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Résumé

Les systèmes logiciels sont omniprésents et leur fiabilité est souvent cruciale, sur-
tout lorsqu’une défaillance peut entraîner une catastrophe humaine, environne-
mentale ou même économique. Développées depuis de nombreuses années, les mé-
thodes formelles, comme l’approche classique du «model-checking», sont utilisées
pour prouver la correction des systèmes. Plus récemment, au lieu de les construire
manuellement un nouveau paradigme émerge pour automatiquement synthétiser
des systèmes corrects. Pour cela, nous nous appuyons sur la théorie des jeux qui
fournit des outils mathématiques afin de modéliser le comportement de deux agents
antagonistes. Dans ce contexte, deux joueurs, un contrôleur et un environnement,
jouent sur le graphe des configurations du système dans lequel la condition ga-
gnante pour le contrôleur induit la correction du système. De plus, via l’ajout de
poids, ces jeux peuvent être étendus pour étudier les performances du système,
comme sa consommation d’énergie. Dans ce travail, nous nous concentrons sur la
synthèse de systèmes temps-réel efficaces avec une condition de victoire simple :
atteindre une configuration correcte.

Les jeux temporisés à coûts sont des jeux à deux joueurs et à somme nulle joués
dans un automate temporisé pondéré. Nous considérons l’objectif d’accessibilité
optimale, dans lequel l’un des joueurs, que nous appellerons Min, veut atteindre
une cible tout en minimisant le poids cumulé. Même si savoir quand Min a une
stratégie (déterministe) pour garantir que la valeur obtenue est inférieure à un
seuil donné, est indécidable (avec deux horloges ou plus), plusieurs conditions ont
été données pour retrouver la décidabilité. L’une d’entre elles est la divergence,
une autre consiste à se limiter aux jeux temporisés à coûts avec une seule horloge
et contenant uniquement des poids positifs. Nous étendons d’abord cette liste en
considérant les jeux temporisés à coûts à une horloge avec des poids arbitraires,
en montrant que leur fonction de valeur peut être calculée en temps exponentiel
(si les poids sont codés en unaire).

Ensuite, dans de tels jeux temporisés à coûts (comme dans les jeux pondérés non
temporisés en présence de poids négatifs), Min peut avoir besoin d’une mémoire
finie pour jouer (presque) optimalement. Il est donc tentant d’essayer d’émuler
cette mémoire finie avec d’autres fonctionnalités comme en permettant aux joueurs
d’utiliser des décisions stochastiques, à la fois dans le choix des transitions et des
délais. Nous donnons, pour la première fois, une définition de la valeur espérée dans
les jeux temporisés à coûts, surmontant plusieurs défis théoriques. Nous montrons
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ensuite que, dans les jeux temporisés à coûts divergents, la valeur stochastique est
bien égale à la valeur classique (déterministe), prouvant ainsi que Min peut garantir
la même valeur en n’utilisant que des choix stochastiques et sans mémoire.

Enfin, les stratégies stochastiques quasi-optimales que nous synthétisons ne sont
pas implémentables car elles utilisent la précision infinie des horloges dans le choix
des délais ainsi qu’une connaissance précise des configurations. La robustesse est
un processus connu pour encoder l’imprécision des délais dans les stratégies : elle
permet au joueur Max (l’adversaire de Min) de modifier légèrement le délai choisi
par Min. Dans la littérature, deux sémantiques robustes existent : la sémantique
conservatrice qui vérifie la garde après la perturbation, et la sémantique excessive
qui la vérifie avant. Comme pour les stratégies déterministes, déterminer si Min
a une stratégie (robuste) pour garantir que la valeur est inférieure à un seuil
donné, est connu pour être indécidable. En adaptant le processus d’itération de la
valeur introduit par Alur et al, nous calculons la valeur (robuste) dans des jeux
temporisés à coûts acycliques (ou divergents avec uniquement des poids positifs)
sous une sémantique conservatrice ou excessive.

Mots clés : jeux temporisés à coûts, algorithmique de la théorie des jeux, automate
temporisé, calcul de valeur, stratégies randomisées, robustesse
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Abstract

Software systems are omnipresent, and their reliability is often crucial, especially
when a failure can lead to a human, environmental or even economic catastrophe.
Formal methods, e.g. the classical model-checking approach, developed for many
years, are used to prove the correctness of a system. More recently, instead of
manually building a model, another paradigm emerges to automatically synthesise
a correct system. For this, we rely on game theory which provides mathematical
tools to model the behaviour of two antagonistic agents. In this context, two
players, a controller and an environment play on a graph of all configurations of
the system in which the winning condition for the controller induces a correct
system. Moreover, such games may be extended to study the performance, e.g.
the energy consumption of the system, modelled by adding weights. In this work,
we focus on the synthesis of efficient real-time systems under a simple condition
of correctness (reach a good state).

Weighted timed games are two-player zero-sum games played in a timed automa-
ton equipped with integer weights. We consider optimal reachability objectives, in
which one of the players, whom we call Min, wants to reach a target location while
minimising the cumulated weight. While knowing if Min has a (deterministic)
strategy to guarantee a value lower than a given threshold is known to be unde-
cidable (with two or more clocks), several conditions have been given to recover
decidability. One of them is a property called divergence, another one is to restrict
to one-clock WTGs with only non-negative weights. We first extend this list by
considering one-clock WTGs with arbitrary weights and showing that their value
function can be computed in exponential time (if weights are encoded in unary).

Next, in such weighted timed games (like in untimed weighted games in the
presence of negative weights), Min may need finite memory to play (close to)
optimally. This is thus tempting to try to emulate this finite memory with other
strategic capabilities. In particular, we allow the players to use stochastic decisions,
both in the choice of transitions and timing delays. We give, for the first time,
a definition of the expected value in weighted timed games, overcoming several
theoretical challenges. We then show that, in divergent weighted timed games, the
stochastic value is indeed equal to the classical (deterministic) value, thus proving
that Min can guarantee the same value while only using stochastic choices and
no memory.

Finally, the almost optimal stochastic strategies we synthesise are not imple-
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mentable since they use infinite precision of clocks in the choice of the delay or the
knowledge about the configurations. Robustness is a known process to encode the
imprecision of delays in strategies: it allows Max player (the opponent of Min) to
slightly modify the delay chosen by Min. In the literature, two robust semantics
exist: the conservative semantics which checks a guard after the perturbation, and
the excessive semantics which checks it before. As for deterministic strategies,
determining whether Min has a (robust) strategy to guarantee a value lower than
a given threshold is known to be undecidable. By adapting the process of value
iteration introduced by Alur et al., we compute the (robust) value in acyclic (or di-
vergent with only non-negative weights) weighted timed games under conservative
and excessive semantics.

Keywords: weighted timed games, algorithmic game theory, timed automata,
value computation, stochastic strategies, robustness
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Introduction

Software systems are everywhere (e.g. in personal computers, smartphones or coffee
machines) and are sometimes entrusted with our safety (as in planes, trains or
cars). They are designed to assist with or autonomously execute critical tasks.
We can cite, for example, controlling traffic lights, driving an autonomous vehicle,
managing large communication networks, helping in the decision about self-care,
etc. In particular, most of them are used in cyber-physical systems where an
embedded software system in a machine monitors and controls the real-world:
it links a computer environment and a machine that evolves in the real-world.
In this case, software systems are increasingly subject to real-time constraints
like response times and operational deadlines, e.g. the airbag opening time. Our
capability to verify their behaviour prevents some catastrophes. However, this is a
challenging task since the correctness of a system can depend on tricky interactions
with its environment (human users or other software systems) under execution time
and response time guarantees. In particular, for the designer, it can be arduous
to anticipate and consider all possible behaviours of the system.

Synthesis of efficient real-time systems

The verification and, more recently, the synthesis of different classes of software
systems is a challenging question. It has motivated an extensive research effort in
computer science: a series of works (see [BP22] for a summary) has been devoted
to analysing, testing and certifying software systems.

From the verification to the synthesis of software systems Formal verifica-
tion provides automated methods to prove that the behaviour of a system described
in a mathematical idealisation satisfies a given specification (or not). Even if sev-
eral techniques (like abstract interpretation [CC77] or proof assistant with Coq1,
for example) have been developed for formal verification, model-checking has an
important place. It exhaustively explores the mathematical model (often an au-
tomaton) to check if all behaviours (generated by the model) satisfy some desired
properties expressed with a logical formula, e.g. eventually performing a particular

1https://github.com/coq/coq
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Introduction

coin

waterjuice

wait

prepareprepare

done done

Figure 1 – An automaton modelling a drinks dispenser.

task or avoiding pre-defined errors. This problem has been extensively studied in
various settings [BK08; Cla+18] (like infinite, concurrent, timed or stochastic sys-
tems), with practical tools being used for the verification of hardware and software
in the industry (see [Cim01; Kar+18], for instance).

Example 1. We consider a software system that controls a drinks dispenser. Its
natural model is depicted in Figure 1: the system waits until a user inserts a coin
and chooses between orange juice or water. Then, the drink is produced before
the system returns to its original situation when the drink is delivered. A desired
property for this system may be “if a coin is inserted, then a drink (water or juice)
will eventually be delivered”. We note that, with this model, the property is not
satisfied: the system may be blocked during the preparation. ⌟

One of the difficulties in the model-checking approach is the definition of a
true-to-life model of our system before the verification. For several years, a new
direction has emerged to automatically build a correct model by construction from
the specification alone: we call this synthesis [Chu63]. This approach is based on
the study of model the interaction between the system (called controller) and
an antagonistic environment capturing uncontrollable events from the complex
interactions with the real world, e.g. via user inputs, communication with other
software systems, or uncertainty of the physical parameters of the system.

Example 2. Going back to Example 1, we can consider the presence of a user
that interacts with the drink dispenser without being under the control of the
dispenser. In particular, we model the behaviour of this user by an environment.
Hence, the controller can choose whether to prepare or deliver the drink, but the
environment is the one that decides when a coin is inserted and which drink needs
to be prepared. ⌟

In this work, we rely on game theory2 on graphs [Fij+23] to define a (mathe-
matical) model representing the evolution of the system when the controller or the

2Game theory was first theorised by John Nash for economic purposes [NM47].
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coin−4

water
1

juice
1

wait, 0

prepare, 12, prepare

done 2 done1

Figure 2 – A weighted extension of the game used to synthesis the drinks dispenser de-
picted in Figure 1.

environment applies actions. In particular, the controller is not the unique one
to decide on the evolution of the system: it is deduced from the choices of both
players in a turn-based fashion. We aim to automatically define a strategy (i.e. a
sequence of choices) for the controller such that the evolution of the system sat-
isfies the specification, whatever the environment does. For instance, we want to
ask that a target location is eventually reached or conversely that an error location
is never reached. Since the specification must hold in all possible scenarios, such
a strategy finally describes a system that is necessarily correct.

Qualitative versus quantitative systems In a game on graphs under zero-sum
objectives, qualitative objectives (i.e. winning conditions for the controller) express
the required specification of the system, whereas the objective of the environ-
ment (the opponent) is dual. For instance, we may model the termination by the
reachability of a target location, the correctness by safety from a bugged location,
the liveness by repeated reachability, and even more complex properties by all
ω-regular objectives [GTW02].

Under such objectives, the controller may have several winning strategies, i.e.
many implementations guarantee the expected property on the system. By adding
weights to the model, we select a special winning strategy regarding a qualitative
objective and thus synthesise an efficient system according to the metric induced by
weights (called quantitative objectives). For instance, we can synthesise a correct
system that minimises its energy consumption with total-payoff objective [GZ04],
minimises its mean consumption with mean-payoff objective [EM79], or minimises
its long-term consumption with discounted-payoff objective [ZP96]. To model
these systems, we extend well-known finite automata with a weighted function over
edges: we use weighted automata. Weighted automata are already studied for the
verification of quantitative properties [CDH10; DG07] in which the decidability of
problems strongly relies on the definition of weights inside the automaton [ABK22].

14
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coin
x := 0; y := 0

restart
1 < x ≤ 2

water, x ≤ 1juice, x ≤ 1

done
2 ≤ y ≤ 3

done
1 ≤ y ≤ 2

Figure 3 – A timed extension of the automaton modelled the drinks dispenser depicted
in Figure 1.

Example 3. Going back to Example 2, we consider the weights modelling the cost
of production of the drink (we depict it in Figure 2). In particular, since the user
puts a coin before choosing its drink, this action brings back money to the system.
Then, preparing water or orange juice does not induce the same price, and each
delay in the preparation generates an over cost. Finally, when the system waits
for a new user, it is in standby mode and consumes nothing. ⌟

Combining a quantitative and a qualitative objective enables the selection of
a good strategy among the valid ones regarding the considered qualitative objec-
tive: correct and efficient systems are directly built. One of the most natural
is shortest-path games that combine a reachability objective with a total-payoff
objective [Kha+08; Bri+17]. Even if both objectives are simple, this combina-
tion brings some issues since a strategy for the controller needs memory to play
optimally. We note that another combination of interest is the one between a
parity objective (that can model every ω-regular objective) and a mean-payoff
objective [CHJ05] in which the controller needs infinite memory.

Real-time systems Real-time systems are a class of software systems where the
time elapsing between two actions is required to differentiate the good and bad
behaviours of the system. Designing such systems not only involves developing
correct software in the classical sense but also requires ensuring task execution
times and response time guarantees. It is a difficult problem since small errors with
grave consequences can stay unseen during the development and testing phase.
Thus, the synthesis (i.e. the automatisation of the process) is necessary.

To model these systems, we extend well-known finite automata with real-valued
variables called clocks: we use timed automata [AD94]. In particular, time elapsing
is modelled by clocks that evolve at the same speed. Moreover, on each transition
a timed constraint over clocks allows one to choose when it is fireable or not, i.e.
when an action is realisable.
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0

12 0

coin, −4

x := 0; y := 0

0, restart
1 < x ≤ 2

water, 1, x ≤ 1juice, 1, x ≤ 1

done 2

2 ≤ y ≤ 3

done1

1 ≤ y ≤ 2

Figure 4 – A weighted timed game seen as a timed extension of Figure 2, or a quantitative
game extension of Figure 3 to synthesising the drinks dispenser depicted in
Figure 1.

Example 4. Going back to Example 3, we consider the time modelling of actions
in our drinks dispenser (depicted in Figure 3). This model brings a more precise
control of time spent for each action (by the time spent in each step before firing
the transition). For instance, self-loops for preparation or waiting are replaced by
constraints on time that denote the time needed for each action. With this model,
we can thus control (inside the model) when an action is feasible according to the
execution time of previous actions. ⌟

The verification of real-time systems consists of verifying whether all executions
in the timed automaton satisfy a property. It has been proven in [AD94] that
checking the reachability (i.e. reach a location), and Büchi (i.e. repeatedly reach-
ability) are both PSPACE-complete, by partitioning the state space into regions.
However, some more complex properties can be expressed (and checked) in the
timed computation tree logic [ACD93], e.g. we could check if the actions labelled
by coin and done are always separated by less than four units of time (or not).

In this thesis, we focus on the synthesis of an efficient real-time system under
a reachability objective. As for finite systems, synthesis relies on a (turn-based)
zero-sum two-player game played in a timed automaton. In particular, reach-
ability timed games can be solved [AM99] and are EXPTIME-complete [JT07].
This qualitative objective is again too unsophisticated to model faithfully the
system: we also want to select a good winning strategy for the controller. In
particular, weighted extensions of timed automata [Beh+01; ALP04] and timed
games [Bou+04a; ABM04] have thus been considered in this sense. There, weights
are twofold: transitions are equipped with weights as in the untimed setting, but
locations are also equipped with rates of weights such that the cost is then propor-
tional to the time spent in it (that models the cost of the action realised inside the
location). In particular, we study weighted timed games which are the weighted
extension of reachability timed games with a shortest-path objective that are for-
mally introduced in Chapter 1.

16



Introduction

Example 5. Going back to Examples 3 and 4, we consider the weighted timed
game (depicted in Figure 4). This model uses two sorts of weights: weights from
Figure 2 (on transitions) that model the constant cost of the action (e.g. the glass,
or the raw materials); and weights in locations that model the variable cost of the
action (e.g. the consumption of the energy to realise the action) that depends on
the time spent in the location. ⌟

In a game under a quantitative objective, we look after the optimal synthesis
problem: we ask for the existence of a strategy for the controller such that what-
ever the environment does, the obtained weight is minimal. In the time setting,
the optimal synthesis depends on the value of clocks: in particular, we introduce
a function, called value function, which gives the weight guaranteed by the con-
troller according to the initial configuration, i.e. initial location and value of clocks.
Thus, in the context of weighted time games, the problem of our interest is the
computation of such a value function.

Contributions of this thesis

We study the features needed by the controller to play optimally whatever the
environment does. In particular, we investigate three features of the strategies for
the controller: strategies using memory, i.e. the classical ones, in Part I, strategies
using probabilities to remove the memory in Part II, and strategies resisting to
small perturbations to deal with the precision of clocks and the immediacy of
actions in Part III. In each case, we study the value associated to the class of
strategies that we consider for both players.

Strategies using memory Adding weights in timed automata does not change
the complexity of the resolution: the optimal reachability problem is known as
PSPACE-complete [Bou+07]. However, in timed games, this problem becomes un-
decidable [BBR05] (instead of EXPTIME-complete for the reachability problem).
Several restrictions have thus been considered to regain decidability. The first one
restricts the weights allowed on cycles. The class of strictly non-Zeno weighted
timed games with only non-negative weights has thus been introduced and studied
in [Bou+04a]: this hypothesis requires that every execution of the timed automa-
ton that follows a cycle (of locations) has a weight far from 0. More recently, an
extension for arbitrary weights, called divergent weighted timed games, has been
considered and studied in [BMR17].

Another restriction to recover the decidability is a limitation on the number of
clocks. In a weighted time game without clocks, called a shortest-path game, we
describe a finite system (where only discrete weights are allowed). In particular,
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by adapting Dijkstra’s algorithm the problem is in PTIME when weights are sup-
posed non-negative [Knu77; Kha+08]. An extension to arbitrary weights has been
proposed in [Bri+17], and the problem is solved in polynomial time when weights
are encoded in unary.

A last restriction to keep the infinite system while limiting the clocks is restrict-
ing ourselves to one clock, for which its solving is known as PSPACE-hard [FIS20].
Solving one-clock weighted time games containing only non-negative weights is
decidable [BBM06] with an exponential-time complexity [Rut11; HIM13]. More
recently, the decidability frontier was pushed in the case of arbitrary weights
[Bri+22]. However, the decidability (in exponential time) is obtained when the
resets in cycles are restrained. In this context, our main contribution (Chapter 4)
is the conclusion of this open question: the decidability with an exponential algo-
rithm that computes the value function in all one-clock weighted timed games (for
arbitrary weights).

Our contribution relies on the following main ingredients:

• The resolution of one-clock weighted time games is mainly based on the
iteration of cyclic paths (cycle of locations with a reset corresponds to a
cycle of configurations (a location with a real value for the clock). We define
the value of such a cycle, that allows us to identify which player may benefit
from iterating it.

• Using the classical region graph construction, we prove stronger properties
on the value function: it is continuous on the closure of region intervals. This
allows us to prove that the environment has an optimal memoryless strategy
that avoids cycles whose value is negative.

• We introduce a partial unfolding of the game, to obtain an acyclic weighted
time game, for which decidability is known. To do so, we rely on the existence
of (almost-)optimal switching strategies for the controller that are composed
of two memoryless strategies, the second one being triggered after a given
pseudo-polynomial number of steps (Chapter 3). In particular, from the
existence of such strategies, we limit the depth of exploration. Also, we
keep track of cycles encountered and handle them according to their value.
By transporting the previous result on the existence of a “smart” optimal
strategy for the environment in the context of this unfolding, we show that
the unfolding has the same value as the original weighted time game.

• To conclude the proof, we crucially need that the value function is obtained
as a fixed point (indeed the greatest one) of an operator that was already
used in many contributions before [ABM04; Bou+04a; BMR17]. We formally
show this statement in Chapter 2.
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Finally, based on our unfolding, we provide a prototype to compute the value
function in all one-clock weighted time games. In particular, given a one-clock
weighted time game, this prototype implements the value iteration process (from
the fixpoint characterisation) in our unfolding.

Strategies using probabilities In weighted time games, the controller needs
memory to play optimally. More precisely, the use of memory by the controller is
exponential in the size of the game. This is prohibitive from an application point
of view: we want to find how to avoid such complex strategies. In particular, we
propose an alternative class of strategies that are more easily amenable to imple-
mentation. Thus, even if probabilities do not exist in the definition of weighted
time games, it is interesting to introduce them as a feature for strategies, i.e. we
allow both players to use stochastic choices in their strategies.

Our main contribution is to trade memory for randomness in some classes of
weighted time games. This tradeoff has been already studied in Street or Müller
games both in the untimed [CAH04] or timed setting [CHP08b]; and in multi-
dimensional objectives [CRR14]: for instance, in mean-payoff parity games, if
there exists a deterministic finite-memory winning strategy, then there exists a
randomised memoryless almost-sure winning strategy. In our work, Chapter 7
explains how we adapt special optimal strategies (i.e. switching strategies) into
memoryless strategies: switching strategies are obtained by the combination of
two memoryless strategies. Intuitively, randomisation replaces the memory in the
combination for switching strategies, i.e. it is used to choose between the two
memoryless strategies with a well-chosen distribution of probabilities. Moreover,
we prove that stochastic strategies do not increase the power of the controller, i.e.
he can guarantee the same expected weight with probabilities (and memory) and
without probability. In this case, we also rely on a fixpoint characterisation with
a Bellman-like equation, this is discussed in Chapter 6.

Finally, in Chapter 5, the first important challenge is to analyse how to play
stochastically in weighted timed games. To our knowledge, this has not been
studied before. Starting from a notion of stochastic behaviours in a timed au-
tomaton considered in [Ber+14] (for the one-player setting), we propose a new
class of stochastic strategies. Compared with [Ber+14], our class is larger in the
sense that we allow Dirac distributions for delays, which subsumes the setting of
deterministic strategies. However, to ensure that strategies yield a well-defined
probability distribution on sets of executions, we need measurability properties
stronger than the one considered in [Ber+14] (we actually provide an example
showing that their hypothesis was not strong enough). Moreover, we propose an
original definition of the expected payoff and provide some necessary conditions
on the stochastic strategies for this expectation to be well-defined: the controller
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not only must reach the target but must also do it quickly enough. It has to be
noticed that randomisation only comes from the strategies of both players: in the
presence of randomness also in the game itself, the situation becomes much more
complex, even undecidable with at least two clocks [BCJ09].

Strategies resisting small perturbations Robustness is a crucial property of
real-time systems: we require them to resist little errors or failures. More pre-
cisely, the behaviour of a real-time system should not change drastically if a small
error occurs.

Example 6. In our drinks dispenser (depicted in Figure 4), the user may be
indecisive and take this decision with some delays. In particular, if he waits one
unit of time, he can not anymore choose a drink: he must restart the process (and
he loses four euros). Thus, a small error in the information taking or a little delay
in the decision may change a lot the behaviour of our machine. ⌟

Moreover, timed automata [AD94] provide a mathematical idealisation to de-
sign, model and verify real-time systems: it assumes that clocks have infinite
precision and that actions are instantaneous. Indeed, proving that a timed au-
tomaton satisfies a property may not ensure that a real implementation satisfies
the property. This robustness issue is a challenging problem for real-time sys-
tems [HS06]. Thus, alternative semantics have been proposed, so as to ensure that
the verified (or synthesised) behaviour remains correct in the presence of small
timing perturbations.

Example 7. In our drinks dispenser (depicted in Figure 4), we consider now that
producing the drink makes more and more times (raw materials decrease, hardware
system wears off). In particular, the system plays with a delay to reach 2− 1/2i to
produce the i-th drink. This strategy that exploits the infinite precision of clocks
can not be implemented. Thus, we use robustness to prevent this behaviour by
imposing on the choices of the controller a small perturbation in the chosen delay. ⌟

Robustness was naturally studied in the context of model-checking in timed
automata. For instance, under the Büchi condition, it consists in determining
whether there exists an accepting infinite execution [Bus+19]. In the context of
robustness, semantics considered is defined as a game that depends on some param-
eter p representing an upper bound on the amplitude of the perturbation [CHP11].
In this game, the controller plays against an antagonistic environment that can
perturb each delay using a value chosen in the interval [−p, p]. In Chapter 8, we
extend this idea to game settings where we increase the power of the environment
with the choice of perturbation. In particular, we propose a generic definition of
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robust semantics and define some classical problems studied. Moreover, by ex-
hibiting some links between semantics in weighted time games, we complete the
state-of-the-art in value problems in Chapter 9.

Our main contribution consists of pushing the decidability frontier for robust
value problems in the case of acyclic weighted time games and non-Zeno weighted
time games. In particular, we provide an algorithm to compute the robust value
(when the parameter tends to 0). Then, we apply this algorithm in an unfolding
of non-Zeno weighted timed games that keeps their property when we assume
that the perturbed delay (i.e. the delay after the perturbation) always satisfies
the guard.

Our algorithm is a combination of two well-known technics to compute classical
value on one side and the set of configurations from where the controller can guar-
antee that a target location is reached under robust semantics on the other side.
We provide a robust-compliant extension of value iteration in acyclic games intro-
duced in [ABM04]. In particular, by using ideas from shrinking DBM3 [SBM11]
we define the parametric value function and parametric cells4. Moreover, we can
compute an upper bound over the parameter to guarantee the validity of our com-
putation. The key argument is a decomposition of one computation of an operator
that preserves the data structure that we have introduced. This result is presented
in Chapter 10.

Structure of this thesis

This thesis is split into three independent parts, one by class of strategies. Each
part starts with an introduction chapter that presents the class of strategies studied
with some related works and finishes with a discussion chapter that concludes
the part with a non-exhaustive list of interesting open questions. Most of the
contributions in the two first parts are published in [MPR20; MPR21; MPR22]
and submitted in a journal paper [MPR23a; MPR23b]. The work in the last part
is not submitted yet.

This thesis contains ten chapters with three types of chapters whose reading
may differ:

Preliminary chapters contain all definitions and preliminary results useful to un-
derstand the contributions. Chapter 1 contains preliminaries for the whole
thesis and Chapter 8 preliminaries for the robustness part.

3Difference Bound Matrices (DBM) are the classical data structure used to compute configura-
tions from which a target location can be reached in a timed automaton.

4Cells are the data structure used in [ABM04] to partition the regions.
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Technical chapters contain technical contributions that may be used as a black
box: only statements claimed at the beginning of the chapter are used in the
main contributions. In particular, reading them is not necessary to under-
stand the other contributions of this thesis. Chapters 2, 3, 5 and 9 are tech-
nical.

Contribution chapters contain a main contribution of this thesis. Chapters 4, 7,
6 and 10 are contribution chapters.
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1. Weighted Timed Games

Modelling a system with real-time behaviours (under cost constraints) with
finite graphs is not precise enough to incorporate subtle behaviours induced
by real-time. To model the costs for electrical power consumption, we
use fixed costs (e.g. contract costs) and variable costs (e.g. the energy
consumed) that depend on the time a given appliance is used. The dis-
cretizaton of time is always a solution, but this induces a loss over the
precision with a blow up of the model size. Thus, with the discretizaton,
we may miss some interesting behaviours of the system.

Even if we consider infinite games, not all of them are relevant to us: we
use a structure induced by time. In particular, we instead model such
situations with timed automata [AD94] equipped with weights, both on
transitions (to model fixed costs) and on locations (to model variable costs).
In this chapter, we formally introduce (weighted) timed games under the
reachability objective that we consider in this work.
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1. Weighted Timed Games

We denote by N, Z, Q, and R the set of natural numbers, integers, rational, and
real numbers, respectively. We let R≥0 be the set of non-negative real numbers
and R∞ = R∪{−∞,+∞}. The set of vectors indexed by S with values in a set X
is denoted by XS: the components of such a vector x ∈ XS are written xs or x(s)
depending on the context. Finally, for all a ∈ R≥0, ⌊a⌋ ∈ N denotes the integral
part of a, and fract(a) [0, 1) its fractional part, such that a = ⌊a⌋+ fract(a).

1.1. Playing in a timed automaton

With clocks, we extend the notion of finite automata to define timed automata that
induce the desired structure for our timed games. Formally, let X = {x1, . . . , xn}
be a finite, non-empty set of variables called clocks that store time values. A
valuation ν : X → R≥0 is a mapping from clocks to their non-negative real value
(or, equivalently, a point in the space RX

≥0) such that ν(x1), . . . , ν(xn) are called
the coordinates of ν.

Modelling real-time constraints On each clock, we consider two actions defin-
ing two operations over valuations: time elapse (with the same rate for all clocks)
and reset. Formally, given a non-negative real number t ∈ R≥0, the time elapse of
delay t of ν is the valuation ν + t defined by (ν + t)(x) = ν(x) + t, for all clocks
x ∈ X . The time-successors (resp. time-predecessors) of ν are all valuations ν + t
(resp. ν − t in RX

≥0) with t ≥ 0 and both define the unique “diagonal” line in RX
≥0

that contains ν. Moreover, if Y is a subset of X , we define the valuation ν[Y := 0]
to be the reset of Y such that for all clocks x ∈ X , (ν[Y := 0])(x) = 0 if x ∈ Y
and (ν[Y := 0])(x) = ν(x), otherwise.

Valuations are subject to guards defined by constraints on some clocks. More
precisely, an open (resp. closed) atomic constraint over clocks x, y ∈ X refers to
an affine inequality of one of these forms

• x ▷◁ α, called non-diagonal ;

• x− y ▷◁ α, called diagonal ;

with α ∈ Q a constant, and ▷◁ ∈ {>,<} (resp. ▷◁ ∈ {≥,≤}). Then, a guard g
over X is a finite conjunction of atomic constraints over the clocks of X . As a
shorthand, we denote by x = α the guard x ≤ α ∧ x ≥ α, and by α1 < x < α2

the guard x > α1 ∧ x < α2. Finally, a guard is called open (resp. closed, diagonal,
non-diagonal) if all of its atomic constraints are open (resp. closed, diagonal, non-
diagonal), and we denote by Guards(X ) the set of all non-diagonal guards on X .

Let ν ∈ RX
≥0 be a valuation. For all atomic constraints x ▷◁ α, we say that ν

satisfies x ▷◁ α (and we write ν |= x ▷◁ α) when ν(x) ▷◁ α. We extend this notion
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1. Weighted Timed Games

ℓ0 ℓ1

δ0 : b, 0 < x < 1, x := 0

δ1 : a, 0 ≤ x

δ3 : a, x < 1

δ2 : b, 1 ≤ x, x := 0

Figure 1.1 – A timed automaton over X = {x} and actions Σ = {a, b} where the reset
of the clock x is denoted by x := 0 such that the transition δ0 which loops
in ℓ0 refers to (ℓ0, b, 0 < x < 1, {x}, ℓ0).

by saying that ν satisfies the guard g (and write ν |= g) if ν satisfies all atomic
constraints in g. A guard g is said satisfiable when there exists at least a valuation
that satisfies g. The guard g is the closed version of a satisfiable guard g where
every strict constraint of comparison operator < or > is replaced by its closed
version ≤ or ≥. In this case, we note that the set of valuations that satisfy g is
the topological closure of the set of valuations that satisfy g.

1.1.1. Timed automaton

Now, we can define a timed automaton.

Definition 1.1. A timed automaton is a tuple ⟨L,X ,Σ,∆⟩ where L is a finite
set of locations, X is a finite set of clocks, Σ is a finite set of actions and ∆ ⊆
L× Σ× Guards(X )× 2X × L is a transition relation.

An example of a timed automaton is depicted in Figure 1.1. We defined timed
automata such that they only use non-diagonal guards. An equivalent model that
is exponentially more succinct may be defined with diagonal guards [Bér+98].

Paths A path of a timed automaton is a finite or infinite sequence of consecutive
transitions ℓ0

δ0−→ ℓ1
δ1−→ · · · where δ0, δ1, . . . ∈ ∆ and ℓ0, ℓ1, . . . ∈ L. Since initial

and intermediate locations are uniquely defined by the sequence of transitions,
we sometimes denotes a path by δ0 · δ1 · · · . Moreover, we denote by π1 · π2 the
concatenation of a finite path π1 ending in location ℓ and another path π2 starting
in location ℓ. We let FPathsA (or FPaths when the timed automaton is clear from
the context) be the set of all finite paths of A.

Given a finite path π, we let |π| be its length, which is its number of transitions,
and |π|δ the number of occurrences of a given transition δ in π.

Example 1.2. We consider the timed automaton depicted in Figure 1.1 and

π = ℓ0
δ0−→ ℓ0

δ1−→ ℓ1
δ3−→ ℓ0

δ0−→ ℓ0

is a finite path of length |π| = 4. This path is also denoted by δ0 · δ1 · δ3 · δ0. ⌟
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Semantics of a timed automaton Given a timed automaton, its semantics is
given by an infinite graph (also called a configuration graph) where a configuration
is a location and a valuation, e.g. (ℓ0, 0) or (ℓ0, 0.5) in the timed automaton of Fig-
ure 1.1. In particular, we denote by ConfA (resp. Conf when the timed automaton
is clear from the context) the set of configurations induced by the timed automaton
A. The configuration graph explains all the relationships between the configura-
tions via feasible transitions. Given a configuration (ℓ, ν), a decision (δ, t) is a pair
given by a transition δ = (ℓ, a, g, Y, ℓ′) and a delay t, e.g. (δ0, 0) and (δ0, 0.5) are
two decisions from the configuration (ℓ0, 0) in the timed automaton of Figure 1.1.
Moreover, we say that a decision (δ, t) with δ = (ℓ, a, g, Y, ℓ′) is feasible from the
configuration (ℓ, ν) when ν + t |= g. E.g. in Figure 1.1, from (ℓ0, 0), the decision
(δ0, 0) is not feasible whereas the decision (δ0, 0.5) is.

Definition 1.3. Let ⟨L,X ,Σ,∆⟩ be a timed automaton. Its semantics is the
system of transitions defined by the tuple ⟨Conf, E⟩ such that Conf ⊆ L× RX

≥0 is

the set of configurations and E is the set of edges such that (ℓ, ν)
δ,t−→ (ℓ′, ν ′) ∈ E

with δ = (ℓ, a, g, Y, ℓ′) ∈ ∆, if ν + t |= g and ν ′ = (ν + t)[Y := 0].

Finite plays A finite play (called run in the literature) in a timed automaton con-
sists of a finite sequence of edges from its semantics, i.e. (ℓ0, ν0)

δ0,t0−−→ (ℓ1, ν1)
δ1,t1−−→

(ℓ2, ν2) · · · (ℓk, νk). We denote by I(ρ, δ) the interval1 of delays t such that the play
ρ can be extended with the decision δ,t−→. This extension is sometimes denoted
ρ[δ, t]. Since intermediate configurations are uniquely defined by the initial config-
uration and the sequence of transitions and delays, we sometimes denote a play ρ
by (ℓ0, ν0)[δ0, t0] · · · [δk−1, tk−1]. The concatenation of two finite plays ρ1 ending in
configuration (ℓ, ν) and ρ2 starting in configuration (ℓ, ν), is denoted by ρ1ρ2. We
let FPlaysA (resp. FPlays when the timed automaton is clear from the context) be
the set of all finite plays in A.

Example 1.4. We consider the timed automaton depicted in Figure 1.1 and

ρ = (ℓ0, 0)
δ0,0.1−−−→ (ℓ0, 0)

δ0,0.3−−−→ (ℓ0, 0)
δ1,0.2−−−→ (ℓ1, 0.2)

δ2,1.05−−−−→ (ℓ1, 0)

is a finite play sometimes denoted (ℓ0, 0)[δ0, 0.1][δ0, 0.3][δ1, 0.2][δ2, 1.05]. Moreover,
the set of delays that can extend ρ with transition δ2 is I(ρ, δ2) = [1,+∞). ⌟

Given a finite play ρ, we let |ρ| be its length which is its number of edges, and
|ρ|δ be the number of occurrences of a given transition δ in ρ. More generally, for

1It is an interval since guards are conjunctions of affine inequality constraints on clocks. More
precisely, for each constraint given by an inequality over the valuation of one clock, adequate
delays are described by a (possibly empty) interval. Then, I(ρ, δ) is defined by the intersection
of these intervals.
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a play ρ and a set A of transitions, we let |ρ|A be the number of occurrences of all
transitions from A in ρ, i.e. |ρ|A =

∑
δ∈A |ρ|δ.

Example 1.5. We consider the finite play ρ defined in Example 1.4. Its length is
|ρ| = 4 and by letting A = {δ1, δ2}, we have |ρ|A = 2.

Each finite play ρ of a timed automaton is associated with a unique finite path
π (by projecting away everything but the transitions): we say that ρ follows the
path π. We also let last(π) and last(ρ) be the last location or configuration of a
finite path π and play ρ. Finally, a path is said to be maximal if it is infinite or
no feasible decision exists from all valuations in the last location of the path. A
maximal play is then a maximal sequence of consecutive edges, i.e. a maximal play
following a maximal path.

Example 1.6. We consider the finite play ρ defined in Example 1.4. It follows
the finite path

π = ℓ0
δ0−→ ℓ0

δ0−→ ℓ0
δ1−→ ℓ1

δ2−→ ℓ1 . ⌟

1.1.2. Timed game

A timed game [AHK98; AM99] is a two-player extension of a timed automaton
where the two players are denoted by Min and Max. More precisely, a turn-based
timed game is based on a timed automaton where the set of locations is partitioned
into two distinct sets (one for each player).

Definition 1.7. A (turn-based) timed game is a tuple A = ⟨LMin, LMax,X ,Σ,∆⟩
such that L = LMin ∪ LMax with LMin ∩ LMax = ∅ and ⟨L,X ,Σ,∆⟩ is a timed au-
tomaton.

Example 1.8. From the timed automaton depicted in Figure 1.1, we define a
timed game such that LMin = {ℓ0} and LMax = {ℓ1}. ⌟

A one-player timed game is a special class of timed games where all locations of
a given timed game belong to a unique player, i.e. LMin = ∅ or LMax = ∅. In this
case, the timed game has the same behaviour as the underlying timed automaton.

Semantics for timed games Given a timed game A, we define its semantics
by the one of the underlying timed automaton, i.e. in terms of a turn-based game
played on an infinite transition system (called game structure) whose vertices are
configurations of the timed game.

Since a timed game is a two-player game, its set of configurations is split amongst
players. In particular, we denote by ConfAMin (resp. ConfAMax) the set of configura-
tions of Min (resp. Max) or ConfMin (resp. ConfMax) when the timed game is clear
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from the context. Intuitively, the alphabet of the game structure is ∆× R≥0 and
models decisions (δ, t) encoding the delay t that the current player (given by the
location) wants to spend in the current location before firing transition δ.

Formally, we define the semantics of a timed game as follows:

Definition 1.9. Let A = ⟨LMin, LMax,X ,Σ,∆⟩ be a timed game. Its semantics,
denoted by JAK = ⟨Conf, E⟩, is a system of transitions over the set of configurations
of A such that E is equal to{

(ℓ, ν)
δ,t−→ (ℓ′, ν ′) | δ = (ℓ, g, Y, ℓ′) ∈ ∆, ν + t |= g, and ν ′ = (ν + t)[Y := 0]

}
.

We extend the notions of path and finite play from timed automata. In par-
ticular, FPlaysA,Min (resp. FPathsA,Min) and FPlaysA,Max (resp. FPathsA,Max) denote
the finite plays (resp. paths) ending in a configuration (resp. location) of Min and
Max. To lighten the notations, when the timed game is clear from the context, we
may omit the subscript A.

Strategies A strategy models the decisions of one of the players along plays.
Formally, given A = ⟨LMin, LMax,X ,Σ,∆⟩ a timed game, a deterministic strat-
egy for Min (resp. Max) in A is a mapping σ : FPlaysA,Min → ∆ × R≥0 (resp.
τ : FPlaysA,Max → ∆×R≥0) such that for all finite plays ρ ∈ FPlaysA,Min (resp. ρ ∈
FPlaysA,Max) ending in configuration (ℓ, ν), there exists an edge (ℓ, ν)

σ(ρ)−−→ (ℓ′, ν ′)
in JAK. We let dStratMin(A) (resp. dStratMin) and dStratMax(A) (resp. dStratMax)
denote the set of deterministic strategies in A (resp. if A is clear from the context)
for players Min and Max, respectively. In the following, we will always use letters
σ and τ to differentiate from deterministic strategies of Min and Max.

Example 1.10. We consider the timed game defined in Example 1.8. We fix a
deterministic strategy for Min defined, for all finite plays ρ, by

σ(ρ) =


(δ1, 1) if last(ρ) = (ℓ0, 0);
(δ0, 0) if last(ρ) = (ℓ0, ν) with 0 < ν < 1;
(δ1, 1) if last(ρ) = (ℓ0, ν) with 1 ≤ ν.

⌟

A play or finite play ρ = (ℓ0, ν0)[δ0, t0][δ1, t1] · · · conforms to a deterministic
strategy σ of Min if for all k such that (ℓk, νk) belongs to Min, we have that (δk, tk) =
σ
(
(ℓ0, ν0)[δ0, t0] · · · [δk−1, tk−1]

)
. An analogous definition holds for strategies of Max.

Moreover, a finite path π is said to be conforming to a strategy σ (resp. τ) if there
exists a finite play following π that is conforming to σ (resp. τ).
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ℓ0 ℓ1
δ1 : a, 0 < x < 1, x := 0

δ2 : {a, b}, 0 < x < 1, x := 0δ0 : b, 0 < x < 1, x := 0

Figure 1.2 – A concurrent timed game where Min uses action a and Max uses action b.

Given two deterministic strategies σ and τ , we let Play((ℓ, ν), σ, τ) be the out-
coming play of σ and τ defined as the unique maximal play conforming to σ and
τ and starting in configuration (ℓ, ν).

Example 1.11. We consider the timed game defined in Example 1.8. We fix a
deterministic strategy for Max defined, for all finite plays ρ, by

τ(ρ) =

{
(δ3, 0) if last(ρ) = (ℓ1, ν) with ν < 1;
(δ2, 0) if last(ρ) = (ℓ0, ν) with 1 ≤ ν.

In particular, by considering the deterministic strategy for Min defined in Exam-
ple 1.10, the outcoming play of σ and τ is

Play((ℓ0, 0), σ, τ) =
(
(ℓ0, 0)

δ1,1−−→ (ℓ1, 1)
δ2,0−−→ (ℓ1, 0)

δ3,0−−→ (ℓ0, 0)
)ω
. ⌟

A useful restriction over strategies is the absence of memory, i.e. if the chosen
decision only depends on the last configuration of plays. A (deterministic) strategy
σ of Min is memoryless if for all finite plays ρ, ρ′ such that last(ρ) = last(ρ′), we
have that σ(ρ) = σ(ρ′). A similar definition holds for Max.

Example 1.12. Both deterministic strategies σ (resp. τ) defined in Example 1.10
(resp. Example 1.11) are memoryless strategies. ⌟

Concurrent timed game An extension2 of turn-based games is concurrent timed
games [AHK98]: instead of using locations, concurrent timed games are based on
timed automata where Σ is split into two distinct subsets containing the actions
of each player. On each turn, both players simultaneously choose a decision from
their set of actions, i.e. the chosen transition must be labelled by an action of
the player. The player who chooses the shortest3 delay wins this turn and applies
his decision.

Example 1.13. We consider the concurrent timed game depicted in Figure 1.2.

2In the literature, timed games were first introduced like concurrent timed game.
3A problem may arrive when players choose the same delay. In this case, we use an external

strategy, called a scheduler, to choose the winner of the turn.
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The set of possible decisions from (ℓ0, 0) for both players is of the form {(a, t) |
t > 0} where a ∈ {a, b} is the action of the player. ⌟

Objectives To define a timed game, we need a timed automaton and an objective
to define which player wins. In this work, we focus on zero-sum objectives, i.e. each
play is winning for exactly one player. In particular, we focus on the reachabil-
ity objective [AHK98; AM99] and its quantitative extension [ABM04; Bou+04a]
with weighted timed games. However, we note that other objectives have been
also considered for timed games like Büchi timed games [Bou+11], parity timed
games [CHP08a], or energy and mean-payoff timed games [BCR14].

1.2. Reachability timed games

We consider a particular class of (turn-based) timed games: the reachability timed
games [AHK98; AM99; JT07], defined as timed games with reachability objec-
tives. Moreover, we introduce classical tools to solve such classes of games: region
abstraction and attractor computation. Formally, we define a reachability timed
game as follows:

Definition 1.14. A reachability timed game (RTG for short) is a tuple A = ⟨LMin,
LMax, LT , Lu,X ,∆⟩ where

• L = LMin⊎LMax⊎LT is a finite set of locations split between players Min and
Max, and a set of target locations;

• Lu ⊆ L is a finite set of urgent locations where time cannot be delayed;

• X is a finite set of clocks;

• ∆ ⊆ L× Guards(X )× 2X × L is a finite set of transitions.

We note that our definition is not usual. Indeed, the presence of urgent locations
is not standard: in a timed automaton with several clocks, urgency can be modelled
with an additional clock u that is reset just before entering the urgent location and
with guards u = 0 on outgoing transitions. However, when we limit the number of
clocks to one, we regain modelling capabilities by allowing for such urgent locations.
In drawings, to recognise them, urgent locations will be displayed with a u inside.

1.2.1. Semantics in reachability timed games

Given an RTG A = ⟨LMin, LMax, LT , Lu,X ,∆⟩, we define its semantics using the
one of the timed game ⟨LMin, LMax,X ,∆⟩, i.e. in terms of a game played on an
infinite transition system whose vertices are configurations of A.
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ℓ0 ℓ1

ℓ2

u

ℓ3

,

δ6 : x < 1

δ7 δ1 : x ≤ 1

δ2 : x = 1;x := 0

δ3 : x = 1 δ4 : x ≤ 1

δ5 : x = 1

Figure 1.3 – A (one-clock) RTG with a target location is , and an urgent location ℓ3. Lo-
cations belonging to Min (resp. Max) are depicted by circles (resp. squares).
Transitions that contain the reset of the clock x are labelled with x := 0.

More precisely, instead of only splitting the set of configurations among players,
we also define final configurations such that their locations are in LT . Moreover,
without loss of generality, we suppose the absence of deadlocks except on target
locations, i.e. for each configuration (ℓ, ν) with ℓ ∈ L \ LT , a feasible decision
exists from it, and no transitions start in LT . Formally, we define the semantics
of an RTG as follows.

Definition 1.15. Let A = ⟨LMin, LMax, LT , Lu,X ,∆⟩ be an RTG. Its semantics,
denoted by JAK = ⟨ConfA, E⟩, is the semantics of the timed game defined when
target locations are also locations of Min, i.e. by ⟨LMin ∪LT , LMax,X , ∅,∆⟩, and E
verifies that for all urgent locations ℓ, only edges (ℓ, ν)

δ,0−→ (ℓ′, ν ′) belong to E.

An example of RTG is depicted in Figure 1.3.

Plays and paths Since the objective of Min is to reach a target configuration, we
denote by TPlays the set of finite plays ending in a target configuration. Finally,
we let TPlaysρ (resp. TPlaysnρ) be the subset of TPlays that contains plays starting
in the last configuration of the finite play ρ (resp. and containing n edges, i.e. of
length n).

A target path is a finite path ending in the target set LT . We denote by TPaths
the set of target paths. We let TPathsρ (resp. TPathsnρ) be the subset of target
paths that start from the last location of the finite play ρ (resp. and containing n
transitions without taking into account the size of ρ).

A cyclic path is a finite path that starts and ends in the same location. A cyclic
play is a finite play that starts and ends in the same configuration: it necessarily
follows a cyclic path, but the reverse might not be true since some non-cyclic plays
can follow a cyclic path (if they do not end in the same valuation as the one in
which they start) as illustrated in the following example.
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c ≤ x ∧ g;Y

x = M+ 2;x := M+ 1

c ≤ x ≤ M+ 2 ∧ g;Y

Figure 1.4 – On the left, a transition in a timed automaton where the clock x is not
bounded. On the right, a bounded version given by [Beh+01] of this tran-
sition where M is the greatest constant that appears in guards of the timed
automaton. We denote by x := M+1 the operation on valuations such that
the valuation ν[x := M+1](y) is equal to M+1 if x = y and ν(y) otherwise.

Example 1.16. In the RTG depicted in Figure 1.3, plays that follow the cyclic
path π = ℓ0

δ1−→ ℓ1
δ2−→ ℓ0 are cyclic only when they start from (ℓ0, 0) (since δ2 resets

the clock). ⌟

Strategies Again we extend the definition of deterministic strategies from timed
games in this context. In particular, given an RTG, a deterministic strategy is
called winning for this RTG if, for all maximal plays conforming to it, plays end in
a target configuration, i.e. belongs to TPlays. More formally, from the configuration
(ℓ, ν), a deterministic strategy σ of Min is winning if, for all deterministic strategies
τ of Max, Play((ℓ, ν), σ, τ) ∈ TPlays.

Example 1.17. We consider the timed game depicted in Figure 1.3. We fix a
deterministic strategy for Min defined, for all configurations (ℓ0, ν) with ν ≤ 1, by

σ(ℓ0, ν) = (δ3, 1− ν) .

We note that this deterministic strategy is winning for Min from (ℓ0, 0). ⌟

Finally, we note that this class of timed games is positionally determined, i.e.
either Min or Max wins with a memoryless strategy [JT07, Theorem 1]. We recall
algorithms computing a winning strategy for the player that wins a given RTG in
Section 1.2.3.

Clock bounding Seminal works in timed games [ABM04; Bou+04a] have as-
sumed that clocks are bounded. This is known to be without loss of generality for
(weighted) timed automata [Beh+01, Theorem 2]: it suffices to replace transitions
with unbounded delays with self-loop transitions periodically resetting4 the clocks

4The model uses a more permissive reset operator: the model admits the reset of a clock with
a given value and not only to 0 as in our model. However, timed automata using such
resets are known to be equivalent to classical timed automata [Bou+04b, Theorem 9]. This
transformation does not add new behaviours to our system.
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c ≤ x ∧ g;Y
M < x ≤ 2M ∧ g; {x := M} ∪ Y

c ≤ x ≤ M ∧ g;Y

Figure 1.5 – On the left, a transition of an RTG where the clock x is not bounded. On the
right, a bounded version of this transition where M is the greatest constant
that appears in guard of the RTG. We denote with {x := M} ∪ Y the set of
reset such that x use the special reset x := M when x /∈ Y , otherwise xM0.

(Figure 1.4 illustrates this transformation). However, in timed games, this trans-
formation increases the power of Max: he can stay in the same location forever.

Fortunately, in an RTG, we can adapt this technique to bound the clocks without
loss of generality. In particular, we prefer to duplicate the transition with a guard
that admits to elapse M units of time (Figure 1.5 illustrates this transformation).
In this case, we do not create a new loop (so Max can not avoid the target locations),
and the elapsing time for other clocks is always admited.

1.2.2. Region abstraction

To analyse a timed system, we use the crucial notion of regions defined by an
equivalence relation over the valuations, as introduced in [AD94].

Definition 1.18. With respect to the set X of clocks and the upper bound M on
the valuation of clocks, a region is a subset of valuations in [0,M)X characterised
by a pair (ι, β) where ι : X → [0,M) ∩ N and β is a partition of X into subsets
β0 ⊎ β1 ⊎ · · · ⊎ βm (with m ≥ 0), where β0 can be empty but for all 1 ≤ i ≤ m, the
set βi is not empty. We denote by Reg(X ,M) the set of regions (that partitions
the set [0,M)X of valuations) bounded by M.

Example 1.19. The left of Figure 1.6 represents the 24 regions over two clocks
{x1, x2} bounded by the maximal constant M = 2. The red region contains only
one valuation (1, 0) and is characterized by ι = (1, 0) and β0 = {x1, x2}. The set of
valuations {ν | ν(x1) = 0∧1 < ν(x2) < 2} is the green region characterized by ι =
(0, 1) and β0 = {x1} < β1 = {x2}, whereas the set of valuations {ν|0 < ν(x1) < 1}
is the blue region characterized by ι = (0, 0) and β0 = ∅ < β1 = {x1, x2}. Finally,
the orange region defined by ι = (0, 0) and β0 = ∅ < β1 = {x1} < β2 = {x2}
denotes the set of valuations {ν|0 < ν(x1) ≤ ν(x2) < 1}. ⌟

A valuation ν of [0,M)X belongs to the region characterised by (ι, β) if

• for all x ∈ X , ι(x) = ⌊ν(x)⌋;
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• for all x ∈ β0, fract(ν(x)) = 0;

• for all 0 ≤ i ≤ m, for all x, y ∈ βi, fract(ν(x)) = fract(ν(y));

• for all 0 ≤ i < j ≤ m, for all x ∈ βi and all y ∈ βj, fract(ν(x)) < fract(ν(y)).

A region r′ is said to be a time successor of the region r if there exists ν ∈ r,
ν ′ ∈ r′, and t > 0 such that ν ′ = ν+ t. In particular, if r is a region, then the time
successor of valuations in r form a finite union of regions, and the reset r[Y := 0]
of Y ⊆ X is also a region.

Finally, an RTG can be extended with the region information: the partition into
regions can be maintained throughout plays in an RTG. By forgetting about the
precise valuation of clocks, we obtain a finite abstraction called the region game
(or region automaton).

The set of valuations contained in a region r characterised by (ι, β) with β =
β0 ⊎ β1 ⊎ · · · ⊎ βm can be described by the (diagonal) guard g0 ∧ g1 ∧ · · · ∧ gm with

g0 =
∧
x∈β0

(
x = ι(x)

)
, g1 =

∧
x,y∈β1

(
0 < x− ι(x) = y − ι(y) < 1

)
and for i ∈ {2, . . . ,m},

gi =
∧

x,y∈βi

(
z − ι(z) < x− ι(x) = y − ι(y) < 1

)
where z is any clock of βi−1. To define the game of regions as a timed game, we
cannot use diagonal guards. However, in the construction, we want to use these
guards to constrain the time-elapsing: by firing a transition, the obtained region
is a time successor region on which some clocks have been reset. Since the time-
elapsing does not affect the diagonal component of the guard (the clocks evolve
at the same speed), they are not discriminating and we can “forget” the diagonal
atomic constraints to define the guards in the region game.

Definition 1.20. Let A = ⟨LMin, LMax, LT , Lu,X ,∆⟩ be an RTG such that all
clocks are bounded by M. By letting Reg(X ,M) be the set of regions for the set
of clocks X bounded by M, the region game, is the RTG R(A) = ⟨QMin, QMax,
Qt, Qu,X ,∆′⟩ whose locations, called region states, are QMin = LMin × Reg(X ,M),
QMax = LMax × Reg(X ,M), Qt = LT × Reg(X ,M) and Qu = Lu × Reg(X ,M), and
∆′ is defined by all transitions

(
(ℓ, r), g′′, Y, (ℓ′, r′)

)
with (ℓ, g, Y, ℓ′) ∈ ∆ such that

the model of the guard g′′ (i.e. all valuations ν such that ν |= g′′) represents a
region r′′, time successor of r such that r′′ satisfies the guard g, and r′ is the region
obtained from r′′ by resetting all clocks of Y .
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x1
0 1 2

x2

1

2
ℓ0, {0}

ℓ1, {0}

ℓ1, (0, 1)

ℓ1, {1}

ℓ2, {0}

ℓ2, (0, 1)

ℓ2, {1}

,

x = 1

x = 0

0 < x < 1

x = 1

x = 1;x := 0

x = 1;x := 0

x = 1
x := 0

x = 0

0 < x < 1

x = 1

0 < x < 1

x = 1

x = 1

x = 1

x = 1

x = 1

Figure 1.6 – On the left, regions for two clocks {x1, x2} bounded by 2. On the right, the
restriction (according to locations ℓ0, ℓ1, ℓ2 and ,) of the region game from
the RTG depicted in Figure 1.3.

An example of a region game is depicted on the right in Figure 1.6. Given an
RTG, the number of locations in its region game depends on the number of regions
over its clock.

We call a region path a finite or infinite sequence of transitions in a region game,
and we again denote by π such paths. A play ρ in A is projected on a region path
π, with a similar definition as the projection on paths: we again say that ρ follows
the region path π. It is important to notice that even if π is a cyclic region path
(i.e. starts and ends in the same location as the region game), there may exist
plays following it in A that are not cyclic because regions are sets of valuations.

1.2.3. Reachability objective and attractor

Knowing the region game of an RTG, we can solve it by applying another classi-
cal tool to solve a (finite) game under a reachability objective: an attractor. In
particular, we know that:

Theorem 1.21 [JT07, Theorem 21]. Deciding if there exists a winning determin-
istic strategy Min in an RTG is EXPTIME-complete for at least two clocks.

The algorithm to solve an RTG consists of a computation of an attractor strategy
in the region game that is done in exponential time. For the hardness result, au-
thors used a reduction to a countdown game5 that is known as EXPTIME-complete

5A countdown game is a (finite) weighted game such that at each turn, the first player chooses
a weight in the set of weights induced by the outcoming transitions, and then the second
player responds by applying a transition with this weight. From an initial node with an
initial budget, solving this game asks if the first player can reach any node with an exact
budget of 0.
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to solve it by [JSL08, Theorem 4.5].

Attractor computation and attractor strategies Deciding the winner of clas-
sical reachability games, i.e. turn-based two-player games over a finite graph under
a reachability objective, can be done in polynomial time [Tho95; GTW02] via an
attractor computation. We introduce this notion for finite games, but it is easily
extended to the semantics of RTG.

We consider a finite reachability game ⟨S,E⟩ where S is a finite set of states
partitioned between players Min and Max, and E ⊆ S × S. We recall the classical
notion of the attractor of a player towards a set of states ST ⊆ S: an attractor
computation defines the sequence of winning states sets within i steps, (Wi)i ⊆ S,
by induction on i ∈ N: W0 = ST , and for all i ∈ N, s ∈ Wi+1 if and only if
s ∈ Wi or

1. s belongs to Min, and there exists an edge s −→ s′ such that s′ ∈ Wi;

2. s belongs to Max, and for all edges s −→ s′, we have s′ ∈ Wi.

It is well-known that this sequence computed as a fixpoint converges in linear time
in |S|+ |E|.

The crucial point for our work is that this computation defines a memoryless
strategy, called an attractor strategy ensuring that a target state is reached in
less than |S| steps from every state. Moreover, this strategy is computable in
polynomial time in |S|+ |E|. In particular, by extending this notion to RTG, we
fix:

Theorem 1.22 [Tho95]. Let A = ⟨LMin, LMax, LT , Lu,X ,∆⟩ be an RTG and an
initial configuration (ℓ, ν), if Min has a winning strategy from (ℓ, ν), then there
exists an attractor strategy, i.e. a winning memoryless strategy σ. Moreover, it is
such that, for all τ deterministic strategies of Max,

|Play((ℓ, ν), σ, τ)| ≤ |L× Reg(X ,M)| .

About concurrent reachability timed games Even if we focus later on turn-
based reachability timed games, we can extend the reachability problem to concur-
rent timed games. In this case, the problem of the existence of a winning strategy
for Min is decidable, but a winning strategy for Min (unlike for RTG) may re-
quire infinite memory to control the element of surprise of the game [Alf+03] as
illustrated in the following example.

Example 1.23. We consider the concurrent reachability timed game depicted
in Figure 1.2 where LT = {ℓ1} in which Min plays with action a and Max with
action b. In this game, Min wins only with an infinite memory deterministic
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strategy. As long as the decision of Min is not winning, its next decision contains
a delay closer to 0. Thus, a winning deterministic strategy for Min maintains an
extra global value of the clock to choose the right delay when it is in ℓ0. Formally,
if the current configuration is (ℓ0, ν) for a valuation ν, the strategy uses a new
infinitely precise global clock without a reset, denoted y and chooses (a, 1/2ν(y)) at
each turn. This strategy is winning since either Max always chooses a decision
with a smaller delay and the conformed play is time-convergent6, or there exists a
moment when Min chooses a smaller delay than Max, and the play reaches ℓ1. ⌟

1.3. Weighted timed games

We now define the principal object of our study, weighted timed games, as a
weighted extension of RTGs. In particular, Min wants to win in the RTG and
minimises a measure function encoded by a weight function that models the per-
formance of the system. This class of games can be seen as an infinite shortest-path
game where Min wants to reach a target location while minimising the weight to
do it. Formally, we define a weighted timed game as follows:

Definition 1.24. A weighted timed game (WTG for short) is a tuple G = ⟨LMin,
LMax, LT , Lu,X ,∆,wt⟩ where ⟨LMin, LMax, LT , Lu,X ,∆⟩ is its underlying RTG and
wt : ∆ ⊎ L→ Z is a weight function.

Figure 1.7 illustrates a WTG where unlabelled edges correspond to weight 0.
Again, the presence of urgent locations is also unusual but increases modelling
capabilities by allowing for such urgent locations when we limit WTGs with only
one clock. The weight of an urgent location is never used and will thus not be
given in drawings: instead, urgent locations will be displayed with u inside (as for
RTGs).

The semantics of a WTG is defined as a weighted extension of the semantics of
its underlying RTG. Formally, we fix:

Definition 1.25. The semantics of G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩, denoted
by JGK = ⟨ConfG, E,wt⟩ is a weighted transitions system such that ⟨ConfG, E⟩ is
the semantics of the underlying RTG, and for all configurations (ℓ, ν) ∈ ConfG,
wrt(ℓ, ν) = wt(ℓ) as well as for all edges (ℓ, ν)

δ,t−→ (ℓ′, ν ′) ∈ E, wrt
(
(ℓ, ν)

δ,t−→
(ℓ′, ν ′)

)
= wt(δ).

Since both semantics are only separated by the weight function, the definition
of plays, paths and deterministic strategies are easily extended to WTGs.

6To avoid an undesirable behaviour when Max always plays a decision with a null delay and
blocks the game, we suppose that Min wins when plays reach a target location or the game
produces an infinite play in which Min makes only a finite number of decisions and the global
time is finite. This hypothesis is called Min blameless in [Alf+03].
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δ6 : x < 1;1

δ7 δ1 : x ≤ 1

δ2 : x = 1;x := 0;1

δ3 : x = 1;1 δ4 : x ≤ 1

δ5 : x = 1

Figure 1.7 – A (one-clock) WTG associated with the RTG depicted in Figure 1.3. Its
weights are depicted in bold font, and the missing ones are 0.

Given a WTG G, we denote by Wloc (resp. Wtr, and We) the maximal weight in
absolute values of locations (resp. of transitions, and edges) of G, i.e.

Wloc = max
ℓ∈L

|wt(ℓ)| Wtr = max
δ∈∆

|wt(δ)| We = MWloc +Wtr

where M is the bound over clocks. Moreover, we denote by W = max(Wloc,Wtr)
the maximal weight constant of G.

1.3.1. Deterministic value

A main difference between WTGs and RTGs is the objective of Min: in a WTG,
Min wants to reach a target configuration while minimising the cumulated weight
up to the target location. To define the winner in this class of games, we first asso-
ciate with every finite play ρ = (ℓ0, ν0)

δ0,t0−−→ (ℓ1, ν1)
δ1,t1−−→ · · · (ℓk, νk) its cumulated

weight, taking into account both discrete and continuous costs:

wtΣ(ρ) =
k−1∑
i=0

[ti × wt(ℓi) + wt(δi)] .

A maximal play ρ (either infinite or trapped in a deadlock that is, necessarily, a
target configuration) is associated with a payoff P(ρ) defined as follows: the payoff
of an infinite play (meaning that it never visits a target location) is +∞, while
the payoff of a finite play is wtΣ(ρ). Given a finite path π, the set of weights of
the plays following π is known to be an interval of R that is closed when all the
guards along the path are closed constraints, by [Beh+01].

A deterministic strategy σ ∈ dStratMin guarantees a certain (deterministic) value,
against all possible strategies of the opponent (a symmetric definition can be given
for strategies of Max): for all configurations (ℓ, ν), we let

dValσG(ℓ, ν) = sup
τ∈dStratMax(G)

P
(
Play((ℓ, ν), σ, τ)

)
.
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Then, for all configurations (ℓ, ν), we define the deterministic value from (ℓ, ν)
under the point of view of Min by

dValG(ℓ, ν) = inf
σ∈dStratMin(G)

dValσG(ℓ, ν) .

Similarly, we define the deterministic value from (ℓ, ν) under the point of view of
Max by

dValG(ℓ, ν) = sup
τ∈dStratMax(G)

inf
σ∈dStratMin(G)

P
(
Play((ℓ, ν), σ, τ)

)
.

Since, for all configurations (ℓ, ν), WTGs are known to be determined [Bri+15,
Theorem 2.2], i.e. dValG(ℓ, ν) = dValG(ℓ, ν), we denote by dValG(ℓ, ν) this value.
To lighten the notations, when the WTG is clear from the context, we may omit
the subscript G.

Finally, we say that a deterministic strategy σ of Min is optimal if, for all con-
figurations (ℓ, ν),

dValσG(ℓ, ν) ≤ dValG(ℓ, ν) .

Because of the infinite nature of the WTG, optimal deterministic strategies may
not exist: for example, a player may want to let time elapse as much as possible,
but with a delay t < 1 because of an open guard, preventing them to obtain the
optimal deterministic value. We will see in Example 1.26 that this situation can
happen even when all guards contain only closed constraints. Thus, we naturally
extend the definition to almost-optimal strategies, taking into account small possi-
ble errors: for all ε > 0, we say that a deterministic strategy σ of Min is ε-optimal
if, for all configurations (ℓ, ν),

dValσG(ℓ, ν) ≤ dValG(ℓ, ν) + ε .

Example 1.26. We consider the WTG depicted in Figure 1.7 and we compute
the deterministic value for the configuration (ℓ0, 0). First, we note that Min has
no interest in following the cyclic path ℓ0

δ6−→ ℓ3
δ7−→ ℓ0 since all plays following it

have weight 1. Jumping directly to the target location via δ3 leads to a weight of
1. But Min can do better: from valuation 0, by jumping to ℓ1 after a delay t ≤ 1,
it leaves a choice to Max to either jump to ℓ2 and then to the target leading to
a total weight of 1 − t, or to loop back in ℓ0 thus closing a cyclic play of weight
−2 (1 − t) + 1 = 2t − 1. If t is chosen greater than 1/2, the weight of the cyclic
path is greater than 0, and Max will benefit from it by increasing the total weight.
If t is chosen smaller than 1/2, the weight of the cyclic path is negative, and Max
will prefer to go to the target location to obtain a weight 1− t close to 1, not very
beneficial to Min. Thus, Min prefers to play just below 1/2, for example, at 1/2− ε.
In this case, Max will choose to go to the target with a total weight of 1/2+ ε. The
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deterministic value in configuration (ℓ0, 0), is thus dVal(ℓ0, 0) = 1/2.
Not only Min does not have an optimal strategy (but only ε-optimal ones, for

every ε > 0), but needs memory to play ε-optimally. Min cannot play ad libitum
transition δ1 with a delay 1/2 − ε: in this case, Max would prefer staying in the
cycle, thus avoiding the target location. Thus, Min will play the transition δ1 at
least 1/2ε times so that the cumulated weight of all the cycles is below −1/2, in which
case Min can safely use transition δ3 still earning 1/2 in total. ⌟

We also extend the definition of region games for WTGs from RTGs. The
region game of a WTG is defined by the region game for the underlying RTG
equipped with a weight function inherited from the WTG. In particular, we denote
by R(G) the region game of the WTG G. Moreover, by projecting away the region
information of R(G), we simply deduce:

Lemma 1.27 ([Bus19, Lemma 8.1]). Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a
WTG. For all ℓ ∈ L, regions r and ν ∈ r, dValG(ℓ, ν) = dValR(G)((ℓ, r), ν).

Clock bounding In WTGs, we do not know if we can upper bound clocks without
loss of generality since techniques defined for timed automata and RTGs cannot be
directly applied. Indeed, when clocks are not bounded, Max can stay longer and
longer in a location with a positive weight. In this case, the deterministic value may
be equal to +∞ even if Min guarantees that a target location is reached. Trying
to detect and avoid these situations in our turn-based case seems difficult in the
presence of negative weights since the opportunities of Max crucially depend on the
configurations of deterministic value −∞ that Min could control afterwards. As
the problem of detecting such configurations (for all WTGs) is undecidable [Bus19,
Proposition 9.2], this gives additional evidence to motivate the decision to focus
only on WTGs with bounded clocks.

Remark. When we consider concurrent WTGs, this problem does not hold since
this new power of Max is compensated by always giving Min a chance to leave the
location by playing a fresh action (see [Bou+04a] for details). ◁

1.3.2. Deterministic value problem

Solving a WTG consists computing its deterministic value function, i.e. the deter-
ministic value for all configurations, as well as an ε-optimal deterministic strategy
(for all ε > 0). Introduced in [BJM15], the corresponding decision problem is
the deterministic value problem: given a WTG G, a configuration (ℓ, ν), and a
threshold α ∈ Q ∪ {−∞}, we want to know whether dValG(ℓ, ν) ≤ α.

Even if we restrict ourselves to only non-negative weight functions, the determin-
istic value problem is known undecidable by reducing the problem to the halting
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problem of two-counter machines7 that is known undecidable (by [Min67, Theo-
rem 1]).

Theorem 1.28. The deterministic value problem is undecidable in WTG:

• with at least three clocks and only non-negative weights [BBR05; BBM06];

• with at least two clocks and arbitrary weights [Bri+14].

We can also define the deterministic value problem for +∞, i.e. given a WTG
G, we want to know whether dValG(ℓ, ν) = +∞ for a given configuration (ℓ, ν).
This problem is purely qualitative [Bou+04a; BMR17] and can be thus be solved
with the region game: indeed, dValG(ℓ, ν) = +∞ if and only if Min has no de-
terministic strategies to reach a target location of LT . This is thus a reachability
objective, where weights are useless. Moreover, Max has a strategy that guarantees
that no plays reach the target locations of LT from any configuration (ℓ, ν) such
that dValG(ℓ, ν) = +∞. We thus rule out this case by supposing, in the
following, that no configurations have a deterministic value +∞: such
configurations can be removed in the region game by strengthening the guards
on transitions.

1.3.3. Classes of weighted timed games to recover
decidability

In the following chapters, we will focus on some classes of WTGs for which we
know that the deterministic value problem is decidable. In the one-player case (i.e.,
automata), computing the optimal value and an ε-optimal strategy for weighted
timed automata is known to be PSPACE-complete [Bou+07]. However, when we
focus on two-player games, two orthogonal research directions to recover decid-
ability are studied: reducing the number of clocks or restricting cyclic paths in the
region game.

1.3.3.1. Shortest path games

When we restrict the number of clocks, it is natural to study WTGs without clocks,
generally called shortest-path games (or min-cost reachability games [Bri+17]).
Since there are no clocks, we remove the components regarding the guard and
clock reset from transitions. Moreover, we only provide the weight of transitions

7A two-counter machine is an abstract machine with two registers that contain only non-negative
integers, and it is controlled by a list of arithmetic instructions to move inside the machine
and update the value of the registers (by increment or decrement). The halting problem asks
if, from an initial configuration of the machine, we can execute the whole list of instructions.
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ℓMax ℓMin

,

e1 : 0

e2 : −1

e3 : −10 e4 : 0

Figure 1.8 – An SPG, where Min requires memory to play optimally.

and not of locations (usually called vertices or states in this setting). To summarise,
here is a self-contained definition of this class of game.

Definition 1.29. A shortest-path game (SPG for short) is a tuple ⟨VMax, VMin, VT ,
E,wt⟩ where V := VMax ⊎ VMin ⊎ VT is a finite set of vertices partitioned into the
sets VMax and VMin of Max and Min respectively, and a set VT of target vertices,
E ⊆ V \ VT × V is a set of directed edges, and wt : E → Z is the weight function,
associating an integer weight with each edge.

Example 1.30. We consider G to be the SPG depicted in Figure 1.8. The de-
terministic value of both locations (except the target location) is −10 since Min
guarantees it from ℓMin by jumping 10 times into ℓMax before going to the target
location ,. For Max, we remark that jumping directly to the target ensures him
the deterministic value −10. However, Min cannot achieve this optimal value by
playing without memory: it results either in a weight 0 (by directly going to the
target), or in a weight +∞ (by always going to ℓMax) since Max has the opportunity
to keep Min in the negative cycle forever, thus never reaching the target. ⌟

The deterministic value problem in shortest path games has previously been
studied [Bri+17; BMR17]: both players have optimal strategies such that Max
does not require memory, while Min requires pseudo-polynomial8 size memory.

Theorem 1.31 [Bri+17]. Let G be a shortest path game.

1. Computing all deterministic values (i.e. for all ℓ ∈ V ) can be done in poly-
nomial time in |V | and W .

2. Max has a memoryless optimal deterministic strategy.

1.3.3.2. One-clock weighted timed games

When we consider a restriction on the number of clocks, we note that a single
clock is often sufficient for modelling purposes. In particular, we want to focus

8It is polynomial when weight constants are encoded in unary instead of binary.

42



1. Weighted Timed Games

on one-clock WTGs, i.e. WTGs defined by ⟨LMin, LMax, LT , Lu, {x},∆,wt⟩. Since
one-clock WTGs contain only one clock x, their guards can be seen as interval
constraints on x, i.e. intervals of real values with closed or open bounds that are
natural numbers or +∞.

Regions As there is a single clock, regions partition the set of valuations [0,M)
and their number is polynomial instead of exponential. Let G be a given one-clock
WTG, we define regions by a construction inspired by Laroussinie, Markey, and
Schnoebelen [LMS04], and we call regions of G the set

Reg(G,M) = {(Mi,Mi+1) | 0 ≤ i ≤ k − 1} ∪ {{Mi} | 0 ≤ i ≤ k}

where M0 = 0 < M1 < · · · < Mk are all the endpoints of the intervals appearing
in the guards of G (to which we add 0 if needed). As usual, if r is a region, then
the time successors of valuations in r form a finite union of regions, and the reset
r[x := 0] = {0} is also a region.

Deterministic value problem We introduce one-clock WTGs to recover the de-
cidability of the deterministic value problem. When only non-negative weights are
considered, decidability has been proven in [Bou+06] and later improved in [Rut11;
HIM13] to obtain exponential time algorithms. Despite several recent works, the
decidability status of one-clock WTGs with arbitrary weights was still open.

Positive results obtained for one-clock WTGs with non-negative weights are
based on a reduction to so-called simple WTGs, where the underlying timed au-
tomata contains no guard, no reset, and the clock value along the execution exactly
spans the [0, 1] interval. In simple WTG, it is possible to compute (in exponential
time) the whole deterministic value function starting at time 1, and going back in
time until 0 [Bou+06; Rut11]. Another technique that we will not explore further
in this work, consists of using the paradigm of strategy iteration [HIM13], leading
to an exponential-time algorithm too. A PSPACE lower-bound is also known for
related decision problems [FIS20].

A first extension to negative weights in [Bri+14] uses a different approach to
obtain decidability in pseudo-polynomial time with arbitrary weights on transitions
and rates on locations restricted to two values chosen in the set {−d, 0, d}, with
d ∈ N.

Recent works [Bri+15; Bri+22] extend the positive results of simple WTGs to
arbitrary weights, yielding decidability of reset-acyclic one-clock WTGs, i.e. that
do not contain cyclic paths with a transition with a reset. In particular, the authors
prove that the deterministic value function is continuous and piecewise affine on
each region and is computable in pseudo-polynomial time.

43



1. Weighted Timed Games

Theorem 1.32 [Bri+22, Theorem 6.5]. If G is a reset-acyclic one-clock WTG,
then for all locations ℓ, the piecewise affine mapping ν 7→ ValG(ℓ, ν) is computable
in time polynomial in |L| and W .

In [Bri+22], this result is extended to consider cyclic paths containing reset
transitions when the weight of all the plays following them is not arbitrarily close
to 0 and negative.

1.3.3.3. Divergent weighted timed games

Finally, we conclude this chapter with a (large) class of WTGs that does not
constrain the number of clocks to regain the decidability of the deterministic
value problem. This class is obtained by enforcing a semantical property of diver-
gence (originally called strictly non-Zeno cost when only dealing with non-negative
weights [Bou+04a]): it asks that every play following a cyclic path in the region
game has a weight far from 0. Formally, a cyclic region path π of R(G) is said to
be a positive cycle (resp. a negative cycle) if every finite play ρ following π satisfies
wtΣ(ρ) ≥ 1 (resp. wtΣ(ρ) ≤ −1).

Definition 1.33 [BMR17]. A WTG is divergent if every cyclic region path is
positive or negative.

In [BMR17], it was shown that this definition is equivalent to requiring that for
all strongly connected components (SCC) S of the graph of R(G), either every
cycle π inside S is positive (we say that the SCC is positive), or every cycle π
inside S is negative (we say that the SCC is negative). The best computability
result in this setting is:

Theorem 1.34 [BMR17]. Let G be a divergent WTG. Then, for all locations ℓ, the
piecewise affine mapping ν 7→ ValG(ℓ, ν) is computable in triply-exponential-time.

Towards almost-divergent WTG The class of divergent WTGs can be extended
by considering cyclic region paths with a weight of exactly 0. Such a class of WTGs
is called almost-divergent WTGs (or non-Zeno WTGs) in [BJM15; BMR18]. Even
if the deterministic value problem is still undecidable, an approximation schema
exists to compute an approximation of the deterministic value function with piece-
wise affine and continuous functions over regions [BMR18].
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Introduction

As illustrated in the previous chapter, the deterministic value of WTGs has already
been well-studied. From the first result of undecidability [BBR05], some classes
have been studied to recover the decidability like divergent WTGs or one-clock
WTGs with non-negative weights (see Table I.1). Despite several recent works, a
question remained open: the decidability of the deterministic value problem when
we restrict to a class of one-clock WTGs with arbitrary weights.

In this part, we aim to prove that the deterministic value functions in a one-clock
WTG (with arbitrary weights) can be computed in exponential time (if weights are
encoded in unary and not binary). Moreover, we introduce some main ingredients,
which will have other uses: a fixpoint characterisation for the deterministic value
and switching strategies.

