WASSERSTEIN METRIC AND QUANTITATIVE EQUIDISTRIBUTION, I

THE CASE OF TORI

E. KOWALSKI AND T. UNTRAU

ABSTRACT. The Wasserstein distance between probability measures on tori provides a nat-
ural “invariant” quantitative measure of equidistribution, similar to the classical Erdés—
Turdan-Koksma inequalities, but is a more intrinsic quantity. We recall the basic properties
of the Wasserstein distance and present some applications to quantitative forms of our previ-
ous work on the equidistribution of ultra-short exponential sums, and on the equidistribution
of sums of additive characters over very small multiplicative subgroups.
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Starting from the work of Weyl about a century ago, equidistribution has been a major
theme of modern number theory. Besides the qualitative aspect, there is considerable interest
in having quantitative versions of equidistribution theorems. In the most classical case
which concerns the equidistribution modulo 1 of a sequence (z,,),>1 of real numbers in [0, 1],

equidistribution is the property that

1
(1) lim N|{n<N|a<xn<b}]:b—a

N—+o00

for any real numbers a and b, with 0 < a < b < 1. The Weyl Criterion states that this is

equivalent to the fact that the Weyl sums

Wh(N) = %Z e(hey), heZ

n<N

converge to 0 as N — 400 for any non-zero integer h.
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The simplest quantitative forms of this equidistribution property are simply quantitative
estimates for the decay to 0 of the Weyl sums, which should ideally be uniform in terms of
h and N. Such estimates also provide a quantitative version of (1), by means of the classical
Erdos—Turan inequality: if we denote

Ex(a, )——|{n N | a<uz, <b},

then we have W
sup |Ex(a,b) — (b—a\<< + Z Wa()] h

<a<b<

The left-hand side of this inequality is called the discrepancy of the sequence (x,,)1<n<n,
and is a natural measure of the distance between the probability measure

1
N 2o
n<N

and the Lebesgue measure.

On the other hand, many problems give rise to multi-dimensional equidistribution results,
where the sequence (z,,) takes values in [0, 1]¢ for some integer d > 1. Equidistribution (with
respect to the Lebesgue measure) means that

1
lim — N | a; ni < b; for all b; — a;
im H{n <N | a; < x,; < b forall i}| = H( a;)
whenever 0 < a; < b; < 1 for all 7, and is again equivalent to the convergence towards 0 of
the Weyl sums

1
Wa(N) = > e(h- )
n<N
for h € Z9— {0}, where x - y denotes the usual scalar product on R¢. The analogue of the
Erdés—Turan inequality is due to Koksma and states that the “box discrepancy”
d

Agj= su —{n <N | z, € a;, b — a;
L I{ | H il H - }_[1( )
1<i<d
satisfies
1 1
2 A — ——|Wx(N
1<||hlleo<T

for any parameter T > 1, where M(h) = [[max(1, |h;|) and the implied constant depends
only on d (see e.g. [I1, Th. 1.21]).

However, this inequality is somewhat unsatisfactory when d > 2, due to its lack of
“Invariance”. By this, we mean that if we apply to the sequence (x,) a continuous map
f:0,1] = [0,1]¢ (or f: [0,1]¢ — C), then the equidistribution of (z,,) with respect to some
measure 4 implies that (f(x,)) is equidistributed with respect to the image measure f.(u),
and one naturally wants to have a quantitative version of this other convergence statement.

Such a statement cannot be obtained from (2) without some analysis of the way the map f
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transforms boxes with sides parallel to the coordinate axes. Note that this is a problem even
if f is (say) a linear transformation in SL4(Z), and p is the Lebesgue measure. In particular,
if the space [0, 1]¢ arises abstractly without specific choices of coordinates (which may well
happen), then the generalized Erdés—Turan inequality imposes the choice of a coordinate
system, which might be artificial and awkward for other purposes. Moreover, if we consider
the functional definition of equidistribution, namely the fact that

lim §§f<xn> = [ @)

N—+oo [O,I]d

for any continuous function f: [0,1]¢ — C, it is difficult to pass from (2) to quantitative
bounds for the difference

1

D)= | fa)da)
N Tg\l [071]d

which may be equally relevant to applications.

From the probabilistic point of view, the goal of measuring the distance between probabil-
ity measures is very classical, and has appeared in many forms since the beginning of modern
probability theory. In recent years, there has been increasing interest in using Wasserstein
metrics for this purpose. Indeed, these distances have considerable impact in probability
theory, statistics, the theory of PDEs and numerical analysis. However, they only appeared
very recently in works related to equidistribution questions, including in works of Bobkov and
Ledoux [3], Steinerberger [19], Brown and Steinerberger [9], Graham [!1] and Borda [0, 7].
Although not yet well-established in the analytic number theory community, we believe that
the Wasserstein metrics provide a particularly well-suited approach to quantitative equidis-
tribution.

To explain this, we recall the definition of the Wasserstein distances on a compact metric
space (M,d). Let p > 1. For (Radon) probability measures u and v on M, let II(u, ) be
the set of probability measures on M x M with marginals g and v (which is not empty since
i ® v belongs to it). The p-Wasserstein distance is then defined by

W, v) = inf (/MXMd(x,y)de(a:,y)>l/p.

rell(u,v)

Remark 1.1. (1) This quantity depends on the choice of the metric d. When needed, we
will write W;d)(u, v) to indicate which metric is used.

(2) In probabilistic terms, we have
W) = inf B(d(X, YP),
~p
Y~v

where the infimum is taken over families of random variables (X,Y) with values in M such
that the law of X is p and that of Y is v.

