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ABSTRACT

This document is my report of an internship of two months and a half at the University
of Duisburg-Essen, at the end of my first year of Master.

The first aim was to answer the question that constitutes the title of this work. Q, denotes
the field of p-adic numbers, which are introduced quite briefly in this text, so I refer to
[Ro] for a better presentation. &,, denotes the group of permutations of {1,...,n}, while
2, will denote the subgroup of even permutations in &,. The answer for the existence of
extensions appears in section 5.5.

Before this, we prove some general results on fields K that are complete with respect to
a discrete valuation, Q, and its extensions being the main example of such fields in this
document. For instance, their ring of integers is a discrete valuation ring, we have a very
powerful analog of Newton’s algorithm to approximate roots of a polynomial, and if L/K
is a finite extension, then the valuation on K extends uniquely to a valuation on L.

This naturally leads to the notion of ramification, and this is the point of section 3. At
the end of this section, ramification groups will allow us to make a great step in our way
to answer the main question. Indeed, we prove that a finite Galois extension L/Q, has a
solvable Galois group ! Since &,, is not solvable as soon as n > 5, we can already exclude
many cases.

After a brief discussion on Galois groups of polynomials, we can complete our first aim.
But once we know for which (n,p) there exist extensions, a natural question one may ask
is : How many extensions are there in a fixed algebraic closure with the prescribed Galois
group 7 What do they look like 7 This is the second aim of this internship : Classify the
extensions when they exist. In section 6, the cases where I found an answer are presented,
while appendix 7.6 contains my state of advancement for the remaining cases.

ACKNOWLEDGEMENTS

First, I would like to thank my ALGB (Algébre de base) teacher, Prof. Tobias Schmidt, for
teaching me with great clarity all the notions I needed to start this internship. I also thank
him for contacting his acquaintances at the University in Essen, because this is how I had
the chance to exchange with my supervisor in the first place. I am grateful to Prof. Jochen
Heinloth, for welcoming me in his class on class field theory, patiently bridging some of
my gaps, and taking an interest in my studies in France. Finally, many thanks to Prof.
Vytautas Paskunas, for giving me this problem, which I really envoyed working on. I also
thank him for solving all the problems I did not manage to solve by myself, this work would
not exist without his help.



Contents
1 p-adic numbers

2 Valued fields

2.1 First definitions and examples . . . . . . . . . ... e
2.2 Hensel's lemmas . . . . . . . L
2.3 Extension of valuations . . . . . . . . .

3 Ramification

3.1 Ramification index, inertia degree and dimension formula . . . . . .. ... ... ... ..
3.2 Unramified and totally ramified extensions . . . . . . . . . . . ... ...
3.3 Tamely ramified extensions . . . . . . .. . L L
3.4 Ramification groups . . . . . . . L

4 The Galois group of a polynomial
4.1 Definition and first properties . . . . . . . . ..
4.2 Galois groups of cubics and quartics . . . . . .. oL oL L L

5 Answer to our main question

5.1 Quadratic extensions of Q, . . . . . ... o
52 Thecases(n=5)and (n=4& p=>3) . . . . . .
5.3 Thecasen =3 . . . . . . L e
531 IEDPE3 oo
532 Ifp=3 . e
5.3.3  Summary . . . ..o e
54 Thecase (n=4&Dp=2) . . . . . e
5.5 Conclusion . . . . . . . L e

6 Classification of the G,-extensions of Q, when they exist

6.1 Classification of the quadratic extensions of Q, . . . . . .. . ... ... ... .. .....
6.2 Thelinen=3forp#3 . . . . . .
6.3 Partial conclusion . . . . . . .o

7 Appendix

7.1 Newton polygons . . . . . . . . L
7.2 Projective limits . . . . . . .. L
7.3 Proof of proposition 4.2 . . . . .. L
7.4 Local class field theory . . . . . . . . .
7.5 Structure of K* when K is a finite extension of Q,, . . . . . . ... o000
7.6  Attempt to classify ©s-extensions of Q3 . . . . . . . ..o L

8 References

32
32
34

35
35
36
37
37
40
40
40
41

41
41
44
46

47
47
ol
53
54
o4
o8

62



1 p-adic numbers

We define the ring of p-adic integers as the projective limits of the rings Z/ p"Z -

Z,, = lim Z /7

n=1

See appendix 7.2 for more details. It is easy to prove that Z, is an integral domain, and this justifies the
following definition :

Definition 1.1. The field of fractions of Z,, is called the field of p-adic numbers, and is denoted by Q,.

Remark : We will give another way to define the field Q, in the section about valued fields. These
definitions come a bit quickly, and lack some motivations and examples, but a more detailed and illustrated
introduction to p-adics can be found in [Ro| for instance.

2 Valued fields

2.1 First definitions and examples

Let K be a field. An absolute value over K is a map |.| : K — R4 such that :

V(z,y) € K2, |ay| = |z|.|y|
V(z,y) € K2, |z +y| < |z + |yl

Vee K, =0 < |z|=0
A field with an absolute value on it is called a valued field.

The absolute value |.| is called nonarchimedean if |n| stays bouded for all n € N. Otherwise it is called
archimedean.

Proposition 2.1. The absolute value |.| is nonarchimedean if and only if for all x,y € K one has :
|z + y| < max(|z], |y|)
Proof. See |Ne|, Proposition (3.6) O

If (K,|.|) is a field together with an absolute value, then K can be made a metric space by setting
that the distance between x and y is |z — y|. If the absolute value is nonarchimedean, then it satisfies
the strong triangle inequality above, and so K becomes an ultrametric space for the distance induced by |.|.

If |.| is a nonarchimedean absolute value on K, then for any ¢ > 1, putting
v(z) = —log, |z| for z € K*, and v(0) = +o0
one gets a map v : K — R U {+o0} such that :

V(z,y) € K2, v(zy) = v(z) +v(y)



V(z,y) € K%, v(z +y) > min(v(z), v(y))
Ve € K, v(z) =+o00 <= =0

A function on K satisfying these properties is called a nonarchimedean valuation on K. It follows from the
axioms that v(1) = 0, and it is easy to prove that v(—1) = 1 too. In characteristic 2, 1 = —1, so there is
nothing to prove, and otherwise, it suffices to write v(1) = v((—1) x (—=1)) = 2v(—1) to get the conclusion.
From this, one can easily deduce that for all y € K, v(—y) = v(y). Note the following important fact :

if v(x) # v(y) then v(z +y) = min(v(z), v(y))
Indeed, assume for instance that v(z) < v(y), then :

v(z) =v(z+y—y) 2 min(v(z +y),v(y)) 2 min(min(v(z),v(y)),v(y))
—min(v(x) v(y))=v(x)

hence min(v(z + y),v(y)) = v(x) and so v(z +y) = v(z) = min(v(x), v(y))

Remark : In the nonarchimedean case, one could also introduce the notions of absolute value and valuation
in the other order, because if v is a nonarchimedean valuation on K, then for any ¢ > 1, the function

o= g0

defines a nonarchimedean absolute value on K. Therefore, the datum of one of the two is really equivalent
to the datum of the other one.

Example : (Absolute values on Q)
- The usual absolute value |.| on R defines an archimedean absolute value on Q.
- If r € Q* and p is a prime number, then there exists a unique k € Z such that :

r=p"

SaliS!

with a,b € Z\ {0} and p dividing neither a nor b. This k is called the p-adic valuation of r, and will
be denoted by v,(r). If we set 1,(0) = 400, then one can check that v, defines a nonarchimedean
valuation on Q. Therefore, for any ¢ > 1, we can obtain a nonarchimedean absolute value associated
with v,. We make a choice and decide that ¢ = p defines the p-adic absolute value on Q, namely :

| lp = p,,,p(,)

This example shows that Q can be equiped with many different absolute values, that induce different
metric (or ultrametric) structures. We can wonder whether or not Q is complete with respect to these
absolute values. We already know that for the usual absolute value, it is not the case, and one way to
construct the field of real numbers is to say that it is the completion of Q, seen as a metric space with |.|.
For the other absolute values we have seen in the example, we have the following result.

Proposition 2.2. Let p be a prime number. Then the completion of (Q,|.|,) is the field Q,.



Remark : In definition 1.1 we give another definition of Q,, as the fraction field of Z,,. As for the different
constructions of R, each construction has advantages and drawbacks. If we say that Q,, is the completion
of Q with respect to |.|,, then it is complete by definition, but it is not clearly a field, and we do not know
how to compute with the elements of Q,. On the other hand, if Q, is defined as the field of fractions of
Z, then it is a field by definition, and since the computation with the elements of Z, is very explicit, we
know how to compute with p-adic integers. But the fact that it is complete is now less straightforward.

Theorem 2.3. (Ostrowski) Let K be a complete field with respect to an archimedean valuation. Then
there exists an isomorphism o : K — R or C, and s €]0, 1] such that for oll x € K, |z| = |o(2)|®

Proof. See |[Ne|, Theorem (4.2) O

This theorem tells us that a complete field with respect ot an archimedean valuation "looks like" the real
or the complex numbers. That is why from now on we will only consider nonarchimedean valuations, and
refer to them simply as valuations.

Proposition 2.4. Let (K,v) be a valued field (v being non archimedean). Then the subset Ok = {z €
K | v(z) > 0} is a subring of K, called the ring of integers. It is a local ring, with unique maximal ideal
pr = {z € Ok | v(x) > 0} (and group of units O = Ok \ px)

Proof. Simple verifications. Note that O satisfies that for all = in K, either z or 27! is in O. This
implies that K = Frac(Ok) and that Ok is integrally closed in K. Indeed, let x € K be integral over O
This means that = satisfies some monic polynomial equation with coefficients in O :

"+ ap 12" o dag =0
If we assume for a contradiction that = ¢ O, then 7! € O and the equation leads to
T=—p 1 — ot —-- —ap(z” )"t € Ok : Contradiction.

Thus {z € K | x is integral over Ox } = Ok, this is exactly what it means for Ok to be integrally closed
in K. O

Definition 2.5. With the notations above, we define the residue field of K as the quotient ring Ok /pK.
It is often denoted by ki, or simply k when the context is clear.

Definition 2.6. A valuation v is called discrete if there exists s € R’ such that
v(K*) =sZ

Any element in K having valuation s is called a local parameter or a uniformizer or a prime element. It
is often denoted by 7x or simply m when there is no possible doubt. If s = 1, v is said to be normalized.
Note that it is easy to get a normalized valuation from a discrete valuation, and that this does not change
Ok, px and the residue field.

Suppose that v is normalized, so that v(K*) = Z. Let 7 be a uniformizer (i.e. an element of valuation
1). Take any element x € K* and let m be v(z). Then

v(im "x) = —my(r)+rv(z)=-m+m=0

hence 7~z € Oj. Therefore, any element € K* can be written uniquely as a product of a power of
the fixed uniformizer and a unit :

Ve e K*, 3l(m,u) € Zx OF, v =1"u



Proposition 2.7. If v is a discrete valuation on K, then Ok is a discrete valuation ring, that is : a
principal ideal domain that has a unique non-zero prime ideal.

Proof. More precisely, we are going to prove that the non-zero ideals of O are the powers of pg. Let 7
be a local parameter in Og. Let I C O be a non-zero ideal in Ok . Take an element x € I with minimal
valuation, say n. If n = 0, then I contains a unit, hence I = Og = pJ,. Otherwise, n > 1, and there exists
u € O such that = 7"u. Thus, 7Ok C I. Conversely, if y € I, then m := v(y) > n, so there exists
v € O such that

y=7n"v=n"(r"""v) e m"Ok

So I = "0k = p} = {x € O | v(z) > n}. Therefore, the non-zero ideals of O are the (7"), for
n > 0. O

Pk —  Ok/pk

" induces an isomorphism
m™a +— amod px

Remark : The homomorphism

Pic/pi = Ok /pk = K
for all n > 0.

Definition 2.8. A local field is a complete field K with respect to a discrete valuation v, such that its
residue field Kk is a finite field.

Example : If p is a prime number, then Q, is a local field, with ring of integers Z,, and residue field
Z,/pZ, ~7/pZ.

2.2 Hensel’s lemmas

When our valued field is complete with respect to a discrete valuation, we have a very strong result that
allows us to lift roots of a polynomial in Og[X] from roots modulo px. As we will see in the proof,
this result is to be related with Newton’s method to approximate zeros of a function. This is very nice,
because when the residue field is finite, it is easy to find roots of a polynomial modulo px, because there
are only finitely many candidates. Besides the undeniable usefulness of finding roots of polynomials,
Hensel’s lemma will also allow us to extend valuations uniquely to some field extensions, ans that is a very
important result of the next section. First, we state the two following lemmas :

Lemma 2.9. Let A be a commutative ring, and f € A[X]. Let a € A. Then there exists a unique g € A[X]
such that

F(X) = fla) + f'(a)(X — a) + g(X)(X — )

Lemma 2.10. Let K be a field, together with a non archimedean absolute value |.|. A sequence (ap)neN
is Cauchy if and only if |an+1 — an| — 0
noo

Corollary 2.11. If (K,|.|) is complete, with |.| non archimedean, then a power series ) - ,a, with
coefficients in K converges if and only if a, — 0
noo

Theorem 2.12. (Hensel’s lemma 1)
Let (K,v) be complete with respect to a discrete valuation. Let ¢ > 1 and |.| = ¢~*1). Consider f € Og[X]
and ag € Ok such that :

| (ao)| < [f'(a0)|?



Forn > 0 we define :
fan)

Ap+1 = Qp — f’(a )
n

Then (ap)neN s well defined, and converges to the unique root a of f such that :

la —ag| < e|f'(ao)| (< |f'(ao)| ) where ¢ is defined below

Proof. (Largely inspired by [Su| and a document on this lemma in the section Ezpository papers of [Col)

Let
| f(ao)]

E =05

" el
We prove by induction on n that :
(i) lan| <1 (i-e. ayp € Ok)
(7)) lan —ao| <e <1 (= an =ap mod pg)
(7i) |f'(an)] = |f'(ap)| #0 (= an41 is well defined)
(i) |f(an)| < [ (ao)?

For n = 0, all the point are clearly satisfied. Now take n > 0 and assume that a, satisfies the points (7)
to (iv). Let us prove that this is still the case for a,y;.

(4)
inst = an] = )] o)
n+ n ‘f’(an)’ X< ’f’(a())‘

because |f'(ap)| < 1 for f'(ap) is an integer (agp € Ok and f € Ok[X]). Thus :

=e¥"|f'(ao)| <

lant1] < max(|an11 — anl, |an]) <1

(i)

lan+1 — aol < max(|ap+1 — anl, |an — agl) < max(sQn,s) =c

(i4i) Let us consider the Taylor expansion of f’ at a,, :
a a
- f/( n)> = f/(an) - f/( )
f'(an) f'(an)
for some a € Ok thanks to lemma 2.9. Now,
’f(an)
f'(an)
So the term f’(ay) has strictly minimal valuation among the terms of the right hand side of (1).
Therefore, |f'(an+1)| = | (an)|

f(an) )2

) =5 o f(an)

ﬂm@+a<

<e¥|f'(ao)| < |f'(a0)| = | f'(an)]




(iv) Applying lemma 2.9 to f this time, one has :

2
-
2
= (;,iig) , for some 3 € Ok.

Since 8 € Ok, |B] < 1, hence

f(an)

2 |fan)l _ (€1 () )
f'(an) h

on+1l, . 9
S S e S° M)l

Fan)| < ]

This concludes the induction step. We have proved that |a,;1 —a,| < 2", and € < 1 by assumption, hence
lap+1 — an| —> 0. By lemma 2.10, (a,)nen is Cauchy, so it converges to an element a € Ok, because O
noo

is complete as a closed subset of the complete field K. Besides, |a — ag| = limyeo |an — ap| < & < 1, s0
a = ap mod pgr (i.e. ais a lift of our first root modulo pg ). Moreover,

F(an)] < 1 (a0) P~ 0

f(an) — f(a) because polynomials are continuous
noo
This implies that a is a root of f in Og.

