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Introduction

(a) Ising model : About 1 over 2 (b) Hard-core model : About 227
sites are occupied. over 1000 sites are occupied.

Figure 1: Typical behaviour for similar parameters of the Ising model (on the left) and of the hard-core
model (on the right) on [1,500]? as a subgraph of Z2.

In statistical physics, the Ising-Lenz model (or Ising model, the reader can find a complete course on this
subject in [F'V17]) is the most common toy model used in order to model the behaviour of physics systems.
For instance, we can define thanks to it the lattice gas model in which the particles of a gas can only place
themselves on the nodes of a lattice and the probability that a particle places itself on a node depends on
the fact that they are or not particles on the neighbouring nodes.

The fact that it is a Isinz-Lenz model gives us results on the behaviour of the gaz at high temperatures
or low temperatures and on when phase transition takes place. However even though this model is very
useful, we can ask ourselves what could possibly happens if the particles are hard and cannot allow having

a neighbour.



To model this behaviour, we will define the hard-core lattice gas model (usually called the hard-core model)
and the goal of this paper is to prove the results of the paper of Van den Berg and Steif [BS94] that is the
existence of the model in an infinite graph and results on phase transition. We will often do comparison
between the Ising-Lenz model and the hard-core model in order to enlighten some results.

In section [I} we will define the model by giving in subsection [I.I] some preleminary but necessary notions
in order to define in subsection the hard-core model in the finite graph case and in subsection the
hard-core model in the infinite graph case. Moreover, in subsection we will see how to simulate the
hard-core model on a computer thanks to a Markov Chain Monte Carlo method.

In section [2] we will prove necessary properties mostly given by percolation to prove the existence of the
hard-core model in the infinite graph case and to prove criteria for uniqueness of measure for the hard-core

model that will be proven in section

Notations

In this whole paper, we will use the following notations :
e we denote N the set of non-negative integers, R} the set of positive real numbers ;
e for all set X, we denote by A € X the fact that A is a finite subset of X ;

e for all sets X and Y, for all w € YX, for all z € X and A C X, we denote u, the element of u indexed
by z and ua = (ug)aca € Y ;

e forall sets X and Y, for all A C X, for all u € Y4, for all v € YA°, we denote uv the element w € Y

such that for all x € A, w, = u, and for all x € A¢, w, = vq,.

e for (2, F,P) a probability space, we denote the expectancy under P by (-)p and the covariance under
P by Covp(-).
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1 Mathematical formulation of the hard-core model

The goal of this section is to define mathematically the hard-core model. In subsection [1.1] we will briefly
recall some notions and define some objects that will be useful in order to model correctly the behaviour
of such a hard-core lattice gas. In subsection [I.2] and subsection [I.3] we will define the hard-core model in
the finite graph case and the infinite graph case respectively and give some properties in both cases. An
important step in order to understand how the model works is to simulate it, we will explain in subsection
L4 how to do so.

1.1 Some preliminary notions and notations

In this subsection, even though we suppose that the reader has basic notions of graph theory, we will fix
some notations and define some notions in definition [[.I} In the whole paper, when we say graph, we mean

undirected graph.

Definition 1.1 — Let G = (V, E) be a graph.

e For all v,w € V, we say that v and w are adjacent or neighbours and we denote it v ~ w if and only
if there is an edge between v and w, we call the set N(v) = {w € V : v ~ w} the neighbourhood of
v and the degree of v is d(v) = |N(v)|. We say that G is locally finite if and only if for all v € V,
d(v) is finite.

e For A C V, we denote N(A) = J,cp N(v) the neighbourhood of A, A = AUN(A), and OA = A\ A
the boundary of A.

e We say that G is connected if and only if for all v,w € V, there is a path between v and w. We

say that a path II on G is infinite if and only if it goes through an infinite number of vertices.

Remark. For A C V, we will often mix up the subgraph of G induced by A and the set of vertices A.

The definition [[.2lis here to define essential notions for the hard-core model thanks to which we can do the

exact definition of the model.

Definition 1.2 — Let G = (V, E) be a finite or countably infinite, locally finite, connected graph.
e We call Q¢ the set of configurations the set defined by Q¢ = {0,1}¢.

e For all w € Qg, we say that w is feasible if and only if w has no two adjacent 1s (which also means

that for all v € V and for all w neighbour of v, wyw,, = 0).

o We call F the set of feasible configurations the set defined by :

Fo ={w € Q¢ : w is feasible} = {w € Q¢ : Yv € V,Vw € N(v),w, = 1 = w,, =0}

={w € Q¢ :Yv,w € Vv ~ w = wyw, = 0}.
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A non-feasible configuration A feasible configuration

Figure 2: On the left, the configuration is non-feasible because the red balls are close ; on the right, it
is a feasible configuration.

A configuration represents the placement of the particles on the graph : 1 if a particle is present on the
vertex and 0 otherwise. Then a configuration is feasible if no two particles are neighbours.

Now that we have defined all that was necessary we can define the hard-core model on finite graphs (see
subsection or infinite graphs (see subsection [L.3).

1.2 The hard-core model on a finite graph

Let us firstly define the hard-core model on a finite graph in definition [I.3

Definition 1.3 — Let G = (V, E) be a finite connected graph and let a = (a,),cv be a sequence of
positive real numbers.
The hard-core measure for G with activity a is defined as the following probability measure jic .. on

Q¢ equipped with the discrete o-algebra P(Q¢) :

—A—exp(—Hga(w)) ,if w is feasible ;
Vw € QG’ MG,a({W}) ZaG,a p( Gva( ))

0 , otherwise.
= 7 1r(w) exp(—Hga(w)),

where Hg a(w) = — Z In(a,)w, is the Hamilton function of the system, Zg , = Z exp(—Hg a(w)) is

veV weF
the normalizing constant also called the partition function of the system and Fi is the set of all feasible

configurations.

Proof. We need to show that p1g s is a probability measure which is really easy because ()¢ is finite and

1

E 7 1p(w)exp(—Hga(w)) = 1. O
G,a

w€ea ’



Remarks. For w € Q¢, we will write pg a(w) instead of pg a({w}) and we can observe that

1 w
/J'G',a(w) = ZG,a 1)16_]‘:/ a, -

If a is equal to (a)yey for a > 0, we will write a instead of a in all the notations and, in that case, for all

1 v
w € Qq, paow) = mazvevw .

