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Summary

The goal of the internship was to discover geometric group theory through the first notions of quasi-isometries,
growth and amenable groups. Except for the last part about amenability, we only look at finitely generated groups
and study their Cayley graphs. In the second section about growth, we are going to see how a growth type for a
Cayley graph can give algebraic information about the underlying group, and vice versa. Finally, in a last part, we
show that abelian groups are amenable without using the Markov—Kakutani fixed-point theorem.
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1 Quasi-isometries

1.1 Introduction, Cayley graphs

First, we introduce basic graph notations.

DEFINITION A graph is a pair X = (V, E) where
1. V is a set, and
2. FE is a set of subsets of V' that contain exactly two elements.

We say that V is the set of vertices and F is the set of edges. Let n € NU {4o0}.

A path in X of length n is a sequence of vertices vg, - - - , v, € V such that Vj € {0,--- ,n—1}, {vj,vj41} € E.
When n € N, we say that a path vg,--- , v, connects vy and v,.

The graph X is said to be connected when every pair of vertices can be connected by a path in X.

Figure 1: A connected graph with 6 vertices and 7 edges

We now endow connected graphs with a natural metric.

ProposITION 1.1.1 Let X = (V, E) be a connected graph. Then, the map

d : VxV — R,
(v,w) +—— min{n € N|a path of length n connects v and w in X'}

is a metric on V, called metric on V associated with X.

PROOF : First, for all v € V', we have d(v,v) = 0 since a path can be of length 0. Now if we have v,w € V such
that d(v, w) = 0, then there is a path of length 0 connecting v to w so obviously v = w.

Then, for v,w € V and n € N, there is a path of length n from v to w if and only if there is a path of length n
from w to v (by inverting the vertices) so d(v,w) = d(w,v).

Finally, if z,y,z € V, a path connecting = to y followed by a path connecting y to z gives a path connecting x
to z, of length greater or equal to d(x, z) by the very definition of d. In particular, d(z, z) < d(z,y) + d(y, 2).

Figure 2: Green vertices are at distance 3

In order to endow groups with a metric, we define Cayley graphs.

DEFINITION Let G be a group. Let S C G be a generating subset of G, i.e. G = (S5).
The Cayley graph of G with respect to S is the graph Cay(G,S) = (V, E) where

1. the set of vertices is V = G, and

2. the set of edges is E = {{g,gs} | g € G,s € (SUST!)\ {e}}.
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Figure 3: The graph Cay(Z,{1})

The Cayley graph of a group depends on the chosen generating subset (Figure 3 and 4).

Figure 4: The graph Cay(Z, {2,3})

With this definition, G clearly acts by left translation on its Cayley graphs. Now, using proposition 1.1.1, we auto-
matically get a metric on G for every generating subset S of G.

DEFINITION Let G be a group. Let S C G be a generating subset of G.

The word metric on G with respect to S is the metric on G associated with Cay(G, S).
This metric depends on the generating subset S so we write dg instead of d.

For g € G, the word length of g with respect to S is dg(e, g).

ProOPOSITION 1.1.2 Let G be a group. Let S C G be a generating subset of G.
Then, the word metric on G with respect to S is left-invariant, i.e. Vh,h' € G,Vg € G,

ds(gh,gh') = ds(h,h').

PROOF : Let h,h/ € G and let g € G. Writing n = dg(h, '), 3s1,-++ ,8, € SUS™! such that
h="hs1 sy

Multiplying by g on the left gives
gh = (ghl)51 e sn

so that dg(gh, gh') < n. Now if we set k = ds(gh,gh’), 3s},- -+, s}, € SUS™! such that

gh = (gh')s} -+ s}.

We now multiply on the left by ¢! to get n < k. In the end, k = n.

The word metric depends on the generating subset. However, when G is finitely generated, we have a nice property
on the word metrics with respect to finite generating subsets.

PROPOSITION 1.1.3 Let G be a finitely generated group. Let X,Y be finite generating subsets of G.
Then, there is a constant C' € R% such that Vg, h € G, the following inequalities hold

1
adY(.%h) < dX(gah) < CdY(ga h)

PROOF : We write X = {x1,--- , 2.} and Y = {y1, -+ ,ys}
Let C; = max,cyyuy -1 dx(e,y). Since Y is finite, C; lies in R*. Now for g,h € G, we have

gt h =y, -y,
with n = dy (g, h) and Vk € {1, ,n},y;, € Y UY L. Now we have
dx(9,h) = dx (9, 9y, - Yi.)-

Thus, using the triangular inequality, we obtain

dx (g, h) < dx(9,9Yi,) + dx(9Yir, 9Yir Yin) + - +dx(9Yir = Yin_1+9Yir =~ Yir,)-
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Using the left-invariance of dx gives the following inequality
dx(g,h) < dx(e,yi,) +dx(e,yi,) + -+ +dx(e,9i,).
Now using the definition of Cy and the fact that n = dy (g, h), we get
dx(g,h) < Cidy(g,h).

We set O to be max,¢cxux-1 dy (e, x). By symmetric arguments, dy (g, h) < Cadx(g, h).
But Cy # 0 so (1/C3)dy (g9, h) < dx(g,h) < Cidy(g,h). To conclude, we just set C = max(Cy, Cs).

The proposition 1.1.3 motivates the definition of bilipschitz equivalence and quasi-isometry to study finitely generated
groups. After defining quasi-isometries, we will try to find interesting quasi-isometry invariants.

1.2 Bilipschitz equivalences, quasi-isometries

DEFINITION Let (X,dx) and (Y, dy) be metric spaces. Let f: X — Y be a map.

1. The map f is a bilipschitz embedding if 3¢ € R, such that Vz,2’ € X,
1
—dx(z,2") < dy(f(z), f(2')) < cdx (z,2).
c

2. The map f is a bilipschitz equivalence if it is a bilipschitz embedding, and if there is a bilipschitz

embedding g : Y — X such that fog =idy and go f =idx.
3. If there is a bilipschitz equivalence f : X — Y, we say that X and Y are bilipschitz equivalent.
ExXAMPLES : One can notice that
* an isometry is a bilipchitz equivalence with ¢ = 1, and

* using proposition 1.1.3, if G is a finitely generated group and if X and Y are two finite generating subsets of G,
then id¢ is a bilipschitz equivalence between (G,dx) and (G, dy).

In order to define quasi-isometries, we introduce the following definition.

DEFINITION Let (X,dx) and (Y, dy) be metric spaces. Let f: X - Y, g: X — Y be two maps.
The map f has finite distance from g if 3¢ € Ry such that Vo € X,

dy (f(x), 9(x)) < c.

We now generalize isometries even further by defining quasi-isometries.

DEFINITION Let (X,dx) and (Y,dy) be metric spaces. Let f : X — Y be a map.
1. The map f is a quasi-isometric embedding if 3c,b € R% such that Vz,z" € X,

Ldx (o) b < dy (@), f@)) < edx(a,a') + b,

We then say that f is a (¢, b)-quasi-isometric embedding.

2. The map f is a quasi-isometry if it is a quasi-isometric embedding, and if there is a quasi-isometric
embedding g : Y — X such that f o g has finite distance from idy and go f has finite distance from idx.

3. If there is a quasi-isometry f : X — Y, we say that X and Y are quasi-isometric and we write X ~q1 Y.

REMARK : Of course, a bilipschitz equivalence is a quasi-isometry.



DEFINITION Let (X,dx) and (Y, dy) be metric spaces. Let f : X — Y be a map.
We say that f has quasi-dense image if 3¢ € R% ,Vy € Y, 3z € X such that

dy (f(2),y) < c.

In some cases, we use the following characterisation to show that two metric spaces are quasi-isometric.

