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Abstract. A Catalan word is a sequence w1w2 · · ·wn of non-negative integers such that
w1 = 0 and wi ≤ wi−1 + 1 for 2 ≤ i ≤ n. From each Catalan word we construct a column-
convex polyomino (or bargraph) by placing, at position i, a column of height wi + 1, with
all columns aligned along their bottom edges. On these Catalan polyominoes we define the
black cell capacity by coloring the cells in a chessboard pattern and counting the number
of black cells in the polyomino. We study the distribution of the black cell capacity over
Catalan polyominoes and derive generating functions that encode this statistic.

1. Introduction

A Catalan word of length n ≥ 1 is a sequence w = w1w2 · · ·wn of non-negative integers
with w1 = 0 and 0 ≤ wi ≤ wi−1 + 1 for i = 2, . . . , n. For n = 0, the unique Catalan word is
the empty word ϵ. Let Cn denote the set of all Catalan words of length n. It is well known
that |Cn| = Cn, where Cn is the nth Catalan number,

Cn =
1

n+ 1

(
2n

n

)
,

see, for instance, [22, Exercise 80]. For enumerations of Catalan words with respect to various
statistics, see [2–5,8, 20].

Catalan words are closely related to certain lattice paths in the first quadrant. More
precisely, a Dyck path of semilength n is a lattice path in N2 that starts at (0, 0), ends at
(2n, 0), and uses only up-steps U = (1, 1) and down-steps D = (1,−1). Such a path can
be encoded by a word in Cn by recording, from left to right, the y-coordinates of the initial
vertices of its up-steps. Background on lattice paths and Dyck paths can be found in [1,10].

Catalan words also admit a natural geometric representation. Given a word w = w1 · · ·wn,
one obtains a column-convex polyomino (or bargraph) by placing, at position i, a column of
height wi + 1, with all columns aligned along their bottom edges. The resulting object is
called a Catalan polyomino. Let Cn be the set of these polyominoes with n columns, and
let C = ∪n≥1Cn. We refer to [13] for a historical review of polyominoes, and to [6, 14, 15]
for definitions and enumerative methods related to polyominoes. See also [7] for work on
Catalan polyominoes.

For a Catalan polyomino P ∈ C, we denote by length(P ) the number of columns of
P , which is called the length of P . The number of cells in its last column will be denoted
last(P ). Following Fried [11], we color the cells of P in a chessboard pattern, with the
southwestern cell colored black, and we study the distribution of the black cell capacity
black(P ), that is, the number of black cells contained in P .
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We also define the vertical black cell capacity of a polyomino P , denoted verblack(P ),
as the total number of cells in columns of odd index (with the first column having index
1). Similarly, the vertical white cell capacity, denoted verwhite(P ), is the total number
of cells in columns of even index. Figure 1 shows the Catalan polyomino of length 13
associated with the word 0012012310110, where black(P ) = 13, verblack(P ) = 12, and
verwhite(P ) = 13.

Figure 1. The polyomino P associated with the Catalan Word w =
0012012310110. We have length(P ) = 13, last(P ) = 1 = w13 + 1. The
black cell capacity black(P ) equals to 13, the vertical black cell capacity
verblack(P ) equals to 12, and the vertical white cell capacity verwhite(P )
equals to 13.

Black cell capacity versus vertical black/white cell capacity. Let P be a Catalan
polyomino of length n ≥ 1, colored in a chessboard pattern. Then P decomposes into n
northeast diagonals of cells, each consisting entirely of cells of the same color, such that the
ith diagonal and the ith column of P share the same bottom cell. Let Di be the ith diagonal
for 1 ≤ i ≤ n, and let ai be the number of cells in Di. From P we construct a polyomino Q as
follows: the columns of Q are aligned along a common baseline, and the ith column of Q has
exactly an−i+1 cells. This construction defines a bijection from Cn to itself; denote it by f .
By construction, black(P ) = verblack(f(P )) if n is odd, and black(P ) = verwhite(f(P ))
if n is even. See Figures 2 and 3 for illustrations of f in the cases n odd and n even.

−→

Figure 2. The image by f of the Catalan polyomino P = 1232121 is
f(P ) = 1121223. The length of P is odd and thus, we have black(P ) =
verblack(f(P )) = 8.

−→

Figure 3. The image by f of the Catalan polyomino P = 12321212 is
f(P ) = 12121223. The length of P is even and thus, we have black(P ) =
verwhite(f(P )) = 9.

Let us formalize the bijection stated above for later use.
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Theorem 1.1. There is a bijection f on Catalan words of odd length (resp. even length)
that transports the black cell capacity into the vertical black cell capacity (resp. vertical white
capacity).

Motivation and Outline of the paper. In this paper, we study the distribution of black
cell statistics on Catalan polyominoes. In Section 2, we derive a system of four functional
equations for the generating functions Fab(x, u, q), a, b ∈ {0, 1}. These series count Catalan
polyominoes of length congruent to a modulo 2 (marked by the variable x), ending with a
column containing b cells modulo 2 (marked by the variable u), and classified by the black
cell capacity (marked by the variable q). We express the system as a matrix equation, which
yields a formal solution that can be used, together with computer algebra, to compute the
initial terms of the corresponding series expansions.

In Section 3, we take the continued fraction approach. The solution can be expressed as a
2×2 matrix continued fraction, whose nth convergent provides the initial terms of the series
expansion.

