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My focus was on a ROM "a posteriori" error estimator that is presented p.15 which is based
on the Finite Elements Method (FEM) framework. Namely, I tried to formulate the Finite
Volumes Methods (FVM) in the FEM framework to make use of this estimator.

This report is divided as follow:
Part 1 focus on a quick introduction of the FEM without going deep into the theory.
Part 2 introduces the Certified Reduced Basis Method that is already established for FEM.
Part 3 studies a cell-centered FVM andd some error estimators that are used in CFD.
Part 4 links the two methods with the Discontinuous Galerkin Method and the Box Method.
Part 5 presents our work: the merging of a Weak FVM formulation with the RBM.
An Appendix and a Bibliography are given for standards results and references.

The main result of this report is the connection between a FVM formulation that blends in
the FEM framework and the ROM framework.
For further research, the extension of the result may lies in the Mathematical aspects of discon-
tinuous Galerkin method [PE12] or the The Gradient Discretisation Method [Dro+18], whose
links with the problem will not be explicitly addressed in the report.

I created a shorter version of this report for my Internship Report, with more straightforward
presentation of the research, see [Lec24b].
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Part 1
Finite Element Method

The goal is to approximate the solution of a PDE that lives in an infinite dimensional space by
the solution of the same PDE restricted to a finite dimensional dimension.

The Finite Element Method is one of the most used methods for solving such problems effi-
ciently.

See more in the following book: The Mathematical Theory of Finite Element Methods, |BSOS§]

I - Weak formulation

1) Parametrized Partial Differential Equation

Take any regular set open Q C RY d € {1,2,3}.

Define 92 := Q\Q.

We consider field variables w : Q — R%.

Set (T'P)1<i<q, such that I'P := [JT'P C 9 (not necessary equal).

Define V; := {v € H'(Q,R) / v|pp = 0} (v: Q- R).
dy
V=[]V
i=1

Remark :

V; is the space of the i — th coordinate in R% of a solution.

Note that V. C H', s.t. if (-|-)y induces |||y ~ || |lg:, then (V, (:]-)y,) is an Hilbert.
We focus on P C R” closed set of parameters.

Let f:V x P — R continuous linear with respect to V.

(:V x P — R linear with respect to V.

a:V xV x P — R bilinear coercive continuous symmetric with respect to V x V.
We consider

Solve foru € V. a(u,v;pu) = fv;pu) YoeV
Evaluate for p € P s(pu) := €(u ; p)

Let a(u) be the coercive constant, v(u) the continuous one.
The symmetry and continuity ensure well-posedness of the PDE through Lax-Milgram.

Let p € P, = (ppy, --- 5 pyp)), then we define the solution of the PPDE () = (uy, ... ,ugq,).
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I- WEAK FORMULATION 2

Remark :

¢ is any linear function to define depending on which output correlation we’re looking
for.

2) Dicretization

Take p € P.
Suppose there exists Vs C V finite dimensional vector space, we search us(u) € Vs solution of
the PDE on Vj.

Let N5 = dim (V;) such that V5 = Vect ({gpl}fvz“l)

Find us(p) such that

ss(p) = (us(p); 1)

{wwwxwmw:ﬂwm>v%eva

Since a(us(p), vs; 1) = f(vs; 1) = a(u(pw), vs; 1) there holds

For all vs in Vj the following orthogonality holds:

alus(p) — u(p), vs; p) =0

One important lemma is the following one, which states that the error induced by the solution
of the equation is proportional to the best estimation of u we could hope in the discrete space
Vs.

— Lemma 1.4: Céa’s lemma

For all vs € Vj:

Juto) = usly < (1+ 23 it i) = ol

First note

allu(p) — us(p)|y < alw(p) — us(p), u(p) — us(p)) = a(u(p) — us(p), ()
= a(u(p) — us(p), u()) — vs)
< Julpe) = us () lly lu(p) — vslly

S~— ~—

Raphaél LECOQ Chapter 1 | Summary



Then
Ju(p) —us(p)lly < llu(p) —vslly + [lvs — us(p)[ly
f)/
< llulp) = vslly + = lulm) = vslly

= (1+ ) llu() — vslly

The solution of the discrete equation is easy to write and we define the linear system as:

We call the truth solver, the solution of the linear system Afus(u) = f§ where

(Ms)ig = (pilei)y
(A5)i; = alei,e; ;1)
(ff)z = f(%‘;,u)
(5)i = Lpisp)

II - Space approximation

1) Finite Elements

We cut © in N, disjoints subspaces Q(¢) and we set N; nodes that constitutes the nodal basis,
we note (z;);<y, their coordinates.
A subspace Q€ is called a Finite Element the set of all the Finite Elements is called the mesh.
To be have a well defined method, we need to do some assumptions on the geometry of a finite
element:

- Each element is a star shapped open set

- Each element is polygonal

Beams Turiangles Quadrilaterals Tetrahedrons Hexahedrons Pentahedrons
R Ab :: -
/\ ’_.'_..__.......
9 _noded - A-noded -
S-noded 4-noded B-noded
Aenoded
L e ) . . . .
; .
N Y ST S
L - -
F-noded S-noded B-noded
10-poded
20-noded 15-noded

Figure 1: Polygonal elements in 1D, 2D, 3D

One can find conditions over the choice polygonal and how to place the nodes for best results.
Most importantly, the diameter of an element controls the polynomial approximation thanks
to Poincaré’s inequality 6.10. Hence a thinner grid gives better approximation.

Raphaél LECOQ Chapter 1 | Summary



II - SPACE APPROXIMATION 4

2) Polynomial Approximation

The Bramble Hilbert lemma 6.9 shows that a polynomial approximation is a good candidate
for Sobolev spaces approximation. Moreover, the polynomials are the easiest functions to work
with.

On each nodes, we define a piece-wise polynomial function ¢; of degree lesser than m which is
such that

pi(x;) = 0
Such polynomial exists and form an orthogonal basis of functions using Averaged Taylor Poly-
nomials ([BS08| Chap 4). Define

Vs := SMe = Span {(¢;);} C V
We will only consider the linear approximation :

Yy
03 ®4

Figure 2: Some basis functions of the nodal basis of linear functions

rr =a T9 T3 Ty {L‘5:b X

Figure 3: Finite Element approximation in 1D of the function (z — a)(x — b)

3) Error estimation

The errors estimators of the FEM will be not adressed since the only one that is of our interest
will be studied in the following part.

Raphaél LECOQ Chapter 1 | Summary



Part 2
Certified Reduced Basis Method

This part is a rewriting of the Certified Reduced Basis Methods for Parametrized Partial Dif-
ferential Equations. [HRS16] book’s chapters that are most important in our research.

The goal is to create a reduced space from V. The idea is that we are willing to lose time on
an "Offline mode" that generate approximation space V,, of Vs with a dimension Ny, < Nj
which will allow fast computation of a reduced solution u,;, during the called "Online mode".

I - Reduced Basis Method

1) Solution manifold and Reduced Basis Approximation

If we are able to write u(u) in analytic form, the solution manifold is :

M=A{u(p) / pePtcVv
If we can’t, consider Vs such as in  2) Discretization

Ms ={us(p) / peP} C Vs

Admits there exists V,;, C Vg, dim (V,4) = N such that N < Ns < dim (V) = 400, there
exists &1, ... ,&n € Vg, such that

V.p = Span (&1, ... ,&n)
and V., is such that for a certain € > 0 tiny enough to be interesting,

Yus € Vs, ig} lvs — vl < €

Urp rb

Find wu,.,(1) € V,p, such that

sro(t) = E(urp(p); 1)

{a(wb(u),vs;u) = flvmi 1) ¥ v € Vi

For a given V,;, and p € P, Céa’s lemma holds with same proof as before:

v(u))

I\U(u)—urb(u)l\vé<1+m inf () — vy

Vrp eVrb

The goal is to get ||us(n) — uqp(1)|| as close to 0 as possible while keeping N = dim(Vy;,) small.

inf[fu(e) — vnlly < [u(n) = ()l < JJus(n) = wnp)ly + [ui) = us(oo)ly

UrpEVip

Vv Vv
to be controlled controlled by 1.4

Raphaél LECOQ Chapter 2 | Summary



I- REDUCED BASIS METHOD 6

For that we will define some measure of the distance between the space of § solutions and the
reduced space.

E(M;, V) = sup  inf  |lus — vplly

usEMsg Vrp €EVrp

We some measure of the distance between the space of § solutions and the reduced space.

E(M;, V) = sup inf  |lus — vl

usEMs vrp €V

Assuming a reduced space exists, the Kolmogorov N-width measures the best distance we
can hope with a N dimensional reduced basis and is defined as:

d — nf 5
v(Ms) {Vyp/ dinlln(VTb):N} (M, V)

Remark :
dn (M) measures the best distance we can hope with a N dimensional reduced basis
(as long as long as we can find it).

Instead of

su inf Us — V.
uée./\}%lé Vb EV ey || g Tb“V

we can consider a distance which has a faster computation and that gives the same amount of
information with regard to the distance between two spaces :

inf u — 2
\//ME]P’ VrpE€Vrp s (1) ’"b“V

Once we defined some quantities that estimate the distance between a supposed reduced basis
and the discrete solution manifold, we present two algorithms that allow to compute the reduced
basis.

2) Reduced basis generation by Proper Orthogonal Decomposition
For anyone familiar with the Principal Component Analysis, this is the exact same process,

described in the functionnal analysis framework.

Let P, = {p1, ... ,up} C P be a discrete and finite point-set.
Define :

M;(Pr) = {us(p) / € Pr}

of cardinality M = |P|.
We assume that M is big enough for Ms(PP,) to efficiently approximate M.