We now need to show that a is the unique root of f such that |a — ag| < €|f/(ap)|. For all n > 1,

a1 = an| < %[ f(a0)| < elf'(a0)| = ||}Cf(<2(;)>’\
Moreover |a1 — ag| = |f(ao)|/|f'(ao)| by definition. Therefore,
i € N, Jan = ao] < (0% — el o)

(using the ultrametric triangle inequality). When n — oo we get |a — ag| < ¢|f(ao)|. Thus, a is a root
of f, that reduces to ap modulo pg, and such that |a — ag| < €| f'(ap)]-

Now if b is another root satisfying these two properties, then : we write b = a + (b — a) and we apply
lemma 2.9 once again :

f(b) = f(a) + (b —a)f'(a) + c(b — a)?, for some ¢ € Ok

But a and b are both roots of f, so this lead to (b — a)f’(a) + ¢(b — a)? = 0. Assuming a # b one has
f'(a) = c(a —b). Thus |f'(a)| < |a — b] because ¢ € Ok. Now the strong triangle inequality gives :

la — b < |a —ag + ag — b < max(|a — aql, [b— ao|) < |f'(ao)|
However, we know that |f’(a)| = |f'(ao)| (by passing to the limit in (¢i7)). Thus :

If'(a0)| = |f'(a)| < la—b] < |f'(ap)| : Contradiction.



Corollary 2.13. In particular, if ag is a simple root of f modulo pr, then it lifts uniquely to a root of f
in Ok, i.e. there exists a unique a € O such that a = ag mod px and f(a) = 0.

flag) =0 mod px

f'(ao) # 0 mod pg

Then v(f(ag)) > 1 (v being normalized) and v(f’(ag)) = 0. Equivalently,

Proof. Let ag € Ok such that {

|f(ao)] <1 and [f'(ag)| =1

Therefore, ag satisfies the conditions of the theorem above, so there exists a unique a € Ok such that

fla)=0
la —ag| <1 (i.e. a=apmod pg)
O

The two preceding results are very useful in the study of the squares in Z;, and of the structure of Z; (the
group of units).

Proposition 2.14. Let p # 2 be a prime, and let b € Z,; = Zy \ pZy. Then b is a square in Zy if and
only if b is a square modulo pZ,.

Proof. The direct implication is easy, and for the converse, it suffices to apply corollary 2.13 to f =
X2 —-beZyX]. O

However, if p = 2, then the polynomial f above is no longer separable, so we can’t apply the corollary and
we need to use theorem 2.12. Namely, we have the following :

Proposition 2.15. Let b € Z; = Zy \ 2Zs. b is a square in Zs if and only if b = 1(8Zs).

Proof. If b is a square in Zs, then let a € Zs be such that b = a?. Write b = (bp)nen+ and a = (@, )nen-
(considering Zs as the projective limit of the rings (Z/2"Z). Then

by = a3 € Z/87

Since b ¢ 2Zy, as ¢ 2.(Z/8Z), hence b3 = (1 mod 8) by a quick study of what values can a square have
modulo 8. Since b € Zy, this implies that b; = (1 mod 2) and b2 = (1 mod 4). Thus b = 1(8Zy).

Conversely, suppose that b = 1(8Z2). Let us consider f = X? — b € Zo[X]. Then our assumption implies
that | f(1)|2 < 1/8. On the other hand /(1) = 2 so that |f’(1)|3 = 1/4. Thus :

(W < [F(V)]3
and we can apply Hensel’s lemma to find a square root of b in Zs. O
Proposition 2.16. Let p # 2 be a prime. The group of p-adic units has the following structure :

Z, ~ F; x(1+pZy) ~Z/(p—1)Z XZy

as multiplicative groups as additive groups



Proof. Considering the natural inclusion i : 1 + pZ, — Z and

p Z; - FJ
(an)n>1 = a

we get an exact sequence of abelian groups :
1= 14pZ, 5 ZX S FX -1

By the splitting lemma in homological algebra, it suffices to prove that there exists a group homomorphism
o F; — Z]f such that p oo = id to conclude that Z; is isomorphic to the direct product of the terms
on its right and left sides. Comnsider f = XP~! —1 : it has p — 1 distinct simple roots in F,, which are
exactly the elements of F)' : 1,...,p— 1. By corollary 2.13, each of them lifts uniquely to an element
a; = (i,a2,a3,...) € Z);. Then o :i — q; is a group homomorphism satisfying p o o = id.

Now, F; is a cyclic group of order (p — 1), hence isomorphic to the additive group Z/ (p—1)Z- To prove
that (1+ pZ,,.) ~ (Zy,+), one can consider the logarithm :

In : 1+pZ, — pZ,
1+ +— JrOO(—I)”*l%

n=1

The series considered converge because their general term tends to zero as n —» +o00. It remains to check
that In is a group isomorphism between (1 + pZ,,.) and (pZ,,+) and that the latter is isomorphic to
(Zp, +) O

Proposition 2.17.
Z; ~{£1} x (1+ 4Zy)

Proof. First, Z5 = Zy \ 2Zs, so an element in ZJ is just a sequence (ay,)n>1 such that :

Yn>1, ay € Z/an
ar=1¢€ Z/2Z

Thus, Z; =1+ 2Z,. Now consider :

1 1+ 420 <5 1+ 220 - (Z/47) — 1 2)
where 7 is the natural inclusion, and :

p 1427y — (Z/47)" ={*1}
(I mod 2,1+ 2bmod 4,...) 1+ 2b mod 4

The sequence (2) is exact, so to obtain the conclusion, we just need to find a group homomorphism
s:(Z/47)" — 1+ 2Zs such that pos = id. It suffices to take s : =1 — —1 € Z C 1 + 2Z, hence the
conclusion. O

Hensel’s lemma is sometimes stated in an other version, which says that from a factorization af a polynomial
modulo pg, we can lift a factorization in Og[X]. The idea is the same, starting from our factorization in
O—K[X], we try to find a factorization modulo p?- by adjoining only terms that are zero modulo pg, and

P
so on, by induction. The precise statement is the following :

10



Theorem 2.18. (Hensel’s lemma 1)

Let (K, v) be as in theorem 2.12, with residue field denoted by k. Let f € Ok[X] be a primitive polynomial
(this means that at least one of its coefficients lies in Oy ). If [ admits a factorization modulo pg into
two relatwely prime polynomials :

f mod px =g.h€r[X], gAh=1

Then f admits a factorization in Ok [X] :
f=gh

with deg(q) — deg(g), (g mod px) = g, and (h mod pxc) = h.
Proof. See |Ne|, (4.6) "Hensel’s Lemma"
We can observe that the condition " f primitive" is just there to ensure that f mod pg is not zero in
k[X]. The proof is similar to the proof of the other version of Hensel’s lemma : We construct factoriza-
tion modulo p% inductively, but there are some subtleties, because the degree of the polynomials must

stay bouded, so that we do not end up with a factorization into power series instead of polynomials. An
euclidean division solves the problem. O

Corollary 2.19. For every irreducible polynomial [ = Z?:o a; X" € K[X], one has :

max la;| = max (|ao|, |aql)
i=0...d

In particular, if [ is monic, irreducible, and ay € Ok, then f € Ok[X]
Proof. Let us set |f| := max;—¢. 4 |a]

After multiplying by an appropriate power of a uniformizer, we may assume that f € Og[X] and that
|f| = 1. Our aim is to prove that m := max(|ag|, |aq|) = 1. Of course m < 1. Assume that m < 1.

Let 7 be min{i € [0,d];|a;] = 1}. Then 0 < r < d because m < 1 and :
f=X"(ar+ a1 X+ +ag X)) mod px

By theorem 2.18, this factorization lifts to a factorization of f in Og[X] C K[X]. This contradicts the
irreducibility of f. Thus, m = 1 and this concludes the proof. O

2.3 Extension of valuations

The aim of this section is to prove theorem 2.21. We start with a short recall on norms in field theory.
Let L/K be a finite field extension of degree n (in particular, L is a n-dimensional vector space over K).
Then for any o € L the map :

wlae) + L — L

r +— o

is K linear. Thus, it is an endomorphism of a n dimensional vector space over K, so it makes sense to
consider its determinant.

Definition 2.20. The norm of the element a € L over K is the determinant of the multiplication by «,
namely :

Nomg () = det(u(a)) (€ K)

11



It follows immediately that Nmp, x(.) is multiplicative.

Theorem 2.21. If (K, v) is complete with respect to a discrete valuation and L/K is a finite field exten-
siom, then v extends uniquely to L. Moreover, the unique valuation vy, extending v can be written explicitly

Vae L, vi(a) = T }K]I/(NmL/K(a))

To prove this theorem, we will need a few lemmas. Recall that if A C B are two rings, an element b € B
is said to be integral over A if there exists a monic polynomial P € A[X] such that P(b) = 0.

Lemma 2.22. Let A be an integral domain, integrally closed in K := Frac(A). Let L/K be a finite
extension. Then, for all a € L, o is integral over A if and only if the minimal polynomial of o over K
has its coefficients in A.

Proof. Let x € L. Let f be the minimal polynomial of z over K. If f € A[X], then x is a root of a monic
polynomial with coefficients in A, so by definition, z is integral over A.

Conversely, assume that z is integral over A. Let P € A[X] be a monic polynomial such that P(z) = 0.
Then f divides P, so every root of f is a root of P, hence is integral over A. Moreover we know that
sums and products of integral elements are still integral. More precisely, given an algebraic closure K of
K containing L, the following set

{2z € K | z is integral over A}

is a subring of K. This is not obvious, but it is very standard, see for instance Milne’s lecture notes in
algebraic number theory ([Mi]), where he gives two proofs of this statement. Now, we also know that the
coefficients of f are just sums and products of the roots, so they are all integral over A, and they lie in K
(recall that f is the minimal polynomial of x over K). Since A is assumed to be integrally closed in K,
f e A[X]. O

Lemma 2.23. If L/K is a finite extension, a € L, and ag is the constant term of the minimal polynomial
of a over K, then
Nmp k(o) = £ag', for some m € N*

Proof. In fact, the statement can be made way more precise, but we actually just need to know this. A
proof can be found in [Go|] Chapter IX. O

Lemma 2.24. Let L be a field, and |.|1,|.|2 two absolute values on L. Assume thatVr € L, |x|; <1 =
|z|2 < 1. Then there exists s > 0 such that |.]1 = |.|3

Proof. Let y € L such that |y|; > 1. Take any = € L*. Then |z|; > 0, so In(|z|;) is well-defined. Set
a = In(|z|1)/In(|y|1), so that |z|; = |y|{". Let (m;/n;)ien be a decreasing sequence of rational numbers
converging to . Then :

|z[1

[/

m
|zl = [yt < lyl"

this leads to :

" <1 " ]
Y 7 by assumpti mi
1 y ption [ Y 2
Hence :
o2 < Jyls™/™ —> [yls

12



Taking an increasing sequence of rational numbers converging to a would lead to |y|§ < |z|2, so |z|2 = |y[§.
Therefore, for all x € L™,

= :=s>0 (independent of x)

Therefore, |.|1 = |.|5. O

Remark : In particular, two such absolute values give rise to the same topology on L.

We can now start the proof of theorem 2.21.

Proof. Let us set O := {z € L | Nmp g(z) € Ok}. We prove that O is exactly the integral
closure of Ok in L.

If x € L is integral over Ok, then the minimal polynomial f of x over K has coefficients in Og. In
particular its constant term lies in O, so by lemma 2.23, Nmp,/k(z) € Ok-.

Conversely, suppose x is an element of L such that Nmp k() € Ok. Let f be its minimal polynomial
over K, say :
f=X"+an 1 X" '+ +aX +ag

Again, by lemma 2.23, Nmp, /k(v) = +ag' for some m € N*. Therefore mv(ag) = v(Nmp i (x)) > 0 by
assumption, so ag € Ok. To sum it up : f is a monic irreducible polynomial in K[X]| with a9 € Ok,
hence (by corollary 2.19) f € Og[X]. This implies that x is integral over Ox

Step 2 ;| vy, s a valuation on L that extends v.

All the points are clear except the ultrametric inequality, namely :
V(z,y) € L?, v(z +y) = min(vr(z), ve(y)) (3)
First, since O is the integral closure of Ok in L, it is a ring, so that :
VeelL, €O = 14+2€0

Now, let z,y € L. If x or y is zero, then (3) is clearly satisfied, so we can assume that none of them is
zero. Then vr(z +y) = vp(z(l +271y)) = vp(x) + v (1 + 27 1y)

-If27ly €O : Then 1+ 271y € O, s0 v (1 + 2 1y) > 0, hence
vp(z +y) 2 vi(r) = min(v (), ve(y))

- If 7y ¢ O : Then we write v (z+vy) = vr(y(y to +1)) = vi(y) + vo(y 'z + 1) Since 271y ¢ O,
it is not hard to see that its inverse y 'z € O. Indeed,

Va€ L, Nmp k(o) ¢ Ox = NmL/K(a)_l € Ok
Thus, v (y~ 'z +1) > 0, hence :
vi(z +y) = vi(y) = min(vg(z),vi(y))

So vy, is a valutation on L that extends v, and moreover, the ring of integers in L with respect to
this valuation, namely Op, = {z € L | v.(x) > 0}, is nothing else than O, the integral closure of O
in L.

13



Uniqueness.

Let v/ be a valuation on L extending v. We denote by O the ring of integers in L for this valuation,
namely : O’ ={z € L | V/(z) > 0}, and by p’ the unique maximal ideal in @' : p' = {z € L | V/(z) > 0}.
The corresponding sets in (L, vy) are denoted by Op, pr.

Let us prove that O C O'. Assume for a contradiction that there exists x € L such that = € O, but
x ¢ O'. Since x € O, which is the integral closure of O in L (as we have seen in Step 1), there are
integers ag, ...an—1 € Ok such that :

"+ a2+ ag =0
Dividing by x™ gives the following :

1 n

l=—-ap_127" —-- —apzx”

However, since x ¢ O, /(z) < 0 and /' extends v, so :

Vie{0,...,n—1}, V(a;x"™") = v(a;) + (i — n)V/(x)

Thus, /(1) > min ¢/(a;z°"™) > 0, so 1 € p’ : Contradiction.
7
Therefore, O, C O', which we can rewrite as Vo € L, vp(z) >0 = /(x) > 0. Setting

e = exp(—vz()) and |.] == exp(—2/(.))

we get two absolute values on L satisfying the assumption of lemma 2.24, so there exists s > 0 such that
|.|z = |.|"*. But these two must agree on K, hence s = 1 (it suffices to take an element in K with absolute
value different from 1). Thus, |.|; = |.|" and v = V. O

Moreover, this unique extension of valuation gives a valued field (L, vy) which is still complete ! Indeed,
let us set |.| = exp(—v(.)). Then, |.| := exp(—vr(.)) is a norm on L seen as a K-vector space. Indeed, it
satisfies the triangle inequality and the separability condition. Moreover, if A € K and x € L, then

Azl = exp(—v(Ar)) = exp(—v(N)) exp(—vi(2)) = |A|z[z

Since L is a finite dimensional vector space over K, and (K,|.|) is complete, the fact that (L,|.|1) is
complete follows from this general result :

Proposition 2.25. Let K be complete with respect to an absolute value |.|. Let V be any n-dimensional
normed vector space over K. Then for any basis (e1,...,e,) of V, the mazimum norm :

n
E Zi€;
i=1

15 equivalent to the given norm on V. In particular V is complete.

= max(|z1|,...,|zn])

[e.9]

Remark: This theorem is just a more general version of the equivalence of all norms over a finite dimen-
sional (R or C) vector space. We see that the key ingredient is that the ground field K has to be complete
for its absolute value.

14



Proof. Let ||.|| be a norm on V. We want to prove that there exist p, p’ > 0 such that :
Vo €V, pllzlloo < [l2ll < pllfloo

- Let x € V and write x = > z;e;. Then :

n
E Ti€;
=1

]l =

n n
< lzilllell < (Z mu) 2o
i=1 i=1
N———

/

=p

- In order to prove the existence of a p, we proceed by induction on the dimension of V.