Value iteration algorithm Solving games usually uses a fixpoint iteration algo-
rithm, e.g. attractor computation [Tho95; GTW02], strategy iterations [GS09], and
value iterations [ZP96]. Thus, it is natural to look for a fixpoint characterization
of the deterministic value function to recover the decidability of the deterministic
value problem in some classes of WTGs. It is also the main ingredient in diver-
gent WTGs with non-negative (and arbitrary) weights: the iteration of a given
operator over an initial (continuous) well-chosen function is used. Intuitively, this
operator locally defines the best decision for the current player by computing its
best decision at horizon 1. By iterating this operator, the value iteration algorithm
computes the best option of the current player at the bounded horizon: after the

SPGs one-clock divergent all

N PTIME EXPTIME EXPTIME undecidable
[Knu77; Kha+08] [Rut11; HIM13] [Bou+04a; ABM04] [BBR05]

Z pseudo-polynomial pseudo-exponential 3-EXPTIME undecidable
[Bri+17] Theorem 4.1 [BMR17] [Bri+14]

Table I.1 – Solving the deterministic value problem in weighted timed games where
weights are encoded in binary. We recall that pseudo-polynomial (resp.
pseudo-exponential) means that the time complexity is polynomial (resp. ex-
ponential) when weights are encoded in unary.
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Figure I.1 – On the left is a one-clock WTG in which the value iteration algorithm does
not converge in finite time. On the right, the three iterations first of the
value iteration algorithm for ℓ0 as well as the deterministic value function of
ℓ0 is the limit of the function given by the value iteration algorithm.

ith iteration, it knows the best decisions during the i first steps.
The proof of decidability for divergent WTGs is based on the finite convergence

of the value iteration algorithm. However, when we consider one-clock WTGs,
this algorithm may not finitely converge. In contrast to divergent WTGs, it does
not provide an algorithm to compute the deterministic value function in all one-
clock WTGs.

Example I.1. We consider the one-clock WTG depicted in Figure I.1, and we
want to apply the value iteration algorithm to compute the deterministic value
function of ℓ0. By letting ε > 0 and considering an analogous reasoning as in
Example 1.26, we can see that Min can use the cycle to guarantee the payoff ε
instead of 1 by directly reaching the target, i.e. the deterministic value function is
equal to 0.

Unfortunately, it is this behaviour that the value iteration algorithm can not pass
through: it will compute each approximation (with ε = 1/2i for all i ≥ 0) of the
deterministic value function, which explains why the algorithm does not converge
in finite time when we symbolically compute the deterministic value function from
the value iteration algorithm. First, we note that for all ℓ ∈ L, V0(ℓ, ν) = +∞
except ,.

Now, to compute V1 for a location, we will locally optimise the choice of the
player (minimising if the location belongs to Min, maximising otherwise) according
to the time spent in the location, the transition chosen and the value of V0 obtained
from the reached configuration. Let ν be a valuation such that ν(x) ≤ 1. In
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particular, from ℓ1, Max can not reach the target location within 1 step, so

V1(ℓ1, ν) = max(V0(ℓ0, ν), V0(ℓ2, ν)) = +∞ .

In ℓ2, Max must reach the target location in one step, thus (since there are no
choices for Max), for all i ≥ 1, we have

Vi(ℓ2, ν) = sup
t|t+ν≤1

[
t× 1

]
= 1− ν .

In ℓ0, Min takes the best decision between going to the target location (after a
possible delay) or reaching ℓ1 where V0(ℓ1, ν) = +∞. In particular, Min chooses
to go to the target location and

V1(ℓ0, ν) = min
(

inf
t|t+ν≤1

[
t× 0 + 1

]
, inf
t|t+ν≤1

[
t× 0 +∞

])
= 1 .

Next, to compute V2, we see that only the value function of ℓ1 needs to be
updated. Indeed, the computation for ℓ0 remains identical since the value function
V1 in ℓ1 has not changed. In this case, we remark that Max must reach the target
location by ℓ0 or ℓ2. In particular, by letting ν ≤ 1 be a valuation, we have

V2(ℓ1, ν) = max
(

sup
t|t+ν=1

[
t× (−1) + V1(ℓ0, 0)

]
, sup
t|t+ν≤1

[
t× 1 + V1(ℓ2, ν + t)

])
.

Since t+ ν = 1 when t = 1− ν, we deduce that

V2(ℓ1, ν) = max
(
ν, 1− ν

)
=

{
1− ν if ν ≤ 1

2
;

ν otherwise.

Then, we compute the new value function in ℓ0 where Min can choose between
making once the cyclic path or going to the target. In particular, by the compu-
tation of V1, we deduce that

V3(ℓ0, ν) = min
(
1, inf

t|t+ν≤1

[
t× 0 + V2(ℓ1, ν + t)

])
.

To compute the infimum, we note that ν 7→ V2(ℓ, ν) is decreasing when ν ≤ 1/2,
and is increasing otherwise. In particular, to minimise the value function, Min
wants to wait until 1/2 when ν ≤ 1/2, and directly take the transition, otherwise.
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Thus, we deduce that

V3(ℓ0, ν) = min


1
1
2

if ν ≤ 1
2
;

ν otherwise;
i.e. V3(ℓ0, ν) = min =

{
1
2

if ν ≤ 1
2
;

ν otherwise;

as depicted in red on the right of Figure I.1.
Finally, by continuing the reasoning between ℓ0 and ℓ1, we will remark that

V2i+1(ℓ0, ν) is equal to 1
2i

over (0, 2
i−1
2i

) and ν otherwise. Thus, the computed
function converges to the deterministic value function but not in finite time. ⌟

Nevertheless, the value iteration algorithm induces a fixpoint characterisation
of the deterministic value that gives us tools to achieve the decidability of our
problem. However, the proof of the claim that the deterministic value function is
indeed the greatest fixpoint of the operator1, given in [Bou+04a; Bou16], contains
flaws. Indeed, to prove that this limit is the deterministic value function, the au-
thors suppose that the limit of the iterates of the operator is a continuous function
of R≥0, whereas the limit of a sequence of continuous functions (i.e. functions com-
puted by iterating the operator) may not be continuous. Thus, this fact needs to
be proven: it is the object of Chapter 2 for one-clock WTGs and divergent WTGs.

Switching strategies for Min Another problem of our interest, especially when
the deterministic value function is computable, is the synthesis of optimal (or
almost-optimal) strategies for both players. In particular, to obtain an efficient
algorithm, we look for the simplest class of strategies as possible. However, in
SPGs, Min already needs memory to play optimally, as illustrated in Example 1.30.

Given an SPG, we know from [Bri+17] that Min can optimally play by following a
switching strategy looping in the negative cycle long enough so that, no matter how,
he reaches the target finally. In particular, the switching strategy (a central notion
in our work) sequentially satisfies two objectives of Min (each without memory):
accumulating enough weights before reaching a target location. We note that an
optimal strategy with respect to the deterministic value in SPGs uses pseudo-
polynomial memory.

Given a general WTG, knowing if there exists an almost-optimal switching strat-
egy with respect to the deterministic value is an open question. Since reaching
a target location can always be guaranteed by an attractor strategy (see Sec-
tion 1.2.3), the main difficulty is the definition of the memoryless deterministic

1Fortunately, from the results established in [BMR17], even if this point is not mentioned, the
necessary claim can be recovered in the case of divergent WTGs (at least in the turn-based
case that we consider here, and not necessarily in the concurrent case studied in [Bou+04a])
even in presence of both negative and non-negative weights.

49



Deterministic Value

strategy that reaches a negative cycle. In particular, the existence of such an
almost-optimal switching strategy with respect to the deterministic value implies
that Min can reach a negative cycle, and iterate it while preserving a weight less
than a constant.

Concerning the divergent WTGs, the first part of the switching strategy, i.e.
reaching a negative cycle and staying inside, can be defined by locally taking the
best decision. In particular, we use the fixpoint characterisation of the determin-
istic value function. We will explicitly give this precise construction in Chapter 3.

Decidability of the deterministic value for one-clock WTGs The crucial
ingredient to obtain decidability for non-negative weights or reset-acyclic one-clock
WTGs is to limit the number of reset transitions taken along a play. This is no
longer possible in the presence of cycles of negative weights containing a reset.
There, Min may need to iterate cycles for a number κ of times that depends on
the desired precision ε on the deterministic value (to play ε-optimally, Min needs
to cycle O(1/ε) times, see Example 1.26). To rule out these annoying behaviours,
we rely on three main ingredients:

• As there is a single clock, a cyclic path ending with a reset corresponds to
a cyclic play. We define the deterministic value of such a cycle to identify
which player may benefit from iterating it.

• Using the classical region graph construction, we prove that the deterministic
value function is continuous on the closure of region intervals. From this
result, we deduce that Max has an optimal memoryless deterministic strategy
with respect to the deterministic value, that avoids cycles whose deterministic
value is negative.

• We introduce a partial unfolding preserving the deterministic value of the
one-clock WTG to obtain an acyclic (one-clock) WTG, for which decidability
of the deterministic value problem is known [ABM04]. To do so, we rely on
the existence of almost-optimal switching strategies for Min, allowing us to
limit the depth of exploration. Also, we keep track of cycles encountered and
handle them according to their deterministic value. Finally, we transport the
previous result on the existence of a “smart” optimal strategy with respect
to the deterministic value for Max in the context of this unfolding.

We present the detailed proofs in Chapter 4.

Tools for solving timed games In the literature, we can find some tools designed
to model-check timed systems modelled by timed automata under properties ex-
pressed by real-time TCTL logic [AH91; Ost92; BMN00]. For instance, we can cite
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Uppaal2 [BDL04] (which is the most famous model-checker over timed automata
under reachability properties (notably)) Kronos3 [Yov97; Boz+98] (which imple-
ments a symbolic model-checking algorithm for timed automata), PAT4 [LSD08]
(which implements the compositional verification for event-recording automata5),
or TChecker6 [HSW12] (which checks emptiness for Büchi timed automata).

From the result of decidability in RTGs, a symbolic algorithm allowing tool
development has been proposed in [Beh+07] to provide a tool for synthesis in
timed games. For instance, we note the existence of Uppaal-Tiga7, a controller
synthesis extension of Uppaal. Some extensions have been proposed like EC-
DAR [Dav+10] to improve compositionality inside Uppaal-Tiga, or Uppaal-
Stratego [Dav+15] to study stochastic weighted timed games (that are known as
undecidable) using learning mechanisms. More recently, the extension of PRISM8

for games has also studied turn-based probabilistic timed games that are an ex-
tension of probabilistic timed automata9 in a two-player turn-based game under a
reachability objective [KNP19].

In our knowledge, tools to (exactly) solve a class of WTGs where the determinis-
tic value problem is decidable do not exist. We thus propose a first implementation
to solve all one-clock WTGs (with arbitrary weights) by implementing the symbolic
value iteration algorithm in this case as well as our unfolding. This implementation
is presented in Section 4.5.

2https://uppaal.org/
3https://www-verimag.imag.fr/DIST-TOOLS/TEMPO/kronos/
4https://pat.comp.nus.edu.sg/
5An event-recording automaton [AFH99] is a subclass of deterministic timed automata where

each action is associated with only one clock that measures the time elapsed from the last
occurrence of this action.

6https://www.labri.fr/perso/herbrete/tchecker/
7https://uppaal.org/features/#tiga
8https://www.prismmodelchecker.org/games/
9A probabilistic timed automaton [GJ95; Kwi+02; Bea03] is an extension of timed automata

with a probabilistic distribution over transitions (time remains deterministic).
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2. Fixpoint Characterisation of
the Deterministic Value
Function

Some classes of WTGs for which the value is decidable are solved with a
value iteration algorithm. However, except for acyclic WTGs, the known
proof that claims the correctness of this approach contains flaws. In this
chapter, we explain why we need to use ad-hoc proofs, and we give a proof
for one-clock WTGs and divergent WTGs.

Table of contents
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2.3. The case of one-clock weighted timed games . . . . . . . . . . . . . 58

2.3.1. Iterates of F uniformly converge to the greatest fixpoint of F 58
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2.4. The case of divergent weighted timed games . . . . . . . . . . . . . 67

Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG, its value function dValG : L ×
RX

≥0 → R∞ can sometimes be characterised as a fixpoint (and even the greatest
fixpoint) of the operator F defined as follows: for all configurations (ℓ, ν) and all
mappings X : L× RX

≥0 → R∞, we let

F(X)(ℓ, ν) =


0 if ℓ ∈ LT ;

inf
(ℓ,ν)

δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) +X(ℓ′, ν ′)

)
if ℓ ∈ LMin;

sup
(ℓ,ν)

δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) +X(ℓ′, ν ′)

)
if ℓ ∈ LMax.

From the results established in [BMR18] for divergent WTGs and by adapting
and correcting the sketch given in [Bou16] for concurrent hybrid games with only
non-negative weights in the context of one-clock WTGs with negative weights, we
establish our first contribution:
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Figure 2.1 – On the left, a (one-clock) WTG in which F is not Scott-continuous by con-
sidering, for all locations, the non-increasing sequence of continuous func-
tions on (0, 1) that is depicted on the right.

Theorem 2.1. The value function of a WTG is the greatest fixpoint of the operator
F when

1. the WTG has at most one-clock; or

2. the WTG is divergent.

We begin explaining why the natural proof can not be applied in this context
that justifies the restrictions on WTGs. Then, we prove this theorem in three
steps: 1) we focus on a restriction of F given by a (deterministic) strategy of Min;
2) we make the proof for one-clock WTGs; 3) we conclude about divergent WTGs.

2.1. Kleene’s theorem is not applicable

A natural way1 to obtain the fixpoint characterisation of the value of G would be
to use the fixpoint theory and, more precisely, Kleene’s theorem characterising the
greatest fixpoint as the limit of a sequence of iterates of F before showing that
the limit is equal to the value of G. To be applicable, this theorem requires F to
be Scott-continuous over a complete partial order2 (CPO for short) [Tar55], i.e.
monotonic and such that for all non-increasing sequences (Xi)i∈N of elements of
the CPO, infi F(Xi) = F(infiXi). Unfortunately, although the operator F can be
shown to be monotonic (see Lemma 2.3-1), it is not necessarily Scott-continuous:

1In [Bri+17, Section 3.3], authors use Kleene’s theorem to prove that the value is the greatest
fixpoint of (the untimed version of) F .

2A CPO is a partial order such that every decreasing chain of elements admits a least lower
bound. An introduction to fixpoint theory is given in [Win93, Chapter 8].
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2. Fixpoint Characterisation of the Deterministic Value Function

Example 2.2. We consider the WTG depicted on the left of Figure 2.1. We prove
that F is not Scott-continuous by exhibiting a non-increasing sequence (Xi)i of
functions (that are continuous over regions) such that infiF(Xi) > F(infiXi).
This sequence is depicted on the right of Figure 2.1 and can be defined, for all
configurations (ℓ, ν) and all i ∈ N, by

Xi(ℓ, ν) =

{
1
2i

if 0 < ν ≤ 2i−1
2i

;

(2i − 1)ν + (2− 2i) if 2i−1
2i

< ν < 1 .

Indeed, by considering the location ℓ0 of Max, for all i ∈ N, and all valuations ν,
we have

F(Xi)(ℓ0, ν) = sup
t

(
twt(ℓ0) + wt(δ) +Xi(ℓ1, ν + t)

)
= sup

t
Xi(ℓ1, ν + t) = 1

and thus infi F(Xi)(ℓ0, ν) = 1. Moreover, since infiXi is the null constant function
in (0, 1), we deduce that F(infiXi)(ℓ0, ν) = 0 for all configurations (ℓ0, ν). Thus,
we deduce that F(infiXi)(ℓ0, ν) < infi F(Xi)(ℓ0, ν). ⌟

We thus make a more pedestrian proof only using non-increasing sequences (Xi)i
that uniformly converge over each region, i.e. the restriction of the sequence to each
region uniformly converges. Our proof relies on the following technical results.

Lemma 2.3. 1. F is monotonous over L× R≥0 → R∞.

2. For all X : L× R≥0 → R∞ and a ≥ 0, F(X + a) ≤ F(X) + a.

3. For all non-increasing sequences (Xi)i of functions Xi : L× R≥0 → R∞ that
uniformly converge over each region, infi F(Xi) = F(infiXi).

Proof. 1. Let X,X ′ : L × R≥0 → R∞ be two functions such that X ≥ X ′ (i.e.
for all configurations (ℓ, ν), X(ℓ, ν) ≥ X ′(ℓ, ν)), and (ℓ, ν) be a configuration.
If ℓ ∈ LT , then F(X)(ℓ, ν) = 0 = F(X ′)(ℓ, ν). Otherwise, since X(ℓ′, ν ′) ≥
X ′(ℓ′, ν ′), for all edges (ℓ, ν)

δ,t−→ (ℓ′, ν ′), we have

wt(δ) + twt(ℓ) +X(ℓ′, ν ′) ≥ wt(δ) + twt(ℓ) +X ′(ℓ′, ν ′) .

We conclude the proof by applying the infimum (resp. the supremum) over
all edges in this inequality if ℓ ∈ LMin (resp. ℓ ∈ LMax).

2. We consider a configuration (ℓ, ν), and we distinguish three cases. If ℓ ∈ LT ,
then, since a ≥ 0, we have

F(X + a)(ℓ, ν) = 0 = F(X)(ℓ, ν) ≤ F(X)(ℓ, ν) + a .
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2. Fixpoint Characterisation of the Deterministic Value Function

Now, if ℓ ∈ LMin, then, since a does not depend on edges, we have

F(X + a)(ℓ, ν) = inf
(ℓ,ν)

δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) +X(ℓ′, ν ′) + a

)
= inf

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) +X(ℓ′, ν ′)

)
+ a

= F(X)(ℓ, ν) + a .

Finally, if ℓ ∈ LMax, then, for the same reason, we have

F(X + a)(ℓ, ν) = F(X)(ℓ, ν) + a .

3. Since F is monotonous (item 1), we remark that for all j ∈ N, we have
F(Xj) ≥ F(infiXi). In particular, as this inequality holds for all j ∈ N, we
obtain that

inf
i
F(Xi) ≥ F(inf

i
Xi) .

Conversely, let ε > 0 and r be a region. Since (Xi)i uniformly converges over
the region r to infiXi, there exists jr ∈ N such that Xjr ≤ infiXi + ε over r.
Now, since there are only a finite number of regions, we fix j = maxr jr and
for all regions r, Xj ≤ infiXi + ε. Since F is monotonous and by item 2,

F(Xj) ≤ F
(
inf
i
Xi + ε

)
≤ F

(
inf
i
Xi

)
+ ε .

In particular, we deduce that infiF(Xi) ≤ F
(
infiXi

)
+ε. We conclude since

this inequality holds for all ε > 0.

2.2. Restriction of F according to a strategy
of Min

Before giving the fixpoint characterisation for some classes of WTGs, we turn our
attention towards the link between the value dValσ of a strategy σ of Min and
the restriction Fσ of F according to this strategy by replacing the infimum for
locations of Min with the choice given by σ. However, since we can not (and do
not want to) suppose that σ is memoryless, we need to extend the functions that
Fσ use. Formally, Fσ is a new operator over mappings X : FPlays → R∞ such
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2. Fixpoint Characterisation of the Deterministic Value Function

that Fσ(X)(ρ) is equal to
0 if ℓ ∈ LT ;
wt(δ) + twt(ℓ) +X(ρ[δ, t]) if ℓ ∈ LMin and σ(ρ) = (δ, t);

sup
(ℓ,ν)

δ,t−→(ℓ′,ν′)

[
wt(δ) + twt(ℓ) +X(ρ[δ, t])

]
if ℓ ∈ LMax;

where last(ρ) = (ℓ, ν).
Since the value function dValσ has only been defined for configurations, we need

to extend it over all finite plays. To do that, we define the weight of a play given
by two strategies (σ and τ) from a given finite play ρ by the weight of the unique
play ρ′ conforming to σ and τ from the last configuration of ρ (when σ and τ are
initialised by ρ), i.e.

P(Play(ρ, σ, τ)) = P(ρ′) .

We observe that the weight of ρ is not taken into account in the weight of the play
Play(ρ, σ, τ) even if the play Play(last(ρ), σ, τ) does not describe the same play
(since σ and τ may use some memory). We thus let, for all finite plays ρ,

dValσ(ρ) = sup
τ

P(Play(ρ, σ, τ)) .

Lemma 2.4. Let G be a WTG and σ ∈ dStratMin, then dValσ : FPlays → R∞ is a
fixpoint of Fσ.

Proof. Let ρ be a finite play and (ℓ, ν) its last configuration. If ℓ ∈ LT , then for all
strategies τ of Max, P(Play(ρ, σ, τ)) = 0. Thus, by applying the supremum over
strategies of Max, we obtain that

dValσ(ρ) = sup
τ

P(Play(ρ, σ, τ)) = 0 = Fσ(dValσ)(ρ) .

Now, we suppose that ℓ ∈ LMin, and let σ(ρ) = (δ, t). Thus, for all strategies τ
of Max, we obtain that

P(Play(ρ, σ, τ)) = wt(δ) + twt(ℓ) +P
(
Play(ρ[δ, t], σ, τ)

)
.

In particular, by applying the supremum over strategies of Max, we obtain that

dValσ(ρ) = sup
τ

[
wt(δ) + twt(ℓ) +P

(
Play(ρ[δ, t], σ, τ)

)]
.

We note that the decision (δ, t) given by σ depends only on ρ, which is independent
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2. Fixpoint Characterisation of the Deterministic Value Function

of the chosen strategy of Max. Thus, we deduce that

dValσ(ρ) = wt(δ) + twt(ℓ) + sup
τ

P
(
Play

(
ρ[δ, t], σ, τ

))
= wt(δ) + twt(ℓ) + dValσ

(
ρ[δ, t]

)
= Fσ(dValσ)(ρ) .

Finally, we suppose that ℓ ∈ LMax and we reason by double inequalities. We
begin by showing that Fσ(dValσ)(ρ) ≤ dValσ(ρ). Let ε > 0, by the definition of
Fσ(dValσ)(ρ), we obtain the existence of a feasible decision (δ, t) such that

Fσ(dValσ)(ρ) ≤ wt(δ) + twt(ℓ) + dValσ
(
ρ[δ, t]

)
+
ε

2
.

Similarly, by the definition of dValσ, there exists a strategy τ ∗ for Max such that

dValσ
(
ρ[δ, t])

)
≤ P

(
Play

(
ρ[δ, t], σ, τ ∗

))
+
ε

2
.

In particular, by combining these two inequalities, we obtain

Fσ(dValσ)(ρ) ≤ wt(δ) + twt(ℓ) +P
(
Play

(
ρ[δ, t](ℓ′, ν ′), σ, τ ∗

))
+ ε .

We consider the new strategy τ for Max defined by τ(ρ) = (δ, t) and τ(ρ′) = τ ∗(ρ′),
for all finite plays ρ′ ̸= ρ. In particular, since τ and τ ∗ make the same decision for
all plays that extend ρ, we obtain that P

(
Play(ρ[δ, t], σ, τ ∗)

)
= P

(
Play(ρ[δ, t], σ, τ)

)
.

Thus, we deduce that

Fσ(dValσ)(ρ) ≤ P
(
Play(ρ, σ, τ)

)
+ ε ≤ sup

τ ′

(
P
(
Play(ρ, σ, τ ′)

))
+ ε = dValσ(ρ) + ε .

We conclude this first inequality since this holds for all ε > 0.
Conversely, we prove that dValσ(ρ) ≤ Fσ(dValσ)(ρ). Let ε > 0. As for the

previous inequality, there exists a strategy τ ∗ of Max such that

dValσ(ρ)− ε ≤ P
(
Play(ρ, σ, τ ∗)

)
.

In particular, by letting (δ, t) = τ ∗(ρ) be the decision of τ ∗, we deduce that

dValσ(ρ)− ε ≤ wt(δ) + twt(ℓ) +P
(
Play(ρ[δ, t], σ, τ ∗)

)
≤ wt(δ) + twt(ℓ) + dValσ(ρ[δ, t])

≤ sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) + dValσ(ρ[δ, t])

)
= Fσ(dValσ)(ρ) .

Again, we conclude since this inequality holds for all ε > 0.
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2. Fixpoint Characterisation of the Deterministic Value Function

Remark. In the rest of the proof of fixpoint characterisations, we will only use
the restriction of F to a strategy of Min. However, we note that we can obtain the
analogous result for the strategies of Max by considering the infimum (instead of
the supremum) for plays ending in a configuration of Min.

2.3. The case of one-clock weighted timed games

In this section, we prove the first claim of Theorem 2.1, i.e. the value function of
all one-clock WTGs is the greatest fixpoint of the operator F .

Proposition 2.5. Let G = ⟨LMin, LMax, LT , Lu, {x},∆,wt⟩ be a one-clock WTG.
Then,

F(dValG) = dValG .

Moreover, for all V : L× RX
≥0 → R∞ fixpoints of F , dValG ≥ V .

To prove this proposition, we adapt and correct the sketch from [Bou16] for
concurrent hybrid games with only non-negative weights in the context of one-
clock WTGs with negative weights. In particular, the proof is split into two parts.

1. In Section 2.3.1, we prove that the sequence of iterates of F (used in the value
iteration algorithm of [Bou+04a]) uniformly converges via Dini’s theorem by
showing that they are all k-Lipschitz-continuous for the same constant.

2. In Section 2.3.2, we prove that the sequence of iterates of F converges to
the value function. To do it, we remark that the mapping obtained after i
applications of F is the restricted value function when we consider only plays
of length i.

2.3.1. Iterates of F uniformly converge to the greatest
fixpoint of F

We consider the sequence (Vi)i of functions L×R≥0 → R∞ such that, for all i ∈ N,
and all configurations (ℓ, ν),

Vi(ℓ, ν) =


+∞ if i = 0 and ℓ /∈ LT ;
0 if i = 0 and ℓ ∈ LT ;
F(Vi−1)(ℓ, ν) otherwise.

To conclude the first step of the proof, we prove that this sequence uniformly
converges. Then, we can apply Lemma 2.3-3 to deduce that this sequence converges
to a fixpoint of F .
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2. Fixpoint Characterisation of the Deterministic Value Function

We observe thqt F is monotonous and V0 ≥ F(V0) (since V0(ℓ, ν) = +∞, or
Vi(ℓ, ν) = 0 for all i ∈ N), thus the sequence (Vi)i is non-increasing. In particular,
it (simply) converges to infi Vi. To prove that the sequence (Vi)i uniformly con-
verges to infi Vi, we will use Dini’s theorem: a sequence of continuous functions
that (simply) converges to a continuous function, uniformly converges. The main
difficulty is to prove that infi Vi is continuous over regions. To do it, we note that
if a sequence of k-Lipschitz-continuous functions (simply) converges, then its limit
is a continuous function. In particular, we want to show that there exists k ∈ R≥0

such that, for all i ∈ N, Vi is k-Lipschitz-continuous.
Definition 2.6. Let Λ ∈ R≥0. A function f : R≥0 → R∞ is continuous (resp.
Λ-Lipschitz-continuous) on regions if for all regions r, the restriction of f over
each region is continuous (resp. Λ-Lipschitz-continuous, i.e. for all regions r and
all valuations ν, ν ′ ∈ r, |f(ν)− f(ν ′)| ≤ Λ|ν − ν ′|).

A function X : L × R≥0 → R∞ is continuous (resp. Λ-Lipschitz-continuous) on
regions if, for all locations ℓ ∈ L, the restriction of X on ℓ is continuous (resp.
Λ-Lipschitz-continuous) on regions.

Since V0 is constant on regions, we deduce that V0 is Λ-Lipschitz-continuous
on regions for all constants Λ. Moreover, in all WTGs and for all i ∈ N, it is
shown (by [Bus19, Lemma 10.10]) that Vi is Λi-Lipschitz-continuous on regions for
a constant Λi that depends on i. We now refine the proof for our one-clock setting
to show that the same constant can be chosen for all i.
Lemma 2.7. For all i ∈ N, Vi is Wloc-Lipschitz-continuous on regions.

Proof. We rely on the knowledge that for all i ∈ N, Vi is continuous and piecewise
affine on each region, with finitely many pieces.

We reason by induction on i ∈ N showing that the derivative of Vi is bounded by
Wloc in absolute values. The base case i = 0 is trivially satisfied as seen above. Let
i ∈ N be such that Vi is continuous on regions and piecewise affine with finitely
many pieces that have a derivative bounded by Wloc. We consider ℓ ∈ L \ LT

(otherwise, we conclude as for i = 0). By massaging the definition of F , we have
that

Vi+1(ℓ, ν) =

minδ inf
(ℓ,ν)

δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) + Vi(ℓ

′, ν ′)
)

if ℓ ∈ LMin ;

maxδ sup
(ℓ,ν)

δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) + Vi(ℓ

′, ν ′)
)

if ℓ ∈ LMax .

For a fixed valuation ν, and once chosen the transition δ in the minimum or
maximum, there are finitely many delays t to consider in the infimum or supremum
since Vi is piecewise affine: they are either delay 0 or all delays t such that ν + t
are cutpoints3 νc of Vi(ℓ′, ·). In particular, since there is only a finite number of

3A cutpoint is the value of the clock in-between two affine pieces.
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such cutpoints, the function F(Vi)(ℓ, ·) can be written as a finite nesting of min
and max operations over affine terms, each corresponding to a choice of delay and
a transition to take. There are several cases to define those terms, depending on
the chosen transition δ and cutpoint νc. First, we suppose that the transition δ
resets x:

• if a delay 0 is chosen, then the affine term is Vi(ℓ′, 0)+wt(δ) that has deriva-
tive 0;

• otherwise, the affine term that it generates is of the form

(νc − ν)wt(ℓ) + wt(δ) + Vi(ℓ
′, 0)

whose derivative is bounded by Wloc in absolute value.

Finally, we suppose that the transition δ does not reset x:

• if a delay 0 is chosen, then the affine term is wt(δ)+Vi(ℓ′, ν), whose derivative
is the same as in Vi(ℓ′, ·) and thus bounded by Wloc in absolute value;

• otherwise, the affine term that it generates is of the form

(νc − ν)wt(ℓ) + wt(δ) + Vi(ℓ
′, νc) .

whose derivative is bounded by Wloc in absolute value.

To conclude the first part of the proof, it remains to prove that iterates of F
converge to the greatest fixpoint of F .

Lemma 2.8. limi Vi is the greatest fixpoint of F .

Proof. We start by proving that limi Vi = infi Vi is a fixpoint of F , i.e. infi Vi =
F(infi Vi). By Lemma 2.7, we know that for all i ∈ N, Vi is Wloc-Lipschitz-
continuous over regions. Thus, we deduce that the sequence (Vi)i converges to a
continuous function over regions, i.e. infi Vi(ℓ) is continuous over regions for all
locations ℓ. Now, by Dini’s theorem, we deduce that (Vi)i uniformly converges
over regions to infi Vi. Finally, we apply Lemma 2.3-3 to conclude that infi Vi =
infiF(Vi) = F(infi Vi), and thus that infi Vi is a fixpoint of F .

Finally, we prove that infi Vi is the greatest fixpoint V of F . As V is the greatest
fixpoint, we have infi Vi ≤ V . Conversely, we prove by induction on i ∈ N that
V ≤ Vi. First, we suppose that i = 0 and if ℓ /∈ LT , then V0(ℓ, ν) = +∞ thus
V (ℓ, ν) ≤ V0(ℓ, ν); otherwise, ℓ ∈ LT and V0(ℓ, ν) = 0, while V (ℓ, ν) = 0 (by
definition of F and since V is a fixpoint). Then, we suppose that i ∈ N is such
that V ≤ Vi, as F is monotonous, we have F(V ) ≤ F(Vi). Thus, we conclude the
proof, since V is a fixpoint of F : V = F(V ) ≤ F(Vi) = Vi+1.
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2.3.2. The greatest fixpoint of F is equal to the value
function

To conclude the proof of Proposition 2.5, it remains to prove that limi Vi = dVal.
To do it, we adapt the proof given in [Bou16] in our context (turn-based games
with negative and positive weights).

The main idea of this proof is the definition of a link between Vi and the value
obtained when we consider only plays with at most i steps. We fix Wi be the set
of configurations from where Min can guarantee that a target location is reached
within i steps from an attractor computation (see Section 1.2.3). Intuitively, for a
configuration that is not in Wi, Vi is equal to +∞ since Max can avoid the target
locations in the i first steps. Formally, we define the sequence of (Wi)i by induction
on i ∈ N: (ℓ, ν) ∈ W0 if ℓ ∈ LT , and for all i ∈ N, (ℓ, ν) ∈ Wi+1 if (ℓ, ν) ∈ Wi, or

1. ℓ ∈ LMin and there exists an edge (ℓ, ν)
δ,t−→ (ℓ′, ν ′) such that (ℓ′, ν ′) ∈ Wi;

2. ℓ ∈ LMax, and for all edges (ℓ, ν)
δ,t−→ (ℓ′, ν ′), we have (ℓ′, ν ′) ∈ Wi.

The following lemma recalls that Vi is more precise that Wi:

Lemma 2.9. Let i ∈ N and (ℓ, ν) be a configuration. Then, (ℓ, ν) ∈ Wi if and
only if Vi(ℓ, ν) < +∞.

Proof. We prove the equivalence by induction on i ∈ N. If i = 0, we conclude by
definitions of W0 and V0. Now, we fix i ∈ N such that for all configurations (ℓ′, ν ′),
we have (ℓ′, ν ′) ∈ Wi if and only if Vi(ℓ′, ν ′) < +∞. Let (ℓ, ν) be a configuration.
First, we suppose that ℓ ∈ LT . In this case, (ℓ, ν) ∈ Wi+1 and Vi+1(ℓ, ν) = 0 < +∞.

Now, we suppose that ℓ ∈ LMin and we have

Vi+1(ℓ, ν) = F(Vi)(ℓ, ν) = inf
(ℓ,ν)

δ,t−→(ℓ′,ν′)

[
(wt(δ) + twt(ℓ) + Vi(ℓ

′, ν ′)
]
.

In particular, Vi+1(ℓ, ν) < +∞ if and only if there exists an edge (ℓ, ν)
δ,t−→ (ℓ′, ν ′)

such that Vi(ℓ′, ν ′) < +∞. We deduce that Vi+1(ℓ, ν) < +∞ if and only if there
exists an edge (ℓ, ν)

δ,t−→ (ℓ′, ν ′) such that (ℓ′, ν ′) ∈ Wi (by applying the hypothesis
of induction on (ℓ′, ν ′)). We conclude that Vi+1(ℓ, ν) < +∞ if and only if (ℓ, ν) ∈
Wi+1, by item 1 of the definition of Wi+1.

Finally, we suppose that ℓ ∈ LMax and we have

Vi+1(ℓ, ν) = F(Vi)(ℓ, ν) = sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

[
wt(δ) + twt(ℓ) + Vi(ℓ

′, ν ′)
]
.
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In particular, by hypothesis of induction, Vi+1(ℓ, ν) < +∞ if and only if for all
edges (ℓ, ν)

δ,t−→ (ℓ′, ν ′), we have (ℓ′, ν ′) ∈ Wi. Thus, by item 2 of the definition
of Wi+1, we conclude that Vi+1(ℓ, ν) < +∞ if and only if (ℓ, ν) ∈ Wi+1.

Remark. When we consider (general) WTGs with only non-negative weights,
Lemma 2.9 can be naturally reinforced with a lower bound on the sequence of
(Vi)i. In [Bou+04a], the authors prove that for all configurations (ℓ, ν), (ℓ, ν) ∈ Wi

if and only if 0 ≤ Vi(ℓ, ν) < +∞. However, with negative weights, 0 ≤ Vi(ℓ, ν)
obviously can be not satisfied.

To prove that value iteration converges to the value function, we relate configu-
rations in Wi with some particular strategies of Min. Given a configuration (ℓ, ν),
we fix dStrati(ℓ, ν) to be the set of strategies of Min such that all plays from (ℓ, ν)
conforming to it reach the target in at most i steps. More precisely, we require
that for all plays starting from (ℓ, ν) and conforming to a strategy of dStrati(ℓ, ν),
the j-th configuration of the play belongs to Wi−j: in particular, the first config-
uration, (ℓ, ν) must be in Wi, and the last one in W0 (i.e. with a location being
a target).

For all ε > 0, we inductively define a sequence of strategies (σε
i )i whose i-th

strategy will be shown to belong to dStrati(ℓ, ν) if (ℓ, ν) ∈ Wi. We let σε
0 be any

fixed strategy of Min. For i ∈ N, relying on σ
ε/2
i , we define σε

i+1 for all finite
plays ending in a location of Min according to its length. If the play contains
only one configuration, we fix σε

i+1(ℓ, ν) be any feasible decision (δ, t) such that
(ℓ, ν)

δ,t−→ (ℓ′, ν ′) and wt(δ) + twt(ℓ) + Vi(ℓ
′, ν ′) ≤ Vi+1(ℓ, ν) + ε/2 (that exists by

definition of Vi+1(ℓ, ν) as an infimum). Otherwise, the play can be decomposed as
(ℓ, ν)

δ,t−→ ρ with (ℓ′, ν ′) the first configuration of ρ, and we let

σε
i+1((ℓ, ν)

δ,t−→ ρ) = σ
ε/2
i (ρ) .

Lemma 2.10. For all i ∈ N, ε > 0 and (ℓ, ν) ∈ Wi,

σε
i ∈ dStrati(ℓ, ν) and Vi(ℓ, ν) + ε ≥ dValσ

ε
i (ℓ, ν) .

Proof. We reason by induction on i ∈ N. If i = 0, since (ℓ, ν) ∈ W0, we have
ℓ ∈ LT and thus any strategy (and thus the fixed strategy σε

0) is in dStrat0(ℓ, ν),
and V0(ℓ, ν) = 0 = dValσ

ε
0(ℓ, ν).

Now, consider i ∈ N such that for all configurations (ℓ, ν) ∈ Wi, we have σε/2
i ∈

dStrati(ℓ, ν), and Vi(ℓ, ν) +
ε
2
≥ dValσ

ε/2
i (ℓ, ν). We show that σε

i+1 satisfies the
properties for a given configuration (ℓ, ν) ∈ Wi+1. If ℓ ∈ LT , we conclude as in
the case i = 0 (since ℓ ∈ W0). Otherwise, we show σε

i+1 ∈ dStrati+1(ℓ, ν) by
contradiction. We thus suppose that there exists a finite play ρ′ of length i + 1
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2. Fixpoint Characterisation of the Deterministic Value Function

conforming to σε
i+1 that does not reach LT . It can be decomposed as (ℓ, ν)

δ,t−→ ρ

where σε
i+1(ℓ, ν) = (δ, t) and ρ is conforming to σε/2

i . We show that (ℓ′, ν ′) ∈ Wi

where (ℓ′, ν ′) is the first configuration of ρ.

• If ℓ ∈ LMax, then we conclude that (ℓ′, ν ′) ∈ Wi by item 2 of definition of
Wi+1: all edges from (ℓ, ν) reach a configuration in Wi.

• If ℓ ∈ LMin, then, by item 1 of definition of Wi+1, there exists an edge
(ℓ, ν)

δ′,t′−−→ (ℓ′′, ν ′′) such that (ℓ′′, ν ′′) ∈ Wi, i.e. such that Vi(ℓ′′, ν ′′) < +∞
(by Lemma 2.9). The choice of σε

i+1(ℓ, ν) is taken along all possible edges
from (ℓ, ν), at most ε away from the infimum. Thus, it chooses an edge
(ℓ, ν)

δ,t−→ (ℓ′, ν ′) such that Vi(ℓ′, ν ′) < +∞, i.e. (ℓ′, ν ′) ∈ Wi (by Lemma 2.9).

By the induction hypothesis applied to (ℓ′, ν ′) ∈ Wi, σ
ε/2
i ∈ dStrati(ℓ

′, ν ′), and thus
ρ reaches LT within i steps which contradicts the hypothesis.

We then prove that Vi+1(ℓ, ν) + ε ≥ dValσ
ε
i+1(ℓ, ν). By definition of σε

i+1 with
σ

ε/2
i , we remark that, for all finite plays (ℓ, ν) δ,t−→ ρ of length at least one, we have
σε
i+1((ℓ, ν)

δ,t−→ ρ) = σ
ε/2
i (ρ). In particular, the weight of all plays from (ℓ, ν)

δ,t−→ ρ
and conforming to σε

i+1 is equal to the weight of the play from ρ and conforming
to σε/2

i under the same strategy of Max, i.e. for all strategies τ of Max, we have

P
(
Play((ℓ, ν)

δ,t−→ (ℓ′, ν ′), σε
i+1, τ)

)
= P

(
Play((ℓ′, ν ′), σ

ε/2
i , τ)

)
.

Thus, by applying the supremum over strategies of Max, we deduce that

dValσ
ε
i+1((ℓ, ν)

δ,t−→ (ℓ′, ν ′)) = dValσ
ε/2
i (ℓ′, ν ′) . (2.1)

• If ℓ ∈ LMax, then we have

Vi+1(ℓ, ν) = F(Vi)(ℓ, ν) = sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) + Vi(ℓ

′, ν ′)
)
.

Moreover, since (ℓ, ν) ∈ Wi+1, then (ℓ′, ν ′) ∈ Wi (by item 2) and, by induc-
tion hypothesis on Vi(ℓ

′, ν ′): Vi(ℓ′, ν ′) + ε/2 ≥ dValσ
ε/2
i (ℓ′, ν ′). Thus, for all

decisions (δ, t)

Vi+1(ℓ, ν) ≥ wt(δ) + twt(ℓ) + Vi(ℓ
′, ν ′)

≥ wt(δ) + twt(ℓ) + dValσ
ε/2
i (ℓ′, ν ′)− ε

2

≥ wt(δ) + twt(ℓ) + dValσ
ε
i+1((ℓ, ν)

δ,t−→ (ℓ′, ν ′))− ε

2
(by (2.1)).
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2. Fixpoint Characterisation of the Deterministic Value Function

Finally, since this inequality holds for all edges from (ℓ, ν), we conclude that

Vi+1(ℓ, ν) ≥ sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

[
wt(δ) + twt(ℓ) + dValσ

ε
i+1
(
(ℓ, ν)

δ,t−→ (ℓ′, ν ′)
)]

− ε

2

≥ dValσ
ε
i+1(ℓ, ν)− ε (by Lemma 2.4).

• If ℓ ∈ LMin, then, by definition of σε
i+1, and letting σε

i+1(ℓ, ν) = (δ, t):

Vi+1(ℓ, ν) ≥ wt(δ) + twt(ℓ) + Vi(ℓ
′, ν ′)− ε

2

Now, since (ℓ′, ν ′) ∈ Wi (as explained in the proof of σε
i+1 ∈ dStrati+1(ℓ, ν)),

by induction hypothesis, Vi(ℓ′, ν ′) + ε/2 ≥ dValσ
ε/2
i (ℓ′, ν ′). Thus

Vi+1(ℓ, ν) ≥ wt(δ) + twt(ℓ) + dValσ
ε/2
i (ℓ′, ν ′)− ε

≥ wt(δ) + twt(ℓ) + dValσ
ε
i+1((ℓ, ν)

δ,t−→ (ℓ′, ν ′))− ε (by (2.1))
≥ dValσ

ε
i+1(ℓ, ν)− ε (by Lemma 2.4).

As a corollary, we obtain:

Lemma 2.11. For all i ∈ N, and (ℓ, ν) ∈ Wi, Vi(ℓ, ν) = infσ∈dStrati(ℓ,ν) dVal
σ(ℓ, ν).

Proof. We reason by induction on i ∈ N. If i = 0, since ℓ ∈ LT for all strategies
σ ∈ dStrat0(ℓ, ν), V0(ℓ, ν) = 0 = dValσ(ℓ, ν).

For i ∈ N such that the property holds, let (ℓ, ν) ∈ Wi+1. If ℓ ∈ LT , we have
(ℓ, ν) ∈ W0 and we conclude as in the case i = 0. Otherwise, Lemma 2.10 directly
implies that

Vi+1(ℓ, ν) + ε ≥ dValσ
ε
i+1(ℓ, ν) ≥ inf

σ∈dStrati+1(ℓ,ν)
dValσ(ℓ, ν) .

We conclude that Vi+1(ℓ, ν) ≥ infσ∈dStrati+1(ℓ,ν) dVal
σ(ℓ, ν) since the inequality holds

for all ε > 0.
Conversely, we show that Vi+1(ℓ, ν) ≤ infσ∈dStrati+1(ℓ,ν) dVal

σ(ℓ, ν) by proving that
for all σ ∈ dStrati+1(ℓ, ν), we have Vi+1(ℓ, ν) ≤ dValσ(ℓ, ν). Let σ ∈ dStrati+1(ℓ, ν).

• If ℓ ∈ LMin, then we let (δ, t) = σ(ℓ, ν) with (ℓ, ν)
δ,t−→ (ℓ′, ν ′), so that (ℓ′, ν ′) ∈

Wi. By induction hypothesis, we have

Vi(ℓ
′, ν ′) = inf

σ′∈dStrati(ℓ′,ν′)
dValσ

′
(ℓ′, ν ′) .
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2. Fixpoint Characterisation of the Deterministic Value Function

Now, we consider the strategy σ′ obtained from σ by adding as a first move
the edge (ℓ, ν)

δ,t−→ (ℓ′, ν ′). Formally, it is defined by

σ′
ℓ′,ν′(ρ) =

{
σ
(
(ℓ, ν)

δ,t−→ ρ
)

if ρ starts in (ℓ′, ν ′);
σ(ρ) otherwise.

Given a play ρ′ conforming to σ′ starting from (ℓ′, ν ′), we remark that the
play (ℓ, ν)

δ,t−→ ρ′ is conforming to σ. In particular, we obtain that

Play((ℓ, ν), σ′, τ) = Play((ℓ, ν)
δ,t−→ (ℓ′, ν ′), σ, τ) (2.2)

and we deduce that σ′ ∈ dStrati(ℓ
′, ν ′). Thus, by hypothesis of induction,

Vi(ℓ
′, ν ′) ≤ dValσ

′
(ℓ′, ν ′) .

In particular, we deduce that

Vi+1(ℓ, ν) = F(Vi)(ℓ, ν)

≤ wt(δ) + twt(ℓ) + Vi(ℓ
′, ν ′)

≤ wt(δ) + twt(ℓ) + dValσ
′
(ℓ′, ν ′) .

Moreover, by (2.2), we also obtain that, for all strategies τ of Max,

P
(
Play((ℓ, ν), σ′, τ)

)
= P

(
Play((ℓ, ν)

δ,t−→ (ℓ′, ν ′), σ, τ)
)
.

In particular, we deduce that dValσ
′
(ℓ′, ν ′) = dValσ((ℓ, ν)

δ,t−→ (ℓ′, ν ′)), and we
can rewrite, by Lemma 2.4, the previous inequality as

Vi+1(ℓ, ν) ≤ wt(δ) + twt(ℓ) + dValσ((ℓ, ν)
δ,t−→ (ℓ′, ν ′)) ≤ dValσ(ℓ, ν) .

• If ℓ ∈ LMax, then, by Lemma 2.4, we have

dValσ(ℓ, ν) = sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) + dValσ((ℓ, ν)

δ,t−→ (ℓ′, ν ′))
)

Letting (ℓ, ν)
δ,t−→ (ℓ′, ν ′) be an edge from (ℓ, ν), since σ ∈ dStrati+1(ℓ, ν), we

have (ℓ′, ν ′) ∈ Wi, and thus by induction hypothesis,

Vi(ℓ
′, ν ′) ≤ inf

σ′∈dStrati(ℓ′,ν′)
dValσ

′
(ℓ′, ν ′) .

65



2. Fixpoint Characterisation of the Deterministic Value Function

By considering the same strategy σ′ as the one defined in the case of Min, we
obtain that

Vi(ℓ
′, ν ′) ≤ dValσ

′
(ℓ′, ν ′) = dValσ((ℓ, ν)

δ,t−→ (ℓ′, ν ′)) .

Thus, we deduce that

dValσ(ℓ, ν) ≥ wt(δ) + twt(ℓ) + Vi(ℓ
′, ν ′)

Since this holds for all edges (ℓ, ν)
δ,t−→ (ℓ′, ν ′), we conclude that

dValσ(ℓ, ν) ≥ sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
wt(δ) + twt(ℓ) + Vi(ℓ

′, ν ′)
)
= Vi+1(ℓ, ν) .

Finally, we prove that the limit V = infi Vi of the sequence (Vi)i equals the value
function of G. In particular, we fix W to be the set of configurations from where
Min can ensure to reach LT (without restriction on the number of steps), that is
the limit of (Wi)i: W =

⋃
iWi. Now, by the attractor computation in RTGs (see

Section 1.2.3), we know that there exists a finite N ∈ N such that W =
⋃N

i=0Wi.
Now, we can finally prove that V = dVal.

We reason by double inequalities, and we start by proving that V ≥ dVal =
infσ dValσ. If (ℓ, ν) /∈ W , we have for all i ∈ N, Vi(ℓ, ν) = +∞ (by Lemma 2.9), and
thus V (ℓ, ν) = +∞. Otherwise, (ℓ, ν) ∈ WN . By letting ε > 0, there exists k ≥ N
such that Vk(ℓ, ν) ≤ V (ℓ, ν)+ε. By using Lemma 2.11, infσ∈dStratk(ℓ,ν) dVal

σ(ℓ, ν) ≤
V (ℓ, ν) + ε. By considering the infimum over all strategies, and since this holds
for all ε > 0, we get dVal = infσ dValσ ≤ V .

Conversely, we prove that V ≤ dVal = infσ dVal
σ. By contradiction, we suppose

that there exists a strategy σ of Min and an initial configuration (ℓ, ν) such that
V (ℓ, ν) > dValσ(ℓ, ν). Since then dValσ(ℓ, ν) < +∞, all plays conforming to σ
reach a target location. We (inductively) build a play ρ from (ℓ, ν) conforming to
σ such that at each step we guarantee that last(ρ) = (ℓ′, ν ′) satisfies ℓ′ /∈ LT , and
V (ℓ′, ν ′) > dValσ(ρ). In particular, this would imply that ρ is an infinite play that
never reaches a target, contradicting the hypothesis.

To initiate the inductive construction of ρ, we let ρ = (ℓ, ν). Since V (ℓ, ν) >
dValσ(ℓ, ν), we deduce that ℓ /∈ LT (otherwise V (ℓ, ν) = 0 = dValσ(ℓ, ν) by
Lemma 2.4).

Otherwise, we suppose that ρ is a play from (ℓ, ν) conforming to σ such that
V (ℓ′, ν ′) > dValσ(ρ) where last(ρ) = (ℓ′, ν ′) and ℓ′ /∈ LT . We define a new step for
ρ as follows.

• If ℓ′ ∈ LMin, then we extend ρ by ρ′ = ρ
δ,t−→ (ℓ′′, ν ′′), by letting σ(ρ) = (δ, t).
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2. Fixpoint Characterisation of the Deterministic Value Function

Since ρ is conforming to σ, then ρ′ is also conforming to σ. By induction
hypothesis and Lemma 2.4,

V (ℓ′, ν ′) > dValσ(ρ) = wt(δ) + twt(ℓ′) + dValσ(ρ′)

Since V is a fixpoint of F by Lemma 2.8, with V (ℓ′, ν ′) being thus equal to
an infimum over all possible edges, we obtain

V (ℓ′′, ν ′′) ≥ V (ℓ′, ν ′)− wt(δ)− twt(ℓ′) > dValσ(ρ′) .

• If ℓ′ ∈ LMax, then we prove that there exists an edge (ℓ′, ν ′)
δ,t−→ (ℓ′′, ν ′′)

such that V (ℓ′′, ν ′′) > dValσ(ρ[δ, t]), and we define the new step of ρ with
this edge (the resulting play is conforming to σ). To do that, we reason by
contradiction, and we suppose that for all edges (ℓ′, ν ′)

δ,t−→ (ℓ′′, ν ′′), we have
V (ℓ′′, ν ′′) ≤ dValσ(ρ[δ, t]). In particular, by induction hypothesis, Lemma 2.4,
and monotonicity of F , we have

V (ℓ′, ν ′) > dValσ(ρ) = sup

(ℓ′,ν′)
δ,t−→(ℓ′′,ν′′)

[
wt(δ) + twt(ℓ′) + dValσ(ρ[δ, t])

]
≥ sup

(ℓ′,ν′)
δ,t−→(ℓ′′,ν′′)

[
wt(δ) + twt(ℓ′) + V (ℓ′′, ν ′′)

]
= V (ℓ′, ν ′)

as V is a fixpoint of F (by Lemma 2.8). Thus, we obtain a contradiction.

This concludes the proof that limi Vi = dVal, and thus of Proposition 2.5.

2.4. The case of divergent weighted timed games

In this section, we consider a divergent WTG, and we rely on results from [BMR17]
to conclude that the value function of all divergent WTGs is the greatest fixpoint
of the operator F .

Proposition 2.12. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a divergent WTG.
Then, F(dValG) = dValG. Moreover, for all V : L × RX

≥0 → R∞ fixpoints of F ,
V ≤ dValG.

Proof. Let (ℓ, ν) be a configuration of G. Since G is divergent, we recall that loca-
tions of the region game R(G) may be divide into two subsets [BMR17, Proposi-
tion 5]: region states in a negative SCC (i.e. an SCC where all plays following a
cyclic path have a weight less than −1) and region states in a positive SCC (i.e.
an SCC where all plays following a cyclic path have a weight greater than 1).
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2. Fixpoint Characterisation of the Deterministic Value Function

The computation of dValG(ℓ, ν) differs according to the SCC in where the region
state (ℓ, r) is when ν ∈ r. Indeed, the authors of [BMR17, Proposition 6] propose a
value iteration algorithm based on F from the function V0 defined by the constant
function equal to +∞ if (ℓ, r) is in a positive SCC, and the constant function equal
to −∞ otherwise. More precisely, the authors prove that this algorithm stabilises
(for both cases) after H ∈ N steps (where H is the number of regions states of the
WTG), i.e. dVal(ℓ, ν) = VH(ℓ, ν) = VH+1(ℓ, ν) where Vn is the function obtained
after n applications of F in V 0. Thus, we deduce that

dVal(ℓ, ν) = VH(ℓ, ν) = F(VH)(ℓ, ν) = F(dVal)(ℓ, ν) .

To conclude the proof, we prove that dVal is the greatest fixpoint of F by
adapting the proof of Lemma 2.8. We suppose that V is the greatest fixpoint of
F . By letting (V +

n )n the sequence of functions defined by applications of F from
the constant function equal to +∞ except in target locations where the constant
function is equal to 0, we know that the sequence infn V

+
n = dVal by [BMR23,

Theorem 3.9]. Now, as V is the greatest fixpoint, we have dVal = infi V
+
i ≤ V

since dVal is a fixpoint of F . Conversely, we prove by induction on i ∈ N that
V ≤ V +

i . First, we suppose that i = 0 and if ℓ /∈ LT , then V +
0 (ℓ, ν) = +∞ thus

V (ℓ, ν) ≤ V +
0 (ℓ, ν); otherwise, ℓ ∈ LT and V +

0 (ℓ, ν) = 0 = V (ℓ, ν) (by definition
of F and since V is a fixpoint of F). Then, we suppose that i ∈ N is such that
V ≤ V +

i , as F is monotonous, we have F(V ) ≤ F(V +
i ). Thus, we conclude the

proof, since V is a fixpoint of F : V = F(V ) ≤ F(V +
i ) = V +

i+1 ≤ dVal.
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Min needs finite memory to (almost-)optimally play in WTGs. However,
(almost-)optimal strategies with a particular shape may be defined: we
call them switching strategies. Such strategies consist of a combination
with a counter of two memoryless strategies. The existence of an (almost-
)optimal switching strategy for Min is shown in SPGs [Bri+17] and simple
one-clock WTGs [Bri+15]. Our contribution is to prove the existence of an
almost-optimal switching strategy for Min in all divergent WTGs.

Table of contents

3.1. A memory combination of two well-chosen memoryless strategies . . 70
3.1.1. How Min controls negative cycles in shortest path games . . 70
3.1.2. Fake-optimal strategies in weighted timed games . . . . . . . 71
3.1.3. The case of reset-acyclic one-clock weighted timed games . . 73

3.2. Almost-optimal strategies in divergent weighted timed games . . . . 75
3.2.1. Switching strategies for Min . . . . . . . . . . . . . . . . . . 75
3.2.2. Memoryless strategies for Max . . . . . . . . . . . . . . . . . 79

A switching strategy σ is described by two deterministic memoryless strategies σ1

and σ2, as well as a switching threshold κ. Intuitively, σ1 aims at reaching a cyclic
play with negative weight, while σ1 is an attractor to the target. Formally, we fix

Definition 3.1. A switching strategy σ = ⟨σ1, σ2, κ⟩ with two deterministic mem-
oryless strategies σ1, and σ2, and a switching threshold κ ∈ N describes a strategy
that plays strategy σ1 until either we reach a target location or the finite play has
a length of at least κ, in which case we switch to strategy σ2.

To establish our next contribution, we are inspired by the proof of the existence
of an optimal switching strategy in SPGs given in [Bri+17].

Theorem 3.2. Let G be a divergent WTG and ε > 0. Then,

1. Min has an ε-optimal switching strategy;

69



3. Switching Strategies

2. Max has an ε-optimal memoryless strategy.

Before presenting the proof of this claim, we start by recalling the main tools
used in SPGs to prove the existence of optimal switching strategy for Min and
their generalisation into reset-acyclic one-clock WTGs given in [Bri+22].

3.1. A memory combination of two well-chosen
memoryless strategies

To define an (almost)-optimal switching strategy in a given WTG, we need to
guarantee some properties on both memoryless strategies σ1 and σ2. Indeed, we
ask that σ2 ensures us that all plays always reach a target location: it is thus
defined by an attractor (that exists in all WTGs, see Section 1.2.3). About σ1, we
ask that every play only reaches a “cycle” (not only cyclic play but cyclic paths)
with a negative weight.

3.1.1. How Min controls negative cycles in shortest
path games

For now, we consider only SPGs. Remember that Min does not always have optimal
memoryless strategies (see Example 1.30). In particular, memory in deterministic
optimal strategies appears since Min wants to stay in a cyclic path during only
a bounded time (otherwise, a target location may not be reached). To define
switching strategies, authors of [Bri+17] define a class of strategies such that Min
controls cycles along plays conforming to it.

This class of strategies is called the fake-optimal strategies which are memoryless
strategies that allow Min either: to reach the target using a play whose payoff is
lower than the value of the game; or to arbitrarily decrease the cumulative weight
along the play (in other words, these cumulative weights tend to −∞ as the play
goes on). So fake-optimal strategies are not optimal in general: they do not
guarantee that plays conforming to it reach a target location. However, when
a target location is reached, fake-optimal strategies guarantee that Min will play
consistently with their objective by decreasing the cumulative weight of the play
prefixes.

Definition 3.3. Given an initial vertex ℓi, a fake-optimal strategy is a memoryless
(deterministic) strategy σ for Min such that, for all plays ρ starting in ℓi and
conforming to σ either: ρ reaches a target location and P(ρ) ≤ dVal(ℓi); or for all
cyclic plays ρ′ = ℓ0

e0−→ · · · ek−→ ℓ0 followed by ρ, wtΣ(ρ′) < 0, i.e.
∑k

i=0 wt(ei) < 0.
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Example 3.4. We consider the SPG depicted in Figure 1.8 and the memoryless
strategy σ1 such that σ1(ℓMin) = e1. We note that σ1 is fake-optimal: given a
play ρ conforming to it, either it reaches the target location by a decision of Max
(since σ1 always chooses e1 from ℓMin) via e3, and its payoff is at most −10 (the
value); or it creates one of the two possible cyclic plays: ℓMin

e1−→ ℓMax
e2−→ ℓMin and

ℓMax
e2−→ ℓMin

e1−→ ℓMax, both having a cumulative weight of −1. However, we note
that dValσ

1

(ℓMin) = +∞, since there exists a play (that stays in the cyclic path
forever) conforming to σ1. ⌟

Since we do not ask for the optimality of fake-optimal strategies, to define an
optimal strategy for Min, we need to combine it with another strategy that guar-
antees reaching a target location, obtaining a switching strategy.

Example 3.5. From the fake-optimal strategy σ1 defined in Example 3.4, we can
define an optimal switching strategy for the SPG that is depicted in Figure 1.8.
To do it, we fix σ = ⟨σ1, σ2, κ⟩ where σ2(ℓMin) = e4 and κ = 10. ⌟

Authors of [Bri+17] generalise this process to all SPGs by defining a fake-optimal
strategy σ1 from the fixpoint characterisation of the value with the untimed version
of operator F (introduced in Chapter 2). Thus, they obtain the following theorem.

Theorem 3.6 [Bri+17, Proposition 14]. Let G = ⟨VMax, VMin, VT , E,wt⟩ be a SPG.
Then, there exists an optimal switching strategy σ = ⟨σ1, σ2, κ⟩ for Min such that
κ is polynomial in |V | and W .

An additional property given by switching strategies is the capability to limit
by κ + |V | the length of plays conforming to them. Indeed, when we consider a
switching strategy, every play conforming to it follows the first strategy during at
most κ steps, and the attractor that defines the second one, during at most |V |
steps (see Definition 1.22).

3.1.2. Fake-optimal strategies in weighted timed games

The definition of fake-optimal strategies in SPGs carries two problems when we
want to adapt it in WTGs. For the same reason that optimal strategies may not
exist in WTGs, the first condition must be relaxed to guarantee the existence of
strategies that satisfy it. Indeed, even if “fake” means that the considered strategy
is not obliged to guarantee a target location is reached, we want to control the
payoff obtained when it is done. In particular, since we can not ask that the
payoff is at most the value, we must guarantee a payoff close to this value, i.e.
the tolerated error factor compared to the value depending linearly on the size of
the play.

Next, two notions of cycles coexist in WTGs: cyclic paths and cyclic plays.
Thus, the second condition needs to look after the definition of a cycle that we
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consider: we want to guarantee that when the length of the play increases, its
cumulative weight decreases. However, only asking that every cyclic play has a
negative weight does not suffice since cyclic plays may never exist even if the size
of the play increases (and follows a cyclic region path). Now, when we consider
the elementary region path, its weight may be non-negative but belongs to a larger
cycle with a negative weight. In particular, unlike in SPGs, we do not ask that
every cyclic region path conforming to the strategy is followed by a play with a
negative weight, but only for long enough cyclic paths, the length depending on
the considered WTG.

Definition 3.7. Let G be a WTG and ε > 0. A strategy σ is fake-ε-optimal if

• each finite play ρ conforming to σ starting from the configuration (ℓ, ν) and
reaching the target has a payoff at most dVal(ℓ, ν) + |ρ| ε. Moreover, we
suppose that if dVal(ℓ, ν) = −∞, no such plays must exist;

• there exists H ∈ N such that each finite play conforming to σ following
a cyclic region path of length at least H, in the region game R(G), has a
cumulated weight at most −1.

From this class of strategies that we can combine with an attractor strategy, we
obtain switching strategies in WTGs that are good candidates to build ε-optimal
switching strategies :

Lemma 3.8. Let G be a WTG such that for all ε′ > 0, such that there exists a
fake-ε′-optimal strategy σ1 for Min. Let ε > 0 and N ∈ N, then there exists a
switching strategy σ = ⟨σ1, σ2, κ⟩ such that for all configurations (ℓ, ν) of G,

dValσ(ℓ, ν) ≤ max(−N, dVal(ℓ, ν)) + ε .

Proof. We fix the switching strategy σ defined such that σ1 is a fake-ε/κ-optimal
strategy, σ2 is an attractor strategy and κ = (We |Q| (H+1)+N)(|Q|H+1) where
Q is the set of region states in R(G) and H is given by σ1. We show that this
switching strategy satisfies, for all configurations (ℓ, ν) of G, the desired inequality.
Let ρ be a play conforming to σ from (ℓ, ν) that reaches the target (ℓt, νt). We
distinguish two cases according to the length of ρ. First, we suppose that |ρ| ≤ κ,
then ρ is only conforming to σ1 which is a fake-ε/κ-optimal strategy. In particular,
wtΣ(ρ) ≤ dVal(ℓ, ν) + |ρ| ε

κ
, and we conclude since |ρ| ≤ κ, i.e.

wtΣ(ρ) ≤ dVal(ℓ, ν) + ε ≤ max(−N, dVal(ℓ, ν)) + ε.

Otherwise, we suppose that |ρ| > κ, then we can decompose ρ as ρ1 conforming
to σ1, followed by ρ2 conforming to σ2 with |ρ1| = κ. As ρ2 is conforming to σ2,
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an attractor strategy on the region game R(G), it is acyclic in R(G), so |ρ2| ≤ |Q|.
In particular,

wtΣ(ρ2) ≤ We |Q|.

As |ρ1| = κ, by definition of κ = (We |Q| (H + 1) + N)(|Q|H + 1), ρ1 goes at
least (We |Q| (H + 1) +N)H times through the same pair of location and region,
and thus contains at least We |Q| (H + 1) +N region cycles of length at least H.
Moreover, all of them are conforming to σ1 which is a fake-ε/κ-optimal strategy. In
particular, each cycle has a weight at most −1, and the weight of all cycles of ρ1 is
therefore at most −We |Q| (H+1)−N . Moreover, ρ1 has at most |Q|H remaining
edges (otherwise it would contain a region cycle of length at least H), once the
region cycles are removed. The weight of one of these edges is at most We, so the
weight of this set of edges is at most We |Q|H. We can deduce that

wtΣ(ρ1) ≤ −We |Q| (H + 1)−N +We |Q|H = −We |Q| −N.

So, we can deduce that

wtΣ(ρ) = wtΣ(ρ1) + wtΣ(ρ2) ≤ −We |Q| −N +We |Q| = −N.

In particular, we obtain that wtΣ(ρ) ≤ max(−N, dVal(ℓ, ν)) + ε. To conclude the
proof, we remark that ρ is a play reaching the target, so

P(ρ) = wtΣ(ρ) ≤ max(−N, dVal(ℓ, ν)) + ε .

Finally, in this context, as well as for SPGs, we also note that (by definition),
every play conforming to a switching strategy has a length at most κ+ |Q| where
Q = L× Reg(X ,M) is the set of region states.

3.1.3. The case of reset-acyclic one-clock weighted
timed games

Switching strategies have been considered in simple1 one-clock WTGs in [Bri+15].
Using the particular structure of simple one-clock WTGs, the authors of [Bri+15]
define a notion of fake-ε-optimal strategy distinct from ours (a priori). In particu-
lar, they remark that the time inside such WTGs only passes from 0 to 1 one time:
so the maximal weight that we can obtain from the time is always Wloc. Knowing
this fact, fake-ε-optimal strategies can focus only on the weight of the transitions
used: the second condition deals with cyclic paths where the sum of the weights
of transitions is negative (this hypothesis does not imply that the cyclic path has

1A simple one-clock WTG is a one-clock WTG without any reset and where all guards are
0 ≤ x ≤ 1.
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a negative weight). Next, these authors have extended their definition to reset-
acyclic2 one-clock WTGs and obtain the existence of a switching almost-optimal
strategy in this case.

Remark. The fake-ε-optimal strategy defined in [Bri+15] fits with our definition
when we consider cyclic paths that are longer than Wloc × |Q| (we note that the
converse is not true) where Q is the set of region states in R(G). ◁

Knowing the existence of an almost-optimal switching strategy in reset-acyclic
one-clock WTGs does not suffice in our following contributions. We want to obtain
an upper bound on the length of plays conforming to such strategies, i.e. we want
an upper bound over the switching threshold κ. Indeed, by estimating the maximal
number of steps needed by σ1 to reach the target and combining this with κ, we
can deduce an explicit pseudo-polynomial bound κ′ that upper bounds the number
of steps that the switching strategy σ needs to reach the target. From [Bri+22,
Lemma 3.9], we know that

κ = O(|Q| × (Wloc + |σ1| ×Wtr|Q|) + |σ1|)

where |σ1| is the size of this strategy, i.e. the number of cutpoints in dValR(G)
(by [Bri+22, Theorem 5.9]). Moreover, by [Bri+22, Theorem 5.13], we have a
bound over the number of cutpoints in dValR(G), i.e. |σ1| = O(W 4

tr|Q|9). Thus, we
deduce that the switching threshold κ is approximated by

κ = O
(
|Q| ×

[
Wloc +W 4

tr|Q|9 ×Wtr|Q|
]
+W 4

tr|Q|9
)
= O

(
|Q|11(Wloc +W 5

tr)
)
.

Then, we fix κ′′ to be the number of turns taken by σ2 to reach the target location,
which is polynomial in the number of locations of the region automaton underlying
the game, thus polynomial in the number of locations of the WTG (since it is only
one-clock). Overall, this defines κ′ as

κ′ = κ+ κ′′ = O
(
|Q|12(Wloc +W 5

tr)
)

that is polynomial in |L| (since |Q| is polynomial in |L|) and in W . Thus, we
obtain the following result.

Theorem 3.9 [Bri+22]. Let G be a reset-acyclic WTG and ε > 0. Min has an
ε-optimal switching strategy σ such that all plays conforming to σ reach the target
within a number of steps polynomial in |Q| and W .

2A reset-acyclic one-clock WTG is a one-clock WTG where no cyclic region path contains
a reset.
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3.2. Almost-optimal strategies for both players in
divergent weighted timed games

We conclude this chapter by proving Theorem 3.2. In particular, we explain how
we define almost-optimal switching strategies for Min and, more precisely, the fake-
ε-optimal strategies for all divergent WTGs. Moreover, we also remark that the
definition of such strategies can be adapted to build memoryless almost-optimal
strategies for Max.

3.2.1. Switching strategies for Min

We begin by looking at the switching strategies of Min. From Lemma 3.8, we know
that showing that the existence of fake-ε-optimal strategies in all divergent WTGs
for Min suffices to prove Theorem 3.2-1. The definition of such strategies relies on
the computation of the value (by Theorem 1.34) and its fixpoint characterisation
(by Theorem 2.1-2).

To begin with, let us recall how the value can be computed in Theorem 1.34.
First, configurations (ℓ, ν) of value dVal(ℓ, ν) = −∞ are found by using a decom-
position of the region game R(G) into SCC. Indeed, in divergent WTGs, con-
figurations of value −∞ are all the ones from which Min has a strategy to visit
infinitely many times configurations of a single location (ℓ, r) of R(G) contained
in a negative SCC. This is, thus, a Büchi objective on the region game that can
easily be solved with some attractor computations. Notice that if a configuration
(ℓ, ν) has value −∞, this implies that all configurations (ℓ, ν ′) with ν ′ in the same
region as ν have value −∞. As we explained at the end of Section 1.3.2 for the
value +∞, we can remove configurations of value −∞ by strengthening the guards
on transitions while letting unchanged other finite values.

Then, the (finite) value function is obtained as an iterate V H of the operator
F (defined in Chapter 2), with H polynomial in the size of the region game and
the maximal weights of G. This means that playing for only a bounded number
of steps is equivalent to the original WTG. As a side effect, this allows one to
decompose the clock space RX

≥0 into a finite number α of cells (a refinement of the
classical regions3) such that the value function is affine on each cell.

In particular, we prove the following property:

Proposition 3.10. In all divergent WTGs G, for all ε > 0 and N ∈ N, there
exists a switching strategy σ = ⟨σ1, σ2, κ⟩ for Min such that, for all configurations
(ℓ, ν) of G, dValσ(ℓ, ν) ≤ max(−N, dVal(ℓ, ν)) + ε.

3A more precise definition of these objects introduced in [ABM04; Bus19] is given in Chapter 10.
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From this proposition, we deduce Theorem 3.2-1 since if all configurations have
a finite value, there exists an almost-optimal switching strategy. In the presence
of a configuration with a value −∞, we build from Proposition 3.10 a family of
switching strategies (indexed by the parameter N) whose value tends to −∞.

In the rest of this section, we prove Proposition 3.10 by building strategy σ1 as a
fake-ε-optimal strategy. In the absence of values −∞, the first property allows one
to obtain a κ ε-optimal strategy even in the case where the switch does not occur
(because we reach the target prematurely). The construction of a fake-ε/κ-optimal
strategy σ (the linear dependency on the length of the play in the first property
of fake-optimality is thus taken care of by a division by κ here) relies on the fact
that F(dVal) = dVal (by Theorem 2.1-2) to play almost-optimally at horizon 1.
More formally:

• For all configurations of value −∞, σ1 is built as a winning strategy for
the Büchi objective “visit infinitely often configurations of a location (ℓ, r) of
R(G) contained in a negative SCC”. By definition, all cyclic paths following
σ1 will be inside a negative SCC, and thus be of cumulated weight at most
−1, by divergence of the WTG. Moreover, no plays conforming to σ1 from
such a configuration of value −∞ will reach a target location, since the chosen
negative SCC is a trap controlled by Min.

• For the remaining configurations of finite value, we rely upon operator F ,
letting σ1 choose a decision that minimises the value at horizon 1. However,
because of the guards on clocks, infimum/supremum operators in F are not
necessarily minima/maxima, and we thus need to allow for a small error at
each step of the strategy: this is the main difference with the untimed setting,
which by the way explains why the definition of switching strategy from
SPGs needed to be adapted. We will use the arginfε operator defined for all
mappings f : A→ R and B ⊆ A by arginfεBf = {a ∈ B | f(a) ≤ infB f + ε}.
Then, for all configurations (ℓ, ν), we choose σ(ℓ, ν) as a decision (δ, t) such
that

σ1(ℓ, ν) ∈ arginf
ε/κ

(ℓ,ν)
δ,t−→(ℓ′,ν′)

[
twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)

]
(3.1)

We note that this set is non-empty since the value function is a fixpoint of
operator F .

The strategy σ1 thus built makes a small error wrt the optimal at each step. But
once again strongly relying on the divergence of the WTG, we can nevertheless
show that σ1 is fake-ε/κ-optimal.

Lemma 3.11. The strategy σ1 of Min is fake-ε/κ-optimal, i.e.

76



3. Switching Strategies

1. each finite play ρ conforming to σ1 from (ℓ, ν) and reaching the target has a
payoff at most dVal(ℓ, ν) + |ρ| ε

κ
: in particular, if dVal(ℓ, ν) = −∞, no such

play exists;

2. each finite play conforming to σ1 following a cycle in the region game R(G)
of length at least |L|α+ 1 has a cumulated weight at most −1 where α is the
number of cells.

Proof. We show independently the two properties.
We begin by showing item 1. If dVal(ℓ, ν) = −∞, we have already seen before

that no such play exists (since σ1 is defined by a Büchi objective that does not
contain the set of target locations). We thus restrict ourselves to considering
configurations of value different from −∞ in the following. We then reason by
induction on the length of the plays ρ. If |ρ| = 0, ℓ ∈ LT and

P(ρ) = 0 = dVal(ℓ, ν) ≤ dVal(ℓ, ν) + 0× ε

κ
.

If |ρ| = n > 0, we write ρ = (ℓ, ν)
δ,t−→ ρ′, and let (ℓ′, ν ′) be the first configuration of

ρ′. By definition, we have P(ρ) = twt(ℓ)+wt(δ)+wt(ρ′). By induction hypothesis,
we obtain

P(ρ) ≤ twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′) + (n− 1)
ε

K
(3.2)

• If ℓ ∈ LMax, then we can rewrite (3.2) (by applying the supremum) as

P(ρ) ≤ sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)

)
+ (n− 1)

ε

κ

≤ F(dVal)(ℓ, ν) + n
ε

κ
.

• If ℓ ∈ LMin, then we can rewrite (3.2) as

P(ρ) ≤ inf
(ℓ,ν)

δ,t−→(ℓ′,ν′)

(
twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)

)
+
ε

κ
+ (n− 1)

ε

κ

≤ F(dVal)(ℓ, ν) + n
ε

κ

by using the definition of σ1 given in (3.1).

Finally, since dVal is a fixpoint of F (by Theorem 2.1-2), we conclude that P(ρ) ≤
dVal(ℓ, ν) + n ε

κ
.

Now, we prove item 2. The second property is trivial (and already discussed
before) when the strategy σ1 is chosen according to the case of values −∞. We

77



3. Switching Strategies

therefore once again suppose that there are no remaining configurations of value
−∞ in this proof.

We first show that, for all edges (ℓ, ν)
δ,t−→ (ℓ′, ν ′) conforming to σ1, we have

dVal(ℓ, ν) ≥ twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)− ε

κ
(3.3)

• If ℓ ∈ LMin, since dVal is a fixpoint of F (by Theorem 2.1-2), we have

dVal(ℓ, ν) = inf
(ℓ,ν)

δ1,t1−−→(ℓ1,ν1)

[
t1 wt(ℓ) + wt(δ1) + dVal(ℓ1, ν1)

]
≥ twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)− ε

κ

when σ1(ℓ, ν) = (δ, t).

• If ℓ ∈ LMax, since dVal is a fixpoint of F (by Theorem 2.1-2), we have

dVal(ℓ, ν) = sup

(ℓ,ν)
δ1,t1−−→(ℓ1,ν1)

[
t1 wt(ℓ) + wt(δ1) + dVal(ℓ1, ν1)

]
≥ twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)

≥ twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)− ε

κ

for all feasible decisions (δ, t) from (ℓ, ν).

Then, let π be a cyclic path in R(G) of length at least |L|α+1, and ρ be a finite
play following π and conforming to σ1. It goes through only states of a single
SCC of R(G), that is either positive or negative, by the divergence of the WTG
G. We show that this SCC is necessarily negative, therefore proving wtΣ(ρ) ≤ −1.
Suppose, on the contrary, that the SCC is positive.

First, since π has a length of at least |L|α + 1, it must go through the same
pair of locations and cells of dVal (remember that dVal is piecewise affine, and we
have called cell each piece where it is affine) at least twice. Consider the cycle π′

(of length at most |L|α) obtained by considering the part of π between these two
occurrences, and ρ′ a corresponding finite play starting in a configuration (ℓ, ν),
ending in (ℓ, ν ′) (with ν and ν ′ in the same cell). Since the SCC is positive, ρ′
has a weight of at least 1. By the definition of σ1 taking a uniform decision on
each cell, we can mimic this loop once again from (ℓ, ν ′), for 2 ⌈β⌉ times, where
β is the maximum over the cells c (where dVal is not −∞) of the differences
supc dVal − infc dVal, that is finite since the value function is affine in each cell
that is bounded. The obtained play ρ′′ has a weight of at least 2 ⌈β⌉ (since it is
decomposed as 2 ⌈β⌉ cycles in a positive SCC), and a length at most 2 ⌈β⌉ |L|α.
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By summing up all the inequalities given by (3.3) along the play ρ′′ (from (ℓ, ν)
to (ℓ, ν ′′)), and by simplifying the result, we obtain that

wtΣ(ρ
′′) ≤ dVal(ℓ, ν)−dVal(ℓ, ν ′′)+

ε

κ
|ρ′′| ≤ dVal(ℓ, ν)−dVal(ℓ, ν ′′)+

ε

κ
2 ⌈β⌉ |L|α.

However, by definition of β (the maximum difference of values in a cell), we obtain

wtΣ(ρ
′′) ≤ ⌈β⌉

(
1 +

ε

κ
2 |L|α

)
≤ ⌈β⌉ (1 + 2ε) < 2 ⌈β⌉

since κ ≥ 2 |L|α and ε < 1/2. This contradicts the fact that ρ′′ has a weight of at
least 2 ⌈β⌉ and concludes the proof of the second item.