Remark. When we compare to the Ising-Lenz model, we can wonder where appear the influence of the
neighbours that is due to the product of the neighbouring values. However, the fact that only the feasible

configurations are taken into account is linked to the fact that the hamiltonian could be written

H(w) =00 Z WyWey — Z In(a,)w,,

v~w veV

where we have the convention oo -0 = 0 and exp(—o0) = 0. In that case, the indicator function is not useful

anymore.

Let us see how this model behaves on a particular case given by the graph of the figure 3] with activity a,
we can wonder what the set of all non-feasible configurations Fz is. What is its cardinality 7 What are the
probabilities of the feasible configurations 7 What happens if a = 1 7 if a is much smaller than 1 7 if a is

much larger than 1 ?

Figure 3: A finite connected graph of three nodes and two edges.

Let us answer these questions. The set of all feasible configurations is
Fo = {<Ov 0,0), (17 0, 0)7 (07 L, O)a (07 0, 1)7 (1> 0, 1)}7

it has a cardinality of 5 while Q¢ has a cardinality of 8. The probabilities of each configuration are put in
the tabular of the figure [d] for the general case, for a = 1, for a < 1 and for a > 1.

we€Fg | pgafora>0| pgefora=1| pgefora<l | pgefora>1
(0,0,0) @ % ~1 ~0
(1,0,0) TiBeta? 5 ~0 ~0
(0,1,0) W ? ~ 0 ~0
(0,0,1) Tragza? £ ~( ~(
(1,0,1) T3ata® % ~( ~1

Figure 4: The probabilities of the feasible configurations for the hard-core model on the graph of figure

B



We can easily observe here that if a = 1, p 1 is the uniform distribution on Fi (it is the case for any finite
connected graph), that if a > 1 we will have a maximum number of particles on the graph and that if a < 1

we will have a minimum number of particles on the graph. This behaviour is a general one as you can see on

the figure [5| on a subgraph of Z2.

(a) @ =0.001: About 1 over 1000 (b) a =1.0 : About 227 over 1000 (¢) @ = 1000.0 : About 365 over
sites are occupied. sites are occupied. 1000 sites are occupied.

Figure 5: Three simulations of the behaviour of the hard-core model on [1,500]? as a subgraph of Z>
with different activities.

We will explain how to get the simulations of the figure [5|in the subsection For now, let us prove some
properties of the probability measure following the hard-core model. Firstly, let us recall the definition of

Markov fields in definition before proceeding with proposition

Definition 1.4 — For all finite connected graph G = (V| E), for all probability measures p on ¢, we
say that p is a Markov field if and only if for all v € V|, for all n € Qg such that

p{w € Qg : wiye = Nguye}) # 0,

u(-\{w € Qqa: W{yp}e = 77{1]}(‘}) = u(-\{w € Qqa: WN(v) = 77N(v)}>-

The Markov field property is an extension of the Markov chain property ("The probability of moving to
the next state depends only on the present state and not on the previous states"). Indeed the probability

that a vertex takes a certain value only depends on the values of the adjacent vertices.

Proposition 1.5 — For all finite connected graph G = (V, E) and for all a = (a,)sev € (R%)Y, pg.a
is a Markov field.

Proof. Let G = (V, E) be a finite connected graph and let a € (R%)Y.
Let v € V and let n € Qg such that p({w € Qg : wipye = Npye}) # 0. Let ' € Qg,



Figure 6: Illustration of the Markov field property : the value of the white vertex knowing the values of
the other vertices only depends on the values of the black vertices and not the grey vertices.

a’U]lFG (1{v}77{v}c)61{v}77{v}c ({w,}) + 1FG (O{v}n{v}c)ao{v}ﬂ{v}c ({w/})
ay 1 g (Lgoyigoye) + Lrg (Oguygoye)

= :U’({W/H{w S QG : wN(v) = nN(v)})' O

p{w' Hw € Qg t wipye = Npuye}) =

This property allows us to extend in a natural way the measure in the infinite graph case.

1.3 The hard-core model on an infinite graph

We want to model the same behaviour as in the finite graph case on a countably infinite, locally finite,
connected graph G = (V, E) with activity a € (Ri)v. The problem is the following : we cannot do the exact
same model as previously because we would have to deal with infinite computation.

In order to model correctly this behaviour, we will need to use the notion of Gibbs measures (for more
information on this matter, see ) which appears as a natural extension of the finite graph case thanks
to the fact that the previously defined probability measures are Markov fields. In our case, we will specifize a
class of conditional probabilities that will caracterize the hard-core model. To do so, we will use the subgraphs

of our graph and fix on the outside of the subgraphs exterior conditions as illustrated in figure [7]
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K °
-

@

LS GRIIDY
ettt

Figure 7: Representation of a condition for the infinite graph : the nodes in the area within the blue
border are the vertices of B, the grey disks outside of B represent the exterior condition and the red
dots correspond to the sites which cannot have particles because of the exterior condition.




Firstly, before defining the hard-core model on G, we need to make of Q0 a measurable set. In order to do

so, we will use the o-algebra defined in definition [T.6]

Definition 1.6 — Let X and Y be two sets, we call the obvious o-algebra of XY the o-algebra generated
by the sets {u € X¥ :u, =z} forallz € X andy € Y.

Now we can define the probability measure for the hard-core model in definition [I.7}

Definition 1.7 — Let G = (V, E) be a countably infinite, locally finite, connected graph and let a =
(ay)vev be a sequence of real positive numbers.

We say that a probability measure u on 2g equipped with the obvious o-algebra is a hard-core measure
for G with activity a if and only if for all B€ V, n € Fg and a = {0,1}5 :

( | ) 7 exp(—Hp (o)) , if apnpe is feasible ;
M WB = OdB|WpRe = TBc) = 8
, otherwise.

1
= ZT]IFG (aBnBC) exp(—Hg,)a(a)),
B.,a

where Hp (o) = — Z In(a,)ay, is the Hamilton function of the system, Zp | = Z exp(H} ,(w))

vEB weFg
wpc=npc
is the partition function of the system and Fg is the set of all feasible configurations.

Remark. We can observe that the hard-core model in the finite graph case also respect the condition in

definition that explains why it is a natural extension of the finite graph case.

The previous definition gives a specification of conditional probability measures and that is why a hard-core
measure for G with activity a is a Gibbs measure. In such a case, two questions arise : Does such a measure
exists 7 On which condition(s) is there uniqueness ?

In the most general case, the first question is answered thanks to an argument of Georgii (see the chapter
IV of |Geoll] especially p.400-401 where Georgii explains how to use the tools developped in the book to
prove the existence of the hard-core model in the general case), however we cannot conclude for uniqueness.