If n =dim(V) = 1, then for all z € V, ||z|| = ||z1e1|| = |z1]|le1]| = |le1]|]|z]|, SO one can take p to
be |le1]].

Now, let n > 1, and assume that the result holds for any (n — 1) dimensional normed vector space
over K. Set V; = Span(ej,j # i), for all i € {1,...,n}. Then by the induction assumption, V; is
complete with respect to the restricted norm ||.||. In particular, it is closed in (V,]|.||). This implies
that for all i, V; + {e;} is closed, hence

U Vi + {e;} is a closed subset of V
i=1

Moreover, it does not contain 0. Therefore, there exists p > 0 such that for all i € {1,...,n}, if
w; € V;, then ||w; + €] > p.
Now, let x = > x;je; € V'\ {0} and let r be the index such that |z,| = ||#]lsc. Then, one has :

So ||z|| = plxr| = pl|||cc This holds for all non zero = € V, and it is also satisfied at zero, hence the
result.

O]

3 Ramification

3.1 Ramification index, inertia degree and dimension formula

Again, let K be complete with respect to a discrete valuation v, and let L/K be a finite extension. In
the preceding section, we proved that v extends uniquely to a valuation vz on L, and that (L,vr) is also
complete. Now, our aim is to study the same objects in L that we studied in K, such that the subgroup
vr,(L*) of (R,+), or the residue field k;, = Or/pr. We will try to study the different relations that can
arise between these objects and kg, v(K*) ...

Since K is a multiplicative subgroup of L*, one has that v(K*) = v (K*) is a subgroup of vy (L*). We
denote by e its index, that is :
LX

v(K>)

15



e is called the ramification indez of the extension L/K.

Moreover, we have a natural ring homomorphism ¢ : Ox — Op/pr = k1 obtained by composing the
natural inclusion O < Op and the surjection Op — Kk (reduction modulo pr). But px C kere, so ¢
factors to a ring homomorphism :

w K — KI,
rmod pg — x mod pr

and ¢ is injective because k is a field. Thus, 1, /k is a field extension, we denote by f its degree, namely :
fi=1[kL : K]

f is called the inertia degree of L/K. When the context is clear, we stick to the notations e and f, but
sometimes we will write e(L/K) and f(L/K) in order to specify explicitly to which extension correspond
e and f.

Remark : If 7 is a uniformizer in L and 7 a uniformizer in K, then 7 € Oy, so it can be written
mu with v € O and m € Z, unique. But vi(7) = v(n) = ewr(nr), hence e = m. Therefore
pxOp = 70 = 75O = pg. This is a particular case of Hilbert’s ramification theory, which consists in
studying how a prime ideal p C O factors in O, when we look at the ideal it generates in Or. Here we
have :
prOL = pg,

and this justifies the name ramification index for e. If K were a number field, the decomposition of a
prime ideal p C Ok could be more complicated :

pOL = [ [ %7

=0

where the 9B; are prime ideals in Op. Then e; is a relative ramification index (because it is relative to one
of the prime ideals in the decomposition).

Proposition 3.1. If (K,v) is a complete discrete valued field, and L/K is a finite extension, then with
the notations above, one has :

[L:K]=e.f
Proof. Since f = [k, : k], let wy,...,wy € Of such that (w1,...,wy¢) is a basis of k1, as a k vector space
(w; = w; mod pz). Let m, be a uniformizer in L. Then 7%, ..., 75 ! are representatives of v, (LX) /v(K*)

Let us prove that (7% w;)o<i<e—1, 1<j<s iS an integral basis of O, over Ok. This implies that it is a basis
of L/K and the dimension formula follows.

- Linear independance : Let us assume, for a contradiction, that there exist a; ; € K not all of them

equal to zero, such that :
e—1 f

ZZaiﬂ-wﬂri =0 (4)

i=0 j=1
For all i € {0,...,e — 1}, let us denote :

/
S; i — E ai,jwj
J=1
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If s; = 0 and a; j # 0 for some j, then multiplying by an appropriate power of mg, we obtain :

f
}E:bLjUU =0
7=1

with b;; € Ok and at least one of them lies in Oy. But if one reduces this equality modulo py,
one gets a non-trivial linear combination of the w;’s which is equal to zero, hence a contradiction,
because W, ..., wys is a basis of Ky /k. Thus :

si=0 = Vje{l,....,f}, aij =0

Since some of the a; ;’s are assumed to be non-zero, some of the s;’s must be non-zero. Let us denote
by I* the set of all indices ¢ such that s; # 0. Then (4) becomes :

E simy, =0
iel*

Now, let us show that for all ¢ € I, v1(s;) € v(K*). As above, one can find m € Z such that :

f f
m
si= Y aggwp =R Y bijw;
j=1 j=1

with b; j € Ok and at least one of them in O%. Thus

f

vi(si) = v(mi) +vp | Y bijw;
j=1

However, since some of the b; ;’s lie in O, they are non-zero modulo pg. Using the fact that
W1,...,ws are linearly independant over x, we get that Zj b; jw; cannot lie in pr, and hence is
invertible in Oy,. Therefore, it has valuation 0 and so

vr(s;) =v(rR) € v(K™)
Now if i # j € I* then vp(s;m%) and VL<S]‘7F£) must be different because v (%) and VL(WJL) are
different modulo v(K*). Thus :

v (Z smi) = v7,(0) = 0o = min vy, (s;wh)

icl* er
This implies that for all ¢ € I*,s; = 0. Contradiction.

Oy, is generated by (7wt w;) over Ok : Let us denote by M the Ox-module
e—1 f

M := Z Z (’)Kwiwj

i=0 j=1

and by N the following :
!

DJ:ZIZE:C?KﬂUj

J=1
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so that
e—1 '
M=) mN
i=0
It is not hard to prove that O = N + n;Or, and iterating this
Oy, :N+TFL<N+7TL(N+7TL...))

until we get :
O = M—I—TFEOL ie. Op = M+pKOL

Tterating this last formula, one has Op = M + px (M + prOr) = M + px M + p%Or, But clearly,
pxM C M, hence O = M + p%(OL, and we would prove the same way that for all ¢ > 1,

O =M + %0,

It is easy to prove that this implies that M is dense Op (with respect to the topology induced by
v, of course). We just have to show that M is closed in Of, to conclude. This follows from the fact
that (K, v) is complete, and Ok is closed in (K,v), see the proof of Proposition 2.25.

O
From the proof we can deduce the following useful result :

Corollary 3.2. Under the assumplions of the proposition above, if one further assumes that kp/k is
separable, then there exists x € O such that O = Og|x]

Proof. We denote by vy the unique extension of v to L, and by wy the normalization of vy, so that a
local parameter w7, € Of satisfies wy (7)) = 1 (with the notations of the preceding proposition one has
wr = e.vp).

Since k1 /k is finite and separable, one can find v € kp, such that k;, = k() (a primitive element). Then
1,7,...,7/~! form a basis of k1 /. Let us denote by g the minimal polynomial of v over &, and let us take
g to be any lift of g to Ok [X] (i.e. g is a polynomial in O [X] which reduction modulo pg is g € k[ X]).
Then we claim that there exists a representative x € Op, of v, such that g(x) is a local parameter for Op,.
Indeed, take any x in Of, such that z mod pr, = . Then g(x) mod pr, = g(v) =0, so wr(g(x)) > 1. If it
is equal to one, then we are done. Otherwise, take 7, any uniformizer in Op. Then by lemma 2.9 :

glx +7p) = g(zx) +nrg'(x) + 73y for some y € Of

As k1 /k is separable, g is a separable polynomial, so ¢’(z) mod p;, = g'(x mod pr) = §'(7) # 0. Thus,
¢ (z)isin Of = Op \ pr. In particular, the term mr¢'(x) satifies wr(mrg'(x)) = wr(rr) + wr (g’ (z)) =
140 = 1. Since the two other terms have valuation greater than two, wr(g(xz + 7)) = 1, hence g(x + 7r)
is a uniformizer. It suffices to take x + 77, instead of = to get a representative of v such that g(z) is a local
parameter in Of,.

To sum it up, we have found 2 € Of, such that v = (z mod pr) satisfies that 1,7,...,7/ ™! is a basis of

kr over k, and g(x) is a local parameter in Q. The proof of proposition 3.1 shows that (z'g(z)’) 0 <
i< f—1,0<j<e—1,is abasis of Op over Ok, hence O = Ok|z]. d
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3.2 Unramified and totally ramified extensions
Definition 3.3. Let K be a complete field with respect to a discrete valuation v.
- A finite extension L/K is called unramified if k1 /K is separable and [L : K| = [k[, : K]

- A finite extension L/K is said to be totally ramified if the residue field extension Ky /k is separable
and [L : K| = e(L/K) in the degree formula of proposition 3.1.

Remarks:

- According to proposition 3.1, L/K is unramified if and only if v (L*) = v(K™*), or equivalently :
every local parameter in K is still a local parameter in L.

With the notations of proposition 3.1, saying that L/K is unramified is just saying that [L : K| = f

- Note that if K is a local field, then the separability condition is automatically verified, because « is
a finite field, hence a perfect field.

The proof of proposition 3.1 shows that if a finite extension L/K is totally ramified of degree n, then

(L,7p,... ,Wz_l) is an integral basis of Op, over Ok. In particular,
Or = Oklry]
- L/K is totally ramified if and only if :
0L =p "

Proposition 3.4. Let E/K and F/K be two extensions inside an algebraic closure K /K, and let L = EF
. Then one has : E/K unramified = L/F unramified. In particular, each subeztension of an unramified
extension is unramified.

L=FF
E F
Wmiﬁe(/

K

L=FEF

/ Wmiﬁed
K

Proof. First, let us prove the "in particular” part. Let K C F C FE, and suppose E/K is unramified.
Then L := EF = E, and the proposition shows that E/F is unramified. Therefore, [F': K| =[L: K]/[L :
F] = [kr, : K]/[kL : kF]. But on the other hand, [kr, : k] = [k : kF|[kF : kK]. Hence [F : K] = [kF : K]
ie. F/K is unramified. Less formally, if the extension E/K does not create new possible values for the
extended valuation, any subextension cannot create new values, and so is also unramified.

—

We now prove the main statement. FE/K is finite unramified, so kg/k is finite and separable. Let us
take o € Kk such that kg = k(a) (this is possible by the primitive element theorem). Let v € Of be a
representative of . Let f be the minimal polynomial of v over K and g be the minimal polynomial of «
over k. Since v € Op, f lies in Og[X]. We denote by f its reduction modulo pr. Then f(a) = 0 hence
glf. So deg(f) > [kE : k]. Therefore :

o k] < deg(f) = deg(f) = [K(7): K] < [E: K] = [ : 4]

f monic
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So there must be equalities all along, and this proves that £ = K (), since K(vy) C E and they have the
same dimension as K vector spaces. Thus,

L=EF=KMF = F()
Moreover, deg(f) = [kg : k] = deg(g) and so f = g, the minimal polynomial of a over &.

Now, let us prove that L/F is unramified. Let h be the minimal polynomial of v over F' (it has coefficients
in Op because v is in Op, hence in Or). Let h be its reduction modulo pr. Since f(y) = 0 and
f € K[X] C F[X], one has h|f. But when we compute the euclidean division of f by h in F[X], we are
doing it in the ring Op[X], and so h|f not only in F[X], but also in Op[X]. Reducing modulo pr gives us
that h|f. The latter is separable because it is the minimal polynomial of « over «, and xg/k is separable.
So h is separable. Thus, if h factors in xr[X], then the two factors are relatively prime, and h is primitive
because it is monic. By theorem 2.18, h would factor in Op[X], which is absurd because h is the minimal
polynomial of v over F. Thus, h is irreducible in kz[X], so :

[kp : kp] < [L: F] = deg(h) = deg(h) = [kp(y mod pr) : kp] < [KL : KF]

Thus, k1, = kp(y mod pr), so kL /KF is separable because (y mod pr) has h as minimal polynomial, and
h is separable. We also have [L : F| = [k, : k|, hence the conclusion : L/F' is unramified. O

Corollary 3.5. The compositum of two unramified extensions of K is again unramified.

Proof. Suppose E/K and F/K are two unramified extension, then by the preceding proposition E/K
unramified = FEF/F unramified. Hence F'/K is unramified and F'F/F is unramified. This implies that
EF/K is unramified because separability is transitive and the degree in field extensions is multiplicative.

O

Proposition 3.6. If K is complete with respect to a discrete valuation, then for any finite extension L/ K
such that ki /K is separable, there exists a unique extension F of K contained in L such that F/K is
unramified and L/F is totally ramified. This field F is called the inertial subfield of the extension L/K.

Proof. Since k1, /k is finite and separable, one can find a primitive element « for this extension, i.e. there
exists o € k] such that kK = k(). Let g € k[X] be the minimal polynomial of « over k. Let h € Og[X]
be a monic polynomial which reduction modulo px gives g :

h:=hmod px = g € K[X]

Then h is irreducible in K[X]. Indeed, g is irreducible in x[X], and h is monic, so h is irreducible in
Ok [X] (it is easy to see this by contrapositive, write a factorization of h in Og[X] and reduce it modulo
P, this leads to a non trivial facorization of g in x[X]). But this implies the irreducibility of h in K[X] (in
general, if A is a UFD, the irreducible polynomials in A[X] are the ones that are irreducible in Frac(A)[X]
and primitive (meaning that the ged of their coefficients is equal to one). One example that one can have
in mind to remember which implication is true is the following : the polynomial 2X € Z[X] is irreducible
over Q, but it is not irreducible in Z[X]| because 2 is not a unit in Z. Thus, being irreducible in Z[X] is a
stronger condition than being irreducible in Q[X]).

Now, let v € O, such that v mod p;, = « € k. Then :

h(y) mod pr, = g(a) =0
R () mod pr, = ¢'(«) # 0 because (k1 /k separable = ¢ separable)
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By Hensel’s lemma (see corollary 2.13), there exists € Op such that h(8) = 0 and S mod p; =
v mod p; = a. We define :
F=KB) CL

Composing O — O, and Of, — Kk, gives a ring homomorphism :

@ OF — KT,
a +— amodpy

pr is clearly included in ker(y), hence ¢ factors to a ring homomorphism :

[ KEF — Kr,
amod pr — amod pr,

Since K is a field, it is injective, but it is also surjective, becasuse 5 € Op, and $(5) = « and k1, = k().
Therefore, the residue field extension k7, /kr has degree 1, hence L/F is totally ramified.
On the other hand, since h is irreducible, it is the minimal polynomial of 5 over K, hence :

[F: K] = [K(8) : K] = deg(h) = deg(q) = [5(a) : #] = 5y : 5] = [ : ]

because kp and k7 are isomorphic as fields, and as k-vector spaces via p. This shows that F/K is
unramified and concludes the proof of the existence of a subextension F' such that :

L
> totally ramified

F
> unramified

K

It remains to prove that F is unique with these properties. Suppose F’ also satisfies K C F' C L, F'/K
is unramified and L/F’ is totally ramified. Then the compositum FF’ is again unramified by corollary
3.5. From the inclusions :

FCFF CL

we can deduces the following for the inertia degrees :
f(F/K) < f(FF'/K) < f(L/K)
But as we have just seen, kg ~ K1, as k-vector spaces, hence :
f(L/K) = [rL k] = [5F : 5] = [(F/K)

Therefore, one must have :
f(F/K) = f(FF'/K)

But since the two extensions are both unramified, this implies :
[F:K]=|[FF': K|

But F' C FF', so we can deduce that ' = F'F’, and this implies that I/ C F. The same method can be
repeated to show the converse inclusion, hence F' = F”. O
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Remark : If one further assumes that s /k is Galois, then in the proposition above, F'/K is Galois.
Indeed, if we assume k7, /k to be Galois, then since g is irreducible in x[X| and has a root in xr, it has all
its roots in kz. g being separable, its roots are all distinct, so 7, contains the f(L/K) distinct roots of g.
Let us denote f instead of f(L/K) for the inertia degree of the extension L/K (recall that f = [k : K]
by definition). We denote by aq,as, ..., ay the roots of g, a; being the a of the proof of the proposition.

