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Deformation of rational numbers

Producing g-analogues of rationals

Rational number —— g-rational number
q
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Deformation of rational numbers

Producing g-analogues of rationals

Rational number —— g-rational number
q
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Example: g-integers
For n € N,

q"—1 -
[nlq == —— g
q
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Deformation of rational numbers

Producing g-analogues of rationals

Naive idea: [%}q = %. But then...
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Deformation of rational numbers

Producing g-analogues of rationals

Naive idea: [%}q = %. But then...

e scale invariance is not preserved EZ%Z #* % ;

e there is no recursive relation [x + 1]q # q[x]q + 1 ;
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Deformation of rational numbers

Producing g-analogues of rationals

Naive idea: [%}q = %. But then...

e scale invariance is not preserved [[521‘; #* % ;

e there is no recursive relation [x + 1]q # q[x]q + 1 ;

e the order is not preserved: if x < y, in general [x]q £ [y]q (for
geRL).

Therefore we will define [%}q in another way.
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Deformation of rational numbers

Producing g-analogues of rationals [MGO20]
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Deformation of rational numbers

Producing g-analogues of rationals [MGO20]

Modular action

1 . a by ~_ax+b
PSL2(Z) ~ P*(Q) via <c d) X=
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Deformation of rational numbers

Producing g-analogues of rationals [MGO20]

Modular action

1 . a by ~_ax+b
PSL2(Z) ~ P*(Q) via <c d) X=

Examples

» the shift x — x + 1 is realized by T = <é 1)
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Deformation of rational numbers

Producing g-analogues of rationals [MGO20]

Modular action

1 . a by ~_ax+b
PSL2(Z) ~ P*(Q) via <c d) X=

Examples

» the shift x — x + 1 is realized by T = <é 1)

> the negation-inversion x — —% is realized by S = <(1) _01>
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Deformation of rational numbers

Producing g-analogues of rationals

Deformation of matrices [MGO20, LMG21]

(11 q (g 1
() ()
(0 -1\ 4 (0 -1
= o) (o o)
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Deformation of rational numbers

Producing g-analogues of rationals

Deformation of matrices [MGO20, LMG21]
(1 1\ 4 (g 1
(o) (o)

Then

PSL2(Z) — (T4, Sq) C PGL2(Z[q, g7 ]).
M — /\/lq
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Deformation of rational numbers

Producing g-analogues of rationals

Deformation of matrices [MGO20, LMG21]
(1 1\ 4 (g 1
(o) (o)

Then

PSL2(Z) — (T4, Sq) C PGL2(Z[q, g7 ]).
M — /\/lq

This is the unique way of deforming matrices of PSLy(Z), up to
conjugacy [JPRT26a].
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Deformation of rational numbers

g-rationals [MGO20]
Let x € Q. Let M € PSLy(Z) be such that M- § = x. Then define

[y = My - 5.
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Deformation of rational numbers

g-rationals [MGO20]
Let x € Q. Let M € PSLy(Z) be such that M- § = x. Then define

[y = My - 5.

This is well defined because % is a fixed point of T, = (g 1)
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Deformation of rational numbers

g-rationals [MGO20]
Let x € Q. Let M € PSLy(Z) be such that M- § = x. Then define

[X]q = Mg - %
This is well defined because % is a fixed point of T, = (g 1)

There is another one: flq.
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Deformation of rational numbers

g-rationals [MGO20] (right version)

Let x € Q. Let M € PSLy(Z) be such that M- § = x. Then define
[X]E’ = M, - %.

This is well defined because (1) is a fixed point of T, = (q 1).

01
There is another one : 1£q.
g-rationals [BBL23]
Define
[X]q = Mq ’
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Deformation of rational numbers

Examples

n—1

Right g-integers are the usual ones: [n]g =1+qg+---+gq
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Deformation of rational numbers

Examples

n—1

Right g-integers are the usual ones: [n]g =1+qg+---+gq

Left g-integers are new: [n], =1+q+ -+ q" % +q".
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Deformation of rational numbers

Examples

n—1

Right g-integers are the usual ones: [n]g =1+qg+---+gq

Left g-integers are new: [n], =1+q+ -+ q" % +q".

[5] 14+ q+P+dd+qt o Hﬁ 1429+ 42+ ¢
q

2 1+ g2 Eq 1+g
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Deformation of rational numbers

Examples

n—1

Right g-integers are the usual ones: [n]g =1+qg+---+gq

Left g-integers are new: [n], =1+q+ -+ q" % +q".

[5] 1l+g+¢+¢+¢* nd [SF 1429+ ¢*°+¢°
q

2 1+ g2 2 1+g

q
These polynomials have many properties

[AL25, BOSZ24, FQ23, OR23, KW19, LMG23, LMGOV24,
MSS21, OP25, Ove23, Ovs25, Ren24, Sik24, Tho24]...