Raphaél LECOQ Chapter 2 | Summary



7 2) Reduced basis generation by Proper Orthogonal Decomposition

Let Vo, = Span {us(p) / p € Pr}. The POD minimizes the least-squared distance for P, on
all N-dimensional subspaces of V , :

2
37 30, Dt = ol

Let ¢, = us(pm) form € {1, ..., M} (1, is well-defined by unicity of Lax-Milgram). We project
any vs € Vo on the space generated by the 1, :

1 M

i D (Oslthm)y o € Vs

m=1

O(U(;) =

This operator is linear and symmetric (OK). This operator is positive :

(Cles)les) = 37 3 (esltm) (mles) = 7= 3 {uslym)? 2 0

Since it is symmetric and Py is finite dimensional, there exists an orthonormal basis of eigen-
vectors and real eigenvalues (\,,&,) € Ry x V, such that

and we can chose the numerating (permutation matrices are orthogonals) such that Ay > ... >
Ay > 0.

Remark :

C being SPD is a consequence of an algebra point of view C' = SST where S is a
snapshot of solutions, i.e. it is the SVD matrix. See [Vol12].

Check that

D

= Suppose (C(&)|[Vm)y = M (&nlUm)y

WE

<U<5|¢z>

For any vs € Vo, vs =
1

.
I

p”q:

Then C'(&m) (C(&m) i)y ¥

1

-
Il

-r”ﬂ:

Am (Emli)y ¥

=1

M

= A Y (Emltbiy ¥
=1

= /\mfm

<= OK O
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I- REDUCED BASIS METHOD

Vpeop = Span ({&n }1<m<n) C V of dimension N (or less).

See the lecture notes “Proper Orthogonal Decomposition: Theory and Reduced-Order
Modelling” [Vol12]. O

Reduced Space Manifold

Figure 4: A manifold and a possible plan POD representation

We can define the (orthogonal) projection on the subspace

N

Py(f] = Z <f|§i>vfi

=1

If the projection is applied to all element of Mg(IP,)

1 M M
m=1

m=N-+1

First, [Vol12] proves that inf |[us(pim) — veolls = |ts(tim) — Yuml[3-
Urp & Vb

Then, we note that:

[ N
i = Pulwillly = 77 || D2 (ilém) Vém = D (ilémdy
m=1 m=1 A
1 < 2
= > Wwrlen)y el
m=N+1
LM
= Z <¢i]§m>§, orthonormality and Pythagore
m=N+1
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9 3) Reduced basis generation by Greedy algorithm

Then u
1

i=1

Applying the inner product against &,,, we recall that |||, =1 :

M
=1 =1
1 M M M
Hence - > [l = Px(wi)lly = 5 Z Z (Wilém)y
=1 i=1 m=N
M M
- ENj > (ilén)y
= =
=MAm
M
= Z p.
m=N+1

O

Notice that when the projection space grows, this error estimation tend to 0 which is exactly
the expected behavior of the reduced basis.

Remark :
One first major flaw of this algorithm is that we have no control over the approxi-
mation other than the first non considered eigenvalue of the SVD matrix.

Second major flaw : we need to produce M times the truth solver that solves in
dimension Ns which costs at best M NZ to obtain all the solutions to compute V
and since M > N the complexity scales as O(NNZ) complexity.

Hence we seek an alternative, less precise approach that will allows faster computing with
an error estimator.

3) Reduced basis generation by Greedy algorithm

The goal is to construct a basis thanks to an error estimator that should behaves as the error
behaves. Its expected behavior is described in the next section.

This estimator has been the main focus of our research in the framework of Finite Volume
Methods, that will also be studied later.

Assume there exists be an upper bound of the error approximation n(u) such that

Jus(p) — w (), < n(p) YueP

At dimensionality n, choose ¥, 11 = us(i,41) such that

Hn41 = arg max 7771(#)
neP

Raphaél LECOQ Chapter 2 | Summary



I- REDUCED BASIS METHOD 10

i.e. we add the parametrized solution that the current space worst approximates.
Remark :

| Note 7, depends on the iteration (otherwise we take the same p each time).
As usual, we introduce P, discrete and finite set-point of parameter to compute the arg max.

Remark :
We only need to control from above n(u) to estimate the arg max. If we find a good
7 the computation is much faster, but there still need to find such one.

General form (without considering PDE) :
Let F = {f(pn)\n € P} where f(u): Q@ — R.
Take f; € F such that f; = arg max || f(u)|y. Suppose we chose fi, ... , f,. Let f,41 such
peP

that
fra1 = arg max || f(u) — Pu[f (1)]lly

pep
where P, is the projection onto F,, = Span (f1, ... , fn)-

Assume that F' has exponentially small Kolmogorov N-width, i.e. dy(F) < ce” with
a > log(2).
Then there exists 8 > 0 such that

If — Pxlfllly < Ce™N

This result can be applied to the Greedy Algorithm and its generic quantities:

Assume that M has exponentially small Kolmogorov N-width, i.e. dy(F) < ce™®V with
Y
a)'

a>log(1+
Then there exists § > 0 such that

Vi € P, lus(p) — up(p)lly < Ce™™

Remark :
2 2
a(pw) lu(wlly < alup), w(p); m) < v() llu(p)lly
= o<y
8
=1< =
PR
= a > log(1+ a) > log(2)
Hence the condition on a is stronger than in the previous theorem.

“Apriori convergence of the greedy algorithm for the parametrized reduced basis method.”

Raphaél LECOQ Chapter 2 | Summary



11 4) Reduced solution computation

[Buf+21] O

Remark :
The reduced basis generation using a Greedy method realizes the same asymptotic
rate of decay as the Kolmogorov N-width [Bin+11].

Example 1: Some Kolmogorov N-width for several PDEs [Sta23]

INS(f), feKk2, do(M)z < exp—n"’®  [Schwab and Suri 1999]
—div(pVu) = f, pueP CR™, dn(M);z < exp—n [Babuska et al. 2007]
V- (exppu)Vu = f, pe Ko Woe(Q), dy(M)2 < n a [Cohen and DeVore, 2016]
Oru — pdiu =0, (1, t) € [0,1)%, dr(M)2 > n 3 [Ohlberger and Rave, 2015]
v —pdiu=0, (. t) € [0,1]%, dn(M) 2 > n"2 [Greif and Urban, 2019]

4) Reduced solution computation

Suppose there exists an affine decomposition of a,f,l i.e. there exists :

Qa € N, (aq(v, w))124<0, ag: VxV =R
Qs € N, (fo)i<e=o, f,: V=R
Qr €N, (fg)i1<q<o, lg: V=R
such that ) o
a(v,w 7”) = Zeg(M)GQ(vvw)
q:éf
fwsp) =Y 04wt )
‘o
Cosp) =) 051l (v)
\ q=1

With: 07 :P—-R 0{:P—-R 6:P—->R

i.e. it is supposed that the equation is described by linear functions independents of ;1 multiplied
by a scalar dependent of . It is called the affine assumption.

Example 2: Affine assumption example

The heat equation admits an affine decomposition, see 2.3.1 and 3.4.1 [HRS16]. It can also
be forced through the Empirical Interpolation Method, see Part 5 of the same reference.

Compute for each 1 < ¢ < Q,, Q¢, Q, the quantities

ARG

Raphaél LECOQ Chapter 2 | Summary



II- ERROR ESTIMATION 12

which are the representation of these functions in the basis of discretization (as for the Truth
Solver 1.5). Then compute for each ¢

A? = BAB7

gb =B'f g
thy, =B
where B is the projection matrix from Span (1, ... ,¢n,) to Span (&, ... ,&y) which is the

orthonormed reduced basis (by Gram-Schmidt) for stability.
Then for each u € P, considering the dependency in x being only on the 09, we can rapidly
compute the X* quantities such that

( Qa
AL, = Z 0 (1) AL,

4 :ZQ?(M)J%

o, =S e

\ q=1

We can finally solve

BB g
Arburb_ rb

that gives us the reduced basis solution, and ¢, gives us the output.
The advantage after having created all the X7, (offline procedure), we only have to compute
the X* for each p by computing 64(u) (online procedure).

II - Error estimation

Lets introduce the discrete coercivity and continuous constants such that

as(p) = inf  Ja(vs,vs sp)|, and  ys(p) = sup la(vs, ws ; )|
vs € Vs Vs, Ws € Vg
[vslly =1 [vslly = llwslly =1

Since the supremum and the infimum are taken on a subset of V, there holds :

a<asand 75 <7y

1) Expected behavior of an error estimate

Following “Error Analysis and Estimation for the Finite Volume Method With Applications to
Fluid Flows” [Jas96|, we expect the following behavior from an error estimate :

e Give reliable informations about the distribution of the error

e Work well on coarse mesh

Raphaél LECOQ Chapter 2 | Summary



13 2) Error estimator

Scale corresponding to mesh refinement

Scale corresponding to discretisation

Based on local solution and mesh information, cell-by-cell

Asymptotically correct

Over-estimate of the actual error

Let N be the number of computation points.
Let E the exact error of the approximation solution uy with respect to the exact solution
u for a prescribed PDE.

Ey = |lux — up|

Let ey be an error estimate of Ey.
ey is asymptotically correct if
ey — F
TN 50
EN N—oo

or equivalently

§Ni— N — 1

B EN N—o00

where £y > 1 is the effectivity of the error estimate.
It means the error estimate tends to the exact error faster than the estimated solution
tends to the exact solution.

