEq is defined in (5.8) and I ∈ Rd such that the quantity under the square root is positive. The
involution S defined in (2.26) now reads in the new variables

S : (ϑ, I, z) 7→ (−ϑ, I,S z) (5.14)

and the symplectic 2-form in (5.2) becomes after straightforward computations using (5.11) and (5.12)

W =
∑
j∈S

dϑj ∧ dIj +
∑

j∈Z\S0

1

ij
drj ∧ dr−j =

(∑
j∈S

dϑj ∧ dIj
)
⊕W|Hs

⊥
, (5.15)

where W|Hs
⊥

denotes the restriction of W to Hs
⊥. Note that W is an exact 2-form as

W = dΛ,

where Λ is the Liouville 1-form defined by

Λ(ϑ,I,z)[ϑ̂, Î, ẑ] = −
∑
j∈S

Ijϑ̂j + 1
2〈∂
−1
θ z, ẑ〉L2(T) . (5.16)
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The next goal is to study the Hamiltonian system generated by the Hamiltonian Hε in (5.6), in the
action-angle and normal coordinates (ϑ, I, z) ∈ Tν×Rν×Hs

⊥ . We consider the Hamiltonian Hε defined
by

Hε = Hε ◦A, (5.17)

where A is the map described before in (5.13). Since L(λ) in (3.15) is a Fourier multiplier keeping
invariant the subspaces HS0 and Hs

⊥, then the quadratic Hamiltonian HL in (3.15) in the variables
(ϑ, I, z) reads, up to an additive constant which can be removed since it does not change the dynamics
in view of (2.17),

HL ◦A = −
∑
j∈S

Ωj(λ)Ij + 1
2〈L(λ) z, z〉L2(T) = −ωEq(λ) · I + 1

2〈L(λ) z, z〉L2(T), (5.18)

where ωEq ∈ Rd is the unperturbed tangential frequency vector defined by (3.14). According to (5.6)
and (5.18), one deduces that the Hamiltonian Hε in (5.17) has the form

Hε = N + εPε with N := −ωEq(λ) · I + 1
2〈L(λ) z, z〉L2(T) and Pε := Pε ◦A. (5.19)

We look for an embedded invariant torus

i : Td → Rd × Rd ×Hs
⊥

ϕ 7→ i(ϕ) := (ϑ(ϕ), I(ϕ), z(ϕ))
(5.20)

of the Hamiltonian vector field

XHε := (∂IHε,−∂ϑHε,Π
⊥
S0
∂θ∇zHε) (5.21)

filled by quasi-periodic solutions with Diophantine frequency vector ω. Remark that for the value
ε = 0, the Hamiltonian system reduces to the linear equation

ω · ∂ϕi(ϕ) = XH0(i(ϕ))

which admits the trivial solution given by the flat torus iflat(ϕ) = (ϕ, 0, 0) provided that ω = −ωEq(λ).
In what follows we shall consider the modified Hamiltonian equation indexed with a parameter α ∈ Rd,

Hα
ε := Nα + εPε where Nα := α · I +

1

2
〈L(λ) z, z〉L2(T). (5.22)

For the value α = −ωEq(λ) we have Hα
ε = Hε. The parameter α will play the role of a Lagrangian

multiplier in order to satisfy a compatibility condition during the approximate inverse process. Notice
that the initial problem reduces after this multiple transformations to find zeros of the nonlinear
operator

F(i, α, µ, ε) := ω · ∂ϕi(ϕ)−XHα
ε

(i(ϕ))

=

 ω · ∂ϕϑ(ϕ)− α− ε∂IPε(i(ϕ))
ω · ∂ϕI(ϕ) + ε∂θPε(i(ϕ))

ω · ∂ϕz(ϕ)− ∂θ
[
L(λ)z(ϕ) + ε∇zPε

(
i(ϕ)

)]
 , µ = (λ, ω),

(5.23)

where Pε is defined in (5.6). We point out that we can easily check that the Hamiltonian Hα
ε is

reversible in the sense of the Definition 4.2, that is,

Hα
ε ◦S = Hα

ε , (5.24)

where the involution S is defined in (5.14). Thus, we shall look for reversible solutions of

F(i, α, µ, ε) = 0,

that is, solutions satisfying
Si(ϕ) = i(−ϕ),

or equivalently,
ϑ(−ϕ) = −ϑ(ϕ), I(−ϕ) = I(ϕ), z(−ϕ) = (S z)(ϕ). (5.25)

We define the periodic component I of the torus i by

I(ϕ) := i(ϕ)− (ϕ, 0, 0) = (Θ(ϕ), I(ϕ), z(ϕ)) with Θ(ϕ) = ϑ(ϕ)− ϕ.
We define the weighted Sobolev norm of I as

‖I‖γ,Oq,s := ‖Θ‖γ,Oq,s + ‖I‖γ,Oq,s + ‖z‖γ,Oq,s .
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5.2 Hamiltonian regularity

This section is devoted to some regularity aspects of the Hamiltonian vector field introduced in (5.3),
together with the rescaled one associated to the Hamiltonian described in (5.19). The first main result
reads as follows.

Lemma 5.1. Let (γ, q, s0, s) satisfying (4.1). There exists ε0 ∈ (0, 1) such that if

‖r‖γ,Oq,s0+2 6 ε0,

then the vector field XP defined in (5.3) satisfies the following estimates

(i) ‖XP (r)‖γ,Oq,s . ‖r‖γ,Oq,s+1.

(ii) ‖drXP (r)[ρ]‖γ,Oq,s . ‖ρ‖γ,Oq,s+1 + ‖r‖γ,Oq,s+2‖ρ‖
γ,O
q,s0+1.

(iii) ‖d2
rXP (r)[ρ1, ρ2]‖γ,Oq,s . ‖ρ1‖γ,Oq,s0+1‖ρ2‖γ,Oq,s+2 + ‖ρ1‖γ,Oq,s+2‖ρ2‖γ,Oq,s0+1 + ‖r‖γ,Oq,s+2‖ρ1‖γ,Oq,s0+1‖ρ2‖γ,Oq,s0+1.

Proof. (i) According to (3.16), the Fourier coefficients of ∂θKλ are (ijIj(λ)Kj(λ))j∈Z. Hence

‖∂θKλ ∗ r‖2Hs =
∑

(l,j)∈Zd×Z

〈l, j〉2sj2I2
|j|(λ)K2

|j|(λ)|rl,j |2 6 1
4‖r‖

2
Hs .

Notice that the last inequality is obtained by the decay property of the product IjKj on R∗+, (A.3)
and (A.10). Thus we deduce that

‖∂θKλ ∗ r‖Hs 6 1
2‖r‖Hs 6 ‖r‖Hs .

Now we claim that
‖∂θKλ ∗ r‖γ,Oq,s . ‖r‖γ,Oq,s . (5.26)

Indeed, from (3.16), we infer that

∂θKλ ∗ r =
∑

(l,j)∈Zd×Z

ijIj(λ)Kj(λ)rl,j(λ, ω)el,j . (5.27)

At this stage we need to explore the regularity of the multiplier with respect to λ. By using (A.8), we
write

Ij(λ)Kj(λ) = 2(−1)j

π

ˆ π
2

0
K0 (2λ cos(τ)) cos(2jτ)dτ.

From (A.6), we have the decomposition

K0(z) = − log(z/2)I0(z) + f(z), (5.28)

with I0 being the modified Bessel function of the first kind and f an analytic function. By the
morphism property of the logarithm, we get

Ij(λ)Kj(λ) = − log(λ)2(−1)j

π

ˆ π
2

0
I0(2λ cos(τ)) cos(2jτ)dτ

− 2(−1)j

π

ˆ π
2

0
log(cos(τ)) cos(2jτ)dτ

− 2(−1)j

π

ˆ π
2

0
log(cos(τ)) (I0(2λ cos(τ))− 1) cos(2jτ)dτ

+ 2(−1)j

π

ˆ π
2

0
f(2λ cos(τ)) cos(2jτ)dτ

:= I1,j(λ) + I2,j + I3,j(λ) + I4,j(λ).
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Since I0 and f are analytic, then the above expressions are smooth with respect to the parameter
λ ∈ (λ0, λ1) ⊂ R∗+. An integration by parts in I1,j(λ) and I4,j(λ) yields

∀ i ∈ {1, 4}, sup
j∈Z

(
|j| max

n∈J0,qK
‖∂(n)

λ Ii,j‖L∞([λ0,λ1])

)
. 1.

Looking at the definition of I0 in (A.2), we see that we have uniformly in λ ∈ [λ0, λ1],

∀n ∈ J0, qK, ∂
(n)
λ (I0 (2λ cos(τ))− 1) = O (cos(τ)) .

Hence, an integration by parts in I3,j(λ) yields

sup
j∈Z

(
|j| max

n∈J0,qK
‖∂(n)

λ I3,j‖L∞([λ0,λ1])

)
. 1.

It remains to study the integral I2,j . One can easily check from the above decomposition that

I2,j = lim
λ→0+

Ij(λ)Kj(λ).

Using (A.10), we then find

I2,j =
1

2j
·

Putting together the preceding estimates, we obtain

sup
j∈Z

(
|j| max

n∈J0,qK
‖∂(n)

λ (IjKj) ‖L∞([λ0,λ1])

)
. 1.

Then coming back to (5.27) and using Leibniz formula, we obtain (5.26). On the other hand, applying
Lemma 4.1-(iv)-(c) we get

‖(I1K1) ∂θr‖γ,Oq,s . ‖r‖
γ,O
q,s+1. (5.29)

Next we shall move to the estimate of Fλ[r] defined in (2.10). According to (3.4) we may write

Ar(ϕ, θ, η) = 2
∣∣∣sin(η−θ2

)∣∣∣((R(ϕ,η)−R(ϕ,θ)

2 sin( η−θ2 )

)2

+R(ϕ, η)R(ϕ, θ)

) 1
2

:= 2
∣∣∣sin(η−θ2

)∣∣∣ vr,1(ϕ, θ, η). (5.30)

Notice that vr,1 is smooth when r is smooth and small enough, and v0,1 = 1. More precisely, Lemma
4.1-(v) combined with Lemma 4.2 allow to get

sup
η∈T
‖vr,1(∗, ·, �, η + �)− 1‖γ,Oq,s . ‖r‖

γ,O
q,s+1,

∀k ∈ N∗, sup
η∈T
‖(∂kθ vr,1)(∗, ·, �, η + �)‖γ,Oq,s . ‖r‖

γ,O
q,s+1+k. (5.31)

Here and in the sequel, the symbols ∗, ·, � denote the variables µ = (λ, ω), ϕ, θ, respectively. Then from
the identity (5.28) we infer

K0(λAr(ϕ, θ, η)) = K0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣)+ log
(
λ
∣∣∣sin(η−θ2

)∣∣∣) [I0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣)− I0

(
λAr(ϕ, θ, η)

)]
− log

(
vr,1(ϕ, θ, η)

)
I0

(
λAr(ϕ, θ, η)

)
+ f(λAr

(
ϕ, θ, η)

)
− f

(
2λ
∣∣∣sin(η−θ2

)∣∣∣) . (5.32)

By virtue of the expansion (A.2), we can write

I0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣)− I0

(
λAr(ϕ, θ, η)

)
= sin2

(
η−θ

2

)
K 1
r,1(λ, ϕ, θ, η),
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with K 1
r,1 being smooth and vanishing at r = 0. More precisely, we have the expansion

K 1
r,1(λ, ϕ, θ, η) =

∞∑
m=1

(2λ)2m

(m!)2 sin2m−2
(
η−θ

2

) (
1− v2m

r,1 (ϕ, θ, η)
)
. (5.33)

Now our aim is to establish the following estimate.

∀ k ∈ N, sup
η∈T
‖(∂kθK 1

r,1)(∗, ·, �, η + �)‖γ,Oq,s . ‖r‖
γ,O
q,s+1+k. (5.34)

For this goal we apply Taylor Formula at the order 2,

I0

(
λAr(ϕ, θ, η)

)
− I0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣) = 2λ
∣∣∣sin(η−θ2

)∣∣∣ (vr,1(ϕ, θ, η)− 1
)
I ′0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣)
+ 4λ2 sin2

(
η−θ

2

)(
vr,1(ϕ, θ, η)− 1

)2
ˆ 1

0

(1− t)I ′′0
(

2λ
∣∣∣sin(η−θ2

)∣∣∣ (1− t+ tvr,1(ϕ, θ, η)
))
dt.

Consequently, the kernel K 1
r,1 can be rewritten into the form

K 1
r,1(λ, ϕ, θ, η) = 2λ

(
1− vr,1(ϕ, θ, η)

)I ′0 (2λ
∣∣∣sin(η−θ2

)∣∣∣)∣∣∣sin(η−θ2

)∣∣∣ (5.35)

− 4λ2
(
vr,1(ϕ, θ, η)− 1

)2
ˆ 1

0
(1− t)I ′′0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣ (1− t+ tvr,1(ϕ, θ, η))
)
dt.

Using the structure (A.2) and Lemma 4.1-(iv)-(v) combined with (5.31) we deduce the estimate (5.34).
Coming back to (5.32) and set

K 2
r,1(λ, ϕ, θ, η) = log(λ) sin2

(
η−θ

2

)
K 1
r,1(λ, ϕ, θ, η)− log(vr,1(ϕ, θ, η))I0(λAr(ϕ, θ, η))

+ f(λAr(ϕ, θ, η))− f
(

2λ
∣∣∣sin(η−θ2

)∣∣∣) . (5.36)

Then, by virtue of the law products and the composition laws of Lemma 4.1 combined with (5.31),
(5.34) and the fact that f is analytic and even, we get

∀k ∈ N, sup
η∈T
‖(∂kθK 2

r,1)(∗, ·, �, η + �)‖γ,Oq,s . ‖r‖
γ,O
q,s+1+k. (5.37)

Consequently we obtain the decomposition

K0(λAr(ϕ, θ, η)) = K0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣)+ K (η − θ)K 1
r,1(λ, ϕ, θ, η) + K 2

r,1(λ, ϕ, θ, η), (5.38)

where K is defined by
K (θ) = sin2

(
θ
2

)
log
(∣∣sin ( θ2)∣∣) (5.39)

and the functions K 1
r,1 and K 2

r,1 satisfy the estimates (5.34) and (5.37). We can obviously check that
K is an even function satisfying

K , ∂θK ∈ L∞(T,R) ⊂ L1(T,R) and ∂2
θK ∈ L1(T,R) \ L∞(T,R). (5.40)

Introduce
Kr,1(λ, ϕ, θ, η) = K (η − θ)K 1

r,1(λ, ϕ, θ, η) + K 2
r,1(λ, ϕ, θ, η). (5.41)

Hence, putting together (5.34), (5.37) and (5.40), we obtain

∀k ∈ {0, 1}, sup
η∈T
‖(∂kθKr,1)(∗, ·, �, η + �)‖γ,Oq,s . ‖r‖

γ,O
q,s+1+k. (5.42)

In addition, if r(−ϕ,−θ) = r(ϕ, θ), then the kernel Kr,1 satisfies the following symmetry property

Kr,1(λ,−ϕ,−θ,−η) = Kr,1(λ, ϕ, θ, η). (5.43)
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Plugging (5.41) and (5.38) into Fλ[r] defined in (2.10) yields

Fλ[r](ϕ, θ) =

ˆ
T

(
K0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣)+ Kr,1(λ, ϕ, θ, η)
)
∂2
θη

[
R(ϕ, θ)R(ϕ, η) sin(η − θ)

]
dη.

We denote
f(ϕ, θ, η) = ∂2

θη

(
R(ϕ, θ)R(ϕ, η) sin(η − θ)

)
,

then straightforward computations yield

f(ϕ, θ, η) =
(
∂θR(θ)∂ηR(η) +R(θ)R(η)

)
sin(η − θ) +

(
∂θR(θ)R(η)− ∂ηR(η)R(θ)

)
cos(η − θ).

We immediately deduce by law products, translation invariance property and composition laws in
Lemma 4.1 that

‖f(∗, ·, �, η + �)− sin(η)‖γ,Oq,s . ‖r‖
γ,O
q,s+1. (5.44)

Using a change of variables, we obtain

Fλ[r](ϕ, θ) =

ˆ
T

(
K0

(
2λ
∣∣sin (η2)∣∣ )+ Kr,1(λ, ϕ, θ, θ + η)

)(
f(ϕ, θ, η + θ)− sin η

)
dη

+

ˆ
T

(
K0

(
2λ
∣∣sin (η2)∣∣ )+ Kr,1(λ, ϕ, θ, θ + η)

)
sin η dη.

By symmetry, we find ˆ
T
K0

(
2λ
∣∣sin (η2)∣∣) sin η dη = 0,

which allows to get

Fλ[r](ϕ, θ) =

ˆ
T

(
K0

(
2λ
∣∣sin (η2)∣∣ )+ Kr,1(λ, ϕ, θ, θ + η)

)(
f(ϕ, θ, η + θ)− sin η

)
dη

+

ˆ
T
Kr,1

(
λ, ϕ, θ, θ + η

)
sin η dη.

Recall that K0 admits a logarithmic behavior around 0, hence it is integrable at 0. Therefore, using
the law products of Lemma 4.1, (5.42), (5.44) and the smallness property on r, we infer

‖Fλ[r]‖γ,Oq,s . ‖r‖
γ,O
q,s+1. (5.45)

Combining (5.45) with (5.26) and (5.29) achieves the proof of the first point.

(ii) From (3.2), (3.12), (5.38) and (5.41) we deduce that the operator Lr writes

Lr = Kλ ∗ ·+ Lr,1, (5.46)

where Lr,1 is the integral operator of kernel Kr,1 introduced in (5.41). From Lemma 3.1 and its proof
we find

drFλ[r]ρ = ∂θ ((Vr − Ω)ρ)− ∂θKλ ∗ ρ− ∂θLr,1ρ.

Thus, we get according to the definition (5.3)

drXP (r)ρ = ∂θLr,1ρ− ∂θ ((Vr − V0)ρ) . (5.47)

Coming back to (3.1) and using the kernel decomposition (5.38) together with the law products, the
composition laws in Lemma 4.1 and the smallness condition, we deduce for any s > s0,

‖Vr − V0‖γ,Oq,s . ‖r‖
γ,O
q,s+1. (5.48)
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Therefore, we obtain from the law products, (5.48) and the smallness property on r,

‖∂θ ((Vr − V0)) ρ) ‖γ,Oq,s . ‖Vr − V0‖γ,Oq,s+1‖ρ‖
γ,O
q,s0+1 + ‖Vr − V0‖γ,Oq,s0+1‖ρ‖

γ,O
q,s+1

. ‖ρ‖γ,Oq,s+1 + ‖r‖γ,Oq,s+2‖ρ‖
γ,O
q,s0+1.

Now, by using the last point in Lemma 4.4 with (5.42) and the smallness property on r, we obtain

‖∂θLr,1ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + ‖r‖γ,Oq,s+2‖ρ‖
γ,O
q,s0 .

Putting together (5.47) and the last two estimates gives

‖drXP (r)ρ‖γ,Oq,s . ‖ρ‖
γ,O
q,s+1 + ‖r‖γ,Oq,s+2‖ρ‖

γ,O
q,s0+1.

(iii) Differentiating in r the identity (5.47) yields,

d2
rXP (r)[ρ1, ρ2] = ∂θ (drLr,1(r)[ρ2]ρ1)− ∂θ

((
drVr(r)[ρ2]

)
ρ1

)
. (5.49)

For the first member of the right-hand side we first recall from (5.41) that

Lr,1ρ(ϕ, θ) =

ˆ
T
ρ(ϕ, η)

[
K (η − θ)K 1

r,1(λ, ϕ, θ, η) + K 2
r,1(λ, ϕ, θ, η)

]
dη.

Hence, by differentiation and change of variables, we obtain

drLr,1(r)[ρ2]ρ1(ϕ, θ) =

ˆ
T
ρ1(ϕ, η)

[
K (η − θ)

(
drK

1
r,1

)
[ρ2](ϕ, θ, η) + drK

2
r,1

)
[ρ2](ϕ, θ, η)

]
dη (5.50)

=

ˆ
T
ρ1(ϕ, θ + η)

[
K (η)

(
drK

1
r,1

)
[ρ2](ϕ, θ, θ + η) + drK

2
r,1

)
[ρ2](ϕ, θ, θ + η)

]
dη.

Coming back to (5.35), we emphasize that the dependence in r of the functional K 1
r,1 is smooth since

the function vr,1, introduced in (5.30), depends smoothly in r. In addition drK 1
r,1 can be easily related

to drvr,1. From straightforward calculus we see that, for the sake of simple notation we remove the
dependence in the parameters and ϕ,

drvr,1(r)[ρ](θ, η) =
1

vr,1(θ, η)

R(θ)−R(η)

sin2
(
η−θ

2

) (
ρ(θ)

R(θ)
− ρ(η)

R(η)

)
+
ρ(θ)R2(η) + ρ(η)R2(θ)

2R(θ)R(η)

 . (5.51)

Therefore using (5.31) combined with the law products stated in Lemma 4.1, Lemma 4.2 and the
smallness condition of Lemma 5.1, we find that

sup
η∈T
‖drvr,1(r)[ρ](∗, ·, �, η + �)‖γ,Oq,s . ‖ρ‖

γ,O
q,s+1 + ‖ρ‖γ,Oq,s0+1‖r‖

γ,O
q,s+1. (5.52)

Similarly to (5.52), one gets from (5.35) and (5.36),

∀ i ∈ {1, 2}, sup
η∈T
‖drK i

r,1[ρ](∗, ·, �, η + �)‖γ,Oq,s . ‖ρ‖
γ,O
q,s+1 + ‖ρ‖γ,Oq,s0+1‖r‖

γ,O
q,s+1. (5.53)

Inserting (5.53) into (5.50) and using once again the law products and the smallness condition we
obtain,

‖∂θdrLr,1(r)[ρ2]ρ1‖γ,Oq,s .‖drLr,1(r)[ρ2]ρ1‖γ,Oq,s+1

.‖ρ1‖γ,Oq,s+1‖ρ2‖γ,Oq,s0+1 + ‖ρ1‖γ,Oq,s0‖ρ2‖γ,Oq,s+2 + ‖r‖γ,Oq,s+2‖ρ1‖γ,Oq,s0‖ρ2‖γ,Oq,s0+1. (5.54)
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Next we shall move to the estimate of the last member of (5.49). Differentiating the definition of Vr
in the proof of Lemma 3.1, we infer

drVr(r)[ρ2](θ) =

ˆ
T
K0 (λAr(θ, η)) ∂η

(
ρ2(η)R2(θ)−ρ2(θ)R2(η)

R3(θ)R(η)
sin(η − θ)

)
dη

+ λ
R(θ)

ˆ
T

(R(θ)−R(η))

(
ρ2(θ)
R(θ) −

ρ2(η)
R(η)

)
Ar(θ,η) K ′0 (λAr(θ, η)) ∂η(R(η) sin(η − θ))dη

+ 2λ

ˆ
T

ρ2(θ)R2(η)+ρ2(η)R2(θ)
R2(θ)R(η)Ar(θ,η)

sin2
(
η−θ

2

)
K ′0 (λAr(θ, η)) ∂η(R(η) sin(η − θ))dη

:= I1(θ) + I2(θ) + I3(θ).

The estimate of I1 is similar to (5.45), we use the same tools and one finds

‖I1‖γ,Oq,s . ‖ρ2‖γ,Oq,s+1 + ‖ρ2‖γ,Oq,s0+1‖r‖
γ,O
q,s+1. (5.55)

For the terms I2 and I3 the computations are straightforward and we shall only extract their main
parts and give the suitable estimates. For this goal we differentiate (A.6), leading to

K ′0(z) =
−1

z
+ log(z)F (z) +G(z),

with F and G being entire functions. Hence, applying (5.30), we deduce that I2 takes the form

I2(θ) = −1

4

ˆ
T

(R(θ)−R(η))
(
ρ2(θ)
R(θ)

− ρ2(η)
R(η)

)
R2(θ)v2

r,1(θ,η) sin2( η−θ2 )
∂η(R(η) sin(η − θ))dη + l.o.t.

Hence we proceed as for (5.53) and one finds

‖I2‖γ,Oq,s . ‖ρ2‖γ,Oq,s+1 + ‖ρ2‖γ,Oq,s0+1‖r‖
γ,O
q,s+1. (5.56)

As to the last term I3, we write

I3(θ) = −1

2

ˆ
T

ρ2(θ)R2(η)+ρ2(η)R2(θ)
R2(θ)R(η)v2

r,1(θ,η)
∂η(R(η) sin(η − θ))dη + l.o.t.

Then, we get
‖I3‖γ,Oq,s . ‖ρ2‖γ,Oq,s + ‖ρ2‖γ,Oq,s0‖r‖

γ,O
q,s+1. (5.57)

Putting together (5.55), (5.56) and (5.57) yields

‖drVr(r)[ρ2]‖γ,Oq,s . ‖ρ2‖γ,Oq,s+1 + ‖ρ2‖γ,Oq,s0+1‖r‖
γ,O
q,s+1. (5.58)

Therefore we obtain according to the law products in Lemma 4.1, (5.58) and the smallness condition,∥∥∂θ(drVr(r)[ρ2]ρ1

)∥∥γ,O
q,s
.
∥∥drVr(r)[ρ2]

∥∥γ,O
q,s+1

∥∥ρ1

∥∥γ,O
q,s0

+
∥∥drVr(r)[ρ2]

∥∥γ,O
q,s0

∥∥ρ1

∥∥γ,O
q,s+1

. ‖ρ1‖γ,Oq,s0‖ρ2‖γ,Oq,s+2 + ‖r‖γ,Oq,s+2‖ρ1‖γ,Oq,s0‖ρ2‖γ,Oq,s0+1 + ‖ρ1‖γ,Oq,s+1‖ρ2‖γ,Oq,s0+1.

Combining the latter estimate with (5.49) and (5.54) allows to get

‖d2
rXP (r)[ρ1, ρ2]‖γ,Oq,s . ‖ρ1‖γ,Oq,s0‖ρ2‖γ,Oq,s+2 + ‖r‖γ,Oq,s+2‖ρ1‖γ,Oq,s0‖ρ2‖γ,Oq,s0+1 + ‖ρ1‖γ,Oq,s+1‖ρ2‖γ,Oq,s0+1.

Using Sobolev embeddings we get the desired result. This achieves the proof of Lemma 5.1.

As an application of Lemma 5.1, we shall establish tame estimates for the Hamiltonian vector field

XPε = (∂IPε,−∂ϑPε,Π⊥S ∂θ∇zPε)

defined through (5.19) and (5.21).
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Lemma 5.2. Let (γ, q, s0, s) satisfy (4.1). There exists ε0 ∈ (0, 1) such that if

ε 6 ε0 and ‖I‖γ,Oq,s0+2 6 1,

then the perturbed Hamiltonian vector field XPε satisfies the following estimates,

(i) ‖XPε(i)‖
γ,O
q,s . 1 + ‖I‖γ,Oq,s+2.

(ii)
∥∥diXPε(i)[ î ]

∥∥γ,O
q,s
. ‖ î ‖γ,Oq,s+1 + ‖I‖γ,Oq,s+2‖ î ‖

γ,O
q,s0+1.

(iii)
∥∥d2

iXPε(i)[ î, î ]
∥∥γ,O
q,s
. ‖ î ‖γ,Oq,s+2‖ î ‖

γ,O
q,s0+2 + ‖I‖γ,Oq,s+2

(
‖ î ‖γ,Oq,s0+2

)2
.

Proof. These estimates can be recovered from Lemma 5.1 combined with the following estimate on
the action-angle change of variables introduced in (5.13)

∀α, β ∈ Nd, ‖∂αϑ∂
β
I v(ϑ, I)‖γ,Oq,s . 1 + ‖I‖γ,Oq,s . (5.59)

This estimate follows from Lemma 4.1-(iv)-(v) provided that ‖ϑ‖γ,Oq,s0 , ‖I‖
γ,O
q,s0 6 1. This latter condition

is satisfied due to the smallness condition in the Lemma. For more details, we refer to [14, Lem.
5.1].

5.3 Berti-Bolle approach for the approximate inverse

In this section, we shall follow the remarkable procedure developed by Berti and Bolle in [11] to
construct an approximate right inverse for the linearized operator

di,αF(i0, α0)[̂i, α̂] = ω · ∂ϕî− diXH
α0
ε

(i0(ϕ))[̂i]− (α̂, 0, 0), (5.60)

where F is the nonlinear functional defined in (5.23). This construction is crucial for the Nash-Moser
scheme that we shall perform later in Section 7. From (5.20), we denote by i0 an embedded torus with

i0(ϕ) = (ϑ0(ϕ), I0(ϕ), z0(ϕ)) and I0(ϕ) = i0(ϕ)− (ϕ, 0, 0).

Throughout this section, we shall assume the following smallness condition : the application (λ, ω) 7→
I0(λ, ω) is q-times differentiable on O and there exists ε0 ∈ (0, 1) (small enough) such that

‖I0‖γ,Oq,s0+2 + ‖α0 − ω‖γ,Oq 6 ε0. (5.61)

We mainly follow the same approach as in [11] which reduces the search of an approximate right
inverse of (5.60) to the search of an approximate right inverse in the normal directions. The main
difference with [11] is to be able to bypass the use of the isotropic torus in a similar way to the recent
paper [35].

5.3.1 Triangularization up to error terms

Given a linear operator A ∈ L(Rd, Hs
⊥), we define the transposed operator A> : Hs

⊥ → Rd by the
duality relation

∀(u, v) ∈ Hs
⊥ × Rd, 〈A>u, v〉Rd = 〈u,Av〉L2(T). (5.62)

We introduce the following change of coordinates G0 : (φ, y, w) → (ϑ, I, z) of the phase space Td ×
Rd ×Hs

⊥ defined by ϑI
z

 := G0

φy
w

 :=

 ϑ0(φ)
I0(φ) + L1(ϕ)y + L2(ϕ)w

z0(φ) + w

 , (5.63)
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where

L1(ϕ) := [∂ϕϑ0(ϕ)]−>, (5.64)

L2(ϕ) := −[(∂ϑz̃0)(ϑ0(ϕ))]>∂−1
θ , (5.65)

z̃0(ϑ) := z0(ϑ−1
0 (ϑ)), (5.66)

provided that ϑ0 : Rd → Rd is a diffeomorphism. Notice that one recovers the torus i0 by taking in
the new coordinates, the flat torus iflat(ϕ) = (ϕ, 0, 0) namely

G0(iflat(ϕ)) = i0(ϕ).

Next, we shall adopt the notation u = (φ, y, w) to denote the new coordinates induced by G0 in (5.63)
and we simply set u0(ϕ) = iflat(ϕ). Now, to measure to which extent an embedded torus i0(T) is close
to be invariant for the Hamiltonian vector field XH

α0
ε

, we shall make appeal to the error function

Z(ϕ) := (Z1, Z2, Z3)(ϕ) := F(i0, α0)(ϕ) = ω · ∂ϕi0(ϕ)−XH
α0
ε

(i0(ϕ)) . (5.67)

We say that a quantity is of ”type Z” is it is O(Z), and particular it is vanishing at an exact solution.
In the next Proposition, we study the conjugation of the linear operator di,αF(i0, α0) by the linear
change of variables induced by G0 defined in (5.63),

DG0(ϕ, 0, 0)

φ̂ŷ
ŵ

 :=

∂ϕϑ0(ϕ) 0 0
∂ϕI0(ϕ) L1(ϕ) L2(ϕ)
∂ϕz0(ϕ) 0 I

φ̂ŷ
ŵ

 . (5.68)

The following result is proved in [35].

Proposition 5.1. The conjugation of the linearized operator di,αF(i0, α0) by the linear change of
variables DG0(u0) writes as follows

[DG0(u0)]−1di,αF(i0, α0)DG̃0(u0)[φ̂, ŷ, ŵ, α̂] = D[φ̂, ŷ, ŵ, α̂] + E[φ̂, ŷ, ŵ], (5.69)

where G̃0 is defined by
Ĝ0(u, α) := (G0(u), α)

and where

(i) the operator D admits a triangular structure in the variables (φ̂, ŷ, ŵ) in the form

D[φ̂, ŷ, ŵ, α̂] :=

 ω · ∂ϕφ̂−
[
K20(ϕ)ŷ + K>11(ϕ)ŵ + L>1 (ϕ)α̂

]
ω · ∂ϕŷ + B(ϕ)α̂

ω · ∂ϕŵ − ∂θ
[
K11(ϕ)ŷ + K02(ϕ)ŵ − L>2 (ϕ)α̂

]
 ,

B(ϕ) and K20(ϕ) are d× d real matrices given by

B(ϕ) := [∂ϕϑ0(ϕ)]>∂ϕI0(ϕ)L>1 (ϕ) + [∂ϕz0(ϕ)]>L>2 (ϕ), (5.70)

K20(ϕ) := εL>1 (ϕ)(∂IIPε)(i0(ϕ))L1(ϕ), (5.71)

K02(ϕ) is a linear self-adjoint operator of Hs
⊥ in the form

K02(ϕ) := (∂z∇zHα0
ε )(i0(ϕ)) + εL>2 (ϕ)(∂IIPε)(i0(ϕ))L2(ϕ)

+ εL>2 (ϕ)(∂zIPε)(i0(ϕ)) + ε(∂I∇zPε)(i0(ϕ))L2(ϕ) (5.72)

and K11(ϕ) ∈ L(Rd, Hs
⊥) is given by

K11(ϕ) := εL>2 (ϕ)(∂IIPε)(i0(ϕ))L1(ϕ) + ε(∂I∇zPε)(i0(ϕ))L1(ϕ). (5.73)
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(ii) the operator E is an error term in the form

E[φ̂, ŷ, ŵ] := [DG0(u0)]−1∂ϕZ(ϕ)φ̂

+

 0
A(ϕ)

[
K20(ϕ)ŷ + K>11(ϕ)ŵ

]
−R10(ϕ)ŷ −R01(ϕ)ŵ

0

 ,

where A(ϕ) and R10(ϕ) are d× d matrices defined by

A(ϕ) := [∂ϕϑ0(ϕ)]>∂ϕI0(ϕ)− [∂ϕI0(ϕ)]>∂ϕϑ0(ϕ) + [∂ϕz0(ϕ)]>∂−1
θ ∂ϕz0(ϕ), (5.74)

R10(ϕ) := [∂ϕZ1(ϕ)]>L1(ϕ) (5.75)

and R01(ϕ) ∈ L(Hs
⊥,Rd) with

R01(ϕ) := −[∂ϕZ1(ϕ)]>L2(ϕ) + [∂ϕZ3(ϕ)]>∂−1
θ . (5.76)

Now we recall the following result, for the proof we refer to [35, Lemma 6.1] and Lemmata 5.6-5.7
in [14],

Lemma 5.3. The following assertions hold true.

(i) The operator DG0(u0) and [DG0(u0)]−1 satisfy for all û = (φ̂, ŷ, ŵ),

∀s ∈ [s0, S], ‖[DG0(u0)]±1[û]‖γ,Oq,s . ‖û‖γ,Oq,s + ‖I0‖γ,Oq,s+1‖û‖
γ,O
q,s0 .

(ii) The operators R10 and R01, defined in (5.75) and (5.76), satisfy the estimates

∀s ∈ [s0, S], ‖R10ŷ‖γ,Oq,s . ‖Z‖
γ,O
q,s+1‖ŷ‖

γ,O
q,s0+1 + ‖Z‖γ,Oq,s0+1‖I0‖γ,Oq,s+1‖ŷ‖

γ,O
q,s0+1,

∀s ∈ [s0, S], ‖R01ŵ‖γ,Oq,s . ‖Z‖
γ,O
q,s+1‖ŵ‖

γ,O
q,s0+1 + ‖Z‖γ,Oq,s0+1‖I0‖γ,Oq,s+1‖ŵ‖

γ,O
q,s0+1 .

(iii) The operators K20 and K11, defined in (5.71) and (5.73), satisfy the estimates

∀s ∈ [s0, S], ‖K20‖γ,Oq,s . ε
(
1 + ‖I0‖γ,Oq,s+3

)
,

∀s ∈ [s0, S], ‖K11ŷ‖γ,Oq,s . ε
(
‖ŷ‖γ,Oq,s+3 + ‖I0‖γ,Oq,s+3‖ŷ‖

γ,O
q,s0+3

)
,

∀s ∈ [s0, S], ‖K>11ŵ‖γ,Oq,s . ε
(
‖ŵ‖γ,Oq,s+3 + ‖I0‖γ,Oq,s+3‖ŵ‖

γ,O
q,s0+3

)
.

(iv) The matrices A and B defined in (5.74) and (5.70) satisfy

∀s ∈ [s0, S], ‖A‖γ,Oq,s + ‖B‖γ,Oq,s . ‖I0‖γ,Oq,s+1.

Notice that the matrix A(ϕ) measures the defect of the symplectic structure. In the following, we
shall see that it is of order O(Z). Notice that according to (5.74) and [11, Lem. 5], the coefficients
Ajk of the matrix A can be written

Ajk(ϕ) = ∂ϕkI0(ϕ) · ∂ϕjϑ0(ϕ)− ∂ϕkϑ0(ϕ) · ∂ϕjI0(ϕ) + 〈∂−1
θ ∂ϕkz0(ϕ), ∂ϕjz0(ϕ)〉L2(T), (5.77)

and satisfy

ω · ∂ϕAjk(ϕ) =W
(
∂ϕZ(ϕ)ek, ∂ϕi0(ϕ)ej

)
+W

(
∂ϕi0(ϕ)ek, ∂ϕZ(ϕ)ej

)
, (5.78)

where W is the symplectic form defined in (5.1) and (e1, . . . , ed) denotes the canonical basis of Rd.
In order to estimate Ajk(ϕ), we shall discuss the invertibility of the operator ω · ∂ϕ. This task was
accomplished in several paper [4, 11, 14, 35]. and we shall outline here the main lines.
Let γ ∈ (0, 1] and τ1 > 0 be defined as in (4.1). We introduce the Diophantine Cantor set

DC(γ, τ1) :=
⋂

l∈Zd\{0}

{
ω ∈ Rd s.t. |ω · l| > γ

〈l〉τ1
}
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and for N ∈ N∗ we define the truncated Diophantine Cantor set

DCN (γ, τ1) :=
⋂

l∈Zd\{0}
|l|6N

{
ω ∈ Rd s.t. |ω · l| > γ

〈l〉τ1
}
. (5.79)

Given f : O × Td+1 → R a smooth function with zero ϕ-average, that can be expanded in Fourier
series as follows

f =
∑

(l,j)∈Zd+1

l6=0

fl,j(λ, ω)el,j , el,j(ϕ, θ) := ei(l·ϕ+jθ).

If ω ∈ DC(γ, τ1) then the equation ω · ∂ϕu = f has a periodic solution u : Td+1 → R given by

u(λ, ϕ, θ) = −i
∑

(l,j)∈Zd+1

l 6=0

fl,j(λ)

ω · l
el,j(ϕ, θ).

For all ω ∈ O, we define the smooth extension of u by

(ω · ∂ϕ)−1
extf := −i

∑
(l,j)∈Zd+1

l 6=0

χ
(
γ−1〈l〉τ1 ω · l

)
fl,j(λ)

ω · l
el,j . (5.80)

where χ ∈ C∞(R, [0, 1]) is an even positive cut-off function such that

χ(ξ) =

{
0 if |ξ| 6 1

3
1 if |ξ| > 1

2 .
(5.81)

Notice that this operator is well-defned in the whole set of parameters O and coincides with the formal
inverse of (ω · ∂ϕ)−1 when the frequency ω belongs to DC(γ, τ1). The next result is the fundamental
theorem of calculus in the quasi-periodic setting. It is proved in [4, Lem. 2.5] and [35, Lem. 5.4].

Lemma 5.4. Let γ ∈ (0, 1], q ∈ N∗. Then for any s > q we have∥∥(ω · ∂ϕ)−1
extf

∥∥γ,O
q,s
. γ−1‖f‖γ,Oq,s+τ1q+τ1 .

In addition, for any N ∈ N∗ and for any ω ∈ DCN (γ, τ1) we have

(ω · ∂ϕ)(ω · ∂ϕ)−1
extΠN = ΠN ,

where ΠN is the orthogonal projection defined by

ΠN

∑
(l,j)∈Zd+1

fl,jel,j =
∑

(l,j)∈Zd+1

|l|6N

fl,jel,j .

For later purposes we need to fix some notation that will be adopted in the sequel. Take N0 ≥ 2
and define the sequence

N−1 = 1, ∀n ∈ N, Nn = N
( 3

2)
n

0 . (5.82)

Next, we shall split the coefficients of the matrix A = A(ϕ) defined in (5.74) as

Akj = A
(n)
kj + A

(n),⊥
kj , A

(n)
kj := ΠNnAkj , A

(n),⊥
kj := Π⊥NnAkj . (5.83)

The proof of the following lemma is quite similar to Lemma 5.3. in [7] with the a minor difference in
the weighted norms. See also [35, Lem. 6.3].

Lemma 5.5. Let n ∈ N, then the following results hold true.

(i) The function A
(n),⊥
kj satisfies

∀b > 0, ∀s ∈ [s0, S], ‖A(n),⊥
kj ‖γ,Oq,s . N−bn ‖I0‖γ,Oq,s+2+b.

(ii) There exist functions A
(n),ext
kj defined for any (λ, ω) ∈ O, q-times differentiable with respect to λ

and satisfying the estimate

∀s ∈ [s0, S], ‖A(n),ext
kj ‖γ,Oq,s . γ−1

(
‖Z‖γ,Os+τ1q+τ1+1 + ‖Z‖γ,Oq,s0+1‖I0‖γ,Oq,s+τ1q+τ1+1

)
.

Moreover, A
(n),ext
kj coincides with A

(n)
kj in the Cantor set DCNn(γ, τ1).
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5.3.2 Construction of the approximate inverse

This section is devoted to the construction of an approximate right inverse of the operator di,αF(i0, α0)
that will be discussed in Theorem 5.1. One first may observe according to Proposition 5.1-(ii) and
Lemmas 5.3 and 5.5, that the operator E vanishes at an exact solution up to fast decaying remainder
terms. As a consequence, getting an approximate inverse for the full operator di,αF(i0, α0) amounts
simply to invert the operator D up to small errors of type ”Z” mixed with fast frequency decaying
error. Let us consider the triangular system given by

D[φ̂, ŷ, ŵ, α̂] =

g1

g2

g3

 , (5.84)

where D is defined in Proposition 5.1-(i). The system (5.84) writes more explicitly in the following
way  ω · ∂ϕφ̂ = g1 + [K20(ϕ)ŷ + K>11(ϕ)ŵ + L>1 (ϕ)α̂]

ω · ∂ϕŷ = g2 − B(ϕ)α̂(
ω · ∂ϕ − ∂θK02(ϕ)

)
ŵ = g3 + ∂θ[K11(ϕ)ŷ − L>2 (ϕ)α̂].

(5.85)

The strategy to solve the above system in the variables (φ̂, ŷ, ŵ) is first to solve the second action-
component equation, then to solve the third normal-component equation and finally to solve the first
angle-component equation.
Due to the fact that the Cantor set should be truncated then we need to solve approximately the
system (5.85) and for this aim we need the following statement proved in [35, Lem. 6.4] and [4].

Lemma 5.6. The following results hold true.

(i) There exists a function g : Zd \ {0} → {−1, 1} such that

∀l ∈ Zd \ {0}, g(−l) = −g(l).

(ii) For all (λ, ω) ∈ O the operator ω · ∂ϕ can be split as follows

ω · ∂ϕ = D(n) +D⊥(n),

with

D(n) := ω · ∂ϕ ΠNn + Π⊥Nn,g

D⊥(n) := ω · ∂ϕ Π⊥Nn −Π⊥Nn,g ,

where
Π⊥Nn,g

∑
(l,j)∈Zd+1

fl,jel,j =
∑

(l,j)∈Zd+1

|l|>Nn

g(l)fl,jel,j .

(iii) The operator D⊥(n) satisfies

∀b > 0, ∀s ∈ [s0, S], ‖D⊥(n)h‖
γ,O
q,s 6 N

−b
n ‖h‖

γ,O
q,s+b+1.

(iv) There exists a family of linear operators
(
[D(n)]

−1
ext

)
n

satisfying, for any h ∈W q,∞,γ(O, Hs
0(Td+1)),

∀s ∈ [s0, S], sup
n∈N
‖[D(n)]

−1
exth‖γ,Oq,s . γ−1‖h‖γ,Oq,s+τ1q+τ1 .

Moreover, for all ω ∈ DCNn(γ, τ1) one has the identity

D(n)[D(n)]
−1
ext = Id. (5.86)
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Consider the linearized operator restricted to the normal directions L̂ω and defined by

L̂ω := Π⊥S0

(
ω · ∂ϕ − ∂θK02(ϕ)

)
Π⊥S0

, (5.87)

which appears in the last equation of (5.85). The construction of an approximate right inverse of this
operator is the heart part of this paper and will be discussed in Proposition 6.6. Here we give only a
partial statement.

Proposition 5.2. Let (γ, q, d, τ1, τ2, s0, sh, µ2, S) satisfy (4.1) (4.2) and (6.244). There exist ε0 > 0
and σ = σ(τ1, τ2, q, d) > 0 such that if

εγ−2−qNµ2
0 6 ε0 and ‖I0‖γ,Oq,sh+σ 6 1, (5.88)

then there exist a family of linear operator (Tω,n)n satisfying

∀ s ∈ [s0, S], sup
n∈N
‖Tω,nh‖γ,Oq,s . γ−1

(
‖h‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖h‖

γ,O
q,s0+σ

)
(5.89)

and a family of Cantor sets {Gn = Gn(γ, τ1, τ2, i0)}n, satisfying the inclusion

Gn ⊂ (λ0, λ1)× DCNn(γ, τ1)

such that in each set Gn we have the splitting

L̂ω = L̂ω,n + R̂n,

with
L̂ω,nTω,n = Id, (5.90)

where the operators L̂ω,n and R̂n are defined in the whole set O with the estimates

∀ s ∈ [s0, S], ‖L̂ω,nρ‖γ,Oq,s . ‖ρ‖
γ,O
q,s+1 + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+1,

∀ b ∈ [0, S], ‖R̂nρ‖γ,Oq,s0 . N
−b
n γ−1

(
‖ρ‖γ,Oq,s0+b+σ + εγ−2‖I0‖γ,Oq,s0+b+σ‖ρ‖

γ,O
q,s0+σ

)
+ εγ−3Nµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+σ.

For the splitting below which follows from the foregoing results we refer to (6.45) in [35]. Consider
the linear operator Lext defined by

Lext = Dn + Eext
n + Pn + Qn, (5.91)

where, for any (φ̂, ŷ, ŵ, α̂) ∈ Td × Rd ×Hs
⊥ × Rd

Dn[φ̂, ŷ, ŵ, α̂] :=

 D(n)φ̂− K20(ϕ)ŷ − K>11(ϕ)ŵ − L>1 (ϕ)α̂

D(n)ŷ + B(ϕ)α̂

L̂ω,nŵ − ∂θ
[
K11(ϕ)ŷ − L>2 (ϕ)α̂

]
 , (5.92)

Eext
n [φ̂, ŷ, ŵ, α̂] := [DG0(u0(ϕ))]−1∂ϕZ(ϕ)φ̂−

 0
R10(ϕ)ŷ +R01(ϕ)ŵ

0


+

 0

A(n),ext(ϕ)
[
K20(ϕ)ŷ + K>11(ϕ)ŵ

]
0

 , (5.93)

Pn[φ̂, ŷ, ŵ, α̂] :=

 D⊥(n)φ̂

D⊥(n)ŷ + A(n),⊥(ϕ)
[
K20(ϕ)ŷ + K>11(ϕ)ŵ

]
0

 , (5.94)

Qn[φ̂, ŷ, ŵ, α̂] :=

 0
0

R̂n[ŵ]

 . (5.95)
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Then, the operator Lext is defined on the whole set O and when it is restricted to the Cantor set Gn
it coincides with the conjugated linearized operator obtained in (5.69), that is,

Lext = [DG0(u0)]−1di,αF(i0, α0)DG̃0(u0) in Gn. (5.96)

In the next result, we give some useful estimates for the different terms appearing in Lext needed to
obtain good tame estimates for the approximate inverse.

Proposition 5.3. Let (γ, q, d, τ1, s0, µ2) satisfy (4.1) and (6.244) and assume the conditions (5.61)
and (5.88). Then, denoting v̂ = (φ̂, ŷ, ŵ, α̂), the following assertions hold true.

(i) The operator Eext
n satisfies the estimate

‖Eext
n [v̂]‖γ,Oq,s0 . ‖Z‖

γ,O
q,s0+σ‖v̂‖

γ,O
q,s0+σ.

(ii) The operator P(n) satisfies the estimate

∀b > 0, ‖Pn[v̂]‖γ,Oq,s0 . N
−b
n

(
‖v̂‖γ,Oq,s0+σ+b + ε‖I0‖γ,Oq,s0+σ+b

∥∥v̂‖γ,Oq,s0+σ

)
.

(iii) The operator Qn satisfies the estimate

∀ b ∈ [0, S], ‖Qnv̂‖γ,Oq,s0 . N
−b
n γ−1

(
‖ŵ‖γ,Oq,s0+b+σ + εγ−2‖I0‖γ,Oq,s0+b+σ‖ŵ‖

γ,O
q,s0+σ

)
+ εγ−3Nµ2

0 N−µ2
n+1‖ŵ‖

γ,O
q,s0+σ.

(iv) There exists a family of operators
(
[Dn]−1

ext

)
n

such that for all g := (g1, g2, g3) satisfying the
reversibility property

g1(ϕ) = g1(−ϕ) , g2(ϕ) = −g2(−ϕ) , g3(ϕ) = −(S g3)(−ϕ) ,

the function [Dn]−1
extg satisfies the estimate

∀ s ∈ [s0, S], ‖[Dn]−1
extg‖γ,Oq,s . γ−1

(
‖g‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖g‖

γ,O
q,s0+σ

)
and for all (λ, ω) ∈ Gn one has

Dn [Dn]−1
ext = Id.