PROPOSITION 1.2.1 Let (X,dx) and (Y, dy) be metric spaces. Let f : X — Y be a map.
Then f is a quasi-isometry if and only if f is a quasi-isometric embedding with quasi-dense image.

PROOF : First, if f is a quasi-isometry, it is a quasi-isometric embedding and there is a quasi-isometric embedding
g:Y — X such that if y € Y, then dy (f(9(y)),y) < ¢ with ¢ being the constant appearing in the finite distance
from f o g to idy. Thus f has quasi-dense image.

Conversely, suppose f is a quasi-isometric embedding with dense image. Now 3¢’ € R ,Vy € Y, 3z, € X such
that dy (f(zy),y) < ¢’. The axiom of choice gives a map

g Y — X
Yy o Xy

By definition, f o g has finite distance to idy. To prove that g o f has finite distance to idx, let z € X. We have
dx (9(f(2)), x) = dx (2§ (a), ¥)-
But f is a quasi-isometric embedding so 3b, c € R} such that
dx (2 f(z), ) < cdy (f(25(2)), f(x)) +be < e + be

with ¢¢’ 4+ be € Ry. This proves that g o f has finite distance to idx.
To conclude, we have to prove that g is a quasi-isometric embedding.
Let y,y’ € Y. Since f is a (¢, b)-quasi-isometric embedding,

dx(9(y),9(y')) = dx (g, 2y) < cdy (f(2y), f(2y)) + be.
By using the triangular inequality, we get
cdy (f(xy), f(zy)) +be < c(dy (f(zy),y) +dy (y,4") + dy (v, f(2y))) + be.
But dy (f(zy),y) < ¢ and dy (f(z,,y') <  so
dx(9(y),9(¢")) < edy (y,y") + 2cd’ + be.
On the other side, we use again that f is a (¢, b)-quasi-isometric embedding to write that
dx(9(v), 9(y") = dx (xy, ) = (1/c)dy (f(2y), f(2y)) = (b/c).
Like before, we use the triangular inequality to end up with
dx(9(y),9(y") = (1/c)dy (y,y') — 2(c'/c) — (b/c).

Setting b’ = max(2(c’/¢) + (b/c), 2¢c’ + be), we proved that g is a (¢, b’)-quasi-isometric embedding.

REMARK : Two finite groups are clearly quasi-isometric, using the last proposition for example.

ProprosiTION 1.2.2 The following propositions hold.

1. If a map is at finite distance from a quasi-isometric embedding, then it is a quasi-isometric embedding.
In particular, a map at finite distance from a quasi-isometry is a quasi-isometry.

2. Let X,Y, Z be metric spaces. Let f: X — Y, f': X — Y be two maps that are at finite distance.

x If g: Z — X is a map, then fo g and f’ o g are at finite distance.




x If g: Y — Z is a quasi-isometric embedding, then g o f and g o f’ are at finite distance.

3. Composing quasi-isometric embeddings provides quasi-isometric embeddings.
In particular, compositions of quasi-isometries are quasi-isometries.

PROOF : To prove this proposition, we only use the basic definitions and proposition 1.2.1.

1. Let (X,dx) and (Y,dy) be metric spaces. Let f : X — Y be a (c,b)-quasi-isometric embedding and
g: X — Y be amap. Suppose g has finite distance from f.
By definition, 3¢’ € Ry such that Vo € X, dy (f(x),g(x)) < ¢. Let z,2’ € X. By triangular inequality,

dy (f(2), f(2) < dy (f(2), 9(x)) + dy (9(x), g(2")) + d(g(z"), f (")) < dy (g(x), g(2")) + 2.

On the other hand, using the triangular inequality again gives

dy (9(x), 9(2")) < dy (9(), f(2)) + dy (f(2), f(2')) + dy (f(2'), g(")) < dy (f(2), f(2)) + 2",

Thus,
dy (f(2), f(2")) = 2¢" < dy (g9(x), 9(z)) < dy (f(2), f(a")) + 2

so that g is a (¢, b+ 2¢)-quasi-isometric embedding.

If f is in fact a quasi-isometry, then it has quasi-dense image by proposition 1.2.1.

Then, 3¢” € R% ,Vy € Y, 3z € X such that dy (f(z),y) < ¢”. Let y € Y. By definition, 3z € X such that
dy (f(z),y) < . Notice that g has quasi-dense image since

dY(g(-T),y) < dY(g(‘r)7 f(.’l))) + dy(f(l'),y) < Cl + C”-
According to proposition 1.2.1, g is a quasi-isometry.
2. Let X,Y, Z be metric spaces. Let f: X — Y, f/: X — Y be two maps that are at finite distance.

x Let g: Z — X be a map. The maps f and f’ are at finite distance so 3¢’ € Ry ,Vx € X,

dy (f(z), f'(z)) <.

In particular, Vz € Z, we have

dy ((fog)(2),(f og)(2)) = dv(f(g(2)), f'(9(2))) < ¢

Thus, f og and f’ o g are at finite distance.
x Let g : Y — Z be a (¢, b)-quasi-isometric embedding. Then, Va € X,

dz((go f)(z), (g0 f)(@)) = dz(g(f(2)), 9(f'(2))) < cdz(f(2), f'(z)) +b < e’ +D.
So go f and go f are at finite distance.

3. Let X,Y, Z be metric spaces. Let f : X — Y be a (¢, b)-quasi-isometric embedding and g : ¥ — Z be a
(¢, b')-quasi-isometric embedding. Let z,z’ € X. Since g is a quasi-isometric embedding,

Sy (£(@). J@) — ¥ < drlg(F@), g(f) < by (F(2) Fa) +V.

But f is a (¢, b)-quasi-isometric embedding so that

1 b

—dx(wa) = = =V < dg(g(f(@), 9(f (@) < e (w,2') + b + V.

This shows that g o f is a quasi-isometric embedding.

If g and f are both quasi-isometries, then f has quasi-dense image by proposition 1.2.1 so 3¢”” € Ry such
that if z € Z, 3y € Y such that dz(g(y), z) < ¢”. Using proposition 1.2.1 gives a ¢’ € R such that 3z € X
with dy (f(z),y) < ¢”. With these notations, we have

dz(g(f(x)),z) < dz(g(f(x)),9(y)) +dz(g9(y),2) < dy (f(z),y) +b + " <"+ 4"

That proves that g o f has quasi-dense image, so g o f is a quasi-isometry.
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REMARK : Let X be a metric space. The set of quasi-isometries X — X is a monoid according to proposition 1.2.2.
This set becomes a group when we take it modulo finite distance. The group of all quasi-isometries X — X modulo
finite distance is the quasi-isometry group of the metric space X, written QI(X). Furthermore, if a metric space Y’
is quasi-isometric to X, then the groups QI(X) and QI(Y") are isomorphic. Indeed, if F: X — Y is a quasi-isometry,
then modulo finite distance, F is one-to-one so that the map

e+ QUX) —  QIY
f > FofoF!

is a group isomorphism.

DEFINITION Let G be a finitely generated group. Let X be a metric space.

1. The group G is bilipschitz equivalent to X if for some finite generating set S of GG, the metric space
X and the group G endowed with the word metric with respect to S are bilipschitz equivalent.

2. The group G is quasi-isometric to X if for some finite generating set S of GG, the metric space X and
the group G endowed with the word metric with respect to S are quasi-isometric and we write G ~qr X.
EXAMPLE : For n € N*, we have Z" ~qrR". To prove this, we endow Z"™ with the word metric with respect to the
canonical finite generating set S = {(1,0,---,0),---,(0,---,0,1)}.