Remark. From Lemma 3.11, we deduce that the switching threshold κ can be set
to (We |Q|(|L|α + 2) +N)(|Q| (|L|α + 1) + 1). ◁

3.2.2. Memoryless strategies for Max

In a divergent WTG, with the same technique as for switching strategies for Min,
we can prove that Max has an almost-optimal memoryless strategy. To make this
proof, we take the point of view of Max; looking for good strategies for this player.
This is possible since all WTGs are determined [Bri+22, Theorem 2.2]. We may
thus associate a value with any strategy τ of Max:

dValτ (ℓ, ν) = inf
σ∈dStratMin

P
(
Play((ℓ, ν), σ, τ)

)
.

Then, the strategy τ is ε-optimal if dValτ (ℓ, ν) ≥ dVal(ℓ, ν)−ε for all configurations
(ℓ, ν).

As Max does not wish to go to the target, we show that no switch is necessary
to play almost-optimally: memoryless strategies are sufficient to guarantee a value
as close as wanted to the value of the WTG. For a configuration with a value equal
to −∞, all the strategies for Max are equivalent where they are all equally bad.
Without loss of generality, we can therefore suppose that there are no configu-
rations in G with a value equal to −∞. Then, it is shown in [BMR17] that the
remaining values are bounded in absolute value by We|Q| where Q is the set of
region states in R(G), since optimal plays have no cycles.

In the rest of this section, we prove Theorem 3.2-2, by using that fact to build a
memoryless strategy τ analogous to strategy σ1 before. Once again, we use that the
value function is a fixpoint of the operator F (once we have removed configurations
of value −∞). We must still accommodate small errors at each step, because of
the guards on clocks. Similarly to the switching parameter κ for the switching
strategy (with N = 0), we let κ = We |Q| (|L|α + 2) (|Q|(|L|α + 1) + 1) where
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Q is the set of region states in R(G). We use the argsupε operator, analogously
to arginfε, defined for all mappings f : A → R and B ⊆ A by argsupε

Bf = {a ∈
B | f(a) ≥ supB f − ε}. Then, for all configurations (ℓ, ν), we choose τ(ℓ, ν) as a
decision (δ, t) such that

τ(ℓ, ν) ∈ argsup
ε/κ

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(twt(ℓ) + wt(δ) + dVal(ℓ′, ν ′)) . (3.4)

In a completely symmetrical way as for Lemma 3.11, we show that τ satisfies the
following useful properties:

Lemma 3.12. The strategy τ satisfies the following properties:

1. each finite play ρ conforming to τ from (ℓ, ν) and reaching the target has a
cumulated weight at least dVal(ℓ, ν)− |ρ| ε

κ
;

2. each finite play conforming to τ , that follows a cycle in the region game R(G)
of length at least |L|α + 1, has a cumulated weight at least 1 where α is the
number of cells.

Now, we have tools to prove that τ is an ε-optimal strategy for Max from (ℓ, ν).
In other words, we show that dValτ (ℓ, ν) ≥ dVal(ℓ, ν)− ε.

Let ρ be a play conforming to τ from (ℓ, ν). We distinguish two cases according
to the length of ρ. First, we suppose that |ρ| ≤ κ, then, by Lemma 3.12-1, we have

P(ρ) ≥ dVal(ℓ, ν)− ε

κ
|ρ| ≥ dVal(ℓ, ν)− ε .

Otherwise, we suppose that |ρ| > κ, then by definition of κ = We |Q| (|L|α+ 2)
(|Q| (|L|α+ 1) + 1), ρ contains at least We |Q| (|L|α+ 2) cycles of length at least
|L|α + 1 in R(G). By Lemma 3.12-2, all of these cycles have a cumulated weight
of at least 1. So, the cumulated weight of ρ induced by the cycles in R(G) is at
least We |Q| (|L|α + 2). Moreover, ρ has at most |Q| (|L|α + 1) remaining edges
once the region cycles are removed. The weight of each of these edges is at least
−We, so the weight of this set of edges is at least −We |Q| (|L|α+ 1). Now, since
We |Q| ≥ dVal(ℓ, ν) (by [BMR17]), we deduce that

P(ρ) ≥ We |Q| (|L|α + 2)−We |Q| (|L|α + 1) = We |Q| ≥ dVal(ℓ, ν) .

In particular, we obtain that P(ρ) ≥ dVal(ℓ, ν)− ε.
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4. Deterministic Value Problem
in One-clock Weighted Timed
Games

Despite several recent works, the decidability of the deterministic value
problem in one-clock WTGs, i.e. deciding if the deterministic value of a
given configuration is less than a fixed threshold, remained open. Our
main contribution concerning the value is to push the decidability frontier
by proving that the value function is computable for all one-clock WTGs.
Moreover, we present a first implementation of a value iteration-based al-
gorithm to solve all one-clock WTGs.

Table of contents

4.1. Closure of one-clock weighted timed games . . . . . . . . . . . . . . 84
4.2. How Max can control negative cycles in the closure . . . . . . . . . 90
4.3. A partial unfolding of the closure . . . . . . . . . . . . . . . . . . . 95

4.3.1. How Max controls negative “cycles” in the unfolding . . . . . 99
4.3.2. Value of the unfolding . . . . . . . . . . . . . . . . . . . . . 103

4.4. Decidability of the value problem . . . . . . . . . . . . . . . . . . . 112
4.5. Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

In this chapter, we will prove that the value function of all one-clock WTGs is
computable in exponential time. Even if the effective computation of the value
function is based on techniques of [Bri+22], to obtain the result, we use a technique
more similar to the one in [Bou+06] used to obtain the decidability in one-clock
WTGs with only non-negative weights.

Theorem 4.1. For all one-clock WTGs G and all initial locations ℓi, the mapping
ν 7→ dValG(ℓi, ν) is computable in time exponential in |L| and W .

Remark. The complexities of Theorem 4.1 would be more traditionally considered
as doubly-exponential if weights of the one-clock WTG were encoded in binary as
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usual. In this work, we thus count the complexities as if all weights were encoded
in unary and, thus, consider W to be the bound of interest. ◁

To provide the proof of Theorem 4.1, we let G be a one-clock WTG and ℓi
be an initial location. The first step of the proof, described in Section 4.1, is to
define a special region game G [Bri+22], called closure, in which we close all the
guards and we keep in mind the region that we originally wanted to reach by its
closure: for example a guard 0 ≤ x ≤ 1 is used to reach the region (0, 1). Since
this transformation preserves the value function [Bri+22], we deduce the result by
computing the value functions ν 7→ dValG((ℓi, r), ν) for all regions r. Regions r
over which ν 7→ dValG((ℓi, r), ν) is constantly equal to +∞ or −∞ are computable
in polynomial time, as explained in [Bri+22]. We, therefore, remove them from G
from now on. We now fix an initial region ri and let qi = (ℓi, ri), and explain how
to compute ν 7→ dValG((ℓi, ri), ν) on the interval ri.

As in the non-negative case [Bou+06], the objective is to limit the number of
transitions with a reset taken into the plays while not modifying the value of
the WTG. When all weights are non-negative, this is fairly easy to achieve since,
intuitively speaking, Min has no interest in using any cycles containing such a
transition (since it has non-negative weight and is thus non-beneficial for Min).
The WTG can thus be transformed such that each transition with a reset is taken
at most once. To obtain a smaller WTG, it is even possible to simply count the
number of transitions with a reset taken so far in the play and stop the WTG (with
a final weight +∞) in case the counter goes above the number of such transitions
in the WTG. The transformed WTG has a polynomial number of locations with
respect to the original WTG and is reset-acyclic, which allows one to solve it by
using Theorem 1.32, with a time complexity polynomial in |L| and W (instead
of the exponential time complexity originally achieved in [Bou+06; Rut11] with
respect to |L|).

The situation is much more intricate in the presence of negative weights since
negative cycles containing a transition with a reset can be beneficial for Min, as
we have seen in Example 1.26. Notice that this is still true in the closure of the
WTG, as can be checked in Figure 1.7. Moreover, some cyclic paths may have
plays following it with a positive weight and plays following it with a negative
weight, making it difficult to determine whether it is beneficial to Min (or not).
To overcome this situation, we will consider the point of view of Max, benefiting
from the determinacy of the WTG. We will show that, in the closure, Max can
play optimally with memoryless strategies while avoiding negative cyclic plays.
This will simplify our further study since, by following this strategy, Max ensures
that only non-negative cyclic plays will be encountered, which is not beneficial
to Min. Therefore, as in [Bou+06], we will limit the firing of transitions with a
reset to at most once. However, we are not able to do it without blowing up
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exponentially the number of locations of the WTG. Indeed, along the unfolding of
the WTG, we need to record enough information to know, in case a cyclic path
ending with a reset is closed, whether this cyclic path has a potential negative
weight (in which case Max will indeed not follow it) or non-negative weight (in
which case it is not beneficial for Min to close the cycle). Determining in which
case we are will be made possible by introducing the notion of the value of a cyclic
path in Section 4.2. Then, Max has even an optimal strategy to avoid closing
cyclic paths with a negative value (which is stronger than only avoiding creating
negative cyclic plays). The unfolding, denoted U , will be defined in Section 4.3.
Section 4.3.1 shows that Max keeps its ability to play without falling into a negative
“cycle” in the unfolding. This allows us to show in Section 4.3.2 that the unfolding
WTG has a value equal to the one of the closure WTG. This allows us to wrap up
the proof of Theorem 4.1 in Section 4.4.

Final weight functions For technical reasons in the computation of the value
function, we need to equip our one-clock WTGs with a final weight function:
when a target configuration is reached, we add the final weight induced by the
function of the final location applied to the valuation to the cumulative weight.
This definition has been previously used used to decompose into SCC the solution
of divergent WTGs [Bus19]. Here, we use this technique to close our unfolding
and, thus, obtain a finite unfolding. In the rest of this chapter, we therefore
consider G to be a one-clock WTG defined by the following tuple ⟨LMin, LMax, LT ,
Lu, {x},∆,wt,wtT ⟩ such that ⟨LMin, LMax, LT , Lu, {x},∆,wt⟩ is a one-clock WTG
and wtT : LT × R≥0 → R∞ is a function mapping each target configuration to a
final weight.

We also assume that the final weight functions satisfy a sufficient property en-
suring that they can be encoded in finite space: we require final weight functions
to be piecewise affine with a finite number of pieces and continuous on each region.
More precisely, we assume that cutpoints (the value of the clock in-between two
affine pieces) and coefficients are rational and given in binary. In particular, we
let Wfin be the maximum absolute value of weights of final functions, i.e.

Wfin = sup
q∈Qt

wtT (q,·)/∈{+∞,−∞}

sup
ν

|wtT (q, ν)|

We also let W be the maximum of Wloc, Wtr, and Wfin.
Finally, introducing final weight functions modifies the payoff of plays. Formally,

given a finite play ρ reaching a target configuration (ℓ, ν) in G, we extend the payoff
of ρ with the final weight function, i.e. we fix P(ρ) = wtΣ(ρ)+wtT (ℓ, ν) in this case.
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4.1. Closure of one-clock weighted timed games

As a reminder, a WTG can be populated with the region information without
loss of generality in its region game (see Section 1.2.2 for details). However, to
solve one-clock WTGs, this transformation does not suffice. Indeed, to solve reset-
acyclic one-clock WTGs in [Bri+22], authors do not use the usual region game:
their method is based on a construction that consists in not only enhancing the
locations with regions (as the region game) but also closing all guards while pre-
serving the value of the original game.

Definition 4.2. The closure of a one-clock WTG G = ⟨LMin, LMax, LT , Lu, {x},∆,
wt,wtT ⟩ is the one-clock WTG G = ⟨QMin, QMax, Qt, Qu, {x},∆,wt,wtT ⟩ where:

• Q = QMin ⊎QMax ⊎Qt is the set of region1 states from G;

• for all (ℓ, r) ∈ Q, the transition
(
(ℓ, r), g ∩ r′′, Y, (ℓ′, r′)

)
∈ ∆ if and only

if there exist a transition (ℓ, g, Y, ℓ′) ∈ ∆, and a region r′′ such that the
interval2 g ∩ r′′ is not empty, the lower bound of r′′ is a time successor of r,
and r′ is equal to r′′ if Y = ∅ and to {0} otherwise: g ∩ r′′ stands for the
topological closure of the non-empty interval g ∩ r′′. Moreover, in this case,
we let wt

(
(ℓ, r), g ∩ r′′, Y, (ℓ′, r′)

)
= wt(ℓ, g, Y, ℓ′);

• for all region states (ℓ, r), we have wt(ℓ, r) = wt(ℓ);

• for all (ℓ, r) ∈ Qt, for ν ∈ r, wtT ((ℓ, r), ν) = wtT (ℓ, ν) and extend ν 7→
wtT ((ℓ, r), ν) by continuity on r̄, the closure of the interval r. We may also
let wtT ((ℓ, r), ν) = +∞ for all ν /∈ r, even though we will never use this in
the following.

An example of closure is given in Figure 4.1, which depicts the closure of the
one-clock WTG depicted in Figure 1.7, restricted to locations ℓ0, ℓ1, ℓ2, and , (we
have seen that ℓ3 is anyway useless).

The semantics of the closure is obtained by concentrating on the following set of
configurations which is an invariant of the closure (i.e. starting from a configuration
fulfilling the invariant, we can only reach configurations fulfilling the invariant):

• configurations ((ℓ, {Mk}),Mk);

• and configurations ((ℓ, (Mk,Mk+1)), ν) with ν ∈ [Mk,Mk+1] (and not only in
(Mk,Mk+1) as one might expect in the region game);

1As explained in Section 1.3.3.2, we use the definition induced by [LMS04] for regions.
2We recall that since we consider only one-clock WTG, we represent guards by an interval of

real value.
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Figure 4.1 – The restriction of the closure of the one-clock WTG depicted in Figure 1.7
to locations ℓ0, ℓ1, ℓ2 and ,.

where (Mi)i is the set of constants that appear in guards of the WTG and that
define regions (like in Section 1.3.3.2).

The closure of the guards allows players to mimic a decision in G “arbitrarily
close” to Mk (or Mk+1) in (Mk,Mk+1) to be simulated by jumping on Mk (or Mk+1)
while staying in the region (Mk,Mk+1). In particular, it is shown in [Bri+22] that
we can transform an ε-optimal strategy of G into an ε′-optimal strategy of G with
ε′ < 2ε and vice-versa. Thus, the closure of a one-clock WTG preserves its value.

Lemma 4.3 [Bri+22, Lemma 6.1]. For all one-clock WTGs G, (ℓ, r) ∈ Q and
ν ∈ r,

dValG(ℓ, ν) = dValG((ℓ, r), ν) .

Moreover, the closure construction also makes the value function more manage-
able for our purpose. Indeed, as shown in [Bri+22], the mapping ν 7→ dValG(q, ν)
is continuous over all regions, but there might be discontinuities at the borders of
the regions. The closure construction clears this issue by softening the borders of
each region independently: we show the continuity of the value function on each
closed region (and not only on the regions) in the closure game by following a very
similar sketch as the one of [Bri+22, Theorem 3.2].

Lemma 4.4. For all one-clock WTGs G and initial location (ℓ, r) ∈ Q, the map-
ping ν 7→ dValG((ℓ, r), ν) is continuous over r.

Proof. The main ingredient of our proof is, given a strategy σ of Min in G, a
location q = (ℓ, r) of G, and valuations ν, ν ′ ∈ r (and not only ν, ν ′ ∈ r as in the
proof of [Bri+22, Theorem 3.2]), to show how to build a strategy σ′ in G and a
length-preserving function f that maps plays of G starting in (q, ν ′) and conforming
to σ′ to plays of G starting in (q, ν) conforming to σ with similar behaviour and
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weight. More precisely, we define σ′ and f by induction on the length k of the
finite play that is given as an argument and relies on the following set of induction
hypotheses:

Induction hypothesis: There exist a strategy σ′, only defined on plays of
length at most k−1 starting in (q, ν ′), and a function f mapping plays of length k
starting in (q, ν ′) conforming to σ′ to plays of length k starting in (q, ν) conforming

to σ such that for all plays ρ′ = (q0 = q, ν ′0 = ν ′)
δ′0,t

′
0−−→ · · ·

δ′k−1,t
′
k−1−−−−−→ (qk, ν

′
k)

conforming to σ′, letting (q0, ν0 = ν)
δ0,t0−−→ · · · δk−1,tk−1−−−−−→ (qk, νk) the play f(ρ′), we

have:

1. |νk − ν ′k| ≤ |ν − ν ′|;

2. wtΣ(ρ
′) ≤ wtΣ(f(ρ

′)) +Wloc(|ν − ν ′| − |νk − ν ′k|).

We note that no property is required on the strategy σ′ for finite plays that do
not start in (q, ν ′). Moreover, by the invariants of G, we have that for every
i ∈ {0, . . . , k}, νi and ν ′i belong to the interval ri such that qi = (ℓi, ri).

Let us explain how this result would imply the desired result before going
through the induction itself, i.e. why the mapping ν 7→ dValG((ℓ, r), ν) is con-
tinuous over r. We remark first that the result directly implies that if the value of
G is finite for some valuation ν in r, then it is finite for all other valuations ν ′ in
r. Indeed, a finite value of the game in (q, ν) implies that there exists a strategy
σ such that every play starting in (q, ν) and conforming to it reaches a target
location in a final valuation such that the final weight function appired in this last
configuration is finite. Moreover, denoting σ′ the strategy obtained from σ thanks
to the above result, any play ρ′ starting in (q, ν ′) and conforming to σ′ reaches a
target location (since f(ρ′) does as a play conforming to σ). Moreover, we recall
that final weight function is either always finite or always infinite within a region
(by hypothesis). In particular, the final weight function of last(ρ′) is finite as the
final valuations of ρ′ and f(ρ′) sit in the same region.

Now, assuming the value of G is finite over r, we show that the value function is
continuous over r. To do it, we show that, for all ν ∈ r, for all ε > 0, there exists
δ > 0 such that for all ν ′ ∈ r with |ν−ν ′| ≤ δ, we have |dValG(q, ν)−dValG(q, ν

′)| ≤
ε. To this end, we can show that:

|dValG(q, ν)− dValG(q, ν
′)| ≤ (Wloc +K)|ν − ν ′| (4.1)

where K is the greatest absolute value of the slopes appearing in the piecewise
affine functions within wtT . Indeed, assume that this inequality holds, and consider
ν ∈ I and a positive real number ε. Then, we let δ = ε

Wloc+K
, and we consider a
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valuation ν ′ such that |ν − ν ′| ≤ δ. In this case, (4.1) becomes

|dValG(q, ν)− dValG(q, ν
′)| ≤ (Wloc +K)|ν − ν ′| ≤ (Wloc +K)

ε

Wloc +K
≤ ε .

Thus, proving (4.1) is sufficient to establish continuity.
On the other hand, (4.1) is equivalent to:

dValG(q, ν) ≤ dValG(q, ν
′) + (Wloc +K)|ν − ν ′| and

dValG(q, ν
′) ≤ dValG(q, ν) + (Wloc +K)|ν − ν ′| .

As those last two equations are symmetric with respect to ν and ν ′, we only have
to show either of them. We thus focus on the latter, which, by using the upper
value, can be reformulated as: for all strategies σ of Min, there exists a strategy
σ′ such that

dValσ
′

G (q, ν
′) ≤ dValσG(q, ν) + (Wloc +K)|ν − ν ′| .

We note that this last equation is equivalent to saying that there exists a function
f mapping plays ρ′ from (q, ν ′) conforming to σ′ to plays from (q, ν) conforming
to σ such that, for all such ρ′ the final valuations of ρ′ and f(ρ′) differ by at most
|ν − ν ′| and

wtΣ(ρ
′) ≤ wtΣ(f(ρ

′)) +Wloc|ν − ν ′|

which is exactly what we claimed induction achieves since −|νk − ν ′k| ≤ 0. Thus,
to conclude this proof, let us now define σ′ and f , by induction on the length k
of ρ′.

Base case k = 0: In this case, σ′ does not have to be defined since there are
no plays of length −1. Moreover, in that case, ρ′ = (q, ν ′) and f(ρ′) = (q, ν), in
which case both properties are trivial.

Inductive case: Let us suppose now that the construction is done for a
given k ≥ 0 and perform it for k + 1. We start with the construction of σ′. To

that extent, we consider a play ρ′ = (q0 = q, ν ′0 = ν ′)
δ′0,t

′
0−−→ · · ·

δ′k−1,t
′
k−1−−−−−→ (qk, ν

′
k)

conforming to σ′ (provided by induction hypothesis) such that qk ∈ QMin . Let
(δ, t) be the decision made by σ on f(ρ′), i.e. σ(f(ρ′)) = (δ, t). Then, we define
σ′(ρ′) = (δ′, t′) where t′ = max(0, νk + t − ν ′k). The delay t′ respects the guard of
transition δ, as can be seen from Figure 4.2. Indeed, either νk + t = ν ′k + t′ (cases
(a) and (b) in Figure 4.2) or νk ≤ νk + t ≤ ν ′k (case (c) in Figure 4.2 where t′ = 0),
in which case ν ′k is in the same closure of region as νk + t since νk and ν ′k are in
the same closure of region by induction hypothesis: we conclude by noticing that
the guard of δ is closed.

Let us now build the mapping f . Let ρ′ = (q0 = q, ν ′0 = ν ′)
δ′0,t

′
0−−→ · · ·

δ′k,t
′
k−−→
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ν ′k
•

νk• •

(a)
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t′
νk
•

ν ′k• •

(b)
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t′

νk
• •

ν ′k
•

(c)

t

t′

Figure 4.2 – The definition of t′ when (a) ν ′k ≤ νk; (b) νk < ν ′k < νk + t; or (c) νk <
νk + t < ν′k.

(qk+1, ν
′
k+1) be a play conforming to σ′ and let ρ̃′ = (q0, ν

′
0)

δ′0,t
′
0−−→ · · ·

δ′k−1,t
′
k−1−−−−−→

(qk, ν
′
k) its prefix of length k. Using the construction of f over plays of length

k by induction, the play f(ρ̃′) = (q0, ν0 = ν)
δ0,t0−−→ · · · δk−1,tk−1−−−−−→ (qk, νk) satisfies

properties 1 and 2. Then:

• if qk ∈ QMin and σ(f(ρ̃′)) = (δ, t), then f(ρ′) = f(ρ̃′)
δ,t−→ (qk+1, νk+1) is

obtained by applying those choices on f(ρ̃′). By the construction of σ′, we
moreover have δ′k = δ;

• if qk ∈ QMax, the last valuation νk+1 of f(ρ′) is rather obtained by choosing
action (δ′k, t) verifying t = max(0, ν ′k + t′k − νk). We note that transition δ′k
is allowed since both νk + t and ν ′k + t′k are in the same closure of region (for
similar reasons as above).

Moreover, by induction hypothesis ρ̃′ and f(ρ̃′) have the same length.
Now, to prove property 1, we notice that we always have either

νk + t = ν ′k + t′k or νk ≤ νk + t ≤ ν ′k = ν ′k + t′k or ν ′k ≤ ν ′k + tk ≤ νk = νk + tk .

In all of these possibilities, we have |(νk + t)− (ν ′k + t′k)| ≤ |νk − ν ′k|.
We finally check property 2. Either qk belongs to Min or to Max, using the

induction hypothesis, we have

wtΣ(ρ
′) = wtΣ(ρ̃

′) + wt(δ′k) + t′k wt(qk)

≤ wtΣ(f(ρ̃
′)) +Wloc(|ν − ν ′| − |νk − ν ′k|) + wt(δ′k) + t′k wt(qk)

= wtΣ(f(ρ
′)) + (t′k − t)wt(qk) +Wloc(|ν − ν ′| − |νk − ν ′k|) .

To conclude, let us claim that

|t′k − t| ≤ |νk − ν ′k| − |ν ′k+1 − νk+1| (4.2)
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Thus, since |wt(qk)| ≤ Wloc, we conclude that:

wtΣ(ρ
′) ≤ wtΣ(f(ρ

′)) +Wloc(|ν − ν ′| − |νk+1 − ν ′k+1|)

which concludes the induction.
To conclude the proof, we prove (4.2). First, we suppose that δ′k does not contain

a reset. In particular, we have t′k = ν ′k+1 − ν ′k and t = νk+1 − νk, thus |t′k − t| =
|ν ′k+1−ν ′k−(νk+1−νk)|. Then, two cases are possible: either t′k = max(0, νk+t−ν ′k)
or t = max(0, ν ′k + t′k − νk). So we have three different possibilities:

• if t′k + ν ′k = t+ νk, then ν ′k+1 = νk+1, thus

|t′k − t| = |νk − ν ′k| = |νk − ν ′k| − |ν ′k+1 − νk+1| ;

• if t = 0, then νk = νk+1 ≥ ν ′k+1 ≥ ν ′k, thus

|t′k − t| = ν ′k+1 − ν ′k = (νk − ν ′k)− (νk+1 − ν ′k+1) = |νk − ν ′k| − |ν ′k+1 − νk+1| ;

• if t′k = 0, then ν ′k = ν ′k+1 ≥ νk+1 ≥ νk, thus

|t′k − t| = νk+1 − νk = (ν ′k − νk)− (ν ′k+1 − νk+1) = |νk − ν ′k| − |ν ′k+1 − νk+1| .

Otherwise, δ′k contains a reset, then ν ′k+1 = νk+1 = 0. If t′k = νk + t− ν ′k, we have
that |t′k − t| = |νk − ν ′k|. Otherwise, t′k = 0 and t ≤ ν ′k − νk. In all cases, we have
proved (4.2).

In [Bri+22], it is also shown that the mapping ν 7→ dValG(q, ν) is piecewise affine
on each region where it is not infinite, that the total number of pieces (and thus of
cutpoints in-between two such affine pieces) is pseudo-polynomial (i.e. polynomial
in the number of locations and the greatest weight W ), and that all cutpoints
and the value associated to such a cutpoint are rational numbers. We will only
use this result on reset-acyclic WTGs, i.e. that do not contain cyclic paths with a
transition with a reset, which we formally cite in Theorem 1.32.

Example 4.5. Notice that the one-clock WTG depicted in Figure 1.7 does not
fulfil this hypothesis: indeed, the play (ℓ0, 0)

δ1,1/2−ε−−−−→ (ℓ1, 1/2 − ε)
δ2,1/2+ε−−−−→ (ℓ0, 0) is

a cyclic play that contains a transition with a reset and of weight −2ε negative
and arbitrarily close to 0, also doesn’t satisfy the property mentioned immediately
after Theorem 1.32. ⌟
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Figure 4.3 – On the left is a one-clock WTG where Max needs memory to play almost
optimally. On the right is its closure, where we merged several transitions
by removing unnecessary guards.

4.2. How Max can control negative cycles in the
closure

One of the main arguments of our proof is that, in the closure of a one-clock WTG,
Max can optimally play with memoryless strategies while avoiding negative cyclic
plays. As already noticed in [Bri+22], this is not always true in all (one-clock)
WTGs: Max may need memory to almost optimally play without the possibility
of avoiding some negative cyclic plays.

Example 4.6. In the one-clock WTG depicted on the left in Figure 4.3, we can
see that dVal(ℓ1, 0) = 0, but Max, who does not have an optimal strategy, needs
memory to play almost optimally and cannot avoid negative cyclic plays. Indeed,
an (almost-)optimal strategy for Max always chooses a delay greater than 1: if at
some point, a strategy of Max chooses a delay less than or equal to 1, then Min can
always choose δ4, and the value of this strategy is −10. However, Max must choose
a delay closer and closer to 1. Otherwise, we suppose that there exists β > 0 such
that all delays chosen by a strategy of Max are greater than 1 + β. Thus, Min has
a family of strategies that stay longer and longer in the cycle with a weight at
most −β, and the value of this strategy will tend to −∞. In particular, Max does
not have an optimal strategy, and, for all ε > 0, the ε-optimal strategy requires
infinite memory to play with delays closer and closer to 1: for instance, after the
n-th round in the cycle, Max delays ε

2n
time units, to sum up, all weights to a value

at most −ε. ⌟

Such convergence phenomena needed by Max do not exist in G since all guards
are closed (this is not sufficient alone though) and by the regularity of dVal given
by Lemma 4.4.

90



4. Deterministic Value Problem in One-clock Weighted Timed Games

Example 4.7. We consider the closure of the one-clock WTG depicted in Fig-
ure 4.3. The almost-optimal strategy (with infinite memory) of Max in G translates
into an optimal memoryless strategy in G: in (ℓ1, {0}), Max can delay 1 time unit
and jump into the location (ℓ0, (1, 2)). Then, cyclic plays that Min can create have
a zero weight and are thus not profitable for either player. ⌟

To generalise this explanation, we start by defining the value of cyclic paths
ending with a reset in a given one-clock WTG. Intuitively, the value of this cyclic
path is the weight that Min (or Max) can guarantee regardless of the delays chosen
by Max (or Min) during this one.

Definition 4.8. Let G = ⟨LMin, LMax, LT , Lu, {x},∆,wt,wtT ⟩ be a one-clock WTG.
By induction, we define the (deterministic) value of a finite path π in G from an
initial valuation ν of the clock and we denote it by dValνG(π). If π has length 0
(i.e. if π ∈ L), we let

dValνG(π) = 0 .

Otherwise, π can be written ℓ0
δ0−→π′ (with π′ starting in location ℓ1), and we let

dValνG(π) =

inf
(ℓ0,ν)

δ0,t0−−→(ℓ1,ν′)

[
t0 wt(ℓ0) + wt(δ0) + dValν

′

G (π
′)
]

if ℓ0 ∈ LMin

sup
(ℓ0,ν)

δ0,t0−−→(ℓ1,ν′)

[
t0 wt(ℓ0) + wt(δ0) + dValν

′

G (π
′)
]

if ℓ0 ∈ LMax

Then, for a cyclic path π of G ending by a transition with a reset, we let dValG(π) =
dVal0G(π).

Example 4.9. Let π = ℓ0
δ1−→ ℓ1

δ2−→ ℓ0 be the cyclic path of the one-clock WTG G
depicted in Figure 1.7. To evaluate the value of π, Min only needs to choose a
delay t1 ∈ [0, 1] when firing δ1, while Max has no choice but to play a delay 1− t1
when firing δ2, generating a finite play ρ of weight wtΣ(ρ) = 2 t1 − 1. We deduce
that dValG(π) = inft1∈[0,1](2 t1 − 1) = −1 (when Min chooses t1 = 0). ⌟

A cyclic path with a negative value ensures that Min can always guarantee that a
cyclic play is obtained and followed it with a negative weight, even when there are
other cyclic plays (that follow it) with a non-negative weight. It is exactly those
cycles that are problematic for Max since Min can benefit from them. We now
show our key lemma: in the closure of a one-clock WTG, Max can play optimally
and avoid cyclic paths of negative value.

Lemma 4.10. In a closure one-clock WTG G, Max has a memoryless optimal
strategy τ , such that

1. all cyclic plays conforming to τ have a non-negative weight;

91



4. Deterministic Value Problem in One-clock Weighted Timed Games

2. all cyclic paths ending by a reset conforming to τ have a non-negative value.

Proof. We use3 the fixpoint characterisation of the value, given in Theorem 2.1-
1, to define the memoryless optimal strategy τ for Max. Indeed, the identity
dValG = F(dValG), applied over configurations belonging to Max, suggests a choice
of transition and delay to play almost optimally. As F computes a supremum on
the set of possible (transitions and) delays, this does not directly lead to a specific
decision: in general, this would give rise to almost-optimal strategies and not an
optimal one. This is where we rely on the continuity of dValG (via Lemma 4.4) on
each closure of region to deduce that this supremum is indeed a maximum. More
precisely, for a location q ∈ QMax, we can write F(ValG)(q, ν) as

max
δ∈∆

sup

t s.t. (q,ν)
δ,t−→(q′,ν′)

[
wt(δ) + twt(q) + dValG(q

′, ν ′)
]
.

The guard of transition δ is the closure r of a region r ∈ Reg({x},M), therefore, t is
in a closed interval J of values such that ν+t falls in r. Notice that ν ′ is either 0 if δ
contains a reset or is ν+t: in both cases, this is a continuous function of t. Relying
on the continuity of dValG, the mapping t ∈ J 7→ wt(δ) + twt(q) + dValG(q

′, ν ′) is
thus continuous over a compact set so that its supremum is indeed a maximum.

We thus let the memoryless strategy τ be such that, for all configurations (q, ν),
τ(q, ν) is chosen arbitrarily in

argmax
δ∈∆

argmax

t s.t. (q,ν)
δ,t−→(q′,ν′)

[
wt(δ) + twt(q) + dValG(q

′, ν ′)
]

(4.3)

This mapping τ is then extended into a memoryless strategy, defining it over finite
plays by only considering the last configuration of the play. To conclude the proof,
we show that τ is an optimal strategy that satisfies the two properties of the
lemma.

We first show that τ is an optimal strategy, by proving that dValτG(q, ν) ≥
dValG(q, ν) for all configurations (q, ν). In particular, we show that for all plays
ρ from (q, ν) conforming to τ , we have P(ρ) ≥ dValG(q, ν). We remark that if
ρ does not reach Qt, then P(ρ) = +∞, and the inequality is satisfied. Now,
we suppose that ρ reaches Qt, and we reason by induction on the length of ρ

3Unlike in Chapter 2, we have equipped one-clock WTGs with final weight functions (continuous
over each region). Nevertheless, we note that the proof of Theorem 2.1-1 can be extended
when we suppose that final weight functions are always finite in region states (details of this
version of this proof are given in [MPR23a, Section 8]). Moreover, we also remark that,
without loss of generality, we may also suppose that final weights wtT (q, ν) are different from
+∞, for all configurations (q, ν) with q ∈ Qt. To do so, it suffices to forbid the jump into a
region r where the final weight function is constant equal to +∞, by modifying the guard on
the ingoing transitions.
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to show that P(ρ) ≥ dValG(q, ν) for all plays ρ starting in a configuration (q, ν)
reaching Qt. If ρ has length 0, it starts directly in q ∈ Qt, and P(ρ) = wtT (q, ν) =

dValG(q, ν). Otherwise, ρ = (q, ν)
δ,t−→ ρ′, with ρ′ starting in a configuration (q′, ν ′).

In particular, by the hypothesis of induction, we have

P(ρ) = wt(δ) + twt(q) +P(ρ′) ≥ wt(δ) + twt(q) + dValG(q
′, ν ′) .

Now, if q ∈ QMin, then we conclude by using that dValG is a fixed point of F , i.e.

P(ρ) ≥ inf
(q,ν)

δ,t−→(q′,ν′)

[
wt(δ) + twt(q) + dValG(q

′, ν ′)
]
= dValG(q, ν) .

Otherwise, we suppose that q ∈ QMax and (δ, t) is defined by τ . Thus, by (4.3)
and using again that dValG is a fixed point of F , we obtain that

P(ρ) ≥ sup

(q,ν)
δ,t−→(q′,ν′)

[
wt(δ) + twt(q, r) + dValG(q

′, ν ′)
]
= dValG(q, ν) .

Finally, we conclude the proof by showing that τ satisfies the two properties of
the lemma.

We begin by proving the property 1. Let ρ = (q1, ν1)
δ1,t1−−→ · · · (qk, νk)

δk,tk−−→
(qk+1, νk+1) = (q1, ν1) be a cyclic play conforming to τ . We show that wtΣ(ρ) ≥ 0
by claiming that for all i ∈ {1, . . . , k},

dValG(qi, νi) ≤ wt(δi) + ti wt(qi) + dValG(qi+1, νi+1) (4.4)

Indeed by summing this inequality along ρ, we obtain

k∑
i=1

dValG(qi, νi) ≤
k∑

i=1

(
wt(δi) + ti wt(qi) + dValG(qi+1, νi+1)

)
i.e., since ρ is a cyclic play,

wtΣ(ρ) =
k∑

i=1

(
wt(δi) + ti wt(qi)

)
≥ 0 .

To conclude this point, we show (4.4). For i ∈ {1, . . . , k}, we distinguish two cases.
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• If qi ∈ QMin, then we conclude as dValG is a fixed point of F :

dValG(qi, νi) = inf
(qi,νi)

δ,t−→(q′,ν′)

[
wt(δ) + twt(qi) + dValG(q

′, ν ′)
]

≤ wt(δi) + ti wt(qi) + dValG(qi+1, νi+1) .

• If qi ∈ QMax then, as dValG is a fixed point of F and by using (4.3), we have

dValG(qi, νi) = sup

(qi,νi)
δ,t−→(q′,ν′)

[
wt(δ) + twt(qi) + dValG(q

′, ν ′)
]

≤ wt(δi) + ti wt(qi) + dValG(qi+1, νi+1) .

To conclude the proof, we prove property 2. Let π = q0
δ0−→ q1 · · · qk

δk−→ q0
be a cyclic path conforming to τ such that δk contains a reset. By grouping all
infimum/supremum together4 in the previous definition, we can see that dValG(π)
can be rewritten as

inf(
fi : (t0,...,ti−1) 7→ti

)
0≤i≤k
qi∈QMin

sup(
fi : (t0,...,ti−1)7→ti

)
0≤i≤k
qi∈QMax

wtΣ(ρ)

where ρ is the finite play (q0, 0)
δ0,t0=f0−−−−−→ (q1, ν1)

δ1,t1=f1(t0)−−−−−−−→ · · · δk,tk=fk(t0,...,tk−1)−−−−−−−−−−−→
(q0, 0). Notice that the mapping fi, chosen by the player owning location qi, de-
scribes the delay before taking the transition δi as a function of the previously cho-
sen delays. In particular, for all ε > 0, there exists

(
fi : (t0, . . . , ti−1) 7→ ti

)
0≤i≤k
qi∈QMinsuch that for all

(
fi : (t0, . . . , ti−1) 7→ ti

)
0≤i≤k
qi∈QMax

,

wtΣ(ρ) ≤ dValG(π) + ε

with ρ the finite play described above. Since π is conforming to τ , a particular
choice of delays

(
fi : (t0, . . . , ti−1) 7→ ti

)
0≤i≤k
qi∈QMax

is given by τ itself. In this case, the

latter finite play ρ is conforming to τ . By the previous property, we know that
wtΣ(ρ) ≥ 0, therefore

dValG(π) ≥ −ε .

Since this holds for all ε > 0, we deduce that dValG(π) ≥ 0 as expected.

As a side note, it is tempting to strengthen Lemma 4.10-2 to ensure that all plays

4The value of a path is always determined. Indeed, by grouping choices to define strategies, the
order between the infimum and the supremum is not significant.
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1

ℓ1

−1

ℓ0

,

δ1 : 0 < x < 1
x := 0

δ2 : 0 < x < 1
x := 0δ3

x ≤ 1
−10

δ4
x ≤ 1
0

1

ℓ1, {0}

−1

ℓ0, {0}

,

x ≤ 1
x := 0

x ≤ 1
x := 0

x ≤ 1
−10

x ≤ 1
0

Figure 4.4 – On the left, a WTG such that its closure on the right contains a cyclic path
of value 0 and some cyclic paths of negative weight. Moreover, Max uses
this cyclic path to play optimally.

following a cyclic path ending with a reset conforming to τ have a non-negative
weight. Unfortunately, this does not hold, as shown in the following example.

Example 4.11. We consider the closure of the one-clock WTG depicted in Fig-
ure 4.4. Let π = (ℓ0, {0})

δ1−→ (ℓ1, {0})
δ2−→ (ℓ0, {0}). It is a cyclic path such that

all plays following it have a weight in [−1, 1]. To evaluate the value of π in G, Min
and Max need to choose delays t1, t2 ∈ [0, 1] when firing δ1 and δ2. We obtain a set
of finite plays ρ parametrised by t1 and t2 of weight wtΣ(ρ) = −t1+ t2. We deduce
that dValG(π) = inft1 supt2 [t2− t1] = 0 (when Min and Max choose t1 = t2 = 1). In
particular, from the configuration ((ℓ0, {0}), 0), the cyclic path π is not interesting
for Min since he only can guarantee the weight 0. Thus, he must play transition
δ4 after a delay of 1 unit of time to lead to a value of −1. To play optimally, Max
must avoid the transition δ3, i.e. all optimal strategies of Max play in the previous
cyclic path π that has a non-negative value but such that certain plays following
it have a negative weight. ⌟

Finally, we note that Lemma 4.10 does not allow us to conclude on the decid-
ability of the value problem since we use the unknown value dValG to define the
optimal strategy.

4.3. A partial unfolding of the closure

To compute dValG, we now define the partial unfolding of the one-clock WTG G
by allowing only one occurrence of each cyclic path (from G) ending by a reset.
In particular, when a transition with a reset is taken for the first time, we go into
a new copy of the WTG, from which, if this transition happens to be chosen one
more time, we stop the play by jumping into a new target location. The final
weight of this target location is determined by the value of the cyclic path (ending
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−1

ℓ1

1

ℓ0

0ℓ2 ,

δ1 : x = 1;x := 0

δ2 : x = 1;x := 0

δ5 : x ≤ 1

δ3
x ≤ 1 δ4 : x ≤ 1

−1

(ℓ1, {0})
1

(ℓ0, {0})

1

(ℓ0, {1})

0

(ℓ2, {0})

,

δ′1 : x = 1, x := 0

δ′′1 : x = 1, x := 0

δ′2 : x = 1, x := 0δ′3 : x = 0

δ′4 : x = 0

δ′5
x ≤ 1 δ′′4 : x = 1

Figure 4.5 – A one-clock WTG (left) and a portion of its closure (right) where δ′2 belongs
to a cyclic path of non-negative value and another cyclic path of negative
value.

with a reset) that would have just been closed. If the cyclic path has a negative
value, then we go in a leaf t<0 of final weight −∞ since this is a desirable cycle for
Min. Otherwise, we go in a leaf t≥0 of final weight big enough to be an undesirable
behaviour for Min, i.e. |Q|We +Wfin (for technical reasons that will become clear
later, we can not simply put a final weight +∞).

A single transition with a reset can be part of two distinct cyclic paths, one
of negative value and the other of non-negative value, as demonstrated in Exam-
ple 4.12. Thus, knowing the last transition of the cycle is not enough to compute
the value of the cyclic path. Instead, we need to record the whole cyclic path:
copying the game (as done in the non-negative setting [Bou+06]) is not enough.
Our unfolding needs to remember the path followed so far: its locations are thus
finite paths of G.

Example 4.12. In Figure 4.5, we have depicted a one-clock WTG (left) and a
portion of its closure (right), where δ′2 is contained in a cyclic path of negative value

(ℓ0, {0})
δ′3−→ (ℓ2, {0})

δ′′4−→ (ℓ0, {1})
δ′′1−→ (ℓ1, {0})

δ′2−→ (ℓ0, {0})

and another cyclic path of non-negative (zero) value

(ℓ0, {0})
δ′1−→ (ℓ1, {0})

δ′2−→ (ℓ0, {0}) . ⌟

In order to obtain a finite acyclic unfolding, we also need to stop cyclic paths
without resets. To do so, we will rely on Theorem 3.9 stating that in reset-acyclic
one-clock WTGs, there exists an almost-optimal switching strategy σ, for Min such
that all plays conforming to σ reach the target within a known number κ of steps.

Now, between two transitions with a reset, we obtain a reset-acyclic one-clock
WTG. As a consequence, we can bound the number of steps between two transi-
tions with a reset by κ. This property allows us to avoid incorporating cycles in
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,

t<0 t≥0

t+∞

δ1
x := 0

δ2
x := 0

δ1
x := 0

δ2
x := 0

δ1
x := 0

δ2
x := 0

δ2
x := 0 δ1

x := 0

δ1
x := 0

δ2
x := 0

Figure 4.6 – Scheme of the unfolding of a closure of a one-clock WTG.

the unfolding: we cut the unfolding when the play becomes longer than κ since the
last seen transition with a reset. In this case, we will jump into a new target loca-
tion, t+∞, whose final weight is equal to +∞ since it is an undesirable behaviour
for Min.

The scheme of the unfolding is depicted in Figure 4.6 when the closure of a WTG
contains two transitions with a reset, δ1 and δ2, each belonging to several cycles
of different values (negative and non-negative). Inside each grey component, only
transitions with no reset are unfolded for at most κ steps by only keeping the path
followed so far in the current location. Transitions with a reset induce a change
of components: these are in between the components. The second time they are
visited, the value of the cycle it closes is computed, and we jump in t<0 or t≥0

depending on the sign of the value.

Definition 4.13. The unfolding of G from the initial location qi is the (a priori
infinite) one-clock WTG U = ⟨L′

Min, L
′
Max, L

′
T , L

′
u, {x},∆′,wt′,wt′T ⟩ with L′

Min ⊆
FPathsMin, L′

Max ⊆ FPathsMax, L′
T ⊆ Qt ∪ {t≥0, t<0, t+∞} such that

• L′ = L′
Min ⊎ L′

Max ⊎ L′
T and ∆′ are the smallest sets such that qi ∈ L′ and

for all π ∈ L′
Min ⊎ L′

Max and δ ∈ ∆, if Next(π, δ) = (π′, δ′) then π′ ∈ L′ and
δ′ ∈ ∆′ (where Next is defined in Algorithm 1);

• L′
u = {π ∈ L′ | last(π) ∈ Qu};

• for all π /∈ L′
T , wt′(π) = wt(last(π)), and all δ′ ∈ ∆′, wt′(δ′) = wt(∆proj(δ′));

97



4. Deterministic Value Problem in One-clock Weighted Timed Games

Algorithm 1 Function Next that maps pairs (π, δ) ∈ FPathsG×∆ to pairs (π′, δ′)

composed of a finite path π′ of G (or t≥0, or t<0, or t+∞) and a new transition δ′

of the unfolding U .
1: function Next(π, δ = (q1, r, Y, q2)): ▷ last(π) = q1
2: if q2 ∈ Qt then π′ := q2
3: else if Y = {x} then
4: if |π|δ = 0 then π′ := π

δ−→ q2

5: else
{
π := π1

δ−→ π2

6: if dValG(π2
δ−→ q2) ≥ 0 then π′ := t≥0 else π′ := t<0

}
7: else

{
π := π1 · π2 where π2 contains no reset and |π2| is maximal

8: if |π2| = κ then π′ := t+∞ else π′ := π
δ−→ q2

}
9: δ′ := (π, r, Y, π′) ▷ ∆proj(δ′) := δ

10: return (π′, δ′)

• for all π ∈ L′
T , for all ν,

wt′T (π, ν) = wtT (π, ν) if π ∈ Qt wt′T (t≥0, ν) = |Q|We +Wfin

wt′T (t<0, ν) = −∞ wt′T (t+∞, ν) = +∞ .

As expected, the definition of Next guarantees that a “new” target location is
reached when the length between two resets is too long or when a transition with
a reset appears twice. Moreover, the length of the path in a location that is not
a target, given by the application of Next, strictly increases. This allows us to
show that U is a finite and acyclic WTG.

Lemma 4.14. The one-clock WTG U is acyclic and has a finite set of locations
of cardinality at most exponential in |L| and W .

Proof. We start by proving that U is an acyclic WTG. The function Next never
removes a transition from a path π ∈ L′

Min ∪ L′
Max that is given as input. In par-

ticular, the function Next produces a transition from π to π′ that is an extension
of π (i.e. |π′| > |π|) or a target location. Thus, all paths in U are acyclic, i.e. U
is acyclic.

Now, we prove that U is a finite WTG by proving that for all locations π ∈
L′
Min ∪ L′

Max, the length of the path is upper-bounded by (|∆R| + 1)κ, where we
let ∆R be the subset of transitions of G with a reset. Locations of U are built by
successive applications of Next. We show by induction (on the number of such
applications) that every location π ∈ L′

Min ∪ L′
Max can be decomposed as follows:

π = π′
0

δ0−→ π′
1

δ1−→ · · · δk−→ π′
k where transitions δi belong to ∆R and are pairwise
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distinct, and where π′
i belong to FPathsG and have length at most κ. As a direct

consequence of this property, we have k ≤ |∆R|, and we easily deduce the expected
bound on |π|, and thus the desired bound on the number of locations of U by the
bound on κ of Theorem 3.9.

We now proceed to the induction on the number of applications of Next. As a
base case, we have π = qi, and the property trivially holds. We assume now that
the property holds for π, with a decomposition π = π′

0
δ0−→ π′

1
δ1−→ · · · δk−→ π′

k. We fix
some δ = (q1, r, Y, q2) ∈ ∆ with last(π) = q1, and we consider Next(π, δ) = (π′, δ′)
with π′ ∈ L′

Min ∪ L′
Max. We distinguish cases according to the definition of Next.

We observe that π′ ∈ L′
Min∪L′

Max excludes the case when Next sets π′ in lines 2, 6,
or 8 (when |π′

k| = κ). The following cases may occur:

• if Next sets π′ in line 4, then we have δ ∈ ∆R, |π|δ = 0, and π′ = π
δ−→ q2.

Hence, a correct decomposition of π′ is obtained by adding δ and an empty
path π′

k+1 to the ones of π;

• if Next sets π′ in line 8, while π′ ̸= t+∞ (by hypothesis), then |π′
k| < κ. A

correct decomposition of π′ is then obtained from the one of π by replacing
π′
k with π′

k
δ−→ q2.

4.3.1. How Max controls negative “cycles” in the unfolding

In this section, we show another good property of U by mimicking the one of
Lemma 4.10: Max has an optimal memoryless strategy in G avoiding cyclic plays
with a negative weight. In the unfolding U , there are no cyclic plays, but we will
be able to obtain a similar result: Max can play optimally with a memoryless
strategy while making sure that in-between two occurrences of the same transition
with a reset (which would result in a cyclic play in the original game G), the play
has a non-negative weight. More formally, we want to obtain the following lemma,
which we show in the rest of the section:

Lemma 4.15. In the WTG U , Max has a memoryless optimal strategy τ such that

if a finite play ρ = ρ1
δ′1,t1−−→ ρ2

δ′2,t2−−→ (t≥0, 0) is conforming to τ with ∆proj(δ′1) =
∆proj(δ′2) ∈ ∆R (i.e. the same transition with a reset in the original WTG G),

then wtΣ
(
ρ2

δ′2,t2−−→ (t≥0, 0)
)
≥ 0.

Remark. The fact that U is acyclic is crucial in this result: we can not guar-
antee that the value of the path ending in t≥0 is non-negative if we would have
defined U with grey components (in Figure 4.6) containing cyclic paths without a
reset. Indeed, the values of cyclic paths are not preserved by concatenation. For
instance, in the one-clock WTG G depicted on the left of Figure 4.5, we can see
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that dValG(ℓ0
δ1−→ ℓ1

δ2−→ ℓ0) = 0 (Min and Max must delay 1 in each location), and
dValG(ℓ0

δ3−→ ℓ2
δ4−→ ℓ0) = 0. However, when we concatenate these two cyclic paths,

we obtain the cycle ℓ0
δ3−→ ℓ2

δ4−→ ℓ0
δ1−→ ℓ1

δ2−→ ℓ0 of value −1. ◁

The proof of Lemma 4.15 essentially consists in applying Lemma 4.10 in U
to define a memoryless optimal strategy with the desired property. However,
Lemma 4.10 holds only in the closure of WTGs (Example 4.6 gives a counter-
example when the WTG is not a closure), i.e. a priori, the result holds only on the
closure U of U . Nevertheless, we notice that the guards of all transitions of U come
from G and the regions of U are thus the ones of G. Therefore, apart from target
locations, only locations (π, r) in U with π ending in a location of the form (q, r)
are reachable. Thus U and U are the same WTG, and the result of Lemma 4.10
transfers to U as well.

The second argument of the proof is checking that U preserves the value of
paths, i.e. the value in U of a finite path πU , dValνU(πU), is equal to the value in G
of its projection given by ∆proj. In particular, we define a new projection function
Πproj as an extension over finite paths of ∆proj such that for all finite paths in U
with at least one transition, πU = π1

δ′−→ π′
U with π1 ∈ L′ \L′

T , we let Πproj(πU) be
equal tolast(π1)

∆proj(δ′)−−−−−→ q2 if π′
U ∈ L′ and ∆proj(δ′) = (last(π1), r, Y, q2);

last(π1)
∆proj(δ′)−−−−−→ Πproj(π′

U) otherwise .

We note that, Πproj(πU) is always a finite path in G with the same length of πU
and it satisfies the following properties:

Lemma 4.16. Let πU ∈ FPathsU be a path with at least one transition, then

1. for all valuations ν, dValνU(πU) = dValνG(Πproj(πU));

2. if last(πU) /∈ L′
T , then Πproj(πU) is a suffix of last(πU).

Proof. We independently prove the two properties given by the lemma.

1. We prove this property when the first location of πU belongs to Min. The
case where it belongs to Max is analogous when we replace the infimum with
a supremum. We reason by induction on the length of πU . First, we suppose
that πU contains exactly one transition, i.e. πU = π1

δ′−→ π2 and

dValνU(πU) = inf
t

[
twt′(π1) + wt′(δ′) + dValν

′

U (π2)
]
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where ν ′ = ν + t if δ′ does not contain a reset, or ν ′ = 0 otherwise. Since the
value of an empty path is null, we have dValν

′

U (π2) = 0 = dValν
′

G (q2) where q2
is given by ∆proj(δ′). Moreover, as U preserves the weight of transitions and
locations, we obtain that

dValνU(πU) = inf
t

[
twt(last(π1)) + wt(∆proj(δ′)) + dValν

′

G (q2)
]
.

Now, by definition of Πproj, we remark that Πproj(πU) = last(π1)
∆proj(δ′)−−−−−→ q2.

Thus, since U preserves transitions with a reset, we deduce that dValνU(πU) =
dValνG(Πproj(πU)).

Now, we suppose that πU = π1
δ′−→ π′

U with π′
U a path in U . Since U preserves

the weight of transitions and locations, we have

dValνU(πU) = inf
t

[
twt′(π1) + wt′(δ′) + dValν

′

U (π
′
U)
]

= inf
t

[
twt(last(π1)) + wt(∆proj(δ′)) + dValν

′

U (π
′
U)
]

where ν ′ = ν + t if δ′ does not contain a reset, or ν ′ = 0 otherwise. Now, the
induction hypothesis applied to π′

U implies that

dValνU(πU) = inf
t

[
twt(last(π1)) + wt(∆proj(δ′)) + dValν

′

G (Πproj(π
′
U))
]
.

We conclude that dValνU(πU) = dValνG(Πproj(πU)), since U preserves transi-

tions with a reset and Πproj(πU) = last(π1)
∆proj(δ′)−−−−−→ Πproj(π′

U).

2. We reason by induction on the length of πU . First, we suppose that πU
contains only one transition, i.e. πU = π1

δ′−→ π2 with π2 ∈ L′
Min ∪ L′

Max, and

Πproj(πU) = last(π1)
∆proj(δ′)−−−−−→ q2 where q2 is given by ∆proj(δ′). By definition

of Next, since π2 /∈ L′
T , we note that π2 = π1

∆proj(δ′)−−−−−→ q2. We conclude that
Πproj(πU) is a suffix of last(πU) = π2, since last(π1) is a suffix of π1.

Otherwise, we suppose that πU = π1
δ′−→ π′

U with last(π′
U) /∈ L′

T , and

Πproj(πU) = last(π1)
∆proj(δ′)−−−−−→ Πproj(π′

U) .

By induction hypothesis, Πproj(π′
U) is a suffix of last(π′

U), i.e. there exists
a finite path π of G such that last(π′

U) = π · Πproj(π′
U). Now, we remark

that π = π1, since each application of Next (that does not reach a target
location) exactly adds one transition in the path of the next location: δ′ is a
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transition between π1 and π2 where π2 = π1
∆proj(δ′)−−−−−→ q2 is the first location

of π′
U . We conclude the proof since last(π1) is a suffix of π1.

Finally, we have the tools to finish the proof of Lemma 4.15. As explained before,
we apply the result of Lemma 4.10 in U (since the closure of U describes the same
WTG as U) to obtain a memoryless optimal strategy τ for Max. It remains to show

that if ρ = ρ1
δ′1,t−−→ ρ2

δ′2,t2−−→ (t≥0, 0) is conforming to τ with ∆proj(δ′1) = ∆proj(δ′2)

containing a reset, then wtΣ(ρ2
δ′2,t2−−→ (t≥0, 0)) ≥ 0. Let πU be the path of U followed

by ρ2
δ′2,t2−−→ (t≥0, 0). We start by claiming that

P(ρ2
δ′2,t2−−→ (t≥0, 0)) ≥ dValU(πU) + wt′T (t≥0, 0) (4.5)

where this is the place where the fact that wt′T (t≥0, 0) is not equal to +∞ is crucial.
Equation (4.5) and Lemma 4.16-1 (with ν = 0) allow us to conclude as follows.

First, we know that

wtΣ(ρ2
δ′2,t2−−→ (t≥0, 0)) = P(ρ2

δ′2,t2−−→ (t≥0, 0))− wt′T (t≥0, 0) ≥ dValU(πU) ≥ dValG(π)

where π = Πproj(πU). Then, since πU = π′
U

δ′2−→ t≥0 where ρ2 follows π′
U , we deduce

that π′ is a suffix of π′
U where π = π′ δ−→ q (by Lemma 4.16-2 applied to π′

U). In
particular, the definition of Next on π′ and δ (as t≥0 is reached) guarantees that
dValG(π) ≥ 0.

To conclude the proof, we need to show (4.5). We reason by induction on suffixes

ρ′ of ρ2
δ′2,t2−−→ (t≥0, 0) showing that

P(ρ′) ≥ dValν
′

U (π
′
U) + wt′T (t≥0, 0)

where π′
U is the path followed by ρ′, and ν ′ is the first valuation of ρ′. For the

suffix ρ′ = (t≥0, 0), then

P(ρ′) = wt′T (t≥0, 0) = dVal0U(t≥0) + wt′T (t≥0, 0) .

Otherwise, we suppose that ρ′ = (π, ν ′)
δ′,t−−→ ρ′′. In particular, we fix ν ′′ = ν ′ + t

the first valuation of ρ′′ (ν ′′ ̸= 0 since ρ2 does not contain a transition with a reset)
and π′

U = π
δ′−→ π′′

U with ρ′′ follows π′′
U . Moreover, we deduce that,

P(ρ′) = twt′(π) + wt′(δ′) +P(ρ′′)

≥ twt′(π) + wt′(δ′) + dValν
′+t

U (π′′
U) + wt′T (t≥0, 0)
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by induction hypothesis. To conclude the induction case, we distinguish two cases.

• If π ∈ L′
Min, then

P(ρ′) ≥ inf
t s.t. (π,ν′)

δ′,t−−→(π′,ν′+t)

[
twt′(π) + wt′(δ′) + dValν

′+t
U (π′′

U) + wt′T (t≥0, 0)
]

= inf
t s.t. (π,ν′)

δ′,t−−→(π′,ν′+t)

[
twt′(π) + wt′(δ′) + dValν

′+t
U (π′′

U)
]
+ wt′T (t≥0, 0)

= dValν
′

U (π
′
U) + wt′T (t≥0, 0) .

• If π ∈ L′
Max, since τ chooses δ′, we can deduce that

P(ρ′) ≥ sup

t s.t. (π,ν′)
δ′,t−−→(π′,ν′+t)

[
twt′(π) + wt′(δ′) + dValν

′+t
U (π′′

U) + wt′T (t≥0, 0)
]

= sup

t s.t. (π,ν′)
δ′,t−−→(π′,ν′+t)

[
twt′(π) + wt′(δ′) + dValν

′+t
U (π′′

U)
]
+ wt′T (t≥0, 0)

= dValν
′

U (π
′
U) + wt′T (t≥0, 0) .

Since it is obtained after transition δ′1 that resets the clock, the first valuation of

ρ2
δ′2,t2−−→ (t≥0, 0) is 0. Thus, by induction, we obtain (4.5) as expected.

4.3.2. Value of the unfolding

The most difficult part of the proof of Theorem 4.1 is to show that the unfolding
preserves the value from G. Remember that we have fixed an initial location
qi = (ℓi, ri) to build U .

Proposition 4.17. For all valuations ν ∈ ri, dValG(qi, ν) = dValU(qi, ν).

We prove Proposition 4.17 in this section, splitting the proof into two inequalities.

First inequality We prove first that dValG(qi, ν) ≤ dValU(qi, ν), which can be
rewritten as

dValG(qi, ν) ≤ sup
τU

dValτUU (qi, ν) .

We must thus show that Max can guarantee to always do at least as good in U
as in G. We thus fix an optimal strategy τG in G obtained by Lemma 4.10: in
particular, dValG(qi, ν) = dVal

τG
G (qi, ν). We show the existence of a strategy τU in

U such that dValτGG (qi, ν) ≤ dValτUU (qi, ν), i.e. for all plays ρ conforming to τU , there
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FPlaysG FPlays∗U

R≥0 ×∆ R≥0 ×∆′

Φ
τG

proj

τU
Id ×∆proj

Id × Next

Figure 4.7 – Scheme showing the links between the different objects defined for the proof
of Proposition 4.17 where FPlays∗U is the set of finite plays of U avoiding
target locations t≥0 and t<0.

exists a play conforming to τG with a weight at most the weight of ρ. As it is
depicted in Figure 4.7, the strategy τU is defined via a projection of plays of U in
G: we use the mapping Next to send back transitions of ∆ to ∆′.

More formally, the projection operator proj projects finite plays of U starting in
qi (since these are the only ones we need to take care of) to finite plays of G. For
this reason, from now on, FPlaysU and FPlaysG denote the subsets of plays that
start in location qi. Moreover, we limit ourselves to projecting plays of U that do
not reach the targets t<0 and t≥0 since, otherwise, there is no canonical projection
in G. We thus let FPlays∗U be all such finite plays of FPlaysU that do not end in t<0

or t≥0. The projection function proj : FPlays∗U → FPlaysG is defined inductively on
finite plays ρ ∈ FPlays∗U by letting proj(ρ) be
(qi, ν) if ρ = (qi, ν) ∈ L′;

proj(ρ′)
∆proj(δ′),t−−−−−−→ (last(π), ν) if ρ = ρ′

δ′,t−−→ (π, ν);

proj(ρ′)
∆proj(δ′),t−−−−−−→ (q′, ν) if ρ = ρ′

δ′,t−−→ (t+∞, ν) and ∆proj(δ′) = (q, r, Y, q′),

It fulfils the following properties:

Lemma 4.18. For all plays ρ ∈ FPlays∗U ,

1. if last(ρ) = (π, ν) with π ̸= t+∞, then last(proj(ρ)) = (last(π), ν);

2. wtΣ(ρ) = wtΣ(proj(ρ));

3. if last(ρ) = (π, ν) with π /∈ Qt, then proj(ρ) follows π.

Proof. 1. Since π ̸= t+∞, this is direct from a case analysis on the definition
of proj.

2. We reason by induction on the length of ρ ∈ FPlays∗U . First, we suppose that
ρ = (qi, ν), then we have proj(ρ) = ρ and wtΣ(ρ) = 0 = wtΣ(proj(ρ)). Now,
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we suppose that ρ = ρ′
δ′,t−−→ (π, ν), with ρ′ ∈ FPlays∗U ending in location π′

such that π′ /∈ L′
T . Then,

wtΣ(ρ) = wtΣ(ρ
′) + twt′(π′) + wt′(δ′)

= wtΣ(ρ
′) + twt(last(π′)) + wt(∆proj(δ′))

since U preserves the weights of G, i.e. wt′(π′) = wt(last(π′)), and wt′(δ′) =
wt(∆proj(δ′)). Moreover, the induction hypothesis applied to ρ′ implies that

wtΣ(ρ) = wtΣ(proj(ρ
′)) + twt(last(π′)) + wt(∆proj(δ′))

= wtΣ(proj(ρ
′)) + twt(last(proj(ρ′))) + wt(∆proj(δ′))

since last(π′) = last(proj(ρ′)) by the first property (as π′ ̸= t+∞). Finally, by
the definition of proj(ρ), we conclude that wtΣ(ρ) = wtΣ(proj(ρ)).

3. We reason by induction on the length of ρ ∈ FPlays∗U that does not reach a
target location. If ρ = (qi, ν), the property is trivial. Now, we suppose that
ρ = ρ′

δ′,t−−→ (π, ν), with ρ′ ∈ FPlays∗U ending in a configuration (π′, ν ′) such
that π′ /∈ L′

T . In particular, we have proj(ρ) = proj(ρ′)
δ,t−→ (last(π), ν) with

δ = ∆proj(δ′), and, by the induction hypothesis, proj(ρ′) follows π′. Moreover,
we have Next(π′, δ) = (π, δ′) such that π must be obtained from π′ on lines 4
or 8 of Algorithm 1, i.e. π = π′ δ−→ q2 where q2 is given by δ. Thus, we deduce
that proj(ρ) follows π.

Now, for all plays ρ ∈ FPlays∗U such that last(ρ) = (π, ν) and π ∈ L′
Max (for plays

not starting in qi, the decision over ρ is irrelevant), we define a strategy τU for Max
in U by

τU(ρ) = (δ′, t) if τG(proj(ρ)) = (δ, t) and Next(π, δ) = (π′, δ′)

We note that this is a valid decision for Max: we apply the same delay (since delays
chosen in τG and τU are identical) from the same configuration (as last(proj(ρ)) =
(last(π), ν), by Lemma 4.18-1), through the same guard (since guards of δ and δ′

are identical). Thus, whether or not the location π is urgent (i.e. last(π) is urgent),
the decision (δ′, t) gives rise to an edge in JUK. Moreover, since the definition of
τU relies on the projection, it is of no surprise that:

Lemma 4.19. Let ρ ∈ FPlays∗U be a play conforming to τU . Then, proj(ρ) is
conforming to τG.

Proof. We reason by induction on the length of ρ. If ρ = (qi, ν), then proj(ρ) =

(qi, ν), and the property is trivial. Otherwise, we suppose that ρ = ρ′
δ′,t−−→ (π, ν)
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and proj(ρ) = proj(ρ′)
∆proj(δ′),t−−−−−−→ (last(π), ν). By the induction hypothesis, proj(ρ′)

is conforming to τG. Letting last(proj(ρ′)) = (q′, ν ′), we conclude by distinguishing
two cases. First, if q′ ∈ QMin, we directly conclude that proj(ρ) is conforming to
τG too. Otherwise, we suppose that q′ ∈ QMax. Since ρ is conforming to τU and ρ′
also belongs to Max (by Lemma 4.18-1), we have τU(ρ′) = (δ′, t). In particular, by
definition of τU , τG(proj(ρ′)) = (∆proj(δ′), t). Thus, ρG is conforming to τG.

Finally, we prove dVal
τG
R(G)(qi, ν) ≤ dValτUU (qi, ν) by showing that for all plays

ρU from (qi, ν) conforming to τU , there exists a play ρG from (qi, ν) conforming
to τG such that P(ρG) ≤ P(ρU). If ρU does not reach a target location of U or
reaches target t+∞, then P(ρU) = +∞, and for all plays ρG conforming to τG, we
have P(ρG) ≤ +∞ = P(ρU). Now, we suppose that ρU reaches a target location
different from t+∞.

• If the target location reached by ρU is not in {t≥0, t<0}, then ρU ∈ FPlays∗U ,
and we can use the projector operator to let ρG = proj(ρU). It is conforming to
τG (by Lemma 4.19). Moreover, by letting last(ρU) = (π, ν) (with π ̸= t+∞ by
hypothesis), we have wt′T (π, ν) = wtT (last(π), ν) since last(ρG) = (last(π), ν),
by Lemma 4.18-1. We conclude that P(ρG) = P(ρU) since proj preserves the
weight (by Lemma 4.18-2).

• If the target location reached by ρU is t≥0, then we decompose ρU as ρU =

ρ1U
δ′,t−−→ (t≥0, ν) with ρ1U ∈ FPlays∗U and (π′, ν ′) = last(ρ1U). Since the value

in G is supposed to be finite (we removed configurations of value +∞ or
−∞), Min can always guarantee that the target is reached, i.e. there exists
an (attractor) memoryless strategy σG that guarantees that Qt is reached.

Now, let ρG = ρ1Gρ
2
G be such that ρ1G = proj(ρ1U)

δ,t−→ (q, ν) with δ = ∆proj(δ′)

and ρ2G be the play from (q, ν) conforming to τG and σG. To conclude this
case, we prove that ρG is conforming to τG and P(ρG) ≤ P(ρU).

First, since proj(ρ1U) is conforming to τG (by Lemma 4.19), then ρ1G is con-
forming to τG if and only if its last decision is. If π′ ∈ L′

Min, then proj(ρ1U)
belongs to Min (by Lemma 4.18-1) and ρ1G is conforming to τG. Otherwise,
we suppose that π′ ∈ L′

Max, then τU(ρ1U) = (δ′, t) and Next(π′, δ) = (t<0, δ
′).

Thus, since proj(ρ1U) belongs to Max (by Lemma 4.18-1) and by the construc-
tion of τU , we deduce that τG(proj(ρ1U)) = (δ, t), i.e. ρ1G is conforming to τG.
Finally, we conclude that ρG is conforming to τG by the choice of ρ2G.

Now, we prove that P(ρG) ≤ P(ρU). First, we remark that

P(ρG) = wtΣ(ρ
1
G) +P(ρ2G) = wtΣ(proj(ρ

1
U)) + twt(last(π′)) + wt(δ) +P(ρ2G) .
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In particular, since wt(last(π′)) = wt′(π′) (by definition of U) and also by
using Lemma 4.18-2, we obtain

P(ρG) = wtΣ(ρ
1
U) + twt′(π′) + wt′(δ′) +P(ρ2G) = wtΣ(ρU) +P(ρ2G) .

Moreover, the length of ρ2G is bounded by |Q| (since it is conforming to an
attractor, and since regions are already encoded in G) and each of its edges
has a weight bounded in absolute values by We. By adding its final weight,
we obtain

P(ρG) ≤ wtΣ(ρU) + |Q|We +Wfin .

To conclude, we remark that ρU reaches t≥0, and its weight is thus

P(ρU) = wtΣ(ρU) + |Q|We +Wfin .

Therefore, P(ρG) ≤ P(ρU).

• Finally, we prove that the case where the target location reached by ρU is
t<0 is not possible. As before we decompose ρU as ρU = ρ1U

δ′,t−−→ (t≥0, ν) with
ρ1U ∈ FPlays∗U and (π′, ν ′) = last(ρ1U). We consider the play ρ1G = proj(ρ1U)

δ,t−→
(q, ν) with δ = ∆proj(δ′) that is conforming to τG (by the same reasoning
as the previous case) and we prove that ρ1G finishes with a play that follows
the cyclic path with a negative value that contradicts Lemma 4.10-2. By
definition of U , we have Next(π′, δ) = (t<0, δ

′) with |π′|δ > 0, so by letting
π′ = π1

δ−→ π2 with |π2|δ = 0, we have dValG(π2
δ−→ q2) < 0 where q2 is given by

δ. Moreover, since proj(ρ1U) follows π (by Lemma 4.18-3), ρ1G follows π δ−→ q2

that contains a cyclic path π2
δ−→ q2 with a negative value.

To conclude the proof, we have shown that for all plays ρU from (qi, ν) conforming
to τU , we can build a play ρG from (qi, ν) conforming to τG such that P(ρG) ≤ P(ρU).
In particular,

dVal
τG
G (qi, ν) = inf

τG∈dStratMin(G)
P(Play((qi, ν), σG, τG))

≤ inf
τU∈dStratMin(U)

P(Play((qi, ν), σU , τU))

≤ dValτUU (qi, ν) .
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Second inequality We prove the reciprocal inequality dValG(qi, ν) ≥ dValU(qi, ν)
that can be rewritten as

dValG(qi, ν) ≥ sup
τU

dValτUU (qi, ν) .

It thus amounts to showing that Max can guarantee to always do at least as good
in G as in U . We, thus, fix the optimal strategy τU in U given by Lemma 4.15,
and show that dValG(qi, ν) ≥ dValτUU (qi, ν).

To do so, we show that there exists a strategy τG in G such that for a particular
play ρ conforming to τG, there exists a play conforming to τU with a weight at
most the weight of ρ. As depicted in Figure 4.7, the strategy τG is defined via a
function Φ that maps plays of G into plays of U . Intuitively, this function removes
all cyclic plays ending with a reset from plays in G. Formally, it is defined by
induction on the length of the plays by letting Φ(qi, ν) = (qi, ν), and for all finite
plays ρ ∈ FPlaysG, letting ρ′ = ρ

δ,t−→ (q, ν),

1. if Φ(ρ) ends in t+∞, we fix Φ(ρ′) = Φ(ρ);

2. else, if δ contains a reset and Φ(ρ) = ρ1
δ′,t′−−→ ρ2 with ∆proj(δ′) = δ, letting π

the first location of ρ2, we fix Φ(ρ′) = ρ1
δ′,t′−−→ (π, 0);

3. otherwise, letting Next(π, δ) = (π′, δ′) with π the last location of Φ(ρ), we
fix Φ(ρ′) = Φ(ρ)

δ′,t−−→ (π′, ν).

This function satisfies the following properties:

Lemma 4.20. For all plays ρ ∈ FPlaysG, if last(Φ(ρ)) = (π, ν) with π ̸= t+∞, then
we have π /∈ {t<0, t≥0} and

last(ρ) =

{
(last(π), ν) if π /∈ Qt ;

(π, ν) otherwise .

Proof. We show the property by induction on the length of ρ. If ρ = (qi, ν), then
Φ(ρ) = ρ, and the property holds. Otherwise, we let ρ′ = ρ

t,δ−→ (q, ν) such that
the property holds for ρ (since it does not end in L′

T ), and we follow the definition
of Φ.

1. If Φ(ρ) ends in t+∞, we have Φ(ρ′) = Φ(ρ), and this case is thus not possible
(since Φ(ρ′) is supposed to not end in t+∞).

2. Else, if δ contains a reset and Φ(ρ) = ρ1
δ′,t′−−→ ρ2 with last(ρ1) = (π1, ν) and

∆proj(δ′) = δ = (q, r, Y, q′), we have Φ(ρ′) = ρ1
δ′,t′−−→ (π′, 0), by letting π′
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be the first location of ρ2. Moreover, we have Next(π1, δ) = (π′, δ′). Now,
by definition of Next, if q′ ∈ Qt, then π′ = q′ ∈ Qt. Thus, we conclude
that last(ρ′) = (q′, 0) = (last(Φ(ρ′)), 0) as expected. Otherwise, q′ /∈ Qt and
we have last(Φ(ρ)) = (π, 0). We note that π /∈ {t<0, t≥0} since ρ1 does not
contain a transition δ′1 such that ∆proj(δ′1) = δ (otherwise, in Φ(ρ), we would
have already fired twice the transition δ with a reset, before trying to fire it
a third time). Thus π = π′ δ−→ q′, and we conclude.

3. Otherwise, Φ(ρ′) = Φ(ρ)
δ′,t−−→ (π′, ν) if Next(π, δ) = (π′, δ′) with π the last

location of Φ(ρ). Once again, we are in a case where π′ = π
δ−→ q′, by letting

δ = (q, r, Y, q′). Thus, we conclude as before.

Now, we define τG such that its behaviour is the same as the one given by τU
after the application of Φ on the finite play, i.e. after the removal of all cyclic paths
between the same transition with a reset. Formally, for all plays ρ ∈ FPlaysG, we
let τG(ρ) be defined as any valid decision (δ, t) if Φ(ρ) ends in t+∞, and otherwise,

τG(ρ) = (∆proj(δ′), t) if τU(Φ(ρ)) = (δ′, t)

This is a valid decision for Max. First, by Lemma 4.20, last(ρ) = (last(π), ν) when
last(Φ(ρ)) = (π, ν). Moreover, delays chosen in τG and τU are the same, and the
guards of δ′ and ∆proj(δ′) are identical. Thus, whether or not the location π is
urgent, the decision (∆proj(δ′), t) gives rise to an edge in JGK. Since the definition
of τG relies on the operation Φ, it is again not surprising that:

Lemma 4.21. Let ρ ∈ FPlaysG be a play conforming to τG. Then Φ(ρ) is conform-
ing to τU .

Proof. We reason by induction on the length of ρ. If ρ = (qi, ν), then Φ(ρ) = (qi, ν)

and the property is trivial. Otherwise, we suppose that ρ′ = ρ
δ,t−→ (q, ν). By the

induction hypothesis, Φ(ρ) conforms to τU .

1. If Φ(ρ) ends in t+∞, we have Φ(ρ′) = Φ(ρ) that is conforming to τU .

2. If δ contains a reset and Φ(ρ) = ρ1
δ′,t′−−→ ρ2 with ∆proj(δ′) = δ, letting π be

the first location of ρ2, we have Φ(ρ′) = ρ1
δ′,t′−−→ (π, 0). This is a prefix of

Φ(ρ) that is conforming to τU . Thus, Φ(ρ′) is conforming to τU too.

3. Otherwise, Φ(ρ′) = Φ(ρ)
δ′,t−−→ (π′, ν) if Next(π, δ) = (π′, δ′) with π the last

location of Φ(ρ). If Φ(ρ) ends in a location of Min, since it is conforming to τU ,
so does Φ(ρ′). Otherwise, τG(ρ) = (δ, t) which implies that τU(Φ(ρ)) = (δ′′, t)
with ∆proj(δ′′) = δ, meaning that Next(π, δ) = (π′, δ′′), i.e. δ′′ = δ′: in this
case too, Φ(ρ′) is conforming to τU .
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Finally, we prove that dValG(qi, ν) ≥ dValτUU (qi, ν). We note that we do not aim
at comparing dValτUU (qi, ν) with dVal

τG
G (qi, ν) but instead directly with dValG(qi, ν).

This is helpful here since we do not need to start with any play ρ conforming to τG.
Instead, we pick a special play, choosing well the strategy followed by Min. Indeed,
we suppose that Min follows an almost-optimal switching strategy σ in G, as given
in Theorem 3.9, that ensures that in all plays ρG conforming to σ, the target is
reached fast enough (with a number of transitions bounded by κ). We can easily
enrich this result to take into account resets. Indeed, as performed in [Bri+22,
Theorem 6.6] to show that all one-clock WTGs have an (a priori non-computable)
value function that is piecewise affine with a finite number of cutpoints, we can
replace each transition with a reset by a new transition jumping in a fresh target
location of final weight given by the value function we aim at computing. From
a strategy perspective, this means that in each component of our unfolding (in-
between two transitions with a reset), Min follows a switching strategy. We remark
that such strategies are a priori not known to be computable (since we cannot
perform the transformation described above using the value function), but we use
only its existence in this proof.

Given ε > 0, we thus consider an ε-optimal strategy σ for Min in G such that
in all plays ρG conforming to σ, in-between two transitions with a reset and after
the last such transition, the number of transitions is bounded by κ. We now fix
the special play ρ from (qi, ν) conforming to σ and τG. It reaches a target location
since σ is ε-optimal and dValG(qi, ν) ̸= +∞. We show that

∃ρU ∈ FPlaysU conforming to τU P(ρU) ≤ P(ρ) (⋆)

As a consequence, we obtain

dValτUU (qi, ν) = inf
σU∈dStratMin(U)

P(Play((qi, ν), σU , τU))

≤ P(ρU) ≤ P(ρ) ≤ dValG(qi, ν) + ε .