In Section 4, we investigate the bistatistic (r, s), where r counts the cells in odd-indexed
columns and s counts the cells in even-indexed columns. This approach allows us to derive a
closed form for the generating function of Catalan polyominoes with respect to their length,
the bistatistic (r, s), and the size of the last column. From this, we deduce a closed form for
the generating function encoding the distribution of the black cell capacity.

In Section 5, we formulate a functional equation (see Theorem ??) for the distribution of
the black cell capacity and leave its resolution as an open problem.

2. Length, black cell capacity, and last value

In this section we count Catalan polyominoes by length, black cell capacity, and the size
of the last column.

Let n, i, k ∈ N with m,n, k ≥ 1. We denote by Cn,i,k the set of Catalan polyominoes of
length n whose nth (last) columns has i cells, and whose black cell capacity equals k. Set

Fn,i,k := |Cn,i,k|,
and define the trivariate ordinary generating function

F (x, u, q) =
∑

n,i,k≥1

Fn,i,kx
nuiqk =

∑
P∈C

xlength(P )ulast(P )qblack(P ).

Here xmarks the length (number of columns), umarks the number of cells in the last column,
and q marks the number of black cell capacity. For a, b ∈ {0, 1}, we denote by Fab(x, u, q)
the generating function of the subclass of Catalan polyominoes P such that length(P ) = a
mod 2 and last(P ) = b mod 2. In particular,

F00(x, u, q) =
∑

n,i,k≥1

F2n,2i,k x
2nu2iqk, F10(x, u, q) =

∑
n,i,k≥1

F2n−1,2i,k x
2n−1u2iqk,

F01(x, u, q) =
∑

n,i,k≥1

F2n,2i−1,k x
2nu2i−1qk, F11(x, u, q) =

∑
n,i,k≥1

F2n−1,2i−1,k x
2n−1u2i−1qk.

Clearly,
F (x, u, q) = F00(x, u, q) + F01(x, u, q) + F10(x, u, q) + F11(x, u, q).

The next theorem provides a system of functional equations for the generating functions
F00(x, u, q), F10(x, u, q), F01(x, u, q), and F11(x, u, q).
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Theorem 2.1. The generating functions Fab(x, u, q) for a, b ∈ {0, 1} satisfy the following
system of functional equations:

F00(x, u, q) =
xu2q

qu2 − 1
(F10(x,

√
qu, q)− F10(x, 1, q) +

√
quF11(x,

√
qu, q)− F11(x, 1, q)) ,

F10(x, u, q) =
xu2q

qu2 − 1
(F00(x,

√
qu, q)− F00(x, 1, q) +

√
quF01(x,

√
qu, q)− F01(x, 1, q)) ,

F01(x, u, q) =
xu

qu2 − 1

(
u2qF10(x,

√
qu, q)− F10(x, 1, q) +

√
quF11(x,

√
qu, q)− F11(x, 1, q)

)
,

F11(x, u, q) = xuq +
xuq

qu2 − 1

(
u2qF00(x,

√
qu, q)− F00(x, 1, q)

)
+

xuq

qu2 − 1
(
√
quF01(x,

√
qu, q)− F01(x, 1, q)) .

Proof. We distinguish four types of Catalan polyominoes P according to the parities of the
number length(P) of columns and the number last(P) of cells in the last column.

Case 1: length(P ) is odd and last(P ) is odd. If P has a single column, then it consists of
one cell, and its contribution to the generating function is xuq. Otherwise, assume that P has
at least two columns. Let Q be the polyomino obtained from P by deleting its last column.
Then length(Q) = length(P )−1 = 0 mod 2 by adding on its right a column with last(P )
cells, by preserving the Catalan structure, that is, the condition last(Q) + 1 ≥ last(P ).

Figure 4. Illustration of Case 1: length(P ) and last(P ) are odd. The left
part shows a polyomino P where Q satisfies last(Q) = 0 mod 2, while the
right part is for last(Q) = 1 mod 2.

If last(Q) is even (see Figure 4), then the contribution for these polyominoes is

A1 :=x
∑

n,i,k≥1

F2n,2i,k x
2nqk

(
uq + u3q2 + u5q3 + · · ·+ u2i+1qi+1

)
=xuq

∑
n,i,k≥1

F2n,2i,k x
2nqk

(
u2i+2qi+1 − 1

qu2 − 1

)
=

xuq

qu2 − 1

(
u2qF00(x,

√
qu, q)− F00(x, 1, q)

)
.
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If last(Q) is odd (see Figure 4), then the contribution for these polyominoes is

B1 :=x
∑

n,i,k≥1

F2n,2i−1,k x
2nqk

(
uq + u3q2 + u5q3 + · · ·+ u2i−1qi

)
=xuq

∑
n,i,k≥1

F2n,2i−1,k x
2nqk

(
u2iqi − 1

qu2 − 1

)
=

xuq

qu2 − 1
(
√
quF01(x,

√
qu, q)− F01(x, 1, q)) .

For this case, the contribution is therefore

F11(x, u, q) =xuq +
xuq

qu2 − 1

(
u2qF00(x,

√
qu, q)− F00(x, 1, q) +

√
quF01(x,

√
qu, q)− F01(x, 1, q)) .

Case 2: length(P ) is odd and last(P ) is even. Thus P has at least two columns, and it
is obtained from a polyomino Q with length(Q) = length(P )− 1 = 0 mod 2 by adding on
the right a column with last(P ) cells,in such a way that the Catalan condition is preserved,
i.e., last(Q) + 1 ≥ last(P ).

Figure 5. Illustration of Case 2: length(P ) odd and last(P ) even. The left
part shows a polyomino P where Q satisfies last(Q) = 0 mod 2, while the
right part is for last(Q) = 1 mod 2.