Proof. (i) The estimate of Eext
n is obtained from (5.93), Lemma 5.3, Lemma 4.1-(iv) and Lemma 5.5-(ii).

(ii) From (5.94), Lemma 5.6-(iii), Lemma 4.1-(iv), Lemma 5.5-(i), Lemma 5.3-(ii) we obtain the esti-
mate on Pn.
(iii) It is a consequence of (5.95) and Proposition 5.2.
(iv) The proof can be found in [35, Prop. 6.3] and for the sake of completeness we shall sketch the
main ideas. We intend to look for an exact inverse of Dn by solving the system

Dn[φ̂, ŷ, ŵ, α̂] =

g1

g2

g3

 , (5.97)

where (g1, g2, g3) satisfy the reversibility property

g1(ϕ) = g1(−ϕ) , g2(ϕ) = −g2(−ϕ) , g3(ϕ) = −(S g3)(−ϕ), (5.98)

with S being the involution defined in (2.26). Note that in view of (5.92), the system (5.97) writes D(n)φ̂ = g1 + [K20(ϕ)ŷ + K>11(ϕ)ŵ + L>1 (ϕ)α̂]

D(n)ŷ = g2 − B(ϕ)α̂

L̂ω,nŵ = g3 + ∂θ[K11(ϕ)ŷ − L>2 (ϕ)α̂].

(5.99)
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We first consider the second action-component equation in (5.99), namely

D(n)ŷ = g2 − B(ϕ)α̂.

In view of (5.98), (5.70) and (5.77), g2 and B are odd in the variable ϕ. Thus, the ϕ-average of
the right hand side of this equation is zero. Then, by Lemma 5.6-(iv) its solution in the Cantor
set DCNn(γ, τ1) is given by

ŷ := [D(n)]
−1
ext

(
g2 − B(ϕ)α̂

)
. (5.100)

Then we turn to the third normal-component equation in (5.99), namely

L̂ω,nŵ = g3 + ∂θ[K11(ϕ)ŷ − L>2 (ϕ)α̂].

By Proposition 5.2, this equation admits as a solution

ŵ := Tω,n
(
g3 + ∂θ[K11(ϕ)ŷ − L>2 (ϕ)α̂]

)
. (5.101)

Finally, we solve the first angle-equation in (5.99), which, substituting (5.100), (5.101), becomes

D(n)φ̂ = g1 +M1(ϕ)α̂+M2(ϕ)g2 +M3(ϕ)g3 , (5.102)

where

M1(ϕ) := L>1 (ϕ)−M2(ϕ)B(ϕ)−M3(ϕ)∂θL
>
2 (ϕ) , (5.103)

M2(ϕ) := K20(ϕ)[D(n)]
−1
ext + K>11(ϕ)Tω,n∂ϑK11(ϕ)[D(n)]

−1
ext , (5.104)

M3(ϕ) := K>11(ϕ)Tω,n . (5.105)

To solve the equation (5.102) we choose α̂ such that the right hand side has zero ϕ-average. Notice
that Lemma 5.3, (5.61), (5.89) and Lemma 5.6-(ii) imply

∀s ∈ [s0, S], ‖M2g2‖γ,Oq,s + ‖M3g3‖γ,Oq,s . ε
(
‖g‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖g‖

γ,O
q,s0+σ

)
. (5.106)

By Lemma 5.3-(iii), (5.61), the φ-averaged matrix is 〈M1〉 = Id +O(εγ−1). Therefore, for εγ−1 small
enough, 〈M1〉 is invertible and 〈M1〉−1 = Id +O(εγ−1). We thus define

α̂ := −〈M1〉−1(〈g1〉+ 〈M2g2〉+ 〈M3g3〉) . (5.107)

Remark that α̂ satisfies
‖α̂‖γ,Oq . ‖g‖γ,Oq,s0+σ. (5.108)

Coming back to (5.100) and using (5.108), (5.61) together with Lemma 5.6-(iv) and Lemma 5.3-(iv),
we obtain

∀s ∈ [s0, S], ‖ŷ‖γ,Oq,s . γ−1
(
‖g‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖g‖

γ,O
q,s0+σ

)
. (5.109)

Putting together (5.101), (5.89), Lemma 5.3-(iii), (5.108), (5.109) and (5.61), one should get, up to
redefine the value of σ,

∀s ∈ [s0, S], ‖ŵ‖γ,Oq,s . γ−1
(
‖g‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖g‖

γ,O
q,s0+σ

)
. (5.110)

With the choice (5.107) of α̂, the equation (5.102) admits as a solution

φ̂ := [D(n)]
−1
ext

(
g1 +M1(ϕ)α̂+M2(ϕ)g2 +M3(ϕ)g3

)
. (5.111)

Putting together (5.111), Lemma 5.6-(ii), (5.108) and (5.106), one obtains

∀s ∈ [s0, S], ‖φ̂‖γ,Oq,s . γ−1
(
‖g‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖g‖

γ,O
q,s0+σ

)
. (5.112)

In conclusion, we have obtained a solution (φ̂, ŷ, ŵ, α̂) := [Dn]−1
extg of the linear system (5.97) satisfying

in virtue of (5.108), (5.112), (5.110) and (5.109),

∀s ∈ [s0, S], ‖[Dn]−1
extg‖γ,Oq,s . γ−1

(
‖g‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖g‖

γ,O
q,s0+σ

)
.

Notice that the relation
Dn[Dn]−1

ext = Id in Gn
is a direct consequence of (5.86) and (5.90).
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The last point is to prove that the operator

T0 := T0(i0) := (DG̃0)(u0) ◦ [Dn]−1
ext ◦ (DG0)(u0)−1 (5.113)

is an approximate right inverse for di,αF(i0, α0).

Theorem 5.1 (Approximate inverse). Let (γ, q, d, τ1, τ2, s0, sh, µ2, S) satisfy (4.1), (4.2), (6.244) and
(6.3). Then there exists σ = σ(τ1, τ2, d, q) > 0 such that if the smallness conditions (5.61) and
(5.88) hold, then the operator T0 defined in (5.113) is reversible and satisfies for all g = (g1, g2, g3),
with (5.98),

∀s ∈ [s0, S], ‖T0g‖γ,Oq,s . γ−1
(
‖g‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖g‖

γ,O
q,s0+σ

)
. (5.114)

Moreover T0 is an almost-approximate right inverse of di,αF(i0, α0) in the Cantor set Gn. More
precisely, for all (λ, ω) ∈ Gn one has

di,αF(i0) ◦ T0 − Id = E(n)
1 + E(n)

2 + E(n)
3 , (5.115)

where the operators E(n)
1 , E(n)

2 and E(n)
3 are defined in the set O with the estimates

‖E(n)
1 g‖γ,Oq,s0 . γ

−1‖F(i0, α0)‖γ,Oq,s0+σ‖g‖
γ,O
q,s0+σ, (5.116)

∀b > 0, ‖E(n)
2 g‖γ,Oq,s0 . γ

−1N−bn
(
‖g‖γ,Oq,s0+b+σ + ε‖I0‖γ,Oq,s0+b+σ

∥∥g‖γ,Oq,s0+σ

)
, (5.117)

∀b ∈ [0, S], ‖E(n)
3 g‖γ,Oq,s0 . N

−b
n γ−2

(
‖g‖γ,Oq,s0+b+σ + εγ−2‖I0‖γ,Oq,s0+b+σ‖g‖

γ,O
q,s0+σ

)
+ εγ−4Nµ2

0 N−µ2
n ‖g‖γ,Oq,s0+σ. (5.118)

Proof. The estimate (5.114) is a consequence of (5.113), Proposition 5.3-(iv) and Lemma 5.3-(i). Then,
according to (5.91) and (5.96), in the Cantor set Gn we have the decomposition

di,αF(i0, α0) = DG0(u0) ◦ Lext ◦D[G̃0(u0)]−1

= DG0(u0) ◦ Dn ◦D[G̃0(u0)]−1 +DG0(u0) ◦ Eext
n ◦ [G̃0(u0)]−1

+DG0(u0) ◦Pn ◦ [G̃0(u0)]−1 +DG0(u0) ◦Qn ◦ [G̃0(u0)]−1.

By applying T0, defined in (5.113), to the last identity we get for all (λ, ω) ∈ Gn

di,αF(i0, α0) ◦ T0 − Id = E(n)
1 + E(n)

2 + E(n)
3 ,

with

E(n)
1 := DG0(u0) ◦ Eext

n ◦ [G̃0(u0)]−1 ◦ T0,

E(n)
2 := DG0(u0) ◦Pn ◦ [G̃0(u0)]−1 ◦ T0,

E(n)
3 := DG0(u0) ◦Qn ◦ [G̃0(u0)]−1 ◦ T0.

The estimates on E(n)
1 , E(n)

2 and E(n)
3 come from (5.114), Proposition 5.3 and Lemma 5.3-(i).

6 Reduction of the linearized operator in the normal directions

In this section, we fix a torus i0 = (ϑ0, I0, z0) close to the flat one and satisfying the reversibility
condition (5.25), that is

ϑ0(−ϕ) = −ϑ0(ϕ), I0(−ϕ) = I0(ϕ), z0(−ϕ) = (S z0)(ϕ). (6.1)

As in the previous section, we denote I0(ϕ) = i0(ϕ) − (ϕ, 0, 0). Our main goal here is to explore the
invertibility of the operator

L̂ω = L̂ω(i0) = Π⊥S0
(ω · ∂ϕ − ∂θK02(ϕ)) Π⊥S0

(6.2)

63



defined through (5.87) and (5.72) with the suitable tame estimates for the inverse. For a precise
statement we refer to Proposition 6.6. Notice that this operator will be described as a quasilinear
perturbation of the diagonal operator stated in Lemma 3.1 and we expect that suitable standard
reductions can be performed to conjugate it to a diagonal one provided that the exterior parameters
are subject to live in a Cantor set allowing to prevent resonances. For this aim, we shall implement
with suitable adaptions the strategy developed in the works [4, 14]. We distinguish two long reduc-
tion steps. First, we perform a quasi-periodic change of variables such that in the new coordinates
system the transport part is straightened to a constant coefficient operator. The construction of this
transformation is based on a KAM reducibility procedure as in [26]. The outcome of this first step is
a new operator whose positive part is diagonal with a small nonlocal perturbation of order −1. Then
the second step consists in applying KAM scheme in order to reduce the remainder and conjugate the
resulting operator from step 1 into a diagonal one up to small errors. The proof follows basically a
common procedure that can be found for instance in [10]. We point out that our results differ slightly
from the preceding ones in [4, 14], especially at the level of Cantor sets which are constructed over
the final targets.
We shall use throughout the proofs some frequency cut-offs with respect to the sequence defined in
(5.82), with N0 a constant needed to be large enough. In the current section, the numbers N0 > 2
and γ ∈ (0, 1) are a priori free parameters, but during the Nash-Moser scheme, see Proposition 7.1,
they will be adjusted with respect to ε according to the relations

N0 = γ−1 and γ = εa for some a > 0.

We shall set the following parameters required along the different reductions that we intend to perform,

sl := s0 + τ1q + τ1 + 2, µ2 := 4τ1q + 6τ1 + 3,
sl := sl + τ2q + τ2, sh := 3

2µ2 + sl + 1,
(6.3)

supplemented with the assumptions (4.1) and (4.2).

6.1 Localization on the normal directions

According to Theorem 5.1, the construction of an approximate inverse for di,αF(i0, α0) is based on

Proposition 5.2 dealing with finding an approximate right inverse for the operator L̂ω. This program
will be achieved along several steps and in the first one we shall describe its asymptotic structure
around the linearized operator at the equilibrium state described in Lemma 3.1. More precisely, we
shall prove the following result.

Proposition 6.1. Let (γ, q, d, s0) satisfy (4.1). Then the operator L̂ω defined in (6.2) takes the form

L̂ω = Π⊥S0
(Lεr − ε∂θR) Π⊥S0

, Lεr = ω · ∂ϕ + ∂θ (Vεr·)− ∂θLεr,

where Vεr and Lεr are defined in Lemma 3.1, and from (5.13) we have

r(ϕ) = A
(
ϑ0(ϕ), I0(ϕ), z0(ϕ)

)
= v
(
ϑ0(ϕ), I0(ϕ)

)
+ z0(ϕ),

supplemented with the reversibility assumption

r(λ, ω,−ϕ,−θ) = r(λ, ω, ϕ, θ). (6.4)

Moreover, R is an integral operator in the sense of the Definition 4.3, whose kernel J satisfies the
symmetry property

J(λ, ω,−ϕ,−θ,−η) = J(λ, ω, ϕ, θ, η). (6.5)

and under the assumption
‖I0‖γ,Oq,s0 6 1, (6.6)

we have for all s > s0,
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(i) The function r satisfies the estimates,

‖r‖γ,Oq,s . 1 + ‖I0‖γ,Oq,s (6.7)

and
‖∆12r‖γ,Oq,s . ‖∆12i‖γ,Oq,s + ‖∆12i‖γ,Oq,s0 max

j=1,2
‖Ij‖γ,Oq,s . (6.8)

(ii) The kernel J satisfies the following estimates for all ` ∈ N,

sup
η∈T
‖(∂`θJ)(∗, ·, �, η + �)‖γ,Oq,s . 1 + ‖I0‖γ,Oq,s+3+` (6.9)

and

sup
η∈T
‖∆12(∂`θJ)(∗, ·, �, η + �)‖γ,Oq,s . ‖∆12i‖γ,Oq,s+3+` + ‖∆12i‖γ,Oq,s0+3 max

j=1,2
‖Ij‖γ,Oq,s+3+`. (6.10)

Here ∗, ·, � stand for (λ, ω), ϕ, θ, respectively and I`(ϕ) = i`(ϕ) − (ϕ, 0, 0). In addition, for any
function f , ∆12f := f(i1) − f(i2) refers for the difference of f taken at two different states i1
and i2 satisfying (6.6).

Proof. To alleviate the notation we shall at several stages of the proof remove the dependence of the
involved functions/operators with respect to (λ, ω) and keep it when we deem it relevant. Recall that
the operator L̂ω is defined in (6.2). To describe K02(ϕ) we follow [4, 14]. First, we observe from (5.72)
and (5.22) that

K02(ϕ) = L(λ) + ε∂w∇w(Pε(i0(ϕ)) + εR(ϕ),

with
R(ϕ) = R1(ϕ) +R2(ϕ) +R3(ϕ),

where

R1(ϕ) := L>2 (ϕ)∂I∇IPε(i0(ϕ))L2(ϕ),

R2(ϕ) := L>2 (ϕ)∂z∇IPε(i0(ϕ)),

R3(ϕ) := ∂I∇zPε(i0(ϕ))L2(ϕ).

As we shall see, all the operators R1(ϕ), R2(ϕ) and R3(ϕ) have a finite-dimensional rank. This
property is obvious for the operator L2(ϕ) defined in (5.65), which sends in view of (5.62) the space
Hs
⊥ to Rd and therefore for any ρ ∈ Hs

⊥ we write

L2(ϕ)[ρ] =
d∑

k=1

〈
L2(ϕ)[ρ], ek

〉
Rd ek =

d∑
k=1

〈
ρ, L>2 (ϕ)[ek]

〉
L2(T)

ek,

with (ek)
d
k=1 being the canonical basis of Rd. Hence

R1(ϕ)[ρ] =
d∑

k=1

〈
ρ, L>2 (ϕ)[ek]

〉
L2(T)

A1(ϕ)[ek] with A1(ϕ) = L>2 (ϕ)∂I∇IPε(i0(ϕ)),

R3(ϕ)[ρ] =
d∑

k=1

〈
ρ, L>2 (ϕ)[ek]

〉
L2(T)

A3(ϕ)[ek] with A3(ϕ) = ∂I∇zPε(i0(ϕ)).

In a similar way, by setting A2(ϕ) := ∂z∇IPε(i0(ϕ)) : Hs
⊥ → Rd, then we may write

R2(ϕ)[ρ] =
d∑

k=1

〈
ρ,A>2 (ϕ)[ek]

〉
L2 (T)

L>2 (ϕ)[ek].
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Define
gk,1(ϕ, θ) = gk,3(ϕ, θ) = χk,2(ϕ, θ) := L>2 (ϕ)[ek](θ), gk,2(ϕ, θ) := A>2 (ϕ)[ek](θ)

and
χk,1(ϕ, θ) := A1(ϕ)[ek](θ), χk,3(ϕ, θ) := A3(ϕ)[ek](θ),

then we can see that the operator R takes the integral form

Rρ(ϕ, θ) =

3∑
k′=1

d∑
k=1

〈ρ(ϕ, ·), gk,k′(ϕ, ·)〉L2(T)χk,k′(ϕ, θ)

=

ˆ
T
ρ(ϕ, η)J(ϕ, θ, η)dη,

with

J(ϕ, θ, η) :=
3∑

k′=1

d∑
k=1

gk,k′(ϕ, η)χk,k′(ϕ, θ).

Now we remark that by construction gk,k′ , χk,k′ ∈ Hs
⊥ with

‖gk,k′‖γ,Oq,s + ‖χk,k′‖γ,Oq,s . 1 + ‖I0‖γ,Oq,s+3 (6.11)

and straightforward computations yield

‖digk,k′ [̂i]‖γ,Oq,s + ‖diχk,k′ [̂i]‖γ,Oq,s . ‖̂i‖
γ,O
q,s+2 + ‖I0‖γ,Oq,s+4‖̂i‖

γ,O
q,s0+2. (6.12)

On the other hand, one has from direct computations that

∀` ∈ N, (∂`θJ)(ϕ, θ, η + θ) =
3∑

k′=1

d∑
k=1

gk,k′(ϕ, η + θ)(∂`θχk,k′)(ϕ, θ).

Hence, we may combine (6.11) with Lemma 4.1-(iv) and (6.6) allowing to get

sup
η∈T
‖(∂`θJ)(∗, ·, �, η + �)‖γ,Oq,s .

3∑
k′=1

d∑
k=1

‖gk,k′(∗, ·, η + �)‖γ,Oq,s ‖χk,k′(∗, ·, �)‖
γ,O
q,s0+`

+

3∑
k′=1

d∑
k=1

‖gk,k′(∗, ·, η + �)‖γ,Oq,s0‖χk,k′(∗, ·, �)‖
γ,O
q,s+`

. 1 + ‖I0‖γ,Oq,s+3+`,

where we have used the interpolation inequality: for s > s0

‖gk,k′(∗, ·, η + �)‖γ,Oq,s ‖χk,k′(∗, ·, �)‖
γ,O
q,s0+` . ‖gk,k′(∗, ·, η + �)‖γ,Oq,s+`‖χk,k′(∗, ·, �)‖

γ,O
q,s0

+ ‖gk,k′(∗, ·, η + �)‖γ,Oq,s0‖χk,k′(∗, ·, �)‖
γ,O
q,s+`

In addition, to estimate the difference we simply write

∀` ∈ N, ∆12(∂`θJ)(ϕ, θ, η + θ) =

3∑
k′=1

d∑
k=1

∆12gk,k′(ϕ, η + θ)(∂`θ(χk,k′)r1)(ϕ, θ)

+
3∑

k′=1

d∑
k=1

(gk,k′)r2(ϕ, η + θ)(∆12∂
`
θχk,k′)(ϕ, θ).
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By applying the mean value theorem combined with (6.12) and (6.6) combined with interpolation
inequalities

sup
η∈T
‖∆12(∂`θJ)(∗, ·, �, η + �)‖γ,Oq,s .

3∑
k′=1

d∑
k=1

‖∆12gk,k′(∗, ·, η + �)‖γ,Oq,s ‖χk,k′(∗, ·, �)‖
γ,O
q,s0+`

+
3∑

k′=1

d∑
k=1

‖∆12gk,k′(∗, ·, η + �)‖γ,Oq,s0‖χk,k′(∗, ·, �)‖
γ,O
q,s+`

+

3∑
k′=1

d∑
k=1

‖gk,k′(∗, ·, η + �)‖γ,Oq,s0‖∆12χk,k′(∗, ·, �)‖γ,Oq,s+`

+
3∑

k′=1

d∑
k=1

‖gk,k′(∗, ·, η + �)‖γ,Oq,s ‖∆12χk,k′(∗, ·, �)‖γ,Oq,s0+`

. ‖∆12i‖γ,Oq,s+3+` + ‖∆12i‖γ,Oq,s0+3 max
j=1,2

‖Ij‖γ,Oq,s+3+`.

The symmetry property detailed in (6.5) is a consequence of the definition of r and the reversibility
condition (6.1) imposed on the torus i0. Consequently, putting together (5.6) and (5.13) gives

K02(ϕ) = L(λ)Π⊥S0
+ ε∂z∇zPε(i0(ϕ)) + εR(ϕ)

= L(λ)Π⊥S0
+ εΠ⊥S0

∂r∇rPε(A(i0(ϕ)))Π⊥S0
+ εR(ϕ)

= Π⊥S0
∂r∇rHε(A(i0(ϕ)))Π⊥S0

+ εR(ϕ)

= Π⊥S0
∂r∇rH(εA(i0(ϕ)))Π⊥S0

+ εR(ϕ).

Recall from (5.13) that
r(ϕ, ·) = A(i0(ϕ)), (6.13)

then according to the general form of the linearized operator stated in Lemma 3.1 one has

−∂θ∂r∇rH(εr(ϕ, ·)) = ∂θ (Vεr·)− ∂θLεr,

which implies in turn

−K02(ϕ) = Π⊥S0

(
∂θ (Vεr·)− ∂θLεr)− εR(ϕ)

)
Π⊥S0

.

Plugging this identity into (6.2) gives the desired result. Next, using (6.13), (5.13) and (5.59), we
obtain

‖r‖γ,Oq,s . ‖v(ϑ0, I0)‖γ,Oq,s + ‖z0‖γ,Oq,s
. 1 + ‖I0‖γ,Oq,s .

We shall now move to the proof of the bound (6.8). First, we observe from (5.13) that

‖∆12r‖γ,Oq,s . ‖∆12v(ϑ, I)‖γ,Oq,s + ‖∆12z‖γ,Oq,s .

Therefore, Taylor Formula with (5.59) and law products allow to get

‖∆12v(ϑ, I)‖γ,Oq,s . ‖∆12(I, ϑ)‖γ,Oq,s + ‖∆12(I, ϑ)‖γ,Oq,s0 max
j=1,2

‖Ij‖γ,Oq,s ,

which implies that

‖∆12r‖γ,Oq,s . ‖∆12i‖γ,Oq,s + ‖∆12i‖γ,Oq,s0 max
j=1,2

‖Ij‖γ,Oq,s .

This achieves the proof of Proposition 6.1.
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6.2 Reduction of order 1

In this section, we perform the reduction of the transport part of the linearized operator Lεr described
in Proposition 6.1. More precisely, we conjugate the operator Lεr by a quasi-periodic symplectic
change of variables B leading to a transport part with constant coefficients depending only on the
torus i0 and the parameters ε, λ and ω. To get a precise information on the remainder, which is of
order −1 in θ, we need to describe the action of this conjugation on the nonlocal term using the kernel
structure rather than pseudo-differential theory. The reduction to a constant coefficient operator is
based on KAM scheme through the construction of successive quasi-periodic symplectic change of
coordinates. This will be implemented in the same spirit of [13, 26]. Here we need to extend their
construction to the framework of of symplectic change of coordinates with Cq regularity. We point
out that similar results with slight variations have been established in [7, 13] in a non-symplectic
framework.

6.2.1 Reduction of the transport part

Before stating our result, we need to introduce some transformations. Let β : O × Td+1 → T be a
smooth function such that sup

µ∈O
‖β(µ, ·, �)‖Lip < 1 then the map

(ϕ, θ) ∈ Td+1 7→ (ϕ, θ + β(µ, ϕ, θ)) ∈ Td+1

is a diffeomorphism and its inverse takes the form

(ϕ, θ) ∈ Td+1 7→ (ϕ, θ + β̂(µ, ϕ, θ)) ∈ Td+1.

The relation between β and β̂ is described through,

y = θ + β(µ, ϕ, θ)⇐⇒ θ = y + β̂(µ, ϕ, y). (6.14)

Now we define the operators
B = (1 + ∂θβ)B, (6.15)

with
Bρ(µ, ϕ, θ) = ρ

(
µ, ϕ, θ + β(µ, ϕ, θ)

)
.

Direct computations show that the inverse B−1 keeps the same form, that is,

B−1ρ(µ, ϕ, y) =
(

1 + ∂yβ̂(µ, ϕ, y)
)
ρ
(
µ, ϕ, y + β̂(µ, ϕ, y)

)
(6.16)

and
B−1ρ(µ, ϕ, y) = ρ

(
µ, ϕ, y + β̂(µ, ϕ, y)

)
.

We shall now give some elementary algebraic properties for B±1 and B±1 which can be checked by
straightforward computations.

Lemma 6.1. The following assertions hold true.

(i) The action of B−1 on the derivative is given by

B−1∂θ = ∂θB−1.

(ii) The conjugation of the transport operator by B keeps the same structure

B−1
(
ω · ∂ϕ + ∂θ

(
V (ϕ, θ) ·

))
B = ω · ∂ϕ + ∂y(V (ϕ, y) ·

)
,

with
V (ϕ, y) = B−1

(
ω · ∂ϕβ(ϕ, θ) + V (ϕ, θ)

(
1 + ∂θβ(ϕ, θ)

))
.
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(iii) Denote by B? the L2
θ(T)-adjoint of B, then

B? = B−1 and B? = B−1.

Now we shall state the following result proved in [26] for q = 1 and which can be obtained by
induction for a general q ∈ N∗ up to slight modifications. We also refer to [13, (A.2)].

Lemma 6.2. Let (q, dγ, s0) as in (4.1). Let β ∈W q,∞,γ(O, H∞(Td+1)
)

such that

‖β‖γ,Oq,2s0 6 ε0, (6.17)

with ε0 small enough. Then the following assertions hold true.

(i) The linear operators B,B : W q,∞,γ(O, Hs(Td+1)
)
→ W q,∞,γ(O, Hs(Td+1)

)
are continuous and

invertible, with

∀s > s0, ‖B±1ρ‖γ,Oq,s 6 ‖ρ‖γ,Oq,s
(
1 + C‖β‖γ,Oq,s0

)
+ C‖β‖γ,Oq,s ‖ρ‖γ,Oq,s0 (6.18)

and
∀s > s0, ‖B±1ρ‖γ,Oq,s 6 ‖ρ‖γ,Oq,s

(
1 + C‖β‖γ,Oq,s0

)
+ C‖β‖γ,Oq,s+1‖ρ‖

γ,O
q,s0 . (6.19)

(ii) The functions β and β̂ are linked through

∀s > s0, ‖β̂‖γ,Oq,s 6 C‖β‖γ,Oq,s . (6.20)

(iii) Let β1, β2 ∈W q,∞,γ(O, H∞(Td+1)) satisfying (6.17). If we denote

∆12β = β1 − β2 and ∆12β̂ = β̂1 − β̂2,

then they are linked through

∀s > s0, ‖∆12β̂‖γ,Oq,s 6 C
(
‖∆12β‖γ,Oq,s + ‖∆12β‖γ,Oq,s0 max

j∈{1,2}
‖βj‖γ,Oq,s+1

)
. (6.21)

Proof. (i)-(ii) For (6.18) and (6.20), we refer to [13, (A.2)] and [26, Lem. A.3.]. The estimate (6.19)
is obtained from (6.18) and law product in Lemma 4.1.
(iii) One has by Taylor Formula

∆12β̂(y) = β̂1(y)− β̂2(y)

= β2(y + β̂2(y))− β1(y + β̂1(y))

= −∆12β(y + β̂2(y))−∆12β̂(y)

ˆ 1

0
∂θβ1(y + β̂1(y)− t∆12β̂(y))dt.

Hence

∆12β̂(y) =
−B−1

2 ∆12β(y)
1+I (y) with I (y) :=

ˆ 1

0
∂θβ1(y + β̂1(y)− t∆12β̂(y))dt.

By composition estimate in Lemma 4.1, one has∥∥∥ 1
1+I

∥∥∥γ,O
q,s
. 1 + ‖I ‖γ,Oq,s .

Thus, applying the law product in Lemma 4.1 implies

‖∆12β̂‖γ,Oq,s .
(
1 + ‖I ‖γ,Oq,s

)
‖B−1

2 ∆12β‖γ,Oq,s0 +
(
1 + ‖I ‖γ,Oq,s0

)
‖B−1

2 ∆12β‖γ,Oq,s .
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Using (6.18), (6.20) and (6.17) yields

‖B−1
2 ∆12β‖γ,Oq,s . ‖∆12β‖γ,Oq,s

(
1 + ‖β̂2‖γ,Oq,s0

)
+ ‖β̂2‖γ,Oq,s ‖∆12β‖γ,Oq,s0

. ‖∆12β‖γ,Oq,s + ‖β̂2‖γ,Oq,s ‖∆12β‖γ,Oq,s0

. ‖∆12β‖γ,Oq,s + ‖β2‖γ,Oq,s ‖∆12β‖γ,Oq,s0
and

‖I ‖γ,Oq,s . ‖β1‖γ,Oq,s+1

(
1 + ‖β̂1‖γ,Oq,s0 + ‖∆12β̂‖γ,Oq,s0

)
+
(
‖β̂1‖γ,Oq,s + ‖∆12β̂‖γ,Oq,s

)
‖β1‖γ,Oq,s0+1

. ‖β1‖γ,Oq,s+1 + ‖∆12β̂‖γ,Oq,s ‖β1‖γ,Oq,s0+1.

Putting together the foregoing estimates gives

‖∆12β̂‖γ,Oq,s 6 C
(

1 + ‖β1‖γ,Oq,s+1 + ‖∆12β̂‖γ,Oq,s ‖β1‖γ,Oq,s0+1

) (
1 + ‖β2‖γ,Oq,s0

)
‖∆12β‖γ,Oq,s0

+ C
(

1 + ‖β1‖γ,Oq,s0+1 + ‖∆12β̂‖γ,Oq,s0‖β1‖γ,Oq,s0+1

) (
‖∆12β‖γ,Oq,s + ‖β2‖γ,Oq,s ‖∆12β‖γ,Oq,s0

)
. (6.22)

From the triangle inequality, (6.20) and (6.17), one has

‖∆12β̂‖γ,Oq,s0 6 ‖β̂1‖γ,Oq,s0 + ‖β̂2‖γ,Oq,s0
6 ‖β1‖γ,Oq,s0 + ‖β2‖γ,Oq,s0
6 2ε0.

From Sobolev embeddings we infer that

max
j∈{1,2}

‖βj‖γ,Oq,s0+1 6 max
j∈{1,2}

‖βj‖γ,Oq,2s0 6 ε0.

Thus, by choosing ε0 small enough, we can ensure

C‖∆12β̂‖γ,Oq,s ‖β1‖γ,Oq,s0+1

(
1 + ‖β2‖γ,Oq,s0

)
‖∆12β‖γ,Oq,s0 6

1

2
‖∆12β̂‖γ,Oq,s .

Inserting this term into the left hand side in (6.22) and using Sobolev embeddings, we find

‖∆12β̂‖γ,Oq,s 6 C
(
‖∆12β‖γ,Oq,s + ‖∆12β‖γ,Oq,s0 max

j∈{1,2}
‖βj‖γ,Oq,s+1

)
.

This ends the proof of Lemma 6.2.

Now we shall state the main result of this section concerning the reduction of the transport part
of the linearized operator Lεr.

Proposition 6.2. Let (γ, q, d, τ1, s0, S, sl, sh, µ2) satisfy (4.1), (4.2) and (6.3). Let υ ∈
(

0, 1
q+2

]
. We

set
σ1 = s0 + τ1q + 2τ1 + 4. (6.23)

For any (µ2, p, sh) satisfying

µ2 > µ2 := 4τ1q + 6τ1 + 3, p > 0, sh > max

(
3

2
µ2 + sl + 1, sh + p

)
, (6.24)

there exists ε0 > 0 such that if

εγ−1Nµ2
0 6 ε0 and ‖I0‖γ,Oq,sh+σ1

6 1, (6.25)

there exist
ci0 ∈W q,∞,γ(O,R) and β ∈

⋂
s∈[s0,S]

W q,∞,γ(O, Hs
odd)

such that with B defined in (6.15) one gets the following results.
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(i) The function ci0 satisfies the following estimate,

‖ci0 − V0‖γ,Oq . ε, (6.26)

where V0 is defined in Lemma 3.2.

(ii) The transformations B±1,B±1, β and β̂ satisfy the following estimates for all s ∈ [s0, S]

‖B±1ρ‖γ,Oq,s + ‖B±1ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ1
‖ρ‖γ,Oq,s0 (6.27)

and
‖β̂‖γ,Oq,s . ‖β‖γ,Oq,s . εγ−1

(
1 + ‖I0‖γ,Oq,s+σ1

)
. (6.28)

(iii) Let n ∈ N, then in the truncated Cantor set

Oγ,τ1∞,n(i0) =
⋂

(l,j)∈Zd×Z\{(0,0)}
|l|6Nn

{
(λ, ω) ∈ O s.t.

∣∣ω · l + jci0(λ, ω)
∣∣ > 4γυ〈j〉

〈l〉τ1

}
,

we have
B−1

(
ω · ∂ϕ + ∂θ

(
Vεr ·

))
B = ω · ∂ϕ + ci0∂θ + E0

n,

with E0
n = E0

n(λ, ω, i0) a linear operator satisfying

‖E0
nρ‖γ,Oq,s0 . εN

µ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2. (6.29)

(iv) Given two tori i1 and i2 both satisfying (6.25), we have

‖∆12ci‖γ,Oq . ε‖∆12i‖γ,Oq,sh+2 (6.30)

and
‖∆12β‖γ,Oq,sh+p + ‖∆12β̂‖γ,Oq,sh+p . εγ

−1‖∆12i‖γ,Oq,sh+p+σ1
. (6.31)

Before giving the proof, some remarks are in order.

Remark 6.1. • The final Cantor set Oγ,τ1∞,n(i0) is constructed over the limit coefficient ci0 but it
is still truncated in the time frequency, that is |l| 6 Nn, leading to a residual remainder with
enough decay. This induces a suitable stability property that is crucial during the Nash-Moser
scheme achieved with the nonlinear functional.

• Notice that, since 4γυ > γ, then looking at j = 0 we find that the Cantor set Oγ,τ1∞,n(i0) is
contained in the Diophantine Cantor set (λ0, λ1)× DCNn(γ, τ1) introduced in (5.79).

• The parameter υ is introduced for technical reasons appearing later in the measure estimates of
the final Cantor set and it will be fixed in (7.64).

• The constant 4 used in the definition of the Cantor set Oγ,τ1∞,n(i0) is useful to ensure the inclusion
of this set in all the Cantor sets built in the KAM procedure (see (6.90) in the proof below) and
also to establish some inclusions related to the final Cantor set (see the proof of Lemma 7.2).

• We emphasize here that the functions β and β̂ are odd in the sense

β(λ, ω,−ϕ,−θ) = −β(λ, ω, ϕ, θ) and β̂(λ, ω,−ϕ,−θ) = −β̂(λ, ω, ϕ, θ) (6.32)

which will be crucial later to get the Toeplitz structure of the new remainder term emerging after
this reduction.
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Proof. Since we are looking at a state near the disc, we can split Vεr defined by (3.1) according to

Vεr(λ, ϕ, θ) = V0(λ) + f0(λ, ϕ, θ), (6.33)

with f0 being a perturbation term of small size. We refer to (6.56) for a more precise quantification
of this smallness. The proof is an iteration process introducing at each step a linear quasi-periodic
symplectic change of coordinates. This transformation is linked to the remainder term of the previous
step. Roughly speaking, if the latter is of size ε, then we choose the change of coordinates in such a way
that we extract the main diagonal part of the previous remainder and keep a new perturbation term
of size ε2. The choice of the transformation is done through the resolution of an homological equation
requiring non-resonance conditions capted by a suitable selection of the parameters of the system.
Thus, by iteration, we can construct a final Cantor set gathering all the parameters restrictions of all
steps in which we completely reduced the transport operator into a constant coefficient one. We shall
now explain a typical step of the procedure Later, we shall implement the scheme.
(i)-(ii) I KAM step. Let us consider a transport operator in the form,

ω · ∂ϕ + ∂θ

(
V + f

)
for suitable parameters (λ, ω) that belong to a subset Oγ− ⊂ O, where O is the ambient set and

V = V (λ, ω) and f = f(λ, ω, ϕ, θ),

where f enjoys the following symmetry condition

f(λ, ω,−ϕ,−θ) = f(λ, ω, ϕ, θ). (6.34)

To alleviate the notations we shall use during the proof the variable µ := (λ, ω). We consider a
symplectic quasi-periodic change of coordinates close to the identity taking the form

G ρ(µ, ϕ, θ) :=
(
1 + ∂θg(µ, ϕ, θ)

)
Gρ(µ, ϕ, θ)

:=
(
1 + ∂θg(µ, ϕ, θ)

)
ρ
(
µ, ϕ, θ + g(µ, ϕ, θ)

)
,

(6.35)

where g : O×Td+1 → R is a small which will be later linked to f. Then, by using Lemma 6.1, we can
write for any N > 2

G−1
(
ω · ∂ϕ + ∂θ (V + f)

)
G = ω · ∂ϕ + ∂θG−1

(
V + ω · ∂ϕg + V ∂θg + ΠNf + Π⊥Nf + f∂θg

)
. (6.36)

Recall that the projections ΠN are defined in (4.4). The basic idea is to obtain after this transformation
a new transport operator in the form

G−1
(
ω · ∂ϕ + ∂θ (V + f)

)
G = ω · ∂ϕ + ∂θ

(
V+ + f+

)
, (6.37)

where
V+ = V+(µ) and f+ = f+(µ, ϕ, θ),

with f+ quadratically smaller than f. In order to get rid of the terms wich are not small of quadratic
in f , then, in view of (6.36), we shall select g solving the following homological equation

ω · ∂ϕg + V ∂θg + ΠNf = 〈f〉ϕ,θ, (6.38)

where

〈f〉ϕ,θ(µ) :=

ˆ
Td+1

f(µ, ϕ, θ)dϕdθ.

To find a solution to the homological equation (6.38), we use Fourier decomposition and look for g in
the form

g(µ, ϕ, θ) := i
∑

(l,j)∈Zd+1\{0}
〈l,j〉6N

fl,j(µ)
ω·l+jV (µ)e

i(l·ϕ+jθ). (6.39)
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The denominators appearing in the Fourier decomposition of g may be small and generate problems
in the convergence of the series in (6.39) for large N. This is a well-knonw phenomenon in KAM
theory called ”small divisors problem”. To overcome this difficulty, one has to avoid the resonances
and, following the ideas of Kolmogorov, we introduce Diophantine conditions gathered in the following
Cantor set

Oγ+ :=
⋂

(l,j)∈Zd+1\{0}
〈l,j〉6N

{
µ := (λ, ω) ∈ Oγ− s.t.

∣∣ω · l + jV (µ)
∣∣ > γυ〈j〉

〈l〉τ1

}
. (6.40)

Such a selection of the external parameters allows us to control the size of the denominators in (6.39).
As we shall see in (6.48), the quantification of this control, linked to the parameters γ and τ1, allows to
get suitable estimates for g with some loss of regularity uniform with respect to N . Before performing
this estmate, we shall first construct an extension of g to the whole set O. In what follows, we still
denote g this extension. This is done by extending the Fourier coefficients of g using the cut-off
function χ defined in (5.81). More precisely, we define

gl,j(µ) := i
χ
(

(ω·l+jV (µ))(γυ〈j〉)−1〈l〉τ1
)

ω·l+jV (µ) fl,j(µ) (6.41)

:= g̃l,j(µ)fl,j(µ).

Notice that the extension g is a solution to (6.38) only when the parameters are restricted to the
Cantor set Oγ+. Then, we define

V+ = V + 〈f〉ϕ,θ and f+ = G−1
(
Π⊥Nf + f∂θg

)
,

so that in restriction to the Cantor set Oγ+, the identity (6.37) holds. Remark that V+ and f+ are
well-defined in the whole set of parameters O and the function g is smooth since it is generated by a
finite number of frequencies. According to (6.34), we obtain that g is odd. As a consequence,

g ∈
⋂
s>0

W q,∞,γ(O, Hs
odd). (6.42)

Our next task is to estimate the Fourier coefficients g̃l,j defined by (6.41). Notice that we can write
them in the following form

g̃l,j(µ) = i al,jχ̂(al,jAl,j(µ)), χ̂(x) := χ(x)
x (6.43)

Al,j(µ) := ω · l + jV (µ), al,j := (γυ〈j〉)−1〈l〉τ1 .

Since χ̂ is C∞ with bounded derivatives and χ̂(0) = 0, then applying Lemma 4.1-(vi), we obtain

∀q′ ∈ J0, qK, ‖g̃l,j‖γ,Oq′ . a
2
l,j‖Al,j‖

γ,O
q′

(
1 + aq

′−1
l,j ‖Al,j‖

q′−1
L∞(O)

)
.

Direct computations lead to

∀(l, j) ∈ Zd+1, ∀α ∈ Nd+1, |α| 6 q, sup
µ∈O

∣∣∂αµA(µ)
∣∣ . 〈l, j〉max

(
1, sup
µ∈O

∣∣∂αµV (µ)
∣∣)

. γ−|α|〈l, j〉max
(
1, ‖V ‖γ,Oq

)
.

Assuming
‖V ‖γ,Oq 6 C, (6.44)

we then obtain
∀q′ ∈ J0, qK, ∀(l, j) ∈ Zd+1, ‖Al,j‖γ,Oq′ . 〈l, j〉. (6.45)

Added to the fact that 0 6 al,j 6 γ−υ〈l〉τ1 , we then find that

∀q′ ∈ J0, qK, ‖g̃l,j‖γ,Oq′ . γ
−υ(q′+1)〈l, j〉τ1q′+τ1+q′ . (6.46)
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Our choice of υ in Proposition 6.2 implies in particular that

υ 6 1
q+1 . (6.47)

Therefore, we deduce from (6.41) and Leibniz rule that for all α ∈ Nd+1 with |α| 6 q

γ2|α|‖∂αµg(µ, ·, �)‖2
Hs−|α| .

∑
(l,j)∈Zd+1\{(0,0)}

〈l,j〉6N

∑
β∈Nd+1

β6α

γ2|α|−2|β|∣∣∂α−βµ g̃l,j(µ)
∣∣2γ2|β|∣∣∂βµfl,j(µ)

∣∣2〈l, j〉2s−2|α|

.
∑

(l,j)∈Zd+1\{(0,0)}
〈l,j〉6N

∑
β∈Nd+1

β6α

(
‖g̃l,j‖γ,O|α|−|β|

)2
γ2|β|∣∣∂βµfl,j(µ)

∣∣2〈l, j〉2s−2|α|

.
∑

(l,j)∈Zd+1\{(0,0)}
〈l,j〉6N

∑
β∈Nd+1

β6α

γ−2γ2|β|∣∣∂βµfl,j(µ)
∣∣2〈l, j〉2(s+τ1q+τ1−|β|).

As a consequence, by interverting the summation symbols, we find

‖g‖γ,Oq,s . γ−1‖ΠNf‖γ,Oq,s+τ1q+τ1 . (6.48)

Assume now that
γ−1N τ1q+τ1+1‖f‖γ,Oq,s0 6 ε0. (6.49)

Then added to (6.48) and Lemma 4.1-(ii), we get

‖g‖γ,Oq,s0 6 Cγ
−1N τ1q+τ1‖f‖γ,Oq,s0 6 Cε0.

On the other hand if we assume

‖f‖γ,Oq,s . ε
(

1 + ‖I0‖γ,Oq,s+1

)
,

then (6.48) gives

‖g‖γ,Oq,2s0+1 . γ
−1‖f‖γ,Oq,2s0+τ1q+τ1+1

. εγ−1
(

1 + ‖I0‖γ,Oq,2s0+τ1q+τ1+2

)
. εγ−1

(
1 + ‖I0‖γ,Oq,sh+σ1

)
.

Notice that to obtain the last inequality we used the fact that (6.24) and (6.23) imply

2s0 + τ1q + τ1 + 2 6 sh + σ1.

Using interpolation inequality and (6.25), one gets for some θ ∈ (0, 1).

‖g‖γ,Oq,2s0 .
(
‖g‖γ,Oq,s0

)θ (‖g‖γ,Oq,2s0+1

)1−θ

. ε0. (6.50)

Thus, taking ε0 small enough, we can ensure the smallness condition in Lemma 6.2 and get that the
linear operator G is invertible. Now, we introduce

u = Π⊥Nf + f∂θg.

By the triangle inequality, Lemma 4.1-(ii) and (6.48), we obtain for all s ∈ [s0, S]

‖u‖γ,Oq,s 6 ‖Π⊥Nf‖γ,Oq,s + C
(
‖f‖γ,Oq,s0‖∂θg‖

γ,O
q,s + ‖f‖γ,Oq,s ‖∂θg‖γ,Oq,s0

)
6 ‖Π⊥Nf‖γ,Oq,s + C

(
‖f‖γ,Oq,s0‖g‖

γ,O
q,s+1 + ‖f‖γ,Oq,s ‖g‖

γ,O
q,s0+1

)
6 ‖Π⊥Nf‖γ,Oq,s + Cγ−1N τ1q+τ1+1‖f‖γ,Oq,s0‖f‖

γ,O
q,s .
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Combined with Lemma 6.2, Lemma 4.1-(ii) and (6.49), we get for all s ∈ [s0, S]

‖f+‖γ,Oq,s = ‖G−1(u)‖γ,Oq,s
6 ‖u‖γ,Oq,s + C

(
‖u‖γ,Oq,s ‖ĝ‖γ,Oq,s0 + ‖ĝ‖γ,Oq,s ‖u‖γ,Oq,s0

)
6 ‖u‖γ,Oq,s + C

(
‖u‖γ,Oq,s ‖g‖γ,Oq,s0 + ‖g‖γ,Oq,s ‖u‖γ,Oq,s0

)
6 ‖Π⊥Nf‖γ,Oq,s + Cγ−1N τ1q+τ1+1‖f‖γ,Oq,s0‖f‖

γ,O
q,s .

Using once again Lemma 4.1-(ii), we find for S > s > s > s0

‖f+‖γ,Oq,s 6 N s−s‖f‖γ,Oq,s + Cγ−1N τ1q+τ1+1‖f‖γ,Oq,s0‖f‖
γ,O
q,s . (6.51)

I KAM scheme. Let us now assume that we have constructed Vm and fm, well-defined in the whole
set of parametersO and satisfying the assumptions (6.44) and (6.49). We shall now construct the corre-
sponding quantity at the next order, namely Vm+1 and fm+1, still satisfying (6.44) and (6.49). For this
aim, we shall implement the KAM step with (V, f, V+, f+, N) replaced by (Vm, fm, Vm+1, fm+1, Nm).
More precisely, we will shall prove by induction the existence of a sequence {Vm, fm}m∈N such that

δm(sl) 6 δ0(sh)Nµ2
0 N−µ2

m and δm(sh) 6
(

2− 1
m+1

)
δ0(sh) (6.52)

and
‖Vm‖γ,Oq 6 C and N τ1q+τ1+1

m δm(s0) 6 ε0, (6.53)

with fm satisfying the following symmetry condition

fm(µ,−ϕ,−θ) = fm(µ, ϕ, θ) (6.54)

and where we denote
δm(s) := γ−1‖fm‖γ,Oq,s .

Recall that the parameters sl and sh were intruduced in (6.3) and (6.24).
â Initialization. We shall first check that the estimates (6.52) and (6.53) are satisfied for m = 0. In
which case the functions V0 and f0 are defined by (3.11) and (6.33). By (5.48) and (6.7) we infer

δ0(s) = γ−1‖Vεr − V0‖γ,Oq,s
. εγ−1‖r‖γ,Oq,s+1

. εγ−1
(

1 + ‖I0‖γ,Oq,s+1

)
. (6.55)

Thus, the notation (6.24) and the smallness condition (6.25) imply that

Nµ2
0 δ0(sh) 6 Cε0. (6.56)

In addition, by (6.4) and (3.3), we deduce that f0 satisfies the following symmetry condition

f0(λ,−ϕ,−θ) = f0(λ, ϕ, θ). (6.57)

We set Oγ0 = O and consider N0 > 2. Our next task is to check that the assumptions (6.44) and (6.49)
are satisfied by V0 and f0. First recall that V0 is defined by

V0(λ) = Ω + I1(λ)K1(λ).

Using the smooth regularity of (A.9), we obtain

‖V0‖γ,Oq 6 C. (6.58)

Therefore, the required boundedness property (6.44) is satisfied with V = V0. Now by (6.24), we have

µ2 > τ1q + τ1 + 2. (6.59)
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Hence, using (6.56), we obtain

γ−1N τ1q+τ1+1
0 ‖f0‖γ,Oq,s0 = N τ1q+τ1+1

0 δ0(s0)

6 N τ1q+τ1+1−µ2
0 Nµ2

0 δ0(sh)

6 Cε0N
−1
0 .

By taking N0 large enough we get
CN−1

0 6 1, (6.60)

so that
γ−1N τ1q+τ1+1

0 ‖f0‖γ,Oq,s0 6 ε0.

Hence, the assumption (6.49) is satisfied for f = f0. This ends the initialization step.
â Iteration. let us now assume that we have constructed Vm and fm enjoying the properties (6.52),
(6.53) and (6.54). We shall see how to construct Vm+1 and fm+1. According to the KAM step, we
consider a symplectic quasi-periodic change of variables Gm taking the form

Gmρ(µ, ϕ, θ) :=
(
1 + ∂θgm(µ, ϕ, θ)

)
Gmρ(µ, ϕ, θ)

=
(
1 + ∂θgm(µ, ϕ, θ)

)
ρ
(
µ, ϕ, θ + gm(µ, ϕ, θ)

)
,

with

gm(µ, ϕ, θ) := i
∑

(l,j)∈Zd+1\{0}
〈l,j〉6Nm

χ
(

(ω·l+jVm(µ))(γυ〈j〉)−1〈l〉τ1
)

ω·l+jVm(µ) (fm)l,j(µ) ei(l·ϕ+jθ), (6.61)

where χ is the cut-off function introduced in (5.81) and Nm is defined in (5.82). As explained in the
KAM step, gm is well-defined on the whole set of parameters O and solves the homological equation

ω · ∂ϕgm + Vm∂θgm + ΠNmfm = 〈fm〉ϕ,θ

when restricted to the Cantor set

Oγm+1 :=
⋂

(l,j)∈Zd+1\{0}
〈l,j〉6Nm

{
µ = (λ, ω) ∈ Oγm s.t.