P. J., Olga Paris-Romaskevich, Alexander Thomas Modular deformation of rational numbers and plane geometry



Deformation of rational numbers

g-deformed Farey triangulation (right version)
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Deformation of rational numbers

g-deformed Farey triangulation (right version)

14+g
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Deformation of rational numbers

g-deformed Farey triangulation (right version)
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Deformation of rational numbers

g-deformed version of PGLy(Z) [Jou25]
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Deformation of rational numbers

g-deformed version of PGLy(Z) [Jou25]

Let x € P}(Q).
By design, for any M € PSLy(Z),

Ml = My [y . [M-x], = My [,

P. J., Olga Paris-Romaskevich, Alexander Thomas Modular deformation of rational numbers and plane geometry



Deformation of rational numbers

g-deformed version of PGLy(Z) [Jou25]

Let x € P}(Q).
By design, for any M € PSLy(Z),

Ml = My [y . [M-x], = My [,

This equivariance extends to PGLy(Z), by

(-1 0\ g (-1 1-q7!
v=(o ) = (0 )
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Deformation of rational numbers

g-deformed version of PGLy(Z) [Jou25]

_(q 1 (0 -1 (-1 1-qg!
T"_<0 1)’5"_<q 0>’Nq_(q—1 !

Then
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Deformation of rational numbers

g-deformed version of PGLy(Z) [Jou25]

_(q 1 (0 -1 (-1 1-qg!
T"_<0 1)’5"_(61 0>’Nq_(q—1 !

Then
PGLZ(Z) i <Tqa 5q7 Nq>,

and for any M € PGLy(Z) with det(M) = —1,

M- x] = Mg [, . [M-x], = Mg [x]5,
with x € P1(Q).
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Disks and Springborn operations

Disks and Springborn operations

From now on, g is a real parameter: g € (0,1).
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Disks and Springborn operations

Disks and Springborn operations

From now on, g is a real parameter: g € (0,1).

Well-orderness property: for any x < y < z,

X5 < Vg < 5 < [,
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Disks and Springborn operations

Disks and Springborn operations

From now on, g is a real parameter: g € (0,1).

Well-orderness property: for any x < y < z,
XI5 < Wl < vl < [l

o0

2 3
[ ] |
i
q

1—

T

0

[o1;

P. J., Olga Paris-Romaskevich, Alexander Thomas Modular deformation of rational numbers and plane geometry

[0l



Disks and Springborn operations

Disks and Springborn operations
From now on, g is a real parameter: g € (0,1).

Well-orderness property: for any x < y < z,
X5 < Vg < vl < [2]q

T

(0]

Notation: [x] is the disk passing by [x]g and [x]%, orthogonal to

Modular deformation of rational numbers and plane geometry

the real axis.
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Disks and Springborn operations

The union of all the disks [x], for x € P1(Q), is denoted by Q.

[o0]

[0]
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Disks and Springborn operations

The union of all the disks [x], for x € P1(Q), is denoted by Q.

0] [3] 3 &g
5] [3] 3]

The symmetries of Q are elements of PGLy 4(Z), acting by Mdbius
transformations.

[o0]
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Disks and Springborn operations

Geometric g-Farey rule

Let x, y be two rationals with Farey determinant 1. Consider the
unique inversion in circle exchanging [x] and [y].

l” ~\‘
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Disks and Springborn operations

Geometric g-Farey rule

Let (x,y) be two rationals with Farey determinant 1. Consider the
unique inversion in circle exchanging [x] and [y].

x&ryl .. [xory]

Y

Then [x ©F y] and [x ©F y] are stabilized by this inversion
[JPRT26b].
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Disks and Springborn operations

Geometric g-Farey rule

Let (x,y) be two rationals with Farey determinant 1. Consider the
unique inversion in circle exchanging [x] and [y].
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Disks and Springborn operations

Homothety centers

E]E 6(C11C2)

Figure: Inner (in orange) and outer (in purple) homothety centers of C;
and G.

Suppose C; has center z; € C and radius r;. Then

nz + nz Nz —nzn
——~—and e(G, ) = ——.
rn+nr n—nr
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Disks and Springborn operations

Observations [JPRT26b]

Suppose x = £ and y = 5 have Farey determinant 1 or 2. Then

we observe
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Disks and Springborn operations

Observation [JPRT26b]

Suppose x = £ and y = 5 have Farey determinant 1 or 2. Then
we observe
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Disks and Springborn operations

Springborn operations [Spr24, JPRT26b]

Let £ and 5 be two rationals in reduced form. Define

c ab + cd

a
ST Ry

c ab — cd

a
S d T g
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Disks and Springborn operations

Springborn operations [Spr24, JPRT26b]

Let 2 and be two rationals in reduced form. Define

c ab + cd

a
ST Ry

a c ab — cd

b5 T BR—d

These expressions may not be reduced. And

Qln
SN—

ged(ab + cd, b* + d?) | de (2,

ged(ab — cd, b* — d?) | df (2,

n.\n
SN—
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Main result [JPRT26b]

Let £ and 5 be two rationals in reduced form. Denote by
d/: = d/:(%, %) = |bC — ad].
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Disks and Springborn operations

Main result [JPRT26b]

Let £ and 5 be two rationals in reduced form. Denote by
d/: = d/:(%, %) = |bC — ad].