2) Error estimator

We define naturally the error and its classic error residual that quantifies how much the reduced
solution satisfies the discrete equation :

For 1 € P, we define the error of the discrete space by the reduced basis such that

e(p) = us(p) — unp(p)
which satisfies the equation
a(e(p), vs s ) =r(vs ;1) Vs € Vs
where 7(- ;u) € V5 (the topological dual),

T(vs s ) = fvs 5 1) — alupm, vs 5 )

Note that 7(- ; ) being in the dual of Vs, we can apply Riesz (see Theorem 6.5) hence it exists
7s satisfying
{Fs(p)|vs)y = r(vs 5 1)

Raphaél LECOQ Chapter 2 | Summary



II- ERROR ESTIMATION 14

We recall that
17sG)lly = Mlr (5wl = sup [r(vs 5 )
vs € Vs
[vslly =1

— Proposition 2.11

For a compliant problem, it holds for all y € P

ss(1) = spo(10) = llus(p) — wrn ()l

Hence
ss(p) = s (1)

Set p € P. By Definition 1.2 and Definition 2.2, Galerkin’s Orthogonality 1.3 holds :

alus(p) = wrp (), vpy ;1) =0 Vg, € Vi
Then

ss(p) = srp(p) = C(us ;1) — L(upy 3 1)
= (us(p) — urp(p) 5 1)
= {l(e(p) ; p) the problem is compliant

= f(e(p) ; u) note that e(u) € Vs

= a(us, e(p) 5 1)

— a(e(s), o) ;1) + auny, () 1) @ is symmetric

=ale(p), e(p) ;1) + ale(p), ump ; 1) by Galerkin’s orthogonality
= afe(pn), e(p) ; 1)

= [le(u);, = 0

Assume there is a known lower bound agg of as in a way that’s independent of Nj.
The construction of such lower bound is adressed in [HRS16] and in the following parts of the
report.

Raphaél LECOQ Chapter 2 | Summary



15 2) Error estimator

The following error estimator is the main interest of this report.

We define computable upper bound of the energy norm, output and relative output :

175Gl
nen(:u’) - aLB(M)1/2
175 ()1l 2
775(:“’) - aLB(M) (nen(:u))
S {17 A X1

ars(p)sm(p) — sm(p)

Remark :
Nen is @ natural upper bound :

Recalling the definition of ||75()||y p.14

||7’5(M)||VZ< le() |y >

_ <a(e(u),€(/~6) 3/‘))2
lelly
> el el i) el
el
= arp(p) e()]

175 (1) [y > Jle(w)]l,

vV arp (i)

And |[|-[|, is called the energy norm induced by the PDE (thus a(-,- ;1) ) since it’s
the natural norm defined by the PDE.

[Jus (1) — wrp (1), < Men(p)
s5(1) — sro(p) < ns(pe)
Suppose s5 > 0,
s5(1) — srp(p)
s5 (1)

Hence

= Ifs,rel

Recall (7s5(p)|vs)y = r(vs 5 1) = ale(p), vs 5 ).
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With e(u) € Vs and Cauchy-Schwarz, we deduce

le(u)ll;, = ale(w), e(r) 5 1) = (Fs(w)le(m))y < I17s()ly lle()lly
By hypothesis, apg < a hence

as le(m)lly < alle(w)lf < ale(w), e(r) ;1) = lle(w) < [175() 1y lle(w) Iy
Thus

L.
le()lly < —lI7s(u)lly
LB

And 1
2 oL o 2
eI < = Il

It follows the first inequality.

Then by Proposition 2.11
2
ss(i) = sm(p) = lle(u)l,

Since
1s(1) = Nen(p)? and us(p) — upp(p) = e(p1)
By taking the square

ss(18) = sro(1e) = l[us(1e) — wrl|> < Men (1) = ns(12)

hence second inequality holds.
Last, by Proposition 2.11 s5(p) > s,.4(t), hence
Then

]

We proved that 7, is a error estimator that we can use for the Greedy Algorithm ! Following
Definition 2.9, we will then define the effectivity of theses estimates :

We define the effectivity of the computable estimators :

 Ten(t)
eflenlt) = el
B 1s(4t)
1) = 550 — s
eﬂ‘syrel (,u) _ ns,rel (,U/)

(ss(p) — sw(p))/s5(1)

It mesures the sharpness of the estimators.

These effectivities are > 1 by Proposition 2.13.
We require them to be as close as possible to 1 according to Def 2.9.
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Defined like that, there is no fast way to compute the effectivities. The following property gives
computables upper bounds:

Forall ueP

1 S eﬁen S V WS/CVLB

1 <effy <vs/aLs
Suppose s > 0
1 S eﬁs,rcl S (1 + ns,rel)’}/(S/OfLB

Inequality 1 : by definition p.14 and Cauchy-Schwarz with the dot product a(-,- ;) :
A~ 2 ~ A~
176 ()llsy = ale(u), 7s(r) < lle(u)ll, 175 ()l .-

€Vs
And || ()1 = alfs(u), 75(m)) < 35 (0) IFsG)I2 < 5() lle()l, sl
Hence en(11)? < a%(’j 2).

Inequality 3 :

S5
Ns,rel = ns/srb = eﬁs,rel - _eﬁs

Srp
Yet
S S§ — S s
_6: i b+1§n_+1:77$,rel+1
Srb Srb Srb
Hence N
eﬂs,rel S (ns,rel + ]-)_6
aLB

O

The estimator effectivity of the energy norm and output error is bounded from above by inde-
pendent of V.

Thus we will only have to compute this quantities once for each parameter considered.

We then try to provide error bounds with respect to the V-norm for e(u).

The V-norm can be replaced by any Vs norm adapting the definition of ayp.

175 (1)l
nv(p) = p— Q(M)
1v,ret (1) ”urb(N)HVW(M)

As for the previous estimator, the next property proves that this define real error estimator.
What’s most important is that these are fast to compute.
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le()lly < mv(p)

Furthermore, if ny . < 1 for a ;1 € P, then the relative error verifies

lle(wlly
s ()l

~ nV,rel (H)

Firs incaality 7500l > 7 (250 s} = (e, 550 i) = cnnlo) e
O

As per the p-control case, we define the effictivity of the estimators such that

nv(p)
eIl
W,rel(“)
le(e)ll / llus ()l

eﬁv( )

eHV,rel =

It holds that
1 < effV 75
QLB
Furthermore, if 7y (1) < 1 for a g € P then
Vs(1)
effy yer(pt) <3
V, l(ﬂ) aLB(ﬂ)
The first inequality follows from 2.15 and [|e(w)||, < v/Vs(p) |le(w)]y as
effen (1) le(ll, _ () le(ll, - va(n)
eﬁv( )_ <~ <~
aL(p || e(p ||v arg(p ) e (M)Hv CVLB(M)
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19 3) Computation of the estimator

3) Computation of the estimator

Goal :
Compute [|7s(p)lly

Recall the affine assumption

r(vs ;) = ale(p), vs s 1)
= a(us(p), vs 5 1) — alum(p), vs 5 1)
= f(va, 1) — (urb(u) Us 5 1)

= 2«9 ) f4(vs) Z 09 (1) aq(urp(pt), vs) affine assumption  4)

Then we know

N
urp(p) = Z(Ufb)nfn
n=1
Hence
(vs ;1) = ale(p), vs 5 1)
Qf N
= 1) fq(vs) ZZ )" 05 (1) ag(&n, vs)
q=1 g=1 n=1
Let Q, := Q¢ + NQ, and define
o T
) = (0500, - OF ). ()00, L0 ~ (2. (O 1)
o T
— (0100, - 077 (), — ()0, o~ ()02 (1)) € R
Then consider the vectors of forms F' € (V5)9f and A, € (V)N for 1 < ¢ < Q, such that
= (fl, ,fo) ., and A, = (A, ..., Ag,,aq(&r,0), oo L aq(éns )
and define the vector of forms R € (Vj)<r as
R = (F,Al, PN ,AQQ)
It allows us to write the inner product representation of 7y :
QT‘
(Ps(p)|vs)y = 1(vs 1) = qu(M>Rq(U5) Vus € Vs
q=1

Since R, is a form on Vs, Riesz 6.5 ensures it exists 7§ for each 1 < ¢ < 9, such that

Ry(v5) = (7§]vs)

Hence
Q.
s = Z rq(W)75
g=1
and
Qr
~ 2 ~
751 = > ralra o) (77 ),
q,9'=1
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4) Computation of a lower bound of the Stability Constant

The goal here is to provide a computable lower bound of the stability constant a(u).
Recall the definition of the discrete coercivity constant:

. a(”&;% ;M)
« = 1n _—
= Tl

a:VsxVsxP — R being a symmetric positive (definite) bilinear form, there exists a
SP(D) matrix A such that

a(z,y) = (Azly)y

We know L(E,L(F,R)) = L(E x F,R).
Claim : A is SPD.

Aij = (AE|E;) = ale, e5)
where ¢; is a basis of V5 and E; the basis vectors.
Since a is SPD, A is also SPD. O
Since A is SPD, there exists A1, ..., Ay, € R, w; € Vs orthonormal basis, such that Aw; = \jw;.

One can verify that A\ eigenvalue of A if and only if :

a(w;, vs) = A; (w;|vs)y Yus € Vs

The coercive constant is such that oy = inf {\ / Jw, a(w,vs) = X (w|vs)y , Yus € V5}

Define Apin = inf {\ / Jw, a(w,vs) = X (wl|vs)y , Yus € Vs} the smallest eigenvalue of A.
Recall A\in > 0 because A is positive.