By what we saw in the proof, there exist v1,72,...,7r € Op, unique modulo pr, such that :
Vi<i< f, a;=r; modpp

Then :
h(~;) mod pr, = g(a;) =0
h' (i) mod pr, = ¢'(a;) # 0

Via the isomorphism @, the same holds if we replace pr, by pr. Thus, by Hensel’s lemma, for all 1 <4 < f,
there exists a unique ; € Of such that h(5;) = 0 and ; mod pr = ~; mod pr. Suppose that ﬂz Bj
for some 7 # j : Then v; —v; = 0 mod pr. But pr C pr, hence v; mod p;, = ; mod pr, ie. o; =« :
Contradiction. Therefore, 51,..., 3y are all distinct, so we found f roots of h, which is of degree f : we
have all of them. Thus, Of contains all the roots of h, and F' is generated over K by one of them, so F'
is the splitting field of h over K. Since h is irreducible in K[X] and separable, F'/K is Galois.

V1<i<f7{

Theorem 3.7. Let K be complete with respect to a discrete valuation, and let L/ K be a finite Galois exten-
sion. Assume that k1, /K is separable. Then ki /k is Galois and there is a surjective group homomorphism

Gal(L/K) — Gal(kr/k)

whose kernel, denoted by Iy, /k, is called the inertia subgroup of Gal(L/K).
Moreover, Iy = Gal(L/F) where F is the inertial subfield of L/ K.

Proof. With the notations of the proof of proposition 3.6, since h is irreducible in K[X] and has a root
in L (namely ), it must split into linear factors in L[X] because L/K is Galois. Therefore, there exist
B1,...,B; € L such that 31 = § and :

f
=[x -8) e LX]
=1

Besides, we have seen in the proof of proposition 3.6 that all the roots of h have valuation zero, hence :
Vlgigf, BGi € Op,
Reducing modulo py, leads to :

/
h=]] (X~ (Bimodpr)| =g

Thus, the roots of g are all in k1, and we know that k7, = k(51 mod pr) = k(«), so that kz, is the splitting
field of the separable polynomial g over k, hence k1, /k is Galois.

Now, let us prove that there is a surjective group homomorphism from Gal(L/K) to Gal(kr/K). Let
o € Gal(L/K). We want explain how o induces a field automorphism of the residue field . First, take
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x € Op. Since Of is the integral closure of O in L, = satisfies a monic polynomial equation over O,

namely :
n—1

"+ Zaixi =0, withag,...,an_1 € O
i=0

Applying o, we get
n—1
o(x)" + Z aio(z)' =0
i=0

since o fixes K, hence Of. Therefore, o(x) is integral over Ok, so it is in Or. We have proved that o(Op) C
Op. But the same proof shows that ¢~1(Or) C Oy, for 07! is also in Gal(L/K). Thus, oo~ 1(0L) C
0(0Op), hence 0(Or) = Or. That is why o induces a surjective (and injective) ring homomorphism :

0|0, O — Oy,

Therefore we have a natural ring homomorphism given by :

c : O — KI,
x +— o(r) mod pp

Let us show that p, C ker(d). It is easy to see that vz o o is a valuation on L extending the valuation v
defined on K. Thus, it must be equal to vz. This implies that if vz (x) > 0, then vp(o(z)) = vr(z) > 0
(i.e. if = is zero modulo pr,, then o(x) is also zero modulo pr). So & factors to 7 :

o KL, - KL
x mod pr, +— o(z) mod py,

Now, & is injective because Kz, is a field, and so it is a field automorphism. Moreover, ¢ fixes k, for o
fixes K. This explains how any element o € Gal(L/K) induces & € Gal(kr/k). Now it is easy to check
that o +— & is a group homomorphism. Let us prove that is is surjective. Let o* € Gal(kp/k). Since
kr = k(a1), o* is uniquely determined by the image of aq, which is necessarily a root of g, i.e. one of the
a;’s. Suppose that 0*(«) = ;. Since h is irreducible and separable, if we denote by H its splitting field
over K (such that K C H C L), then Gal(H/K) acts transitively on the roots of h (see proposition 4.2).
So there exists 7 € Gal(H/K) such that 7(51) = 8;. Now, H/K is Galois, so :

Gal(L/K) — Gal(H/K)

is surjective
o — O-‘H

Therefore, we can find o € Gal(L/K) such that oy = 7, hence o(81) = ;. Then it is clear that & = 0¥,
hence the surjectivity we wanted.

Finally, let us prove that I,k the kernel of :

Gal(L/K) — Gal(kL/kK)
o > o

is actually Gal(L/F). If 0 € Gal(L/F), then o(8) = 8 because € F = K (). Therefore,
d(a) =a(f mod pr) = o(B) mod pr, = S mod pr, = «

Since k7, = k(«a), this implies that & = id. Thus, Gal(L/F) C Ir,k. Conversely, if o € Iy ), then & = id,
ie. g(a) = a, ie. o(f) = B mod pr. But the roots of h are all representatives of distinct classes modulo
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pr because g is separable. Since o(f) is also a root of h, it must be equal to 5. Therefore, o fixes 3, so it
fixes K(8) = F : 0 € Gal(L/F). Thus :

Corollary 3.8. Under the assumptions of theorem 5.7,
Gal(F/K) ~ Gal(kL/K)
Proof. The preceding theorem shows that :

Gal(L/K)/Gal(L/F) ~ Gal(kL/k)

Besides, in a remark above we proved that when k1 /k is Galois, so is F//K. Then Galois theory tells us
that :

Gal(F/K) ~ Gal(L/K)/Gal(L/F)
hence the result. O

Remark : In particular, if K is a local field, and L/K is finite unramified, then kp /k is Galois because
K is a finite field. This implies that F//K is Galois by a preceding remark, but F' = L because L/K is
unramified. Therefore, a finite unramified extensions of a local field is always Galois. Moreover, we can
apply the corollary, and deduce :
Gal(L/K) ~ Gal(kL/kK)
We are now interested in the subextensions of L/F in the preceding theorems. That is why we concentrate

on the subextensions of a totally ramified extension.

Let us restate the context. Let K be a complete field with respect to a discrete valuation, with residue
field k of characteristic p > 0. Suppose L/K is a finite totally ramified extension of degree n. Proposition
3.1 tells us that :

Op = Oklr] = Ok + 1,0k + -+ + 76 10k

where 77, is a uniformizer in L and e the ramification index of L/K. Since we assume that the extension
is totally ramified, e = n. We write n = ngp' with ng prime to p. Then we have the following lemma :

Lemma 3.9. If z € L satisfies 2™ =1, then z € K

Proof. Let f(X):= X" —1, and let z € L be a root of f. We denote by v (respectively |.|) the valuation

(respectively absolute value) on L extending the one on K. Since z™ = 1, one has ngr(z) = v(1) = 0,

hence v(z) = 0. In particular, z € O, and so there exist xg,z1,...,2.—1 € Ok such that :
z=x9+mpx1+ -+ Fz_lxe_l

Therefore, it suffices to take y := x¢ to get y € Ok such that |y — z| < 1. Then :

ng—1
Fy)=y™ —1=y" -2 =(y—2) (Z yizn”‘l")
=0

=S
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with S € Or. Sov(f(y)) =v(y — 2) +v(S) = v(y — z), hence :

fWl<ly—= <1 (5)
Besides,
|y < max(|y — 2], |z[)

But 1 = |z| # |y — 2| so we have an equality, and |y| = max(|y — z|,|z|) = |z| = 1. Thus, y € O%.

Now |f(y)| = |noy™~!|. But since ng is prime to p, (np mod px) # 0 in &, so ng € OF, as well as y™ 1,

so that :
‘)| = |noy™ =1 6
£ ()] = noy™ " | (6)
o)

By (5), (6) and Hensel’s lemma applied in the field K, there exists a unique yo € K such that f(yg) =0
and |y — yo| < 1. But if we apply Hensel’s lemma in L, we also find that there exists a unique zp € L
such that f(zp) = 0 and |29 — y| < 1. Both conditions are satisfied by yo and z, so by the uniqueness,
z=1yp € K. O

From this we can deduce the following theorem, that will be a key tool to answer our main question.

Theorem 3.10. With the notations introduced above, there exists a unique extension V of K with K C
V C L such that [V : K| = ng. Moreover, there exists m a uniformizer in K, and w € V' such that W™ =
and V = K(w)

Proof. Let mg be a uniformizer in K. If m; still denotes a local parameter in L, then we know that
v(ng) = ewp(r) = v(mk). Therefore :

e
L c O;
TK

Let U € Of such that 7§ = Ung. One can find o, ..., z.—1 € Ok such that :
U=zo+-+75 T
and since U € OF, ¢ € Oj. Factorizing by z¢ leads to :
U=uz¢Z, where Z € Op and v (Z—-1)>0

Hence :
71'2 = xQZTFK
Recall that since the L/K is totally ramified, e = n = ngp'. So the equality above is :
1\ 10
(7‘('][)/ ) =7 (a:mrK)
N——

=T

and = is still a uniformizer in K because zg € Oj. We would like to find a no-th root of Z, that is why
we introduce the polynomial f := X" — Z. We have seen that vz (Z — 1) > 0 and this implies :

W =1-2l<1

Besides,
|f'(1)| = |no| = 1 because ng is prime to p
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Therefore, by Hensel’s lemma, one finds v € L such that f(v) = 0. Thus :

We set
wi="L and V=K(w)
v

It remains to prove that [V : K] = ng, and that it is unique with this degree. Since w is a zero of
X™ — . which is a polynomial with coefficients in K,

[V :K]=[K(w): K| <ng

But since w™ = 7 : a uniformizer in K, novp(w) = v(mw) = 1, so V contains an element of valuation 1/ng,
which means that the ramification index e(V/K) is at least ng. This implies ng < [V : K] because the
ramification index is less than the degree of the extension. Therefore :

[V : K] =ng

Now, suppose K C W C L is another extension such that [W : K] = ng. Then since L/K is totally
ramified, W/ K is also totally ramified, and so by proposition 3.1, W = K (my) if my denotes a uniformizer
in W. Then 7% is a uniformizer in K, and so there exists v € Oj; such that :

W _ (LW)”O
i w

=Uu

Let us introduce g = X™ —u € K[X]. Denote by a the fraction my /w. vi(a) =0, so a € Of. By the
same arguments as earlier in the proof, one can find z € O such that |z —a| < 1. Then :

lg(z)|=1z" —d™|=|z—aqa|]...| <1
~—~—

<1

and :
19’ (2)] = [no| =1

Hensel’s lemma gives us an element zg € K such that g(zp) = 0. Therefore :

ﬂ'W no n 7TW o
<—) =u=2z" = (— =1
w wzo

Using lemma 3.9, we get that 7y /(wzp) € K, and since zy € K, this tells us that my /w € K, hence :
V=Kw) =W =K(rw)

This concludes the proof.
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3.3 Tamely ramified extensions

Definition 3.11. Let K be complete with respect to a discrete valuation. Suppose that the residue field
has characteristic p > 0. A finite extension L/ K is said to be tamely ramified if the residue field extension
kr/K is separable and the ramification index e(L/K) is prime to p. Otherwise, i.e. if p | e(L/K), then
the extenston s said to be wildly ramified.

Combining the results we have already proved, we can state the following structure theorem :

Theorem 3.12. Let K be a field complete with respect to a discrete valuation, and let L/K be a finite
extension. Suppose that the residue field k has characteristic p > 0 and that k1 /K is separable. Then there
exist unique fields F' and V' such that :

L
wildly ramified <

V | totally ramified
tamely mmiﬁed<

F
> unramified

K

Proof. This follows immediately from proposition 3.6 and theorem 3.10. 0

3.4 Ramification groups

Let (K,v) be a local field, and let L/K be a finite Galois extension, with Galois group denoted by G. v
extends uniquely to a discrete valuation on L, say wy. We denote by vy, the normalization of wy, so that
a uniformizer in L has valuation 1 for the valuation vy. Note that vy no longer extends v, but this way
it takes values in Z.

Definition 3.13. Let i € Z,i > —1. We define the i-th ramification group G; of the extension L/K as
follows :
Gi:={oce€G|YaeOr, vi(ola) —a) =i+ 1}

Remarks: We know that any o € G preserves Op, so G_1 is just G. Moreover, by looking at the surjec-
tive homomorphism of theorem 3.7, it is clear that Gy is the inertia subgroup of G, i.e. Go = I, /-

If o belongs to a high ramification group, it means that ¢ does not move Of, to much, i.e. every element
in Of is sent by ¢ to an element in Of, that is close to it with respect to the absolute value associated to

vy,.

Proposition 3.14. (G;);>—1 form a decreasing sequence of normal subgroups of G, and they eventually
become trivial.

Proof. The first statement can be easily checked just by writing down what this means. For the second
part, recall (see corollary 3.2) that there exists x € O, such that O, = Og/[x]. Then one can prove that :

Gi={oeG|vp(o(x)—x) =i+ 1}
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Set :
n:= aerélz\%d} vi(o(x) — x)
Then n < +o0, for if o(z) = = then 0|p, = id, and this implies that o is trivial on L = Frac(Op). Now
for all i > n, G; = {id}. O
To sum it up, we have a sequence of normal subgroups of the Galois group :

o CGp1C Gy C---CG1CGC---C G C Gy CcGg

Since they are all normal in GG, they are in particular normal subgroups of their preceding term :
eG4 4G 4G Gy <Gy

Now our aim is to study the quotients G;/G;+1. We already know from theorem 3.7 and the preceding
remark that G_1/G is isomorphic to the Galois group of the residue field extension :

G_1/Go ~ Gal(kL/k)
We will need the following lemma to simplify the study of the higher order quotients.

Lemma 3.15. Let 7 be a uniformizer in L, and o € Gy.

Vi1, 0€G;, < @Elmodﬂi
T

Proof. Let i > 1 and o € Gy.
If 0 € Gy, then for all a € Op, vi(o(a) —a) > i+ 1, hence o(a) —a = 0 mod 7**1. In particular, for
a=m, we get :

o(m)

2 =1 mod 7' (7)

™

Conversely, suppose that (7) is satisfied. Let F' be the unique maximal unramified extension such that
K C F C L (see proposition 3.6 and theorem 3.7). Then since L/ F is totally ramified, one has O, = Op[r].
Therefore for any 7 € Gal(L/F),

(Va € Op, vi(t(a) —a) 2i+1) < vp(r(m)—7) 2 i+1

But Gal(L/F) = I,k = Go, so 0 € Gal(L/F). Moreover (7) tells us that o satisfies the right hand side
of the above equivalence, hence : Va € O, vi(o(a) —a) > i+ 1ie 0c€G; O

We introduce the following notations :
Viz1, UYi=14p, =1+ 70, and UL := O (8)
Proposition 3.16. For all i € N, there is an injective group homomorphism

97’ : Gi/Gz‘—H — Ug)/Ul(/Z+1)
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Proof. First of all, we shall explain why U g) is a group when ¢ > 1! Let us try to prove that it is a
subgroup of O . It is clearly stable under product and contains the 1 element, but does any element have

an inverse in U ]gi) ? This is due to the fact that L is complete. Indeed, for any element x € p’ , the power
series »_(—1)"z™ converges because its general term tends to zero, and a simple computation shows that

this is a multiplicative inverse for 1 + x, and that it is also in 1 + piL. Thus, US) is a subgroup of Of (in

particular, it is commutative). Morover, one has USH) - Uéi) for all i € N.

