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Integral Burau representation of By

Braid group B4 >
Integral Burau p

p(o1)

Theorem : classification of orbits |2]

P*(Q)={[1:0:1]} U Orbpg,([0:1:0]) U Ll Orbp,(m : n:mj).

n>2
O<m<n/2
mAn=1

For every couple (m,n) of coprime integers,

ged(r —t,8) = n; }

r,t = +m mod (n).

OrbB4([m:n:m]){[r:3:t] | {

Example : the orbit O; of |0 : 1 : 0] contains the points |[r : s : t] such
that ged(r —t,s) = 1. In particular, the projective line is entirely in O1,
through the embedding

P'(Q) — O; C P*(Q), ris] = [rs:0l.

Stabilizers

Let BZ, := ker(p) be the Braid Torelli group [1].
Let A = 010903010201, T; — (0-2‘0-20-2’)2, 1 € {1,3}

< TlAp 02 >

(1A, 09, 010503 ) ifn =2,

if n > 3,
Stab[m:n:m] /BI4 —

<7'1, A, 0'2> 1"n:

Quantization of O; via the Burau representation

B, acting on P%(Z(q)) via the Burau representation

g 1 0 1 0 0 1 0 0
pe(o1) =0 1 0],pg(o2)=1|-a q 1],pe(03)=10 1 0
0 0 1 0 0 1 0 —q ¢

An example
Let us quantize [4: 3 : —1] € Oy, via 8 = 0103030105 ° :
pg(B)([0:1:0]) =[¢* +2¢+1:2¢+1:—¢"].
Now with 8 = o30, 10%03_ * we get another deformation :
A O+ -1 - — "+ ¢+l

Remark : the braid 5 can be computed via a Jacobi-Perron type multidi-
mensional continued fractions algorithm.

Theorem :
Let - € Q.

link with g-rati

Let |z], = % be the ¢g-deformed number in the sense of Morier-

Genoud and Ovsienko |3],[4].

: 0]) and it is the minimal

Then [R(q) : S(q) : 0] is in Q(|r :

deformation of the point [r : s : 0].

Buraurepresentation of B, and g-deformed rational
projective plane
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Special linear group SL3(Z)...

.. acting on P?(Q).

p(02) p(03)

r+s:s:t
r:s+t—r:t
r:s:t—s|.

Sketch of orbits

Colors meanings

e dark blue :
Orb([0 : 1 : 0])
e light blue :
Orb([1:2:1
e green :
Orb([1:3:1
orange :
Orb([1:4:1
e red :
Orb([1:5: 1))
e pink :
Orb([1:6 : 1])

e 'M'X'\* ——
ZRAN
S AN\

Principal orbit O; := Orb([0: 1 :0])

e (D, is the only orbit containing affine lines.

e Conjecture : For every N € N, the orbit J; contains at least three times
more points in the subset Sy := {[1 : a/b : ¢/d]||al,|b|,|c|,|d| < N}
than the union of the other orbits.
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The quantization map is a function Q : O; — P(P?(A)),

Vp € O1, Q) := {pg(B)([0:1:0]) [ Bs.t. p(B)([0:1:0]) =pj.

Unicity of the deformation

Conjecture : There is a unique deformation (R : .S : T'| of p in Q(p) such
that deg(R), deg(S), and deg(T') are together minimal.

Definition : Assuming this, we can define the quantization of a point
p € 01 to be the minimal deformation of p.
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