∣∣ω · l + jVm(µ)
∣∣ > γυ〈j〉

〈l〉τ1

}
. (6.62)

Hence, in the Cantor set Oγm+1, the following reduction holds

G−1
m

(
ω · ∂ϕ + ∂θ(Vm + fm)

)
Gm = ω · ∂ϕ + ∂θ(Vm+1 + fm+1),

with Vm+1 and fm+1 defined by{
Vm+1 = Vm + 〈fm〉ϕ,θ
fm+1 = G−1

m

(
Π⊥Nmfm + fm∂θgm

)
.

(6.63)

In view of (6.54), the function fm is even and therefore gm is odd. Consequently, we deduce through
elementary manipulations that fm+1 is also even. This allows us to follow the symmetry persistence
along the scheme. Besides, in a similar way to (6.42), one obtains

gm ∈
⋂
s>0

W q,∞,γ(O, Hs
odd). (6.64)

Now, we set
B−1 = G−1 = Id and ∀m ∈ N, Bm = G0 ◦ G1 ◦ ... ◦ Gm.

One easily finds that

Bmρ(µ, ϕ, θ) =
(
1 + ∂θβm(µ, ϕ, θ)

)
Bmρ(µ, ϕ, θ)

=
(
1 + ∂θβm(µ, ϕ, θ)

)
ρ
(
µ, ϕ, θ + βm(µ, ϕ, θ)

)
,

76



where the sequence (βm)m∈N is defined by β−1 = g−1 = 0 and

β0 = g0 and βm(µ, ϕ, θ) = βm−1(µ, ϕ, θ) + gm
(
µ, ϕ, θ + βm−1(µ, ϕ, θ)

)
. (6.65)

A trivial induction based on (6.64) yields

βm ∈
⋂
s>0

W q,∞,γ(O, Hs
odd). (6.66)

According to Sobolev embeddings, (6.63) and the induction assumption (6.52), we infer

‖Vm − Vm−1‖γ,Oq = ‖〈fm−1〉ϕ,θ‖γ,Oq
6 ‖fm−1‖γ,Oq,s0
= γδm−1(s0)

6 γδ0(sh)Nµ2
0 N−µ2

m−1. (6.67)

As a consequence, by using the triangle inequality, (6.56) and choosing ε0 small enough we deduce

‖Vm‖γ,Oq 6 ‖Vm−1‖γ,Oq + γδ0(sh)Nµ2
0 N−µ2

m−1

6 ‖V0‖γ,Oq + γδ0(sh)Nµ2
0

(
m−1∑
k=0

N−µ2

k

)

6 ‖V0‖γ,Oq +
∞∑
k=0

N−µ2

k .

Now, remark that (6.24) implies in particular

µ2 > τ1q + τ1 + 2.

Hence, by the induction hypothesis (6.52), (6.56), (6.59) and (6.60), we have

δm(s0)N τ1q+τ1+1
m 6 δ0(sh)Nµ2

0 N τ1q+τ1+1−µ2
m

6 ε0N
−1
0

6 ε0. (6.68)

Using (6.58) and the previous estimate, we deduce that

sup
m∈N
‖Vm‖γ,Oq 6 C and δm(s0)N τ1q+τ1+1

m 6 ε0. (6.69)

Thus, the KAM step applies and, in particular, the estimate (6.51) becomes

δm+1(s) 6 N s−s
m δm(s) + CN τ1q+τ1+1

m δm(s)δm(s0). (6.70)

If we apply (6.70) with s = sl and s = sh, we obtain

δm+1(sl) 6 N
sl−sh
m δm(sh) + CN τ1q+τ1+1

m δm(sl)δm(s0).

Using the induction assumption (6.52) and the fact that sl > s0 yields

δm+1(sl) 6 N
sl−sh
m δm(sh) + CN τ1q+τ1+1

m (δm(sl))
2

6
(

2− 1
m+1

)
N sl−sh
m δ0(sh) + CN2µ2

0 N τ1q+τ1+1−2µ2
m (δ0(sh))2

6 2N sl−sh
m δ0(sh) + CN2µ2

0 N τ1q+τ1+1−2µ2
m (δ0(sh))2.

The conditions (6.24) imply

sh >
3
2µ2 + sl + 1, and µ2 > 2(τ1q + τ1 + 1) + 1.
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Also, using the fact that N0 > 2 and choosing ε0 small enough, we get in view of (6.56),

4N−µ2
0 6 1 and 2Cδ0(sh)Nµ2

0 6 1.

As a consequence, one has

N sl−sh
m 6 1

4N
µ2
0 N−µ2

m+1 and CN2µ2
0 N τ1q+τ1+1−2µ2

m δ0(sh) 6 1
2N

µ2
0 N−µ2

m+1, (6.71)

which implies in turn
δm+1(sl) 6 δ0(sh)Nµ2

0 N−µ2
m+1.

This proves the first statement of the induction in (6.52) and we now turn to the proof of the second
statement. Applying (6.70) with s = s = sh and and using the induction (6.52), we get

δm+1(sh) 6 δm(sh)
(
1 + CN τ1q+τ1+1

m δm(s0)
)

6
(

2− 1
m+1

)
δ0(sh)

(
1 + CNµ2

0 N τ1q+τ1+1−µ2
m δ0(sh)

)
.

Notice that if the condition(
2− 1

m+1

) (
1 + CNµ2

0 N τ1q+τ1+1−µ2
m δ0(sh)

)
6 2− 1

m+2 (6.72)

holds true, then

δm+1(sh) 6
(

2− 1
m+2

)
δ0(sh),

which achieves the induction argument of (6.52). Notice that (6.72) is equivalent to(
2− 1

m+1

)
CNµ2

0 N τ1q+τ1+1−µ2
m δ0(sh) 6 1

(m+1)(m+2) ·

Using (6.59), the preceding condition holds true if

CNµ2
0 N−1

m δ0(sh) 6 1
(m+1)(m+2) · (6.73)

Since N0 > 2, then in view of (5.82) there exists a small enough constant c0 > 0 such that

∀m ∈ N, c0N
−1
m 6 1

(m+1)(m+2) ·

Consequently, (6.73) is ensured provided that

CNµ2
0 δ0(sh) 6 c0. (6.74)

Choosing ε0 small enough and making use of (6.56), we obtain

CNµ2
0 δ0(sh) 6 Cε0

6 c0.

Hence, the condition (6.74) is satisfied and the proof of (6.52) is now achieved.
â Persistence of the regularity. Putting together (6.70), applied with s = s ∈ [s0, S], (6.52) and
(6.59), we infer

δm+1(s) 6 δm(s)
(
1 + CN τ1q+τ1+1

m δm(s0)
)

6 δm(s)
(
1 + Cδ0(sh)Nµ2

0 N τ1q+τ1+1−µ2
m

)
6 δm(s)

(
1 + CN−1

m

)
.

Gathering this estimate with (6.55), implies, up to a trivial induction,

δm(s) 6 δ0(s)
∞∏
k=0

(
1 + CN−1

k

)
6 Cδ0(s) (6.75)

6 Cεγ−1
(

1 + ‖I0‖γ,Oq,s+1

)
.
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Then, (6.48), interpolation inequality in Lemma 4.1 and (6.52) give

‖gm‖γ,Oq,s 6 Cδm(s+ τ1q + τ1)

6 C (δm(s0))θ(s)
(
δm(s+ τ1q + τ1 + 1)

)1−θ(s)
6 Cδθ(s)0 (sh)δ

1−θ(s)
0 (s+ τ1q + τ1 + 1)N

θ(s)µ2

0 N−θ(s)µ2
m ,

with θ(s) := 1
s+τ1q+τ1+1−s0 . From (6.75), (6.25) and (6.55), we deduce

‖gm‖γ,Oq,s 6 Cεγ−1
(

1 + ‖I0‖γ,Oq,sh+1

)(
1 + ‖I0‖γ,Oq,s+τ1q+τ1+2

)
N
θ(s)µ2

0 N−θ(s)µ2
m

6 Cεγ−1
(

1 + ‖I0‖γ,Oq,s+τ1q+τ1+2

)
N
θ(s)µ2

0 N−θ(s)µ2
m . (6.76)

Using (6.65) and (6.18), we get for all s ∈ [s0, S]

‖βm‖γ,Oq,s 6 ‖βm−1‖γ,Oq,s
(
1 + C‖gm‖γ,Oq,s0

)
+ C

(
1 + ‖βm−1‖γ,Oq,s0

)
‖gm‖γ,Oq,s . (6.77)

If we apply this estimate with s = s0 and use Sobolev embeddings, we deduce

‖βm‖γ,Oq,s0 6 ‖βm−1‖γ,Oq,s0
(
1 + C‖gm‖γ,Oq,s0

)
+ C‖gm‖γ,Oq,s0 .

The previous two expressions make appear recurrent relation for the weighted norms of the sequence
(βm)m. To get good estimate for βm, we shall make use the following result which is quite easy to
prove by induction : Given three positive sequences (an)n∈N, (bn)n∈N and (cn)n∈N satisfying

∀n ∈ N, an+1 6 bnan + cn,

we have

∀n > 2, an 6 a0

n−1∏
i=0

bi +
n−2∑
k=0

ck

n−1∏
i=k+1

bi + cn−1

6
(
a0 +

n−1∑
k=0

ck

) n−1∏
i=0

bi. (6.78)

In particular, if
∞∏
n=0

bn and
∞∑
n=0

cn converge then

sup
n∈N

an 6
(
a0 +

∞∑
n=0

cn

) ∞∏
n=0

bi. (6.79)

Since the conditions (6.24) and (6.23) imply

s0 + τ1q + τ1 + 2 6 sh + σ1 and θ(s0)µ2 > 1, (6.80)

then, from (6.76) and (6.25), we deduce

‖gm‖γ,Oq,s0 6 Cεγ
−1Nµ2

0

(
1 + ‖I0‖γ,Oq,s0+τ1q+τ1+2

)
N−θ(s0)µ2
m

6 Cε0N
−1
m .

Choosing ε0 small enough to ensure Cε0 6 1, N0 sufficiently large to ensure

∞∑
m=0

N−1
m < ∞ and we

can apply (6.79) together with the fact that β0 = g0 to obtain

sup
m∈N
‖βm‖γ,Oq,s0 6

(
‖β0‖γ,Oq,s0 + C

∞∑
k=0

‖gk‖γ,Oq,s0

) ∞∏
k=0

(
1 + C‖gk‖γ,Oq,s0

)
6

(
1 + C

∞∑
k=0

N−1
k

) ∞∏
k=0

(
1 +N−1

k

)
6 C. (6.81)
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Hence the sequence
(
‖βm‖γ,Oq,s0

)
m∈N

is bounded and inserting this information in (6.77) gives for all

s ∈ [s0, S]
‖βm‖γ,Oq,s 6 ‖βm−1‖γ,Oq,s

(
1 + C‖gm‖γ,Oq,s0

)
+ C‖gm‖γ,Oq,s .

Similarly to what preceeds, if we apply (6.79) and (6.76), we infer

sup
m∈N
‖βm‖γ,Oq,s 6

(
‖β0‖γ,Oq,s + C

∞∑
k=0

‖gk‖γ,Oq,s

) ∞∏
k=0

(
1 + C‖gk‖γ,Oq,s0

)
6 Cεγ−1

(
1 + ‖I0‖γ,Oq,s+τ1q+τ1+2

)(
1 +N

θ(s)µ2

0

∞∑
k=0

N
−θ(s)µ2

k

)
.

From Lemma A.1 we get

∀s ∈ [s0, S], N
θ(s)µ2

0

∞∑
k=0

N
−θ(s)µ2

k . 1

which implies in turn

∀s ∈ [s0, S], sup
m∈N
‖βm‖γ,Oq,s 6 Cεγ−1

(
1 + ‖I0‖γ,Oq,s+τ1q+τ1+2

)
. (6.82)

From the condition (6.3) we have sl = s0 + τ1q + τ1 + 2, and consequently we deduce from (6.18),
(6.81), (6.48) and (6.52),

‖βm − βm−1‖γ,Oq,s0+2 6 C‖gm‖
γ,O
q,s0+2

(
1 + ‖βm−1‖γ,Oq,s0+2

)
6 C‖gm‖γ,Oq,s0+2 6 Cδm(sl)

6 CNµ2
0 N−µ2

m δ0(sh). (6.83)

Applying once again Lemma A.1, we deduce that

∞∑
m=0

‖βm − βm−1‖γ,Oq,s0+2 6 Cδ0(sh).

Hence there exists β ∈W q,∞,γ(O, Hs0+2) such that

βm −→
m→∞

β (strongly) in W q,∞,γ(O, Hs0+2).

By (6.82) the sequence (βm)m∈N is bounded in W q,∞,γ(O, Hs), then by a weak-compactness argument
we find that β ∈W q,∞,γ(O, Hs). Using (6.82), we obtain

∀s ∈ [s0, S], ‖β‖γ,Oq,s 6 lim inf
m→∞

‖βm‖γ,Oq,s

. εγ−1
(

1 + ‖I0‖γ,Oq,s+τ1q+τ1+2

)
. (6.84)

We then can consider the quasi-periodic symplectic change of variables B associated with β and
defined by

Bρ(λ, ω, ϕ, θ) = (1 + ∂θβ(λ, ω, ϕ, θ))Bρ(λ, ω, ϕ, θ)

= (1 + ∂θβ(λ, ω, ϕ, θ)) ρ(λ, ω, ϕ, θ + β(λ, ω, ϕ, θ)).

By (6.84), (6.80) and (6.25), we have

‖β‖γ,Oq,s0 . εγ
−1
(

1 + ‖I0‖γ,Oq,s0+τ1q+τ1+2

)
. ε0. (6.85)

Proceeding as for (6.50), using interpolation (6.84), (6.85), (6.25) and the fact that 2s0 +τ1q+τ1 +3 6
sh + σ1, one obtains

‖β‖γ,Oq,2s0 . ε0.
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Therefore, choosing ε0 small enough, we deduce in view of Lemma 6.2 that B is an invertible operator.
Moreover, by (6.19) and (6.84), we get

‖B±1ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+τ1q+τ1+3‖ρ‖
γ,O
q,s0 . (6.86)

In addition, by (6.66), and Sobolev embeddings (to get pointwise convergence), we find

β ∈
⋂

s∈[s0,S]

W q,∞,γ(O, Hs
odd).

We also have an estimate of the rate of convergence for the sequence (βm)m towards β,

‖β − βm‖γ,Oq,s0+2 6
∞∑
k=m

‖βk+1 − βk‖γ,Oq,s0+2

. γδ0(sh)Nµ2
0

∞∑
k=m+1

N−µ2

k . (6.87)

From Lemma A.1, one obtains
∞∑
k=m

N−µ2

k =
m→∞

O
(
N−µ2
m

)
. (6.88)

Gathering (6.88), (6.87) and (6.55), we get

‖β − βm‖γ,Oq,s0+2 . γδ0(sh)Nµ2
0 N−µ2

m+1

. εNµ2
0 N−µ2

m+1. (6.89)

I KAM conclusion
By (6.67), we have

∞∑
m=0

‖Vm+1 − Vm‖γ,Oq 6 γδ0(sh)Nµ2
0

∞∑
m=0

N−µ2
m

. γδ0(sh).

We deduce that the sequence (Vm)m∈N is convergent in W q,∞,γ(O,C) and let us denote by ci0 its limit.
Moreover, we have by (6.88), (6.55) and (6.25)

‖ci0 − V0‖γ,Oq 6
∞∑
m=0

‖Vm+1 − Vm‖γ,Oq

. γδ0(sh) . ε
(

1 + ‖I0‖γ,Oq,sh+1

)
. ε.

Now, we introduce the truncated Cantor set

Oγ,τ1∞,n(i0) =
⋂

(l,j)∈Zd×Z\{(0,0}
|l|6Nn

{
µ := (λ, ω) ∈ O s.t.

∣∣ω · l + jci0(µ)
∣∣ > 4γυ〈j〉

〈l〉τ1

}
.

In what follows, we shall prove that the Cantor set Oγ,τ1∞,n(i0) satisfies the inclusion

Oγ,τ1∞,n(i0) ⊂
n+1⋂
m=0

Oγm = Oγn+1,

where the intermediate Cantor sets are defined in (6.62). For this aim, we shall argue by induction.
We first remark that by construction Oγ,τ1∞,n(i0) ⊂ O =: Oγ0 . Now assume that Oγ,τ1∞,n(i0) ⊂ Oγm for
m 6 n and let us check that

Oγ,τ1∞,n(i0) ⊂ Oγm+1. (6.90)
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Putting together (6.67) and (6.88) we infer

‖Vm − ci0‖γ,Oq 6
∞∑
l=m

‖Vl+1 − Vl‖γ,Oq

6 γδ0(sh)Nµ2
0

∞∑
l=m

N−µ2

l

. γδ0(sh)Nµ2
0 N−µ2

m . (6.91)

Given µ ∈ Oγ,τ1∞,n(i0) and (l, j) ∈ Zd × Z \ {(0, 0)} such that 0 6 |l| 6 Nm, we have then |l| 6 Nn and
by triangle inequality,

|ω · l + jVm(µ)| > |ω · l + jci0(µ)| − |j||Vm(µ)− ci0(µ)|

> 4γυ〈j〉
〈l〉τ1 − C〈j〉γδ0(sh)Nµ2

0 N−µ2
m

> 4γυ〈j〉
〈l〉τ1 − C〈j〉γ

υε0〈l〉−µ2 .

Since (6.24) implies µ2 > τ1, then taking ε0 6 1
C , we deduce from the previous estimate

|ω · l + jVm(µ)| > γυ〈j〉
〈l〉τ1 .

Consequently, µ ∈ Oγm+1 and the inclusion (6.90) holds.
(iii) We can write for all n ∈ N,

B−1
(
ω · ∂ϕ + ∂θ (V0 + f0)

)
B =

(
B−1 −B−1

n

) (
ω · ∂ϕ + ∂θ (V0 + f0)

)
B

+ B−1
n

(
ω · ∂ϕ + ∂θ (V0 + f0)

)
(B −Bn)

+ B−1
n

(
ω · ∂ϕ + ∂θ (V0 + f0)

)
Bn.

In view of (6.90) and the definition of Bn, we have in the Cantor set Oγ,τ1∞,n(i0)

B−1
n

(
ω · ∂ϕ + ∂θ (V0 + f0)

)
Bn = ω · ∂ϕ + ∂θ (Vn+1 + fn+1) .

Therefore, in the Cantor set Oγ,τ1∞,n(i0), the following decomposition holds

B−1
(
ω · ∂ϕ + ∂θ (V0 + f0)

)
B = ω · ∂ϕ + ci0∂θ + E0

n(i0),

where

E0
n(i0) := (Vn+1 − ci0) ∂θ + ∂θ (fn+1·) +

(
B−1 −B−1

n

) (
ω · ∂ϕ + ∂θ (V0 + f0)

)
B

+ B−1
(
ω · ∂ϕ + ∂θ (V0 + f0)

)
(B −Bn)

:= E0
n,1 + E0

n,2 + E0
n,3 + E0

n,4.

By the law products in Lemma 4.1, (6.91) and (6.55) we have

‖E0
n,1ρ‖γ,Oq,s0 . ‖Vn+1 − ci0‖γ,Oq ‖ρ‖

γ,O
q,s0+1

. γδ0(sh)Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+1

. εNµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+1. (6.92)

From (6.52) and since (6.3) implies in particular sl > s0 + 1, we obtain

‖E0
n,2ρ‖γ,Oq,s0 . γδn+1(s0 + 1)‖ρ‖γ,Oq,s0+1

. γδ0(sh)Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+1

. εNµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+1. (6.93)
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We now turn to the estimate of E0
n,4. First remark that by the law products in Lemma 4.1, we have

‖ω · ∂ϕρ+ ∂θ (Vεrρ) ‖γ,Oq,s0 6 ‖ω · ∂ϕρ‖
γ,O
q,s0 + ‖∂θ (Vεrρ) ‖γ,Oq,s0

. ‖ρ‖γ,Oq,s0+1

(
1 + ‖Vεr‖γ,Oq,s0+1

)
.

But combining (6.33), (6.58), (6.75) and (6.25), we obtain

‖Vεr‖γ,Oq,s0 6 ‖V0‖γ,Oq + ‖f0‖γ,Oq,s0
6 C + Cεγ−1‖I0‖γ,Oq,s0+1

6 C.

Therefore, we get
‖ω · ∂ϕρ+ ∂θ (Vεrρ) ‖γ,Oq,s0 . ‖ρ‖

γ,O
q,s0+1. (6.94)

Putting together (6.94), (6.86) and (6.25), gives

‖E0
n,4ρ‖γ,Oq,s0 . ‖(B −Bn)ρ‖γ,Oq,s0+1. (6.95)

Applying Taylor Formula, we may write

(B −Bn)ρ(θ) = (1 + ∂θβ(θ))ρ(θ + β(θ))− (1 + ∂θβn(θ))ρ(θ + hn(θ))

= (1 + ∂θβ(θ)) [ρ(θ + β(θ))− ρ(θ + βn(θ))] + ∂θ (β − βn) (θ)ρ(θ + βn(θ))

:= (1 + ∂θβ(θ))(β − βn)(θ)In(θ) + ∂θ(β − βn)(θ)Bnρ(θ),

where

Inρ(θ) :=

ˆ 1

0
(∂θρ) (θ + βn(θ) + t(β(θ)− βn(θ))) dt.

Hence, we get by the law products, 6.18 and (6.89)

‖∂θ (β − βn)Bnρ‖γ,Oq,s0+1 . ‖β − βn‖
γ,O
q,s0+2‖ρ‖q,s0+1

(
1 + ‖βn‖γ,Oq,s0+1

)
. εNµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+1.

Using the law products together with (6.89), (6.81) and (6.85) we find∥∥∥(1 + ∂θβ) (β − βn) Inρ
∥∥∥γ,O
q,s0+1

.
(

1 + ‖β‖γ,Oq,s0+2

)
‖β − βn‖γ,Oq,s0+1‖ρ‖

γ,O
q,s0+2

×
(

1 + ‖βn‖γ,Oq,s0+1 + ‖β − βn‖γ,Oq,s0+1

)
. εNµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+2.

Gathering the foregoing estimates leads to

‖(B −Bn)ρ‖γ,Oq,s0+1 . εN
µ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2. (6.96)

Plugging (6.96) into (6.95) gives

‖E0
n,4ρ‖γ,Oq,s0 . εN

µ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2. (6.97)

Proceeding in a similar way as before using in particular the identity (6.16) and (6.20) we find

‖E0
n,3ρ‖γ,Oq,s0 . εN

µ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2. (6.98)

Putting together (6.92), (6.93), (6.97), (6.98) allows to get

‖E0
nρ‖γ,Oq,s0 . εN

µ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2.
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(iv) I Estimate of ∆12β. First notice that, since β−1 = 0, then

∆12β =
∞∑
m=0

∆12(βm − βm−1). (6.99)

The triangle inequality allows us to write

‖∆12β‖γ,Oq,sh+p 6
∞∑
m=0

‖∆12(βm − βm−1)‖γ,Oq,sh+p. (6.100)

According to Taylor Formula and (6.65), we infer

∆12βm(θ) = ∆12βm−1(θ) + (Bm−1)r1(∆12gm)(θ)

+ ∆12βm−1(θ)

ˆ 1

0
(∂θ(gm)r2)

(
θ + (βm−1)r2(θ) + t∆12βm−1(θ)

)
dt.

Thus,

∆12(βm − βm−1)(θ) = (Bm−1)r1(∆12gm)(θ)

+ ∆12βm−1(θ)

ˆ 1

0
(∂θ(gm)r2)

(
θ + (βm−1)r2(θ) + t∆12βm−1(θ)

)
dt.

Consequently, using the law product in Lemma 4.1, Lemma 6.2 and Sobolev embeddings we obtain

‖∆12(βm − βm−1)‖γ,Oq,sh+p 6 ‖∆12gm‖γ,Oq,sh+p

(
1 + C‖(βm−1)r1‖γ,Oq,s0

)
+ ‖∆12gm‖γ,Oq,s0‖(βm−1)r1‖

γ,O
q,sh+p

+ C‖∆12βm−1‖γ,Oq,s0‖(gm)r2‖
γ,O
q,sh+p+1

(
1 + ‖(βm−1)r2‖γ,Oq,s0 + ‖∆12βm−1‖γ,Oq,s0

)
+ C‖∆12βm−1‖γ,Oq,s0‖(gm)r2‖

γ,O
q,s0+1

(
‖(βm−1)r2‖

γ,O
q,sh+p + ‖∆12βm−1‖γ,Oq,sh+p

)
+ C‖∆12βm−1‖γ,Oq,sh+p‖(gm)r2‖

γ,O
q,s0+1

(
1 + ‖(βm−1)r2‖γ,Oq,s0 + ‖∆12βm−1‖γ,Oq,s0

)
and for all s ∈ [s0, sh + p]

‖∆12βm‖γ,Oq,s 6 ‖∆12gm‖γ,Oq,s
(
1 + C‖(βm−1)r1‖γ,Oq,s0

)
+ ‖∆12gm‖γ,Oq,s0‖(βm−1)r1‖γ,Oq,s

+ C‖∆12βm−1‖γ,Oq,s0‖(gm)r2‖
γ,O
q,s+1

(
1 + ‖(βm−1)r2‖γ,Oq,s0 + ‖∆12βm−1‖γ,Oq,s0

)
+ C‖∆12βm−1‖γ,Oq,s0‖(gm)r2‖

γ,O
q,s0+1

(
‖(βm−1)r2‖γ,Oq,s + ‖∆12βm−1‖γ,Oq,s

)
+ ‖∆12βm−1‖γ,Oq,s

(
1 + C‖(gm)r2‖

γ,O
q,s0+1

(
1 + ‖(βm−1)r2‖γ,Oq,s0 + ‖∆12βm−1‖γ,Oq,s0

))
.

Notice that (6.24) implies in particular sh + p + τ1q + τ1 + 3 6 sh + σ1. Therefore, using (6.76) and
(6.25), we get

sup
m∈N

max
k∈{1,2}

‖(gm)rk‖
γ,O
q,sh+p+1 6 Cεγ

−1

(
1 + max

k∈{1,2}
‖Ik‖γ,Oq,sh+p+τ1q+τ1+3

)
6 C. (6.101)

Notice that the previous estimate is sufficient to easily get rid of most of terms in the estimates of
∆12βm and ∆12(βm − βm−1), but not enough to make the series (6.99) convergent. For this purpose,
we shall refine the estimates. By (6.76), (6.24) and (6.25), we have

max
k∈{1,2}

‖(gm)rk‖q,sh+p+1 6 Cεγ
−1
(

1 + ‖Ik‖γ,Oq,sh+p+τ1q+τ1+3

)
N
θ(sh+p+1)µ2

0 N−θ(sh+p+1)µ2
m

6 Cεγ−1N
θ(sh+p+1)µ2

0 N−θ(sh+p+1)µ2
m . (6.102)
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Combining (6.82) and (6.25)

sup
m∈N

max
k∈{1,2}

‖(βm)rk‖q,sh+p 6 Cεγ
−1

(
1 + max

k∈{1,2}
‖Ik‖γ,Oq,sh+p+τ1q+τ1+3

)
6 C. (6.103)

Hence, using (6.101), (6.103) and Sobolev embeddings, the previous two estimates can be reduced to

‖∆12(βm − βm−1)‖γ,Oq,sh+p 6 C
(
‖∆12gm‖γ,Oq,sh+p + ‖∆12βm−1‖γ,Oq,sh+p‖(gm)r2‖

γ,O
q,sh+p+1

)
, (6.104)

‖∆12βm‖γ,Oq,s0 6 C‖∆12gm‖γ,Oq,s0 + ‖∆12βm−1‖γ,Oq,s0
(

1 + C‖(gm)r2‖
γ,O
q,s0+1

)
(6.105)

and

‖∆12βm‖γ,Oq,sh+p 6 C
(
‖∆12gm‖γ,Oq,sh+p + ‖∆12βm−1‖γ,Oq,s0‖(gm)r2‖q,sh+p+1

)
+ ‖∆12βm−1‖γ,Oq,sh+p

(
1 + C‖(gm)r2‖

γ,O
q,s0+1

)
. (6.106)

From (6.105), using (6.79) and the fact that β0 = g0, we deduce that

sup
m∈N
‖∆12βm‖γ,Oq,s0 6

(
‖∆12g0‖γ,Oq,s0 + C

∞∑
k=0

‖∆12gk‖γ,Oq,s0

) ∞∏
k=0

(
1 + ‖(gk)r2‖

γ,O
q,s0+1

)
.

Adding (6.102), we obtain

sup
m∈N
‖∆12βm‖γ,Oq,s0 6 C

∞∑
k=0

‖∆12gk‖γ,Oq,s0 .

Similarly, (6.106), (6.79), (6.102) and the previous estimate allow to get

sup
m∈N
‖∆12βm‖γ,Oq,sh+p 6 C

∞∑
k=0

‖∆12gk‖γ,Oq,sh+p.

Putting together the previous bounds, (6.104) and (6.102) gives

‖∆12(βm − βm−1)‖γ,Oq,sh+p . ‖∆12gm‖γ,Oq,sh+p + εγ−1N
θ(sh+p+1)µ2

0 N−θ(sh+p+1)µ2
m

∞∑
k=0

‖∆12gk‖γ,Oq,sh+p.

(6.107)
Thus, the main delicate point is to estimate ∆12gm. First remark that according to (6.43) and (6.61),
we can make the splitting

gm(µ, ϕ, θ) = i
∑

(l,j)∈Zd+1\{0}
〈l,j〉6Nm

al,jχ̂
(
al,j(Al,j)r2(µ)

)
(∆12fm)l,j(µ)el,j

+ i
∑

(l,j)∈Zd+1\{0}
〈l,j〉6Nm

al,j∆12χ̂
(
al,jAl,j(µ)

)
((fm)r1)l,j(µ)el,j

:= I1 + I2.

Similarly to (6.48), one obtains

‖I1‖γ,Oq,s . γ−1‖ΠNm∆12fm‖γ,Oq,s+τ1q+τ1 . (6.108)
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We shall now estimate the second term. Applying Taylor Formula, we get

I2 = i
∑

(l,j)∈Zd+1\{0}
〈l,j〉6Nm

a2
l,j(∆12Al,j)

ˆ 1

0
χ̂′
(
al,j

[
τ(Al,j)r1(µ) + (1− τ)(Al,j)r2(µ)

])
dτ((fm)r1)l,jel,j

:=
∑

(l,j)∈Zd+1\{0}
〈l,j〉6Nm

h̃l,j(µ)((fm)r1)l,j(µ)el,j . (6.109)

Remark that direct computations yield

∀q′ ∈ J0, qK, ‖∆12Al,j‖γ,Oq′ . 〈l, j〉‖∆12Vm‖γ,Oq′ . (6.110)

Since that χ̂′ ∈ C∞ with χ̂′(0) = 0, then applying Lemma 4.1-(iv)-(vi) together with (6.45) and
(6.110), we get

∀q′ ∈ J0, qK, ‖h̃l,j‖γ,Oq′ . a
3
l,j‖∆12Al,j‖γ,Oq′

(
‖(Al,j)r1‖

γ,O
q′ + ‖(Al,j)r2‖

γ,O
q′

)
×
(

1 + aq
′−1
l,j

(
‖(Al,j)r1‖L∞(O) + ‖(Al,j)r2‖L∞(O)

)q′−1
)

. γ−υ(q′+2)〈l, j〉τ1q′+2τ1+q′+1‖∆12Vm‖γ,Oq′ .

By assumption in Proposition 6.2, we have

υ 6 1
q+2 (6.111)

and using Leibniz rule, we deduce that

‖I2‖γ,Oq . γ−1‖∆12Vm‖γ,Oq ‖ΠNm(fm)r1‖
γ,O
q,s+τ1q+2τ1+1. (6.112)

Putting together (6.108) and (6.112), we obtain for all s > s0

‖∆12gm‖γ,Oq,s . γ−1‖ΠNm∆12fm‖γ,Oq,s+τ1q+τ1 + γ−1‖∆12Vm‖γ,Oq ‖ΠNm(fm)r1‖
γ,O
q,s+τ1q+2τ1+1 (6.113)

. γ−1N τ1q+τ1
m ‖∆12fm‖γ,Oq,s + γ−2N τ1q+2τ1+1

m ‖∆12Vm‖γ,Oq ‖(fm)r1‖γ,Oq,s .

Therefore, estimating ∆12gm can be done through the estimate of ∆12fm. To do so, we shall argue by
induction. For that purpose, we shall consider a parameter p̃ (which can depend on the parameter p,
see for instance (6.127)) satisfying the following constraint

sh + p̃ + 3 6 sh + σ1. (6.114)

We denote
um := Π⊥Nmfm + fm∂θgm.

Then, we can write
∆12fm+1 = (G−1

m )r1∆12um +
(
∆12G−1

m

)
(um)r2 ,

with
∆12um = Π⊥Nm∆12fm + ∆12fm∂θ(gm)r1 + (fm)r2∂θ∆12gm.

By the triangle inequality, we have for all s > s0

‖∆12fm+1‖γ,Oq,s 6 ‖(G−1
m )r1∆12um‖γ,Oq,s + ‖(∆12G−1

m )(um)r2‖γ,Oq,s . (6.115)

Therefore, combining (6.18), (6.20), (6.48) and Lemma 4.1-(ii), we get for all s > s0

‖(G−1
m )r1∆12um‖γ,Oq,s 6 ‖∆12um‖γ,Oq,s

(
1 + C‖(ĝm)r1‖γ,Oq,s0

)
+ C‖(ĝm)r1‖γ,Oq,s ‖∆12um‖γ,Oq,s0

6 ‖∆12um‖γ,Oq,s
(
1 + C‖(gm)r1‖γ,Oq,s0

)
+ C‖(gm)r1‖γ,Oq,s ‖∆12um‖γ,Oq,s0

6 ‖∆12um‖γ,Oq,s
(

1 + Cγ−1N τ1q+τ1
m max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s0

)
+ Cγ−1N τ1q+τ1

m max
k∈{1,2}

‖(fm)rk‖
γ,O
q,s ‖∆12um‖γ,Oq,s0 .
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Using (6.75),(6.114) and (6.25), one gets

γ−1 sup
m∈N

max
k∈{1,2}

‖(fm)rk‖
γ,O
q,sh+p̃+1 6 Cεγ

−1

(
1 + max

k∈{1,2}
‖Ik‖γ,Oq,sh+p̃+2

)
6 C. (6.116)

Therefore, from (6.52) and (6.116), we get for all s ∈ [s0, sh]

‖(G−1
m )r1∆12um‖γ,Oq,s 6 ‖∆12um‖γ,Oq,s

(
1 + CN

µ2
0 N

τ1q+τ1−µ2
m

)
+ CN τ1q+τ1

m ‖∆12um‖γ,Oq,s0 .

At this level we need to give a suitable estimate for ∆12um. For this aim, we apply the law products
in Lemma 4.1, ensuring that for all s > s0

‖∆12um‖γ,Oq,s 6 ‖Π⊥Nm∆12fm‖γ,Oq,s + C‖∆12fm‖γ,Oq,s ‖∂θ(gm)r1‖γ,Oq,s0 + C‖∆12fm‖γ,Oq,s0‖∂θ(gm)r1‖γ,Oq,s
+ C‖(fm)r2‖γ,Oq,s ‖∆12gm‖γ,Oq,s0 + C‖(fm)r2‖γ,Oq,s0‖∆12gm‖γ,Oq,s .

Hence we deduce by (6.48) and Lemma 4.1-(ii),

‖∆12um‖γ,Oq,s 6 ‖Π⊥Nm∆12fm‖γ,Oq,s + Cγ−1N τ1q+τ1+1
m ‖∆12fm‖γ,Oq,s max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s0

+ Cγ−1N τ1q+τ1+1
m ‖∆12fm‖γ,Oq,s0 max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s

+ C max
k∈{1,2}

‖(fm)rk‖
γ,O
q,s ‖∆12gm‖γ,Oq,s0 + C max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s0‖∆12gm‖γ,Oq,s .

Added to (6.113), we finally obtain for all s > s0

‖∆12um‖γ,Oq,s 6 ‖Π⊥Nm∆12fm‖γ,Oq,s + Cγ−1N τ1q+τ1+1
m ‖∆12fm‖γ,Oq,s max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s0

+ Cγ−1N τ1q+τ1+1
m ‖∆12fm‖γ,Oq,s0 max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s

+ Cγ−2N τ1q+2τ1+1
m max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s0‖∆12Vm‖γ,Oq .

Consequently, we find from (6.52), Lemma 4.1-(ii) and (6.116),

‖∆12um‖γ,Oq,s0 6 N
s0−sh−p̃
m ‖∆12fm‖γ,Oq,sh+p̃

+ CN
µ2
0 N

τ1q+τ1+1−µ2
m δ1,2

0 (sh)‖∆12fm‖γ,Oq,s0
+ CN

2µ2
0 N

τ1q+2τ1+1−2µ2
m δ1,2

0 (sh)‖∆12Vm‖γ,Oq

and

‖∆12um‖γ,Oq,sh+p̃
6 ‖∆12fm‖γ,Oq,sh+p̃

(
1 + CN

µ2
0 N

τ1q+τ1+1−µ2
m δ1,2

0 (sh)
)

+ CN τ1q+τ1+1
m δ1,2

0 (sh)‖∆12fm‖γ,Oq,s0
+ CN

µ2
0 N

τ1q+2τ1+1−µ2
m δ1,2

0 (sh)‖∆12Vm‖γ,Oq ,

where we use the notation
δ1,2

0 (s) := γ−1 max
k∈{1,2}

‖(f0)rk‖
γ,O
q,s .

It follows from the preceding estimates that,

‖(G−1
m )r1∆12um‖γ,Oq,s0 6 CN

τ1q+τ1
m ‖∆12um‖γ,Oq,s0

6 CN s0+τ1q+τ1−sh−p̃
m ‖∆12fm‖γ,Oq,sh+p̃

+ CN
µ2
0 N

2(τ1q+τ1)+1−µ2
m δ1,2

0 (sh)‖∆12fm‖γ,Oq,s0
+ CN

2µ2
0 N

2τ1q+3τ1+1−2µ2
m δ1,2

0 (sh)‖∆12Vm‖γ,Oq . (6.117)

In a similar way, direct computations yield

‖(G−1
m )r1∆12um‖γ,Oq,sh+p̃

6 ‖∆12fm‖γ,Oq,sh+p̃

(
1 +N s0+τ1q+τ1−sh−p̃

m + CN
µ2
0 N

τ1q+τ1+1−µ2
m δ1,2

0 (sh)
)

+ C
(
N
µ2
0 N

2(τ1q+τ1)+1−µ2
m +N τ1q+τ1+1

m

)
δ1,2

0 (sh)‖∆12fm‖γ,Oq,s0
+ CN

µ2
0 N

2τ1q+3τ1+1−µ2
m δ1,2

0 (sh)‖∆12Vm‖γ,Oq . (6.118)
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By a new use of Taylor Formula, we can write

(∆12G−1
m )(um)r2(θ) = ∆12ĝm(θ)

ˆ 1

0
∂θ(um)r2

(
θ + (ĝm)r2(θ) + t∆12ĝm(θ)

)
dt.

Applying Lemma 4.1 and (6.48), we deduce for all s > s0

‖um‖γ,Oq,s 6 ‖Π⊥Nmfm‖
γ,O
q,s + C‖fm‖γ,Oq,s ‖∂θgm‖γ,Oq,s0 + C‖fm‖γ,Oq,s0‖∂θgm‖

γ,O
q,s

6 ‖fm‖q,s
(
1 + CN τ1q+τ1+1

m ‖fm‖γ,Oq,s0
)

6 C‖fm‖γ,Oq,s . (6.119)

Using once again the law products in Lemma 4.1 combined with (6.18) yield for all s > s0

‖(∆12G−1
m )(um)r2‖γ,Oq,s 6 C‖∆12ĝm‖γ,Oq,s ‖(um)r2‖q,s0+1

(
1 + ‖(ĝm)r2‖γ,Oq,s0 + ‖∆12ĝm‖γ,Oq,s0

)
+ C‖∆12ĝm‖γ,Oq,s0‖(um)r2‖

γ,O
q,s+1

(
1 + ‖(ĝm)r2‖γ,Oq,s0 + ‖∆12ĝm‖γ,Oq,s0

)
+ C‖∆12ĝm‖q,s0‖(um)r2‖

γ,O
q,s0+1

(
‖(ĝm)r2‖γ,Oq,s + ‖∆12ĝm‖γ,Oq,s

)
.

In view of (6.21), (6.102) and Sobolev embeddings, one gets for all s ∈ [s0, sh + p]

‖∆12ĝm‖γ,Oq,s 6 C
(
‖∆12gm‖γ,Oq,s + ‖∆12gm‖γ,Oq,s0 max

k∈{1,2}
‖(gm)rk‖

γ,O
q,s+1

)
6 C‖∆12gm‖γ,Oq,s .

Putting together the previous estimates, (6.101) and (6.20) gives for all s ∈ [s0, sh]

‖(∆12G−1
m )(um)r2‖γ,Oq,s 6 C‖∆12gm‖γ,Oq,s ‖(um)r2‖q,s0+1 + C‖∆12gm‖γ,Oq,s0‖(um)r2‖

γ,O
q,s+1.

Thus, by virtue of (6.113), (6.119), we get for all s ∈ [s0, sh]

‖(∆12G−1
m )(um)r2‖γ,Oq,s 6 Cγ−1N τ1q+τ1

m ‖∆12fm‖γ,Oq,s max
k∈{1,2}

‖(fm)rk‖
γ,O
q,s0+1

+ Cγ−1N τ1q+τ1
m ‖∆12fm‖γ,Oq,s0 max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s+1

+ Cγ−2N τ1q+2τ1+1
m ‖∆12Vm‖γ,Oq max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s0+1 max

k∈{1,2}
‖(fm)rk‖

γ,O
q,s+1.

Hence, (6.52), (6.75) and (6.116) allow to get (since sl > s0 + 1)

‖(∆12G−1
m )(um)r2‖γ,Oq,s0 6 CN

µ2
0 N

τ1q+τ1−µ2
m δ1,2

0 (sh)‖∆12fm‖γ,Oq,s0
+ CN

2µ2
0 N

τ1q+2τ1+1−2µ2
m δ1,2

0 (sh)‖∆12Vm‖γ,Oq (6.120)

and

‖(∆12G−1
m )(um)r2‖

γ,O
q,sh+p̃

6 CNµ2
0 N

τ1q+τ1−µ2
m δ1,2

0 (sh)‖∆12fm‖γ,Oq,sh+p̃

+ CN τ1q+τ1
m δ1,2

0 (sh + p̃ + 1)‖∆12fm‖γ,Oq,s0
+ CN

µ2
0 N

τ1q+2τ1+1−µ2
m δ1,2

0 (sh + p̃ + 1)‖∆12Vm‖γ,Oq . (6.121)

Gathering (6.115), (6.117) and (6.120) implies (since N
−p̃
m 6 1)

‖∆12fm+1‖γ,Oq,s0 6 N
s0+τ1q+τ1−sh
m ‖∆12fm‖γ,Oq,sh+p̃

+ CN
µ2
0 N

2(τ1q+τ1)+1−µ2
m δ1,2

0 (sh)‖∆12fm‖γ,Oq,s0
+ CN

2µ2
0 N

2τ1q+3τ1+1−2µ2
m δ1,2

0 (sh)‖∆12Vm‖γ,Oq . (6.122)
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In a similar war, we get in view of (6.115), (6.118) and (6.121)

‖∆12fm+1‖γ,Oq,sh+p̃
6 ‖∆12fm‖γ,Oq,sh+p̃

(
1 +N s0+τ1q+τ1−sh−p̃

m + CN
µ2
0 N

τ1q+τ1+1−µ2
m δ1,2

0 (sh)
)

+ C
(
N
µ2
0 N

2(τ1q+τ1)+1−µ2
m +N τ1q+τ1+1

m

)
δ1,2

0 (sh + p̃ + 1)‖∆12fm‖γ,Oq,s0
+ CN

µ2
0 N

2τ1q+3τ1+1−µ2
m δ1,2

0 (sh + p̃ + 1)‖∆12Vm‖γ,Oq . (6.123)

In the sequel, we shall use the following notations

δm(s) = γ−1‖∆12fm‖γ,Oq,s and κm = γ−1‖∆12Vm‖γ,Oq .

Notice that
∆12Vm+1 = ∆12Vm + 〈∆12fm〉ϕ,θ and∆12V0 = 0.

Then, by using Sobolev embeddings, we obtain

κm 6
m−1∑
k=0

δk(s0). (6.124)

We shall now prove by induction that, for all p̃ satisfying the condition (6.114), we have

∀k 6 m, δk(s0) 6 Nµ2
0 N

−µ2
k ν(sh + p̃) and δk(sh + p̃) 6

(
2− 1

k+1

)
ν(sh + p̃), (6.125)

with
ν(s) := δ0(s) + εγ−1‖∆12i‖s0+2.

First remark that the property (6.125) is trivially satisfied for m = 0 according to Sobolev embeddings.
We now assume that (6.125) is true at the order m and let us check it at the next order. By the
induction assumption (6.125) and (6.124), one obtains the following estimate

sup
m∈N

κm 6 Cν(sh + p̃). (6.126)

Using (6.122), (6.126) and hypothesis of induction (6.125), we find

δm+1(s0) 6 N s0+τ1q+τ1−sh
m δm(sh + p̃) + CN

µ2
0 N

2(τ1q+τ1)+1−µ2
m δ1,2

0 (sh)δm(s0)

+ CN
2µ2
0 N

2τ1q+3τ1+1−2µ2
m δ1,2

0 (sh)κm

6
[
2N s0+τ1q+τ1−sh

m + CN
2µ2
0 N

2τ1q+3τ1+1−2µ2
m δ1,2

0 (sh)
]
ν(sh + p̃).

Then, in view of (6.24), we infer

2N s0+τ1q+τ1−sh
m = 2N

− 3
2
µ2−3

m = 2N−3
m N

−µ2
m+1

6 2N−3
0 N

−µ2
m+1

6
1

2
N
µ2
0 N

−µ2
m+1.

To prove the last inequality, we remark that since N0 > 2 and µ2 > 0 (according to (6.3)), then

4 6 Nµ2+3
0 .

Similarly, from the expression of µ2 in (6.24) and using (5.82) one obtains

CN
2µ2
0 N

2τ1q+3τ1+1−2µ2
m δ1,2

0 (sh) 6 Cεγ−1N
µ2
0 N

2τ1q+3τ1+1− 1
2
µ2

m N
µ2
0 N

−µ2
m+1

6 Cεγ−1N
2τ1q+3τ1+1+ 1

2
µ2

0 N
µ2
0 N

−µ2
m+1

6 Cεγ−1N
µ2
0 N

µ2
0 N

−µ2
m+1.
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Hence, choosing ε0 small enough and using (6.25) we deduce that

CN
2µ2
0 N

2τ1q+3τ1+1−2µ2
m δ1,2

0 (sh) 6
1

2
N
µ2
0 N

−µ2
m+1.

Gathering the preceding estimates gives

δm+1(s0) 6 Nµ2
0 N

−µ2
m+1ν(sh + p̃).

This ends the proof of the first statement in (6.125). As to the second one, we shall first write in view
of (6.123),

δm+1(sh + p̃) 6 δm(sh + p̃)
(

1 +N s0+τ1q+τ1−sh
m + CN

µ2
0 N

τ1q+τ1+1−µ2
m δ1,2

0 (sh)
)

+ C
(
N τ1q+τ1+1
m +N

µ2
0 N

2(τ1q+τ1)+1−µ2
m

)
δ1,2

0 (sh + p̃ + 1)δm(s0)

+ CN
µ2
0 N

2τ1q+3τ1+1−µ2
m δ1,2

0 (sh + p̃ + 1)κm.

Notice that since sh + p̃ + 2 6 sh + σ1, then by (6.55) and (6.25), one has

δ1,2
0 (sh + p̃ + 1) . εγ−1

(
1 + max

k∈{1,2}
‖Ik‖γ,Oq,sh+p̃+2

)
. εγ−1.

It follows from (6.125) and (6.126),

δm+1(sh + p̃) 6
(

2− 1
m+1

)(
1 +N s0+τ1q+τ1−sh

m + CN
µ2
0 N

τ1q+τ1+1−µ2
m

)
ν(sh + p̃)

+ C
(
N τ1q+τ1+1
m +N

µ2
0 N

2τ1q+3τ1+1−µ2
m

)
N
µ2
0 N

−µ2
m εγ−1ν(sh + p̃).

Proceeding as for (6.72), taking ε0 small enough and thanks to (6.24), we obtain(
2− 1

m+1

)(
1 +N s0+τ1q+τ1−sh

m + CN
µ2
0 N

τ1q+τ1+1−µ2
m

)
+ C

(
N τ1q+τ1+1
m +N

µ2
0 N

2τ1q+3τ1+1−µ2
m

)
N
µ2
0 N

−µ2
m εγ−1

6 2− 1
m+2 ,

so that
δm+1(sh + p̃) 6

(
2− 1

m+2

)
ν(sh + p̃).

This completes the proof of the second statement in (6.125).
â Conclusion. From (6.113), we get for s = s0.