The Wasserstein distances are particularly important in the theory of optimal transport:
indeed, they measure the cost of “moving” p to v (see, e.g. the book [22] of Villani for an
introduction to optimal transport). Crucially from our point of view, the definition of %,
is intrinsic and does not suffer from the same invariance issues as the box discrepancy. The

key points are the following:
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(1)
(2)
(3)
(4)

the Wasserstein distances are metrics on the set of probability measures on M, and
the topology that they define on this set is the topology of convergence in law;

the Wasserstein metrics satisfy simple inequalities under various operations, such as
pushforward by a Lipschitz map;

the Wasserstein metrics satisfy inequalities in terms of Weyl sums (in contexts much
more general than that of M = (R/Z)? above) which are comparable to (2);

for p = 1, the Wasserstein metric #'; admits a very clean functional interpretation,
known as the Kantorovich-Rubinstein Theorem.

We summarize these basic properties.

Theorem 1.2 (Wasserstein distance properties). Let (M, d) be a compact metric space.

(1)

(2)

For p > 1, the Wasserstein metric is a metric on the space of probability measures
on M, and the topology it defines is the topology of convergence in law: W ,(fin, pt) — 0
if and only if, for all (bounded) continuous functions f: M — C, we have

lim /fd,un:/fdu.
n—-+00 M M

For probability measures p and v on M, we have
Wl v) W o, v)

ifp<q.
Let (N,0) be a compact metric space. Let ¢ = 0 be a real number and let f: M — N
be a c-Lipschitz map. For any probability measures . and v on M, we have

W o(futt fov) < W p(p,v).

If N C M is a compact subset with inclusion i: N — M, then for probability mea-
sures p and v on N, we have

Wop(iapt, iv) = W p(p, v),

where the right-hand side 1s a Wasserstein distance on N.
Let (N,0) be a compact metric space. Let A be a metric on M x N such that there
exists ¢ > 0 such that

A((z,y), (@,y) < cld(z,2') +6(y, ¢/))

for (z,y) and (z',y") in M x N. For any probability measures i and v on M, y' and
v on N, we have

V(v @) <YW () + W (1l V)
forp > 1, where q is the dual exponent with 1/p+1/q = 1, and we use the convention
2/ =1,
For probability measures p and v on M, we have

/udu—/udu‘
M M

where the supremum is over functions u: M — R which are 1-Lipschitz.
4

W1(.v) = sup



(7) Suppose that M = (R/Z)* with its standard metric for some integer k > 1. For any
probability measures p and v on M and for all T > 0, we have

43k 1
T 02 ap

where for a probability measure p on M and h € Z¥, we denote by fi(h) the Fourier
coefficient of u, i.e.

(3) Wap,v) <

k)~ o(m)P) "

1<|hloo<T

Alh) = /M e(h - 2)du(z).

Proof. (1) This is proved, e.g., in Villani’s book [22, Th. 7.3, Th.7.12].
(2) This follows easily from Holder’s inequality and the definition of the Wasserstein metric.

(3) This is also a formal consequence of the definition and the fact that, given = € II(u, v),
we have (f X f).m € H(fup, fov). Then, for m € I (u,v), we get

| swopdsx pa= [ @ swpin<e [ dwgyan,
NxN MxM MxM
and taking the infimum over m € II(u, v) gives the inequality.

(4) This follows from (3) and the fact that any measure in I1(4,u, i.2/) has support in N x N,
hence is of the form (i X i),7 for some m € II(p, v).

(5) This is also elementary: if 7 € II(p, v) and 7" € II(1/, '), then r@7’ € (p@ ', ve'),
with
/ A((z,y), (@', y)Pd(r @ ') < C”/ (d(z,2") +0(y,y'))d(r @ ')
M2 x N2 M2 x N2

by assumption. Using the Hélder inequality in the form (a + b)? < 2P/(aP + bP) for a, b > 0,
we obtain
[ Ao ayydren) <ort( [ dearins [ syya)
M2 xN2 M2 N2
hence the result.

(6) This is much deeper and is a special case of the Kantorovich—Rubinstein duality (see,
e.g., [22, Th.1.14]).

(7) This is (essentially) an application of a statement due to Bobkov and Ledoux [3]. For
completeness, we will give a proof in the Appendix starting on page 18. O
Thus, as an alternative to the classical inequality (2), we have the following corollary.

Corollary 1.3. Let k > 1 be an integer. Let (z,)n>1 be a sequence in (R/Z)*. Define the
probability measures

1 N
HUN = N;d’rna
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for N> 1. For any N> 1, T > 0, we have

Wl(uN,Ak)<4\/§‘/E+( y o ywh(N)|2)l/2.

T N IRIP
X oo =

In the sequel to this paper, we will further use the Wasserstein metric in statements of
quantitative equidistribution in compact Lie groups, with applications to exponential sums
over finite fields.

