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Higher Dimensional Automata : non-interleaving concurrency

» Goal : represent non-interleaving concurrency : | a||b # a.b + b.a

» Dimension : maximal number of simultaneous events.

» Higher dimensional Automata of dimension 1 (\A;, left), and dimension 2 (As,
right) :

Example :
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Higher Dimensional Automata : non-interleaving concurrency

» Goal : represent non-interleaving concurrency : | a||b # a.b + b.a

» Dimension : maximal number of simultaneous events.

» Higher dimensional Automata of dimension 1 (A1, left), and dimension 2 (A>,
right) :

Example :

» Language of the HDA :

LA)={(a—b),(b—a)}
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Higher Dimensional Automata : non-interleaving concurrency

>

>
>

2/18

Goal : represent non-interleaving concurrency : | a||b # a.b + b.a

Dimension : maximal number of simultaneous events.

Higher dimensional Automata of dimension 1 (\A;, left), and dimension 2 (A5,
right) :

==
Example : =

Language of the HDA :

L(Az):{(‘g),( asb ) ( b—>a)}
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iiPomset : Interval-order partially ordered multisets with interfaces

> iiPomset : Representation of events as intervals with starting/ending
interfaces :
——— : precedence
- --->: event order

» Examples :

=|
| >

b
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iiPomset : Interval-order partially ordered multisets with interfaces

> iiPomset : Representation of events as intervals with starting/ending
interfaces :
——— : precedence
- --->: event order

» Examples :

‘
a

l\
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iiPomset : Interval-order partially ordered multisets with interfaces

> iiPomset : Representation of events as intervals with starting/ending
interfaces :
——— : precedence
- --->: event order

» Examples :
a1 [a ]
(o] (D] (o]
.3 LE] °a

l\
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iiPomset : Interval-order partially ordered multisets with interfaces

> iiPomset : Representation of events as intervals with starting/ending
interfaces :
——— : precedence
- --->: event order

» Examples :
. [a ] IR
(o] (5] (o] L b ]
.3 °q LF] °a
l\ N N RN
b | b I _b I _b
7 v 7 (P P
c c c c
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iiPomset : Interval-order partially ordered multisets with interfaces

> iiPomset : Representation of events as intervals with starting/ending

interfaces :
——— : precedence
- --->: event order

» Examples :
a1 a ] a ]
6] (5] (b ] C b ]
.3 °q LF] °a

> 2
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iiPomset : Interval-order partially ordered multisets with interfaces

> iiPomset : Representation of events as intervals with starting/ending

interfaces :
——— : precedence
- --->: event order

» Examples :
a1 a ] a ]
6] (5] (b ] C b ]
.3 °q LF] °a
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iiPomset : Interval-order partially ordered multisets with interfaces

> iiPomset : Representation of events as intervals with starting/ending

interfaces :
——— : precedence
- --->: event order

» Examples :
a1 a ] a ]
6] (5] (b ] C b ]
.3 °q LF] °a

> 2

d a—d
| (I |
. N P — ‘/‘
4 ® v v/ Ny
oC b—>C
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Logic over iiPomset

» Define logics over iiPomsets : First Order logic & LTL-like logic (SPTL)

» Prove the equivalence between logics :

[FO iiPomsets ] =[FO ST-sequences ]

A A

3

A

Kamp's theorem

Sparse pomset tem- w‘ (3 :
poral logic (SPTL) J‘ G

LTL ST-sequences ]
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist

(2]
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist Starter Terminator
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist Starter Terminator Identity

(2] [52] (2] (5]

el m , [Zﬁ} oF [.Z:]

» ST-sequence :
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist Starter Terminator Identity

(2] [52] (2] (5]

el m , [Zﬁ} oF [.Z:]

» ST-sequence :

» ST-decomposition :
a C
| |
| | f
Y Y

—
N
N
2
—

b de
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist
H

» ST-sequence :

Starter

[52]

Terminator Identity

(23] o]
[ae] + {Z} [Z} , [be] * [Z]
» ST-decomposition :

]

a
!
|
Y

<--0

—
N
N
2
—

b

Q.
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist Starter Terminator Identity

(2] [5:] (23] o]
o 5] e ]
» ST-decomposition :

L

» ST-sequence :

a
!
|
Y

<--0

—
N
N
2
—

b

Q.