Since this holds for all ε > 0, we have dValτUU (qi, ν) ≤ dValG(qi, ν) as expected.
To show (⋆), we proceed by induction on the prefixes ρ′ of ρ, proving that (⋆)

holds or that Φ(ρ′) does not end in t+∞ and wtΣ(Φ(ρ
′)) ≤ wtΣ(ρ

′). Indeed, at
the end of the induction, we, therefore, obtain (⋆) or that Φ(ρ) does not end
in t+∞ and wtΣ(Φ(ρ)) ≤ wtΣ(ρ). In the case where (⋆) does not hold, we fix ρU =
Φ(ρ) and last(ρU) = (π, ν). In particular, we have π ∈ Qt, and last(ρ) = (π, ν):
by Lemma 4.20, if π /∈ Qt, then last(ρ) = (last(π), ν), with last(π) /∈ Qt that
contradicts the fact that ρ reaches the target. Therefore,

P(ρU) = P(Φ(ρ)) = wtΣ(Φ(ρ)) + wt′T (π, ν) ≤ wtΣ(ρ) + wt′T (π, ν) = P(ρ) .
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Since ρU is conforming to τU (by Lemma 4.21), we obtain (⋆) here too.
Finally, we proceed to the proof by induction. First, we suppose that ρ′ = (qi, ν)

and wtΣ(Φ(ρ
′)) = 0 = wtΣ(ρ

′). Otherwise, we suppose that ρ′ = ρ′′
δ,t−→ (q, ν).

By induction on ρ′′, if (⋆) does not (already) hold, we know that Φ(ρ′′) does not
end in t+∞ and wtΣ(Φ(ρ

′′)) ≤ wtΣ(ρ
′′). We follow the three cases of the definition

of Φ(ρ′).

1. We cannot have Φ(ρ′′) ending in t+∞ by hypothesis.

2. Suppose now that δ contains a reset and Φ(ρ′′) = ρ1
δ′,t′−−→ ρ2 with ∆proj(δ′) =

δ. Letting π be the first location of ρ2, we have Φ(ρ′) = ρ1
δ′,t′−−→ (π, 0). Thus

wtΣ(Φ(ρ
′)) = wtΣ(Φ(ρ

′′))− wtΣ(ρ2) ≤ wtΣ(ρ
′′)− wtΣ(ρ2) (4.6)

Let (π′, ν ′) = last(ρ2), and ρU = Φ(ρ′′)
δ′,t−−→ (π′′, 0), with Next(π′, δ) =

(π′′, δ′′). Notice that ρU is conforming to τU , since Φ(ρ′′) does and if π′ belongs
to Max, this follows directly from the definition of τG from τU (since τG(ρ′′G) =
(δ, t), and Φ(ρ′′) /∈ t+∞). Moreover, it contains twice a transition with a reset
coming from the same transition δ of G, therefore π′′ ∈ {t<0, t≥0}. If π′′ = t<0,
P(ρU) = −∞ and (⋆) holds. Otherwise, if π′′ = t≥0, by Lemma 4.15 applied
on ρU , wtΣ(ρ2

δ′,t−−→ (t≥0, 0)) ≥ 0, i.e. wtΣ((π′, ν ′)
δ′,t−−→ (t≥0, 0)) ≥ −wtΣ(ρ2).

Combined with (4.6), we obtain that

wtΣ(Φ(ρ
′)) ≤ wtΣ(ρ

′′) + wtΣ
(
(π′, ν ′)

δ′,t−−→ (t≥0, 0)
)

= wtΣ(ρ
′′) + twt′(π′) + wt′(δ′′)

= wtΣ(ρ
′′) + twt(q′) + wt(δ) = wtΣ(ρ

′)

where we have set q′ the last location of ρ′′, that is also the last location of π′.

3. Otherwise, Φ(ρ′) = Φ(ρ′′)
δ′,t−−→ (π′, ν) if Next(π, δ) = (π′, δ′) with π the last

location of Φ(ρ′′). In this case,

wtΣ(Φ(ρ
′)) = wtΣ(Φ(ρ

′′)) + twt′(π) + wt′(δ′)

≤ wtΣ(ρ
′′) + twt(q′) + wt(δ) = wtΣ(ρ

′)

where we have written q′ the last location of ρ′′.

This ends the proof by induction.
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4.4. Decidability of the value problem

By using the unfolding, we are now able to conclude the proof of Theorem 4.1, i.e.

Theorem 4.1. For all one-clock WTGs G and all initial locations ℓi, the mapping
ν 7→ dValG(ℓi, ν) is computable in time exponential in |L| and W .

We remember (by Lemma 4.3) that we only need to explain how to compute
ν 7→ dValG((ℓi, ri), ν) over ri. By Proposition 4.17, this is equivalent to computing
the mapping ν 7→ dValU((ℓi, ri), ν) over ri. We now explain why this is internal.

First, the definition of U is effective: we can compute it entirely, making use of
Lemma 4.14 showing that it is a finite one-clock WTG. The only non-trivial part
is the test of the sign of dValG(π2

δ−→ q2) in line 4 of Algorithm 1 to determine
in which target location we jump. Since π2

δ−→ q2 is a finite path, we can apply
Theorem 1.32 to compute the value of the corresponding game, which is exactly
the value dValG(π2

δ−→ q2). The complexity of computing the value of a path
is polynomial in the length of this path (that is exponential in |L| and W , by
Lemma 4.14) and polynomial in |L| and W (notice that weights of G are the same
as the ones in G): this is thus of complexity exponential in |L| and W . Since U
has an exponential number of locations with respect to |L| and W , the total time
required to compute U is also exponential with respect to |L| and W .

Lemma 4.14 ensures that U is acyclic, so we can apply Theorem 1.32 to com-
pute the value function ν 7→ dValU((ℓi, ri), ν) as a piecewise affine and continuous
function. It requires a complexity polynomial in the number of locations of U ,
and in W (since weights of U all come from G). Knowing the previous bound on
the number of locations of U , this complexity translates into an exponential time
complexity with respect to |L| and W , as announced.

4.5. Implementation

We conclude this chapter by turning our attention to an implementation of our
algorithm to solve one-clock WTGs. This implementation, written in C++, under
GPL Licence, is available on the following GitHub page:

https://github.com/jparr2/1clock-WTG-solver/tree/main

For convenience reasons, we use the value iteration-based algorithm instead of
the algorithm designed in [Bri+22] to compute the value function. In particular,
given a one-clock WTG described by a text file (as illustrated on the left of Fig-
ure 4.8), our implementation symbolically computes the value function with two
versions of the value iteration algorithm: the standard version that may not con-
verge (as illustrated in Example I.1) and a restricted version that computes only a
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4. Deterministic Value Problem in One-clock Weighted Timed Games

WTG
States
l0 Min 0
l1 Max -1
l2 Max 1
lf Target 0
Transitions
l0 0 [0,1] false l1
l0 1 [0,1] false lf
l1 0 [1,1] true l0
l1 0 [0,1] false l2
l2 0 [1,1] false lf

Value Iteration did not converge after 3 steps
Values obtains after 3 steps
Value in l0: Function:
cutpoints: [(0, 1/2); (1/2, 1/2); (1, 1)]
lines: {((+ 1/2), 0, 1/2), ((x + 0), 1/2, 1),}
Value in l1: Function:
cutpoints: [(0, 1); (3/4, 1/4); (1, 1/2)]
lines: {((-1 x +1), 0, 3/4), ((x -1/2), 3/4, 1),}
Value in l2: Function:
cutpoints: [(0, 1); (1, 0)]
lines: {((-1 x + 1), 0, 1),}
Value in lf: Function:
cutpoints: [(0, 0); (1, 0)]
lines: {((+ 0), 0, 1),}

Figure 4.8 – On the left, the input file representing the one-clock WTG depicted in Fig-
ure I.1, i.e. a one-clock WTG for which value iteration does not converge in
finite time. On the right, the output obtained when we execute the com-
mand C++ to compute the value iteration algorithm three times on this
one-clock WTG.

given number of steps of the algorithm chosen by the user. Since value iteration is
known to converge on acyclic WTGs (in [AD94]), to guarantee the convergence of
the value-iteration algorithm, the user can ask to apply the first version in a finite
unfolding automatically computed with Algorithm 1 from the original one-clock
WTG. Finally, we connect this implementation to a Python environment to draw
the value function obtained from the C++ implementation.

Usage of our implementation Our implementation presents two interfaces: a
C++ interface based on the C++ solver with only textual output (as on the right in
Figure 4.8), or a Python interface only used to draw the value functions computed
by the C++ solver (as in Figure 4.9). Moreover, the C++ solver can be managed
to adapt the algorithm used to solve the chosen one-clock WTG. For instance, we
can cite the following options:

• -slow: use the value iteration algorithm with only the value function com-
puted in the previous iteration to compute the current one, otherwise we use
a version of value iteration that uses the most recent value;

• -nb n: restrict to n the number of iterations on each state;

• -reg: compute the closure of the game before applying the solver;

• -unfolding label : compute value iteration on the unfolding from the state
labelled by label from the region {0}.
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Figure 4.9 – The value functions (for ℓ0 on the left and ℓ1 on the right) obtained after
three iterations of the value iteration algorithm on the WTG depicted in
Figure I.1. As expected, our implementation reports that value iteration
does not converge (in three steps).

Experimental work This implementation is immature and naive. In particular,
we can not design experimentation over it: we will quickly obtain time out and
memory limitation. In particular, we can guarantee a result from our implementa-
tion only for small WTGs that is not sufficient to present good experimentation.

The execution time of our implementation is triply exponential in the size of
the WTG instead of only exponential as claimed in Theorem 4.1. This is because
the implementation of value iteration does not rely on the structure of the one-
clock WTG: in particular, no special version of this algorithm is implemented to
only work on acyclic WTGs with a backward version. The main limitation to
implementing such a version is the data structure used for our WTGs. For now,
we represent it with a list of states and a list of transitions where states do not
store ingoing or outgoing transitions, whereas a backward version must know the
ingoing transitions of each step (to avoid browsing the whole set of transitions at
each step).

Concerning the memory limit, when we apply the unfolding version, we need
to compute the complete unfolding (its size being exponential in the size of the
original WTG). Moreover, each location defined along the unfolding stores a finite
path from the original WTG needed to compute the value if it induces a cyclic
path ending with a reset. With our Algorithm 1, we can do no better since our
unfolding is defined from the top (the initial location) to the bottom (the target
locations) where the value iteration (on acyclic WTGs) computes the value from
the bottom (the target locations) to the top (the initial location).
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In this part, we have solved the value problem in one-clock WTGs with arbitrary
weights, an open problem for several years. We strongly rely on the determinacy of
the WTGs taking the point of view of Max, instead of the one of Min as was done
in previous work with only non-negative weights. We also use technical ingredients
such as the closure of a one-clock WTG, switching strategies for Min, the fixpoint
characterisation of the value function, and acyclic unfolding.

Solving weighted timed games

In this work, we have introduced new notions like the value of (cyclic) paths. In
particular, a natural question involves extending these notions to identify other
classes of WTGs for which the value problem is decidable, or at least the value
function is approximable. Moreover, a complexity gap remains in solving the one-
clock WTGs. Our algorithm runs in exponential time (with weights encoded in
unary), which does not match the known PSPACE lower bound with weights in
binary [FIS20]. Observe that this lower bound only uses non-negative weights.
This complexity gap deserves further study.

A research direction concerns the unfolding. In this work, we unfold the one-
clock WTG into a finite tree. It would be interesting to develop a symbolic ap-
proach that shares computation between subtrees to obtain a more efficient algo-
rithm. A way to do it consists in folding some cyclic paths along the unfolding: in
the best way, the grey bubbles in Figure 4.6 will be only a copy of the game (as
in the non-negative case). This solution is not yet realistic, but a tradeoff may be
achievable if we can obtain some guarantee on the value of the cyclic path when
we unfold many times the same elementary cyclic path.

Extend decidability result to other classes of WTGs The analysis of the cyclic
paths and, more precisely, their values in the setting of one-clock WTGs can be
an inspiration to identify new decidable (or approximable) classes of WTGs with
arbitrarily many clocks. In particular, the value of the cyclic path may be used to
relax the definition of divergent WTGs without losing the decidability of the value
problem.
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0 ℓ0

5

ℓ1

5ℓ2

−5ℓ3 ,

x ≤ 1
x := 0

δ1 δ2
x ≤ 1
−10

δ3 : x = 0

δ4 : x = 0

δ5
y = 1
y := 0

x = 1
x := 0

δ6

Figure I.2 – A general WTG where the function of value in ℓ0 regarding to the clock y,
i.e. the function y 7→ dVal(ℓ0, (0, y)), is bounded but not continuous on the
region (0, 1).

Another research direction concerns the classes of WTGs for which clocks are
not supposed to be bounded. In particular, we aim to look after classes of WTGs
in which deciding when the value function is equal to −∞ is decidable, like one-
clock WTGs or divergent WTGs. From the juxtaposition of locations with a
value equal to −∞ or +∞, the extension of the method of [Beh+01] with weights
compensation for the unbounded delays in the case of WTGs is not applicable.

About the deterministic value function

To obtain our result about the value problem in one-clock WTGs, we have exploited
some properties of the value function as its continuity or fixpoint characterisation.
To have a better understanding of the value function, we aim to extend these
properties to other classes of WTGs.

About the continuity of the value function The continuity of the value func-
tion guaranteed in one-clock WTGs as well as in divergent WTGs does not extend
to all WTGs. In particular, authors of [Bri+22, Remark 3.3] provide a two-clock
non-divergent WTG in which the value function is not continuous.

Example I.2. We consider the general WTG depicted in Figure I.2 such that its
value function in ℓ0 admits a point of discontinuity on y = 0.5. To compute this
value function, we focus on the value function of ℓ1 that is given by cyclic plays
that follow the path π = ℓ1

δ3−→ ℓ2
δ5−→ ℓ3

δ6−→ ℓ1. From the configuration (ℓ1, 0, 0.5)
(i.e. from the location ℓ1 where x = 0 and y = 0.5), the unique cyclic play that
follows π is ρ = (ℓ1, 0, 0.5)

δ3,0−−→ (ℓ2, 0, 0.5)
δ5,0.5−−−→ (ℓ3, 0.5, 0)

δ6,0.5−−−→ (ℓ1, 0, 0.5) and
wtΣ(ρ) = 0. Thus, in ℓ1, Min directly goes to the target, and dVal(ℓ1, 0, 0.5) = 0.

Now, from the configuration (ℓ1, 0, 0.6), the unique cyclic play that follows π is
(ℓ1, 0, 0.6)

δ3,0−−→ (ℓ2, 0, 0.6)
δ5,0.4−−−→ (ℓ3, 0.4, 0)

δ6,0.6−−−→ (ℓ1, 0, 0.5) and its weight is −1.
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Thus, for this configuration, dVal(ℓ1, 0, 0.6) = −∞.
In particular, we can deduce that for all configurations of ℓ0, Max goes to the

cycle when y ≤ 0.5 and goes to the target otherwise. Thus, we have

dVal(ℓ0, (0, y)) =

{
0 if y ∈ [0, 0.5];
−10 if y ∈ (0.5, 1];

even if all iterations of F are continuous over regions. ⌟

Towards a fixpoint characterisation for all WTGs We have shown that the
value is a fixpoint of the operator F defined in Chapter 2 in one-clock and divergent
WTGs. A natural question is the extension of this result to all WTGs (as originally
claimed in [Bou+04a]). In particular, obtaining this result would allows us to define
a pseudo-algorithm that may not terminate.

However, we remark that our proof can not be extended to general WTGs. In-
deed, since the value function may be discontinuous over regions (see Example I.2),
in this case, iterates of F cannot uniformly converge to the value. Thus, either

1. the sequence uniformly converges, and the limit will be continuous (in [Bus19,
Lemma 10.10], it was shown that each iterate of F is continuous over each
region) that is not the value function that may thus not be the greatest
fixpoint of F ; or

2. the sequence of iterates of F only simply converges to its limit, which could
be the value function or not.

In particular, this implies that our proof can not a priori be adapted to all WTGs
with negative weights.

Finally, in the context of almost-divergent WTGs (i.e. a divergent WTG in
which cyclic plays with weight exactly zero are permitted), we note, from [Bus19,
Theorem 9.3] that iterates of F converge to the value function. However, since F
is not Scott-continuous (Example 2.2) and iterates of F do not converge in finite
time (i.e. the proof for divergent WTGs cannot be extend), this convergence does
not suffice to conclude the fixpoint characterisation for this class of WTGs.

Existence of switching strategies for all WTGs We prove that almost-optimal
switching strategies exist only for SPGs, divergent WTGs and reset-acyclic one-
clock WTGs. The question is: can we obtain such results for all one-clock WTGs
or almost-divergent WTGs?

About one-clock WTGs, we know that we need to relax the definition of a
switching strategy and more precisely the definition of fake-optimal strategy. In-
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deed, as illustrated in Example 1.26, the negative value that Min can guarantee in
the cyclic path may depend on the precision of the strategy, i.e. of ε.

Regarding almost-divergent WTGs, an extension of our proof for divergent
WTGs does not hold. First, we do not have a fixpoint characterisation, even if we
know that the value iteration converges to the value function (by [BMR18]). Sec-
ond, even if we obtain this characterisation, the way to define the almost-optimal
strategies with a small error about the optimal choice at horizon 1 is not sufficient.
Indeed, we obtain that the weight of plays following a cyclic path are at most ε,
so in almost-divergent WTGs, it is not sufficient to conclude that it is negative
weight (since null weight cyclic paths are permitted).

Implementation

Our first implementation can be improved in terms of temporal and spatial com-
plexity. As explained in Section 4.5, some ways may be explored: another encoding
of WTGs to improve the complexity of value iteration over acyclic WTGs, and a
reverse definition for the unfolding (modulo some extended storage) to avoid its
whole storage. Moreover, the unfolding algorithm may be improved with a better
algorithm to compute the value of the path. Indeed, with the backward algorithm,
if we can store less than all the finite paths of the current stages, we decrease the
memory needed to compute the value.

How to more efficiently compute the value of a cyclic path Even if we
backward define the unfolding, for now, the weight of the cyclic path is necessarily
computed when the cyclic path is closed and thus fully known. However, from the
next lemma that ensures that delays inside the cyclic path are the minimum or
the supremum in the interval of possible delays given a transition along the cyclic
paths without reset transition, we can store partial computation of this value when
we define the unfolding (from the target locations).

Given a closure G of the one-clock WTG, we consider some cyclic path π with-
out resets, i.e. π starts and ends in the same location of R(G), and contains no
transition with reset. In particular, as an immediate consequence of transitions of
R(G), this entails that every location along π has the same region, that we denote
by r. Observe that if r is a singleton interval, then no delay may occur along any
run following π. As a consequence, we will focus on the case where π is not a
singleton, and write r = (α, β).

For technical reasons, let us write π = δ1 · · · δn, and write δi = (ℓi, r) → (ℓi+1, r).
For every i ∈ {1, . . . , n}, we denote by ai the weight of location (ℓi, r) and by bi
the weight of transition δi. We also let b =

∑n
i=1 bi. Using these notations, if we

denote by ti the time spent in location (ℓi, r), then the weight of the unique play
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that follows path π with delays t1, . . . , tn is equal to

n∑
i=1

ai × ti + bi = b+
n∑

i=1

ai × ti =: g(t1, . . . , tn) .

Depending on which player owns each location, this value is defined as a succes-
sion of the infima and suprema over delays, compatible with region r. Formally,
we let Opti denote the operator inf if location (ℓi, r) belongs to Player Min, and
the operator sup otherwise.

We denote by ν the initial valuation, we define:

dValνπ = Opt1
t1|ν+t1∈r

Opt2
t2|ν+t1+t2∈r

· · · Optn
tn|ν+

∑n
i=1 ti∈r

g(t1, . . . , tn) .

Lemma I.3. Let π = δ1 · · · δn be a cyclic path without reset in G, whose associated
interval is denoted r = (α, β). We claim that the optimal value dValνπ is achieved
for some extremal values of delays ti’s, i.e. that :

• either we have ti = 0, for every i,

• or there exists a unique i0 such that ti0 = β − ν, and we have ti = 0, for
every i ̸= i0.

In addition, we claim that which case holds does not depend on the initial valua-
tion ν.

Proof. We will prove the property by induction on the length of π. To that end, we
need a stronger induction property. We first introduce some additional notations.

Given ν, and an index k, we define the following set:

Kν,k = {(t1, . . . , tk) ∈ Rk
≥0 | ν + t1 ∈ r ∧ ν + t1 + t2 ∈ r ∧ . . . ∧ ν +

∑
j≤k

tj ∈ r} .

For every index k ∈ {0, 1, . . . , n}, we denote by Opt>k the function mapping
(t1, . . . , tk) ∈ Kν,k to

Optk+1

tk+1|ν+
∑k+1

i=1 ti∈r
· · · Optn

tn|ν+
∑n

i=1 ti∈r
g(t1, . . . , tn) .

Observe that for k = 0, we obtain the constant mapping (no argument) dValνπ
and for k = n, we obtain the mapping (t1, . . . , tn) 7→ g(t1, . . . , tn).

We will prove by decreasing induction on k, that for every k, for every t1, . . . , tk,
there exist Boolean values bk+1, . . . , bn ∈ {T, F} such that for any value of ν, the
optimal value Opt>k(t1, . . . , tk) is obtained for the input delays tk+1, . . . , tn defined,
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for every i, by ti = 0 if bi = F, and ti = β − ν −
∑

j<i tj if bi = T. This mapping is
affine w.r.t. its arguments, so that if it is optimized over some variables, then there
exist some deterministic values of them, such that this optimal value is reached
for these values, and these values are “on the border”.

Assume delays t1, . . . , tk−1 have been chosen in Kν,k−1, and we consider some
Boolean bk ∈ {F, T}, then we define tk such that (t1, . . . , tk) ∈ Kν,k as follows:

• if bk = F, then we choose for tk the minimal delay, i.e. we let tk = 0;

• if bk = T, then we choose for tk the maximal delay, i.e. we let tk = β − ν −∑
j<k tj.

We prove the following property by (descending) induction on 0 ≤ k ≤ n:

• the mapping Opt>k is affine w.r.t. its arguments t1, . . . , tk;

• there exist Boolean values bi ∈ {F, T}, for every i ∈ {k+1, . . . , n}, such that,
defining ti from bi by minimal delay if bi = F, and maximal delay otherwise,
we have Opt>k(t1, . . . , tk) = g(t1, . . . , tn).

Base case: k = n. In that case, as previously observed, Opt>k is the mapping g.
The property trivially holds as there is no variable to be optimized.
Induction case: Pick some n ≥ k > 0, assume that the property holds for k, and
let us show it also holds for k − 1.

We fix t1, . . . , tk−1 in Kν,k−1. We can decompose Opt>k−1(t1, . . . , tk−1) as follows:

Opt>k−1(t1, . . . , tk−1) = Optk
tk|ν+

∑
j≤k tj∈I

Opt>k(t1, . . . , tk) .

By induction property, the mapping Opt>k is affine. Thus, the optimisation Optk
will be easily identified, by distinguishing cases: whether Optk is an infimum or
a supremum and whether the coefficient of tk in Opt>k is positive or not. This
gives rise to four cases, but for each of them, the optimal value is reached either
by choosing for tk the minimal delay (0), or the maximal one (β − ν −

∑
j<k tj).

In particular, we can define a Boolean value bk accordingly: we set it to F if there
is no delay, and to T otherwise. We can easily verify that the expected induction
property follows.

Last, observe that the exact value of ν has never been considered in the previous
reasoning, hence the values b1, . . . , bn do not depend on it.
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Stochastic Value
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Even if probabilities do not exist in the definition of WTGs, it is interesting to in-
troduce them as a feature for strategies, i.e. we allow both players to use stochastic
choices in their strategies. Indeed, probabilities can strengthen the modelisation
by introducing incertitude for the opponent. For instance, stochastic strategies for
Max (the environment) obscure his choices since he can play a set of edges (possi-
bly infinite) at each turn. On Min’s side, he can expect to obtain a better value by
introducing some incertitude in the response for Max. In this part, we will study
the values obtained when both players can play with stochastic strategies.

Probabilities to extend power of deterministic strategies From a game the-
ory point of view, using stochastic strategies is crucial since deterministic strategies
are not always powerful enough. For example, a Nash equilibrium in finite strate-
gic games (like in rock-paper-scissors games) may exist only when we allow both
players to use stochastic strategies [Nas50].

From a controller synthesis point of view, we claim that using stochastic choices
is natural too to compensate for the lack of power of deterministic strategies. In-
deed, for some classes of games, winning/optimal deterministic strategies may not
exist. For instance, in the case of concurrent (multi-player) stochastic games un-
der probabilistic alternating-time temporal logic with rewards (rPATL for short),
stochastic strategies are needed to win [Kwi+18; Kwi+21].

However, in Chapter 6, we show that considering probabilities in WTGs con-
tributes nothing to deterministic strategies, i.e. deterministic strategies are not
less powerful than probabilistic ones. To do it, we prove that Max has always a
deterministic best response strategy against a stochastic strategy of Min.

Trading memory for probabilities From a controller synthesis point of view, we
claim that using stochastic choices is also natural for reducing the use of memory
in the strategies of the controller. For some classes of games (where memory is
required to win or play optimally), the tradeoff between memory and randomisation
has already been investigated.

This tradeoff has been studied, first, in turn-based stochastic games like Street or
Müller games. In particular, authors of [CAH04] show that randomised memoryless
strategies are sufficient to win in one-player games (with or without probabilities
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ℓMax ℓMin
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−1

−10

p,0

1−p,0

ℓMax ℓMin
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q,−1

1−q,−10
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Figure II.1 – On the left, the Markov Decision Process obtained from the SPG depicted
in Figure 1.8 where Min requires memory to play optimally, when letting
Min play at random, with a parametric probability p ∈ (0, 1). On the
right is the Markov Chain obtained when Max plays along a memoryless
randomised strategy, with a parametric probability q ∈ [0, 1].

in the arena). However, for two-player games, finite memory is always needed
(even if players use probabilistic strategies). A precise bound on the memory used
(in probabilistic strategies) by both players to win is given in [Hor09].

Then, this tradeoff has been extended to the context of non-stochastic games.
For example, in timed games, the goal in [CHP08b] is to reduce the information
about the real-time values of clocks used in strategies. For the reachability ob-
jective, the authors prove that stochastic strategies have a simpler structure than
deterministic ones: they are easier to implement.

Finally, the tradeoff has been extended for multi-dimensional quantitative ob-
jectives. For instance, in mean-payoff parity games with a threshold, if there ex-
ists a deterministic finite-memory winning strategy, then there exists a randomised
memoryless almost-sure winning strategy [CRR13]. Moreover, this article [CRR13,
Theorem 3] gives a characterisation of the tradeoff between memory and proba-
bilities for energy games, multi-dimensional mean-payoff games and mean-payoff
parity games.

Trading memory in WTGs We will study the tradeoff between the use of mem-
ory and probabilities in WTGs (and in SPGs) since Min may require exponential
memory to play optimally (see Chapter 3). We aim at proving that the memory
required by Min could be traded for stochastic choices instead (and vice versa). An
example of SPG where Min needs memory to play optimally (for the deterministic
value) is given by Example 1.30. We recall that the deterministic value of both
locations (except the target location) is −10 since Min guarantees it from ℓMin by
jumping 10 times into ℓMax before going to the target location ,. Now, by playing
a switching strategy (for instance, described in Example 3.5), i.e. turning in the
negative cycle long enough so that no matter how he reaches the target finally.
Thus, Min optimally plays by using pseudo-polynomial memory with respect to

123



Stochastic Value

Model PPTA PTGA TAMG CTMG STA STG
[BJK06] [For+16] [BS12] [RS11] [Bai+08] [Ber+14]

Transitions ✓ ✓ ✓ ✓ ✓
Delays Rate Rate ✓ ✓

Table II.1 – Extension of timed models with probability distributions on transitions or
delays.

the weights of the arena.
In this example, such a switching strategy can be mimicked using randomisation

only (and no memory): Min deciding to go to ℓMax with high probability p < 1 and
to go to the target vertex with the remaining low probability 1− p > 0 (we enforce
this probability to be positive, to reach the target with probability 1, no matter
how the opponent is playing). The resulting Markov Decision Process (MDP) is
depicted on the left of Figure II.1. The shortest path problem in such MDPs has
been thoroughly studied in [BT91], where it is proved that Max does not require
memory to play optimally. Denoting by q the probability that Max jumps in
ℓMin in its memoryless strategy, we obtain the Markov chain (MC) on the right
of Figure II.1. We can compute (see1 Example 7.12) the expected value in this
MC, as well as the best strategy for both players: the overall, optimal (stochastic)
value remains −10, even if Min no longer has an optimal strategy. He rather has
an ε-optimal strategy, consisting in choosing p = 1− ε

10
that ensures an expected

value at most −10 + ε.
In Chapter 7, we generalise the previous example for all SPGs and divergent

WTGs. In particular, we introduce a new value, the memoryless value, by consid-
ering only memoryless strategies (for both players). Thus, we study the tradeoff
between memory and probabilities by proving the equality of the memoryless value
and the deterministic one. Moreover, we remark that this tradeoff does not hold
for all WTGs.

How to introduce probabilities in strategies of WTGs? Before generalising
this example to all WTGs, we must first introduce stochastic strategies in this
context, which has never been formally explored until now, as far as we are aware.
In the literature, many models extend timed models with some distributions of
probability and, sometimes, with a reward extension. A summary of these known
models is given in Table II.1. However, few of them may be used to define the
obtained systems when we have fixed a stochastic strategy (as MDP or MC in
SPGs settings).

1To simplify computation of the value of the MC, we need some tools, such as Bellman equations,
introduced in Section 7.2.
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The simplest way to introduce probabilistic distributions on timed systems con-
sists of the definition of a probabilistic distribution over transitions from each
location of a timed automaton. In particular, a probabilistic timed game arena
(PTGA for short) [For+16] is a concurrent two-player game over a timed automa-
ton such that at each turn the player that proposes the smaller delay chooses
a distribution over transitions under a reachability-time objective2. We remark
that the reachability-time objective in a PTGA is not determined (i.e. knowing
the strategy of the opponent may influence the time to reach a target location).
However, when the controller fixes its strategy first, the reachability-time problem
over PTGAs is known as decidable [For+16, Theorem 18]. Moreover, a PTGA is a
game extension (without weights) of a priced probabilistic timed automaton (PPTA
for short) [BJK06; Kwi+06], that that is a probabilistic extension of priced timed
automata by the same principle as an MDP: the player chooses a timed action,
but a probabilistic distribution (induced by the chosen action) defines the next
location (without modifying the delay). In PPTA, the shortest path problem is
known as undecidable for at least two clocks [BCJ09]. In the case where we con-
sider PPTA with one clock, the decidability of the problem is unknown even if a
pseudo-algorithm3 exists [BJK06]. However, the problem is open for PPTA with
one-clock, simple or divergent PPTA with at least two clocks.

A second way to introduce probabilities is to define a continuous distribution for
delays. For instance, a timed automaton Markov game (TAMG for short) [BS12]
is a turn-based game based on a timed automaton where the delay spent in each
location is chosen by the rate, i.e. an exponential distribution whose parameter is
encoded in the game. In particular, players only choose a transition, they do not
affect the time. In such games, the reachability is determined and decidable [BS12,
Theorem 2].

Now, a way to combine both points of view is given in the definition of continuous
time Markov games (CTMG for short), introduced in [RS11] and in which the
reachability problem is known as decidable [RS11, Theorem 7]. Indeed, a CTMG
encodes probabilities (chosen by the current player) into two types of locations:
discrete locations to choose a transition, and continuous locations to choose a
delay according to an exponential distribution. However, we note that the time
is encoded with only one clock (since continuous locations only choose a delay)
and that time is spent only in continuous locations (discrete location is done in
urgent time).

Finally, in our setting, the better way to combine both points of view is given in
stochastic timed games (STG for short) introduced in [BF09; Aks+16]. An STG

2Under a reachability-time objective, Min wants to minimise the time used, i.e. the sum of
delays, to reach a target location whereas Max wants to maximise this time.

3A pseudo-algorithm is a correct algorithm for which the termination is not guaranteed.
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is a turn-based 2−1/2-player timed game where the 1/2 player chooses a delay and
a transition according to a measure of probability over the possible choices. he
qualitative reachability (i.e. testing if the probability of reaching the target location
is equal to 1) is known as decidable for one-clock 1− 1/2 STGs [BF09, Theorem 4]
and conjectured decidable in one-clock STGs [Aks+16, Table 1] (for more clocks
the problem remains open). The authors of these works also study quantitative
reachability (i.e. testing if the probability of reaching a target location is less than
q ∈ (0, 1)): they prove that the problem is known as undecidable in SPGs for at
least three clocks [BF09, Theorem 9] and decidable for one-clock SPGs [Aks+16,
Corollary 9]. However, we want to compute an expectation over the set of plays
that reach a target location, so the quantitative reachability problem is not helpful.

Remember, our objective is to introduce stochastic strategies in WTGs. Intu-
itively, when a stochastic strategy is fixed in WTGs, the resulting model is close4

to a 1−1/2-player timed game. In particular, our interest is in stochastic timed au-
tomata (STA for short) introduced in [Ber+14; Bou+16; Ber+18; Bou+20] which
is a reduction to 1/2-player of STG (i.e. like when we fix two stochastic strate-
gies in WTGs). The reachability problem is decidable for one-clock STA [Bai+08,
Corollary 18], or fair STA [Ber+14, Theorem 8.4] (the problem remains open for
all STA).

Even if significant formal work is done to define a probabilistic measure on the
set of plays in STA, by multiple integrals, the authors of [Ber+14] fix insufficient
hypotheses (see Example 5.2) on the considered distribution of probabilities to
guarantee their existence. Indeed, the existence of this probabilistic measure de-
fined by a multiple integral needs to be checked. In Chapter 5, based on works on
STA, we introduce stochastic strategies in WTGs and the needed hypotheses to
define the probabilistic measure on the set of plays conforming to them. In par-
ticular, we extend the results on STA in the context of two-player games (instead
of model-checking) and with weights, which indeed represents the main challenge
to give meaning to the expected payoff and the stochastic value.

4According to the shape of the strategy, sometimes, the resulting models can not be encoded
in a timed automaton. We note that am interesting problem is to restric to strategies that
can be represented somehow as a TA or as a subclass of TA. However, in this work, we do
not study this class of strategies.
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5. Playing Stochastically in
Weighted Timed Games

Introducing stochastic strategies in WTGs requires to take some precau-
tions. In this chapter, we present the notion of stochastic strategy and
ground mathematically the associated definitions of expected weight and
stochastic value. We also adapt the notion of deterministic value to restrict
deterministic strategies to be smooth (in order for them to be considered
as particular stochastic strategies).
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In this chapter, we fix G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a (general) WTG. Nat-
urally, deterministic strategies for Min in G are extended to more general stochastic
strategies. We let Dist(S) be the set of all probability distributions over a set S
(equipped with an underlying σ-algebra). Stochastic strategies are then mappings
η : FPlaysMin → Dist(∆×R≥0) where each finite play is associated to a probability
distribution over the set of pairs of transition and delay. Since ∆ is a finite set,
we choose to decouple the distribution on pairs of ∆ × R≥0 by first selecting a
transition and then a delay. Authors of [Ber+14] consider independent choices,
the one on transitions being described by some weights on transitions (depending
on the current region). Thus, the strategy η can be decoupled as first choosing a
transition via η∆ : FPlaysMin → Dist(∆), and then, knowing the chosen transition,
choosing a delay via ηR+ : FPlaysMin ×∆ → Dist(R≥0), the support of the distribu-
tion ηR+(ρ, δ), denoted by supp(ηR+(ρ, δ)), being included in the interval I(ρ, δ) of
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5. Playing Stochastically in Weighted Timed Games

valid delays. Similar definitions hold for Max whose stochastic strategies will be
denoted by θ.

We remark that deterministic strategies are a special case of stochastic strate-
gies, where the distributions are chosen to be Dirac distributions. Finally, we let
FPlaysη,θρ be the set of plays reaching LT from ρ (without containing ρ) conforming
to η and θ.

5.1. Probability measure on plays

We fix a strategy η and θ for each player, and an initial configuration (ℓ0, ν0). Our
goal is to define a probability measure on plays. To do so, and following the con-
tribution of [Ber+14] for stochastic timed automata, the set of plays of a WTG G
starting from (ℓ0, ν0) and conforming to η and θ that we denote by Playsη,θℓ0,ν0

can be
equipped with a structure of σ-algebra generated by cylinders, that are all subsets
of plays that start with a finite prefix following the same finite path π (remember
that paths are sequences of transitions, with no information on the delayed time)
with some Lebesgue-measurable constraints on the delays taken along π. The idea
is thus to define a probability measure Pη,θ

ℓ0,ν0
on the algebra generated by such

cylinders (i.e. the closure of cylinders by finite union and complement) which ex-
tends uniquely as a probability measure over the whole σ-algebra (i.e. the closure
of cylinders by countable union and complement), by Carathéodory’s extension
theorem. First, we formally define the notion of cylinders, generalising the single
configuration (ℓ0, ν0) by a finite play ρ0 to later take into account the possible use
of memory in the strategies of both players.

Definition 5.1. Let ρ0 be a finite play, π be a finite path, and C be a Lebesgue-
measurable subset of R|π|

≥0, the cylinder Cylρ0(π, C) (denoted by Cylρ0(π) when C =

R|π|
≥0) is the set of maximal plays ρ that start in the last configuration of ρ0 and

such that the maximal play ρ0ρ satisfies π, C (denoted by ρ0ρ |= π, C), i.e. the
prefix of length |π| of the maximal play ρ0ρ follows π and its sequence of delays
belongs to C.

We define the probability of the cylinder Cylρ0(π, C) under the strategies η of Min
and θ of Max, and denote it by Pη,θ

ρ0
(π, C) (instead of the longer Pη,θ(Cylρ0(π, C))).

If the cylinder is empty (because the finite play ρ0 does not follow a prefix of π or
contains delays not consistent with the constraint C), we let its probability be 0.
Otherwise, the probability of the non-empty cylinder is defined by induction on
the length of ρ0. If |ρ0| = |π|, we let Pη,θ

ρ0
(π, C) = 1. Otherwise, letting δ be the

(|ρ0|+1)-th transition of π, and ξ be the strategy η or θ according if ρ0 ∈ FPlaysMin
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ℓ0 ℓ1

,
ℓ2

δ1
x < 1

δ2
x < 2

δ3 : x < 1

δ4
x ≤ 2

Figure 5.1 – A (one-player) WTG with a single clock x and all weights equal to 0.

or ρ0 ∈ FPlaysMax, we let

Pη,θ
ρ0
(π, C) =

∫
I(ρ0,δ)

ξ∆(ρ0)(δ)× Pη,θ
ρ0[δ,t]

(π, C) dξR+(ρ0, δ)(t) (5.1)

As in the previous definition, when C = R|π|
≥0, we denote by Pη,θ

ρ0
(π) the probability

of Cylρ0(π).

5.1.1. A restriction over possible stochastic strategies

For modelling purposes, the authors of [Ber+14] enforce that probability distribu-
tions on delays in ηR+ do not forbid any delays of the interval I(ρ0, δ) of possible
delays, thus ruling out singular distributions like Dirac ones that would consider
taking a single possible delay (like deterministic strategies do). More formally,
they require ηR+(ρ0, δ) to be absolutely continuous (i.e. equivalent to the Lebesgue
measure) on the interval I(ρ0, δ). We claim that even with this assumption, the
previous definition of the probability of a cylinder may not be well-founded, as
demonstrated in the following example.

Example 5.2. We consider the WTG of Figure 5.1, where only Min plays and
all weights equal 0 (so we can see it as a stochastic timed automaton), and the
memoryless strategy η that is (partially) defined as follows. We let A be a non-
Lebesgue-measurable subset of [0, 1). We denote A as the complement set [0, 1)\A
and χA the characteristic function of the set A.

We start by defining the delays to match as closely as possible the setting
of [Ber+14] here. For delays in ℓ0 and ℓ2, we consider uniform probability distri-
butions on the appropriate intervals. In ℓ1, for all t1 ∈ [0, 1), we let ηR+((ℓ1, t1), δ2)
be the uniform distribution on [0, 2 − t1] if t1 ∈ A, and the truncated exponen-
tial distribution on [0, 2 − t1] with parameter λ = 1 otherwise. For the choice of
transitions from ℓ1 (the only place where there is a choice), for all t1 ∈ [0, 1), we let

η∆(ℓ1, t1)(δ2) =

{
(3− t1)/(4− 2t1) = f(t1) if t1 ∈ A;

(1 + e−(1−t1) − 2e−(2−t1))/(2− 2e−(2−t1)) = g(t1) if t1 ∈ A.
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In the setting of [Ber+14], the strategy in ℓ1 can be obtained by first choosing a
delay similar to ours, and then choosing transition δ2 with either probability 1

2
or 1

depending on whether transition δ3 is fireable after letting the chosen delay elapse:
authors of [Ber+14] would describe this by putting weight 1 on both transitions
δ2 and δ3 in the stochastic timed automaton. The intricate formulas above for the
transitions are thus simply a way to mimic their setting in ours.

Let us try to compute the probability of the cylinder Cylℓ0,0(δ1δ2): its probability
with respect to Pη

ℓ0,0
is

Pη
ℓ0,0

(δ1δ2) =

∫
I((ℓ0,0),δ1)

η∆(ℓ0, 0)(δ1)× Pη
(ℓ0,0)[δ1,t1]

(δ2) dηR+((ℓ0, 0), δ1)(t1) .

Moreover, since δ1 is the only transition from ℓ0, then η∆(ℓ0, 0)(δ1) = 1 and

Pη
ℓ0,0

(δ1δ2) =

∫ 1

0

Pη
(ℓ0,0)[δ1,t1]

(δ2) dt1

that requires h : t1 7→ Pη
(ℓ0,0)[δ1,t1]

(δ2) to be a measurable function on [0, 1] to be
well-defined. For t1 ∈ [0, 1) ∩ A,

h(t1) =

∫
I((ℓ1,t1),δ1)

η∆(ℓ1, t1)(δ2)× 1 dηR+((ℓ1, t1), δ2)(t2)

=

∫ 2−t1

0

f(t1)
dt2

2− t1
= f(t1) .

Similarly, if t1 ∈ [0, 1) ∩ A, then h(t1) = g(t1).
Functions f and g are measurable and never match over [0, 1). Thus, would h be

measurable, so would be (h−g)/(f−g) that is equal to the characteristic function
of A: this contradicts the non-measurability of A. And thus, it is not possible to
define the probability Pη

ℓ0,0
(δ1δ2). ⌟

From this example, we see the importance to moreover enforce that the distri-
butions η∆(ρ0) and ηR+(ρ0, δ) are “measurable w.r.t. the sequence of delays along
the play ρ0”. This is easy to define for the transition part. For delays, we know
that absolutely continuous distribution, as [Ber+14] requires, does not suffice to
guarantee measurability. Moreover, since we want deterministic strategies to be a
subset of stochastic strategies, we must be able to choose delays by using Dirac
distributions, and, by extension discrete, distributions.

We restrict ourselves to discrete distributions whose cumulative distribution
functions (CDF) are a finite linear combination of translated Heaviside functions.
Precisely, we let the Heaviside function H denote the mapping from R to [0, 1]
such that H(t) = 0 if t < 0 and H(t) = 1 otherwise. Recall that it is the CDF of
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the Dirac distribution choosing t = 0. This results in the following hypothesis:

Hypothesis 1. A (stochastic) strategy ξ satisfies this hypothesis if for all finite
plays ρ0 = (ℓ0, ν0)[δ0, t0] · · · [δk−1, tk−1] and transitions δ,

1. the mapping (t0, . . . , tk−1) 7→ ξ∆(ρ0)(δ) is Lebesgue-measurable; and

2. the probability distribution ξR+(ρ0, δ) (of the random variable t) is described
by a CDF of the form

t 7→ G(ρ0, δ)(t) +
n∑

i=0

αi(ρ0, δ)H(t− ai(ρ0, δ))

where G(ρ0, δ) is an absolutely continuous function, αi(ρ0, δ) ∈ [0, 1] and
ai(ρ0, δ) ∈ R≥0, for all i ∈ {0, . . . , n}.
Moreover, the mappings (t0, . . . , tk−1) 7→ αi(ρ0, δ), (t0, . . . , tk−1) 7→ ai(ρ0, δ),
and (t0, . . . , tk−1, t) 7→ G(ρ0, δ)(t) must be Lebesgue-measurable.

Under this hypothesis, we prove that the integral in (5.1) is always well-defined:

Lemma 5.3. For all finite plays ρ0 = (ℓ0, ν0)[δ0, t0] · · · [δk−1, tk−1], finite paths π
starting in ℓ0 (such that |π| ≥ k), and Lebesgue-measurable sets C of R|π|

≥0,

1. the mapping (t0, . . . , tk−1) 7→ Pη,θ
ρ0
(π, C) is Lebesgue-measurable;

2. 0 ≤ Pη,θ
ρ0
(π, C) ≤ 1.

Proof. We reason by induction on the length of ρ0. If |ρ0| = |π|, then the mapping
(t0, . . . , tk−1) 7→ Pη,θ

ρ0
(π, C) is equal to 1 if π = δ0δ1 · · · δk−1 and (t0, . . . , tk−1) ∈ C

(otherwise it is equal to 0). In particular, in case π = δ0δ1 · · · δk−1, this mapping is
equal to the characteristic function of C (regarding delays) that is Lebesgue mea-
surable by definition of a cylinder. Thus, (t0, . . . , tk−1) 7→ Pη,θ

ρ0
(π, C) is Lebesgue-

measurable. Otherwise, we suppose that the property holds for all finite plays
of length k + 1 ≤ |π| and we consider a finite play ρ0 of length k. Letting ξ
be the strategy η or θ according as ρ0 ∈ FPlaysMin, or ρ0 ∈ FPlaysMax, then by
using the notations of (5.1) and Hypothesis 1-2, we can decompose Pη,θ

ρ0
(π, C) as

ξ∆(ρ0)(δ) (A+B) where

A =

∫
I(ρ0,δ)∩Ck

Pη,θ
ρ0[δ,t]

(π, C)×G(ρ0, δ)(t) dt (5.2)

and

B =
∞∑
i=0

αi(ρ0, δ)× Pη,θ
ρ0[δ,ai(ρ0,δ)]

(π, C) . (5.3)
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We start by studying (5.2). In particular, by induction hypothesis applied to
the finite play ρ0[δ, t], we know that the mapping (t0, . . . , tk−1, t) 7→ Pη,θ

ρ0[δ,t]
(π, C) is

Lebesgue-measurable. Therefore, the mapping

(t0, . . . , tk−1, t) 7→ Pη,θ
ρ0[δ,t]

(π, C)×G(ρ0, δ)(t)

is Lebesgue-measurable, non-negative and upper-bounded by 1. Since the interval
I(ρ0, δ) is bounded, the integral exists. Moreover, by Fubini Theorem1, the result-
ing integral is Lebesgue-measurable w.r.t. the delays in ρ, i.e. (5.2) is Lebesgue-
measurable w.r.t. (t0, . . . , tk−1).

Now, we focus on (5.3). By composition of the Lebesgue-measurable map-
pings (t0, . . . , tk−1, t) 7→ Pη,θ

ρ0[δ,t]
(π, C) (by induction hypothesis applied on ρ0[δ, t])

and (t0, . . . , tk−1) 7→ ai(ρ0, δ) (by Hypothesis 1-2), the mapping (t0, . . . , tk−1) 7→
Pη,θ
ρ0[δ,ai(ρ,δ)]

(π, C) is Lebesgue-measurable. Then, thanks to Hypothesis 1-2, the
countable sum of (5.3) absolutely converges. Thus, by countable sum of Lebesgue-
measurable functions, (5.3) is Lebesgue-measurable w.r.t. (t0, . . . , tk−1).

Finally, the mapping (t0, . . . , tk−1) 7→ ξ∆(ρ0)(δ) is Lebesgue-measurable, by using
Hypothesis 1-1. Thus, (t0, . . . , tk−1) 7→ Pη,θ

ρ0
(π, C) is Lebesgue-measurable as a

linear combination of Lebesgue-measurable functions. Moreover, by using the fact
that ξ∆(ρ0) is a probability distribution and the induction hypothesis bounding
the probabilities between 0 and 1, we obtain, from the definition,

0 ≤ Pη,θ
ρ0
(π, C) ≤

∫
I(ρ,δ)

dξR+(ρ0, δ)(t) = 1

since ξR+(ρ0, δ) is a probability measure.

In the following, we let StratMin and StratMax be the sets of (stochastic) strategies
satisfying Hypothesis 1, for both players. We let mStratMin and mStratMax be the
respective subsets of memoryless strategies. We let sdStratMin and sdStratMax be
the respective subsets of deterministic strategies of both players that moreover
satisfy Hypothesis 1: we later call them the smooth deterministic strategies.

Remark. By modifying Example 5.2 (by using two different constants instead
functions f and g), it can be shown that imposing the smoothness of deterministic
strategies does not come without a loss of generality. However, in divergent WTGs,
we will show in Section 6.3 that there exists, for both players, almost-optimal
smooth deterministic strategies with respect to the deterministic value. ◁

1The dependency on ρ0 in the interval I(ρ0, δ) ∩ Ck of integration can be replaced by the full
space [0,M ] since clocks are bounded by M , and the characteristic function of t ∈ I(ρ0, δ)∩Ck

which is measurable w.r.t. (t0, . . . , tk−1, t).
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5.1.2. Construction of the probability measure

Under Hypothesis 1, we prove that Pη,θ
ρ0

can be extended as a probability distri-
bution over the set Playsη,θρ0

of maximal plays starting in the last configuration of
ρ0 and conforming to η and θ, equipped with the σ-algebra Σρ0 generated by the
cylinders Cylρ0(π, C), following a similar proof as [Ber+14, Proposition 3.2].

Proposition 5.4. If η and θ are strategies satisfying Hypothesis 1, then, for all
finite plays ρ0, there exists a probability measure Pη,θ

ρ0
over (Playsη,θρ0

,Σρ0).

The rest of this section consists of the proof of this proposition. To do it, we
follow a similar proof schema as in [Ber+14, Appendix A]. We start by proving that
Pη,θ
ρ0

is a probability measure over the algebra (Playsη,θρ0
,Aρ0) generated by cylinders

defined from paths (then closed by a finite union and complement). Then, we use
Carathéodory’s extension theorem (see Theorem 5.7) to conclude that Pη,θ

ρ0
is a

probability measure over the σ-algebra generated by all maximal paths.
To define the probability Pη,θ

ρ0
over elements of the algebra Aρ0 , we consider an

inductive definition of Aρ0 . We remark that Aρ0 =
⋃

nAn
ρ0

where An
ρ0

is the algebra
generated by all cylinders defined with a path of length at most2 n from ρ0. More
precisely, we let FPathsnρ0 be the set of paths from ρ0 that are either non-maximal
and of length n or maximal and of length at most n. Then, An

ρ0
is generated by all

cylinders of the form Cylρ0(π, C) with π ∈ FPathsnρ0 and C a Lebesgue-measurable
set of R|π|

≥0. Elements of An
ρ0

are finite unions of such disjoint cylinders and we let
their probability be the sum of the probability of each cylinder.

Lemma 5.5. Let n ∈ N and ρ0 be a finite play, then Pη,θ
ρ0

is a measure3 over the
algebra (Playsη,θρ0

,An
ρ0
).

Proof. By definition and Lemma 5.3-2, Pη,θ
ρ0

is additive, non-negative and finite
over (Playsη,θρ0

,An
ρ0
). In particular, by [KSK76], Pη,θ

ρ0
is σ-additive, if and only if for

all sequences (Ai)i of elements of An
ρ0

such that A0 ⊆ A1 ⊆ · · · and A =
⋃

iAi ∈
An

ρ0
, we have Pη,θ

ρ0
(A) = limi Pη,θ

ρ0
(Ai). So, let (Ai)i be such a sequence. Without

loss of generality, we can suppose that each Ai is generated by the same path
π = δ1 · · · δk with k ≤ n (since π may be a maximal path of a length less than n),
otherwise it suffices to intersect each Ai with Cylρ0(π). In particular, letting (Cj

i )j
be the sequence of disjoint sets of constraints that appear in cylinders of Ai, we

2In [Ber+14], authors defined this set by cylinders with a length equal to n. Here, we need to
relax this hypothesis since maximal paths may be finite. Indeed if we do not keep maximal
paths with a length less than n, we will lose some mass of probability.

3More precisely, we can prove that Pη,θ
ρ0

is a probability measure over (Playsη,θρ0
,An

ρ0
). However,

since this property is not useful in the following, we do not prove that Pη,θ
ρ (Playsη,θρ0

) = 1 at
this step of the proof.
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have Ai =
⊔mi

j=0 Cylρ0(π, C
j
i ) where mi is the number of cylinders in Ai. Now, by

definition of probabilities (and its additivity on cylinders), we have

Pη,θ
ρ0
(Ai) =

mi∑
j=0

Pη,θ
ρ0
(π, Cj

i ) .

In particular, Pη,θ
ρ0
(Ai) is equal to

mi∑
j=0

∫
I(ρ0,δ1)

· · ·
∫
I(ρ0[δ1,t1]···[δk−1,tk−1],δk)

ξ∆(ρ0)(δ1) · · · ξ∆(ρ0[δ1, t1] · · · [δk−1, tk−1])(δk)× Pη,θ
ρ0[δ1,t1]···[δk,tk](π, C

j
i )

dξR+(ρ0[δ1, t1] · · · [δk−1, tk−1], δk)(tk) · · · dξR+(ρ0, δ1)(t1) .

Moreover, by letting χY be the characteristic function of the set Y , we remark that

Pη,θ
ρ0[δ1,t1]···[δk,tk](π, C

j
i ) = χCyl(π,Cj

i )
(ρ0[δ1, t1] · · · [δk, tk])

(by definition of the probability) and Pη,θ
ρ0
(Ai) is equal to

mi∑
j=0

∫
I(ρ0,δ1)

· · ·
∫
I(ρ0[δ1,t1]···[δk−1,tk−1],δk)

ξ∆(ρ0)(δ1) · · · ξ∆(ρ0[δ1, t1] · · · [δk−1, tk−1])(δk)× χCyl(π,Cj
i )
(ρ0[δ1, t1] · · · [δk, tk])

dξR+(ρ0[δ1, t1] · · · [δk−1, tk−1], δk)(tk) · · · dξR+(ρ0, δ1)(t1) .

In particular by linearity of the integral, we obtain that Pη,θ
ρ0
(Ai) is equal to∫

I(ρ0,δ1)

· · ·
∫
I(ρ0[δ1,t1]···[δk−1,tk−1],δk)

ξ∆(ρ0)(δ1) · · · ξ∆(ρ0[δ1, t1] · · · [δk−1, tk−1])(δk)× χAi
(ρ0[δ1, t1] · · · [δk, tk])

dξR+(ρ0[δ1, t1] · · · [δk−1, tk−1], δk)(tk) · · · dξR+(ρ0, δ1)(t1)

since
∑mi

j=0 χCyl(π,Cj
i )
= χAi

(as Cj
i are disjoint sets). Moreover, since, for all i, χAi

is
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bounded by 1, by dominated convergence, we deduce that limi Pη,θ
ρ0
(Ai) is equal to∫

I(ρ0,δ1)

· · ·
∫
I(ρ0[δ1,t1]···[δk−1,tk−1],δk)

ξ∆(ρ0)(δ1) · · · ξ∆(ρ0[δ1, t1] · · · [δk−1, tk−1])(δk)×
(
lim
i
χAi

(ρ0[δ1, t1] · · · [δk, tk])
)

dξR+(ρ0[δ1, t1] · · · [δk−1, tk−1], δk)(tk) · · · dξR+(ρ0, δ1)(t1) .

Moreover, since A =
⋃

iAi, then limi χAi
= χA. Thus, we deduce that limi Pη,θ

ρ0
(Ai)

is equal to∫
I(ρ0,δ1)

· · ·
∫
I(ρ0[δ1,t1]···[δk−1,tk−1],δk)

ξ∆(ρ0)(δ1) · · · ξ∆(ρ0[δ1, t1] · · · [δk−1, tk−1])(δk)× χA(ρ0[δ1, t1] · · · [δk, tk])
dξR+(ρ0[δ1, t1] · · · [δk−1, tk−1], δk)(tk) · · · dξR+(ρ0, δ1)(t1) .

Thus, we conclude that limi Pη,θ
ρ0
(Ai) = Pη,θ

ρ0
(A) by the same way as for Pη,θ

ρ0
(Ai),

since A is a finite union of cylinders (as A ∈ An
ρ0

).

To prove that Pη,θ
ρ0

is a probability measure on the algebra (Playsη,θρ0
,Aρ0), we use

another property over An
ρ0

: for all n ∈ N, An
ρ0

⊆ An+1
ρ0

. Let A be an element of
An

ρ0
: either A is a union of cylinders generated by maximal paths (of length at

most n) and A ∈ An+1
ρ0

, or there exists a cylinder of A generated by a non-maximal
path π of length n. Since π is non-maximal, it can be extended by a transition
δ. In particular, for all constraints C ⊆ Rn

≥0, Cylρ0(π, C) =
⋃

δ Cylρ0(πδ, C × R≥0).
Thus, we conclude that A ∈ An+1

ρ0
by definition of An+1

ρ0
.

Lemma 5.6. Let ρ0 be a finite play, then Pη,θ
ρ0

is a probability measure over
(Playsη,θρ0

,Aρ0).

Proof. We start by proving that Pη,θ
ρ0

is a measure on Aρ0 . Since Pη,θ
ρ0

is additive
(as An

ρ0
⊆ An+1

ρ0
), non-negative and finite over An

ρ0
(by Lemma 5.3-2), the σ-

additivity can be obtained by showing that limn Pη,θ
ρ0
(Bn) = 0 for all sequences

(Bn)n of elements of Aρ0 such that B0 ⊇ B1 ⊇ · · · and
⋂

nBn = ∅ (by [KSK76]).
Let (Bn)n be such a sequence. Without loss of generality, we suppose that for
every n, Bn ∈ An

ρ0
(otherwise, all Bn are in a fixed An0

ρ0
and Lemma 5.5 allows us

to conclude).
To easily write the limit of probabilities of Bn, we begin by proving that all Bn

are generated by a unique cylinder where paths follow the same prefix. Indeed,
by [KSK76, Lemma 3.3], we know that if limn Pη,θ

ρ0
(Bn) > 0, then there exists a

sequence of cylinders (Cyln)n such that for all n, Cyln ⊆ Bn and Cyln+1 ⊆ Cyln. In
other words, we can suppose, without loss of generality, that there exists a maximal
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path π such that Bn =
⊔mn

j=0 Cylρ0(πn, C
j
n) where πn = δ1 · · · δn is the prefix of π

of length n, (Cj
n)j is a sequence of constraints for πn and mn the finite number

of cylinders of Bn (since Bn ∈ An
ρ0

). Otherwise, when Pη,θ
ρ0

is not a measure
on Aρ0 , such a sequence suffices to prove it. In particular, Bn = Cylρ0(πn, Cn)
where Cn =

⊔mn

j=0 Cj
n (which is a Lebesgue-measurable set of Rn since each Cj

n is).
Moreover, with the same reasoning as in the previous lemma and by letting χY

the characteristic function of the set Y , Pη,θ
ρ0
(Bn) is equal to∫

I(ρ0,δ1)

ξ∆(ρ0)(δ1)×
∫
I(ρ0[δ1,t1],δ2)

ξ∆(ρ0[δ1, t1])(δ2) · · ·∫
I(ρ0[δ1,t1]···[δn−1,tn−1],δn)

ξ∆(ρ0[δ1, t1] · · · [δn−1, tn−1])(δn)× χBn(ρ0[δ1, t1] · · · [δn, tn])

dξR+(ρ0[δ1, t1] · · · [δn−1, tn−1], δn)(tn) · · · dξR+(ρ0[δ1, t1], δ2)(t2) dξR+(ρ0, δ1)(t1).

Now, to prove that the limit of probabilities is equal to 0, we will prove that
there exists i ∈ N such that Bi = ∅ (more precisely, Ci = ∅) from the hypothesis
of
⋂

nBn = ∅. For all i > 0, we let pi : Ri+1
≥0 7→ Ri

≥0 be the continuous (for product
topologies) projection over the i first components of a constraint in Ri+1

≥0 . For all
i < n, we can define the constraint for the i first steps by induction along Cn such
that Ci

n = pi(Ci+1
n ). Moreover, since Bn+1 ⊆ Bn and all sets follow the same prefix,

we have for all i ≤ n that Ci
n+1 ⊆ Ci

n. In particular, for some fixed i, the sequence
(Ci

n)n decreases, thus it converges to Ci ⊆ Ri
≥0. Now, we want to prove that there

exists i > 0 such that Ci = ∅. To do so, we reason by contradiction, and we suppose
that for all i, Ci ̸= ∅, and we want to define a play where its delays are in

⋂
i Ci.

To define this play, we define, by induction on i, a sequence of delays that satisfies
Ci: for all i if we have a sequence of delays (ti)i that satisfies Ci (for all i), then
since Ci = pi(Ci+1) (by continuity of pi), there exists ti+1 such that (t1, . . . , ti, ti+1)
satisfying Ci+1 (with (t1, . . . , ti) satisfying Ci). This sequence of delays defines a
play ρ ∈

⋂
i Cylρ0(πi, C

i) =
⋂

iBi. However, by hypothesis on (Bn)n,
⋂

iBi = ∅,
thus we obtain a contradiction and there exists i such that Ci = ∅, i.e. Bi = ∅.

To conclude about the σ-additivity, we prove that limn Pη,θ
ρ0
(Bn) = 0. We let Bi

be the subset such that Bi = ∅, and for all n ≥ i, by letting χY the characteristic
function of the set Y , Pη,θ

ρ0
(Bn) is equal to∫

I(ρ0,δ1)

ξ∆(ρ0)(δ1)×
∫
I(ρ0[δ1,t1],δ2)

ξ∆(ρ0[δ1, t1])(δ2) · · ·∫
I(ρ0[δ1,t1]···[δn−1,tn−1],δn)

ξ∆(ρ0[δ1, t1] · · · [δn−1, tn−1])(δn)× χBn(ρ0[δ1, t1] · · · [δn, tn])

dξR+(ρ0[δ1, t1] · · · [δn−1, tn−1], δn)(tn) · · · dξR+(ρ0[δ1, t1], δ2)(t2) dξR+(ρ0, δ1)(t1).
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In particular, since i ≤ n, by restricting the probability to the i first components,
Pη,θ
ρ0
(Bn) is bounded by∫
I(ρ0,δ1)

ξ∆(ρ0)(δ1)×
∫
I(ρ0[δ1,t1],δ2)

ξ∆(ρ0[δ1, t1])(δ2) · · ·∫
I(ρ0[δ1,t1]···[δi−1,ti−1],δi)

ξ∆(ρ0[δ1, t1] · · · [δi−1, ti−1])(δi)× χBi
(ρ0[δ1, t1] · · · [δi, ti])

dξR+(ρ0[δ1, t1] · · · [δi−1, ti−1], δi)(ti) · · · dξR+(ρ0[δ1, t1], δ2)(t2) dξR+(ρ0, δ1)(t1).

Since χBi
≤ 1, we obtain that limn Pη,θ

ρ0
(Bn) is bounded by∫

I(ρ0,δ1)

ξ∆(ρ0)(δ1)×
∫
I(ρ0[δ1,t1],δ2)

ξ∆(ρ0[δ1, t1])(δ2) · · ·∫
I(ρ0[δ1,t1]···[δi−1,ti−1],δn)

ξ∆(ρ0[δ1, t1] · · · [δi−1, ti−1])(δi)× lim
n
χBn(ρ0[δ1, t1] · · · [δi, ti])

dξR+(ρ0[δ1, t1] · · · [δi−1, ti−1], δi)(ti) · · · dξR+(ρ0[δ1, t1], δ2)(t2) dξR+(ρ0, δ1)(t1)

by dominated convergence. Now, since the sequence (Bn)n decreases, we know
that for all n ≥ i, Bn = ∅. Thus, limn χBn(ρ0[δ1, t1] · · · [δi, ti]) = 0, and we deduce
that limn Pη,θ

ρ0
(Bn) = 0.

Finally, we conclude the proof by proving that Pη,θ
ρ0
(Playsη,θρ0

) = 1. To do that, we
remark that A0

ρ0
= (Playsη,θρ0

,Cylρ0(π0)), i.e. Playsη,θρ0
= Cylρ0(π0) where ρ0 follows

π0. Thus, Cylρ0(π0) ̸= ∅, and by definitions, we obtain that

Pη,θ
ρ0
(Playsη,θρ0

) = Pη,θ
ρ0
(π0) = 1.

Finally, we conclude the proof of Proposition 5.4 by using the following theorem.

Theorem 5.7 (Carathéodory’s extension theorem). Let S be a set, and µ be a
σ-finite measure defined on an algebra A ⊆ 2S. Then, µ can be extended in a
unique manner to the σ-algebra generated by A.

Indeed, to conclude this proof, we apply Theorem 5.7 to the set S = Playsη,θρ0
, the

algebra A = Aρ0 , and the σ-finite measure µ = Pη,θ
ρ0

on Aρ0 (by Lemma 5.6). Hence,
there is a unique extension of Pη,θ

ρ0
on the σ-algebra generated by the cylinders which

is a probability measure over maximal plays.

137



5. Playing Stochastically in Weighted Timed Games

0

ℓ

,δ0 : x ≤ 1,1
δ1 : x ≤ 1,1

Figure 5.2 – A WTG where Min has a strategy reaching the target with probability 1
but with an expected weight equal to +∞.

5.2. Expected payoff of plays

We now define the expected weight over the maximal plays starting from the last
configuration of a finite play ρ0. We denote it by Eη,θ

ρ0
instead of Eη,θ

ρ0
(wt) since we

only consider the expectation of the weight wt:

Eη,θ
ρ0

=

∫
ρ

P(ρ) dPη,θ
ρ0
(ρ) (5.4)

This definition of the expectation makes sense by the following result:

Lemma 5.8. The mapping ρ 7→ P(ρ) is a Pη,θ
ρ0

-measurable function.

Proof. By using the results of [Bou+07, Section 3.2], we know that given a finite
path π ending in a target location of LT and an open interval of possible weights Iwt
(that is a basic Lebesgue-measurable set of R), the set of maximal plays following
π and with a weight in Iwt is defined by constraints over the delays taken along the
play. More precisely, this set of plays can be defined by a set of delays (ti)0≤i≤|π|−1

that satisfy a linear program where the constraints are over partial sums
∑k

i=j ti.
Thus, the set of maximal plays with a weight in Iwt is a (countable) union of
cylinders, defined by finite maximal paths reaching the target and constraints
on delays described by a linear program (and thus a Lebesgue-measurable set
of R|π|

≥0).

5.2.1. Values defined with proper (stochastic) strategies

Even if the integral defining Eη,θ
ρ0

always exists, it may be infinite. In particular,
it is finite only if the probability to reach a target location is equal to 1, since
otherwise there is a non-zero probability of not reaching the target location, the
weight of all such plays being +∞, leading to an infinite expectation. We thus
now require that Pη,θ

ρ0
(TPlaysρ0) = 1 (i.e. the probability to follow an infinite path

is 0) that is possible since TPlaysρ0 is a Pη,θ
ρ0

-measurable set as a countable union
of cylinders generated by all finite maximal paths ending in LT . However, this is
not a sufficient condition to ensure that the expected weight is finite.
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Example 5.9. We consider the (one-player) WTG of Figure 5.2, where only Min
plays, and the memoryless strategy η defined as follows. For all valuations ν ≤ 1,
we fix

η∆(ℓ, ν)(δ0) = ν and η∆(ℓ, ν)(δ1) = 1− ν .

Moreover, for all i ≥ 2 and δ ∈ {δ0, δ1}, ηR+
((
ℓ, 1− 1

i

)
, δ
)

is the Dirac distribution
selecting the delay t = 1

i
− 1

i+1
. Notice that we can extend the delay distribution

(continuously for instance) so that this strategy satisfies Hypothesis 1. For all
i ≥ 1, there is a unique play conforming to η of length i that reaches the target from
configuration (ℓ, 1

2
): it has a weight i and a probability 1

i+1

∏i
j=2

(
1− 1

j

)
= 1

i(i+1)
.

In particular,

Pη

ℓ, 1
2

(TPlaysℓ, 1
2
) =

∑
i≥1

1

i(i+ 1)
= 1 .

Moreover, by previous computation, we can deduce that

Eη,θ

ℓ, 1
2

=

∫
ρ

P(ρ) dPη,θ

ℓ, 1
2

(ρ) =
∑
i

∫
ρ

P(ρ)χTPlaysi
ℓ, 12

(ρ) dPη,θ

ℓ, 1
2

(ρ)

where TPlaysiℓ, 1
2

is a subset of TPlaysℓ, 1
2

that contains all plays of length i. The
expected weight would thus be

Eη,θ

ℓ, 1
2

=
∑
i≥1

i× 1

i(i+ 1)
=
∑
i≥1

1

i+ 1
,

which is a diverging series. This example can easily be adapted to only consider
continuous distributions on the delays (instead of Dirac ones). ⌟

We thus need a stronger hypothesis to ensure that the expectation is finite. We
adopt here an asymmetrical point of view, relying only on a hypothesis on the
strategy η of Min. Our choice is grounded in our controller synthesis view, Min
being the controller desiring to reach a target location with minimum expected
weight, while Max is an uncontrollable environment. First, we focus on smooth
deterministic strategies.

Definition 5.10. A smooth deterministic strategy σ ∈ sdStratMin of Min is said
proper if for all finite plays ρ0 and (stochastic) strategies θ ∈ StratMax, we have
Pσ,θ
ρ0
(TPlaysρ0) = 1 and Eσ,θ

ρ0
is finite.

We remark first that not all smooth deterministic strategies that guarantee
reaching a target location are proper.

Example 5.11. We consider the WTG depicted in Figure 5.3, (ℓ0, 0) the initial
configuration. We define σ to be a deterministic strategy of Min such that σ always
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0

ℓ0

0

ℓ1

0

ℓ2

,
δ0 : x ≤ 1 δ1 : 0 < x < 1

δ2 : x ≤ 1,1

δ3 : x ≤ 1

Figure 5.3 – A WTG where Min has a non-proper deterministic strategy that reaches the
target with probability 1 against all (stochastic) strategies for Max.

chooses (δ0, 0) from ℓ0, and chooses i times (δ2, 0) before (δ3, 0) when ℓ2 is reached
with a valuation ν ∈ [1 − 1

i
, 1 − 1

i+1
). First, this strategy guarantees that all

plays conforming to it reach a target location, even if the number of steps to take
depends on the first configuration reached in ℓ2.

Now, we consider θ ∈ StratMax defined such that, for all configurations (ℓ1, ν),

θ∆(ℓ1, ν) = Diracδ1 and θR+((ℓ, ν), δ1) = U(ν, 1)

where U(ν, 1) is the uniform distribution over the open interval (ν, 1), and we
compute Eσ,θ

ℓ0,0
. By Lemma 5.18 (and the cylinder decomposition), we have

Eσ,θ
ℓ0,0

=
∑

π∈TPathsℓ0,0

Eσ,θ
ℓ0,0

(π) =
∑
n

∑
π∈TPathsn+2

ℓ0,0

Eσ,θ
ℓ0,0

(π)

=
∑
n

∑
π∈TPathsn+2

ℓ0,0

Eσ,θ
(ℓ0,0)[δ0,0]

(π) (by definition of σ)

=
∑
n

∑
π∈TPathsn+2

ℓ0,0

∫ 1

0

Eσ,θ
(ℓ0,0)[δ0,0][δ1,t]

(π)dηR+((ℓ1, 0), δ1)(t) (by definition of θ) .

Now, since σ is a deterministic strategy, for all n, there exists only one path
πn ∈ TPathsn+2

ℓ0,0
. In particular, we obtain that

Eσ,θ
ℓ0,0

=
∑
n

∫ 1

0

Eσ,θ
(ℓ0,0)[δ0,0][δ1,t]

(πn)dηR+((ℓ1, 0), δ1)(t) .

By definition of σ, we know that πn is conforming to σ only when t ∈ [1− 1
n
, 1−

1
n+1

), i.e.
Eσ,θ

(ℓ0,0)[δ0,0][δ1,t]
(πn) = n× χ[1− 1

n
,1− 1

n+1
)(t) .
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Since ηR+((ℓ1, 0), δ1) follows a uniform distribution over (0, 1), we deduce that

Eσ,θ
ℓ0,0

=
∑
n

n

∫ n
n+1

n−1
n

dt =
∑
n

n

n(n+ 1)

that diverges. Thus, σ is not proper. ⌟

For stochastic strategies, we have also seen above that reaching the target set
of locations with probability 1 is a necessary but not sufficient condition to be
proper. Not only Min must reach the target almost surely but must do it quickly
enough so that the expectation converges. We now give a sufficient condition for
a strategy to be proper.

Hypothesis 2. A strategy η ∈ StratMin of Min satisfies this hypothesis if there exist
m ∈ N and α ∈ (0, 1) such that for all finite plays ρ0 and strategies θ ∈ StratMax,

Pη,θ
ρ0
(
⋃
n≤m

TPlaysnρ0) ≥ α .

From this Hypothesis, we define the notion of proper stochastic strategies.

Definition 5.12. A strategy η ∈ StratMin of Min is said proper if η satisfies Hy-
pothesis 2 or is a proper smooth deterministic strategy.

As expected, (non-proper) strategies considered in Examples 5.9 and 5.11 do
not satisfy this hypothesis.

Example 5.13. We consider the memoryless strategy η defined in Example 5.9
for the WTG depicted in Figure 5.2. Let m ∈ N and α ∈ (0, 1), and we fix
k =

⌈
m+1
α

− 1
⌉
. Now, for all n ≤ m, since there exists only one play conforming

to η and length n, we deduce that

Pη

ℓ, 1
k

(TPlaysnρ0) =
1

k + n

k+n∏
j=k

(
1− 1

j

)
≤ 1

k + n
.

In particular, since k + 1 ≤ k + n, we obtain that

Pη

ℓ, 1
k

(
⋃
n≤m

TPlaysnρ0) =
1

k + 1
+

m∑
n=1

1

k + n
≤ m+ 1

k + 1
< α .

Thus, η does not satisfy Hypothesis 2. We note that a strategy satisfies Hypothe-
sis 2 independently of weights in the considered WTG. ⌟
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We let sdStratpMin(G) be the set of proper smooth deterministic strategies4 of Min.
We also let StratpMin(G) be the set of proper strategies of Min given by the subset
of StratMin. Finally, we let mStratpMin(G) be the subset of StratpMin that defines the
set of memoryless proper strategies. To lighten the notations, we do not mention
G when the context is clear.

Now that we have associated an expected payoff with each convenient pair of
strategies, we are able to mimic the classical definitions of values to stochastic
strategies. Let ℓ be a location and ν be a valuation. For all η ∈ StratpMin(G) and
θ ∈ StratMax(G), we let

ValηG(ℓ, ν) = sup
θ∈StratMax(G)

Eη,θ
ℓ,ν and ValθG(ℓ, ν) = inf

η∈StratpMin(G)
Eη,θ

ℓ,ν .

This definition can be generalised by replacing configurations by finite plays ρ0:
we let

ValηG(ρ0) = sup
θ∈StratMax(G)

Eη,θ
ρ0

and ValθG(ρ0) = sup
η∈StratpMin(G)

Eη,θ
ρ0

be the generalised versions. Then, we let ValG(ℓ, ν) and ValG(ℓ, ν) be the upper-
and lower-values of G in (ℓ, ν), defined as the best-expected payoff Min and Max
can hope for, respectively:

ValG(ℓ, ν) = inf
η∈StratpMin(G)

ValηG(ℓ, ν) and ValG(ℓ, ν) = sup
θ∈StratMax(G)

ValθG(ℓ, ν) .

We also define the memoryless values mValηG(ℓ, ν), mValθG(ℓ, ν), mValG(ℓ, ν), and
mValG(ℓ, ν), where all strategies are taken memoryless. Finally, where all strate-
gies are taken smooth deterministic, we define the smooth deterministic values
sdValηG(ℓ, ν), sdVal

θ
G(ℓ, ν), sdValG(ℓ, ν), and sdValG(ℓ, ν),. As usual, for all configu-

rations (ℓ, ν), we always have

ValG(ℓ, ν) ≤ ValG(ℓ, ν) , mValG(ℓ, ν) ≤ mValG(ℓ, ν) and sdValG(ℓ, ν) ≤ sdValG(ℓ, ν).

Again, to lighten the notations, we do not mention G when the context is clear.
We have introduced the (stochastic) values to generalise the deterministic one.

However, to ensure the existence of mathematical objects like the measure of prob-
abilities or the expectation (against all (stochastic) strategies for Max), we need to
constrain deterministic strategies and define new deterministic values. In particu-
lar, we do not have tools to prove that smooth deterministic values are determined

4The classical attractor strategy of Min (see Section 1.2.3) that guarantees that the target is
reached can be chosen continuous over regions and is thus smooth and proper.
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(unlike in the case of the deterministic value), and are equal to the deterministic
value. An idea to prove it will be proving the existence of an almost-optimal proper
smooth deterministic strategy for the deterministic value: intuitively it consists of
proving some smooth properties on the deterministic value function as well as the
capability of Min to ensure the deterministic value by going quickly enough to a
target location.

5.2.2. A sufficient condition for proper strategies

To conclude the definition of values with stochastic strategies, it remains to prove
that Hypothesis 2 is indeed a sufficient condition for guaranteeing a strategy is
proper. The rest of the section consists of proving the following proposition:

Proposition 5.14. All strategies of Min satisfying Hypothesis 2 are proper.

The main idea of the proof is to decompose the expectation Eη,θ
ρ0

according to the
size of maximal plays such that we can bound their weight by an affine function
(that is always the case) and their probabilities by the exponential function since
Hypothesis 2 formalises the idea that Min guarantees that the target is quickly
reached enough whatever the starting point of the play. In particular, we can
exponentially bound the probability of each cylinder according to its length as
illustrated in the following lemma.

Lemma 5.15. Let η ∈ StratMin be a strategy of Min satisfying Hypothesis 2 for the
bound α and m. Let θ ∈ StratMax be a strategy of Max and ρ0 ∈ FPlays be a finite
play following a finite path π0. For all n, we have∑

π∈TPathsnρ0

Pη,θ
ρ0
(π0π) ≤ (1− α)⌊n/m⌋.

Proof. We proceed by induction, showing first that for all n ∈ N, and all finite
plays ρ0 following π0, ∑

π∈TPathsnm
ρ0

Pη,θ
ρ0
(π0π) ≤ (1− α)n .