If last(Q) is even (see Figure 5), then the contribution for these polyominoes is

A2 :=x
∑

n,i,k≥1

F2n,2i,k x
2nqk

(
u2q + u4q2 + u6q3 + · · ·+ u2iqi

)
=xu2q

∑
n,i,k≥1

F2n,2i,k x
2nqk

(
u2iqi − 1

qu2 − 1

)
=

xu2q

qu2 − 1
(F00(x,

√
qu, q)− F00(x, 1, q)) .

If last(Q) is odd (see Figure 5), then the contribution for these polyominoes is

B2 :=x
∑

n,i,k≥1

F2n,2i−1,k x
2nqk

(
u2q + u4q2 + u6q3 + · · ·+ u2iqi

)
=xu2q

∑
n,i,k≥1

F2n,2i−1,k x
2nqk

(
u2iqi − 1

qu2 − 1

)
=

xu2q

qu2 − 1
(
√
quF01(x,

√
qu, q)− F01(x, 1, q)) .
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For this case, the contribution is therefore

F10(x, u, q) =
xu2q

qu2 − 1
(F00(x,

√
qu, q)− F00(x, 1, q) +

√
quF01(x,

√
qu, q)− F01(x, 1, q)) .

Case 3: length(P ) is even and last(P ) is even. The polyomino P has at least two
columns and P is obtained from a polyomino Q of length length(Q) = 1 mod 2 by adding
on its right a column with last(P ) cells, with last(Q) + 1 ≥ last(P ).

Figure 6. Illustration of Case 3: length(P ) even and last(P ) even. The
left part shows a polyomino P where Q satisfies last(Q) = 0 mod 2, while
the right part is for last(Q) = 1 mod 2.

If last(Q) is even (see Figure 6), then the contribution for these polyominoes is

A3 :=x
∑

n,i,k≥1

F2n−1,2i,k x
2n−1qk

(
u2q + u4q2 + u6q3 + · · ·+ u2iqi

)
=xu2q

∑
n,i,k≥1

F2n−1,2i,k x
2n−1qk

(
u2iqi − 1

qu2 − 1

)
=

xu2q

qu2 − 1
(F10(x,

√
qu, q)− F10(x, 1, q)) .

If last(Q) is odd (see Figure 6), then the contribution for these polyominoes is

B3 :=x
∑

n,i,k≥1

F2n−1,2i−1,k x
2nqk

(
u2q + u3q2 + u6q3 + · · ·+ u2iqi

)
=xu2q

∑
n,i,k≥1

F2n−1,2i−1,k x
2nqk

(
u2iqi − 1

qu2 − 1

)
=

xu2q

qu2 − 1
(
√
quF11(x,

√
qu, q)− F11(x, 1, q)) .

For this case, the contribution is therefore

F00(x, u, q) =
xu2q

qu2 − 1
(F10(x,

√
qu, q)− F10(x, 1, q) +

√
quF11(x,

√
qu, q)− F11(x, 1, q)) .

Case 4: length(P ) is even and last(P ) is odd. The polyomino has at least two columns,
and P is obtained from a polyomino Q of length length(Q) = 1 mod 2 by adding on its
right a column with last(P ) cells, by preserving the Catalan structure, i.e. the condition
last(Q) + 1 ≥ last(P ).
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Figure 7. Illustration of Case 4: length(P ) even and last(P ) odd. The left
part shows a polyomino P where Q satisfies last(Q) = 0 mod 2, while the
right part is for last(Q) = 1 mod 2.

If last(Q) is even (see Figure 7), then the contribution for these polyominoes is

A4 :=x
∑

n,i,k≥1

F2n−1,2i,k x
2n−1qk

(
u+ u3q + u5q2 + · · ·+ u2i+1qi

)
=xu

∑
n,i,k≥1

F2n−1,2i,k x
2n−1qk

(
u2i+2qi+1 − 1

qu2 − 1

)
=

xu

qu2 − 1

(
u2qF10(x,

√
qu, q)− F10(x, 1, q)

)
.

If last(Q) is odd (see Figure 7), then the contribution for these polyominoes is

B4 :=x
∑

n,i,k≥1

F2n−1,2i−1,k x
2n−1qk

(
u+ u3q + u5q2 + · · ·+ u2i−1qi−1

)
=xu

∑
n,i,k≥1

F2n−1,2i−1,k x
2n−1qk

(
u2iqi − 1

qu2 − 1

)
=

xu

qu2 − 1
(
√
quF11(x,

√
qu, q)− F11(x, 1, q)) .

For this case, the contribution is therefore

F01(x, u, q) =
xu

qu2 − 1

(
u2qF10(x,

√
qu, q)− F10(x, 1, q) +

√
quF11(x,

√
qu, q)− F11(x, 1, q)

)
.

□

Now, let us define the generating functions Gab(x, u, q) for a, b ∈ {0, 1} as follows:

G00(x, u, q) =F00(x,
√
u, q), G01(x, u, q) =

√
uF01(x,

√
u, q)

G10(x, u, q) =F10(x,
√
u, q), G11(x, u, q) =

√
uF11(x,

√
u, q).

We also set

G(x, u, q) =


G00(x, u, q)
G01(x, u, q)
G10(x, u, q)
G11(x, u, q)

 .