Now, let ¢ € N*, and let 7 still denote a uniformizer in L. If 0 € G; then :

@ =1 mod 7'
T
so o(m)/m € U}j). Therefore, the map : o
Gi — ULz
o o ol

s

is well defined. We can then compose it with the natural surjection :
US) N Ug)/Ugﬂ)

We obtain the following map : ' '
0, . G — U Uity
o = @USH)

s

Besides, for ¢ = 0, since vy, o0 = v, one has :

o (7)<

hence o(m)/m € OF = U}JO). So we can define 6y : Go — Ujgo)/Ug) by the same formula as for 6; when
12> 1.

Now that we have defined maps 6; for all ¢ € N, let us check that these are group homomorphisms with
kernel Gi+1. Let i € N and 0,7 € G;. Setting w = 7(m) /7, one has :

(o0 oT)(m) B o(m)r(m) o(u) (9)
T R
Since 0 € G; , o(u) = umod 7! But w = 7(r)/7m € O by the same arguments as above, because
vy, o7 = vy,. Therefore,
o) =1mod 7' ie. o) € Uéiﬂ) (10)
u u

(9) and (10) yield 0;(c o T) = 0;(0)8;(7).

Let us determine the kernel of 8;. If o € G, ,

o € ker(6;) — o(m) cUM — olm) _y mod 7t
T

o€ Gin
™ lemma 3.15

Thus, ker(#;) = G;1+1 and so we get injective group homomorphisms :

97‘ : Gi/Gi—H — UI(Ji)/U[(/i+1)

o mod GZ‘+1 — @US—H)



Now that we know that the successive quotients G;/G;+1 can be identified with subgroups of Uéi)/UgH),
we need to understand these groups.

Proposition 3.17.
Uéo)/Ug) ~ (k},.) and for all i > 1, Ug)/USH) ~ (p /Pt +) =~ (kp, +)

Proof. Let
o : Of = Ujgo) —» KT
a — a modm

It is a well-defined, surjective, group homomorphism. Moreover,
a€ker(p) < acl+(m)= Ug)
Hence Uéo) JU S) is isomorphic to the multiplicative group of the residue field of the extension.

Now , let ¢ > 1. Consider the following map :

O
142 — =z modp’;r:l

One checks easily that this is a surjective group homomorphism with kernel U gﬂ) hence :
i i+1 i il
U U 2 (pl o +)
But the latter is isomorphic to (kz,+) via :

i i+1
O —  pL/pi
a + ar mod sz+1

which factors through pr = (7). O

Summary : We have proved that there are embeddings :
GQ/G1 — (fiz, )
and
Vi>1, Gi/Git1 = (KL, +)

This allows us to deduce many consequences about the structure of Gy. Indeed, the first embedding
tells us that Go/G1 can be seen as a finite subgroup of (k7,.), and therefore Go/G is a cyclic group. In
particular it is abelian. Morever, as subgroups of (kr,+), the quotients G;/G;41 for ¢ > 1 are abelian.
Therefore, we have a sequence of normal subgroups of Gy :

Qe AG319G <G Gy

such that they eventually become trivial and all the successive quotients are abelian groups. This means
(by definition) that Gy is solvable ! But we can be more precise concerning the structure of the groups
Gi/Gis1.
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Suppose k1 has characteristic zero. Then (kr,4+) has only {0} as a finite subgroup, hence for all
i > 1, G;/G,q1 is the trivial group, i.e. G; = Git1. But Gy is trivial for k sufficiently large, so for all
i > 1, G; ={id}. Then Gy/G1 = Gy and this implies that Gy is a cyclic group.

Now, suppose k1, has characteristic p > 0. Then finite subgroups of (1, +) are finite dimensional F),
vector spaces, hence isomorphic to (F;”, +) for some n; € N. Thus, we obtain :

Vi>1,3n; €N, G;/Giy1 (Z/pZ)m

Let us prove that GG is a p-group, that is : a group of order p™ for some m € N.
For all i > 1 we have #G; = # (Gi11) # (Gi/Giy1). Besides, for N sufficiently large, Gy = {id}.
Therefore,
#GN-1 = # (GN-1/GN) = p"V1
#GN-—2 = #(GN-1)F#(GN-2/GN-1) = p"N-1p"N-2

#G = Hf\:llp”l is a power of p

Finally, assume that the residue field of K, namely &, is a finite field. Then k1, /k is a finite extension
of a finite field, so it has a cyclic Galois group. Since :

G/Gy ~ Gal(kL/K)
we deduce that G/Gy is cyclic, hence solvable. Now, we have the following standard result :

Lemma 3.18. Let G be a group. If H <G,

H solvabl
{ sorwanie = @ solvable

G/H solvable
Proof. See |Go| theorem XIII.16 O

Using lemma 3.18 with G = Gal(L/K) and H = G, we obtain that when « is finite, Gal(L/K) is solvable.

Let us summarize all these results in the following proposition :

Proposition 3.19. Let L/K be a finite Galois extension of a complete field with respect to a discrete
valuation. Denoting by G; the ramification groups as in definition 3.13. We have the following properties

- Go/G1 is cyclic

Go 1s solvable
- If k1, has characteristic 0, then for all i > 1, G; = {id} and Gq is a cyclic group

If k1, has characteristic p > 0, then for all © > 1, there exists n; € N such that

Gi/Git1 = (Z/pz)"

and G1 is a p-group
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- If K (the residue field of K ) is finite, then G = G_1 is solvable

In particular, the last point tells us that if K = Q,, then for any finite Galois extension L/Q,, the
Galois group Gal(L/Q,) will be solvable. Now, it is well known that &,, is not solvable as soon as n > 5,
and that is is solvable for n < 4 (it is, in my opinion, very nicely done in chapter XIII of [Gol. It starts
from the definition of solvability, and the proof of this result is then very detailed). Therefore, if n > 5,
&, cannot be the Galois group of a finite extension of Q) ! This is a great first step in our way to answer
the main question, because now we are reduced to study the possibility of &,-extensions for n € {2, 3,4},
and these groups are not too large. However, as we will see, this is not so easy to work out the remaining
cases.

4 The Galois group of a polynomial

In this section, we forget a little about local fields, and state some general results from Galois theory.

4.1 Definition and first properties

Let K be a field, and K a fixed algebraic closure of K. Let us take f to be a separable monic polynomial
of degree n > 1 in K[X]. This means that it has only simple roots in K i.e. there exist a1,...,a, € K,
all distinct, such that :

f=(X—-a1)...(X —ayp) in K[X]

Let us denote by L the splitting field of f over K :
L:=K(a,...,an) CK

Then since f is separable, L/K is Galois, and we define the Galois group of the polynomial f to be the
Galois group of the extension L/K.

Now, consider a fixed index i € {1,...,n}, and o € Gal(L/K). Applying o to the equation f(a;) =0
leads to f(o(a;)) = 0, because f has coefficients in K. Therefore, there exists a unique index j such that
o(a;) = oj. So we can define the following map :

vo = {l,...,n} — {1,...,n}
i — the unique j such that o(a;) = a;

If v, (i) = ¢, (i') then this means that o(a;) = o(ay). Since o is injective, one has a; = ayr, hence i = 7.
Therefore, ¢, is injective, and since it goes from {1,...,n} to {1,...,n}, it is bijective. That is why we
can define the following map from the Galois group of a polynomial into the set of permutations of the

indices of the roots :
¢ : Gd(L/K) — 6,
o = Yo

One proves easily the following :
Proposition 4.1. The map ¢ from the discussion above is an injective group homomorphism.

This tells us that there is an embedding :

Gal(L/K) < &,
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One important think to notice is that this embedding is not canonical, since it depends one the choice of
the numbering of the roots. So we cannot canonically identify the Galois group of f with a subgroup of
&, but only with a subgroup "up to conjugation".

Remark : Seeing the Galois group of a separable polynomial of degree n as a subgroup of G, is the
original point of view of Galois. The modern way to introduce Galois groups as groups of automorphisms
of field extensions is due to Dedekind.

Proposition 4.2. Let f € K[X] be separable of degree n, with Galois group G.

(i) If f is irreducible in K[X]|, then n | #G

(i1) f is irreducible in K[X] if and only if G (as a subgroup of &,,) acts transitively on {1,... ,n}
Proof. See appendix 7.3 O

This proposition is very useful for our main purpose. Indeed, if one wants to find an extension K/Q,
with Galois group &g, it can be a good idea to look for an irreducible polynomial of degree 3 in Q,[X].
Since Qp has characteristic zero, such a polynomial would also be separable. The splitting field of this
polynomial over Q, will give an extension K/Q, with Galois group G, and this group will be a transitive
subgroup of &3. Now, it is easy to verify that the only transitive subgroups of &3 are &3 and Us.
Therefore, we just need a tool to be able to say whether the extension will have Galois group &3 or 23
when we pick an irreducible polynomial of degree 3 in Q,[X]. This is the point of the following theorem.

Theorem 4.3. Let K be a field of characteristic # 2. Let P € K[X] be a separable polynomial, monic of
degree n > 2, i.e. :
P=(X—-a1)...(X —ayp)

in some fized algebraic closure of K. We still denote by L the splitting field of P over K, namely L =
K(ay,...,an) and by ¢ the natural embedding Gal(L/K) := G — &,,. Let us introduce

Then :

- Vg € G, g(d(P)) =¢e(¢(g))d(P)

- Under the Galois correspondence, the subgroup o~ (A,,) C G corresponds to the subfield K(d(P)) C
L

Proof. See |Go| theorem XI1.32 O
Corollary 4.4. o(G) C A, if and only if disc(P) is a square in K* (denoted by disc(P) € (K*)?)
Proof. By the theorem above, one has :

(@) Cc A, = ¢ A, =G < K(d(P)=K < dP)eK

But since disc(P) = d(P)2, the last condition is equivalent to disc(P) € (K*)?, hence the result. O
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4.2 Galois groups of cubics and quartics

The discussion in the last section tells us how to proceed to find polynomials with Galois group G3. Indeed,
let us say that P is a polynomial of degree 3, with coefficients in a field K with characteristic different
from 2. Suppose that P is irreducible over K, and separable. Then the Galois group G of this polynomial
can be identified with ¢(G) which is a transitive subgroup of &3. Therefore, ¢(G) can only be 23 or Ss.
Besides, the distinction can be done using the discriminant of P, by corollary 4.4. We get the following
proposition :

Proposition 4.5. Let K be a field of characteristic # 2, and P € K[X] an irreducible, separable, monic,
cubic. If disc(P) € (K*)?, then G ~ 3. Otherwise, G ~ &3

Remark : If K has characteristic zero, then irreducible implies separable, so we do not need to check this
condition. This fact follows from the following proposition :

Proposition 4.6. Let K be a field, and P € K[X] an irreducible polynomial. Then : P is inseparable if
and only if P' = 0.

Proof. Suppose P € K[X] is irreducible and inseparable. Then there exists a € K such that :
(X —a)?® | Pin K[X]

This implies that (X — a) divides both P and P’ in K[X]. Thus, P and P’ have a common factor in
K[X], so that they are not coprime in K[X]. Therefore, when one computes Euclid’s algorithm for P and
P’, the last non-zero remainder has degree > 1. But since P and P’ are ine K[X], all the polynomials
that appear in the successive euclidean divisions are in K[X], and the computation of the last non-zero
remainder gives the GCD of P and P’ in K[X]. Therefore, the GCD of P and P’ in K[X] has degree
> 1, so P and P’ share a common irreducible factor in K[X]. Since P is irreducible, this implies that P
divides P’'. However, deg(P’) < deg(P), so P/ must be zero.

Alternative proof : Since a is a root of P and P’, the minimal polynomial of a over K, say f, is a
common irreducible factor of P and P’. Since P and f are irreducible and f | P, there exists A € K*
such that P = \f, and so :

f|P = P|P

Afterward, the proof is the same.

If P' =0 then P and P’ certainly have a common root in K, hence : P is inseparable. O

In particular, if we assume that K has characteristic zero and P is irreducible, then P’ = 0 implies
P € K. This gives a contradiction because P is irreducible. Therefore, P’ # 0 and P is also separable.

Now, let us study the case of quartic polynomials. The problem is that there are more transitive
subgroups in &4 than there are in G3, so it is more complicated to distinguish which irreducible polynomial
gives which subgroup. The discriminant is not sufficient to make the distinction. The idea is to associate
to a quartic a cubic polynomial, called its cubic resolvent. The Galois group of our quartic P will now
depend on the behaviour of P, but also of its cubic resolvent. The motivation to the definition of the
cubic resolvent is detailed in [Co| : Galois groups of cubics and quartics (not in characteristic 2), as well
as many examples of quartics over Q with all the possible Galois groups. The following definition and
theorem can be found in this reference, but also in chapter XVII, §5, in [Gol.
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Definition 4.7. Let K be a field with characteristic # 2, and let P € K[X] be an irreducible monic
polynomial of degree 4 :
PX)=X'—a1 X34+ aoX? —a3X + a4

The cubic resolvent of P is :
R3(P) := X3 —as X% + (ara3 — 4ayg) X — (a%a4 + a% — 4a2a4)
Remark : In fact, if we denote the roots of P by a1, ag, as, ay, one has :
R3(P) = (X — (12 + azau)) (X — (1 + avaw)) (X — (a1a4 + azas))

(See Keith Conrad’s expository paper for the motivation of this definition and the computation of the
coefficients). Then it is easy to see that P and Rs(P) have the same discriminant. We denote by A this
common discriminant, and by G the Galois group of P over K. Then we have the following :

Theorem 4.8. We denote by K? the set {2% v € K}.
(i) G~ &, <= R3(P) is irreducible and A ¢ K?
(ii) G ~ Ay <= R3(P) is irreducible and A € K>
(i) G ~7Z/97 % Z/27, <= R3(P) splits completely over K
(i) G ~7/47 <= R3(P) has exactly one root in K and P is reducible over K(v/A)
(v) G ~ Dy <= R3(P) has exactly one root in K and P is irreducible over K(v/A)

Proof. See [Go| theorem XVII.22, or Keith Conrad’s expository paper Galois groups of cubics and quartics
(not in characteristic 2) (|Col) O

Now, we have all the tools we need to answer completely our question, at least for the question of the
existence of extensions, this is the aim of the next section. Then, we will try to work out the question of
the classification of the extensions when we know there are some.

5 Answer to our main question

Recall : We are trying to find out for which (n,p) there exist &,-extensions of Q,, that is : finite Galois
extensions of Q,, with Galois group &,,.

5.1 Quadratic extensions of Q,

If one takes any o € Q,, such that « is not a square in Q,, then Q,(v/a)/Q, is a finite Galois extension
with Galois group of order 2, i.e. a Ga-extension. The existence of elements in Q, \ (Q,)? is given by
propositions 2.14 and 2.15, and so quadratic extensions of Q, can certainly occur. The interesting question
is to classify these extensions, and we will do this in section 6.1.
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5.2 The cases (n >5) and (n=4 & p > 3)

Let p > 2 be a prime number. Then Q,, is complete with respect to a discrete valuation, with finite residue
field (isomorphic to F,). As we have seen in proposition 3.19, any finite Galois extension L/Q, has a
solvable Galois group, hence Gal(L/Q,) cannot be isomorphic to &,,, if n > 5.

QU | WD

Now, let us try to understand the case n =4 : For which p can &4 occur as the Galois group of an
extension of Qp 7

- First, let us assume p > 5.

Suppose that there exists a Galois extension L/Q, with Galois group G ~ &4. By proposition 3.19,
we know that G is a p-group. But #G1 | #6,4 = 24 = 23 x 3. Since #G is a power of p, the only
way that it divides 24 is that Gy is trivial. Thus, G¢/G; is isomorphic to Gg. Besides, proposition
3.19 tells us that Go/G is cyclic, hence Gy is cyclic. However, it is easy to check that &4 has no
normal cyclic subgroup, except {id}. This implies that Gy = {id} and G/Gy ~ G = Gal(L/Qp).
Now, G/Gj is isomorphic to the Galois group of the residue field extension, which is a cyclic group
(Galois group of a finite extension of finite field). So G is a cyclic group, whereas we assumed G ~ &4
: This is a contradiction.