* First, the inclusion Z™ < R"™ is a (y/n, 0)-quasi-isometric embedding. This comes from the fact that the biggest
shortcut we make by being in R™ instead of Z™ is the path going from (0,---,0) to (1,---,1). In R"™, the
euclidean distance is \/n while in Z", the distance is n (Figure 5).

1]

Figure 5: Z™ < R™ is a (y/n, 0)-quasi-isometric embedding for n = 2 and n = 3.

Indeed, for z, 2’ € Z™, we always have d(z,2’) < ds(x,2’), and our point states that ds(z,z") < /nd(z,z’).

+* Now the inclusion Z"™ < R™ has quasi-dense image. Indeed, any element of R™ lies in an hypercube of side
length 1 and built with integer coordinates, so the euclidean distance from this element to one of the vertices of
that hypercube is at most y/n/2 (Figure 6).

Figure 6: Z™ — R"™ has quasi-dense image for n = 2 and n = 3.

Last we use proposition 1.2.1 to conclude that Z™ ~qr R™.

I PROPOSITION 1.2.3 Let G be a finitely generated group, H be a finite index subgroup of G. Then H ~q; G.

PROOF : To prove this, we will show that the natural inclusion H < G is a quasi-isometry.

« First, we show that H is finitely generated. Let S = {s1,--- ,sm} be a finite generating subset of G.
Without loss of generality, we can suppose S =S U S~
We write G/H = {Hgy,--- ,Hg,} and we set R ={g1, -+, gn}- Without loss of generality, suppose g; = e.
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Now 3y : {1,--- ,n}x{1,---,m} — {1,--- ,n} such that Vi € {1,--- ,m},Vj € {1,--- ,n}, gjsi € Hgy(-
Forie {1,--- ,m}and j € {1,--- ,n}, define h; ; = gjsig;(lj o €H.
If h € H, then in particular, h € G so we can write

h=$p01) " Sp(r)

for some r € N, and ¢ : N = {1,--- ,m}. First, s,1) € Hgy(1,0(1)) 50

h = he1)196(1,6(1)5¢(2) "~ Se(r)-
NOW gy(1,6(1))50(2) = Pip(2),:(1,0(1) (¥ (1,0(1)),0(2)) SO

b= he(1),100(2) 1(1,0(1)) G (6(1,6(1)),0(2)) Se(3) "~ Sep(r)

By repeating this process, we obtain a k € {1,--- ,n} such that h is a product of elements of the form h; ;,
multiplied on the right by g;. But then k¥ = 1 and g = e since h € H. Thus, any element in h can be
written as a product of the form h; ; with finitely many h; ;.

* Let S" = {s},---, s} be a finite generating subset of H and S = {s1,--- , s, } be a finite generating subset of
G. Without loss of generality, we can suppose S’ C S (adding elements to a generating set gives a generating
set). Let h,h' € H. Writing h(h/)~! € H in terms of elements in S’ C S, shows that dg(h, h') < dy(h, ).
Now, we can write h(h')™! = s -+ s, with p = dg(h,h’) and Vi € {1,--- ,p},s;, € SUSL
But using the notations of earlier, s; € G so dc¢; € R such that s; € He;. We write

h(h)™' = (s1c7 1) (c182)83 - - - 8p-

Now ¢189 € G so des € R such that ¢ys9 € Heg. Then,
h(h')™" = (s1c1 ) (crsacy ') (cass) -+ - sp.
By induction, we have c¢1,--- ,¢,—1 € R such that Vi € {2,--- ,p — 1}, ci,lsicgl € H and
h(h')~" = (3101_1)(015202_1) T (Cp—zsp—10;31)(cp—1$p)

with ¢,_15, € G. But h(h')™! € H so in fact, ¢,_15, € H. We wrote h(h')~! as a product of elements in

Q={asb|a,be K,se S}NH
which is a finite set, so if C' is equal to max,eq ds/ (z, €), we have dg:(h, ') < Cdg(h, h’).
The inclusion H < G is a quasi-isometric embedding. To conclude, according to proposition 1.2.1, we just

have to show that the inclusion has quasi-dense image. Let C' = max;c(1,... n} ds(gi,€). Let g € G. There
isaie€{l,---,n} such that g € Hg;. Let h = gg; ' € H. By left invariance and definition of C’,

ds(g,h) = ds(g,99; ") = ds(e,g; ') = ds(gire) < C'.

Hence, H — G has quasi-dense image and H ~q; G.

REMARK : In a sense, quasi-isometries only look at similarities at large scale, leaving out local details.
The main problem of geometric group theory is to classify finitely generated groups up to quasi-isometries. A first
step in this direction is to find some quasi-isometry invariants.

DEFINITION Let V be a set. A quasi-isometry invariant with values in V' is a map

I gfg — %4
G — I(G)

such that VG, H € Gy 4, if G ~qr H then I(G) = I(H), where Gy, is the class of all finitely generated groups.

REMARK : Let I be a quasi-isometry invariant, and G, H be two finitely generated groups. If I(G) # I(H), then G
and H are not quasi-isometric. However, if I(G) = I(H), then we can not conclude anything in general.



1.3 Quasi-geodesic spaces, Svarc-Milnor lemma

Finitely generated groups with the word metric are not geodesic spaces. Indeed, the word metric clearly makes our

groups discrete. This is why we relax the assumptions and define quasi-geodesic spaces.

DEFINITION Let X be a metric space. Let (c,b) € (R x Ry).

1. A (c¢,b)-quasi-geodesic in X is a (¢, b)-quasi-isometric embedding ~ : [¢,'] — X with [¢t,¢'] C R. The
point y(t) is the start point of v and ~(¢') is the end point of ~.

2. We say that X is (¢, b)-quasi-geodesic if there exists a (¢, b)-quasi-geodesic in X with start point 2 and
end point z’ for all z, 2’ € X.

REMARK : Quasi-geodesic spaces are a generalization of geodesic spaces.

I PROPOSITION 1.3.1 Finitely generated groups endowed with the word metric are (1, 1)-quasi-geodesic spaces.

PROOF : The distance between two elements in a finitely generated group is defined as the length of a path in a
graph the associated Cayley graph.
Since the length every edge is one, we indeed obtain a (1, 1)-quasi-geodesic space.

We can now state a metric formulation of the Svarc-Milnor lemma.

PROPOSITION 1.3.2 Let G be a group. Let (X,d) be a (c, b)-quasi-geodesic metric space with ¢, b € R*.
Suppose that G acts on X by isometries, and suppose that there is a subset B of X such that :

1. The diameter of B is finite (two elements of B are always at finite distance).

2. The G-translates of B cover all of X.

3. Theset S = {g € G| gB' N B # 0} is finite, whith B’ = {z € X | 3y € B, d(z,y) < 2b}.
Then the group G is finitely generated by .S, and for all x € X, the action map

v : G — X
g — gz

is a quasi-isometry with respect to the word metric on G with respect to S.

This is not the main point of this document, so we refer to section 5.4 of [L617] for a full proof. Instead we briefly
explain how this lemma is used in practice. On the first hand, this lemma shows that if a group acts by isometries on
a metric space which behaves well enough, then this group is finitely generated and has the same geometric properties
as this very metric space. On the other hand, to study a metric space, we can try to find a familiar group that acts

well on this metric space to use what we know about groups.



2  Growth
2.1 Growth of finitely generated groups

If G is a finitely generated group and if S is a finite generating set of GG, we introduce a function ¢ s that measures
how fast the group is growing. This function depends on the generating set.

DEFINITION Let G be a finitely generated group. Let S be a finite generating subset of G.
The growth function of G with respect to S is

Ba,s : N N
T

_)
— [BFS(e)]

where V7 € N, the set BS°(e) is the closed ball of center e and radius r for the word metric on G with respect
to S, that is B (e) = {g € G | ds(g,¢) <7}

EXAMPLE : We give the growth function of Z with respect to two finite generating sets.