Considering these new generating functions, it is straightforward to see that Theorem 1
can also be written as follows:
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Theorem 2.2. The generating functions Gab(x, u, q) for a, b ∈ {0, 1} satisfy the following
system of functional equations:

G00(x, u, q) =
xuq

qu− 1
(G10(x, qu, q)−G10(x, 1, q) +G11(x, qu, q)−G11(x, 1, q)) ,

G01(x, u, q) =
xu

qu− 1
(uqG10(x, qu, q)−G10(x, 1, q) +G11(x, qu, q)−G11(x, 1, q)) ,

G10(x, u, q) =
xuq

qu− 1
(G00(x, qu, q)−G00(x, 1, q) +G01(x, qu, q)−G01(x, 1, q)) ,

G11(x, u, q) = xuq +
xuq

qu− 1
(uqG00(x, qu, q)−G00(x, 1, q) +G01(x, qu, q)−G01(x, 1, q)) ,

which is equivalent to the following matrix equation:

G(x, u, q) = M(x, u, q) ·G(x, qu, q)−N(x, u, q) ·G(x, 1, q) +B(x, u, q).(1)

where

M(x, u, q) =


0 0 xuq

qu−1
xuq
qu−1

0 0 xu2q
qu−1

xu
qu−1

xuq
qu−1

xuq
qu−1

0 0
xu2q2

qu−1
xuq
qu−1

0 0

 , N(x, u, q) =


0 0 xuq

qu−1
xuq
qu−1

0 0 xu
qu−1

xu
qu−1

xuq
qu−1

xuq
qu−1

0 0
xuq
qu−1

xuq
qu−1

0 0

 ,

B(x, u, q) =


0
0
0
xuq

 .

By iterating Equation (1), we obtain a formal expression for the vector G(x, u, q).

Theorem 2.3. We have

G(x, u, q) =
∞∑
k=0

Pk(x, u, q) ·
(
B(x, qku, q)−N(x, qku, q)G(x, 1, q)

)
,

with

Pk(x, u, q) :=
k−1∏
j=0

M(x, qju, q), P−1(x, u, q) = P0(x, u, q) = I,

where I is the identity matrix of size 4.

Substituting u = 1 in the expression of G(x, u, q), we obtain:

G(x, 1, q) =
∞∑
k=0

Pk(x, 1, q) ·
(
B(x, qk, q)−N(x, qk, q)G(x, 1, q)

)
.

Isolating G(x, 1, q) we obtain(
I+

∞∑
k=0

Pk(x, 1, q)N(x, qk, q)

)
·G(x, 1, q) =

∞∑
k=0

Pk(x, 1, q)B(x, qk, q),
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and thus

G(x, 1, q) =

(
I+

∞∑
k=0

Pk(x, 1, q)N(x, qk, q)

)−1

·
∞∑
k=0

Pk(x, 1, q)B(x, qk, q).

Then, we deduce the following theorem.

Theorem 2.4.

G(x, 1, q) =

(
∞∑
n=0

(−1)nS(x, q)n

)
·

∞∑
k=0

Pk(x, 1, q)B(x, qk, q),

where

S(x, q) =
∞∑
k=0

Pk(x, 1, q)N(x, qk, q).

Notice that if we denote by F(x, u, q) the vector

F(x, u, q) =


F00(x, u, q)
F01(x, u, q)
F10(x, u, q)
F11(x, u, q)

 ,

then we have F(x, 1, q) = G(x, 1, q).
The first terms of the series expansion of the generating function

F (x, 1, q) =G(x, 1, q) =
(
1 1 1 1

)
·G(x, 1, q)

=F00(x, 1, q) + F01(x, 1, q) + F10(x, 1, q) + F11(x, 1, q)

are

xq + (q2 + q)x2 + (q4 + 2q3 + 2q2)x3 + (q6 + 2q5 + 4q4 + 5q3 + 2q2)x4+

(q9 + 2q8 + 5q7 + 8q6 + 12q5 + 10q4 + 4q3)x5+

(q12 + 2q11 + 5q10 + 9q9 + 16q8 + 24q7 + 28q6 + 27q5 + 16q4 + 4q3)x6+

(q16+2q15+5q14+10q13+18q12+30q11+47q10+62q9+76q8+76q7+62q6+32q5+8q4)x7+O(x8).

We refer to Figure 8 for an illustration of the 14 polyominoes counted by the boldfaced
coefficient of x4.
The first terms of the series expansion of

F (x, u, q) =
(
1 1 1 1

)
· F(x, u, q)

=F00(x, u, q) + F01(x, u, q) + F10(x, u, q) + F11(x, u, q)

=G00(x, u
2, q) +G01(x, u

2, q)/u+G10(x, u
2, q) +G11(x, u

2, q)/u

are

qux+ uq(qu+ 1)x2 + uq2(q2u2 + qu+ q + u+ 1)x3+

uq2(q4u3 + q3u2 + q3u+ q2u2 + 2q2u+ qu2 + q2 + 2qu+ 2q + 2)x4+

uq3
(
q6u4 + q5u3 + q5u2 + q4u3 + 2q4u2 + q3u3 + q4u+ 3q3u2+

q2u3 + q4 + 2q3u+ 3q2u2 + 2q3 + 4q2u+ 4q2 + 5qu+ 5q + 2u+ 2
)
x5 +O(x6).
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Finally the first terms of the series expansion of F (1, 1, q) = G(1, 1, q) are

2q + 5q2 + 15q3 + 47q4 + 149q5 + 473q6 + 1506q7 + 4798q8 +O(q9).

This sequence of coefficients does not appear in the On-Line Encyclopedia of Integer Se-
quences [17].