- Now, let us consider the case p = 3.
Once again, we assume that there exists an extension L/Q, with Galois group G ~ &4. The
difference with the last point is that this time #G1 is a power of 3 dividing 24, so it could be 3.

However, if #G1 = 3, then denoting by ¢ : G — &4 an isomorphism between the two groups, ¢(G1)
is a normal subgroup of &4 which contains a 3-cycle, and this implies that 24 C p(G1). Therefore :

12 = #Uy < #p(G1) = #G1 =3 = Contradiction.

Thus, #G1 = 1, and we can repeat the same proof as when p > 5 to show that G4-extensions of Qs
do not occur.

Summary table :
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QY = W N

All the the gray cells in this table correspond to tuples (n,p) for which there is no finite Galois extension
L/Q, with Galois group &,,.

5.3 The case n =3
5.3.1 Ifp+#3

First, let us assume p > 5.

Suppose there exists a finite Galois extension L/Q, with Galois group G := Gal(L/Qy) isomorphic to
G3. Then by proposition 3.19, G is a p-group and its order divides the order of GG, namely 6. Therefore,
G1 = {id}. So Go/G1 ~ Go, and we know that Go/G is a cyclic group, hence Gy is a cyclic group.

Now, if L/Q, is totally ramified, then G = Go, and so G is cyclic. Since &3 is not cyclic, this cannot
happen : L/Q, cannot be totally ramified.

On the other hand, if L/Q, is unramified, then Gy = {id}, hence G/Gy ~ G. But we know that G/Gy
is cyclic, so G is cyclic. Once again, since &3 is not cyclic, this cannot happen : L/Q,, cannot be unramified.

Therefore, in the formula [L : Q,] = e(L/Q,)f(L/Qp) = e.f, we cannot have e(L/Q,) =1 or e(L/Q)) =
6. Either e = 2 and f =3 or e = 3 and f = 2. But if we consider F' = L% the maximal unramified subex-
tension of the extension L/Q, (as in proposition 3.6 and theorem 3.7), we have Gal(L/F) <« Gal(L/Qp).
Since &3 has no normal subgroup of order 2, #Gal(L/F) = 3 = [L : F|. This implies that [F': Q,] =2 =
f.

To sum it up, if L/Q, is a G3-extension, then we are in the following situation :

L
>totally ramified of degree 3

F
>unramiﬁed of degree 2

Qp

Now, let H be any subgroup of G of order 2. Let L be the corresponding subfield of L under the Galois
correspondence. Then L has degree 3 over Q,. Since 3 is prime, the extension Ly Q, is either unram-
ified or totally ramified. But it cannot be unramified because it is of degree 3, and the inertia degree of
L/Q, is 2. Therefore, LH/QP is totally ramified of degree 3, which is prime to p : the characteristic of
the residue field of Q, (this is where the assumption p # 3 is important). This tells us that Ly Q, is
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tamely ramified, so we can apply theorem 3.10 !

By this theorem, one can find 7 a uniformizer in Q,, and an element w € LH such that w? = 7 and
LH = Q,(w). Now, suppose that us3 := {¢ € Q, | ¢3 =1} C Q,. Then Q,(w) is the splitting field of the
Eisenstein polynomial X3 — 7 over Q. This implies that L) Q, is Galois, so H is a normal subgroup of
G. But as we said before, in &3, a subgroup of order 2 cannot be normal, so we have a contradiction. We
have proved that if a G3-extension L/Q, exists, then Q, cannot contain p3.

Besides, u3 C Q, <= X3 —1splitsinQ, <= X2+ X + 1splitsin Q, < disc(X?+ X +
1) is a square in Q,, <= —3 € le,

Since —3 € Z,, the last condition is equivalent to —3 € (Z;)Z, and this is (by proposition 2.14) the same
as —3 being a square modulo p (because p # 2). However, the question "For which p is -8 a square
modulo p  ?" is not so easy to turn into a simple condition on p, whereas the question "Which p is a
square modulo 8 ?" is very simple ! Gladly, the quadratic reciprocity law allows us to turn the not so easy
question into the easy one. Before this, we need to introduce a notation : the Legendre symbol, to write
the quadratic reciprocity law in a concise way.

Definition 5.1. Let p be an odd prime number. We define, for all a € F)’, the Legendre symbol :
<a> _J1l = ac (F;)2
p 1 = a¢ (F))’
It satisfies the following property :

and :

is a non-trivial group homomorphism.

Proof. 1f a € F;, then :

—1\ 2
ap_l = 1 = (a%)

Therefore,
—1
a7 e {-1,1}

So the following map is well defined, and is clearly a group homorphism :

p
a — a 2

£ Fr — {-1,1}
p—1

We want to prove that £ = £'. Tt suffices to show that for all a € F),

a%lzl — CLG(F;)2
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which amounts to prove that the kernel of £’ is equal to the image of :

. X X
u Fp — Fg
r = X

Clearly, Im(u) C ker(L’), so we just need to prove that these two sets have the same number of elements.
Since Im(u) ~ F /ker(u) and ker(u) = {—1,1} has order 2 (—1 # 1 because p is an odd prime), one has :

-1
#lm(u) = P~
2
Now, since £ is a group homomorphism, we know that :
-1
k / — p
# er(ﬁ) #Im(ﬁ’)

So to get the conclusion we want, we need to prove that #Im(L') = 2 i.e. there exist elements x in F
such that 2(»~Y/2 is not equal to 1. But the polynomial

X% -1
p

cannot have p — 1 distinct roots because its degree is %1, so #Im(L') = 2 and we obtain the result. [

Proposition 5.2. (Quadratic reciprocity law)
Let p,q be two distinct odd primes. Then :

(-

Proof. See |Go| theorem XI1.25 O

Using this, we can compute (7?3) as follows :

(2)-(G) ()= co== ()= ()= (%)

Therefore,

-3
§3CQ, = 3eQ = -3¢ (F))° = (p):1 — <§>:1

But now, it is easy to check that p is square modulo 3 if and only of p = 1 mod 3, so we have finally found
a very simple condition on p for the existence of an G3-extension of Q,. Indeed :

If such an extension L/Q, exists, then pus ¢ Q,, hence p # 1 mod 3 i.e. p =2 mod 3 (because p > 5
is a prime, it is not congruent to zero modulo 3).

Conversely, suppose p = 2 mod 3.
The polynomial P = X3 — p is irreducible in Q,[X] because it is Eisenstein. Since Q, has characteristic

zero, it is also separable. By proposition 4.5, it suffices to compute its discriminant to tell the Galois group
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of this polynomial. This can be done by computing the resultant of P and P’, so this is not hard, but it
can be tedious. I just take the following result as a fact :

disc(X3 + aX +b) = —4a® — 270° (11)

Thus, disc(P) = —27p* = —3(3p)?, so that :

. -3 D
2 o 2 i Py —
dZSC(P)EQp<:)> 3€Qp<:,> (p>_]_<:,><3)_1<:>p_1mod3

Since we assumed p = 2 mod 3, disc(P) is not a square in Q,, so the Galois group of P over Q, is
isomorphic to &3 by proposition 4.5. Therefore, there exists a G3-extension of Q.

Summary : For all primes p > 5, G3 arises as the Galois group of an extension of Q, if and only if
p =2 mod 3.

Moreover, if p = 2 then the polynomial X3 —2 also gives a G3-extension of Qa. Indeed, it is irreducible
and separable, and its discriminant is a square in Qs if and only if —3 is a square Q. But —3 # 1 mod 8§,
so by proposition 2.15, disc(X?3 — 2) is not a square in Qa. Thus, the Galois group of X3 — 2 over Qg is
isomorphic to Gs.

5.3.2 Ifp=3
X3 — 3 is irreducible and separable, and its discriminant is —27(—3)2 = —3% which is not a square in Qs

because 5 is odd. Therefore, the splitting field of this polynomial over Q3 gives a G3-extension of Qjs.

5.3.3 Summary

In the green line of this table, &3 can occur as the Galois group of an extension of Q,, if and only if
p=3orp=2mod3
5.4 The case (n=4 & p=2)

Let us consider, for instance, the polynomial P = X4 +2X 42 € Qu[X]. P is Eisenstein, hence irreducible.
Besides, its cubic resolvent is R3(P) = X3 — 8X — 4. This polynomial is again irreducible. Indeed, its
Newton polygon (see appendix 7.1) is given by the figure below :

40



Figure 1: Newton polygon of R3(P) = X3 —8X — 4 € Qa[X]

The polygon has only one finite side, and the slope of this side is —%. Since 2 and 3 are coprime,
Rs3(P) is irreducible in Q2[X] by corollary 7.4. Moreover, a simple computation using (11) shows that

disc(P) = disc(R3(P)) = disc(X® — 8X —4) = —4(—8)% — 27 x 4> = 1616 = 2* x 101
Therefore :
disc(P) € (Qz)? < 101 € (Q)* <= 101 =1mod 8 (by proposition 2.15)

However, 101 = 96 4+ 5 = 8 x 12 + 5, hence 101 # 1 mod 8 i.e. disc(P) ¢ (Qz)?
To sum it up, P satisfies :

P is irreducible (Eisenstein) in Qg[X]

R3(P) is irreducible in Q2[X]

disc(P) is not a square in Qg
By theorem 4.8 (i), the Galois group of P over Qg is isomorphic to &4. Thus, there exist &4-extensions
of Q2 !
5.5 Conclusion

In the summary table of paragraph 5.3.3, all the white cells correspond to tuples (n, p) for which extensions
exist, all the grey cells correspond to tuples for which we know there is no such extension, and finally what
happens in the green line is explained under the summary table.

6 Classification of the G,-extensions of Q, when they exist

6.1 Classification of the quadratic extensions of Q,

If K is a field with characteristic # 2, then any extension L/K of degree 2 is Galois and of the form
L = K(a) with o2 € K%\ (K*)?. (1,q) is a basis of L as a K vector space, so that every element in L
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can be written uniquely z +ya with x,y € K. Using this, it is easy to prove that two quadratic extensions
of K, say K(«) and K(f), are the same if and only if a/f € K.

To reformulate this, quadratic extensions of K look like K (ﬂ) with A in K\ (KX)2 and :
A 2 .
K(\/K)zK(VA’) = EE(KX) <:>A:A/IDKX/(K><)2

Therefore, to describe all the quadratic extensions of K, it suffices to find a set of representatives of
KX/(KX)2. If {1,Aq,...,A,} is a set of representatives of KX/(KX)2, then the quadratic extensions

of K (inside a fixed algebraic closure) are K(Aq),... ,K(A;). So we just need to study Q;/(Q;)Q to

answer the question of the classification of the quadratic extensions of Q,.

First, let us assume that p > 3. We know that any element in Q, can be written uniquely as a power
of p times a p-adic unit. This gives an isomorphism :

X (Z,+) x (Z,.)
Therefore,
X 2~ X 2
Q/(qQ)? =~ Z/az) x (2 (2x)?)
Besides, by proposition 2.16 :
Zy ~7/(p—1)Z % Ly
Since p does not divide 2, 2 is a unit in Z,, so 2Z, = Z,. This implies :
Z,/(zx)? ~=2/2z
Conclusion :
Q' /(Qr)* =2/2z%Z/2z

So this group has 3 non trivial elements, i.e. Q, has exactly 3 quadratic extensions in a fixed algebraic
closure. Let us be more explicit :

Let e € Z) \ (Z;)Q. Such an € exists by proposition 2.14. Then it is not hard to see that {1,p,e,pe} is a
set of representatives of Q;/(Q;)Q, just by checking that the quotients 1/p,e/p, pe/e, ... are not squares

in Q.
Thus, if p # 2 is a prime, then Q,, has exactly 3 quadratic extensions, namely :

Qp

T

Qp(Ve) Qp(vP) Q,(vPe)

o~

P

Figure 2: The three quadratic extensions of Q, (p # 2)
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Now, let us consider the case p = 2. To understand the quadratic extensions of Qs, we need to under-
stand the group QQX/(Q;)2.

First, Q) ~Z x ZJ ~7Z x {£1} x (1 4+ 4Z,) (see proposition 2.17), so :
Q3 /(Qx)? = Z/2z x Z/2z x (1 +422)/ (1 1 47,)?
Claim : (1 + 4Z2)? = 1+ 8Zs.

Let us prove this statement using Newton polygons (appendix 7.1). It is clear that (1 4+ 4Z3)? C 1+ 8Zo.
To prove the converse, suppose b is an element of 2Zs. We want to prove that the polynomial

F(X) = (1+22X)2 — (1 +2%) € Qy[X]

has a root in Zs. f(X) = —22b+ 23X +2%X? so the Newton polygon of f(X) looks like this :

5

2+ v(b)

4@ 4
\/ e )_/
3 3¢

or

Figure 3: possible shapes of the Newton polygon of f(X), depending on the value of v(b), where v is the
usual valuation on Qo

In any case, the first finite side corresponds to a single root, so this root must be in Q2, and since the
slope is < 0, the root must have a valuation > 0, which means that the root lies in Zs. Therefore, we get
the conclusion we wanted : f(X) has a root in Zs, hence 1+ 8Zy C (1 + 4Z2)2.

This implies :
2
(1+4Z2)/ (1 4 4z,)2 = (1 +4%2)/(1 4 8Z) = U&ﬁ/Ug’;)

with the notations introduced in section 3.4 equation (8). We have seen in proposition 3.17 that this last
group is isomorphic to the residue field of Qy for the additive law, namely Z/97. Therefore,

Q;/(Q;f o~ (Z/QZ)3 (Fa-vector space of dimension 3)

Since this group contains 7 non trivial elements, Qo has exactly 7 quadratic extensions. To find
elements that are not squares in Qg, we try to find elements in ZJ that are not congruent to 1 modulo 8.
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Odd integers are in ZJ', so 3, —3, —1 are good candidates. Now we proceed as above by multiplying these
numbers by 2 we get 6, —6, —2 which represent other classes in QQX/(Q;)2, and finally 2 is not a square

in Qa. Tt is not hard to prove that :
{1,2,-2,3,-3,—-1,6,—6}

is a set of representatives of Q5 / (QQX)Q. This gives us the following classification : Inside an algebraic

closure Qq, there are 7 extensions of degre 2 of Qg, namely :

Q2(v2), Q2(V=2), Q2(V3), Q2(v=3), Q2(v~1), Q2(V6) and Qz(v/~6)

6.2 The line n =3 for p # 3

We have already proved (see paragraph 5.3.1) that &3 can occur as a Galois group of an extension of Q,
if and only if p = 2 mod 3. Let us show that in this case, such an extension is unique, and is given by the
splitting field of the polynomial X3 — p over Q,.

Suppose that p = 2 mod 3 and L/Q, is a finite Galois extension with Galois group G := Gal(L/Qy)
isomorphic to &3. Let H be a subgroup of G of order 2. As usual, we denote by L the corresponding
subfield of L under the Galois correspondence.

As in paragraph 5.3.1, we have that since [L : Q,] = 3, the extension L7 /Q, is totally ramified.
Besides, 3 is prime to p. Therefore, by theorem 3.10, there exists w € L such that L = Qp(w) and

3 _ X . 3 . . . .
w® = p.u for some u € Z; (i.e. w” is a uniformizer in Q).

3

Now, let us prove that x — z° is surjective from Z; to Z,.

- First, suppose p > 5. Then by proposition 2.16,

Zy, ~Z/(p—1)Z XLy

Since p =2 mod 3, (p — 1) is prime to 3, so 3 is a unit in Z/<p —1)Z- Therefore, multiplication by
3 is a bijection of Z/(p ~1Z Moreover, p does not divide 3, so 3 € Z]f. Thus, multiplication by 3
is also a bijection of Z,. This proves that z — 23 is surjective from Z; toZ;.