In order to do so, we will study a special type of graph : the class of bipartite graphs. We will show in the
section [3] results on the existence of at least one Gibbs measure for the hard-core model in the bipartite case

and then show criteria for uniqueness.

1.4 Simulation of the hard-core model on a finite graph

In order to get a better understanding of how the hard-core model works on G = (V, E) with activity
a, it can be useful to know how to simulate it. At first, we can think of constructing the set of feasible

configurations F and then picking a configuration in it with respect to the probability measure for the



hard-core model. However, in most cases, the order of magnitude of |Fg| is exponential in |V| : for large
|V|, the algorithm will have a too long time of execution. That is why we use a Markov Chain Monte Carlo
method to simulate our model.

Before proceeding with the explanation of the methods, we will need to get some definitions and results
around the Markov chains that we can find in the book of Haggstrom (see [Hag+02|) with their proofs which
will not be given here.

First we need to define a topology on the probability measures with the total variation distance in definition

L3

Definition 1.8 — If v and v/ are two probability distributions on S = {s1, ..., sx}, then we define the

total variation distance between v and v’ as

k

drv () = 5 3 wl{sih) =V (sl

i=1

If (vn)nen is a sequence of probability measures on S and v is a probability measure on S, then we say

. I . TV . .
that (vp)nen converges to v in total variation as n — oo, writing v,, — v, if and only if

lim dpy(v,,v) = 0.
n—oo

We now recall the definition of a Markov chain and definitions useful for Markov chains in definition [[.Ol

Definition 1.9 — Let (€2, F,P) be a probability space, let k& € N*, let P = (P; j); jep,x) be a matrix
of M(R) and let S = {s1,...,s5} be a finite set. Let m be a probability measure on S and 7 =

(m({s1}); - m({s1}))-

e A random process (X;);en with finite state space S is said to be a Markov chain with transition

matriz P if and only if for all n € N, for all 4,5 € [1, k], for all i,,...,i,—1 € [1, k], we have

P(X7L+1 = Sj|X0 = 51‘0, e 7Xn = Sin) = P(Xn+1 = Sj|Xn = Sin) = ]31'_’]‘.

e A Markov chain (X;);en with state space S and transition matrix P is said to be irreducible if and

only if for all s;,s; € S, we have (P™); ; > 0. Otherwise, the chain is said to be reducible.

e A Markov chain (X;);en with state space S and transition matrix P is said to be aperiodic if and
only if for all s; € S, we have that d(s;) := ged{n > 1: (P™);; > 0} is equal to 1. Otherwise, the

chain is said to be periodic.

e Let (X;);en be a Markov chain with state space S and transition matrix P. 7 is said to be a station-
ary distribution for the Markov chain if and only if 7P = 7 i.e. for j € [1, k], Zle 7({s;:})Pi; =

m({s;})-

10




e Let (X))ien be a Markov chain with state space S and transition matrix P. 7 is said to be a
reversible for the chain (or for the transition matrix P) if and only if for all 4,j € [1, k], we have
7({s:})P;; = m({s;})P;;. The Markov chain is said to be reversible if and only if ther exists a

reversible distribution for it.

The following results explain the need of the previous definitions in order to have a way to simulate the

hard-core model.

Theorem 1.10 (The Markov chain convergence theorem) — Let (X;);en be an irreducible ape-
riodic Markov chain with state space S = {s1, ..., si} and transition matrix P. Then for any distribution
7 which is stationary for the transition matrix P, we have that the sequence (v;);en of distributions of

the Markov chain converges to 7 in total variation as n — oc.

With theorem if we construct an irreducible aperiodic Markov chain with a stationary distribution,

we can have a simulation of the stationary distribution by simulating the Markov chain long enough.

Theorem 1.11 (Uniquenes of the stationary distribution) — Any irreducible and aperiodic

Markov chain has exactly one stationary distribution.

With theorem [1.11] we are sure to get only one distribution by simulating the Markov chain.

Theorem 1.12 — Let (X;);en be a Markov chain with state space S = {s1,...,s;} and transition

matrix P. If 7 is a reversible distribution for the chain, then it is also a stationary distribution for the

chain.

With theorem [1.12] we have another way to prove that a distribution is stationary.
Now that we have the needed tools in order to simulate the hard-core model, let us prove proposition [I.13]

11



Proposition 1.13 — Let G = (V, E) be a finite connected graph and let a = (a,)yev.-
Let us define the random process (X™),en by :

o X0= (O)UEV 5
e For each n > 0, X! is defined by :
1. Pick in V a vertex v at random with uniform distribution ;

Ay

Tra to have heads :

2. Draw a coin with probability p, =
— If the result is heads and all the neighbouring vertices of v are of value 0, X*! =1 ;
— Else, X"t =0;

3. For all vertices w # v, X! = X7,

Then (X™) is a Markov chain, it is irreducible and aperiodic, p@g,a is reversible for the chain.

Hence, the distribution of the Markov chain converges to the hard-core measure for G with activity a.

Proof. Tt is clear that (X™) is a Markov chain. It is irreducible because there is a positive probability to
go from one feasible configuration to another because for each feasible configuration w with & 1s, there is
a positive probability that we go in k steps to (0,),cy and there is a positive probability that we go from
(0y)vev in k steps to w. It is aperiodic because for all feasible configurations w, there is a positive probability
that we stay at w if we were at w at the step n.

Let us prove that pg.a is reversible for the chain. Let us denote w and w’ two feasible configurations and
P, . (resp. P, ) the transition probability from w to w’ (resp. from w’ to w).

Let us denote d = [{v € V : w, # w, }|. We want to prove that g q(w)Py o = pa,a(W) Py -
e If d = 0, the equality is trivial.
o Ifd>2 P, . =P, =0so the equality is trivial.

e If d =1, there exists exactly on v € V such that w, # w!. In that case, for all w € N(v), w, = w) = 0.

Let us suppose that w, = 1, in that case

1 1 1 1 ’ 1 a
w -P ;) = aw” 31'77 and w/ P = aw” ao' v 5
Hoal) Fow = 77 UI) #IU v ) & Tha, W Hea@) R = 700 “I) }v v VTt a,

hence pg,q(W) Py o = ta,a(W) P .