Ns
Take v € V5. Then v = Zviwi.

i=1
Ns

a(v,v) = Z Aiv] > A 0[5
i=1

Hence
a(v,v)

2
[l

Yu € Vs, > Amin
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21 4) Computation of a lower bound of the Stability Constant

The right quantity is independant of v, we can take the infimum
(6%) 2 >\min
Then take w such that Aw = A\y;,w, by the very definition of the coercive constant :

a(w,w)

2
lwlly

= )\min > %)

Hence the equality. O
For computation, one can rewrite the equation p.20 as
Find smallest A > 0 such that Afws = A\Msws

where A§ = (a(pi, 95 3 1)iy and My = ({pil0))y)is
It allows fast computation of the constant.

a) Min-f-approach

Recall the affine assumption :

Qa
alu,v 1 1) = 3 04()ay(u.v)

o 03(n) >0

® a, is positive semi-definite

Assume there exists p/ such that we computed as(u’). Then

. oa(v,v)
) = 8, ol
Qa
= i > g2l
veVs g=1 HUHV
Q
. ~ 0 aqg(v,v
— mf eq( /) eg(ul) q( 2)
velVs e~ ba (') vl

,0)

. 0 (1)
P >0

vels o= ||U||V
9‘1(#)
= as() min,
ars
Then assuming we computed as(p1), ..., as(par) stability constants.
A sharper lower bound is
app(p) = max aip(im)

Raphaél LECOQ Chapter 2 | Summary



II- ERROR ESTIMATION 22

This is an expensive approach that is used in practice because very easy to compute, and we
are willing to lose time during the offline mode (when we compute the reduced basis) in order
to have the best online mode (when we compute the solution of the reduced basis for a new
given parameter).

b) Successive Constraint Method

We present this other method that is faster but more complex. It is based on a functional
analysis approach. The goal is to minimise the following functional :

S: PxR% — R
Qa
(y)  +— 2193(/0,%
=

over the set of admissible solutions

aq(vs, v
y:: {y: (?/1,~-->yga) ERQa / 3”57VQ7 yq:M}

2
vs I

Remark :

It is equivalent to define:

a1 (vs, v ag, (vs, v
y;:{y:<1(525),..., 9(525)>GRQ“/U5€V5}
[[vsllsy lvsly

Then there holds

pr— 1 S
as(p) min (1, y)

To find o and ayp we search for Yyg C Y C WiB.
Then

arg(p) := min S(u,y), and ayp(p) ;= min S(u,y)
ISR -] yEYVUB

Let P, C P such that py,py € Po,pn # po = al-,- ;1) # al,- ;p2). Set O, C P, be
representative discrete point-set of IP,.

Qa
Define B = [] o, ;0] where
q=1

q’74q

o7 = inf (Vs 5) and o = sup a4 (Vs, Vs)
weVs uslly towevs uslly

We get directly Y C B.
Define

Pyr(p : E) = M closest points to g in £ if Card (E) > M

MR E) = E if Card (E) < M

Forn=1:
Set alp(p) =0 Vu € ©,. Take p; € P,. Denote

Py = {m}
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Solve the Eigenvalue problem p.20 for p; which gives (as(p), w}).
Define y' such that

O X%)
lw; Iy
We then define
Yo = {y'}

and

Loy S(i',y) > as(pt)), V' € Pag, (1 5 Py) }
Yinr) = {y €b / S(i',y) > ofg(i') =0, V' € Pag, (11 :0,\Py)

Finally we define

app(p) = min S(u,y), and ayg(p) = min S(u,y)
yeyLB(N) Y yUB

Set n > 1.
Suppose we constructed P,y = {p1,..., in—1} C P, and afgl(u) >0 Vu € 0,.
Define for each y € P

Choose p,, such that

fn := arg max n(u, P,_1)
pePp

Then set
]P)n = Pn,1 U {un}

Solve the Eigenvalue problem p.20 which gives as(p™) and y™. As before, define

0o gl n n (N S(W,y) =z as(i), V' € Par(p;Py)
g = vy ..., y"}) and Yp(p) = {?JGB/S< "y) > nil( /) V/L/ME PMp(M/f@a\Pn>}

22 a1

We can prove “A successive constraint linear optimization method for lower bounds of para-
metric coercivity and inf-sup stability constants” [Huy07] :

Yup CY CVs(p) Vv

and the construction of such sets make them naturally increasing for inclusion (resp. decreas-
ing).

Once ng fixed by a tol over the estimator 7, the Online Procedure goes as follow :

arg(p) = min  S(u,y)
yeVLB (1)

where YVip () == Vrp(n)-
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5) Online and Offline computation

We know how to :
Compute app(u).
Compute [5(s2)].
To use the ROM with the Greedy Algorithm we proceed as follow:

e Offline mode:
Estimate ne, (1) Vi € P Following p.9, add the worst estimate solution to the basis.
Do it until 7, (p) is lesser than a set tolerance.

e Online mode:
For a new ;1 € P, compute all the 02(s), 0% (1), 07 (10)-
Solve the reduced basis linear system.

The hope is that the Online Mode will be significantly faster.
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Part 3
Finite Volumes Method

The Finite Volume Method in Fluid Dynamics [MMDI16]
I will only consider the cell centered FVM.
I - Integral of Finite Volume

We consider the General Conservation Equation for a scalar quantity ¢ in a fluid

Oi(pg) +V - (pv¢) = V- (I'Ve) + @

Suppose the steady-state
V- (pvg) =V - (I'Vo) +Q

Integrate in a Control Volume
| Vwer= [ veeve+ [ o
VC VC VC
Using Green-Ostrogradsky on the gradients
| pwo-1ve)as= [ @
Ve Ve

Consider the integrand as the sum of the integrand on each faces

/ SRR /f (o6 — TV9) - dS,

T'e
o - O
=\
~_ 7 o Convection
Diffusion___ § [ /
y 1 \{_H' I|'f
A\ i |
\ Tranmenl) [
\ T | /
\'\. | - 'ﬂi |/

Figure 5: Conservation in a controle volume, from [MMD16]
From here, the Gauss-Legendre quadrature can be used to prove mathematically that we can

approximate efficiently the integrand on the faces by a sum. Using one point, it is equivalent
to the Mean Value Theorem for Integrals.
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Consider 2 C R", n > 1, measurable with finite measure, connected set.
Consider f: Q2 — R a function which is

e Continuous
e Integrable
e Bounded

Then it exists ¢ € €2 such that

1
10) = s [ 1)t

Since f is bounded on the set, it exists m,M such that
m< f<M

One can integrate this inequality

mes(Q)m < /Qf <mes(Q)M <= m < mesl(Q) /Qf <M

Then by Intermediate Value Theorem for real valued functions it exists ¢ € ) such that

1) = mesl(m /Q /

O

One can interpret this equation such that the mean of f over the set is attained by one point
¢ in the set.

Suppose f is linear and €2 convex.

Jo zdx
mes(£2)

f(dz@/gf

€ 2 is such that

Then the centroid of the considered set ¢ =

Jq xdx
mes(€2)

€ () comes by convexity.
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Search ¢y € () such that

1
) = s [ 10t
1

_ I .
mes(Q) f ( /Q xd:v) by linearity

! (am fi)

1
Then ¢g = ——— |, zdz is a solution to the equation.
*7 mes(Q) Jo 4
Uniqueness is not true in general. O]

Coming back to
o —IVo)-dS = —I'Vo)s-dS
/aC(PU ) Ef /f(pvcb )r - dSy

We suppose the grid thin enough to approximate linearity, hence using the centroid approxi-
mation 3.2

| oo =TV0)-d5 = Y (pvo V), -5,
c f

and similarly
Q >~ QcVe
Vo

Hence the discretized equation for each cell :

> (g —TVe);-Sr=QcVeo

frtaces(C)

Then suppose that we can linearise the flux
(pvp —T'V@)s - Sy = FluxCroc + FluxFror + FluxVy

and the source
QcVe = FluxCoc + FluxV

Then it is easy to write the equation such that

acpc+ Y, ardr =bc

frfaces(C)

with ac,ar,bc depending on the Flux Xy, c.
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II - Linearisation of the discretised equation

1) Linearisation of the diffusion flux

In the general case, the grid and the centroids don’t have any reason to have create an orthogonal
mesh.

Figure 6: Non orthogonal mesh, from [MMDI6]

We want to approximate Jp = —I'V¢ as a linear function of ¢¢ and ¢r. The orthogonal
situation would be % ¢ 5
Vo=~ L _7C0h
on ]l
and
(Vo) - Sg ~ Mgf
]
with Sf = SfIl.
In the non-orthogonal case :
o6 _ 9r — ¢c
Vp=—~———e+((Vo)- t)t
e ]
Sf = Efe+Tft = Ef+Tf
Hence 5 5
— Qc
(Vo)y-Sy= FHT”Ef + (Vo) Ty

The choice of Ef and T is not discussed.
We need to compute (Vo) :

Vor = gcVoc + grVor

where go + gr = 1 are geometric interpolation factors with respect to F' and C' (coefficients of
the barycenter).
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29 2) Implicit computation of (V¢)s

2) Implicit computation of (V¢);

a) Green-Gauss gradient

1
V :—E S
oc Ve . PrSy

It is still needed to compute ¢y.
A simple and natural way is

Of = gcPc + groF

F being the centroid of the neighbour cell that shares the face. Another more accurate way is
to compute a mean based on the vertices and F.
Both way are just using convex combination of neighbour cells.

b) Least-square distance

Considering the 1st order approxmiation

¢or = ¢c + (Vo)o - rer
We want to minimize the quantity

NB(C)

Go= Y (w[pr—(¢c + Véc - o))
a(C

) 2
B 0¢p 0¢ ¢
3 <wk {A% _ Am (%)C Ay (a_y)o _ A (8_)0} )

where AX = Xr — X
Remark :

It’s the squared error on each faces that we minimze with regard to the unknown
coefficients of the gradient.