‖∆12gm‖γ,Oq,s0 . δm(s0 + τ1q + τ1) + κmδm(s0 + τ1q + 2τ1 + 1).

By interpolation inequality in Lemma 4.1, (6.52) applied with µ2 = µ2, (6.125) applied with p̃ = 0
and Sobolev embeddings, we have for some θ ∈ (0, 1)

δm(s0 + τ1q + τ1) 6 δm(s0 + τ1q + 2τ1 + 1)

. δm(s0)θδm(sh)1−θ

. N θµ2
0 N

−θµ2
m ν(sh)

and

δm(s0 + τ1q + 2τ1 + 1) . δm(s0)θδm(sh)1−θ

. N θµ2
0 N

−θµ2
m δ0(sh)

. N θµ2
0 N

−θµ2
m .
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Therefore
‖∆12gm‖γ,Oq,s0 . N

θµ2
0 N

−θµ2
m ν(sh).

Now from (6.113), we have

‖∆12gm‖γ,Oq,sh+p+1 . δm(sh + p + τ1q + τ1 + 1) + κmδm(sh + p + τ1q + 2τ1 + 2).

Applying (6.125) with
p̃ = p + τ1q + τ1 + 1, (6.127)

which is possible since from (6.3), (6.24) and (6.23), one has sh + p+ τ1q+ τ1 + 4 6 sh + σ1, we find

δm(sh + p + τ1q + τ1 + 1) 6 2ν(sh + p + τ1q + τ1 + 1)

6 2δ0(sh + p + τ1q + τ1 + 1) + 2εγ−1‖∆12i‖γ,Oq,s0+2.

Implementing a similar proof to (5.48) based on the kernel decomposition (5.38), the composition laws
and (6.8), we find

∀s > s0, δ0(s) = γ−1‖∆12Vεr‖γ,Oq,s
. εγ−1

(
‖∆12i‖γ,Oq,s+1 + ‖∆12i‖γ,Oq,s0+1 max

`=1,2
‖r`‖γ,Oq,s+1

)
.

On the other hand, since
sh + p + τ1q + 2τ1 + 3 6 sh + σ1,

one may obtain through combining (6.75) and (6.25)

δm(sh + p + τ1q + 2τ1 + 2) 6 Cεγ−1
(

1 + ‖I0‖γ,Oq,sh+p+τ1q+2τ1+3

)
6 Cεγ−1.

Thus, by interpolation inequality in Lemma 4.1, we finally obtain for some θ ∈ (0, 1)

‖∆12gm‖γ,Oq,sh+p . N
θµ2
0 N

−θµ2
m ν(sh + p + τ1q + τ1 + 1). (6.128)

Choosing N0 sufficiently large, then the composition law in Lemma 4.1 allows to get

∞∑
k=0

‖∆12gk‖γ,Oq,sh+p . ν(sh + p + τ1q + τ1 + 1)N
θµ2
0

∞∑
k=0

N
−θµ2
m

. εγ−1‖∆12i‖γ,Oq,sh+p+τ1q+τ1+2. (6.129)

Finally, gathering (6.100), (6.107), (6.128) and (6.129), we get

‖∆12β‖γ,Oq,sh+p . εγ
−1‖∆12i‖q,sh+p+τ1q+τ1+2.

Putting together this estimate, (6.21) and (6.103) yields

‖∆12β̂‖γ,Oq,sh+p . ‖∆12β‖γ,Oq,sh+p

. εγ−1‖∆12i‖q,sh+p+τ1q+τ1+2.

I Estimate on ∆12ci. Since V0 = Ω + I1K1 is independent of r, then

∆12ci =
∞∑
m=0

∆12(Vm+1 − Vm).

Therefore we obtain in view of (6.63), Sobolev embeddings and (6.125) applied with p̃ = 0,

‖∆12(Vm+1 − Vm)‖γ,Oq = ‖〈∆12fm〉ϕ,θ‖γ,Oq
6 Cγδm(s0)

6 CγNµ2
0 N

−µ2
m ν(sh).
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Hence by the composition law in Lemma 4.1, Lemma A.1 and (6.8) one may find

‖∆12ci‖γ,Oq 6
∞∑
m=0

‖∆12(Vm+1 − Vm)‖γ,Oq

6 Cγν(sh)N
µ2
0

∞∑
m=0

N
−µ2
m

6 Cε‖∆12i‖γ,Oq,sh+2.

This achieves the proof of Proposition 6.2.

6.2.2 Action on the non-local term

In this section, we shall analyze the conjugation action by B on the nonlocal term appearing in the
linearized operator Lεr described in Proposition 6.1. The main result reads as follows.

Proposition 6.3. Let (γ, q, d, τ1, s0, sh, σ1, S) satisfy (4.1), (4.2), (6.3) and (6.23). We set

σ2 = s0 + σ1 + 3. (6.130)

For any (µ2, p, sh) satisfying the condition (6.24), there exists ε0 > 0 such that if

εγ−1Nµ2
0 6 ε0 and ‖I0‖γ,Oq,sh+σ2

6 1, (6.131)

then in the Cantor set Oγ,τ1∞,n(i0), we have

Lεr := B−1LεrB = ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·+ ∂θRεr + E0
n,

where Kλ is defined in (3.12), E0
n is introduced in Proposition 6.2 and Rεr is a real and reversibility

preserving self-adjoint integral operator satisfying

∀s ∈ [s0, S], max
k∈{0,1,2}

‖∂kθRεr‖γ,OO-d,q,s . εγ
−1
(

1 + ‖I0‖γ,Oq,s+σ2

)
. (6.132)

In addition, if i1 and i2 are two tori satisfying the smallness property (6.131), then

max
k∈{0,1}

‖∆12∂
k
θRεr‖γ,OO-d,q,sh+p . εγ

−1‖∆12i‖γ,Oq,sh+p+σ2
. (6.133)

Proof. We recall from Proposition 6.1 and Lemma 3.1. that

Lεr = ω · ∂ϕ + ∂θ (Vεr·)− ∂θLεr,

where Lεr is a non-local operator defined by

Lεr(ρ)(ϕ, θ) =

ˆ
T
ρ(ϕ, η)K0(λAεr(ϕ, θ, η))dη,

with

Aεr(ϕ, θ, η) =
((
R(ϕ, η)−R(ϕ, θ)

)2
+ 4R(ϕ, η)R(ϕ, θ) sin2

(
η−θ

2

)) 1
2

and
R(ϕ, θ) =

(
1 + 2εr(ϕ, θ)

) 1
2 .

Notice that we have removed the dependance in (λ, ω) from the functions in order to alleviate the
notation. Hence by Proposition 6.2, Lemma 6.1-(i) and (5.46), we have in the Cantor set Oγ,τ1∞,n(i0)

Lεr := B−1LεrB
= B−1

(
ω · ∂ϕ + ∂θ (Vεr·)

)
B −B−1∂θLεrB

= ω · ∂ϕ + ci0∂θ − ∂θB−1LεrB + E0
n

= ω · ∂ϕ + ci0∂θ − ∂θ
(
B−1 (Kλ ∗ ·) B + B−1Lεr,1B

)
+ E0

n. (6.134)
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From a direct computation using (3.12) combined with (6.16) and (6.15), we find

B−1
(
Kλ ∗Bρ

)
(ϕ, θ) =

ˆ
T
ρ(ϕ, η)K0

(
λA

β̂
(ϕ, θ, η)

)
dη,

where
A
β̂
(ϕ, θ, η) := 2

∣∣∣sin(η−θ2 + ĥ(ϕ, θ, η)
)∣∣∣ ,

with
ĥ(ϕ, θ, η) := β̂(ϕ,η)−β̂(ϕ,θ)

2 ·

Using elementary trigonometric identities, we can write

A
β̂
(ϕ, θ, η) = 2

∣∣∣sin(η−θ2

)∣∣∣ vβ̂,2(ϕ, θ, η), (6.135)

with

v
β̂,2

(ϕ, θ, η) := cos
(
ĥ(ϕ, θ, η)

)
+

sin(ĥ(ϕ,θ,η))
tan( η−θ2 )

·

Notice that v0,2 = 1 and one may write

v
β̂,2

(θ, η) = 1 +
(

cos
(
ĥ(θ, η)

)
− 1
)

+ ĥ(θ,η)

tan( η−θ2 )
+
(

sin(ĥ(θ,η))

ĥ(θ,η)
− 1
)

ĥ(θ,η)

tan( η−θ2 )

and then using Lemma 4.1-(iv)-(v), Lemma 4.2 and (6.28), we obtain

sup
η∈T

∥∥v
β̂,2

(∗, ·, �, η + �)− 1
∥∥γ,O
q,s
. ‖β̂‖γ,Oq,s+1 . εγ

−1
(

1 + ‖I0‖γ,Oq,s+σ1+1

)
,

∀k ∈ N∗, sup
η∈T

∥∥(∂kθ vβ̂,2)(∗, ·, �, η + �)
∥∥γ,O
q,s
. ‖β̂‖γ,Oq,s+k+1 . εγ

−1
(

1 + ‖I0‖γ,Oq,s+σ1+1+k

)
. (6.136)

Proceeding as for (5.38), one obtains the decomposition

K0(λA
β̂
(λ, ω, ϕ, θ, η)) = K0

(
2λ
∣∣∣sin(η−θ2

)∣∣∣)+ K (η − θ)K 1
β̂,2

(ϕ, θ, η) + K 2
β̂,2

(ϕ, θ, η)

with similar estimates to (5.34) and (5.37), that is, for all k ∈ N,

sup
η∈T

(∥∥(∂kθK
1
β̂,2

)(∗, ·, �, η + �)
∥∥γ,O
q,s

+
∥∥(∂kθK

2
β̂,2

)(∗, ·, �, η + �)
∥∥γ,O
q,s

)
. ‖β̂‖γ,Oq,s+1+k

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+1+k

)
,

(6.137)

where the symbols ∗, ·, � stand for (λ, ω), ϕ, θ, respectively. Now we shall denote by Lεr,2 the integral
operator with the kernel Kεr,2 defined by

Kεr,2(ϕ, θ, η) := K (η − θ)K 1
β̂,2

(ϕ, θ, η) + K 2
β̂,2

(ϕ, θ, η). (6.138)

Then we find the decomposition

B−1 (Kλ ∗ ·) B = Kλ ∗ ·+ Lεr,2.

Inserting this identity into (6.134) allows to get

Lεr = B−1LεrB = ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·+ ∂θRεr + E0
n,

with
Rεr = −Lεr,2 − B−1Lεr,1B. (6.139)

Observe that by (6.4) and (6.32) we can easily check that the kernel Kεr,2 satisfies the following
symmetry property

Kεr,2(−ϕ,−θ,−η) = Kεr,2(ϕ, θ, η) ∈ R, (6.140)
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which implies in turn, according to Lemma 4.4, that Lεr,2 is a real and reversibility preserving operator.
Moreover, one obtains from (6.137)

max
k∈{0,1,2}

∥∥(∂kθKεr,2)(∗, ·, �, η + �)
∥∥γ,O
q,s
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ1+3

) (
1− log

∣∣sin (η2)∣∣) . (6.141)

Our next purpose is to highlight some properties of the operator B−1Lεr,1B which takes the integral
form (

B−1Lεr,1B
)
ρ(ϕ, θ) =

ˆ
T
ρ(ϕ, η)K̂εr,1(ϕ, θ, η)dη, (6.142)

where the kernel K̂εr,1 is related to the kernel Kεr,1 defined in (5.41) through the formula,

K̂εr,1(ϕ, θ, η) = Kεr,1

(
ϕ, θ + β̂(ϕ, θ), η + β̂(ϕ, η)

)
. (6.143)

It is quite easy to check from (5.43) and (6.32), that

K̂εr,1(−ϕ,−θ,−η) = K̂εr,1(ϕ, θ, η) ∈ R. (6.144)

According to (5.41), one gets the decomposition

K̂εr,1(ϕ, θ, η) = K̂ (ϕ, θ, η)K̂ 1
εr,1(ϕ, θ, η) + K̂ 2

εr,1(ϕ, θ, η), (6.145)

with

K̂ (ϕ, θ, η) := K
(
η − θ + β̂(ϕ, η)− β̂(ϕ, θ)

)
,

K̂ 1
εr,1(ϕ, θ, η) := K 1

εr,1

(
ϕ, θ + β̂(ϕ, θ), η + β̂(ϕ, η)

)
,

K̂ 2
εr,1(ϕ, θ, η) := K 2

εr,1

(
ϕ, θ + β̂(ϕ, θ), η + β̂(ϕ, η)

)
.

Coming back to (5.39) and using the morphism property of the logarithm, combined with (6.135) we
deduce that

K̂ (ϕ, θ, η) = sin2
(
η−θ

2

)
v2
β̂,2

(ϕ, θ, η)
(

log
∣∣∣ sin(η−θ2

)∣∣∣+ log
∣∣v
β̂,2

(ϕ, θ, η)
∣∣)

= K
(
η − θ

)
+ K

(
η − θ

)(
v2
β̂,2

(ϕ, θ, η)− 1
)

+ sin2
(
η−θ

2

)
v2
β̂,2

(ϕ, θ, η) log
∣∣v
β̂,2

(ϕ, θ, η)
∣∣.

Combining Lemma 4.1-(iv)-(v), (6.136), (6.28) gives for any η ∈ T

max
k∈{0,1,2}

∥∥(∂kθ K̂ )
(
∗, ·, �,η + �

)∥∥γ,O
q,s
.
∥∥β̂‖γ,Oq,s+3

(
1− log

∣∣∣sin(η
2

)∣∣∣)− log
∣∣sin (η2)∣∣+ 1

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ2

)(
1− log

∣∣∣sin(η
2

)∣∣∣)− log
∣∣sin (η2)∣∣+ 1. (6.146)

The next goal is to prove that

max
k∈{0,1,2}

sup
η∈T

∥∥(∂kθ K̂
1

εr,1)
(
∗, ·, �, η + �

)∥∥γ,O
q,s
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ2

)
. (6.147)

For this aim we first write from (5.35) and (A.2)

K 1
εr,1(ϕ, θ, η) = 4λ2

(
1− vεr,1(ϕ, θ, η)

)
Ĩλ(η − θ)

− 4λ2(vεr,1(ϕ, θ)− 1)2

ˆ 1

0
(1− t)I ′′0

(
2λ sin

(
η−θ

2

)
(1− t+ tvεr,1(ϕ, θ, η))

)
dt

:= 4λ2
(
1− vεr,1(ϕ, θ, η)

)
Ĩλ(η − θ) +G(ϕ, θ, η), (6.148)

94



with

Ĩλ(η) :=
I ′0
(
2λ
∣∣sin (η2)∣∣)

2λ
∣∣sin (η2)∣∣

=
1

2

∞∑
m=0

λ2m sin2m
(η

2

)
m!(m+ 1)!

·

Then we get the decomposition

K̂ 1
εr,1(ϕ, θ, η) = 4λ2

[
1− v̂εr,1(ϕ, θ, η)

]
Îλ(ϕ, θ, η) + Ĝ(ϕ, θ, η),

with

v̂εr,1(ϕ, θ, η) := vεr,1
(
ϕ, θ + β̂(ϕ, θ), η + β̂(ϕ, η)

)
,

Îλ(ϕ, θ, η) := Ĩλ
(
η + β̂(ϕ, η)− θ − β̂(ϕ, θ)

)
,

Ĝ(ϕ, θ, η) := G
(
ϕ, θ + β̂(ϕ, θ), η + β̂(ϕ, η)

)
.

It follows that

K̂ 1
εr,1(ϕ, θ, θ + η) =4λ2

[
1− vεr,1

(
ϕ, θ + β̂(ϕ, θ), θ + η + β̂(ϕ, θ + η)

)]
Ĩλ
(
η + β̂(ϕ, θ + η)− β̂(ϕ, θ)

)
+G

(
ϕ, θ + β̂(ϕ, θ), η + θ + β̂(ϕ, η + θ)

)
. (6.149)

Notice that (λ, η) 7→ Ĩλ(η) is C∞, then using Lemma 4.1-(v) and (6.28) yields for any k ∈ N

sup
η∈T
‖(∂kθ Îλ)(∗, ·, �, η + �)‖γ,Oq,s . 1 + ‖β̂‖γ,Oq,s+k

. 1 + εγ−1‖I0‖γ,Oq,s+σ1+k.

Now using (5.30), Lemma 4.1-(v), (6.27), (6.7), (6.136) and proceeding as in (5.31) we obtain

sup
η∈T
‖v̂εr,1

(
∗, ·, �, η + �

)
− 1‖γ,Oq,s . ε‖r‖

γ,O
q,s+1 + ε2γ−1‖I0‖γ,Oq,s+σ1+1‖r‖

γ,O
q,s0+1

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+1

)
and

max
k∈{1,2}

sup
η∈T
‖(∂kθ v̂εr,1)

(
∗, ·, �, η + �

)
‖γ,Oq,s . ε‖r‖

γ,O
q,s+3 + ε2γ−1‖I0‖γ,Oq,s+σ1+3‖r‖

γ,O
q,s0+3

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+3

)
.

Arguing as above using the structure of G detailed in (6.148) allows to get

sup
η∈T
‖Ĝ
(
∗, ·, �, η + �

)
− 1‖γ,Oq,s . εγ−1

(
1 + ‖I0‖γ,Oq,s+σ1+1

)
and

max
k∈{1,2}

sup
η∈T
‖(∂kθ Ĝ

(
∗, ·, �, η + �

)
‖γ,Oq,s . εγ−1

(
1 + ‖I0‖γ,Oq,s+σ1+3

)
.

Thus applying the law products in Lemma 4.1 and using the preceding estimates combined with
(6.149) imply

max
k∈{0,1,2}

sup
η∈T
‖
(
∂kθ K̂

1
εr,1

)
(∗, ·, �, η + �)‖γ,Oq,s . εγ−1

(
1 + ‖I0‖γ,Oq,s+σ1+3

)
, (6.150)
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which gives in particular (6.147). The estimate of the last term K 2
εr,1 in (6.145), which is connected

to (5.36), can be treated in a similar way to the estimate (6.150) and one finds

max
k∈{0,1,2}

sup
η∈T

∥∥(∂kθ K̂
2

εr,1)
(
∗, ·, �, η + �

)∥∥γ,O
q,s
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ1+3

)
. (6.151)

Consequently, putting together (6.145),(6.146), (6.147) and (6.151) yields

max
k∈{0,1,2}

∥∥(∂kθ K̂εr,1)
(
∗, ·, �, η + �

)∥∥γ,O
q,s
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ1+3

) (
1− log

∣∣sin (η2)∣∣) . (6.152)

By (6.139) we infer that Rεr is an integral operator of kernel Kεr given by

Kεr = −K̂εr,1 −Kεr,2.

Therefore, by virtue of Lemma 4.4 combined with (6.141) and (6.152) we find, taking σ2 = s0 +σ1 +3,

max
k∈{0,1,2}

‖∂kθRεr‖γ,OO-d,q,s . max
k∈{0,1,2}

ˆ
T

(
‖(∂kθ K̂εr,1)(∗, ·, �, η + �)‖γ,Oq,s+s0 + ‖(∂kθKεr,2)(∗, ·, �, η + �)‖γ,Oq,s+s0

)
dη

. εγ−1
(

1 + ‖I0‖γ,Oq,s+s0+σ1+3

) ˆ
T

(
1− log

∣∣sin (η2)∣∣) dη
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ2

)
.

Notice that by (6.144), (6.140), the kernel Kεr satisfies the following symmetry property

Kεr(−ϕ,−θ,−η) = Kεr(ϕ, θ, η) ∈ R, (6.153)

which implies in view of Lemma 4.4 that Rεr is a real and reversibility preserving Toeplitz in time
integral operator. It remains to estimate the quantity max

k∈{0,1}
‖∆12∂

k
θRεr‖γ,OO-d,q,sh+p. This is will be

implemented as before and we shall here sketch the main ideas. First we observe that for k ∈ {0, 1}
the kernel of ∆12∂

k
θRεr is given by

∆12∂
k
θKεr = −∆12∂

k
θ K̂εr,1 −∆12∂

k
θKεr,2.

To estimate ∆12∂
k
θKεr,2 we shall use (6.138) leading to

∆12Kεr,2(ϕ, θ, η) = K (θ − η)∆12K
1
β̂,2

(ϕ, θ, η) + ∆12K
2
β̂,2

(ϕ, θ, η) (6.154)

and

∆12∂θKεr,2(ϕ, θ, η) = K (θ − η)∆12∂θK
1
β̂,2

(ϕ, θ, η) + K ′(θ − η)∆12K
1
β̂,2

(ϕ, θ, η)

+ ∆12∂θK
2
β̂,2

(ϕ, θ, η). (6.155)

Observe from (6.135) that the preceding kernels can be expressed with respect to β̂. Then proceeding
in a similar way to (5.53) we obtain

∀ i ∈ {1, 2}, max
k∈{0,1}

sup
η∈T
‖d

β̂
∂kθK

i
β̂,2

[ρ](∗, ·, �, η + �)‖γ,Oq,s . ‖ρ‖
γ,O
q,s+2 + ‖ρ‖γ,Oq,s0+1‖β̂‖

γ,O
q,s+2. (6.156)

Applying Taylor Formula yields for all i ∈ {1, 2} and for all k ∈ {0, 1},

∆12∂
k
θK

i
β̂,2

(ϕ, θ, θ + η) =

ˆ 1

0

d
β̂
∂kθK

i
(1−τ)β̂2+τ β̂1,2

[β̂1 − β̂2](ϕ, θ, θ + η) dτ.

It follows from (6.156) that for all i ∈ {1, 2} and for all k ∈ {0, 1}

∥∥∆12∂
k
θK

i
β̂,2

(∗, ·, �, η + �)
∥∥γ,O
q,s
. ‖β̂2 − β̂1‖γ,Oq,s+2 + ‖β̂2 − β̂1‖γ,Oq,s0+1

ˆ 1

0

‖(1− τ)β̂2 + τ β̂1‖γ,Oq,s+2 dτ.
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Therefore, by our previous choice of σ2, we obtain in view of (6.28), (6.31) (applied with p replaced
by p + s0) and the smallness condition (6.131),

∀i ∈ {1, 2}, max
k∈{0,1}

∥∥∆12∂
k
θK

i
β̂,2

(∗, ·, �, η + �)
∥∥γ,O
q,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ2

(
1 + εγ−1

(
1 + ‖I0‖γ,Oq,sh+p+σ2

))
. εγ−1‖∆12i‖γ,Oq,sh+p+σ2

.

Inserting this estimate into (6.154) and (6.155) yields

max
k∈{0,1}

sup
η∈T

∥∥∆12∂
k
θKεr,2(∗, ·, �, η + �)

∥∥γ,O
q,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ2
. (6.157)

Using similar techniques based on Taylor Formula, one can estimate ∆12∂θK̂εr,1. We use in particular
the identity (6.145) combined with (5.53), (6.28), (6.31) and the smallness condition (6.131) allowing
to get

max
k∈{0,1}

sup
η∈T

∥∥∆12∂
k
θ K̂εr,1(∗, ·, �, η + �)

∥∥γ,O
q,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ2
. (6.158)

Putting together (6.157) and (6.158) gives

max
k∈{0,1}

sup
η∈T

∥∥∆12∂
k
θKεr(∗, ·, �, η + �)

∥∥γ,O
q,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ2
.

Comibining this estimate with Lemma 4.4 yields

max
k∈{0,1}

‖∆12∂
k
θRεr‖γ,OO-d,q,sh+p . max

k∈{0,1}

ˆ
T
‖∆12∂

k
θKεr(∗, ·, �, η + �)‖γ,Oq,sh+p+s0

dη

. εγ−1‖∆12i‖γ,Oq,sh+p+σ2
.

This completes the proof of the Proposition 6.3.

6.3 Diagonalization up to small errors

The main goal of this section is to diagonalize, up to small errors, the operator L̂ω discussed in
Proposition 6.1 and given by

L̂ω = Π⊥S0
(Lεr − ε∂θR)Π⊥S0

.

This will be performed in two main steps. First, we shall explore the effect of the frequency localization
in the normal direction on the transport reduction discussed in Section 6.2. We essentially get the
same structure up to a small perturbation of finite-dimensional rank. Then, in the second step we
shall implement a KAM reducibility scheme in order to reduce the remainder to a diagonal one modulo
small fast decaying operators. This will be performed through the use of a suitable strong topology
on continuous operators given by (4.10). With this topology one has tame estimates and the Toeplitz
structure of the remainder is very important in this part. The reduction will be conducted by assuming
non resonance conditions stemming from the second order Melnikov conditions needed in the resolution
of adequate homological equations during the scheme.

6.3.1 Projection in the normal directions

In this section, we study the effects of the reduction of the transport part when the linearized operator
is localized in the normal directions. Notice that the change of coordinates does not stabilize the
normal subspace and as we shall see the defect of the commutation can be modeled by projectors of
finite ranks. Let us define

B⊥ := Π⊥S0
BΠ⊥S0

,

where the transformation B is introduced in (6.15) and constructed in Proposition 6.2. Recall that
the projection Π⊥S0

and the Soboloev space Hs
⊥ were respectively defined in (5.10) and (5.9). We also

recall the following notations

el,j(ϕ, θ) = ei(l·ϕ+jθ) and em(θ) = eimθ.

The first main result of this section reads as follows.
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Lemma 6.3. Let B the transformation constructed in Proposition 6.2, then under the condition
(6.131) and (6.24), the following assertions hold.

(i) For all s ∈ [s0, S], the operator B⊥ : W q,∞,γ(O, Hs
⊥
)
→ W q,∞,γ(O, Hs

⊥
)

is continuous and
invertible, with

‖B±1
⊥ ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ3

‖ρ‖γ,Oq,s0 . (6.159)

In addition, we have the representations

B⊥ρ = Bρ−
∑
m∈S0

〈
ρ,
(
B−1 − Id

)
em
〉
L2
θ(T)

em

and

B−1
⊥ ρ = B−1ρ−

∑
m∈S0

〈
ρ,
(
B − Id

)
gm
〉
L2
θ(T)

B−1em,

where

A(ϕ) =
(〈
em,Bek

〉
L2
θ(T)

)
m∈S0
k∈S0

, A−1(ϕ) =
(
αk,m

)
m∈S0
k∈S0

, gm(ϕ, θ) =
∑
k∈S0

αk,m(ϕ)ek(θ),

with the estimate

sup
k,m∈S0

‖αk,m − δkm‖γ,Oq,s . εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+1

)
.

(ii) Given two tori i1 and i2 satisfying the smallness condition (6.131), one has

max
m∈S0

‖∆12gm‖γ,Oq,sh+p . εγ
−1‖∆12i‖γ,Oq,sh+p+σ1+1. (6.160)

Proof. (i) The first estimate concerning B⊥ follows easily from the continuity of the orthogonal
projector Π⊥S0

on Sobolev spaces Hs
⊥, combined with (6.27). For the representation of B⊥, take

ρ ∈W q,∞,γ(O, Hs
⊥) and set

B⊥ρ = Π⊥S0
BΠ⊥S0

ρ = Π⊥S0
Bρ := g.

Next, we write the following splitting

Bρ = g + h with ΠS0h = h. (6.161)

Notice that the projector ΠS0 is defined by

ΠS0ρ =
∑
j∈S0

ρjej = ΠSρ+ 〈ρ〉θ,

where ΠS is defined in (5.10) and 〈·〉θ denotes the avarage in the variable θ. Therefore

h(ϕ, θ) =
∑
m∈S0

hm(ϕ)em(θ),

supplemented with the orthogonal conditions

∀ k ∈ S0, 〈Bρ− h, ek〉L2
θ(T) = 0.

This implies

h(ϕ, θ) =
∑
m∈S0

〈Bρ, em〉L2
θ(T)em(θ).

Using Lemma 6.1-(iii) leads to

h(ϕ, θ) =
∑
m∈S0

〈ρ,B−1em〉L2
θ(T)em(θ).
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Inserting this identity into (6.161) yields

B⊥ρ = g = Bρ−
∑
m∈S0

〈
ρ,B−1em

〉
L2
θ(T)

em.

Since ∀m ∈ S0,
〈
ρ, em

〉
L2
θ(T)

= 0, then

B⊥ρ = g = Bρ−
∑
m∈S0

〈
ρ,
(
B−1 − Id

)
em
〉
L2
θ(T)

em.

This ensures the desired representation of B⊥.
Next, we intend to establish similar representation for B−1

⊥ . Let g ∈ W q,∞,γ(O, Hs
⊥) and we need to

solve the equation
f ∈W q,∞,γ(O, Hs

⊥), B⊥f = Π⊥S0
Bf = g.

This is equivalent to
Bf = g + h, with ΠS0h = h and ΠS0f = 0.

Then we get

f = B−1
(
g + h

)
, with ΠS0h = h and ΠS0f = 0. (6.162)

The condition ΠS0f = 0 is equivalent to,

∀k ∈ S0,
〈
B−1

(
g + h

)
, ek
〉
L2
θ(T)

= 0.

Therefore using Lemma 6.1-(iii) the latter equation reads

∀k ∈ S0,
〈
g + h, êk

〉
L2
θ(T)

= 0 with êk(ϕ, θ) := Bek(ϕ, θ) = eik(θ+β(ϕ,θ)),

which will fix h. Indeed, by expanding h(ϕ, θ) =
∑
m∈S0

am(ϕ)em(θ), we can transform the preceding

system into

∀k ∈ S0,
∑
m∈S0

am(ϕ)
〈
em, êk

〉
L2
θ(T)

= −
〈
g, êk

〉
L2
θ(T)

. (6.163)

Define the matrix

A(ϕ) =
(
cm,k(ϕ)

)
(m,k)∈S2

0
, cm,k(ϕ) = 〈em, êk〉L2

θ(T) =

ˆ
T
ei((m−k)θ−kβ(ϕ,θ))dθ. (6.164)

Notice that according to (6.32) and the change of variables θ 7→ −θ, one obtains

∀(m, k) ∈ S2
0, ∀ϕ ∈ Td, cm,k(−ϕ) = c−m,−k(ϕ) = cm,k(ϕ, θ). (6.165)

One can check by slight adaptation of the composition law in Lemma 4.1 and using the smallness
condition (6.131) and (6.28)

‖cm,m − 1‖γ,Oq,s 6
ˆ
T
‖e−imβ(·,θ)) − 1‖γ,Oq,Hs

ϕ
dθ

. ‖β‖γ,Oq,s

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1

)
. (6.166)

For k 6= m ∈ S0 we use integration by parts,

cm,k(ϕ) = k
i(m−k)

ˆ
T
ei((m−k)θ−kβ(ϕ,θ))∂θβ(ϕ, θ)dθ.
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Then using law products and composition laws in Lemma 4.1 combined with (6.28) yield

sup
(m,k)∈S20
m 6=k

‖cm,k‖γ,Oq,s . ‖β‖
γ,O
q,s+1

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+1

)
.

Finally, we get that
A(ϕ) = Id + R(ϕ) with ‖R‖γ,Oq,s . ‖β‖

γ,O
q,s+1. (6.167)

Hence under the smallness condition ‖β‖γ,Oq,s0 � 1 following from (6.131), combined with the law
products in Lemma 4.1 we get that A is invertible with

‖A−1 − Id‖γ,Oq,s . ‖β‖
γ,O
q,s+1

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+1

)
. (6.168)

Therefore the system (6.163) is invertible and one gets a unique solution given by

am(ϕ) = −
∑
k∈S0

αm,k(ϕ)
〈
g, êk

〉
L2
θ(T)

with A−1(ϕ) :=
(
αm,k(ϕ)

)
(m,k)∈S2

0

. (6.169)

We claim that the coefficients of A−1 admit the same symmetry conditions as (6.165), that is

∀(m, k) ∈ S2
0, ∀ϕ ∈ Td, αm,k(−ϕ) = α−m,−k(ϕ) = αm,k(ϕ). (6.170)

This can be done through the series expansion A−1 =
∑
n∈N

(−1)n(A− Id)n together with the fact that

the entries of the monomials (A− Id)n satisfy in turn (6.165). Next, using the law products yields

sup
m∈S0

‖am‖γ,Oq,s . sup
k∈S0

(
‖A−1‖γ,Oq,s ‖

〈
g, êk

〉
L2
θ(T)
‖γ,O
q,H

s0
ϕ

+ ‖A−1‖γ,Oq,s0‖
〈
g, êk

〉
L2
θ(T)
‖γ,Oq,Hs

ϕ

)
. (6.171)

Notice that one gets from (6.168)

sup
(m,k)∈S2

0

‖αk,m − δkm‖γ,Oq,s . εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+1

)
,

where δkm denotes the Kronecker symbol. Let us now move to the estimate of the partial scalar product
containing g in (6.171). Using the law products in Lemma 4.1 with Cauchy-Schwarz inequality gives

‖
〈
g, êk

〉
L2
θ(T)
‖γ,Oq,Hs

ϕ
.

ˆ
T

(
‖g(·, θ)‖γ,Oq,Hs

ϕ
‖eiβ(·,θ)‖γ,O

q,H
s0
ϕ

+ ‖g(·, θ)‖γ,O
q,H

s0
ϕ
‖eiβ(·,θ)‖γ,Oq,Hs

ϕ

)
dθ

. ‖g‖γ,O
q,L2

θH
s
ϕ
‖eiβ‖γ,O

q,L2
θH

s0
ϕ

+ ‖g‖γ,O
q,L2

θH
s0
ϕ
‖eiβ‖γ,O

q,L2
θH

s
ϕ

. ‖g‖γ,Oq,s ‖eiβ‖γ,Oq,s0 + ‖g‖γ,Oq,s0‖e
iβ‖γ,Oq,s .

Then applying the composition law as in (6.166) combined with with (6.28) and the smallness condition
(6.131) gives

‖
〈
g, êk

〉
L2
θ(T)
‖γ,Oq,Hs

ϕ
. ‖g‖γ,Oq,s + ‖g‖γ,Oq,s0‖β‖

γ,O
q,s

. ‖g‖γ,Oq,s + εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1

)
‖g‖γ,Oq,s0 .

Plugging this estimate into (6.171) and using (6.28), (6.168) combined with the smallness condition
(6.131) and Sobolev embeddings implies

sup
m∈S0

‖am‖γ,Oq,s . ‖g‖γ,Oq,s + εγ−1
(

1 + ‖I0‖γ,Oq,s+σ1+1

)
‖g‖γ,Oq,s0

. ‖g‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ1+1‖g‖
γ,O
q,s0 .
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Therefore we obtain

‖h‖γ,Oq,s .
∑
m∈S0

‖am‖γ,Oq,Hs
ϕ

. ‖g‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ1+1‖g‖
γ,O
q,s0 .

Coming back to (6.162) and using (6.27), we get

‖f‖γ,Oq,s . ‖g + h‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ1+1‖g + h‖γ,Oq,s0
. ‖g‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ1+1‖g‖

γ,O
q,s0 .

It follows that

‖B−1
⊥ g‖γ,Oq,s . ‖g‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ1+1‖g‖

γ,O
q,s0 .

In addition from (6.169) and (6.162) we deduce the formula

B−1
⊥ g(ϕ, θ) = B−1g(ϕ, θ)−

∑
m∈S0
k∈S0

αm,k(ϕ)
〈
g,Bek

〉
L2
θ(T)

B−1em(θ)

= B−1g(ϕ, θ)−
∑
m∈S0

〈
g,Bgm

〉
L2
θ(T)

(
B−1em

)
(ϕ, θ), (6.172)

with
gm(ϕ, θ) :=

∑
k∈S0

αm,k(ϕ)ek(θ). (6.173)

From (6.170) and the symmetry of S0, we infer

∀m ∈ S0, ∀(ϕ, θ) ∈ Td+1, gm(−ϕ,−θ) = g−m(ϕ, θ) = gm(ϕ, θ). (6.174)

Since Π⊥S0
g = g and Π⊥S0

gm = 0 then
〈
g, gm

〉
L2
θ(T)

= 0 and therefore〈
g,Bgm

〉
L2
θ(T)

=
〈
g,
(
B − Id

)
gm
〉
L2
θ(T)

.

Plugging this identity into (6.172) yields

B−1
⊥ g = B−1g −

∑
m∈S0

〈
g,
(
B − Id

)
gm
〉
L2
θ(T)

B−1em.

(ii) Coming back to the definition of cm,k in (6.164), one can write

∀(m, k) ∈ S2
0, ∆12cm,k = 〈em, (∆12B)ek〉L2

θ(T).

Hence, using Taylor Formula and (6.31), we have

max
(m,k)∈S2

0

‖∆12cm,k‖γ,Oq,sh+p . εγ
−1‖∆12i‖γ,Oq,sh+p+σ1

.

From (6.173), one has

∆12gm =
∑
k∈S0

∆12αm,k ek.

Thus
max
m∈S0

‖∆12gm‖γ,Oq,sh+p . max
(m,k)∈S2

0

‖∆12αm,k‖γ,Oq,sh+p. (6.175)

Using Neumann series, we can write

A−1(ϕ) = Id +

∞∑
n=1

(−1)nRn(ϕ).
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Therefore, the law products in Lemma 4.1 combined with (6.167) and the smallness condition (6.131)
lead to

‖∆12A
−1‖γ,Oq,sh+p .

∞∑
n=1

‖∆12R
n‖γ,Oq,sh+p

. ‖∆12R‖γ,Oq,sh+p

. εγ−1‖∆12i‖γ,Oq,sh+p+σ1+1.

As a consequence,
max

(m,k)∈S2
0

‖∆12αm,k‖γ,Oq,sh+p . εγ
−1‖∆12i‖γ,Oq,sh+p+σ1+1. (6.176)

Gathering (6.176) and (6.175) finally gives

max
m∈S0

‖∆12gm‖γ,Oq,sh+p . εγ
−1‖∆12i‖γ,Oq,sh+p+σ1+1.

This achieves the proof of Lemma 6.3.

In Lemma 6.3, the parameter p is subject to the constraint (6.24) and from now on, we shall fix it
to the value

p = 4τ2q + 4τ2. (6.177)

This particular choice is determined through some constraints in the proof of the remainder reduction.
More precisely, it appears in (6.373). Next we shall establish the second main result of this section.

Proposition 6.4. Let (γ, q, d, τ1, s0, sh, sh, µ2, p, σ2, S) satisfy the assumptions (4.1), (4.2), (6.3),
(6.24), (6.130) and (6.177). Consider the operator L̂ω defined in Proposition 6.1.
There exists ε0 > 0 and σ3 = σ3(τ1, q, d, s0) > σ2 such that if

εγ−1Nµ2
0 6 ε0 and ‖I0‖γ,Oq,sh+σ3

6 1, (6.178)

then the following assertions hold true.

(i) For any n ∈ N∗, in the Cantor set Oγ,τ1∞,n(i0) introduced in Proposition 6.2, we have

B−1
⊥ L̂ωB⊥ =

(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·

)
Π⊥S0

+ R0 + E1
n

:=
(
ω · ∂ϕ + D0

)
Π⊥S0

+ R0 + E1
n

:= L0 + E1
n,

where D0 is a reversible Fourier multiplier given by

∀(l, j) ∈ Zd × Sc0, D0el,j = iµ0
j el,j ,

with
µ0
j (λ, ω, i0) = Ωj(λ) + jr1(λ, ω, i0) and r1(λ, ω, i0) = ci0(λ, ω)− V0(λ)

and such that
‖r1‖γ,Oq . ε and ‖∆12r

1‖γ,Oq . ε‖∆12i‖γ,Oq,sh+2. (6.179)

(ii) The operator E1
n satisfies the following estimate

‖E1
nρ‖γ,Oq,s0 . εN

µ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2. (6.180)

(iii) R0 is a real and reversible Toeplitz in time operator satisfying R0 = Π⊥S0
R0Π⊥S0

with

∀s ∈ [s0, S], max
k∈{0,1}

‖∂kθR0‖γ,OO-d,q,s . εγ
−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
(6.181)

and
‖∆12R0‖γ,OO-d,q,sh+p . εγ

−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.182)
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(iv) The operator L0 satisfies

∀s ∈ [s0, S], ‖L0ρ‖γ,Oq,s . ‖ρ‖
γ,O
q,s+1 + εγ−1‖I0‖γ,Oq,s+σ3

‖ρ‖γ,Oq,s0 . (6.183)

Proof. (i) We shall first start with finding a suitable expansion for B−1
⊥ L̂ωB⊥. Using the expression

of L̂ω given in Proposition 6.1 and the decomposition Id = ΠS0 + Π⊥S0
we write

B−1
⊥ L̂ωB⊥ = B−1

⊥ Π⊥S0
(Lεr − ε∂θR)B⊥

= B−1
⊥ Π⊥S0

LεrBΠ⊥S0
−B−1

⊥ Π⊥S0
LεrΠS0BΠ⊥S0

− εB−1
⊥ Π⊥S0

∂θRB⊥.

According to the definitions of Lεr and Lεr seen in Proposition 6.3 and in Lemma 3.1 and using (5.46),
one has in the Cantor set Oγ,τ1∞,n(i0)

LεrB = BLεr and Lεr = ω · ∂ϕ + ∂θ (Vεr·)− ∂θLεr,1 − ∂θKλ ∗ ·

and therefore

B−1
⊥ L̂ωB⊥ =B−1

⊥ Π⊥S0
BLεrΠ

⊥
S0
−B−1

⊥ Π⊥S0
(∂θ (Vεr·)− ∂θLεr,1) ΠS0BΠ⊥S0

− εB−1
⊥ ∂θRB⊥,

where we have used the identities

B−1
⊥ Π⊥S0

= B−1
⊥ and [Π⊥S0

, T ] = 0 = [ΠS0 , T ],

for any Fourier multiplier T . The structure of Lεr is detailed in Proposition 6.3, and from this we
deduce that

Π⊥S0
BLεrΠ

⊥
S0

= Π⊥S0
B
(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·+ ∂θRεr + E0

n

)
Π⊥S0

= Π⊥S0
BΠ⊥S0

(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·

)
+ Π⊥S0

B∂θRεrΠ
⊥
S0

+ Π⊥S0
BE0

nΠ⊥S0

= B⊥
(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·

)
+ Π⊥S0

B∂θRεrΠ
⊥
S0

+ Π⊥S0
BE0

nΠ⊥S0
.

It follows that

B−1
⊥ Π⊥S0

BLεrΠ
⊥
S0

=
(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·

)
Π⊥S0

+ B−1
⊥ Π⊥S0

B∂θRεrΠ
⊥
S0

+ B−1
⊥ Π⊥S0

BE0
nΠ⊥S0

=
(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·

)
Π⊥S0

+ Π⊥S0
∂θRεrΠ

⊥
S0

+ B−1
⊥ BΠS0∂θRεrΠ

⊥
S0

+ B−1
⊥ Π⊥S0

BE0
nΠ⊥S0

.

Consequently, in the Cantor set Oγ,τ1∞,n(i0), one has the following reduction

B−1
⊥ L̂ωB⊥ =

(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·

)
Π⊥S0

+ Π⊥S0
∂θRεrΠ

⊥
S0

+ B−1
⊥ BΠS0∂θRεrΠ

⊥
S0

−B−1
⊥ Π⊥S0

(∂θ (Vεr·)− ∂θLεr,1) ΠS0BΠ⊥S0
− εB−1

⊥ ∂θRB⊥ + B−1
⊥ Π⊥S0

BE0
nΠ⊥S0

:=
(
ω · ∂ϕ + ci0∂θ − ∂θKλ ∗ ·

)
Π⊥S0

+ R0 + E1
n, (6.184)

where we set
E1
n := B−1

⊥ Π⊥S0
BE0

nΠ⊥S0
.

Notice that the estimates (6.179) are simple reformulations of (6.26) and (6.30) since ∆12r
1 = ∆12ci.

(ii) By using (6.159), (6.27), the continuity of the projectors, (6.29) and (6.178), one obtains

‖E1
nρ‖γ,Oq,s0 . ‖BE0

nΠ⊥S0
ρ‖γ,Oq,s0

. ‖E0
nΠ⊥S0

ρ‖γ,Oq,s0
. εNµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+2.

(iii) Now, we shall prove the following estimates,

max
k∈{0,1}

‖∂kθR0‖γ,OO-d,q,s . εγ
−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
(6.185)
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and
‖∆12R0‖γ,OO-d,q,sh+p . εγ

−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.186)

To do that, we shall study separately the different terms appearing in (6.184) in the definition of R0.
Notice that in the various estimates below, we use the notation σ3 to denote some loss of regularity.
This index depends only on τ1, q, d, s0 and may change increasingly from one line to another and it is
always taken greater than the σ2 introduced in Proposition 6.3.
I Study of the term Π⊥S0

∂θRεrΠ
⊥
S0

. One gets easily according to (6.132) and (6.133)

max
k∈{0,1}

‖∂kθΠ⊥S0
∂θRεrΠ

⊥
S0
‖γ,OO-d,q,s . max

k∈{0,1,2}
‖∂kθRεr‖γ,OO-d,q,s

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
(6.187)

and

‖∆12

(
Π⊥S0

∂θRεrΠ
⊥
S0

)
‖γ,O

O-d,q,sh+p . ‖∆12∂θRεr‖γ,OO-d,q,sh+p

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.188)

I Study of the term B−1
⊥ BΠS0∂θRεrΠ

⊥
S0

. Using the first point of Proposition 6.4 yields

B−1
⊥ BΠS0∂θRεrΠ

⊥
S0

= ΠS0∂θRεrΠ
⊥
S0
− T0S1, (6.189)

where

T0ρ =
∑
m∈S0

〈
ρ,
(
B − Id

)
gm
〉
L2
θ(T)

B−1em and S1 := BΠS0∂θRεrΠ
⊥
S0
. (6.190)

To estimate the first term, we use Proposition 6.3

max
k∈{0,1}

‖∂kθΠS0∂θRεrΠ
⊥
S0
‖γ,OO-d,q,s . max

k∈{0,1,2}
‖∂kθRεr‖γ,OO-d,q,s

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
. (6.191)

As to the second term, we write

T0S1ρ =
∑
m∈S0

〈
S1ρ,

(
B − Id

)
gm
〉
L2
θ(T)

B−1em

=
∑
m∈S0

〈
ρ,S?1

(
B − Id

)
gm
〉
L2
θ(T)

B−1em,

where S?1 is the L2
θ(T)-adjoint of S1. This is an integral operator taking the form(
T0S1ρ

)
(ϕ, θ) =

ˆ
T
K1(ϕ, θ, η)ρ(ϕ, η)dη,

K1(ϕ, θ, η) :=
∑
m∈S0

(
S?1
(
B − Id

)
gm
)
(ϕ, η)

(
B−1em

)
(ϕ, θ).

Recall from Proposition 6.3 that Rεr is self-adjoint and using Lemma 6.1 we have the identities
B? = B−1 and B? = B−1, then

S?1 = −Π⊥S0
Rεr∂θΠS0B−1. (6.192)

Therefore, combining (6.174), (6.32) and (6.153) imply

K1(−ϕ,−θ,−η) = −K1(ϕ, θ, η) ∈ R. (6.193)

Applying Lemma 4.4 combined with the law products yield for any k ∈ N

‖∂kθT0S1‖γ,OO-d,q,s .

ˆ
T
‖(∂kθK1)(∗, ·, �, η + �)‖γ,Oq,s+s0dη (6.194)

.
∑
m∈S0

(∥∥S?1(B − Id
)
gm
∥∥γ,O
q,s+s0

∥∥B−1em
∥∥γ,O
q,s0+k

+
∥∥S?1(B − Id

)
gm
∥∥γ,O
q,s0

∥∥B−1em
∥∥γ,O
q,s+s0+k

)
.
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Remark that (6.192) implies

S?1
(
B − Id

)
gm = −Π⊥S0

Rεr∂θΠS0

(
Id− B−1

)
gm.

Hence according to Lemma 4.3 combined with Proposition 6.3 we find

‖S?1
(
B − Id

)
gm‖γ,Oq,s . ‖Rεr‖γ,OO-d,q,s‖∂θΠS0

(
Id− B−1

)
gm‖γ,Oq,s0 + ‖Rεr‖γ,OO-d,q,s0‖∂θΠS0

(
Id− B−1

)
gm‖γ,Oq,s

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
‖
(
Id− B−1

)
gm‖γ,Oq,s0+1

+ εγ−1
(

1 + ‖I0‖γ,Oq,s0+σ3

)
‖
(
Id− B−1

)
gm‖γ,Oq,s+1. (6.195)

Using (6.27) together with Lemma 6.3 and the smallness condition (6.178) leads to∥∥(Id− B−1
)
gm
∥∥γ,O
q,s
. ‖gm‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ3

‖gm‖γ,Oq,s0
. sup

k,m∈S0

‖αk,m‖γ,Oq,Hs
ϕ

+ εγ−1‖I0‖γ,Oq,s+σ3
sup

k,m∈S0

‖αk,m‖γ,Oq,Hs0
ϕ

. 1 + εγ−1‖I0‖γ,Oq,s+σ3
. (6.196)

Therefore, inserting this estimate into (6.195) and using (6.178) allow to get

‖S?1
(
B − Id

)
gm‖γ,Oq,s . εγ−1

(
1 + ‖I0‖γ,Oq,s+σ3

)
.

Plugging this estimate into (6.194) and using (6.27) ensure

max
k∈{0,1}

‖∂kθT0S1‖γ,OO-d,q,s . εγ
−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
. (6.197)

Consequently, by combining (6.189), (6.191) and (6.197), we find

max
k∈{0,1}

‖∂kθB−1
⊥ BΠS0∂θRεrΠ

⊥
S0
‖γ,OO-d,q,s . εγ

−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
. (6.198)

We now turn to the difference estimate. From (6.189), it is obvious that

∆12

(
B−1
⊥ BΠS0∂θRεrΠ

⊥
S0

)
= ΠS0∆12∂θRεrΠ

⊥
S0
−∆12(T0S1). (6.199)

To estimate the first term, we use (6.133)

‖ΠS0∆12∂θRεrΠ
⊥
S0
‖γ,O

O-d,q,sh+p . ‖∆12∂θRεr‖γ,OO-d,q,sh+p

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.200)

As to the second term, we notice that ∆12

(
T0S1

)
is an integral operator whose kernel ∆12K1 is

∆12K1(ϕ, θ, η) =
∑
m∈S0

∆12

(
S?1
(
B − Id

)
gm
)
(ϕ, η)

(
Br1em

)
(ϕ, θ)

+
(
S?1
(
B − Id

)
gm
)
r2

(ϕ, η)
(
∆12Bem

)
(ϕ, θ).