5/15 Emily Clement Higher-Dimensional (Timed) Automata



How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist Starter Terminator Identity

(2] [5:] (23] o]
o 5] e ]
» ST-decomposition :

el T ) el s

» ST-sequence :

a
!
|
Y

<--0

—
N
N
2
—

b

Q.
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist Starter Terminator Identity

(2] [5:] (23] o]
o 5] e ]
» ST-decomposition :

LB T L e

» ST-sequence :

a
!
|
Y

<--0

—
N
N
2
—

b

Q.
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How to link FO over word to FO over Pomset ?

» Discrete Pomsets :

Conclist Starter Terminator Identity
(2] [5:] (23] o]

» ST-sequence :

» ST-decomposition :

—> C
N ! ae

Y Y‘ = |:.b.:|
—> de

S AR A e A A
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First Order logic over iiPomsets (dim < k)

» FO for iiPomsets :

ac€XY starter event order
| / ~
v Y Sa
e =m0l oAy Ixp | a(x) [s(x) | tx) [x <y[x--y
, A
v |
terminating  precedence

» FO over ST-sequence (same as words) :

e n=mp @AY [ Ixp | ST(x) [ x <y
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event order

~
~

a€ Y starter
| /
v Y
o, =0 e AY | Ixp | a(x) | s(x) I}(X)\Xiy\x--w

v |
terminating  precedence

?

= Vx.b(x) = Jy.(t(y) Ax < y)

N

<- -
/l
<--0

.
o
l»’
Q.
.
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a€EY starter event order
| / ~
2 Y Sa
P =g AP Ixplalx) [s() | tx) [x<y|x-->y
, A

v |
terminating  precedence
4

Vx.b(x) = Jy.(t(y) Ax < y)

—

N
A
—

><4>5.<44m
<->QF<--n
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7/185

ac Y starter event order
| / h
| / N
Y v

P u= @[ o AY | 3xg | a(x) | s(x) | H(x) | x<y | x>y
// |
terminating  precedence

v
E Vx.b(x) = Jy.(t(y) Ax < y)

IX]

X-r G <--w
‘<4>i‘~<44a

}; Vx.b(x) = Jy.(t(y) A x --» y)

IXI

X & <--0
<->QF<--0
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ac Y starter event order
| / h
| / N
Y v

P u= @[ o AY | 3xg | a(x) | s(x) | H(x) | x<y | x>y
// |
terminating  precedence

v
E Vx.b(x) = Jy.(t(y) Ax < y)

IX]

X-r G <--w
‘<4>i‘~<44a

v
= Vx.b(x) = Ty.(x --» y)

<- -
<--0

X — S
/l/»/
< ¢
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ST-sequence vs Pomset : how to link the variables?

» Variables do not represent the same objects in Pomset and in
ST-sequence :

a C
! !
| |
Y Y

[5e] * (2] Lol * [3a.]

N
A 2]« 73] =
—

b de

1. Amrane, Bazille, Fahrenberg et Fortin, « Logic and Languages of Higher-Dimensional Automata », 2024.
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ST-sequence vs Pomset : how to link the variables?

» Variables do not represent the same objects in Pomset and in
ST-sequence :

A R P AR AR A L A

b de

» Solution from [ABFF24]! : Relation ~ :
(x,1) ~ (y,j) & i-th event of x = j-th event of y

Example : ([;2],1) = ([} 1) = a

1. Amrane, Bazille, Fahrenberg et Fortin, « Logic and Languages of Higher-Dimensional Automata », 2024.
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ST-sequence vs Pomset : how to link the variables?

» Variables do not represent the same objects in Pomset and in
ST-sequence :

A R P AR AR A L A

b de
» Solution from [ABFF24]! : Relation ~ :
(x,1) ~ (y,j) & i-th event of x = j-th event of y
Example : ([,22],1) = ([*7)].1) =a
» Problem : FO formula for ~7

1. Amrane, Bazille, Fahrenberg et Fortin, « Logic and Languages of Higher-Dimensional Automata », 2024.
8/15 Emily Clement Higher-Dimensional (Timed) Automata



ST-sequence vs Pomset : how to link the variables?