This quantity is minimised when

0Ge
NN
ox
0Ge
NN
dy
0Ge _

(5)
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which is equivalent to

NB(C)

| 9¢ O do\ 1Y) _
NB(C) - -
9¢ d¢ 99 _
; (ZAykwk __A¢k + Az, (%>o + Ay, ((9—y)c + Az (@) N ) =0
NB(C) - -
9¢ d¢ 99 _
; <2Azkwk -—A¢k + Al’k (@)C + Ayk (8_y)c + AZk (%) ol > =0

that can also be written under the follozing form :

A(Vo)e =10
The choice of w;, has to be discussed. It can be a constant or depend on the inverse to the
distance e on any power n > 1.

This equation also gives the usual solution of 1st order gradient for the cartesian grid

OF — ¢c

Tp — X

Opp

We also can write the linear equation first and realize the G quantity appears :

¢p = dc + (Vo)o -rep VF <= RVoc = [py — ¢c]

where R is a N x 3 matrix of the r¢p, j, j € {,y,2}. This equation is overdetermined, one
can use the least square quantity writing

Voo = (d"d)~'d" [opn — éc]

and the least-square method makes G¢ appears naturally.

3) Gradient on faces

Once we computed the gradient on centroids, we can approximate the gradient on faces :

Vor=gcVoc+ grVor

and consider
or — oc
der

Correction interpolated face gradient

v¢f:v—@+( —V_gbf~ecp>ecp

where
dop = |rr —ro

€cr =TIrp —I¢C

4) Convection flux and source term

We admit the linearisation process of these terms.
Source term will be admitted to be constant or at least independent of the solution.
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IIT - Error estimation of full order FV

“Error Analysis and Estimation for the Finite Volume Method With Applications to Fluid
Flows” “Error Analysis and Estimation for the Finite Volume Method With Applications to
Fluid Flows”

1) Taylor Extension estimates

Consider u the exact solution, hoping u is smooth.
Then one could write the Taylor Expansion

u(e) = (o — )" & (Ve

n=0

A discretisation is of p-order if one approximate u such that

p—1
1
o)=Y @ —ze)" @ (V'9)c
n=0
And put that into the equation.
The discretisation error is then
- 1 n n n
e(x) = Z m(x —xp)" ®@" (V"0)c
n=p

The error on the control volume is introduced as
o0

1 1 1
= —_— < — _ _ n n n
e(9) v /VC e(z)dr| < 7 ;:p /VC (@ —ae)" @ (V')c
The error estimate can be then defined
1 & 1 1 1
E = — —_ — n n n — — _ n n n
(9) 7 nEp /V ) (@ —zc)" @" (V')c 7 n§p p [ /V C(x ) } @" (V")

which can’t be computed. One use a more computable estimate

11
—ch!

er()

{ / (- xc>"] & (V"9)o

This error estimate really surprise me since it’s not greater than the exact error.
For the FVM, the discretisation is of order 2.
1 1

e(9) = — - = |[M® (V?
where M = fVc (x — z¢)?dV is the order 2 geometric moment of the control volume.
The hope is that when the function is smooth, the n-th value tend quickly to 0.
One have to add the diffusion numerical error to the truncated error, where 7" is the caracteristic
time length.

NIRRT

enum -
Ve
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2) Moment Estimates

We consider the steady-state scalar transport equation
V- (pU¢) = V-(pI'4Vp) = Sy(¢) = Sp ~ + Sug
~—
non linear part linear part

The solution verifies all the higher moments equations.
We consider the 2" moment :

m = %¢2
It holds
1 1
V-(pUm) =V (pLy¥m) = 5V-(pU¢)¢ + 5pU¢ - Vo — V- (pL6V9)
~—— ——

=1 WpUG)+1pU-V9) Ve

1 1
= SV(pUe  +5pU -6V = V-(pLuV6)6 — pLo(Ve - Vo)
————
=—3MpUg)¢+WpUg)o

— —%v- (U)o + %pU(b Vo + (V-(pUg) — V-(pI'yV)) o

J/

=S¢(¢)
—le(Ve- Vo)
= 3 (V(0U9) — pU - V6) 6+ 5,(0)6 — po(V V)

. _%v- (PU)d + Ss(9)¢ — pLs(Vd - Vo) (%)
T/

— 5,(6)6 — pLy(Vo- Vo)

(%) holds for a steady-state equation with no source term.

Since ¢ is an approximation, one can define the local imbalance denoted res such that
resn(me) = [ [V(5Um) = V(sLaVm)  (Ss(0)6 — pTo(V0 - V)| dV
Q¢
Then considering the steady-state transport equation for a general vector property a :

V- (pUa) — V(pI',Va) = Su+ Sp a
and define

m, = —a-a
2

In the same way, we can obtain the equation

V(pUm,) — V(pI'sVm,) = Su-a+2Sp m, — pl',(Va® Va)

and the local imbalance

resm(meg) = / V(pUm,) — V(pI'sVm,) — (Su-a+ 2Sp m, — pI's,(Va® Va))| dV
Q¢
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Note that everything is scalar.
res has a defined dimension [¢]*[L]3/[T] and we need to normalise it : define the caracteristic
time T such that

h

Utransport

T —

where

r
Utransport = HUH + E

. [lresu(ma)| T
Ve

"The residual is a function that measures how well the local solution satisfies the original
governing equations. It is therefore natural to associate the level of residual with the local
solution error."

The following choice is made in the definition of the residual estimates :

hence we define the error on the cell

3) Residual Estimates

resc = /V [V-(pU¢) = V-(p15V) — Su — SpocldV

= [(pUd)s — (p76)£(V)s] - Sy — SuVe — SpdeVe
f

One could have worked on the estimate error for the faces.
We recall that

¢r = ¢c+ (ry —ac) - Voc
(V¢)f = Voo

This expression dimension is [¢][L]?/[T] thus need to be normalised.
It is built on the caracteristic diffusion and convection.

Far = 5 2 (11

Fconv = V_szaX F,O
Fnorm - Fdiﬂ" + Fconv + Sp
Hence o)
res
er(¢) B VCFnorm

IV - Issue of the FVM and its estimates

The main issue of the FVM is that there is no such thing as "basis functions" : we do not
create the solution by using discrete spaces. There is not much mathematical framework other
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than classical approximations.
The only basis function that create the method is piecewise constant fonctions on each control
volume.

The second flaw is the estimates that are not standards nor mathematically well established.

That is why we try to see the FVM as a derivation of FEM with piecewise constant fonc-
tions approximation instead of piecewise linear.
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Part 4
Discontinous Galerkin Method

I - Theoretical aspects

Following Mathematical aspects of discontinuous Galerkin method [PE12]

1) Definitions

a(+,-): V. x W — R, V, W Hilberts.
f e L(W,R).

(xx): findueV, a(u,v)=£f(v) Yve W

One can invoke Banach—Nec¢as—Babuska theorem 6.7 to ensure well posedness.

Consider a finite element T} of and its interface 0T of dimension dim(7T) — 1 with another
finite element T5.
We define the componentwise average of v on 9T as

03@) = 5 (v],(0) + 0l ()

and the componentwise jump of v on 9T as

[v](x) = v];, (@) - 1 + vl (2) - o

where n; is the normal vector defined by the borders.

The average is used to approximate the function on interfaces.

Trial basis of the Petrov-Galerkin approximation made of piecewise polynomials of certain
degree : P is defined on each element T' such that P|; is polynomial but [P(z)] # 0 in
general.

The test basis is also made of piecewise polynomials of certain degree.

Using the DGM, the solution u € V lives in W*P(T) := {v € L3(Q) / VT € T, u|, € W*P(T)},
where 7 is the set of finite elements.

We define the the solutions, gradients, spaces the trial basis and the tests basis as piecewise
spaces that are called "broken whose objects are defined on each elements.
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2) Equivalence with FEM

This equivalence is direct since one just have to add a continuity condition on the interfaces
i.e. [v] = 0 for all considered functions and chose trial and test functions in V7 polynomials
functions.

3) Equivalence with FVM

We note that FVM can be written as DGM with 15 as basis function. This equivalence is
harder to write since you have to define the gradient reconstruction depending on which FVM
method is considered.

This is a case by case equivalence that we need to investigate further.

4) Local Problem Error Estimate for FVM

[Jas96]
Let Lu = —V-(aVu) + cu
Lu=f €0

with boundary conditions
¢ = ¢p(z) relp
ang-Vor=g(x) v€l'y

where
I'pul'y =00

PNHFD Z(D
Let

a(u,v) = / —V-(aVu)v + cuv = / aVu - Vv + cuv
v v

Define the error
e=u—up,

lell> = a(e, ¢) = / Ve - Ve + cé®
v
The error has the following convergence property
lelly, < CR*

where k denotes the order of approximation and C'is independant of k& and h.

For every control, a local error problem

—V'lec =7rc T € QC
with boundary conditions

nyg- Ve =Re € 0QIp
Yo =10 re€dcNT'p
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where

R i— g—(lan'uh on 8QCﬂFN
“ 7\ —acfan;V-u,]  on 926\I'y

and

ro=f—Lu

produce an upper bound of the error energy norm

N
lells < > et(Vee)
C

where NN is the number of subdomains.

It can be extended on Diffusion-Convection problems.

IT - Box Method

Following “Some Error Estimates for the Box Method” [BR87] and “On the convergence of the
Rhie-Chow stabilized Box method for the Stokes problem” [NPV24|

This method could be used to create an error estimator without having to compute the Box
Method solution if upyy = ug.

Construct a triangulation 7 and suppose there exists dy > 0 such that

VteT,dog%

t

where hy, k; are respectively the diameter of the circumscribing (resp. inscribing) circle of the
triangle.
Denote by E the set of all edges of triangles in 7.