Hence, using Lemma 4.4-(ii) together with the law products we deduce that

‖∆12T0S1‖γ,OO-d,q,sh+p .
ˆ
T
‖∆12K1(∗, ·, �, η + �)‖γ,Oq,sh+p+s0

dη

.
∑
m∈S0

‖∆12

(
S?1
(
B − Id

)
gm
)
‖γ,Oq,sh+p+s0

‖Br1em‖
γ,O
q,sh+p+s0

+ ‖
(
S?1
(
B − Id

)
gm
)
r2
‖γ,Oq,sh+p+s0

‖∆12Bem‖γ,Oq,sh+p+s0
.
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Notice that by Taylor Formula and (6.31) (applied with p replaced by p + s0), one has

sup
m∈S0

‖∆12B
−1em‖γ,Oq,sh+p+s0

. εγ−1‖∆12i‖q,sh+p+σ3 . (6.201)

On the other hand, we have

∆12S?1 = −Π⊥S0
∆12Rεr∂θΠS0B−1

r1 −Π⊥S0
Rεr2∂θΠS0∆12B−1,

leading to

∆12

(
S?1
(
B − Id

)
gm
)

=−Π⊥S0
∆12Rεr∂θΠS0

(
Id− B−1

r1

)
gm,r1 −Π⊥S0

Rεr2∂θΠS0∆12B−1
(
Br1 − Id

)
gm,r1

+ S?1,r2
(
∆12B

)
gm,r1 + S?1,r2

(
Br2 − Id

)
∆12gm.

AAccording to Lemma 4.3, we obtain

‖Π⊥S0
∆12Rεr∂θΠS0

(
Id− B−1

r1

)
gm,r1‖

γ,O
q,sh+p+s0

. ‖∆12Rεr‖γ,OO-d,q,sh+p+s0
‖
(
Id− B−1

r1

)
gm,r1‖

γ,O
q,sh+p+s0+1.

From (6.196), one has

‖
(
Id− B−1

r1

)
gm,r1‖γ,Oq,s . 1 + εγ−1‖I1‖γ,Oq,s+σ3

.

Thus, from (6.133) and(6.178), we infer

‖Π⊥S0
∆12Rεr∂θΠS0

(
Id− B−1

r1

)
gm,r1‖

γ,O
q,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.202)

Applying Lemma 4.3, (6.132) and (6.178) we deduce that

‖S?1,r2
(
∆12B

)
gm,r1‖

γ,O
q,sh+p+s0

. ‖Rεr2‖O-d,q,sh+s0‖Br2
(
∆12B

)
gm,r1‖

γ,O
q,sh+p+s0+1

. ‖Br2
(
∆12B

)
gm,r1‖

γ,O
q,sh+p+s0+1.

To estimate the right hand side member, it suffices to use (6.27) and (6.178), leading to

‖Br2
(
∆12B

)
gm,r1‖

γ,O
q,sh+p+s0+1 . ‖

(
∆12B

)
gm,r1‖

γ,O
q,sh+p+s0+1.

By Taylor Formula, we may write

∆12Bρ(θ) = ∆12β(θ)

ˆ 1

0
∂θρ
(
θ + β2(θ) + t∆12β(θ)

)
dt.

It follows from the law products in Lemma 4.1, (6.31) and (6.178) that

‖
(
∆12B

)
gm,r1‖

γ,O
q,sh+p+1 . ‖∆12β‖γ,Oq,sh+p+s0+1‖gm,r1‖

γ,O
q,sh+p+s0+2

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
.

Thus
‖S?1,r2

(
∆12B

)
gm,r1‖

γ,O
q,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.203)

In the same way, using Taylor Formula together with (6.31), we get

‖Π⊥S0
Rεr2∂θΠS0∆12B−1

(
Br1 − Id

)
gm,r1‖

γ,O
q,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.204)

By Lemma 4.3,(6.132) and (6.178), one finds

‖S?1,r2
(
Br2 − Id

)
∆12gm‖γ,Oq,sh+p+s0

. ‖Rεr2‖
γ,O
O-d,q,sh+p+s0

‖
(
Br2 − Id

)
∆12gm‖γ,Oq,sh+p+s0+1

. ‖
(
Br2 − Id

)
∆12gm‖γ,Oq,sh+p+s0+1.

Applying (6.27) and (6.178), we obtain

‖
(
Br2 − Id

)
∆12gm‖γ,Oq,sh+p+s0+1 . ‖∆12gm‖γ,Oq,sh+p+s0+1.
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Using (6.160) (applied with p = s0 + 1), we finally get

‖S?1,r2
(
Br2 − Id

)
∆12gm‖γ,Oq,sh+p+s0

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.205)

Gathering (6.201), (6.202), (6.203), (6.204) and (6.205) implies

‖∆12

(
T0S1

)
‖γ,O

O-d,q,sh+p . εγ
−1‖∆12i‖γ,Oq,sh+p+σ3

. (6.206)

Putting together (6.199), (6.200) and (6.206), one obtains

‖∆12

(
B−1
⊥ BΠS0∂θRεrΠ

⊥
S0

)
‖γ,O

O-d,q,sh+p . εγ
−1‖∆12i‖γ,Oq,sh+p+σ3

. (6.207)

I Study of the term B−1
⊥ Π⊥S0

(∂θ (Vεr·)− ∂θLεr,1) ΠS0BΠ⊥S0
. We first write,

B−1
⊥ Π⊥S0

(∂θ (Vεr·)− ∂θLεr,1) ΠS0BΠ⊥S0
:= B−1

⊥ ∂θS2BΠ⊥S0
,

with
S2 =

((
Vεr − ci0

)
· −Lεr,1

)
ΠS0 .

Notice that to get the above identity we have used the identity

Π⊥S0
∂θ(ci0 ·)ΠS0 = 0.

Recall from (5.46) and (5.41) that

Lεr,1ρ(ϕ, θ) =

ˆ
T
Kεr,1(ϕ, θ, η)ρ(ϕ, η)dη.

Then from elementary computations we find

S2ρ(ϕ, θ) =

ˆ
T
K2(ϕ, θ, η)ρ(ϕ, η)dη,

with

K2(ϕ, θ, η) :=
(
Vεr(ϕ, θ)− ci0

)
DS0(θ − η)−

ˆ
T
Kεr,1(ϕ, θ, η′)DS0(η′ − η)dη′,

DS0(θ) :=
∑
n∈S0

einθ.

Combining (5.43), (6.4), (3.3) and the change of variables η′ 7→ η′, one gets

K2(−ϕ,−θ,−η) = K2(ϕ, θ, η) ∈ R. (6.208)

Proceeding as in (6.189) we obtain

B−1
⊥ ∂θS2BΠ⊥S0

= B−1∂θS2BΠ⊥S0
− T0∂θS2BΠ⊥S0

. (6.209)

It follows that∥∥∂kθB−1
⊥ ∂θS2BΠ⊥S0

∥∥γ,O
O-d,q,s

.
∥∥∂k+1

θ B−1S2B
∥∥γ,O

O-d,q,s
+
∥∥∂kθT0∂θS2B

∥∥γ,O
O-d,q,s

. (6.210)

The expression of the first term is similar to that of (6.142), namely, one has

(
B−1S2B

)
ρ(ϕ, θ) =

ˆ
T
ρ(ϕ, η)K̂2(ϕ, θ, η)dη,

with
K̂2(ϕ, θ, η) := K2

(
ϕ, θ + β̂(ϕ, θ), η + β̂(ϕ, η)

)
.
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Combining (6.208) and (6.32), one gets

K̂2(−ϕ,−θ,−η) = K̂2(ϕ, θ, η) ∈ R. (6.211)

Then coming bacl to (6.143) and arguing as for (6.152), we find

sup
k∈{0,1,2}

∥∥(∂kθ K̂2)
(
∗, ·, �, η + �

)∥∥γ,O
q,s
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ3

)(
1− log

∣∣ sin (η/2)∣∣). (6.212)

By virtue of Lemma 4.4 and (6.212) we obtain

sup
k∈{0,1}

∥∥∂k+1
θ B−1S2B

∥∥γ,O
O-d,q,s

. sup
k∈{0,1}

ˆ
T

∥∥(∂k+1
θ K̂2)

(
∗, ·, �, η + �

)∥∥γ,O
q,s+s0

dη

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
. (6.213)

Notice that from (6.190), we can write

T0∂θS2Bρ =
∑
m∈S0

〈
∂θS2Bρ,

(
B − Id

)
gm
〉
L2
θ(T)

B−1em

= −
∑
m∈S0

〈
ρ,B−1S?2∂θ

(
B − Id

)
gm
〉
L2
θ(T)

B−1em,

where S?2 is the adjoint of S2 and is given by

S?2 = ΠS0

((
Vεr − ci0

)
· −Lεr,1

)
. (6.214)

This is an integral operator taking the form(
T0∂θS2Bρ

)
(ϕ, θ) =

ˆ
T
K3(ϕ, θ, η)ρ(ϕ, η)dη,

K3(ϕ, θ, η) :=
∑
m∈S0

(
B−1S?2∂θ

(
B − Id

)
gm
)
(ϕ, η)

(
B−1em

)
(ϕ, θ).

According to (6.174), (6.32), (6.214), (6.4), (3.3) and (5.43), one gets

K3(−ϕ,−θ,−η) = −K3(ϕ, θ, η) ∈ R. (6.215)

On the other hand, applying Lemma 4.4 combined with the law products yield for any k ∈ N

‖∂kθT0∂θS2B‖γ,OO-d,q,s .
ˆ
T
‖(∂kθK3)(∗, ·, �, η + �)‖γ,Oq,s+s0dη

.
∑
m∈S0

(
‖B−1S?2∂θ

(
B − Id

)
gm‖γ,Oq,s+s0‖B

−1em‖γ,Oq,s0+k + ‖B−1S?2∂θ
(
B − Id

)
gm‖γ,Oq,s0‖B

−1em‖γ,Oq,s+s0+k

)
.

Applying (6.27) we find

‖B−1S?2∂θ
(
B − Id

)
gm‖γ,Oq,s . ‖S?2∂θ

(
B − Id

)
gm‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ‖S?2∂θ

(
B − Id

)
gm‖γ,Oq,s0 .

Now, from (6.214), the law products and Lemma 4.3, we find

‖S?2ρ‖γ,Oq,s .‖Vεr − ci0‖γ,Oq,s0‖ρ‖
γ,O
q,s + ‖Vεr − ci0‖γ,Oq,s ‖ρ‖γ,Oq,s0

+ ‖Lεr,1‖γ,OO-d,q,s0‖ρ‖
γ,O
q,s + ‖Lεr,1‖γ,OO-d,q,s‖ρ‖γ,Oq,s0 .

From the composition law and (6.26), one has

‖Vεr − ci0‖γ,Oq,s 6 ‖Vεr − V0‖γ,Oq,s + ‖V0 − ci0‖γ,Oq
. ε

(
1 + ‖I0‖γ,Oq,s+σ3

)
.
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According to Lemma 4.4 and (5.42), we deduce that

‖Lεr,1‖γ,OO-d,q,s .
ˆ
T
‖Kεr,1(∗, ·, �, η + �)‖γ,Oq,s+s0dη

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
.

Using (6.178), one gets
‖S?2ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ3

‖ρ‖γ,Oq,s0 .

Combining this with (6.27) allow to get

‖S?2∂θ
(
B − Id

)
gm‖γ,Oq,s . ‖gm‖

γ,O
q,s+1 + εγ−1‖I0‖γ,Oq,s+σ3

‖gm‖γ,Oq,s0
. 1 + εγ−1‖I0‖γ,Oq,s+σ3

.

Therefore,

max
k∈{0,1}

∥∥∂kθT0∂θS2B
∥∥γ,O

O-d,q,s
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ3

)
. (6.216)

Plugging the estimates (6.213) and (6.216) into (6.210) we find

max
k∈{0,1}

∥∥∂kθB−1
⊥ ∂θS2BΠ⊥S0

∥∥γ,O
O-d,q,s

. max
k∈{0,1}

∥∥∂k+1
θ B−1S2B

∥∥γ,O
O-d,q,s

+ max
k∈{0,1}

∥∥∂kθT0∂θS2B
∥∥γ,O

O-d,q,s

. εγ−1
(

1 + ‖I0‖γ,Oq,s+σ3

)
. (6.217)

We now turn to the estimate of the difference. Coming back to (6.209), one can write

∆12

(
B−1
⊥ ∂θS2BΠ⊥S0

)
= ∆12

(
B−1∂θS2BΠ⊥S0

)
−∆12

(
T0∂θS2BΠ⊥S0

)
.

It follows that∥∥∆12

(
B−1
⊥ ∂θS2BΠ⊥S0

)∥∥γ,O
O-d,q,sh+p

.
∥∥∆12

(
∂θB−1S2B

)∥∥γ,O
O-d,q,sh+p

+
∥∥∆12

(
T0∂θS2B

)∥∥γ,O
O-d,q,sh+p

. (6.218)

Arguing as for (6.158), one obtains

‖∆12(∂θK̂2)(∗, ·, �, η + �)‖q,sh+p+s0 . εγ
−1‖∆12i‖γ,Oq,sh+p+σ3

(
1− log

∣∣sin (η2)∣∣) .
Then, using Lemma 4.4 implies∥∥∆12

(
∂θB−1S2B

)∥∥γ,O
O-d,q,sh+p

.
ˆ
T
‖∆12(∂θK̂2)(∗, ·, �, η + �)‖q,sh+p+s0dη

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.219)

On the other hand, proceeding as for (6.206), and using in particular (6.30),∥∥∆12

(
T0∂θS2B

)∥∥γ,O
O-d,q,sh+p

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.220)

Putting together (6.219), (6.220) and (6.218), ensures that∥∥∆12

(
B−1
⊥ ∂θS2BΠ⊥S0

)∥∥γ,O
O-d,q,sh+p

. εγ−1‖∆12i‖γ,Oq,sh+p+σ3
. (6.221)

I Study of the term εB−1
⊥ ∂θRB⊥. Using the relation Id = ΠS0 + Π⊥S0

, we can write

∂kθB
−1
⊥ ∂θRB⊥ = ∂k+1

θ B−1RB⊥ − ∂kθT0∂θRB⊥

= ∂k+1
θ B−1RΠ⊥S0

BΠ⊥S0
− ∂kθT0∂θRΠ⊥S0

BΠ⊥S0

= ∂k+1
θ B−1RBΠ⊥S0

− ∂k+1
θ B−1RΠS0BΠ⊥S0

− ∂kθT0∂θRBΠ⊥S0
+ ∂kθT0∂θRΠS0BΠ⊥S0

. (6.222)
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Hence

‖∂kθB−1
⊥ ∂θRB⊥‖γ,OO-d,q,s 6‖∂k+1

θ B−1RB‖γ,OO-d,q,s + ‖∂k+1
θ B−1RΠS0B‖

γ,O
O-d,q,s

+ ‖∂kθT0∂θRB‖γ,OO-d,q,s + ‖∂kθT0∂θRΠS0B‖
γ,O
O-d,q,s. (6.223)

Recall that from Proposition 6.1 that R is an integral operator of kernel J and therefore direct
computations give (

B−1RBρ
)
(ϕ, θ) =

ˆ
T
ρ(ϕ, η)Ĵ(ϕ, θ, η)dη, (6.224)

with
Ĵ(ϕ, θ, η) := J

(
ϕ, θ + β̂(ϕ, θ), η + β̂(ϕ, η)

)
. (6.225)

Combining (6.32) and (6.5), one gets

Ĵ(−ϕ,−θ,−η) = Ĵ(ϕ, θ, η) ∈ R. (6.226)

Using the composition law and (6.9), we obtain

max
k∈{0,1,2}

sup
η∈T
‖(∂kθ Ĵ)

(
∗, ·, �, η + �

)
‖γ,Oq,s . 1 + ‖I0‖γ,Oq,s+σ3

.

Thus, applying Lemma 4.4-(ii) implies

max
k∈{0,1}

‖∂k+1
θ B−1RB‖γ,OO-d,q,s . max

k∈{0,1,2}

ˆ
T
‖(∂kθ Ĵ)

(
∗, ·, �, η + �

)
‖γ,Oq,s+s0dη

. 1 + ‖I0‖γ,Oq,s+σ3
. (6.227)

On the other hand we notice from (6.224) that we get the structure

(
B−1RΠS0Bρ

)
(ϕ, θ) =

ˆ
T
ρ(ϕ, η)J̃(ϕ, θ, η)dη, (6.228)

with

J̃(ϕ, θ, η) :=

ˆ
T
J
(
ϕ, θ + β̂(ϕ, θ), η′

)
DS0(η′ − η)dη′. (6.229)

Combining (6.32), (6.5) and the change of variables η′ 7→ −η′, one finds

J̃(−ϕ,−θ,−η) = J̃(ϕ, θ, η) ∈ R. (6.230)

Using the change of variables η′ 7→ η′ + θ yields

J̃(ϕ, θ, η + θ) :=

ˆ
T
J
(
ϕ, θ + β̂(ϕ, θ), η′ + θ

)
DS0(η′ − η)dη′.

Then by the composition law, we infer

max
k∈{0,1,2}

sup
η∈T
‖(∂kθ J̃)(∗, ·, �, η + �)‖γ,Oq,s . 1 + ‖I0‖γ,Oq,s+σ3

.

Consequently, we find in view of Lemma 4.4

max
k∈{0,1}

‖∂kθB−1RΠS0B‖
γ,O
O-d,q,s . max

k∈{0,1,2}

ˆ
T
‖(∂kθ J̃)

(
∗, ·, �, η + �

)
‖γ,Oq,s+s0dη

. 1 + ‖I0‖γ,Oq,s+σ3
. (6.231)

If wet set
S3 = ∂θRB or ∂θRΠS0B,
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then using (6.190), we deduce that

T0S3ρ =
∑
m∈S0

〈
S3ρ,

(
B − Id

)
gm
〉
L2
θ(T)

B−1em

=
∑
m∈S0

〈
ρ,S?3

(
B − Id

)
gm
〉
L2
θ(T)

B−1em,

with S?3 is the adjoint of S3 given by

S?3 = −B−1R?∂θ or − B−1ΠS0R?∂θ, (6.232)

and R? the adjoint of R which is an integral operator with kernel

J?(ϕ, θ, η) :=
3∑

k′=1

d∑
k=1

gk,k′(ϕ, θ)χk,k′(ϕ, η), (6.233)

where we use the notations of the proof of Proposition 6.1. Notice that similarly to (6.9) and (6.5),
the kernel J? satisfies

max
k∈{0,1,2}

sup
η∈T
‖(∂kθJ?)(∗, ·, �, η + �)‖γ,Oq,s . 1 + ‖I0‖γ,Oq,s+σ3

(6.234)

and
J?(−ϕ,−θ,−η) = J?(ϕ, θ, η) ∈ R. (6.235)

Now, we have the integral representation(
T0S3ρ

)
(ϕ, θ) =

ˆ
T
K4(ϕ, θ, η)ρ(ϕ, η)dη,

K4(ϕ, θ, η) :=
∑
m∈S0

(
S?3
(
B − Id

)
gm
)
(ϕ, η)

(
B−1em

)
(ϕ, θ).

Then by virtue of (6.174), (6.32), (6.214) and (6.235) we obtain

K4(−ϕ,−θ,−η) = −K4(ϕ, θ, η) ∈ R. (6.236)

Applying Lemma 4.4 combined with the law products, we get for all k ∈ {0, 1}

‖∂kθT0S3‖γ,OO-d,q,s .
ˆ
T
‖(∂kθK4)(∗, ·, �, η + �)‖γ,Oq,s+s0dη

.
∑
m∈S0

(
‖S?3

(
B − Id

)
gm‖γ,Oq,s+s0‖B

−1em‖γ,Oq,s0+k + ‖S?3
(
B − Id

)
gm‖γ,Oq,s0‖B

−1em‖γ,Oq,s+s0+k

)
.

Consequently, using Lemma 4.4 and (6.234), we get

‖R?‖γ,OO-d,q,s .
ˆ
T
‖J?(∗, ·, �, η + �)‖γ,Oq,s+s0

. 1 + ‖I0‖γ,Oq,s+σ3
.

Applying (6.27), Lemma 4.3 and the previous estimate implies

‖S?3ρ‖γ,Oq,s . ‖R?∂θρ‖γ,Oq,s + εγ−1‖I0‖γ,Oq,s+σ3
‖R?∂θρ‖γ,Oq,s0

.
(
εγ−1

(
1 + ‖I0‖γ,Oq,s+σ3

)
+ ‖R?‖γ,OO-d,q,s

)
‖ρ‖γ,Oq,s0+1 + ‖R?‖γ,OO-d,q,s0‖ρ‖

γ,O
q,s+1

. ‖ρ‖γ,Oq,s+1 + ‖I0‖γ,Oq,s+σ3
‖ρ‖γ,Oq,s0+1.

Thus

‖S?3
(
B − Id

)
gm‖γ,Oq,s . ‖gm‖

γ,O
q,s+1 + ‖I0‖γ,Oq,s+σ3

‖gm‖γ,Oq,s0+1

. 1 + ‖I0‖γ,Oq,s+σ3
.
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Hence
max
k∈{0,1}

‖∂kθT0S3‖γ,OO-d,q,s . 1 + ‖I0‖γ,Oq,s+σ3
. (6.237)

Putting together (6.223), (6.227), (6.231) and (6.237) allows to get

max
k∈{0,1}

ε
∥∥∂kθB−1

⊥ ∂θRB⊥
∥∥γ,O

O-d,q,s
. εγ−1

(
1 + ‖I0‖γ,Oq,s+σ3

)
. (6.238)

We now move to the estimate of the difference. From (6.222), one has

‖∆12

(
B−1
⊥ ∂θRB⊥

)
‖γ,O

O-d,q,sh+p 6 ‖∆12

(
∂θB−1RB

)
‖γ,O

O-d,q,sh+p + ‖∆12

(
∂θB−1RΠS0B

)
‖γ,O

O-d,q,sh+p

+ ‖∆12

(
T0∂θRB

)
‖γ,O

O-d,q,sh+p + ‖∆12

(
T0∂θRΠS0B

)
‖γ,O

O-d,q,sh+p. (6.239)

Combining Lemma 4.4 with Taylor Formula, (6.224), (6.225), (6.10) and (6.31) one obtains

‖∆12

(
∂θB−1RB

)
‖γ,O

O-d,q,sh+p .
ˆ
T
‖∆12(∂θĴ)(∗, ·, �, η + �)‖γ,Oq,sh+p+s0

dη

. ‖∆12i‖γ,Oq,sh+p+σ3
. (6.240)

In the same spirit, (6.228) and (6.229) give

‖∆12

(
∂θB−1RΠS0B

)
‖γ,O

O-d,q,sh+p .
ˆ
T
‖∆12(∂θJ̃)(∗, ·, �, η + �)‖γ,Oq,sh+p+s0

dη

. ‖∆12i‖γ,Oq,sh+p+σ3
. (6.241)

According to the structure of J? detailed in (6.233) one can check that J? satisfies similar estimates
as (6.10). Then using (6.31), one finds in a similar way to (6.206),

‖∆12(T0S3)‖γ,O
O-d,q,sh+p .

ˆ
T
‖∆12K4(∗, ·, �, η + �)‖γ,Oq,sh+p+s0

dη

. ‖∆12i‖γ,Oq,sh+p+σ3
. (6.242)

Hence, putting together, (6.240), (6.241), (6.242) and (6.239) gives

ε‖∆12

(
B−1
⊥ ∂θRB⊥

)
‖γ,O

O-d,q,sh+p . εγ
−1‖∆12i‖q,sh+p+σ3 . (6.243)

On the other hand, gathering (6.184), (6.153), (6.193), (6.211), (6.215), (6.236), (6.226) and (6.230)
together with Lemma 4.4, we find that R0 is a real and reversible Toeplitz in time integral operator.
In addition, (6.184), (6.187), (6.198), (6.217) and (6.238) give (6.185).
Furthermore, (6.184), (6.188), (6.207), (6.221) and (6.243) imply (6.186).
(iv) Using Lemma 4.3 together with (6.181), (5.26), (6.26) and (6.178), one obtains for all s ∈ [s0, S]

‖L0ρ‖γ,Oq,s 6 ‖
(
ω · ∂ϕ + ci0∂θ + ∂θKλ ∗ ·)

)
ρ‖γ,Oq,s + ‖R0ρ‖γ,Oq,s

. ‖ρ‖γ,Oq,s+1 + ‖R0‖γ,OO-d,q,s‖ρ‖γ,Oq,s0 + ‖R0‖γ,OO-d,q,s0‖ρ‖
γ,O
q,s

. ‖ρ‖γ,Oq,s+1 + εγ−1‖I0‖γ,Oq,s+σ3
‖ρ‖γ,Oq,s0 .

This ends the proof of Proposition 6.4.

6.3.2 KAM reduction of the remainder term

The goal of this section is to conjugate L0 defined in Proposition 6.4 to a diagonal operator, up to a
fast decaying small remainder. This will be achieved through a standard KAM reducibility techniques
in the spirit of Proposition 6.2 but well-adapted to the operators setting. This will be implemented
by taking advantage of the exterior parameters which are restricted to a suitable Cantor set that
prevents the resonances in the second Melnikov assumption. Notice that one gets from this study
some estimates on the distribution of the eigenvalues and their stability with respect to the torus
parametrization. This is considered as the key step not only to get an approximate inverse but also
to achieve Nash-Moser scheme with a final massive Cantor set. The main result of this section reads
as follows.
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Proposition 6.5. Let (γ, q, d, τ1, τ2, s0, sl, µ2, S) satisfy (4.1), (4.2) and (6.3). For any (µ2, sh) satis-
fying

µ2 > µ2 + 2τ2q + 2τ2 and sh >
3

2
µ2 + sl + 1, (6.244)

there exist ε0 ∈ (0, 1) and σ4 = σ4(τ1, τ2, q, d) > σ3, with σ3 defined in Proposition 6.4, such that if

εγ−2−qNµ2
0 6 ε0 and ‖I0‖γ,Oq,sh+σ4

6 1, (6.245)

then the following assertions hold true.

(i) There exists a family of invertible linear operator Φ∞ : O → L
(
Hs
⊥
)

satisfying the estimates

∀s ∈ [s0, S], ‖Φ±1
∞ ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + εγ−2‖I0‖γ,Oq,s+σ4

‖ρ‖γ,Oq,s0 . (6.246)

There exists a diagonal operator L∞ = L∞(λ, ω, i0) taking the form

L∞ = ω · ∂ϕΠ⊥S0
+ D∞

where D∞ = D∞(λ, ω, i0) is a reversible Fourier multiplier operator given by,

∀(l, j) ∈ Zd × Sc0, D∞el,j = iµ∞j el,j ,

with
∀j ∈ Sc0, µ∞j (λ, ω, i0) = µ0

j (λ, ω, i0) + r∞j (λ, ω, i0), ‖r∞j ‖γ,Oq . εγ−1 (6.247)

and

sup
j∈Sc0
|j|‖r∞j ‖γ,Oq . εγ−1, (6.248)

such that in the Cantor set

Oγ,τ1,τ2
∞,n (i0) :=

⋂
(l,j,j0)∈Zd×(Sc0)2

|l|6Nn
(l,j)6=(0,j0)

{
(λ, ω) ∈ Oγ,τ1∞,n(i0),

∣∣ω · l + µ∞j (λ, ω, i0)− µ∞j0 (λ, ω, i0)
∣∣ > 2γ〈j−j0〉

〈l〉τ2

}

we have

Φ−1
∞L0Φ∞ = L∞ + E2

n,

and the linear operator E2
n satisfies the estimate

‖E2
nρ‖γ,Oq,s0 . εγ

−2Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+1. (6.249)

Notice that the Cantor set Oγ,τ1∞,n(i0) was introduced in Proposition 6.2, the operator L0 and the
frequencies

(
µ0
j (λ, ω, i0)

)
j∈Sc0

were stated in Proposition 6.4.

(ii) Given two tori i1 and i2 both satisfying (6.245), then

∀j ∈ Sc0, ‖∆12r
∞
j ‖γ,Oq . εγ−1‖∆12i‖γ,Oq,sh+σ4

(6.250)

and
∀j ∈ Sc0, ‖∆12µ

∞
j ‖γ,Oq . εγ−1|j|‖∆12i‖γ,Oq,sh+σ4

. (6.251)
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Proof. (i) We shall introduce the quantity

δ0(s) := γ−1‖R0‖γ,OO-d,q,s,

where R0 is the remainder seen in Proposition 6.4. By applying (6.181), we deduce that

δ0(s) 6 Cεγ−2
(

1 + ‖I0‖γ,Oq,s+σ3

)
. (6.252)

Therefore with the notation of (6.244), (6.245) and the fact that σ4 > σ3 we obtain

Nµ2
0 δ0(sh) 6 CNµ2

0 εγ−2

6 Cε0. (6.253)

I KAM step. Recall from Proposition 6.4 that in the Cantor set Oγ,τ1∞,n(i0) one has

B−1
⊥ L̂ωB⊥ = L0 + E1

n,

where the operator L0 has the following structure

L0 =
(
ω · ∂ϕ + D0

)
Π⊥S0

+ R0, (6.254)

with D0 a diagonal operator of pure imaginary spectrum and R0 a real and reversible Toeplitz in time
operator of zero order satisfying Π⊥S0

R0Π⊥S0
= R0. Similarly to the reduction of the transport part, we

shall first expose a typical step of the iteration process of the KAM scheme whose goal is to reduce to
a diagonal part R0. Notice that the scheme is flexible and has been used in the literature to deal with
various equations. Assume that we have a linear operator L taking the following form in restriction
to some Cantor set O one has

L =
(
ω · ∂ϕ + D

)
Π⊥S0

+ R,

where D is real and reversible diagonal Toeplitz in time operator, that is,

Del,j = iµj(λ, ω) el,j and µ−j(λ, ω) = −µj(λ, ω). (6.255)

The operator R is assumed to be a real and reversible Toeplitz in time operator of zero order satisfying
Π⊥S0

RΠ⊥S0
= R. Consider a linear invertible transformation close to the identity

Φ = Π⊥S0
+ Ψ : O → L(Hs

⊥),

where Ψ is small and depends on R. Then straightforward calculus show that in O

Φ−1L Φ = Φ−1
(

Φ (ω · ∂ϕ + D) Π⊥S0
+
[
ω · ∂ϕΠ⊥S0

+ D ,Ψ
]

+ R + RΨ
)

=
(
ω · ∂ϕ + D

)
Π⊥S0

+ Φ−1
([(

ω · ∂ϕ + D
)
Π⊥S0

,Ψ
]

+ PNR + P⊥NR + RΨ
)
,

where the projector PN was defined in (4.11). The main idea consists in replacing the remainder R
with another quadratic one up to a diagonal part and provided that the parameters (λ, ω) belongs to
a Cantor set connected to non-resonance conditions associated to the homological equation. Iterating
this scheme will generate new remainders which become smaller and smaller up to new contributions
on the diagonal part and with more extraction on the parameters. Then by passing to the limit we
expect to diagonalize completely the operators provided that the parameters belong to a limit Cantor
set. Notice that the Cantor set should be truncated in the time mode in order to get a stability form
required later in Nash-Moser scheme and during the measure of the final Cantor set. This will induce a
diagonalization up to small fast decaying remainders modeled by the operators E2

n in Proposition 6.5.
Now the first step is to impose the following homological equation,[(

ω · ∂ϕ + D
)
Π⊥S0

,Ψ
]

+ PNR = bPNRc, (6.256)
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where bPNRc is the diagonal part of the operator R. We emphasize that the notation bRc with a
general operator R is defined as follows, for all (l0, j0) ∈ Zd × Sc0,

Rel0,j0 =
∑

(l,j)∈Zd×Sc0

Rl,jl0,j0el,j =⇒ bRcel0,j0 = Rl0,j0l0,j0
el0,j0 =

〈
Rel0,j0 , el0,j0

〉
L2(Td+1)

el0,j0 . (6.257)

Remind the notation el0,j0(ϕ, θ) = ei(l0·ϕ+j0θ). The Fourier coefficients of Ψ are defined through

Ψel0,j0 =
∑

(l,j)∈Zd×Sc0

Ψl,j
l0,j0

el,j , Ψl,j
l0,j0
∈ C.

From direct computations based on the above Fourier decomposition, we infer[
ω · ∂ϕΠ⊥S0

,Ψ
]
el0,j0 = i

∑
(l,j)∈Zd×Sc0

Ψl,j
l0,j0

ω · (l − l0) el,j

and using the diagonal structure of D ,

[D0,Ψ]el0,j0 = i
∑

(l,j)∈Zd×Sc0

Ψl,j
l0,j0

(µj(λ, ω)− µj0(λ, ω)) el,j .

By hypothesis, R is a real and reversible Toeplitz in time operator. Hence its Fourier coefficients write
in view of Proposition 4.1,

Rl,j
l0,j0

:= i rjj0(λ, ω, l0 − l) ∈ iR and R−l,−j−l0,−j0 = −Rl,j
l0,j0

. (6.258)

Consequently Ψ is a solution of (6.256) if and only if

Ψel0,j0 =
∑

|l−l0|6N
|j−j0|6N

Ψl,j
l0,j0

el,j

and

Ψl,j
l0,j0

(
ω · (l − l0) + µj(λ, ω)− µj0(λ, ω)

)
=

{
−rjj0(λ, ω, l0 − l) if (l, j) 6= (l0, j0)

0 if (l, j) = (l0, j0).

In particular, we get that Ψ is a Toeplitz in time operator with Ψj
j0

(l0 − l) := Ψl,j
l0,j0

. Moreover, for

(l, j, j0) ∈ Zd × (Sc0)2 with |l|, |j − j0| 6 N, one obtains

Ψj
j0

(λ, ω, l) =

{
−rjj0 (λ,ω,l)

ω·l+µj(λ,ω)−µj0 (λ,ω) if (l, j) 6= (0, j0)

0 if (l, j) = (0, j0),
(6.259)

provided that the denominator is non zero. In addition, from Π⊥S0
RΠ⊥S0

= R, one easily gets

∀ l ∈ Zd, ∀ j or j0 ∈ S0, rjj0(λ, ω, l) = 0.

Therfore, we should impose the compatibility condition

∀ l ∈ Zd, ∀ j or j0 ∈ S0, Ψj
j0

(λ, ω, l) = 0.

This implies that Π⊥S0
ΨΠ⊥S0

= Ψ. To justify the formula given by (6.259) we need to avoid resonances
and restrict the parameters to the following open set according to the so-called second Melnikov
condition,

Oγ
+ =

⋂
(l,j,j0)∈Zd×(Sc0)2

|l|6N
(l,j)6=(0,j0)

{
(λ, ω) ∈ O s.t. |ω · l + µj(λ, ω)− µj0(λ, ω)| > γ〈j−j0〉

〈l〉τ2

}
.
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In view of this restriction, the identity (6.259) is well defined and to extend Ψ to the whole set O we
shall use the cut-off function χ of (5.81). We set

Ψj
j0

(λ, ω, l) =

{
−%jj0(λ, ω, l) rjj0(λ, ω, l), if (l, j) 6= (0, j0)

0, if (l, j) = (0, j0),
(6.260)

with

%jj0(λ, ω, l) :=
χ
(
(ω · l + µj(λ, ω)− µj0(λ, ω))(γ〈j − j0〉)−1〈l〉τ2

)
ω · l + µj(λ, ω)− µj0(λ, ω)

· (6.261)

To simplify the notation, in the sequel we shall still write Ψ to denote this extension. Note that the
extension (6.260) is smooth and in restriction to the Cantor set Oγ

+ coincides with Ψ. On the other

hand, (6.258) and (6.260) imply that Ψj
j0

(l) ∈ R. In addition, (6.261) combined with (6.255) give

Ψ−j−j0(−l) = Ψj
j0

(l).

Consequently, in view of Proposition 4.1, we deduce that Ψ is a real and reversibility preserving
operator. Now consider,

D+ = D + bPNRc, R+ = Φ−1
(
−Ψ bPNRc+ P⊥NR + RΨ

)
(6.262)

and
L+ :=

(
ω · ∂ϕ + D+ + R+

)
Π⊥S0

.

Therefore, in restriction to the Cantor set Oγ
+, we can write

L+ = Φ−1L Φ.

Our next task is to estimate %jj0 defined by (6.261). Notice that this quantity can be written in the
following form

%jj0(λ, ω, l) = al,j,j0χ̂
(
al,j,j0Al,j,j0(λ, ω)

)
, χ̂(x) =

χ(x)

x
,

Al,j,j0(λ, ω) = ω · l + µj(λ, ω)− µj0(λ, ω), al,j,j0 = (γ〈j − j0〉)−1〈l〉τ2 , (6.263)

where χ̂(x) := χ(x)
x is C∞ with bounded derivatives. Assume now the following estimate

∀ (j, j0) ∈ (Sc0)2, max
|α|∈J0,qK

sup
(λ,ω)∈O

∣∣∂αλ,ω (µj(λ, ω)− µj0(λ, ω))
∣∣ 6 C |j − j0|. (6.264)

Then, we find

∀ (l, j, j0) ∈ Zd × (Sc0)2, max
q′∈J0,qK

‖Al,j,j0‖
γ,O
q′ 6 C 〈l, j − j0〉. (6.265)

In a similar way to (6.46), using Lemma 4.1-(vi) and (6.265), we obtain

∀q′ ∈ J0, qK, ‖%jj0(∗, l)‖γ,Oq′ 6 Cγ
−(q′+1)〈l, j − j0〉τ2q

′+τ2+q′ . (6.266)

Similarly to (6.48), using Leibniz rule, we get

‖Ψ‖γ,OO-d,q,s 6 Cγ
−1‖PNR‖γ,OO-d,q,s+τ2q+τ2 . (6.267)

We also assume that the following smallness condition holds

γ−1‖R‖γ,OO-d,q,s0+τ2q+τ2 6 Cε0. (6.268)

Hence, by virtue of (6.267), we get

‖Ψ‖γ,OO-d,q,s0 6 Cγ
−1‖R‖γ,OO-d,q,s0+τ2q+τ2

6 Cε0. (6.269)
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As a consequence, up to take ε0 small enough, the operator Φ is invertible and

Φ−1 =
∞∑
n=0

(−1)nΨn := Id + Σ.

According to the law products in Lemma 4.1, Lemma 4.3, (6.267) and (6.269) one gets

‖Σ‖γ,OO-d,q,s 6 ‖Ψ‖γ,OO-d,q,s

(
1 +

∞∑
n=1

(
C‖Ψ‖γ,OO-d,q,s0

)n)
6 C γ−1N τ2q+τ2‖R‖γ,OO-d,q,s. (6.270)

Therefore, we conclude with the assumption (6.268) that Φ−1 is satisfies the following estimate

‖Φ−1 − Id‖γ,OO-d,q,s6Cγ
−1N τ2q+τ2‖R‖γ,OO-d,q,s. (6.271)

From (6.262), we can write

R+ = P⊥NR + Φ−1RΨ−Ψ bPNRc+ Σ
(
P⊥NR −Ψ bPNRc

)
.

Thus, by virtue of Lemma 4.3 and (6.271), we infer

‖R+‖γ,OO-d,q,s 6 ‖P⊥NR‖γ,OO-d,q,s + C‖Σ‖γ,OO-d,q,s

(
‖P⊥NR‖γ,OO-d,q,s0 + ‖Ψ‖γ,OO-d,q,s0‖R‖

γ,O
O-d,q,s0

)
+ C

(
1 + ‖Σ‖γ,OO-d,q,s0

)(
‖Ψ‖γ,OO-d,q,s‖R‖γ,OO-d,q,s0 + ‖Ψ‖γ,OO-d,q,s0‖R‖

γ,O
O-d,q,s

)
. (6.272)

By Lemma 4.3 , (6.267),(6.269) and (6.271), we get for all S > s > s > s0,

‖R+‖γ,OO-d,q,s 6 N
s−s‖R‖γ,O

O-d,q,s + Cγ−1N τ2q+τ2‖R‖γ,OO-d,q,s0‖R‖
γ,O
O-d,q,s. (6.273)

I Initialization We shall verify that the assumptions (6.264) and (6.268) required along the KAM
step to get the final form (6.273) are satisfied for L = L0 in (6.254). Indeed, (6.264) is an immediate
consequence of Lemma 3.3-(vi), that is

∃C > 0, ∀(j, j0) ∈ Z2, max
|α|∈J0,qK

sup
λ∈(λ0,λ1)

|∂αλ (Ωj(λ)− Ωj0(λ))| 6 C |j − j0|. (6.274)

Thus, applying (6.179) we obtain

∃C > 0, ∀(j, j0) ∈ Z2, max
|α|∈J0,qK

sup
(λ,ω)∈O

∣∣∂αλ,ω (µ0
j (λ, ω)− µ0

j0(λ, ω)
)∣∣ 6 C |j − j0|.

Concerning the second assumption (6.268), we may combine (6.181) and (6.245) to find

γ−1‖R0‖γ,OO-d,q,s0+τ2q+τ2 6 Cεγ
−2
(

1 + ‖I0‖γ,Oq,sh+σ4

)
6 Cε0.

I KAM iteration. Let m ∈ N and consider a linear operator

Lm :=
(
ω · ∂ϕ + Dm + Rm

)
Π⊥S0

(6.275)

with Dm a diagonal real reversible operator and Rm a real and reversible Toeplitz in time operator
of zero order satisfying Π⊥S0

RmΠ⊥S0
= Rm. We assume that both assumptions (6.264) and (6.268) are

satisfied for Dm and Rm. Remark that for m = 0 we take the operator L0 defined in (6.254). Let
Φm = Id + Ψm be a linear invertible operator such that

Φ−1
m LmΦm :=

(
ω · ∂ϕ + Dm+1 + Rm+1

)
Π⊥S0

, (6.276)
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with Ψm satisfying the homological equation[(
ω · ∂ϕ + Dm

)
Π⊥S0

,Ψm

]
+ PNmRm = bPNmRmc.

Recall that Nm was defined in (5.82). The diagonal parts (Dm)m∈N and the remainders (Rm)m∈N are
defined similarly to (6.262) by the recursive formulas,

Dm+1 = Dm + bPNmRmc and Rm+1 = Φ−1
m

(
−Ψm bPNmRmc+ P⊥NmRm + RmΨm

)
. (6.277)

Remark that Dm and bPNmRmc are Fourier multiplier Toeplitz operators that can be identified to
their spectra (iµmj )j∈Sc0 and (irmj )j∈Sc0 , namely

∀(l, j) ∈ Zd × Sc0, Dmel,j = iµmj el,j and bPNmRmcel,j = irmj el,j . (6.278)

By construction, we find

µm+1
j = µmj + rmj . (6.279)

In a similar way to (6.259) we obtain

(Ψm)jj0(λ, ω, l) =


−rjj0,m(λ,ω,l)

ω·l+µmj (λ,ω)−µmj0 (λ,ω) if (l, j) 6= (0, j0)

0 if (l, j) = (0, j0),
(6.280)

where the collection {rjj0,m(λ, ω, l)} describes the Fourier coefficients of Rm, that is,

Rmel0,j0 = i
∑

(l,j)∈Zd+1

rjj0,m(λ, ω, l0 − l)el,j .

Now we shall define the open Cantor set where the preceding formula is meaningful,

Oγ
m+1 =

⋂
(l,j,j0)∈Zd×(Sc0)2

|l|6Nm
(l,j)6=(0,j0)

{
(λ, ω) ∈ Oγ

m s.t. |ω · l + µmj (λ, ω)− µmj0(λ, ω)| > γ〈j−j0〉
〈l〉τ2

}
. (6.281)

Similarly to (6.260) and (6.261) we can extend (6.280) as follows

(Ψm)jj0(λ, ω, l) =

 −
χ
(

(ω·l+µmj (λ,ω)−µmj0 (λ,ω))(γ|j−j0|)−1〈l〉τ2
)
rjj0,m

(λ,ω,l)

ω·l+µmj (λ,ω)−µmj0 (λ,ω) if (l, j) 6= (0, j0)

0 if (l, j) = (0, j0).
(6.282)

We point out that working with this extension for Ψm allows to extend both Dm+1 and the remainder
Rm+1 provided that the operators Dm and Rm are defined in the whole range of parameters. Thus
the operator defined by the right-hand side in (6.276) can be extended to the whole set O and we
denote this extension by Lm+1, that is,(

ω · ∂ϕ + Dm+1 + Rm+1

)
Π⊥S0

:= Lm+1. (6.283)

This enables to construct by induction the sequence of operators (Lm+1) in the full set O. Similarly
the operator Φ−1

m LmΦm admits an extension in O induced by the extension of Φ±1
m . However, by

construction the identity Lm+1 = Φ−1
m LmΦm in (6.276) occurs in the Cantor set Oγ

m+1 and may fail
outside this set. We define

δm(s) := γ−1‖Rm‖γ,OO-d,q,s (6.284)

and we want to prove by induction in m ∈ N that

∀m ∈ N, ∀s ∈ [s0, sl], δm(s) 6 δ0(sh)Nµ2
0 N−µ2

m and δm(sh) 6
(

2− 1
m+1

)
δ0(sh), (6.285)
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with sl and sh fixed by (6.3) and (6.244). Moreover, we should check the validity of the assumptions
(6.264) and (6.268) for Dm+1 and Rm+1. Notice that by Sobolev embeddings, it is sufficient to prove
the first inequality with s = sl. The property is obvious for m = 0. Now, assume that the property
(6.285) is true for m ∈ N and let us check it at the next order. We write

Φ−1
m = Id + Σm with Σm =

∞∑
n=1

(−1)nΨn
m. (6.286)

Thus similarly to (6.270), using in particular (6.267) and (6.269) we deduce successively

‖Σm‖γ,OO-d,q,s0 6 ‖Ψm‖γ,OO-d,q,s0

(
1 +

∞∑
n=0

(
C‖Ψm‖γ,OO-d,q,s0

)n)

6 δm(s0 + τ2q + τ2)

(
1 +

∞∑
n=0

(
Cδm(s0 + τ2q + τ2)

)n)

and for any s ∈ [s0, S],

‖Σm‖γ,OO-d,q,s 6 ‖Ψm‖γ,OO-d,q,s

(
1 +

∞∑
n=0

(
C‖Ψm‖γ,OO-d,q,s0

)n)

6 N τ2q+τ2
m δm(s)

(
1 +

∞∑
n=0

(
Cδm(s0 + τ2q + τ2)

)n)
.

Hence, from the induction assumption, the fact that Nm > N0 and since (6.3) implies in particular
s0 + τ2q + τ2 6 sl, we obtain

‖Σm‖γ,OO-d,q,s0 6 CN
µ2
0 N−µ2

m δ0(sh)

(
1 +

∞∑
n=0

(
CNµ2

0 N−µ2
m δ0(sh)

)n)

6 CNµ2
0 N−µ2

m δ0(sh)

(
1 +

∞∑
n=0

(
Cδ0(sh)

)n)

and for any s ∈ [s0, S],

‖Σm‖γ,OO-d,q,s 6 N
τ2q+τ2
m δm(s)

(
1 +

∞∑
n=0

(
CNµ2

0 N−µ2
m δ0(sh)

)n)

6 N τ2q+τ2
m δm(s)

(
1 +

∞∑
n=0

(
Cδ0(sh)

)n)
.

It follows from the condition (6.253) that

‖Σm‖γ,OO-d,q,s0 6 CN
µ2
0 N−µ2

m δ0(sh) and ‖Σm‖γ,OO-d,q,s 6 CN
τ2q+τ2
m δm(s). (6.287)

One also gets

‖Σm‖γ,OO-d,q,s 6 Cδm(s+ τ2q + τ2). (6.288)

From KAM step (6.273) and Sobolev embeddings, we infer

δm+1(sl) 6 N
sl−sh
m δm(sh) + CN τ2q+τ2

m (δm(sl))
2 .

Using the induction assumption (6.285) yields

δm+1(sl) 6 N
sl−sh
m

(
2− 1

m+1

)
δ0(sh) + CN τ2q+τ2

m δ2
0(sh)N2µ2

0 N−2µ2
m

6 2N sl−sh
m δ0(sh) + CN τ2q+τ2

m δ2
0(sh)N2µ2

0 N−2µ2
m .
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At this level we need to select the parameters sl, sh and µ2 in such a way

N sl−sh
m 6

1

4
Nµ2

0 N−µ2
m+1 and CN τ2q+τ2

m δ0(sh)N2µ2
0 N−2µ2

m 6
1

2
Nµ2

0 N−µ2
m+1 (6.289)

leading to
δm+1(sl) 6 δ0(sh)Nµ2

0 N−µ2
m+1.

The conditions (6.244) imply in particular

sh >
3

2
µ2 + sl + 1 and µ2 > 2(τ2q + τ2) + 1.

Then, using (5.82), we conclude that the assumptions of (6.289) hold true provided that

4N−µ2
0 6 1 and 2CNµ2

0 δ0(sh) 6 1, (6.290)

which follow from (6.253), since the first condition 4N−µ2
0 6 1 is automatically satisfied because

N0 > 2 and µ2 > 2, according to (6.244). Therefore, under the assumptions (6.244) we get the first
statement of the induction in (6.285). The next goal is to establish the second estimate in (6.285).
By KAM step (6.273) combined with the induction assumptions (6.285) we deduce that

δm+1(sh) 6 δm(sh) + CN τ2q+τ2
m δm(s0)δm(sh)

6
(

2− 1
m+1

)
δ0(sh)

(
1 + CNµ2

0 N τ2q+τ2−µ2
m δ0(sh)

)
.

