Transductive conformal inference with adaptive scores
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Context

e Reliable machine learning: guarantees for blackboxes

e Large scale inference problem: simultaneous guarantees

Conformal Inference

e Distribution free: use only exchangeability

e Finite sample: true for any sample size

Two tasks:
e Prediction intervals with controlled coverage
e Novelty detection with controlled errors

Classical approach: Expectation guarantees of errors

Aim: Uniform in probability guarantees.

Split Conformal Prediction

Nonparametric regression.
e Data: X; and Y; resp. feature and response of unit i
e Regression function: p(x) = E[Y;| X; = x]

e Good predictor: i

How close is 1i(X;411) to Y11 ?

e lraining N,

e Non-Conformity scores §(x, y) =9g(x,y; D) €ER
For example, S(x, y) = Hﬁ(x) — gH

e Calibration D, = (X4, Y1), ..., (Xn, Yn)

o fest D, = (Xn_|-1, Yn_|_1), e ,(Xn—l—m, Yn—l—m), OnlLJ the X
are observed.

Split Conformal inference [Papadopoulos et al., 2002

Conformal p-values

AN

e Observed scores S = S(Xi, Yi), 1 < k <n
efForally eRand i€ [m]:
) VT 2ke[n] 1Si>S(X0s1y)

Pi = n -+ 1

e Prediction interval Ci(a) = Co(D..in» Doy Xni) for Yo

Cila) = {g e R; pﬁ-y) > 0(}

Training
— True Calibration
Prediction e Test

Assumption (A)

(S(X, Y)) exchangeable and no ties a.s.
(X: Y) ED:alUDest

Under Assumption (A), (n + 1)pq ~ Unif([n + 1]).

Theorem [Papadopoulos et al., 2002]

Under Assumption (A), P(Y,1; ¢ Ci(a)) < a.

Joint law of conformal
p-values ? Try with t.i.d.
scores

D)
Focus on Pj

Ppn m s the distribution of the colors of m draws in a Polya
urn model with n 4+ 1 colors labelled {% ¢eln+1]}

Let (Uq, -+, Up) Lid. Unif(0, 1).
Sort 0 = Yoy < Uy <+ < Uy < Y1) = 1 and define

the discrete distribution PY on the set {% ¢en+1]}
with
PU{e/(n +1)}) = Ug) — Upp—1y.

Li.d.

Draw (q1, e, qm|U) = PY then
an,rn — D(C/l,l & IIIT’]:I)

Transductive Prediction

Construct Cy = (Ci(a))ie[[m]] for m test points.

False Coverage Proportion :

cPie) = Y 1y, cio
ie[m]

1 T
m Z ]IIJEY”“)SO( = Fm(a)
ie[m]

Known results under Assumption (A):
‘Marginal Control| For all a, E(/t_m(a)) < «

Vovk, 2013] FWER control: P(FCP(Cgy/p) > 0) < o,

Marques F., 2023] : for all t, /?m(t) follows a Polya urn
distribution.

Contribution

» Joint law of conformal p-values,

» Precise (in probability) control of the FCP for
simultaneous inference,

» Uniform error bounds for data-driven threshold,

» Use of adaptive scores.

Joint Law and Concentration

General results on conformal p-values.

Theorem Joint Law

Under Assumption (A), (pgy”“), . ,,3577Y'7+'7’)) ~ Ppn m.

p-values law free of scores underlying distribution.

Theorem DKW Inequality

Under Assumption (A), forall A >0, n,m > 1,

IP( sup (Fm(t)—In(t)) >A)g 1
te[0,1]

n 2 V 27_1)\Tn’n7 e_ZTn,m)\z
(n + m)1/2

where T ;m (= nm(n + m)_1 “effective sample size”,

| (n+1)t]
n+1 '

and [p(t) =

Since Theorems holds for any exchangeable scores, one
can use D, U D., in an exchangeable way to create
adaptive scores, as in [Marandon et al., 2022| for novelty
detection.

Application 1: Adaptive Scores

Adaptive and Exchangeable Scores

e Semi-supervised:

AN AN

X
Sx,y)=35 (X, Y; Dyaie; Dcamest):

e S permutation invariant w.r.t. (X1, ..., Xa+m);
e Assumption (A) holds if D, U D, i.i.d.

—

only exchangeable
even with ii.d.

Transfer Learning, Domain Adaptation data
oD

cal

UD.. i.id. with distribution P,
oD

)i Lid. with distribution Q # P.

Use of Dca)litest in an exchangeable way for "transfer” and

Assumption (A) holds and so on all Theorems.

2.01
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Application 2: Data Driven Level

Corollary GBR

Let @ € (0, 1) a random prediction level.
Under Assumption (A), with probability at least 1 — 0,

A~ DKW
FCP(Cq) < @+ g, ,, = FCP;
With )\%Kﬁ . inverse function of the RHS of above DKW-
type inequality.

Example: a = inf{a € (0,1),Vi € [m], Length[C;(a)] < 2L}.

FCP(Itransfer)
P’(}—P5DKW (Itra nsfer)
FCP(Inaive)
FC—P(SDKW(Inaive)
FCP(ISp“t)
m—P5DKW(IspIit)
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Application 3: Novelty Detection

Novelty detection setting [Marandon et al., 2022]

oD . iid law Py,
oD i.id. law Py,
e D... independent either distributed as Py or not,

e FDP(R) ="proportion of incorrect detection in R".

Compute novelty scores S(Z;) for D, U D., compute p-
values and consider thresholding procedures:

R(t)={ie[m],pi <t} te(0,1)

Corollary Uniform Bound

Under Assumption (A) for D, U {Z,1i,i € Hp}, with
probability at least 1T — 0 we have for all t € (0, 1),

DKW
o,n,r

I7A70/n(t) + maXl‘Eﬂn/\m]]{r)\
1V |R(t)]

FDP(R(t)) <

With img a specific estimator of [Ho| and A" _inverse
function of the RHS of above DKW-type inequality.

<
o
1

Error Proportion

e
W
1

— FDPE;W : TwoClass (This work)
FDP(R(t)) : TwoClass (Adaptive score)

DKW

—— FDP,; s : OneClass
FDP(R(t)) : OneClass (No-Adaptive score)
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