* Looking at Z with the generating set {1}, we obviously have Vr € N, i (13 (r) = 2r 4 1 (Figure 7).

O------- e e O----o-- O

Figure 7: Bz 13(1) =2 x1+1=3.

* Now if we use the generating set {2,3} for Z, we have 7 (23(0) = 1, Bz 23}(1) = 5 and Vr € N, if r > 2,
Bz,42,31 (1) = 61 + 1. First, r = 1 is detailed by Figure 8.

Figurc 8: ﬁZ,{2,3}(1) = 5.

Then, we add 6 to the number of vertices discovered at each step (Figure 9).

Figure 9: £z 12.3)(2) =6 x 2+ 1.

Indeed, we don’t have access to more than 6 new vertices for the next step.

Notice how changing the finite generating subset did not change the fact that the growth function is affine.
We now give a more general example. In that case, the growth function increases faster.

ProrosiTION 2.1.1 Let n € N. Suppose n > 2. Let G be a free group of rank n.
Let S be a finite generating subset of G with n elements. Then, Vr € N,

Ba.s(r) =1+ % (2n—1)" —1).

PROOF : For convenience, we write Vr € N, u, = g s(r).

First, up = 1 and since there are n elements in S, u; = 1 4 2n (counting the inverses of the generators).

Now for r € N, the number of elements in the closed ball of center e and radius r + 2 is equal to the number of
elements in the closed ball of center e and radius r + 1 added to the number of elements in the sphere of radius
r 4+ 2. This sphere has a number of element equal to (uy+1 — u,) X (2n — 1) since we can discover 2n — 1 new
vertices starting from an element of the sphere of radius r 4+ 1 (no cancellation).

See the case n = 2 with the following graph showing f¢ g(1) =144 and B¢ s(2) =14+4+4x (2x2—1).
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Thus, Vr € N, we have
Upgpo = Upt1 + (Urp1 — Ur) X (20— 1) = 2nup41 — (20 — D)u,.
This is a constant recursive sequence of order 2 so I\, u € R such that Vr € N,
Up =Ax1"+px(2n—-1)".

Using ug and u; gives p=n/(n—1) and A=1— (n/(n —1)).
To conclude, we just plug the values for A and p in our formula for w,..

Now we give a general proposition for growth functions.

ProproSITION 2.1.2 Let G be a finitely generated group, and S be a finite generating subset of G. Let
n=|5|.

1. The function f¢ s is sub-multiplicative : Vr,7’ € N, g s(r +1') < Ba s(r)Ba,s(r').
2. If G is infinite, then f¢ g is strictly increasing. In particular, Vr € N, Bg s(r) > r.

3. We have Vr € N, B¢, s(r) < Brs),s(r)-

PROOF : We prove the three statements independently.
1. Let r,7’ € N. Let g € G. Suppose ds(g,€) < r+r’. We decompose the corresponding path from e to g in :

* a path connecting e to some ¢’ € G of length less than r, followed by

* a path connecting ¢’ to g of length less than r'.

For our first step, we have at most Sg s(r) possibilities. For the second step, we have at most |Bg,s (9l
choices. Now notice that the number of elements in a closed ball depends only on the radius :

BS®(¢)={9€ G |ds(g.g) <1’} ={g" € G |ds(g".e) <r'}

by using the fact that g — (¢’)lg is a bijection, and that dg is left-invariant by proposition 1.1.2 (then

i

write g'g” = g so that ds(g,¢') = ds(¢'g", ¢') = ds(g", ). Thus |BS®(¢')| = Ba,s(r"), and

Ba,s(r+1") < Bas(r) ‘3575(9/)

= Ba.s(r)Ba.s(r').

2. Clearly, if r < 7/, then B (e) C BS’S(e) s0 Bg.s is increasing. Now if r < r' and Bg s(r) = Ba,s(r'),
then G is finite by the definition of the growth function. This proves the second point.

3. Using the universal property of free groups, we build a homomorphism ¢ : F(S) — G defined by ¢|s = ids.
Let r € N. By our construction of ¢, we have

Be.s(r) = |BTG’S(€)| _ ‘90 (Bf(S),S(e))‘ .

Now notice that ¢ is a surjective so that

fa.s(r) = o (BESS(@)] < |BEDS(0)] = Bres),s (1)

11




REMARK : Using 2.1.2 and 2.1.1, we see that the growth function of an infinite finitely generated group growth at
least like an affine function, and at most like an exponential function. Our goal is now to give a formal meaning to
growing like another function.

DEFINITION A generalized growth function in an increasing function f: Ry — Ry.
Let f,g be two generalized growth functions. We say that g quasi-dominates f if dc,b € R%,Vr € Ry,

f(r) <cgler+b)+0.

In that case, we write f < g.
The functions f and g are quasi-equivalent when f < g and g < f. In that case, we write f ~ g.

REMARK : One can check that the quasi-equivalence relation is an equivalence relation on generalized growth functions.

ProroSITION 2.1.3 The growth function of a group with respect to a finite generating subset can be extended
into a generalized growth function.

PROOF : Let G be a finitely generated group and S be a finite generating subset of G. The map

Bas : Ry — R4
o — Bas(r])

is increasing and has the same values as B¢ s over N.

This allows to extend the definition of quasi-domination and quasi-equivalence to growth functions of finitely generated
groups by looking at their associated generalized growth function.
Now we hope that two quasi-isometric groups have quasi-equivalent growth functions.

ProPOSITION 2.1.4 Let G, H be two finitely generated groups. Let S be a finite generating subset of G and
T be a finite generating subset of H. Suppose that there is a quasi-isometric embedding f : (G,ds) — (H,dr).
Then fg,s < Bu,r. In particular, if G ~qp H then Bg,s ~ Bu,T.

PROOF : First f is a quasi-isometric embedding so Jc, b € R such that Vg,¢" € G,

1
~ds(9,9") =b < dr(f(9). f(9)) < eds(g,9) + .
Let r € N. If g € BS%(eq), then
dr(f(9),en) < cds(g,ec) +b<cr+b.

This shows that f (B (eq)) C BCHbe(eH). To conclude, let us compare |f (BS¥(eq))| and |BS % (eq)|.

The function f is not surjective, but B (eq) is finite, so
|BE5(eq)| < max{n € N |31, ,an € B (eq), flor) = - = flan)} x | (BFF(eq))|-

Let g € B9S(eq). If g’ € G is such that f(g) = f(¢), then ds(g,9') < cdr(f(g), f(¢')) +bc = beso g’ € BL(g).
But as we already saw in the proof of proposition 2.1.2, ‘Bbci’s(g)‘ = ‘Bbci’s(eg)‘. Thus,

Bas(r) < | B (eq)| x |1 (BES(ea))| < |BE(ea)| x | B, (en)| = | B (e0)| Bur(er + ).

This shows that Sg,s < Bu,r by choosing max{c, )Bli’s(eg)‘}.

It is now natural to define the growth type of a finitely generated group.
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DEFINITION Let G be a finitely generated group.

x The growth type of G is the quasi-equivalence class of all growth functions of G with respect to finite
generating subsets of G.

« If the growth function of G with respect to some finite generating subset S is quasi-dominated by x — x®
with a € R, we say that G has polynomial growth.

x If G has the growth type of x — €%, we say that G has exponential growth.

x If G is neither of polynomial growth nor of exponential growth, then G is of intermediate growth.

ExaMPLES : We already have examples for polynomial and exponential growth.
« The additive group Z is of polynomial growth (see the first example of growth function).
* By proposition 2.1.1, a free group of rank n > 2 has growth type = — (2n — 1)®.