Thus if one has (
2− 1

m+1

)(
1 + CNµ2

0 N τ2q+τ2−µ2
m δ0(sh)

)
6 2− 1

m+2 , (6.291)

then we get

δm+1(sh) 6
(

2− 1
m+2

)
δ0(sh),

which ends the induction argument of (6.285). Remark that with the choice µ2 > 2(τ2q + τ2) fixed in
(6.244), the condition (6.291) is staisfied if

CNµ2
0 N−τ2q−τ2m δ0(sh) 6 1

(2m+1)(m+2) · (6.292)

Since N0 > 2 we may find a constant c0 > 0 small enough such that

∀m ∈ N, c0N
−1
m ≤ 1

(2m+1)(m+2) ·

Consequently, (6.292) is satisfied provided that

CNµ2
0 N−τ2q−τ2+1

m δ0(sh) 6 c0. (6.293)

By virtue of the assumption (4.2) we get in particular

τ2q + τ2 − 1 > 0. (6.294)

Thus (6.293) is satisfied in view of (6.253). To conclude the induction proof of (6.285) it remains to
check that the assumptions (6.264) and (6.268) are satisfied for Dm+1 and Rm+1. First, the assumption
(6.268) is a consequence of the first inequality of (6.285) applied at the order m+1 with the regularity
index s = s0 + τ2q + τ2 6 sl supplemented with (6.253). Concerning the validity of (6.264) for Dm+1,
we combine (6.278) and (6.279) and (6.257), in order to find

‖µm+1
j − µmj ‖γ,Oq =

∥∥〈PNmRmel,j , el,j〉L2(Td+1)

∥∥γ,O
q

.

From the Topeplitz structure of Rm we may write

‖µm+1
j − µmj ‖γ,Oq =

∥∥〈PNmRme0,j , e0,j〉L2(Td+1)

∥∥γ,O
q

.
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By a duality argument combined with Lemma 4.3 and (6.284) we infer

‖µm+1
j − µmj ‖γ,Oq .

∥∥Rme0,j‖γ,Oq,s0 〈j〉
−s0

.
∥∥Rm

∥∥γ,O
O-d,q,s0

‖e0,j‖Hs0 〈j〉−s0

.
∥∥Rm

∥∥γ,O
O-d,q,s0

= γδm(s0). (6.295)

Hence we deduce from (6.285), (6.252) and (6.245)

‖µm+1
j − µmj ‖γ,Oq 6 Cγ δ0(sh)Nµ2

0 N−µ2
m

6 Cεγ−1Nµ2
0 N−µ2

m . (6.296)

As the assumption (6.264) is satisfied with Dm, that is,

∀ (j, j0) ∈ (Sc0)2, max
|α|∈J0,qK

sup
(λ,ω)∈O

∣∣∂αλ,ω (µmj (λ, ω)− µmj0(λ, ω)
)∣∣ 6 C |j − j0|, (6.297)

then we obtain by (6.296)

∀ (j, j0) ∈ (Sc0)2, max
|α|∈J0,qK

sup
(λ,ω)∈O

∣∣∣∂αλ,ω (µm+1
j (λ, ω)− µm+1

j0
(λ, ω)

)∣∣∣ 6 C(1 + εγ−1−qNµ2
0 N−µ2

m

)
|j − j0|.

Consequently, the convergence of the series
∑
N−µ2
m gives the required assumption with the same

constant C independently of m. This completes the induction principle. In what follows, we shall
provide some estimates for Ψm that will be used later to study the string convergence. Using (6.267)
combined with Lemma 4.3 and s0 + τ2q + τ2 + 1 6 sl we find

‖Ψm‖γ,OO-d,q,s0+1 6 Cγ
−1‖PNmRm‖γ,OO-d,q,s0+τ2q+τ2+1

6 C δm(sl). (6.298)

Thus (6.285) and (6.253) yield

‖Ψm‖γ,OO-d,q,s0+1 6 C δ0(sh)Nµ2
0 N−µ2

m

6 C εγ−2Nµ2
0 N−µ2

m . (6.299)

Next, we discuss the persistence of higher regularity. Let s ∈ [s0, S], then from (6.273), (6.285) and
(6.253) and (6.294)

δm+1(s) 6 δm(s)
(

1 + CN τ2q+τ2
m δm(s0)

)
6 δm(s)

(
1 + CNµ2

0 N τ2q+τ2−µ2
m δ0(sh)

)
6 δm(s)

(
1 + CN−1

m

)
.

Combining this estimate with (5.82) and (6.252) yields

∀ s > s0, ∀m ∈ N, δm(s) 6 δ0(s)
∞∏
n=0

(
1 + CN−1

n

)
6 Cδ0(s)

6 Cεγ−2
(

1 + ‖I0‖γ,Oq,s+σ4

)
. (6.300)

Using (6.267) combined with Lemma 4.3, applying in particular interpolation inequalities, leads to

‖Ψm‖γ,OO-d,q,s 6 Cγ
−1‖PNmRm‖γ,OO-d,q,s+τ2q+τ2

6 C δm(s+ τ2q + τ2)

6 C δθm(s0)δ1−θ
m (s+ τ2q + τ2 + 1). (6.301)
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with θ = 1
s−s0+τ2q+τ2+1 . Inserting (6.285) and (6.300) into (6.301) and using (6.253) give

‖Ψm‖γ,OO-d,q,s 6 C δθ0(s2)δ1−θ
0 (s+ τ2q + τ2 + 1)Nµ2θ

0 N−µ2θ
m

6 C ε0
θδ1−θ

0 (s+ τ2q + τ2 + 1)N−µ2θ
m . (6.302)

We point out that one also finds from (6.288), the second inequality of (6.301) and (6.300) that

∀ s ∈ [s0, S], sup
m∈N

(
‖Σm‖γ,OO-d,q,s + ‖Ψm‖γ,OO-d,q,s

)
6 Cεγ−2

(
1 + ‖I0‖γ,Oq,s+σ4

)
. (6.303)

I KAM conclusion. Let us examine the sequence of operators
(

Φ̂m

)
m∈N

defined by

Φ̂0 := Φ0 and ∀m > 1, Φ̂m := Φ0 ◦ Φ1 ◦ ... ◦ Φm. (6.304)

It is obvious from the identity Φm = Id+Ψm that Φ̂m+1 = Φ̂m+Φ̂mΨm+1. Applying the law products
yields

‖Φ̂m+1‖γ,OO-d,q,s0+1 6 ‖Φ̂m‖γ,OO-d,q,s0+1

(
1 + C‖Ψm+1‖γ,OO-d,q,s0+1

)
.

By iterating this inequality and using (6.299) we infer

‖Φ̂m+1‖γ,OO-d,q,s0+1 6 ‖Φ0‖γ,OO-d,q,s0+1

m+1∏
n=1

(
1 + C‖Ψn‖γ,OO-d,q,s0+1

)
6
∞∏
n=0

(
1 + C ε0N

−µ2
n

)
.

Using the first condition of (6.253) and (5.82) imply

‖Φ̂m+1‖γ,OO-d,q,s0+1 6
∞∏
n=0

(
1 + C ε04−( 3

2
)n
)

and since the infinite product converges, we obtain for ε0 small enough

sup
m∈N
‖Φ̂m‖γ,OO-d,q,s0+1 6 2. (6.305)

Now we shall estimate the difference Φ̂m+1 − Φ̂m and for this aim we use the law products combined
with (6.299) and (6.305)

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s0+1 6 C‖Φ̂m‖γ,OO-d,q,s0+1‖Ψm+1‖γ,OO-d,q,s0+1

6 C δ0(sh)Nµ2
0 N−µ2

m+1. (6.306)

Applying Lemma A.1 gives

∞∑
m=0

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s0+1 6 C δ0(sh). (6.307)

Therefore, by a completeness argument we deduce that the series
∑
m∈N

(Φ̂m+1 − Φ̂m) converges to an

element Φ∞. In addition, we get in view of (6.306) and Lemma A.1

‖Φ̂m − Φ∞‖γ,OO-d,q,s0+1 6
∞∑
j=m

‖Φ̂j+1 − Φ̂j‖γ,OO-d,q,s0+1

6 C δ0(sh)Nµ2
0

∞∑
j=m

N−µ2
j+1

6 C δ0(sh)Nµ2
0 N−µ2

m+1. (6.308)
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Remark that one also finds from (6.305)

‖Φ∞‖γ,OO-d,q,s0+1 6 2. (6.309)

Using (6.307) combined with (6.301) for m = 0 and (6.244)

‖Φ∞ − Id‖γ,O
O-d,q,s0+1 6

∞∑
m=0

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s0+1 + ‖Ψ0‖γ,OO-d,q,s0+1

6 C δ0(sh). (6.310)

Let us now check the convergence with higher order norms. Take s ∈ [s0, S], then using the law
products, (6.299), (6.302) and (6.305) we infer

‖Φ̂m+1‖γ,OO-d,q,s 6 ‖Φ̂m‖γ,OO-d,q,s

(
1 + C‖Ψm+1‖γ,OO-d,q,s0

)
+ C‖Φ̂m‖γ,OO-d,q,s0‖Ψm+1‖γ,OO-d,q,s (6.311)

6 ‖Φ̂m‖γ,OO-d,q,s

(
1 + C ε0N

−µ2
m+1

)
+ C δθ0(sh)Nµ2θ

0 δ1−θ
0 (s+ τ2q + τ2 + 1)N−µ2θ

m .

According to the first condition of (6.253) and (5.82) one finds

∞∏
n=0

(
1 + C ε0N

−µ2
n

)
6
∞∏
n=0

(
1 + C ε04−( 3

2
)n
)

6 2,

where the last inequality holds if ε0 is chosen small enough. Applying (6.79) together with (6.311)
and Lemma A.1 and using (6.267) yield

sup
m∈N
‖Φ̂m‖γ,OO-d,q,s 6 C

(
‖Φ0‖γ,OO-d,q,s + δθ0(sh)Nµ2θ

0 δ1−θ
0 (s+ τ2q + τ2 + 1)

)
6 C

(
1 + δ0(s+ τ2q + τ2) + δθ0(sh)Nµ2θ

0 δ1−θ
0

(
s+ τ2q + τ2 + 1

))
.

Interpolation inequalities and (6.253) allow to get

sup
m∈N
‖Φ̂m‖γ,OO-d,q,s 6 C

(
1 + δ0

(
s+ τ2q + τ2 + 1

))
. (6.312)

The next task is to estimate the difference ‖Φ̂m+1 − Φ̂m‖γ,Oq,s . By the law products combined with the
first inequality in (6.299), (6.302), (6.305) and (6.312) we obtain

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s 6 C
(
‖Φ̂m‖γ,OO-d,q,s‖Ψm+1‖γ,OO-d,q,s0 + ‖Φ̂m‖γ,OO-d,q,s0‖Ψm+1‖γ,OO-d,q,s

)
6 C δ0(sh)Nµ2

0 N−µ2
m+1

(
1 + δ0

(
s+ τ2q + τ2 + 1

))
+ C δθ0(sh)Nµ2θ

0 δ1−θ
0

(
s+ τ2q + τ2 + 1

)
N−µ2θ
m+1 .

Thus, we obtain in view of Lemma A.1

∞∑
m=0

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s 6 C δ0(sh)
(

1 + δ0

(
s+ τ2q + τ2 + 1

))
+ C δθ0(sh)δ1−θ

0

(
s+ τ2q + τ2 + 1

)
.

Combining the interpolation inequalities with the second condition in (6.253) gives

∞∑
m=0

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s 6 C
(
δ0(sh) + δ0

(
s+ τ2q + τ2 + 1

))
. (6.313)
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From this latter inequality combined with (6.253) and (6.312) we infer

‖Φ∞‖γ,OO-d,q,s 6
∞∑
m=0

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s + ‖Φ̂0‖γ,OO-d,q,s

6 C
(

1 + δ0

(
s+ τ2q + τ2 + 1

))
. (6.314)

On the other hand, using (6.313) and the second inequality in (6.301) with m = 0, one can check that

‖Φ∞ − Id‖γ,OO-d,q,s 6
∞∑
m=0

‖Φ̂m+1 − Φ̂m‖γ,OO-d,q,s + ‖Ψ0‖γ,OO-d,q,s

6 C
(
δ0(sh) + δ0

(
s+ τ2q + τ2 + 1

))
. (6.315)

Therefore, Lemma 4.3 together with (6.309), (6.314) and Sobolev embeddings give

‖Φ∞ρ‖γ,Oq,s . ‖Φ∞‖
γ,O
O-d,q,s0‖ρ‖

γ,O
q,s + ‖Φ∞‖γ,OO-d,q,s‖ρ‖γ,Oq,s0

. ‖ρ‖γ,Oq,s +
(

1 + δ0

(
s+ τ2q + τ2 + 1

))
‖ρ‖γ,Oq,s0

. ‖ρ‖γ,Oq,s + δ0

(
s+ τ2q + τ2 + 1

)
‖ρ‖γ,Oq,s0 . (6.316)

Applying (6.181) and (6.284) we obtain

δ0

(
s+ τ2q + τ2 + 1

)
= γ−1‖R0‖γ,OO-d,q,s

. εγ−2
(

1 + ‖I0‖γ,Oq,s+σ4

)
. (6.317)

Plugging (6.317) into (6.316) and using (6.245) combined with Sobolev embeddings and (6.244) yield

‖Φ∞ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + εγ−2
(

1 + ‖I0‖γ,Oq,s+σ4

)
‖ρ‖γ,Oq,s0

. ‖ρ‖γ,Oq,s + εγ−2‖I0‖γ,Oq,s+σ4
‖ρ‖γ,Oq,s0 . (6.318)

In a similar way to (6.316) we get by Lemma 4.3 combined with (6.315) and (6.310)∥∥(Φ∞ − Id
)
ρ
∥∥γ,O
q,s
. ‖Φ∞ − Id‖γ,OO-d,q,s0‖ρ‖

γ,O
q,s + ‖Φ∞ − Id‖γ,OO-d,q,s‖ρ‖γ,Oq,s0

. δ0(sh)‖ρ‖γ,Oq,s +
(
δ0(sh) + δ0

(
s+ τ2q + τ2 + 1

))
‖ρ‖γ,Oq,s0

. δ0(sh)‖ρ‖γ,Oq,s + δ0

(
s+ τ2q + τ2 + 1

)
‖ρ‖γ,Oq,s0 .

Hence we find from (6.317) and (6.245) combined with Sobolev embeddings and (6.252)∥∥(Φ∞ − Id
)
ρ
∥∥γ,O
q,s
.
(
εγ−2 + δ0(sh)

)
‖ρ‖γ,Oq,s + εγ−2‖I0‖γ,Oq,s+σ4

‖ρ‖γ,Oq,s0
. εγ−2‖ρ‖γ,Oq,s + εγ−2‖I0‖γ,Oq,s+σ4

‖ρ‖γ,Oq,s0 . (6.319)

The estimates Φ−1
∞ and Φ−1

∞ − Φ̂−1
n follow from the same type pf arguments.

â In what follows we plan to study the asymptotic of the eigenvalues. Summing up in m the estimates
(6.296) and using Lemma A.1, we find

∞∑
m=0

‖µm+1
j − µmj ‖γ,Oq 6 Cγ δ0(sh)Nµ2

0

∞∑
m=0

N−µ2
m

6 Cγδ0(sh). (6.320)

Thus for each j ∈ Sc0 the sequence (µmj )m∈N converges in the space W q,∞,γ(O,C) to an element denoted
by µ∞j ∈W q,∞,γ(O,C). Moreover, for any m ∈ N, we find in view of (6.296)

‖µ∞j − µmj ‖γ,Oq 6
∞∑
n=m

‖µn+1
j − µnj ‖γ,Oq

6 Cγ δ0(sh)Nµ2
0

∞∑
n=m

N−µ2
n .
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Applying Lemma A.1

sup
j∈Sc0
‖µ∞j − µmj ‖γ,Oq 6 Cγδ0(sh)Nµ2

0 N−µ2
m . (6.321)

Therefore, we deduce

µ∞j = µ0
j +

∞∑
m=0

(
µm+1
j − µmj

)
:= µ0

j + r∞j , (6.322)

where (µ0
j ) is described in Proposition 6.4 and takes the form

µ0
j (λ, ω, i0) = Ωj(λ) + j

(
ci0(λ, ω)− I1(λ)K1(λ)

)
.

Hence (6.320), (6.252) and (6.245) yield

‖r∞j ‖γ,Oq 6 C γ δ0(sh)

6 C εγ−1

and this gives the first result in (6.248). Define the diagonal operator D∞ defined on the normal
modes by

∀(l, j) ∈ Zd × Sc0, D∞el,j = iµ∞j el,j . (6.323)

By the norm definition we obtain

‖Dm −D∞‖γ,OO-d,q,s0 = sup
j∈Sc0
‖µmj − µ∞j ‖γ,Oq ,

which gives by virtue of (6.321)

‖Dm −D∞‖γ,OO-d,q,s0 6 C γ δ0(sh)Nµ2
0 N−µ2

m . (6.324)

â The next goal is to prove that the Cantor set Oγ,τ1,τ2
∞,n (i0) defined in Proposition 6.5 satisfies

Oγ,τ1,τ2
∞,n (i0) ⊂

n+1⋂
m=0

Oγ
m = Oγ

n+1.

where the intermediate Cantor sets are defined in (6.281). For this aim we shall proceed by finite
induction on m with n fixed. First, we get by construction Oγ,τ1,τ2

∞,n (i0) ⊂ O =: Oγ
0 . Now assume that

Oγ,τ2
∞,n(i0) ⊂ Oγ

m for m 6 n and let us check that

Oγ,τ1,τ2
∞,n (i0) ⊂ Oγ

m+1. (6.325)

Let (λ, ω) ∈ Oγ,τ1,τ2
∞,n (i0) and (l, j, j0) ∈ Zd × (Sc0)2 such that 0 6 |l| 6 Nm and (l, j) 6= (0, j0). Then,

the triangle inequality, (6.321), (6.244) and (6.253) imply

|ω · l + µmj (λ, ω)− µmj0(λ, ω)| > |ω · l + µ∞j (λ, ω)− µ∞j0 (λ, ω)| − 2 sup
j∈Sc0
‖µmj − µ∞j ‖γ,Oq

> 2γ〈j−j0〉
〈l〉τ2 − 2γδ0(sh)Nµ2

0 N−µ2
m

> 2γ〈j−j0〉
〈l〉τ2 − 2γε0〈l〉−µ2〈j − j0〉.

Thus for ε0 small enough and by (6.244)(implying that µ2 > τ2) we get∣∣ω · l + µmj (λ, ω)− µmj0(λ, ω)
∣∣ > γ〈j−j0〉

〈l〉τ2
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which shows that (λ, ω) ∈ Oγ
m+1 and therefore the inclusion (6.325) is satisfied.

â Next we shall discuss the convergence of the sequence (Lm)m∈N introduced in (6.275) towards the
diagonal operator L∞ := ω · ∂ϕΠ⊥S0

+ D∞, where D∞ is detailed in (6.323). Applying (6.324) and
(6.285)

‖Lm −L∞‖γ,OO-d,q,s0 6 ‖Dm −D∞‖γ,OO-d,q,s0 + ‖Rm‖γ,OO-d,q,s0

6 C γ δ0(sh)Nµ2
0 N−µ2

m , (6.326)

which gives in particular that

lim
m→∞

‖Lm −L∞‖γ,OO-d,q,s0 = 0. (6.327)

By virtue of (6.304) and (6.276) one gets

∀(λ, ω) ∈ Oγ
n+1, Φ̂−1

n L0Φ̂n =
(
ω · ∂ϕ + Dn+1 + Rn+1

)
Π⊥S0

= L∞ +
(
Dn+1 −D∞ + Rn+1

)
Π⊥S0

,

It follows that any (λ, ω) ∈ Oγ
n+1

Φ−1
∞L0Φ∞ = L∞ +

(
Dn+1 −D∞ + Rn+1

)
Π⊥S0

+ Φ−1
∞L0

(
Φ∞ − Φ̂n

)
+
(

Φ−1
∞ − Φ̂−1

n

)
L0Φ̂n

:= L∞ + E2
n,1 + E2

n,2 + E2
n,3 := L∞ + E2

n.

For the estimate E2
n,1 we use (6.324) combined with (6.284), (6.285), (6.252) and (6.245)

‖E2
n,1‖

γ,O
O-d,q,s0 6 C γ δ0(sh)Nµ2

0 N−µ2
n+1

6 Cεγ−1Nµ2
0 N−µ2

n+1 . (6.328)

According to Lemma 4.11 with (6.328) we obtain

‖E2
n,1ρ‖γ,Oq,s0 6 Cεγ

−1Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0 .

Now let us move to the estimates of E2
n,2 and E2

n,3. They can be treated in a similar way. Therefore we

shall restrict the discussion to the term E2
n,2. Using (6.246) yields

‖E2
n,2ρ‖γ,Oq,s0 .

∥∥L0

(
Φ∞ − Φ̂n

)
ρ
∥∥γ,O
q,s0

+ εγ−2‖I0‖γ,Oq,s0+σ4

∥∥L0

(
Φ∞ − Φ̂n

)
ρ
∥∥γ,O
q,s0

. (6.329)

Therefore we get from (6.183) combined with (6.245)

‖E2
n,2ρ‖γ,Oq,s0 .

∥∥L0

(
Φ∞ − Φ̂n

)
ρ
∥∥γ,O
q,s0

.
∥∥(Φ∞ − Φ̂n

)
ρ
∥∥γ,O
q,s0+1

.

Applying (6.308) with Lemma 4.11, (6.245) and (6.252) allow to get

‖E2
n,2ρ‖γ,Oq,s0 .

∥∥Φ∞ − Φ̂n

∥∥γ,O
O-d,q,s0+1

‖ρ‖γ,Oq,s0+1

6 C δ0(sh)Nµ2
0 N−µ2

m+1‖ρ‖
γ,O
q,s0+1

6 C εγ−2Nµ2
0 N−µ2

m+1‖ρ‖
γ,O
q,s0+1.

Notice that for E2
n,3 we get the same estimate as the preceding one. Consequently, putting together

the foregoing estimates yields (6.249).
â The goal now is to prove (6.248). We set

δ̂m(s) := max
(
γ−1‖∂θRm‖γ,OO-d,q,s, γ

−1‖Rm‖γ,OO-d,q,s

)
.
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Then we shall prove by induction on m ∈ N that

δ̂m(s0) 6 δ̂0(sh)Nµ2
0 N−µ2

m and δ̂m(sh) 6
(

2− 1
m+1

)
δ̂0(sh). (6.330)

According to Sobolev embeddings, the property is trivially satisfied for m = 0. Notice that from
(6.181) and (6.245) one gets

δ̂0(sh) . εγ−2
(

1 + ‖I0‖γ,Oq,sh+σ4

)
. εγ−2. (6.331)

We ssume that (6.330) is satisfied at the order m and let us check it at the order m+ 1. Applying ∂θ
to the second identity in (6.277) and using (6.286) we obtain the expression

∂θRm+1 = Φ−1
m

(
P⊥Nm∂θRm + ∂θRmΨm −Ψm∂θ

⌊
PNmRm

⌋
−
[
∂θ,Ψm

]⌊
PNmRm

⌋)
+
[
∂θ,Σm

](
P⊥NmRm + RmΨm −Ψm

⌊
PNmRm

⌋)
.

:= U1
m + U2

m

with
U2
m =

[
∂θ,Σm

](
P⊥NmRm + RmΨm −Ψm

⌊
PNmRm

⌋)
.

It is easy to check that for any Toeplitz in time operator T (λ, ω), we have[
∂θ, T (λ, ω)

]
el0,j0 = i

∑
(l,j)∈Zd+1

(j − j0)T jj0(λ, ω, l − l0)el,j ,

which implies using the norm definition∥∥[∂θ, T ]
∥∥γ,O

O-d,q,s
6 ‖T‖γ,O

O-d,q,s+1. (6.332)

Since Φ−1
m = Id + Σm, then applying Lemma 4.3, we obtain successively for S > s > s > s0

‖U1
m‖

γ,O
O-d,q,s 6 C‖Σm‖γ,OO-d,q,s

[
‖∂θRm‖γ,OO-d,q,s0

(
1 + ‖Ψm‖γ,OO-d,q,s0

)
+ ‖ [∂θ,Ψm] ‖γ,OO-d,q,s0‖Rm‖γ,OO-d,q,s0

]
+ C‖Σm‖γ,OO-d,q,s0

[
‖∂θRm‖γ,OO-d,q,s

(
1 + ‖Ψm‖γ,OO-d,q,s0

)
+ ‖∂θRm‖γ,OO-d,q,s0‖Ψm‖γ,OO-d,q,s (6.333)

+‖ [∂θ,Ψm] ‖γ,OO-d,q,s‖Rm‖γ,OO-d,q,s0 + ‖ [∂θ,Ψm] ‖γ,OO-d,q,s0‖Rm‖γ,OO-d,q,s

]
+ ‖P⊥Nm∂θRm‖γ,OO-d,q,s

and

‖U2
m‖

γ,O
O-d,q,s . ‖ [∂θ,Σm] ‖γ,OO-d,q,s0

(
‖Rm‖γ,OO-d,q,s0‖Ψm‖γ,OO-d,q,s + ‖Rm‖γ,OO-d,q,s

(
1 + ‖Ψm‖γ,OO-d,q,s0

))
+ ‖ [∂θ,Σm] ‖γ,OO-d,q,s‖Rm‖γ,OO-d,q,s0

(
1 + ‖Ψm‖γ,OO-d,q,s0

)
. (6.334)

By using (6.332), (6.267) and Lemma 4.3, we obtain

‖ [∂θ,Ψm] ‖γ,OO-d,q,s 6 ‖Ψm‖γ,OO-d,q,s+1

6 Cγ−1‖PNmRm‖γ,OO-d,q,s+τ2q+τ2+1

6 CN τ2q+τ2+1
m δm(s).

Coming back to (6.287), we obtain

‖ [∂θ,Σm] ‖γ,OO-d,q,s 6 ‖Σm‖γ,OO-d,q,s+1

6 CN τ2q+τ2+1
m δm(s).
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Then inserting the preceding estimates and (6.299) into (6.333) we deduce that

∀S > s > s > s0, δ̂m+1(s) 6 N s−s
m δ̂m(s) + CN τ2q+τ2+1

m δ̂m(s)δ̂m(s0). (6.335)

In particular, for s = s0 we get by the induction assumption (6.330),

δ̂m+1(s0) 6 N s0−sh
m δ̂m(sh) + CN τ2q+τ2+1

m

(
δ̂m(s0)

)2

6
(

2− 1
m+1

)
δ̂0(sh)N s0−sh

m + CN2µ2
0 N τ2q+τ2+1−2µ2

m

(
δ̂0(sh)

)2

6 δ̂0(sh)
(

2N s0−sh
m + CN2µ2

0 N τ2q+τ2+1−2µ2
m δ̂0(sh)

)
.

If we fix s2 and µ2 such that

N s0−sh
m 6 1

4N
µ2
0 N−µ2

m+1 and CN2µ2
0 N τ2q+τ2+1−2µ2

m δ̂0(sh) 6 1
2N

µ2
0 N−µ2

m+1, (6.336)

then we find
δ̂m+1(s0) 6 δ̂0(sh)Nµ2

0 N−µ2
m+1.

Notice that (6.244) implies in particular

sh >
3
2µ2 + s0 + 1 and µ2 > 2(τ2q + τ2 + 1) + 1.

Hence, using (5.82), we see that the assumptions of (6.336) hold true provided that

4N−µ2
0 6 1 and 2Cδ̂0(sh) 6 N−µ2

0 .

Remark that these conditions are satisfied thanks to (6.290), (6.331) and (6.245). Now, we turn to
the proof of the second estimate in (6.330). By (6.335) and (6.330)

δ̂m+1(sh) 6 δ̂m(sh) + CN τ2q+τ2+1
m δ̂m(sh)δ̂m(s0)

6
(

2− 1
m+1

)
δ̂0(sh)

(
1 + CNµ2

0 N τ2q+τ2+1−µ2
m δ̂0(sh)

)
.

Taking the parameters s2 and µ2 such that(
2− 1

m+1

)(
1 + CNµ2

0 N τ2q+τ2+1−µ2
m δ̂0(sh)

)
6 2− 1

m+2 , (6.337)

then we obtain
δ̂m+1(sh) 6

(
2− 1

m+2

)
δ̂0(sh),

which achieves the induction argument in (6.330). Now observe that (6.337) is quite similar to (6.291)
using in particular µ2 > 2(τ2q+ τ2) + 1 and one may proceed following the same lines. Next let us see
how to get the estimate (6.248). Recall that

r∞j =

∞∑
m=0

rmj with rmj =
〈
PNmRme0,j , e0,j

〉
L2(Td+1)

.

Then it is clear that〈
PNmRme0,j , e0,j

〉
L2(Td+1,C)

= i
j

〈
PNmRme0,j , ∂θe0,j

〉
L2(Td+1)

.

Therefore integration by parts leads to〈
PNmRme0,j , ∂θe0,j

〉
L2(Td+1,C)

= −
〈
PNm∂θRme0,j , e0,j

〉
L2(Td+1)

.

Using a duality argument Hs0 −H−s0 combined with Lemma 4.3 and (6.330), we obtain

‖〈PNm∂θRme0,j , e0,j〉L2(Td+1)‖γ,Oq 6 Cγ δ̂m(s0)

6 Cγ δ̂0(sh)Nµ2
0 N−µ2

m .
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Putting together the preceding estimates with (6.331) and Lemma A.1 yields

‖r∞j ‖γ,Oq . γ |j|−1δ̂0(sh)Nµ2
0

∞∑
m=0

N−µ2
m

. |j|−1εγ−1.

This achieves the proof of (6.248).
(ii) We shall now work with fixed values (minimal) of µ2 and sh denoted respectively by µc and sc,
namely

µc := µ2 + 2τ2q + 2τ2 and sc :=
3

2
µc + sl + 1 = sh + 4τ2q + 4τ2. (6.338)

From (6.277) and (6.286), we can write

Rm+1 = (Id + Σm)Um,

where

Um := P⊥NmRm + RmΨm −Ψm

⌊
PNmRm

⌋
. (6.339)

After straightforward computations, we get

∆12Um =P⊥Nm∆12Rm + (∆12Rm)(Ψm)r1 + (Rm)r2(∆12Ψm)

− (∆12Ψm)
⌊
PNm(Rm)r1

⌋
− (Ψm)r2

⌊
PNm∆12Rm

⌋
(6.340)

and

∆12Rm+1 = ∆12Um + (∆12Σm)(Um)r1 + (Σm)r2∆12Um. (6.341)

We have used the notation (f)r = f(r). Elementary manipulations based on (6.286) give

∆12Σm = ∆12Φ−1
m = −(Φ−1

m )r2(∆12Ψm)(Φ−1
m )r1 .

The law products of Lemma 4.3 together with (6.303) and (6.245) imply

∀ s ∈ [s0, sc], ‖∆12Σm‖γ,OO-d,q,s . ‖∆12Ψm‖γ,OO-d,q,s. (6.342)

Using once again the law products of Lemma 4.3, (6.342) and (6.341) we obtain

‖∆12Rm+1‖γ,OO-d,q,s0 6 ‖∆12Um‖γ,OO-d,q,s0 + ‖(∆12Ψm)‖γ,OO-d,q,s0‖(Um)r1‖
γ,O
O-d,q,s0

+ ‖(Σm)r2‖
γ,O
O-d,q,s0‖∆12Um‖γ,OO-d,q,s0 (6.343)

and

‖∆12Rm+1‖γ,OO-d,q,sc 6 ‖∆12Um‖γ,OO-d,q,sc + ‖(∆12Ψm)‖γ,OO-d,q,s0‖(Um)r1‖
γ,O
O-d,q,sc

+ ‖(∆12Ψm)‖γ,OO-d,q,sc‖(Um)r1‖
γ,O
O-d,q,s0 + ‖(Σm)r2‖

γ,O
O-d,q,s0‖∆12Um‖γ,OO-d,q,sc

+ ‖(Σm)r2‖
γ,O
O-d,q,sc‖∆12Um‖γ,OO-d,q,s0 . (6.344)

For the estimate (Um)r1 (to alleviate the notation we shall remove in this part remove the subscript
r1) described by (6.339) we use the law products leading to

‖Um‖γ,OO-d,q,s0 6 ‖Rm‖γ,OO-d,q,s0 + ‖Rm‖γ,OO-d,q,s0‖Ψm‖γ,OO-d,q,s0 (6.345)

and

‖Um‖γ,OO-d,q,sc 6 ‖Rm‖γ,OO-d,q,sc + ‖Rm‖γ,OO-d,q,s0‖Ψm‖γ,OO-d,q,sc

+ ‖Rm‖γ,OO-d,q,sc‖Ψm‖γ,OO-d,q,s0 . (6.346)
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By (6.285),(6.252) and (6.299) together with (6.345) we infer

‖Um‖γ,OO-d,q,s0 6 Cεγ
−1Nµc

0 N−µcm . (6.347)

Putting together the first estimate of (6.301), (6.285) and (6.252) we deduce that

max
j=1,2

‖(Ψm)rj‖
γ,O
O-d,q,sc . N

τ2q+τ2
m δm(sc)

. εγ−2N τ2q+τ2
m . (6.348)

Hence we get in view of (6.346), (6.285) and (6.245)

‖Um‖γ,OO-d,q,sc 6 Cεγ
−1. (6.349)

Plugging (6.347) and (6.349) into (6.344) implies

‖∆12Rm+1‖γ,OO-d,q,sc 6 ‖∆12Um‖γ,OO-d,q,sc + Cεγ−1‖∆12Ψm‖γ,OO-d,q,s0

+ Cεγ−1Nµc
0 N−µcm ‖∆12Ψm‖γ,OO-d,q,sc + ‖(Σm)r2‖

γ,O
O-d,q,s0‖∆12Um‖γ,OO-d,q,sc

+ ‖(Σm)r2‖
γ,O
O-d,q,sc‖∆12Um‖γ,OO-d,q,s0 . (6.350)

Applying (6.287) and (6.252) gives

‖(Σm)r2‖
γ,O
O-d,q,s0 6 Cεγ

−2Nµc
0 N−µcm and ‖(Σm)r2‖

γ,O
O-d,q,sc 6 Cεγ

−2N τ2q+τ2
m . (6.351)

Inserting (6.351) into (6.350) allows to get

‖∆12Rm+1‖γ,OO-d,q,sc 6
(
1 + Cεγ−2Nµc

0 N−µcm

)
‖∆12Um‖γ,OO-d,q,sc + Cεγ−2N τ2q+τ2

m ‖∆12Um‖γ,OO-d,q,s0

+ Cεγ−1Nµc
0 N−µcm ‖∆12Ψm‖γ,OO-d,q,sc + Cεγ−1‖∆12Ψm‖γ,OO-d,q,s0 . (6.352)

In a similar way, by combining (6.347), (6.351) with (6.343) we find

‖∆12Rm+1‖γ,OO-d,q,s0 6
(
1 + Cεγ−2Nµc

0 N−µcm

)
‖∆12Um‖γ,OO-d,q,s0

+ Cεγ−1Nµc
0 N−µcm ‖∆12Ψm‖γ,OO-d,q,s0 . (6.353)

From (6.340) and the law products of Lemma 4.3 we obtain ∀ s ∈ [s0, sc],

‖∆12Um‖γ,OO-d,q,s 6N
s−sc
m ‖∆12Rm‖γ,OO-d,q,sc + C‖∆12Rm‖γ,OO-d,q,s max

j=1,2
‖(Ψm)rj‖

γ,O
O-d,q,s0

+ C‖∆12Rm‖γ,OO-d,q,s0 max
j=1,2

‖(Ψm)rj‖
γ,O
O-d,q,s + C‖∆12Ψm‖γ,OO-d,q,s max

j=1,2
‖(Rm)rj‖

γ,O
O-d,q,s0

+ C‖∆12Ψm‖γ,OO-d,q,s0 max
j=1,2

‖(Rm)rj‖
γ,O
O-d,q,s.

Combining the foregoing estimate with (6.348), (6.285) and (6.299) yields

‖∆12Um‖γ,OO-d,q,s0 6N
s0−sc
m ‖∆12Rm‖γ,OO-d,q,sc + Cεγ−2Nµc

0 N−µcm ‖∆12Rm‖γ,OO-d,q,s0

+ Cεγ−1Nµc
0 N−µcm ‖∆12Ψm‖γ,OO-d,q,s0 (6.354)

and

‖∆12Um‖γ,OO-d,q,sc 6
(
1 + Cεγ−2Nµc

0 N−µcm

)
‖∆12Rm‖γ,OO-d,q,sc + CN τ2q+τ2

m εγ−2‖∆12Rm‖γ,OO-d,q,s0

+ Cεγ−1Nµc
0 N−µcm ‖∆12Ψm‖γ,OO-d,q,sc + Cεγ−1‖∆12Ψm‖γ,OO-d,q,s0 .

Putting together the preceding estimate with (6.352), (6.353), (6.244) and (6.245) we deduce that

‖∆12Rm+1‖γ,OO-d,q,sc 6
(

1 + Cεγ−2Nµc
0 N−µcm + Cεγ−2N s0−sc+τ2q+τ2

m

)
‖∆12Rm‖γ,OO-d,q,sc

+ CN τ2q+τ2
m εγ−2‖∆12Rm‖γ,OO-d,q,s0 + Cεγ−1Nµc

0 N−µcm ‖∆12Ψm‖γ,OO-d,q,sc

+ Cεγ−1‖∆12Ψm‖γ,OO-d,q,s0 . (6.355)
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In a similar way, by making appeal to (6.353), (6.354) and (6.245) we find

‖∆12Rm+1‖γ,OO-d,q,s0 6 N
s0−sc
m ‖∆12Rm‖γ,OO-d,q,sc + Cεγ−2Nµc

0 N−µcm ‖∆12Rm‖γ,OO-d,q,s0

+ Cεγ−1Nµc
0 N−µcm ‖∆12Ψm‖γ,OO-d,q,s0 . (6.356)

We shall now estimate ∆12Ψm. Remark that

‖∆12Ψm‖γ,OO-d,q,s =
∑

α∈Nd+1

|α|6q

γα sup
(λ,ω)∈O

 ∑
(l,k)∈Zd+1

|l|,|k|6Nm

〈l, k〉2(s−|α|) sup
j∈Z

∣∣∣∂αλ,ω∆12(Ψm)jj+k(λ, ω, l)
∣∣∣2


1
2

.

By virtue of (6.282), we get

(Ψm)jj0(λ, ω, l) =

{
−(%m)jj0(λ, ω, l)rjj0,m(λ, ω, l) if (l, j) 6= (0, j0)

0 if (l, j) = (0, j0),

where

(%m)jj0(λ, ω, l) :=
χ
(
(ω · l + µmj (λ, ω)− µmj0(λ, ω))(γ〈j − j0〉)−1〈l〉τ2

)
ω · l + µmj (λ, ω)− µmj0(λ, ω)

·

Recall from (6.258), that {irjj0,m(λ, ω, l)} are the Fourier coefficients of PNmRm, that is

i rjj0,m(λ, ω, l) = 〈PNmRme0,j0 , el,j〉L2(Td+1). (6.357)

We can write for non-zero coefficients

∆12(Ψm)jj+k(λ, ω, l) = ∆12(%m)jj+k(λ, ω, l)
(
rjj+k,m

)
r1

(λ, ω, l)

+
(
(%m)jj+k

)
r2

(λ, ω, l)∆12r
j
j+k,m(λ, ω, l).

Hence, using Lemma 4.1-(iv)

∀q′ ∈ J0, qK, ‖∆12(Ψm)jj+k(∗, l)‖
γ,O
q′ . ‖∆12(%m)jj+k(∗, l)‖

γ,O
q′ max

i∈{1,2}
‖
(
rjj+k,m

)
ri

(∗, l)‖γ,Oq′

+ max
i∈{1,2}

‖
(
(%m)jj+k

)
ri

(∗, l)‖γ,Oq′ ‖∆12r
j
j+k,m(∗, l)‖γ,Oq′ . (6.358)

From (6.357), we deduce

i∆12r
j
j0,m

(λ, ω, l) = 〈PNm∆12Rme0,j0 , el,j〉L2(Td+1).

One can write
(%m)jj0(λ, ω, l) = bl,j,j0,mχ̂

(
bl,j,j0,mBl,j,j0,m(λ, ω)

)
,

with

bl,j,j0,m := (γ〈j − j0〉)−1〈l〉τ2 , Bl,j,j0,m(λ, ω) := ω · l + µmj (λ, ω)− µmj0(λ, ω), χ̂(x) =
χ(x)

x
·

Notice that from (6.297), one obtains

∀q′ ∈ J0, qK, ‖Bl,j,j0,m‖
γ,O
q′ . 〈l, j − j0〉. (6.359)

In a similar way to (6.266), one gets from (6.297)

∀q′ ∈ J0, qK, ‖(%m)jj0(∗, l)‖γ,Oq′ . γ
−(q′+1)〈l, j − j0〉τ2q

′+τ2+q′ . (6.360)

Using Taylor formula in a similar way to (6.109), we find (to simplify the notation we remove the
dependence in (λ, ω))

∆12(%m)jj0(l) = b2l,j,j0,m(∆12Bl,j,j0,m)

ˆ 1

0
χ̂′
(
bl,j,j0,m

[
(1− τ)(Bl,j,0,m)r1 + τ(Bl,j,0,m)r2

])
dτ.
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We shall estimate ∆12Bl,j,j0,m. For that purpose, we use (6.279) to write

µmj = µ0
j +

m−1∑
n=0

〈PNnRne0,j , e0,j〉L2(Td+1).

We recall from Proposition 6.4 that

µ0
j (λ, ω, i0) = Ωj(λ) + jr1(λ, ω, i0), r1(λ, ω, i0) = ci0(λ, ω)− V0(λ).

Therefore

∆12µ
m
j = ∆12µ

0
j +

m−1∑
n=0

〈∆12PNnRne0,j , e0,j〉L2(Td+1)

and

∆12Bl,j,j0,m = ∆12

(
µmj − µmj0

)
= (j − j0)∆12ci +

m−1∑
n=0

〈∆12PNnRne0,j , e0,j〉L2(Td+1)

−
m−1∑
n=0

〈∆12PNnRne0,j0 , e0,j0〉L2(Td+1).

Hence, using (6.30), one gets

∀q′ ∈ J0, qK, ‖∆12Bl,j,j0,m‖
γ,O
q′ . ε|j − j0|‖∆12i‖γ,Oq′,sh+2 +

m−1∑
n=0

‖PNn∆12Rn‖γ,OO-d,q′,s0
. (6.361)

Then, one obtains from Lemma 4.1-(vi), (6.359) and (6.361)

∀q′ ∈ J0, qK, ‖∆12(%m)jj0(∗, l)‖γ,Oq′ . εγ
−2−q′〈l, j − j0〉τ2q

′+2τ2+q′+1‖∆12i‖γ,Oq′,sh+2 (6.362)

+ γ−2−q′〈l, j − j0〉τ2q
′+2τ2+q′

m−1∑
n=0

‖PNn∆12Rn‖γ,OO-d,q′,s0
.

Gathering (6.358), (6.360) and (6.362) gives for all q′ ∈ J0, qK,

‖∆12(Ψm)jj+k(∗, l)‖
γ,O
q′ . εγ

−2−q′〈l, k〉τ2q′+2τ2+q′+1‖∆12i‖γ,Oq′,sh+2 max
i∈{1,2}

‖
(
rjj+k,m

)
ri

(∗, l)‖γ,Oq′

+ γ−2−q′〈l, k〉τ2q′+2τ2+q′ max
i∈{1,2}

‖
(
rjj+k,m

)
ri

(∗, l)‖γ,Oq′
m−1∑
n=0

‖PNn∆12Rn‖γ,OO-d,q′,s0

+ γ−1−q′〈l, k〉τ2q′+τ2+q′‖∆12r
j
j+k,m(∗, l)‖γ,Oq′ .

We deduce that for all s ∈ [s0, S],

‖∆12Ψm‖γ,OO-d,q,s . εγ
−2−q‖∆12i‖γ,Oq,sh+2‖PNmRm‖γ,OO-d,q,s+τ2q+2τ2+1

+ γ−2−q‖PNmRm‖γ,OO-d,q,s+τ2q+2τ2

m−1∑
n=0

‖PNn∆12Rn‖γ,OO-d,q,s0

+ γ−1−q‖PNm∆12Rm‖γ,OO-d,q,s+τ2q+τ2 . (6.363)

We set

δm(s) = γ−1‖∆12Rm‖γ,OO-d,q,s and κm(s) :=

m−1∑
n=0

δn(s). (6.364)
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Then, using (6.363), (6.284) and (6.3), we get

‖∆12Ψm‖γ,OO-d,q,s0 . εγ
−1−qN τ2

m ‖∆12i‖γ,Oq,sh+2δm(sl) + γ−qN τ2
m δm(sl)κm(s0)

+ γ−qN τ2q+τ2
m δm(s0) (6.365)

and

‖∆12Ψm‖γ,OO-d,q,sc . εγ
−1−qN τ2q+2τ2+1

m ‖∆12i‖γ,Oq,sh+2δm(sc) + γ−qN τ2q+2τ2
m δm(sc)κm(s0)

+ γ−qN τ2q+τ2
m δm(sc). (6.366)

According to (6.331), one has

δm(sl) . εγ
−2Nµc

0 N−µcm and sup
m∈N

δm(sc) . εγ
−2 . 1. (6.367)

Putting together (6.367) and (6.365) and using (6.245) yields

‖∆12Ψm‖γ,OO-d,q,s0 . εγ
−1N τ2−µc

m ‖∆12i‖γ,Oq,sh+2 +N τ2−µc
m κm(s0) + γ−qN τ2q+τ2

m δm(s0). (6.368)

In a similar way, on gets by (6.367), (6.366) and (6.245)

‖∆12Ψm‖γ,OO-d,q,sc . εγ
−1N τ2q+2τ2+1

m ‖∆12i‖γ,Oq,sh+2 +N τ2q+2τ2
m κm(s0)

+ γ−qN τ2q+τ2
m δm(sc). (6.369)

Plugging (6.368) into (6.356) yields by virtue of (6.285) and (6.245)

δm+1(s0) 6 N s0−sc
m δm(sc) + CN τ2q+τ2−µc

m δm(s0) + CN τ2−2µc
m κm(s0)

+ Cεγ−1N τ2−2µc
m ‖∆12i‖γ,Oq,sh+2. (6.370)

Therefore, inserting (6.368), (6.369) into (6.355) and using (6.245) implies

δm+1(sc) 6
(

1 + CN τ2q+τ2−µc
m + CN s0−sc+τ2q+τ2

m

)
δm(sc) + Cεγ−2−qN τ2q+τ2

m δm(s0)

+ CN τ2q+τ2−µc
m κm(s0) + Cεγ−1N τ2q+2τ2+1−µc

m ‖∆12i‖γ,Oq,sh+2. (6.371)

Next, we intend to prove by induction in m ∈ N that

∀ k 6 m, δk(s0) 6 Nµc
0 N−µck ν(sc) and δk(sc) 6

(
2− 1

k+1

)
ν(sc), (6.372)

with
ν(s) := δ0(s) + εγ−1‖∆12i‖γ,Oq,sh+2.

The estimate (6.372) is obvious for m = 0 by Sobolev embeddings. Now let us assume that the
preceding property holds true at the order m and let us check it at the order m+ 1. Thus by applying
(6.364) and Lemma A.1, we get

sup
m∈N

κm(s0) 6 Cν(sc).

Putting together this estimate with the induction assumption, (6.370), (6.371),(6.338) and (6.245)
yields

δm+1(s0) 6
(
2N s0−sc

m + CNµc
0 N τ2q+τ2−2µc

m

)
ν(sc)

and

δm+1(sc) 6
(

1 + CN τ2q+τ2−µc
m + CN s0−sc+τ2q+τ2

m

)(
2− 1

m+ 1

)
ν(sc)

+ C
(
N τ2q+τ2−µc
m +N τ2q+2τ2+1−µc

m

)
ν(sc).
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Since (6.338) implies in particular

µc > 2τ2q + 2τ2 + 1 and sc > 3
2µc + s0 + τ2q + τ2 + 1,

then proceeding similarly to the proof of (6.285), we conclude that

δm+1(s0) 6 Nµc
0 N−µcm+1ν(sc) and δm+1(sc) 6

(
2− 1

m+2

)
ν(sc),

which achieves the induction. The next target is to estimate ∆12r
∞
j . Then similarly to (6.295) we

obtain through a duality argument, Lemma 4.3, (6.372) and Lemma A.1

‖∆12r
∞
j ‖γ,Oq 6

∞∑
m=0

∥∥∥〈PNm∆12Rme0,j , e0,j〉L2(Td+1)

∥∥∥γ,O
q

.
∞∑
m=0

∥∥∆12Rm

∥∥γ,O
O-d,q,s0

. γν(sc)
∞∑
m=0

Nµc
0 N−µcm

6 Cγ ν(sc).

From the particular value of p in (6.177), we infer

sc = sh + 4τ2q + 4τ2 = sh + p. (6.373)

Then, applying (6.182) we obtain

‖∆12r
∞
j ‖γ,Oq 6 Cγ ν(sh + 4τ2q + 4τ2)

6 Cεγ−1 ‖∆12i‖γ,Oq,sh+σ4
.

Finally, combining the previous estimate with (6.322) and (6.179) we deduce

∀j ∈ Sc0, ‖∆12µ
∞
j ‖γ,Oq . ‖∆12µ

0
j‖γ,Oq + ‖∆12r

∞
j ‖γ,Oq

. εγ−1|j|‖∆12i‖γ,Oq,sh+σ4
.

The achieves the proof of Proposition 6.5.

6.4 Approximate inverse in the normal directions

In this section we plan to construct an approximate right inverse in the normal directions for the
linearized operator L̂ω defined in (5.87) when the parameters are restricted in a Cantor like set. Our
main result is the following.

Proposition 6.6. Let (γ, q, d, τ1, s0, µ2, sh, S) satisfying (4.1), (4.2) and (6.244). There exists σ :=
σ(τ1, τ2, q, d) > σ4 such that if

εγ−2−qNµ2
0 6 ε0 and ‖I0‖γ,Oq,sh+σ 6 1, (6.374)

then the following assertions hold true.

