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1. Introduction
Exponential sums are sums of roots of unity which can be defined in a very elementary way. As sums of
complex numbers of absolute value 1, they can always be trivially bounded by their number of terms. However,
in most situations one expects the arguments of the complex numbers involved in the sum to cancel, so that
the absolute value of the resulting sum is smaller than the trivial bound. Finding a non-trivial bound can
be a very difficult question, but it often comes with a concrete number theoretic result such as the ones we
present below. The many applications to concrete problems in number theory serve as a strong motivation for
a refined study of exponential sums. Beyond the question of finding upper or lower bounds for their absolute
value, there are many questions one can ask about the asymptotic distribution of exponential sums (possibly
after some rescaling), and which have led to beautiful results during the last decades.

2. Some number theoretic applications of exponential sums

Let p be a prime number. In this poster, we will define exponential sums over the finite field Fp as sums of
the form ∑

x∈Fp
g(x) 6≡0 mod p

ep

(
f (x)

g(x)

)
, (1)

where f, g ∈ Z[X ] are two fixed polynomials, and ep(z) denotes exp
(

2iπ
p z
)

for all z ∈ C.

Gauss sums and quadratic reciprocity

Recall the definition of the Legendre symbol modulo a prime p: for all x ∈ Fp,

(
x

p

)
:=


0 if x = 0

1 if there exists y ∈ Fp such that x = y2

−1 if there does not exist y ∈ Fp such that x = y2.

If one takes f (X) = X2 and g(X) = 1 in (1) one obtains the so-called Gauss sums :∑
x∈Fp

ep

(
x2
)
.

Considerations on these sums lead to a proof of the quadratic reciprocity law, which states that if p and
q are two distinct odd prime numbers, then(

p

q

)(
q

p

)
= (−1)

p−1
2 ·

q−1
2 .

Point counting on varieties defined over finite fields

For any prime p and any a ∈ Fp, consider the following “sphere modulo p”:

S(a, p) :=
{

(x, y, z) ∈ F3
p | x2 + y2 + z2 = a

}
.

Then writing

1S(a,p)(x, y, z) =
1

p

∑
b∈Fp

ep

(
b
(
x2 + y2 + z2 − a

))
and summing over x, y, z gives:

|S(a, p)| = 1

p

∑
b∈Fp

τ (b)3ep (−ab) ,

where τ (b) =
∑
x∈Fp

ep

(
bx2
)

. The equality |τ (b)| =
√
p, which holds as soon as b 6≡ 0 mod p, allows one

to obtain the following asymptotic:

|S(a, p)| =
p→∞

p2 + O
(
p

3
2

)
.

This example illustrates how exponential sums can be related to point counting problems over finite fields.

Representation of integers by diagonal quadratic forms

It is known since Lagrange that every natural number can be represented as the sum of four integer squares.
In other words, the quadratic form X2 + Y 2 + Z2 + T 2 represents any natural number. However, is it
still true if one introduces some positive integer coefficients, thus turning the quadratic form into one
of the form Q(X, Y, Z, T ) = aX2 + bY 2 + cZ2 + dT 2? Of course, if a, b, c and d are simultaneously
even, Q(x, y, z, t) is even for any (x, y, z, t) ∈ Z4, but unless there is such a congruence obstruction, can
any integer be represented by Q? This question was addressed by Kloosterman in [4], and he proved an
asymptotic formula for the number of representations of a sufficiently large integer n by Q, that is: the
number of (x, y, z, t) ∈ Z4 such that Q(x, y, z, t) = n. The proof relies on a variant of the circle method
developed by Hardy, Ramanujan and Littlewood a few years before in the context of Waring’s problem.
Some exponential sums which are now named after Kloosterman play a key role in the proof, and we
present them in the next section.

3. Bounds on the absolute value of Kloosterman sums
The exponential sums which appear in [4] are defined for any prime p and any integers a and b as

Kp(a, b) :=
∑
x∈F×p

ep

(
ax + bx−1

)
. (2)

They correspond to the choice of f (X) = aX2 + b and g(X) = X in equation (1). These sums are real
numbers, and the triangle inequality gives the estimate |Kp(a, b)| 6 p− 1.