For n = 0, the property holds since (1 − α)0 = 1. Otherwise, suppose that the
property holds for n, and we prove it for n+ 1 by decomposing the sum as∑
π∈TPaths(n+1)m

ρ0

Pη,θ
ρ0
(π0π) =

∑
δ0

∑
δ1

· · ·
∑
δm−1

∑
π∈TPathsnm

ρ0

Pη,θ
ρ0
(π0 ·δ0 ·δ1 · · · δm−1 ·π) . (5.5)
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For a fixed δ0 · · · δm−1 · π ∈ TPaths(n+1)m
ρ0

, letting π′ = π0 · δ0 · δ1 · · · δm−1 · π, we
can unravel the m first steps of the definition of Pη,θ

ρ0
(π′). Letting ξi denote the

strategy η or θ depending if the source location of the transition δi belongs to Min
or Max, we can write Pη,θ

ρ0
(π′) under the form:∫

I(ρ0,δ0)

· · ·
∫
I(ρ0[δ0,t0]···[δm−1,tm−1])

ξ0∆(ρ0)(δ0) · · · ξm−2
∆

(
ρ0[δ0, t0] · · · [δm−1, tm−2]

)
(δm−1)Pη,θ

ρ0[δ0,t0]···[δm−1,tm−1]
(π′)

dξm−1
R+

(
ρ0[δ0, t0] · · · [δm−2, tm−2], δm−1

)
(tm−1) · · · dξ0R+(ρ0, δ0)(t0) .

Thus, (5.5) can be rewritten as

∑
δ0

∑
δ1

· · ·
∑
δm−1

∫
I(ρ0,δ0)

∫
I(ρ0[δ0,t0])

· · ·
∫
I(ρ0[δ0,t0]···[δm−1,tm−1])

ξ0∆(ρ0)(δ0) · · · ξm−1
∆

(
ρ0[δ0, t0] · · · [δm−2, tm−2]

)
(δm−1)∑

π∈TPathsnm
ρ0

Pη,θ
ρ0[δ0,t0]···[δm−1,tm−1]

(π0δ0δ1 · · · δm−1π)

dξm−1
R+

(
ρ0[δ0, t0] · · · [δm−2, tm−2], δm−1

)
(tm−1) · · · dξR+(ρ0, δ0)(t0).

By induction hypothesis,∑
π∈TPathsnm

ρ0

Pη,θ
ρ0[δ0,t0]···[δm−1,tm−1]

(π0δ0δ1 · · · δm−1π) ≤ (1− α)n

so that
∑

π∈TPaths(n+1)m
ρ0

Pη,θ
ρ0
(π0δ0δ1 · · · δm−1π) can be bounded by

(1− α)n
∑
δ0

∑
δ1

· · ·
∑
δm−1

∫
I(ρ0,δ0)

· · ·
∫
I(ρ0[δ0,t0]···[δm−1,tm−1])

ξ0∆(ρ0)(δ0) · · · ξm−1
∆

(
ρ0[δ0, t0] · · · [δm−2, tm−2]

)
(δm−1)

dξm−1
R+

(
ρ0[δ0, t0] · · · [δm−2, tm−2], δm−1

)
(tm−1) · · · dξ0R+(ρ0, δ0)(t0)

that is (1−α)n multiplied by the probability of all paths that can continue after ρ
for at least m steps without having reached the target set LT , i.e. by Hypothesis 2

(1− α)n Pη,θ
ρ0
(
⋃
n≥m

TPlaysnρ0) ≤ (1− α)n(1− α) .

This concludes the induction proof. To conclude, we simply need to consider paths
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of length that is not a multiple of m: we thus unravel similarly the first k ∈ (0,m)
transitions, bounding all their probabilities by 1.

A natural choice to decompose the expectation is using cylinders (as for prob-
ability). Thus, we need to define the expected weight of a cylinder. We will not
need to consider specific constraints on the delays and thus only consider cylinders
of the form Cylρ0(π) (with the set of constraints R|π|

≥0).

Definition 5.16. Let ρ0 be a finite play and π be a finite path. If the cylinder
Cylρ0(π) is non-empty, the expected weight Eη,θ

ρ0
(π) of plays that are in Cylρ0(π)

is defined by induction on the length of ρ0. If |ρ0| = |π|, we let Eη,θ
ρ0
(π) = 0,

meaning that there are no more steps to take into account in the expected weight.
Otherwise, by letting δ = (ℓ, g, Y, ℓ′) be the (|ρ0|+ 1)-th transition of π, and ξ be
the strategy η or θ depending if ρ0 ∈ FPlaysMin or ρ0 ∈ FPlaysMax, we let

Eη,θ
ρ0
(π) =

∫
I(ρ0,δ)

ξ∆(ρ0)(δ)
[(
twt(ℓ) + wt(δ)

)
Pη,θ
ρ0[δ,t]

(π) + Eη,θ
ρ0[δ,t]

(π)
]
dξR+(ρ0, δ)(t) .

For the sake of completeness, if the cylinder Cylρ0(π) is empty, we let Eη,θ
ρ0
(π) = 0.

By adapting the proof of Lemma 5.3, Hypothesis 1 is sufficient to show that all
expectations Eη,θ

ρ0
(π) are finite:

Lemma 5.17. For all finite plays ρ0 = (ℓ0, ν0)[δ0, t0] · · · [δk−1, tk−1], we let π0 =
δ0 · · · δk−1 be the finite path following by ρ0. For all finite paths π starting in the
last location of π0, η ∈ StratMin and θ ∈ StratMax:

1. Eη,θ
ρ0
(π0π) exists;

2. |Eη,θ
ρ0
(π0π)| ≤ Pη,θ

ρ0
(π0π) |π|We (so Eη,θ

ρ0
(π0π) is finite);

3. the mapping (t0, . . . , tk−1) 7→ Eη,θ
ρ0
(π0π) is Lebesgue-measurable.

Proof. We start by proving properties 1 and 2 by induction on the length k of
ρ0. Since ρ0 follows π0, the result is immediate when k = |π0π| (i.e. |π| = 0).
Otherwise, we suppose that the property holds for all finite plays of length k + 1
and we consider a finite play ρ0 of length k. We let ξ be the strategy η or θ
according if ρ0 ∈ FPlaysMin or ρ0 ∈ FPlaysMax, δ = (ℓ, g, Y, ℓ′) be a transition with
ℓ the last location of ρ0 and π′ be a finite path starting in ℓ′. We also let π = δπ′.
By definition of the expectation, Eη,θ

ρ0
(π0π) is equal to∫

I(ρ0,δ)

ξ∆(ρ0)(δ)
[
(twt(ℓ) + wt(δ))Pη,θ

ρ0[δ,t]
(π0π) + Eη,θ

ρ0[δ,t]
(π0π)

]
dξR+(ρ0, δ)(t) .
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By induction hypothesis for all finite plays ρ0[δ, t], we know that Eη,θ
ρ0[δ,t]

(π0π) exists
and is a measurable function of t. Therefore, the mapping

t 7→ (twt(ℓ) + wt(δ))Pη,θ
ρ0[δ,t]

(π0π) + Eη,θ
ρ0[δ,t]

(π0π)

is measurable (by Lemma 5.3). Thus, since (t0, . . . , tk−1) 7→ ξ∆(ρ)(δ) is Lebesgue-
measurable (by Hypothesis 1-1), Eη,θ

ρ0
(π0π) exists, i.e. property 1 holds. Moreover,

by triangular inequality, we bound |Eη,θ
ρ0
(π0π)| by∫

I(ρ0,δ)

ξ∆(ρ0)(δ)
[
|twt(ℓ) + wt(δ)|Pη,θ

ρ0[δ,t]
(π0π) + |Eη,θ

ρ0[δ,t]
(π0π)|

]
dξR+(ρ0, δ)(t) .

By definition of We and induction hypothesis applied to ρ0[δ, t],

|twt(ℓ) + wt(δ)| ≤ We and |Eη,θ
ρ0[δ,t]

(π0π)| ≤ Pη,θ
ρ0[δ,t]

(π0π) |π′|We .

By properties of the integral, we deduce that

|Eη,θ
ρ0
(π0π)| ≤ (|π′|+ 1)︸ ︷︷ ︸

=|π|

We

∫
I(ρ0,δ)

ξ∆(ρ0)(δ)Pη,θ
ρ0[δ,t]

(π0π) dξR+(ρ0, δ)(t)︸ ︷︷ ︸
=Pη,θ

ρ0
(π0π)

and property 2 holds.
To conclude the proof, we remark that by property 2 and Fubini theorem,

Eη,θ
ρ0
(π0π) is Lebesgue-measurable w.r.t. the delays in ρ0, i.e. (t0, . . . , tk−1) 7→

Eη,θ
ρ0
(π0π) is Lebesgue-measurable. In particular, property 3 holds.

Now, we give the link between the expected weight and the expected weight
restricted to a cylinder. In particular, we prove that the expected weight can be
decomposed over cylinders.

Lemma 5.18. Let ρ0 be a finite play following the path π0, then

Eη,θ
ρ0

=
∑

π∈TPathsρ0

Eη,θ
ρ0
(π0π) .

Proof. By property of the integral, we can split the integral into cylinders and
obtain that5

Eη,θ
ρ0

=
∑

π∈TPathsρ0

∫
ρ

P(ρ)χCylρ0 (π0π)(ρ) dPη,θ
ρ0
(ρ)︸ ︷︷ ︸

=A

.

5The definition of A could correspond to that of Eη,θ
ρ0

(π). However, in the following, we need
the inductive formula given by Definition 5.16.
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To conclude the proof, we prove by induction on the length of ρ0 that A =
Eη,θ

ρ0
(π0π). If |ρ0| = |π0π|, since π ∈ TPathsρ0 , then P(ρ) = 0 for all ρ ∈ Cylρ0(π0π).

Thus, the property holds in this case. Otherwise, we suppose that the property
holds for all finite plays of length k + 1 and we consider a finite play ρ0 of length
k, δ = (ℓ, g, Y, ℓ′) ∈ ∆ the first transition of π, and we let ξ be a strategy η or
θ according if ρ0 ends in a configuration of Min or Max. In particular, we obtain
that A is equal to∫

I(ρ0,δ)

ξ∆(ρ0)(δ)
(∫

ρ

(twt(ℓ) + wt(δ) +P(ρ))χCylρ0[δ,t](π0π)(ρ) dP
η,θ
ρ0[δ,t]

(ρ)
)

dξR+(ρ0, δ)(t) .

In particular, by linearity of the integral, A can be rewritten as∫
I(ρ0,δ)

ξ∆(ρ0)(δ)
[(
twt(ℓ) + wt(δ)

) ∫
ρ

χCylρ0[δ,t](π0π)(ρ)dP
η,θ
ρ0[δ,t]

(ρ)︸ ︷︷ ︸
=Pη,θ

ρ0[δ,t]
(π0π)

+

∫
ρ

P(ρ)χCylρ0[δ,t](π0π)(ρ) dP
η,θ
ρ0[δ,t]

(ρ)
]
dηR+(ρ0, δ)(t) .

By hypothesis of induction applied on ρ0[δ, t], we have∫
ρ

P(ρ)χCylρ0[δ,t](π0π)(ρ) dP
η,θ
ρ0[δ,t]

(ρ) = Eη,θ
ρ0[δ,t]

(π0π)

so that A can be rewritten as

A =

∫
I(ρ0,δ)

ξ∆(ρ0)(δ)
[(
twt(ℓ) + wt(δ)

)
Pη,θ
ρ0[δ,t]

(π0π) + Eη,θ
ρ0[δ,t]

(π0π)
]
dηR+(ρ0, δ)(t)

that is the definition of Eη,θ
ρ0
(π0π).

Finally, we can conclude the proof of Proposition 5.14. Let η ∈ StratMin be a
strategy that satisfies Hypothesis 2. We let α andm be the bounds of Hypothesis 2.
Let θ ∈ StratMax, and ρ0 ∈ FPlays that follows a path π0.

We first show that Pη,θ
ρ0
(TPlaysρ0) = 1. The probability of not reaching the target

can be obtained as the limit

lim
n→∞

∑
π∈TPathsnρ0

Pη,θ
ρ0
(π0π)

By Lemma 5.15, this limit is 0, so the probability to reach the target is indeed 1.
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−1

ℓ

,δ0 : x < 1,0
δ1 : x ≤ 1,0

Figure 5.4 – A WTG where Min has a proper strategy that does not satisfy Hypothesis 2.

We then show that the infinite sum Eη,θ
ρ0

=
∑

π∈TPathsρ0
Eη,θ

ρ0
(π0π) (given by

Lemma 5.18) converges. Notice that this sum can be decomposed as

Eη,θ
ρ0

=
∞∑
n=0

∑
π∈TPathsnρ0

Eη,θ
ρ0
(π0π) (5.6)

Since TPathsnρ0 is a finite set, only the first sum must be shown to be converging.
We prove that it is absolutely converging by bounding

∑
π∈TPathsnρ0

|Eη,θ
ρ0
(π0π)| with

respect to n. By Lemmas 5.17-2 and 5.15, it is bounded by n (1 − α)⌊
n
m
⌋We,

which is the general term of a convergent series since 0 < α < 1. That concludes
the proof.

Remark. Hypothesis 2 is not a necessary condition for guaranteeing that a strat-
egy is proper: some strategies are proper even if this hypothesis is not satisfied
(see the following example). We note that to obtain a necessary condition, we
must take account of weights in the considered WTG. ◁

Example 5.19. We consider the WTG depicted in Figure 5.4. We consider the
memoryless strategy η defined in Example 5.9. In particular, η does not satisfy
Hypothesis 2, as shown in Example 5.13.

Finally, we prove that the expectation of this strategy is finite, i.e. that η is
proper. As explained in Example 5.9, for all i ≥ 1, there is a unique play con-
forming to η of length i that reaches the target from configuration (ℓ, 1

2
): it has

a weight
∑i

n=1 −( 1
n
− 1

n+1
) = − i

i+1
and a probability 1

i(i+1)
. In particular, by the

previous computation, we can deduce that

Eη,θ

ℓ, 1
2

=
∑
i≥1

− i

i+ 1
× 1

i(i+ 1)
=
∑
i≥1

− 1

(i+ 1)2
,

which is a converging series to 1− π2

6
≃ −0.6449. Thus, this strategy is proper. ⌟

5.3. Discrete strategies

Between deterministic and stochastic strategies, we define a new class of strategies
that we call discrete strategies. Intuitively, discrete strategies generalise deter-
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ministic strategies by only allowing discrete probabilities for both transitions and
delays. We will later use such particular strategies and thus study them here.

Definition 5.20. A strategy ξ satisfying Hypothesis 1 is a discrete strategy if for
all ρ ∈ FPlays and δ ∈ ∆, ξR+(ρ, δ) is a piecewise-constant function, i.e. there exist
α0, . . . , αn ∈ (0, 1], and a0, . . . , an ∈ R≥0 such that, for all t ∈ I(ρ, δ),

ξR+(ρ, δ)(t) =
n∑

i=0

αi(ρ, δ)H(t− ai(ρ, δ)) .

Under a discrete strategy, the current player chooses a delay in a finite set of
possible choices. However, even if a discrete strategy for Min only uses Dirac distri-
butions for delays, and verifies that the probability to reach the target (against all
strategies of Max) is 1, the expectation may not exist. Thus, to ensure the existence
of the expectation, the strategies of Min must moreover satisfy Hypothesis 2.

We consider η ∈ StratpMin and θ ∈ StratMax two discrete strategies (with η satis-
fying Hypothesis 2), and we will rewrite the expectation they induce. Intuitively,
since η and θ only use discrete distributions for transitions and delays, a single play
reaching a target and conforming to both strategies forms a Pη,θ

ρ0
-measurable set.

Moreover, when we consider a finite path conforming to both discrete strategies,
the number of finite plays following it is countable. Thus, we prove that Pη,θ

ρ0
is a

discrete measure, and we obtain a simpler formula for the expectation.

Lemma 5.21. Let η ∈ StratpMin and θ ∈ StratMax be two discrete strategies. For all
finite plays ρ0, we have

Eη,θ
ρ0

=
∑

ρ∈TPlaysη,θρ0

P(ρ)× Pη,θ
ρ0
(ρ)

where TPlaysη,θρ0
is the Pη,θ

ρ0
-measurable set of plays starting in the last configuration

of ρ0, conforming to η and θ and ending in the target.

Proof. Since η is proper, the probability measure of the set of plays that do not
reach the target is 0. By definition of the expectation, we thus have

Eη,θ
ρ0

=

∫
ρ

P(ρ) dPη,θ
ρ0
(ρ) =

∫
ρ

P(ρ)χTPlaysη,θρ0
(ρ) dPη,θ

ρ0
(ρ) .

We conclude by showing that TPlaysη,θρ0
is countable. To do so, notice that the

number of finite maximal paths from the last location of ρ0 is countable (as we
restrict ourselves to plays that reach the target). Moreover, since the distributions
on delays have finite support, for each finite path, the number of possible delays
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consistent with strategies is finite. Thus, along a finite path, at each step, the
current player can extend the play with a finite number of choices. In total,
TPlaysη,θρ0

only contains a countable number of plays.
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6. Probabilities are Useless in the
Presence of Memory

In contrast with strategic games for which the probabilities increase the
power of strategies for players, in WTGs, the probabilities offer the same
guarantees as the deterministic strategies. Our contribution consists in
proving this: the stochastic values are bounded by the smooth deterministic
ones. Moreover, we also establish the equality between the deterministic
value and the stochastic and smooth deterministic ones in some classes
of WTGs.

Table of contents

6.1. Max always has a deterministic best-response . . . . . . . . . . . . . 152
6.2. Stochastic values are bounded by the smooth deterministic ones . . 157
6.3. Equality between the stochastic and deterministic values . . . . . . 159

The chapter is devoted to our first result about stochastic values: the combination
of stochastic choices and memory in strategies does not bring more power than
just the memory.

Theorem 6.1. Let G be a WTG. Then, for all configurations (ℓ, ν), we have

sdVal(ℓ, ν) ≤ Val(ℓ, ν) ≤ Val(ℓ, ν) ≤ sdVal(ℓ, ν) .

Moreover, if G is divergent, one-clock or without clocks (i.e. G is an SPG), then
values are determined and equal to the deterministic ones, i.e.

sdVal(ℓ, ν) = Val(ℓ, ν) = dVal(ℓ, ν) = Val(ℓ, ν) = sdVal(ℓ, ν) .

The main ingredient for the proof is that when Min plays with a proper strat-
egy, Max always has a deterministic best-response strategy. Moreover, to obtain
the equality when G is divergent, one-clock or an SPG, we prove that Min (and
Max) has almost-optimal proper smooth deterministic strategies w.r.t. the deter-
ministic value.
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6.1. Max always has a deterministic best-response

We begin by explaining how we build a smooth deterministic best-response w.r.t.
the (memoryless) upper-value for Max against all proper strategies of Min. This
section is dedicated to proving the following proposition.

Proposition 6.2. Let η ∈ StratpMin and ε > 0. There exists a deterministic strategy
τ ∈ dStratMax such that for all finite plays ρ, Eη,τ

ρ ≥ Valη(ρ)− ε. If η ∈ mStratpMin

is memoryless, then there exists a deterministic strategy τ ∈ sdStratMax such that
for all configurations (ℓ, ν), Eη,τ

ℓ,ν ≥ mValη(ℓ, ν)− ε.

To make the proof, we first consider a (stochastic) strategy θ of Max such that for
all finite plays ρ0, Eη,θ

ρ0
≥ Valη(ρ0)− ε

2
, for a fixed ε > 0, which exists by definition

of the (stochastic) value. We show the existence of a smooth deterministic strategy
τ ∈ sdStratMax for Max such that for all finite plays ρ0, we have Eη,τ

ρ0
≥ Eη,θ

ρ0
− ε

2|ρ0|
,

which allows us to conclude that Eη,τ
ρ0

≥ Valη(ρ0)− ε.
To do that, we distinguish the cases where η is deterministic or is not.

The deterministic case We suppose η ∈ sdStratpMin is a proper smooth de-
terministic strategy. By contradiction, we suppose that for all τ ∈ sdStratMax,
wt(Play(ρ0, η, τ)) ≤ Eη,θ

ρ0
− ε

2|ρ0|
. Thus, by definition of the expectation,

Eη,θ
ρ0

=

∫
ρ

P(ρ) dPη,θ
ρ0

≤ Eη,θ
ρ0

− ε

2|ρ0|
.

We obtain a contradiction.

The non-deterministic case We suppose that η satisfies Hypothesis 2. This case
is more tricky, but we rely on a useful tool: a Bellman-like fixpoint equation fulfilled
by the expected payoff. To state it, we pack all expectations following a pair (η, θ)
of strategies in a single mapping Eη,θ : ρ ∈ FPlays 7→ Eη,θ

ρ ∈ R. The Bellman-like
fixpoint operator Hη,θ is a function relating mappings X : FPlays → R such that
Hη,θ : (FPlays → R) → (FPlays → R) is partially defined for X : FPlays → R, and
ρ ∈ FPlays by

0 if ρ ends in LT ;∑
δ

∫
I(ρ,δ)

η∆(ρ)(δ)
(
twt(ℓ) + wt(δ) +X(ρ[δ, t])

)
dηR+(ρ, δ)(t) if ρ ∈ FPlaysMin ;∑

δ

∫
I(ρ,δ)

θ∆(ρ)(δ)
(
twt(ℓ) + wt(δ) +X(ρ[δ, t])

)
dθR+(ρ, δ)(t) if ρ ∈ FPlaysMax .

(6.1)
This operator is only partially defined since it makes sense only for functions X
that are measurable w.r.t. delays along the finite play. In the following, we prove
that Eη,θ is a function for which Hη,θ is well-defined, and it is a fixpoint of Hη,θ.
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Lemma 6.3. Let η ∈ StratpMin satisfying Hypothesis 2 and θ ∈ StratMax. The
mapping Eη,θ : ρ ∈ FPlays 7→ Eη,θ

ρ is a fixpoint of the operator Hη,θ : (FPlays →
R) → (FPlays → R).

Proof. Let η and θ be two strategies, and ρ0 ∈ FPlays. If ρ0 ends in LT , then

Hη,θ(Eη,θ)(ρ0) = 0 = Eη,θ
ρ0
.

Otherwise, we let ξ be the strategy η or θ depending on whether ρ0 ∈ FPlaysMin

or ρ0 ∈ FPlaysMax and π0 be the path that ρ0 follows. By Lemma 5.18,

Eη,θ
ρ0

=
∑

π∈TPathsρ0

Eη,θ
ρ0
(π0π) .

In particular, by decomposing the path (that is possible, since ρ0 does not end
in LT ), we have Eη,θ

ρ0
=
∑

δ

∑
π|δπ∈TPathsρ0

Eη,θ
ρ0
(π0δπ). Thus, by definition of the

expectation of a path, Eη,θ
ρ0

is equal to

∑
δ

∑
π

δπ∈TPathsρ0

∫
I(ρ0,δ)

ξ∆(ρ0)(δ)
[
(twt(ℓ) + wt(δ))Pη,θ

ρ0[δ,t]
(π0δπ)+

Eη,θ
ρ0[δ,t]

(π0δπ)
]
dξR+(ρ0, δ)(t) .

Since η satisfies Hypothesis 2 for bounds α and m, then by Lemma 5.15 and
Lemma 5.17-2 we obtain that

Eη,θ
ρ0[δ,t]

(π0δπ) ≤ (1− α)⌊|π|/m⌋ |π|We

and
(twt(ℓ) + wt(δ))Pη,θ

ρ0[δ,t]
(π0δπ) ≤ (1− α)⌊|π|/m⌋We .

In particular, (twt(ℓ) + wt(δ))Pη,θ
ρ0[δ,t]

(π0δπ) + Eη,θ
ρ0[δ,t]

(π0δπ) is bounded by (1 −
α)⌊|π|/m⌋ (|π|+1)We. Thus, by dominated convergence, again by Lemma 5.18, and
by definition of Hη,θ, we obtain that Eη,θ

ρ0
is equal to

∑
δ

∫
I(ρ0,δ)

ξ∆(ρ0)(δ)
(
twt(ℓ) + wt(δ) + Eη,θ

ρ0[δ,t]

)
dξR+(ρ0, δ)(t) = Hη,θ(Eη,θ)(ρ0).

Thus, Eη,θ is a fixpoint of Hη,θ.

With this fixpoint equation in mind, we are equipped to prove Proposition 6.2:
Max has a deterministic best-response strategy against a proper strategy of Min
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when η satisfies Hypothesis 2. We will (again) use the argsupε operator defined for
all mappings f : A → R and B ⊆ A by argsupε

Bf = {a ∈ B | f(a) ≥ supB f − ε}.
For all ρ ∈ FPlaysMax ending in (ℓ, ν), we let

τ(ρ) ∈ argsup
ε/2|ρ|+1

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
twt(ℓ) + wt(δ) + Eη,θ

ρ[δ,t]

)
.

We use Kuratowski and Ryll-Nardzewski’s measurable selection theorem [KR65]
to ensure that τ can be chosen in sdStratMax. This theorem states that if ψ is a
mapping from a measurable space taking values in the set of non-empty closed
subsets of a Borel set (for us, pairs (δ, t) of transitions and real delays) that is
weakly measurable, then ψ has a selection, i.e. a measurable mapping τ such that
for all elements ω of the measurable space, τ(ω) ∈ ψ(ω). Weak measurability
amounts to saying that for every open subset U , we have {ω | ψ(ω)∩U ̸= ∅} that
is measurable.

Indeed, the mapping ψ defined for all plays ρ by

ψ(ρ) = {(δ, t) ∈ R | twt(ℓ) + wt(δ) + Eη,θ
ρ[δ,t] ≥ K − ε}

where K is the supremum of the function t 7→ twt(ℓ)+wt(δ)+Eη,θ
ρ[δ,t] can be shown

to be weakly measurable: for all open set U of R, the set {ρ | ψ(ρ)∩U ̸= ∅} can be
generated by a countable union of cylinders, since we have a countable number of
paths, and delays are constrained by U (that is measurable) and a supremum (that
is also measurable). The selection theorem thus allows us to define a measurable
strategy τ ∈ sdStratMax.

We also define, for all i ∈ N, the strategy ξi ∈ StratMax consisting in playing
τ during the first i steps of the play, and θ for the remaining ones: since τ and
θ satisfy Hypothesis 1, the combination ξi does too. When i increases, strategy
ξi looks more and more like τ . In particular, Eη,ξi

ρ tends to Eη,τ
ρ when i tends to

+∞. To prove it formally, we use the fact that η satisfies Hypothesis 2, and we
will show (with α and m given by Hypothesis 2):

∀ρ0 ∈ FPlays lim
i→+∞

|Eη,ξi
ρ0

− Eη,τ
ρ0

| = 0 . (6.2)

Moreover, independantly, we relate expectation defined by θ and ξi by proving
that

∀i ∈ N ∀ρ0 ∈ FPlays Eη,ξi
ρ0

≥ Eη,θ
ρ0

− ε

2|ρ0|
. (6.3)

When taking the limit when i tends to +∞, we obtain that for all finite plays
ρ0, Eη,τ

ρ0
≥ Eη,θ

ρ0
− ε

2|ρ0|
. In particular, Eη,τ

ρ0
≥ Valη(ρ0) − ε. In the case where η is

memoryless since memoryless strategies of Max are stochastic strategies of Max,
we have, for all configurations (ℓ, ν), Valη(ℓ, ν) ≥ mValη(ℓ, ν). Thus, by applying
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the previous the result in case where ρ is only a configuration, we deduce that

Eη,τ
ℓ,ν ≥ Valη(ℓ, ν)− ε ≥ mValη(ℓ, ν)− ε .

To conclude the proof, we need to show properties (6.2) and (6.3).

Proof of property (6.2) We consider the expectation under ξi versus the one
under τ . In particular, by decomposing the sum given for the expectation in
Lemma 5.18 according to the length of the path, we have

|Eη,ξi
ρ0

− Eη,τ
ρ0

| =
∣∣∣ ∞∑
j=0

∑
π∈TPathsjρ

Eη,ξi
ρ0

(π0π)−
∞∑
j=0

∑
π∈TPathsjρ

Eη,τ
ρ0

(π0π)
∣∣∣

where π0 is the path followed by ρ0. Letting ki = max(0, i − |ρ0|) be the number
of steps after ρ0 where ξi and τ are equal, and noticing that ξi and τ behave the
same until the step ki from ρ0, we deduce that

|Eη,ξi
ρ0

− Eη,τ
ρ0

| =
∣∣∣ ∞∑
j=ki+1

∑
π∈TPathsjρ0

Eη,ξi
ρ0

(π0π)−
∞∑

j=ki+1

∑
π∈TPathsjρ0

Eη,τ
ρ0

(π0π)
∣∣∣

≤
∞∑

j=ki+1

∑
π∈TPathsjρ0

(|Eη,ξi
ρ0

(π0π)|+ |Eη,τ
ρ0

(π0π)|) .

Thus, by Lemma 5.17-2 and Lemma 5.15, we have

|Eη,ξi
ρ0

− Eη,τ
ρ0

| ≤
∞∑

j=ki+1

2 j We(1− α)⌊j/m⌋ .

Moreover, since x 7→ (1− α)x is decreasing, we obtain that

|Eη,ξi
ρ0

− Eη,τ
ρ0

| ≤
∞∑

j=k+1

2 j We(1− α)j/m+1 .

Noticing that the formal power series
∑
xβx−1 is the formal derivative of the formal

power series
∑
βx, whose sum we can compute, we conclude that

|Eη,ξi
ρ0

− Eη,τ
ρ0

| ≤ 2We

(1− α)(ki+2)/m
(
ki(1− (1− α)1/m) + 1

)
(1− (1− α)1/m)2

that tends to 0 when i (and thus ki) tends to +∞.
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Proof of property (6.3) First, we notice that this inequality trivially holds
when |ρ0| ≥ i, since then strategies ξi and θ coincide for the rest of the play. It
remains to show that the property holds for all i and plays ρ0 such that |ρ0| ≤ i.
We proceed by induction on i− |ρ0|. If i− |ρ0| = 0, we have said before that the
inequality trivially holds. Otherwise, we distinguish three cases according to the
last location of ρ0. If ρ0 ends in LT , we have

Eη,ξi
ρ0

= 0 ≥ 0− ε

2|ρ0|
= Eη,θ

ρ0
− ε

2|ρ0|
.

If ρ0 ∈ FPlaysMin, by Lemma 6.3,

Eη,ξi
ρ0

= Hη,ξi(Eη,ξi)(ρ0)

=
∑
δ

∫
I(ρ0,δ)

η∆(ρ0)(δ)
[
twt(ℓ) + wt(δ) + Eη,ξi

ρ0[δ,t]

]
dηR+(ρ0, δ)(t) .

By induction hypothesis, we deduce that

Eη,ξi
ρ0

≥
∑
δ

∫
I(ρ0,δ)

η∆(ρ0)(δ)
(
twt(ℓ) + wt(δ) + Eη,θ

ρ0[δ,t]
− ε

2|ρ0|+1

)
dηR+(ρ0, δ)(t).

Thus, by linearity of the integral, we have

Eη,ξi
ρ0

≥
∑
δ

∫
I(ρ0,δ)

η∆(ρ0)(δ)
(
twt(ℓ) + wt(δ) + Eη,θ

ρ0[δ,t]

)
dηR+(ρ0, δ)(t)

− ε

2|ρ0|+1

∑
δ

∫
I(ρ0,δ)

η∆(ρ0)(δ) dηR+(ρ0, δ)(t).

Since η is a distribution, we obtain that

Eη,ξi
ρ0

≥ Hη,θ(Eη,θ)(ρ0)−
ε

2|ρ0|+1
× 1 ≥ Hη,θ(Eη,θ)(ρ0)−

ε

2|ρ0|
.

If ρ0 ∈ FPlaysMax, Lemma 5.18 gives again

Eη,ξi
ρ0

=
∑
δ

∑
π|δπ∈TPathsρ0

Eη,ξi
ρ0

(π0δπ) .

Since |ρ0| ≤ i, the next step for Max is dictated by the strategy τ , that is deter-
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ministic. Letting (δ0, t0) = τ(ρ0), we thus have

Eη,ξi
ρ0

= (t0 wt(ℓ)+wt(δ0))
∑
π

δ0π∈TPathsρ0

Pη,ξi
ρ0[δ0,t0]

(π0δ0π)+
∑
π

δ0π∈TPathsρ0

Eη,ξi
ρ0[δ0,t0]

(π0δ0π) .

Moreover, since η is proper, we know that∑
π|δ0π∈TPathsρ0

Pη,ξi
ρ0[δ0,t0]

(TPathsρ0[δ0,t0]) = 1 ,

and we deduce that Eη,ξi
ρ0

= t0 wt(ℓ)+wt(δ0)+Eη,ξi
ρ0[δ0,t0]

. By the induction hypothesis,
we obtain that

Eη,ξi
ρ0

≥ t0 wt(ℓ) + wt(δ0) + Eη,θ
ρ0[δ0,t0]

− ε

2|ρ0|+1
.

Thus, by definition of τ and letting (ℓ, ν) be the last configuration of ρ0, we get

Eη,ξi
ρ0

≥ sup

(ℓ,ν)
δ,t−→(ℓ′,ν′)

(
twt(ℓ) + wt(δ) + Eη,θ

ρ0[δ,t]

)
− ε

2|ρ0|+1
− ε

2|ρ0|+1
.

Since θ is a distribution, we have

Eη,ξi
ρ0

≥
∑
δ

∫
I(ρ0,δ)

θ∆(ρ0)(δ)
(
twt(ℓ) + wt(δ) + Eη,θ

ρ0[δ,t]

)
dθR+(ρ0, δ)(t)−

ε

2|ρ0|

= Hη,θ(Eη,θ)(ρ0)−
ε

2|ρ0|
.

We conclude the proof in all cases, by Lemma 6.3:

Eη,ξi
ρ0

≥ Hη,θ(Eη,θ)(ρ0)−
ε

2|ρ0|
= Eη,θ

ρ0
− ε

2|ρ0|
.

6.2. Stochastic values are bounded by the
smooth deterministic ones

We are now able to come back to the proof of Theorem 6.1 and prove the sequence
of inequality (in the general case). The first inequality shows that the stochastic
values are at most equal to the smooth deterministic upper-value:

Lemma 6.4. In all WTGs, for all configurations (ℓ, ν), Val(ℓ, ν) ≤ sdVal(ℓ, ν).

Proof. Let σ be a proper smooth deterministic strategy for Min. Let ε > 0. By
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Proposition 6.2, there exists τ ∈ sdStratMax such that

P
(
Play((ℓ, ν), σ, τ)

)
= Eσ,τ

ℓ,ν ≥ Valσ(ℓ, ν)− ε .

Therefore

sup
τ∈sdStratMax

P
(
Play((ℓ, ν), σ, τ)

)
≥ Valσ(ℓ, ν)− ε ≥ Valσ(ℓ, ν)

since this holds for all ε. By considering the infimum over all proper smooth
deterministic strategies, we obtain

sdValℓ,ν = inf
σ∈sdStratpMin

sup
τ∈sdStratMax

P
(
Play((ℓ, ν), σ, τ)

)
≥ inf

σ∈sdStratpMin

Valσ(ℓ, ν) .

Since sdStratpMin ⊆ StratpMin, the infimum over all proper strategies of Min is at most
the infimum over deterministic strategies:

sdVal(ℓ, ν) ≥ inf
η∈StratpMin

Valη(ℓ, ν) = Val(ℓ, ν) .

The second one shows that the smooth deterministic lower-value is at most equal
to the stochastic values.

Lemma 6.5. In all WTGs, for all configurations (ℓ, ν), sdVal(ℓ, ν) ≤ Val(ℓ, ν).

Proof. Let ε > 0. If sdVal(ℓ, ν) = −∞, the result is trivial. Otherwise, by defi-
nition, Max has a deterministic ε-optimal strategy τ for the smooth deterministic
lower-value. Against any proper smooth deterministic strategy of Min, from (ℓ, ν),
it guarantees a weight at least sdVal(ℓ, ν)− ε.

Let η be any proper strategy of Min. Every play conforming to η and τ has a
weight at least sdVal(ℓ, ν) − ε (since it is conforming to τ), so that, by definition
of the expectation,

Eη,τ
ℓ,ν =

∫
ρ

P(ρ) dPη,τ
ℓ,ν (ρ) ≥ sdVal(ℓ, ν)− ε .

Since this inequality holds for all proper strategies of Min, we deduce that

inf
η∈StratpMin

Eη,τ
ℓ,ν ≥ sdVal(ℓ, ν)− ε .

By taking the supremum over all strategies of Max (that contain the smooth de-
terministic strategy τ), we have

sup
θ∈StratMax

inf
η∈StratpMin

Eη,τ
ℓ,ν ≥ sdVal(ℓ, ν)− ε .
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In particular, Val(ℓ, ν) ≥ sdVal(ℓ, ν)−ε. To conclude, we remark that this inequal-
ity holds for all ε > 0, and thus also when ε is set to 0.

Combined with the fact that Val(ℓ, ν) ≤ Val(ℓ, ν), we indeed proved the inequal-
ities of Theorem 6.1.

6.3. Equality between the stochastic and
deterministic values

To conclude the proof of Theorem 6.1, we need to prove the equality between values
in the case of divergent WTGs, one-clock WTGs and SPGs. To do it, we give a
necessary condition to obtain equality: the existence of almost-optimal smooth
deterministic strategies w.r.t. the deterministic value.

Lemma 6.6. In all WTGs for which there exist σ ∈ sdStratpMin and τ ∈ sdStratMax

two almost-optimal strategies w.r.t. the deterministic value, for all configurations
(ℓ, ν), we have

dVal(ℓ, ν) = sdVal(ℓ, ν) = sdVal(ℓ, ν) = Val(ℓ, ν) = Val(ℓ, ν) .

Proof. Let ε > 0, there exists σ ∈ sdStratpMin and τ ∈ sdStratMax such that

dValσ(ℓ, ν)− ε ≤ dVal(ℓ, ν) ≤ dValτ (ℓ, ν) + ε

by hypothesis. First, since sdStratMax ⊆ dStratMax, we deduce that

sdVal(ℓ, ν) ≤ sup
τ∈sdStratMax

P
(
Play((ℓ, ν), σ, τ)

)
≤ sup

τ∈dStratMax

P
(
Play((ℓ, ν), σ, τ)

)
= dValσ(ℓ, ν)− ε .

Next, with the same reasoning, since sdStratpMin ⊆ dStratMin, we deduce that

dValτ (ℓ, ν)− ε = inf
σ∈dStratMin

P
(
Play((ℓ, ν), σ, τ)

)
≤ inf

σ∈sdStratpMin

P
(
Play((ℓ, ν), σ, τ)

)
≤ sdVal(ℓ, ν) .

Thus, sdVal(ℓ, ν) = sdVal(ℓ, ν), since sdVal(ℓ, ν) ≤ sdVal(ℓ, ν). Finally, we con-
clude the proof by applying the first part of Theorem 6.1 (i.e. the sequence of
inequalities):

sdVal(ℓ, ν) ≤ Val(ℓ, ν) ≤ Val(ℓ, ν) ≤ sdVal(ℓ, ν) = sdVal(ℓ, ν) .

159



6. Probabilities are Useless in the Presence of Memory

Finally, we prove that divergent WTGs, one-clock WTGs and SPGs satisfy the
condition of the previous lemma. Thus, we conclude the proof of Theorem 6.1.

The case of SPGs Since SPGs are special cases of WTGs, the definition of
stochastic strategies and values from WTGs can be adapted. In this context, all
distributions over transitions are finite; thus Hypothesis 1 always holds. More-
over, all strategies are discrete, and if the strategies of Min are supposed to fulfil
Hypothesis 2, various values exist. In particular, smooth deterministic values are
defined only by a restriction over strategies of Min, i.e. sdStratMax = dStratMax.

With the existence of a switching optimal strategy with respect to the deter-
ministic value for Min (by Theorem 3.6), we obtain the existence of smooth de-
terministic strategies that satisfy Hypothesis 2 (we take m the bound over the
length of all plays conforming to the switching strategy, and α ∈ (0, 1) since the
probability to reach the target is equal to 1). Thus, by Proposition 5.14, we obtain
the existence of proper smooth deterministic optimal strategies with respect to the
deterministic value for Min in all SPGs. Finally, from Lemma 6.6, we deduce that
SPGs are determined with respect to the stochastic value, and the stochastic and
(smooth) deterministic values are equal.

The case of divergent WTGs To prove that divergent WTGs satisfy the neces-
sary condition of Lemma 6.6, we use the construction of almost-optimal strategies
for Min and Max in such WTGs given in Section 3.2.

For Min, we note that the switching strategy σ = ⟨σ1, σ2, κ⟩ defined in the
proof of Proposition 3.10 is a proper smooth deterministic strategy, i.e. satisfies
Hypotheses 1 and 2. Indeed, it is easy to choose σ2 that is an attractor strategy
smooth enough so that it fulfils Hypothesis 1. The strategy σ1 needs more care.
In the −∞ case, σ1 is also an attractor strategy to a Büchi objective and it is easy
to choose σ1 smooth enough so that it fulfils Hypothesis 1. Otherwise, knowing
that the mapping ν 7→ dVal(ℓ, ν) is piecewise affine by Theorem 1.34, it is possible
to choose σ1 (via the argsup operator) so that it fulfils the measurability (even
piecewise continuity) conditions of Hypothesis 1. More precisely, we can consider
it to take the same kind of decision for all configurations of the same cell: same
transition, and either no delay or a delay jumping to the same border of the cell.
Thus, σ is defined to be a smooth deterministic strategy. Next, we note that all
plays conforming to σ have a length bounded by a constant (i.e. κ |Q| where Q is
the set of regions state of the WTGs). In particular, we have σ ∈ sdStratpMin.

According to Max’s point of view, we note that the memoryless almost-optimal
strategy defined in Section 3.2.2 can be chosen smooth enough by the same process
as σ1. Thus, from Lemma 6.6, we deduce that divergent WTGs are determined
w.r.t. the stochastic value, and the stochastic and (smooth) deterministic values
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are equal.

The case of one-clock WTGs To prove that one-clock WTGs satisfy the nec-
essary condition of Lemma 6.6, we use the constructions of the closure and the
unfolding of the WTG given in Chapter 4.

For Min, we first consider the unfolding of the WTG. Since the deterministic
value of a one-clock WTG is a fixpoint of the operator F defined in Chapter 2, in
the unfolding we can define an almost-optimal strategy σ for Min with the same
process as σ1 in the case of divergent WTGs. Moreover, since the unfolding is an
acyclic WTGs and the deterministic value function is piecewise affine over regions
(by Theorem 1.32), we know that σ ∈ sdStratpMin. Now, by function proj (defined in
Section 4.3.2) that does not modify the length of plays, we can define σ′ be as an
almost-optimal proper smooth deterministic strategy in the closure of the WTG.
Finally, by applying the same process as in [Bri+22, Lemma 6.1], we can define an
almost-optimal smooth deterministic strategy from σ′: by letting K be the bound
on the length of plays, we know a bound on the length of all plays conforming to
σ, we just perturb by ε/K each non-feasible decision given by σ. Since decisions
are uniform over each cell, this transformation does not add any memory, i.e. the
length of plays does not increase. Thus, this strategy also satisfies Hypothesis 2,
and the strategy is proper smooth deterministic by Proposition 5.14.

We note that the memoryless almost-optimal strategy for Max defined in Sec-
tion 4.2 can be chosen smooth enough by the same processes as σ1 in the closure of
the WTG. Thus, by applying the same process as in [Bri+22, Lemma 6.1], we de-
fine a smooth deterministic strategy in the WTG. In this case, the length of plays
is not a constraint, so we can choose the new delay according to the length of the
prefix to which we apply the strategy (as illustrated in Example 4.6). Again, from
Lemma 6.6, we deduce that one-clock WTGs are determined w.r.t. the stochastic
value, and the stochastic and (smooth) deterministic values are equal.
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7. Trading Memory for
Probabilities

Our main motivation is to emulate the memory with probability in strategies
used to play almost-optimally in WTGs. The main contribution of this part
is the tradeoff between memory and probabilities in divergent WTGs and
SPGs, i.e. in these classes of WTGs, we prove the equality between the
memoryless values and the deterministic one. Moreover, this equality gives
a characterisation of memoryless optimality in SPGs. Finally, we prove that
this tradeoff does not hold for all WTGs by giving an example of a one-clock
WTG in which this equality does not hold.

Table of contents

7.1. Memoryless value in divergent weighted timed games . . . . . . . . 165
7.1.1. Definition of the proper memoryless strategy ηp . . . . . . . 167
7.1.2. ηp is almost-optimal for the deterministic value . . . . . . . 171

7.2. Memoryless value in shortest path games . . . . . . . . . . . . . . . 175
7.3. Characterisation of memoryless optimality in shortest path games . 183

It remains to study the memoryless values and compare them with the determin-
istic value. We will be able to obtain the equality between the memoryless values
and the deterministic one in some classes of WTGs that we present in this chapter.

Theorem 7.1. The memoryless value is determined and equal to the deterministic
value in divergent WTGs, and SPGs.

Unfortunately, we cannot hope for a similar result as the one above for all
WTGs. Indeed, the following example shows that all WTGs are not determined
with respect to memoryless value.

Example 7.2. We consider the one-clock WTG depicted in Figure 7.1, and show
that mVal(ℓ0, 0) = 0 > −9 ≥ mVal(ℓ0, 0).
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1

ℓ1

−1

ℓ0

,

δ1 : 0 < x < 1;x := 0

δ2 : 0 < x < 1;x := 0

δ3 : x = 0;−10 δ4 : x = 0

Figure 7.1 – A one-clock WTG where mVal(ℓ0, 0) > mVal(ℓ0, 0).

To do so, we consider a proper memoryless strategy η of Min. First, we remark
that there exists p ∈ [0, 1) such that

η∆(ℓ0, 0) = p× Diracδ1 + (1− p)× Diracδ4 .

Moreover, since ℓ0 and ℓ1 are always reached after a reset, i.e. with the valuation
0, η always chooses the same delay in ℓ0 that does not impact the next choice of
the memoryless strategy of Max. Formally, let t ∈ (0, 1) be the expected delay
in ℓ0 (from the valuation 0) according to ηR+(ℓ0, 0)(δ1), and we define the discrete
strategy η′ by

η′(ℓ0, 0) = p× Diracδ1,t + (1− p)× Diracδ4,0 .

For all memoryless strategies θ of Max, Eη,θ
ℓ0,0

= Eη′,θ
ℓ0,0

. Now, we consider the deter-
ministic memoryless strategy τ of Max defined by τ(ℓ1, 0) = (δ2, (1 + t)/2). Then,
we have

Eη′,τ
ℓ0,0

=
+∞∑
i=0

1− t

2
ipi =

1− t

2

p

(1− p)2
≥ 0

and this expectation is null when p = 0, thus mVal(ℓ0, 0) = 0.
By a similar reasoning, all memoryless strategies θ of Max are equivalent to a

discrete strategy θ′ described by the probability q = θ∆(ℓ1, 0) ∈ [0, 1) and the ex-
pected delay t ∈ (0, 1) spent in ℓ1 (from the valuation 0) according to θR+(ℓ1, 0)(δ2):
we have

θ′(ℓ1, 0) = q × Diracδ2,t + (1− q)× Diracδ3,0 .

We define a memoryless strategy η for Min by letting

η(ℓ0, 0) = p× Diracδ1,(1+t)/2 + (1− p)× Diracδ4,0 .

By Lemma 6.3, we have Eη,θ′

ℓ0,0
=
(
Eη,θ′

ℓ1,0
− 1+t

2

)
× p and Eη,θ′

ℓ1,0
= −10(1 − q) + (t +
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Eη,θ′

ℓ0,0
)× q. In particular, we deduce that

Eη,θ′

ℓ0,0
=

(
−10× (1− q) + (Eη,θ′

ℓ0,0
+ t)× q − 1 + t

2

)
× p

=

(
−10(1− q)− t(1− 2q) + 1

2

)
p

1− pq
.

We prove that mVal(ℓ0, 0) ≤ −9 by distinguishing two cases.

• We suppose that q = 1, i.e. θ′ is a deterministic strategy such that θ′(ℓ1, 0) =
(δ2, t). In this case, we have

Eη,θ′

ℓ0,0
= −1− t

2

p

1− p
.

Now, as we control the strategy of Min, we can fix p = 18
19−t

< 1 (since t < 1),
and we obtain

Eη,θ′

ℓ0,0
= −1− t

2

18

(19− t)(1− 18
19−t

)
= −1− t

2

18

1− t
= −9 .

• We suppose that 0 ≤ q < 1, we deduce that t(1−2q)+1 ≥ 0 (since 0 < t < 1).
Thus,

Eη,θ′

ℓ0,0
≤ −10(1− q)× p

1− pq
.

Again, as we control the strategy of Min, we can fix p = 9
10−q

< 1 (since
q < 1), and

Eη,θ′

ℓ0,0
≤ −10(1− q)

9

(10− q)(1− 9
10−q

q)
= −10(1− q)

9

10(1− q)
= −9 .

Thus, we conclude that mVal(ℓ0, 0) ≤ −9 < 0 = mVal(ℓ0, 0) as expected. ⌟

Moreover, even if we wanted to restrict our study to one of the memoryless values
(upper or lower values), the following example shows a case where memoryless
lower and upper values are equal, but different from the deterministic value.

Example 7.3. We consider the one-clock WTG depicted in Figure 7.2. We explain
why dVal(ℓ1, 0) ̸= mVal(ℓ1, 0) = mVal(ℓ1, 0). Since Min has a way to obtain the
weight 0 by using transition δ2 (and thus with a memoryless and deterministic
strategy), all values dVal(ℓ1, 0), mVal(ℓ1, 0), mVal(ℓ1, 0) are non-positive.
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−1

ℓ0

0

ℓ1

,
δ0 : x ≤ 1

δ1 : 0 < x, x := 0
δ2 : x ≤ 1

Figure 7.2 – One-clock WTG where dVal(ℓ1, 0) ̸= mVal(ℓ1, 0) = mVal(ℓ1, 0).

We consider the deterministic strategy τ for Max defined, for all plays ρ with
(ℓ0, ν) as the last configuration, by

τ(ρ) =

{
(δ1,

ε
2|ρ|

) if ν = 0;
(δ1, 0) if ν > 0.

Since each iteration of the cycle gives a cumulated weight of at most − ε
2|ρ|

, then
dValτ (ℓ1, 0) ≥ −ε for all ε > 0. In particular, dVal(ℓ1, 0) is also non-positive, which
implies that dVal(ℓ1, 0) = 0. Notice that the strategy τ uses memory, to compute
the length |ρ| of the current play.

Now, we consider the memoryless strategy for Min such that, for p ∈ (0, 1),
chooses transition δ0 with delay 0 with probability 1 − p and transition δ2 with
delay 0 with probability p. When Max follows a memoryless strategy, each time we
pass through the configuration (ℓ0, 0), the same expected choice is always a small
amount of time before taking transition δ1. In particular, the two memoryless
strategies combined allow one to expect 1/(1 − p) turns in the cycle, each turn
having a fixed negative weight. Thus, Min can secure a weight as little as possible,
by making p approaches 1. Thus mVal(ℓ1, 0) = −∞. And since mVal(ℓ1, 0) ≤
mVal(ℓ1, 0), we also have mVal(ℓ1, 0) = −∞. ⌟

7.1. Memoryless value in divergent weighted
timed games

We study the memoryless values of divergent WTGs showing that memory can
be fully emulated with stochastic choices and vice versa. Moreover, we show that
divergent WTGs are determined with respect to the memoryless value (as we
obtained previously for the stochastic value). In particular, we prove Theorem 7.1
in the case of divergent WTGs by showing that in all divergent WTGs, for all
configurations (ℓ, ν), we have

dVal(ℓ, ν) = mVal(ℓ, ν) = mVal(ℓ, ν) .

This proof is decomposed into two inequalities:
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• we show in Lemma 7.4 that dVal(ℓ, ν) ≤ mVal(ℓ, ν), relying on the existence
of almost-optimal deterministic and memoryless strategies of Max w.r.t. the
deterministic value (Theorem 3.2-2);

• we show in Proposition 7.5 that memoryless stochastic strategies can emulate
deterministic ones: mVal(ℓ, ν) ≤ dVal(ℓ, ν).

Combined with the fact that mVal(ℓ, ν) ≤ mVal(ℓ, ν), we indeed obtain the de-
sired equalities.

As shown in Example 7.3, the theorem does not hold for all WTGs, and the
divergence property is therefore useful (though it might be possible to weaken
it). We start by showing that the deterministic value is at most equal to the
memoryless lower value:

Lemma 7.4. In all divergent WTGs, for all configurations (ℓ, ν), dVal(ℓ, ν) ≤
mVal(ℓ, ν).

Proof. Let ε > 0. By Theorem 3.2-2, Max has a memoryless deterministic ε-
optimal strategy τ w.r.t. the deterministic value. Against any deterministic strat-
egy of Min, from (ℓ, ν), it guarantees a weight at least dVal(ℓ, ν)− ε.

Let η be any memoryless proper strategy of Min. Every play conforming to η
and τ has a weight at least dVal(ℓ, ν)− ε (since it is conforming to τ), so that, by
definition of the expectation,

Eη,τ
ℓ,ν =

∫
ρ

P(ρ) dPη,τ
ℓ,ν (ρ) ≥ dVal(ℓ, ν)− ε .

Since this inequality holds for all proper strategies of Min, we deduce that

inf
η∈mStratpMin

Eη,τ
ℓ,ν ≥ dVal(ℓ, ν)− ε .

By taking the supremum over all memoryless strategies of Max (that contain the
memoryless and deterministic strategy τ), we have

sup
θ∈mStratMax

inf
η∈mStratpMin

Eη,θ
ℓ,ν ≥ dVal(ℓ, ν)− ε .

In particular, mVal(ℓ, ν) ≥ dVal(ℓ, ν) − ε. To conclude, we remark that this in-
equality holds for all ε > 0, and thus also when ε is set to 0.

The most technical inequality is the remaining one, showing that we can simulate
deterministic strategies with memoryless strategies:
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Proposition 7.5. In all divergent WTGs, for all configurations (ν, ℓ),

mVal(ℓ, ν) ≤ dVal(ℓ, ν) .

We prove this result in the rest of this section. To do so, we build a mem-
oryless strategy of Min at least as good as a deterministic strategy. By The-
orem 3.2-1, we can start from a switching strategy for Min. For N ∈ N and
ε > 0, we thus consider a switching strategy σ = (σ1, σ2, κ) of deterministic value
dValσ(ℓ, ν) ≤ max(−N, dVal(ℓ, ν))+ ε, and simulate it with a memoryless strategy
for Min, denoted ηp, with a probability parameter p ∈ (0, 1). This new strategy
is a probabilistic superposition of the two memoryless deterministic strategies σ1

and σ2.

7.1.1. Definition of the proper memoryless strategy ηp

The definition of ηp(ℓ, ν), with ℓ ∈ LMin, depends on the sign of the SCC1 con-
taining the location (ℓ, r) of the region game R(G) with r the region of ν. In a
positive SCC, Min always chooses to play σ1, thus looking for a negative cycle in
the next SCCs (in topological order) if any, i.e. we let ηp(ℓ, ν) = Diracσ1(ℓ,ν). In a
negative SCC, Min chooses to play σ1 with probability p, and σ2 with probability
1− p, i.e. we let

ηp(ℓ, ν) = p× Diracσ1(ℓ,ν) + (1− p)× Diracσ2(ℓ,ν) .

These choices can be decomposed as first choosing a transition and then a delay
as follows: letting (δ1, t1) = σ1(ℓ, ν), and (δ2, t2) = σ2(ℓ, ν), we define

ηp∆(ℓ, ν) =

{
Diracδ1 if ℓ is in a positive SCC;
p× Diracδ1 + (1− p)× Diracδ2 otherwise;

and ηp
R+
(ℓ, ν)(δ) is equal to
Diract1 if ℓ is in a positive SCC;
p× Diract1 + (1− p)× Diract2 if ℓ is in a negative SCC, and δ1 = δ2;
Diract1 if ℓ is in a negative SCC, and δ = δ1;
Diract2 if ℓ is in a negative SCC, and δ = δ2.

Section 6.3 ensures that strategies σ1 and σ2 satisfy Hypothesis 1. Thus, the
1Since G is divergent, by [BMR17, Proposition 5], the region game of G is split into SCC where

all cyclic paths are only negative weights (called negative SCC) or only positive weights
(called positive SCC).
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superposition ηp also satisfies this hypothesis. Moreover, we use the sufficient
condition in Hypothesis 2 to show that ηp is also proper:

Lemma 7.6. For all p ∈ (0, 1), the strategy ηp ∈ mStratpMin, i.e. it satisfies
Hypothesis 2.

Proof. We use Proposition 5.14, and thus only prove that ηp satisfies Hypothesis 2,
with m = |Q| and α = (1 − p)m+1 where Q is the set of region states. Let
θ ∈ StratMax, and ρ0 a finite play. We prove that Pηp,θ

ρ0
(
⋃

n≤m TPlaysnρ0) ≥ α. Not
reaching the target in at most m steps is equivalent to having a prefix of length
m+ 1, so that

Pηp,θ
ρ0

( ⋃
n≤m

TPlaysnρ0
)
= 1− Pηp,θ

ρ0

( ⋃
π||π|=m+1

Cylρ0(π)
)
.

We thus prove that Pηp,θ
ρ0

(
⋃

π||π|=m+1 Cylρ0(π)) ≤ 1− α.
Since m = |Q|, a play is in

⋃
π||π|=m+1 Cylρ0(π) if and only if it is of the form

ρ0 ·ρ ·ρ′ with |ρ| = m+1: in particular, ρ contains a cyclic path in the region game,
so cannot be conforming to the attractor strategy σ2. As a consequence, ρ goes
through a transition played by σ1, chosen with probability p in ηp. Given k ≥ 1,
calling Sk

ρ0
the set of plays ρ0 · ρ · ρ′ with ρ of length k containing a transition of

probability p chosen by ηp, we have

Pηp,θ
ρ0

( ⋃
π||π|=m+1

Cylρ0(π)
)
= Pηp,θ

ρ0
(Sm+1

ρ0
) .

We conclude by showing that Pηp,θ
ρ0

(Sk
ρ0
) ≤ 1 − (1 − p)k holds for all k ≥ 1 by

induction. We let π0 be the path followed by ρ0.
When k = 1, the transition of every play in S1

ρ0
after the common prefix ρ0 is

chosen by Min with a probability p. Thus, ρ0 ∈ FPlaysMin,

ηp(ρ0) = p× Dirac(δ0,t0) + (1− p)× Dirac(δ′0,t′0)

with (δ0, t0) ̸= (δ′0, t
′
0) and the transition of every play in S1

ρ0
after the common

prefix ρ0 is (δ0, t0). Indeed, S1
ρ0

= Cylρ0(π0 · δ0,R
|π0|
≥0 × {t0}). As a consequence,

Pηp,θ
ρ0

(S1
ρ0
) = Pηp,θ

ρ0

(
Cylρ0(π0 · δ0,R

|π0|
≥0 × {t0})

)
= ηp(ρ0)(δ0, t0)× Pηp,θ

ρ0δ0,t0

(
Cylρ0[δ0,t0](π0 · δ0,R

|π0|
≥0 × {t0}))

= p× 1 = 1− (1− p)1 .

When k ≥ 2, we distinguish three cases.
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ρ0

δ0, t0
p

δ′0, t
′
0

1− p
Sk−1
ρ0[δ′0,t

′
0]

Cylρ0(π0 · δ0,R
|π0|
≥0 × {t0})

Figure 7.3 – The partition of Sk
ρ0 when ρ0 ∈ FPlaysMin.

• If ρ0 ∈ FPlaysMin and ηp(ρ0) = p × Dirac(δ0,t0) + (1 − p) × Dirac(δ′0,t′0) with
(δ0, t0) ̸= (δ′0, t

′
0), we have (as illustrated in Figure 7.3)

Sk
ρ0

= Cylρ0(π0 · δ0,R
|π0|
≥0 × {t0}) ⊎ Sk−1

ρ0[δ′0,t
′
0]
.

As before, we have Pηp,θ
ρ0

(
Cylρ0(π0 · δ0,R

|π0|
≥0 × {t0})

)
= p. We show that

Pηp,θ
ρ0

(
Sk−1
ρ0[δ′0,t

′
0]

)
= (1− p)× Pηp,θ

ρ0[δ′0,t
′
0]

(
Sk−1
ρ0[δ′0,t

′
0]

)
(7.1)

and, by induction hypothesis, we deduce that

Pηp,θ
ρ0[δ′0,t

′
0]

(
Sk−1
ρ0[δ′0,t

′
0]

)
≤ 1− (1− p)k−1 .

In conclusion, we obtain

Pηp,θ
ρ0

(
Sk
ρ0

)
= p+ (1− p)× Pηp,θ

ρ0[δ′0,t
′
0]

(
Sk−1
ρ0[δ′0,t

′
0]

)
≤ p+ (1− p)(1− (1− p)k−1) = 1− (1− p)k .

Now, we show (7.1): to do it, we must come back to the definition of the
probabilities with respect to cylinders. First, Sk−1

ρ0[δ′0,t
′
0]

can be decomposed a
union of cylinders over some paths π0 · δ′0 · π with |π| = k − 1. For such a
path π, let Cπ be the set of sequences of delays of plays appearing in Sk−1

ρ0[δ′0,t
′
0]

so that

Sk−1
ρ0[δ′0,t

′
0]
=

⋃
|π|=k−1

Cylρ0(π0 · δ
′
0 · π,Cπ) =

⋃
|π|=k−1

Cylρ0[δ′0,t′0](π0 · δ
′
0 · π,Cπ) .

The set Cπ is Lebesgue-measurable since it can be obtained as a finite unions
and intersections of the constraints appearing in ηp

R+
(and thus in σ1 or σ2)

or θR+ , that are all Lebesgue-measurable by Hypothesis 1 (the explanation of
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this decomposition is given in the following remark). Thus,

Pηp,θ
ρ0

(
Sk−1
ρ0[δ′0,t

′
0]

)
=

∑
|π|=k−1

Pηp,θ
ρ0

(
Cylρ0(π0 · δ

′
0 · π,Cπ))

=
∑

|π|=k−1

ηp(ρ0)(δ
′
0, t

′
0)× Pηp,θ

ρ0[δ′0,t
′
0]

(
Cylρ0[δ′0,t′0](π0 · δ

′
0 · π,Cπ))

= (1− p)×
∑

|π|=k−1

Pηp,θ
ρ0[δ′0,t

′
0]

(
Cylρ0[δ′0,t′0](π0 · δ

′
0 · π,Cπ))

= (1− p)× Pηp,θ
ρ0[δ′0,t

′
0]

(
Sk−1
ρ0[δ′0,t

′
0]

)
.

• If ρ0 ∈ FPlaysMin and ηp(ρ0) = Diracδ0,t0 , then Sk
ρ0

= Sk−1
ρ0[δ0,t0]

. As in (7.1), we
can obtain that

Pηp,θ
ρ0

(
Sk−1
ρ0[δ0,t0]

)
= ηp(ρ0)(δ0, t0)× Pηp,θ

ρ0[δ0,t0]

(
Sk−1
ρ0[δ0,t0]

)
.

Then, we have directly

Pηp,θ
ρ0

(
Sk
ρ0

)
= Pηp,θ

ρ0[δ0,t0]

(
Sk−1
ρ0[δ0,t0]

)
≤ 1− (1− p)k−1 ≤ 1− (1− p)k .

• If ρ0 ∈ FPlaysMax, then

Sk
ρ0

=
⋃

(δ0,t0)∈supp(θ(ρ0))

Sk−1
ρ0[δ0,t0]

.

Again by decomposing on cylinders, we have that

Pηp,θ
ρ0

(
Sk
ρ0

)
=
∑
δ0

∫
t0

θ∆(ρ0)(δ0)Pηp,θ
ρ0[δ0,t0]

(
Sk−1
ρ0[δ0,t0]

)
dθR+(ρ0, δ0)(t0) .

By induction hypothesis, we obtain

Pηp,θ
ρ0

(
Sk
ρ0

)
≤ (1− (1− p)k−1)×

∑
δ0

∫
t0

θ∆(ρ0)(δ0) dθR+(ρ0, δ0)(t0)

≤ 1− (1− p)k−1 ≤ 1− (1− p)k .

Remark. We want to justify why the set Cπ of delays that appear in a path π of
Sk
ρ0

, is a constraint, i.e. can be obtained as a finite union and intersection of the
constraints in ηp

R+
and θR+ .

We consider a finite path π = π0 · δ0 · · · δk that appears in Sk
ρ0

, i.e. containing
a transition chosen by ηp with probability p. A play following π and conform-
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ing to ηp and θ satisfies some constraints over each transition. If δk belongs to
Min, then the set of delays such that ρ0[δ0, t0] · · · [δk−1, tk−1] satisfies a (Lebesgue-
measurable) constraint Cδk given by Hypothesis 1 over ηp (as the inverse image
of the strategy applying on ρ0[δ0, t0] · · · [δk−1, tk−1]). The case where δk belongs to
Max is analogous.

Now, let δi be the transition belonging to Min with the constraint Cδi+1···δk
with 0 ≤ i ≤ k. The constraint Cδi···δk is given by the inverse image of ηp on
ρ0[δ0, t0] · · · [δi−1, ti−1] (that gives a measurable set of delay) and the intersection
with Cδi+1···δk (we consider only delays satisfying the next constraints). Thus, by
induction, we can define the constraint Cπ by a finite (since π is finite) intersection
of the constraints in ηp

R+
and θR+ (that are measurable by Hypothesis 1).

To conclude, we remark that in π, we need to choose the position of the transition
of proba p (when σ1 and σ2 choose the same transition). In particular, there exists
at most k available possible positions, and Cδk is given by the finite union over all
possible positions. ◁

7.1.2. ηp is almost-optimal for the deterministic value

To show that mVal(ℓ, ν) ≤ dVal(ℓ, ν) for all configurations (ℓ, ν), we prove that

mValη
p

(ℓ, ν) ≤ max(−N, dVal(ℓ, ν)) + 3ε

for all configurations (ℓ, ν) and for p close enough to 1: we conclude by taking the
limit when N tends to +∞ and ε tends to 0. We get that inequality by showing the
following result, paired with the fact that dValσ(ℓ, ν) ≤ max(−N, dVal(ℓ, ν)) + ε.

Lemma 7.7. Let G be a divergent WTG, for all configurations (ℓ, ν) and ε > 0
small enough, there exists p̃ ∈ (0, 1) so that for all p ∈ [p̃, 1),

mValη
p

(ℓ, ν) ≤ dValσ(ℓ, ν) + 2ε.

We conclude this section with the proof of this result. Since ηp is memoryless
and satisfies Hypothesis 2 (by Lemma 7.6) we can use Proposition 6.2 (with ε/2)
to obtain the existence of a deterministic strategy τ ∈ dStratMax such that for
all configurations (ℓ, ν), Eηp,τ

ℓ,ν ≥ mValη
p

(ℓ, ν) − ε/2. The proof then consists in
computing the bound p̃ on the probabilities such that for all p ∈ [p̃, 1), Eηp,τ

ℓ,ν ≤
dValσ(ℓ, ν) + 3ε/2. We conclude by combining both inequalities.

Notice that ηp and τ are both discrete strategies, i.e. we can apply Lemma 5.21:
for all configurations (ℓ, ν),

Eηp,τ
ℓ,ν =

∑
ρ∈TPlaysη

p,τ
ℓ,ν

P(ρ)× Pηp,τ
ℓ,ν (ρ)
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where TPlaysη
p,τ

ℓ,ν is the Pηp,τ
ℓ,ν -measurable set of plays starting in (ℓ, ν), conforming

to ηp and θ and ending in the target.
The case where the whole region game only contains positive SCCs is easy since

ηp chooses the transition and delay given by σ1 with probability 1. By divergence,
G then contains no negative cycles. A play conforming to ηp is also conforming
to the deterministic strategy σ1, so it must be acyclic. In particular, there exists
only one play ρ conforming to ηp and τ . This one is also conforming to σ and
thus reaches the target with a cumulated weight wtΣ(ρ) = Eηp,τ

ℓ,ν ≤ dValσ(ℓ, ν) as
expected.

Now, suppose that the region graph contains at least a negative SCC. Thus, we
let c > 0 be the maximal size of an elementary cycle of the region game (that
visits each pair (ℓ, r) at most once) and w− > 0 be the opposite of the maximal
cumulated weight of an elementary negative cycle in R(G) (necessarily bounded
by We |Q| where Q is the set of region states).

We partition the set TPlaysη
p,τ

ℓ,ν into subsets Πi,j of plays according to the number

i of edges (ℓ, ν)
δ,t−→ (ℓ′, ν ′) chosen by Min with a probability ηp(ℓ, ν)(δ, t) = 1− p,

and their length j (we always have i ≤ j). The partition is depicted in Figure 7.4:

• ΠN,≥κ, depicted in blue, contains all plays with a length greater than κ (the
switching threshold);

• Π0,≤κ, depicted in yellow, contains all plays without edges of probability 1−p,
with a length at most κ;

• Π̃, depicted in red, contains the rest of the plays.

In particular, we have

Eηp,τ
ℓ,ν =

∑
ρ∈Π0,≤κ

P(ρ)Pηp,τ
ℓ,ν (ρ)

︸ ︷︷ ︸
γ0,≤κ

+
∑

ρ∈ΠN,≥κ

P(ρ)Pηp,τ
ℓ,ν (ρ)

︸ ︷︷ ︸
γN,≥κ

+
∑
ρ∈Π̃

P(ρ)Pηp,τ
ℓ,ν (ρ)

︸ ︷︷ ︸
γ̃

. (7.2)

We now compute and bound the three expectations γ0,≤κ, γN,≥κ and γ̃.

The red zone is such that γ̃ ≤ ε/4 All plays in Π̃ have a length at most κ: so
the cumulated weight of all such plays is at most κWe. So, we have

γ̃ =
∑
ρ∈Π̃

P(ρ)Pηp,τ
ℓ,ν (ρ) ≤

∑
ρ∈Π̃

κWe Pηp,τ
ℓ,ν (ρ) = κWe Pηp,τ

ℓ,ν (Π̃).

But all plays ρ ∈
⋃

j≤K Πi,j with i ≤ κ take i edges of probability 1 − p. In
particular, by bounding all other probabilities by 1, and since there are at most 2κ
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i

j

κ

Π0,≤κ

ΠN,≥κ

Π̃

Figure 7.4 – Partition of the plays TPlaysη
p,τ

ℓ,ν

plays in
⋃

j≤K Πi,j (since τ is deterministic and the support of all ηp(ℓ, ν) contains
at most two edges), we obtain (using that 1− (1− p)K ≤ 1)

Pηp,τ
ℓ,ν (Π̃) ≤ 2κ

κ−1∑
i=1

(1− p)i = 2κ
(1− p)(1− (1− p)κ)

p
≤ 2κ

1− p

p
(7.3)

−−→
p→1

0

Finally, if we suppose that

p ≥ 1

1 + ε/(4× 2κκWe)

we obtain as desired
γ̃ ≤ 2κκWe

1− p

p
≤ ε

4
.

The yellow and blue zones are such that γ0,≤κ+ γN,≥κ ≤ dValσ(ℓ, ν)+ 5ε/4 All
plays in Π0,≤κ reach the target without taking any edge of probability 1−p, so they
are conforming to σ1. In the case where dVal(ℓ, ν) = −∞, Π0,≤κ = ∅ and γ0,≤κ = 0,
since no play conforming to σ1 from (ℓ, ν) reaches the target. In this case, Min
can stay in a cycle with a negative cumulated weight as long as wanted. Now, if
dVal(ℓ, ν) is finite, by Lemma 3.11-1, the cumulated weight of a play in Π0,≤κ is at
most dVal(ℓ, ν) + κ ε/κ = dVal(ℓ, ν) + ε. As dVal(ℓ, ν) = infσ∈dStratMin

dValσ(ℓ, ν) ≤
dValσ(ℓ, ν), in both cases, we can write

γ0,≤κ ≤ (dValσ(ℓ, ν) + ε) Pηp,τ
ℓ,ν (Π0,≤κ) .

Let ρ be a play in Πi,j with 0 ≤ i and j ≥ κ. Since ηp only allows cycles in
negative SCCs, all region cycles in ρ have a cumulated weight at most −1. By
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definition of κ and the proof of Proposition 3.10,

P(ρ) ≤ dValσ(ℓ, ν) ≤ dValσ(ℓ, ν) + ε .

By summing up the contribution of yellow and blue zones, we get

γ0,≤κ + γN,≥κ ≤ (dValσ(ℓ, ν) + ε) Pηp,τ
ℓ,ν (Π0,≤κ ∪ ΠN,≥κ). (7.4)

To conclude, we distinguish two cases.

• We suppose that dValσ(ℓ, ν) ≥ −5ε
4
. By having Pηp,τ

ℓ,ν (Π0,≤κ ∪ ΠN,≥κ) ≤ 1,
we get

γ0,≤κ + γN,≥κ ≤
(
dValσ(ℓ, ν) +

5ε

4

)
Pηp,τ
ℓ,ν (Π0,≤κ ∪ ΠN,≥κ) ≤ dValσ(ℓ, ν) +

5ε

4
.

• We suppose that dValσℓ,ν < −5ε
4
, and then, by (7.3),

Pηp,τ
ℓ,ν (Π0,≤κ ∪ ΠN,≥κ) = 1− Pηp,τ

ℓ,ν (Π̃) ≥ 1− 2κ
1− p

p
−−→
p→1

1 .

Finally, if we suppose that

p ≥ 2κ

2κ + 1− dValσ(ℓ,ν)+5ε/4
dValσ(ℓ,ν)+ε

∈ (0, 1)

then
Pηp,τ
ℓ,ν (Π0,≤κ ∪ ΠN,≥κ) ≥

dValσ(ℓ, ν) + 5ε/4

dValσ(ℓ, ν) + ε

and, by negativity of dValσℓ,ν + ε, we can rewrite (7.4) as

γ0,≤κ + γN,≥κ ≤ (dValσ(ℓ, ν) + ε)
dValσ(ℓ, ν) + 5ε/4

dValσ(ℓ, ν) + ε
= dValσ(ℓ, ν) +

5ε

4
.

In all cases, we have γ0,≤κ + γN,≥κ ≤ dValσ(ℓ, ν) + 5ε/4.

Gathering all constraints on p We gather all the lower bounds over p that we
need in the proof, letting

p̃ =


max

(
1

1+ε/(4×2κκWe)
, 1
2

)
if dValσ(ℓ, ν) ≥ −5ε

4

max

(
1

1+ε/(4×2κκWe)
, 1
2
, 2κ

2κ+1− dValσ(ℓ,ν)+5ε/4
dValσ(ℓ,ν)+ε

)
otherwise
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Then, for p ∈ (p̃, 1), we have Eηp,τ
ℓ,ν ≤ dValσ(ℓ, ν) + 3ε/2. Since p̃ does not depend

on τ , we conclude that for p ∈ (p̃, 1), we have mValη
p

(ℓ, ν) ≤ dValσ(ℓ, ν) + 2ε as
expected.

7.2. Memoryless value in shortest path games

In this section, we restrict ourselves to SPGs that are WTGs using no clocks. In
particular, we recall that the definition of stochastic strategies and values from
WTGs can be adapted. In this context, all distributions over transitions are finite;
thus, Hypothesis 1 always holds. Moreover, all strategies are discrete, and if the
strategies of Min are supposed to fulfil Hypothesis 2, the various values exist and
Lemma 5.21 applies.

In SPGs, we are able to extend the proof given in the previous section without
imposing the divergence condition. In particular, we prove Theorem 7.1 in the
case of SPGs by showing that in all SPGs, for all vertices ℓ, we have

dVal(ℓ) = mVal(ℓ) = mVal(ℓ) .

The proof strategy follows the same path as in the divergent case:

• we show in Lemma 7.8 that dVal(ℓ) ≤ mVal(ℓ), by adapting the proof of
Lemma 7.4 relying on the existence of an optimal deterministic and memo-
ryless strategy of Max w.r.t. the deterministic value (by Theorem 1.31-2);

• we show in Proposition 7.9 that memoryless stochastic strategies can emu-
late deterministic ones: mVal(ℓ) ≤ dVal(ℓ) (with similar but more involved
techniques as in Proposition 7.5).

Combined with the fact that mVal(ℓ) ≤ mVal(ℓ), we indeed obtain the desired
equalities.

We start by adapting the proof of Lemma 7.4:

Lemma 7.8. In all SPGs, for all vertices ℓ, dVal(ℓ) ≤ mVal(ℓ).

Proof. By Theorem 1.31-2, Max has a memoryless and deterministic optimal strat-
egy τ w.r.t. the deterministic value, i.e. against any deterministic strategy of Min,
from the vertex ℓ, it guarantees a weight at least dVal(ℓ).

The rest of the proof is entirely similar, but reproduced here for ease. Let η be
any memoryless proper strategy of Min. Every play conforming to η and τ has a
weight at least dVal(ℓ) (since it is conforming to τ), so that, by definition of the
expectation,

Eη,τ
ℓ =

∫
ρ

P(ρ) dPη,τ
ℓ (ρ) ≥ dVal(ℓ) .

175



7. Trading Memory for Probabilities

We notice that this integral is indeed a finite sum here, since the strategies are
necessarily discrete. Moreover, the inequality holds for all proper strategies of Min,
we deduce that

inf
η∈mStratpMin

Eη,τ
ℓ ≥ dVal(ℓ) .

By taking the supremum over all memoryless strategies of Max (that contain the
memoryless and deterministic strategy τ), we have

sup
θ∈mStratMax

inf
η∈mStratpMin

Eη,θ
ℓ ≥ dVal(ℓ) .

In particular, mVal(ℓ) ≥ dVal(ℓ), as expected.

The rest of this section is devoted to the proof of the final piece of the proof:

Proposition 7.9. Let G = ⟨VMax, VMin, VT , E,wt⟩ be a SPG. Then, for all ver-
tices ℓ, mVal(ℓ) ≤ dVal(ℓ).

In an SPG, once we fix a memoryless strategy η ∈ mStratMin, we obtain a Markov
decision process (MDP) where the other player must still choose how to react. An
MDP is a tuple ⟨V,A, P ⟩ where V is a set of vertices, A is a set of actions, and
P : V × A → Dist(V ) is a partial function mapping to some pair of vertices and
actions a distribution of probabilities over the successor vertices. In our context,
we let Gη be the MDP with the same set V of vertices as G, actions A = V ∪ {⊥}
being either successor vertices of the game or an additional action ⊥ denoting the
random choice of η, and a probability distribution P defined by:

• if ℓ ∈ VMax, P (ℓ, ℓ′) is only defined if (ℓ, ℓ′) ∈ E in which case P (ℓ, ℓ′) = Diracℓ′ ,
and P (ℓ,⊥) is also undefined;

• if ℓ ∈ VMin, P (ℓ,⊥) = η(ℓ), and P (ℓ, ℓ′) is undefined for all ℓ′ ∈ V .