We proved that g a is reversible for the chain.
Thanks to the Markov chain convergence theorem, the uniqueness of the stationary distribution and theorem

1.12] we have the last conclusion. [l

The consequence of proposition [1.13] is the fact that in order to simulate the hard-core model, we only
need to simulate this Markov chain during a long enough time. The algorithm in appendix [A] automatically
generates a jpeg image of a simulation of the hard-core model thanks to that method and was used to make
the figure [f]

12



2 General results

Before proceeding with the hard-core model, we will need some tools of the theory of percolation.

In subsection [2.1] we will define what is percolation is and give some properties useful for the rest of the

paper.
In subsection 2.2 we will prove some sufficient conditions for the uniqueness of Gibbs measures.

2.1 Percolation

The goal of this subsection is to define what percolation is and to give some results of percolation.

Definition 2.1 — Let G = (V, E) be a finite or countably infinite, locally finite, connected graph and
let p = (py)vev be a sequence of real numbers in [0,1]. Let Pg p be the probability measure such that
for a realisation w under Pg p, the w, are independant random variables and for all v € V', w, follows
the Bernouilli distribution with parameter p,.

We say that the vertex v is open (reps. closed) if and only if w, = 1 (resp. w, = 0). We say that a
path on the graph is open if and only if all its vertices are open.

We say that (independent site) percolation occurs for G and p if and only if

P p("There exists an infinite open path") > 0.

Remarks. In the case that all p, are equal to p € [0, 1], we will write p instead of p in the previous notations.
For all G finite connected graph, percolation never occurs. For all G countably infinite, locally finite, con-
nected graph, if Pg (" There exists an infinite open path") > 0, then, as "There exists an infinite open path"

is a tail event, Pg p("There exists an infinite open path") = 1.

(a) p=0.01 (b) p=0.1 (¢c) p=0.25 (d)p=0.5 (e) p=0.75 )p=109 (g) p=0.99

Figure 8: Simulations of the behaviour of the P, for different values of p

In definition we defined the hard-core model on all the elementary events. However, we can define it

in a different way thanks to percolation as we can see in [2.2)

Proposition 2.2 — Let G = (V, E) be a finite connected graph and let a = (a,),ecv be a sequence
of positive real numbers. Let p be defined as p = (Pv)vev = (35 )vev. Then pga(-) = Pap(- [Fa)
where F¢ is the set of feasible configurations.

13



Proof. For all ' € Qg,

’
v

o _ o PGyp({Wl}) _ o HUEV 1‘:?7%
D S ) b S

’

[Tevas” ,
= . O
ZUJEFG Hvev ay” Mc’a(w )

An important notion of percolation is the notion of critical probability defined in definition

=1r, (w/)

Definition 2.3 — Let G = (V| E) be a countably infinite, locally finite, connected graph. Let us define
the critical probability for the graph G p¢ by :

pe = inf {Percolation occurs for G and p}.
pe(0,1]

Remark. One the main first goals of the theory of percolation was to prove that for a large class of graphs
PG < 1.

Similarly, we can define a critical activity for the hard-core model.

Definition 2.4 — Let G = (V, E) be a countably infinite, locally finite, connected graph. Let us define
the critical activity for the graph G af, by :

ag = in% {The hard-core model for G with activity a has more than one Gibbs measure}.
a>

If we define this notion, it’s because we would like for G = Z% (d > 1) to separate the case of phase
transition and ergodicity (the fact that there is no phase transition) by a simple criterion such as : if a < a%q,
there is ergodicity. The problem is that, unless I am mistaken, that this is still an open question in Z% to the

contrary of the Ising model.

2.2 Uniqueness of Gibbs measures sufficient condition

We will present in this subsection some criteria on uniqueness of Gibbs measures. First we need definitions

2.5 and 2.6

Definition 2.5 — Let G = (V, E) be a graph, let S be a set, let w,w’ € SV let II be a path on G,
we say that II is a path of disagreement for (w,w’) if and only that for each vertices v in the path II,

Wy # Wi

14
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Figure 9: The green path is a path of disagreement for both configurations while the red one is not.

Definition 2.6 — Let (X1, B1, 1) and (X, B, 12) be two mesurable spaces and let T : X7 — X5 be

a measurable function. We say that 1" is a measure preserving transformation if and only if

-1

YA € B, 11 (T(A)) = ja(A).

Now we can prove theorem

Theorem 2.7 (|Ber93]) — Let G = (V, E) be a countably infinite graph, locally finite, connected
graph, let S be a finite or countably infinite set and let = SY. Let the probability measures x and
i on Q equipped with the obvious o-algebra be Markov fields with the same specification i.e. the
same conditionnal probabilities. Consider two independent realisations w under p and w’ under p'. If

(1t ® p')("(w,w’) has an infinite path of disagreement") = 0, then p = '

Proof. Let us suppose that (u ® p')("(w,w’) has an infinite path of disagreement") = 0. Let A € V and for
alla € A, s, € S. Let E be the event {w € SV :Va € A,w, = s,}. We want to prove that u(E) = p/(E).

For each pair (w,w’) € Q x Q, we denote C4 the cluster of disagreement containing A i.e.
Cy4 = AU{i € V : There is path of disagreement between ¢ and a vertex of JA}.

Because of the assumption, C4 is finite with probability 1.

Let T': 2 x Q — Q x Q such that for each pair (w,w’) € Q x Q, if we denote (0,0') = T(w,w’"), oc, = Wi,
oce = wes, 0, = wWc, and 062 = w’cz. T is bijective and because p and p' are Markov fields with the
same specification, T is measure preserving.

Hence, since E involves only vertices in A C Cy4, we have
WE)=(pep)(ExQ)=peu)(T(ExQ)=peun)(QxE)=uE). O

15



One of the consequences of theorem [2.7] is corollary 28]

Corollary 2.8 (|BS94]) — Let G = (V, E) be a countably infinite graph, locally finite, connected
graph, let S be a finite or countably infinite set and let 2 = SV. Let the probability measures p and p’
on {2 equipped with the obvious o-algebra be Markov fields with the same specification. Consider two

independent realisations w under p and w’ under y’. Let us define for each v € V

Po= sup  (n@ )Wy # W lwnw) = AN @) = Ave)-
Q’QIESN(U)

a#a’

If Pp("There exists an infinite open path") = 0, then p = 1.

