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1 Foreword

1.1 Introduction

The title may be understood in two ways. The first one is the study of
Number Theory in an algebraic point of view and the second is the study of
algebraic numbers and all the linked theory. We will see both interpretations in
this research document.

All the theory is presented along with exercises which are from the first edi-
tion of Algebraic Number Theory by lan STEWART and David TALL. However
the solutions are the result of an internship in Oxford with Konstantin Ardakov.
We can consider this article as placing in context these exercises.

If a theorem or property is not demonstrated in this article, it is because the
demonstration is already detailled in Algebraic Number Theory. Conversely, all
the demonstrations in this article are not explicitly in Algebraic Number Theory.

1.2 Notations

- Z is the set of integers

- Q is the set of rationals

- L/K is the field extension L of K (K and L are fields)

- K(aq,...a.y) is the least field that contains the field K and the elements
Ay eeny Oy

- [L : K] is the degree of the extension L over K

- OP is the degree of the polynomial P

- D is the ring of integers of the number field K

- |x] is the integer part of z, we have |z| <z < |z] + 1.

- a = b [n] is equivalent to a = b (mod n), i.e. n| (a — D).

- Im(¢p) is the image of .

- Ker(y) is the kernel of ¢.

- ¢ : A — B implies that ¢ is injective.

- ¢ : A — B implies that ¢ is surjective.

- [1,n] is equivalent to {1,2,...,n}.

- A\B is the set of the elements that are in A but not in B.
- {p) in a ring A is the ideal generated by p in the ring A.

1.3 Theory Prerequisites

- Groups, rings, domains, fields, morphisms

- Background in fields extension

- Free Abelian Group

- Galois Theory

- Ideals of a ring

- Modules of a ring

- Noetherian notion and the equivalences of the definition



- Primes and irreducibles in a ring

- Chinese Remainder Theorem

- Correspondence Theorem for Ideals
- First Isomorphism Theorem

2 Field extensions and number field

Let K be a field, the motivation of extending the field K is to find a bigger field
which contains zeros of polynomials on K. For example, Q(4), which is the least
field that contains ¢ and Q, is an extension of Q that contains zeros of X2 + 1
(they are not contained in Q).

2.1 Definitions

Definition 2.1 (Algebraic number). An element « is called algebraic over K
if there exists a polynomial P over K such that P(a) = 0.

Definition 2.2 (Minimum polynomial). Let « be an element of a field K, a
polynomial P over K is called the minimum polynomial of a if P(a) = 0, the
degree of P is as least as possible and the leading coefficient is 1.

Remark 2.3. The minimum polynomial is unique by definition.

Let us remind that a field extension L/K has a natural structure of vector
space over K (with the addition in L and scalar multiplication of a € K on
x € Lis just ax € L).

Definition 2.4 (Degree of extension). The degree of an extension L over K is
the dimension of the vector space L over K, written [L : K].

Proposition 2.5. Let o be an algebraic element over Q and n be the degree
of the minimum polynomial of « over Q. Then {1,a,...,a" '} is a Q—basis of
Q(a).
n
Proof. Let P = Zaiai, where a, = 1, the minimum polynomial of a over Q
i=0
which is of degree n. We want to prove that B = {1,q,...,a" 1} is a Q—basis
of Q(a). The family {1,a,...,a” "'} is Q—independant because, if we cannot
have by + by + ... + b,_10""1 = 0 (unless all b; = 0) because the minimum
polynomial is of degree n. Then B generates Q(«r) because, Q is generated by
1, hence by B, « is generated by «, hence by B, all the linear combinations are
generated by B by definition of space vector, all o is generated by B because

n—1
we have " = — Z aiai, then for all o with p > n we can rewrite it with
=0
n—1
elements of the form Z b;a'. We therefore can write all linear combinations
i=0



of power of a. Then we must prove that we can write the inverse of linear
n—1

combination with the basis B. We know that there exists an inverse of Z bt

=0
n—1

of the form Z c;o' if and only if by is a unit (it is just an easy exercise). So

i=0
we only have to study the case by = 0. There exists k£ > 0 such that by # 0
then we take the least 0 < k < n such that by, # 0, now factorize by o, we have

n—1 n—1
Z bat = aF Z b;a’ — k and now the coefficient of a° is not equal to zero. So
i=k i=k

n—1
we have an inverse for E b;a’ — k, and we have to find an inverse for o where
i=k
1 anfk oénfk anfk ) ) ) )
k>0, & =—F——7F= = and it exists if and only if ag # 0,
o afa™ am

- n—1
- g a;a’
i=0
n

but ag # 0 because Z a;a’ is the minimum polynomial of o and if ag = 0 then

=0
n

we can factorize it by « and since o # 0 we would have Zaioﬁfl = 0 but it

i=1

is a contradiction with P is the minimum polynomial of «. It follows that we
have found an inverse. Then all elements of Q(«) can be written with the basis
B. It follows that B is well a basis of Q(«) O

Proposition 2.6. Let « be an algebraic element over Q. Then the degree of
Q(«)/Q is equal to the degree of the minimum polynomial of « over Q.

Proof. Let n be the degree of the minimum polynomial of a over Q. Since
Proposition 2.5, B = {1, , ...,a" '} is a Q—basis of Q(«). There are n elements
in B then [Q(a) : Q] = n. O

If [L : K] is finite, we say that L is a finite extension of K. Hence, we have
a K —basis of L and the cardinal of this basis is [L : K.
Now, unless otherwise specified, we will work with the extensions of the form

Q(aa, ..., ) where o; € C. Then all the extensions that we will see are subfields
of C.

Definition 2.7 (Number field). A field K is a number field if [K : Q] is finite.
Remark 2.8. We could say that a number field is a finite extension over Q.

Theorem 2.9. If K is a number field then K = Q(#) for some algebraic number
6.

Proof. You can find a proof in [1] (Theorem 2.2 of [1]). O



Exercise 2.2.

Express Q(v/3, v/5) in the form Q(6).

Solution 2.2.
Let 6 be v/3 + /5. We want to prove that Q(\/§7 \3/5) =Q(0). 0 Q(\/g, \3/5)
because it is a field that contains v/3 and /5. So Q(9) C Q(v3, \3/5) For the

other inclusion, we can see that /3 = (805 +50* — 8003 — 13002 + 33560 — 455)

267

1
and /5 = ﬁ(—865 — 560% + 8060° 4 1300% — 6860 + 455) (it takes a while to

obtain those polynomials) , so we have v/3 and /5 € Q(f). It follows that
Q(V3, V/5) € Q(9) and now Q(v/3, V/5) = Q(6).

2.2 Correspondence of Galois

We can use Galois theory to find the subfields of an extension field while using
the Galois groups. There is a correspondence reverse inclusions between the
subgroup of the Galois group and the subfield of the extension. You can find
further details in the Chapter 12 and 13 in Galois Theory by lan STEWART
(Reference [2]).

Exercise 0.1.
Find all the subfields of Q(¢) where ¢ = €27%/%

Solution.

1+ X+ X2+ X%+ X% is the minimum polynomial of Q(¢) (Lemma 3.4 of [1]),
hence there are 4 monomorphisms (Theorem 2.3 of [1]): ¢1 : ( +— (, ¢2 : ¢ = (2,
¢d3:Cr 3 g (¢t Then 2=2 [5],22=4[5],22 =3 [5], 2* =1 [5]. Now
let ¢ be ¢ — (2, we have ¢ = 0%, g2 = 0, ¢3 = 0>, ¢4 = o2. It follows that
the Galois group of Q(() is (o) ~ Z/4Z.

The subgroup of Z/4Z are Z/4Z, Z/2Z and (e) where e is the neutral element.
Z/2Z ~ (0?), hence we want to find the subfield that corresponds to (0?). We
have to calculate the fixed field of (o). Let us take o = ¢ +¢* and 8 = (2 + 3
we have o(a) = 8 and o(8) = a, it follows that o%(a) = a and o%(3) = 3. So
the fixed field is Q(«, 8) but we can write it with a better expression (we can
just write it Q(«a), because 8 = —1 — a, since 1+ ¢ + ¢% + (3 + ¢* = 0 but we
can still find better). o+ 8 = —1 and af = —1, it follows that o and 8 are

-1+
solutions of X2+ X — 1, but A =1+ 4 =5, hence the solutions are T\/g
Then the subfield we are looking for is Q(v/5).
Q) (e
QVE) z/22
Q Z/4Z



There are 3 subfields of Q(¢) which are Q, Q(v/5) and Q(¢).

2.3 Norm and Trace

Now, unless otherwise specified, we will work with number fields, hence we can
write it Q(#) due to the Theorem 2.9.

Definition 2.10 (Monomorphism). Let K be a number field, a monomorphism
is an injective homomorphism o : K — C such that o) = Idq.

Proposition 2.11. Let K = Q(f) be a number field of degree n over Q. Then
there are exactly n distinct monomorphisms o; : K — C for ¢ in {1,...n}. The
elements o;(0) = 0, are the distinct zeros in C of the minimum polynomial of 6
over Q.

Proof. You can find a proof in [1] (Theorem 2.3 of [1]). O

Definition 2.12 (Conjugates). Let K = Q(0) of degree n, o € K, o; all the
monomorphisms. Then we call o;(a) for i = 1,...,n the K—conjugates of a.