In drawings of MDPs (and also of Markov chains, later), we show weights as
trivially transferred from the game graph.

Example 7.10. In the left of Figure II.1, the MDP obtain from an SPG depicted
in Figure 1.8, by picking as a memoryless strategy for Min the one choosing to go
to ℓMax with probability p ∈ (0, 1) and to the target vertex with probability 1− p.

Another more complex example is given in Figure 7.5 where the memoryless
strategy for Min consists, in vertex ℓ1, to choose successor ℓ0 with probability
p ∈ (0, 1) and successor ℓ2 with probability 1 − p, and in vertex ℓ3, to choose
successor ℓ1 with the same probability p and the target vertex with probability 1−p.
⌟
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In such an MDP, when player Max has chosen a strategy, there will remain no
“choices” to make, and we will thus end up in a Markov chain. A Markov chain
(MC ) is a tuple M = ⟨V, P ⟩ where V is a set of vertices, and P : V → Dist(V )
associates to each vertex a distribution of probabilities over the successor vertices.
In our context, for all memoryless strategies θ ∈ mStratMax, we let Gη,θ the MC
obtained from the MDP Gη by following strategy θ and action ⊥. Formally, it
consists of the same set V of vertices as G, and mapping P associating to a vertex
ℓ ∈ VMin, P (ℓ) = η(ℓ) and to a vertex ℓ ∈ VMax, P (ℓ) = θ(ℓ).

Example 7.11. On the right of Figure II.1 is depicted the MC obtained when
Max decides to go to ℓMin with probability q ∈ [0, 1] and to the target vertex with
probability 1− q. ⌟

By [BK08, Section 10.5.1]2, the memoryless value mValη(ℓ) is finite if and only if
strategy η ensures the reachability of a target vertex with probability 1, no matter
how the opponent plays. Thus, for memoryless strategies, Hypothesis 2 can be
restricted to only checking that for all vertices ℓ0 and strategies θ ∈ StratMax,
Pη,θ
ℓ0
(TPlays) = 1. From Lemma 6.3, we obtain a Bellman-like equation as follows,

once simplified since we restrict ourselves to memoryless strategies:

Eη,θ
ℓ =


0 if ℓ ∈ VT ;∑

(ℓ,ℓ′)∈E η(ℓ, ℓ
′)× (wt(ℓ, ℓ′) + Eη,θ

ℓ′ ) if v ∈ VMin ;∑
(ℓ,ℓ′)∈E θ(ℓ, ℓ

′)× (wt(ℓ, ℓ′) + Eη,θ
ℓ′ ) if ℓ ∈ VMax .

(7.5)

Example 7.12. For the game of Figure II.1, we let η and θ the memoryless
strategies that result in the MC on the right. Letting x = Eη,θ

ℓMin
and y = Eη,θ

ℓMax
, the

system (7.5) rewrites as x = (1−p)×0+p×y and y = q×(−1+x)+(1−q)×(−10).
We thus have

x =
p (9q − 10)

1− pq
.

Two cases happen, depending on the value of p: if p < 9/10, then Max maximises
x by choosing q = 1, while choosing q = 0 when p ≥ 9/10. In all cases, Max will
therefore play deterministically: if p < 9/10, the expected payoff from ℓMin will
then be mValη(ℓMin) = −p/(1− p); if p ≥ 9/10, it will be mValη(ℓMin) = −10 p. This
memoryless value is always greater than the (deterministic) optimum −10 that Min
was able to achieve with memory since we must keep 1− p > 0 to ensure reaching
the target with probability 1. We thus obtain mVal(ℓMin) = mVal(ℓMax) = −10 as
before. There are no optimal strategies for Min, but an ε-optimal one consisting
in choosing probability q ≥ 1− ε/10. ⌟

2In [BK08, Section 10.5.1], the authors only work with non-negative weights. However, in this
case, the proof is identical to the general case.
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ℓ0
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ℓ2
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,−1
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1
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p

−1
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1−p,1 1

p,1 1−p

−15

Figure 7.5 – On the left, a more complex example of SPG. On the right, the MDP as-
sociated with a randomised strategy of Min with a parametric probability
p ∈ (0, 1).

The fact that Max can play optimally with a deterministic strategy in the MDP
Gη is not specific to this example. Indeed, in an MDP Gη such that Pη,θ

ℓ (TPlays) = 1
for all θ, Max cannot avoid reaching the target vertices, and must then ensure the
most expensive play possible. Considering the MDP G̃η obtained by multiplying
all the weights in the graph by −1, the objective of Max becomes a shortest-path
objective. We can then deduce from [BT91] that Max has an optimal deterministic
memoryless strategy: the same applies in the original MDP Gη.

Lemma 7.13. In the MDP Gη such that Pη,θ
ℓ (TPlays) = 1 for all θ ∈ StratMax,

Max has an optimal deterministic memoryless strategy.

For SPGs, we note that the divergence is not required to define optimal switching
strategy w.r.t. the deterministic. In particular, we consider a switching strategy
σ defined in Theorem 3.6, and define the memoryless strategy ηp, with p ∈ (0, 1)
as follows: for ℓ ∈ V , letting σ1(ℓ) = e1 and σ2(ℓ) = e2, we let

ηp(ℓ) =

{
Diracδ1 if ℓ is in a positive SCC
p× Diracδ1 + (1− p)× Diracδ2 otherwise

We conclude as before by showing the following result paired with the fact that
dValσ(ℓ) ≤ max(−n, dVal(ℓ)):

Lemma 7.14. Let G be a SPG. Then, for all vertices ℓ and ε > 0 small enough,
there exists p̃ ∈ (0, 1) so that for all p ∈ [p̃, 1),

mValη
p

(ℓ) ≤ dValσ(ℓ) + 2ε .

We conclude this section with the proof of this result. Unlike in the proof of
Proposition 7.5, some SCCs of SPGs may contain positive and negative cycles
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i

j
J(i)

Π0,N

Π>0,≥J

Π>0,<J

Figure 7.6 – A new partition of plays Π in a SPG.

(e.g. the SPG depicted on the left of Figure 7.5): we will thus refine our partition
to compute the expected values.

First, by Lemma 7.6, we still know that ηp is proper, i.e. Pηp,τ
ℓ (TPlays) = 1. We

can thus use Lemma 7.13 to obtain the existence of a deterministic memoryless
strategy τ such that Eηp,τ

ℓ ≥ mValη
p

(ℓ)− ε/2.
We let c > 0 be the maximal size of an elementary cycle (that visits a vertex at

most once) in G, w− > 0 be the opposite of the maximal weight of an elementary
negative cycle in G, and w+ ≥ 0 be the maximal weight of an elementary non-
negative cycle in G (or 0 if such cycle does not exist).

We now find the bound p̃ such that Eηp,τ
ℓ ≤ dValσ(ℓ)+3 ε

2
to conclude. To do so,

we consider a new partition of the set Π of plays starting in ℓ, conforming to ηp
and τ , and reaching the target, as depicted in Figure 7.6: as before the partition
relies on the number i of transitions of probability 1− p a play goes through, and
its length j:

• Π0,N, depicted in yellow, contains all plays with no edges of probability 1−p;

• Π>0,≥J , depicted in blue, contains all plays with i ≥ 1 edges of probability
1− p, and a length at least J(i) = ⌊ia+ b⌋ with

a = c

(
1 +

w+

w−

)
and b =

|dValσ(ℓ)|+ |V |Wtr + w−

w− c+ |V |

• Π>0,<J , depicted in red, is the rest of the plays.

We let γ0,N (respectively, γ>0,≥J , and γ>0,<J) be the expectation Eηp,τ
ℓ restricted

to plays in Π0,N (respectively, Π>0,≥J , and Π>0,<J). By Lemma 5.21,

mValη
p,τ (ℓ) = Eηp,τ

ℓ =
∑
ρ

P(ρ)× Pη,τ
ℓ (ρ) = γ0,N + γ>0,≥J + γ>0,<J (7.6)
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Like in the proof of Lemma 7.7, we thus separately compute and bound the three
terms of (7.6).

Control of the weight of plays in Πi,j Unlike in the divergent case, here a play
conforming to ηp may follow a cyclic play with a negative weight. In particular,
we bound the weight of a play depending on the number of edges 1 − p it goes
through. Let ρ be a play in Πi,j, with 1 ≤ i and j ≥ i: it goes through i edges of
probability 1− p.

Each cycle conforming to ηp and τ with a non-negative cumulative weight con-
tains at least one transition taken by ηp with probability 1 − p (otherwise, all its
edges would be of probability p or 1, and the cycle would be conforming to the
fake-optimal strategy σ1, implying that the cumulative weight would be negative).

In particular, ρ contains at most i elementary cycles of non-negative cumulated
weight (at most w+). The total length of these cycles is at most ic. Once we have
removed these cycles from the play, it remains a play of length at least j− ic. By a
repeated pumping argument, it still contains at least

⌊
j−ic−|V |

c

⌋
elementary cycles,

that all have a negative cumulated weight (at most −w−). The remaining part,
once removed the last negative cycles it contains, has length at most |V |, and thus
a cumulative weight at most |V |Wtr. In summary the cumulative weight of every
play in Πi,j is at most

iw+ +

⌊
j − ic− |V |

c

⌋
(−w−) + |V |Wtr . (7.7)

Red zone is such that γ>0,<J ≤ ε/2. Let ρ be a play in Πi,j, with i ≥ 1 and
j < J(i). By (7.7), its cumulative weight is at most

iw+ +

⌊
j − ic− |V |

c

⌋
(−w−) + |V |Wtr ≤ iw+ + |V |Wtr .

So, we can decompose the expectation γ>0,<J as follows:

γ>0,<J =
∑

ρ∈Π>0,<J

P(ρ)Pηp,τ
ℓ (ρ) ≤

+∞∑
i=1

(iw+ + |V |Wtr)Pηp,τ
ℓ (Πi,<J(i)) . (7.8)

Moreover, the probability of a play in Πi,<J(i), given by the i edges of probability
(1 − p) and the j − i edges with a probability bounded by 1, is at most (1 − p)i.
Since the number of plays in Πi,<J(i) is bounded by 2J(i) (for each of the at most
J(i) steps, Min has at most two choices in its distribution, while Max plays a
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deterministic strategy), we have

Pηp,τ
ℓ (Πi,<J(i)) ≤ (1− p)i2J(i) . (7.9)

We rewrite (7.8) as

γ>0,<J ≤
+∞∑
i=1

(iw+ + |V |Wtr)(1− p)i 2J(i) ≤
+∞∑
i=1

(iw+ + |V |Wtr)(1− p)i 2ai+b

≤ w+2b
+∞∑
i=1

i((1− p)2a)i + |V |Wtr 2
b

+∞∑
i=1

((1− p)2a)i

these sums converging as soon as we consider p ≥ 1− 1
2a

. We finally obtain

γ>0,<J ≤ w+ 2b
2a(1− p)

(1− 2a(1− p))2
+ |V |Wtr 2

b 2a(1− p)

1− 2a(1− p)
.

We consider a stronger assumption on p, namely that p ≥ 1− 1
2a+1 . Then, we know

that 1 ≤ 1
1−2a(1−p)

≤ 2, so that we rewrite the previous inequality as

γ>0,<J ≤ w+2b+a+2(1− p) + |V |Wtr 2
b+a+1 (1− p) .

By choosing p such that

p ≥ 1− ε

2b+a+2(|V |Wtr + 2w+)

we obtain as desired γ>0,<J ≤ ε/2.

Yellow and blue zones are such that γ0,N+γ>0,≥J ≤ dValσℓ +ε. We first upper-
bound the cumulative weight of all plays of these two zones. On the one hand, all
plays of Π0,N reach the target without edges of probability 1−p, i.e. by conforming
to σ1. By fake-optimality of σ1, their cumulative weight is upper-bounded by
dValσ(ℓ). On the other hand, by (7.7), all plays ρ of Πi,j, with 0 ≤ i < I and
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j ≥ J(i), have a cumulative weight at most

P(ρ) ≤ iw+ +

⌊
j − ic− |V |

c

⌋
(−w−) + |V |Wtr

≤ iw+ +
J(i)− ic− |V |

c
(−w−) + |V |Wtr

= iw+ +
ai+ |dValσ(ℓ)|+|V |Wtr+w−

w− c+ |V | − ic− |V |
c

(−w−) + |V |Wtr

= iw+ +

(
i

(
1 +

w+

w−

)
+

|dValσ(ℓ)|+ |V |Wtr

w− − i

)
(−w−) + |V |Wtr

= iw+ − iw+ − |dValσ(ℓ)| − |V |Wtr + |V |Wtr = −|dValσ( ℓ)| ≤ dValσ(ℓ) .

Therefore, all plays in the yellow and blue zones have a cumulative weight bounded
by dValσℓ . This implies

γ0,N + γ>0,≥J ≤
∑

ρ∈Π0,N

dValσ(ℓ)Pηp,τ
ℓ (ρ) +

∑
ρ∈Π>0,≥J

dValσ(ℓ)Pηp,τ
ℓ (ρ)

≤ dValσ(ℓ)Pηp,τ
ℓ (Π0,N ∪ Π>0,≥J) .

Depending on the sign of dValσℓ , we can conclude:

• If dValσ(ℓ) ≥ 0, then upper-bounding the probability Pηp,τ
ℓ (Π0,N ∪ Π>0,≥J) by

1, suffices to get γ0,N + γ>0,≥J(i) ≤ dValσ(ℓ).

• If dValσ(ℓ) < 0, then, by the bound (7.9) found for the red zone, we have

Pηp,τ
ℓ (Π0,N ∪ Π>0,≥J) = 1− Pηp,τ

ℓ (Π>0,<J)

≥ 1−
∞∑
i=1

(1− p)i 2ai+b

= 1− 2a+b(1− p)

1− (1− p)2a

≥ 1− 2a+b+1 (1− p) (since 1/(1− (1− p)2a) ≤ 2).

This allows us to obtain

γ0,N + γ>0,≥J ≤ dValσ(ℓ) (1− 2a+b+1(1− p)).

In case we have moreover

p ≥ 1− ε

2a+b+1|dValσ(ℓ)|
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we finally obtain γ0,N + γ>0,≥J ≤ dValσ(ℓ) + ε as expected.

Lower bound over p If we gather all the lower bounds over p that we need in
the proof, we get that:

• if dValσ(ℓ) ≥ 0, we must have

p ≥ max

(
1− 1

2a+1
, 1− ε

2b+a+2(|V |Wtr + 2w+)

)
• if dValσ(ℓ) < 0, we must have

p ≥ max

(
1− 1

2a+1
, 1− ε

2b+a+2(|V |Wtr + 2w+)
, 1− ε

2a+b+1|dValσ( ℓ)|

)

with ε small enough so that this bound is less than 1. This ends the proof that
for all vertices ℓ, mVal(ℓ) ≤ dVal(ℓ).

7.3. Characterisation of memoryless optimality in
shortest path games

All SPGs admit an optimal deterministic strategy for both players: however, as
we have seen in Example 1.30, Min may require memory to play optimally. In this
case, Min does not have an optimal memoryless (randomised) strategy, but only
has ε-optimal ones, for all ε > 0. But some SPGs indeed admit optimal memoryless
strategies for Min: the strategy ηp described in the proof of Lemma 7.14 is indeed
optimal in SPGs not containing negative cycles, for instance. We characterise here
the SPGs in which Min admits an optimal memoryless strategy. For sure, Min
does not have an optimal strategy if there is some vertex ℓ of value dVal(ℓ) = −∞.
Thus, we only consider, in this section, SPGs without vertices ℓ with a
deterministic value −∞.

We first recall the computations performed in [Bri+17] to compute deterministic
values dVal(ℓ). As for divergent WTGs, it consists of a value iteration based on
the operator F : (Z ∪ {+∞})V → (Z ∪ {+∞})V be the untimed version than one
defined in Chapter 2, i.e. for all X = (Xℓ)ℓ∈V ∈ (Z ∪ {+∞})V and all vertices
ℓ ∈ V we let

F(X)ℓ =


0 if ℓ ∈ VT ;

min(ℓ,ℓ′)∈E
[
wt(ℓ, ℓ′) +Xℓ′

]
if ℓ ∈ VMin ;

max(ℓ,ℓ′)∈E
[
wt(ℓ, ℓ′) +Xℓ′

]
if ℓ ∈ VMax .
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We let f (0)
ℓ = 0 if ℓ ∈ VT and +∞ otherwise. By monotony of F , the sequence

(f (i) = F i(f (0)))i∈N is non-increasing. It is proved to be stationary, and con-
vergent towards (dVal(ℓ))ℓ∈V , the smallest fixpoint of F . The pseudo-polynomial
complexity of computing the values of SPGs comes from the fact that this sequence
may become stationary after a pseudo-polynomial (and not polynomial) number
of steps: the game of Figure 1.8 is one of the typical examples.

We introduce a new notion, being the most permissive strategy of Min at each
step i ≥ 0 of the computation. It maps each vertex ℓ ∈ VMin to the set

Ẽ(i)(ℓ) =
{
(ℓ, ℓ′) ∈ E | wt(ℓ, ℓ′) + f

(i−1)
ℓ′ = f

(i)
ℓ

}
of vertices that Min can choose. For each such most permissive strategy Ẽ(i), we let
G̃(i) be the SPG where we remove all edges (ℓ, ℓ′) with ℓ ∈ VMin and (ℓ, ℓ′) /∈ Ẽ(i)(ℓ).
This allows us to state the following result:

Theorem 7.15. The following assertions are equivalent:

1. Min has an optimal memoryless deterministic strategy in G (for dVal);

2. Min has an optimal memoryless (randomised) strategy in G (for mVal);

3. f (|V |−1)
ℓ = f

(|V |)
ℓ = dValℓ for all vertices ℓ (this means that the sequence (f (i))

is stationary as soon as step |V | − 1), and Min can guarantee that VT is
reached from all vertices in the game G̃(|V |−1).

Remark. This characterisation of the existence of optimal memoryless strategy
is testable in polynomial time since it is enough to compute vectors f (|V |−1) and
f (|V |), check their equality, compute the sets Ẽ(|V |−1)(ℓ) (this can be done while
computing f (|V |)), and, finally, check whether Min can guarantee that the target
in G̃(|V |−1) is reached by an attractor computation. ◁

We prove Theorem 7.15 in the rest of this section. First, we note that the
implication 1 ⇒ 2 is trivial by the result of Theorem 7.1.

Implication 3 ⇒ 1 We consider any memoryless deterministic strategy σ that
guarantees that Min reached VT from all vertices in the game graph G̃(|V |−1). Then,
for all vertices ℓ, we show by induction on n, that each play ρ from ℓ that reaches
the target in at most n steps and is conforming to σ, has a payoff P(ρ) ≤ dVal(ℓ).
This is trivial for n = 0. If ρ = ℓ

e−→ ρ′ with ρ′ starting in ℓ′, then

P(ρ) = wt(e) +P(ρ′) ≤ wt(e) + dVal(ℓ′) = wt(e) + f
(|V |−1)
ℓ .
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• If ℓ ∈ VMax, we have

P(ρ) ≤ wt(e) + f
(|V |−1)
ℓ ≤ f

(|V |)
ℓ = dVal(ℓ) .

• If ℓ ∈ VMin, since ℓ′ ∈ Ẽ(|V |−1)(ℓ),

P(ρ) = f
(|V |)
ℓ = dVal(ℓ) .

This ends the proof by induction. To conclude that property 1 holds, since σ
guarantees that the target is reached, all plays conforming to it reach the target
in less than |V | steps, which proves that dValσ(ℓ) ≤ dVal(ℓ), showing that σ is
optimal.

Implication 1 ⇒ 3 We consider an optimal deterministic memoryless strategy
σ∗, such that for all vertices ℓ, dValσ

∗
(ℓ) = dVal(ℓ).

First, we show that f (|V |−1)
ℓ = dVal(ℓ) for all vertices ℓ. For that, consider the

deterministic strategy τ of Max defined for all finite plays ρ having n ≤ |V | vertices,
ending in a vertex ℓ ∈ VMax, by τ(ρ) = (ℓ, ℓ′) such that wt(ℓ, ℓ′) + f

(|V |−1−n)
ℓ′ =

f
(|V |−n)
ℓ . For longer finite plays, we define τ arbitrarily. Then, let ρ be the play from
ℓ conforming to σ∗ and τ . Since σ∗ ensures reaching the target and is memoryless
and deterministic, ρ reaches the target in at most |V | − 1 steps. Let ρ = ℓ0

e0−→
ℓ1 · · ·

ek−1−−→ ℓk with k ≤ |V |. Let us show that P(ρ) ≥ f
(|V |−1)
ℓ0

. We prove by
induction on 0 ≤ j ≤ k that

k−1∑
i=j

wt(ei) ≥ f
(|V |−1−j)
ℓj

.

When j = k − 1, the result is trivial since the sum is

0 = f
(0)
ℓk

≥ f
(|V |−1−(k−1))
ℓk

by using that (f
(i)
ℓk
)i is non-increasing. Otherwise, by induction hypothesis

k−1∑
i=j

wt(ei) ≥ wt(ej) + f
(|V |−1−(j+1))
ℓj+1

.

• If ℓj ∈ VMax, ℓj+1 is chosen by τ so that

wt(ej) + f
(|V |−1−(j+1))
ℓj+1

= f
(|V |−1−j)
ℓj

.
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• If ℓ ∈ VMin, by definition of F ,

wt(ej) + f
(|V |−1−(j+1))
ℓj+1

≥ f
(|V |−1−j)
ℓj

.

We can conclude in all cases, so that f (|V |−1)
ℓ = dVal(ℓ) for all vertices ℓ.

Then, we show that Min can guarantee that VT is reached from all vertices in
the SPG G̃(|V |−1). Let us suppose that this is not the case. Then, there exists a set
V ′ of vertices of G̃(|V |−1) in which Max can trap Min forever: for all ℓ′ ∈ V ′ ∩ VMin,
Ẽ(|V |−1)(ℓ′) ⊆ V ′, and for all ℓ′ ∈ V ′ ∩ VMax, E(ℓ) ∩ E ′ ̸= ∅. Since σ∗ guarantees
that the target is reached, there exists ℓ ∈ V ′ ∩ VMin such that σ∗(ℓ) = ℓ′ /∈ V ′:
then wt(ℓ, ℓ′) + dValℓ′ > dVal(ℓ) (here we use that dVal(ℓ) = f

(|V |−1)
ℓ = f

(|V |)
ℓ ). We

consider an optimal deterministic memoryless strategy τ ∗ of Max in G (which we
know exists by Theorem 1.31-2). Then, the play ρ from ℓ conforming to σ∗ and
τ ∗ starts by taking the edge (ℓ, ℓ′) and continues with a play ρ′. By optimality, we
know that P(ρ) = dVal(ℓ) and P(ρ′) = dVal(ℓ′). However,

P(ρ) = wt(ℓ, ℓ′) +P(ρ′) = wt(ℓ, ℓ′) + dVal(ℓ′) > dVal(ℓ)

which raises a contradiction.

Implication 2 ⇒ 1 We finish with a constructive proof that actually allows
one to build an optimal memoryless deterministic strategy when it exists. We
consider thus an optimal memoryless strategy η∗ for the memoryless value. We
build a memoryless deterministic strategy σ∗, and show that it is also optimal.
The construction of σ∗ is performed in two steps.

We first select transitions that minimise the value of η∗ at horizon 1. Formally,
for all vertices ℓ, we define

∆̃(ℓ) = argmin
(ℓ,ℓ′)∈supp(η(ℓ))

[wt(ℓ, ℓ′) +mValη(ℓ′)] (7.10)

In a first approximation, we thus fix σ∗(ℓ) to be any edge of Ẽ(ℓ), for all vertices ℓ.
The next example shows that σ∗ may not be optimal.

Example 7.16. We consider the SPG of Figure 7.7, with the memoryless strategy
η∗ defined by η∗(ℓ0) = Dirac(ℓ0,ℓ1) and η∗(ℓ1) = (1−p)×Dirac(ℓ1,ℓ0)+p×Dirac(ℓ1,,),
where p ∈ (0, 1). Then, we can check that mValη

∗
(ℓ0) = and mValη

∗
(ℓ1) = −1,

which implies that η∗ is optimal.
Now, we have Ẽ(ℓ0) = {(ℓ0, ℓ1)} and Ẽ(ℓ1) = {(ℓ1, ℓ0), (ℓ1,,)}. However, con-

sidering the strategy σ∗ defined by σ∗(ℓ0) = (ℓ0, ℓ1) and σ∗(ℓ1) = (ℓ1, ℓ0), results
in a determinstic value dValσ

∗
(ℓ0) = dValσ

∗
(ℓ1) = +∞: thus σ∗ is not optimal. ⌟
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ℓ0 ℓ1

,
−1

1
−1

ℓ0 ℓ1

,
−1

1−p,1 p,−1

Figure 7.7 – An SPG (on the left) and the Markov chain was obtained by fixing an
optimal memoryless strategy, with p ∈ (0, 1).

We employ techniques already used in [CAH04] to refine the definition of η∗. For
each vertex ℓ in the game, we let d(ℓ) be the attractor distance of ℓ to the target
in the finite MDP Gη, i.e. the smallest number of steps such that Min has a path of
this length reaching the target, no matter how is playing Max (notice that this may
be different from the attractor distance given in the whole SPG since some edges
are taken with probability 0 in η). For all vertices ℓ, d(ℓ) < +∞ since otherwise (η
being a memoryless strategy) the finite MDP Gη would contain a bottom strongly
connected component without target states, which would contradict the fact that
η ensures reaching VT with probability 1. We then let, for all vertices ℓ ∈ VMin,
σ∗(ℓ) be any edge in argmin(ℓ,ℓ′)∈Ẽ(ρ) d(ℓ

′).

Example 7.17. On the same example as above, using the fact that d(,) = 0,
d(ℓ1) = 1 and d(ℓ0) = 2 (since the edge (ℓ0,,) is not present in Gη), we have no
choice but to let σ∗ be defined by σ1(ℓ0) = (ℓ0, ℓ1) and σ1(ℓ1) = (ℓ1,,), which is
indeed an optimal deterministic (and memoryless) strategy. ⌟

Lemma 7.18. The memoryless deterministic strategy σ∗ defined above is optimal.

Proof. We show this by proving independently that:

1. each finite play ρ conforming to σ∗ from ℓ and reaching the target has a
payoff at most mValη(ℓ);

2. no play conforming to σ∗ can contain a cycle.

From the second property, we are thus certain that all plays conforming to σ∗

reach the target. The first property then allows us to conclude that σ∗ is optimal.

1. We prove the property by induction on the length of finite plays ρ conforming
to σ∗ that reaches the target, for all initial vertices ℓ. If ρ has length 0, this
means that ℓ ∈ VT , in which case P(ρ) = 0 = mValη

∗
(ℓ). We consider then

a play ρ = ℓ
δ−→ ρ′ such that |ρ| ≥ 1 and ρ′ starting by the vertex ℓ′, so that

P(ρ) = wt(δ) +P(ρ′). By induction hypothesis, P(ρ′) ≤ mValη
∗
(ℓ′), so that

P(ρ) ≤ wt(δ) +mValη
∗
(ℓ′) .
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We suppose first that ℓ ∈ VMax. By Lemma 7.13, we consider a deterministic
best-response strategy τ of Max against η∗. Then Eη∗,τ

u = mValη
∗
(u) for all

u ∈ VMax, and by (7.5), letting (u, u′) = τ(u),

Eη∗,τ
u = wt(u, u′) + Eη∗,τ

u′ .

We thus know that wt(u, u′)+Eη∗,τ
u′ = mValη

∗
(u). In particular, for all vertices

u ∈ VMax and edge (u, u′) ∈ E,

wt(u, u′) +mValη
∗
(u′) ≤ mValη

∗
(u) (7.11)

In particular, P(ρ) ≤ wt(ℓ, ℓ′) +mValη
∗
(ℓ′) ≤ mValη

∗
(ℓ).

If ℓ ∈ VMin, then e = (ℓ, ℓ′) ∈ Ẽ(ℓ) so that wt(e) + mValη
∗
(ℓ′) is minimum

over all possible (ℓ, ℓ′) ∈ supp(η∗(ℓ)). The system (7.5) implies that

Eη∗,θ
ℓ =

∑
(ℓ,ℓ′′)∈E

η∗(ℓ)(ℓ, ℓ′′)×
(
wt(ℓ, ℓ′′) + Eη∗,θ

ℓ′′

)
.

for all memoryless strategies θ of Max. In particular, for the best-response
deterministic and memoryless strategy θ given by Lemma 7.13,

mValη
∗
(ℓ) = Eη∗,θ

ℓ =
∑

(ℓ,ℓ′′)∈supp(η∗(ℓ))

η∗(ℓ)(ℓ, ℓ′′)× (wt(ℓ, ℓ′′) +mValη
∗
(ℓ′′))

≥ wt(ℓ, ℓ′) +mValη
∗
(ℓ′) (7.12)

so that we also get P(ρ) ≤ mValη
∗
(ℓ).

2. Suppose that a cycle ℓ1ℓ2 · · · ℓkℓ1 conforms to σ∗, with ℓ1 a vertex of minimal
distance d(ℓ1). We can choose ℓ1 such that it belongs to Min, since the dis-
tance is computed by an attractor for Min (and thus all successors of a vertex
of Max must have a smaller distance). By minimality of d(ℓ1) among the
vertices of the cycle, d(ℓ2) ≥ d(ℓ1). Moreover, by the attractor computation,
there exists (ℓ1, ℓ′) ∈ E(ℓ1) such that d(ℓ′) = d(ℓ1)− 1 < d(ℓ1). By definition
of σ∗, we know that (ℓ1, ℓ′) /∈ Ẽ(ℓ1), so that

wt(ℓ1, ℓ
′) +mValη

∗
(ℓ′) > wt(ℓ1, ℓ2) +mValη

∗
(ℓ2) .

By (7.12), we know that in this case

mValη
∗
(ℓ1) > wt(ℓ1, ℓ2) +mValη

∗
(ℓ2) .
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By optimality of η∗, this rewrites in

mVal(ℓ1) > wt(ℓ1, ℓ2) +mVal(ℓ2) .

By Theorem 7.1 applying in the case of SPGs, this also rewrites in

dVal(ℓ1) > wt(ℓ1, ℓ2) + dVal(ℓ2) ≥ F
(
(dVal(ℓ))ℓ∈V

)
(ℓ1)

(since ℓ1 ∈ VMin): this contradicts the fact that the vector (dVal(ℓ))ℓ∈V is a
fixpoint of F .
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Discussion

This part has studied the trade-off between memoryless and deterministic strate-
gies, showing that Min guarantees the same value when restricted to these two
kinds of strategies, or when Min can play with both memory and randomisation.
To achieve this goal, we introduced a new class of strategies, the stochastic strate-
gies, from which we deduced many new values. In particular, we developed good
hypotheses on stochastic strategies to obtain mathematical coherence for these
strategies.

Trading memory for probabilities in all WTGs

The determinacy and the equality between values hold both in divergent WTGs,
and SPGs (i.e. WTGs with no clocks). We aim at extending our study to more
general WTGs, though we have studied counter-examples (Examples 7.2 and 7.3)
to the determinacy result with respect to the memoryless value, and thus of the
equality between memoryless and deterministic values.

Direct extension of our result In our work, two results naturally ask for an
extension: the determinacy and the equality with the deterministic value for the
stochastic values (Theorem 6.1) and the memoryless values (Theorem 7.1).

When we consider the memoryless values, we know that the generalisation of
our result is impossible for all WTGs (as illustrated by counter-examples). How-
ever, we could still hope to weaken slightly the necessary condition to obtain it.
For instance, we can consider the class of almost-divergent WTGs (adding the
possibility for the executions following a region cycle to have weight exactly 0),
used in [BJM15; BMR18] to obtain an approximation schema of the deterministic
value function. In particular, the existence of almost-optimal switching strategies
for Min and almost-optimal memoryless strategies for Max are crucial arguments
to extend our emulation result.

When we consider the stochastic values, we do not have a counter-example
for the non-determinacy or the inequality of values. However, the general proof
seems tricky. In Lemma 6.6, we exploit the existence of almost-optimal smooth
deterministic strategies w.r.t. the deterministic value for both players (that seems
reasonable) to conclude the determinacy and the equality of the deterministic value
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with the stochastic value. However, even if we prove this fact in some classes of
WTGs (divergent, one-clock and SPGs), it remains open in all WTGs. Indeed,
proving the existence of an almost-optimal strategy satisfying Hypothesis 1, i.e.
the measurability of the memory of the strategies, for both players implies that
the deterministic value is smooth enough. For instance, to apply Kuratowski and
Ryll-Nardzewski’s measurable selection theorem [KR65], as in Proposition 6.2, the
deterministic value function needs to be at least Lebesgue-measurable, which we
cannot confirm or deny for all WTGs. Moreover, to define a smooth deterministic
strategy for Min, the strategy must be proper: we morally need to prove that Min
wins by going quickly to the target. However, we know that, in some WTGs, Max
must deal with some convergence phenomena in its strategies (see Example 4.6),
and we do not know if Min can deal with such phenomena with its strategies.

Asymmetric definition for the memoryless value Reducing the memory used
by Max decreases its power: we can not emulate the memory of strategies of Max
by the probabilities in all WTGs as illustrated in counter-examples (Examples 7.2
and 7.3). However, from a controller synthesis perspective, we do not want to
restrict the set of strategies used by the environment (i.e. Max). In particular, it
could be more meaningful to study the value obtained by Min when being forced
to play with a restricted set of strategies (i.e. memoryless or deterministic) while
not enforcing any restrictions on strategies used by Max. Thus, by breaking the
symmetry in the definitions of the values (as the memoryless value), we hope to
obtain an extension of our result to other classes of WTGs.

When we focus on an asymmetric (smooth) deterministic value, the result of
Proposition 6.2, on the smooth deterministic best-response of Max against any
stochastic strategies of Min, ensures that this value is identical to the smooth
deterministic value in all WTGs.

A difference may appear when we consider the memoryless value. In particu-
lar, we introduce an asymmetric memoryless value such that we do not constrain
strategies for Max. Formally, in all WTGs and for all configurations (ℓ, ν), we fix

amVal(ℓ, ν) = inf
η∈mStratpMin

sup
θ∈StratMax

Eη,θ
ℓ,ν and amVal(ℓ, ν) = sup

θ∈StratMax

inf
η∈mStratpMin

Eη,θ
ℓ,ν .

As expected, these asymmetric memoryless values increase the power of Max as
set by the memoryless and stochastic values:

Lemma II.1. In all WTGs, for all configurations (ℓ, ν), we have

mVal(ℓ, ν) ≤ amVal(ℓ, ν) , mVal(ℓ, ν) ≤ amVal(ℓ, ν) and

Val(ℓ, ν) ≤ amVal(ℓ, ν) , Val(ℓ, ν) ≤ amVal(ℓ, ν) .
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Proof. We consider a WTG and one of their configurations (ℓ, ν). The lower-bound
defined by the memoryless values exploits the inclusion over strategies of Max. In
particular, since mStratMax ⊆ StratMax, we have

mValℓ,ν = sup
θ∈mStratMax

inf
η∈mStratpMin

Eη,θ
ℓ,ν ≤ sup

θ∈StratMax

inf
η∈mStratpMin

Eη,θ
ℓ,ν = amValℓ,ν .

Moreover, we note that for all η ∈ mStratpMin, supθ∈mStratMax
Eη,θ

ℓ,ν ≤ supθ∈StratMax
Eη,θ

ℓ,ν .
Thus, we deduce that

mVal(ℓ, ν) = inf
η∈mStratpMin

sup
η∈mStratMax

Eη,θ
ℓ,ν ≤ inf

η∈mStratpMin

sup
η∈StratMax

Eη,θ
ℓ,ν = amVal(ℓ, ν) .

Analogously, the lower-bound defined by the (stochastic) values exploits the
inclusion over strategies of Min. In particular, since mStratMin ⊆ StratMin, we have

Val(ℓ, ν) = inf
η∈StratpMin

sup
η∈mStratMax

Eη,θ
ℓ,ν ≤ inf

η∈mStratpMin

sup
η∈StratMax

Eη,θ
ℓ,ν = amVal(ℓ, ν) .

Again, we remark that for all θ ∈ StratMax, infη∈StratMin
Eη,θ

ℓ,ν ≤ infη∈mStratMin
Eη,θ

ℓ,ν .
Thus, we deduce that

Val(ℓ, ν) = sup
θ∈StratMax

inf
η∈StratMin

Eη,θ
ℓ,ν ≤ sup

θ∈StratMax

inf
η∈mStratMin

Eη,θ
ℓ,ν = amVal(ℓ, ν) .

Now, when we consider only divergent WTGs or SPGs (i.e. classes of WTGs
where Min can emulate the memory by probabilities), the power of Min does not
decrease. Indeed, Min can emulate the memory of their strategies whatever Max
does (and not only against memoryless strategies of Max):

Theorem II.2. The asymmetric memoryless value is determined and equal to the
deterministic value in divergent WTGs, and SPGs.

Proof. We independently prove the result for the two classes of WTGs.

The case of divergent WTGs : Let G be a divergent WTG, and (ℓ, ν) be a configu-
ration of G. By Lemma II.1, we know that mVal(ℓ, ν) ≤ amVal(ℓ, ν). In particular,
to conclude the proof in this case, we need to prove that amVal(ℓ, ν) ≤ dVal(ℓ, ν).
Indeed, in this case, since mVal(ℓ, ν) = dVal(ℓ, ν) (by Theorem 7.1), we obtain that

mVal(ℓ, ν) ≤ amVal(ℓ, ν) ≤ dVal(ℓ, ν) = mVal(ℓ, ν) .

By Proposition 6.2, we note that Max has a deterministic best-response strategy
against all proper stochastic strategies for Min w.r.t. the stochastic value. More
precisely, for all η ∈ StratpMin and ε > 0, there exists a deterministic strategy
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τ ∈ dStratMax such that for all configurations (ℓ, ν),

Valη(ℓ, ν)− ε = sup
θ∈StratMax

Eη,θ
ℓ,ν − ε ≤ Eη,τ

ℓ,ν ≤ sup
τ∈dStratMax

Eη,τ
ℓ,ν .

In particular, since these inequalities hold for all ε > 0, we deduce that

amVal(ℓ, ν) = inf
η∈mStratpMin

sup
θ∈StratMax

Eη,θ
ℓ,ν ≤ inf

η∈mStratpMin

sup
τ∈dStratMax

Eη,τ
ℓ,ν .

In the proof of Proposition 7.5, we show that for all ε > 0, there exists η ∈
mStratpMin such that for all τ ∈ dStratMax, Eη,τ

ℓ,ν ≤ dVal(ℓ, ν) + ε. In particular, we
deduce that

amVal(ℓ, ν) ≤ inf
η∈mStratpMin

sup
τ∈dStratMax

Eη,τ
ℓ,ν ≤ sup

τ∈dStratMax

Eη,τ
ℓ,ν ≤ dVal(ℓ, ν) + ε .

Since the inequality holds for all ε > 0, we deduce that amVal(ℓ, ν) ≤ dVal(ℓ, ν).

The case of SPGs : We consider G be a SPG and ℓ one of its locations. By
Lemma 7.13, against all proper memoryless strategies for Min, Max has a memo-
ryless deterministic best-response w.r.t. the stochastic value, i.e. for all vertices ℓ,
we deduce that

sup
θ∈StratMax

Eη,θ
ℓ ≤ sup

τ∈dStratMax∩mStratMax

Eη,τ
ℓ .

More precisely, we deduce that

amVal(ℓ) = inf
η∈mStratpMin

sup
θ∈StratMax

Eη,θ
ℓ ≤ inf

η∈mStratpMin

sup
θ∈mStratMax∩dStratMax

Eη,θ
ℓ .

Thus, we deduce by inclusion of strategies that amVal(ℓ) ≤ mVal(ℓ). Moreover,
Lemma II.1, we conclude that

mVal(ℓ) ≤ amVal(ℓ) ≤ amVal(ℓ) ≤ mVal(ℓ) .

and we conclude by Theorem 7.1.

Finally, our aim with this new memoryless value is the extension of Theorem II.2,
at least in the case of one-clock WTGs. This new value is a good candidate since
it solves our problem in Example 7.3. Indeed, in the game depicted in Figure 7.2,
with a deterministic strategy that using memory, Max can guarantee, for all ε > 0,
that the target location is reached with at most −ε (whatever Min does). In
particular, Min has an almost-optimal memoryless strategy: directly reaching the
target location. Thus, asymmetric memoryless values are equal to deterministic
ones. However, we do not know how to extend the proof to all one-clock WTGs.
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Indeed, we need to encode a deterministic strategy for Min in a memoryless strategy
(like in Proposition 7.5). To do it, our method exploits almost-optimal switching
strategies for Min w.r.t. the deterministic value, while its existence in all one-clock
WTGs remains open.

Implementability of randomised strategies Another question concerns the im-
plementation of the randomised strategies: even if they use no memory, they still
need to know the precise current clock valuation and may play a precise delay.

First, previous work [CHP08b] on (non-weighted) timed games aimed at remov-
ing this need for precision over delay, by using stochastic strategies where the
delays are chosen with probability distributions that do not require exact knowl-
edge of the clocks measurements. In our setting, we aim to further study the
implementation of the randomised strategies of Min in WTGs, e.g. by requiring
them to be robust against small imprecisions (as explored in the next part).

Second, to remove the precision over the valuations, we want to define strategies
that are uniform over regions. In other words, we want to define strategies that
make the same choice from all valuations in the region (or a finite partition of each
region). We hope that probabilities help us to smooth choices along the region
(instead of choosing the best one, we can choose an average).

Trading memory in concurrent WTG A natural extension of the WTGs is
concurrent WTGs. In this case, we recall that, at each turn, both players choose
a decision that is applied when its delay is minimal. Already, in concurrent finite
games, stochastic strategies are needed in this context to guarantee the existence
of a Nash equilibrium [AHK98], or to guarantee the existence of optimal (memo-
ryless) strategies for the reachability objective [dM04, Theorem 1]. Thus, even if
introducing stochastic strategies is natural, studying the trade-off between mem-
ory and probabilities is more complex in concurrent WTGs. Indeed, in concurrent
reachability timed games, Min needs infinite memory to win with deterministic
strategies [Alf+03] and finite memory is necessary to win with randomised strate-
gies [CHP08a].

Characterisation of the memory used to win

A recent series of works [Bou+21; Bou+22; Koz22; BRV23] look for a character-
isation of the memory needed for each player to win in a finite two-player game
according to some properties over the objective of the controller. For instance, we
know a characterisation to decide when a prefix-independent objective is position-
ally determined [GZ05], in the sense that both players have a winning memoryless
strategy. However, these works focus on deterministic strategies and we aim to
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Figure II.2 – A Müller game in which the controller (depicted by squares) needs memory
to win.

extend this series by considering stochastic strategies too. In [CAH04], authors
propose a first study in this sense for stochastic games under qualitative objectives
like parity or Rabin objectives.

Under some objectives (as illustrated in the following examples), probabilities do
not remove (or reduce) the memory used by each player. A natural question is to
know under which properties on the payoff we can have a tradeoff between memory
and probabilities. To be more general, under which properties on the payoff, we
know that at least one player can play without memory (but with probabilities).

Müller games Müller games (without probabilities in the arena) are the first
example of classes where memoryless stochastic strategies do not suffice for the
controller. More precisely, a Müller game which is an extension of parity games, is
an infinite duration two-player game in which the controller wins if he can produce
an infinite play such that the colours seen along the play verify a regular property.
When we consider deterministic strategies, the memory used by the controller is
given by Zielonka’s tree [Zie98]. However, even if we allow both players to play
with stochastic strategies, the controller may need memory to win, as illustrated
in the following example.

Example II.3. We consider the Müller game depicted in Figure II.2 over the set
of colours C = {a, b, c, d}, with the following objective F = {A ⊆ C | |A| is even}.
In this game, the controller (depicted by squares) has a winning deterministic
strategy with one bit of memory (in all generality, we need one bit for each strongly
connected component).

However, he does not have a memoryless winning strategy even if we allow him
to use probabilities: let’s try to define such a strategy. Since he must see infinitely
often two colours, he can not play d with probability 1 in any vertex: otherwise, the
play will see only one colour infinitely often. Now, if he chooses the colour d with
probability 0 in all vertices, then the environment has a (deterministic) memoryless
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winning strategy: he always plays the colour c. In this case, only three colours
have been seen infinitely often (the colour d is never used). Finally, if there exists
a vertex in which the controller chooses the colour d with a non-null probability,
then the environment has also a (deterministic) memoryless winning strategy: in
the following vertex instead of playing the colour c, he comes back to the previous
vertex. In this case, only three colours can be seen since the environment avoids the
controller changing the cycle. Thus, when we consider strategies with probability,
the controller also needs one bit of memory to remember if the previously seen
letter is d (and in this case, he chooses to go in the cycle), or if it is c (and in this
case, he chooses d). ⌟

Even if probabilities can not emulate all memory used by the controller, we
conjecture that probabilities reduce the memory to half of the size of Zielonka’s
tree, i.e. stochastic strategies reduce half the memory used by the controller. Our
intuition is that probabilities allow us to emulate memory inside a level of the tree,
but not the memory to change the level inside the tree.

Finding a polynomial time algorithm for SPGs

In finite game theory, a long-standing open question consists on looking after a
polynomial time algorithm to solve mean-payoff games (and thus parity games).
Moreover, even if SPGs are close to mean-payoff ones (there exists a polynomial
reduction between then [Bri+17]), computing deterministic value in SPGs is done
in pseudo-polynomial time (Theorem 1.31). Indeed, SPGs are solved with the
value iteration technique (see Chapter 2) that converges into pseudo-polynomial
iterations. However, in the previous chapter, we give a (polynomial time) charac-
terisation to decide if value iteration converges in polynomial time. Now, to try to
solve SPGs in polynomial time, we want to investigate other classes of algorithms.

The theoretical result obtained in this part, and more precisely the value re-
stricted by using only randomisation and no memory could pave the way to new
kinds of computation (or approximation) algorithms, possibly with a better com-
plexity; using strategy improvement algorithms. To solve linear programming two
classes of algorithm exist: simplex methods (in exponential time) by only looking
at the borders of the set of solutions, and interior-point methods (in polynomial
time) that look inside the set of solutions. Since the value iteration paradigm
is close to simplex methods, we aim to develop some links between strategy im-
provement algorithms and the interior-point paradigm. Indeed, in our context,
we can define interior points as non-deterministic randomised strategies, while the
corners of the simplex are indeed deterministic strategies. Thus, having a way to
dynamically improve from a randomised strategy to a better one, in the same way
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as the interior-point method proposes a way to move in the interior of the set of
valid points of the linear program, could enable new types of algorithms.
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Introduction

We used probabilities to remove the structural memory of strategies but not the
memory induced by the infinite precision of clocks. Indeed, to play almost opti-
mally, Min wants to play close to a non-reachable optimal decision (due to a guard
or a future action of Max). For instance, as illustrated in Example 1.26, Min must
play decisions with a delay 1/2 − ε where ε is as small as necessary. Moreover,
this infinite precision of clocks relies on the real-time execution of the system:
each transition is taken immediately after having spent the delay. This behaviour
inherited of timed automata is not only unrealistic, but also not implementable.

Example of using robustness for modelling a simple real-time system We
consider a camera that captures a frame while an encoder treats a frame every 40
milliseconds. We assume that the camera directly sends the frame to the encoder
that uses a bounded buffer to store incoming frames. By abstracting the com-
putations, we concentrate on execution times and the scheduling of these tasks.
Our objective is to model a system that can treat an infinite number of tasks.
Intuitively, to succeed, the encoder should not be too late treating the frames.
Since both periods are the same, the system can realise this specification when the
encoder treats the frame immediately after the recording. However, this behaviour
does not account for slightly different times of execution between the camera and
the encoder.

In particular, even if the “exact” behaviour of the system is correct, we want
to check its robustness, i.e. if the system may continue forever (without buffer
overflow) when some perturbations may happen in the execution of tasks of the
camera or the encoder. Consider a simple perturbation which consists in increasing
or decreasing by a small amount the execution times. For instance, the camera may
work slightly faster than expected by sending frames with a period of 40−ε, while
the encoder is still treating each frame in 40 milliseconds. In particular, the encoder
is now slower than the camera: it will eventually skip frames or have a buffer
overflow. The system is not robust since it no longer satisfies the specification
(being able to run indefinitely) for all ε > 0.

Robustness in weighted timed games From the implementation context, a
natural way to introduce robustness in the model is the definition of semantics that
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enlarge guards with a parameter. Hence, we naturally enlarge the set of decisions
that satisfies the guard by considering the shifting in execution time induced by
the implementation. Instead of using parametric timed automata [AHV93], we
focus on the robustness as an interpretation by a two-player timed game where
one player can only influence the choice between the expected exact behaviour and
the realistic execution that we call the perturbation [BMS15; Bus+19; San+13].

In timed games, this notion of robustness is easily extensible by allowing the
environment, i.e. Max, to control its own choices and the perturbations (according
to a given bound) on delays chosen by the controller, i.e. Min. In particular, we
use asymmetric semantics between both players since the power of Max increases:
controlling perturbations allows him to avoid certain regions or, on the contrary,
to force their reachability. The moment when the guard is tested (before or after
the perturbation) defines two robust semantics [CHP11; SBM11; BMS13; SBM14;
BMS15; Guh+15] called excessive and conservative semantics. Under conservative
semantics, perturbed delays (i.e. delays with the perturbation) must satisfy guards,
whereas excessive semantics checks the guard before the perturbation. Intuitively,
excessive semantics allows some new behaviours in the system (some regions be-
come reachable), whereas the conservative semantic restricts the set of behaviours
(some regions become unreachable). Formal definitions of these semantics, with a
general definition of robust semantics, are introduced in Chapter 8.

Values guaranteed by Min under robust semantics Our objective is to study
the impact of robust semantics on the value of the game by introducing three
new robust values. When we fix the parameter, we suppose that it is negligible
regarding the constants in the system: hard coding it in the system induces a state
space explosion which is not easy to manage. To deal with the space explosion,
we suppose that the value of the parameter is not known a priori: we study the
impact of the parameter on guarantees obtained on the system. In particular, this
approach allows us to identify the behaviour of the system for arbitrarily small
values of the parameter.

We fix the parameter p > 0 of the robust semantics, i.e. the set of possible
perturbations is the interval [−p, p].

• We first define the fixed-parameter robust value, denoted rValp, when both
players play under the robust semantics of the parameter p.

• Another way to define a robust value when the parameter is fixed, is the def-
inition of the half-fixed-parameter robust value introduced in [BMS13] (under
the name limit value) and denoted here by 1/2rVal

p
. The half-fixed-parameter

robust value consists in the value defined when Min plays under the robust
semantics of parameter p, whereas Max plays under the robust semantics of
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Value problems conservative excessive

fixed-parameter
robust value

WTG Undecidable [BMS13]

Divergent WTG 3-EXPTIME OpenTheorem 9.28

rValp
1-clock WTG Decidable Decidable

(non-neg) Theorem 9.32 [Guh+15]
half-fixed-
parameter

robust value
1/2rVal

p

WTG Undecidable
[BMS13]

WTA Open Undecidable
[BMS13]

limit robust
value

WTG Undecidable Undecidable
[San13a] [San13a; Guh+15]

WTA PSPACE-complete Undecidable
[BMS13] [San13a]

rVal Acyclic WTG Decidable (Theorem 10.4)
Divergent WTG Decidable Open(non-neg) Theorem 10.16

Table III.1 – Solving robust value problems under conservative and excessive semantics.

parameter p′ ∈ (0, p] that tends to 0. In particular, the half-fixed-parameter
robust value computes the value when Min resists all perturbations in [−p, p]
and Max only infinitesimally perturbs.

• Finally, we study the value obtained when the parameter p is not fixed for
both players. In particular, we define the limit robust value, denoted rVal,
by taking the limit of the fixed-parameter robust value when p tends to
0. This studies the system when the perturbation is infinitesimal for both
players. Chapter 8 formally introduces these values and establishes links
between them.

Robust value problems A hope with the introduction of robust semantics is the
decrease of the difficulty of solving deterministic value problems in WTGs. How-
ever, for general WTGs, it was proved that robust value problems (one by robust
values defined) are undecidable. In particular, we note that the undecidability of
the limit robust value problem is given by the equality between the limit robust
value and the limit of the half-fixed-parameter robust value (see Proposition 8.13).
Therefore, we want to investigate the decidability of the robust value problems
for classes of WTGs on which the deterministic value problem is known as de-
cidable (i.e. acyclic WTGs, divergent WTGs and one-clock WTGs). Table III.1
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conservative excessive
fixed-parameter robust
reachability problem

EXPTIME-complete EXPTIME-complete
[CHP11; ORS14] Theorem 9.25

limit robust
reachability

problem

timed
automata

PSPACE-complete EXPTIME-complete
[San+13] [BMS15]

timed
games

EXPTIME-complete EXPTIME-complete
Theorem 9.27 [BMS15]

Table III.2 – Solving robust reachability problems for Min.

summarises known results and our contributions to robust value problems for con-
servative and excessive semantics.

We start with a qualitative study, i.e. robust reachability problems, to decide
when robust values are equal to +∞. The fixed-parameter robust reachability
problem is used to decide when the fixed-parameter robust value is equal to +∞.
Indeed, the fixed-parameter robust reachability problem tests when Min can reach a
target location when the parameter p is fixed. This problem was known EXPTIME-
complete under the conservative semantics [CHP11; ORS14]. By encoding the
excessive semantics into the exact semantics, we prove that the problem is also
EXPTIME-complete under the excessive semantics. To decide when the limit robust
value are equal to +∞, we use the limit robust reachability problem. It decides if
there exists a parameter p such that Min wins the fixed-parameter robust reachabil-
ity problem. The limit robust reachability problem was known EXPTIME-complete
under the excessive semantics in timed games and timed automata [BMS15]. In
our work, we extend the results under the conservative semantics by encoding the
conservative semantics into the excessive one. In particular, we prove that the
problem is also EXPTIME-complete under the conservative semantics. Moreover,
we remark that both problems can be solved with the same complexity that re-
inforces the interest of the limit robust reachability problem. In Chapter 9, we
present problems on reachability timed games under robust semantics and Ta-
ble III.2 summarises the complexity of each problem.

To push the decidability frontier of robust value problems, we use two techniques.
First, in Chapter 9, we present polynomial reductions between some robust value
problems. Thus, we can obtain the decidability for some classes of WTGs of the ro-
bust value problems: for the one-clock WTGs and divergent WTGs under the con-
servative semantics. Finally, we conclude this part with Chapter 10, by adapting
the value iteration algorithm (from [ABM04]) with shrunk DBMs1 (from [SBM11])

1Shrunk DBM is a parametrised (with p) extension of the difference bound matrices (DBMs).
A DBM is a data structure to model regions (and, more generally, zones) used to implement
and solve reachability timed games.
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to prove that the limit robust values can be computed in acyclic games and strictly
non-Zeno WTGs (i.e. divergent WTGs with only non-negative weights).

Other notions of robustness in timed automata We used a notion of robust-
ness to deal with the precision of clocks. In the literature (a summary is given
in [Mar11]), other directions are also being studied to deal with other limitations
of timed automata, like Zeno behaviours2.

A natural way to deal with the precision of the clocks is a (finite) approximation
of the values of clocks. Discrete semantics, introduced in [AH93], supposes that
synchronous clocks are only integer (or multiple of a fixed granularity) values.
In this case, some algorithmic questions are easier: undecidable problems (e.g.
equivalence of timed automata) become decidable3. The real-time properties of
this semantics depend on the chosen granularity, but knowing the existence of
granularity such that real-time properties of the systems are preserved is a difficult
question [HMP91; KAY10].

To deal with the immediacy of transitions and Zeno behaviours, we want to
define a semantics that restricts the set of possible executions in the timed au-
tomata by selecting robust executions among the possible ones for classical timed
automata, e.g. that cannot generate Zeno behaviours. For instance, such semantics
may consider only accepting plays that still produce an accepting play when de-
lays are perturbed. To formalise this intuition, two semantics have been proposed.
First, the tube semantics (introduced in [GHJ97]) removes every play such that
neighbour plays (according to a topology) are not dense. Intuitively, this semantics
opens the guards of the timed automaton. An extension of this idea with prob-
abilistic semantics was also proposed [Bai+07]. In particular, under probabilistic
semantics, plays are accepted with a certain probability (given by the system).
Thus, a measure over the set of plays is defined to appreciate the “quality” of the
execution. In this case, the measure of probability defines the set of non-desired
runs with a null measure.

Finally, to deal with the infinite precision of clocks, enlarging semantics (in-
troduced in [WDR05]) induce some imprecision on the values of the clocks. In-
tuitively, these semantics desynchronise the clock’s speed that evolves according
to a piecewise affine function. These robust semantics may introduce some new
(desirable) behaviour in the limit of guards, but also some bad behaviours. To
limit that, enlarging semantics are considered only under a robust safety checking
that checks, if all runs under a given robust semantics, satisfy a given property
(that can describe the bad behaviour).

2An infinite play has a Zeno behaviour if the total time elapsing along the play is finite.
3Reducing complexity of the problems is another motivation for robustness.
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Timed Games

To introduce robustness in WTGs, we use different robust semantics to
model the behaviour of the system according to perturbations. In particular,
we adapt useful notions from WTGs in the case of robust semantics, e.g.
plays, path, strategies, etc. We aim to study the guarantee that Min has in
WTGs under robust semantics: we thus extend the notion of deterministic
value into robust values.

Table of contents

8.1. Robust semantics in weighted timed games . . . . . . . . . . . . . . 204
8.1.1. Plays and paths . . . . . . . . . . . . . . . . . . . . . . . . . 206
8.1.2. Robust strategies . . . . . . . . . . . . . . . . . . . . . . . . 209

8.2. Values guaranteed by Min under robust semantics . . . . . . . . . . 211
8.2.1. Limits of robust values are equal . . . . . . . . . . . . . . . 214
8.2.2. Robust value problems . . . . . . . . . . . . . . . . . . . . . 215

Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG. We define a generic notion of
robust semantics for every (reasonable) robust semantics that we can instantiate.
This will allow us to recover conservative and excessive semantics given in the liter-
ature. In particular, the definition of a robust semantics robp with parameter p > 0
consists of the definition of two ingredients: the interval of possible perturbations
for Max according to p, and the set of possible decisions from a configuration of
Min. In the rest of this part, we call the semantics defined in Definition 1.25, the
exact semantics of WTGs, and we denote it by exact.

8.1. Robust semantics in weighted timed games

From the modelling perspective, the perturbations model the small errors of phys-
ical systems on the real value of clocks. In particular, under the robust semantics
of parameter p > 0, the perturbations of Max should remain close to 0. Moreover,
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a robust semantics also filters the feasible decisions of Min by adding constraints
on delays. For instance, conservative semantics only chooses feasible decisions
such that they remain feasible after applying every possible perturbation chosen
by Max. In particular, robust semantics does not add decisions from classical con-
figurations.

Definition 8.1. A robust semantics robp of parameter p > 0 is a pair (∆p, |=ℓ,ν
robp

)

where ∆p ⊆ R≥0 is an interval, and |=ℓ,ν
robp

is a relation defining robust decisions
between configurations of Min and feasible decisions such that

1. ∆p always contains 0 and has a length equal to 2p;

2. by letting (δ, t) be a decision from (ℓ, ν), if t |=ℓ,ν
robp

δ, then t |=ℓ,ν
exact δ.

Now, given a robust semantics, we define the corresponding infinite transition
system associated with a WTG.

Definition 8.2. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG. The robust se-
mantics of G under robp is a transition system JGKrob = ⟨S,E,wt⟩ defined such that

• S = SMin ⊎ SMax ⊎ ST is the set of states such that

SMin ⊆ ConfGMin , ST ⊆ ConfGT and SMax ⊆ ConfGMax∪(Conf
G
Min×R≥0×∆) .

Moreover, every state (ℓ, ν, δ, t) ∈ (ConfGMin × R≥0 ×∆) is said perturbed ;

• E = EMin ⊎ EMax ⊎ Eper is the set of edges such that

EMax =
{(

(ℓ, ν)
δ,t−→ (ℓ′, ν ′)

)
| ℓ ∈ LMax, t |=ℓ,ν

exact δ and ν ′ = (ν + t)[Y := 0]
}

EMin =
{(

(ℓ, ν)
δ,t−→ (ℓ, ν, δ, t)

)
| ℓ ∈ LMin and t |=ℓ,ν

robp
δ
}

Eper =
{(

(ℓ, ν, δ, t)
δ,p−→ (ℓ′, ν ′)

)
| p ∈ ∆p and ν ′ = (ν + t+ p)[Y := 0]

}
where δ = (ℓ, g, Y, ℓ′) ∈ ∆;

• wt : S ∪ E → Z is a weight function such that for all states s ∈ S with
s = (ℓ, ν) or s = (ℓ, ν, δ, t) and all edges e ∈ E, we fix

wt(s) = wt(ℓ) and wt(e) =

{
wt(δ) if e = (s

δ,t−→ s′) with s ∈ ConfG;
0 otherwise.

This definition illustrates the abscence of symmetry between both players. Un-
der a robust semantics, Min must only use robust decisions whereas Max uses
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feasible decisions (like in exact semantics) as well as perturbations in ∆p from the
perturbed states. In the following, under a robust semantics, all feasible decisions
of Max will be also called robust. Moreover, by letting s ∈ S be a state of a ro-
bust semantics, we denote by E(s) the set of outgoing edges from s in the robust
semantics.

We also study robust semantics when the perturbation bound parameter varies
(for instance, when this parameter bound tends to 0). In this case, we use the
notion of a valid class of robust semantics.

Definition 8.3. A class of robust semantics (robp)p is valid if it satisfies the
following constraints: for all 0 < p′ < p, ∆p′ ⊂ ∆p; and for all decisions (δ, t) such
that t |=ℓ,ν

robp
δ, we have t |=ℓ,ν

robp′
δ.

Conservative and excessive semantics In [BMS13; BMS15; Guh+15], authors
focus on two classes of robust semantics: centred excessive semantics and centred
conservative semantics. These semantics are defined by instantiating the parame-
ters of the skeleton, i.e. the notion of robust decisions as well as the interval of the
perturbations regarding p. First, a robust semantics is centred if ∆p = [−p, p], or
translated when ∆p = [0, 2 p].

A robust semantics is called excessive, denoted by excessp, when guards are tested
before the perturbation. Moreover, to avoid going back in time (as in all robust
semantics), Min must guarantee that the delay remains positive after all possible
perturbations of Max, i.e. a feasible decision (δ, t) is robust if for all p ∈ ∆p,
t+ p ≥ 0. Formally, excessp = (∆p, |=ℓ,ν

excessp) such that, for all configurations (ℓ, ν)
and decisions (δ, t), we have

t |=ℓ,ν
excessp δ ⇔ t ≥ −min(∆p) ∧ t |=ℓ,ν

exact δ . (8.1)

Now, a robust semantics is called conservative, denoted by cons, when guards are
tested after the perturbation, i.e. a decision (δ, t) is robust if, for all perturbations
p ∈ ∆p, the decision (δ, t + p) is feasible. Moreover, since ∆p is an interval as the
set of delays that satisfy a guard, testing the minimal and maximal values of ∆p

suffices. Formally, consp = (∆p, |=ℓ,ν
consp) such that, for all configurations (ℓ, ν) and

all feasible decisions (δ, t), we have

t |=ℓ,ν
consp δ ⇔ t ≥ −min(∆p) ∧ t+min(∆p) |=ℓ,ν

exact δ ∧ t+max(∆p) |=ℓ,ν
exact δ . (8.2)

8.1.1. Plays and paths

Let robp be a robust semantics of parameter p > 0 in a WTG G. Like under the
exact semantics, a play of G under robp is a sequence of edges in JGKrobp = ⟨S,E,wt⟩
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0

ℓ1

0

ℓ0

,
δ1 : x = 1

δ2 : x = 1;x := 0;−1
δ3 : x = 1

Figure 8.1 – An example of WTG where we apply different robust semantics.

starting in a configuration of G. Let ρ be a play under robp, we extend the function
last such that last(ρ) ∈ S, we define the length of ρ as the number of edges along
the play, and we define the cumulative weight of ρ and its payoff in the expected
way. Moreover, for modelling reasons, we only consider plays (starting and) ending
in a configuration of G. In particular, we say that a play ρ is well-formed when
last(ρ) ∈ ConfG, otherwise ρ is said ill-formed.

Example 8.4. We consider the WTG depicted in Figure 8.1, in which the set
of plays differs according to the (robust) semantics considered. For instance, a
(well-formed) play under the exact semantics is

ρdet = (ℓ0, 0)
δ1,1−−→ (ℓ1, 1)

δ2,0−−→ (ℓ0, 0)
δ1,1−−→ (ℓ1, 1)

δ2,0−−→ (ℓ0, 0)
δ3,1−−→ (,, 1)

whose payoff is P(ρdet) = −2.
In the centred excessive semantics of parameter p > 0, when Min chooses to fire

δ1, Max can enforce to reach the configuration (ℓ1, 1 + p) from which there are no
feasible decisions. In particular, if Min chooses to fire δ1, Max can enforce to reach
a deadlock to avoid the target location yielding the payoff +∞. To obtain a finite
payoff, Min needs to choose δ3, giving rise to the following play:

ρexcess = (ℓ0, 0)
δ3,1−−→ (ℓ0, 0, δ3, 1)

δ3,+p−−−→ (,, 1 + p)

whose payoff is P(ρexcess) = 0, and length is |ρexcess| = 2. We observe that Max
could choose another perturbation in ∆p.

Finally, in the centred conservative semantics, there exist no robust decision
from (ℓ0, 0) since all guards of transitions starting from ℓ0 are singleton intervals.
Thus, the unique play under the centred conservative semantics is ρcons = (ℓ0, 0)
with P(ρcons) = +∞. ⌟

As illustrated in Example 8.4, a play is always defined regarding a WTG and
a semantics. Indeed, in the same WTG, plays can differ regarding the semantics
considered. In particular, we denote by FPlays

robp
G (resp. FPlaysexactG ) the set of plays

of G under robp (resp. exact). When the WTG is clear from the context, we can
omit the subscript G. Moreover, we denote by FPlays

robp
G,Min (resp. FPlaysrobpG,Max) the

set of plays ending in a state of Min (resp. Max) in the semantics.
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−1

ℓ1

0

ℓ0

,

δ1 : x = 1;x := 0

δ2 : x ≤ 1

δ3 : x ≤ 1δ4 : x ≤ 1;−10

Figure 8.2 – A WTG in which the set of robust strategies for Min depends of the consid-
ered robust semantics.

Fortunately, we can define a link between robust and exact semantics. Under a
conservative semantics, we note that from a robust decision (δ, t) and a perturba-
tion p of Max, the generating decision (δ, t + p) remains feasible. Thus, we easily
obtain the following property:

Lemma 8.5. Let ρ be a well-formed play under consp. There exists a play ρ′ ∈
FPlaysexact such that last(ρ) = last(ρ′) and wtΣ(ρ) = wtΣ(ρ

′).

Unfortunately, under excessive semantics, we can not guarantee that the decision
generated from a robust decision and a perturbation of Max remains feasible:

Example 8.6. We consider the WTG, G, depicted in Figure 8.1. The play
(ℓ0, 1)[δ3, 0] is a play in G under the exact semantics. However, there exist no
plays from (ℓ0, 1) under the centred excessive semantics of parameter p > 0 in G.
Indeed, since under such a semantics, Min must play a delay at least p (to avoid
negative perturbed delays), a play may exist only if the decision (δ3, p) is feasible
which does not hold in the configuration (ℓ0, 1). ⌟

Conversely, a play under the exact semantics is not a play under a robust seman-
tics since some feasible decisions are not robust. Moreover, since robust decisions
may not exist from a configuration where feasible decisions exist, we can not trans-
form exact plays with a robust play by only modifying the delay with a possible
perturbation (see Example 8.4).

Finally, a path in a WTG G under a robust semantics is a sequence of transitions
of G, i.e. it is the projection of a play on its sequence of locations (without time).
Let ρ be a finite well-formed play in G under a robust semantics. We inductively
define the path in G followed by ρ, denoted by π(ρ) as follows:

π(ρ) =


ℓ if ρ = (ℓ, ν);

ℓ
δ−→ π(ρ′) if ρ = (ℓ, ν)

δ,t−→ ρ′;

π(ρ′) if ρ = (ℓ, ν, δ, t)
δ,t−→ ρ′.

(8.3)
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Example 8.7. The play ρexcess defined in Example 8.4 under the centred excessive
semantics of parameter p follows the path ℓ0

δ3−→ ,. ⌟

8.1.2. Robust strategies

We recall that, under the exact semantics, a strategy is a mapping from finite plays
to a feasible decision at the last configuration of the finite play. Here, we extend
this definition to robust semantics. In particular, a strategy for Min (resp. Max)
in a WTG, under a robust semantics, is a mapping from finite plays (in the WTG
under the robust semantics) ending in a configuration of Min (resp. state1 of Max)
to a robust decision for Min (resp. Max) from the last state of the play.

Unlike in the case of the exact semantics where we suppose that deadlocks are
not admitted, in one of his configurations, Min may be unable to play a robust
decision because none exist (even if there exists a feasible decision). In particular,
we suppose that robust strategies for Min are only partial mappings2.

Definition 8.8. Let G be a WTG under a robust semantics robp where JGKrobp =
⟨S,E,wt⟩. A robust strategy under robp is a mapping χ : FPlaysrobpG → E such that
χ(ρ) ∈ E(last(ρ)). More precisely, a robust strategy for Min, denoted χ, is a partial
mapping from FPlays

robp
G,Min, whereas a robust strategy for Max, denoted ζ, is a total

mapping from FPlays
robp
G,Max. The set of strategies of Min (resp. Max) under robp is

denoted by rStrat
robp
Min (G) (resp. rStratrobpMax(G)).

We explain the asymmetric definition between the strategies of Min and Max
by the objective of both players. Indeed, if the strategy of Min does not choose a
robust decision, i.e. the strategy stops the play without reaching a target location,
then Min loses and obtains +∞ as a payoff which is the worst situation for Min.
However, it is in the interest of Max to choose to play no (robust) decision even if
there exist feasible ones, since in this case, Max wins by obtaining +∞ as a payoff
(that is the best situation for Max).

Example 8.9. We consider the WTG depicted in Figure 8.2 under excessp. For
instance, a robust strategy for Min is the function χ such that for all finite play
ρ ending in (ℓ0, ν) with ν < 1 maps χ(ρ) = (δ3, 1 − ν). However, function χ′

defined for all finite play ρ ending in (ℓ0, ν) with ν < 1 by χ′(ρ) = (δ3, 0) is not a
robust strategy for Min: the decision (δ3, 0) is never robust under excessp (since the
perturbed delay must be non-negative). Moreover, in (ℓ0, 1) no robust strategy for

1Under a robust semantics, the set of states of the semantics that belongs to Max, i.e. SMax,
are the configurations of Max and the perturbed states.

2In [BMS13], this deadlock problem in strategies does not exist, as the strategies for Min in
concurrent WTGs can always use ⊥ to indicate that the player lets Max plays.
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Min can be defined since the unique feasible decision from (ℓ0, 1) is (δ3, 0) which is
not robust. ⌟

Let robp be a robust semantics in a WTG G and (ℓ, ν) be a configuration of G. We
extend the notion of play conforming to robust strategies: we fix Play((ℓ, ν), χ, ζ)

be the play of FPlaysrobpG conforming to χ ∈ rStrat
robp
Min and ζ ∈ rStrat

robp
Max two robust

strategies. Moreover, we can give a link between sets of robust strategies in a class
of robust semantics. For Min, we use the partiality of mappings to prove that the
set of robust strategies increases when the parameter of the semantics decreases.
For Max, this property does not hold (since robust strategies are total mappings)
but we prove that a robust strategy can always be extended when the parameter
of the semantics increases.

Lemma 8.10. Let G be a WTG under a class of robust semantics (robp)p. We
consider two parameters p, p′ such that p ≥ p′ > 0, then we have

1. rStrat
robp
Min ⊆ rStrat

robp′

Min ;

2. by letting χ ∈ rStrat
robp
Min be a robust strategy for Min, we have

sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) ≥ sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ)) .

Proof. 1. Let χ ∈ rStrat
robp
Min be a robust strategy of Min in G, and ρ ∈ FPlaysrobp′

be a finite play in G under robp′ such that ρ ∈ FPlaysrobp . Otherwise, ρ /∈
FPlaysrobp , and χ(ρ) is not defined. Now, by definition of the robust strategy,
we have χ(ρ) = (δ, t) with t |=last(ρ)

robp
δ. We conclude that t |=last(ρ)

robp′
δ (by the

definition of a class of robust semantics), and thus χ ∈ rStrat
robp′

Min .

2. The proof consists in proving the following claim:

∀ζ ′ ∈ rStrat
robp′

Max ∃ζ ∈ rStrat
robp
Max,Play((ℓ, ν), χ, ζ) = Play((ℓ, ν), χ, ζ ′) (⋆)

Indeed, we can conclude since, for all ζ ′ ∈ rStrat
robp′

Max , we have

sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) ≥ P(Play((ℓ, ν), χ, ζ)) = P(Play((ℓ, ν), χ, ζ ′)) .

Now, by letting ζ ′ ∈ rStrat
robp′

Max , we prove (⋆) by defining ζ ∈ rStrat
robp
Max as an
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extension of ζ ′, i.e. for all finite play ρ ∈ FPlays
robp
Max, we fix

ζ(ρ) =

{
ζ ′(ρ) if ρ ∈ FPlays

robp′

Max ;
e where e ∈ E(last(ρ)), otherwise;

where E is the set of edges of G under robp. In particular, we conclude by
induction on the length of the play induced by χ and ζ. The property is
trivial when ρ = (ℓ, ν). Otherwise, we fix ρ = ρ1[δ, t] ∈ FPlaysrobp be the play
conforming to χ and ζ of length i from (ℓ, ν), and ρ′ = ρ′1[δ

′, t′] ∈ FPlaysrobp′

be the play conforming to χ and ζ ′ of length i from (ℓ, ν) (we note that such
a play exists since χ ∈ rStrat

robp′

Min , by the previous property). Thus, by the
hypothesis of induction, ρ1 = ρ′1, thus we need to prove that (δ, t) = (δ′, t′).
In particular, if last(ρ1) ∈ ConfMin, then the property holds since we apply
the same strategy in both cases. Otherwise, since ρ1 = ρ′1 ∈ FPlays

robp′

Max , we
conclude by definition of ζ.

Finally, we can extend the notion of winning strategies under a reachability
objective in the context of robust semantics. By letting A be an RTG under a
robust semantics robp and (ℓ, ν) ∈ ConfA, a robust strategy χ for Min is winning
if for all robust strategies ζ ∈ rStratAMax(robp), last(Play((ℓ, ν), χ, ζ)) ∈ ST where
Play((ℓ, ν), χ, ζ) is the unique (well-formed) play in FPlaysrobp for (ℓ, ν) and con-
forming to χ and ζ.

8.2. Values guaranteed by Min under robust
semantics

We aim to study the impact of robust semantics in the weight that Min can guar-
antee whatever Max does: to do that we define some robust values. There exist
different ways to deal with the parameter: when both players play under the robust
semantics of the parameter p > 0, when Min plays under the robust semantics of
parameter p, whereas Max plays under the robust semantics of parameter p′ ∈ (0, p]
that tends to 0 and, finally, when the parameter p is not fixed for both players.
Each option induces a new value that deserves to be studied.

Fixed-parameter robust value Let G be a WTG under a robust semantics robp
of parameter p > 0. We define its fixed-parameter robust value (according to robp),
denoted by rVal

p,robp
G (we note that robp or G may be skipped when they are clear

from the context), for all configurations (ℓ, ν) of G (and not for all states of the
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semantics) by

rVal
p,robp
G (ℓ, ν) = inf

χ∈rStratrobpMin (G)
sup

ζ∈rStratrobpMax (G)
P(Play((ℓ, ν), χ, ζ)) .

Since a fixed-parameter robust semantics defines a quantitative reachability game3,
where configurations of Max also contain the robust states, we obtain that the
fixed-parameter robust value is determined, by applying [Bri+22, Theorem 1].

Proposition 8.11. Let G be a WTG under a robust semantics robp of parameter
p > 0. Then, the fixed-parameter robust value is determined, i.e.

rVal
p,robp
G (ℓ, ν) = sup

ζ∈rStratrobpMax (G)
inf

χ∈rStratrobpMin (G)
P(Play((ℓ, ν), χ, ζ)) .

In the following, we will denote it by rVal
p,robp
G .

Moreover, we say that a robust strategy χ ∈ rStrat
robp
Min of Min is ε-optimal with

respect to rValp,robp if, for all configurations (ℓ, ν),

sup
ζ∈rStratrobpMax (G)

P(Play((ℓ, ν), χ, ζ)) ≤ rValp,robp(ℓ, ν) + ε .

Half-fixed-parameter robust value In [BMS13], another robust value is defined
by considering a fixed perturbation bound for Min, and a limit (to 0) on the
perturbation bound for Max. Formally, we define the half-fixed-parameter robust
value of a class of robust semantics (robp)p under a parameter p > 0, for all
configurations (ℓ, ν) of G by

1/2rVal
p,rob

G (ℓ, ν) = inf
χ∈rStratrobpMin (G)

lim
p′→0

0<p′<p

sup

ζ∈rStrat
robp′
Max (G)

P(Play((ℓ, ν), χ, ζ)) .

Moreover, we say that a robust strategy χ ∈ rStrat
robp
Min of Min is ε-optimal with

respect to 1/2rVal
p,rob

if, for all configurations (ℓ, ν),

lim
p′→0

0<p′<p

sup

ζ∈rStrat
robp′
Max (G)

P(Play((ℓ, ν), χ, ζ)) ≤ 1/2rVal
p,rob

(ℓ, ν) + ε .

3A quantitative reachability game introduced in [Bri+15] is an abstract model to formally define
the semantics of quantitative (infinite) games.
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Value under infinitesimal perturbations We consider the limit of previous val-
ues when the perturbation bound parameter tends to 0: given a class of robust
semantics (robp)p, we define the limit robust value rVal

rob

G and the limit of the
half-fixed-parameter robust value 1/2rVal

rob

G (already introduced in [BMS13]), for all
configurations (ℓ, ν) of G, by

rVal
rob

G (ℓ, ν) = lim
p→0
p>0

rVal
p,robp
G (ℓ, ν) and 1/2rVal

rob

G (ℓ, ν) = lim
p→0
p>0

1/2rVal
p,rob

G (ℓ, ν) .

The limit robust value is quite natural to explore. However, this value is de-
fined as a limit of functions (the fixed-parameter robust values). Thus, its (local)
existence needs to be checked:

Lemma 8.12. Let G be a WTG under class of robust semantics (robp)p. Then,
for all configurations (ℓ, ν) of G, rVal

rob

G (ℓ, ν) exists.