Free groups of rank at least 2 have exponential growth according to the second point of the following proposition.

ProrosITION 2.1.5 Let a,d € Ry. Then
L If (z = 2%) < (z — %), then a < d.

2. If a > 1 and d > 1, we have (z — a%) ~ (z — d*).

PROOF : We use real analysis basic tools to prove this.

1. Suppose (z +— %) < (z — z?). By definition, 3¢, b € R%. such that Vr € Ry,
r? < c(er + b)) +b.
Now if r € Ry, er +b# 0 so
r®—b <ec
(er4+byd =7
The function on the left is bounded, so a — d < 0.

2. Now suppose a > 1 and d > 1. Let ¢ = In(d)/In(a). We have Vr € Ry,

a’" = ecrln(a) — e In(d) _ dr

so that a” = d'/¢. This proves that (z — a®) ~ (z ~— d®) since ¢ € R and 1/c € R}.

We can rephrase proposition 2.1.4 using our new vocabulary.

I COROLLARY The growth type of finitely generated groups is a quasi-isometry invariant.

It is well known that a two finite-dimensional normed vector spaces are homeomorphic if and only if they have the
same dimension (topological invariance of dimension). We have a similar result with quasi-isometries.

LEMMA Let n € N. Then Z" has the growth type of x — x™.

PROOF : We already covered n = 1, and n = 0 is obvious.
Now if n > 2, we look at Z™ with the set " = {(x1,--- ,2,) | Vi€ {1,--- ,n},z; € {—1,0,1}}.
Writing S = {(1,0,---,0),---,(0,--- ,0,1)} the canonical generating subset of Z™, we have Z" = (S} because
S c S’. Now, if r € N, we have
BZ",S’ (7“) = (27“ — 1)”

Indeed, at distance r we have 2r — 1 choices for each coordinate. See the following graphs for n = 2 and n = 3.

13



g o o0 0oV o
Br2,s(1) = 3° Brs,s(1) =3°

The group Z" has the growth type of z +— z™ since the growth type does not depend on the finite generating
subset (proposition 2.1.4 and proposition 1.1.3).

The topological invariance of dimension for quasi-isometries follows from the lemma.

I ProrosITION 2.1.6 Let n,m € N. Then, Z" ~q1 Z™ < n = m. In other words, R" ~qi R™ & n =m.

PROOF : Suppose Z" ~q1 Z™. Using proposition 2.1.4 and the lemma, we have (z +— 2™) ~ (z — ™).
Now n = m by proposition 2.1.5. The second part comes from the fact that Z™ ~q1 R™ (see a previous example).

REMARK : Let A be a finitely generated abelian group. The fundamental theorem of finitely generated abelian groups
states that A is isomorphic to a direct product Z™ x T where T is a finite abelian group. Recall that n is the rank
of the abelian group A. We write rkz(A) = n. Now if A’ is another finitely generated abelian group, combining
proposition 1.2.3 and proposition 2.1.6, we have A ~qr A’ & rkz(A) = rkg(A4').

We will now study the growth of nilpotent groups.

2.2 Nilpotent groups, polynomial growth

NOTATION : If H and K are two subgroups of a group G, we set [H, K] to be the subgroup of G generated by the
commutators [h, k| = hkh™'k~! for h € H and k € K.

DEFINITION  Let G be a group. Let Cq)(G) = G and Vn € N*, Cp,,1.1)(G) = [G, C(,,)(G)].

The subgroups (C(y,)(G))nen- form the lower central series of G.

Let k € N*. The group G is k-step nilpotent if C;11)(q) is the trivial group.

If G is nilpotent, the minimal k£ € N* such that C;41)(q) is the trivial group is the nilpotency class of G.

REMARK : Any nilpotent group is solvable. Indeed, we see by induction that the terms of the derived series appear
as subsets of terms of the lower central series.

PRrROPOSITION 2.2.1 Let G be a group.
Then, for n € N*, C(,,41)(G) is a characteristic subgroup of C(,,y(G), and C(,)(G)/Cn+1)(G) is abelian.

PROOF : For n = 1, we have to show that D(G) = [G, G] is a characteristic subgroup of G and that the quotient
G/D(QG) is abelian. This very well known fact is true because commutators are stable under automorphisms and
commutators generates D(G). The quotient group is called the abelianization of G and it is easy to check that
it is abelian.

Now let n € N*. Suppose C(,,+1)(G) is a characteristic subgroup of C(,)(G) and C(,,)(G)/C(,,41)(G) is abelian.
We are going to show : C(,,42)(G) is a characteristic subgroup of C(,,41)(G), and C,,11)(G)/C 542y (G) is abelian.
Let ¢ be an automorphism of C(;,41)(G). Generators of C,,19)(G) are [g,z] with g € G and x € C(,,11)(G).
But ¢([g,2]) = p(gzg~'z™") = w(9)p(z)p(g) to(z) ! = [p(g), p(2)] with ¢(g) € G and p(z) € C(n41)(G) by
definition of ¢. Thus ¢([g,z]) € C(n42)(G) and C(,42)(G) is a characteristic subgroup of C,,41)(G).

Let a,b € C11)(G). To show that (aC(,,42)(G))(bC(n12)(G)) = (bC(542)(G))(aCn+2)(G)) we just have to prove
one inclusion because the statement is symmetric. Let g,h € G and z,y € C(,,11)(G). We start by noticing that

alg, x]b[h,y] = bb~'alg, z]ba” " alh,y] = b(b~'a)[g, 2](b~"a) "alh, y]
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so that
alg, z]blh,y] = b[(b~a)g(b~'a) ™", (b~ a)x (b~ a) " alh, y]

with (b~ta)g(b~ta)™' € G and (b~ ta)z(b~'a)™" € C(y41)(G). Thus if X,Y are commutator generators of
Cn+2)(G), then aXbY = bX'aY with X' a commutator generator of C(,49)(G). In fact, Y can even be an
element of C(;,,42)(G) as it does not interfere with aXb = bX"a.

This last equality can be used to generalize to products of commutators, so that the quotient is abelian.

Now that we know that the quotients of two consecutive groups in the lower central series of G are abelian, we can
define the homogeneous dimension of a finitely generated nilpotent group.

DEFINITION Let G be a finitely generated nilpotent group of nilpotency class k.
The homogeneous dimension of G is the integer

k
d(G) = Z“kz(c(z‘)(G)/C@H)(G))-

Note that d(G) is an integer because of proposition 2.2.1. The sum is finite by definition of nilpotency.

I THEOREM 2.2.1 Let G be a finitely generated nilpotent group. Then G has the growth type of z — 249,

This theorem requires multiple lemmas that are not detailed here. Instead we only outline the idea of the proof (see
paragraph 14.2 of [DI{18] for details).

IDEA  We work by induction on the nilpotency class of G.

If G has nilpotency class 1, then [G, G] is trivial so that G is abelian. As a finitely generated abelian group,
G has the same rank as Z'%2(%). This shows that G ~qr Z**(%) with rkz(G) = d(G) so that G has the growth
rate of x — x4,

Now if £ > 2 is an integer, we suppose that for all finitely generated nilpotent group of nilpotency class less
than k — 1 our statement holds. Then we take G a finitely generated nilpotent group of nilpotency class k.
We then set H to be C(;)(G) and work with the homogeneous dimension of G/H. Using the induction

hypothesis on G/H and lemmas allows us to conclude.

In fact, a finitely generated group that has polynomial growth is virtually nilpotent (has a nilpotent subgroup of finite
index). The following theorem is known as Gromov’s polynomial growth theorem.