Proof. Let for allv € V', 7, be the o-algebra generated by the random variables w,, and w!, for all w € V\ {v}
and let O € V. Since u and p' are Markov fields, for v # O, we easily have

(@ p')("There is a path of disagreement from O to v|7,) < p,.
We have the following :
(@ p')("(w,w’) has an infinite path of disagreement containing O")
= (p® p)("(w,w') has an infinite path II, not containing O, such that for each v on II,
there exists a path of disagreement from O to v")

< Pp("(w,w’) has an infinite path II, not containing O, such that each v on II is open)

< Pp("There is an infinite open path’) = 0.

The first equality is due to the fact that the two events are the same. The second equality is due to the
same reason. The inequality is true thanks to what we developed before.

Since the above holds for any O € V and V is countable, we have
(0 ® p')("(w,w’) has an infinite path of disagreement) = 0
and with theorem 2.7 we have the conclusion. O

Using corollary 2.8] we can find a link between the critical probability and the critical activity thanks to
theorem

16



Theorem 2.9 (|[BS94]) — Let G = (V, E) be a countably infinite, locally finite, connected graph. Let

ac (Rj)v and p = (li—”;v)vev.

1. If Pg p("There exists an infinite open path") = 0, then the hard-core model on G with activity a

has a unique Gibbs measure.

2. The critical activity of G satisifies ag > %.

Proof. Let v € V, we will calculate p,,. Let us define f : {0, 1}V (®) x {0, 1}V by

Va, o' € {0, 1}¥V), fa,a) = (p® i) (wy # wilwnw) = AN(): @) = Onw)-

In case there are k,l € N(v), ay, = o) = 1, then f(a, ') = 0. Hence, since by the definition we may assume
that a # o/, there is two cases : either « = 0 # o’ or o/ # 0 = a. By symmetry it suffices to take the first,

in which case it is easily seen that

N — s = 1 —0)= M
f(aa « ) :u(wz |wN(v) ) 1+ ay
Hence, by we have the first result.
The second part is a consequence of the first part and of the definition of the critical activity. O

Theorem allows to extend the results about percolation’s critical probability in order to obtain results
about hard-core model’s critical activity.

Moreover, we can prove the following.

Theorem 2.10 — Let G = (V, E) be a finite connected graph and let a € (R%)Y. For w and w two

independent realisations under ptg a. Then for all v and w vertices we have :

2CoV,q o (W, W) = (G, @ fiG,a)("(w,w') has a path of disagreement with even length from i to j")

= (UG.a @ pG.a)("(w,w’) has a path of disagreement with odd length from i to j").

In particular, if G is bipartite, then

2Covyg . (Woy W) =
1(1e,a ® pa.a)("(w,w’') has a path of disagreement from i to j")  ,if {v,w} C O or {v,w} C €

—3(1c,a ® pa,a)("(w,w’) has a path of disagreement from i to j") ,otherwise.

Proof. We have easily
1
COVuG,a(vaww) = §<(wv - W;)(Ww - wq/p)>ﬂc,a®uc,a-
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For v € V, let us define C(v) = {l € V : (w,w’) has a path of disagreement from v to [} and let us define the
transformation 7' : Qg x Qg — Q¢ x Qg. For v,w € V, define the transformation 715, ,, : Qg X Qg — Qg x Q¢
by :

e ifwe C(’U), then Tv,w = idQGXQG,
o if w ¢ C(v), then for all (w,w’) € Qg x Qg, Ty w(w,w') = (w’c(v)wC(U)C,wc(v)w’c(v)c).
T, w is bijective and since pq q is a Markov field, T}, ., is measure preserving. Let us define f; ; : Qg x Qg = R

by f(w,w’) = (Wv - w{,)(ww - wau), we then have

CoVpea (W0 0) = 54 o anon = 7@ 0) + T e s

By definition, we have
o ifweCv), flw,w) = f(T(w,)),
o ifw¢gCw), flw,w)+ f(T(w,w)) =0.
Hence
CoVig a0, 0) = 54F (@) a8 Vi

where I, ,(w,w’) is equal to 1 if there is a path of disagreement from v to w for (w,w’) and 0 otherwise. If
there is a path of disagreement II for (w,w’) from v to w, Since they have no two adjacent 1s, the values of

w and w’ altern between 0 and 1 on II. That is why,
e if IT is of even length, w, =w, =1 —w!) =1 —w,,, then f(w,w’) =1,
e if I is of odd length, w, = w], =1 — w] = 1 — wy,, then f(w,w’) = —1.

That gives the first result.

The second part is a direct consequence of the first one. O

Remark. We only used in this proof the fact that pg a is a Markov field. Hence, this result is also true for
any finite graph equipped with a Markov field measure.

3 Results in the bipartite case

We previously defined the hard-core model in the most general case, we will now restrict it to the case of
finite or countably finite, locally finite, connected, bipartite graphs.

In subsection we prove results useful to conclude for us to get the existence of the hard-core model in
the infinite bipartite graph case.

In subsection [3:2] we prove the existence of the hard-core model in the infinite bipartite graph case and

two criteria for uniqueness.
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3.1 Preliminary results

We recall the definition of a bipartite graph in definition [3.1

Definition 3.1 — We say that a graph G = (V, E) is bipartite if and only if there exists £ C V and
O =V \ € such that :

Ve, e € E,e o €;
Yo,0' € O,0 A o.

The vertices of € (resp. O) are called the even (resp. odd) vertices.

(a) A finite bipartite graph. (b) Z? is a bipartite graph.

Figure 10: Examples of bipartite graphs.

For instance, for all d > 1, Z% is a bipartite graph where we say that a vertex v is even (resp. odd) if and
d

only if Z vy is even (resp. odd).
k=1
With this special property and because {0, 1} has a total order, we can define in the following proposition-

definition [3.2] a partial order on {¢.

Proposition-Definition 3.2 — Let G = (V, E) be a countably infinite or finite, locally finite, con-
nected, bipartite graph. We define the binary relation < on the elements of Qg by :

, , Ve € & ,we < wl,
Vw,w' € Qa,w <w —

Yo € O,w, > wl

< is a partial order on the elements of Q¢ and for all A C Q¢, we say that A is increasing if and only
if
VweE AW eQuw<w =W e A
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Proof. In order to prove that < is a partial order on ¢, we need to prove that < is reflexive, anti-symmetric
and transitive.