» Variables do not represent the same objects in Pomset and in
ST-sequence :
* [25a] = [oaa] * [2a]

R el P beu A ot

a —>
\\\

v 5
—> (o

*b

» Solution from [ABFF24]! : Relation ~ :
(x,1) ~ (y,j) & i-th event of x = j-th event of y
Example : ([,22],1) = ([*7)].1) =a
» Problem : FO formula for ~ 7
» Solution : An counter-free finite state automaton.

1. Amrane, Bazille, Fahrenberg et Fortin, « Logic and Languages of Higher-Dimensional Automata », 2024.
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LTL-like logic for iiPomset : SPTL

» Conclist decomposition :

a——>cC

(NN I

v biglalgldlgld
—

ob de
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LTL-like logic for iiPomset : SPTL

» Conclist decomposition :
a c
| |
! ! biglalgldlgld

—
\\
Sa
—

ob de

» SPTL over iiPomsets :

w/)::ZCFI @AY | Xe | Uy

conclist
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LTL-like logic for iiPomset : SPTL

» Conclist decomposition :

a—-—>c¢C
[ |

0 bllalildlgld
R

ob de

» SPTL over iiPomsets :
©, ::ZCFI @AY | Xe | Uy

\
\
\

conclist
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» Conclist decomposition :
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0/15
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[ |

0 bllalildlgld
R
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LTL-like logic for iiPomset : SPTL

» Conclist decomposition :

» SPTL over iiPomsets :

0/15

a—-—>c¢C
[ |

0 bllalildlgld
R

ob de

w/)::ZCFI @AY | Xe | Uy

\
\
\
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LTL-like logic for iiPomset : SPTL

» Conclist decomposition :

a—-—>c¢C
[ |

0 bllalildlgld
R

ob de

» SPTL over iiPomsets :
©, ::ZCFI @AY | Xe | Uy

\
\
\

conclist

TV v .
! I EXXa,? T ¢ [alc,*@7 77> ¢ alc
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LTL-like logic for iiPomset : SPTL

» Conclist decomposition :

a—-—>c¢C
[ |

0 bllalildlgld
R

ob de

» SPTL over iiPomsets :
©, ::ZCFI @AY | Xe | Uy

\
\
\

conclist

T v X
! I EXXa,? T ¢ [alc,*@7 77> ¢ alc
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FO=SPTL

[FO iiPomsets ] =[FO ST-sequences ]

A A

A

4

Kamp's theorem

LTL ST-sequences ]

Sparse pomset tem- WA ( Y
poral logic (SPTL) J‘ U

Enzo Erlich’s current work :
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FO=SPTL

[FO iiPomsets ] =[FO ST-sequences ]

A A

Kamp's theorem

A
Sparse pomset tem- WA 6
[poral logic (SPTL) J‘ Q—TL ST-sequences ]

Enzo Erlich’s current work :

» Exploring over possibilities for LTL-like logics

» Compute the cost of this FO — SPTL (and <) translation.
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Higher Dimensional Timed Automata : Let's add time with Timed iiPomsets

e Timed iiPomsets is composed of :

» An iiPomset
» A duration d

» A map o labelling all events to time intervals.

e iiPomsets (left), Timed iiPomsets (right) 01 2 3

Starter : x1, x3 of respective label a and ¢
Target : x2 of label b

o(a) =(0,3),0(b) = (0,1.5),0(c) = (1.5,3)
Total duration d =3

vV v.yYyy
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Gluing on Timed iiPomsets

) a | a |
[ d | L b ] L b ]
’II . B ¢ ]
Cd]
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Higher Dimensional Timed Automata : intuition

e Definition :
A HDTA is a tuple (X, X1, X1, A,C,inv, exit) where :

> (X, X1,XT,A) is an HDA

e Example with events a and b : HDA (left) of the HDTA (right)

x<4ANy>1
y>1Lx+0 3 Ox>2Ay>1
y<3;x+0]|b X<4/\by<3 b|x>2Ay <3
a
x<4;y<+0
X,y +0 3 x>2;y<+0
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Higher Dimensional Timed Automata : intuition

e Definition :
A HDTA is a tuple (X, X1, X1, A,C,inv, exit) where :