Inner version
Suppose that gcd(ab + cd, b? + d?,a® + c?) = dg. Then

([E[E) - sl
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Main result [JPRT26b]

Let £ and 5 be two rationals in reduced form. Denote by
d/: = d/:(%, %) = |bC — ad].

Inner version
Suppose that gcd(ab + cd, b? + d?,a® + c?) = dg. Then

([E[E) - sl

Outer version
Suppose that gcd(ab — cd, b?> — d?,a®> — c?) = dg. Then

«(5)-[ah) = [5esal,
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Disks and Springborn operations

Regular pairs

We say that a pair (£, £) is inner regular when
y ' d g

ged(ab + cd, b + d?, 2% + %) = dr (2, ).

Qln
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Disks and Springborn operations

Regular pairs
We say that a pair (3, §) is inner regular when

Q\n
v

ged(ab + cd, b? + d?,a° + ¢*) = de(2,

Similarly, we say that the pair is outer regular when

QJO
\_/

2_ 2 2 2 a
ged(ab — cd, b — d*,a" — ¢°) = dr(3,

P. J., Olga Paris-Romaskevich, Alexander Thomas Modular deformation of rational numbers and plane geometry



Disks and Springborn operations

Regular pairs
We say that a pair (3, §) is inner regular when

ged(ab + cd, b? + d?,a° + ¢*) = de(2,

).

Qln

Similarly, we say that the pair is outer regular when

gcd(ab — cd, b? — d?,a% — ) = de(2, ).

Qln

Example
Any pair with Farey determinant 1 or 2 is both inner and outer
regular.
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Disks and Springborn operations

Properties of regular pairs [JPRT26b]

We state properties in the outer version, the inner version is similar.
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Disks and Springborn operations

Properties of regular pairs [JPRT26b]

We state properties in the outer version, the inner version is similar.

Modular invariance

The set of outer-regular pairs is invariant under the action of
PSL2(Z).
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Disks and Springborn operations

Properties of regular pairs [JPRT26b]

We state properties in the outer version, the inner version is similar.

Modular invariance

The set of outer-regular pairs is invariant under the action of
PSL2(Z).

Characterisation
A pair (x,y) is outer regular iff there is an orientation-reversing
involution in PGL2(Z) exchanging x and y.
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Disks and Springborn operations

Sketch of proof of the main result (outer version)

If (x,y) is outer regular, let M € PGL2(Z) be the involution
exchanging x and y. Then My € PGLy 4(Z) is a symmetry of Q.
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Disks and Springborn operations

Sketch of proof of the main result (outer version)

If (x,y) is outer regular, let M € PGLy(Z) be the involution
exchanging x and y. Then My € PGLy 4(Z) is a symmetry of Q.

On one hand, Mg - 0o = e([x], [y]).
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Disks and Springborn operations

Sketch of proof of the main result (outer version)

If (x,y) is outer regular, let M € PGL2(Z) be the involution
exchanging x and y. Then My € PGLy 4(Z) is a symmetry of Q.

On one hand, Mg - 0o = e([x], [y]).

On the other hand, 3z € Q s.t. M- [oo]?;, = [z],- Taking g =1,
we get z=Xx0Og Y.

Hence e([x], [y]) = [x ©s yl,-
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Disks and Springborn operations

Consequence: g-Springborn operations

Let (2, 5) be an outer regular pair. Then there are explicit integers
€1 and &5 such that

[a cr B q2AIB’ — ge1CiD?

b 7Sdl, = q2BiB’ — g1 DED
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Disks and Springborn operations

Consequence: g-Springborn operations

Let (2, 5) be an outer regular pair. Then there are explicit integers
€1 and &5 such that

a c1b AR — ge1CEDP

[B ©s EL T g2BiBY — g1 DEDY

Similarly, if the pair is inner regular,
qagAtiBb + qal CbDﬁ
- qEQBﬁBb + g= DiDb’

Fes 2],
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Disks and Springborn operations

Application: midpoint formula

Let 0 < 3 < § with Farey determinant 1. Then there is an explicit
integer € such that

b d

1/a o\] AIDP 4 geCEB?
2G+3),-

) - b bt
2 q BiDP + g B> Dt
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Disks and Springborn operations

Application: midpoint formula

Let 0 < 3 < § with Farey determinant 1. Then there is an explicit
integer € such that

2

b+d

[1 <a c>]b _ AIDP 4 geCEB?

BiDP + q=B° Dt

This is because the inversion
stabilizing [%] and [g] has

center [3(2 + 5)]:

P. J., Olga Paris-Romaskevich, Alexander Thomas Modular deformation of rational numbers and plane geometry



Thank you!
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Disks and Springborn operations
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Disks and Springborn operations

Examples of a non regular pairs

The pair (%, %) is neither inner nor outer regular. Yet, the right
g-version of its Springborn sum is the inner homothety center.

The pair (%, %) is neither inner nor outer regular. Yet, the left
g-version of its Springborn difference is the outer homothety
center.
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