Remark 2.13. All the conjugates of an element 6 are not necessarily in the field
K, for example, in Q(+/2), all the elements are real, but the conjugates of V2
are v/2, 7v/2 and j2¥/2, where j = €27/3 € C,

Exercise 2.3.
Find all monomorphisms Q(+/7) — C.

Solution.
We use the Proposition 2.11, then there are 3 monomorphisms o : Q(+/7) — C,
because X3 — 7 is the minimum polynomial over Q of /7.

V7w /7 (Identity function)
VT VT
VT 27
where j = e . They are the conjugates of +/7 (complex roots of X3 — 7).
(We remind that o)q = Ig)q)

2mi/3

Definition 2.14 (Discriminant). Let K = Q(f) of degree n, let {1, ...,a, } be
a basis of K. The discriminant is defined to be

Aloy, ..., o] = (det(oi(a)))?

Proposition 2.15. The discriminant of any basis for K = Q() is rational and
non-zero.

Proof. You can find a proof in [1] (Theorem 2.6 of [1]). O



Definition 2.16 (Norm). Let K = Q(#) be a number field of degree n. Let
o € K. We define the norm as

NK(a) = HUZ‘(O&).

In other words, the norm is the product of all the conjugates of a.

Definition 2.17 (Trace). Let K = Q(#) be a number field of degree n. Let
o € K. We define the trace as

Tk(a) = Z oi(a).

In other words, the trace is the sum of all the conjugates of «.

Proposition 2.18. The norm is multiplicative and the trace is Q—linear, i.e.
for a, 8 € K and p,q € Q we have Ng(af) = N(a)N(B) and Tk (pa + ¢B8) =
T () + qTx (B).

Proof. Tt follows from the definition of norm and trace and the properties of
the monomorphisms. Ng(af) = [[oi(af) = [[oi(a)oi(8) = Nx(a)Nk(B).
Tk (pa +qB) = Y oilpa + qB) = Y_(0i(p)oi(e) + oi(q)oi(B)) = X(poi(a) +
qoi(8)) = pTk (@) + qTk (B). O

Remark 2.19. The norm and trace depend on K, we will write N(«) and T'(«)
if the number field K is obvious in the context.

Exercise 2.12.

Give examples to show that for fixed a, Ni (o) and Tk («) depend on K. (This
is to emphasize that the norm and trace must always be defined in the context
of a specific field K; there is no such thing as the norm or trace of a without a
specified field.)

Solution.

Let us consider the field K| = Q(\/§) and the element & = 1+ v/2 € K;. The
monomorphisms of K are o1 : V2 + v/2and 03 : V2 + —v/2, 50 N, (14+1/2) =
o1(1+v2)oa(1+v2) = (1+v2)(1-Vv2) =1-2=—1and Tk, (1 + v2) =
o1(1+V2) +o2(1+v2) = (1+v2)+ (1 -v2) =2.

Then, let consider the field K5 = Q(v/2,v/3) and still the element o = 14 /2 €
K5. The monomorphisms of K5 are

0'12\/5*—)\/5 0'12\/3*—)\/3
UQZ\/EH—\/? O'22\/§H\/§
O'35\/§'—>\/§ 0'33\/§|—>—\/§
O’4Z\/§i—>—\/§ O’4Z\/§i—>—\/§

80 Nk, (1 +v2) = 01 (1 +v2)o2(1 + vV2)o3(1 + vV2)ou (1 +v2) = (1 +v2)(1 —
V2)(1+V2)(1 —v2) = (=1)2 = 1 and Tk, (1 +v2) = 01(1 + V2) + 02(1 +
V2)+0o3(14+v2) +04(1+V2) = (1+V2)+ (1 -v2) + (1+V2)+ (1—V2) = 4.
We see that Nk, (a) = —1, Ng, (o) =1 and Tk, (o) = 2, Tk, (a) =4 O



Remark 2.20. We consider monomorphisms ¢ such that o|g =Id|q because we
work with number field (finite extension over Q) but we may be generalized the
norm and trace on other extension field K/L. We explain that generalization
in Exercise 2.13 and use it in Exercise 4.14.

Exercise 2.13.

The norm and trace may be generalized by condiering number field K O L.
Suppose K = L() and [K : L] = n. Consider monomorphisms o : K —
C such that o(z) = = for all z € L. Show that there are precisely n such
monomorphisms o1, ..., 0, and describe them. For a € K, define

Ngyr(a HUz
A Zaz

(Compared with our earlier notation, we have Nx = N /o, Tx = Tk /q.) Prove
that

Ngr(araz) = Ny /(1) Nk (o),
Trr(ar +az) = Tr/p(a1)Tr/n(az).

Let K = Q(v/3),L = Q(v/3). Calculate N1 (), Tx/r () for « = /3 and
a = /3 +/3.

Solution.

We just have to use the proof of the Proposition 2.11 (Theorem 2.3 of [1])
while replacing Q by L and so we have our n monomorphisms o; such that
0;(0) = 0; where 6; are the L—conjugates of 6 (the other zeros in L of the
minimum ploynomlal of 0 in L[X D.

Nk p(aras) Hﬂz i) HUv a)oi(az) HUv o HUz az) = Ng,r(a1)Ng/p(az2)

Tx/r(ar+az) th (a1 +az) Zai(al) +0oi(az) = Tg/r(on) + Tir(az)

=1
— /3 is the minimum polynomial of v/3 in L[X]. Then [K : L] = 2 and
there are 2 monomorphisms that are oy : V3 — /3 and o9 : V3 = —/3.
Calculate NK/L(\4/§) and TK/L(%). NK/L({I/g) = 01(\4/3)02(\4/@ = —/3 and
T/ (V3) = 01(V/3) + 02(V/3) = 0. Calculate N, 1(v/3+v/3) and Ty (V3 +
V3). Ni/o(V3+V3) =01(V3+ V3)oa(V3 +V3) = (V3+ V3)(V3 - V/3) =
3—V3and Ti/(V3+v3) = 01(V3+ V3) + 02(V3 + v3) = 2V3.



3 Algebraic Integers

3.1 Definition

Definition 3.1 (Algebraic integer). An algebraic integer is an algebraic element
that is solution of a monic polynomial with integer coefficients, i.e. « is an
algebraic integer if there exists n € N and ayg,...,a,—1 € Z such that o™ +
10" 1+ . +ay=0.

Remark 3.2. We will use the expression “rational integer” for the elements of
Z to avoid confusion with algebraic integers.

Theorem 3.3. The algebraic integers form a subring of the field of algebraic
numbers.

Proof. You can find a proof in [1] (Theorem 2.8 of [1]). O

Definition 3.4 (Ring of integers). Let K be a number field. The ring of integers
of K is the set of all the algebraic integers in K. It is a ring because K is a
ring and the algebraic integers form a ring. We will write D for the ring of
integers of K.

Proposition 3.5. An algebraic integer is a rational number if and only if it is
a rational integer, i.e. Og = Z.

Proof. You can find a proof in [1] (Lemma 2.13 of [1]). O

Proposition 3.6. Let K be a number field and let « be an algebraic integer
of K. Then T(a) and N(«) are in Z.

Proof. Let P, an integer monic polynomial of @ then for all monomorphism o,
0=10(0) =0(Ps(a)) = Py(c(a)) =0, hence () is an algebraic integer, then
N(«) and T(«) are also algebraic integers because they are the product or the
sum of o(a) for all monomorphism ¢ and the algebraic integers form a ring.
But the norm and the trace are always in Q, because N(«a) = (—1)"fo(0) and
T () is the coefficient of t"~! of f,, which is a polynomial in Q (Theorem 2.4 of
[1]) (fa is the field polynomial introduce in [1] p.42). Then use Proposition 3.5
to see that N(«) € Z. O

Remark 3.7. Let 6 be an algebraic integer. The ring of integers of K = Q(0) is
sometimes O = Z[f] but it is not always the case (We shall see examples in
subsection Quadratic fields). However, we always have Z[f] C Ok.

3.2 Integral Basis

Let K be a number field with [K : Q] = n. There exists a Q—basis of K. Let O g
the ring of integers of K, we want to find a basis of Ok such that all element of
Dk can be expressed in this basis and all element that could be generated by
this basis is in O . This is possible because O is a free abelian group under
addition of rank n.



Definition 3.8 (Integral basis). Let K be a number field of degree n. An
integral basis of the ring of integers of K is a Z—basis for (O, +).

Theorem 3.9. Every number field Kof degree n possesses an integral basis,
and the additive group of O is free abelian of rank n.

Proof. You can find a proof in [1] (Theorem 2.15 of [1]). O

Remark 3.10. The discriminant of an integral basis is an integer, since Propo-
sition 2.15 and Proposition 3.5.

Definition 3.11 (Squarefree). Let n be in Z, n is said squarefree, if n is not
divisible by the square of a prime number.

Theorem 3.12. Suppose ay, ..., @, € O form a Q—basis for K. If Alay, ..., ay)
is squarefree then {a1, ..., } is an integral basis.

Proof. You can find a proof in [1] (Theorem 2.16 of [1]). O

Remark 3.13. Warning, we can find integral basis that have a discriminant
which is not squarefree. We shall have examples in the subsection Quadratic
fields.