For each vertices v; of T, we define €2; the union of each triangles (and their border) that
have v; as vertex.
For each triangle ¢ in €2;, one can chose a point p that will be the vertex of the control volume
and define b; as the polygonal with vertices (p; ¢ ).
One can construct the dual mesh such that there exists a > 0

|bi|
v Q’wbl JQS *
(@b < b

The Delaunay and Volonoi dual meshes can satisfy such conditions. See Fig 1 of [NPV24|

Denote the piecewise constant polynomials space on the dual mesh

P'(B) = {veH'(Q) /Vbe B, v|,eP’(b)}

and the piecewise linear polynomials space on the triangulation mesh

P(T)={veH'(Q) /VteT, v, eP'(t)}
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Recall the broken Sobolev space

H'(B) = {vel’Q) /VbeB, v|,cH(b)}

As for H}, for any functional space X we denote by X, the subset of X whose functions are
zero on Of).

1) Duality map

There is a natural map between P!(7) and P°(B).
P!(T7) is the usual vector space of the finite elements method of nodal basis {¢;) where, for
each node vertex v; :

¢i(v;) = 0y
The construction of P!(B) admits the control volume basis x; such that for each control volume

bil

Xi = 1,

The construction of B ensures that for each vertex v; you can map a control volume b; hence
dim Span {¢;} = dim Span{x;}.
We can then define the invertible mapping :

¢ (B Hww) — (B°B). o)
UZZ%@ — ﬂ:ZUz’Xi

GG is an isomorphism because it is surjective between two vector spaces of same dimension.

Note that (Pl(T), H'HHI(Q)) and (IP’O(B), H'HH1(B)> are Hilbert spaces.

2) Property of the map

This lemma proves that the jumps can be effectively used to approximate the gradient and also
to behaves as the gradient norm. It can allow to create a piecewise constant H' norm.

— Lemma 4.5: Semi-norm control

For u € P!(T), denote u = G(u) € P'(B).
There exists Cy = Cy(dg)> 0 s.t.

1/2
Co IVl < (ZH[[@]MF) < Co[[Vull 2 q)

eeE

i.e. the Broken Sobolev semi-norm and the Sobolev semi-norm are equivalent.
Note that the norm ||-|| can be any norm on R? where d is the space dimension.

We can also find equivalence between the piecewise norm and the L? norm.
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— Lemma 4.6: L? norm control

For u € PY(T), denote © = G(u) € P°(B).
There exists C; = C1(dp)> 0 s.t.

[z 0y < Cildo) flull
Moreover suppose () p.37 then there exists Cy(dg, 2) > 0 s.t.

[ullps < Ca(00, ) Ul 2o

See paper for details.

See Generalized Rayleigh Quotient for the construction of Cjy. We get a computable ex-
pression of Cy which I will write later.

Same for C; and Cs but the computation are more mysterious in the paper. O

Suppose (x) p.37. Then there exists o, 5 > 0 s.t.

al|ullg o) < [l s < Bllullg g

where

1/2
_ _ 2
121 (5) = ([Tl g2y + (Z [ )

eckE

Applying Lemma 4.5 and Lemma 4.6 directly gives the result. O

Let u,v € P}(T). Then it holds :

ou
Vi Vo= — /_@
/Q Z ap On

beB

where n is the outward pointing normal with respect to the interior of b.
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3) The Poisson equation

For f € L*(2) consider the equation :

—Au=f inQ
u=>0 on 0f)

Define a(u,v) = [, Vu - Vv, the weak form is written:

Find v € Hy(Q), a(u,v) = (flv)p., Vv & Hy(Q)
Recall HuHi = a(u,u) and define |[7]| , := |G~ (D)],-
One can adapt this equation to H}(B) with Lemma 4.8 :

ou_ du o o Ou_
/QVU-VU——Z/(%%U——Z/%%G(U) =a(u,v) <~  a(u,v) = Z/ab(?nv
beBB

beB G isomorphism beB

Define the box weak form

Find up € PY(T), a(up,v) = {f|0)y., Vve P (B)
Denote by u the analytical solution and by u; the FEM solution.

There exists C'= C(dy,2) >0

lw = urll, < llu=ugpl, < Cllu—wul,

4) Self-adjoint problem

Let f € L*(Q). Let T’ be a bounded real valued function. Let ¢ be such that 0 < o(z) < o™.
Consider the equation

—V:-I'Vu) +ou=f inQ
u=20 on 0f2

The box method weak form is

Find up € PY(T)a(up,v) + (oup|v)p. = (f[v). Vv € P°(B)

A natural generalization of the Galerkin formulation of the box method would use ug but using
up allows to keep the discretisation of ou diagonal and symmetric.

There exists C' = C(T', 0, «r, d9) > 0 such that :

o = gl < llu = usll, < C (llu = well, + = Fllgage)
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Part 5

Cell centered FVM Reduced Basis
Method

The goal is to write the Finite Volume Method in the same framework as the Finite Element
Method i.e. with a bilinear form. The idea is to apply the well established Certified Reduced
Basis Method error estimators to a Weak Finite Volumes formulation.

It is possible to interpret FVM as a Discontinuous Galerkin Method of lowest order with
the test function to be basis V' = Span (1¢).
Since FVM searches the solution in the piecewise constant functions, we want to find a bilinear
form a(-,-) : P® x P — R with PV the piecewise constant functions.
Wrote under this bilinear form, we hope to use the Dual Error Estimate 2.12 for faster reduced
basis generation.

It leads naturally first to Mathematical aspects of discontinuous Galerkin method [PE12].
This book proposes a DGM for the Cell Centered Finite Volume Method.
Unfortunately, to construct the FVM, the book consider a reconstruction of the Gradient then
look for a solution in P; the piecewise linear functions.
This work still could be seen as looking for a solution in Py then mapping in P!, but it didn’t
seemed direct to us.

A second book treats the problem : The Gradient Discretisation Method [Dro+18].
It handles the two-points flux approximation Finite Volumes on cartesian meshes and the multi-
point flux approximation.
Unfortunately, reserves are given in the book about such a bilinear form.
From the same authors, the article “Analysis tools for finite volume schemes” [Eym-+07| that
writes explicitly the bilinear form.

This two books are very dense and hard to manipulate in a short amount of time. We
decided to follow the most explicit [Eym+07] for the numerical trials. Nonetheless, both books
will be considered in future research.

We also searched in the direction of the Box Method, that was introduced in [NPV24] that
follow Bank and Rose (1987) [BR87]. The main issue is that we can’t really define any coer-
civity, and we are unsure whether the estimate is interesting.

As of today, no simulations were run, and we don’t know whether or not it works as expected.
From a theoretical point of view, the proposed framework seems solid enough, and we firmly
believe that we may have found a good starting point.
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I - Box Method

See “Some Error Estimates for the Box Method” [BR&7|

We consider B a control volume mesh.

We consider T a triangulation such that B is the dual mesh of T .

It is possible to have two admissible primal (FEM) and dual (FVM) meshes regarding Delaunay
and Volonoi.

Let upyy € P°(B) be the FVM approximation of the solution.

Suppose up = G(upym)-

Still to find proof.

Then for Spym = [upvm (1), - - - upvm(pn)] @ snapshot of full-order solutions that we will
consider to be the RB, consider the primal snapshot :

Sp = [G(UFVM<M1))> .. ,G(uFVM(Mn))] = [UB<N1)7 s 7uB(lun)]

n

UFVM,rb = PS(U) = Z <UFVM(,U1')|U>]1:>0(B) UFVM(M)
i=1

and

UB b = G(UFVM,rb)

Then we might expect somehow

| urEM — uFEM,rb”H < ||lup — UB,rbHH < C'||urem — UFEM,rbHM

recalling

||UB - UB,rbHu = ||UFVM - UFVM,rbH#

Then defining

r(v) = (flv)p2 — a(up ., v) = a(up,v) — a(upm,v) = alup — U, v)

if we know a to be coercive we should have @ Inf-Sup stable with constant 3 hence if we define
7 the Riesz representation on Vo, we should have

(B

|up — UB,rbHM < 7
The Box Method is not really satisfying because we only have inf-sup constant, because the
considered energy norm is one from FEM method that does not take into account the con-
servation of fluxes and lastly we are not sure that the FVM solution is mapped to the Box
Solution.

IT - Finite Volume Weak Formulation

1) Construction of the weak formulation

Raphaele Herbin presentation that is also described in “Analysis tools for finite volume schemes”
[Eym—+07]

Raphaél LECOQ Chapter 5 | Summary
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Problem : let b > 0, @ € L*(Q2) and v € R?

—Au+V-(vu) +bu=0 inQ
u=20 on 02

Define B the set of control volumes and £ the set of its faces. We suppose the mesh to be
admissible in the sense that orthogonality conditions holds.
Recall :

PO(B) = {u e L*(Q) / VC € B,u|, € P°(b)}
Bilan on a control volume C' € B with faces f :

Z/ —Vu - ngdy(z) + Z /vu ngdy(x /bu— Q
Ve Ve

feR(C FEF(C)

Remark :
| v(z) is the (d — 1)-Lesbegue measure.