Example 1.4. For illustration, it is worth looking concretely at the meaning of the Wasser-
stein distance between a measure of the type

1 N
MN:N;%

on R/Z and the uniform Lebesgue measure A. We assume for simplicity that the z;’s are
different, and denote 2" = {x;, 1 <i < N}. Any measure m € II(ux, A) must be supported
in 2" x R/Z C (R/Z)?, since 2" is the support of uy. Hence we may write

1 N
- 5:cl® )
™ N; T

for some probability measure m; on R/Z. Any such measure has projection on the first
coordinate equal to ux. On the other hand, the projection on the second coordinate is the

combination
| X
3
i=1
and thus 7 € II(un, A) is equivalent with

1 N
ZTFZ‘ =\
i=1

In particular, suppose that m; = f;(y)dy for some measurable function f; > 0 with integral
equal to 1. Then the condition above becomes

1N
S fi=1
i=1
The corresponding integral for the p-Wasserstein distance is
n
d(z,y)Pdr = — / d(zi, y)? fi(y)dy.
/<R/Z>2 N Z:; R/Z

As a simple illustration, let N > 2 and consider z; = (i — 1)/N for 1 < i < N. Let ¢; be
the indicator function of the (image modulo Z of the) interval

Z

[i—l 1 i—1+1[
N 2N’6N 2N U



and let f; = Ny;. Then f; has integral 1, and
> fi=N

since any x € R/Z belongs to a single interval, where the corresponding f; takes the value N.
For the measure 7 described above, using the usual circular distance on R/Z, we get

N

1

d(z,y)Pdr = —
/<R/Z)2 N 2

=1

N

| REREIOTEDY

i=1 ¥ (i—=1)/N—-1/(2N)

P
dy.

(i=1)/N+1/(2N) 5 _ 1
J =

- Y

By a simple integration, this is
2N ( 1 )p+1 B 1 1
p+ 1\2N ~ (p+1)2p NP’
proving that
N
1 1 1 1
V(5 2 0inmA) < 5ot < oo
P NZZ1 G=D/N 2(p+ 1)I/PN ~ 2N

for all p > 1. For p = 1, this result is of the same quality as the outcome of Corollary 1.3,
since in this case the Weyl sum W, (N) is zero unless N | h, in which case it is equal to 1, so
that the estimate in loc. cit. is

4/3 1\2 1 1
W ’)\ g T ( _> T _,
(N, A) T T E e <7ty
1<|hI<T
N|h

and taking T = N gives the result. This is of course comparable to the well-known fact that
the discrepancy of equally-spaced points is of size 1/N.

Note that as a consequence of Theorem 1.2, (5), we deduce also that for the uniform

measure ,ul(\f ) on the finite grid

{0,1/N,...,(N - 1)/N}* c (R/Z)",
we have

1

where the implied constant depends on k only (and the Wasserstein distance is computed
for the standard metric). Here again, taking T = N in Theorem 1.2, (7) gives a bound of
the same shape for p = 1.

2. ULTRA-SHORT SUMS OF TRACE FUNCTIONS

Our previous paper [10] considers an equidistribution problem on a torus for which the
quantitative features of the Wasserstein metric are particularly useful. This concerns the
distribution properties of sums of the form

axr
(4) Saa)= > (),
zeFy
9()=0 (mod q)
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where g € Z[X] is a fixed monic polynomial and ¢ is a prime number (subject to suitable
conditions).

We associated to these sums the probability measures
SO
aEFq

on C. In [16, Th.1.1], we proved that these measures converge weakly to an explicit prob-
ability measure ji, which is related to the additive relations among the complex roots of g,
as recalled in Section 3. In this work, we refine these results and prove the following rates
of convergence in 1-Wasserstein metric:

Theorem 2.1 (Cor. 3.5). Let g € Z[X] be a monic and separable polynomial of degree d > 1
with splitting field K, over Q. Then for all prime numbers q totally split in K, that do not
divide the discriminant of g, the upper bound
1
Wi(vg, pg) <g q B9
holds.

The quantitative results in Wasserstein metrics also allow us to consider some problems
involving wvarying polynomials. As an example, in Section 4 we exploit the explicit depen-
dency on k in the inequality of Theorem 1.2, (7) to study the distribution of exponential
sums over very small multiplicative subgroups of prime order, i.e. sums of the form

> (%)

where H is a subgroup of F whose cardinality is a prime divisor of ¢ — 1 which is very small
compared to g. Precisely, we prove in Theorem 4.1 that the sums

Tz (5)

become equidistributed with respect to a standard complex normal distribution as ¢ tends
to infinity and |H| tends to infinity while satisfying

H| = o (089
log log q

as ¢ — +00.
Notation. For z = (x1,...,24) € R?, we denote by |z| its euclidean norm.
For a random vector X = (Xi,...,Xy) in R%, we denote its characteristic function by ¢x,

and we recall that it is defined for all s = (s1,...,s4) € R? by ¢x(s) = E () where X - s
denotes the usual dot product on R

We say that a map u: R4 — R is 2r-periodic if for all m € Z4, for all x € R?, u(x+27m) =

8



For any set X, we denote by C(Z,; X) the set of maps from Z, to X; it is a group if X itself
is a group. For all o € C(Zy;Z), we set

1/2

lalli =Y la(@)l, lale= max |a(z)], and |a] = Y alz)’

z€Zg r€Zg
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3. PROOF OF THEOREM 2.1

We recall more precisely the setting and results of the article [16], starting with the sums
S¢(g, a) of (4).
Let g be a fixed monic and separable polynomial g € Z[X] of degree d > 1. We denote by

Z, the set of complex roots of g and by K, = Q(Z,) the splitting field of g over Q. Its ring
of integers is denoted by O, and since g is monic, the set Z, is contained in O,.

For primes ¢ that are totally split in K,, we proved that the measures
1
Vg== Y 05,0
q a€Fy

associated to the sums (4) converge, as ¢ goes to infinity and @ varies in F,, to a limiting
measure ji, defined as follows.

Let R, C C(Z,; Z) be the subgroup of maps a: Z, — Z such that
Z a(z)r =0,
T€Zg

and let

(5) H, = f € C(Z,;S") | for all @ € R, we have H f(z)*® =1

T€Zg

be the orthogonal of R, in the sense of Pontryagin duality. Let A, denote the probability Haar
measure on the compact group H,. Then we showed that p, = o.\y, where o: C(Z,;S') — C
is defined by

o(f) =) fx).