For all w,w’,w” € Qg¢,
e We easily have w < w because for all v € V, w, < w, and w, > w,.

e We easily have that if w < w’ and w’ < w then w = w’ because the first condition gives that for all

veEV,w, <wl and w! < w,.
o If w<w and w’ <w”, then for alle € £ and all 0 € O, w. < w., < w! and w, > W) > W/, then w < W".
d
Let us recall the definition of distributive lattice in definition [3.3] before giving one more property of the

partial order in proposition

Definition 3.3 — A partially ordered set (L, <) is called a lattice if and only if each two-element subset
{a,b} C L has a join (i.e. least upper bound, denoted by a A b) and dually a meet (i.e. greatest lower
bound, denoted by a V b).
A lattice (L, <) is called a distributive lattice if and only if the following additional identity holds for
all z,y and z in L,
zA(yVz)=(xAy)V(xAz)

(or equivalently zV (y A z) = (x Vy) A (z V z)). The previous equalities are called the FKG condition.

We can now prove that (Qg, <) is a distributive lattice.

Proposition 3.4 (|[BS94]) — With the previous notations, (g, <) is a lattice and for all w,w’ € Qg,

(WAw) = (min(wy,w,))ves (max(w,, w,))veo

(wVvw) = (max(we,w;))ves (min(wy, w}))veo

Moreover, (g, <) is a distributive lattice.

Proof. For w,w’ € Qg, let n be (min(w,,w)))ves(max(wy, w,))veo and let a € Qg verify a < w and o < W'
Because of its definition, we easily have that n < w and n < w’. Moreover, for ¢ € £ and for 0 € O, @, < we
and a. < wl, hence o, < 7. and, for the same reason, o, > 7,. That’s why, a < 7.

To sum up, we have for a € Q¢ verifying a < w and a < W',
a<n<wand a<n<d,

that’s why there is a join for {w,w’} which is (min(w,,w)))ece (Mmax(wy, w!))veo-

Similarly, we can prove that there is a meet for {w,w’} which is (max(wy,w)))ves(min(wy,w)))veo-
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The fact that (Qg, <) is a distributive is a consequence of the fact that for all z,y,z € R,
min(z, max(y, z)) = max(min(z, y), min(z, z)) and max(z, min(y, z)) = min(max(z, y), max(x, z)). O

The reason why we defined this partial order on the configurations is given in the proposition [3.5]

Proposition 3.5 — For all G = (V, E) finite, locally finite, connected, bipartite graph equipped with

the partial order < defined in the proposition-proposition for all a = (a,)yev, pa,a satisfies the FKG
condition with respect to < i.e.

Vw,w' € Qa, pig.alw AW )pga(wVw') > uealw)pcalw).

Proof. The result is easy to prove because for all w,w’ € Q¢, []

Aw ) Vw’)y vtw! .
veV as’w ¢ ) +(w W) = HUGV a‘; e Wthh
gives

pG.a(w Aw)pgalwVw') = uga(w)icaw). O

The FKG condition gives us the FKG inequality which is really useful when it comes to statistical physics.

Theorem 3.6 (FKG inequality [FKG71]) — Let (X, <) be a finite distributive lattice and p a non-
negative function on it verifying the FKG condition.

Then for all f and g two non-decreasing functions on X, we have

(Z f(w)g(w)u(w)> (Z u($)> > <Z f(w)u($)> (Z g(ﬂf)u(ﬂf)) :

reX reX zeX zeX

We will not prove theorem here but the reader can find its original proof in [FKGT71]. Moreover, they
can find its proof in the chapter 3 of the book of Friedli and Velenik [FV17| based on the following theorem
7 whose proof is in the pages 129 and 130.

Theorem 3.7 (|[FV17]) — Let u = @,y o be a product measure on Q¢. Let fi, fo, f3, f4: Q¢ = R
be non-negative functions on ¢ such that

Yw,w' € Qg, fi(w) fo(w') < fa(wA W) fa(w V).

Then
(fi)u(f2)u < (f3)u(fa)u-

One of the interesting consequences of theorem is the lemma based on proposition-definition [3.8
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Proposition-Definition 3.8 — For all G = (V, E) finite, connected, bipartite graph, we define the
partial order < on the probability measures on Qg by for all v and v’ two probability measures on ¢,
v < V' if and only if for all increasing subset A of Q¢, v(4) < V' (A).

Proof. In order to prove that =< is a partial order on the probability measures on )¢, we need to prove that
=< is reflexive, anti-symmetric and transitive.

For all v, v/, 1" three probability measures on ¢,
e We easily have v < v because for all A C Qg, v(A4) < v(A).

e We easily have that if v < v/ and v/ < v, then for all A increasing subset of Q¢g, v(A) = v'(A). Moreover

for all w € Qg, if we denote A, = {w’ € Qg : w < W'}, it is an increasing set and
v({w}) = v(Aw) — v(Au \ {w}) = V'(As) — V/(Au \ {w}) = ' ({w}).

o If v < v and v < V", we easily have v < V", O

In the same way, we can define the following partial order.

Proposition-Definition 3.9 — For all G = (V| E) countably infinite, locally finite, connected, bipar-
tite graph, we define the partial order < on the probability measures on Qg by for all v and v/ two

probability measures on Q¢g, v < v/ if and only if for all f non-decreasing continuous functions of Q¢,

(Hv <

Remark. This definition gives in the case of a finite graph the same of the previous one that is why we can

use the same notation.

An interesting consequence of the partial order is the useful lemma [3.10

Lemma 3.10 (|BS94|) — Let G = (V, E) be a finite connected bipartite graph, let a = (a,),cv, let
W CV,let a,o € Fg such that o < o’. Then

peal- {w € Qa tww = aw}) 2 peal- [{w € Q¢ :ww = ajy }).

Proof. Thanks to the proposition we know that uga(-) = Pgp(- |Fe) with p defined as p = (py)vev =

(ﬁ—’;)vev, the probability measure on Q¢ Pg,p = @, cy o With for all v € V, p, following the Bernoulli
distribution with parameter p,,.

Let A be an increasing subset of Qg, let A% = {w € A : ww = aw}, A% = {w e A : wy = ddy},
Qf ={we Qo :ww =aw} and O, = {w € Q¢ : ww = aly }.
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Let f1, f2, f3 and fy be respectively 1 aa 1pg, Lo Lrg, Log 1r, and 1 4o/ 15, four non-negative functions.
w w

For all w,w" € Q¢, on the one hand, if w ¢ A}, N Fg or w & Q%; N Fg, we have easily

filw) fa(W) < fa(w A W) fa(w Vo).

On the other hand, if w € A%, N Fg and w € Q% N Fg,
e We have (w Aw')w = aw and for all v € V such that (wAw'), =1:

— If v € &, then w, = w), = 1 and then for all w adjacent to v, w,, = w], = 0 then for all w adjacent

to v, (Waw' )y = 0.