We then use the FVM approximation with the Upwind scheme :

Z Fcf u + Z (U}Fuc + ’UJ:UF) + bo |VC| Uc = |V0| fo
fEF(O) fEF(O)

where

vT = max(0,v) & v := max(0, —v)

Define

Ent =ENQ & Exp :=EN O

Fy
[} [ ] [ J
[ =ClF,
@Q—F—0 (]
F, Tgr, C F;
v(f)
[ ] [ ] [ ]
Fy
Then we define F¢ s(u) such that :
_’Z“(f) (UF — Uc) if f € gint
Fcyf(u) = CF
Iy i f e
T’Cf
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Note r¢y is the distance between C' and the border.
We do a sumation over B :

3 Z Fos)+ Y (whue +vyur) +/ -/

CeB | feF(C feEF(C) ceB
= Y e T | S e v | + [ = [ @
= Jetmy CT CeB | jer(c) @ “

F=C|F

We want to describe this equation only with bilinear form. Remark:

and
git)) Uc = V(f)uclc(ﬂfc)
rof rof

Then we can define :

(ul)p = Z ;:f) (ur — uc)(dr — dc) + Z —Uc
[<tn or fEEext

Note that we divided by 2. The following property explains why we decided to do so.

Let u € PY(B) :

U|1C’ Z Fcf

fer(C

Choosing ¢ = 1¢ or u = 1¢ is equivalent to only consider the corresponding cell and its
fluxes.

We split the following sum between the set neighbour cells of K and the set of cells that
has K as neighbour cell:

S 29 w1k — 1) = 3 2 (- ) el — L)

femn, 2oF <t 2rKr
i=C|F J=K|F
+ E (ug —ue)(Ax (k) — 1k (zc))
QTCK
f glnt
F=ClK
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45 1) Construction of the weak formulation

fesint TKF
J=K|F
Y M ue-o)
fegint CK
f=C|K
fegint TKF feglnt TCK
F=KIF F=ClK
—2 % _;(f) (ur — ) (%)
fegint TKF
F=K|F
_ Z _7(f>(u _UK)
fegint TKF
f=K|F
= ) Fxslu
JE(F(K))int

Z i) UclK c) = Z MUK = Z Fi s (u)

feta O (R FE(R(K) o
The sum of both terms gives the result. O

Remark :
| The original paper does not divide by 2. Maybe we did not understand well the sum.

— Proposition 5.3

Applying 1y, and 1y, where V; is the i-th cell and V; is the j-th gives the following sum.

Z it if i =
TZ
feEF(V;)
—ﬁ if 7, j are neighbour
Tij
\ 0 otherwise

It also proves the following result:

u|]_c Z ch

feEF(C)

where F ¢ is the flux from the unique cell /' that shares the face f to C. It should be
interpreted as the conservation of the flux accross all cells. Which is exactly what we would
expect from the inner product defined by the flux for a Weak FVM formulation.
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The same way we want to define a bilinear form which gives the convection term of C' when we
apply 1¢, thus we define :

c(u, @) = Z 0% Z (vjuc + vy ur)

ceB fEF(C)

And the weak formulation of integrals is natural since for linear functions:

1

Vel Jve

1 1 1
bu:—/bul and Q¢ = — Q:—/Ql
Vel Joo ¢ T Vel e Vel Jo ©°°

Hence we define the following weak FVM :

bouc =

Find u € P°(B) s.t. {(u|¢)z + cs(u, ) + / bup = / Qo Vo € P°(B)
Q Q

- : ¢ =1g
<= : Take ¢ € P°(BB), multiply the strong form on a control volume and sum over C' € B.

U
2) Inequalities, norms, structure
Take u € P'(B).
lullg: < diam(€) [|ul, 5
“Finite Volume Methods” [EGH00] Lemma 9.1
U

Then by analogy with Poincaré¢ inequality on H} we can define :

lull g = ((ulw) )"

From here the most important point is to have the Hilbertian structure to make all the developed
theory beforehand works. Thanksfully, the following property holds:
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(P°(B), (-|-)) is an Hilbert.

Let € > 0. Let (fn)n € P°(B)Y a Cauchy sequence :
dng s.t. ||fp_fq||1,3§5 Vp,q > ng

Then by WFVM Poincaré 5.4 || f, — fq||L2(Q) — 0. Yet L? is complete hence f, —
P,q—00 n—00

in L2(Q).

It is easy to verify that f is piecewise constant on B and that f,|, — f/,.

Hence Feo,(fn) — Foo(f).

* This property was not in the paper O

Regarding the jump norm equivalence 4.5 we can hope that if v € H(Q):
||U||1,B ~ ||Vu||L2(Q)
We can define the discrete P°(B) norm defined by analogy with the H'(Q) norm:

[ulls = llullgeo) + llulli g o 1l

The following lemma allows a control over the oscillations which is used to prove the 5.8 theorem.

— Lemma 5.7: Oscillations

For any v € PY(B) :

2 2
v €RY, (- +n) = vllg2 < llnll, (Inll; + 4hs) ]} 5

The paper shows the existence of an unique solution that has the following properties.

Let (B,,), be a sequence of FVM mesh satisfying the orthogonality conditions, s.t. hg, —

n—oo
0

Let (tn)n € (FUB))" s.t. [[unl, 5 < C.

Then there exists a subsequence (tp(n))n With ¢ : N — N strictly increasing and uw € H{ ()
such that
L2 _
Up(n) — U

n—oo
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III - Elliptic case : Pure diffusion
1) Model

We will consider a diffusion problem in a simple square divided in 9 smaller squares with dif-
ferent diffusion constants.

L'y
D- Dy Do
Fl D4 D5 D6 FZ
D, Dy Dy
I's

Figure 7: Parametrized diffusion problem

Let S; be the i-th square associated to D;. We define:

9
=Y " Dyl
=1

Hence the parameter p = lives in P =]0; 1]® =~ [¢; 1]® where € ~ 0 (to have closed set of

D)
parameters).

The FVM solve for u € P*(B) in each V¢ :
—V:(DVu) = f <= DVu = D(x¢) Vu = f
Ve Ve Vo

Hence, defining the symmetric bilinear form:

ZD ur —uc)(¢r — ¢c) + ZV D(zc)ucoc

fegl'“t fegext
C|F

is enough to decribe the weak formulation for the FVM.
Then we will solve for u:

alu,v ;) = (fo)gs Vo € B(B)
u=0 onT

Raphaél LECOQ Chapter 5 | Summary



49 2) Theoretical properties

2) Theoretical properties

We still have coercivity:

a(u,u) > min D;lull?,

.....

=1, =1
a i1s continuous:

.....

a(w,8) = | 3 Dac) 2L

7
(UF - Uc ¢F - Z l‘c Uc¢c
i 2ror fEEont
F=C|F
< 3 |2 22 e~ ue)or - 00)| + T 1(—”D<xc>uc¢c
fegint cF fegext Cf
f=C|F
v(f) /
< . _
< max D; fezg: 27“0 |¢F oc
=C f—Clrlg‘
fegext CF

Cauchy-Schwarz < C Z ()

f€&€nt f€&nt
f=C[F

+ '7 2 Z’y(f) 2

T T
fegext CF fegext CF

< O (Il g6l s + lully g 19]5)
<20 |l s 9] 5

We can also write the affine assumption:

9
(f
w=> Dyl > 2;011 (up —uc)(dr — dc) + > —Uc¢c
=1 f€S> ﬁ‘sint fES ﬂsext
f=C|F

9
= Z D[i]ai(U, ¢)
i=1

where
- a;(u,u) >0 (= 0if u=0on 5;) i.e. a; is a semi-definite bilinear form.
- D[i] > 0.

That fills the conditions for the affine assumption 4.3 [HRS16].
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Suppose V,;, C V5 = PY(B) already exists. Define u,; as the solution in V4 of:

a0 3p) = (o) Yo € Vou(B)
U =0 on T

Then define the error and residual error:
e(p) = urvm(p) — urp(p)

r:¢ € Vs ale(n), ¢ ;p)
By Riesz, there exists 7(u) such that:

(¢ p) = (F(1)|d) 5

Define the energy norm error estimator:

ten() = Vs > o1, = Valel)eln) )

V arp(i)

3) Computational methodology

Recall that we want to solve for u € V5 = PY(B):

—V-(DVu) = f in Q

u=0 onT

where for (Dy)); € [e;1]° we define

9
D(z) =Y Dyls,
i=1
Set B an orthogonal mesh. &£ be the set of edges of the mesh.

Sidenote :

- & is the ¢ — th vector of the reduced basis and B the matrix of £ coordinates in the 1y,
basis.

-M; = <1Vi‘]‘Vj>B for all 4, j.

- We will suppose that f(- ;pu) = f(-).

a) Precomputation

Compute My:
§
Z ’Y(f) if 7 :j
Tif
.
ALy ) = ij e .
ViltVi/B Vi) g i,J are neighbour
Tij
\ 0 otherwise
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Compute once for all ¢ = 1,...,9 the matrices A = (a,(1y;, ]'VJ'))ij:

.
Z () ifi=jandies,
1y 1y) rer(vy
a -y L) = 07 e . .
Vo 2V ) if 4, j are neighbour and ¢ € S,
Tij
0 otherwise

Compute f5 = [(f(lv;))z}T

b) Computation of ap

Set Py, C P be a set of M arbitrary chosen parameters.
For each u = [D[l] e D[gﬂT € Py;, compute:

9
A} =) DyAf
=1

Solve for (\,w;) € RT x RYs the eigenvalue problem:
Af;wg = )\M5w5

The smallest eigenvalues gives you M coercive constant (g, ).
Then define the function:

m=1,...,

app(p) = max (@g(ﬂm) min

c) Step by step offline generation

Set P, = [,u[l] e ,u[pﬂ all the chosen trial parameters.
Chose any u; € Py

Loop at n:

e Compute the FOM solution upywm(pn) for p, € P, computed in the last iteration or p if
it’s the first loop iteration.