Theorem 3.14. Let B = {by, bs, ..., b, } be a Q—basis of K a number field such
that B is not an integral basis but b; € O for all 7 in [1,n]. Then there is an
element o« € D that can be written in the following form:

1
o= E(Albl + .o+ Anby) (1)
where p is a prime such that p? | A[by, ..., b,], i € [0;p— 1] and there exists \;
such that A\; = 1.
Proof. Take 8 € Og\(b1Z + ... + b,Z) (this is possible because B is not an
1 n
integral basis). We can write 8 = N Z ¢;ib; withe; € Z,N € Z, N ¢ {£1} and
i=1

hef(N, ¢1, ¢, ..., ¢,) = 1. Let p a prime such that p | N and it exists j such that

N 1 —
ptec;. Take f/'= —f = chibi € Ok (because p | N). But hef(c;,p) = 1,
p P4
then it exists k,l € Z such that c¢jk + pl = 1. Take 5" = kp' +1b; € O,
1 n
B’ = Ezsibi with s; = 1. Use Euclidean division on s; by p, then it exists
i=1
m; and A; such that s; = m;p + A\; with A\; € [0,p — 1] and A\; = 1 (because

1
5; = 1 and m; = 0). Then take a = 8/ — 3 m;b; = ];inbi.

=1

10



We finally have to prove that p* | Afby,...,b,]. Take B’ = (B\b;) U . The

1 0 )\1/p 07
0 1 : 0
change of basis matrix is C' = : - : : , with det C' = :I:l.
0 Ailp : b
: 0
L0 0 A\uJ/p 1]
1
Then A(B') = (det C)?Alby, ..., bp] = —Alb1, ..., by], but A(B’) € Z (Lemma
p
2.14), it follows that p? | A[by, ..., by]. O

Proposition 3.15. Let K be a number field. All the integral basis of K have
the same discriminant.

Proof. Let us take two integral basis A = {a1,...,a,} and B = {f1,..., 8}
(They have the same cardinal because D is free abelian group of rank n
n

(Theorem 3.9)). We can write all «; in the basis B, a; = Zcﬂgﬁk where

k=1
n

¢jr € Z. For all monomorphism o;, we have o;(¢;) = ch,kai(ﬁk), because
k=1

oi(cjk) = ¢ji since ¢jp € Z C Q, by the formula of determinants, we have

Alag, ..., ) = [det(cj x)]?AlBi, ..., Bn]. But A is also an integral basis then the

matrix of {c; } is inversible. Since ¢, € Z, we have det(c; ) = £1. It follows

that Alaq, ..., an] = A[B1, ..y Bnl. O

Remark 3.16. This is why we can say the discriminant of K (or of D).

3.3 Computing an integral basis

Let K be a number field, we want to compute an integral basis of O .

Step 1. Take a candidate B to be an integral basis (in practice a Q—basis
consisting of algebraic integers)

Step 2. Calculate the discriminant A(B) of B. If A(B) is squarefree, we use
the Theorem 3.12 and B is an integral basis. Otherwise go to step 3.

Step 3. Find one p prime such that p? | A(B).
Step 4. Let « be of the form of Theorem 3.14.

Step 5. Calculate the trace, it must be in Z (Proposition 3.6). With the
trace’s information that depends of A;, we can find some conditions on A; to
satisfy Tk («) € Z. Then we could simplify «.

11



Step 6. Calculate the norm, it must be in Z (Proposition 3.6). With the
norm’s information that depends of \;, we can find some conditions on A; to
satisfy Nk (a) € Z. Then we could simplify «. (We begin by calculating the
trace because it is often simpler to calculate).

Step 7. After all those calculations, find an « that satisfies the condition of

Theorem 3.14 even if you have to consider all the possible configuration. If there
is no possible a;, go to Step 8. If you find an «, go to Step 9.

Step 8. If there is no possible «, return to step 3 and try with another p prime
such that p? | A(B). If there is no possible a and there is no more p to work
with, then use the Theorem 3.14 to say that B was already an integral basis,
because there is no possible «.

Step 9. You have an « that you can add to your basis B, then make all the
simplifications in B U {a} because there is at least an element b; of B that you
can write just with B U {a}\{b;} (with coefficient in Z). You have now a new
basis B’.

Step 10. Start the process over again with the basis B’ from Step 2.

3.4 Example of computing an integral basis

Exercise 2.8.
Compute an integral bases of Q(v/2,1).

Solution.

Step 1.
We Ic)hoose B = {1,/2,i,iv/2} which is a Q—basis of K. Indeed [Q(v/2,4) : Q] =
[Q(v2,4) : Q(V2)][Q(v2) : Q] = 2.2 = 4.

Step 2.
Let us calculate the discriminant A(B) of the basis B. Then we can see that
the 4 monomorphisms are :

o1:V2— V2 o111
023\/§P—>7\/§ 09 11
03:\/5'—>\/§ o311+ —1
O4:V2 =2 oyiie —i

V2o il 11 1P i

1 1
1 =2 i —iV2 1 -1 1 -1 0
It follows that A(B) = 1 V2 —i —iv2 =41, 1 7 _40
1 -3 —i i3 1 -1 -1 1 0
11 1 1 11 1 1)
0 -2 0 =2 0 =2 0 =2 o ..o
40y o L9 o =4ly o 5 _o =4162=2
0 0 -2 2 0 0 0 4

1
-2
0
-2

1
0
-2
-2

1
-2
-2

0



Step 3.
The only prime p such that p? | A(B) is 2.

Step 4.
As mentioned in Theorem 3.14, let us consider « of the form %(a +b0vV2+ i+

di/2) where a,b,c,d € {0,1} and (a,b,c,d) # (0,0,0,0).

Step 5.
4
T(a) = ?a' Then T'(a) € Z. The trace does not give any information on the

coefficients.

Step 6.

N(a) = %(a+b\/§+0i+di\/§)(afbﬁ+ cifdi\/i)(a+bﬂ—cifdiﬂ)(af
W2 — ci + div2) = &((a® — 2b* + ¢ — 2d%)? + 8(ad — bc)?) (To compute
the norm in an simpler manner, start by multiply (a + bv/2 + ¢i + dz\@) with
(a—bv/2—ci+div/2) then multiply (a—bv/2+ci—div/2) with (a+bv/2—ci—div/2)
and then multiply both results)

We study all 16 cases since a,b, ¢, d € {0,1}.

a,b,c,d | 22.N(a) | N(a) e Z?
0,0,0,1 4 NO
0,0,1,0 1 NO
0,0,1,1 1 NO
0,1,0,0 4 NO
0,1,0,1 | 16 YES
0,1,1,0 9 NO
0,1,1,1 17 NO
1,0,0,0 1 NO
1,0,0,1 9 NO
1,0,1,0 4 NO
1,0,1,1 8 NO
1,1,0,0 1 NO
1,1,0,1 17 NO
1,1,1,0 8 NO
1,1,1,1 4 NO

Step 7.
We find o = M = \/5% which is an algebraic integer (minimum polyno-
mial is X% + 1). We find an «a so we go to Step 9.

Step 9.
We have {1, V2,4,iV/2, \/5%} then we can remove iv/2 because iv/2 = 2a—+/2.

Step 10. |
We start the process again with the basis B’ = {1,v/2,4, V21 }.
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Step 2.

1 v2Z i VP 1 1 14
1 —V2 i =21 1 -1 1 —1-34
o N o
Calculate the discriminant A(B)f1 V2 i oL 11 11—
1 —v2 —i =2 1 -1 -1 -1+
11 1 144 | 11 1 144 | 11 1 1+4i [
0o -2 0 -—2-2| _ |0 -2 0 -2-2| _ |0 -2 0 -2-2i _
0 0 -2 =2 0 0 -2 =2 | "o 0 -2 =2 |
0 -2 -2 =2 0 0 -2 2 0 0 0 4i
16% = 28
Step 3.

The only prime p such that p? | A(B’) is 2.

Step 4.
As mentioned in Theorem 3.14, let us consider « of the form %(a +bvV2+ci +
d\/i%) where a,b,¢,d € {0,1} and (a, b, c,d) # (0,0,0,0).

Step 5.

4
T(a) = ?a. Then T'(«) € Z. The trace does not give any information on the
coeflicients.

Step 6.

N(a) = (a+bV2 + ci+ dvV2EE) (a — bv2 + ci — dvV22E ) (a + bv2 — ci +
dvV2158) (a—bv2—ci—dv21F) = 3 ((a®—20%+c?—d?—2bd)?+2(ad—2bc—cd)?).
We study all 16 cases since a, b, c,d € {0,1}.

a,b,c,d | 22.N(B) | N(B) e Z?
0,0,0,1 1 NO
0,0,1,0 1 NO
0,0,1,1 2 NO
0,1,0,0 4 NO
0,1,0,1 25 NO
0,1,1,0 9 NO
0,1,1,1 34 NO
1,0,0,0 1 NO
1,0,0,1 2 NO
1,0,1,0 4 NO
1,0,1,1 1 NO
1,1,0,0 1 NO
1,1,0,1 18 NO
1,1,1,0 8 NO
1L,1,1,1 17 NO
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Step 7.
We cannot find an « of the form of Theorem 3.14. So go to Step 8.

Step 8.
We find no o and there is no prime p # 2 such that p* | A(B’). Then B’ =
{1,i,v/2, \/i%} is an integral basis for Q(v/2,1).

Exercise 2.6.
Find a Z—basis for the integers of Q(+/5).

Solution.

Step 1.
We choose B = {1, v/5, (v/5)?} which is a Q—basis of K. Indeed [Q(+/5) : Q] = 3
because X3 — 5 is the minimum polynomial of v/5 over Q (Theorem 2.6).