— If v € O, then either w, =1 or w), = 1 and then either for all w adjacent to v, w,, = 0 or for all w

adjacent to v, w!, = 0 then for all w adjacent to v, (waw’),, = 0.
Hence, w Aw' € Qf, N Fg.
e We have (wV W )w = ajy, (wVw') >w and for all v € V such that (wAw'), =1:

— If v € &, then either w, = 1 or w], = 1 and then either for all w adjacent to v, w,, = 0 or for all w

adjacent to v, w,, = 0 then for all w adjacent to v, (waw')y = 0.

— If v € O, then w, = w), = 1 and then for all w adjacent to v, w,, = w), = 0 then for all w adjacent

to v, (waw' )y = 0.
Hence, w Aw' € A, N Fg.

Hence, we always have fi(w)f2(w') < f3(w Aw’) fa(w V w'). Thanks to theorem we can deduce that
(Lag ucalloa due.e = (Lag Ur)pe o (Lo Lr)pg , < (Lag, 1r)pe o (g Lr)Pe , = (lag Juc a(Lag/ ) uc.ar
that is why

a HG a(A(‘J/Lv) HG a(A%;) o
,UG,a(A Q ) = : p < - A ,UG,a(A Q ) 0
)= @) = o) i

With the tools we developed in the finite case, we can now resume the proofs in the infinite case. We will

firstly show the existence of at least one Gibbs measure for the hard-core model in the bipartite case and

then give criteria for uniqueness in this case.

3.2 Existence of at least one Gibbs measure for the hard-core model and two

criteria for uniqueness

The goal of this subsection is to prove the existence of at least one Gibbs measure in the bipartite case
and to have a first criterion for the uniqueness of the Gibbs measure, thanks to a similar proof for the Ising
model that can be found in [Lig85].

In order to prove the existence of at least one Gibbs measure, we will define two sequences of measures
whose limit is a Gibbs measure.

In order not to have to repeat the exact same things several times, we will fix in the rest of the section
G = (V,E) a countably infinite, locally finite, connected, bipartite graph whose set of even (resp. odd)

vertices is £ (resp. O) and a = (a,)yecy a sequence of positive real numbers.

23



Before proceeding with proof, we need the following measures.

Definition 3.11 — Let o« € Fg and A € V.
e We denote pf ,(-) = px o (- [{w € Fix : wan = aan}).

e We denote vf , the probability measure associated with the random variable Xgaze where X ~
H} o

In both of the case, we say that « is the boundary condition.

0 L
R
Luststst

Figure 11: Illustration of how we construct the sequences of measures: the sites in the blue border
correspond to the subgraph A and the grey balls are the boundary conditions, the darkest ones having
a direct influence on how the n-th probability measures are defined.

With definition [3.11] we can prove the following proposition [3.12]

Proposition 3.12 — Let A € V and take v € V be an even vertex. Let w and w’ be two independent

realisations respectively under pj , and under pj ,. We then have

P a(we =1) = p} a(wy, = 1) = (Ui o @ p} o) ((w,w') has a path of disagreement from v to IA).

Proof. Let Q be {0,1}* and let C(v) = {w € V : there is path of disagreement for (w,w’) from v to w}. Let
T, : Q2 xQ — Q x Q be the transformation such that

o if C(v)NOA # () i.e. there is a path of disagreement from v to OA, T, = idgxgq,
e otherwise, for (a,a') € QA x Q, T(a, ') = (a’c(i)ac(i)c,ac(i)o/c(i)c).

Then T' is bijective and preserves pj , ® pj ,. Hence

MA,a(wU = 1) = (:U’j\a ® M/o\,a)(wv = 1)
= (Ha,a ® pR,a)(C(EH) NOA = 0,wy = 1) + (1} o ® pi3 2)(C(0) NOA # 0w, = 1)

24



Similarly

R a(wl =1) = () o @ pi ) (C(H) NOA = 0,0, = 1) + (4} 0 ® 4} ) (C(0) NOA # D, w, = 1)

It is easy to see that T transform the first event of the first term of the first sum into the event of the first
term of the second sum. That is why the two terms are equal. Because of the boundary conditions, because
w and w’ are feasible, because there is a path of disagreement for (w,w’) from v to IA, w), = 1 —w, = 0.
Hence we have p} ,(w;, = 1) = (1} o ® p} o)(C(i) NOA = 0,w;, = 1). Then we have the result O

Thanks to the definition [3.11] we will be able to construct sequences of measures whose exterior condition
is the same and such that the subgraph of definition is growing andmore and more covering the whole graph.

Meanwhile, we can prove the following.

Proposition 3.13 — For all Ay C A; €V, for all a € Fyg,
o Vi, alt {w € Fo waa, = aap\a, }) = 18, a()-

b VKQ,a = Z Vlo\ég,a({w € Fg : WA \A, = ’71\2\/\1})”1’(1@'

yEFG
TV \A =V \Ay

Proof. The first result is easy to obtain thanks to the definition of v, ,. The second result is a consequence
of the first one and of the following equality

Via() = Y v}, (fw € Forwppa, =ana DV, a( Hw € Fotwppna, = Yana, ) O

YEFG
TV \Ag =V \Ag

We can also prove the following.

Proposition 3.14 — For all , o’ € Fg such that o <o/, v, =< Vj\)‘:a.

Proof. Tt is a direct consequence of lemma, [3.10] 0

We will now need two particular boundary conditions in order to prove the existence of at least one Gibbs
measure. They are both illustrated in the
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¢ : even boundary condition 0:
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Figure 12: Illustration of the two boundary conditions.

Proposition-Definition 3.15 — We denote by ¢ = (1¢(v))vey (resp. 0 = (L1o(v))vev) the even

boundary condition (resp. the odd boundary condition).
In particular, for all w € Qg¢,
o<w<e.

Moreover, we have for all A € V, for all « € F,

Proof. The order between the configurations is a consequence of

Vee £,0<w, <1
Yoe 0,1 >w, >0

Yw € Qg,

The order between the measures is a consequence of the previous point and proposition [3.14] O

Remark. We can see that o and ¢ play in the hard-core model the same role as + and — in the Ising model.

What explains that we took those two paticular boundary conditions is that when the activity is big enough,

the hard-core mesure concentrates itself only on the two configurations e and o.

In order to have a limit measure, we can prove the monotonicity of the sequences of measures in proposition

5. 10}

and (v§ ,)a is decreasing.