Moreover, the series expansion of each Fab(x, u, q), for a, b ∈ {0, 1}, can be extracted from
the full series by retaining only those monomials unxm withm mod 2 = a and n mod 2 = b.

Figure 8. The 14 Catalan polyominoes of length 4. There are 2 (resp 5,
4,2,1) polyominoes with black cell capacity 2 (resp. 3,4,5,6).

3. A matrix continued fraction approach using automaton

In this section we work in the setting of Dyck paths. Recall that, from a Dyck path of
semilength n, there exists a unique polyomino with n columns such that the ith column
contains h cells, where h is the height of the endpoint of the ith up-step of the path. In this
context, it is well known that the area of a Dyck path P is the number of cells lying below
the path and above the line y = −1, which also coincides with the area of the polyomino
associated with P . One can also observe that the black cell capacity of the corresponding
polyomino is the number of cells lying below the path and above the line y = −1 whose
center (a, b) satisfies a− b = 1 mod 4. See Figure 9 for an illustration of the black capacity
on a Dyck path.

Figure 9. The black cell capacity of a Catalan polyomino is interpreted via
Dyck paths.

We construct an automaton that generates partial Dyck paths. The states are organized
into two layers, determined by the parity of the current height and the number of up-steps.
A (red or black) arrow from state i to i + 1 represents the addition of an up-step at the
end of the current path. The label on this arrow indicates the number of black cells created
by this operation. An arrow from state i + 1 to i represents the addition of a down-step at
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the end of the current path. In this case, the operation does not create any black cells. For
further examples of how infinite automata can be used to enumerate lattice paths, see, for
instance, [9, 18].

0

q1x

q0x

1

q1x

q1x

2

q2x

q1x

3

q2x

q2x

4

q3x

q2x

5

q3x

q3x

6

q4x

q3x

7

q4x

q4x

8

Figure 10. Graph (automaton) to recognize partial Dyck paths with respect
to the length (marked with x) and the black cell capacity (marked with q).

From the automaton we obtain two families of generating functions, {Ah(x, q)}h≥0 and
{Bh(x, q)}h≥0, corresponding to the two layers of states. For brevity, we write Ah(x, q) =
Ah and Bh(x, q) = Bh. The recurrences follow by decomposing the corresponding paths
(equivalently, the associated polyominoes) according to their last step (equivalently, their
last column).

For each h ≥ 1, we have

Ah = Ah−1 + ahBh+1, Bh = Bh−1 + bzhAh+1,

where ah := xq⌈
h+1
2 ⌉ and bh := xq⌊

h+1
2 ⌋. Moreover, the initial conditions are

A0 = 1 + a0B1, B0 = 1 + b0A1.

Our main goal is to obtain an explicit expression for A0 (and B0) in terms of a matrix
continued fraction (cf. Raissouli–Kacha [19] and Sorokin [21]).

Let

Uh :=

(
0 ah
bh 0

)
(h ≥ 0),

and let I denote the 2×2 identity matrix. We consider the infinite matrix continued fraction

(2) S0 = I−
U0

I−
U1

I−
U2

I− . . .

, where
U

M
:= U ·M−1.

We define the Nth convergent of (2) by truncation:

(3) S
(N)
0 = I−

U0

I−
U1

. . .

I−
UN

I

(N ≥ 0).

By (2) we mean the unique 2× 2 matrix S0 such that for every k ≥ 1 there exists Nk with

S
(N)
0 ≡ S0 (mod xk) for all N ≥ Nk.
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Equivalently, for each entry, the formal power series expansions in x of S
(N)
0 and S0 agree in

every term of degree < k (that is, they coincide up to order xk−1).
For example, expanding the first few convergents S0 we obtain

S0 = I−

(
0 qx
x 0

)

I−

(
0 qx
qx 0

)

I−

(
0 q2x
qx 0

)
I− . . .

= I+ xM1 + x2M2 + x3M3 + x4M4 + x5M5 +O(x6),

where

M1 =

(
0 −q
−1 0

)
, M2 =

(
−q2 0
0 −q

)
, M3 =

(
0 −(q4 + q3)

−2q2 0

)
,

M4 =

(
−(q6 + 2q5 + 2q4) 0

0 −(3q4 + 2q3)

)
,

M5 =

(
0 −(q9 + 2q8 + 4q7 + 5q6 + 2q5)

−(4q6 + 6q5 + 4q4) 0

)
.

Lemma 3.1. For each N ≥ 0 the convergent S
(N)
0 in (3) is well-defined, that is, every

matrix occurring in a denominator is invertible; in particular, S
(N)
0 is invertible. Moreover,

the entries of S
(N)
0 stabilize coefficientwise in x, and therefore (2) defines a unique 2 × 2

matrix S0 such that

S
(N)
0 ≡ S0 (mod xk) for N large enough.

Proof. Write R = Q(q)[[x]]. Since ah, bh ∈ x · R, we have Uh ∈ x · M2(R) for all h ≥ 0,
where M2(R) is the set of 2×2 matrices on R. Define the truncations recursively by setting

S
(N)
N+1 := I and

S
(N)
h := I−Uh

(
S
(N)
h+1

)−1
(0 ≤ h ≤ N),

so that S
(N)
0 coincides with (3). Since S

(N)
N+1 = I ≡ I (mod x), a backward induction gives

S
(N)
h ≡ I (mod x) for all 0 ≤ h ≤ N . Hence each S

(N)
h is invertible in M2(R).