Step 2.
Let us calculate the discriminant A(B) of the basis B. The 3 monomorphisms
are o1 : V5 — /500 : V5 j/5 and o3 @ /5 — 25 with j = 27/3
(> +7+1=0and j° = 1). Then 01((V5)?) = (V5)*02((V5)*) = 7*(V5)?
15 (2|
and o3((v/5)?) = j(3/5)%. Calculate A[1,V/5,(V5)?] =1 /5 j2(V5)?% =
1295 j(5)?
(55% +5j% + 552 — 55 — 5j — 5j)? = 15%(j> — j)* = 15°(j* — 25° + j?) =
152(5 + 1442 — 3) = —33.5%.

Step 3.
Let us take 3 as prime such that 32 | A(B).
Step 4.
b 3 3 2
As mentioned in Theorem 3.14, let us consider « of the form o = at \/5; «(V5)

where a,b,c € {0,1,2} and (a, b, c) # (0,0,0).

Step 5.
a+b%+c(€/§)2+a+bj%+cj2(€/5)2
3 3
3 3
= ga because 1+ j + j2 = 0 and ?a € Z. Then the trace

does not give any informations on the coefficients.

Let us calculate the trace Tk (o) = +

a+bj*V/5 + ¢j(V/5)?

Step 6.

1
Let us calculate the norm Ng (o) = —

33 (a4+b/5+c(3/5)?) (a+bjV/54+cj2(V/5)?) (a+
1 ) .
bj2/5+¢j(V/5)?) = —(a®+5b%+25¢3 — 15abc) (this results in a long and some-

27
what exhausting calculation). So we need that 33 | (a® + 5b% + 25¢® — 15abc).

We study all the possible cases, listed below:
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a,b,c | o= (a®+5b>+5%c® —3.5abc) | 3° |0 ?
0,0,1 52 NO
0,0,2 23.52 NO
0,1,0 5 NO
0,1,1 2.3.5 NO
0,1,2 5.41 NO
0,2,0 23.5 NO
0,2,1 5.13 NO
0,2,2 24.3.5 NO
1,0,0 1 NO
1,0,1 2.13 NO
1,0,2 3.67 NO
1,1,0 2.3 NO
1,1,1 24 NO
1,1,2 2411 NO
1,2,0 41 NO
1,2,1 22 32 NO
1,2,2 181 NO
2,0,0 23 NO
2,0,1 3.11 NO
2,0,2 2413 NO
2,1,0 13 NO
2,1,1 23 NO
2,1,2 32.17 NO
2,2,0 243 NO
2,2,1 13 NO
2,2,2 27 NO

Step 7.
1 : .
We cannot find an « of the form g(a + b3/5 + ¢(/5)?). So go to Step 8.

Step 8.
We return to Step 3 because we still have a p prime such that p? | A(B).
Step 3.
Let us take p = 5 which is such that p? | A(B)
Step 4.
bv/5 V/5)?
Let us take a of the form a = + \[;_ e(V5) with a,b,c € {0,1,2,3,4} and

(a,b,¢) #(0,0,0).

Step 5.
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a+b€/5+c(€/5)2+a+bj%+cj2({75)2+

Let us calculate the trace Tk (o) =

5 5
bi2Y5 + cj(V5)?2 3
a+ by \[54- cj(V5) = ga that must be in Z then a € 5Z2N{0, 1,2, 3,4}, hence
3 3 2
a = 0. Then we can write o = M
Step 6.
1 3 3 b3 + 503 .
Let us calculate the norm Ng (o) = 5*3(5() +25¢3) = 5 that must be in

Z so we want b® + 5¢® = 25m with m € Z. If we are looking in Z/5Z we have
¥ =01[5,but 13=11[5],2°=315],3> =25 and 43 = 4 [5]. Hence b =0

3/5)2
because b € 52N {0,1,2,3,4}. Now we can write a = @ The norm is
1 3
Nk (a) = —3(2503) = % that must still be in Z, but for the same raison as case

b, we have ¢ = 0.

Step 7.

3 3 2
So we cannot find an a of the form = i b\/55—|— c(V/5)
and (a, b, c) # (0,0,0). Then go to Step 8.

with a,b,c € {0,1,2,3,4}

Step 8.
We have no o and no more p prime such that p? | A(B). It follows that our
basis B was already an integral basis. {1,+/5,(V/5)?} is an integral basis of

Q(V5).

4 Examples

4.1 Quadratic Fields
Definition 4.1 (Quadratic field). A quadratic field is an extension of degree 2.

Since we work with number fields, we will focus on quadratic fields over Q
(Definition 2.9).

Proposition 4.2. All quadratic field can be written Q(v/d) where d is a square-
free rational integer (d can be negative).

Proof. Let K = Q(6) be a quadratic field. By definition [K : Q] = 2 then
the minimum polynomial of # over Q is 2 (Proposition 2.6), let us call it X2 +

—a+t VA
aX +b, then A = a2 — 4b and 0 = af. Then Q(0) = Q(v/A) because
—a £ VA
VA = £(20 + a) then Q(vVA) C Q(f) and conversely 6 = %, hence
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Q(f) € Q(v/A). Then if A is squarefree, we have finished. If not, we can write
A = o2d where d is squarefree and o € Z then VA = av/d. Tt follows that
Q(VA) = Q(vd) because VA = av/d then Q(vA) € Q(v/d) and conversely

Vd =v/A/a then Q(vd) C Q(VA). O
Theorem 4.3. Let d be a squarefree rational integer. Then the ring of integers
of Q(v/d) is :

(a) Z[Vd] if d # 1 [4],
(b) Z[:4) it d =1 [4].

Proof. You can find a proof in [1] (Theorem 3.2 of [1]). But we would like to
add a detail. We want to prove why a and b must be odd. We are in the case
where ¢ = 2. Since no prime divides all of a, b, ¢; a or b must be odd. If b
is even, then a is odd. Since a? — b%d = 0 [4] and b = 2k where k € Z, we
have 0 = a? — (2k)%d = a® — 4k?*d = o [4]. But a is odd, so a = 2k’ + 1 and
a? = 4k + 4k' + 1 = 1 [4], there is a contradiction, therefore b is odd. If a was
even then a = 2k and a? = 4k? = 0 [4], hence b*d = 0 [4] but b is odd then
b*> =1 [4] then 0 = b%d = d [4], so we can write d = 4¢ where ¢ € Z but d is
squarefree, hence a contradiction. It follows that a and b must both be odd. [

Remark 4.4. This theorem proves the Remark 3.7

Theorem 4.5. An integral basis B of the ring of integers of Q(v/d) and the
discriminant A are :

(a) If d # 1 [4] then B = {1,V/d} and A = 4d.
(b) Ifd =1 [4] then B = {1, 2Y4} and A = d.

Proof. B comes from the Theorem 4.3. Then compute the discriminants:

2

1 Vd _ 2 _
‘1 Y = (—2Vd)? =4d
and )
1+vd
2
V| e
2

Remark 4.6. The (a) of this theorem proves the Remark 3.13.

Proposition 4.7 (Norm and Trace). Let K = Q(v/d) a quadratic field (where
d is a squarefree rational integer). Let o = a + bvd € K where a,b € Q. Then
N(a) = a? — db? and T(a) = 2a.
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Proof. The minimum polynomial of v/d over Q is X2 —d = (X — v/d)(X +Vd).
Then by Proposition 2.11, the monomorphisms of Q(v/d) are oy : Vd — d
and oy : Vd — —Vd. Now, by definition of the norm, N(a + bvd) = o1(a +
bWd)oa(a+ bV/d) = (a + bvVd)(a — bV/d) = a®> — db>. And, by definition of the
trace, T(a+bvd) = o1(a+bVd)+o2(a+bVd) = (a+bVd)+(a—bVd) = 2a. O

Exercise 3.1.
Find integral bases and discriminants for :

(a) Q(V3)
(b) Q(vV=T)
(c) Q(V11)
(d) Q(v—11)
(e) Q(v6)
(f) Q(vV-6)
Solution.

We use Theorem 4.5.

(a) Here d = 3 # 1 (mod 4), so Q(v/3) has an integral basis of the form
{1,4/3} and the discriminant is 4d = 4 x 3 = 12.

(b) Here d = —7 = 1 (mod 4), so Q(v/—7) has an integral basis of the form
{1, HTH} and the discriminant is d = —7.

(c) Here d = 11 # 1 (mod 4), so Q(+/11) has an integral basis of the form
{1,+/11} and the discriminant is 4d =4 x 11 = 44.

(d) Here d = —11 = 1 (mod 4), so Q(/—11) has an integral basis of the form
{1, =} and the discriminant is d = —11.

(e) Here d = 6 # 1 (mod 4), so Q(v/6) has an integral basis of the form
{1, \/6} and the discriminant is 4d = 4 x 6 = 24.

(f) Here d = —6 # 1 (mod 4), so Q(y/—6) has an integral basis of the form
{1,+/—6} and the discriminant is 4d = 4 x —6 = —24.
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4.2 Cyclotomic Fields

Definition 4.8 (Cyclotomic field). A cyclotomic field is a field Q(¢,) where
¢p = €2™/P is a pth root of unity with p an odd prime number.

Remark 4.9. We consider only odd prime numbers because the only even prime
number is 2 and (o = —1, but Q(—1) = Q, hence we ignore this case.