Proposition 3.16 — For all Ay C Ay €V, v}, S v}, and v, o S v}, , d.e. (V] ,)a IS increasing
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Proof. The two statements have the same proof, let us prove the first inequality. We already know, by
proposition@ for a € F, v} , 2 v§, .. That’s why,

e _ e . _ ¥ e
VAy,a = E VAg,a({w € Fg: WA\A, = 7A2\A1})VA1,a = VAy a0

yEFG
VYV \A3 =EV\Aqy

we can now conclude. g

Remark. We find here once again a similar behaviour in the hard-core model as in the Ising-Lenz model.

Thanks to the fact that there is a monotonicity for the measures, we can define a weak limit for the

measures. We want them to be a hard-core measures for G with activity a.

Theorem 3.17 — Let us denote pug , = limarg v} , and pg , = limarg V3 5. Then pg , and pg , are

hard-core measures for G with activity a.

Proof. For all Be€ V, n € Fg, a = {0,1}*, for all A be a set verifying B C A € V, we easily see that VAa
and vy , verify that for all w € Qg, for i € {¢, 0},

; 1
paa{w}) = Z—lps (apnse) exp(—Hp o(a))-
ZB,a
Because it is true for all A verifying B C A € V, because W& a and pug; , are weak limits for the v , and v§ ,
when A 1V, the two weak limits verify definition that is why they are hard-core measures for G with
activity a. 0

Now we prove the existence of at least one Gibbs measure thanks to two different methods.
Before proceeding with a proof of a uniqueness criterion for the hard-core model, we need the following

lemma.

Lemma 3.18 — Let us denote G a the class of all hard-core measure for G with activity a and for

all A € V, let us denote Gg a(A) the closed (for the topology of weak convergence) convex hull of
{Vﬁ’a,a € Fg}.

1. Ay C Ay € V implies nga(Al) D) gG7a(A2).
2. If v € G, then for finite A C V and ¢ € Fg, v(- [{w € Qg : wpe = (pe}) = u%a()
3. gG,a = nA@V gG,a(T)

4. Ga.a is nonempty, convex and compact.

Proof. 1. Let Ay C Ay € V, let ( € Fg. thanks to proposition we can write V/C\%a as a convex
combinaison of elements of Gg (A1), that is why Gg a(A1) D G .a(A2).
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2. By definition [I.7] it is really clear.

3. By the second point, we easily have Gga C [yey 9a,a(T) because it is true for all A € V' and the

converse is true by definition

4. Because )¢ is compact (as a product of compact spaces), because the net (Gg a(A))aey verify the
first point, because Gg.a = [yey 9c.,a(T), all the Gg a(A) are compact, convex, nonempty and then
we have the conclusion.

This concludes the proof. (]

Thanks to this lemma, we can prove the following theorem.

Theorem 3.19 — With the notations of theorem [3.17} for all v hard-core measure for G with activity
a, we then have V}’x,a 2V 2V,

In particular, there is a unique hard-core measure for G with activity a if and only if v , = Vg ,.

Proof. We keep the notations of lemma for all A € V, for all v € Gg a(T'), by definition of Go(T) and
by proposition-definition we have Z/X’a SV X VR g then for all v € Gg a, I/X’a 2V =V, by lemma
that is why

Y € GGa a2V 2 Ui a O

It is already knew that the set of hard-core measures was convex, we now know that it behaves like a
segment and we know the two measures on its border.

Even though this result is really powerful to prove uniqueness, the fact that we need to compare two
measures is not ideal. However we can translate the problem in the domain of percolation in order to get an

other way to prove uniqueness.

Theorem 3.20 (|[BS94]) — The hard-core model on G with activity a has a unique Gibbs measure if
and only if

(11G.a ® 1g o) (" There is an infinite path of disagreement for (w,w’)”) = 0.

Proof. Thanks to theorem if (4G 2 ® pE o) (" There is an infinite path of disagreement for (w,w’)”) = 0,
Héza = I a, hence there is a unique hard-core measure.

Conversely, let us suppose the hard-core model has a unique Gibbs measure i.e. Kéia = Héa- We say that
a path II is perfect for (w,w’) if and only if every even vertex v on II verify w, =1 —w] = 1 and every odd
vertex v on II verify w, = 1 —w) = 0. Then a path II of disagreement for (w,w’) is either a perfect path for
(w,w) or for (w',w). That is why A € V, let v € £. Since pug; , = pg , and by symmetry, we have for (w,w’)

a realisation under pg, , ® ug ,-

(1.0 ® pg o)("There is an infinite path of disagreement for (w,w’) containing v")

= 2(ug o ® pE o) ("There is an infinite perfect path for (w,w’) containing v").
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Moreover, for v € A’ C A,

(4G .a ® 11 a)("There is a perfect path from v to OA")
< (B a2 @ p} o) ("There is a perfect path from v to IA")
< (B 2 ® pi o)("There is a perfect path from v to IA™).

The first inequality is the consequence of proposition [3.13] and proposition The second is trivial. Now
we first let A grow to V' and then we let A’ grow to V. We now have

(1G.a ® pé 2)("There is an infinite perfect path containing v")

= 11\1%161:(”;"1 ® pr a)("There is a perfect path from v to JA").

Moreover as with (w,w’) a realisation under (u} , ® pf ,), (wan,whs) = (¢an,004), then a path is perfect
if and only if it is a path of disagreement.

Hence, with lemma |3.1

(&2 ® & o)("There is an infinite path of disagreement for (w,w") containing v")

=2(uja(wo = 1) = p} a(w, =1)) =0,

by assumption.

Since an infinite path must contain an even vertex, the proof is complete. O

Thanks to the previous theorem, we can easily understand why there is no phase transition in Z even

though the proof of Dobrushin in [Dob68| does not require such a theorem.
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Conclusion

The hard-core model gives the behaviour of a more realistic gas than the lattice gas model derived of the

Ising-Lenz model what explains the necessity to analyse it rigorously.

However the question of knowing if the critical activity separates the case of phase transition and ergodicity

is still open. Moreover this model is an easiest version of reality, the following step is to translate it in a

continuous graph (for instance R) and see how to translate the properties of the first model.

In any case as the Ising model is a very stimulating model in the domain of statistical physics, the hard-core

model which seems near from the Ising model needs new objects to be studied correctly as we can see for the
analysis of |[GKO04].
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Annexes

A Algorithm for the simulation of the hard-core model

HCM.py
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