It remains to justify that the coefficients of S
(N)
0 stabilize as N → ∞. Fix k ≥ 1. Since

Uh ∈ x · M2(R), every additional level of the continued fraction introduces at least one
extra factor of x. Consequently, the truncation error at depth N starts in degree xN+1, and

in particular S
(N+1)
0 ≡ S

(N)
0 (mod xk) for all N ≥ k − 1.

Therefore the entries of S
(N)
0 stabilize coefficientwise in x: for each fixed j ≥ 0, the

coefficient of xj in S
(N)
0 eventually becomes independent of N . We then define S0 ∈ M2(R)

by taking, for each j, the coefficient of xj in S0 to be this eventual value. In particular, since

S
(N)
0 ≡ I (mod x) for all N , the constant term of S0 is I, and hence S0 ≡ I (mod x). □



BLACK CELL CAPACITY IN CATALAN POLYOMINOES 13

Theorem 3.2. Let S0 be the matrix defined by the infinite continued fraction (2), and let

e =

(
1
1

)
. Then (

A0

B0

)
= S−1

0 e,

that is,

A0 =
(
1 0

)
S−1
0

(
1
1

)
, B0 =

(
0 1

)
S−1
0

(
1
1

)
.

Proof. Set

Vh :=

(
Ah

Bh

)
, e :=

(
1
1

)
, Uh :=

(
0 ah
bh 0

)
.

Then the given system is equivalently

(4) V0 = e+U0V1, Vh = Vh−1 +UhVh+1 (h ≥ 1).

For each h ≥ 0, let Sh denote the matrix continued fraction

Sh = I−
Uh

I−
Uh+1

I−
Uh+2

I− . . .

,

so that S0 is the matrix in (2). Notice that by Lemma 3.1, each Sh is well-defined and
invertible, moreover Sh ≡ I (mod x).
Define the sequence (Wh)h≥0 by

W0 := S−1
0 e, Wh+1 := S−1

h+1Wh (h ≥ 0).

Equivalently, Wh−1 = ShWh for all h ≥ 1.
We claim that (Wh)h≥0 satisfies the same system (4). First, since S0 = I−U0S

−1
1 (this is

just the first step of the continued fraction), we get

e = S0W0 = (I−U0S
−1
1 )W0 = W0 −U0W1,

hence W0 = e + U0W1, which is the h = 0 equation in (4). Next, for h ≥ 1, using
Sh = I−UhS

−1
h+1 and Wh+1 = S−1

h+1Wh we obtain

Wh−1 = ShWh = (I−UhS
−1
h+1)Wh = Wh −UhWh+1,

so,

Wh = Wh−1 +UhWh+1 (h ≥ 1),

which is the second equation in (4).
Therefore (Wh) is a solution of the original system. By uniqueness of the solution, we

must have Wh = Vh for all h, and in particular(
A0

B0

)
= V0 = W0 = S−1

0 e.

□
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Recall that S0 satisfies S0 ≡ I (mod x), hence we may write

S0 = I+X with X ∈ x · M2(Q(q)[[x]]).

In particular, X has no constant term in x, so the inverse of S0 can be computed formally
by the geometric-series identity

S−1
0 = (I+X)−1 = I−X+X2 −X3 + · · · ,

which is well-defined coefficientwise in x because Xm starts in degree xm.
Using the previous expansion of S0, we obtain

S−1
0 = I+ xN1 + x2N2 + x3N3 + x4N4 + x5N5 +O(x6),

where

N1 =

(
0 q
1 0

)
, N2 =

(
q(q + 1) 0

0 2q

)
, N3 =

(
0 q2(q2 + 2q + 2)

q(3q + 2) 0

)
,

N4 =

(
q2(q4 + 2q3 + 4q2 + 5q + 2) 0

0 q2(4q2 + 6q + 4)

)
,

N5 =

(
0 q3(q6 + 2q5 + 5q4 + 8q3 + 12q2 + 10q + 4)

q2(5q4 + 8q3 + 13q2 + 12q + 4) 0

)
.

Notice that (
1 0

)
N4

(
1
1

)
= q6 + 2q5 + 4q4 + 5q3 + 2q2,

which corresponds to the distribution of polyominoes of length four with respect to the black
cell capacity (see Figure 8 for an illustration of these polyominoes).

Remark 3.3. The methods employed in these last two sections enable us to derive the
series expansions of the above generating functions. However, it does not provide closed-
form expressions for these functions. In the next section, we exploit the relationship between
the black capacity and the vertical black capacity established in Theorem 1 in order to obtain
a closed-form expression.

4. Length, vertical black/white cell capacity and last value

In this section we count Catalan polyominoes by their length (number of columns), by
their vertical black/white cell capacities, and by the height of the last column. Let us recall
that the vertical black (resp. vertical white) cell capacity is the total number of cells in the
columns of odd indices (resp. even indices).

Let EV (x, y, z, u) (resp. OD(x, y, z, u)) be the generating function where the coefficient
evn,i,j,k (resp. odn,i,j,k) of x

nyizjuk is the number of Catalan polyominoes P with n columns,
n even (resp. odd), such that verblack(P ) = i, verwhite(P ) = j, and last(P ) = k.