T€Zg
9



We will apply Theorem 1.2 to estimate the Wasserstein distances #'1(u,, Ay) (between
measures on C(Z,;St), or H,) and #1(0.up, 0.),) (between measures on C), where the
measures [i, are introduced in §3.1. These distances are defined with respect to the following
metrics on the underlying spaces:

(1) We consider on C the usual metric given by the complex modulus.

(2) We consider on the compact group C(Zy; S') the metric ¢ = g, obtained by transport
of structure from the usual flat Riemannian metric on the torus (R/Z)% using the
isomorphism

v (R/Z)% — C(Zy; S")
such that (&) is the map Z, — S which maps = € Z, to e(€,). This metric on
the torus is also the quotient metric of the euclidean distance using the projection
R?% — (R/Z)%s.

(Concretely, it can also be described as follows when identifying further R/Z with
[0,1]: if ¢ denotes the “circular” metric on [0, 1], identified with R/Z, such that
{(z,y) = min(|z —y|, 1 — |z — y|), then the metric o can be identified with the metric
on [0, 1[% given by

d

) () (b))

i=1

3.1. The Weyl sums. The key property of our equidistribution problem is that the relevant
Weyl sums, for the equidistribution at the level of the space C(Z,;S'), vanish when ¢ is
suitably large, as we observed in [10, Rem. 2.3].

We recall some further notation from [16]. If g is a polynomial as above, we denote by .7,
the set of prime ideals p C O, which do not divide the discriminant of g and have residual
degree one. For p € .7, the norm ¢ = |p| = |O,/p| is a prime number, and the restriction
Z — O,/p of the restriction map w,: O, — O,/p induces a field isomorphism F, — O,/p,
which we use to identify these two fields.

We view O,/p as a finite probability space with the uniform probability measure and we
consider the random variables U, on O,/p, taking values in C(Z,;S'), which are defined by

Uyfa)o) = e(“527)

for all @ € O,/p and all = € Z, (the element aw,(z) of O,4/p being identified with an element
of F, as explained before).

Let j1, be the law of U,; concretely, this is the measure
1
= T > v
a€O0y/p

on C(Z,;S"). We also view )\, as a measure on C(Z,;S') by identifying it with j.\,, where
j: Hy — C(Z,; S") is the inclusion.

The next two lemmas compare the Fourier coefficients of the measures 1, and A,.

For a € C(Z,; Z), we will denote by 7, the associated character of C(Z,; S'). For a measure v
10



on C(Z,;S"), the corresponding Fourier coefficient is

v(a) = /na(m)dy(x).
Lemma 3.1. Let o € C(Zy;Z). If 1, is trivial on Hy, then :\\g(a) = () = 1.

Proof. The result about A\, simply follows from the fact that it has total mass 1. The case
of p, follows because it is straightforward from the definition that the random variables U,
take values in H,,. O

Lemma 3.2. There exists a positive real number C,, depending only on the polynomial g,
with the following property: for all a € C(Zy;Z) such that n, is non-trivial on H, and for
all p € 7, such that

bl > Cyllali*Y,
we have /):g(a) = lip(a) = 0.

More precisely, the value

u Co= ] maxlo)
o€Gal(K,/Q)

has this property.

Proof. Let a € C(Zy;Z) be such that 7, is non-trivial on Hy. It is then a classical property
of the Haar measure that A\,(a) = 0.

Let p € .%,. As in [10, Prop. 2.2], we have
|p| 2 e( wp<zo‘ >>>
a€0y/p T€Zg

and therefore

. 1 if Y ., a(z)x € p,
Mp(a) - G.Zg
0 otherwise.

by orthogonality of characters. We now analyze this condition further.

Let

TEZg

Note that since 7, is non-trivial on Hy, we have oo ¢ R, (by definition), and therefore
Y(e) # 0.

If fip(or) # 0, then y(a) € p, so v(a)O, C p, and in particular |p| | N(y(«a)Oy). In
particular, since y(«a/) is non-zero, we obtain

(8) INk,/q(y(a))| = [pl.
11



On the other hand, we have
Ni,/q(1(@) = o) = I (X a@e@),
oceGal(Ky/Q) c€Gal(Ky/Q) z€Zgy
and with the value C, given by (7), this implies that
[Kq:Q] K. :
(9) Nk, /@1 (@)] < Cy (Y lat@)]) " = Cyllal i,

TE€Zg

Combining (8) and (9) we deduce that
Pl < Cyllalli

if 7i,(«) # 0, which is the desired conclusion. O

3.2. Quantitative equidistribution.

Proposition 3.3. There exists an explicit constant C; > 0 (depending only on g) such that
for all p € ./, we have

1
W1 (i, Ag) < Cp|p| o,

Proof. let T > 0 be an auxiliary parameter to be fixed below. By Theorem 1.2, (7), the
inequality

44/3Vd 1 ~ 1/2
(10) Pl A) < pe (2 alile) = Hel)
a€C(Zg4;Z)
0<|ler]| s <T

holds. We take

A
T=— (2% .
mil6)

Lemma 3.1 and Lemma 3.2 together imply that the sum on the right-hand side of (10) is
zero (using the inequality ||| < d||a|), and therefore we obtain

4v/3v/d T
Wil A < VL BV 4 1O

T
which immediately implies that result. 0
Remark. This result matches the rate of convergence obtained in [21, Th. 5.30], where the

1-Wasserstein metric was replaced by a notion of (p-discrepancy, which had the disadvantage
of being non-intrinsic.

We can easily deduce Theorem 2.1 using Theorem 1.2, (3). First we compute a Lipschitz
constant for the summation map o.