Proposition 4.10. The minimum polynomial of ¢, = e2™/P gver Q is XP~1 +
XP24 4+ X+1

Proof. You can find a proof in [1] (Lemma 3.4 of [1]). O
Corollary 4.11. The degree of Q((,) is p — 1.

Proof. Use the Proposition 4.10 and the Proposition 2.6. Then the degree of
the minimum polynomial of (, is p — 1, hence [Q({,) : Q] =p — 1. O

Theorem 4.12. The ring of integers of Q(¢,) is Z[(p], i-e. Oq(c,) = Z[(p]-
Proof. You can find a proof in [1] (Theorem 3.5 of [1]). O

Exercise 3.3.
Let K = Q(¢) where ¢ = ¢*™/? for a rational prime p. In the ring of integers
Z[(¢], show that « € Z[(] is a unit if and only if Ng(a) = £1.

Solution.

Suppose that « is a unit of Z[(], then there exists a~! such that aa™! = 1.
While using the norm, we have Ng(a)Ng(a™!) = Ng(1) = 1 and Ng(«)
and Ng(a~1) are integers (Proposition 3.6), so Nx(a) = £1. Conversely, we
consider that Ng(a) = £1, and we can write o as ag + a1¢ + ... + ap—2(P™2
(because 1+ X +...+XP~1 is the minimal polynomial of ¢ then K is a Q—vector

space of dimension p — 1 so we need p — 1 a;). Then Nk (a) = Hai(ao +a1C+

oty 2(P%) = [[(oi(a0) + 0s(ar)¢ + ..+ 04(ap2)¢"P7) = [[ (a0 + ar ¢’ +
et ap_gg“i(p”)) = 41 and for ¢ = 1, we find «, so we have a product of factors
including « which is equal to £1, then o has an inverse and it follows that it is
a unit.

Exercise 3.4.

If ¢ = e*™/3, K = Q(¢), prove that the norm of o € Z[¢] is of the form
%(a2 + 3b?) where a, b are rational integers which are either both even or both
odd. Using the result of question 3.3, deduce that there are precisely six units
in Z[¢] and find them all.
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Solution.

Let a+0¢ € K. N(a+bC) = (a+b¢)(a+bC%) = a® + b2 —ab=b*(% +1— ) =
V(4 —3)?+2) = 1((2a — b)? + 3b%). Then if b is odd, 2a — b is also odd and
if b is even, 2a — b is also even (because 2a is always even).

We are looking for @ and b in Z such that 1(a?+3b%) = +1 (Exercise 3.3). That
is equivalent to a® + 3b = 4 because a? + 3b? is positive. It implies |a| < 2 and
|b| < 2. Among the few possibilities, only the couples (1,1), (1,—-1), (—1,1),
(=1,-1), (2,0) and (—2,0) work. So there are precisely 6 units in Z[(].

5 Properties of the ring of integers

Let K be a number field. We want to study the unique factorization into
irreducibles in Dg. We will see that the factorization is always possible while
it is not always unique.

5.1 Existence of factorization into irreducibles

Definition 5.1 (Unit). An element u in a ring A is called a unit if there exists
v € A such that uwv = 1.

Definition 5.2 (Associate). In a ring A, two elements = and y are called
associates if there exists a unit u of A such that z = uy.

Definition 5.3 (Irreducible). Let D be an integral domain. = € D is said
irreducible if:

e 7 is not a unit
e if x = yz with y,z € D then either y or z is a unit

Definition 5.4 (Factorization into irreducibles). The factorization into irre-
ducibles of x is © = w1 xox3...2,, Where x; for i € {1,..,n} are irreducible.

Proposition 5.5. Let K be a number field. The ring of integers O g is noethe-
rian.

Proof. You can find a proof in [1] (Theorem 4.7 of [1]). O

Theorem 5.6. If a domain D is noetherian, then factorization into irreducibles
is possible in D.

Proof. You can find a proof in [1] (Theorem 4.6 of [1]). O

Corollary 5.7. Let K be a number field. Then factorization into irreducibles
is possible in O

Proof. Factorization is possible in a noetherian domain (Theorem 5.6) and O g
is noetherian (Proposition 5.5) then factorization into irreducibles is possible in
Ok. O
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Proposition 5.8. Let K be a number field. Let z and y in O . Then

(a) x is a unit if and only if N(z) = £1,

(b) If x and y are associates, then N(z) = £N(y),

(¢) If N(x) is a rational prime, then z is irreducible in O .
Proof. You can find a proof in [1] (Proposition 4.9 of [1]). O
Exercise 4.1.

Which of the following elements of Z[i] are irreducible (i = v/—1): 1+, 3 —
7i, 5, 7, 12, —A4-+5i?

Solution.
For a + bi in Z[i], N(a + bi) = a® + b*.

e N(1+1:) =2, if we have aff = 1 + i with a, 8 not unit (N(«) # £1 and
N(B) # £1), then N(a)N(8) = N(1+14) = 2, it is impossible because 2
is irreducible in Z. It follows that 1 + ¢ is irreducible.

o N(3—7i)=9+49 =58 =229 = (12 4+ 1?)(5% 4 22), while looking at this
expression, we find 3 — 7 = (1 —4)(5 — 2¢), hence 3 — 7i is not irreducible.

e 5=(2+1i)(2—1), hence 5 is not irreducible.

e 7 is irreducible because N(7) = 49 = 7.7, so we looking for a + bi such
that N(a + bi) = 7. But a? + b* = 7 has no integer solution (Try all the
possibilities with |a| < 3 and |b] < 3.)

e 12¢ = 4.3i, hence 12¢ is not irreducible.

e For the same raison than the case 1+, N(—4+ 5i) = 4% 4+ 52 = 41 which
is irreducible (because prime in Z), hence —4 + 5i is irreducible.

5.2 Unique factorization into irreducibles

Definition 5.9 (Unique factorization). We say that the factorization into irre-
ducibles of x = x1x5...x, is unique if for an other factorization into irreducibles
of x = y1y2...ym, then we have m = n and there exists a permutation 7w of
{1,2,...,n} such that x; is associate to y.(;) for all ¢ in {1,..,n}.

Definition 5.10 (Euclidean). A domain D is said Euclidean if there exists a
function ¢ : D\{0} — N such that:

(a) If a, b € D\{0} and a | b then ¢(a) < ¢(b),
(b) If a, b € D\{0} then there exist ¢, r € D such that a = bq+r where either
r=20or ¢(r) < o(b).
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Remark 5.11. Z is Euclidean with ¢(n) = |n| and K[X] is Euclidean with
¢(P) = OP where K is a field.

Proposition 5.12. An Euclidean domain is a principal ideal domain which is
a unique factorization domain, i.e.

Euclidean = principal = unique factorization

Proof. You can find a proof in [1] (Theorem 4.14 and 4.15 of [1]). O

Example 5.13. In Q(v/—6), 6 = 2.3 = —/—6../—6. We want to prove that
2,3,1/—6 are irreducible. The norm in Q(v/—6) is N(a+by/—6) = a*+6b2. The
norm of 2, 3,/—6 are respectively 4,9,6. If 2 = a3, then N(2) =4 = N(a)N(3)
with N(a) and N(B) proper factors of 4 and we can also do that for 3 and
v/—6. The proper factors of 4,9,6 are 2 and 3. But a® + 60> = 2 or 3 have
no solutions, because that implies that b = 0 and 2 and 3 are not square. It
follows that 2,3,+/—6 are irreducible. And 2,3,1/—6 are not associate due to
Proposition 5.8. Then the factorization is not unique. It follows that Q(v/—6)
cannot be Euclidean.

5.3 Examples

Theorem 5.14. The ring of integers DQ(\/@ is Euclidean for d = -1, —2, —
3, =7, —11, 2, 3, 4, 6, 7, 13, 17, 21, 29 with the function ¢(a) = |N ()]

Proof. You can find a proof in [1] (Theorem 4.17, 4.19, 4.20 of [1]). O

Theorem 5.15. The ring of integers DQ(\/@ is not Euclidean for d = -5, —
6, —10, 10, 15, 26, 30 and d < —11 for the function ¢(a) = |N ()|

Proof. You can find a proof in [1] (Theorem 4.10, 4.11, 4.18 of [1]). O

Remark 5.16. We already proved that Q(1/—6) is not Euclidean in the example
5.13.

Exercise 4.14.

Prove that the ring of integers of K = Q(e*7"/%)

is Euclidean.

Solution.

We want to prove that Q(e?™*/°) is Euclidean with Euclidean function ¢(a) =
|N(a)|. We use the same approach than the proof of Theorem 4.17 of [1]. We
have (a) with the same methods. We want to prove (c¢), because (¢) is equivalent
to (b) where for all o, § € O\{0}, (a) is “If @ | B then |N(a)| < |N(5)]”,
(b) is “There exist 7,0 € Ok such that « = pv + § where either § = 0 or
IN(8)| < |N(B)|” and (c) is “For any € € Q(e2™/°) there exists k € Ok such
that |[N(e — )| < 17.

We will use the Exercise 0.1 to see that Q(v/5) is a subfield of Q(¢) where
¢ = e*™/5 and we have [Q(¢) : Q(v/5)] = 2. Let a be in Q(¢), then we can write
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o = a1 + az( where ay, s € Q(v/5). As in the Exercise 2.13, Nooyjawvs (@) =

(a1 + a2C) (a1 + azt) = o2 + a3 + (V5 — 1ayas.

