
Transductive conformal inference with adaptive scores
Ulysse GazinLPSM, Université Paris cité, FR

ulysse.gazin@lpsm.paris

Gilles BlanchardIMO, Université Paris-Saclay, FR
gilles.blanchard@universite-paris-saclay.fr

Etienne RoquainLPSM, Sorbonne Université, FR
etienne.roquain@upmc.fr

• Reliable machine learning: guarantees for blackboxes
• Large scale inference problem: simultaneous guarantees

• Distribution free: use only exchangeability
• Finite sample: true for any sample size
Conformal Inference

Two tasks:
• Prediction intervals with controlled coverage
• Novelty detection with controlled errorsClassical approach: Expectation guarantees of errors

Aim: Uniform in probability guarantees.

Context

Nonparametric regression.
• Data: Xi and Yi resp. feature and response of unit i
• Regression function: µ(x) = E[Yi|Xi = x ]
• Good predictor: µ̂

How close is µ̂(Xn+1) to Yn+1 ?

• Training Dtrain
• Non-Conformity scores Ŝ(x, y) = ĝ(x, y; Dtrain) ∈ RFor example, Ŝ(x, y) = ∥∥µ̂(x) − y

∥∥.
• Calibration Dcal = (X1, Y1), . . . , (Xn, Yn)
• Test Dtest = (Xn+1, Yn+1), · · · , (Xn+m, Yn+m), only the Xare observed.

Split Conformal inference [Papadopoulos et al., 2002]

Conformal p-values
• Observed scores Sk = Ŝ(Xk , Yk ), 1 ≤ k ≤ n
• For all y ∈ R and i ∈ JmK:

p(y)
i = 1 + ∑

k∈JnK 1Sk≥S(Xn+i,y)
n + 1

• Prediction interval Ci(α) = Cα(Dtrain, Dcal, Xn+i) for Yn+i

Ci(α) = {
y ∈ R; p(y)

i > α
}
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(
Ŝ(X, Y ))(X,Y )∈Dcal∪Dtest exchangeable and no ties a.s.

Assumption (A)

Under Assumption (A), (n + 1)p1 ∼ Unif(Jn + 1K).
Under Assumption (A), P(Yn+i /∈ Ci(α)) ≤ α .Theorem [Papadopoulos et al., 2002]

Split Conformal Prediction

Pn,m is the distribution of the colors of m draws in a Pólyaurn model with n + 1 colors labelled { ℓ
n+1, ℓ ∈ Jn + 1K

}.Let (U1, · · · , Un) i.i.d. Unif(0, 1).Sort 0 = U(0) < U1 < · · · < U(n) < U(n+1) = 1 and definethe discrete distribution PU on the set { ℓ
n+1, ℓ ∈ Jn+1K

},with PU({ℓ/(n + 1)}) = U(ℓ) − U(ℓ−1).Draw (
q1, . . . , qm|U

) i.i.d.∼ PU then
Pn,m = D

(
qi, i ∈ JmK

)
.

Focus on Pn,m

Joint law of conformal
p-values ? Try with i.i.d.scores

Construct Cα = (Ci(α))i∈JmK for m test points.

False Coverage Proportion :

FCP(Cα) = m−1 ∑
i∈JmK

1Yn+i /∈Ci(α)
= m−1 ∑

i∈JmK

1p(Yn+i)
i ≤α = F̂m(α)

Known results under Assumption (A):
• [Marginal Control] For all α , E(

F̂m(α)) ≤ α

• [Vovk, 2013] FWER control: P(FCP(Cα/m) > 0)
≤ α ,

• [Marques F., 2023] : for all t, F̂m(t) follows a Pòlya urndistribution.
▶ Joint law of conformal p-values,
▶Precise (in probability) control of the FCP for

simultaneous inference,
▶Uniform error bounds for data-driven threshold,
▶Use of adaptive scores.

Contribution

Transductive Prediction

General results on conformal p-values.

Under Assumption (A), (
p(Yn+1)1 , · · · , p(Yn+m)

m
)

∼ Pn,m.
p-values law free of scores underlying distribution.
Theorem Joint Law

Under Assumption (A), for all λ > 0, n, m ≥ 1,
P

( sup
t∈[0,1](F̂m(t)−In(t)) > λ

)
≤

[1 + 2√2πλτn,m(n + m)1/2
]

e−2τn,mλ2

where τn,m := nm(n + m)−1 “effective sample size”,and In(t) = ⌊(n+1)t⌋
n+1 ,

Theorem DKW Inequality

Since Theorems holds for any exchangeable scores, onecan use Dcal ∪ Dtest in an exchangeable way to createadaptive scores, as in [Marandon et al., 2022] for noveltydetection.

Joint Law and Concentration

• Semi-supervised:
Ŝ(x, y) = Ŝ

(
x, y; Dtrain; D Xcal+test

);
• Ŝ permutation invariant w.r.t. (X1, . . . , Xn+m);
• Assumption (A) holds if Dcal ∪ Dtest i.i.d.

Adaptive and Exchangeable Scores

Transfer Learning, Domain Adaptation
• Dcal ∪ Dtest i.i.d. with distribution P ,
• Dtrain i.i.d. with distribution Q ̸= P .Use of D Xcal+test in an exchangeable way for "transfer” andAssumption (A) holds and so on all Theorems.
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Application 1: Adaptive Scores

only exchangeableeven with i.i.d.data

Let α̂ ∈ (0, 1) a random prediction level.Under Assumption (A), with probability at least 1 − δ ,FCP(Cα̂) ≤ α̂ + λDKW
δ,n,m = FCPDKW

δWith λDKW
δ,n,r inverse function of the RHS of above DKW-type inequality.

Corollary GBR

Example: α̂ = inf{α ∈ (0, 1), ∀i ∈ JmK, Length[Ci(α)] ≤ 2L}.

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Prediction Interval length 2L

0.0

0.2

0.4

0.6

0.8

1.0

E
rr

or
pr

op
or

ti
on

FCP(Itransfer)

FCP
DKW

δ (Itransfer)

FCP(Inaive)

FCP
DKW

δ (Inaive)

FCP(Isplit)

FCP
DKW

δ (Isplit)

Application 2: Data Driven Level

Novelty detection setting [Marandon et al., 2022]
• Dtrain i.i.d. law P0,
• Dcal i.i.d. law P0,
• Dtest independent either distributed as P0 or not,
• FDP(R) ="proportion of incorrect detection in R”.Compute novelty scores Ŝ(Zi) for Dcal ∪ Dtest, compute p-values and consider thresholding procedures:

R(t) = {i ∈ JmK, pi ≤ t}, t ∈ (0, 1)
Under Assumption (A) for Dcal ∪ {Zn+i, i ∈ H0}, withprobability at least 1 − δ we have for all t ∈ (0, 1),
FDP(R(t)) ≤

m̂0In(t) + maxr∈Jm̂0K{rλDKW
δ,n,r}1 ∨ |R(t)| = FDPDKW

t,δ

With m̂0 a specific estimator of |H0| and λDKW
δ,n,r inversefunction of the RHS of above DKW-type inequality.

Corollary Uniform Bound
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Application 3: Novelty Detection
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