Lemma 3.4. The map o: C(Z,;S") — C is v/d-Lipschitz.
12



Proof. Let f and g be elements of C(Z,; S'). We have
o(f) = (o)l = | 32 (/@) = g@)| < 32| (@) = ga)]

T€Zg T€Zg

The euclidean distance on S C C is bounded above by the arc length (Riemannian)
distance ¢, hence |f(x) — g(x)| < ¢(f(z),g(z)). Applying the Cauchy—Schwarz inequality,
we obtain

S 1) — gl < 3 U a() < V(X (s @).0@)) = Vi x olf.9).
as desired. 0

Corollary 3.5. Let d > 1 and let g € Z[X] be a monic and separable polynomial of degree d.
For all prime numbers q totally split in K, that do not divide the discriminant of g, define

the measures )
Vo=—>_ 0s,(qa)
q a€cFy

and piy = 0., (the pushforward measure via o of the probability Haar measure on H,). Then
for all such prime numbers q, we have

1
W (g, by) Lg q Ko,

Proof. Let p € .#,. By Proposition 3.3, we have #/1(u,, A;) <, \p|7[K;¢Q]. It follows from
Theorem 1.2, (3) and Lemma 3.4 that

1
W1 (Outip, 0 Ng) <4 [p| Ko

(where the implied constant on the right-hand side incorporates the factor \/3) Then the
conclusion follows from the fact that for all ¢ totally split in K, and such that it does not
divide the discriminant of g, any p € Oy lying above ¢ is a prime ideal that belongs to .7,
and o.p, = v,. O

This corollary refines [16, Cor. 2.4], since the latter only stated the weak convergence of
Vg to g, whereas here we obtain a quantitative rate of convergence.

4. SUMS OF ADDITIVE CHARACTERS OVER GROWING MULTIPLICATIVE SUBGROUPS

So far, we have only been dealing with weak convergence of measures in compact groups
since we were essentially working in (S')? for a fized d. However, the Wasserstein metric
metrizes weak convergence in a much more general context, and in this section we give an
application in a non-compact setting.

axr
Sd(Qa Cl) = Z € (_)
NS BN

which are a special case of the sums S,(q, a) with g = X4—1. For a fized integer d and ¢ going

to infinity among the primes congruent to 1 modulo d, their asymptotic behaviour attracted
13
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interest partly because of the beautiful visual aspect of the plots: see e.g. [10, 12,1318, 20]
for examples and generalizations. In particular, if d is prime [12, Th. 6.3] states that
they become equidistributed (as ¢ goes to infinity and a varies in F,) with respect to the
pushforward measure of the Haar probability measure on (S!)?~! via the Laurent polynomial

ga (Sl)d_l — C

(21,0, 2a21) = 214+ zgq + —

Z1..2d—1

This result explains why the sums appeared to fill out the region of the complex plane
delimited by a d-cusps hypocycloid.

We are now interested in studying the case where d is allowed to vary with ¢. In more
probabilistic terms, the previous result says that when ¢ is large the subsets

{Sa(q,a), a € F,}
of the complex plane look like ¢ independent values taken by a sum of the form

1
Zy...70q

of independent and identically distributed Steinhaus random variables Z; (i.e. uniform on
S!). Thanks to the multidimensional Central Limit Theorem, the random variables

1 1
S I/
\/[1(1+ * ‘“+z1...zd1)

converge in law to a two dimensional gaussian .4 (0, %Id) (the coefficient % just comes from
the value of the variance of the real and imaginary parts of a uniform random variable on
the circle). Therefore, if we denote by i, 4 the measure

1
5 Z 5% Sd(q’a)

acFy

Zy+ -+ Zg1+

then limg oo (imye0 ptg.a) = (0, %Id). However lim, o (limg oo ftga) = &0, SO We are
interested in intermediate regimes, in which both ¢ and d tend to infinity, and the limit
of the sequence of measures i, 4 can be determined. Equivalently, this means that we are
interested in the distribution of the sums

1 ax
) Vd GZ ’ ( q )
z€pq(Fq)

as a varies in F, and both ¢ and d tend to infinity (with ¢ and d prime and ¢ = 1 (mod d)).
These sums of additive characters over multiplicative subgroups whose cardinality grows
with ¢ have been studied before, mostly with the aim of proving non-trivial upper bounds.
In particular, when d grows at least like a small power of ¢, the groundbreaking work of
Bourgain, Glibichuk and Konyagin [3] shows a power saving bound for S;(¢,a). On the
other hand, [15, Th. 1.8] shows that if d < log(g), it is impossible to obtain a non-trivial
bound.

Combining the results of Section 3.2 and the Central Limit Theorem, we will prove the

following result in a similar setting where d is very small with respect to q.
14



Theorem 4.1. For every odd prime q, we let d = d(q) be a prime divisor of ¢ — 1. If

d(qg) — 400 and
log q
d = —
(@) 400 (log logq>

q—r+0o0
then as q tends to infinity and a varies in ¥y, the sums (11) become equidistributed in the
complex plane with respect to a normal distribution A (0, %Id).

The first step of the proof consists in using the following quantitative form of the conver-
gence already obtained in [12, Th. 6.3].

Lemma 4.2. Let d and q be two prime numbers such that ¢ = 1 (modd). Denote by ~yq the
pushforward measure of the Haar probability measure on (S')4~! via the Laurent polynomial

\/iagd (in other words it is the law of the random wvariable L (Zl 4+ g+ L >

Vd Z1..2q-1
where the Z; are independent and identically distributed uniform random variables on S').

Then W1 (piga, va) < 2V12Vd(d + 1)g 1.