Theorem 4.1. The generating functions EV (x, y, z, u) and OD(x, y, z, u) satisfy the follow-
ing system of equations:

EV (x, y, z, u) =
xzu

zu− 1
(uzOD(x, y, z, zu)−OD(x, y, z, 1)) ,

OD(x, y, z, u) = xyu+
xyu

yu− 1
(uyEV (x, y, z, yu)− EV (x, y, z, 1)) ,
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which is equivalent to the following matrix equation:

V(u) = M(u) ·V(yzu)−N(u) ·V(1) +B(u),(5)

where

M(u) =

(
x2y2z4u4

(uz−1)(uyz−1)
0

0 x2y4z2u4

(uy−1)(uyz−1)

)
, N(u) =

(
x2yz3u3

(uz−1)(uyz−1)
xzu
uz−1

xyu
uy−1

x2y3zu3

(uy−1)(uyz−1)

)
,

B(u) =

(
x2yz3u3

uz−1

xyu

)
and V(u) =

(
EV (x, y, z, u)
OD(x, y, z, u)

)
.

Proof. We distinguish two types of Catalan polyominoes P according to the parities of the
number of columns length(P).

Case 1: length(P ) is odd. If P has a single column, it consists of one cell, and its
contribution to the generating function is xyu. Otherwise, assume that the polyomino has
at least two columns. P is obtained from a polyomino Q of length length(Q) = length(P )−
1 = 0 mod 2 by adding on its right a column with last(P ) cells, by preserving the Catalan
structure, i.e. the condition last(Q) + 1 ≥ last(P ). Then the contribution for these
polyominoes is

A1 :=x
∑
n,i,j,k

ev2n,i,j,k x
2nyizj

(
uy + u2y2 + · · ·+ uk+1yk+1

)
.

=xuy
∑
n,i,j,k

ev2n,i,j,k x
2nyizj

(
uk+1yk+1 − 1

uy − 1

)
=

xuy

uy − 1
(uyEV (x, y, z, u)− EV (x, y, z, 1)) ,

which gives the second equation. The second case (length(P ) even) gives the first equation
mutatis mutandis. □

By iterating Equation (5), we obtain a formal expression for the vector V(u).

Theorem 4.2. We have

V(u) =
∞∑
k=0

Pk(u) ·
(
B((yz)ku)−N((yz)ku)V(1)

)
,

with

Pk(u) :=
k−1∏
j=0

M((yz)ju), and P−1(u) = P0(u) = I,

where I is the identity matrix of size 2.

Substituting u = 1 in the expression of V(u), we obtain:

V(1) =
∞∑
k=0

Pk(1) ·
(
B((yz)k)−N((yz)k)V(1)

)
.

Isolating V(1) we obtain(
I+

∞∑
k=0

Pk(1)N((yz)k)

)
·V(1) =

∞∑
k=0

Pk(1)B((yz)k),
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and we deduce the following theorem.

Theorem 4.3. We have

V(1) = (I+ S(x, y, z))−1 ·
∞∑
k=0

Pk(1)B((yz)k),

with

S(x, y, z) =
∞∑
k=0

Pk(1)N((yz)k) and Pk(1) =

(
Gk(y, z) 0

0 Gk(z, y)

)
,

with

Gk(y, z) =
x2ky2kz4k(yz)2k(k−1)

(z; yz)k (yz; yz)k
,

and (a; b)k is the Pochhammer symbol (see [12])

(a; b)k =
k−1∏
j=0

(
1− abj

)
.

Now let us shows how we can calculate V(1). If we set

Ak(y, z) =
x2yz3(yz)3k

((yz)kz − 1)((yz)kyz − 1)
and Bk(y, z) =

xz(yz)k

(yz)kz − 1
,

then we have

Pk(1)N((yz)k) =

(
Gk(y, z)Ak(y, z) Gk(y, z)Bk(y, z)
Gk(z, y)Bk(z, y) Gk(z, y)Ak(z, y)

)
,

which implies that

S(x, y, z) =

(
ϕ(y, z) ψ(y, z)
ψ(z, y) ϕ(z, y)

)
,

with

ϕ(y, z) =
∞∑
k=0

x2k+2y2k+1z4k+3(yz)k(2k+1)

(z; yz)k+1 (yz; yz)k+1

and ψ(y, z) = −
∞∑
k=0

x2k+1y2kz4k+1(yz)k(2k−1)

(z; yz)k+1 (yz; yz)k
.

Now we compute the inverse of I+ S(x, y, z),

(I+ S(x, y, z))−1 =
1

∆

(
1 + ϕ(z, y) −ψ(y, z)
−ψ(z, y) 1 + ϕ(y, z)

)
where

∆ = (1 + ϕ(y, z))(1 + ϕ(z, y))− ψ(y, z)ψ(z, y).

Finally, we obtain a close form for V(1).

Theorem 4.4. We have

V(1) =
1

∆

(
−(1 + ϕ(z, y))f(y, z)− ψ(y, z)g(y, z)
(1 + ϕ(y, z))g(y, z) + ψ(z, y)f(y, z)

)
with

f(y, z) =
∞∑
k=0

x2k+2y2k+1z4k+3(yz)k(2k+1)

(z; yz)k+1 (yz; yz)k
, g(y, z) =

∞∑
k=0

x2k+1y4k+1z2k(yz)k(2k−1)

(y; yz)k (yz; yz)k
,
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ϕ(y, z) =
∞∑
k=0

x2k+2y2k+1z4k+3(yz)k(2k+1)

(z; yz)k+1 (yz; yz)k+1

, ψ(y, z) = −
∞∑
k=0

x2k+1y2kz4k+1(yz)k(2k−1)

(z; yz)k+1 (yz; yz)k
,

and
∆ = (1 + ϕ(y, z))(1 + ϕ(z, y))− ψ(y, z)ψ(z, y).