Deﬁne B = [UFVM(,Ul) ce uFVM(ﬂn)] = [51 ce Sn]
Compute for ¢ =1,...,9 :
Al =BTAIB

and
£, = BTf;

e For each p € Py:
9 .
Compute Al = 5" Dy Ar,. Compute uly s.t.
i=1

Bl
Arburb - frb
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We then compute n(u). First compute
R = (f;, A!B, ..., AJB)"

We then need to focus on

G =R'M;'R

Solve the linear system Mjy = R then compute G = RTy.
Then compute

r(p) = [17 —(ufb)TD[l], RS _(ufb)TDM]
and finally compute

17515 = V()T Gr(p)

Note that app(p) = _Er%ing Dy is a lower bound of a(u). Hence we define:

n(p) = ||7s(p ||1B/\/ ars(p

Or we can apply the min-0 approach p.51:

m=1,...,

arp(p) = max (aé(um) min M)

e Choose pi,11 = arg max n(p).
HEP

o If n(ppe1) > tol (that was previously computed) then go back to the beginning of the
loop, otherwise terminate.

Ensuring stability: Apply the Gram-Schmidt algorithm and redefine

B = Gram-Schmidt(B)

d) Online procedure

Recall B = [51 {N].
For a new pu = [D[l] e D[91:| € P, compute:

9
Al =D Dy,
i=1
Compute ufy s.t.

B
Arburb - fTb
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IV - Parabolic case: Heat equation

1) Model

We don’t change the geometry of the model:

L'y
D+ Dg Dy
Fl D4 D5 D6 FQ
D, D, D5
I3

Figure 8: Parametrized heat problem

Let S; be the i-th square associated to D;. We define:

9
D(I) = Z D[i]lgi
1=1

The parameter y = -2} lives in P = [g; 1]” where € ~ 0.

Here, we try to solve:

Oiu — V-(DVu) = g(t)f(v) in Q x RY
u(z,t) =0 in 002 x Ry
u(z,0) = ug € L? in Q

A weak formulation would be:
Find u € L*(H}(Q) x Ry, R) such that u; € L*(H'(Q2),R,) and:

Outlhry + [ DV Vodo = g(0) (@), ¥ € HYS)
Q
u(z,0) = ug € L? in Q

We discretise the time steps by finite difference, i.e.

un—i—l —un

tn—i—l —tn

3tu =
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Consider T' > 0 a final time, M the number of time steps and k = T'/M the uniform time step.
The Weak FVM formulation can be written as:
Find (u™)o<n<ar—1 such that v € P°(Q) and:

{% W = wnlg) s + awt, 6) = g(t"H) (flo)s VO EPO, 0<n< M1
<u0|¢>L2 = (uo|@) 2 Vo € PO

where a(u, v) is defined as the diffusion symmetric continuous coercive bilinear form p.48.

Remark :
n+1

When applying cell control, we get — (u™*! — u"|1¢)y. = Vo< ¢

A7 which is the

transient approximation in FVM.

2) Computational methodology: POD-Greedy algorithm

Set T' the final time of the simulation.

Set K the number of time steps.

Set Ny the number of chosen principal temporal modes.
Set Ny < N; for the POD compression.

a) Precompute

Compute My such that

(
Z V(f) ifi=j
Tif
[Ms)i; = <1v 1v> = fEF(Vl()f”)
81i,j i +Vi/B _WJig) if 7, j are neighbour
T’ij
0 otherwise

Compute Ls = (1y, 1VJ’>L2 = |Vi|6i;.

Compute once for all ¢ = 1,...,9 the matrices A = (a,4(1v,, 1‘0‘))@']‘:

(
v 1 ifi—jandics,
(1y,1y,) = ¢ rerty,
a ) ) = i e . .
Vo TV —M if 4, j are neighbour and i € S,
rij
\ 0 otherwise
Compute f5 = [(f(1y,)):] "
T
C te At = —.
ompute I

b) Step by step offline generation

Set P, = [u[l] e u[pﬂ all the chosen trial parameters.
Set Z = 0.
Choose any py € Py.
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Loop at n:

e Compute the full order solution (ufyy(pin))1<k<rx = (upvam(kAL 5 p)i1<p<x for p, € Py
computed in the last iteration or p, if it’s the first loop iteration.
Apply the POD algorithm for the temporal reduction:

{G, v} = POD<{u11~“VM(HJn)’ e >UII§VM(:“N)}7 Ni)

Set Z={Z,{C,...,Cn}}-
Set N = N + N, and compute {&,...,{y} = POD(Z, N).
Define B = [51 fn].
Compute for ¢ =1,...,9 :
Al =BTAIB

and
f, =B"f;
e For each p = [D[l]7 e D[g]:| e Py
Compute A’ = i Dy Al and Ly, = BTLsB.
Compute (ufbk)lz;;K s.t.

1 1
(ELTZ; + Afb) Uﬁfék—i_l = ELrbufék -+ g(tk)frb

We then compute n(t, p). First compute

R = (f5,L;B, A!B,..., AJB)"

Hvk — u?k ﬂ:kil
Deﬁne A’I"b — u,,,,b - u,,,,b .
Then compute

r* () = [g(t"), — (A%, — (") Dyy, - . ., —(ul)T Dyg]

We then need to focus on
G =R"M;'R

Solve the linear system Mjy = R then compute G = RTy.
and finally compute

)| s = () Grt ()

Note that 4min9 Dy; is a lower bound of a(u). Hence we define:

1=1,...

A K
(", ) = i
k=1

om0l 1

Or we can apply the min-0 approach p.51:

arp(p) = max (oz(;(,um) min

m=1,...,
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e Choose pi,11 = arg max n(p).
Me]Ph

o If n(ppe1) > tol (that was previously computed) then go back to the beginning of the
loop, otherwise terminate.

Ensuring stability: Apply the Gram-Schmidt algorithm and redefine
B = Gram-Schmidt(B)
Store B and L,, = B"L;B.

¢) Online procedure

Recall B = [51 PN fN] and Lrb = BTL5B.
For a new u = [D[l] e D[91:| € P, compute:

9
A, =>"DyAL,
i=1
Compute (u/s")), such that:

1 1
(ELM - Ai‘b) uly ™ = Ll + (1)

V - Results and conclusion

Numerical results involve programming knowledge that I did not have the time to learn.
Giovanni is taking care of this part, but it is a time consuming part of the research and we will
be able to present in September 2024.

The work presented gives insights on a method enhance CFD with a given estimator, which

can be adapted to Inf-Sup problems. If the numerical results look promising, we could hope to
use this theory for libraries such that OpenFOAM (see ISTHACA-FV project).

The next step is probably to write the methodology for Inf-Sup problems, and also to create an
estimator that takes into account the Implict part of the gradient estimation for non-orthogonal
meshes.
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I - Standards definitions

A space (H, (:|-)) is a Hilbert if H is a vector space and (-|-) is a inner product that induces
a complete norm.

A bilinear form a is coercive over a Hilbert V if
a(v,v)

2
o]l

da >0V eV .. >«

A bilinear form a : V' x W — R is Inf-Sup stable over a Hilbert V' x W if

36p >0 : inf supM > fo
weW wev [[v]ly [[w]ly

For Q C RY, we define the Sobolev space H() as

HY Q) :={f eL*(Q) / Vi, 0,f e L*(Q)}
H*(Q) is a Hilbert space for the norm || f]| := || fllgz + |V f 1|1
We also define Hj () := D(Q)H @ the closure of D(Q) :=C5(Q) in H(Q).

IT - Representation theorems

Let (H,(:|-)y) be a Hilbert space on K =R or C.
If € H', then there exists a unique xq € H such as

Vo € H,¢(x) = (z|xo)

Raphaél LECOQ Chapter 6 | Summary
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Moreover the map
H — K

!
x = (x|zo) €H

To € H — pgy;

is bijective, antilinear and an isometry between H and H'.

Let H be a Hilbert space, a : H x H — R a continous coercive bilinear form on H.
Given any ¢ € H', there exists a unique u € H such that

a(u,v) = (plv) = p(v) Yoe H

Moreover if a is symmetric then u is characterized by the property

we H and %a(u, ) — (1) = min {%a(v, v) — cp(v)}

veH

Let V, W be respectively Banach and reflexive Banach space.

a 'V x W continuous bilinear form.
f: W — R continuous linear form.

(k) : findu eV, a(u,w)= f(w) Ywe W

(xx) is well-posed if and only if

(i) > 0vwev,  sp A0S o vy
wen\ (o} [[wllyy
(i1) YweW, (VveValv,w)=0)=w=0

(1) is equivalent to the Inf Sup 6.3 condition.
The following control holds true :

1
u S_ f ’
Jully < 2 Wl

See “Banach-Nec¢as-Babuska theorem and proof.” [Lec24al. O
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IIT - Standards inequalities

— Lemma 6.8: Bramble Hilbert 1D

If u has m derivates on (a,b) and Py is the space of polynomials of degree lesser than m — 1.

inf ||u(k) — v(k)HLp < C(m)(b— a)m_k Hu(m
1

|
VEP, Lp

Hence for p = oo and m = 2 we have the linear interpolation :

inf [lu—vl, < Cb—a) v
vEP;

— Lemma 6.9: Bramble Hilbert

If Q is regular enough and satisfies the strong cone property, u € W™P(2) and Py is the
space of polynomials of degree lesser than m — 1.

VE<m, inf = vy, < Cd™ " [l yyrms

Let K be a convex polygon, h its diameter, ¢ € H'(K).

1
Let o = <ST|K>\K

be the average estimation of ¢. Then

2 2
le — el < ChilIVexlk

where C' is independent of K.

Let K be a convex polygon, h its diameter, ¢ € H(K).

1
Let ¢, = % be the average estimation of ¢ on the K border. Then
o

2 2
lo = @ollic < Chi IVeok i

where C' depends on K geometry, dimension and its border.
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