Proof. We first use Proposition 3.3 in the particular case where g = X% — 1. Then Z, = p,
(the set of d-th roots of unity in C) and Ky is the cyclotomic field Q(p,). In particular, [K, :
Q] = d—1 and we can take C, = 1 in Lemma 3.2 because the roots of unity have modulus 1.
We recall that for all p € Sxa_;, the measure p, denotes the law of the random variable U,
(as introduced in Section 3.1), and Axa_; is the Haar probability measure on Hya_;. Then
using the explicit constant C) obtained at the end of the proof of Proposition 3.3, we deduce
that

W1(py o) < VBV + 1)p| 7

Then we pushforward via the map o4 = d~*/?c, defined by

1
oa(f) = 7 > fla).

TEWRG

This map is 1-Lipschitz thanks to Lemma 3.4. This gives
(12) W1((00), 1y (04), Axa—1) < 4V3VA(d + 1)p| 77

Finally, in [16, §3] we showed that when d is prime the Z-module Rxa_; of additive relations
among the roots of X¢ — 1 is generated by the constant map equal to 1, so Hxa_; can be
identitified with (S!)?1. Then it follows formally from the definitions that for ¢ = 1 (mod d)
the measure p,4 coincides with the measure (o4).p, for all p lying above ¢ (and such p
belong to .#xa_; thanks to [17, Cor. 10.4]), and the measure v, coincides with (og4)sAxa_;.

Therefore, (12) actually says that %1 (jg.a,7a) < 4v/3Vd(d + 1)g 71, 0

We will also need a form of the Central Limit Theorem in Wasserstein metric, which we
state in the next Lemma.

Lemma 4.3. Let k > 1 and let (X;);>1 be a sequence of independent and identically dis-

tributed random variables taking values in R*. Assuming further that they admit a moment
15



of order 2, we denote by

E(X;,)
E(X, 1)
the mean value of X; and by ¥ = (0, j)1<ij<k the covariance matriz of Xy, meaning that for
alli,j € {1,...,k}, 0,5 = E(Xy,; — E(X4,))(Xy; — E(Xy;))). Then if u, denotes the law

(X14--Xpn)—nm
of e we have
n—oo
Proof. Thanks to [22, Th. 7.12], convergence with respect to the p-Wasserstein metric is

equivalent to the weak convergence of measures and the convergence of absolute moments
of order p. However, in the setting of the Central Limit Theorem we have (denoting by N a
random variable with distribution .47(0,3)):

X4 ---X,) — 2

E(‘( 1K) ”m‘ ) =EINE = Tx(2),
vn

hence the convergence of absolute moments of order 2 is automatically satisfied. Therefore,

the usual Central Limit Theorem (see, e.g., [1, Th. 29.5]) which states the weak convergence
of i, to A(0,%) immediately gives the apparently stronger statement

Since #'1 < # 5, the conclusion follows. O

Remark. We stated a qualitative result that suffices for our application, but there are several
articles investigating the rate of convergence in the Central Limit Theorem with respect
to Wasserstein metrics. Under the assumption that E(|X;|?) is finite, [{, Th. 1] states
that Wy (i, A4(0,%)) <g \/Lﬁ The dependence of the implicit constant with respect to the
dimension k is a more subtle question, we refer to [5] and the references therein for a recent
account.

Proof of Theorem 4.1. Let ¢ be an odd prime, and d = d(q) a prime divisor of ¢ — 1. By the
triangle inequality for the metric #'; we have

Wl(uq,d,t/V(O,Z)) < W1(Hq,d>%l) + Wl(’Yd,e/V((L 2))

The second term converges to zero when d tends to infinity thanks to the central limit
theorem (the term (\/Ezl ... Zq_1)"" does not cause any issue because it has modulus 1/ Vid
so it converges almost surely to zero). Moreover, thanks to Lemma 4.2 the first term is upper

bounded by 4v/3v/d(d + 1)q*ﬁ, so it suffices to show that the condition

log q
d = o| ——F—
g—+oo  \ loglog g

implies that this upper bound converges to zero as q goes to infinity. This comes from the

fact that Lambert Wy function (which is the inverse bijection to x — ze® on [—%, +oo[)
16



satisfies Wo(2) ~us 400 log(z), so the condition above may be rewritten as

d = o —log 4
g0\ Wy (log q)
logg

Therefore, d = Wolog q)&?(q) for some function ¢ that tends to zero as ¢ tends to infinity, so

log q ( log g )
dlogd = ——————¢(g) log | —————¢
547 Wollogq) (@log Wo(log q) @)

and for ¢ large enough this is upper bounded by

log q log q
21 (g) log (L)

Wo(log q) Wo(log q)
but by definition of Wy this is equal to log(q)e(q). This shows that dlog(d) = o(logq)
q—00
and elementary manipulations show that this implies d*? = o (qﬁ), concluding the
q— 00
proof. O

Another type of factorization of d for which the limiting distribution can be determined
is when d is a power of fixed prime. Indeed, when d is of the form r® where r is a prime
number and b > 1, the Laurent polynomial g, of [12, 13] can be made more explicit (this
comes from the fact that the coefficients of the cyclotomic polynomial ®,, are known).
Precisely, [13, Cor. 1] states that the sums S,(a,q) become equidistributed with respect
to the pushforward measure of the Haar measure on (Sl)w(’"b) with respect to the Laurent
polynomial g,» defined by