The first terms of the series expansion of the generating function OD(x, y, 1, 1) (the second
coordinate of V(1) evaluated at z = 1) are

xy + (y2 + 2y + 2)y2x3 + y3(y6 + 2y5 + 5y4 + 8y3 + 12y2 + 10y + 4)x5+

(y12 + 2y11 + 5y10 + 10y9 + 18y8 + 30y7 + 47y6 + 62y5 + 76y4 + 76y3 + 62y2 + 32y + 8)y4x7 +O(x9).

Due to Theorem 1.1, these terms correspond exactly to the odd terms of F (x, 1, y) (i.e. the
terms in x2n−1, n ≥ 1) obtained in the previous section.

The first terms of the series expansion of the generating function EV (x, 1, z, 1) (the first
coordinate of V(1) evaluated at y = 1) are

(z + 1)zx2 + z2(z4 + 2z3 + 4z2 + 5z + 2)x4+

(z9 + 2z8 + 5z7 + 9z6 + 16z5 + 24z4 + 28z3 + 27z2 + 16z + 4)z3x6 +O(x8).

Due to Theorem 1.1, these terms correspond exactly to the even terms of F (x, 1, z) (i.e. the
terms in x2n, n ≥ 1) obtained in the previous section. We refer to Figure 8 for an illustration
of of the polyominoes of length 4 counted by the boldfaced coefficient of x4.

Now, if we calculate the series expansions of OD(1, z, 1, 1) + EV (1, 1, z, 1) we obtain

2z + 5z2 + 15z3 + 47z4 + 149z5 + 473z6 + 1506z7 + 4798z8 +O(z9).

Due to Theorem 1.1, these terms correspond to the series expansion of F (1, 1, q) obtained in
the previous section. See Figure 11 for an illustration of the 15 Catalan polyominoes having
a black cell capacity equal to 3.

Figure 11. The 15 Catalan polyominoes P with black(P ) = 3.

By the way, we obtain the generating function for the polyominoes classified by the length
and the vertical black cell capacity, i.e. OD(x, y, 1, 1) +EV (x, y, 1, 1), where the first terms
of the series expansion are

yx+ 2yx2 + y2(y2 + 2y + 2)x3 + (4y4 + 6y3 + 4y2)x4

+ (y6 + 2y5 + 5y4 + 8y3 + 12y2 + 10y + 4)y3x5+

(6y9 + 10y8 + 22y7 + 28y6 + 34y5 + 24y4 + 8y3)x6 +O(x7).
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Finally, the generating function for the Catalan polyominoes enumerated by the vertical
black cell capacity is OD(1, y, 1, 1)+EV (1, y, 1, 1), and the first terms of the series expansion
are

3y + 6y2 + 20y3 + 63y4 + 166y5 + 342y6 + 553y7 + 734y8 +O(y9).

This sequence of coefficients does not appear in the On-Line Encyclopedia of Integer Se-
quences [17].

We refer to Figure 12 for an illustration of the 20 polyominoes with verblack(P ) = 3.

Figure 12. The 20 Catalan polyominoes P with verblack(P ) = 3.

5. Going further

We introduce the statistic s on the Catalan polyominoes by setting s(P ) = verblack(P )
when length(P ) is odd, and s(P ) = verwhite(P ), otherwise. By Theorem 1.1, the statistics
s and black are equidistributed on Catalan polyominoes. We also define the complementary
statistic s̄ by s̄(P ) = verblack(P ) when length(P ) is even, and s̄(P ) = verwhite(P ),
otherwise.

We then consider the generating function

C(x, y, z, u) =
∑
P∈C

xlength(P )ys(P )zs̄(P )ulast(P ) =
∑

n,i,j,k≥0

cn,i,j,kx
nyizjuk.

Theorem 5.1. The generating function C(x, y, z, u) satisfies .

C(x, y, z, u) = xyu+
xyu

1− yu
(C(x, z, y, 1)− yuC(x, z, y, yu)) .

Proof. If P has a single column, it consists of one cell, and its contribution to the generating
function is xyu. Otherwise, assume that the polyomino has at least two columns. P is
obtained from a polyomino Q of length length(Q) = length(P )− 1 by adding on its right
a column with last(P ) cells, by preserving the Catalan structure, that is, the condition
last(Q) + 1 ≥ last(P ). Note that s(P ) = s̄(Q) + last(P ) and s̄(P ) = s(Q) + last(P ).
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Then the contribution for these polyominoes is

x
∑
n,i,j,k

cn,i,j,k x
nziyj

(
uy + u2y2 + · · ·+ uk+1yk+1

)
=xuy

∑
n,i,j,k

cn,i,j,k x
nziyj

(
1− uk+1yk+1

1− uy

)
=

xyu

1− yu
(C(x, z, y, 1)− yuC(x, z, y, yu)) ,

which completes the proof. □

By construction, the generating function OD(x, y, 1, 1) obtained in the previous sec-
tion (second coordinate of V(1) evaluated at z = 1) coincides with the terms x2n+1yi of
C(x, y, 1, 1). Similarly, the generating function EV (x, 1, y, 1) obtained in the previous section
(first coordinate of V(1) evaluated at y = 1) coincides with the terms x2nyi of C(x, y, 1, 1).
Thus, we have C(x, y, 1, 1) = OD(x, y, 1, 1) + EV (x, 1, y, 1), and the result of the previous
section provides a close form for the C(x, y, 1, 1).
Open questions: Can we solve this functional equation? Can we determine if the generating
function is algebraic or D-finite? Can we obtain asymptotic approximation for the coefficient
of yn in C(1, y, 1, 1)?
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