THEOREM 2.2.2 Let G be a finitely generated group.
Then G has polynomial growth if and only if G is virtually nilpotent.

The book [L.617] contains references for a proof of this theorem. We can easily deduce the following proposition.

PROPOSITION 2.2.2 A finitely generated group that has polynomial growth has the growth type of x — z"
for some n € N.

PROOF : A finitely generated group with polynomial growth is virtually nilpotent. Such group G has the growth
type x — %) with d(G) € N.

2.3 Cactus groups

The main goal of this part is to study the growth of Cactus groups. First, we recall the definition of cactus groups by
generators and relations.

DEFINITION Let n € N. Suppose n > 2. The cactus group J,, is the group finitely generated by
Sp.q for (p,q) € N? such that I <p<g<n

with the following relations V(p, ¢, m,r) € N* such that 1 <p<g<netl1<m<r<n,
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* an—l.

« if [p,q] N [m, 7] = 0, then sp ¢Sm.r = Sm,rSp.q-

s if [m,r] C [p,q], then sp ¢Sm.r = Sptq—r,p+q—mSp.q-

REMARK : The cactus group J, is isomorphic to the cyclic group of order 2, and J, is the only finite cactus groups.
Indeed if n > 3, then s; 252 3 has infinite order since there is no relation to simplify a power of this element.

IDEA We are going to study the geometry of the Cayley graph of J3 and Jy. As stated in proposition 1.1.3,
the chosen generating subset does not change the large scale geometric properties of the group, so we would
like to reduce the number of generators to have a clear picture of how the group looks.

In order to remove useless generators and relations from our groups, we use Tietze transformations.
These transformations work as follows. In a presentation of a group, we can

*x remove a generator if one of the relations expresses this generator as a word in the other generators.
As a result, we have to replace any occurrence of this generator by the word in the other generators.

* remove a relation if this relation can be obtained using the other relations.

We will now apply these two rules to the definition of J3 and Jy.

PROPOSITION 2.3.1 There is an isomorphism between J3 and (s1 2,513 | 575 = 573 = 1).

PROOF : The definition of J3 gives the following relations :

2 2 2
81,2 = 51,3 = S23 = 1 51,351,2 = $2,351,3 51,382,3 = 81,251,3-

But if 51,3512 = 52,3513, 57 351,251,3 = 51,352,357 3 and using the fact that 5%73 =1 gives 512513 = 51,352,3 SO We
can get rid of the relation s; 3523 = s1,251,3. Now 823 = 51,351,251,3 using the relations s; 3512 = s2,351,3 and
s%,3 = 1. Thus, we can remove this relation and the generator sy 3. At this point, we have the following relations

2 2 2
870 =573 = (s13512513)" = L.

But the relation (s1,351,251,3)> = 1 is obtained using the other two relations s7 , = s7 3 = 1.
Thus we are allowed to only keep s; 2, 51,3 and the relations 5%72 = 5%73 =1

COROLLARY The Cayley graph of J3 with the presentation of proposition 2.3.1 is the following.

M) M) M) (M) M)
N -/ -/ N /

The blue color corresponds to s; 2 and the red color corresponds to s 3.
Thus, we have a quasi-isometry J3 ~q1 Z. In particular, J3 has linear growth according to proposition 2.1.4.

We saw that Js is finite and that Js is quasi-isometric to Z. Our next stop is Jy. First, we apply Tietze transformations.

PROPOSITION 2.3.2 There is an isomorphism between .J4 and the following group :

(12,513,514 | 879 =575 =574 = (s1,251,4)" = (s1,451,351,251,3)° = 1).

PROOF : As we saw with the group J3, the relations of the type 51,3512 = 52,351,3 and s1,352.3 = 51,251,3 are in
fact the same, so we only pick one of them in our starting relations. We list the remaining relations.

2 2 2 2 2 2 _
* 819 =813 =814 =S33=2534=2534= 1 and s1,253.4 = 53,4512

* 81,451,2 = 53,451,4, 51,451,3 = 52,4514 and 51,4523 = 52,351,4-

* 81,351,2 = 82,351,3 and 52 4823 = 53452 4.
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Now 51,451,2 = 53,4514 giVGS 5§3,4 = 51,451,251,4 SO W€ cal remove the relation 81,451,2 = 53,4514, the generator
s34 and the relation s3, = 1 becomes trivial as with the case of J3. We make the exact same work to write

S9.4 = S1,451,351,4 and sg 3 = 51,351 251,3. We are left with the generators s; 2, 51,3, 51,4 and the relations

2727271

S12 = 951,33 =514 = 51,253,4 = 53,451,2 82,4823 = 83,4524

where we just have to replace s34, 523 and sy 4 with words in s; 2, 51,3, 51,4. Doing so gives us the result.

We now draw the Cayley graph of Jy, with respect to this generating subset. We use blue for s 2, green for s; 4 and
red for s1 3. Just drawing the relevant relations using our colors gives these octagons (Figure 10)

()

Figure 10: (s1,251 4) =1 and (s1,451,351,251 3) =1.

That means that we must find these octagons in the Cayley graph of J;. Now we start from our three generators of
order two and we grow the corresponding graph until we reach depth 3 (Figure 11).

A Kt

Figure 11: Cayley graph of J4 up to depth 1, 2 and 3.

For depth 4 and deeper, things change as relations must form. Indeed, going from depth 3 to depth 4, we are going to
complete 3 octagons, one coming from the relation (s12514)* = 1 and two coming from the other non-trivial relation
(51,451,351,251,3)> = 1. At depth 5, we get the following graph (Figure 12).

Figure 12: Cayley graph of Jy.

The colors don’t really matter here, what we can see just by looking at the shape of this graph and understanding
how it grows, is that it looks like an octagonal tiling of the hyperbolic plane. For now we will try to find the exact
growth function 8 of Jy with respect to the generating subset {si 2,513,514} First of all, we can try to count by
hand and find a pattern.




Using version 10.6 of SageMath (see [The25]), we can speed up the counting process. We get the following table.

ro o1 23|45 6 | 7 [ 8] 9] 10 | 11| 12| 13| 14 | 15
Blry [[1]4]10]22]43] 79| 142 | 250 | 436 | 757 | 1309 | 2260 | 3898 | 6718 | 11575 | 19939

Here is the code used to find these values. It just builds every word of length i and checks if we already saw it.

J4 = groups.misc.Cactus(4) # Cactus groups are already implemented in SageMath.
gens = J4.group_ generators()

generators, words, k = [gens[(1, i)] for i in range(2, 5)], [J4.one()], O
for i in range(16): # We list words of length i in the list words.
new_words, m = words [:], len(words)

for j in range(k,m): # We start at k because we only want words of length i—1.
for gen in generators:
new_word = words[j]*gen # With our choice of k, words[j] has length i—1.
if not new word in new_ words:
new_ words. append (new_ word )
k = len(words)—1

print("(", i,",", len(words), ")") # This is where we read the values of beta(r).
words = new__words

Now can we find a pattern in the table ? Let (s,)nen+ be the sequence defined by Vn € N*| s, = B(n) — 8(n — 1).
The integer s,, represents the number of elements in the sphere of radius n.

n 1|23 |45 |6 7 [ 8 ]9 |10]11 [ 12| 13 | 14]15

sn || 3] 6] 12]21]36|63]108 | 186 | 321 | 552 | 951 | 1638 | 2820 | 4857 | 8364

REMARK : It seems like Vn € N*| we have s,44 = Spt3 + Spt2 + Spt1 — Sn. For example,
* S4+83+82—85=214+124+6—-3 =36 = s5,
* 85+ 84+ 83— 82 =36+21+4+12—6 =63 = sg and
* 864 85+ 84 — 83 =634+ 36 421 — 12 = 108 = s7.