(i) Consider the operator L∞ defined in Proposition 6.5, then there exists a family of linear operators(
Tn
)
n∈N defined in O satisfying the estimate

∀s ∈ [s0, S], sup
n∈N
‖Tnρ‖γ,Oq,s . γ−1‖ρ‖γ,Oq,s+τ1q+τ1

and such that for any n ∈ N, in the Cantor set

Λγ,τ1∞,n(i0) =
⋂

(l,j)∈Zd×Sc0
|l|6Nn

{
(λ, ω) ∈ O s.t.

∣∣ω · l + µ∞j (λ, ω, i0)
∣∣ > γ〈j〉

〈l〉τ1

}
,
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we have
L∞Tn = Id + E3

n,

with
∀s0 6 s 6 s 6 S, ‖E3

nρ‖γ,Oq,s . N s−s
n γ−1‖ρ‖γ,Oq,s+1+τ1q+τ1

.

(ii) There exists a family of linear operators
(
Tω,n

)
n∈N satisfying

∀ s ∈ [s0, S], sup
n∈N
‖Tω,nρ‖γ,Oq,s . γ−1

(
‖ρ‖γ,Oq,s+σ + ‖I0‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+σ

)
(6.375)

and such that in the Cantor set

Gn(γ, τ1, τ2, i0) := Oγ,τ1∞,n(i0) ∩ Oγ,τ1,τ2∞,n (i0) ∩ Λγ,τ1∞,n(i0),

we have
L̂ωTω,n = Id + En,

where En satisfies the following estimate

∀ s ∈ [s0, S], ‖Enρ‖γ,Oq,s0 . N
s0−s
n γ−1

(
‖ρ‖γ,Oq,s+σ + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+σ

)
+ εγ−3Nµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+σ.

Recall that L̂ω, Oγ,τ1∞,n(i0) and Oγ,τ1,τ2∞,n (i0) are given in Propositions 6.1, 6.2 and 6.5, respectively.

(iii) In the Cantor set Gn(γ, τ1, τ2, i0), we have the following splitting

L̂ω = L̂ω,n + R̂n with L̂ω,nTω,n = Id and R̂n = EnL̂ω,n,

where the operators L̂ω,n and R̂n are defined in O and satisfy the following estimates

∀s ∈ [s0, S], sup
n∈N
‖L̂ω,nρ‖γ,Oq,s . ‖ρ‖

γ,O
q,s+1 + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+1,

∀s ∈ [s0, S], ‖R̂nρ‖γ,Oq,s0 . N
s0−s
n γ−1

(
‖ρ‖γ,Oq,s+σ + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+σ

)
+ εγ−3Nµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+σ.

Proof. (i) From Proposition 6.5 we recall that

L∞ = ω · ∂ϕΠ⊥S0
+ D∞.

Then we may split this operator as follows, using the projectors defined in (4.4)

L∞ = ΠNnω · ∂ϕΠNnΠ⊥S0
+ D∞ −Π⊥Nnω · ∂ϕΠ⊥NnΠ⊥S0

:= Ln − Rn, (6.376)

with Rn := Π⊥Nnω · ∂ϕΠ⊥NnΠ⊥S0
. From this definition and the structure of D∞ in Proposition 6.5 we

deduce that

∀(l, j) ∈ Zd × Sc0, e−l,−jLnel,j =

{
i
(
ω · l + µ∞j

)
if |l| 6 Nn

iµ∞j if |l| > Nn.

Define the diagonal operator Tn by

Tnρ(λ, ω, ϕ, θ) :=− i
∑

(l,j)∈Zd×Sc0
|l|6Nn

χ((ω·l+µ∞j (λ,ω,i0))γ−1〈l〉τ1)
ω·l+µ∞j (λ,ω,i0) ρl,j(λ, ω) ei(l·ϕ+jθ)

− i
∑

(l,j)∈Zd×Sc0
|l|>Nn

ρl,j(λ,ω)
µ∞j (λ,ω,i0) e

i(l·ϕ+jθ),
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where χ is the cut-off function defined in (5.81) and (ρl,j(λ, ω))l,j are the Fourier coefficients of ρ. We
recall from Proposition 6.5 that

µ∞j (λ, ω, i0) = Ωj(λ) + jr1(λ, ω) + r∞j (λ, ω) with r1(λ, ω) = ci0(λ, ω)− V0(λ),

with the estimates
∀j ∈ Sc0, ‖µ∞j ‖γ,Oq . |j|,

where we use in part the estimate (6.274), (6.248) and (6.179). According to Lemma 3.3-(iii), (6.274),
(6.248) and the smallness condition (6.245) we infer

|j| . ‖µ∞j ‖
γ,O
0 6 ‖µ∞j ‖γ,Oq ,

Implementing the same arguments as for (6.267) one gets

∀s > s0, ‖Tnρ‖γ,Oq,s . γ−1‖ρ‖γ,Oq,s+τ1q+τ1 . (6.377)

Moreover, by construction
LnTn = Id in Λγ,τ1∞,n(i0) (6.378)

since χ(·) = 1 in this set. It follows from (6.376) that

∀ (λ, ω) ∈ Λγ,τ1∞,n(i0), L∞Tn = Id− RnTn

:= Id + E3
n. (6.379)

Notice that by Lemma 4.1-(ii),

∀ s0 6 s 6 s, ‖Rnρ‖γ,Oq,s . N s−s
n ‖ρ‖γ,Oq,s+1.

Combining this estimate with (6.377) yields

∀ s0 6 s 6 s, ‖E3
nρ‖γ,Oq,s . N s−s

n ‖Tnρ‖γ,Oq,s+1

. N s−s
n γ−1‖ρ‖γ,Oq,s+1+τ1q+τ1

. (6.380)

(ii) Let us define

Tω,n := B⊥Φ∞TnΦ−1
∞B−1

⊥ , (6.381)

where the operators B⊥ and Φ∞ are defined in Propositions 6.4 and 6.5 respectively. Notice that
Tω,n is defined in the whole range of parameters O. Since the condition (6.374) is satisfied, then, both
Propositions 6.2 and 6.5 apply and from (6.159) we obtain

∀s ∈ [s0, S], ‖Tω,nρ‖γ,Oq,s . ‖Φ∞TnΦ−1
∞B−1

⊥ ρ‖γ,Oq,s + ‖I0‖γ,Oq,s+σ‖Φ∞TnΦ−1
∞B−1

⊥ ρ‖γ,Oq,s0 .

By using (6.246) and (6.374), one gets

∀s ∈ [s0, S], ‖Φ∞TnΦ−1
∞B−1

⊥ ρ‖γ,Oq,s . ‖TnΦ−1
∞B−1

⊥ ρ‖γ,Oq,s + ‖I0‖γ,Oq,s+σ‖TnΦ−1
∞B−1

⊥ ρ‖γ,Oq,s0 .

Thus the point (i) of the current proposition implies

∀s > s0, ‖TnΦ−1
∞B−1

⊥ ρ‖γ,Oq,s . γ−1‖Φ−1
∞B−1

⊥ ρ‖γ,Oq,s+τ1q+τ1 .

Applying (6.246) and (6.159) with (6.374) yields

∀s ∈ [s0, S], ‖Φ−1
∞B−1

⊥ ρ‖γ,Oq,s . ‖B−1
⊥ ρ‖γ,Oq,s + ‖I0‖γ,Oq,s+σ‖B−1

⊥ ρ‖γ,Oq,s0
. ‖ρ‖γ,Oq,s + ‖I0‖γ,Oq,s+σ‖ρ‖γ,Oq,s0 .
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Putting together the preceding three estimates gives (6.375). Now combining Propositions 6.4 and
6.5, we find that in the Cantor set Oγ,τ1∞,n(i0) ∩ Oγ,τ1,τ2∞,n (i0) the following decomposition holds

Φ−1
∞B−1

⊥ L̂ωB⊥Φ∞ = Φ−1
∞L0Φ∞ + Φ−1

∞ E1
nΦ∞

= L∞ + E2
n + Φ−1

∞ E1
nΦ∞.

It follows that in the Cantor set Oγ,τ1∞,n(i0) ∩ Oγ,τ2
∞,n(i0) ∩ Λγ,τ1∞,n(i0) one has by virtue of the identity

(6.379)

Φ−1
∞B−1

⊥ L̂ωB⊥Φ∞Tn = Id + E3
n + E2

nTn + Φ−1
∞ E1

nΦ∞Tn,

which gives, using (6.381), the following identity in Gn(γ, τ1, τ2, i0)

L̂ωTω,n = Id + B⊥Φ∞
(
E3
n + E2

nTn + Φ−1
∞ E1

nΦ∞Tn
)
Φ−1
∞B−1

⊥

:= Id + B⊥Φ∞E
4
nΦ−1
∞B−1

⊥
:= Id + En. (6.382)

The estimate of the first term of E4
n is given in (6.380). For the second term of E4

n we use (6.249) and
(6.377) leading to

‖E2
nTnρ‖γ,Oq,s0 . εγ

−2Nµ2
0 N−µ2

n+1‖Tnρ‖
γ,O
q,s0+1

. εγ−3Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+1+τ1q+τ1

. (6.383)

For the estimate of Φ−1
∞ E1

nΦ∞Tn, we combine (6.246), (6.180), (6.377) and (6.374) to get

‖Φ−1
∞ E1

nΦ∞Tnρ‖γ,Oq,s0 . ‖E
1
nΦ∞Tnρ‖γ,Oq,s0

. εNµ2
0 N−µ2

n+1‖Φ∞Tnρ‖
γ,O
q,s0+2

. εγ−1Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2+τ1q+τ1

. (6.384)

Putting together (6.380) and (6.383) and (6.384) we find

‖E4
nρ‖γ,Oq,s0 . N

s0−s
n γ−1‖ρ‖γ,Os+2+τ1q+τ1

+ εγ−3Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2+τ1q+τ1

. (6.385)

Set Ψ = B⊥Φ∞ then from (6.246), (6.159) and (6.374) we deduce that

∀s ∈ [s0, S], ‖Ψ±1ρ‖γ,Oq,s . ‖ρ‖γ,Oq,s + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖γ,Oq,s0 . (6.386)

Straightforward computations based on (6.385), (6.386) and (6.374) yields

‖ΨE4
nΨ−1ρ‖γ,Oq,s0 . ‖E

4
nΨ−1ρ‖γ,Oq,s0

. N s0−s
n γ−1‖Ψ−1ρ‖γ,Os+2+τ1q+τ1

+ εγ−3Nµ2
0 N−µ2

n+1‖Ψ
−1ρ‖γ,Oq,s0+2+τ1q+τ1

. N s0−s
n γ−1

(
‖ρ‖γ,Oq,s+2+τ1q+τ1

+ εγ−2‖I0‖γ,Oq,s+σ‖ρ‖γ,Oq,s0
)

+ εγ−3Nµ2
0 N−µ2

n+1‖ρ‖
γ,O
q,s0+2+τ1q+τ1

.

Consequently, taking σ large enough, we get

‖Enρ‖γ,Oq,s0 . N
s0−s
n γ−1

(
‖ρ‖γ,Oq,s+σ + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+σ

)
+ εγ−3Nµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+σ.

(iii) According to (6.382), one can write in the Cantor set Gn(γ, τ1, τ2, i0)

L̂ω = T−1
ω,n + EnT

−1
ω,n. (6.387)

Gathering (6.381) and (6.378), one obtains in the Cantor set Gn(γ, τ1, τ2, i0)

L̂ω,n := T−1
ω,n = B⊥Φ∞LnΦ−1

∞B−1
⊥ = ΨLnΨ−1.
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Hence, (6.387) can be rewritten

L̂ω = L̂ω,n + R̂n with R̂n := EnL̂ω,n. (6.388)

Putting together (6.376), (6.386) and (6.374), we obtain

∀s ∈ [s0, S], ‖L̂ω,nρ‖γ,Oq,s = ‖ΨLnΨ−1ρ‖γ,Oq,s
. ‖LnΨ−1ρ‖γ,Oq,s + εγ−2‖I0‖γ,Oq,s+σ‖LnΨ−1ρ‖γ,Oq,s0
. ‖Ψ−1ρ‖γ,Oq,s+1 + εγ−2‖I0‖γ,Oq,s+σ‖Ψ−1ρ‖γ,Oq,s0+1

. ‖ρ‖γ,Oq,s+1 + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖
γ,O
q,s0+1. (6.389)

Hence combining this estimate with (6.387) yields

∀s ∈ [s0, S], ‖R̂nρ‖γ,Oq,s0 . N
s0−s
n γ−1

(
‖ρ‖γ,Oq,s+σ + εγ−2‖I0‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+σ

)
+ εγ−3Nµ2

0 N−µ2
n+1‖ρ‖

γ,O
q,s0+σ.

This achieves the proof of the third point and the proof of the proposition is now complete.

7 Proof of the main result

This section is devoted to the proof of Theorem 1.1. For this aim we intend to implement Nash-Moser
scheme in order to construct zeros for the nonlinear functional F

(
i, α, λ, ω, ε

)
defined in (5.23). We

shall be able to capture the solutions when the parameters (λ, ω) belong to a suitable final Cantor
set Gγ∞ obtained as the intersection of all the Cantor sets required during the steps of the scheme
to invert the linearized operator. More precisely, we get a relatively smooth function (λ, ω) ∈ O 7→
U∞(λ, ω) =

(
i∞(λ, ω), α∞(λ, ω)

)
such that

∀(λ, ω) ∈ Gγ∞, F
(
U∞(λ, ω), λ, ω, ε

)
= 0.

To generate solutions to the initial Hamiltonian equation (5.4) we should adjust the parameters so that
α∞(λ, ω) = −ωEq(λ), where ωEq corresponds to the equilibrium frequency vector defined in (3.32).
As a consequence, nontrivial solutions are constructed when the scalar parameter λ is selected in the
final Cantor set

Cε∞ =
{
λ ∈ (λ0, λ1) s.t. (λ, ω(λ, ε)) ∈ Gγ∞ with α∞(λ, ω(λ, ε)) = −ωEq(λ)

}
.

The measure of this set will be discussed in Section 7.2.

7.1 Nash-Moser scheme

In this section we implement the Nash-Moser scheme, which is a modified Newton method implemented
with a suitable Banach scales and through a frequency cut-off. Basically, it consists in a recursive
construction of approximate solutions to the equation F

(
i, α, λ, ω, ε

)
= 0 where the functional F is

defined in (5.23). At each step of this scheme, we need to construct an approximate inverse of the
linearized operator at a state near the equilibrium by applying the reduction procedure developed in
Section 6. This enables to get the result of Theorem 5.1 with the suitable tame estimates associated to
the final loss of regularity σ that could be arranged to be large enough. We point out that σ depends
only on the shape of the Cantor set through the parameters τ1, τ2, d and on the non degeneracy
of the equilibrium frequency through q = 1 + q0, where q0 be defined in Lemma 3.5. However, σ
is independent of the regularity of the solutions that we want to construct. Now, we shall fix the
following parameters needed to implement Nash-Moser scheme and related to the geometry of the
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Cantor sets encoded in τ1, τ2, d fixed by (4.2) and to the parameter q = q0 + 1,

a = τ2 + 2
µ1 = 3q(τ2 + 2) + 6σ + 6
a1 = 6q(τ2 + 2) + 12σ + 15
a2 = 3q(τ2 + 2) + 6σ + 9
µ2 = 2q(τ2 + 2) + 5σ + 7
sh = s0 + 4q(τ2 + 2) + 9σ + 11
b1 = 2sh − s0.

(7.1)

The numbers a1 and a2 will describe the rate of convergence for the regularity s0 and s0 + σ, respec-
tively. They appear in the statements (P1)n and (P2)n in the Proposition 7.1. The parameter µ1

controls the norm inflation at the high regularity index b1 and appears in (P3)n. As to the parameter
a, it is linked to the thickness of a suitable enlargement of the intermediate Cantor sets, needed to con-
struct classical extensions of our approximate solutions. Finally, the numbers µ2 and sh corresponds
to those already encountered before in the reduction of the linearized operator and are now fixed to
their minimal required values. In particular, we recall that µ2 corresponds to the rate of convergence
of the error terms emerging in the almost reducibility of the linearized operator, for instance we refer
to Theorem 5.1. We should emphasize that, by taking σ large enough, the choice for µ2 and sh done
in (7.1) enables to cover all the required assumptions in (6.24) and (6.244). Another assumption that
we need to fix is related to γ,N0 and ε

0 < a < 1
µ2+q+2 , γ := εa, N0 := γ−1. (7.2)

This constraint is required for the measuring the final Cantor set and to check that it is massive, for
more details we refer to Proposition 7.2.
We shall start with defining the finite dimensional subspaces where the approximate solutions are
expected to live with controlled estimates. Consider the space,

En :=
{
I = (Θ, I, z) s.t. Θ = ΠnΘ, I = ΠnI and z = Πnz

}
,

where Πn is the projector defined by

f(ϕ, θ) =
∑

(l,j)∈Zd×Z

fl,je
i(l·ϕ+jθ) ⇒ Πnf(ϕ, θ) =

∑
〈l,j〉6Nn

fl,je
i(l·ϕ+jθ),

where the sequence (Nn) is defined in (5.82). We observe that the same definition applies without
ambiguity when the functions depend only on ϕ such as the action and the angles unknowns. The
main result of this section is to prove the following induction statement.

Proposition 7.1 (Nash-Moser). Let (τ1, τ2, q, d, s0) satisfy (4.1) and (4.2). Consider the parameters
fixed by (7.1) and (7.2). There exist C∗ > 0 and ε0 > 0 such that for any ε ∈ [0, ε0] we get for all
n ∈ N the following properties,

(P1)n There exists a q-times differentiable function

Wn : O → En−1 × Rd × Rd+1

(λ, ω) 7→
(
In, αn − ω, 0

)
satisfying

W0 = 0 and for n > 1, ‖Wn‖γ,Oq,s0+σ 6 C∗εγ
−1N qa

0 .

By setting

U0 =
(

(ϕ, 0, 0), ω, (λ, ω)
)

and for n ∈ N∗, Un = U0 +Wn and Hn = Un − Un−1,

then

∀s ∈ [s0, S], ‖H1‖γ,Oq,s 6 1
2C∗εγ

−1N qa
0 and ∀ 2 6 k 6 n, ‖Hk‖γ,Oq,s0+σ 6 C∗εγ

−1N−a2
k−1 .
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(P2)n Define
in = (ϕ, 0, 0) + In, γn = γ(1 + 2−n) ∈ [γ, 2γ].

The embedded torus in statisfies the reversibility condition

Sin(ϕ) = in(−ϕ),

where the involution S is defined in (5.14). Introduce

Aγ0 = O and Aγn+1 = Aγn ∩ Gn(γn+1, τ1, τ2, in),

where Gn(γn+1, τ1, τ2, in) is described in Proposition 6.6 and consider the open sets

∀r > 0, Or
n :=

{
(λ, ω) ∈ O s.t. dist

(
(λ, ω),Aγn

)
< rN−an

}
,

where dist(x,A) = inf
y∈A
‖x− y‖. Then we have the following estimate

‖F(Un)‖γ,O
γ
n

q,s0 6 C∗εN
−a1
n−1 .

(P3)n ‖Wn‖γ,Oq,b1+σ 6 C∗εγ
−1Nµ1

n−1.

Remark 7.1. Let O be an open subset of O. Since ∀n ∈ N, γn ∈ [γ, 2γ], then the norms ‖ · ‖γ,Oq,s and

‖ · ‖γn,Oq,s . are equivalent uniformly in n.

Proof. • Initialization : By construction, U0 =
(

(ϕ, 0, 0), ω, (λ, ω)
)

and the flat torus iflat(ϕ) =

(ϕ, 0, 0) satisfies obviously the reversibility condition. By (5.23), we have

F(U0) = ε

 −∂IPε((ϕ, 0, 0))
∂ϑPε((ϕ, 0, 0))
−∂θ∇zPε((ϕ, 0, 0))

 .

Using Lemma 5.2, we get
∀s > 0, ‖F(U0)‖γ,Oq,s 6 C∗ε, (7.3)

up to take C∗ large enough. The properties (P1)0, (P2)0 and (P3)0 then follow immediately since
N−1 = 1 and Oγ

0 = O and by setting W0 = 0.

• Induction step : Given n ∈ N, assume that (P1)k, (P2)k and (P3)k are true for all k ∈ J0, nK and
let us check them at the next order n+ 1. Introduce the linearized operator of F at the state (in, αn)

Ln := Ln(λ, ω) := di,αF(in
(
λ, ω), αn(λ, ω), (λ, ω)

)
.

In order to construct the next approximation Un+1, we need an approximate right inverse for Ln. Its
construction was performed along the preceding sections and we refer to Theorem 5.1 for a precise
statement. To apply this result and get some bounds on Un+1 we need to establish first some inter-
mediate results connected to the smallness condition and to some Cantor set inclusions.

I Smallness/boundedness properties. First of all, remark that the parameters conditions (6.3)
are automatically satisfied by (7.1). Then, provided that the smallness assumption (6.374) is satisfied,
Proposition 6.6 applies. It remains to check that (6.374) is satisfied. According to the first condition
in (7.2) and choosing ε small enough, we can ensure

εγ−2−qNµ2
0 = ε1−a(µ2+q+2) 6 ε0 (7.4)

for some a priori fixed ε0 > 0. Therefore the first assumption in (6.374) holds. We now turn to the
second assumption. Since from (7.1) b1 = 2sh− s0, then by interpolation inequality in Lemma 4.1, we
have

‖Hn‖γ,Oq,sh+σ .
(
‖Hn‖γ,Oq,s0+σ

) 1
2
(
‖Hn‖γ,Oq,b1+σ

) 1
2
. (7.5)
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Besides, by using (P1)n, we find

∀s ∈ [s0, S], ‖H1‖γ,Oq,s 6 1
2C∗εγ

−1N qa
0 and ‖Hn‖γ,Oq,s0+σ 6 C∗εγ

−1N−a2
n−1 . (7.6)

Now (P3)n and (P3)n−1 imply

‖Hn‖γ,Oq,b1+σ = ‖Un − Un−1‖γ,Oq,b1+σ

= ‖Wn −Wn−1‖γ,Oq,b1+σ

6 ‖Wn‖γ,Oq,b1+σ + ‖Wn−1‖γ,Oq,b1+σ

6 2C∗εγ
−1Nµ1

n−1.

Putting together the foregoing estimates into (7.5) gives for n > 2,

‖Hn‖γ,Oq,sh+σ 6 CC∗εγ
−1N

1
2

(µ1−a2)

n−1 (7.7)

and for n = 1,
‖H1‖γ,Oq,sh+σ 6

1
2C∗εγ

−1N qa
0 . (7.8)

Now from (7.1) we infer
a2 > µ1 + 2. (7.9)

Thus, by (7.2) and Lemma A.1, we get for small ε

‖Wn‖γ,Oq,sh+σ 6 ‖H1‖γ,Oq,sh+σ +

n∑
k=2

‖Hk‖γ,Oq,sh+σ

6 1
2C∗εγ

−1N qa
0 + CC∗εγ

−1
n∑
k=0

N−1
k

6 1
2C∗εγ

−1N qa
0 + CN−1

0 C∗εγ
−1

6 C∗ε
1−a(1+qa).

One can check from (7.1) and (7.2) that
a 6 1

2(1+qa) (7.10)

and therefore, by choosing ε small enough and since σ > σ, we get

‖In‖γ,Oq,sh+σ 6 ‖Wn‖γ,Oq,sh+σ 6 C∗ε
1
2

6 1.

As we have already mentioned, the parameter σ is the final loss of regularity constructed in Theorem 5.1
and depending only on the parameters τ1, τ2, q and d but it is independent of the state and the regular-
ity. Hence it can be selected large enough such that s0 +σ > sh +σ4 where sh and σ4 are respectively
defined in (6.24) and Proposition 6.5. Then using (7.6) and Sobolev embeddings, we obtain

∀n > 2, ‖Hn‖γ,Oq,sh+σ4
6 C∗εγ

−1N−a2
n−1 . (7.11)

I Set inclusions. From the previous point, Propositions 6.2, 6.5 and 6.6 apply and allow us to
perform the reduction of the linearized operator in the normal directions at the current step. Therefore,
the sets Aγk for all k 6 n+ 1 are well-defined. We shall now prove the following inclusions needed later
to establish suitable estimates for the extensions.

Aγn+1 ⊂ O2γ
n+1 ⊂

(
A

γ
2
n+1 ∩Oγ

n

)
. (7.12)

Notice that the first inclusion is obvious by construction since O2γ
n+1 is an enlargement of Aγn+1. It

remains to prove the last inclusion. We have the inclusion

∀k ∈ J0, nK, O2γ
k+1 ⊂ Oγ

k . (7.13)
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Indeed, since by construction Aγk+1 ⊂ A
γ
k then taking (λ, ω) ∈ O2γ

k+1 we have the following estimates

dist
(
(λ, ω),Aγk

)
6 dist

(
(λ, ω),Aγk+1

)
< 2γN−ak+1 = 2γN−ak N

− 1
2
a

0

< γN−ak ,

provided that 2N
− 1

2
a

0 < 1, which is true up to take N0 large enough, that is in view of (7.2) for ε
small enough. We shall now prove by induction in k that

∀k ∈ J0, n+ 1K, O2γ
k ⊂ A

γ
2
k . (7.14)

The case k = 0 is trivial since O2γ
0 = O = A

γ
2
0 . Let us now assume that (7.14) is true for the index

k ∈ J0, nK and let us check it at the next order. From (7.13) and (7.14), we obtain

O2γ
k+1 ⊂ Oγ

k ⊂ O2γ
k ⊂ A

γ
2
k .

Therefore, we are left to check that

O2γ
k+1 ⊂ Gk

(γk+1

2
, τ1, τ2, ik

)
.

Let (λ, ω) ∈ O2γ
k+1, then by construction, there exists (λ′, ω′) ∈ Aγk+1 such that

dist
(
(λ, ω), (λ′, ω′)

)
< 2γN−ak+1.

Hence, for all (l, j) ∈ Zd × Sc0 with |l| 6 Nk, we have by left triangle and Cauchy-Schwarz inequalities
together with (λ′, ω′) ∈ Λ

γk+1,τ1
∞,k (ik)∣∣ω · l + µ∞j (λ, ω, ik)
∣∣ > ∣∣ω′ · l + µ∞j (λ′, ω′, ik)

∣∣− |ω − ω′||l| − ∣∣µ∞j (λ, ω, ik)− µ∞j (λ′, ω′, ik)
∣∣

>
γk+1〈j〉
〈l〉τ1 − 2γNkN

−a
k+1 −

∣∣µ∞j (λ, ω, ik)− µ∞j (λ′, ω′, ik)
∣∣

>
γk+1〈j〉
〈l〉τ1 − 2γN1−a

k+1 −
∣∣µ∞j (λ, ω, ik)− µ∞j (λ′, ω′, ik)

∣∣ .
Using the Mean Value Theorem and the definition of O2γ

k+1 yields∣∣µ∞j (λ, ω, ik)− µ∞j (λ′, ω′, ik)
∣∣ 6 |(λ, ω)− (λ′, ω′)|γ−1‖µ∞j (ik)‖γ,Oq
6 2N−ak+1‖µ

∞
j (ik)‖γ,Oq .

On the other hand,

∀j ∈ Sc0, ‖µ∞j (ik)‖γ,Oq 6 ‖µ∞j (ik)− Ωj‖γ,Oq + ‖Ωj‖γ,Oq .

Using the asymptotic (3.17) and the smoothness of λ 7→ Ij(λ)Kj(λ) for all j ∈ N∗, one has

‖Ωj‖γ,Oq 6 C|j|.

Since (6.245) is satisfied by the previous point, we can apply (6.247) and obtain

∀j ∈ Sc0, ‖µ∞j (ik)− Ωj‖γ,Oq 6 C|j|.

Hence
∀j ∈ Sc0, ‖µ∞j (ik)‖γ,Oq 6 C|j|.

It follows that ∣∣µ∞j (λ, ω, ik)− µ∞j (λ′, ω′, ik)
∣∣ 6 C〈j〉N−ak+1 6 Cγ〈j〉N

1−a
k+1 .
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Since |l| 6 Nk 6 Nk+1 and γk+1 > γ, we obtain∣∣ω · l + µ∞j (λ, ω, ik)
∣∣ > γk+1〈j〉

〈l〉τ1 − Cγ〈j〉N
1−a
k+1

> γk+1〈j〉
〈l〉τ1

(
1− CN τ1+1−a

k+1

)
.

From (7.1) and (4.2) we infer
a > τ2 + 2 > τ1 + 2 (7.15)

and we can take N0 sufficiently large to ensure

CN τ1+1−a
k+1 6 CN−1

0 < 1
2 ,

allowing to finally get ∣∣ω · l + µ∞j (λ, ω, ik)
∣∣ > γk+1〈j〉

2〈l〉τ1 ·

This shows that, (λ, ω) ∈ Λ
γk+1

2
,τ1

∞,k (ik). Let us now check that (λ, ω) ∈ O
γk+1

2
,τ1

∞,k (ik). For all (l, j) ∈
Zd × Sc0 with |l| 6 Nk, we have by Cauchy-Schwarz inequality together with (λ′, ω′) ∈ Oγk+1,τ1

∞,k (ik)

|ω · l + jcik(λ, ω)| >
∣∣ω′ · l + jcik(λ′, ω′)

∣∣− |ω − ω′||l| − |j| ∣∣cik(λ, ω)− cik(λ′, ω′)
∣∣

>
4γυk+1〈j〉
〈l〉τ1 − 2γN1−a

k+1 − 〈j〉
∣∣cik(λ, ω)− cik(λ′, ω′)

∣∣ .
Using the Mean Value Theorem and the definition of O2γ

k+1 yields∣∣cik(λ, ω)− cik(λ′, ω′)
∣∣ 6 CN−ak+1‖cik‖

γ,O
q .

Since (6.25) is satisfied by the previous point, we can apply (6.26) leading to

‖cik‖
γ,O
q 6 ‖cik − V0‖γ,Oq + ‖V0‖γ,Oq
6 C.

Thus ∣∣cik(λ, ω)− cik(λ′, ω′)
∣∣ 6 Cγγ−1N−ak+1 6 CγN

1−a
k+1 .

Therefore, we obtain from the definition of γk and υ ∈ (0, 1)

|ω · l + jcik(λ, ω)| > 4γυk+1〈j〉
〈l〉τ1 − Cγ〈j〉N1−a

k+1

>
4γυk+1〈j〉
2υ〈l〉τ1

(
2υ − C2υN τ1+1−a

k+1

)
.

By the choice of a made in (7.15), we can ensure, up to take N0 sufficiently large,

CN τ1+1−a
k+1 6 CN−1

0 < 1− 2−υ,

so that
|ω · l + jcik(λ, ω)| > 4γυk+1〈j〉

2υ〈l〉τ1 ·

As a consequence, (λ, ω) ∈ O
γk+1

2
,τ1

∞,k (ik). Let us now check that (λ, ω) ∈ O
γk+1

2
,τ1,τ2

∞,k (ik). For all

(l, j, j0) ∈ Zd × (Sc0)2 with |l| 6 Nk, we have by the triangle and Cauchy-Schwarz inequalities to-
gether with (λ′, ω′) ∈ O

γk+1,τ1,τ2
∞,k (ik)∣∣ω · l + µ∞j (λ, ω, ik)− µ∞j0 (λ, ω, ik)

∣∣ > ∣∣ω′ · l + µ∞j (λ′, ω′, ik)− µ∞j0 (λ′, ω′, ik)
∣∣− |ω − ω′||l|

−
∣∣µ∞j (λ, ω, ik)− µ∞j0 (λ, ω, ik) + µ∞j0 (λ′, ω′, ik)− µ∞j (λ′, ω′, ik)

∣∣
>

2γk+1〈j−j0〉
〈l〉τ2 − 2γN1−a

k+1

−
∣∣µ∞j (λ, ω, ik)− µ∞j0 (λ, ω, ik) + µ∞j0 (λ′, ω′, ik)− µ∞j (λ′, ω′, ik)

∣∣ .
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We recall by virtue of Proposition 6.5 that

µ∞j (λ, ω, ik) = µ0
j (λ, ω, ik) + r∞j (λ, ω, ik).

Thus ∣∣µ∞j (λ, ω, ik)− µ∞j0 (λ, ω, ik) + µ∞j0 (λ′, ω′, ik)− µ∞j (λ′, ω′, ik)
∣∣

6
∣∣µ0
j (λ, ω, ik)− µ0

j0(λ, ω, ik) + µ0
j0(λ′, ω′, ik)− µ0

j (λ
′, ω′, ik)

∣∣
+
∣∣r∞j (λ, ω, ik)− r∞j (λ′, ω′, ik)

∣∣+
∣∣r∞j0 (λ, ω, ik)− r∞j0 (λ′, ω′, ik)

∣∣ .
According to the Mean Value Theorem, (6.264) and the definition of O2γ

k+1 we find∣∣µ0
j (λ, ω, ik)− µ0

j0(λ, ω, ik) + µ0
j0(λ′, ω′, ik)− µ0

j (λ
′, ω′, ik)

∣∣ 6 γCN1−a
k+1 〈j − j0〉.

Applying once again the Mean Value Theorem, (6.248), (7.4) and the definition of O2γ
n+1 yields∣∣r∞j (λ, ω, ik)− r∞j (λ′, ω′, ik)

∣∣ 6 CγN−ak+1εγ
−2 6 γCN1−a

k+1 〈j − j0〉.

Putting together the foregoing estimates and the facts that |l| 6 Nk and γk+1 > γ we infer∣∣ω · l + µ∞j (λ, ω, ik)− µ∞j0 (λ, ω, ik)
∣∣ > γk+1〈j−j0〉

〈l〉τ2

(
2− CN τ2+1−a

k+1

)
.

By virtue of (7.15) and taking N0 sufficiently large we get

CN τ2+1−a
n 6 CN−1

0 < 1.

This implies ∣∣ω · l + µ∞j (λ, ω, ik)− µ∞j0 (λ, ω, ik)
∣∣ > 2γk+1〈j−j0〉

〈l〉τ2 .

As a consequence, we deduce that (λ, ω) ∈ O
γk+1

2
,τ1,τ2

∞,k (in). Finally, (λ, ω) ∈ Gk
(γk+1

2 , τ1, τ2, ik
)

and

therefore (λ, ω) ∈ A
γ
2
k+1. This achieves the induction proof of (7.14).

I Construction of the next approximation. We are now going to construct the next approxima-
tion Un+1 by using a modified Nash-Moser scheme. The assumption (6.374) being satisfied, we can
apply Theorem 5.1 with Ln and obtain the existence of an operator Tn := Tn(λ, ω) well-defined in
the whole set of parameters O and satisfying the following estimates

∀s ∈ [s0, S], ‖Tnρ‖γ,Oq,s . γ−1
(
‖ρ‖γ,Oq,s+σ + ‖In‖γ,Oq,s+σ‖ρ‖

γ,O
q,s0+σ

)
(7.16)

and
‖Tnρ‖γ,Oq,s0 . γ

−1‖ρ‖γ,Oq,s0+σ. (7.17)

Moreover, when it is restricted to the Cantor set Gn(γn+1, τ1, τ2, in), Tn is an approximate right inverse
of Ln with suitable tame estimates needed later, see Theorem 5.1. Next we define,

Ũn+1 := Un + H̃n+1 with H̃n+1 := (În+1, α̂n+1, 0) := −ΠnTnΠnF(Un) ∈ En × Rd × Rd+1,

where Πn is defined by

Πn(I, α, 0) = (ΠnI, α, 0) and Π⊥n (I, α, 0) = (ΠnI, 0, 0). (7.18)

Notice that the projectors Πn are reversibility preserving due to the symmetry with respect to the
Fourier modes. Then, using the reversibility of Tn together with (5.24) and Lemma 2.2, one deduces
from Sin(ϕ) = in(−ϕ) that

SÎn+1(ϕ) = În+1(−ϕ). (7.19)
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Note that Un is defined in the full set O and so does Ũn+1. Nevertheless, we will not be working with
this natural extension but rather with a suitable localized version of it around the Cantor set Aγn+1.
Doing so, we shall get a nice decay property allowing the scheme to converge. Now, introduce the
quadratic function

Qn = F(Un + H̃n+1)−F(Un)− LnH̃n+1, (7.20)

then simple transformations give

F(Ũn+1) = F(Un)− LnΠnTnΠnF(Un) +Qn

= F(Un)− LnTnΠnF(Un) + LnΠ
⊥
nTnΠnF(Un) +Qn

= F(Un)−ΠnLnTnΠnF(Un) + (LnΠ
⊥
n −Π⊥nLn)TnΠnF(Un) +Qn

= Π⊥nF(Un)−Πn(LnTn − Id)ΠnF(Un) + (LnΠ
⊥
n −Π⊥nLn)TnΠnF(Un) +Qn. (7.21)

In the sequel we shall prove

‖F(Un+1)‖γ,O
γ
n+1

q,s0 6 C∗εN
−a1
n ,

with Un+1 a suitable extension of Ũn+1|Oγn+1
.

I Estimates of F(Ũn+1). We shall now estimate F(Ũn+1) with the norm ‖ · ‖γ,O
2γ
n+1

q,s0 by using (7.21).
The localization in O2γ

n+1 is required for the classical extension in the next point, see (7.48).
â Estimate of Π⊥nF(Un). We apply Taylor formula combined with (5.23) and Lemma 5.2 together
with (7.3) and (P1)n. Therefore, we obtain

∀s > s0, ‖F(Un)‖γ,O
γ
n

q,s 6 ‖F(U0)‖γ,Oq,s + ‖F(Un)−F(U0)‖γ,O
γ
n

q,s

. ε+ ‖Wn‖γ,Oq,s+σ. (7.22)

As a consequence, (7.2) and (P1)n imply

γ−1‖F(Un)‖γ,O
γ
n

q,s0 6 1. (7.23)

From Lemma 4.1-(ii) and (7.22), we get

‖Π⊥nF(Un)‖γ,O
γ
n

q,s0 6 N
s0−b1
n ‖F(Un)‖γ,O

γ
n

q,b1

. Nσ−b1
n

(
ε+ ‖Wn‖γ,Oq,b1+σ

)
. (7.24)

Now, (P3)n together (5.82) and (7.2) yield

ε+ ‖Wn‖γ,Oq,b1+σ 6 ε
(
1 + C∗γ

−1Nµ1
n−1

)
6 2C∗εN

2
3
µ1+1

n . (7.25)

By putting together (7.25) and (7.24) and by making appeal to (7.13), we infer for any n ∈ N,

‖Π⊥nF(Un)‖γ,O
2γ
n+1

q,s0 6 ‖Π⊥nF(Un)‖γ,O
γ
n

q,s0

. C∗εN
s0+ 2

3
µ1+1−b1

n . (7.26)

Remark that one also obtains, combining (7.22) and (7.25),

‖F(Un)‖γ,O
γ
n

q,b1+σ 6 C∗εN
σ+ 2

3
µ1+1

n . (7.27)

â Estimate of Πn(LnTn − Id)ΠnF(Un). In view of (7.14), one has

O2γ
n+1 ⊂ A

γ
2
n+1 ⊂ Gn

(γn+1

2
, τ1, τ2, in

)
.
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Then, applying Theorem 5.1, we can write

Πn(LnTn − Id)ΠnF(Un) = E1,n + E2,n + E3,n,

with

E1,n := ΠnE(n)
1 ΠnF(Un),

E2,n := ΠnE(n)
2 ΠnF(Un),

E3,n := ΠnE(n)
3 ΠnF(Un)

where E(n)
1 , E(n)

2 and E(n)
3 satisfy the estimates (5.116), (5.117) and (5.118) respectively. By (7.13), we

get

‖Πn(LnTn − Id)ΠnF(Un)‖γ,O
2γ
n+1

q,s0 6 ‖E1,n‖γ,O
γ
n

q,s0 + ‖E2,n‖γ,O
γ
n

q,s0 + ‖E3,n‖γ,O
γ
n

q,s0 . (7.28)

We shall first focus on E1,n. We need the following interpolation-type inequality

‖F(Un)‖γ,O
γ
n

q,s0+σ 6 ‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ + ‖Π⊥nF(Un)‖γ,O
γ
n

q,s0+σ

6 Nσ
n ‖F(Un)‖γ,O

γ
n

q,s0 +N s0−b1
n ‖F(Un)‖γ,O

γ
n

q,b1+σ. (7.29)

Combining (5.116), (7.29), (P1)n, (7.4) and (7.27), we obtain

‖E1,n‖γ,O
γ
n

q,s0 . γ
−1‖F(Un)‖γ,O

γ
n

q,s0+σ‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ

(
1 + ‖In‖γ,Oq,s0+σ

)
. γ−1Nσ

n

(
Nσ
n ‖F(Un)‖γ,O

γ
n

q,s0 +N s0−b1
n ‖F(Un)‖γ,O

γ
n

q,b1+σ

)
‖F(Un)‖γ,O

γ
n

q,s0

(
1 + ‖Wn‖γ,Oq,s0+σ

)
. C∗ε

(
N

2σ− 4
3
a1

n +N
s0+2σ+ 2

3
µ1+1− 2

3
a1−b1

n

)
. (7.30)

We now turn to E2,n and E3,n. Applying (5.117) with b = b1− s0 and using (7.4), (P2)n and (P3)n, we
get

‖E2,n‖γ,O
γ
n

q,s0 . γ
−1N s0−b1

n

(
‖ΠnF(Un)‖γ,O

γ
n

q,b1+σ + ε‖In‖γ,Oq,b1+σ‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ

)
. γ−1N s0−b1

n

(
‖F(Un)‖γ,O

γ
n

q,b1+σ + εNσ
n ‖Wn‖γ,Oq,b1+σ‖F(Un)‖γ,O

γ
n

q,s0

)
. C∗εN

s0+σ+ 2
3
µ1+2−b1

n + C∗εN
s0+σ+ 2

3
µ1+2− 2

3
a1−b1

n

. C∗εN
s0+σ+ 2

3
µ1+2−b1

n . (7.31)

Using the same techniques together with (5.118), (5.82), (7.2) and (7.4), we infer

‖E3,n‖γ,O
γ
n

q,s0 . N
s0−b1
n γ−2

(
‖ΠnF(Un)‖γ,O

γ
n

q,b1+σ + εγ−2‖In‖γ,Oq,b1+σ‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ

)
+ εγ−4Nµ2

0 N−µ2
n ‖ΠnF(Un)‖γ,O

γ
n

q,s0+σ

. C∗ε

(
N
s0+σ+ 2

3
µ1+2−b1

n +N
σ+1−µ2− 2

3
a1

n

)
. (7.32)

Putting together (7.28), (7.30), (7.31) and (7.31), we obtain

‖Πn(LnTn − Id)ΠnF(Un)‖γ,O
2γ
n+1

q,s0 6 CC∗ε

(
N

2σ− 4
3
a1

n +N
s0+2σ+ 2

3
µ1+1−b1

n +N
σ+1−µ2− 2

3
a1

n

)
. (7.33)

For n = 0, we deduce from (7.3),(7.4) and by slight modifications of the preceding computations

‖Π0(L0T0 − Id)Π0F(U0)‖γ,O
2γ
1

q,s0 6 ‖E1,0‖γ,O
γ
n

q,s0 + ‖E2,0‖γ,O
γ
n

q,s0 + ‖E3,0‖γ,O
γ
n

q,s0

. ε2γ−1 + εγ−1 +
(
εγ−2N s0−b1

0 + ε2γ−4
)

. εγ−2. (7.34)
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â Estimate of
(
LnΠ

⊥
n −Π⊥nLn

)
TnΠnF(Un). Combining (5.60) and (5.23), we get for H = (Î, α̂) with

Î = (Θ̂, Î, ẑ),
LnH = ω · ∂ϕÎ− (0, 0, ∂θL(λ)ẑ)− εdiXPε(in)Î− (α̂, 0, 0). (7.35)

Using (7.18) and the fact that ω ·∂ϕ and ∂θL(λ) are diagonal leading to [Π⊥n , ω ·∂ϕ] = [Π⊥n , ∂θL(λ)] = 0,

one has for H = (Î, α̂), (
LnΠ

⊥
n −Π⊥nLn

)
H = −ε[diXPε(in),Π⊥n ]Î.

In view of Lemma 5.2-(ii), Lemma 4.3, (7.13) and (P1)n we get∥∥∥(LnΠ⊥n −Π⊥nLn

)
H
∥∥∥γ,O2γ

n+1

q,s0
. εN s0−b1

n

(
‖Î‖γ,O

γ
n

q,b1+1 + ‖In‖γ,Oq,b1+σ‖Î‖
γ,Oγn
q,s0+1

)
.

Consequently,

Ncom(s0) :=
∥∥∥(LnΠ⊥n −Π⊥nLn

)
TnΠnF(Un)

∥∥∥γ,O2γ
n+1

q,s0
. εN s0−b1

n ‖TnΠnF(Un)‖γ,O
γ
n

q,b1+1

+ εN s0−b1
n ‖In‖γ,Oq,b1+σ‖TnΠnF(Un)‖γ,O

γ
n

q,s0+1.

Hence, gathering (7.16), Lemma 4.1, Sobolev embeddings, (7.4), (7.2) and (P1)n yields

Ncom(s0) . εγ−1N s0−b1
n ‖ΠnF(Un)‖γ,O

γ
n

q,b1+σ+1 + ‖In‖γ,Oq,b1+σ+1‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ

+ εγ−1N s0−b1
n ‖In‖γ,Oq,b1+σ

(
‖ΠnF(Un)‖γ,O

γ
n

q,s0+σ+1 + ‖In‖γ,Oq,s0+σ+1‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ

)
. εN s0+2−b1

n

(
‖F(Un)‖γ,O

γ
n

q,b1+σ + ‖Wn‖γ,Oq,b1+σ‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ

)
.

Applying Lemma 4.1-(ii), (P2)n and (5.82), we infer

‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ 6 N
σ
n ‖F(Un)‖γ,O

γ
n

q,s0

6 C∗εN
σ
nN
−a1
n−1

6 C∗εN
σ− 2

3
a1

n .

Added to (7.1), (7.27) and (P3)n, we obtain for n ∈ N,

‖(LnΠ⊥n −Π⊥nLn)TnΠnF(Un)‖γ,O
2γ
n+1

q,s0 6 CC∗εN
s0+σ+ 2

3
µ1+3−b1

n . (7.36)

â Estimate of Qn. We apply Taylor formula together with (7.20) leading to

Qn =

ˆ 1

0
(1− t)d2

i,αF(Un + tH̃n+1)[H̃n+1, H̃n+1]dt.

Thus, (7.35) and Lemma 5.2-(iii) allow to get

‖Qn‖
γ,O2γ

n+1
q,s0 . ε

(
1 + ‖Wn‖γ,Oq,s0+2 + ‖H̃n+1‖

γ,O2γ
n+1

q,s0+2

)(
‖H̃n+1‖

γ,O2γ
n+1

q,s0+2

)2

. (7.37)

Combining (7.14), (7.16), (7.22) and (7.23), we find for all s ∈ [s0, S]

‖H̃n+1‖
γ,O2γ

n+1
q,s = ‖ΠnTnΠnF(Un)‖γ,O

2γ
n+1

q,s

. γ−1
(
‖ΠnF(Un)‖γ,O

γ
n

q,s+σ + ‖In‖γ,Oq,s+σ‖ΠnF(Un)‖γ,O
γ
n

q,s0+σ

)
. γ−1

(
Nσ
n ‖F(Un)‖γ,O

γ
n

q,s +N2σ
n ‖In‖γ,Oq,s ‖F(Un)‖γ,O

γ
n

q,s0

)
. γ−1N2σ

n

(
ε+ ‖Wn‖γ,Oq,s

)
. (7.38)
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In the same way, according to (7.17), (P1)n and (P2)n, we infer

‖H̃n+1‖
γ,O2γ

n+1
q,s0 . γ−1Nσ

n ‖F(Un)‖γ,O
2γ
n

q,s0

. C∗εγ
−1Nσ

nN
−a1
n−1 . (7.39)

Choosing ε small enough and using (P1)n and (7.39), we find

‖Wn‖γ,Oq,s0+2 + ‖H̃n+1‖
γ,O2γ

n+1

q,s0+2 6 C∗εγ
−1 +N2

n‖H̃n+1‖
γ,O2γ

n+1
q,s0

6 1 + Cεγ−1Nσ+2
n N−a1

n−1

6 1 + Cεγ−1N
3+ 3

2
σ−a1

n−1 .

Now notice that (7.1) implies
a1 > 3 + 3

2σ. (7.40)

Therefore, we obtain

‖Wn‖γ,Oq,s0+2 + ‖H̃n+1‖
γ,O2γ

n+1

q,s0+2 6 2.

Hence, plugging this estimate and (7.39) into (7.37) and using (7.2) and (7.4), we find

‖Qn‖
γ,O2γ

n+1
q,s0 . ε

(
‖H̃n+1‖

γ,O2γ
n+1

q,s0+2

)2

6 εN4
n

(
‖H̃n+1‖

γ,O2γ
n+1

q,s0

)2

. εC∗N
2σ+4
n N−2a1

n−1 .

By using (5.82), we deduce when n > 1,

‖Qn‖
γ,O2γ

n+1
q,s0 6 CC∗εN

2σ+4− 4
3
a1

n . (7.41)

For n = 0, we come back to (7.38) and (7.3) to obtain for all s ∈ [s0, S]

‖H̃1‖
γ,O2γ

1
q,s . γ−1‖Π0F(U0)‖γ,O

2γ
0

q,s+σ

. C∗εγ
−1. (7.42)

Finally, the inequality (7.41) becomes for n = 0,

‖Q0‖
γ,O2γ

0
q,s0 . C∗ε

3γ−2. (7.43)

â Conclusion. Inserting (7.26), (7.33), (7.36) and (7.41), into (7.21) implies for n ∈ N∗,

‖F(Ũn+1)‖γ,O
2γ
n+1

q,s0 6 CC∗ε

(
N
s0+2σ+ 2

3
µ1+1−b1

n +N
σ+1−µ2− 2

3
a1

n +N
2σ+4− 4

3
a1

n

)
.

