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g-decreasing words
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Let g > 0 be a real number and n > 0 an integer.

Definition

A g-decreasing word of length n is a binary word of length n such that:
every maximal factor of the form 0°1° satisfies either a=0 or g - a > b.

Let WY be the set of g-decreasing words of length n.

Example: W! = {0000, 0001,0010, 1000, 1001,1100, 1110, 1111}.
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g-decreasing words

Let g > 0 be a real number and n > 0 an integer.

Definition

A g-decreasing word of length n is a binary word of length n such that:
every maximal factor of the form 0°1° satisfies either a=0 or g - a > b.

Let WY be the set of g-decreasing words of length n.

Example: W! = {0000, 0001,0010, 1000, 1001,1100, 1110, 1111}.

Proposition

When g is a positive integer, W7 is enumerated by the
(g + 1)-generalized Fibonacci numbers F:jfll, where F7 is defined by

Fl=Fl,+F ,+...+F

with initial conditions F7 = 0 for n < 0 and Fj = 1.
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e J.-L Baril, S. Kirgizov and V. Vajnovszki (2022).
» Introduced g-decreasing words
> Bijection between WY and binary words with length n avoiding 197
when g is an integer
» 1-Gray code for Wi (answering a conjecture of Egecioglu and Ir3ic)
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e J.-L Baril, S. Kirgizov and V. Vajnovszki (2022).
» Introduced g-decreasing words
> Bijection between WY and binary words with length n avoiding 197
when g is an integer
» 1-Gray code for Wi (answering a conjecture of Egecioglu and Ir3ic)
e E. Barcucci, A. Bernini, S. Bilotta and R. Pinzani (2025).
> Bijection between WY and binary words with length n avoiding some
patterns when g is a rational number
e S. Dovgal and S. Kirgizov (2025).

> Growth rate of |W/| for any positive real number g
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g-decreasing words

Theorem - Dovgal, Kirgizov (2025)

For any real positive g, the number of g-decreasing words of length n
satisfies as n — oo

(Wil ~ Cq - @(q)"
for some constant C; and where ® is a function such that
@ & is strictly increasing,
@ ® is discontinuous at every positive rational point,

e for any integer k, ®(k) is the (k 4 1)-bonacci constant.

Example: (1) = % ®(2) is the tribonacci constant.



The boolean lattice

{1,2,3} 111
PN N
{1,2} {1,3} {2,3} 110 101 011
| > X< > X
{1} 2} (3} 100 010 001
~o 7 ~ |7
0 000

Inclusion order Componentwise order

Figure: The Hasse diagram of the boolean lattice of size 3.
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The poset of g-decreasing words

Forv=vivs...v, and w = wyw, ... w, two g-decreasing words, we have

v<w< =y, <wforall1<i<n.

The poset W9 := (W3, <) is a lattice.

Remark: This is not a sublattice of the boolean lattice. Indeed, in W3,

100 v 001 = 111 # 101.
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An example

11111

11000 10010 10001 00011

>

10000 00100 00010 00001

~ T

00000

Figure: The lattice W3.
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11000 10010 10001 00011

>

10000 00100 00010 00001

~

00000

Figure: Coverings.
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An example

11111

11000 10010 10001 00011

>

10000 00100 00010 00001

~ T

00000

Figure: Join-irreducible elements.
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An example

11111

11000 10010 10001 00011

>

10000 00100 00010 00001

~ T

00000

Figure: Meet-irreducible elements.
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Structure of g-decreasing words

Any word w € W7 can be written
w = 1m021b 0 15%0f,

with
e m/{ >0,
@ g-a>b>1forl<i<k,

8/16



Structure of g-decreasing words

Any word w € W7 can be written
w = 1mp21br | 02150t
prime factors
with
e m{>0,
@ g-a>b>1forl<i<k,

8/16



8/16

Structure of g-decreasing words

Any word w € W7 can be written
w = 1mp21br | 02150t
prime factors
with
e m{>0,
@ g-a>b>1forl<i<k,

Theorem - Kirgizov (2022)

The generating function Wy (x) for the number of g-decreasing words
depending on their length is given by

1
(1-x) (1- ZRpxtt )

Furthermore, when g = c¢/d is a rational number, we have

Wey(x) =

1— Xc+d

(1—x) (1 — xetd _ el x1+"+L%J) '

Wc/d(X) =

A



Intervals

Definition
An interval | = [v, w] is called prime whenever w is prime, i.e. w = 071°

with g-a> b > 1.
Let P,4(x) be the generating function for the number of prime intervals.
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Intervals

Definition

An interval | = [v, w] is called prime whenever w is prime, i.e. w = 071°

with g-a> b > 1.
Let P,4(x) be the generating function for the number of prime intervals.

w = 1...1 Oallbl Oaklbk 0...0
v = v Vi Vi 0...0
r<i1...1 prime intervals

Proposition
For any real g > 0, the generating function /;(x) for the number of
intervals in W9 is given by

- Wq(x)
W)= T 00— Ry
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Structure of prime intervals

Let w = 0712 and v < w. Then we have either
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Intervals

Let g = ¢/d be a positive rational number, and define the polynomial
Mea(x) = 1—xotd — S8 ARHLE] ) Let p = e, then

Fe92) el 2]

Py(x) = ,
)= 00 — e [T (o )
where
c(c+d+2) c—1
Z ax¥ = x (1= x4+ (1 — x)Mg(x)) (1+. . .4+x1)? H Mg (p*x).
k=0

.
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Intervals

Let r = e%. There exists a nonzero polynomial T € C[X] with degree
at most ¢ + d — 1 such that

[Xn]'Dq(X) ~ T(r”) . C])(q)ch.

n—oo

Example:
x3(x* —2)
(— 120+ D + X2 1)

n/2
[Xn]Pl(X) ~ C- (]_ + (—1)") . <1 +2\/§>

P]_(X) =
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Intervals

Let r = e%. There exists a nonzero polynomial T € C[X] with degree
at most ¢ + d — 1 such that

[Xn]'Dq(X) ~ T(r”) . C])(q)ch.

n—oo

Example:
x3(x* —2)
(— 120+ D + X2 1)

n/2
[Xn]Pl(X) ~ C- (]_ + (—1)") . <1 +2\/§>

P]_(X) =

with ¢ = 2 (30 +14v/5 + (25 + 11v5)V—2 + 2\/5).
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Meet-irreducible elements when 0 < g <1

A word w € W9 is meet-irreducible if and only if it has exactly one upper
cover.
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Meet-irreducible elements when 0 < g <1

Let g = c¢/d be a rational number with 0 < g < 1. The generating

function M(x) for the number of meet-irreducible elements in W? is
x?Hld/el(x —1)A — (x — 1) A% 4 x2

(x = 1) ((1 — Axetld/el 4 Ax3+ld/el + (x = 1)(x + A— A?))’

M(x) =

A Ty X2
1 — xctd
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Meet-irreducible elements when g > 1

Figure: More sets and more forbidden patterns — words over an alphabet of
2[q] + 1 letters avoiding [q]® +2[q] — 1 patterns
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