- Else, if p = 2, proposition 2.17 tells us :
Zy ~ {+1} x (1 +4Zy)

Since x ~ x3 induces id on {£1}, we just need to prove that z + 23

(14 4Zs).

is surjective from (1 + 4Z3) to
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Let 14 2%a € 14 4Zo.
We want to show that the polynomial P = (1 + 22X)3 — (14 2%a) € Q2[X] has a root in Zy. One
has :

P=-2%a+43x2°X +3x2'X%+20X3

Therefore, the Newton polygon of P has the following shape :

2+u(a) 4

-2 -1 0 1 2 3

Figure 4: Newton polygon of P = (1 + 22X)3 - (1 + 22a) € Q[ X]

The first finite side starting from the left tells us that P has a single root with valuation the opposite
of the slope of this side. This root necessarily lies in Q2. Moreover, the first side has a non-positive
slope, so the root has a non-negative valuation, i.e. it is in Zy (even if v(a) = 0). Thus, P has a
root in Zs, and this concludes the proof that = + 23 is surjective from Z; to Z5.

We proved that L = Q,(w) with w such that w? = p.u for some u € Z; . Since raising to the third
power is surjective in Z, there exists v € Z, such that v3 = u. Therefore,

3
gELHand (f) =p
v v

This implies that L contains a root of X3 — p, hence L contains a root of X — p. Since this polynomial
is irreducible (Eisenstein) and L/Q,, is Galois (hence normal), X3 — p splits in L i.e. L contains all the
roots of X3 — p. If we denote by F the splitting field of X3 — p over Q,, one has : F C L. We want to
prove that this inclusion is an equality.

L = Q,(w) = Qp (%) because v € Z). Since w/v is a root of X3 —p, LH C F. However, L¥ /Q, is
not Galois, because &3 has no normal subgroup of order 2, whereas F//Q), is Galois. Therefore, LT ¢ F,
so that :

L7 :Q,) < [F: Q]
—_——r N
=3 divides 6

This implies that [F' : Qp] = 6 = [L : Qp], so that the inclusion F' C L is in fact an equality : F = L.
Conclusion : L is the splitting field of X3 — p over Q,.
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To sum it up, in paragraph 5.3.1, we proved that there exist Gz-extensions of Q, if and only if
p =2 mod 3 or p = 3. The discussion above shows that in the case where p # 3, if a G3-extension of Q,
exists, then it is unique, and it is the splitting field of X3 — p over Q,.

6.3 Partial conclusion

In the following table, we summarize what we proved so far. At the intersection of the row n and the column
p, one reads the number of &,-extensions of Q,, that is : the number of finite Galois extensions K/Q,
inside a fixed algebraic closure Q, such that Gal(K/Q,) ~ &,. The cells coloured in grey correspond to
tuples (n,p) such that there is no such extension.

Plolsg|sl7l11| .....

The two cells coloured in red correspond to tuples (n,p) for which we know there exist extensions,
but we have not achieved their classification yet. Indeed, there exists a G3-extension of Qs by paragraph
5.3.2, and there exists a &4-extension of Qs by subsection 5.4.

An attempt to classify G3-extensions of Qg is presented in the appendix, section 7.6.
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7 Appendix

7.1 Newton polygons

In this section, we define the Newton polygon of a polynomial, which will give us a geometric way to tell
the valuations of the roots of a polynomial from the valuations of its coefficients ! But first, we start with
a classic lemma which will be useful in the proof of the main theorem of this section.

Lemma 7.1. Let K be a field with characteristic p > 0. Let f € K[X] be irreducible. If f is not separable,
then there exists g € K[X] irreducible and separable, and k € N*, such that

F(X) = g(x*")

Proof. Since f is irreducible and inseparable, one must have f’ = 0 (thanks to proposition 4.6). Thus, f
must be of the form :
f=ao+ar XP+a X? 4 +a, X"

Setting g1 = ap + - -+ + a, X", one has f(X) = g1(XP). Now, g; is irreducible because f is, and if it is
separable, we are done. If g; is not separable, we can apply the same proof to g1 and find g, irreducible
such that ¢1(X) = ¢2(XP). Then f(X) = gg(XPQ). Continuing in this fashion, we eventually find g
separable, irreducible such that f(X) = gz(X?"). O

Let K be a field, and v a discrete (normalized) valuation on K. Let f € K[X], say :
f=a X"+ a1 X"+ + a1 X +ag

Then for any i € {1,...,n}, define A; € Z? to be the point with coordinates (i,v(a;)). If a; = 0, then
v(a;) = +oo, and in this case we say that A; is the point at infinity on the positive vertical axis : (0, +00).

Definition 7.2. The Newton polygon of f, is the convex hull of the set of points
{4;;i e {1,...,n}}

Example : Let us take K = Qs5, with the 5-adic valuation, simply denoted by v. Consider the polynomial
f=5X104+52X0 4 571X54 X4+ 52X +57 € Q5[X]. Then Ajg = (10,1), 4 = (6,2), A5 = (5, —1), Ay =
(4,0), A1 = (1,2), Ap = (0,7) and the other A;’s are all equal to the point (0,+00). Therefore, we get the
following contruction for f :
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Figure 5: Newton polygon of f = 5X10 +52X6 4+ 571 X5 + X4 + 52X + 57 € Q5[X]

Now, if the field (K, v) is complete, we know that v extends to any finite extension of K. In particular,
if we denote by L the splitting field of f over K (in some fixed algebraic closure), then L is a finite
extension, and we can wonder if there is a link between the valuations of the coefficients of f and the
valuations of its roots in (L,v). Newton polygons provide a very visual way to answer this question. I
have learned the following theorem from [Dw].

Theorem 7.3. Let K be a complete field with respect to a discrete valuation v, and let f € K[X]|. Then to
each finite side of the Newton polygon of f there corresponds at least one root of f. The number (counting
multiplicities) of roots corresponding to a given side is equal to the length of the projection of that side on
the x-azxis, and all roots a corresponding to the same side have valuation vy (o) = —\ where X is the slope

of the side. If

Then f\ € K[X].

Proof. First, let us prove the last statement. Assume f has degree n, and write ay, . .., o, its roots counted
with multiplicity. Let us denote by L the splitting field of f over K, namely L = K(aq,...,ap).
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First, we assume that L/K is Galois. Note that since L is the splitting field of f; L/K is normal, so if
K is a perfect field, L/K is Galois. This holds for instance if K has characteristic zero. Then for any
o € Gal(L/K), we have already seen that o preserves valuations (just because vy, o o is also a valuation
on L extending v, so by the uniqueness in theorem 2.21, it must be equal to vy). Thus, if we denote by
R, the set of roots of f with valuation —A, one has : o(R)) C R), and since o is injective, and R} is a
finite set, o(R)) = Ry. But R) is exactly the set of roots of fy, so the coefficients of f) are fixed by the
action of Gal(L/K) (because they are symmetric functions of the roots, and the set Ry is globally fixed
by o, for any ¢ in Gal(L/K)). Therefore, they must lie in K, hence f) € K[X].

Now, if K has characteristic p > 0, L/ K may not be Galois. However, if f is irreducible, then all the roots
of f have same valuation, so that f\ = f € K[X] for a unique A. Why do they all have same valuation ? If
f is separable, then L/K is Galois, and the Galois group acts transitively on the roots of f, and preserves
valuations, so the roots must have the same valuation. Otherwise, f is not separable, and so it must be
of the form [ = g(ka) with g € K[X] an irreducible separable polynomial (thanks to lemma 7.1). Thus,
if we denote by Z(g) and Z(f) their respective sets of roots, then Z(g) = Z(f)pk, hence :

Since g is separable, v1,(Z(g)) consists of only one element, so vz (Z(f)) is also reduced to one element.

Finally, if f is reducible, we proceed by induction on n. If f is reducible of degree 2, then its roots are
in K, so the statement is clearly satisfied. Now let n > 3, and assume that the statement is true for all
k < n. Let h € K[X] be the minimal polynomial of a;; over K. Then h|f. Let g € K[X] such that f = gh,
and set :

gy = 11 (X =A) ==\

g(Oé):O, VL (Oé):—)\

Then by the induction hypothesis, gy lies in K[X] for every A (by convention, a product over the empty
set is equal to 1). Let A\ := —vp(aq). By the above case, since h is irreducible, all the roots of h have
valuation —A;. Therefore,

VA # A1, fA(X) = ga(X)
fai (X)) = h(X)gx, (X)
which shows that in any case f\ € K[X].

Now, let us prove the first assertion of the theorem. It is not restrictive to assume that ag = 1, for
multiplying f by X or a non zero constant has the effect of a translation on the Newton polygon of f.
Assuming this, we write :

n
F=Tl0+B8X)=1+aX+- +a,X" (12)
=1

and suppose that v (51) < --- < vr(Bn) where v, is the unique extension of v to L : the splitting field
of f over K. Suppose that {Z/L(ﬁ )y oo vn(Bn)} = {v1, ..., ) with vy < -+ < 1. We denote by k; the
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number of §;’s with valuation v; so that :

vr(Br) = =vr(Br) =11

VEL(Bri+1) = - = VL (Brytks) = 12

VL (Bryttby 1) = - = VL (Brytotky) = VI
=p

We want to prove that the Newton polygon of f has exactly [ finite (i.e. mnon vertical) sides, say
PyPy, ..., P_1 P, such that the projection of P;_1P; on the x-axis has length k; and that the side P;_1 P;
has slope v;. This is equivalent to proving that :

VI<p<lI, v(ag +.k,) 21/1 ; and : (13)

<p <, VZk <S<Zkz, vr(as) ZV’k + (s—Zk)yp (14)

with the usual convention that a sum from 1 to 0 is equal to zero. Indeed, the first condition just tells

that :
Py = (0,0) because we assumed ag = 0

Py = (k1,v1ky),
Py = (kl + ko, 1k + VQk'Q)

Pr=(ki+ - +k,vik + -+ uk)
=n
which are the necessary positions of the points P; for the statement to hold, and the second assertion says
that if s is between ky + -+ 4+ kp—1 and k1 + - - - + ky,, then the point (s,v(as)) lies above the side P,_1P,.
The formula may seem obscure, but it is just writing the equation of the line passing through P,_; and
P, and expressing the fact of being above this line.
Now, from (12) it is easy to see that :

a’S = E B’il [ Bis
1<i1 <ig<-<is<n
Hence :

v(as) > min {ve(Bi) +- - +ve(Bi)} (15)

1<i1<ig<-<is<n

Recalling the ordering of the valuations, we find that this minimum is vz (f1) + - - - + v1(8s) Thus,

V(as) = VL(Bl) + -+ Z/L(/BS)

which is the same as (14), just by definition of v1, ..., 1, and of the numbers k;. Moreover, if s = k1+---+k,
for some 1 < p < I, then v (Bsy1) > vr(Bs) and so (15) must be an equality, hence :

V(as) = VL(Bl) + -+ I/L(ﬁs) =k +---+ kap

which is (13).
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Corollary 7.4. Let K be as above and f € K[X]| monic of degree n. If the Newton polygon of f consists
of only one finite side of slope —m/n, with m relatively prime to n, then f is irreducible in K[X].

Proof. Under these assumptions, the theorem above tells us that all the roots of f have valuation m/n
(for the valuation v, extending v to L : the splitting field of f over K). Let a be one of the roots. Let us
prove that the ramification index of K(«a)/K is divisible by n. v, is a valuation on K(«) extending v, so
by the uniqueness of such a valuation, it is Vg (q).

Let us denote by e the ramification index of the extension K(«)/K, so that :

1
(K (o) = -2
(We are still implicitly assuming that v is normalized, for it not restrictive at all)

Then v (a) € vi(K(a)), hence :

1
Tezy
n e

Therefore, n | em, and since m and n are relatively prime, this implies that n divides e. But we also
know that e | [K(«) : K] from proposition 3.1. Hence n | [K(«) : K|. But « is a root of f which is of
degree n, so the minimal polynomial of « over K has degree smaller than n, and its degree is [K () : K.
Therefore, n | [K(a) : K] < n,son = [K(«a): K] and f is the minimal polynomial of «. In particular, f
is irreducible.

O

7.2 Projective limits

Let G = (I, A, s,t) be an oriented graph : I is a set (the set of vertices), A is another set (the set of edges),
s and t are two maps :
source s : A — I and targett: A — 1

An inverse system of groups (resp. rings) indexed by G is the datum :
(1) For any ¢ € I, a group (resp. ring) A;
(2) For any a € A, a group (resp.ring) homomorphism ¢ : Agq) — Ay(a)

We define the projective limit hén A; as:
el

T&l A ={(a;)icr | Vi € I,a; € A; and Ya € A, ¢, (as(a)) = Qy(q) }
el

- Jim Aj; is a subgroup (resp. subring) of [[,.; 4.
1€l

- It satisfies the following universal property :

For any group (resp. ring) B, the datum of a homomorphism f : B — 1£1 A; is equivalent to the
1€l
datum of homomorphisms f; : B — A; such that for all a € A, the following diagram commutes :

51



B > As(a)
ft(a)l %
At(a)

Examples :

- Let p € N be a prime number. We define the ring of p-adic integers (denoted by Z,) as the projective
limit of the rings Z/pn7 as follows :

Formally, we take G = (I, A, s,t) in the construction above with :
I=N*" A=N*" s:n—n+landt:n—n
For all i € I, we take the ring A; to be Z/)iz. For all a € A, we have a natural ring homomorphism
| bo ©  Lfpitlz  —  L/po7,
k mod p*t! — k mod p®

This gives us an inverse system of rings in the sense of the definition above, so we can define the
ring :
Zy := lim Z /p"Z

n=1

- Likewise, we would like to define a new ring as the projective limit of all the rings Z/,,7, for all
n > 2. The difference with the preceding example is that this time, we cannot define a natural ring
homomorphism from Z/,,7 to Z /7 for all m < n. This is only the case when nZ C mZ, i.e. when
m | n. This is why we take G = (I, A, s,t) with :

I =Ns1, A={(n,m) € N2, | mdivides n}, s: (n,m) > n, t:(n,m)—m

where N+ denotes the set of natural integers > 1. Then, for all i € I, we set A; := Z/;7. For all
a = (n,m) € A, we have a natural ring homomorphism :

o * Ase) = Ay
kmodn ~— kmodm

Therefore, we have defined an inverse system of rings indexed by G = (I, A, s,t), and we can define
the ring : R
Z:=lim Z/nz

n=2

As a group, Z plays an important role in number theory because if F, denotes an algebraic closure
of a finite field of order ¢, then Gal(F,/F,) ~Z

Remark : It is a nice exercice to prove there is a ring isomorphism :
7 ~ H Z,
p prime
It is a good way to get used to the notion of projective limit, its universal property, and it also involves

the Chinese remainder theorem, which is always good to remember.
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7.3
(7)

(i)

Proof of proposition 4.2

Let a be a root of f. Since f is irreducible, f is the minimal polynomial of a over K. Hence :
[K(«) : K] = deg(f) = n. Besides, K C K(«) C L, because L is the splitting field of f over K.
Therefore, [K (o) : K] divides [L : K] = #Gal(L/K) = #G. Thus,

n | #G

Let us explain more precisely what we mean when we say that G is a transitive subgroup of &,.
As we saw, there is an embedding ¢ : G — &,,. Therefore, ¢(G) is a subgroup of &, so it acts
on {1,...,n}, and we say that this subgroup is transitive when there is only one orbit in {1,...,n}
under the action of ¢(G). This means that for any two roots of f, say o; and o, there exists 0 € G
such that o(o;) = «;.

Now, let us prove that f is irreducible if and only if G is a transitive subgroup of &,,. We denote by
Ci,...,Cy the orbits of {aq,...,a,} under the action of G. Then :

X-a)=]] [] -0

1 k=1 a€Cy
—_——
=/

f=

n
1=

Let k € {1,...,m}. Let us prove that fi is in K[X], and that it is irreducible.

First, if one takes o0 € GG, then o induces a permutation of Ci. Indeed, if o € Cj, then :
Cr = {7(a), 7 € G} (by definition)

so that o(a) € C,. Therefore, 0(C;) C Cg, and since o is injective and Cj is finite, we have :
0(Cx) = Cg. Therefore, Cy, is globally fixed by the action of o, for all ¢ € G = Gal(L/K). Since the
coefficients of f; are symmetric polynomials in the elements of Cy, they are fixed by Gal(L/K), so
they are in K. Thus, f; € K[X].