The parameters conditions stated in (7.1) give
s0 + 2σ + 2

3µ1 + 2 + a1 6 b1
σ + 1

3a1 + 2 6 µ2

2σ + 5 6 1
3a1.

(7.44)

Thus, by taking N0 large enough, that is ε small enough, we obtain for n ∈ N,
CN

s0+2σ+ 2
3
µ1+1−b1

n 6 1
3N
−a1
n

CN
σ+1−µ2− 2

3
a1

n 6 1
3N
−a1
n

CN
2σ+4− 4

3
a1

n 6 1
3N
−a1
n ,

(7.45)
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which implies in turn that when n ∈ N∗,

‖F(Ũn+1)‖γ,O
2γ
n+1

q,s0 6 C∗εN
−a1
n . (7.46)

However, when n = 0, we plug (7.26), (7.34), (7.36) and (7.43) into (7.21) in order to get

‖F(Ũ1)‖γ,O
2γ
1

q,s0 6 CC∗ε

(
N
s0+2σ+ 3

2
µ1+1−b1

0 + εγ−2 + ε2γ−2

)
.

From (7.45), one already has

CN
s0+2σ+ 3

2
µ1+1−b1

0 6 1
3N
−a1
0 .

Therefore, we need at this level to take ε small enough to ensure

C
(
εγ−2 + ε2γ−2

)
6 2

3N
−a1
0 .

This occurs since (7.2) and (7.1) imply
0 < a < 1

2+a1
.

Hence

‖F(Ũ1)‖γ,O
2γ
1

q,s0 6 C∗εN
−a1
0 .

This completes the proof of the estimates in (P2)n+1.

I Extension and verification of (P1)n+1− (P3)n+1. We shall now construct an extention of H̃n+1

living in the whole set of parameters and enjoying suitable decay properties. This is done by using
the C∞ cut-off function χn+1 : O → [0, 1] defined by

χn+1(λ, ω) =

{
1 in Oγ

n+1

0 in O \O2γ
n+1

and satisfying the additional growth conditions

∀α ∈ Nd, |α| ∈ J0, qK, ‖∂αλ,ωχn+1‖L∞(O) .
(
γ−1Na

n

)|α|
. (7.47)

Next, we shall deal with the extension Hn+1 of H̃n+1 defined by

Hn+1(λ, ω) :=

{
χn+1(λ, ω)H̃n+1(λ, ω) in O2γ

n+1

0 in O \O2γ
n+1

(7.48)

and the extension Un+1 of Ũn+1 by
Un+1 := Un +Hn+1. (7.49)

We remark that
Hn+1 = H̃n+1 and F(Un+1) = F(Ũn+1) in Oγ

n+1.

Looking at the first component of (7.49), one can write with obvious notations

in+1 = in + In+1.

By the induction assumption (P2)n, (7.48) and (7.19), one has

Sin(ϕ) = in(−ϕ) and SIn+1(ϕ) = In+1(−ϕ).

Thus
Sin+1(ϕ) = in+1(−ϕ). (7.50)

Using Lemma 4.1-(iv) together with (7.47) and the fact that Hn+1 = 0 in O \O2γ
n+1, we obtain

∀s > s0, ‖Hn+1‖γ,Oq,s . N qa
n ‖H̃n+1‖

γ,O2γ
n+1

q,s . (7.51)
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Applying (7.51) and (7.39) we deduce that for n ∈ N∗,

‖Hn+1‖γ,Oq,s0+σ 6 CN
qa
n ‖H̃n+1‖

γ,O2γ
n+1

q,s0+σ

6 CN qa+σ
n ‖H̃n+1‖

γ,O2γ
n+1

q,s0

6 CC∗εγ
−1N

qa+2σ− 2
3
a1

n .

From (7.1), we have

a2 = 2
3a1 − qa− 2σ − 1 > 1. (7.52)

Therefore, choosing ε small enough, we obtain

‖Hn+1‖γ,Oq,s0+σ 6 CN
−1
0 C∗εγ

−1N−a2
n

6 C∗εγ
−1N−a2

n . (7.53)

As to the case n = 0, we combine (7.51) and (7.42) to obtain, up to take C∗ large enough,

‖H1‖γ,Oq,s 6 1
2C∗εγ

−1N qa
0 . (7.54)

We now set
Wn+1 := Wn +Hn+1, (7.55)

then by construction, we infer
Un+1 = U0 +Wn+1.

Moreover, applying (P1)n, (7.54) and (7.53) and Lemma A.1, we infer

‖Wn+1‖γ,Oq,s0+σ 6 ‖H1‖γ,Oq,s0+σ +
n+1∑
k=2

‖Hk‖γ,Oq,s0+σ

6 1
2C∗εγ

−1N qa
0 + C∗εγ

−1
∞∑
k=0

N−1
k

6 1
2C∗εγ

−1N qa
0 + CN−1

0 C∗εγ
−1

6 C∗εγ
−1N qa

0 .

This completes the proof of (P1)n+1. Now gathering (7.38), (7.51) and (P3)n allows to write

‖Wn+1‖γ,Oq,b1+σ 6 ‖Wn‖γ,Oq,b1+σ + CN qa
n ‖Hn+1‖γ,Oq,b1+σ

6 C∗εγ
−1Nµ1

n−1 + CC∗γ
−1N qa+2σ

n

(
ε+ ‖Wn‖γ,O

γ
n

q,b1+σ

)
6 CC∗εγ

−1N
qa+2σ+1+ 2

3
µ1

n .

From (7.1), we can ensure the condition

qa+ 2σ + 2 = µ1

3 , (7.56)

in order to get

‖Wn+1‖
γ,Oγn+1

q,b1+σ 6 CN
−1
0 C∗εγ

−1Nµ1
n

6 C∗εγ
−1Nµ1

n

by taking ε small enough and using (7.2). This proves (P3)n+1 and the proof of Proposition 7.1 is
now complete.

150



Once this sequence of approximate solutions is constructed, we may obtain a non-trivial solution
by passing to the limit. This is possible due the decay properties given in Proposition 7.1. Actually,
we obtain the following corollary.

Corollary 7.1. There exists ε0 > 0 such that for all ε ∈ (0, ε0), the following assertions hold true.
We consider the Cantor set Gγ∞, depending on ε through γ, and defined by

Gγ∞ :=
⋂
n∈N
Aγn.

There exists a function

U∞ : O →
(
Td × Rd ×H⊥S

)
× Rd × Rd+1

(λ, ω) 7→
(
i∞(λ, ω), α∞(λ, ω), (λ, ω)

)
such that

∀(λ, ω) ∈ Gγ∞, F(U∞(λ, ω)) = 0.

In addition, i∞ is reversible and α∞ ∈W q,∞,γ(O,Rd) with

α∞(λ, ω) = ω + rε(λ, ω) and ‖rε‖γ,Oq . εγ−1N qa
0 . (7.57)

Moreover, there exists a q-times differentiable function λ ∈ (λ0, λ1) 7→ ω(λ, ε) ∈ Rd with

ω(λ, ε) = −ωEq(λ) + r̄ε(λ), ‖r̄ε‖γ,Oq . εγ−1N qa
0 (7.58)

and
∀λ ∈ Cε∞, F

(
U∞
(
λ, ω(λ, ε)

))
= 0 and α∞

(
λ, ω(λ, ε)

)
= −ωEq(λ),

where the Cantor set Cε∞ is defined by

Cε∞ =
{
λ ∈ (λ0, λ1) s.t.

(
λ, ω(λ, ε)

)
∈ Gγ∞

}
. (7.59)

Proof. Putting together (7.55) and (7.53), we infer

‖Wn+1 −Wn‖γ,Oq,s0 = ‖Hn+1‖γ,Oq,s0 6 ‖Hn+1‖γ,Oq,s0+σ 6 C∗εγ
−1N−a2

n .

Thus, the telescopic series associated with the sequence (Wn)n∈N is convergent, so the sequence itself
converges. We denote its limit

W∞ := lim
n→∞

Wn := (I∞, α∞ − ω, 0, 0)

and
U∞ :=

(
i∞, α∞, (λ, ω)

)
= U0 +W∞.

Passing to the limit in (7.50), one obtains the reversibility property

Si∞(ϕ) = i∞(−ϕ).

By the point (P2)n of Proposition 7.1, we have for small ε

∀(λ, ω) ∈ Gγ∞, F
(
i∞(λ, ω), α∞(λ, ω), (λ, ω), ε

)
= 0, (7.60)

with F the functional defined in (5.23). We highlight that the Cantor set Gγ∞ depends on ε through
γ and (7.2). By the point (P1)n of the Proposition 7.1, we have

α∞(λ, ω) = ω + rε(λ, ω) with ‖rε‖γ,Oq . εγ−1N qa
0 .
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We now prove the second result and check the existence of solutions to the original Hamiltonian
equation. First recall that the open set O is defined in (4.3) by

O = (λ0, λ1)×U with U = B(0, R0) for some large R0 > 0,

where the ball U is taken to contain the equilibrium frequency vector λ 7→ ωEq(λ). According to
(7.57), we deduce that for any λ ∈ (λ0, λ1), the mapping ω 7→ α∞(λ, ω) is invertible from U into its
image α∞(λ,U ) and we have

ω̂ = α∞(λ, ω) = ω + rε(λ, ω)⇔ ω = α−1
∞ (λ, ω̂) = ω̂ + r̂ε(λ, ω̂).

This gives the identity
r̂ε(λ, ω̂) = −rε(λ, ω),

which implies in turn after using successive differentiation and (7.57) that r̂ε satisfies the estimate

‖̂rε‖γ,Oq . εγ−1N qa
0 . (7.61)

We now set

ω(λ, ε) := α−1
∞ (λ,−ωEq(λ)) = −ωEq(λ) + rε(λ) with rε(λ) := r̂ε

(
λ,−ωEq(λ)

)
.

As a consequence of (7.60), if we denote

Cε∞ :=
{
λ ∈ (λ0, λ1) s.t.

(
λ, ω(λ, ε)

)
∈ Gγ∞

}
,

then we have
∀λ ∈ Cε∞, F

(
U∞
(
λ, ω(λ, ε)

))
= 0.

This gives a nontrivial reversible solution for the original Hamiltonian equation provided that λ ∈ Cε∞.
Since all the derivatives up to order q of ωEq are uniformly bounded on [λ0, λ1], see Lemma 3.3-(vi),
then by chain rule and (7.61), we obtain

‖rε‖γ,Oq . εγ−1N qa
0 and ‖ω(·, ε)‖γ,Oq . 1 + εγ−1N qa

0 . 1. (7.62)

This ends the proof of Corollary 7.1.

7.2 Measure of the final Cantor set

The purpose of this final section is to give a lower bound of the Lebesgue measure of the Cantor set
Cε∞ constructed in Corollary 7.1 via (7.59). We show that this set is massive and asymptotically when
ε→ 0 it tends to be of full measure in (λ0, λ1). Note that Corollary 7.1 allows us to write the Cantor
set Cε∞ in the following form

Cε∞ :=
⋂
n∈N
Cεn where Cεn :=

{
λ ∈ (λ0, λ1) s.t

(
λ, ω(λ, ε)

)
∈ Aγn

}
. (7.63)

The sets Aγn and the perturbed frequency vector ω(λ, ε) are respectively defined in Proposition 7.1
and in (7.57). The main result of this section reads as follows.

Proposition 7.2. Let q0 be defined as in Lemma 3.5 and assume that (7.1) and (7.2) hold with
q = q0 + 1. Assume the additional conditions

τ1 > dq0

τ2 > τ1 + dq0

υ = 1
q0+3 .

(7.64)

Then, there exists C > 0 such that ∣∣Cε∞∣∣ > (λ1 − λ0)− Cε
aυ
q0 .

In particular,
lim
ε→0

∣∣Cε∞∣∣ = λ1 − λ0.
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The remainder of this section is devoted to the proof of Proposition 7.2. We shall begin by giving
the proof using some a priori results. These results will be proved later in Lemmas 7.1, 7.2 and 7.3.
We first give a short insight about the strategy to prove Proposition 7.2. The idea is to measure the
complementary set of Cε∞ in (λ0, λ1). To proceed with, we write

(λ0, λ1) \ Cε∞ =
(
(λ0, λ1) \ Cε0

)
t
∞⊔
n=0

(
Cεn \ Cεn+1

)
. (7.65)

The measure of each set which appears, we estimate it by using Lemma 3.6. We shall now give the
proof of Proposition 7.2.

Proof. By choosing R0 large enough, one can ensure using (7.58) that

∀λ ∈ (λ0, λ1), ω(λ, ε) ∈ U = B(0, R0).

Indeed, U contains by construction the curve λ ∈ (λ0, λ1) 7→ ±ωEq(λ) and by (7.58) and (7.2), one
has

sup
λ∈(λ0,λ1)

|ω(λ, ε) + ωEq(λ)| 6 ‖rε‖γ,Oq 6 Cεγ−1N qa
0 = Cε1−a(1+qa).

Now, the conditions (7.1) and (7.2) imply in particular

0 < a <
1

1 + qa
·

Hence, by taking ε small enough, we find

sup
λ∈(λ0,λ1)

|ω(λ, ε) + ωEq(λ)| 6 ‖rε‖γ,Oq 6 1.

As a consequence,
Cε0 = (λ0, λ1).

By (7.65), we can write ∣∣∣(λ0, λ1) \ Cε∞
∣∣∣ 6 ∞∑

n=0

∣∣∣Cεn \ Cεn+1

∣∣∣
:=

∞∑
n=0

Sn. (7.66)

According to the notation introduced in Proposition 6.5 and Proposition 6.4 one may write

µ∞,nj (λ, ε) := µ∞j
(
λ, ω(λ, ε), in

)
= Ωj(λ) + jr1,n(λ, ε) + r∞,nj (λ, ε), (7.67)

with

r1,n(λ, ε) := cn(λ, ε)− Ω− I1(λ)K1(λ),

cn(λ, ε) := cin(λ, ω(λ, ε)),

r∞,nj (λ, ε) := r∞j
(
λ, ω(λ, ε), in

)
.

Coming back to (7.63) and using the Cantor sets introduced in Proposition 6.5, Proposition 6.6 and
Proposition 6.2 one obtains by construction that for any n ∈ N,

Cεn \ Cεn+1 =
⋃

(l,j)∈Zd×Z\{(0,0)}
|l|6Nn

R(0)
l,j (in)

⋃
(l,j,j0)∈Zd×(Sc0)2

|l|6Nn

Rl,j,j0(in)
⋃

(l,j)∈Zd×Sc0
|l|6Nn

R(1)
l,j (in), (7.68)
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with

R(0)
l,j (in) :=

{
λ ∈ Cεn s.t. |ω(λ, ε) · l + jcn(λ, ε)| 6 4γυn+1〈j〉

〈l〉τ1

}
,

Rl,j,j0(in) :=
{
λ ∈ Cεn s.t. |ω(λ, ε) · l + µ∞,nj (λ, ε)− µ∞,nj0

(λ, ε)| 6 2γn+1〈j−j0〉
〈l〉τ2

}
,

R(1)
l,j (in) :=

{
λ ∈ Cεn s.t. |ω(λ, ε) · l + µ∞,nj (λ, ε)| 6 γn+1〈j〉

〈l〉τ1

}
.

Notice that using the inclusion
W q,∞,γ(O,C) ↪→ Cq−1(O,C)

and the fact that q = q0 + 1, one gets that for all n ∈ N and (l, j, j0) ∈ Zd × (Sc0)2, the curves

λ 7→ ω(λ, ε) · l + cn(λ, ε),

λ 7→ ω(λ, ε) · l + µ∞,nj (λ, ε)− µ∞,nj0
(λ, ε),

λ 7→ ω(λ, ε) · l + µ∞,nj (λ, ε)

have a Cq0 regularity. Then, applying Lemma 3.6 combined with Lemma 7.3 gives for any n ∈ N,∣∣∣R(0)
l,j (in)

∣∣∣ . γ υ
q0 〈j〉

1
q0 〈l〉−1− τ1+1

q0 ,∣∣∣R(1)
l,j (in)

∣∣∣ . γ 1
q0 〈j〉

1
q0 〈l〉−1− τ1+1

q0 , (7.69)∣∣∣Rl,j,j0(in)
∣∣∣ . γ 1

q0 〈j − j0〉
1
q0 〈l〉−1− τ2+1

q0 .

Let us now move to the estimate of S0 and S1 defined in (7.66) that should be treated differently from
the other terms. This is related to the discussion done at the beginning of the proof of Lemma 7.1
dealing with the validity of the estimate (7.74). By using Lemma 7.2, we find for all k ∈ {0, 1},

Sk .
∑

(l,j)∈Zd×Z\{(0,0)}
|j|6C0〈l〉,|l|6Nk

∣∣∣R(0)
l,j (ik)

∣∣∣+
∑

(l,j,j0)∈Zd×(Sc0)2

|j−j0|6C0〈l〉,|l|6Nk
min(|j|,|j0|)6c2γ

−υ
1 〈l〉τ1

∣∣∣Rl,j,j0(ik)
∣∣∣+

∑
(l,j)∈Zd×Sc0
|j|6C0〈l〉,|l|6Nk

∣∣∣R(1)
l,j (ik)

∣∣∣. (7.70)

Plugging (7.69) into (7.70) yields for all k ∈ {0, 1},

Sk . γ
1
q0

( ∑
|j|6C0〈l〉

|j|
1
q0 〈l〉−1− τ1+1

q0 +
∑

|j−j0|6C0〈l〉
min(|j|,|j0|)6c2γ−υ〈l〉

τ1

|j − j0|
1
q0 〈l〉−1− τ2+1

q0

)

+ γ
υ
q0

∑
|j|6C0〈l〉

|j|
1
q0 〈l〉−1− τ1+1

q0 .

Consequently, we obtain

max
k∈{0,1}

Sk . γ
1
q0

(∑
l∈Zd
〈l〉−

τ1
q0 + γ−υ

∑
l∈Zd
〈l〉τ1−1− τ2

q0

)
+ γ

υ
q0

∑
l∈Zd
〈l〉−

τ1
q0 (7.71)

. γ
min

(
υ
q0
, 1
q0
−υ
)
.

Notice that the last estimate is obtained provided that we choose the parameters τ1 and τ2 in the
following way in order to make the series convergent

τ1 > d q0 and τ2 > τ1 + d q0. (7.72)
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This condition is exactly what we required in (7.64). Concerning the estimate of Sn for n > 2 in (7.66)
we may use Lemma 7.1 and Lemma 7.2, in order to get

Sn 6
∑

(l,j)∈Zd×Z\{(0,0)}
|j|6C0〈l〉,Nn−1<|l|6Nn

∣∣∣R(0)
l,j (in)

∣∣∣+
∑

(l,j,j0)∈Zd×(Sc0)2

|j−j0|6C0〈l〉,Nn−1<|l|6Nn
min(|j|,|j0|)6c2γ

−υ
n+1〈l〉

τ1

∣∣∣Rl,j,j0(in)
∣∣∣+

∑
(l,j)∈Zd×Sc0

|j|6C0〈l〉,Nn−1<|l|6Nn

∣∣∣R(1)
l,j (in)

∣∣∣.

Remark that if |j − j0| 6 C0〈l〉 and min(|j|, |j0|) 6 γ−υn+1〈l〉τ1 , then

max(|j|, |j0|) = min(|j|, |j0|) + |j − j0| 6 γ−υn+1〈l〉
τ1 + C0〈l〉 . γ−υ〈l〉τ1 .

Therefore, (7.69) implies

Sn . γ
1
q0

( ∑
|l|>Nn−1

〈l〉−
τ1
q0 + γ−υ

∑
|l|>Nn−1

〈l〉τ1−1− τ2
q0

)
+ γ

υ
q0

∑
|l|>Nn−1

〈l〉−
τ1
q0 .

Under the assumption, we obtain (7.72)

∞∑
n=2

Sn . γ
min

(
υ
q0
, 1
q0
−υ
)
. (7.73)

Plugging (7.73) and (7.71) into (7.66) gives∣∣∣(λ0, λ1) \ Cε∞
∣∣∣ . γmin

(
υ
q0
, 1
q0
−υ
)

provided that the condition (7.72) is satisfied. The condition (7.64) implies that

min
(
υ
q0
, 1
q0
− υ
)

= υ
q0
.

We then find, since γ = εa according to (7.2),∣∣∣(λ0, λ1) \ Cε∞
∣∣∣ . εaυq0 .

This completes the proof of Proposition 7.2.

Now we are left to prove Lemma 7.1 and Lemma 7.2 used in the proof of Proposition 7.2.

Lemma 7.1. Let n ∈ N \ {0, 1} and l ∈ Zd such that |l| 6 Nn−1. Then the following assertions hold
true.

(i) For j ∈ Z with (l, j) 6= (0, 0), we get R(0)
l,j (in) = ∅.

(ii) For (j, j0) ∈ (Sc0)2 with (l, j) 6= (0, j0), we get Rl,j,j0(in) = ∅.

(iii) For j ∈ Sc0, we get R(1)
l,j (in) = ∅.

(iv) For any n ∈ N \ {0, 1},

Cεn \ Cεn+1 =
⋃

(l,j)∈Zd×Z\{(0,0)}
Nn−1<|l|6Nn

R(0)
l,j (in) ∪

⋃
(l,j,j0)∈Zd×(Sc0)2

Nn−1<|l|6Nn

Rl,j,j0(in) ∪
⋃

(l,j)∈Zd×Sc0
Nn−1<|l|6Nn

R(1)
l,j (in).

Proof. In all the proof, we shall use the following estimate coming from (7.11), namely, for all n > 2,

‖in − in−1‖γ,Oq,sh+σ4
6 ‖Un − Un−1‖γ,Oq,sh+σ4

6 ‖Hn‖γ,Oq,sh+σ4

6 C∗εγ
−1N−a2

n−1 . (7.74)
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The fact that the previous estimate is valid only for n > 2 is the reason why we had to treat the cases
of S0 and S1 sparately in the proof of Proposition 7.2.

(i) We begin by proving that if |l| 6 Nn−1 and (l, j) 6= (0, 0), then R(0)
l,j (in) ⊂ R(0)

l,j (in−1). Assume

for a while this inclusion and let us check how this implies that R(0)
l,j (in) = ∅. In view of (7.68) one

obtains
R(0)
l,j (in) ⊂ R(0)

l,j (in−1) ⊂ Cεn−1 \ Cεn.

Now (7.68) implies in particular R(0)
l,j (in) ⊂ Cεn \ Cεn+1 and thus we conclude

R(0)
l,j (in) ⊂

(
Cεn \ Cεn+1

)
∩
(
Cεn−1 \ Cεn

)
= ∅.

We now turn to the proof of the inclusion. Let us consider λ ∈ R(0)
l,j (in). By construction, we get in

particular that λ ∈ Cεn ⊂ Cεn−1. Moreover, by the triangle inequality, we obtain∣∣ω(λ, ε) · l + jcn−1(λ, ε)
∣∣ 6 ∣∣ω(λ, ε) · l + jcn(λ, ε)

∣∣+ |j|
∣∣cn(λ, ε)− cn−1(λ, ε)

∣∣
6

4γυn+1〈j〉
〈l〉τ1 + C|j|‖cin − cin−1‖γ,Oq .

Therefore, combining (6.30), (7.74), (7.2) and the fact tht σ4 > 2, we infer∣∣ω(λ, ε) · l + jcn−1(λ, ε)
∣∣ 6 4γυn+1〈j〉

〈l〉τ1 + Cε〈j〉‖in − in−1‖γ,Oq,sh+2

6
4γυn+1〈j〉
〈l〉τ1 + Cε2−a〈j〉N−a2

n−1 .

In view of the definition of γn in Proposition 7.1-(P2)n one gets

∃c0 > 0, ∀n ∈ N, γυn+1 − γυn 6 −c0 γ
υ2−n.

Now remark that (7.64), (7.1) and (7.2) imply

2− a− aυ > 1 and a2 > τ1, (7.75)

and therefore one gets sup
n∈N

2nN−a2+τ1
n−1 <∞. It follows that, for ε small enough and |l| 6 Nn−1,

∣∣ω(λ, ε) · l + jcn−1(λ, ε)
∣∣ 6 4γυn〈j〉

〈l〉τ1 + C 〈j〉γυ
2n〈l〉τ1

(
− 4c0 + Cε2nN−a2+τ1

n−1

)
6 4γυn〈j〉
〈l〉τ1 .

Consequently λ ∈ R(0)
l,j (in−1) and this achieves the proof.

(ii) Let (j, j0) ∈ (Sc0)2 and (l, j) 6= (0, j0). If j = j0 then by construction Rl,j0,j0(in) = R(0)
l,0 (in)

and then the result follows from the point (i). Now let us discuss the case when j 6= j0. Similarly
to the point (i), in order to get the result it is enough to check that Rl,j,j0(in) ⊂ Rl,j,j0(in−1). Let
λ ∈ Rl,j,j0(in) then from the definition of this set introduced in (7.68) we deduce that λ ∈ Cεn ⊂ Cεn−1

and ∣∣ω(λ, ε) · l + µ∞,n−1
j (λ, ε)− µ∞,n−1

j0
(λ, ε)

∣∣ 6 2γn+1〈j−j0〉
〈l〉τ2 + %nj,j0(λ, ε), (7.76)

where we set

%nj,j0(λ, ε) :=
∣∣µ∞,nj (λ, ε)− µ∞,nj0

(λ, ε)− µ∞,n−1
j (λ, ε) + µ∞,n−1

j0
(λ, ε)

∣∣.
Then coming back to (7.67), one gets

%nj,j0(λ, ε) 6 |j − j0|
∣∣r1,n(λ, ε)− r1,n−1(λ, ε)

∣∣+
∣∣r∞,nj (λ, ε)− r∞,n−1

j (λ, ε)
∣∣

+
∣∣r∞,nj0

(λ, ε)− r∞,n−1
j0

(λ, ε)
∣∣. (7.77)
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In view of (6.179), (7.74), (7.2) and the fact that σ4 > σ3, one obtains∣∣r1,n(λ, ε)− r1,n−1(λ, ε)
∣∣ . ε‖in − in−1‖γ,Oq,sh+σ3

. ε2γ−1N−a2
n−1

. ε2−a〈j − j0〉N−a2
n−1 .

In a similar line, using (6.250), (7.74) and (7.2) yields∣∣r∞,nj (λ, ε)− r∞,n−1
j (λ, ε)

∣∣ . εγ−1‖in − in−1‖γ,Oq,sh+σ4

. ε2γ−2N−a2
n−1

. ε2(1−a)〈j − j0〉N−a2
n−1 .

Inserting the preceding two estimates into (7.77) gives

%nj,j0(λ, ε) . ε2(1−a)〈j − j0〉N−a2
n−1 . (7.78)

Putting together (7.78) and (7.76) and using γn+1 = γn − εa2−n−1, we deduce∣∣ω(λ, ε) · l + µ∞,n−1
j (λ, ε)− µ∞,n−1

j0
(λ, ε)

∣∣ 6 2γn〈j−j0〉
〈l〉τ2 − εa〈j − j0〉2−n〈l〉−τ2

+ Cε2(1−a)〈j − j0〉N−a2
n−1 .

Since |l| 6 Nn−1,we can write

−εa2−n〈l〉−τ2 + Cε2(1−a)N−a2
n−1 6 ε

a2−n〈l〉−τ2
(
− 1 + Cε2−3a2nN−a2+τ2

n−1

)
.

Now remark that (7.1) and (7.2) yield in particular

a2 > τ2 and a < 2
3 . (7.79)

Hence, we find for ε small enough

∀n ∈ N, −1 + Cε2−3a2nN−a2+τ2
n−1 6 0

and therefore ∣∣ω(λ, ε) · l + µ∞,n−1
j (λ, ε)− µ∞,n−1

j0
(λ, ε)

∣∣ 6 2γn〈j−j0〉
〈l〉τ2 ·

Consequently, λ ∈ Rl,j,j0(in−1) and the proof of the second point is now achieved.
(iii) Let j ∈ Sc0. In particular, one has (l, j) 6= (0, 0). We shall first prove that if |l| 6 Nn−1 and

then R(1)
l,j (in) ⊂ R(1)

l,j (in−1). As in the point (i) this implies that R(1)
l,j (in) = ∅. Remind that the set

R(1)
l,j (in) is defined below (7.68). Consider λ ∈ R(1)

l,j (in) then by construction λ ∈ Cεn ⊂ Cεn−1. Now by
the triangle inequality we may write in view of (6.251) and (7.74) and the choice γ = εa∣∣ω(λ, ε) · l + µ∞,n−1

j (λ, ε)
∣∣ 6 ∣∣ω(λ, ε) · l + µ∞,nj (λ, ε)

∣∣+ |µ∞,nj (λ, ε)− µ∞,n−1
j (λ, ε)|

6 γn+1〈j〉
〈l〉τ1 + Cεγ−1|j|‖in − in−1‖γ,Oq,sh+σ4

6 γn+1〈j〉
〈l〉τ1 + Cε2(1−a)〈j〉N−a2

n−1 .

Since γn+1 = γn − εa2−n−1 and |l| 6 Nn−1, then∣∣ω(λ, ε) · l + µ∞,n−1
j (λ, ε)

∣∣ 6 γn〈j〉
〈l〉τ1 + 〈j〉εa

2n+1〈l〉τ1

(
− 1 + ε2−3a2n+1N−a2+τ1

n−1

)
.

Notice that (7.79) implies in particular

a2 > τ1 and a < 2
3 (7.80)

157



and taking ε small enough we find that

∀n ∈ N, −1 + ε2−3a2n+1N−a2+τ1
n−1 6 0,

which implies in turn that ∣∣ω(λ, ε) · l + µ∞,n−1
j (λ, ε)

∣∣ 6 γn〈j〉
〈l〉τ1 .

Consequently, λ ∈ R(1)
l,j (in−1) and this ends the proof of the third point.

(iv) It is an immediate consequence of (7.68) and the points (i)-(ii) and (iii) of Lemma 7.1.

The next result deals with necessary conditions such that the sets in (7.68) are nonempty.

Lemma 7.2. There exists ε0 such that for any ε ∈ [0, ε0] and n ∈ N the following assertions hold
true.

(i) Let (l, j) ∈ Zd × Z \ {(0, 0)}. If R(0)
l,j (in) 6= ∅, then |j| 6 C0〈l〉.

(ii) Let (l, j, j0) ∈ Zd × (Sc0)2. If Rl,j,j0(in) 6= ∅, then |j − j0| 6 C0〈l〉.

(iii) Let (l, j) ∈ Zd × Sc0. If R(1)
l,j (in) 6= ∅, then |j| 6 C0〈l〉.

(iv) Let (l, j, j0) ∈ Zd × (Sc0)2. There exists c2 > 0 such that if min(|j|, |j0|) > c2γ
−υ
n+1〈l〉

τ1 , then

Rl,j,j0(in) ⊂ R(0)
l,j−j0(in).

Proof. (i) Assume R(0)
l,j (in) 6= ∅, then we can find λ ∈ (λ0, λ1) such that, using triangle and Cauchy-

Schwarz inequalities,

|cn(λ, ε)||j| 6 4|j|γυn+1〈l〉−τ1 + |ω(λ, ε) · l|
6 4|j|γυn+1 + C〈l〉
6 8εaυ|j|+ C〈l〉,

where we have used γ = εa and the fact that (λ, ε) 7→ ω(λ, ε) is bounded. Notice that

cn(λ, ε) = I1(λ)K1(λ) + r1,n(λ, ε) and inf
λ∈(λ0,λ1)

I1(λ)K1(λ) := c1 > 0.

Then, from (6.26), (6.248) and Proposition 7.1 (P1)n, we obtain

∀k ∈ J0, qK, sup
n∈N

sup
λ∈(λ0,λ1)

|∂kλr1,n(λ, ε)| 6 γ−k sup
n∈N
‖r1,n‖γ,Oq

. εγ−k

. ε1−ak. (7.81)

Thus, by choosing ε small enough, we can ensure by (7.81)

inf
n∈N

inf
λ∈(λ0,λ1)

|cn(λ, ε)| > c1
2 .

Hence, by taking ε small enough we find that |j| 6 C0〈l〉 for some C0 > 0.

(ii) In the case j = j0 we get by definition Rl,j0,j0(in) = R(0)
l,0 (in), and then we use the point (i). In

what follows we take j 6= j0 and we assume that Rl,j,j0(in) 6= ∅ then there exists λ ∈ (λ0, λ1) such
that

|µ∞,nj (λ, ε)− µ∞,nj0
(λ, ε)| 6 2γn+1|j − j0|〈l〉−τ2 + |ω(λ, ε) · l|

6 2γn+1|j − j0|+ C〈l〉
6 4εa|j − j0|+ C〈l〉.
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Similarly to (7.81), we can prove

∀k ∈ J0, qK, sup
n∈N

sup
j∈Sc0

sup
λ∈(λ0,λ1)

|j||∂kλr
∞,n
j (λ, ε)| 6 γ−k sup

n∈N
sup
j∈Sc0
|j|‖r∞,nj ‖γ,Oq

. εγ−1−k

. ε1−a(1+k). (7.82)

By using the triangle inequality, Lemma 3.3-(v), (7.81) and (7.82) we get for j 6= j0,

|µ∞,nj (λ, ε)− µ∞,nj0
(λ, ε)| > |Ωj(λ)− Ωj0(λ)| − |r1,n(λ, ε)||j − j0| − |r∞,nj (λ, ε)| − |r∞,nj0

(λ, ε)|
>
(
C0 − Cε1−a)|j − j0|

> C0
2 |j − j0|

provided that ε is small enough. Putting together the previous inequalities yields for ε small enough
|j − j0| 6 C0〈l〉, for some C0 > 0.

(iii) First remark that the case j = 0 is trivial. Now for j 6= 0 we assume that R(1)
l,j (in) 6= ∅ then

there exists λ ∈ (λ0, λ1) such that

|µ∞,nj (λ, ε)| 6 γn+1|j|〈l〉τ1 + |ω(λ, ε) · l|
6 2εa|j|+ C〈l〉.

Using the definition (7.67) combined with the triangle inequality, Lemma 3.3-(iv), (7.81) and (7.82),
we get

|µ∞,nj (λ, ε)| > Ω|j| − |j||r1,n(λ, ε)| − |r∞,nj (λ, ε)|
> Ω|j| − Cε1−a|j|.

Combining the previous two inequalities and the second condition in (7.80) implies(
Ω− Cε1−a − 2εa

)
|j| 6 C〈l〉.

Thus, by taking ε small enough we obtain |j| 6 C0〈l〉, for some C0 > 0.
(iv) First notice that the case j = j0 is trivial and follows from the definition (7.68). Let j 6= j0 and
λ ∈ Rl,j,j0(in), then by definition∣∣ω(λ, ε) · l + µ∞,nj (λ, ε)− µ∞,nj0

(λ, ε)
∣∣ 6 2γn+1〈j−j0〉

〈l〉τ2 .

Combining (7.67) and (3.14) with the triangle inequality we infer∣∣ω(λ, ε) · l + (j − j0)cn(λ, ε)
∣∣ 6 ∣∣ω(λ, ε) · l + µ∞,nj (λ, ε)− µ∞,nj0

(λ, ε)
∣∣

+ |jIj(λ)Kj(λ)− j0Ij0(λ)Kj0(λ)|+
∣∣r∞,nj (λ, ε)− r∞,nj0

(λ, ε)
∣∣.

Thus, we find∣∣ω(λ, ε) · l + (j − j0)cn(λ, ε)
∣∣ 62γn+1〈j−j0〉

〈l〉τ2 + |jIj(λ)Kj(λ)− j0Ij0(λ)Kj0(λ)|

+
∣∣r∞,nj (λ, ε)− r∞,nj0

(λ, ε)
∣∣. (7.83)

Without loss of generality, we can assume that |j0| > |j| and remind that j 6= j0. Then, from (3.24)
and (3.22), we easily find

|jIj(λ)Kj(λ)− j0Ij0(λ)Kj0(λ)| 6 |j|
∣∣Ij(λ)Kj(λ)− Ij0(λ)Kj0(λ)

∣∣+ |j − j0|
∣∣Ij0(λ)Kj0(λ)

∣∣
6 〈j−j0〉

min(|j|,|j0|) ·
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Applying (6.248), we find for j 6= j0 ∈ Sc0,∣∣r∞,nj (λ, ε)− r∞,nj0
(λ, ε)

∣∣ 6Cε1−a(|j|−1 + |j0|−1
)

6Cε1−a 〈j−j0〉
min(|j|,|j0|) ·

Plugging the preceding estimates into (7.83) yields∣∣ω(λ, ε) · l + (j − j0)cn(λ, ε)
∣∣ 62γn+1〈j−j0〉

〈l〉τ2 + C 〈j−j0〉
min(|j|,|j0|) ·

Therefore, if we assume min(|j|, |j0|) > 1
2Cγ

−υ
n+1〈l〉

τ1 and τ2 > τ1, then we deduce∣∣ω(λ, ε) · l + (j − j0)cn(λ, ε)
∣∣ 6 4γυn+1〈j−j0〉

〈l〉τ1 ·

This ends the proof of the lemma by taking c2 = C
2 .

We shall now establish that the perturbed frequencies ω(λ, ε) satisfy the Rüssemann conditions.
This is done by a perturbation argument from the equilibrium linear frequencies ωEq(λ) for which we
already know by Lemma 3.5 that they satisfy the transversality conditions.

Lemma 7.3. Let q0, C0 and ρ0 as in Lemma 3.5. There exist ε0 > 0 small enough such that for any
ε ∈ [0, ε0] the following assertions hold true.

(i) For all l ∈ Zd \ {0}, we have

inf
λ∈[λ0,λ1]

max
k∈J0,q0K

∣∣∂kλ (ω(λ, ε) · l)
∣∣ > ρ0〈l〉

2 .

(ii) For all (l, j) ∈ Zd+1 \ {(0, 0)} such that |j| 6 C0〈l〉, we have

∀n ∈ N, inf
λ∈[λ0,λ1]

max
k∈J0,q0K

|∂kλ
(
ω(λ, ε) · l + jcn(λ, ε)

)
| > ρ0〈l〉

2 .

(iii) For all (l, j) ∈ Zd × Sc0 such that |j| 6 C0〈l〉, we have

∀n ∈ N, inf
λ∈[λ0,λ1]

max
k∈J0,q0K

∣∣∂kλ(ω(λ, ε) · l + µ∞,nj (λ, ε)
)∣∣ > ρ0〈l〉

2 .

(iv) For all (l, j, j0) ∈ Zd × (Sc0)2 such that |j − j0| 6 C0〈l〉, we have

∀n ∈ N, inf
λ∈[λ0,λ1]

max
k∈J0,q0K

∣∣∂kλ(ω(λ, ε) · l + µ∞,nj (λ, ε)− µ∞,nj0
(λ, ε)

)∣∣ > ρ0〈l〉
2 .

Proof. (i) From the triangle and Cauchy-Schwarz inequalities together with (7.62), (7.2) and Lemma
3.5-(i), we deduce

max
k∈J0,q0K

|∂kλ (ω(λ, ε) · l) | > max
k∈J0,q0K

|∂kλ (ωEq(λ) · l) | − max
k∈J0,qK

|∂kλ (rε(λ) · l) |

> ρ0〈l〉 − Cεγ−1−qN qa
0 〈l〉

> ρ0〈l〉 − Cε1−a(1+q+qa)〈l〉

> ρ0〈l〉
2

provided that ε is small enough and

1− a(1 + q + qa) > 0. (7.84)
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Notice that the condition (7.84) is automatically satisfied by (7.2) and (7.1).
(ii) As before, using the triangle and Cauchy-Schwarz inequalities combined with (7.62), (7.81),
Lemma 3.5-(ii) and the fact that |j| 6 C0〈l〉, we get

max
k∈J0,q0K

|∂kλ (ω(λ, ε) · l + jcn(λ, ε)) | > max
k∈J0,q0K

|∂kλ (ωEq(λ) · l + jI1(λ)K1(λ)) |

− max
k∈J0,qK

|∂kλ
(
rε(λ) · l + jr1,n(λ, ε)

)
|

> ρ0〈l〉 − Cε1−a(1+q+qa)〈l〉 − Cε1−aq|j|

> ρ0〈l〉
2

for ε small enough and with the condition (7.84).
(iii) As before, performing the triangle and Cauchy-Schwarz inequalities combined with (7.62), (7.81),
(7.82), Lemma 3.5-(iii) and the fact that |j| 6 C0〈l〉, we get

max
k∈J0,q0K

∣∣∂kλ(ω(λ, ε) · l + µ∞,nj (λ, ε)
)∣∣ > max

k∈J0,q0K
|∂kλ (ωEq(λ) · l + Ωj(λ)) |

− max
k∈J0,qK

∣∣∂kλ(rε(λ) · l + jr1,n(λ, ε) + r∞,nj (λ, ε))
)∣∣

> ρ0〈l〉 − Cε1−a(1+q+qa)〈l〉 − Cε1−a(1+q)|j|

> ρ0〈l〉
2

for ε small enough with the condition (7.84).
(iv) Arguing as in the preceding point, using (7.81), (7.82), Lemma 3.5-(iv)-(v) and the fact that
0 < |j − j0| 6 C0〈l〉 (notice that the case j = j0 is trivial), we have

max
k∈J0,q0K

∣∣∂kλ(ω(λ, ε) · l + µ∞,nj (λ, ε)− µ∞,nj0
(λ, ε)

)∣∣ > max
k∈J0,q0K

∣∣∂kλ(ωEq(λ) · l + Ωj(λ)− Ωj0(λ)
)∣∣

− max
k∈J0,qK

∣∣∂kλ(rε(λ) · l + (j − j0)r1,n(λ, ε) + r∞,nj (λ, ε)− r∞,nj0
(λ, ε)

)∣∣
> ρ0〈l〉 − Cε1−a(1+q+qa)〈l〉 − Cε1−a(1+q)|j − j0|

> ρ0〈l〉
2

for ε small enough. This ends the proof of Lemma 7.3.

A Modified Bessel functions

In this short section we shall collect some properties about Bessel and modified Bessel functions that
were used in the preceding sections. We refer to [53] for an almost exhaustive presentation of these
special functions.
We define first the Bessel functions of order ν ∈ C by

Jν(z) =

∞∑
m=0

(−1)m
(
z
2

)ν+2m

m!Γ(ν +m+ 1)
, |arg(z)| < π.

Notice that when ν ∈ N we have the following integral representation, see [47, p. 115].

Jν(x) =
1

π

ˆ π

0
cos
(
x sin θ − νθ

)
dθ. (A.1)

We shall also introduce the Bessel functions of imaginary argument also called modified Bessel func-
tions of first and second kind

Iν(z) =
∞∑
m=0

(
z
2

)ν+2m

m!Γ(ν +m+ 1)
, |arg(z)| < π (A.2)
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and

Kν(z) =
π

2

I−ν(z)− Iν(z)

sin(νπ)
, ν ∈ C \ Z, |arg(z)| < π.

For j ∈ Z, we define Kj(z) = lim
ν→j

Kν(z). We give now useful properties of modified Bessel functions.

I Symmetry and positivity, see [2, p. 375]

∀j ∈ N, ∀λ ∈ R∗+, I−j(λ) = Ij(λ) ∈ R∗+ and K−j(λ) = Kj(λ) ∈ R∗+. (A.3)

I Anti-derivative, see [2, p. 376]. If we set Zν(z) = Iν(z) or eiνπKν(z), then for all ν ∈ R, we have

d

dz

(
zν+1Zν+1(z)

)
= zν+1Zν(z). (A.4)

I Power series expansion for Kj, see [2, p. 375].

Kj(z) = 1
2

(
z
2

)−j j−1∑
k=0

(j−k−1)!
k!

(
−z2

4

)k
+ (−1)n+1 log

(
z
2

)
Ij(z)

+ 1
2

(−z
2

)j ∞∑
k=0

(ψ(k + 1) + ψ(j + k + 1))

(
z2

4

)k
k!(j+k)! ,

(A.5)

where ψ(1) = −γ (Euler’s constant) and ∀m ∈ N∗, ψ(m+ 1) =

m∑
k=1

1
k − γ.

In particular we have the expansion

K0(z) = − log
(z

2

)
I0(z) +

∞∑
m=0

(
z
2

)2m
(m!)2

ψ(m+ 1). (A.6)

I Integral representation for Kν , see [47, p. 133] For all a, b > 0 for any ν, µ ∈ C satisfying −1 <
Re(ν) < 2Re(µ) + 3

2 one has

ˆ ∞
0

xν+1Jν (bx)

(x2 + a2)µ+1
dx =

aν−µbµ

2µΓ(µ+ 1)
Kν−µ(ab). (A.7)

I Nicholson’s integral representation, see [53, p. 441]. Let j ∈ N then

(IjKj)(z) = 2(−1)j

π

ˆ π
2

0
K0(2z cos(τ)) cos(2jτ)dτ. (A.8)

Another similar representation can be found in [47, p. 140]

(IjKj)(λ) =
1

2

ˆ ∞
0

J0

(
2λ sinh(t/2)

)
e−jtdt. (A.9)

I Holomorphic property of the product IjKj. Let j ∈ N then the function z 7→ (IjKj)(z) is holomorphic
on the half plane Re(z) > 0.
I Monotonicity of IνKν , see for instance [9, 22].The map (λ, ν) ∈ (R∗+)2 7→ Iν(λ)Kν(λ) is strictly
decreasing in each variable.
I Asymptotic expansion of small argument, see for instance [2, p. 375].

∀j ∈ N∗, Ij(λ) ∼
λ→0

( 1
2
λ)
j

Γ(j+1) and Kj(λ) ∼
λ→0

Γ(j)

2( 1
2
λ)
j . (A.10)

I Asymptotic expansion of large argument for the product IjKj , see for instance [2, p. 378].

∀N ∈ N∗, Ij(λ)Kj(λ) ∼
λ→∞

1

2λ

(
1 +

N∑
m=1

αj,m
(2λ)2m

)
, (A.11)
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with

αj,m = (−1)m (2m)!

4m
(
m!
)2Pm(µj), Pm(X) =

m∏
`=1

(
X − (2`− 1)2

)
, µj = 4j2. (A.12)

In particular,
Ij(λ)Kj(λ) −→

λ→∞
0. (A.13)

I Asymptotic expansion of high order for the product IjKj , for more details see [43].

Ij(λ)Kj(λ) ∼
j→∞

1
2j

( ∞∑
m=0

bm(λ)
jm

)( ∞∑
m=0

(−1)m bm(λ)
jm

)
, (A.14)

where for each m ∈ N, bm(λ) is a polynomial of degree m in λ2 defined by

b0(λ) = 1 and ∀m ∈ N∗, bm(λ) =
m∑
k=1

(−1)m−k S(m,k)
k!

(
λ2

4

)k
and the S(m, k) are Stirling numbers of second kind defined recursively by

∀(m, k) ∈ N∗ × N, S(m, k) = S(m− 1, k − 1) + kS(m− 1, k),

with
S(0, 0) = 1, ∀m ∈ N∗, S(m, 1) = 1 and S(m, 0) = 0 and if m < k then S(m, k) = 0.

We shall also prove the following result which has been frequently used before.

Lemma A.1. Let N0 > 2. Consider the sequence (Nm)m∈N defined by (5.82). Then for all α > 0, we
have

∞∑
k=m

N−αk ∼
m→∞

N−αm .

Proof. We consider the positive decaying function

t ∈ R∗+ 7→ N
−α( 3

2)
t

0 = exp
(
−α ln(N0)et ln( 3

2)
)
,

and apply to it a series-integral comparison, namely
∞∑

k=m+1

N−αk 6
ˆ ∞
m

exp
(
−α ln(N0)et ln( 3

2)
)
dt =

ˆ ∞
0

exp
(
−α ln(N0)eu ln( 3

2)em ln( 3
2)
)
du.

Now remark that

Nα
m exp

(
−α ln(N0)eu ln( 3

2)em ln( 3
2)
)

= exp
(
α ln(N0)

(
1− eu ln( 3

2)
)
em ln( 3

2)
)
.

Since
∀u ∈ R∗+, 1− eu ln( 3

2) < 0,

then we deduce that

∀u ∈ R∗+, Nα
m exp

(
−α ln(N0)eu ln( 3

2)em ln( 3
2)
)
−→
m→∞

0

and

∀u ∈ R∗+, ∀m ∈ N, 0 6 Nα
m exp

(
−α ln(N0)eu ln( 3

2)em ln( 3
2)
)
6 Nα

0 exp
(
−α ln(N0)eu ln( 3

2)
)
∈ L1(R+).

Applying dominated convergence theorem, we obtain
∞∑

k=m+1

N−αk =
m→∞

o
(
N−αm

)
.

As a consequence
∞∑
k=m

N−αk = N−αm +

∞∑
k=m+1

N−αk ∼
m→∞

N−αm .
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France, (1995).

[22] D. G. Dritschel, T. Hmidi, C. Renault, Imperfect bifurcation for the shallow-water quasi-
geostrophic equations, Arch. Ration. Mech. Anal. 231 (2019), no. 3, 1853–1915.

[23] D. G. Dritschel, M. M. Jalali, Stability and evolution of two opposite-signed quasi-geostrophic
shallow-water vortex patches, Geophys. Astrophys. Fluid Dyn. 114 (2020), no. 4-5, 561–587.

[24] D. G. Dritschel, H. Plotka, Shallow-water vortex equilibria and their stability, Journal of
Physics: Conference Series, 318 (2011), no. 6.

[25] G. S. Deem, N. J. Zabusky, Vortex waves : Stationary ”V-states”, Interactions, Recurrence,
and Breaking, Phys. Rev. Lett. 40 (1978), no. 13, 859–862.

[26] R. Feola, F. Giuliani, R. Montalto, M. Procesi, Reducibility of first order linear operators on
tori via Moser’s theorem, J. Funct. Anal. 276 (2019), no. 3, 932–970.
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