We want to prove that for all a € Q(() there exists x € Dgq(c) such that [N (o —
k)| < 1. We assume that it is true for k = k1 +#x2( where k1, k2 € Z[/5] and use
Z[V5] C DOq(vs) hence K € Dq(¢) because ¢ is an algebraic integer in Q(¢). We
write o = a1 +aol where a1, as € Q(v5) and k = k1 +ka( where k1, ko € Z[V5].
Then N(a— k) = (a1 — x1)% 4 (az — k2)% 4+ (V5 — 1) (a1 — k1) (a2 — K2). Let us
write 0 = a — K, 01 = a1 — k1 and 09 = g — Ka.

Claim: For all r € R, for all ¢ > 0, there exists s € Z[/5] such that |r — s| <.
Proof of the claim: Let r be in R and € > 0. [v/5 —2| < 1, hence (v/5—2)" — 0
when n — oco. Then there exists ng such that (v/5 —2)" < e. Let u be v/5 — 2.
w is in Z[v/5] then u™ € Z[/5] for all n € N because Z[v/5] is a group for
multiplication (because it is a ring).

oo — 1 < L el < T
P P N R
ro < (T4 [gu™ < u+r
0 < (I+|gg)u™ —r < u™ <e

It follows that we have |r — (1 + | |)u™| < € and (1 + [ ]) € Z, hence

um™0
(14 [o55 ))u™ € Z[VE]. So Z[V/5] is dense in R. O
We use the claim with r = «; where ¢ = 1, 2 and € = 1/2, then there exist
k1 and ko such that |a; — k;| < 1/2, it follows that o7 < 1/4, 03 < 1/4 and
loro2| < 1/4 then N(a — k) < $ + 1 + % < 112 — 1. We have proved
(¢), hence the ring of integers of Q(¢) is Euclidean with the norm as Euclidean
function.

6 Ideals

6.1 Definition
We will denote ideals by small bold Gothic letters, for example ‘a’.

Definition 6.1. Let a and b be ideals. Then we define the product of ideals
ab as the set of finite sums Y z;y; where x; € a and y; € b.

Definition 6.2 (Prime ideal). Let a an ideal of a ring R. a is said prime if:
e a#R

e if bc C a where b, ¢ ideals of R then either b C a or ¢ C a.

Exercise 5.1.
In an integral domain D, show that a principal ideal (p) is prime if and only if
p is a prime or zero.
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Solution.

The definition of ‘(p) is prime’ is: ab C (p) implies a C (p) or b C (p). The
definition of ‘p is a prime’ is: p | ab implies p | a or p | b.

Suppose p = 0, then (p) = {0}. If ab C {0}, then a = {0} or b = {0} (because
if @ € a\{0} and b € b\{0}, then ab € ab C {0}, so ab = 0 but it is impossible
because D is a domain, a # 0 and b # 0), hence a C {0} or b C {0}. It follows
that (p) is prime.

Suppose p is a prime and ab C (p). If a ¢ (p), then it exists a in a\(p). For all
bin b, ab € ab C (p), then ab = pk for k € D. So p | ab but p is a prime, then
plaorpl|bbutad¢ (p) hence p|b,so b C (p) and it follows that (p) is prime.
Conversely, (p) is prime. Let p | ab, then ab € (p) and it follows that (a)(b) C (p).
(p) is prime so {a) C (p) or (b) C (p). Then a € (p) or b € (p), hence p | a or
plb.

Definition 6.3 (Maximal ideal). Let a an ideal of a ring R. a is said mazimal
if there is no ideal strictly between a and R

Proposition 6.4. Let a an ideal of a ring R. Then

(a) a is maximal if and only if R/a is a field.

(b) a is prime if and only if R/a is a domain.
Proof. You can find a proof in [1] (Lemma 5.1 of [1]). O
Corollary 6.5. Every maximal ideal is prime.

Proof. We use the Proposition 6.4 because a field is always a domain, hence a
maximal ideal is prime. O

Theorem 6.6. The ring of integers Ok of a number field K has the following
properties :

(a) It is a domain with the field of fractions K,
(b) It is noetherian,

(¢) If & € K satisfies a monic polynomial equation with coefficients in Ok
then o € O,

(d) Every non-zero prime ideal of Ok is maximal.

Proof. You can find a proof in [1] (Theorem 5.3 of [1]). O

Exercise 5.8.
Suppose p, q are distinct prime ideals in O. Show p+q =9 and p N p = pq.
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Solution.

p, q are distinct, hence, without loss of generality, there exists an element «
in g which is not in p. We know that p + q is an ideal of O and p C p + q.
But while using Theorem 6.6, p is a maximal ideal, and p 4+ q # p because
a€p—+qbut adép, hence p & p + q, then by definition of a maximal ideal,
p+qg=9.

pq C p N q because by definition of an ideal, for all & € pq, o is in p and « is
in q, then « is in p N q. Conversely, let z € pNq, we can find x € pand y € q
such that z +y = 1 because 1 € O = p + q. Then z = zz + 2y € pq because
xz € pq and zy € pq. It follows that pNgq C pq.

Definition 6.7 (fractional ideal). Let K be a number field. Let a be an
D i —submodule of K. a is a fractional ideal of Ok if there exists a non-zero
¢ € Ok such that ca is an ideal of O k. In other words, the fractional ideals
of O are subsets of K of the form ¢ 'b where b is an ideal of O and ¢ a
non-zero element of Og.

Exercise 5.10.
Find all fractional ideals of Z and of Z[/—1].

Solution.

Z and Z[y/—1] are Euclidean (Theorem 5.14) then they are principal ideal do-
main (Proposition 5.12). So the ideals of Z are nZ where n € Z and the ideals
of Z[\/—1] are aZ[/—1] where a € Z[/—1]. By definition of fractional ideals
(Definition 6.7), fractional ideals can be written as ¢~'a where a is an ideal of
the ring of integers we work with and ¢ a non-zero element of the ring of integers.

Then the fractional ideals of Z are %Z where a,b € Z and b # 0 (equivalent to
rZ where r € Q (Example page 112 of [1])). The fractional ideals of Z[\/—1] are

%Z[\/jl] where o, 3 € Z[\/—1] and 3 # 0.

Theorem 6.8. The non-zero fractional ideals of D form an abelian group
under multiplication.

Proof. You can find a proof in [1] (Theorem 5.4 of [1]). O

Theorem 6.9. Every non-zero ideal of O can be written as a product of
prime ideals, uniquely up to the order of the factors.

Proof. You can find a proof in [1] (Theorem 5.5 of [1]). O

Theorem 6.10. Let K be a number field of degree n with the ring of integers
Ok = Z[f] generated by § € Dg. Given a rational prime p, suppose the
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minimum polynomial f of 8 over Q gives rise to the factorization into irreducibles
over Z/pZ:

F=n.r
where the bar denotes the natural map Z[X| — (Z/pZ)[X]. Then if f; € Z[X]
is any polynomial mapping onto f,, the ideal

pi = (p) + (fi(0))

is prime and the prime factorization of (p) in Ok is

(p) = P17 ..pr
Proof. You can find a proof in [1] (Theorem 10.1 of [1]). O

Exercise 5.2.
In Z[/-5], define the ideals p = (2,1 4+ +/=5), 9 = (3,1 ++/—5) and v =
(3,1 — +/—5). Prove that these are maximal ideals, hence prime. Show that

(i) »*=(2)
(i) qv = (3)
(iii) pq = (1+V-5)
(iv) pr=(1—-+/-5)

Show that the factorizations of 6 given in the proof of Theorem 4.10 of [1] come
from two different groupings of the factorization into prime ideals (6) = pZqr.

Solution.

Proof of p is mazimal. Let I be an ideal of Z[\/—5] such that p & I. we want
to prove that I = Z[/=5]. Let a be in I but not in p. a = a + by/—5 where
a,b € Z, then a—b(1++/=5) = a—bis in I because p C I but not in p because
if it was then o will be also in p (o = a — b(1+ +/=5) +b(1 ++/=5) € p). Now
a—b € Z, do the Euclidean division by 2, then a — b = 2¢ + r with r € {0, 1},
but 0 is not possible because if we have a — b = 2¢, then a — b would be in p but
we have just told that it was not possible. It follows that a — b = 2g + 1 then
1=a—b—2q €I because 2 € p C I. Hence 1 € I, so I = Z[/-5]. Tt follows
that p is maximal, hence prime (Corollary 6.5).

Proof of q is mazrimal. We proceed with the same approach. The difference is
that the rest of Euclidean division a —b=3q+risr =1orr =2, thenifr =1
we have l =a—b—3g € I, and if r =2, we have 1 = 3(¢+1)—a+0b € I. Then
we conclude in the same way than before.

Proof of v is maximal. We proceed with the same approach. The difference is
that we consider o + b(1 — \/=5) = a + b instead of o — b(1 + /=5) = a — b.
The rest is in the same way than before.

Proof of p* = (2). p* = (4,2(1 + V/=5),(1 + v/=5)?) and (1 + +/-5)* =

—4 + 24/=5 then we see that p? C (2). For the other inclusion, we do assume
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that 2 is in p? (Indeed 2 = 2(1 + /=5) — (=4 + 2¢/=5) — 4), it follows that
(2) C p?, hence (2) = p.

