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Background on g-real numbers |3]

0 —1 g 1
Sq::(q O)anqu::(O 1).

Then Sg =1,(T,S,)? =1 (up to £¢"), so

First extension of symmetries

—1
), and a quantized version of PGLy(Z),

PGLs (Z) := (T,,S,, N,).

PSLQ)Q( ) .= <Tq,Sq> ~ PSLQ( )

Quantized action of the modular group :

Log-1 7 .
Theorem [2] Let I, = ( ), and I, :=1,-T.

l—q ¢
1. PGLy ¢(Z) ~ PGLy(Z) acts on P*(Z(q)). For any M € PGLy(Z), the twisted ¢-deformation of M is the
2. For all M € PGLy(Z) with det(M) = —1, operator

M. Tl = (M-
Vo € Q, {Mq - i v

PSLs . (Z) x PX(Z(q)) — PYZ(q))

A B _ Af(¢)+B -
<C D) /(@) = Cf@+D

Left and right ¢-rationals |1]

e Right version [-]* = orbit of 2 under the quantized action above,

1. We get an extended action of PGLy(Z) x Z/2Z on P(Z(q)).
3. PGLsy ,(Z) acts on g-irrationals, and for all M € PGL4y(Z),
2. Let M € PGLy(Z). For all z € Q,
Vﬂ?ER\@a Mq'[x]q:[M'x]cr - :
o Left version [-]” = orbit of q%ql. [zt =
P =
Corollary S

For all x € R\ Q,

Example : ¢g-integers
For n € ZZQ,

Application to algebraic numbers |2]
Let b > 2. The equation z* — bx? +1 = 0 (%) is quantized as

g+q¢t—3
qg—1

Xt -3 X0 + (

2 + 2(]_1> X*+q¢ " 21X +q =0,

Quantized irrationals [4]

Let z € R\ Q, and (z,), € Q" such that x,, — .
Then [z], is a formal Laurent series in ¢, limit of both ([z,]*), and

where ¥y = |z1], + [22], + [73]q + |74, if the z;’s are the roots of (x).
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