We now prove all of our previous statements about this Cayley graph.

LEMMA The Cayley graph of Js with respect to the generating subset {s12,51,3,51,4} can be seen as an
octagonal tiling of the hyperbolic plane.

PROOF : First, we state that an edge spans exactly two octagons. We have three cases.

x If the edge is blue, then we can glue two different relator discs on it. If we try to add one more, by the
symmetries of our relators, it will be one that is already glued.

Trying to glue an additional octagon.

Indeed, if we glue a new tilted relator on our blue central edge, it will span the same octagons.

« If the edge is green, we use the exact same argument as for the blue one (we can exchange green and blue
edges in our relators).

« If the edge is red, we can glue two different octagons to it, and not one more seeing our relators (a red edge
in our relators has a blue edge on one side and a green edge on the other side).
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As before, we can only glue a relator that spans one of the octagons already here.
Thus, a red edge also has exactly two octagons around it.

Now considering a vertex, it is connected to three other vertices by three different colors. These three vertices
have two octagons around them for at most six octagons in total. In fact, we only get three octagons because we
know two consecutive sides for our octagons which decides the relator we are going to glue.

Around a vertex are three octagons.

We get the same result if we swap blue and green to get the other configuration for the colors around a vertex.
This explains why our graph can be seen as an octagonal tiling of the hyperbolic plane.

We are now going to label the vertices of our Cayley graph.

PROPOSITION 2.3.3 There exists a vertex labelling with letters A, B, C and D such that any octagon that
does not contain the identity element or one of the three generators is one of (or an axial reflection of) the
following octagon types

4

with arrows meaning increasing distance. We name the three types 1, 2 and 4 based on the starting letter of
the octagon in the alphabet.

PROOF : We are going to prove the following statement by induction on n.

For all n € N such that n > 2, there is a vertex labelling of the ball of radius n + 3 and center 1 such that all
octagons that intersect the ball of radius n and center 1 in an arc of at least three vertices are of said type.

The right vertex labelling for the case n = 2 is six type 1 octagons.

Now let n € N with n > 2 and suppose that there is a vertex labelling of the ball of radius n + 3 and center 1
such that all octagons that intersect the ball of radius n and center 1 in an arc of at least three vertices are of
said type. How can we extend this labelling to the next step 7 We extend the labelling by looking at every case.

1. If we are at distance n on a vertex labelled A, then by induction hypothesis, there is only one vertex above
(closer to identity) and two vertices below. Above this A, there is a A or a B by induction hypothesis
(previous octagons are of type 1, 2 or 4).

e If we have a A at distance n and a A at distance n — 1 just above, then we label as follows.

19



The dashed line represents the radius n ball.

We have to check if this labelling is compatible with what was the previous labelling. On the top left,
we have a A, A, A suite so there must be a type 1 octagon that starts at the first A. The setup must
be as follows (notice how our choice for putting A on the left and B on the right does not matter).

This situation is forced.

Now the octagon on the right must end with B C on both sides but there is no additional constraints.
In the end we obtain something like below. Notice how the next two octagons are going to be labelled
using our three types.

e The second case is when there is a B above the A. On one side, the B, A, A forces a type 2 octagon,
and on the other side a B, A, B situation gives a C next.
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This situation is forced in this case.
Again, we can can choose the next two octagons in our list of octagon types.
2. Next is the case where we are at distance n on a vertex labelled B. Again there are two sub-cases.

o If the vertex above is a D, then the D, B, A suite forces a type 4 octagon one one side. The other side
is on a D, B, C situation that only happens at the end of type 2 octagons. In the end, the labelling
looks like this.

This situation arises when we have a D above a B.

On the left we can pick a type 1 octagon, and on the right, the choice is already made for a type 2.

e The second sub-case is when there is a A before the B. On one side we obtain a type 1 octagon, while
the other sides ends in a type 2 or 4 due to the A, B, C chain. The result we obtain works just like
the previous sub-case.

3. Our next case is when we are at a C vertex at distance n. By induction hypothesis, there is no starting
octagon from a C type vertex. Furthermore, above a C type vertex, there could only be a B type vertex
and after a C we can only have a D. Thus we have a B, C, D on each side so by induction hypothesis,
they must both be type 2 octagons.
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This is forced for a C type at distance n.

We can extend this using our octagon types.

4. Our last case is the easiest. If a D type is at distance n, then there must be a C just above, and two B
below. We conclude by just looking at our previous case graph (we can fill with two type 2 octagons).

Forced situation when looking at a D type vertex.

This concludes our proof by induction as every case has been covered.

I ProrositioN 2.3.4 For n € N*, 5,44 = Sp43 + Snt2 + Sn+1 — Sn-

PROOF : Using proposition 2.3.3, we obtain rules for what vertex type is next according to the vertex type we
are currently. This is summarized in the following graph.

For example, after a vertex of type A comes a vertex of type A and a vertex of type B. Since we started our
induction with A types, let us look at how a type A vertex grows (what goes next 7).
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At the fifth step, we see that we have the fourth step (in blue), the third step (in green) and the second step
(in red) except we don’t have the whole second step as we don’t have the first step. This goes to show that the
announced recurrence formula holds.

We have everything we need to get the exact formula for the growth function of J; with our reduced set of generators.

PROPOSITION 2.3.5 Let P=X*— X% - X? — X +1in C[X].
The polynomial P has two real roots a and b and two conjugate complex roots ¢ and ¢. The complex roots
and one of the real roots (say b) have modulus strictly smaller than 1. With these notations,

VI3 14+4/2(VI3 - 1)

4

a

and B(r) grows like a".

PROOF : First, using proposition 2.3.4, I\,, A\p, A¢, Az € C such that Vn € N*| we have
Sp = Aga”™ + Xpb"™ + Ao + Az

The numbers Ay, Ap, A¢, Az are found easily using the first four values of our sequence and inverting a four by four
matrix (numerically). With the definition of 3(r), if r € N*, we have

B —B0) =Y s =Aa D b+ MY B H AN Ay e
k=1 k=1 k=1 k=1 =1

so that — o — "

T —a brTt —b T —c Tt —¢
A A Az

a—1 My T o T

If we only keep the dominant term, we find that 8(r) grows like Aa” with A = A\, /(1 — (1/a)).

Blr) =1+ A2

Now to check our result, we can plot the exact points we found using SageMath (see [The25]) and the curve r — Aa”
with A\ ~ 5.766 and a ~ 1.7221 (Figure 13). The value for X is obtained by using the exact value of A\, and the exact
value of a (the exact values were found using a symbolic solving package that solved the polynomial equation explicitly
and inverted the right matrix).
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Figure 13: The blue dots are the exact values of 5(r) for r € {0,--- ,15}.

PRrROPOSITION 2.3.6 Let G be a finitely generated group. Let H be a finitely generated subgroup of G.
Let T be a finite generating subset of H and S be a finite generating subset of G. Then, S8y 1 < Bg,s-

PROOF : If we set S’ to be SUT, then S’ is a finite generating subset of G.

Now with 5, it is clear that Sg 1 < B¢,s since a ball of radius r in H with respect to T is always in the ball of
radius r in G with respect to S’ (there might be a shortcut using elements in S"\ T = S.

But G with the word metric with respect to S’ is quasi-isometric to G with the word metric with respect to S,
so using proposition 2.1.4, we can conclude.

Using proposition 2.3.6, we deduce the following theorem on the growth of cactus groups.

I THEOREM 2.3.1 Let n € N. Suppose n > 4. Then the cactus group J,, has exponential growth.

PROOF : We write 3,, the growth function of J,, with respect to the canonical generators.

