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Quality Outcome: YeR
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Dees = (Xnt15 Znt1, Yor1), - s (Xntms Zntm, Ynim)) observe only X and Z.
— ¢(S,Z) € R: measures diversity of set S C [m]
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Context and Aim

Covariates:

Prediction: Diversity Covariate Ze€ Z

Quality Outcome: YeR
Aim: Select X with good quality (Y > 0)
Having diversity for the selected (various 2)

Dees = (Xnt15 Znt1, Yor1), - s (Xntms Zntm, Ynim)) observe only X and Z.
— ¢(S,Z) € R: measures diversity of set S C [m]

{Predictive Covariate X e X

Diverse FDR control
Construct R C [m] such that:

ZieR ]l{yn+i < 0}
pr— <
FDR(R) = E AT <a,

R maximising ¢(S, Zpi1, -+ , Znim)-
» Guarantee over the selected.

» The selection is diverse.
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The e-values lens: FDR control

» Quality scores V(X,y) = —fian(X)1{y < 0} + col{y > 0}

> Dcal = (X‘],Z‘], \/1)7 a(XnaZm Yn)

» Dey = (Xns1,Zns1, Yni1), -+ (Xnxm, Znim, Yorm) Only X and Z are
observed.
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The e-values lens: FDR control

» Quality scores V(X,y) = —fian(X)1{y < 0} + col{y > 0}
> Dcal - (X17Z17 %)7 7(Xn72n7 Yn)

» Dew = (Xnt1, Zos1s Yort)s -+ (Xnsm, Zoym, Ynrm) Only X and Z are
observed.

{Wiy = Wig) = - > Wipim) } =
{V(X1a Y1)a Y V(Xna Yn)a V(Xn+17o)a Y V(Xn+m70)}

Conformal e-values

0 _ (n+ 1)L{V(Xn11,0) < Wiy }
i T4+ 0 =Y epn VX, Yi) > W }

, iem], te[n+m]

e-values control [Nair et al., 2025]

Backwards filtration F; = o (L{ W¢1) from Do}, -+, 1{ W(5 . m) from D, },Z0)
If = stopping time and R € [m] self-consistent w.r.t. (efT)),-E[[mﬂ:

FDR(R) < a
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Optimising diversity: Step-Up procedure

O: = ¢(R},Z) with R} self consistent w.r.t. (e(’)),-e[[mﬂ optimising ¢(+,Z)

1

Aim: Choose the good stopping time
Answer: Supermartingale properties of e-values — Snell envelope for
martingale
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O: = ¢(R},Z) with R} self consistent w.r.t. (ef’)),-e[[mﬂ optimising ¢(+,Z)

Aim: Choose the good stopping time
Answer: Supermartingale properties of e-values — Snell envelope for
martingale
> Sequentially for t € [1, 7a]:
© Reward: R; = E[O:|.F]
® Envelope: E; = R; VE[E;_1|Fi-1] > R:
> 7% = max{t € [1,74] : R:= E:} and select R%.
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Optimising diversity: Step-Up procedure

O: = ¢(R},Z) with R} self consistent w.r.t. (ef’)),-e[[mﬂ optimising ¢(+,Z)

Aim: Choose the good stopping time
Answer: Supermartingale properties of e-values — Snell envelope for
martingale

> Sequentially for t € [1, 7a]:
© Reward: R; = E[O:|.F]
® Envelope: E; = R; VE[E;_1|Fi-1] > R:
> 7% = max{t € [1,74] : R:= E:} and select R%.

Snell Envelope optimisation [Nair et al., 2025]

If = < 74y Stopping time and R € [m] self-consistent w.r.t. (e,(”),-e[[m]]:

Elp(R7+: D) Froul = Elp(R, Z)[Fr]

Problem: E is not known (distribution free)
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Optimising diversity: Step-Up procedure

O: = ¢(R},Z) with R} self consistent w.r.t. (ef’)),-e[[mﬂ optimising ¢(+,Z)

Aim: Choose the good stopping time
Answer: Supermartingale properties of e-values — Snell envelope for
martingale

> Sequentially for t € [1, 7a]:
@ Reward: R; = E,..[|O| Fi
® Envelope: E; = R V Een[Er—1]| F—1] > Ry
> 7 = max{t € [1, 7] : Rr = E;} and select R.
Snell Envelope optimisation [Nair et al., 2025]
If 7 < 74 Stopping time and R € [m] self-consistent w.r.t. (e,(”),-e[[m]]:

Eexch[@(R:*vz)‘fTBH] Z Eexch[(p(Rv Z)|‘7:TBH]

Problem: E is not known (distribution free)= Use computable E.,.,
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Summary

Congratulations on the great work & talk!
Strong application in “fair” ML!
Paves the way to general selection while optimising!
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» General theoretical methods that can applied for various problems
» With various shortcuts

Questions
© Can we apply this in a diverse testing problem? Replace Y by 1{Y > 0}?

® How faris E,...[p(R,Z)] of E[p(R,Z)]? Coupling properties? Wasserstein
distance between real distribution of (X, Z, Y) and ones such that E.,. is defined?

® Can we create prediction region with FCR control? Informative diverse
selection with e-values? And V not the clipped score

@ Why the 1.3« control in the relaxed problem? Is it possible to remove it?
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