Proof of qv = (3). qv = (9,3(1 + v/=5),3(1 — vV=5),(1 + V/=5)(1 — V/=5)) =
(9,34 3v/—5),3 —3y/=5),6) then we see that qv C (3). For the other inclusion,
we assume that 3 is in qv (Indeed 3 = 9 — 6), it follows that (3) C qv, hence
(3) = qu.

Proof of pq = (1 +V=5). pq = (6,3(1 + v=5),2(1 + V=5),(1 + V-5)) =
(1 4+V/=5)(1 —v/=5),3(1 + v/=5),2(1 + v/=5), (1 + v/=5)?) then we see that
pq C (1 ++/=5). For the other inclusion, we assume that 1 4+ /=5 is in pq
(Indeed 1+ /=5 = 3(1++v/=5) —2(1++/=5)), it follows that (1++/=5) C pq,
hence (1 + v/=5) = pq.

Proof of pr = (1 —/=5). pr = (6,3(1 + V/=5),2(1 — vV/=5),(1 + V/=5)(1 —
Vo3) = (1 4V 5) (1 V75, (~24 v 5)(1 — v-5), 2(1 — v-5)) then we sce
that pr C (1 — /=5). For the other inclusion, we assume that 1 — /=5 is in pr
(Indeed 1 —+/—5 = (1++v/=5)(1—v/=5) — (—2++v/=5)(1 —/=5) —2(1 —/=5)),
it follows that (1 —/=5) C pr, hence (1 — /=5) = pr.

Then we have (6) = p*qr and if we consider (6) = p*.qv = (2)(3), we find
6 = 2.3, and if we consider (6) = pq.pr = (1 + /=5)(1 — v/=5), we find
6 = (1++/-=5)(1 —v/—5). So we understand the factorizations of 6 in the proof
of Theorem 4.10 of [1].

\/\/

6.2 Norm

Definition 6.11 (Norm). Let K be a number field. Let a be an ideal of the
ring of integers O . We define the norm of a to be N(a) = |Dg/al.

Proposition 6.12. If a and b are non-zero ideals of O, then N(ab) =
N(a)N(b).

Proof. You can find a proof in [1] (Theorem 5.10 of [1]). There is an easy case:

if a and b are coprime then we use the Chinese Remainder Theorem so O g /ab ~

O /axDk/b. It follows that N(ab) = |Ok/ab| =[Ok /al.|Ok/b] = N(a)N(b).
O

Exercise 5.3.
Calculate the norms of the ideals mentioned in Exercise 5.2 and check multi-
plicativity.

Solution.

By definition, N(p) = |Z[v/=5]/p| = [Z[v/=5]/(2,1 + v=5)| = [(Z[v=5]/(1 +
V=5))/@2)| = [(2/62)/(2)| = Z/(2,6)] = |Z/2Z| = 2 because (2,6) = (2 >-
The only thing that deserves a proof is Z[v/=5]/(1 +v/=5) ~ Z/6Z. We w111
use the Correspondence Theorem for Ideals, Z[v/—5]/(1 + v/—5) = (Z[X]/(X

5))/(L+V=5) = (Z[X]/(X?+5))/(1+X) = Z[X]/(X?+5,1+ X) = (Z[X]/(1+
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X))/(X2+5) =2Z/(6) = Z/6Z because X? +5= (X +1)2 —2(X +1)+6 =
6 [X+1]. We have to prove that Z[X]/(X?+5) ~ Z[/=5] and Z[X]/(1+X) ~ Z.
Proof of Z|X]/(X? + 5) ~ Z[/=5] : Take the morphism ¢ : Z < Z[\/—5]
(inclusion). Then take the evaluation map ¢y , ~5 : Z[X] — Z[/=5], it
is surjective, and we want to prove that Ker(py , ~5) = (X* 4 5), to use

the First Isomorphism Theorem. ¢y, ~5(X?+5) = Vb +5 = 0, hence
X245 € Ker(px_, /=5) and the smallest ideal that contains X?+5 is included in
Ker(¢y _, /—5) because Ker(py , ) is an ideal, so (X?+5) C Ker(¢ox_, /5),
conversely let P be in Ker(¢y , /5), use Euclidean division by X? + 5, then
P = Q(X?+5)+ R with R(X) = a+bX, but we know that 0 = ¢x_, ~5(P) =
¢x_y=5(R) = a+ b5, it follows that R = 0, since a = b = 0. Then P €
(X2 +5), s0 Ker(px_, /=5) C (X?+5). Now Ker(px_, ,—5) = (X?>+5) and, by
the First Isomorphism Theorem, Z[X]/ Ker(px_, /) ~ Z[v/=5]. The result
follows.

Proof of Z[X]/(X + 1) ~ Z : Take the morphism ¢ : Z < Z (inclusion). Then
take the evaluation map ¢x_,_1 : Z[X] — Z, it is surjective, and we want to
prove that Ker(px__1) = (X + 1), to use the First Isomorphism Theorem.
px-1(X+1)=—-141=0, hence (X + 1) C Ker(px_,_1), conversely let P
be in Ker(px_,—1), use Euclidean division by X + 1, then P = Q(X + 1)+ a
with @ € Z, but we know that 0 = P(—1) = a, it follows that a = 0. Then
P e (X +1),s0Ker(px——1) C (X +1). Now Ker(¢x—_1) = (X + 1) and, by
the First Isomorphism Theorem, Z[X]/ Ker(px_,—1) ~ Z. The result follows.
Then, N(q) = [Z[v/=5]/a] = |Z[v=5]/(3, 1+v=5)| = |(Z[V=5]/(1+V=5))/(3)| =
2/(3,6)| = 2/3Z| = 3 and N(v) = |Z[v=5]/x| = |Z[V=5]/(3,1 — V=5)| =
[(Z/(3,6)| =1Z/3Z| = 3. (This is almost the same proof than above)

N(p*) = N((2)) = N(2) = 4= N(p).N(p) (Corollary 5.9), N(qr) = N((3)) =

N(3)=9=N(q).N(x). N(pg) = N((1+V=5)) =N(1+v-b)=1+5=6=
N(p).N(q), N(pr) = N((1 - v=5)) = N(1 = v=5) = 1 + 5 =6 = N(p).N(v),
N((6)) = N(6) = 6> = 36 = 22.3.3 = N(p).N(p).N(q)-N(v).

Theorem 6.13. (a) Everyideal a of O g with a # 0 has a Z—basis {a1, ..., @, }
where n is the degree of K,

Alag, ey ap] |1/2
A
Proof. You can find a proof in [1] (Theorem 5.8 of [1]). O

(b) We have N(a) = where A is the discriminant of K.

Corollary 6.14. If a = (a) is a principal ideal then N(a) = |N(a)|.

Proof. A Z—basis for a is given by {aws,...,aw,} where {aws,...,aw,} is an
ey Q] [1/2
integral basis of Og. Use the Theorem 6.13, N(a) = ‘w =
det(oi(aw;))® 1), _  det(oi(a)oi(w;)), Il ok(a)det(oi(w;)),
| e =1 —= = ——- |=IN(a)]. O
det(oi(w;)) det(os(w;)) det(oi(w;))
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Exercise 5.4.
Prove that the ideals p, q, v of Exercise 5.2 cannot be principal.

Solution.

If p was principle then p = (I) where [ = a + by/—5 with a,b € Z and N(p) =
IN(1)| = a® + 5b* (Corollary 6.14). But we have seen that N(p) = 2 in Exercise
5.3 and a? + 5b% = 2 has no solution, since it implies b = 0 and a? = 2 has no
solution in Z. For q and t, use the same argue, because a? + 56> = 3 has no
solution either.

We will say that if b C a then a divides b (or a | b) and if a is an element
of a then a divides a (or a | a).

Theorem 6.15. Let a be an ideal of O, a # 0.
(a) If N(a) is prime, then so is a.

(b) N(a) is an element of a, or equivalently a | N(a).

(c) If a is prime it divides exactly one rational prime p, and then N(a) = p™

where m < n, the degree of K.
Proof. You can find a proof in [1] (Theorem 5.11 of [1]). O

Theorem 6.16. Let a # 0 be an ideal of Ok, and 0 # 8 € a. Then there
exists a € a such that a = (a, ).

Proof. You can find a proof in [1] (Theorem 5.14 of [1]) O
Remark 6.17. Hence every ideal of Ok have at most 2 generators.

Theorem 6.18. Factorization of elements of O into irreducibles is unique if
and only if every ideal of O is principal.

Proof. You can find a proof in [1] (Theorem 5.15 of [1]). O

Exercise 5.12.
Find all the ideals in Z[v/—5] which contain the element 6.

Solution.

We will use the Correspondence Theorem for Ideals, there is a bijection be-
tween ideals of Z[/—5] that contain 6 and the ideals of Z[\/—5]/(6). Look at
Z[V/=5)/(6) = (ZIX]/(X?+5))/(6) ~ (2/62)[X]/(X*+5) = (2/22)[X]/(XZ + B
(Z/3Z)[X]/{X? +5), by the Chinese Remainder Theorem and the same ideas
of Exercise 5.3.

Study (Z/22)[X]/(X2+5). (Z/2Z)[X]/(X2+5) ~ (Z/2Z)[X]/(X? + 1) ~
(Z2/22)[X]/{(X +1)?) ~ (Z/2Z)[Y]/(Y?) by using the morphism X + X + 1.
There are 3 ideals of (Z/2Z)[Y]/(Y?), (0), (1) and (X). ((X + 1) is equal to




(1) because (X +1)(X +1) = X2 +2X + 1 = X? + 1 in (Z/2Z)[X] and equal
to 1in (Z/2Z)[X]/(X?))