By proposition 2.3.5, the group J; has exponential growth with base a ~ 1.7221 so that a > 1.

Now J,, has a subgroup isomorphic to Jy, by taking only generators of Js. By proposition 2.3.6, (r — a”) < f,,.
Now we combine 2.1.2 and 2.1.1 to obtain 8, < (r — m") with m = n(n—1) —1 (there are n(n—1)/2 generators).
Butn>4som=n(n—1)—1>4x3—1=11som > 1. So by proposition 2.1.5, (r — m") ~ (r — a").
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This proves that 3, ~ (r — a”) ~ (r = m") and that §,, has exponential growth.

Now, we try to do the same with J5. First we use Tietze transformations as we did with Jy. This is a long process
that we will not detail, but the calculations were checked using GAP (see [Gap]). The result is that J5 is generated
by four elements s1 9, 1,3, 81,4, 51,5 of order 2 with six relations (does not include the fact that the generators are of
order 2). If we keep blue for s; o, red for sy 3, green for s; 4 and add black for s; 5, the six relations are all shaped like

the following octagons (Figure 14).

Figure 14: The six non-trivial relations required to generate J; with only four generators.

It is very difficult to say how the whole Cayley graph of J; with this generating subset looks like.

3 Amenability

NoTATION : If X is a set, we write £°°(X,R) the set of all bounded functions X — R.

3.1 Invariant means

Our first definition of amenability involves invariant means on a specific real vector space.

DEFINITION Let G be a group.
A G-invariant mean on (*°(G,R) is a R-linear map m : £*°(G,R) — R such that

1. m(z—1)=1
2. Vf € t>(G,R), if Vz € G, f(z) > 0, then m(f) > 0.
3. Vg € G,Vf € (°(G,R), we have m(g - f) = m(f) where g- f : 2 — f(g ).

If there exists a G-invariant mean on £*°(G,R), we say that G is amenable.

EXAMPLE : Let G be a finite group. We introduce the following well defined map

m : {*(G,R) — R
f L ? > f(n) -
heG

Of course, if f € £*°(G,R), then m(f) € R because G is finite and f is bounded.
Clearly, the map m is R-linear, m(z — 1) = 1, and if f : G — R is a positive bounded function, then m(f) > 0.
Now let g € G and let f € £°(G, ]R). Now we have

g-f)h flg™'h) = fh
~al ,;, e ,% h,ze:G

since the map h’ — ¢g~'h is a bijection. Thus G is amenable. We just proved the following proposition.

I ProrosITION 3.1.1 Finite groups are amenable.

There is another definition for amenability.
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PROPOSITION 3.1.2 Let G be a group. Then G is amenable if and only if 3u : P(G) — [0, 1] such that
1. w(@) =1
2. VS, T € P(G), if SNT =0 then u(SUT) = u(S) + u(T).
3. VS € P(G),Vg € G, u(gS) = p(S).

We use the term measure for p as an abuse of notation (here p is not necessarily sigma-additive).

PROOF : Suppose that such a map p exists. We can define a map

m : {*(G,R) — R
f — g fdu
where the integral is defined just as the Lebesgue integral. It is easy to see that m is a G-invariant mean on

(G, R), using basic propositions that come from the definition of our integral.
Conversely, if G is amenable with mean m, then we introduce

po PG — (0]
A — m(lA)

with 14(z) =1if x € Aand 14(z) =0 if z ¢ A. The map p is as wanted in the proposition.

To conclude this document, we prove the following theorem.

I THEOREM 3.1.1 Abelian groups are amenable.

First, we need the following extension proposition.

ProrosITION 3.1.3 If we have a short exact sequence of groups
1--N->G—->Q—1

such that V and @) are amenable, then G is also amenable.

PRrOOF : Without loss of generality, we can suppose that N C G and that @ = G/N.
We write my and mg the corresponding invariant means. The map

m : {*(G,R) — R
f —r mq(gN — my(n— f(gn)))

is well defined, linear, and we have
1. m(z— 1) =mg(gN —» my(n—1)) =mg(gN — 1) = 1.
2. If f € £°(G,R) is positive, m(f) > 0 because gN — my(n — f(gn)) and n — f(gn) are positive.
3. Let g € G. Let f € £°(G,R). We have
m(g - f) =mq(hN = my(n— (g- f)(hn))) = mq(hN — my(n — f(hn)))
so that m(g - f) = m(f).

This shows that G is amenable.

REMARK : In particular, finite direct products of amenable groups are amenable.

3.2 Fglner sequence

In this section, we are going to prove that the additive group Z is amenable. First we define Fglner sequences.
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DEFINITION Let G be a group. Let X be a countable set. Suppose that G acts on X.
A Fglner sequence for X is a sequence of finite subsets (F;) of X such that Vg € G,
|gFi AF|

— 0 as v — +o0.
||

Recall that if A and B are two sets, then AAB = (AUB) \ (AN B).

ExAMPLE : A Fglner sequence for Z is (BZG ’{1}(0)) (the balls of radius 7 and center 0). Indeed, the fixed translates
overlap in a bigger and bigger area as we take greater radiuses for the balls.

I ProprosITION 3.2.1 Let G be a countable group that has a Fglner sequence. Then G is amenable.

To prove this, we are going to use filters. For a full course on this topic, see chapter 1 of [Bou(7].

PROOF : We are going to use the equivalent definition from proposition 3.1.2.
Let (F;) be a Fglner sequence for G. Let U be a ultrafilter on N that contains the intervals [n, +oo[ for all n € N.
We define the map using the ultralimit

p o PG — [0,1]
A U —lim 98
[Fil
Of course, u is well defined, and u(G) = 1 since the ultralimit is equal to the limit when it exists.
Let S,T € P(G) such that SNT = (). We have
(SUT)NE;|=|SNE|+|TNF]

since S and T are disjoint. It follows that u(S UT) = u(S) + w(T) because the ultralimit is compatible with
addition. Now let S € P(G) and let g € G. Notice that we have the following

lgSNE| |SNF
| Fi | Fi

_|ISng 'Rl [SnF
|F3 | £

_ ‘ |ISng 'F| - |SNF
| F3|

But [SNg'F| — |SNF;| <|SN (g~ F,AF;)| so by the definition of Folner sequences,

—0

‘lgSﬂFil SN E|
| F3| | F3|

which proves that u(gS) = u(S). By proposition 3.1.2, G is amenable.

Using this proposition and the last example, we obtain the following proposition.

I PROPOSITION 3.2.2 Seen as an additive group, Z is amenable.

PROOF : This group has a Fglner sequence so we just use proposition 3.2.1 to conclude.

We are getting closer to our theorem about abelian groups.

I ProprosiTION 3.2.3 Finitely generated abelian groups are amenable.

PROOF : Let G be a finitely generated abelian group. The fundamental theorem of finitely generated abelian
groups states that G is of the form Z"™ x T for some n € N and some finite abelian group 7.

If n = 0, then we just use proposition 3.1.1 to conclude that Z™ is amenable.

Else, we prove by induction that Z" is amenable using propositions 3.2.2 and 3.1.3.

Since T is finite, it is amenable by proposition 3.1.1, so that GG is amenable by proposition 3.1.3.

To conclude the proof of our theorem on amenability of abelian groups, we use the following proposition.
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PROPOSITION 3.2.4 Let G be a group. Suppose that every finitely generated subgroup of G is amenable.
Then G is amenable.

This comes from the fact that finitely generated subgroups of G form an ascending directed system of subgroups of G
that cover all of G. See [LO17] for more details on this proof.

Now every finitely generated subgroup of an abelian group is a finitely generated abelian group so is amenable. Thus,
an abelian group is amenable itself.
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