> (X, X1, X7,A) is an HDA
> C : set of clocks

e Example with events a and b : HDA (left) of the HDTA (right)

x<4Any>1

y>1;,x+0 3 Ox>2nry>1

y<3;x+0|b X<4a/>)y<3 b|x>2ANy <3
x<4,y<+0

x,y+0 2 x>2,y<+0
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Higher Dimensional Timed Automata : intuition

e Definition :
A HDTA is a tuple (X, X1, X1, A,C,inv, exit) where :

> (X, X1, XT,\) is an HDA
> C : set of clocks

> inv: X — ¢(C) assign invariant conditions to cells.

e Example with events a and b : HDA (left) of the HDTA (right)

x<4Any2>1
y>1x+0 3 Ox>2Ay2>1
y<3ix<0|b "54;2}’53 blx>2ny<3
x<4y<+0
x,y <0 x>2,y<+0

a
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Higher Dimensional Timed Automata : intuition

e Definition :
A HDTA is a tuple (X, X1, X1, A,C,inv, exit) where :

> (X, X1, X7,A) is an HDA
> C : set of clocks
> inv: X — ¢(C) assign invariant conditions to cells.

> exit : X — 2€ assign exit conditions to cells.

e Example with events a and b : HDA (left) of the HDTA (right)

x<4Any>1
y>1x<+0 3 Ox>2ny>1
y<3%x0|b XS“Abyg blx>2ry<3
a
x<4,y<+0
x,y <0 x>2;y<+0
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Examples of HDTA

Quizz : suppose that a and b are not in concurrency
Let us draw the HDTA of a : [2,4] and b : [1, 3] separately :

Timing duration of events :
> a: [2,4] time units
> b :[1,3] time units
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Examples of HDTA

Quizz : suppose that a and b are not in concurrency
Let us draw the HDTA of a : [2,4] and b : [1, 3] separately :

Xko?———ir——aoxzz

Timing duration of events :
> a: [2,4] time units
> b :[1,3] time units
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Examples of HDTA

Quizz : suppose that a and b are not in concurrency
Let us draw the HDTA of a : [2,4] and b : [1, 3] separately :

x <4 y <3

X(—O?—;>©XZ2 y(—O?—b>©}’21

Timing duration of events :
> a: [2,4] time units
> b :[1,3] time units
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Examples of HDTA

Quizz : suppose that a and b are not in concurrency
Let us draw the HDTA of a : [2,4] and b : [1, 3] separately :

y<3

x<—0?—§>©x22 y%O?—b>©y21

e Let's put them together

x<4ANy>7?
y>1x+0 3 Ox>2Ay>1
? ?
y<3;x?|b HEE Ay S b|x?Ay <3
ab
x < 4;y?
X,y <0 x>2,y+0

Timing duration of events :
> a: [2,4] time units
> b :[1,3] time units
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Examples of HDTA

Quizz : suppose that a and b are not in concurrency
Let us draw the HDTA of a : [2,4] and b : [1, 3] separately :

x <4 y <3

XHO?—3>©X22 y%O?—b>©y21

e Let's put them together

x<4ANy>1
y>1;x+0 3 Ox>2ny2>1
y<3;x?|b AEaAy 4 b|x?ANy <3
ab
x<4;y<+0
x,y 0 x>2y+0

a

Timing duration of events :
> a: [2,4] time units
> b : [1,3] time units
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Examples of HDTA

Quizz : suppose that a and b are not in concurrency
Let us draw the HDTA of a : [2,4] and b : [1, 3] separately :

x <4 y <3

XHO?—3>©X22 y%O?—b>©y21

e Let's put them together

x<4ANy>1
y>1x+0 3 Ox>2Ay>1
y<3;x<+<0|b X§4/\b}/§3 b|x>2Ay <3
El
x<4,y<0
X,y <0 x>2,y<+0

a

Timing duration of events :
> a: [2,4] time units
> b : [1,3] time units
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Higher Dimensional Automata :

» Model Checking for HDA (Enzo Erlich, Jeremy Ledent)

» Implementation (Philipp Schlehuber-Caissier in Telecom)

Higher Dimension Timed Automata :

» Logics for Timed iiPomsets
» Distance between Timed iiPomsets

» Quantitative MC, Monitoring, etc for HDTA
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