Kloosterman’s bound

By considerations on the 4th moment of the family {Kp(a, b); a, b ∈ Fp}, Kloosterman was able to reduce
the question of finding an upper bound for these sums to an elementary counting problem. He obtained
the following bound:

|Kp(a, b)| 6 2p
3
4 for all a, b ∈ F×p .

This power saving of 1/4 compared to the trivial bound was sufficient to conclude on his question. However,
this bound is now known not to be optimal.

Weil’s bound

A consequence of Weil’s work on the Riemann hypothesis for curves over finite fields is the upper bound∣∣Kp(a, b)∣∣ 6 2
√
p for all a, b ∈ F×p . (3)

4. A note on probabilistic aspects

The picture obtained when drawing the path connecting the successive partial sums of the Kloosterman sum
(2) suggests that the map x 7→ ax + bx−1 behaves quite randomly at the level of representatives of F×p in
{0, . . . , p− 1}.

Figure 1: The path between the successive partial sums of 1√
pKp(1, 1) for p = 9001.

Therefore, it is tempting to try to model Kp(a, b) by a sum

Sp :=

p−1∑
j=1

Xj (4)

of independent random variables Xj, where each of them is uniformly distributed on S1. Then the central
limit theorem tells us that Sp/

√
p converges in law to a Gaussian random variable, so that |Sp| is “typically

of size
√
p”. Therefore, the square root cancellation encapsulated in Weil’s bound is expected from a

probabilistic point of view. However, the fact that 1√
p|Kp(a, b)| is always less than or equal to 2 tells us that

the random walk in the above picture is not so well approximated by the path connecting partial sums of a
sum of type (4), and that the algebraic definition of the Kloosterman sums eventually impose constraints on
the walk.

There is actually an equidistribution result for the paths connecting partial sums of Kloosterman sums. In
[5], Kowalski and Sawin proved the convergence in law of these paths (viewed as random variables taking
values in a space of continuous functions) towards an explicit random series.

5. Katz equidistribution theorem

Thanks to Weil’s bound (3), we know that for any prime p, the set
{

1√
pKp(a, 1); a ∈ F×p

}
is contained in

[−2, 2]. The question of the distribution of the normalized Kloosterman sums in this interval was answered
by Katz in [3], and the precise result he obtained is the following:

As p → ∞, the sets
{

1√
pKp(a, 1); a ∈ F×p

}
become equidistributed in [−2, 2] with respect to the Sato-

Tate measure:

dµST(x) :=
1

2π

√
4− x2dx.

In other words, for any subinterval [c, d] ⊆ [−2, 2],∣∣∣{a ∈ F×p ; 1√
pKp(a, 1) ∈ [c, d]

}∣∣∣∣∣F×p ∣∣ −→
p→∞

1

2π

∫ d

c

√
4− x2dx.

Figure 2 below illustrates this asymptotic behaviour (the red curve is the graph of x 7→ 1
2π

√
4− x2).

6. Exponential sums indexed
by a subgroup

For a fixed integer d and primes p ≡ 1 mod d,
one can define the Kloosterman sums restricted
to the subgroup of order d as

Kp(a, b, d) :=
∑
x∈Fp
xd=1

ep

(
ax + bx−1

)
.

These sums, viewed as a family with varying
parameters a and b, have striking visual fea-
tures which have been partially investigated in
[1]. They proved equidistribution results in a
d-cusp hypocycloid when d is a prime number
(see Figure 3). Similar statements are also
proved in [2], where ep

(
ax + bx−1

)
is replaced

by ep(ax). Sums indexed by the subgroup of

order d of (Z/pαZ)× for α > 2 also satisfy the
same properties, provided p ≡ 1 mod d.

The subject of my thesis is the study of such
equidistribution questions for families of “short
exponential sums” (meaning exponential sums re-
stricted to specific subsets of Fp or Z/pαZ).

Figure 2: Distribution of the values
1√

6007
K6007(a, 1) in [−2, 2] as a ranges in F×6007.

Figure 3: The sets
{

Kp(a, b, 5); a, b ∈ Fp
}

for p = 151 and p = 631.
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