%2 Tb) rb=1p_2
— E : , E : -1
gyb (21, V- T Z[p(rb)) = zj + 2t rb—1"
j=1 m=1 ¢=0

Rearranging the terms according to their residue classes modulo r°~! we can rephrase that

statement as follows: the sums \%Sd(q, a) become equidistributed with respect to a measure
~vq¢ which the law of a random variable

b—1

1 1
13 —_— Zi oot i —m—-
(13) Tb/QlZ:; 1+t 4y 1+Zi71”‘zw_1
where (Z; j)1<i<r-1, 1<j<r—1 is a family of independent and identically distributed Steinhaus
random variables. Thanks to the proof of Lemma 4.2 (we only used the fact that d is prime
to make 74 more explicit, but the lemma holds for arbitrary d, except for the description of
the Laurent polynomial g;), we have

W1 (Hg,a,Va) < 4\/5\/Zl(d + 1)q_ﬁ'
17



This upper bound converges to zero as d and ¢ tend to infinity provided d = o (101;%)'

Now, if r is fixed and only b varies, the sum (13) may be rewritten as

b—1
1 1
— X,
N ;
where the X; = Z;1 + -+ Z;,—1 + ﬁ are independent and identically distributed
random variables which have mean 0. Thanks to the Central Limit Theorem, we have

where 3 = £Id is the covariance matrix of X; (viewed as a random variable with values in
R?). Taking into account the factor 1/4/7 in front of the sum, we obtain the following result:

Theorem 4.4. Let r be a fized prime. For all integers b and all prime numbers q such that
d =r® divides ¢ — 1, we define the sums \/ian(q, a) as above. Then as d and q both tend to

infinity with d = o (1o§i(éq> , they become equidistributed in the complex plane with respect to

the normal distribution A (0, 31d).

APPENDIX: PROOF OF THE BOBKOV—LEDOUX INEQUALITY

In this section, we reproduce and combine the arguments of Bobkov and Ledoux in [2, 3]
to obtain the variant of [2, Eq. (1.6)] stated in Theorem 1.2, (7). Following the original
source, for an integer d > 1, we identify here the torus (R/Z)? with Qg = [0, 27[¢C R? with
the distance g4 defined in (6).

Lemma 4.5. Denote by Lip%”(Rd, R) the set of maps v: R* — R that are 2m-periodic and
1-Lipschitz (with respect to the euclidean norm on R?). Then we have that for all Borel

probability measures u and v on (Q%, 04),
sup ’/ vdu—/ vdv| = sup ‘/ wdu—/ wdu).
v€Lip?™ (R4,R) d Qd w€Lip?™ (R4, R)NE>® d Qd

Proof. This is a standard smoothing argument by convolution. If v € Lip?’r (R%, R) then one
easily checks that for all € > 0,

1 _lwl?
ve(w) = (2re)ir /Rd v(z —y)e 2= dy

defines a function in Lip;™ (R4, R) N €™ that satisfies ||v. — v]| o ra — 0. Then the result
E—

follows from this approximation by a smooth function. U

Lemma 4.6. Let p and v be two Borel probability measures on (Q%, 04). The following

inequality holds:
m .y 2\1/2
sup ‘/ wd,u—/ wdu‘<< 2: |ii(m) 2(m)| ) .
R)Nz>='JQd Qd |m|

weLipd (R, a0}

18



Proof. Let w € Lip>™ (R4 R) N €. Since w is smooth, it admits a Fourier series expansion
that converges absolutely:

w(x) = Z ame™".

meZd
Moreover, one can differentiate term by term, so that for all k € {1,...,d},
aw - m-x
—(x) = 1My €
meZa

Then thanks to Parseval’s equality (the L2-norm of 2% equals the £>-norm of its sequence of

0
oxyp
1
(27 /Q

Summing over k € {1,...,d} yields

7 b

Finally, we use the fact that w is 1-Lipschitz to deduce that the norm of its gradient is always
bounded above by 1. Therefore,

(14) S mPlanl? < 1.

meZd

Fourier coefficients):

ow 2 91 19
G @] dz =3 Pl

meZd

Vw(a;)rd:c— Z |m|?|am|?.

meZd

To conclude, we first write

(/Qd wdp — /Qd wdu‘z — ‘; am</Qd My () — /Qd eim'xdy(m)>‘2
=32 (fm) —2m) [

meZd

then we observe that the two Fourier coefficients coincide at m = 0, so the right-hand side

may be rewritten as
|5 il (M)
m|

meZi-{0}

2

and the conclusion follows from the Cauchy—Schwarz inequality and (14). O

One deduces quickly the following corollary:

Corollary 4.7. Let u,v be two Borel probability measures on (Q%, 04). The following in-
equality holds:

W) < (Y B PmIEy

m|?
meZi-{0}
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Proof. Thanks to the dual formulation of Th. 1.2 (6), we have

#1(u,v) = sup ‘/ udp — /udu‘
u€Lip; (Q4R d Q4

Now, if u: (Q¢, 04) — R is a 1-Lipschitz map (with respect to g4) then its 27-periodic
extension to R? is a 1-Lipschitz map with respect to the euclidean norm on R?. Conversely,
any v € Lip:™ (R, R) satisfies that Vjqa is 1-Lipschitz with respect to g4. Therefore,

sup ‘/ udp — / udu): sup )/ vd,u—/ vdu‘
u€Lip; (Q4,R)'J Q4 Qd v€Lip?™ (R4,R)'J Q4 Qd

and thanks to Lemma 4.5 and 4.6, the right-hand side is bounded by

n(m) — v(m)|?\1/2
s )y

meZa={0}

O

This corollary is not suitable for all applications because the series on the right-hand
side may well diverge. In order to obtain a more useful inequality, the method is the usual
application of convolution by a measure whose sequence of Fourier coefficients is compactly
supported. Recall that if g and v are Borel probability measures on (R/Z)¢, the convolution
u * v is the unique Borel probability measure on (R/Z)¢ such that

/ ud(p * v) = / u(z + y)dp(z)dv(y)
(R/Z)4 (R/Z)%

for all continuous functions u: (R/Z)? — C. As usual, one can identify p, v and p * v with
measures on Q?, and then

/ ud(p * v) = / u(x +y)du(x)dv(y)
R4 RIxR4

for all functions u: R? — C which are continuous and 27-periodic.