Proof. Given a configuration (ℓ, ν), the proof focuses on the existence of a limit to
0 of the function p 7→ rValp,robp(ℓ, ν). More precisely, we prove that this function
is non-increasing since a non-increasing function in R∞ always admits a limit.

Let χ ∈ rStrat
robp
Min be a strategy under the robust semantics robp (and robp′ , by

Lemma 8.10-1) for Min. Now, since

sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) ≥ sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ))

(by Lemma 8.10-2), we conclude, by applying the infimum over strategies in
rStrat

robp
Min ⊆ rStrat

robp′

Min (by Lemma 8.10-1) for Min:

rVal
p,robp
G (ℓ, ν) = inf

χ∈rStratrobpMin

sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ))

≥ inf
χ∈rStrat

robp′
Min

sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ)) = rVal
p′,robp′
G (ℓ, ν) .

Moreover, in Section 8.2.1, we study the link between all robust values according
to a class of robust semantics and a permutation bound. In particular, by letting
G be a WTG, for all classes of robust semantics (robp)p and parameter p > 0,
we have

1/2rVal
rob

G =︸︷︷︸
Prop. 8.13

rVal
rob

G ≤︸︷︷︸
Lem. 8.14

1/2rVal
p,rob

G ≤︸︷︷︸
Lem. 8.15

rVal
p,robp
G .

Finally, we say that a robust strategy χ ∈ rStrat
robp
Min of Min is ε-optimal with
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respect to rVal
rob if, for all configurations (ℓ, ν),

sup
ζ∈rStratrobpMax (G)

P(Play((ℓ, ν), χ, ζ)) ≤ rVal
rob

(ℓ, ν) + ε .

8.2.1. Limits of fixed-parameter robust value and
half-fixed-parameter robust value are equal

As introduced in the beginning of Section 8.2, many notions of robust values coex-
ist: fixed-parameter robust value and half-fixed-parameter robust value. However,
when we consider the limit of both classes of values, we prove that resulting values
are equal:

Proposition 8.13. Let G be a WTG under a class of robust semantics (robp)p.
Then, for all configurations (ℓ, ν) of G, we have

1/2rVal
rob

G (ℓ, ν) = rVal
rob

G (ℓ, ν) .

This section is devoted to the proof of this result. Let (ℓ, ν) be a configuration
of G and p > 0 be a parameter, we prove the following inequalities:

rVal
rob

G (ℓ, ν) ≤ 1/2rVal
p,rob

G (ℓ, ν) ≤ rVal
p,robp
G (ℓ, ν) .

Indeed, by applying the limit over p′ in these inequalities, we can conclude that

rVal
rob

G (ℓ, ν) ≤ 1/2rVal
rob

G (ℓ, ν) ≤ rVal
rob

G (ℓ, ν)

i.e. rValrobG (ℓ, ν) = 1/2rVal
rob

G (ℓ, ν). It remains to prove both inequalities to conclude
the proof. We begin by the first inequality:

Lemma 8.14. Let G be a WTG under a class of robust semantics (robp)p and
p > 0 be a parameter. Then, for all configurations (ℓ, ν), we have

rVal
rob

G (ℓ, ν) ≤ 1/2rVal
p,rob

G (ℓ, ν) .

Proof. Let (ℓ, ν) be a configuration and p′ ∈ [0, p] be a parameter. We consider a
robust strategy χ ∈ rStrat

robp
Min for Min such that χ ∈ rStrat

robp′

Min (by Lemma 8.10-1).
In particular, we deduce that

rVal
p′,robp′
G (ℓ, ν) ≤ sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ)) .
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By applying the limit when p tends to 0, we have

rVal
rob

G (ℓ, ν) = lim
p′→0

0<p′<p

rVal
p′,robp′
G (ℓ, ν) ≤ lim

p′→0
0<p′<p

sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ))

Finally, since χ ∈ rStrat
robp
Min is arbitrary, we conclude that

rVal
rob

G (ℓ, ν) ≤ inf
χ∈rStratrobpMin

lim
p′→0

0<p′<p

sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ)) = 1/2rVal
p,rob

G (ℓ, ν) .

Now, we prove the second inequality:

Lemma 8.15. Let G be a WTG under a class of robust semantics (robp)p and
p > 0 be a parameter. Then, for all configurations (ℓ, ν), we have

1/2rVal
p,rob

G (ℓ, ν) ≤ rVal
p,robp
G (ℓ, ν) .

Proof. Let (ℓ, ν) be a configuration and p′ ∈ [0, p] be a parameter. We consider a
robust strategy χ ∈ rStrat

robp
Min ⊆ rStrat

rob′p
Min of Min (by Lemma 8.10-1). Moreover,

we know that rStrat
robp′

Max ⊆ rStrat
robp
Max (by Lemma 8.10-2), thus we deduce that

sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ)) ≤ sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) .

In particular, by applying the limit on p′ in the inequality, we deduce that

lim
p′→0

0<p′<p

sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ)) ≤ sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) .

Finally, since this inequality holds for all strategies χ of Min in rStrat
robp
Min , we

conclude that

1/2rVal
p,rob

G (ℓ, ν) = inf
χ∈rStratrobpMin

lim
p′→0

0<p′<p

sup

ζ∈rStrat
robp′
Max

P(Play((ℓ, ν), χ, ζ))

≤ inf
χ∈rStratrobpMin

sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) = rVal
p,robp
G (ℓ, ν) .

8.2.2. Robust value problems

We extend the deterministic value problem with the robust values defined in Sec-
tion 8.2: each robust value that we consider induces different robust value problems
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illustrating the different ways to use the perturbation bound. In this section, we
present each sort of problem and summarise the knowledge about them (a sum-
mary is given in Table III.1).

Fixed-parameter robust value problems We begin with the robust value prob-
lem defined by the fixed-parameter robust value, i.e. the robust value problem
under fixed robust semantics.

Definition 8.16. Given a WTG G under a robust semantics robp of parameter
p ∈ Q, an initial configuration (ℓ, ν), and a threshold λ ∈ Q ∪ {−∞,+∞}, the
fixed-parameter robust value problem consists in deciding if rValp,robpG (ℓ, ν) ≤ λ.

Unfortunately, like under the exact semantics, this problem is undecidable for
WTGs under excessive and conservative semantics. Indeed, in [BMS13, Theorem
4], the undecidability is shown when p ≤ 1/3, for WTGs with non-negative weights
and ten clocks by a reduction to the undecidable problem of the halting problem
in two-counter machines.

To get around the undecidability, we will consider some restrictions over WTGs.
In particular, we consider classes of WTGs where the deterministic value problem
is known as decidable: we want to check if the decidability remains for these
classes of WTGs. In [Guh+15, Theorem 8], authors focus on one-clock WTGs
(with urgent location) and they prove that rValp,excessp is computable for a given
excessive semantics by exhibiting in the timed automata, the robust states given
by the excessive semantics without adding a clock. In Section 9.4.2, we extend this
result to the conservative semantics by using a reduction between conservative and
excessive semantics that only adds urgent locations.

Another useful restriction is given by divergent WTGs. By reducing robust
semantics into exact semantics, we can solve the obtained WTG under the exact
semantics when it is divergent. However, we need to be careful since the divergence
is not preserved when we change the semantics: a WTG under the exact semantics
may contain cyclic region paths with a null weight (for all parameters) under an
excessive semantics (as illustrated in Example 9.31). In particular, the divergence
of the game is not tested over exact semantics but on the robust semantics that
we consider. This proof is discussed in Section 9.1.

Half-fixed-parameter robust value problems The second robust value prob-
lem that we consider, introduced in [BMS13] under the name “limit strategy strict
upper-bound problem”, is defined with the half-fixed-parameter robust value. In
particular, this problem studies the value when Min resists all perturbations in ∆p

(where p is the fixed parameter of the robust semantics) and Max only infinitesi-
mally perturbs.
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Definition 8.17. Given a WTG G under a class of robust semantics (robp)p,
a parameter p ∈ Q, an initial configuration (ℓ, ν), and a threshold λ ∈ Q ∪
{−∞,+∞}, the half-fixed-parameter robust value problem consists in deciding if
1/2rVal

p,rob

G (ℓ, ν) ≤ λ.

Unfortunately, with an analogous reduction to the one used for the previous
problem, this problem is undecidable for (general) WTGs under excessive and
conservative semantics [BMS13, Theorem 3]. Moreover, in [BMS13, Theorem 1],
authors also prove (with the same reduction) that the problem, when p ≤ 1/3, is
undecidable for WTA with non-negative weights and ten clocks under the excessive
semantics. Regarding conservative semantics, the question remains open for WTA.
However, we note that, since Min must play far enough of borders of guards, the
corner-point abstraction4 needs (at least) to be adapted.

Limit robust value problems The last robust value problem that we consider is
defined with the limit robust value, i.e. when perturbations are supposed infinites-
imal.

Definition 8.18. Given a WTG G under a class of robust semantics (robp)p, an
initial configuration (ℓ, ν), and a threshold λ ∈ Q ∪ {−∞,+∞}, the limit robust
value problem consists in deciding if rValrobG (ℓ, ν) ≤ λ.

Since fixed-parameter robust value problems are known as undecidable when
p ≤ 1/3, the limit robust value problems remain undecidable for (general) WTGs
under conservative and excessive semantics, and WTA under excessive semantics.
However, in this case, the problem becomes PSPACE-complete for WTAs under
conservative semantics [BMS13, Theorem 2]. In particular, in this case (unlike for
the previous problem), authors remark that playing in a WTA under a conservative
semantic is equivalent (for the limit robust value) to playing into its corner-point
abstraction where all punctual corners are removed (that correspond to guards
with at least one diagonal constraint). This is explained because the parameter
can be chosen to guarantee that Min stays far enough from the border of the guards.

Finally, in Chapter 10, we give a symbolic algorithm to compute the limit robust
value in acyclic WTGs under conservative and excessive semantics. Indeed, we
adapt the value iteration algorithm from [ABM04] with shrunk cells based on
shrunk DBM introduced in [SBM14].

4The corner-point abstraction, introduced in [Beh+01; Lar+01] to study the deterministic value
in WTA with non-negative weights, is a refinement of regions that also store more precise
information about where we are inside each region. Intuitively, each region is split according
to a given granularity, and points refer to the behaviours “use to” corners of regions, i.e.
coordinates that are a multiple of the granularity. Then, the corner-point abstraction is an
equivalent (for the deterministic value) SPG such that each state stores the location, the
region and the corner.
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9. Reductions between Robust
and Exact Semantics

Through the definition of robust semantics, natural links between the dif-
ferent semantics of WTGs emerge and can be exploited to answer certain
open questions. Intuitively, playing in a WTG under a certain robust se-
mantics is equivalent to playing in a WTG under the exact semantics where
robust states are hard-coded in the WTG. In particular, the well-known
results about the decidability of the deterministic value may be applied.
However, this techniqueque adds one clock to the WTG. Our first con-
tribution consists in proving the decidability of the fixed-parameter robust
value problem in divergent WTGs under a conservative semantics. Our
second contribution extends the decidability of the fixed-parameter robust
value in one-clock WTGs under a conservative semantics with a reduction
to the excessive semantics. Finally, as introducing robust value functions
makes sense only if we can decide when Min can guarantee that a target
location is reached (i.e. when the value will not be +∞), our last contribu-
tion consists in determining the exact complexity of the robust reachability
problems by using the previous reductions (see Table III.2).
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9. Reductions between Robust and Exact Semantics

In this chapter, we have a double objective: closing open questions about robust
reachability problems that decide robust value problems for the threshold +∞ and
proving the decidability of fixed-parameter robust value problems under a conser-
vative semantics in one-clock WTGs with only non-negative weights or divergent
WTGs. To do it we use two natural encodings: a robust semantics into the exact
one by hard-coding robust states in the WTG, and a conservative into an exces-
sive semantics by checking the delay chosen by Min after the perturbations. In
particular, we establish the following statement:

Theorem 9.1. • The fixed-parameter robust reachability problem under an ex-
cessive semantics and the limit robust reachability problem under a conser-
vative semantics are EXPTIME-complete.

• The fixed-parameter robust value problem under the conservative semantics is
decidable for one-clock (with only non-negative weights) or divergent WTGs.

9.1. A robust semantics simulated by the exact
semantics

We start with the more natural encoding: a robust semantics into the exact one. In
particular, we define a new WTG where robust states become a location. We note
that the parameter of robustness is used for the new guards, therefore it is crucial
to fix it. However, encoding robust states into a location is not always possible:
perturbations may be negative but timed automata only use non-negative delays.
Hence, to make this transformation, we need to translate the semantics to remove
possible negative perturbations.

Theorem 9.2. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG under a robust
semantics robp of parameter p ∈ Q>0 such that by letting δ be a transition, the set
of delays {t | t |=ℓ,ν

robp
δ} is an interval of R≥0. Then, there exists a WTG denoted

by Gp such that for all configurations (ℓ, ν) of G we have

dValGp(ℓ, ν) = rVal
p,robp
G (ℓ, ν) .

We present the proof in two steps in the rest of this section. First, we prove that
there exists a translated robust semantics that preserves the fixed-parameter robust
value of G. Then, we can define Gp from the previous translated robust semantics.
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9.1.1. Translated robust semantics preserves the
fixed-parameter robust value

To define an encoding a robust semantics into the exact one, we need to guarantee
that perturbations of Max have only non-negative values. In particular, we use the
translated robust semantics while preserving the original fixed-parameter robust
value.

Proposition 9.3. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG under a robust
semantics robp with the parameter p > 0. There exists a translated robust semantics
rob′p of parameter p such that for all configurations (ℓ, ν), we have

rVal
p,robp
G (ℓ, ν) = rVal

p,rob′p
G (ℓ, ν) .

The proof consists in the definition of a translated robust semantics from robp.
Intuitively, we want that the robust decisions under rob′p correspond to a robust
decision under robp where the delay is shifted by the smallest possible perturbation.
Formally, by letting a ∈ [0, 2 p] such that ∆p = [−a,−a + 2p], we fix rob′p be the
translated robust semantics such that ∆′

p = [0, 2 p], and for all feasible decisions
(δ, t) from a configuration (ℓ, ν) of Min in G, we have

t |=ℓ,ν
rob′

δ if (t+ a) |=ℓ,ν
rob δ . (9.1)

Example 9.4. The translated excessive semantics of parameter p > 0 is a robust
semantics such that (δ, t) is a robust decision from (ℓ, ν), if for all inequalities
a ≤ x ≤ b that define the guard of δ, ν(x) + t satisfies a ≤ ν(x) + t ≤ b− p. ⌟

We can not guarantee that the new robust semantics is in the same class as
robp. In particular, from excessive semantics, the defined translated semantics is
not excessive in the sense of the semantics given in (8.1). Indeed, transitions where
the guard contains a constraint of form x = 0 admit a robust decision under the
translated excessive semantics but not under an excessive semantics that is not
translated. However, conservative semantics are preserved by this transformation
since it only translates to the interval of a possible delays. In other words, all
conservative semantics are equivalent (in the sense of their robust value) to the
translated conservative semantics.

Given an initial configuration (ℓ, ν), we reason by double inequalities.

First inequality: rValp,robp(ℓ, ν) ≥ rValp,rob
′
p(ℓ, ν). We exhibit a robust strategy

under rob′p as least as good as a (given) robust strategy under robp. Formally, we
consider a robust strategy χ ∈ rStrat

robp
Min for Min under robp, and we define a robust
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strategy χ′ ∈ rStrat
rob′p
Min for Min under rob′p such that

sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) ≥ sup

ζ′∈rStrat
rob′p
Max

P(Play((ℓ, ν), χ′, ζ ′)) .

The definition of χ′ is induced by a function between plays under rob′p to robp
such that this function preserves the weight of plays. Intuitively, this function
implements the property (9.1) about translated semantics. Formally, we define
the function proj : FPlaysrob

′
p → FPlaysrobp by induction on the length of plays such

that for all finite plays ρ ∈ FPlaysrob
′
p , we have

proj(ρ) =


(ℓ, ν) if ρ = (ℓ, ν);

proj(ρ′)
δ,t−→ (ℓ, ν) if ρ = ρ′

δ,t−→ (ℓ, ν) and last(ρ′) ∈ ConfMax;

proj(ρ′)
δ,t+a−−−→ (ℓ, ν, δ, t+ a) if ρ = ρ′

δ,t−→ (ℓ, ν, δ, t);

proj(ρ′)
δ,p−a−−−→ (ℓ, ν) if ρ = ρ′

δ,p−→ (ℓ, ν) and last(ρ′) /∈ Conf.

Moreover, proj fulfils the following property:

Lemma 9.5. For all finite plays ρ ∈ FPlaysrob
′
p, we have:

1. proj(ρ) ∈ FPlaysrobp and last(ρ) ∈ Conf if and only if last(proj(ρ)) ∈ Conf.
Moreover, when last(ρ) ∈ Conf we have last(proj(ρ)) = last(ρ);

2. if ρ is well-formed, i.e. last(ρ) ∈ Conf, then wtΣ(ρ) = wtΣ(proj(ρ)).

Proof. 1. By definition of proj.

2. We reason by induction on the length of a well-formed ρ, i.e. such that
last(ρ) ∈ Conf. If ρ = (ℓ, ν), then the property trivially holds. Otherwise,
we let ρ = ρ′[δ, t]. Thus, we conclude by distinguishing cases according
to last(ρ′). First, we remark that last(ρ′) /∈ ConfMin. Otherwise, that will
contradict last(ρ) ∈ Conf.

Now, we suppose that last(ρ′) ∈ ConfMax, and we have proj(ρ) = proj(ρ′)[δ, t].
In particular, by hypothesis of induction applied on ρ′ that is well-formed,
we have wtΣ(proj(ρ

′)) = wt(ρ′). Moreover, since last(ρ′) = last(proj(ρ′)) (by
property 1), we deduce that

wtΣ(proj(ρ)) = wtΣ(proj(ρ
′)) + twt(last(proj(ρ′))) + wt(δ)

= wtΣ(ρ
′) + twt(last(ρ′)) + wt(δ) = wtΣ(ρ) .
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Finally, we suppose that last(ρ′) = (ℓ, ν, δ, t′) /∈ Conf, and we have proj(ρ) =
proj(ρ′)[δ, t− a] such that

wtΣ(proj(ρ)) = wtΣ(proj(ρ
′)) + (t− a)wt(last(proj(ρ′))) + 0 . (9.2)

Since last(ρ′) /∈ Conf, we can not apply the hypothesis of induction on ρ′.
However, we can rewrite ρ′ = ρ′′

δ,t′−→ (ℓ, ν, δ, t′) where last(ρ′′) = (ℓ, ν) ∈
ConfMin (since ρ′ begins by a configuration). In particular,

proj(ρ′) = proj(ρ′′)
δ,t′+a−−−→ (ℓ, ν, δ, t′ + a) ,

and we obtain that

wtΣ(proj(ρ
′)) = wtΣ(proj(ρ

′′)) + (t′ + a)wt(last(proj(ρ′′))) + wt(δ)

= wtΣ(ρ
′′) + (t′ + a)wt(last(ρ′′)) + wt(δ)

since wtΣ(proj(ρ
′′)) = wt(ρ′′) (by hypothesis of induction applied on ρ′′) and

last(ρ′′) = last(proj(ρ′′)) (by property 1). By combining the previous equation
with (9.2), we conclude that

wtΣ(proj(ρ)) = wtΣ(ρ
′′) + (t′ + a)wt(last(ρ′′)) + (t− a)wt(last(ρ′′)) + wt(δ)

= wtΣ(ρ
′′) + (t′ + t) wt(last(ρ′)) + wt(δ) = wtΣ(ρ) .

Now, we define χ′ ∈ rStrat
rob′p
Min such that for all ρ ∈ FPlaysrob

′
p

χ′(ρ) = (δ, t− a) if χ
(
proj(ρ)

)
= (δ, t) .

By (9.1), we note that it is a robust decision for Min under rob′p since (δ, t) is a
robust decision from last(ρ) under robp (by Lemma 9.5-1). Moreover, since the
definition of χ′ relies on proj, it is no surprise that:

Lemma 9.6. Let ρ ∈ FPlaysrob
′
p be a play conforming to χ′. Then, proj(ρ) is

conforming to χ.

Proof. We reason by induction on the length of ρ. If ρ = (ℓ, ν) then proj(ρ) =
(ℓ, ν), and the property trivially holds. Otherwise, we can write ρ = ρ′[δ, t] such
that proj(ρ′) is conforming to χ by the hypothesis of induction. In particular, if
last(ρ′) /∈ ConfMin then last(proj(ρ′)) /∈ ConfMin (by Lemma 9.5-1) and proj(ρ) is
conforming to χ.

Now, we suppose that last(ρ′) ∈ ConfMin, and proj(ρ) = proj(ρ′)[δ, t + a]. Since
ρ is conforming to χ′, then χ′(ρ′) = (δ, t). We conclude by definition of χ′, since
χ(proj(ρ′)) = (δ, t+ a).
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9. Reductions between Robust and Exact Semantics

We consider a well-formed play ρ ∈ FPlaysrob
′
p conforming to χ′, and we prove

that the play proj(ρ) ∈ FPlaysrob
′
p conforming to χ (by Lemma 9.6) satisfies P(ρ) ≤

P(proj(ρ)). Indeed, if ρ reaches a target location, then proj(ρ) reaches the same
target location by applying Lemma 9.5-1. In particular, by Lemma 9.5-2, we
conclude that P(ρ) ≤ P(proj(ρ)). Otherwise, ρ does not reach a target location
and P(ρ) = +∞. By using Lemma 9.5-2, we conclude that proj(ρ) does not reach
a target location. Otherwise, ρ would reach the same last configuration (since it
is well-formed), i.e. P(proj(ρ)) = +∞.

Finally, we have shown that for all plays ρ conforming to χ′, we can define a
play proj(ρ) conforming to χ (by Lemma 9.6) such that P(ρ) ≤ P(proj(ρ)). In
particular, we obtain that

sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) ≥ sup

ζ′∈rStrat
rob′p
Max

P(Play((ℓ, ν), χ′, ζ ′)) ≥ rValp,rob
′
p(ℓ, ν) .

Since, this inequality holds for all χ, we obtain the claimed inequality.

Second inequality: rVal
p,robp
G (ℓ, ν) ≤ rVal

p,rob′p
G (ℓ, ν). Conversely, we exhibit a

strategy under robp as least as good as a (given) strategy under rob′p. Formally,

we consider a strategy χ′ ∈ rStrat
rob′p
Min for Min under rob′p, and we define a strategy

χ ∈ rStrat
robp
Min for Min under robp such that rVal

p,robp,χ
G (ℓ, ν) ≤ rVal

p,rob′p,χ
′

G (ℓ, ν). In
particular, we use the function inj : FPlaysrobp → FPlaysrob

′
p defined by induction on

the length of plays such that for all finite plays ρ ∈ FPlaysrobp , we have

inj(ρ) =


(ℓ, ν) if ρ = (ℓ, ν)

inj(ρ′)
δ,t−→ (ℓ, ν) if ρ = ρ′

δ,t−→ (ℓ, ν) and last(ρ′) ∈ ConfMax

inj(ρ′)
δ,t−a−−−→ (ℓ, ν, δ, t− a) if ρ = ρ′

δ,t−→ (ℓ, ν, δ, t)

inj(ρ′)
δ,p+a−−−→ s if ρ = ρ′

δ,p−→ s and last(ρ′) /∈ Conf

Moreover, inj satisfies the properties:

Lemma 9.7. For all finite plays ρ ∈ FPlaysrobp, we have:

1. inj(ρ) ∈ FPlaysrob
′
p and last(ρ) ∈ Conf if and only if last(inj(ρ)) ∈ Conf.

Moreover, when last(ρ) ∈ Conf we have last(inj(ρ)) = last(ρ);

2. inj is the inverse of proj;

3. if ρ is well-formed, i.e. last(ρ) ∈ Conf, then wtΣ(ρ) = wtΣ(inj(ρ)).

Proof. 1. By definition of proj.
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9. Reductions between Robust and Exact Semantics

2. Let ρ ∈ FPlaysrobp , we prove that proj(inj(ρ)) = ρ by induction on the length of
ρ. If ρ = (ℓ, ν), then proj(inj(ρ)) = (ℓ, ν). Otherwise, we rewrite by ρ = ρ′[δ, t]
such that proj(inj(ρ′)) = ρ′ by the hypothesis of induction. We conclude by
distinguishing cases according to last(ρ′). If last(ρ′) ∈ ConfMax, then

proj(inj(ρ)) = proj
(
inj(ρ′)[δ, t]

)
= proj(inj(ρ′))[δ, t] = ρ′[δ, t] .

If last(ρ′) ∈ ConfMin, then

proj(inj(ρ)) = proj
(
inj(ρ′)[δ, t− a]

)
= proj(inj(ρ′))[δ, t− a+ a] = ρ′[δ, t] .

Finally, if last(ρ′) /∈ Conf, we have

proj(inj(ρ)) = proj
(
inj(ρ′)[δ, t+ a]

)
= proj(inj(ρ′))[δ, t+ a− a] = ρ′[δ, t] .

Conversely, via an analogous proof, we obtain that for all ρ ∈ FPlaysrob
′
p we

have inj(proj(ρ)) = ρ by induction on the length of ρ.

3. Let ρ ∈ FPlaysrobp , we have wtΣ(proj(inj(ρ))) = wtΣ(inj(ρ)) by Lemma 9.5-2.
We conclude that wtΣ(ρ) = wtΣ(inj(ρ)) by property 2.

Now, we define χ ∈ rStrat
robp
Min such that for all ρ ∈ FPlaysrobp

χ(ρ) = (δ, t+ a) if χ′(inj(ρ)) = (δ, t) .

By (9.1), we note that it is a robust decision for Min under robp since (δ, t) is a
robust decision from last(ρ) under rob′p (by Lemma 9.7-1). Moreover, since the
definition of χ′ relies on inj, it is no surprise that:

Lemma 9.8. Let ρ ∈ FPlaysrobp be a play conforming to χ. Then, inj(ρ) is con-
forming to χ′.

Proof. We reason by induction on the length of ρ and as in Lemma 9.6, the inter-
esting case is when ρ = ρ′[δ, t] where last(ρ′) ∈ ConfMin and inj(ρ′) is conforming
to χ′ by the hypothesis of induction. In this case, inj(ρ) = inj(ρ′)[δ, t − a]. Since
ρ is conforming to χ, then we have χ(ρ′) = (δ, t). We conclude by definition of χ,
since χ′(inj(ρ′)) = (δ, t− a).

We consider a well-formed play ρ ∈ FPlaysrobp conforming to χ, and we prove
that the play inj(ρ) ∈ FPlaysrob

′
p conforming to χ′ (by Lemma 9.8) satisfies P(ρ) ≤

P(inj(ρ)). Indeed, if ρ reaches a target location, then inj(ρ) reaches the same target
location by applying Lemma 9.7-1. In particular, by Lemma 9.7-3, we conclude
that P(ρ) ≤ P(inj(ρ)). Otherwise, ρ does not reach a target location and inj(ρ)
too by Lemma 9.7-1. Thus, P(ρ) = +∞ = P(proj(ρ)).
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Finally, we have shown that for all plays ρ conforming to χ′, we can define a play
inj(ρ) conforming to χ (by Lemma 9.8) such that P(ρ) ≤ P(inj(ρ)). In particular,
we conclude since the following inequality holds for all χ,

rValp,robp(ℓ, ν) ≤ sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) ≤ sup

ζ′∈rStrat
rob′p
Max

P(Play((ℓ, ν), χ′, ζ ′)) .

9.1.2. Translated robust semantics encoded into the exact
semantics

We define the reduction that allows us to compute the fixed-parameter robust value
with the deterministic value. From Proposition 9.3, we give a relation between the
translated robust semantics given by (9.1), and the exact one that preserves the
fixed-parameter robust values. Thus, to conclude the proof of Theorem 9.2, it
remains to prove the following proposition.

Proposition 9.9. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG under a trans-
lated robust semantics robp of parameter p ∈ Q>0 such that by letting δ be a tran-
sition, the set of delays {t | t |=ℓ,ν

robp
δ} is an interval of R≥0. Then, there exists a

WTG denoted by Gp such that for all configurations of G, (ℓ, ν), we have

dValGp(ℓ, ν) = rVal
p,robp
G (ℓ, ν) .

The rest of this section is dedicated to the proof of this proposition. We define
Gp according to G and robp by exhibiting virtual states from JGKrobp as locations1

into Gp and modifying guards of G to keep only robust decisions under robp in Gp.
Formally, we fix a function pertrobp : GuardsG(X ) → GuardsGp(X ) such that given
a guard g of G, the function2 defines a new guard such that if a delay t satisfies
pertrobp (g), then t is robust under robp for all transitions with a guard g.

Example 9.10. When we focus on translated excessive semantics and translated
conservative semantics defined by (9.1), we can give an explicit formula for the
function pert. Let g = I1∧ · · · ∧ In be a guard where each constraint is of the form
Ii = ai ≤ x ≤ bi (for x ∈ X ). Let Ii = ai ≤ x ≤ bi one such constraint, we define
cons(Ii) = ai ≤ x ≤ bi − 2p, and excess(Ii) = ai ≤ x ≤ bi − p be the constraints on
robust moves for the conservative and excessive semantics respectively. From this

1This idea was already used in [BMS13] to prove the result of undecidability for the excessive
robust value problem on WTA under the excessive semantics.

2We note that, without hypothesis on the robust semantics, this function may not exist (robust
delays may not be defined with constraints on clocks). However, for conservative and exces-
sive semantics, this function exists since the set of delays into a robust decision for a fixed
transition always is an interval (see (8.1) and (8.2)).
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w1

ℓ

w2

g, Y ∪ {xp}
w

w1

ℓ

w1

ℓδ

w2

pertrobp (g), {xp}
w

xp ≤ 2p, Y ∪ {xp}

0

Figure 9.1 – Gadgets used to define Gp from G where w,w1, w2 ∈ Z denote the weights
from G. On the left, the transition obtained from (ℓ, g, Y, ℓ′) with ℓ ∈ LMax.
On the right, the sequence of transitions obtained from (ℓ, g, Y, ℓ′) with
ℓ ∈ LMin.

new constraints, we define both functions pertconsp : GuardsG(X ) → GuardsGp(X )
(resp. pertexcessp and pertexcesstp ) for the conservative (resp. excessive) semantics by
pertconsp (g) = cons(I1) ∧ · · · ∧ cons(In) (resp. pertexcessp (g) = g and pertexcesstp (g) =
excess(I1) ∧ · · · ∧ excess(In)). ⌟

Now, we can formally define the new WTG Gp.

Definition 9.11. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG under robp.
Its interpretation under the exact semantics is given by the WTG Gp = ⟨LMin,
Lp
Max, LT , Lu,X ∪ {xp},∆p,wtp⟩ defined by

• Lp = LMin ⊎ Lp
Max ⊎ LT , the set of locations where

Lp
Max = LMax ∪ {ℓδ | ℓ ∈ LMin and δ = (ℓ, g, Y, ℓ′) ∈ ∆}

• ∆p = ∆p
Min ⊎∆p

Max ⊎∆p
rob, the set of transitions such that

∆p
Max = {(ℓ, g, Y ∪ {xp}, ℓ′) | (ℓ, g, Y, ℓ′) ∈ ∆ with ℓ ∈ LMax}

∆p
Min =

{
(ℓ, pertrobp (g), {xp}, ℓδ) | δ = (ℓ, g, Y, ℓ′) ∈ ∆ with ℓ ∈ LMin

}
∆p

rob =
{
(ℓδ, xp ≤ 2p, Y ∪ {xp}, ℓ′) | δ = (ℓ, g, Y, ℓ′) ∈ ∆

}
• wtp : Lp ∪∆p → Z, the weight function defined for all locations ℓ ∈ Lp by

wtp(ℓ) =

{
wt(ℓ) if ℓ ∈ L

wt(ℓ′) if ℓ = (ℓ′)δ ∈ Lp
Max \ LMax

and for all transitions δ = (ℓ, g, Y, ℓ′) ∈ ∆p by

wtp(δ) =


wt(δ) if ℓ ∈ LMax

wt(δ′) if ℓ ∈ LMin and ℓ′ = ℓδ
′

0 if ℓ ∈ Lp
Max \ LMax.
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9. Reductions between Robust and Exact Semantics

The gadget of this transformation is given in Figure 9.1. We note that the
fresh clock xp in Gp encodes the perturbations chosen by Max under the translated
robust semantics. Moreover, for all transitions δ of G, we denote by pertrobp (δ) the
transition defined in Gp from δ. We denote by δp all transitions in ∆p

rob, i.e. all
transitions that correspond to a perturbation of Max. Finally, we note that this
transformation can be computed in polynomial time.

Lemma 9.12. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG under a conser-
vative or excessive semantics robp of parameter p ∈ Q>0. Then, the number of
locqtions of Gp is polynomial in |L|, its number of clocks is equal to |X | + 1, and
constants of guards are linear in the ones of G and p.

We prove that Gp is correct since it is a WTG such that for all configurations
(ℓ, ν) ∈ ConfG, we have dValGp(ℓ, ν) = rVal

p,robp
G (ℓ, ν). In particular, we remark

that a robust decision in G (under robp) induces a feasible decision in Gp (and,
reciprocally). In particular, we prove that we can adapt the strategies in a WTG
into strategies in the second one. Now, given an initial configuration (ℓ, ν) ∈ ConfG,
we reason by double inequality to prove the equality of values.

First inequality: dValGp(ℓ, ν) ≥ rVal
p,robp
G (ℓ, ν). To prove this inequality, we ex-

hibit a strategy for Min under robp in G as least as good as a (given) strategy
σ ∈ dStratMin under the exact semantics in Gp. We thus define a robust strategy
χ ∈ rStrat

robp
Min for Min under robp such that

dValσGp(ℓ, ν) ≥ sup
ζ∈rStratrobpMax (G)

P(Play((ℓ, ν), χ, ζ)) .

Again, to define this strategy, we define the (partial) function proj : FPlaysexactGp →
FPlays

excessp
G by induction on the length of plays such that for all finite plays ρ ∈

FPlaysexactGp starting in a configuration of G, we let proj(ρ) be

(
ℓ, ν|X

)
if ρ = (ℓ, ν) with ℓ ∈ L;

proj(ρ′)
δ,t−→
(
ℓ, ν|X

)
if ρ = ρ′

pertrobp (δ),t
−−−−−−→ (ℓ, ν) and last(ρ′) ∈ ConfGMax;

proj(ρ′)
δ,t−→
(
ℓ, ν|X

)
if ρ = ρ′

δp,t−−→ (ℓ, ν) and last(ρ′) = (ℓδ1, ν);

proj(ρ′)
δ,t−→
(
ℓ, ν|X − t, δ, t

)
if ρ = ρ′

pertrobp (δ),t
−−−−−−→

(
ℓδ, ν

)
and last(ρ′) ∈ ConfGMin;

where ν|X is the restriction of the valuation to the set of clocks of G. Moreover,
we remark that proj fulfils the following properties:

Lemma 9.13. Let ρ ∈ FPlaysexactGp starting in a configuration of G. Then, we have
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1. proj(ρ) ∈ FPlays
excessp
Gp and last(ρ) ∈ ConfG if and only if last(proj(ρ)) ∈ ConfG.

Moreover, if last(ρ) ∈ ConfG, then last(ρ) = last(proj(ρ));

2. wtΣ(ρ) = wtΣ(proj(ρ)).

Proof. 1. By definition of proj.

2. We reason by induction on the length of ρ starting in a configuration of G.
If ρ = (ℓ, ν), then the property trivially holds. Otherwise, ρ contains at least
one edge.

First, we suppose that ρ = ρ′[pertrobp (δ), t], i.e. last(ρ′) ∈ ConfG. By defini-
tion of proj, then we have proj(ρ) = proj(ρ′)[δ, t] (regardless of where last(ρ′)
belongs) and

wtΣ(proj(ρ)) = wtΣ(proj(ρ
′)) + twt(last(proj(ρ′))) + wt(pertrobp (δ)) .

We conclude since wtΣ(proj(ρ
′)) = wtΣ(ρ

′) (by the induction hypothesis ap-
plied on ρ′), wt(pertp(δ)) = wt(δ) (by Definition 9.11) and wt(last(ρ′)) =
wt(last(proj(ρ′))) (by item 1):

wtΣ(proj(ρ)) = wtΣ(ρ
′) + twt(last(ρ′)) + wt(δ) = wtΣ(ρ) .

Finally, we suppose that ρ = ρ′[δp, t], i.e. last(ρ′) /∈ ConfG. In particular,
we have proj(ρ) = proj(ρ′)[δ, t]. Moreover, since wtΣ(proj(ρ

′)) = wtΣ(ρ
′) (by

the induction hypothesis applied on ρ′), wt(pertp(δ)) = wt(δ) (by Defini-
tion 9.11) and wt(last(ρ′)) = wt(last(proj(ρ′))) (by item 1), we conclude that
wtΣ(proj(ρ)) = wt(ρ).

Now, we define σ ∈ dStratMin(Gp) such that for all ρ ∈ FPlaysexactGp , we have

σ(ρ) = (pertp(δ), t) if χ(proj(ρ)) = (δ, t).

We note that σ chooses a feasible decision since robust decisions in G are feasible
in Gp. Moreover, since the definition of σ relies on proj, it is no surprise that:

Lemma 9.14. Let ρ ∈ FPlaysexactGp be a play conforming to σ. Then, proj(ρ) is
conforming to χ.

Proof. We reason by induction on the length of ρ. If ρ = (ℓ, ν) ∈ ConfG, then
proj(ρ) = (ℓ, ν|X ), and the property trivially holds. Otherwise, we can rewrite
ρ = ρ′[δ, t] such that proj(ρ′) is conforming to χ (by the hypothesis of induction).
To conclude, we need to look after when last(ρ′) ∈ ConfG

p

Min. In this case, proj(ρ) =
proj(ρ′)[(δ′, t)] where δ′ is a transition such that δ = pertp(δ

′). Moreover, since ρ is
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conforming to σ, σ(ρ′) = (δ, t), and by its definition, we have χ(proj(ρ′)) = (δ′, t)
(as last(ρ′) ∈ ConfG

p

Min by Lemma 9.13-1).

We consider a play ρ ∈ FPlaysGp conforming to σ, and we prove that the play
proj(ρ) ∈ FPlays

robp
G is conforming to χ (by Lemma 9.14) and satisfies P(ρ) ≤

P(proj(ρ)). Indeed, if ρ reaches a target location, then proj(ρ) reaches the same
target location by applying Lemma 9.13-1. In particular, by Lemma 9.13-2, we
conclude that P(ρ) ≤ P(proj(ρ)). Otherwise, ρ does not reach a target location
and proj(ρ) does not reach a target location too (Lemma 9.13-1). In this case, we
conclude that P(ρ) = +∞ = P(proj(ρ)).

Finally, we have shown that for all plays ρ conforming to σ, we can define a
play proj(ρ) conforming to χ (by Lemma 9.14) such that P(ρ) ≤ P(proj(ρ)). In
particular, we obtain that

dValσ(ℓ, ν) ≥ sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) ≥ rVal
p,robp
G (ℓ, ν) .

Since, this inequality holds for all deterministic strategies, we obtain the claimed in-
equality.

Second inequality: dValGp(ℓ, ν) ≤ rVal
p,robp
G (ℓ, ν). Conversely, we exhibit a strat-

egy under the exact semantics as least as good as a (given) strategy χ ∈ rStrat
robp
Min

under robp. We thus define a deterministic strategy σ ∈ dStratMin for Min such
that

dValσGp(ℓ, ν) ≤ sup
ζ∈rStratrobpMax (G)

P(Play((ℓ, ν), χ, ζ)) .

As for the first implication, we define the function inj : FPlays
robp
G → FPlaysexactGp by

induction on the length of plays such that for all finite plays ρ ∈ FPlays
robp
G , we let

inj(ρ) be

(ℓ, νp) if ρ = (ℓ, ν);

inj(ρ′)
pertrobp (δ),t
−−−−−−→ (ℓ, νp) if ρ = ρ′

δ,t−→ (ℓ, ν) and last(ρ′) ∈ ConfGMax;

inj(ρ′)
δp,t−−→ (ℓ, νp) if ρ = ρ′

δ,t−→ (ℓ, ν) and last(ρ′) /∈ ConfG;

inj(ρ′)
pertrobp (δ),t
−−−−−−→ (ℓδ, (ν + t)p) if ρ = ρ′

δ,t−→ (ℓ, ν, δ, t);
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where for all valuations ν of clocks in X we note νp a valuation of clocks3 in Gp

such that for all clocks x ∈ X p, νp(x) = ν(x) if x ̸= xp, and νp(xp) = 0. The
function inj fulfils the following properties:

Lemma 9.15. Let ρ ∈ FPlays
robp
G be a play under robp. Then, we have

1. inj(ρ) ∈ FPlaysexactGp and last(ρ) ∈ ConfG if and only if last(inj(ρ)) ∈ ConfG.
Moreover, if last(ρ) ∈ ConfG, then last(ρ) = last(inj(ρ));

2. wtΣ(ρ) = wtΣ(inj(ρ)).

Proof. 1. By definition of inj.

2. We reason by induction on the length of ρ. If ρ = (ℓ, ν) then the property is
trivial. Otherwise, we let ρ = ρ′[δ, t] and we distinguish two cases according to
last(ρ′). If last(ρ′) ∈ ConfGMin, then we have inj(ρ) = inj(ρ′)[pertrobp (δ), t]. More-
over, we also know that wtΣ(inj(ρ

′)) = wtΣ(ρ
′) (by the induction hypothesis

applied on ρ′), wt(pertp(δ)) = wt(δ) (by Definition 9.11) and wt(last(ρ′)) =
wt(last(inj(ρ′))) (by item 1). In particular, we deduce that

wtΣ(proj(ρ)) = wtΣ(inj(ρ
′)) + twt(last(inj(ρ′))) + wt(pertrobp (δ))

= wtΣ(ρ
′) + twt(last(ρ′)) + wt(δ) = wtΣ(ρ) .

Otherwise, last(ρ′) /∈ ConfGMin and inj(ρ) = inj(ρ′)[δ′, t] where δ′ is equal
to pertrobp (δ) or δp according to last(ρ′). Again, we have wtΣ(inj(ρ

′)) =
wtΣ(ρ

′) (by applying the induction hypothesis on ρ′), wt(δ′) = wt(δ) (by
Definition 9.11) and wt(last(ρ′)) = wt(last(inj(ρ′))) (by item 1, if last(ρ′) ∈
ConfGMax, or by definition of rob otherwise). Thus, we conclude that wtΣ(ρ) =
wtΣ(inj(ρ)).

Now, we define χ ∈ rStrat
excessp
Min (G) such that for all ρ ∈ FPlays

excessp
G , we have

χ(ρ) = (δ, t) if σ(inj(ρ)) = (pertp(δ), t) .

We note that χ chooses a robust decision since feasible decision in Gp are robust
in G. Moreover, since the definition of χ relies on inj, it is no surprise that:

Lemma 9.16. Let ρ ∈ FPlays
robp
G be a play conforming to χ. Then, inj(ρ) is

conforming to σ.

3To easily define this new valuation, it is important that the clock xp was reset at each step,
i.e. for all valuations ν to X p we have ν(xp) = 0. Otherwise, we need to compute the time
elapsed from the last reset (in a transition of Min). In this case, the new valuation does not
only depend on the current valuation but also on the previous play.
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Proof. We reason by induction on the length of ρ. If ρ = (ℓ, ν) ∈ ConfG, then
inj(ρ) = (ℓ, νp) and the property trivially holds. Otherwise, we can rewrite ρ =
ρ′[δ, t] such that inj(ρ′) is conforming to σ. By Lemma 9.15-1, the interesting
case is when last(ρ′) ∈ ConfGMin, and inj(ρ) = inj(ρ′)[pertp(δ), t]. Moreover, since ρ is
conforming to χ, χ(ρ′) = (δ, t), and by its definition, we conclude that σ(proj(ρ′)) =
(pertp(δ), t).

We consider a well-formed play ρ ∈ FPlays
robp
G conforming to χ, and we prove

that the play proj(ρ) ∈ FPlaysexact conforming to σ (by Lemma 9.16) satisfies
P(ρ) ≤ P(inj(ρ)). Indeed, if ρ reaches a target location, then inj(ρ) reaches the
same target location by applying Lemma 9.15-1. In particular, by Lemma 9.15-2,
we conclude that P(ρ) ≤ P(inj(ρ)). Otherwise, ρ does not reach a target location
and proj(ρ) does not reach a target location too (Lemma 9.13-1). In this case, we
conclude that P(ρ) = +∞ = P(proj(ρ)).

Finally, we have shown that for all plays ρ conforming to χ, we can define a play
inj(ρ) conforming to σ (by Lemma 9.16) such that P(ρ) ≤ P(proj(ρ)). In particular,
we conclude since the following inequality holds for all robust strategies,

dVal(ℓ, ν) ≤ dValσ(ℓ, ν) ≤ sup
ζ∈rStratrobpMax

P(Play((ℓ, ν), χ, ζ)) .

9.2. A conservative semantics encoded in an
excessive semantics

Now, we provide the second encoding that is less natural than the previous one by
testing delays chosen by Min after applying the perturbation of Max (and not before
like in the conservative semantics). Moreover, unlike in the previous encoding, we
do not exploit the parameter of the robust semantics, thus we do not need to fix
the parameter.

Theorem 9.17. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG under the class
of conservative semantics (consp)p. Then, there exists a WTG Ge under a class
of excessive semantics (excessp)p (with the same ∆p) such that for all parameter
bounds p > 0 and all configurations (ℓ, ν), we have

rVal
p,excessp
Ge (ℓ, ν) = rVal

p,consp
G (ℓ, ν) .

The rest of this section is devoted to the proof of this result, which consists in
building a WTG under an excessive semantics that preserves all fixed-parameter
robust values from a given WTG under a conservative semantics. Intuitively, a
conservative semantics imposes that the guards on transitions of Min are tested
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consp

w0 w1

δ : g, Y, w
w0 u

ℓδ

w1

/

excessp

δ′ : w δ : g, Y

δ : ¬g

Figure 9.2 – Gadget used to define G from Ge where the location that contains u (and
not a weight) is an urgent location and w,w0, w1 ∈ Z denote the weights
from G.

after applying the perturbation. The reduction exploits this idea: all transitions of
Min in G will be modified by adding a new urgent location of Max (to forbid modi-
fication of the delay) that will check the delay chosen by Min (after perturbation).
If Min plays a decision that is not robust w.r.t. the conservative semantics (that is
possible since we ask for a robust decision w.r.t. the excessive one), then Max wins
by reaching / (see Figure 9.2). Otherwise, Min chooses a robust decision w.r.t.
the conservative semantics and Max must apply the original transition. Formally,
we define Ge as follows:

Definition 9.18. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG and ∆Min =
{δ | δ = (ℓ, g, Y, ℓ′) ∈ ∆ with ℓ ∈ LMin}. We let

Ge = ⟨LMin ∪ {/}, LMax ∪ {ℓδ | δ ∈ ∆Min}, LT , Lu ∪ {ℓδ | δ ∈ ∆Min},X ,∆e,wte⟩

be such that ∆e = ∆e
Min ⊎∆e

Max ⊎∆e
robp

⊎ {(/, true, ∅,/)} with

∆e
Max = {(ℓ, g, Y, ℓ′) | (ℓ, g, Y, ℓ′) ∈ ∆ with ℓ ∈ LMax}

∆e
Min =

{
δ′ = (ℓ, true, ∅, ℓδ) | δ = (ℓ, g, Y, ℓ′) ∈ ∆Min

}
∆e

robp =
{
(ℓδ, g, Y, ℓ′) | δ = (ℓ, g, Y, ℓ′) ∈ ∆Min

}
∪
{
(ℓδ,¬g, ∅,/) | δ = (ℓ, g, Y, ℓ′) ∈ ∆Min

}
where ¬g is the complement4 of g, and wte : Le ∪∆e → Z be the weight function

4We recall that a guard is a conjunction of atomic constraints of the form x ▷◁ a with ▷◁ ∈ {≤,
<,>,≥}. Thus, the complement of a guard is defined by the disjunction of the negation of
each atomic constraint that defines the guards. However, the complement of a guard is not a
guard (since it is a conjunction of atomic constraints). To avoid this pitfall, the complement
of a guard defines a set of (at most 2|X |) transitions defined by each atomic constraint of the
disjunction. For instance, the transition with the guard a ≤ x < b introduces two complement
transitions with the guard x < a and b ≤ x.

232



9. Reductions between Robust and Exact Semantics

defined for all locations ℓ ∈ Le and for all transitions δ = (ℓ, g, Y, ℓ′) ∈ ∆e by

wte(ℓ) =

{
wt(ℓ) if ℓ ∈ L

0 otherwise
and wte(δ) =


wt(δ) if ℓ ∈ LMax

wt(δ′) if ℓ ∈ LMin and ℓ′ = ℓδ
′

0 if ℓ ∈ Le
Max \ LMax.

The gadget used for this transformation is depicted in Figure 9.2. For technical
reasons, all deadlocks in LT are supposed to be winning for Min. In particular, we
note that / is not a deadlock but belongs to Min. We note that this transformation
can be computed in polynomial time.

Lemma 9.19. Let G be a WTG under a conservative semantics. Then, the number
of locations of Ge is polynomial in the number of locations of G.

Now, we prove the correctness of this construction. As expected, the definition
of Ge does not depend on the parameter: the definition is not parametrized by
the perturbation bound and works for all of them. Let p > 0 be a parameter
and an initial configuration (ℓ, ν), we prove the correctness of this construction by
showing that for all parameters p > 0,

rVal
p,excessp
Ge (ℓ, ν) = rVal

p,consp
G (ℓ, ν) .

We rely on the fact that a decision is robust under consp in G if and only if it is
robust under excessp and it guarantees that Min avoids the location / in Ge.

First inequality: rVal
p,excessp
Ge (ℓ, ν) ≤ rVal

p,consp
G (ℓ, ν). To prove this inequality, we

exhibit a strategy under excessp as least as good as a (given) strategy under consp.
Formally, we consider χ ∈ rStrat

consp
Min be a strategy for Min under consp, and we

define χe ∈ rStrat
excessp
Min be a strategy for Min under excessp such that

sup
ζ∈rStratexcesspMax

P(Play((ℓ, ν), χe, ζ) ≤ sup
ζ∈rStratconspMax

P(Play((ℓ, ν), χ, ζ) .

To define this strategy, we use the (partial) function proj : FPlays
excessp
Ge → FPlays

consp
G

on finite plays in FPlays
excessp
Ge starting from (ℓ, ν) and ending in a state of JGKconsp .

In particular, proj is defined in finite plays that do not reach the location /.
By construction of Ge, except configurations around ℓδ, edges along ρ are ones
of JGKconsp : all decisions applied in ρ are robust for consp, or feasible for Max.
Thus, the projection function consists in removing the configurations around ℓδ.
Formally, for all finite well-formed plays ρ ∈ FPlays

excessp
Ge starting and ending in a
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configuration of JGKconsp = ⟨S,E⟩, we inductively define:

proj(ρ) =


(ℓ, ν) if ρ = (ℓ, ν);

proj(ρ1)
δ,t−→ s if ρ = ρ1

δ,t−→ s with last(ρ1) ∈ S;

proj(ρ1)
δ,p−→ (ℓ′, ν ′) if ρ = ρ1

δ′,p−−→ (ℓδ, ν)
δ,0−→ (ℓ′, ν ′).

Moreover, we remark that proj fulfils the following property:

Lemma 9.20. Let ρ ∈ FPlays
excessp
Ge be a well-formed play. Then,

1. proj(ρ) ∈ FPlays
consp
G and last(ρ) = last(proj(ρ));

2. wtΣ(ρ) = wtΣ(proj(ρ)).

Proof. 1. By definition of proj.

2. We reason by induction on the length of ρ such that last(ρ) is a state in
JGKconsp . If ρ = (ℓ, ν), then the property trivially holds. Otherwise, we
suppose that ρ = ρ′[δ, t]. In particular, we distinguish two cases according
to the last configuration of ρ′. If last(ρ′) ∈ ConfG, then we have proj(ρ) =
proj(ρ′)[δ′, t]. Inparticular, we deduce that

wtΣ(proj(ρ)) = wtΣ(proj(ρ
′)) + twt(last(proj(ρ′))) + wt(δ′)

= wtΣ(ρ
′) + twt(last(ρ′)) + wt(δ) = wtΣ(ρ)

since wtΣ(proj(ρ
′)) = wtΣ(ρ

′) (by the induction hypothesis applied on ρ′),
wt(δ′) = wt(δ) (by Definition 9.18), and wt(last(ρ′)) = wt(last(proj(ρ′))) (by
item 1),

Otherwise, last(ρ′) = ℓδ and we can rewrite ρ by ρ = ρ′′
δ,t−→ (ℓδ, ν ′)

δ,0−→ s. In
particular, we have proj(ρ) = proj(ρ′′)

δ,t−→ s. Moreover, since wtΣ(proj(ρ
′′)) =

wtΣ(ρ
′′) (by the induction hypothesis applied on ρ′′) and wt(last(ρ′′)) =

wt(last(proj(ρ′′))) (by item 1), we deduce that wtΣ(proj(ρ)) = wt(ρ).

Now, we have tools to define χe: for all finite well-formed plays ρ ∈ FPlays
excessp
G

starting in (ℓ, ν) and ending in a configuration of Min, we let

χe(ρ) = (δ′, t) if χ(proj(ρ)) = (δ, t) .

We note that this strategy chooses robust decisions for excessp since guards in
transitions starting in a location of Min in Ge are equal to true. Moreover, since
the definition of χe relies on proj, it is no surprise that:
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Lemma 9.21. Let ρ ∈ FPlays
excessp
Ge conforming to χe such that proj(ρ) is defined.

Then, proj(ρ) is conforming to χ.

Proof. We reason by induction on the length of finite plays ρ ∈ FPlays
excessp
Ge start-

ing in (ℓ, ν) and ending in a configuration of JGKconsp (i.e. proj(ρ) is defined). If
ρ = (ℓ, ν) then proj(ρ) = (ℓ, ν), and the property trivially holds. Otherwise, we
suppose that ρ = ρ1[δ, t]. Since proj(ρ1) is conforming to χ (by the hypothesis
of induction) and last(ρ1) = last(proj(ρ1)) (by Lemma 9.20-1), we conclude that
proj(ρ) is conforming to χ when last(ρ1) /∈ ConfGMin. In particular, we suppose that
last(ρ1) ∈ ConfGMin, and proj(ρ) = proj(ρ1)[δ, t]. We note that by definition of χe, the
decision chosen by the strategy χ for proj(ρ) is (δ, t). Thus, proj(ρ) is conforming
to χ.

We consider ρ ∈ FPlays
excessp
Ge be a (well-formed) play conforming to χe, and we

prove that there exists a play ρ′ in FPlays
consp
G conforming to χ such that P(ρ) ≤

P(ρ′). To conclude, we distinguish two cases:

• If ρ ends in a configuration of G, then proj(ρ) ∈ FPlays
consp
G exists and is

conforming to χ (by Lemma 9.21). If ρ does not reach a target location, then
proj(ρ) does not reach a target location (by Lemma 9.20-1). Thus, in this case
P(ρ) = +∞ = P(proj(ρ)). Otherwise, ρ reaches a target location and proj(ρ)
reaches the target location (by Lemma 9.20-1). Thus, by Lemma 9.20-2, we
conclude that P(ρ) ≤ P(proj(ρ)).

• Otherwise, last(proj) /∈ ConfG, i.e. proj(ρ) does not exist. Since ρ is well-
formed, then either ρ reaches /, or last(ρ) = (ℓδ, ν). If ρ reaches /, then there
exists a decision along ρ that is not robust for the conservative semantics.
Now, let (ℓ, ν) be the first configuration along ρ from where Min does not
follow the decision of χ. So, the prefix of the play until (ℓ, ν) follows the
decisions of χ, i.e. along this play, all decisions of Min are robust for the
conservative semantics. Thus, proj is defined on this play, and we obtain a
contradiction with the definition of χe. Otherwise, last(ρ) = (ℓδ, ν) and we
rewrite ρ = ρ′

δ,t−→ (ℓδ, ν). Since ρ does not reach /, we deduce that last(ρ′) ∈
ConfG does not reach a target location. Thus, by applying the previous case,
we can fix proj(ρ′) be a play such that P(ρ) = +∞ = P(proj(ρ′)).

Finally, we have shown that for all plays ρ conforming to χe, we can define a
play ρ′ conforming to χ such that P(ρ) ≤ P(ρ′). In particular, we obtain that

rVal
p,excessp
G (ℓ, ν) ≤ sup

ζ∈rStratexcesspMax

P(Play((ℓ, ν), χe, ζ) ≤ sup
ζ∈rStratconspMax

P(Play((ℓ, ν), χ, ζ) .

Since this inequality holds for all robust strategies under the conservative seman-
tics, we obtain the claimed inequality.
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9. Reductions between Robust and Exact Semantics

Second inequality: rVal
p,excessp
Ge (ℓ, ν) ≥ rVal

p,consp
G (ℓ, ν). We exhibit a strategy

under consp as least as good as a (given) strategy χ ∈ rStrat
excessp
Min under excessp.

We thus define a strategy χc ∈ rStrat
consp
Min for Min under consp such that

sup
ζ∈rStratexcesspMax

P(Play((ℓ, ν), χ, ζ) ≥ sup
ζ∈rStratconspMax

P(Play((ℓ, ν), χc, ζ) .

To do it, we define a function that encodes plays in G under consp into plays
in Ge under excessp. Since ∆p is the same for both semantics (by hypothesis),
all robust decisions for the conservative semantics in G are robust decisions for
the excessive semantics in Gp where all guards from a location of Min contain
no constraints. In other words, a decision is robust in Gp if the delay is greater
than min∆p that is always the case for delays in robust decisions in G under the
conservative semantics. Formally, we define, by induction on the length of finite
plays, inj : FPlaysconspG → FPlays

excessp
Ge such that for all finite plays ρ ∈ FPlays

consp
G ,

we have inj(ρ) be equal to
s if ρ = s;

inj(ρ1)
δ,t−→ s if ρ = ρ1

δ,t−→ s with last(ρ1) ∈ ConfG;

inj(ρ1)
δ′,p−−→ (ℓδ, ν)

δ,0−→ s if ρ = ρ1
δ,p−→ s with last(ρ1) = (ℓ, ν, δ, t).

We remark that inj fulfils the following property:

Lemma 9.22. Let ρ ∈ FPlays
consp
G be a well-formed play. Then,

1. inj(ρ) ∈ FPlays
excessp
G and last(ρ) = last(inj(ρ));

2. wtΣ(ρ) = wtΣ(inj(ρ)).

Proof. 1. By definition of inj.

2. We reason by induction on the length of ρ. If ρ = (ℓ, ν), then the property
trivially holds. Otherwise, we suppose that ρ = ρ′[δ, t]. In particular, we
distinguish two cases according to last(ρ′). If last(ρ′) ∈ ConfG, then we have
inj(ρ) = inj(ρ′)[δ, t]. Since wtΣ(inj(ρ′)) = wtΣ(ρ

′) (by the induction hypothesis
applied on ρ′) and wt(last(ρ′)) = wt(last(inj(ρ′))) (by item 1). In particular,
we deduce that wtΣ(inj(ρ)) = wtΣ(ρ).

Otherwise, last(ρ′) /∈ ConfG. In particular, we have inj(ρ) = inj(ρ′)
δ′,t−−→

(ℓδ, ν)
δ,0−→ s. Moreover, since wtΣ(inj(ρ

′)) = wtΣ(ρ
′) (by the induction hy-

pothesis applied on ρ′), wt(last(ρ′)) = wt(last(inj(ρ′))) (by item 1) and by
definition of Ge, we deduce that wtΣ(inj(ρ)) = wt(ρ).
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Now, we have tools to define χc: for all finite plays ρ ∈ FPlays
consp
G , we let

χc(ρ) = (δ, t) if χ(inj(ρ)) = (δ′, t)

such that δ′ = (last(ρ), true, ∅, ℓδ) and t |=last(ρ)
consp δ. We note, by definition, that this

strategy chooses a robust decision for consp. Moreover, since the definition of χc

relies on inj, we can show:

Lemma 9.23. Let ρ ∈ FPlays
consp
G conforming to χc. Then, inj(ρ) is conforming

to χ.

Proof. We reason by induction on the length of finite plays ρ ∈ FPlays
consp
G . If

ρ = s then inj(ρ) = s, and the property trivially holds. Otherwise, we suppose
that ρ = ρ1[δ, t]. Since proj(ρ1) is conforming to χ (by the hypothesis of induction)
and last(ρ1) = last(inj(ρ1)) (by Lemma 9.22-1), we conclude that inj(ρ) is conform-
ing to χ when last(ρ1) /∈ ConfGMin. In particular, we suppose that last(ρ1) ∈ ConfGMin,
inj(ρ) = inj(ρ1)[δ, t]. To conclude, we remark that (δ, t) is robust under the con-
servative semantics in G since χ is supposed to win. Otherwise, Max can choose a
perturbation such that / was reached, which contradicts that χ is winning.

We consider a (well-formed) play ρ ∈ FPlays
consp
G conforming to χ, and we

prove that inj(ρ) ∈ FPlays
consp
G conforming to χ (by Lemma 9.23) satisfies P(ρ) ≤

P(proj(ρ)). To conclude, we distinguish two cases. First, we suppose that ρ does
not reach a target location, then proj(ρ) does not reach a target location (by
Lemma 9.22-1). Thus, in this case P(ρ) = +∞ = P(proj(ρ)). Otherwise, ρ reaches
a target location and proj(ρ) reaches the target location (by Lemma 9.22-1). Thus,
by Lemma 9.22-2, we conclude that P(ρ) ≤ P(proj(ρ)).

Finally, we have shown that for all plays ρ conforming to χ, we can define a play
ρ′ conforming to χc such that P(ρ) ≥ P(ρ′). In particular, we obtain that

sup
ζ∈rStratexcesspMax

P(Play((ℓ, ν), χ, ζ) ≥ sup
ζ∈rStratconspMax

P(Play((ℓ, ν), χc, ζ) ≥ rVal
p,consp
G (ℓ, ν) .

Since this inequality holds for all robust strategies under the excessive semantics,
we obtain the claimed inequality.

9.3. Applications to robust reachability problems

Robust reachability may be defined when we know and fix the robust semantics.
In particular, the parameter is already known, and the problem is close to the
reachability problem under the exact semantics. However, we also want to study
reachability under a class of robust semantics with an arbitrary small (non-fixed)
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parameter. In this case, we talk about limit robust reachability problem, and we
ask about the existence of a parameter such that Min reaches a target location
under the robust semantics with parameters less than the found parameter. In
this section, we present both problems and summarise their results in Table III.2.

9.3.1. Fixed-parameter robust reachability problem

We consider a robust semantics under a fixed-parameter and ask when Min can
reach a target location under this semantics. Formally, we defined this problem as
follows:

Definition 9.24. Given an RTG G and a robust semantics robp of parameter
p ∈ Q>0, the fixed-parameter robust reachability problem decides if Min has a
winning strategy in rStrat

robp
Min (G) for the reachability objective in G.

Under a conservative semantics, to solve this problem5, authors of [CHP11]
translate the timed game into an equivalent one under the exact semantics (we
have extended this idea for robust semantics in WTGs in Section 9.1). About
the hardness of this problem, authors of [ORS14] give a reduction from the halt-
ing problem of linear-bounded alternating Turing machines6 that is an EXPTIME-
complete problem [CKS81]. More precisely, they prove that they can define an
RTG A with at least five clocks such that for all parameters p < 1/12, Min has a
winning strategy in G under a conservatie semantics of parameter p if and only if
the alternating Turing machine where the tape used is bounded by three times the
size of the input, halts.

Under the excessive semantics, we want to apply the two previous encodings to
obtain the easiness and the hardness of the problem. To do it, we first remark
that a fixed-parameter robust value is equal to +∞ if and only if Min loses the
fixed-parameter robust reachability problem. In particular, we deduce that

Theorem 9.25. The fixed-parameter robust reachability problem under an exces-
sive semantics is EXPTIME-complete.

Proof. Let A be an RTG under an excessive semantics. We remark that fixed-
parameter robust values are a quantitative extension of fixed-parameter robust
reachability problems. In particular, Theorem 9.2 guarantees that we can compute

5In [CHP11], the authors work on concurrent timed games under a parity objective that is an
extension of our timed games.

6A linear-bounded alternating Turing machine is an extension of a deterministic Turing ma-
chine. An alternating Turing machine considers two types of states: the existential ones
that implement a disjunction over their successor, and the universal ones that implement a
conjunction. A Turing machine is said linear-bounded if the tape used is linearly bounded in
the size of the input.
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in polynomial time (by Lemma 9.12) a new RTG under the exact semantics Ap

from A such that Min wins in A if and only if Min wins in Ap. Now, we conclude
that the fixed-parameter robust reachability problem under an excessive semantics
can be solved in exponential time by applying Theorem 1.21 in Ap.

Now, to conclude about the hardness result, by reducing the problem from
the problem under the conservative semantics with Theorem 9.17 that provides
a polynomial reduction by Lemma 9.19. To conclude, we note that the fixed-
parameter robust reachability problem under the conservative semantics is known
as EXPTIME-complete by [ORS14].

9.3.2. Limit robust reachability problem

Now, we consider an extension of the fixed-parameter robust reachability problem.
In particular, given a class of robust semantics (and not only one robust semantics),
we ask if there exists robust semantics in the class (i.e. a parameter) such that Min
wins the fixed-parameter robust reachability problem under this robust semantics.
Formally, we defined this problem as follows:

Definition 9.26. Given an RTG A and a class of robust semantic (robp)p, the
limit robust reachability problem decides if there exists p > 0 be a parameter such
that Min has a winning strategy in rStrat

robp
Min (A).

The limit robust reachability problem is an existential extension of the fixed-
parameter robust reachability problem, so solving this second problem seems more
tricky. Moreover, the previous techniques to solve it are not applicable. Since we
do not know the parameter p, the same encoding into the exact semantics does
not work as we can not define the guard on the new clock.

In timed automata, the problem under the conservative semantics is not harder
than solving the reachability problem in timed automata under the exact semantics
(that is PSPACE-complete [AD94]). Indeed, the region abstraction with open
regions works alike. However, under the excessive semantics, solving this problem
is equivalent to solving the reachability in an RTG. Intuitively, under conservative
semantics, the unique player can not see the perturbation of the environment, but
this property does not hold under excessive semantics. Indeed, in this case, the
environment may reach configurations (and more generality, regions) that were
not reachable under the exact semantic: the behaviour of an RTG appears.

In RTGs, the problem is already solved under excessive semantics. Intuitively, a
configuration in a region is winning if it is far enough from all borders of regions.
In particular, authors of [BMS15] used shrinking regions7 of the timed games to

7Shrinking regions are regions in which each border may be restrained with a multiple of p.
For instance, the region described by the set of valuations {(x1, x2) | 0 < x1 ≤ x2 < 1} may
become the shrinking region described by {(x1, x2) | p < x1 ≤ x2 < 1− 3 p}.
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conservative excessive
WTG Undecidable [BMS13]

Divergent WTG 3-EXPTIME and EXPTIME-hard OpenTheorem 9.28
1-clock WTG Decidable Decidable

(non-neg) Theorem 9.32 [Guh+15]

Table 9.1 – Solving fixed-parameter robust value problems under conservative and exces-
sive semantics.

describe winning configurations inside each region and computing a parameter
that satisfies the limit robust reachability problem (see [BMS15, Section 4.1.2] for
details over the upper-bound of p).

Under the conservative semantics, we apply the encoding of a conservative se-
mantics into an excessive one, since it does not depend on the parameter. In
particular, with results from [ORS14], we deduce:

Theorem 9.27. The limit robust reachability problem is EXPTIME-complete.

Proof. Let A be an RTG under a class of conservative semantics (consp)p. In this
case, Theorem 9.17 guarantees that we can compute, from A, in polynomial time
(by Lemma 9.19) a new RTG Ae under the class of excessive semantics (excessp)p
such that, for all parameters p, Min wins in A under consp if and only if Min
wins in Ae under excessp. Now, from [BMS15], we know that we can decide in
exponential time if there exists p > 0 such that Min wins in Ae under excessp.
Thus, we conclude that we can solve the limit robust reachability problem in A
under a class of conservative semantics in exponential time.

Finally, we conclude about the hardness result by applying the reduction from
the halting problem of linear-bounded alternating Turing machines from [ORS14].

9.4. Application to robust value problems

The two previous encodings also allow us to close some open questions about
fixed-parameter robust value problems under a fixed conservative semantics. More
precisely, we use the encodings to provide algorithm to decide this problem in the
case of divergent WTGs and one-clock WTGs with only non-negative weights un-
der conservative semantics. Unfortunately, both encodings do not suffice to prove
the decidability of the problem in divergent WTGs under an excessive semantics.
Table 9.1 summarises these results.
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Deciding when a robust value is equal to +∞ Before focusing on the fixed-
parameter robust value problem under the conservative semantics, we will exploit
qualitative results obtained in the previous section on robust reachability prob-
lem to prove that deciding when a robust value (under conservative or excessive
semantics) is equal to +∞ is EXPTIME-complete.

Given a robust value, the corresponding robust value problems where λ = +∞
are purely qualitative (like for the deterministic value). Indeed, a fixed-parameter
robust value is equal to +∞ if and only if Min loses the fixed-parameter robust
reachability problem, and limit robust values are equal to +∞ if and only if Min
loses the limit robust reachability problem. Hence, the problem is decidable (it is
EXPTIME-complete) from the results presented in Table III.2.

However, unlike the deterministic value, we can not remove all configurations
such that the considered robust value is equal to +∞. Indeed, in a location, the
robust value function is not continuous over the region: a finite robust value may
become +∞ when the valuation is too close to a border of the guards. Moreover,
adding guards may increase the number of configurations from which Min can not
reach a target location, i.e. such that robust values are infinite.

9.4.1. Fixed-parameter robust value problem in divergent
weighted timed games under a conservative semantics

We consider divergent WTGs under a conservative semantics and we prove that
the fixed-parameter robust value problem is decidable in this case.

Theorem 9.28. Let G be a divergent WTG and consp be a conservative semantics
of parameter p > 0. Then, rValp,conspG is computable in triply-exponential time and
the fixed-parameter robust value problem is EXPTIME-hard.

Like for deciding when a robust value is equal to +∞, the hardness result is
given by the EXPTIME-hardness of the fixed-parameter robust reachability prob-
lem. Thus, the proof consists on showing that rVal

p,consp
G is computable in triply-

exponential time. From Theorem 9.17, we know the existence of a WTG Gp under
excessp computable in polynomial time (Lemma 9.12) the robust value as G. In
other words, solving the fixed-parameter robust value problem in G under the given
robust semantics robp is equivalent to solving the deterministic value problem in
Gp. Since we add a clock, we only know that the deterministic value in Gp is
decidable when it is divergent. We summarise this idea in the following lemma.

Lemma 9.29. For all WTGs G under a robust semantics robp such that Gp (defined
in Definition 9.11) is divergent, rValp,conspG is computable in triply-exponential time.

Proof. First, we know that Gp is computable in polynomial time (by Lemma 9.12).
By Theorem 1.34, since Gp is supposed divergent, we deduce that its deterministic
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−1

ℓ2

u

ℓ1

1

ℓ0

δ2 : x ≥ 2
δ3 : x := 0

δ4 : 1 < x < 2

δ1 : {x}

Figure 9.3 – A WTG (without target locations) with ℓ1 as an urgent location that is
divergent under the exact semantics but not under a translated excessive
semantics.

value function is computable in triply exponential time. Finally, we conclude
since this deterministic value function is equal to the fixed-parameter robust value
function (by Proposition 9.9).

To conclude the proof of Theorem 9.28, we need to prove that divergence prop-
erty is kept by Gp transformation under conservative semantics. Indeed, in this
case, we can apply Lemma 9.29 and conclude the proof.

Proposition 9.30. Let G be a divergent WTG and consp be a conservative seman-
tics. Then, Gp is divergent.

Proof. Let ρ be a play in Gp under the exact semantic following a cycle in R(Gp),
and we prove that wtΣ(ρ) /∈ (−1, 1).

First, we prove that plays following a region path8 in G under the conservative
semantics, are such that wtΣ(ρ) /∈ (−1, 1). Let ρ ∈ FPlays

consp
G be such a play. By

Lemma 8.5, there exists a play ρ′ ∈ FPlaysexactG such that it follows a cyclic path
of R(G) (by Lemma 8.5). As G is divergent, we know that wtΣ(ρ

′) /∈ (−1, 1). We
conclude, since wtΣ(ρ) /∈ (−1, 1) (by Lemma 8.5).

Now, we use the function inj defined in Section 9.1.2. By letting ρ be a play in
Gp under the exact semantics following a cycle in R(Gp), we deduce that inj(ρ) ∈
FPlays

robp
G follows a cycle in R(G) since the first and the last locations of ρ and

inj(ρ) are the same (by Lemma 9.15-1). In particular, the last case guarantees that
wtΣ(ρ) /∈ (−1, 1). Moreover, by Lemma 9.15-2, we obtain that wt(inj(ρ)) /∈ (−1, 1).
Thus, Gp is divergent.

As a side note, it is tempting to strengthen Proposition 9.30 to ensure that
the divergence property of WTGs is also preserved by the excessive semantics.
Unfortunately, this is not the case, as shown in the following example.

Example 9.31. We consider the WTG G depicted in Figure 9.3. Under the exact
semantics, only the cyclic paths defined by δ4 and δ3 are available. Since all plays
that follow this cyclic path have a weight at most −1, G is divergent.

8As under the exact semantics, we can add region information along paths of the WTG to
obtain region paths under robust semantics.
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9. Reductions between Robust and Exact Semantics

Now, under a translated excessive semantics of parameter bound p, the cyclic
paths defining by δ4, δ2 and δ1 are also available. However, the weight of the play
(ℓ2, 0)

δ4,2−p−−−→ (ℓ2, 0, δ4, 2−p)
δ4,p−−→ (ℓ1, 2)

δ2,0−−→ (ℓ0, 2)
δ0,2−−→ (ℓ2, 0) that follows a cyclic

region path (i.e. (ℓ2, {0})
δ4−→ (ℓ1, (1, 2])

δ2−→ (ℓ0, [2,+∞))
δ1−→ (ℓ2, {0})) is null. In

particular, G is not divergent under the excessive semantics. ⌟

Remark. As claimed in Lemma 9.29, the fixed-parameter robust value is com-
putable when Gp is divergent. Moreover, as we can decide when Gp is diver-
gent [BMR17], we can decide if we can compute the robust value function by using
this technique. ◁

9.4.2. Fixed-parameter robust value problem in one-clock
weighted timed games under a conservative semantics

We consider only one-clock WTGs with only non-negative weights under a centred
conservative semantics. In this case, the encoding into the exact semantics adds a
clock: we thus do not know how computing the deterministic value in the resulting
WTG. Nonetheless, we prove to compute that the fixed-parameter robust value
problem under conservative semantics is decidable by using the decidability of
the problem for the centred excessive semantics [Guh+15, Theorem 8] and the
encoding into excessive semantics.

Theorem 9.32. Let G = ⟨LMin, LMax, LT , Lu, {x},∆,wt⟩ be a one-clock WTG un-
der a conservative semantics of parameter p ∈ Q>0. Then, the fixed-parameter
robust value problem under a conservative semantics is decidable.

Proof. Theorem 9.17 guarantees that we can define a one-clock WTG Ge in poly-
nomial time (by Lemma 9.12), that preserves the fixed-parameter robust value
of G under consp. Moreover, since [Guh+15, Theorem 8] provides an algorithm
to solve fixed-parameter robust value problem under excessp in one-clock WTGs
with urgent locations, we conclude that the fixed-parameter robust value problem
under a conservative semantics is decidable.
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10. Symbolic Computation of the
Limit Robust Values

We have introduced different robust value problems, and have extended
their decidability of some robust value problems by reduction into classes of
WTGs where the value functions is known as computable. The main con-
tribution in this part is an algorithm based on value iteration to symbolically
compute the limit robust value in acyclic WTGs under a conservative and a
excessive semantics. Moreover, we use this algorithm on acyclic WTGs to
extend the computation on strictly non-Zeno WTGs, i.e. divergent WTGs
with only non-negative weight, under a conservative semantics.

Table of contents

10.1. Deterministic value function in an acyclic weighted timed game . . 245
10.1.1. Piecewise affine functions encoding by cells . . . . . . . . . . 245
10.1.2. Example of computation of deterministic value functions . . 247
10.1.3. Encoding operations of value iteration . . . . . . . . . . . . 252

10.2. Example of computation of robust value functions . . . . . . . . . . 253
10.3. Limit robust values in an acyclic weighted timed game . . . . . . . 258

10.3.1. Robust operator for translated robust semantics . . . . . . . 258
10.3.2. Operations over piecewise affine functions . . . . . . . . . . 262

10.4. An extension to the strictly non-Zeno weighted timed games . . . . 270

This chapter is devoted to the symbolic computation of the limit robust value
under a conservative semantics or the translated excessive semantics.

Theorem 10.1. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a WTG under a class
of robust semantics (robp)p>0. Then,

• the limit robust value rVal
cons

is computable if G is acyclic or strictly non-Zeno
under a class of conservative semantics;

• the limit robust value rVal
excess

is computable if G is acyclic under a class of
translated excessive semantics.
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10. Symbolic Computation of the Limit Robust Values

In acyclic WTGs, we lift the value iteration algorithm (introduced by [ABM04])
used to compute the deterministic value, to obtain an algorithm that computes
limit robust values. Moreover, with this method inspired by shrunk DBM (intro-
duced by [SBM14]), we can compute a value of a perturbation p > 0 for which the
limit robust value is valid. In the following, we denote by n the number of clocks
such that X = {x1, . . . , xn} and ℓ be a location of G.

10.1. Deterministic value function in an acyclic
weighted timed game

In acyclic WTGs, the deterministic value function is computed by applying the
value iterations defined by the function F (defined in Chapter 2). To guarantee the
performance of this algorithm, an efficient encoding of the piecewise affine value
functions is used.

10.1.1. Piecewise affine functions encoding by cells

We present a simplification of the formalism used in [Bus19] to encode the piecewise
affine functions. Intuitively, a piecewise affine function is a mapping represented
by a finite partition of RX

≥0 and an affine function on each part. An affine function
Vℓ is a mapping Vℓ : RX

≥0 → R∞ defined for all valuations ν ∈ RX
≥0 by

Vℓ(ν) =
n∑

i=0

ai ν(xi) + b and encoded by y =
n∑

i=0

ai xi + b

where for all 1 ≤ i ≤ n, ai ∈ Q, b ∈ Q∪{±∞}, and the variable y /∈ X refers to Vℓ.
We remark that, with this encoding, the infinite mappings ν 7→ +∞ (resp. ν 7→
−∞) may be represented by y =

∑n
i=0 0×xi+∞ (resp. y =

∑n
i=0 0×xi+(−∞)).