Now, let g € K[X] be an irreducible monic factor of f; in K[X]. Let o be a root of g (in particular,
a € Ci) and let 8 be any root of fi. Then since G acts transitively on Cy, there exists o € G such
that o(a) = . Then :

9(B) = g(o(@)) = o(g(a)) = (0) = 0
Thus, any root of fi is a root of g, so fi | g. Therefore, g = fi and f is irreducible in K[X].

So the decomposition :
m
f=11#
k=1

is the decomposition of f into irreducible factors in K[X]. Hence :

f isirreducible <= m =1 <= G is a transitive subgroup of G,
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7.4 Local class field theory

This section contains a corollary of the main theorem of local class field theory, that will be useful in our
attempt to classify Gs-extensions of Qg in section 7.6. I attended the Algebraic Number Theory 2 class
by Mr. Heinloth at the University in Essen, where we studied the proof in detail. However, including
the proof would require another long report, and I acknowledge that I need more time to understand it
completely. It involves a lot of interesting tools, such as Lubin-Tate formal group laws, group homology,
group cohomology, and Tate’s cohomology to put these two together for a finite group. During this class,
we mostly followed the notes from [Mi] on Class field theory. However, there are many references, for
instance [Yo| : an article proving local class field theory using Lubin-Tate formal groups laws, or [Ne],
Chapter V.

Let K be a field. We say that a finite extension L/K is abelian if it is Galois with an abelian Galois
group. Local class field theory brings back the study of the abelian extensions of a local field to the study
of subgroups of K* :

Theorem 7.5. Let K be a local field of characteristic 0. Then, the rule :
L~ NL = NmL/K(LX)

giwves a 1 to 1 correspondence between finite abelian extensions of K and subgroups of finite index in K*.
If L/K is finite abelian, then there is an isomorphism :

In particular, subgroups of index n correspond to extensions of degree n.
This theorem falls within the following beautiful summary of what Class field theory is about (although

Chevalley refers to global fields more than local fields here) :

"L’objet de la théorie du corps de classes est de montrer comment les extensions abéliennes d’un corps
de nombres algébriques K peuvent étre déterminées par des éléments tirés de la connaissance de K lui-
méme; ou, st l'on veut présenter les choses en termes dialectiques, comment un corps posséde en sot les
éléments de son propre dépassement”  CHEVALLEY, 1940

Remark : The assumption "of characteristic zero” in theorem 7.5 is here to avoid a discussion on
topology. Indeed, the correspondence also works when K does not have characteristic 0, but it is between
finite abelian extensions and open subgroups of finite index in K, with respect to the norm topology on
K. In characteristic zero, subgroups of finite index in K* are automatically open, so the statement is
simplified. Since we are only concerned with Q, and its extensions, we can reduce the statement to local
fields of characteristic zero.

7.5 Structure of K* when K is a finite extension of Q,

Let K/Q, be a finite extension of degree n. We fix a uniformizer w in K. Since every element z € K*
can be written uniquely « = u.n™, with m € Z and u € Oj;, we have an isomorphism :

X s X
K> ~7 x O
Moreover, we have an exact sequence :

l—14 (1) — O —F; —1
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where ¢ = p/, with f denoting the inertia degree of K/ Q,. Using Hensel’s lemma, one proves that this
exacts sequence of abelian groups splits, hence :

Therefore,

K* ~7Z x Z/(q_ 1)Z % (1+pK)
Now, we want to understand the group (1 + pg) = Ul((l) (this notation has been introduced in section
3.4, equation (8)). This group can be endowed with a Z,-module structure, as it is done in [Ne], Chapter
II, 85, and it happens to be finitely generated as a Zj,-module. Therefore, by the structure theorem for
finitely generated modules over a principal ideal domain :

U1(<1> ~ 7, x Torg, (UI((I))

where r is the rank of U[(g) as a Zp-module. Besides,

Torz, (U;?) ={a € Uf(g) | Im e Z, a?" =1} = ppo (K)
This torsion submodule is isomorphic, as a group, to Z/pmz, for some m € N. Thus :
K* ~7 x Z/(q-1)Z % Z/ymyz x 7,
It remains to determine the rank r of the free part of the Z,-module Ug) =14+pk.
Proposition 7.6. We denote by e the ramification index of K/Q,. For all m > 1%’
(L+pR)" =1 +pR™e

where (1 4+ p2)? denotes {zP, x € U[(<m)}

Proof. Let m > pfl. We denote by v the unique valuation on K extending the standard valuation on
Qp. Then we normalize this discrete valuation to get a valuation v on K. This valuation satisfies v(p) = e
and v(m) = 1. Let us prove the first inclusion :

: Let a € pjt = (m)™. We write a = n"b, where b € O. We want to prove :
(1+a)P el+ppte

We have :

(1+a)p:§<z>ak - 1+pi (Z)ak+ap

k=1

Besides,

Vi<k<p—1, v ((i)df) —v <<i>> 4 kw(a) = e+ kv(n™b) = e + k(m + v(b))

so that :



This implies that :

Moreover,

and :

hence v(a”) > m + e. Thus,

p—1
p . m+e
I/(Z <k>ak+ap) >Zm+e e (1—|—a)p€UI(( )

k=1

Let a € p'Rte, say a = br™ ¢, with b € Of. Let us show that the polynomial P := (1+ X)? — (1+a)
has a root in p’.

We have : X
—
P:Xp—i—;(z)Xk—a

Since forall 1 <k <p—1, v ((})) =e, and v(a) = v(b) +m + e, the Newton polygon of P looks like this

m+ e + v(b)

Figure 6: Newton polygon of P = (1 + X)? — (1 +a) € K[X]
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The equation of the line passing through the two red points is :
y=—(m+vd).z+m+e+v(bh)

so that the green point with coordinates (p,0) belongs to this line if and only if :

—v(b)
N2

(m+wv(b)p=m+e+v) ie. m=— (
>0

p—1

Thus, the assumption m > zﬁ ensures that the green point is not on the first finite side. This implies
that the Newton polygon of P has exactly two finite sides. The first side corresponds to a single root,
which necessarily lie in K, and which valuation is m + v(b). In particular, the root is in p7?, that is what

we wanted to prove. ]

In particular, the proof shows that if m > p— then for all z € Uy, there exists a unique y € Ul({m)
such that y? = x. Indeed, the other side of the Newton polygon of P has slope —Zﬁ, so all the other
< m, so they cannot be in p’.

(m+e)

e
p—1

Special case : Take z =1 € Uf(<m+e). Then there exists a unique y € U]((m) such that y» = 1. But y =1
clearly works, hence :

(m)

Therefore, for m sufficiently large, U, is torsion free. Thus, there exists s € N such that :

U}({m) ~ Z; as Z,-modules

This implies :
U[((m)/<UI((m))P ~ (Z/pz)" as groups

Thus,
L+ g
H—p = P (16)
(1+pR)"
But proposition 7.6 allows us to compute the cardinality of this quotient by a filtration. Indeed, since
(1+pP) = I((m+e), we can compute as follows :

(m+1)

1+ p%
# = #

By proposition 3.17, we know that each quotient :
(m+1)
Uk

U]({m—l—i—&—l)

is isomorphic to (kg,+), so it has ¢ = p/ elements. Therefore,

e—1 (m+1) e—1
1+ Uy
# pK H# m+z+1 pr _p (17)
( +pK =0

Thanks to proposition 3.1, we also have : ef = [K : Q,] = n. Finally, (16) and (17) implie : s = n.
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Conclusion :

Ifm > L, then Ul((m) is a free Z,-module of rank n
p—1

Now, the quotient Uf((l) / U[((m) is finite, because once again, we can compute its cardinality using a

filtration. Therefore, U[(<m) is a submodule of U [((1 ) of finite index ! Thus, the rank of their free component
must be the same, hence :
UL =14 pc = e (K) x Z]

We can summarize what we did in the following theorem :

Theorem 7.7. Let K/Q, be a finite extension of degree n, with ramification index e, inertia degree f,
and residue field of order ¢ = p’. Then :

KX ~Zx 0} ~ZxZ)(q-1)Z % Uy ~ZxZ)(q—1)Z % ftp(K) x L2
Besides, pp(K) ~ Z/pagz, for some a € N, hence :

K* ~ZxZ/(q—1)Z*xZ/poz XLy

7.6 Attempt to classify G3-extensions of Q3

Suppose L/Qg is a finite Galois extension with G := Gal(L/Q3) ~ &3. Let H be the subgroup of G
corresponding to Az under the identification "G = &3”. Then H < G, so that LY /Qg is Galois. Let us
denote L by K. We have :

L
>Galois group Z/37,

Galois group 63| K
>Galois group Z/97

Q3

Therefore, L/Qg is formed by a Galois extension of degree 2, hence abelian, followed by a Galois extension
of degree 3, also automatically abelian. Since class field theory’s aim is to classify abelian extensions, it is
not surprising that it helps us in this problem. Namely, it gives us the following result :

Proposition 7.8. Let K/Q, be a finite extension of degree n. Then the number of abelian extensions
L/K of degree p is given by :
d—1
p
p—1
with d =n + 2 if K contains a pth root of 1, and d = n + 1 otherwise.

Proof. By theorem 7.5, the abelian extensions L/K with degree p correspond to subgroups of index p in
K. Tt is not hard to see that if H is a subgroup of index p in K*, then : (K*)Y ¢ H C K*.

Now, subgroups of K* containing the subgroup (K*)” correspond one to one to subgroups of the

quotient K*/ (K*)P, and this correspondence preserves the index. Therefore, the number of abelian ex-
tensions of K of degree p is equal to the number of subgroups of index p in KX/(KX)p.
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By theorem 7.7 :
K*~ZxZ/(q—1)Z*xZ/pZ x Ly,

with a =0 if K N ppeo (K) = {1} (i.e. if K does not contains p power roots of 1), and a > 0 otherwise.

Thus : 7, z
_ a YAk
wayw%x @1ﬂ><$ﬂ)x£
L T W
g =B =C
And :
A ~ {1} because (¢ — 1) is prime to p
B o Z/pzifa>0
{1} else
C~ (Zp/pr) ~ (Z/pz)n
Therefore,

n+1if KN ppe(K) = {1}

K*/(gx\ ~F with d =
/(K ) p {n—l—?else

Subgroups of index p in K*/ (K*)P correspond to subspaces of codimension 1 in a F), vector space of
dimension d. But if we dualize, it suffices to count the number of 1-dimensional subspaces of Fg, and there
are (p® —1)/(p — 1) such subspaces (number of non-zero vectors / number of non-zero scalars). Hence the
conclusion. O

Using this, we can make a little progress. Indeed, we know that there are exactly three quadratic
extensions of Qg (see section 6.1) :

Q3

N

Qs(V2) Qs(V3) Qs(V6)

\\\\\‘ /////

Qs

Figure 7: The three quadratic extensions of Q3

Therefore, if L/Qs is a Gz-extension, then the subextension K introduced above is one of these 3
quadratic extensions of Q3. Moreover, K is a finite extension of Qg, and L/K is an extension of degree
3, so proposition 7.8 applies ! Since :

32+1 -1 33+1 -1

3771 =13 and 3771 = 40,

There are 13 or 40 possible extensions L/K that are Galois of degree 3, depending on whether or not K
contains the third roots of unity. But as we have already seen, pu3 C K if and only if X3 — 1 splits in K,
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if and only if disc(X?+ X +1) € (KX)Q. This discriminant equals —3, and it is easy to prove that it is a
square in a quadratic extension of Qs if and only if this extension is Q3(v/6).

Thus :

13 13 40 <——— number of Galois extensions of degree3

Qs(V2) Qs(V3) Qs(V6)

Qs

This gives us that there are at most 13+ 13440 = 66 extensions of Q3 with Galois group &3. However,
this bound is very likely to be too large. Indeed, 66 is the number of distinct towers of extensions of the
form :

L
>Galois with Galois group Z/37

K
>Galois with Galois group Z/o7

Qs

But such towers do not always give L/Qg Galois, and even if it is the case, we are not sure that the Galois
group is isomorphic to &3... This is confirmed by [LMFDB].

We need to find a way to translate the fact that L/Qs is not just any quadratic extension K/Qs fol-
lowed by any degree 3 Galois extension L/K. We need to express that when we paste this two extensions,
the big extension we obtain, namely L/Qgs, is still Galois.

Besides, we need to take into account is that G3 is a semi direct product :

63 ~2/37 %, 2/27
where ¢ : Z /97 — Aut(Z/37) maps 0 to id and 1 to —id.

Or as an inner semi-direct product : &3 ~ N x H if we denote N := ((1 2 3)) (= Us3) and H := ((1 2)).

Therefore, if L/Qg is a &3 extension, and if K is as above, we can expect the following : Since in the
tower Q3 C K C L, Gal(L/K) is identified with 3, we expect some group of order 2 to act on Gal(L/K).
The problem is that Gal(K/Qgs) does not naturally act on Gal(L/K).

However, let us introduce K[3] : the composite of all abelian extensions of degree 3 of K. Recall that if
E/K and F/K are finite Galois, then EF/K is Galois, and Gal(EF/K) embeds in Gal(E/K)xGal(F/K).
In particular the compositum of two finite abelian extension is also finite abelian. By proposition 7.8, we
know there are only finitely many such extensions, so K%[3]/K is finite abelian as a compositum of finitely
many finite abelian extensions.
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It is not hard to show that K[3]/Qs is also Galois. Thus Gal(K[3]/K) is a subgroup of Gal(K®[3]/Q3).
Since K/Qjs is Galois, this subgroup is normal. Therefore, Gal(K®[3]/Q3) acts on Gal(K[3]/K) via
conjugation. But if o, 7 € Gal(K®[3]/Qs) are such that 0|k = T|K, then their action is the same. Indeed,
consider :

¢ : Gal(K®3]/Qs) — Aut(Gal(K™[3]/K))
o > Co

where ¢, denote conjugation by o, namely :

ce : Gal(K®[3]/K) — Gal(K®[3]/K)
h — ocho™

Then, since Gal(K®[3]/K) is abelian, it is clear that Gal(K[3]/K) C ker(¢). Now, if o) = 7|, then
or7! € Gal(K%[3]/K) C ker(¢), hence ¢, = c,. This defines an action of Gal(K/Qz) on Gal(K®[3]/K)
: For any s € Gal(K/Qs), take any o € Gal(K[3]/Qs) such that o = s, and define the action of s on
Gal(K[3]/K) by the conjugation by o.

Likewise, Gal(K/Qs) acts on Gal(L/K) : For any s € Gal(K/Qz), take any lift 6 € Gal(L/Q3)
and define the action of s on Gal(L/K) by conjugation by . It is clear that this action is compatible
with the restriction homomorphism from Gal(K%[3]/K) to Gal(L/K) : For all s € Gal(K/Qs3), for all
& € Gal(L/Qs) such that 65 = s, for all ¢ € Gal(K*[3]/Qs) such that o = s, the following diagram
commutes :

Gal(K®[3]/K) —% Gal(L/K)

|e- lcc-,

Gal(K®[3]/K) —“ Gal(L/K)
We say that the homomorphism :
Gal(K®[3]/K) % Gal(L/K)
is Gal(K/Qs3)-equivariant.

Besides, one can prove that Gal(K®[3]/K) ~ K* /(K> )3 via local class field theory, so it is a F3 vector

space of dimension 3 if K is Q3(v/2) or Q3(v/3), and of dimension 4 if K = Q3(v/6). Moreover, Gal(L/K)
is isomorphic to Z/37. So, with a lot of hand-waving, counting S3-extensions of Qs is equivalent to
counting surjective group homomorphisms Fg — F3 satisfying some Z/97-equivariance property. This is
what I need to understand more clearly to obtain a conclusion.
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