Lemma 4.8. Let p and v be two Borel probability measures on (Q% 04) and let H =
(Hy,...,Hy) be a random vector in R?. For x € R, denote by M(z) the unique element
of (x+2rZ)N(—m,7w|. Let N be the random vector (M(Hy),...,M(Hy)) and let n denote the
law of N. Then

W, v) < Wo(u*n,v*n)+ 2E(|H|).

Proof. Let u € Lip?™(R%, R). By the triangle inequality, we have

‘/dudu—/QdudV <‘/dud,u—/Qdud(,u*n)‘—i—‘/Qdud(u*n)—/Qdud(u*n)’
+’/dudy*n /udu‘

and thanks to Theorem 1.2 (

‘/dud(ﬂ*ﬁ)—/(gdud(u*n)‘ <H(uxnvxn).
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Thus, it suffices to show that

)/d“du—/dudw*n)( < E(H)),

since the same proof will also show the inequality for the term with v and v xn. Now, by
definition of the convolution and the fact that 7 is a probability measure, we have

‘/dud(ﬂ*'ﬂ) — /Qd udu‘ = ‘/d(/du(:r+y) —u(x)du(x)>d77(y)‘
/d< o lu(z +y) — u(x)\du(g;))dn(y)_

Using the fact that u € Lip?"(R?, R), we deduce that

‘/Qdud(#*n)—/ udu‘ / lyldn(y) = E(|N|).

Finally, since for all x € R, [M(z)| < |z|, we have E(|N|) < E(|H|), hence the conclusion. [

/A

Lemma 4.9. For all integers T > 1, there exists a random wvariable H with values in RY
whose characteristic function is supported on the cube [—'T, T|* and such that E(|H|) < @.

Proof. As a first attempt (that will require some adjustments) let us use what is known on
the Fourier transform of the triangle function: it is a classic fact that if X is a real random
variable whose density function is

fx) =

then its characteristic function px(e) = E(e

2(1 — cos(z/2))

T™r

iX-) is given by

px(s) = (1—2[s|)"

where (—)* denotes the positive part. In particular, ¢x is supported on [—%, %], so that
suitable renormalizations of X will allow us to construct random variables with support in
[—T, T] for all T. However, the issue is that E(|X]) = 400, which would make the inequality
of Lemma 4.8 useless. This is why the following adjustment is needed: rather than working

with X, we will work with the random variable £ whose characteristic function is given by

(15) w) = 3lpx = 2x)(5) =3 | (s = thox(t)t

Here, the factor 3 is just a normalization factor to ensure that w(0) = 1, which is a necessary
condition in order to be a characteristic function. Then thanks to the convolution theorem
for the Fourier transform, w is the characteristic function ¢¢ of a random variable £ with
density
5 24(1 — cos(z/2))?
) = 6 f(2)? = =
Since w = 3(px * px), it is supported on [—1, 1], and this time E(|{|) < +00. Even better,
E(£?) is also finite, and can be explicitly computed! Indeed, since w is the characteristic
function of £, the second moment of £ is equal to —w”(0), and this can be calculated from

(15), yielding E(£?) = 12. To conclude, it suffices to deﬁne Has 1 (&1, ..., &) for independent
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random variables ¢ having the same distribution as . Indeed, E(|H|?) = £ and (E[H|)? <
E(|H|?) so E(|H|) < @. Moreover, for all s = (s1,...,s4) € R,

d
pu(s) = [ [wis;/T)
j=1
so the choice of a w supported on [—1, 1] implies that ¢y is supported on [T, T]%. O

Remark. Among all random vectors H such that ¢ is supported on [—T, T]¢, what is the
lowest E(|H|) one can hope for? In this remark, we show that the result of Lemma 4.9 is
close to optimal.

Let us denote by (ey,...,e4) the canonical basis of R and by

Y - RY — C
t=(t,...,ts) — E()

the characteristic function of H. Then for all j € {1,...,d},

Opn
ot

(t) = iE(He" ™).
Therefore, if ¢y is supported on [—T, T]¢, we have pu(Te;) = 0, hence

0
1= |pn(Te;) — ¢u(0 ‘ = ‘/ SOH (sej)ds| < TE(|Hy))

thanks to the triangle inequality. Summing over j and using Cauchy—Schwarz inequality
yields

d < TE(|Hy| + - - + |Hy|) < TVAE(H]|)

hence

< )

Therefore the construction of H in Lemma 4.9 gives the best possible dependence with respect
to T and d. The only question that remains is whether one can obtain E(|H|) = c‘[ for
some 1 < ¢ < 2¢/3.

Proof of Theorem 1.2,(7). Let T > 1 and let H be a random vector as given by the previous
lemma. If 1 and v are two Borel measures on (Q?, o4), then thanks to Lemma 4.8 we have
Walpv) < Wa(p*n,vn)+ 2E([H|)

The choice of H ensures that E(|H|) < Q\ff , 80 it just remains to prove that

Walwemven < (3 Iu(m)m—l;(m)IQ)l/?.

meZ?

This follows from Corollary 4.7 and the fact that 7j(m) = 0 for all m ¢ [T, T]". O
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