Each affine function is specified in a part of a partition of RX
≥0 defined by a finite

number of convex polyhedra called cells. Each cell is defined by a set of affine
inequalities, each affine inequality being encoded by

n∑
i=0

αi xi + β ▷◁ 0

where αi ∈ Q, for all 1 ≤ i ≤ n, β ∈ Q, ▷◁∈ {<,≤,=}.
Given an inequality I, we say that I is an affine equality when ▷◁ is =, otherwise

we can extract, from I, an affine equality denoted by E(I), of identical αi and β.
By letting ν ∈ RX be a valuation, we say that ν satisfies I, and we denote by
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x1

x2

1 2

0

1

2

x2 − 1
4 = 0

2x1 + x2 − 2 = 0

x1 − x2 +
1
2 = 0

Figure 10.1 – In blue, we depict the cell defined by
{
x2 − 1

4 > 0 ∧ 2x1 + x2 − 2 <
0 ∧ x1 − x2 +

1
2 < 0

}
. In red, we depict its borders.

ν |= I, when
∑n

i=0 αi ν(xi) + β ▷◁ 0 holds. Finally, we denote by JIK the set of
valuations that satisfy I.

Definition 10.2. A cell is a set of valuations c ⊆ RX defined by a conjunction of
affine inequalities I1 ∧ · · · ∧ Im such that a valuation ν ∈ c if and only if, for all
1 ≤ i ≤ m, ν ∈ JIiK. We denote by c = JI1 ∧ · · · ∧ ImK such a cell.

Given a cell c = JI1 ∧ · · · ∧ ImK, its borders are given by the affine equalities
E(I1), . . . , E(Im). Its closure c is obtained by replacing every comparison operator
< by ≤ in its affine inequalities. For example, a cell is depicted in Figure 10.1.
Moreover, we note that the regions are special cells, where borders are of the form
xi + β = 0 or xi − xj + β = 0 with xi, xj ∈ X .

From a set of affine equations, we define a partition of RX
≥0 with cells. Indeed,

by letting E be an affine equality of equation
∑n

i=0 αi xi + β = 0, we say that RX

is partitioned by E into three cells:

• c< defined by the set of valuations such that
∑n

i=0 αi xi + β < 0 holds;

• c> defined by the set of valuations such that
∑n

i=0 αi xi + β > 0 holds;

• c= defined by E, i.e. the set of valuations such that
∑n

i=0 αi xi+β = 0 holds.

Now, given a set of affine equalities E = {E1, . . . , Em}, for each equality Ej we
define three cells cj<, cj> and cj=. Since cells are convex polyhedra, the intersection
of a finite number of cells remains a cell. Thus, the intersection of cells provided
by E defines a partition of RX

≥0 into 3m cells: each cell of the partition is not
intersected with an affine equation of E . Figure 10.1 also provides a partition
of [0, 2]2 according to three affine equalities, i.e. according to E =

{
x2 − 1

4
=

0 ∧ 2x1 + x2 − 2 = 0 ∧ x1 − x2 +
1
2
= 0
}
.
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1ℓi

−1

ℓ4

0

ℓ3

1

ℓ2

1 ℓ1

,
1 < x1 < 2
x1 := 0

1

1 ≤ x1 ≤ 2

1 ≤ x1 < 2
x2 < 2

1 ≤ x2 ≤ 2
x2 := 0

1

1 < x1 < 2
x2 < 1
x1 := 0

−2

0 < x2

Figure 10.2 – An acyclic WTG with two clocks.

Remark. To obtain a better complexity, in [Bus19], the author used a nested
partition instead of only the set of cells that we use to define the partition. Indeed,
a nested partition encodes a structure of a tree over cells to define the “order” in
which cells are defined. ◁

A partition value function F over a partition P defined by a set of affine equality
is a mapping from the cells of P to an affine value function F . It encodes a mapping
from RX

≥0 to R∞, denoted by JF K: if ν ∈ c ⊆ RX
≥0 is a valuation in a cell defined by

P , and F is defined by y =
∑n

i=0 ai xi + b over c, then JF K(ν), denoted by JF Kν , is
equal to

∑n
i=0 ai ν(xi) + b.

Definition 10.3. A piecewise affine value function Vℓ : RX → R∞ for the location
ℓ is encoded as a pair (P, F ) where P is a partition of domain RX , and where F is
a partition value function defined over P , such that JF K = Vℓ.

Finally, we note that cells can be easily manipulated by an algorithm. In-
deed, since cells are bounded convex polyhedra, elementary operations over cells
(emptiness, intersection and inclusion checking) can be seen as instances of linear
programming, and can thus be performed in polynomial time.

10.1.2. Example of computation of deterministic value
functions

We consider the acyclic WTG depicted in Figure 10.2 with two clocks X = {x1, x2}.
Our goal is the computation of the deterministic value of ℓi in [0, 2]2. To do it, we
compute the deterministic value of all other locations with a bottom-up scheme.
All cells used throughout this computation are depicted in Figure 10.3.

Deterministic value function in ℓ1 Since the weight of ℓ1 is positive, Min intu-
itively wants to minimise the delay spent in ℓ1 before reaching the target location.
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In particular, from all valuations in [0, 2]2, we have

dVal
(
ℓ1, x1, x2

)
= inf

t

[
t× 1

]
= 0 .

Deterministic value function in ℓ2 Again since the weight of ℓ2 is positive, Min
wants to minimise the time spent in this location. In particular, there exist two
cases according to the valuation of x2: if x2 ≥ 1, then Min can directly leave the
location and the deterministic value function is a constant equal to 1; otherwise
Min must wait until the valuation of x2 is equal to 1 and the deterministic value
function is equal to 1+(1−x2) = 2−x2. Thus, for all valuations in [0, 2]2, we have

dVal
(
ℓ2, x1, x2

)
= inf

t
1≤x2+t≤2

[
t× 1

]
+ 1 =

{
2− x2 if x2 < 1;
1 if x2 ≥ 1.

Deterministic value function in ℓ3 By studying the guard from ℓ3 to ℓ2, we
remark that only the blue cell (i.e. when x2 < 1) of ℓ2 can be reached. More
precisely, only the projection of the blue cell on the affine equation x1 = 0 is
reached. Thus, the deterministic value function in ℓ2 is finite only when x2 < 1
and in this case, we have

dVal
(
ℓ3, x1, x2

)
= sup

t
1<x1+t<2 ∧ x2+t<1

dVal(ℓ2, 0, x2 + t)− 2 .

Now, since the weight of ℓ3 is null, Max has no pressure to leave (or stay in) this
location. Moreover, since the deterministic value function in ℓ2 in the blue cell
decreases when x2 increases, Max maximises it when x2 = 0, i.e. Max wants to
minimise the time spent in ℓ3 and reach a valuation close enough to 1 for x1. In
particular, we distinguish two cases according to the valuation of x1.

• We suppose that x1 ≥ 1, and Max can directly leave the location to ob-
tain the deterministic value 2 − x2 in ℓ2. In particular, we deduce that the
deterministic value function of ℓ3 when x1 ≥ 1 and x2 < 1 is −x2.

• Otherwise, we suppose that x1 < 1 and Max wants to reach ℓ2 when the
valuation of x1 is equal to 1, i.e. with a delay equal to 1 − x1. Since the
valuation of x2 must satisfy x2+1−x1 ≤ 1 to model the guard, we note that
the decision is feasible only if x2 < x1. In this case, the deterministic value
function of ℓ3 is −2 + 2− (x2 + 1− x1) = x1 − x2 − 1.
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Thus, we conclude that

dVal
(
ℓ3, x1, x2

)
=


x1 − x2 − 1 if x1 < 1 and x2 < x1;
x2 if x1 ≥ 1 and x2 < 1;
+∞ otherwise.

Deterministic value function in ℓ4 Since the weight of ℓ4 is negative, Min in-
tuitively wants to stay in ℓ4 the most time as possible, i.e. Min wants to take the
transition when x1 and x2 are close as as possible to 2. Even if the behaviour (i.e.
the decision) is analogous whatever the valuation, the deterministic value function
depends on it.

• We suppose that x2 < x1, then x1 will be the first clock that reaches valuation
2. Thus, by applying the delay 2 − x1, x2 + 2 − x1 satisfies the guard, and
the deterministic value function is equal to −(2− x1) = x1 − 2.

• Symmetrically, we suppose that x1 ≤ x2 and we apply the delay 2−x2. Unlike
in the previous case, the hypothesis x1 ≤ x2 is not sufficient to guarantee that
x1+2−x2 satisfies the guard (since it must be greater than 1). In particular,
we must suppose that x2 − 1 ≤ x1 ≤ x2 and, in this case, the deterministic
value function is equal to −(2− x2) = x2 − 2.

Thus, for all valuations in [0, 2]2, we have

dVal
(
ℓ4, x1, x2

)
=


x1 − 2 if x1 < 2 and x2 < x1;
x2 − 2 if x2 < 2 and x2 − 1 ≤ x1 ≤ x2;
+∞ otherwise.

Deterministic value function in ℓi Finally, we compute the deterministic value
function of ℓi by remarking that

dVal
(
ℓi, x1, x2

)
= min

(
dVal

(
ℓi → ℓ3, x1, x2

)
, dVal

(
ℓi → ℓ4, x1, x2

))
.

To conclude, we distinguish two cases according to the choice of transition by Min.
We suppose that Min chooses to go to ℓ4. Since the clock x1 is reset by the

transition between ℓi and ℓ4, the deterministic value is finite even if ℓ4 is reached
on the border x1 = 0 of the green cell. In particular, after applying the delay, we
need to guarantee that x2 ≤ 1. In this case, we have

dVal
(
ℓi → ℓ4, x1, x2

)
= inf

t
1<x1+t<2 ∧ x2+t<1

[
1× t+ dVal(ℓ4, x1 + t, x2 + t)

]
+ 1 .
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Figure 10.3 – Cells used to encode the deterministic value functions computed for all
locations of the acyclic WTG depicted in Figure Figure 10.2. The border
of cells with an infinite value is depicted in red. Moreover, we colour cells
where the deterministic value function is finite.

We note that Min wants to minimise the time spent in ℓ0 since its weight is positive,
and the deterministic value function of ℓ4 increases when x2 increases. Thus, Min
waits until the valuation of x1 is greater than 1, and directly leaves the location.

• We suppose that x1 ≤ 1, and we apply 1 − x1 as delay. In this case, to
guarantee that the valuation of x2 is less than 1 in ℓ4, we need to suppose
that x2 ≤ x1, and the deterministic value function is equal to 1× (1− x1) +
1 + (x2 + 1− x1)− 2 = 1− 2x1 + x2.

• We suppose that 1 < x1 and Min can directly leave the location. Thus, to
guarantee that ℓ4 is reached with a valuation less than 1 for x2, we must
suppose that x2 ≤ 1, and the deterministic value function is equal to 1+x2−
2 = x2 − 1.

In particular, for all valuations of [0, 1], we obtain

dVal
(
ℓi → ℓ4, x1, x2

)
=


1− 2x1 + x2 if x1 ≤ 1 and x2 ≤ x1;
x2 − 1 if 1 < x1 < 2 and x2 ≤ 1;
+∞ otherwise.

We suppose that Min chooses to go to ℓ3. By studying the guard of the transition
between ℓi and ℓ3, Min guarantees a finite deterministic value only if ℓ3 is reached
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in the green cell, i.e. when x2 < 1. Again the deterministic value in ℓ3 increases
when x2 increases. Thus, Min wants to minimise the time spent in ℓi: Min waits
until the valuation of x1 is greater than 1 before leaving the location.

• We suppose that x1 < 1, and we use 1 − x1 as delay when x2 ≤ x1 to
guarantee that ℓ3 is reached in the green cell. In this case, the deterministic
value function is equal to (1− x1)− (x2 + 1− x1) = −x2.

• We suppose that 1 ≤ x1, and Min directly leaves the location. In particular,
we suppose that x2 ≤ 1 to guarantee that ℓ3 is reached in the green cell, and
the deterministic value function is equal to −x2.

Thus, for all valuations in [0, 2]2, we have

dVal
(
ℓi → ℓ3, x1, x2

)
=

{
−x2 if x1 ≤ 2 and x2 < min(x1, 1)

+∞ otherwise

Computation of the minimum. To compute the minimum between these two
deterministic value functions; we distinguish five cases according to the considered
cells from the analysis of the choice to ℓ4 and ℓ3.

• We suppose that x1 ≤ 1 and x2 = x1. In this case, the deterministic value
function corresponding to the choice of ℓ3 is equal to +∞. Thus, the deter-
ministic value function is equal to dVal

(
ℓi → ℓ4, x1, x2

)
= 1− 2x1 + x2.

• We suppose that 1 ≤ x1 < 2 and x2 = 1. Again, the deterministic value func-
tion corresponding to the choice of ℓ3 is equal to +∞. Thus, the deterministic
value function is equal to dVal

(
ℓi → ℓ4, x1, x2

)
= x2 − 1.

• We suppose that x1 = 2. Then, the deterministic value function induced by
the choice to ℓ4 is infinite and we deduce that for all valuations 0 ≤ x2 < 1,
dVal

(
ℓi, 2, x2

)
= −x2.

• We suppose that x1 ≤ 1 and x2 < x1, and both deterministic value functions
are finite. In particular, we ask when dVal

(
ℓi → ℓ3, x1, x2

)
≤ dVal

(
ℓi →

ℓ4, x1, x2
)
, i.e. when x2 ≤ 1− 2x1 + x2. Thus, we deduce that

dVal
(
ℓi, x1, x2

)
=

{
dVal

(
ℓi → ℓ3, x1, x2

)
= −x2 if x1 ≤ x2 +

1
2
;

dVal
(
ℓi → ℓ4, x1, x2

)
= 1− 2x1 + x2 otherwise.

• We suppose that x1 > 1 and x2 < 1, and both deterministic value functions
are finite. In particular, we ask when dVal

(
ℓi → ℓ3, x1, x2

)
≤ dVal

(
ℓi →
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ℓ4, x1, x2
)
, i.e. when x2 ≤ x2 − 1. Thus, we deduce that

dVal
(
ℓi, x1, x2

)
=

{
dVal

(
ℓi → ℓ3, x1, x2

)
= −x2 if 1

2
≤ y;

dVal
(
ℓi → ℓ4, x1, x2

)
= x2 − 1 otherwise.

Finally, for all valuations in [0, 1]2, we deduce that

dVal
(
ℓi, x1, x2

)
=



−x2 if


x1 ≤ x2 +

1
2

and x2 < x1 ≤ 1; or
1 < x1 < 2 and 1

2
< x2 < 1; or

x1 = 2 and 0 ≤ x2 < 1;

1− 2x1 + x2 if

{
x2 +

1
2
≤ x1 ≤ 1 and x2 < x1; or

x1 ≤ 1 and x2 = x1;

x2 − 1 if

{
1 < x1 < 2 and x2 ≤ 1

2
; or

1 < x1 < 2 and x2 = 1;
+∞ otherwise.

10.1.3. Encoding operations of value iteration

To implement the computation of F(V) (defined in Chapter 2), we define interme-
diate operations over deterministic value functions. Let ℓ ∈ L be a location and
ν ∈ [0,M)n be a valuation, we consider the following operations over Vℓ applying
to ν.

• If Y ⊆ X is a set of clocks, then we define UnresetY (Vℓ) : [0,M)n → R∞ the
piecewise affine function such that

UnresetY (Vℓ)(ν) = Vℓ(ν[Y := 0]) .

• If g is a guard over X , then we define Guardg(Vℓ) : [0,M)n → R∞ the piecewise
affine function such that

Guardg(Vℓ)(ν) =


Vℓ(ν) if ν |= g

−∞ if ν ̸|= g ∧ ℓ ∈ LMax

+∞ if ν ̸|= g ∧ ℓ ∈ LMin

• If ℓ′ ∈ L is a location, then we define Preℓ′(Vℓ) : [0,M)n → R∞ the piecewise
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affine function such that, for all valuations ν ∈ [0,M)n,

Preℓ′(Vℓ)(ν) =

{
supt≤tν [twt(ℓ

′) + Vℓ(ν + t)] if ℓ′ ∈ LMax

inft≤tν [twt(ℓ
′) + Vℓ(ν + t)] if ℓ′ ∈ LMin

where tν = sup{t | ν + t ∈ [0,M)n} be the greatest possible delay from ν (for
all valuations ν ∈ [0,M)n).

From these intermediate operations and the encoding of piecewise affine func-
tions, it was shown in [Bus19, Theorem 10.1] that the deterministic value function
of G is computable (in doubly exponential time when the nested partition is used).
Our goal is to extend this result when we consider robust semantics in acyclic
WTGs by modifying the encoding of piecewise affine functions. Moreover, we
need to add a new intermediate operation to model the perturbation of Max.

10.2. Example of computation of robust value
functions

We consider the acyclic WTG depicted in Figure 10.2 with two clocks X = {x1, x2}
under the translated conservative semantic consp with a parameter p > 0 and we
compute the fixed-parameter robust value function for all valuations in [0, 2]2. To
compute this value in ℓi, we adapt the computation of the deterministic value
function given in Section 10.1.2. All cells used throughout this computation are
depicted in Figure 10.4 (we note that the cells are depicted for a fixed p, otherwise
another dimension is needed).

Conservative fixed-parameter robust value function in ℓ1 Intuitively by the
positivity of the weight in ℓ1, Min wants to play with the minimal delay, i.e. 0
(that is possible since the semantics is supposed translated), whereas Max wants
to maximise its perturbation, i.e. 2 p. Thus, we have

rValp,consp
(
ℓ1, x1, x2

)
= inf

t
sup

p∈[0,2p]
[(t+ p)× 1] = 2 p .

Conservative fixed-parameter robust value function in ℓ2 Again, since the
weight of ℓ2 is positive, Min wants to minimise the time spent in this location
whereas Max wants to maximise the perturbation, i.e. 2 p. In particular, from
the guard, we remark that if x2 ≥ 1, Min can directly leave the location and the
conservative fixed-parameter robust value function is equal to 1+(0+2 p)×1+2p =
1 + 4 p; otherwise, if x2 < 1, Min must wait until the valuation of x2 is equal to
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1 (since the semantics can not negatively perturb the delay, 1 suffice) and the
conservative fixed-parameter robust value function is equal to 1+ (1− x2 +2 p)×
1 + 2p = 2 + 4p− x2. To summarize, for all valuations in [0, 2]2, we have

rValp,consp
(
ℓ2, x1, x2

)
=


2 + 4 p− x2 if x2 < 1;
1 + 4 p if 1 ≤ x2 ≤ 2− 2 p;
+∞ otherwise.

Conservative fixed-parameter robust value function in ℓ3 Since robust se-
mantics do not perturb the decisions of Max, the analysis remains the same (only
the value function may change). In particular, we recall that ℓ2 can be reached
only on the projection of the brown cell on the affine equation x1 = 0 and the
conservative fixed-parameter robust value function is equal to

rValp,consp
(
ℓ3, x1, x2

)
= sup

t
1<x1+t<2 ∧ x2+t<1

rValp,consp(ℓ2, 0, x2 + t)− 2 .

Moreover, Max wants to play a delay such that x1 is close enough to 1 when
the transition is applied. In particular, we distinguish two cases according to the
valuation of x1.

• We suppose that 1 < x1, and Max can directly leave the location to obtain
the weight 2+ 4 p− x2 in ℓ2. In particular, when x2 < 1, we deduce that the
conservative fixed-parameter robust value function is equal to 4 p− x2.

• Otherwise, we suppose that x1 ≤ 1 and Max wants to play the delay 1− x1.
We note that this decision is feasible only when x2 < x1. In this case, the
fixed-parameter robust value function is equal to −2+2+4p−(x2+1−x1) =
4p+ x1 − x1 − 1.

Thus, for all valuations in [0, 2]2, we conclude that

rValp,consp
(
ℓ3, x1, x2

)
=


4p+ x1 − x2 − 1 if x1 ≤ 1 and x2 < x1;
4 p− x2 if 1 < x1 < 2 and x2 < 1;
+∞ otherwise.

We note that the cells involved in this case are identical to ones used for the
deterministic value function. In particular, these cells are depicted in Figure 10.3.
However, both value functions are not equal.

Conservative fixed-parameter robust value function in ℓ4 By negativity of
the weight of ℓ4, Max wants to minimise the perturbation, whereas Min wants to

254



10. Symbolic Computation of the Limit Robust Values

x1

x2

0 1 2
0

1

2− 2 p

ℓ2

x1

x2

0 1 2− 2 p

x1 − 2 p+ 1

2− 2 p

ℓ4

x1

x2

x1 − 2 p

x1 − 5 p− 1
2

2− 2 p1

1− 2p

1
2
− p

2

ℓi

x1

x2

x1 − 4 p 1 2− 2 p
0

1− 4 p

ℓi → ℓ4

x1

x2

x1 − 2 p 1 2− 2 p
0

1− 2 p

ℓi → ℓ3

Figure 10.4 – Cells for the conservative fixed-parameter robust value functions computed
for all locations of the acyclic WTG depicted in Figure 10.2 when p ≤ 1/18.
The cells for the location ℓ3 are identical to cells for the deterministic value
function depicted in Figure 10.3.

maximise the time spent in ℓ4, i.e. Min waits until a valuation equal to 2 − 2 p
(since the guard must be satisfied for all perturbations, Min can not wait longer).
Again, we distinguish two cases according to the order over x1 and x2.

• We suppose that x2 ≤ x1 ≤ 2 − 2 p and 2− 2 p− x1 is a robust delay for
Min. Moreover, since Max does not perturb the delay chosen by Min, the
conservative fixed-parameter robust value is equal to −(2− 2 p− x1).

• We suppose that x1 < x2 ≤ 2 − 2 p and, symmetrically, 2− 2 p− x2 is a
robust delay for Min when x2 + 2 p− 1 ≤ x1 ≤ x2. Moreover, since Max does
not perturb the delay chosen by Min, the conservative fixed-parameter robust
value is equal to −(2− 2 p− x2).

Thus, for all valuations in [0, 2]2, we have

rValp,consp
(
ℓ4, x1, x2

)
=


−(2− 2 p− x1) if x2 ≤ x1 < 2− 2 p;
−(2− 2 p− x2) if x2 + 2 p− 1 ≤ x1 < x2 < 2− 2 p;
+∞ otherwise.

We note that x2 + 2p − 1 ≤ 2 (i.e. the green cell is not empty) if and only if
p ≤ 1/2. For the rest of the computation, we suppose that p ≤ 1/2.
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Conservative fixed-parameter robust value function in ℓi Finally, we compute
the conservative fixed-parameter robust value function of ℓi by remarking that

rValp,consp
(
ℓi, x1, x2

)
= min

(
rValp,consp

(
ℓi → ℓ3, x1, x2

)
, rValp,consp

(
ℓi → ℓ4, x1, x2

))
.

To conclude, we distinguish two cases according to the choice of transition by Min.
We suppose that Min chooses to go to ℓ4. Since the clock x1 is reset by the

transition between ℓi and ℓ4 only the green cell on its border x1 = 0 can be
reached to obtain a finite value function, i.e. ℓ4 is reached when x2 ≤ 1−2 p. Now,
since the weight of ℓi is positive and the conservative fixed-parameter robust value
function increases when x2 increases, Max wants to maximise its perturbation, i.e.
2 p, whereas Min wants to minimise its delay, i.e. directly leave if x1 ≥ 1, or wait
until 1 for the valuation of x1.

• We suppose that 1 < x1 < 2−2 p and Min plays the delay 0 when x2 ≤ 1−4 p.
Moreover, the obtained weight is 1×2p+1−(2−2p−(x2+2p)) = x2+6 p−1.

• We suppose that 0 ≤ x1 ≤ 1 and Min plays the minimal delay 1− x1 when
x2 ≤ x1 − 4 p. In particular, the obtained weight is 1× (1− x1 + 2 p) + 1−
(2− 2p− (x2 + 1 + 2p− x1)) = 1 + x2 + 6p− 2x1.

Thus, for all valuations in [0, 2]2, rValp,consp
(
ℓi → ℓ4, x1, x2

)
is equal to

x2 + 1 + 6 p− 2x1 if x1 ≤ 1 and x2 ≤ x1 − 4 p;
x2 − 1 + 6 p if 1 < x1 < 2− 2 p and y ≤ 1− 4 p;
+∞ otherwise.

We suppose that Min chooses to go to ℓ3. According to the guard between ℓi and
ℓ3, we know that ℓ3 is reached with the green cell, i.e. in ℓ3 (after the perturbation),
the valuations of clocks are such that x1 ≤ 2 and x2 ≤ 1. Again, Min wants to
minimise its delay and Max perturbs with 2 p. Thus, from the guard, we consider
two cases according to the valuation of x1.

• We suppose that 1 ≤ x1 ≤ 2 − 2p and Min plays with the delay 0 when
x2 ≤ 1 − 2 p. In particular, the conservative fixed-parameter robust value
function is equal to 1× 2 p+ 4p− (x2 + 2 p) = 4 p− x2.

• We suppose that x1 < 1 and Min plays with the delay 1− x1 when x2 ≤
x1− 2 p. Moreover, the conservative fixed-parameter robust value function is
equal to 1× (1− x1 + 2 p) + 4p− (x2 + 1 + 2p− x1) = 4 p− x2.
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Thus, for all valuations in [0, 2]2, rValp,consp
(
ℓi → ℓ3, x1, x2

)
is equal to{

4p− x2 if x1 ≤ 2− 2p and x2 ≤ min(x1 − 2 p, 1− 2 p);
+∞ otherwise.

Computation of the minimum. To conclude, we take the minimum between these
two value functions: we look for the minimum according to valuations of clocks.

• We suppose that x1 ≤ 1 and x1 − 4 p ≤ x2 < x1 − 2 p. In this case, only
rValp,consp

(
ℓi → ℓ3, x1, x2

)
is finite, i.e. rValp,consp

(
ℓi, x1, x2

)
= 4 p− x2.

• We suppose that 1 ≤ x1 ≤ 2 − 2 p and 1 − 4 p < x2 ≤ 1 − 2p. Again, only
rValp,consp

(
ℓi → ℓ3, x1, x2

)
is finite, i.e. rValp,consp

(
ℓi, x1, x2

)
= 4 p− x2.

• We suppose that x1 = 2 − 2 p and x2 ≤ 1 − 2p and rValp,consp
(
ℓi, x1, x2

)
=

4 p− x2 by choosing ℓ3.

• We suppose that x1 ≤ 1 and x2 ≤ x1 − 4 p. In this case, both conservative
fixed-parameter robust value functions are finite. Thus, we want to decide
when rValp,consp

(
ℓi → ℓ4, x1, x2

)
≤ rValp,consp

(
ℓi → ℓ3, x1, x2

)
, i.e. when x2 +

1−6 p−2x1 ≤ 4 p−x2. As this inequality holds when x2 ≤ x1+5 p−1/2, we
suppose that p ≤ 1/18 to guarantee that the cell defined by x1 +5 p− 1/2 ≤
x1 − 4 p is not empty. Thus, in this case, we obtain that rValp,consp

(
ℓi, x1, x2

)
is equal to 

x2 + 1 + 6 p− 2x1 if x2 ≤ x1 + 5 p− 1
2
;

4 p− x2 if x1 + 5 p− 1
2
≤ x2 ≤ x1 − 4 p;

+∞ otherwise.

• We suppose that 1 < x1 < 2 − 2p and x2 ≤ x1 − 4 p. In this case both
conservative fixed-parameter robust value functions are finite and we want
to decide when x2 − 1 + 6 p ≤ 4 p − x2. Since this inequality holds when
x2 ≤ 1/2 − p that is possible when p ≤ 1/2 (that is the case by hypothesis).
Thus, in this case, we obtain that

rValp,consp
(
ℓi, x1, x2

)
=


x2 − 1 + 6 p if x2 ≤ 1

2
− p;

4 p− x2 if 1
2
− p < x2 ≤ x1 − 4 p;

+∞ otherwise.
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Thus, for all valuations in [0, 2]2, rValp,consp
(
ℓi, x1, x2

)
is equal to

x2 − 1 + 6 p if

{
x1 ≤ 1 and x2 ≤ x1 − 5 p− 1

2
;

1 < x1 < 2− 2 p and x2 ≤ 1
2
− p;

4 p− x2 if


x1 ≤ 1 and x1 − 5 p− 1

2
< x2 ≤ x1 − 2 p;

1 < x1 < 2− 2 p and 1
2
− p < x2 ≤ 1− 2p;

x1 = 2− 2 p and x2 ≤ 1− 2 p;
+∞ otherwise.

10.3. Limit robust values in an acyclic weighted
timed game

We present our algorithm to compute the limit robust value in an acyclic WTG
under conservative semantics and the translated excessive semantics (that is not
equivalent to other excessive semantics, see Section 9.1.1 for details). In particular,
we adapt the technique to compute the deterministic value function described in
Section 10.1. The main idea is the modification of the data structure used to
represent value functions through the computation: we will use parametric (in p)
piecewise affine on RX

≥0 and an upper bound constraint over p.

Theorem 10.4. Let G be an acyclic WTG under a class of translated conservative
(resp. excessive) semantics (robp)p>0. Then, we can compute a parameter p > 0

and the mapping p′ 7→ rValp
′,robp′ for all p′ ≤ p.

In the rest of this section, we will prove this theorem. Our idea is to compute
iteratively rValp,robp while maintaining some constraints on p with a robust operator
analogous to F defined in Chapter 2.

10.3.1. Robust operator for translated robust semantics

We extend F to take account of perturbations of Max under robust semantics.
Let robp be a translated robust semantics of parameter p > 0 and X : L× RX

≥0 →
R∞ + pQ be a mapping. We define the following operator over robp such that, for
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all configurations (ℓ, ν), F robp
G (X)(ℓ, ν) is equal to

0 if ℓ ∈ LT ;
sup

(ℓ,ν)
t,δ−→(ℓ′,ν′)

[
twt(ℓ) + wt(δ) +X(ℓ′, ν ′)

]
if ℓ ∈ LMax;

inf
(ℓ,ν)

δ,t−→(ℓ,ν,δ,t)

sup
p∈[0,2p]

(ℓ,ν,δ,t)
δ,p−→(ℓ,ν′)

[
(t+ p)wt(ℓ) + wt(δ) +X(ℓ′, ν ′)

]
if ℓ ∈ LMin;

where (ℓ, ν) δ,t−→ (ℓ, ν, δ, t) is an edge of JGKrobp . Moreover, by letting V0 be the affine
function defined such that V0(ℓ, ν) = 0 if ℓ ∈ LT and V0(ℓ, ν) = +∞ otherwise,
we prove that this operator is useful to compute the fixed-parameter robust value
in acyclic WTG.

Proposition 10.5. Let G be an acyclic WTG under a translated robust semantics
robp of parameter p > 0. Then, there exists i ∈ N such that we have

F robp
G (rValp,robp) = rValp,robp =

(
F robp

G

)i
(V0) .

Proof. We introduce the robust value at horizon i, i.e. the robust value com-
puted only on plays on length at most i. Formally, given two robust strategies
χ ∈ rStrat

robp
Min and ζ ∈ rStrat

robp
Max, we define Playi((ℓ, ν), χ, ζ) be the maximal play

conforming to χ and ζ with a length at most1 i from (ℓ, ν). In particular, we
denote by rVal

p,robp
i the fixed-parameter robust value at horizon i, defined by

rVal
p,robp
i (ℓ, ν) = inf

χ∈rStratrobpMin

sup
ζ∈rStratrobpMax

P(Playi((ℓ, ν), χ, ζ)) .

Let i ∈ N and (ℓ, ν) be a configuration. By grouping all infimum/supremum
together2 in (F robp

G )i(V)(ℓ, ν), it can be rewritten as

inf(
fk : ((δ0,t0),...,(δk−1,tk−1))7→(δk,tk)

)
0≤k≤i
sk∈SMin

sup(
fk : ((δ0,t0),...,(δk−1,tk−1)) 7→(δk,tk)

)
0≤i≤i

sk∈SMax

wtΣ(ρ)

where ρ is the finite play s0
(δ0,t0)=f0−−−−−−→ s1

(δ1,t1)=f1(δ0,t0)−−−−−−−−−→ · · · (δi,ti)=fi((δ0,t0),...,(δi−1,ti−1))−−−−−−−−−−−−−−−−−−→
si. Since the operator F robp only used robust decisions under robp for both players,
we notice that the mapping fk, chosen by the player owning state sk, describes the

1If the play reaches a target location within j steps (j < i), we consider that it is an outcome
of both strategies within i steps.

2In the same way as in the proof of Lemma 4.10-2 about the deterministic value of a path.
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robust decision under robp for the k-th step as a function of the previously chosen
(robust) decisions. In particular, for all i ∈ N and configurations (ℓ, ν), we have

rVal
p,robp
i (ℓ, ν) = (F robp

G )i(V)(ℓ, ν) . (10.1)

Finally, to conclude the proof of Proposition 10.5, we remark that the hypothesis
of acyclicity of G guarantees that there exists i ∈ N such that rValp,robp = rVal

p,robp
i .

Indeed, even if (10.1) holds for all WTGs, the convergence in finite time is not
guaranteed (see Example I.1 for the deterministic value).

By letting i = |G|, since G is acyclic, all plays in G have a length at most i (oth-
erwise, they contain a cycle), and we remark that rValp,robp(ℓ, ν) = rVal

p,robp
i (ℓ, ν).

In particular, by (10.1), we have rValp,robp(ℓ, ν) = (F robp
G )i(V0)(ℓ, ν). To conclude,

we note that F robp
G (rValp,robp)(ℓ, ν) = (F robp

G )i+1(V0)(ℓ, ν) = rValp,robp(ℓ, ν).

By Proposition 10.5, to compute a fixed-parameter robust value, we need to
apply F robp repeatedly over a set of piecewise affine functions. As in the case
of the deterministic value function, we split this computation into intermediate
operators. In particular, we extend the set of operators used in this previous case:
we extend the data structure with a parameter p (i.e. operators work on function
[0,M)n → R∞ + pQ) and we add a new operator such that if p is a bound over
possible perturbations and ℓ′ ∈ L be a location, then we define the piecewise affine
function Perturbpℓ′(Vℓ) : [0,M)n → R∞ + pQ, for all valuations ν ∈ [0,M)n, by

Perturbpℓ′(Vℓ)(ν) =

{
Vℓ(ν) if ℓ′ ∈ LMax;
supp∈[0,2p][pwt(ℓ

′) + Vℓ(ν + p)] if ℓ′ ∈ LMin.

Unlike the previous results, we restrict ourselves to conservative and excessive
semantics to split an application of F robp into several intermediate operators. In-
tuitively, according to the definition of excessive and conservative semantics, we
have two ways to combine intermediate operators to define F robp : Perturbpℓ will be
placed after or before the operator Guardg. We begin with the definition of the
translated conservative semantics.

Lemma 10.6. Let (ℓ, ν) be a configuration and Vℓ : RX
≥0 → R∞+pQ be a mapping

according to ℓ. Then, F consp(Vℓ) : RX
≥0 → R∞ + pQ is equal to

0 if ℓ ∈ LT

maxδ=(ℓ,g,Y,ℓ′)

[
wt(δ) + Preℓ(Perturb

p
ℓ(Guardg(UnresetY (V(ℓ′)))))

]
if ℓ ∈ LMax

minδ=(ℓ,g,Y,ℓ′)

[
wt(δ) + Preℓ(Perturb

p
ℓ(Guardg(UnresetY (V(ℓ′)))))

]
if ℓ ∈ LMin

Proof. We suppose ℓ ∈ LT and for all valuations ν, F consp(Vℓ)(ν) = 0.
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Now, we suppose that ℓ ∈ LMax and by decomposing the supremum, we have

F consp(Vℓ)(ν) = max
δ=(ℓ,g,Y,ℓ′)

(
wt(δ) + sup

(ℓ,ν)
t,δ−→(ℓ′,ν′)

[twt(ℓ) + Vℓ′(ν
′)]
)

= max
δ=(ℓ,g,Y,ℓ′)

(
wt(δ) + sup

(ℓ,ν)
t,δ−→(ℓ′,ν′)

[twt(ℓ) + UnresetY (Vℓ′)(ν + t)]
)

since ν ′ = (ν+t)[Y := 0]. When we fix a transition, choosing a feasible decision (to
define an edge in the semantic) is equivalent to choosing t to be a delay such that
(ν + t) |= g. In particular, by letting tν = sup {t | ν + t ∈ [0,M)n}, we conclude
that

F consp(Vℓ)(ν) = max
δ=(ℓ,g,Y,ℓ′)

(
wt(δ) + sup

t≤tν

[twt(ℓ) + Guardg(UnresetY (Vℓ′))(ν + t)]
)

= max
δ=(ℓ,g,Y,ℓ′)

[
wt(δ) + Preℓ(Perturb

p
ℓ(Guardg(UnresetY (Vℓ′))))(ν)

]
since Perturbpℓ(Vℓ′) = Vℓ′ (as ℓ ∈ LMax).

Finally, we suppose that ℓ ∈ LMin and by decomposing the infimum, we obtain
that F consp(Vℓ)(ν) is equal to

min
δ=(ℓ,g,Y,ℓ′)

(
wt(δ)+ inf

(ℓ,ν)
t,δ−→(ℓ,ν,t,δ)

sup
p∈[0,2p]

(ℓ,ν,t,δ)
p,δ−→(ℓ,ν′)

[(t+p)wt(ℓ)+UnresetY (Vℓ′)(ν+ t+p)]

since ν ′ = (ν + t + p)[Y := 0]. In the translated conservative semantics, an edge
exists when the guard of the transition holds for all possible perturbations: we
rewrite the infimum and the supremum over all edges by a constraint on the delay
and the perturbations that we consider before applying the filter defined by the
guard, i.e. F consp(V)ℓ(ν) is equal to

min
δ=(ℓ,g,Y,ℓ′)

(
wt(δ) + inf

t≤tν

(
twt(ℓ) + sup

p≤2p
[pwt(ℓ) + Guardg(UnresetY (Vℓ′))(ν + t+ p)]

)
.

Finally, we conclude by definition of operators Preℓ and Perturbpℓ :

F consp(V)ℓ(ν) = min
δ=(ℓ,g,Y,ℓ′)

[
wt(δ) + Preℓ(Perturb

p
ℓ(Guardg(UnresetY (Vℓ′))))(ν)

]
.

By analogous reasoning, we split the operator under the excessive semantics.
Since under an excessive semantics, the guard is tested before the guard, we just
reverse the order of operators Perturbpp and Guardg.

Lemma 10.7. Let (ℓ, ν) be a configuration and Vℓ : RX
≥0 → R∞+pQ be a mapping
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according to ℓ. Then, F excessp(V)ℓ : RX
≥0 → R∞ + pQ is equal to

0 if ℓ ∈ LT ;
maxδ=(ℓ,g,Y,ℓ′)

[
wt(δ) + Preℓ(Guardg(Perturb

p
p(UnresetY (Vℓ′))))

]
if ℓ ∈ LMax;

minδ=(ℓ,g,Y,ℓ′)

[
wt(δ) + Preℓ(Guardg(Perturb

p
p(UnresetY (Vℓ′))))

]
if ℓ ∈ LMin.

Proof. The cases where ℓ ∈ LMax ∪ LT are equivalent to the proof of Lemma 10.6,
so we do not detail them here. We now suppose that ℓ ∈ LMin and we know that
F excessp(Vℓ)(ν) is equal to

min
δ=(ℓ,g,Y,ℓ′)

(
wt(δ) + inf

(ℓ,ν)
t,δ−→(ℓ,ν,t,δ)

(
twt(ℓ)+

sup
p∈[0,2p]

(ℓ,ν,t,δ)
p,δ−→(ℓ,ν′)

[twt(ℓ) + Guardg(UnresetY (Vℓ′))(ν + t+ p)]
))

by applying the same reasoning as for the conservative semantics. Under the
translated excessive semantics, an edge exists when the guard of the transition
holds before the perturbations, i.e. F excessp(Vℓ)(ν) is equal to

min
δ=(ℓ,g,Y,ℓ′)

(
wt(δ) + inf

t≤tν
[twt(ℓ) + Guardg(Perturb

p
ℓ(UnresetY (Vℓ′)))(ν + t+ p)]

)
.

We conclude by definition of the operator Preℓ:

F excessp(V)ℓ(ν) = min
δ=(ℓ,g,Y,ℓ′)

[
wt(δ) + Preℓ(Guardg(Perturb

p
ℓ(UnresetY (Vℓ′))))

]
.

10.3.2. Operations over piecewise affine functions

To conclude the proof of Theorem 10.4, we need to compute F robp(V) where V
is represented by a set of parametric piecewise affine functions. In particular, by
Lemmas 10.6 and 10.7, we will check if the computation can be done by each
intermediate operator. Moreover, we verify that F robp(V) is also representable by
a set of parametric piecewise affine functions.

Encoding parametric piecewise affine functions We adapt the representation
of piecewise affine functions to take account of the perturbation: we represent
a parametric piecewise affine function by a tuple ⟨P, F, η⟩ such that P is the
partition of the set of possible valuations (defined by a set of parametric equations
EP ), F be a set of affine parametric functions, and η be an upper bound over p.
In particular, we adapt the encoding of affine equations and affine functions: we
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consider parametric affine equations of the form

0 =
n∑

i=0

ai xi + b+ cp

where ai ∈ Z and b, c ∈ Q, and parametric affine functions of the form

y =
n∑

i=0

αi xi + β + γp

where αi ∈ Z, β, γ ∈ Q.
From a set of parametric affine equations, the definition of the partition of [0,M)n

is analogous to the one with classical cells. Since each affine equation induces three
cells, the partition is generated by the intersections of these cells. However, given
two cells parametrized by p, its intersection may not exist for all p. Hence, we
want to compute an upper bound over p, denoted η, to guarantee the existence
of a maximal number of cells. In particular, we focus on the evolution of η when
we add a new parametric affine equation into the set: we compute a new upper
bound to guarantee the existence of cells defined by this new equation intersected
with already defined cells.

Lemma 10.8. Let (P, η) be a partition induced by the set of parametric affine
equations E under an upper bound η on p, and E =

∑n
i=1 ai xi + b + c p a new

parametric affine equation. Then, there exists η′ such that there exists a new
partition (P ′, η′) under an upper bound η′ on p.

Proof. Intuitively, the proof consists in finding an upper bound on p such that
E ∪ {E} splits [0,M)n into cells. To do it, we will look after constraints on each
clock to guarantee that the constraint (on this clock) may be bound by the induced
constraints from parametric equations of E on the same clock.

Formally, let xi ∈ X and E ′ ∈ E such that E ′ =
∑n

i=1 a
′
i xi+b

′+c′ p with a′i ̸= 0.
We want to compare constraints on xi induced by E and E ′: in particular, we
ask when

a′iA+ a′i c p ≤ aiA
′ + ai c

′ p ⇔ a′iA− aiA
′ ≤ (ai c

′ − a′i c)p

where A =
∑

j ̸=i aj xj + b and A′ =
∑

j ̸=i a
′
j xj + b′. In particular, we note that

this inequality holds when a′iA − aiA
′ ≤ 0, and if ai c′ − a′i c < 0, then the

inequality holds only if η′ = min(η,
a′i A−ai A

′

ai c′−a′i c
). We note that the converse inequality

is obtained when a′iA−aiA
′ ≥ 0 with a new constraint on η′ when ai c′−a′i c > 0.

Finally, we remark that we have defined η′ such that a comparison between each
parametric affine equation can be done. Thus, the rest of the partition is given
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like for the classical case (see [Bus19]).

First operations over parametric piecewise affine functions To prove that
intermediate operators can deal with parametric piecewise affine functions, we
will strongly rely on Lemma 10.8 to adapt the proof from [Bus19]. We begin by
studying operators Guard and Unreset.

Lemma 10.9. Let ⟨P, F, η⟩ be a parametric piecewise affine function and g be a
guard in G. Then, there exists a parametric piecewise affine function ⟨P ′, F ′, η′⟩
such that JF ′K = Guardg(JF K).

Proof. As g is non-diagonal, it is encoded by a cell cg given by I1 ∧ · · · ∧ I2n.
Intuitively, we will define a refinement P ′ of P such that all cells of P are included
in cg or disjoint of cg. Formally, we let P ′ defined by the following set of equations

EP ′ = EP ∪ {E(Ii) | 0 ≤ i ≤ 2n} .

We note that (P ′, η′) satisfies that all their cells are either included in the cell
defined by g, or outside of it. Finally, we define F ′ such that JF ′K = Guardg(JF K).
For all cells c, we fix F ′(c) = F (c) if c is included in the cell of g, and ±∞ otherwise
(according to which player ℓ belongs to).

Lemma 10.10. Let ⟨P, F, η⟩ be a parametric piecewise affine function and Y ⊆
X be a set of clocks. Then, there exists a parametric piecewise affine function
⟨P ′, F ′, η⟩ such that JF ′K = UnresetY (JF K).

Proof. Let I be an affine inequality under the form
∑n

i=0 aixi+b+cp ▷◁ 0 with ▷◁∈
{<,>,=}, UnresetY (I) be the operator that denotes the affine inequality of form

n∑
i=0

a′i xi + b+ cp ▷◁ 0 where a′i =

{
0 if xi ∈ Y ;
ai otherwise.

Let ν be a valuation, then we remark that ν |= UnresetY (I) if and only if ν[Y :=
0] |= I. We extend this construction to cells: given a cell c = I1 ∧ · · · ∧ Ik, we
fix UnresetY (c) = UnresetY (I1) ∧ · · · ∧ UnresetY (Ik). Thus, for all valuations ν,
ν[Y := 0] |= c if and only if ν |= UnresetY (c). Moreover, we note that if c does not
intersect the sub-space where all clocks of Y are null, then UnresetY (c) = ∅.

Now, we consider F that maps every cell c of P to ane affine value function
of the form y =

∑n
i=0 αi xi + β + γp. Similarly, we define the affine function

UnresetY (F (c)) such that

y =
n∑

i=0

α′
i xi + β + γp where a′i =

{
0 if xi ∈ Y ;
ai otherwise.
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x1

x2

1

0
0 1 2

Figure 10.5 – The atomic partition that corresponds to the partition depicted on the
right of Figure 10.4

In particular, for all valuations ν ∈ UnresetY (c), we obtain that F (ν[Y := 0]) =
UnresetY (F (c))(ν).

To conclude, we fix ⟨P ′, F ′, η⟩ such that P ′ = {UnresetY (c) | c ∈ P} (we note that
if UnresetY (c) = ∅, the cell is removed) and for all cells c such that UnresetY (c) ̸= ∅,
we fix F ′(c) = UnresetY (F (c)). Thus, ⟨P ′, F ′, η⟩ is a parametric piecewise affine
function such that JF ′K = UnresetY (JF K).

Computation of Preℓ′ Given a location ℓ′ ∈ L, we want to compute the operator
Preℓ′ over a parametric piecewise affine function Vℓ like for piecewise affine func-
tions. Intuitively, this operator computes the time elapse in ℓ′ that is beneficial
before reaching Vℓ by focusing on diagonal lines in Rn

≥0. In particular, a given
inequality I is said diagonal if

∑|X |
i=0 ai = 0: if ν |= I then ν + d |= I for all

d ∈ R. A cell is a tube if all of its inequalities are diagonal. A cell c is atomic if
c is contained only in a tube, i.e. if the borders of c do not intersect within the
smallest tube that contains c. A partition P is said atomic if all their cells are
atomic, and a parametric piecewise affine function ⟨P, F, η⟩ is atomic if P is.

Example 10.11. When we compute the conservative fixed-parameter robust value
in Section 10.2, the partition of [0, 2]2 that we compute is not atomic (see the
partition depicted on the right of Figure 10.4). In Figure 10.5, we represent the
atomic partition obtained from it. ⌟

Lemma 10.12. Let ⟨P, F, η⟩ be a parametric piecewise affine function. Then,
there exists an atomic parametric piecewise affine function ⟨P ′, F ′, η′⟩ such that
JF K = JF ′K.

Proof. Intuitively, to define P ′ we split cells of P according to diagonal inequal-
ities. To do it, we introduce the notion of diagonal intersection between two
(non-diagonal) equations. We consider two equations E :

∑n
i=0 ai xi + b + cp and

265



10. Symbolic Computation of the Limit Robust Values

E ′ :
∑n

i=0 a
′
i xi + b′ + c′p. By letting A =

∑n
i=0 ai and A′ =

∑n
i=0 a

′
i, we fix the

diagonal intersection of E and E ′ by

E ∩d E
′ =

n∑
i=0

(Aa′i − A′ai)xi + (Ab′ − A′b) + (Ac′ − A′c)p .

Now, by letting EP be the set of equalities that appears in P , we define (P ′, η′)
from the set of equalities EP ∪ {E ∩d E

′ | E,E ′ ∈ EP}. Finally, we remark that
⟨P ′, F ′, η′⟩ is atomic.

We suppose that ℓ′ ∈ LMax (the case for Min is symmetrical by replacing the
supremum with an infimum), and we consider a valuation ν. We recall that

Preℓ′(JF K)(ν) = sup
t≤tν

[twt(ℓ′) + JF K(ν + t)] .

For every delay t ∈ [0, tν ], the valuation ν + t belongs to the diagonal line from ν
to tν that intersect a finite number of cells of P . We let Cν this set of cells, and for
every cell c ∈ Cν , we let tcmin be the minimum delay such that ν + t ∈ c and tcmax

be the maximum one. Now, since t 7→ JF K(ν + t) is a (parametric) affine function
over c, the maximum is reached on tcmin or in tcmax. Moreover, these two delays
reach a non-diagonal border of the cell (or tcmin = 0).

So, we can focus on the non-diagonal borders of each cell c. If B is a non-
diagonal border of c and ν is a valuation, there exists a unique tν,B ∈ R such that
ν + tν,B ∈ JBK: if B is encoded by the following equation

∑n
i=0 ai xi + b + cp = 0

with A =
∑n

i=0 ai, then

tν,B = − 1

A

( n∑
i=0

ai ν(xi) + b+ cp
)
.

Moreover, if B is reachable with time elapse from ν, we note that tν,B ∈ [0, tν ].
The supremum of Preℓ′(JF K)(ν) can be rewritten by

max

{
JF K(ν)
maxc∈Cν maxB∈Bν(c)[tν,B wt(ℓ′) + JF (c)K(ν + tν,B)]

where Bν(c) is the set of the non-diagonal borders of c, JF K(ν) corresponds to the
delay 0 and JF (c)K(ν + tν,B) corresponds to a jump arbitrarily close to B.

Finally, we suppose that ⟨P, F, η⟩ is atomic. In this case, letting c be a cell, for
all valuations ν, ν ′ ∈ c, Cν = Cν′ and Bν(c

′) = Bν′(c
′) for all c′ ∈ Cν . In particular,

we denote by Cc and Bc(c
′) those sets. We introduce a new operator Preℓ′,c,B, that
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maps a partition value function F to the value function

Preℓ′,c,B := ν 7→ tν,B wt(ℓ′) + JF (c)K(ν + tν,B) .

And, in this case, Preℓ′(F ) = max(JF K,maxc∈Cν maxB∈Bν(c)[Preℓ′,c,B(F )]).

Lemma 10.13. Let ⟨P, F, η⟩ be an atomic parametric piecewise affine value func-
tion. Let c ∈ P be a cell of P , ℓ′ be a location, c′ ∈ Cc and B be the border
in Bc(c′). Then, there exists a parametric affine value function f of equation
y =

∑n
i=0 α

f
i xi + βf + γfp such that f = Preℓ′,c′,B(F ) on c.

Proof. Let ν be a valuation of c. As B ∈ Bc(c′), then there exists tν,B ∈ [0, tν ]
such that

Preℓ′,c′,B(F )(ν) = tν,B wt(ℓ) + JF (c)K(ν + tν,B) .

Let y =
∑n

i=0 αi xi + β + γp be the equation of F (c) with A =
∑n

i=0 αi, and∑n
i=0 ai xi + b′ + c p be the equation of B with A′ =

∑|X |
i=0 a

′
i. We obtain the

following equalities:

tν,B = − 1

A′

( n∑
i=0

ai ν(xi) + b+ c p
)
;

JF (c′)K(ν + tν,B) =
n∑

i=0

αi ν(xi) + Atν,B + β + γ p ;

JF (c′)K(ν + tν,B)A
′ =

n∑
i=0

(A′αi − Aai) ν(xi) + (A′β − Ab) + (A′γ − Ac)p .

In particular, we deduce that Preℓ′,c′,B(F )(ν) is equal to

n∑
i=0

(A′αi − Aai − ai wt(ℓ
′)︸ ︷︷ ︸

αf

) ν(xi) + (A′β − Ab− bwt(ℓ′)︸ ︷︷ ︸
βf

)

+ (A′γ − Ac− cwt(ℓ′)︸ ︷︷ ︸
γf

)p .

and thus Preℓ′,c′,B(F ) is encoded by a parametric affine equation y =
∑n

i=0 α
f
i xi +

βf + γfp.

We conclude the computation of Preℓ′ by remarking that Preℓ′ is a maximum (or
a minimum) of a finite number of functions Preℓ′,c,B that is well computable in our
formalism. We compute the minimum (resp. the maximum) with a new operator on
parametric piecewise affine functions: the coarsest partition. If P1 and P2 are two
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partitions over the same domain, then P1 ⊕ P2 is the coarsest partition consistent
with P1 and P2: for each cell c1 of P1 and each cell c2 of P2, P1 ⊕ P2 contains
c1 ∩ c2 (we note that a new upper bound for p is needed). By Lemma 10.8, this
partition is computable by fixing EP1 ∪EP2 under a new upper bound η′. Then, we
prove that our representation allows us to compute the minimum or the maximum
of parametric piecewise affine functions.

Lemma 10.14. Let ⟨Pi, Fi, ηi⟩1≤i≤k be a set of parametric piecewise affine func-
tions defined over the same domain cP . Then, there exists a parametric piece-
wise affine function ⟨P, F, η⟩ over cP and η′ be a new constraint over p such that
JF K = min1≤i≤kJFiK (respectively, JF K = max1≤i≤kJFiK).

Proof. We fix P ′ = P1 ⊕ · · · ⊕ Pk, and we consider a cell c of P such that c =
c1 ∩ · · · ∩ ck where ci is a cell of Pi. Let F1(c1), . . . , Fk(ck) be the affine functions
of each ci that are represented by affine equations over X ∪ {y, p} (denoted by
E1, . . . , Ek). To encode the minimum of Fi(ci) on c, we will define (Pc, Fc) where
Pc is a partition of c. Intuitively, this new partition describes when two affine
functions Ei and Ej are equals. In particular, we use a new operator ∩y to define
the affine equation that describes this inequality.

Let E and E ′ be two affine equations of the form

0 =
n∑

i=0

ai xi + b+ c p and 0 =
n∑

i=0

a′i xi + b′ + c′ p .

The set of valuations that are in the intersection, denoted by JEK ∩ JE ′K is either
empty, or it satisfies the following affine equation on X ∪ {p}

E ∩y E
′ :

n∑
i=0

(a′i − ai)xi + (b′ − b) + (c′ − c)p = 0 .

Now, we define the partition Pc by the set of all such intersections

Pc = {Ei ∩y Ej | i, j ∈ [1, k] ∧ JEiK ∩ JEjK ̸= ∅}

with ηc as upper bound, by Lemma 10.8. Now, for every cell c′ of Pc there exists
j ∈ [1, k] such that for all valuations ν ∈ c′, JFjK(ν) = min1≤i≤kJFiK(ν). Indeed, by
contradiction let suppose that there exists a cell c′ of Pc such that for all j ∈ [1, k],
there exists ν ∈ c′ such that JFjK(ν) ̸= min1≤i≤kJFiK(ν). In particular, there exists
two affine equations Ei and Ej such that JEiK ∩ JEjK ̸= ∅ in c′. Thus, since each
cell is defined by a set of equations of the form Ei ∩y Ej when JEiK∩ JEjK ̸= ∅, we
obtain a contradiction with the definition of c′.

Finally, we fix P =
⋃

c∈P ′ Pc and for all cells c′ in P and η′ by Lemma 10.8, we
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define F on c′ by Fj(cj) where j is such that for all valuations ν ∈ c′, JFjK(ν) =
min1≤i≤kJFiK(ν).

Computation of Perturbpℓ′ Finally, we need to compute Perturbpℓ′ for a given
location ℓ′ ∈ L. To do it, we adapt the proof of the operator Pre.

Lemma 10.15. Let ⟨P, F, η⟩ be a set of parametric piecewise affine function, ℓ′ ∈ L
and 0 < p < η be a parameter. Then, there exists a parametric piecewise affine
function ⟨P ′, F ′, η′⟩ such that JF ′K = Perturbpℓ′(JF K).

Proof. Since Perturbpℓ′(Vℓ) = Vℓ when ℓ′ ∈ LMax, we suppose that ℓ′ ∈ LMin, and
we consider a valuation ν. In particular, we recall that

Perturbpℓ′(JF K)(ν) = sup
p∈[0,2p]

[pwt(ℓ′) + JF K(ν + p)] .

Again, we use the fact that p 7→ JF K(ν + p) is an affine function to deduce that
the supremum of Perturbpℓ′ becomes a maximum over the diagonal line from ν to
ν + 2p, as in the case of operator Preℓ′ . Since the diagonal line can intersect with
many cells, we let Cp

ν be the set of cells that intersect the diagonal line from ν to
min(M, ν + 2p) where M is the upper bound over valuations of clocks. Now, for
every cell c ∈ Cp

ν , we let pcmin be the minimum perturbation such that ν + p ∈ c
and pc

max be the maximum one. Now, since p 7→ JF K(ν + p) is an affine function
over c, the maximum is reached on pc

min or in pc
max. Moreover, these two delays

reach a non-diagonal border of the cell (or pc
min = 0).

So, we can focus on the non-diagonal borders of each cell. If B is a non-diagonal
border of c and ν is a valuation, there exists a unique pν,B ∈ R such that ν+pν,B ∈
JBK: if B is encoded by the following equation

∑n
i=0 ai xi + b + cp = 0 with

A =
∑n

i=0 ai, then

pν,B = − 1

A

( n∑
i=0

ai ν(xi) + b+ cp
)

Moreover, if B is reachable with time elapse from ν, we note that pν,B ∈ [0, pν ].
The supremum of Perturbpℓ′(JF K)(ν) can be rewritten by

max


JF K(ν)
maxc∈Cp

ν
maxB∈Bp

ν(c)
[pν,B wt(ℓ′) + JF (c)K(ν + pν,B)]

JF1K(ν)

where Bp
ν(c) is the set of non-diagonal borders of c, JF K(ν) corresponds to the

delay 0, JF (c)K(ν + pν,B) corresponds to a jump arbitrarily close to Bp, and JF1K
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corresponds to a jump to min(M− ν, 2p) defined such that

JF1K =

{∑c
i=0 αi ν(xi) + β + (2A+ γ + 2wt(ℓ))p if 2p ≤ M− ν;∑n
i=0 αi ν(xi) + (β + 2A+ 2wt(ℓ)) + γp otherwise;

when y =
∑n

i=0 αi xi + β + γ p be the equation of F and A =
∑n

i=0 αi. We
conclude that there exists a parametric piecewise affine function ⟨P ′, F ′, η′⟩ to
encode Perturbpℓ′ by Lemmas 10.8, 10.13 and 10.14.

10.4. An extension to the strictly non-Zeno
weighted timed games

As we can solve acyclic WTGs, a natural question is to extend this result to other
classes of WTGs where the limit robust value can be computed on an unfolding
of the game. In this section, we apply this scheme of proof to strictly non-Zeno
WTGs which is the class of WTGs that is a divergent WTGs with only non-
negative weights, under a class of conservative semantics.

Theorem 10.16. Let G = ⟨LMin, LMax, LT , Lu,X ,∆,wt⟩ be a strictly non-Zeno
WTG under a class of conservative semantics (consp)p>0. Then, for all locations
ℓ, ν 7→ rVal

cons

G (ℓ, ν) is computable.

Let ℓ be a location. We compute the conservative limit robust value function
from ℓ with the following method.

1. From the algorithm to solve the parametrized reachability robust problem
from ℓ (given in [BMS15]) under the conservative semantics, there exist a
parameter p > 0 and a winning strategy such that all conforming plays from
ℓ have an exponential size in |L|, that we denote by P .

2. Since Min can guarantee that a target location is reached within P steps,
then the weight of this play gives an upper bound of the limit robust value,
i.e. it is less than P ×We.

3. Since we know an upper bound over the limit robust value, Min has no interest
to produce plays with too many cyclic region paths: by definition, each cyclic
region play is followed by a play of weight at least 1 (since divergence property
is preserved by the conservative semantics, see proof of Proposition 9.30).
Thus, we define an unfolding of depth (P ×We+1)×2 |Q| where Q is the set
of region states of G. In particular, with this unfolding, we are forbidding Min
to make more than P ×We cyclic paths in the region game before reaching
a target location.
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4. Finally, we apply the previous section to this unfolding with an initial con-
straint on the parameter: p.

The proof of Theorem 10.16 is given by the proof of the correction of this algo-
rithm. In particular, we need to prove that the unfolding preserves the conservative
limit robust value. First, we note that all strategies from the unfolding may be
implemented inside G. In particular, the limit robust value of the unfolding is
greater than the one of G.

Conversely, since P × We is an upper bound of the conservative limit robust
value in G, then for all ε > 0, there exists a strategy such that its value is less
than P ×We + ε in G. Moreover, since G is strictly non-Zeno, i.e. all plays that
follow a cyclic region path have a weight of at least 1, we know that all plays
conforming to this strategy have length3 at most (P ×We + 1)× 2 |Q| (otherwise,
the play contains at least (P ×We + 1) cyclic region paths, and has a weight at
least (P ×We +1)). In particular, we can apply this strategy inside the unfolding
and obtain the same weight, i.e. the same value. Thus, the limit robust value of
the unfolding is less than the one of G.

Remark. We note that we prove that value iteration applying to F consp in strictly
non-Zeno WTGs converges in finite time. ◁

3We note that we multiply by 2 |Q| since we need to take into account the perturbed states of
the semantics.
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This part studied the tradeoff between mathematical idealization and a more re-
alistic system. We focused on strategies that resist a small perturbation induced
by the environment. Our goal was to study the value guaranteed under different
robust semantics that model imprecision induced by the environment. In particu-
lar, we have developed a new data structure to apply the value iteration algorithm
(developed in [ABM04] in the deterministic case) to solve acyclic WTGs under
robust semantics where the value of its parameter is arbitrarily small.

Robust value problems in WTGs

Through this work, we recover the decidability for some classes of WTGs for one of
the value problems defined by the robust values. However, the precise complexity
of these problems remains open. In particular, when we compute the limit robust
value in acyclic WTGs, our algorithm is not the most efficient (in [Bus19], the
author uses nested partitions1 to optimise the complexity). Moreover, we want
to extend this result to other classes of WTGs in which the deterministic value is
known to be decidable, i.e. one clock or divergent WTGs under both semantics.

Limit robust value problem in acyclic WTGs under excessive semantics In
Chapter 10, we prove that the limit robust value is computable in the translated
excessive semantics. Translated excessive semantics is not equivalent to all ex-
cessive semantics since guards are modified by the translation (see Example 9.4).
Indeed, to compute the limit robust value under excessive semantics, we need to
adapt the operator that checks the guards. Intuitively, borders induced by guards
will be also parametrised by p (before the security distance taken by Min to avoid
+∞). Formally, we use a new operator such that if g is a guard over X and p is
the parameter of the semantics, Guardpg(Vℓ) : [0,M)n → R∞ is the piecewise affine

1A nested partition encodes a tree that models the order in which the cells are defined.
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function defined by

Guardpg(Vℓ)(ν) =


Vℓ(ν) if ν |= g ∧ ℓ ∈ LMax;
Vℓ(ν) if ν |= pertp(g) ∧ ℓ ∈ LMin;
−∞ if ν ̸|= g ∧ ℓ ∈ LMax;
+∞ if ν ̸|= pertp(g) ∧ ℓ ∈ LMin;

where pertp(g) is inductively defined on atomic constraints such that pertp(a ≤
x ≤ b) = a ≤ x ≤ b − min∆p. By adapting our computation over parametrised
piecewise affine value function, we hope that we can compute the limit robust
value in acyclic WTGs under excessive semantics.

Limit robust value problem in one-clock WTGs Another class of interest is
the one-clock WTGs in which the value iteration algorithm may not converge in
finite time (it is already the case in the deterministic case). In particular, we need
to find another method. For instance, an idea may be considering the traduction
into the exact semantics proposed in Section 9.1 with a parametrized point of
view (of parameter p). In particular, under a class of translated robust semantics,
we obtain a parametrized WTG according to p. Since the reachability problem is
known as undecidable [JLR19] for all parametric RTGs2, we hope that this problem
(and its weighted extension) becomes decidable in the special class of parametrized
WTGs that are induced by the robust semantics in WTGs.

Fixed-parameter robust value problems in WTA under conservative seman-
tics In [BMS13], authors prove that the corner-point abstraction can be adapted
(by only removing singleton corners) to compute fixed-parameter robust values
and limit robust values under conservative semantics. However, this technique can
not be directly extended for fixed-parameter robust value problems. Indeed, in
this case, Min must deal with the parameter p (that cannot be modified along the
computation) by staying far enough from the border of the guards. Intuitively,
only cyclic paths (and their iterations) may be a difficulty, since a WTA is a one-
player game in which Max can not push Min in a border of guards. In particular, by
combining the corner point abstraction with flags3, we hope that fixed-parameter

2Parametric timed automata introduced by [AHV93] are an extension of timed automata in
which guards are not defined by atomic constraints with integer but with atomic constraints
with affine function according to one (or many) parameter(s). For all classical problems from
timed automata like reachability, two versions coexist: solving the problem when the value
of the parameter is fixed, and looking the whole set of parameters such that the problem is
solved in the automata instanciated with one of these values.

3Flags are introduced in [Bus+19] to solve the Büchi objective in timed automaton under
the centred conservative semantics. Flags are conditions to denote cyclic paths that can be
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robust values and limit robust values may be computable in WTA.

Robust value problems in divergent WTGs An important class of WTGs in
the deterministic case is divergent WTGs. Thus, it is natural to look after the
decidability of robust value problems in this class of WTGs.

Under conservative semantics, we proved that the fixed-parameter robust value
problem is decidable in divergent WTGs, and the limit robust value problem is
decidable in strictly non-Zeno WTGs. In particular, the first natural question is
about the limit robust value problem in divergent WTGs. In the deterministic
case (see [BMR17]), SCCs that contain a negative cyclic path can be solved like
positive ones by inverting the membership of location to player Min and Max, and
multiplying all weights by −1. Morally, this construction inverts the infimum and
the supremum in the definition of F . In particular, a way to extend the decidability
of the limit robust value problem in all divergent WTGs would be to multiply the
weight by −1 and invert the supremum and infimum in the operator F rob, instead
of inverting the players as in the deterministic case.

Under the excessive semantics, the robust value problems are more difficult to
study: excessive semantics induce plays that cannot be transformed into a play
under the exact semantics. Thus, under excessive semantics, WTGs may lose
their property helping to compute the (robust) values, e.g. a divergent WTG may
contain a cyclic path followed by a play with a null weight (see Example 9.31). In
particular, the decidability for value problems seems to be difficult to recover under
excessive semantics: the limit robust value in one-player games is undecidable,
and the classical property of divergence does not suffice to guarantee that fixed-
parameter robust values are computable in divergent WTGs. Hence, we conjecture
that the fixed-parameter robust value problem in divergent WTGs under excessive
semantics is undecidable, which would imply that the limit robust value problem
in divergent WTGs under excessive semantics is also undecidable.

Other problems with robust values

Given a robust value, a natural question is the corresponding value problem that
induces the problem of the computation of the robust value. However, we can
consider other questions with robust values.

Implementation of computation of robust values Some tools are developed to
analyse the robustness in the case of the model checking, i.e. in the case of WTA.
For instance, we can cite Shrinktech4 which analyses reachability with shrunk

iterated under the centred conservative semantics.
4http://www.lsv.fr/Software/shrinktech/
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DBMs in timed automata [San13b], or Imitator5 which provides a robustness
analysis on parametrised timed automata [ÉFE08]. However, to our knowledge,
there are no tools that implement robust semantics in WTGs. The first step in
the implementation of robust semantics in WTGs may be acyclic one-clock WTGs.
Indeed, we have shown that limit robust values are computable in acyclic WTGs
(see Chapter 10) with a value iteration algorithm that only adds a new intermediate
operator w.r.t. the classical one. In particular, adapting our prototype used to
compute the deterministic value in one-clock WTGs (see Section 4.5) may be a
reasonable step in the objective to have tools to compute robust values (when it
is possible).

The most permissive perturbation bound From the parametric point of view
on robustness in WTGs, we want to extend the robust value problems by com-
puting all perturbation bounds for which the fixed-parameter robust value exists
(and the corresponding value function). This problem called the permissiveness
of timed automata, introduced by [BFM15], was studied in one-clock [BFM15]
or acyclic [Cle+20] timed automata and games under the reachability objective.
When we consider WTGs, we note that, in the computation of the limit robust
values in acyclic WTGs, we consider the computation of fixed-parameter robust
values where p remains arbitrarily close to 0 to guarantee keeping all possible cells.
However, we do not guarantee that the upper bound computed for the perturba-
tion bound is the maximal one to guarantee that the fixed-parameter robust values
will be finite.

Comparison with the deterministic value Like in Part II, we could be willing
to compare the robust values to deterministic ones. First, when the perturbation
bound is fixed, there are few chances that values are equal since the parameter
has to appear in the robust value. Moreover, intuitively, at fixed parameters, the
robust value is always greater than the deterministic value since Max can never
perturb and produce a play under the exact semantics.

Moreover, taking the limit does not suffice to obtain the deterministic value
since the equality between the deterministic value and a limit robust value does
not hold for two reasons: some configurations may be winning under the exact
semantics for the reachability problem and losing for the limit robust reachability
problem under a class of robust semantics (as illustrated in Example 8.6); and
even if Min wins limit robust reachability problem, the cycle iteration maybe not
guaranteed as illustrated in Example III.1, thus Min can not cumulate enough
weight. In particular, looking for a characterisation when the deterministic value
and a given robust value are equal remains an interesting open question.

5https://www.imitator.fr/index.html
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0

ℓMax

0

ℓMin

,

δ0 : x < 1;−10

δ1 : x < 1

δ2 : x < 1;−1

δ3 : x < 1

Figure III.1 – A WTG in which Min can not iterate ten times the cyclic path under a
robust semantics.

Example III.1. We consider the WTG depicted in Figure III.1 under a robust
semantics robp where ∆p = [−a, 2 p − a]. If a > 0, Min has no interest to go
in ℓMax. Indeed, from all configurations (ℓMax, ν) with ν < 1, Max can always
reach ℓMin in a valuation of at least 1 − a/2 (by choosing the decision (δ2, t) with
t = max(0, 1 − a/2 − ν)). In this case, Min needs to play from (ℓMin, 1 − a/2), and
no robust decision exists from this configuration since Min must play at least a as
delay to avoid negative time elapsing. Thus, a fixed-parameter robust value for a
fixed p is always 0.

Otherwise, Max can reach (ℓMin, 1 − p). In this case, either Min has no robust
decision (as under a conservative semantics), or has no interest to return in ℓMax.
Indeed, Max can guarantee that ℓMax is reached the second time in a valuation
greater than 1, and in this case no feasible decision exist. ⌟

Other notions of robustness in WTGs

In the game setting, defining the robust semantics by adding the possibility for Max
to perturb the delay chosen by Min is natural. However, this semantics raises some
issues and we want to define other types of robustness (like for the model checking
case). For instance, we can not treat the case of Zeno plays: the perturbation of
Max may induce a Zeno play even if Min plays delays that do not induce a Zeno
play under the exact semantics. Moreover, robust semantics increases the power of
Max: he can push Min into a deadlock, even if Min takes care to play far enough of
the border of guards. Finally, giving to Max the choice of the perturbation induces
that the imprecision of the system is always the worst case for Min. We now give
some other ways to define robustness in WTGs.

Pseudo-robustness Under robust semantics, Min can be blocked in a configura-
tion from which a feasible decision exists. To lighten the robustness and deal with
this situation, we can suppose that robust semantics allows Min to play a feasible
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(non-robust) decision when no robust decision exist. Intuitively, such a definition
will simplify the reachability problem under robust semantics, and the capability
of Min to iterate some cyclic paths (i.e. robust values in this case may be closer to
the deterministic one).

Blame Zeno play Under robust semantics, Max can impose null delays even if
Min plays with positive delays. In particular, robust semantics will generate a
well-known problem in concurrent WTGs: in some cases, Min could lose the game
only because Max was able to produce a Zeno play6. From a modelling point of
view, this situation is bad and we want to avoid it. To deal with it, we can use the
same methods from concurrent WTGs where authors generally proposed to blame
the player that is the origin of the Zeno behaviour (see [Alf+03] for details). In
this case, Min can win if Max produces a Zeno play. However, the definition of the
blame should be discussed: what is the responsibility of Min in the production of
a Zeno play if it is thanks to the perturbations that Max can build it?

Robustness and stochastic strategies Finally, robust semantics induce that the
chosen perturbation is always the worst for Min. However, from a modelling point
of view, perturbations model the imprecision of the system, i.e. they are not always
the worst for Min. In particular, since these perturbations may model errors of
measure, we can use probabilities to model a random distribution on these errors.
A way to do it is the usage of stochastic strategies for Min: we can enforce Min to
play with a continuous (on a interval of minimal length) distributions over delays
(that is not the case in Part II). In this case, the perturbation will be an expectation
over possible perturbations (and not the worst possible). This question is studied
in a more general context with the notion of good-enough synthesis [AK20]. In this
setting, the environment is not supposed completely antagonistic to the controller:
it blames him when his behaviour is not reasonable. For instance, if we want to
synthesise a coffee machine, we want to consider the obtained machine correct
when the user never adds water to the machine (even if in this case, the machine
can not correctly work).

6We recall that a Zeno play is an infinite play in which the total time spent (the sum of delay)
is finite.
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In this thesis, we presented new results for several problems in WTGs and, more
precisely, on features of strategies. We summarize them while mentioning possible
future research directions and open issues developed in the chapter “Discussion”
at the end of each part.

Deterministic value In Part I, we have focused on deterministic strategies where
memory is permitted. We have solved the deterministic value problem in one-clock
WTGs with arbitrary weights, an open problem for several years. Our algorithm
consists of an acyclic unfolding that relies on technical ingredients such as the
closure of a one-clock WTG, switching strategies for Min, and the fixpoint charac-
terisation of the value function. Moreover, in a prototype, we have implemented
the unfolding algorithm and a value iteration algorithm to compute the determin-
istic value of all one-clock WTGs.

Our prototype is not able to treat too large models: in reality, it is quickly
limited by the size of WTGs. To deal with its limitations, an idea is to modify our
algorithm to define the unfolding from the leaves instead of the initial location.
Moreover, by improving the data structures used in the implementation of the
WTGs, we will use a more efficient algorithm in acyclic WTGs that computes the
deterministic value with only one computation by location.

Another research direction is the complexity of the deterministic value problem:
a gap remains between our exponential algorithm and the known PSPACE lower
bound [FIS20]. A line of research consists of a better understanding of cutpoints
in a deterministic value function. Two ideas may be considered: the number
of cutpoints is exponentially upper bounded, but we do know if the bound is
reachable; the clock’s valuations are rational numbers, but we do not know if they
respect a minimal granularity.

Finally, we plan to explore other classes of WTGs with our results. In particular,
we want to look after new classes defined with resets such that the deterministic
value problem is decidable. Moreover, by extending our results about the de-
terministic value function in the case of two-clock WTGs, we hope to solve the
deterministic value problem for two-clock WTGs with only non-negative weights
that is still open.
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Stochastic values In Part II, we studied the trade-off between memoryless using
randomness and deterministic strategies with memory. In particular, we showed
that Min guarantees the same value when restricted to these two kinds of strategies,
or when allowed to play with both memory and randomisation. To achieve this
goal, we introduced a new class of strategies, the stochastic strategies, from which
we deduced many new values. In particular, we developed good hypotheses on
stochastic strategies to obtain mathematical coherence for these strategies.

One of our first motivations to introduce stochastic strategies in shortest-path
games is the development of new techniques to solve these games in polynomial
time. In particular, by using probabilities in games, we hope that we can obtain a
better algorithm using strategy iteration. Hence, by links with mean-payoff games,
such an algorithm may be used to solve in polynomial time mean-payoff games that
remain a difficult open question in game theory.

In continuation of a series of recent works, a research direction is studying the
minimal memory needed by each player to win under a given payoff when proba-
bilities are permitted. A first step would be the characterisation of the existence of
memoryless stochastic optimal strategies when memoryless deterministic strategies
do not exist: we look after an extension of the characterisation of [GZ05].

With our work, we better understand the probabilistic distribution in timed
automata and the deterministic value function in WTGs (by our works in Part I).
In particular, we now have more tools to try to solve open problems in models that
merge time and probabilities. In particular, we plan to study the shortest-path
problem in priced probabilistic timed automata under the hypothesis of divergence,
as well as in stochastic timed automata by adding weights.

Robust values In Part III, we studied the tradeoff between mathematical ideal-
ization and a more realistic system by focusing on strategies for Min that tolerate
small errors. In particular, we focused on the value guaranteed under different ro-
bust semantics that model imprecision induced by the environment by developing
a new data structure for a robust version of the value iteration algorithm (devel-
oped by Alur et al. in the deterministic case [ABM04]). Hence, we solve acyclic
WTGs under conservative semantics and the translated excessive semantics where
the value of its parameter is arbitrarily small.

Robust values have been little studied. In particular, we do not know if the
robustness preserves the decidability of value problems in divergent WTGs or
one-clock WTGs. Even if, in our work, we have closed some issues, the main
question remains the case of divergent WTGs under excessive semantics. Since the
divergence is not preserved under excessive semantics, the fixed-parameter robust
value problem may be undecidable in divergent WTGs under excessive semantics,
whereas it is decidable under the exact semantics or the conservative semantics.
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Another research direction is the computation of the maximal permissive pa-
rameter of robust semantics. In Chapter 10, when we study the limit values in
acyclic WTGs, we maintain an upper bound over the parameter of strategies that
guarantee that value under semantics with a small parameter is finite. However,
we do not ensure that it is the maximal one. A natural question is the computation
of the maximal upper bound that guarantees the finiteness of robust values: this
problem is called maximal permissiveness in the literature [BFM15].

Finally, like robustness in timed automata, we can define many notions of ro-
bustness. By considering stochastic strategies with only continuous distribution
over delays, introduced in Part II, we have a natural way to define robust semantics
from strategies. Hence, we obtain new values to study.
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