Study (Z/32)[X]/(X2 +5). (Z/3Z)[X]/(X?+2) ~ (Z/3Z)[X]/{(X +1)(X +2))
and while using the Chinese Remainder Theorem (because (X +2) — (X +1) =
1, then (X + 1) + (X + 2) = (1)), we have (Z/3Z)[X]/{((X + 1)(X + 2)) ~
(Z/3Z2)[X]/(X +1) x (Z/3Z)[X]/(X +2) =2 Z/3Z x Z/3Z but Z/3Z is a field so
the only ideals are (0) and (1).

Then there are 12 ideals of Z[/—5] which contain the element 6. (12 = 3.2.2).
They are : Z[v/5], (6). (2). (3). {1+ v5). (1—v5), 2.1+ y5). (6.3(1 1
V=B)), (31 v/=5), (3,1 v=5), (6,2(1+v/=5)), (6,2(1 — v=5)). We find it
while using the prime ideals p = (2, 1+1/=5), q = (3, 1+v/=5), v = (3,1—/=5).

6.3 How to make an ideal principal

We will work with several rings, hence write (z)r to denote the ideal generated
by « in the ring R.

Theorem 6.19. Let K be a number field, a an ideal in the ring of integers O
of K. Then there exists an algebraic integer s such that for O’ = O ) the
ring of integers of K (k), we have:

(i) (K)o = (a)or
(i) (k)or NOx =a
(iii) If B is the ring of all algebraic integers, then (k)g N K = a.
Proof. You can find a proof in [1] (Theorem 9.10 of [1]). O

Theorem 6.20. Let K be a number field with integers O, then there exists
a number field L O K with ring of integers 9, such that for every ideal a in
O we have:

(i) (a)o, is a principal idea,
(ii) <Cl>DL NPk = a.

Proof. You can find a proof in [1] (Theorem 9.12 of [1]). O

6.4 Unique factorization of elements in an extension ring

We have seen that there is always factorization into irreducibles in a noetherian
ring but not always the unicity of that factorization. Then we try to find bigger
rings where there is unique factorization.
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Theorem 6.21. Suppose K is a number field with integers Of. Then there
exists an extension field L O K with integers £y such that every non-zero,
non-unit a € Ok has a factorization

a=pip2..nr (Pi €OL)

where the p; are non-units in O, and the following property is satisfied:
Given any factorization in O: a = ay...a; where the a; are non units in O,
there exist integers 1 < ny < ...ng = r and a permutation 7 of {1,...,r} such
that the following elements are associates in p,:

a1, Pr(1)Pr(2)---Pr(n1)

Qs Pr(ng_14+1)Pr(ns_14+2)--Pr(n,)
Proof. You can find a proof in [1] (Theorem 9.13 of [1]). O

The following exercises are not a consequence of the three last theorems
because Z[v/2,+/—3] is not the ring of integers of Q(v/2,v/—3) and Z[v/=5, /2]
is not the ring of integers of Q(v/—5, \/5) But we find an extension ring where
respectively 6 and 14 have unique factorization and all the factorizations in
Z[\/—6] and Z[\/—10] come from different groupings of the element of the unique
factorization.

Exercise 5.6.

In Z[\/—6] we have 6 = 2.3 = (y/—6)(—/—6). Factorize these elements further
in the extension ring Z[v/2,v/—=3] as 6 = (—1)v/2v/2v/—3v/—3. Show that if J;
is the principal ideal in Z[\/i, —3] generated by V2, then p; = J1 NZ[V/—6] =
(2,4/—6). Demonstrate that p; is maximal in Z[\/—6], hence prime; and find
another prime ideal po in Z[/—6] such that (6) = pZp2.

Solution.

We want to prove J3 N Z[y/—6] = (2,4/—6) where J1 is the principal ideal
in Z[v/2,v/=3] generated by V2. If a € (2,/=6) then a € Z[/—6] because
(2,4/=6) is an ideal of Z[\/=6]. 2 = V22 € J; and V=6 = V23 € J;.
Then (2,1/—6) C J1. It follows that (2,1/—6) C J1 N Z[y/—6]. Conversely, if
a € J1 then a = V2(a + b2 + ¢v/=3 + dv/—=6) = a2 + 2b + c/—6 + 2d\/—3,
and to have o € Z[y/—6] then a = d = 0 so a = 2b + /=6 € (2,v/=6). It
follows that J1 N Z[v/—6] = (2,/—6).

To prove that p; is maximal, it is the same approach than in Exercise 5.2, let T
such that py & I, we want to prove that I = Z[\/—6]. Let a be in I but not in
P1. @ =a+ by/—6 then o — bv/—6 = a and a — b\/—6 are still in I but not in
p1 otherwise a would be in p;. Then use Euclidean division by 2. a = 2q +r
and 7 = 1 otherwise ¢ would be in p1. Then 1 = a — by/—6 — 2¢ € I, it follows
that I = Z[\/—6]. We just proved that p; is maximal and then prime because
all ideal maximal are prime (Corollary 6.5).

We can use the same operation with pa = J2 NZ[\/—6] = (3,/—6) where Tz is
the principal ideal in Z[v/2,v/—3] generated by v/—3.

32



Then 2 = (2, V5) (2, 78) = (1, ~6,2¢6) C (2) and 2 = (3, v 6) (3, /) =
(9, —6,3v/—6) C (3). It follows that pZp2 C (6). Conversely, 54 = —3.3.4/—6../—6 €
p2p2 and 24 = —2.2.4/—6y/—6 € pZp2, then 54 — 2 x 24 = 6 € p2p2, it follows
that (6) C p2p2 and now (6) = p2p3.

Exercise 5.7.

Factorize 14 = 2.7 = (2 + v/—10)(2 — /—10) further in Z[v/=5, v/2] and by
intersecting appropriate ideals with Z[v/—10], factorize the ideal (14) into prime
(maximal) ideals in Z[v/—10].

Solution.

We remind that Z[v/—10] is well a ring of integers (Theorem 4.3) 14 = \@\/ﬁ(ﬂ—l—
V=5).(v/2 — \/=5) is a factorization in Z[y/—5, v/2]. Then we define p; =
31 NZ[y/—10] = (2,v/—10) where J; is the principal ideal in Z[v/=5, v/2] gen-
erated by V2, p2 = J2 N Z[y/—10] = (2 + /=10, —5 + /—10) where Jz is the
principal ideal in Z[v/=5, /2] generated by v/24+/—5 and p3 = FzNZ[/—10] =
(2 —/=10,5+ /—10) where J3 is the principal ideal in Z[/=5, v/2] generated
by V2 — /=5. We assume that (14) = p2paps.

For p; is the same proof than Exercise 5.6 while replacing v/—6 by v/—10 and
v/=3 by v=5. And we have that p; is maximal, hence prime.

For pa, we have 2 + /—10 € Z[/—10] and —5 + +/—10 € Z[/—10]. Then
2+4+v/=10 = V2(v2+v/=5) and =54 /—10 = v/=5(v/2+/=5), it follows that
(2 4 /=10, =5 + /—10) C T5 N Z[/—10]. Conversely, a = (v2 + v/=5)(a +
bV/2 4 /=5 + dy/—10) = (2b— 5¢) + (a — 5d)v/2 + (a + 2d)/=5 + (b4 ¢)/—10
where a,b,¢,d € Z. Then a = d = 0 because « have to be in Z[/—10]. Then
a = b(2 + v/—10) + ¢(—5 + v/—10) € (2 + /=10, —5 + v/—10). It follows that
J2NZ[/-10] C (24 +/—=10,—-5 + v/—10). And we have the equality.

To prove that po is prime, we use Theorem 6.15. So we want to prove that N (pz)
is prime. We use the same ideas than Exercise 5.3. N(p2) = |Z[v/—10]/p2| =

|Z[v/—10]/{24++/—10, =5+ +/—10)| = |(Z][v/—10]/{=5++/—10))/(2 + v/—10)| =
[(Z[X]/(X? + 10)/(=5 + V=10)) /(T)| = |(Z[X]/(X? + 10)/(X — 5))/(7)| =
|(Z[X]/(X = 5)/{(X?+10)/(T)| = [(Z/(35))/(T)| = [Z/(T)| = 7. Because
2+ /=10 = 2+5in (Z[v/—10]/(—5++/—10)) since —5++/—10 = 0, =5 + /—10 =
X — 5 in Z[X]/(X? + 10) since v/—10 = X, X2 + 10 = 35 in Z[X]/(X — 5) be-
cause X = 5 and (35,7) = (7). It follows that po is prime because 7 is also a
prime.

We can do the same proof for ps, while using the same ideas.

Now we have to prove that (14) = pZpops since they are all primes. p? =
(4,-10,2/=10), paps = (14, —35, 7/~ 10) then p2paps = (56, 140, 350, 28v/—10, 70/—10).
But 14 = 350 — 2 x 140 — 56, it follows that 14 € p2pops. Now we use
the norm, we have seen that N(p1) = 2, N(p2) = 7,N(p3) = 7, hence
N(p2paps) = N(p1)?N(p2)N(ps) = 22.7.7 = 14 (Proposition 6.12). And
N((14)) = |N(14)] = 14% (Corollary 6.14). It follows that (14) = pZpaps
because they have the same norm and we have an inclusion.
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