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q-decreasing words

Let q > 0 be a real number and n ≥ 0 an integer.

De�nition

A q-decreasing word of length n is a binary word of length n such that:

every maximal factor of the form 0a1b satis�es either a = 0 or q · a > b.

Let Wq
n be the set of q-decreasing words of length n.

Example: W1
4 = {0000, 0001, 0010, 1000, 1001, 1100, 1110, 1111}.

Proposition

When q is a positive integer, Wq
n is enumerated by the

(q + 1)-generalized Fibonacci numbers F q+1
n+1 , where F q

n is de�ned by

F q
n = F q

n−1 + F q
n−2 + . . .+ F q

n−q,

with initial conditions F q
n = 0 for n < 0 and F q

0 = 1.
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Context

J.-L Baril, S. Kirgizov and V. Vajnovszki (2022).
▶ Introduced q-decreasing words
▶ Bijection between Wq

n and binary words with length n avoiding 1q+1

when q is an integer
▶ 1-Gray code for W1

n (answering a conjecture of E§ecio§lu and Ir²i£)

E. Barcucci, A. Bernini, S. Bilotta and R. Pinzani (2025).
▶ Bijection between Wq

n and binary words with length n avoiding some
patterns when q is a rational number

S. Dovgal and S. Kirgizov (2025).
▶ Growth rate of |Wq

n | for any positive real number q
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q-decreasing words

Theorem - Dovgal, Kirgizov (2025)

For any real positive q, the number of q-decreasing words of length n
satis�es as n → ∞

|Wq
n | ∼ Cq · Φ(q)n

for some constant Cq and where Φ is a function such that

Φ is strictly increasing,

Φ is discontinuous at every positive rational point,

for any integer k, Φ(k) is the (k + 1)-bonacci constant.

Example: Φ(1) = 1+
√
5

2
, Φ(2) is the tribonacci constant.
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The boolean lattice

∅

{1} {2} {3}

{1, 2} {1, 3} {2, 3}

{1, 2, 3}

Inclusion order

000

100 010 001

110 101 011

111

Componentwise order

Figure: The Hasse diagram of the boolean lattice of size 3.
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The poset of q-decreasing words

For v = v1v2 . . . vn and w = w1w2 . . .wn two q-decreasing words, we have

v ≤ w ⇐⇒ vi ≤ wi for all 1 ≤ i ≤ n.

Theorem

The poset Wq
n := (Wq

n ,≤) is a lattice.

Remark: This is not a sublattice of the boolean lattice. Indeed, in W1
3,

100 ∨ 001 = 111 ̸= 101.
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An example

11111

11110

1100111100

00011100011001011000

000010001010000 00100

00000

Figure: The lattice W1

5.
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An example

11111

11110

1100111100

00011100011001011000

000010001010000 00100

00000

Figure: Coverings.
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An example
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Figure: Join-irreducible elements.
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An example

11111
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Figure: Meet-irreducible elements.
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Structure of q-decreasing words

Any word w ∈ Wq
n can be written

w = 1m0a11b1 . . . 0ak1bk0ℓ,

with

m, ℓ ≥ 0,

q · ai > bi ≥ 1 for 1 ≤ i ≤ k,

Theorem - Kirgizov (2022)

The generating function Wq(x) for the number of q-decreasing words
depending on their length is given by

Wq(x) =
1

(1− x)
(
1−

∑∞
i=0 x

1+i+⌊ i
q ⌋
) .

Furthermore, when q = c/d is a rational number, we have

Wc/d(x) =
1− xc+d

(1− x)
(
1− xc+d −

∑c−1

i=0 x1+i+⌊ di
c ⌋
) .
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Intervals

De�nition

An interval I = [v ,w ] is called prime whenever w is prime, i.e. w = 0a1b

with q · a > b ≥ 1.
Let Pq(x) be the generating function for the number of prime intervals.

w = 1 . . . 1 0a11b1 . . . 0ak1bk 0 . . . 0

v = ν v1 . . . vk 0 . . . 0

ν ≤ 1 . . . 1 prime intervals

Proposition

For any real q > 0, the generating function Iq(x) for the number of
intervals in Wq

n is given by

Iq(x) =
Wq(x)

(1− x)(1− Pq(x))
.
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Structure of prime intervals

Let w = 0a1b and v ≤ w . Then we have either

1 v = 0a+b, or

2 v = 0a+k1ν, with k ∈ [0, b − 1] and ν ∈ Wq
b−k−1.

Pq(x) =
+∞∑
b=1

∑
q·a>b

(
1+

b−1∑
k=0

|Wq
b−k−1|

)
xa+b.

Pq(x) =
+∞∑
b=1

(
1+

b−1∑
k=0

|Wq
k |

)
x1+b+⌊ b

q ⌋

1− x
.
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Intervals

Theorem

Let q = c/d be a positive rational number, and de�ne the polynomial

Πc/d(x) = 1− xc+d −
∑c−1

k=0 x
1+k+⌊ dk

c ⌋. Let ρ = e
2iπ
c , then

Pq(x) =

∑c(c+d+2)
k=0 akx

1+k+⌊ dk
c ⌋

(1− x)(1− xc+d)2
∏c−1

k=0 Πq(ρkx1+
d
c )
,

where

c(c+d+2)∑
k=0

akx
k = x

(
1− xc+d + (1− x)Πq(x)

)
(1+. . .+xc−1)2

c−1∏
k=1

Πq(ρ
kx).
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Intervals

Corollary

Let r = e
2iπ
c+d . There exists a nonzero polynomial T ∈ C[X ] with degree

at most c + d − 1 such that

[xn]Pq(x) ∼
n→∞

T (rn) · Φ(q) cn
c+d .

Example:

P1(x) =
x3(x4 − 2)

(x − 1)2(x + 1)(x4 + x2 − 1)

[xn]P1(x) ∼ c · (1+ (−1)n) ·

(
1+

√
5

2

)n/2

with c = 1
40

(
30+ 14

√
5+ (25+ 11

√
5)
√

−2+ 2
√
5
)
.
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Meet-irreducible elements when 0 < q ≤ 1

Fact

A word w ∈ Wq
n is meet-irreducible if and only if it has exactly one upper

cover.

B = {0a1b | 0a−11b is q-decreasing}

C = {0a1b | 0a1b+1 is q-decreasing}

Lemma

A word w is meet-irreducible if and only if its prime factor decomposition
avoids the pattern CB.

Example.

000011︸ ︷︷ ︸
∈C

0001︸︷︷︸
∈B

≤ 1111110001
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Meet-irreducible elements when 0 < q ≤ 1

Theorem

Let q = c/d be a rational number with 0 < q ≤ 1. The generating
function M(x) for the number of meet-irreducible elements in Wq

n is

M(x) =
x2+⌊d/c⌋(x − 1)A− (x − 1)A2 + x2

(x − 1)
(
(1− Ax2+⌊d/c⌋ + Ax3+⌊d/c⌋ + (x − 1)(x + A− A2)

) ,
with

A =

∑c
i=1 x

1+i+⌊ id
c ⌋

1− xc+d
.
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Meet-irreducible elements when q > 1

D⌈q⌉−1

B

D⌈q⌉−2

D⌈q⌉−3

D2

D1

C

···
01

01⌈q⌉−4

01⌈q⌉−3

01⌈q⌉−2

···

Figure: More sets and more forbidden patterns → words over an alphabet of
2⌈q⌉+ 1 letters avoiding ⌈q⌉2 + 2⌈q⌉ − 1 patterns
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