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Introduction

� Review of: GCn, graph complex introduced by Kontsevich (in the case
n � 2),
defined over Q,
and equipped with
� a preLie algebra structure
� a differential δµpαq � rµ, αs determined by a Maurer-Cartan element
µ P MCpGCnq

� Theorem (Willwacher, BF-Willwacher):

Q�
 exp Z0pGCµ
n b̂ Ω�p∆
qq � AuthOppEnq

^

Q (1)

where
� En � model of an En-operad
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� Remark: In the case n � 2:

Q�
 exp Z0pGCµ
2 b̂ Ω�p∆
qq � AuthOppE2q

^

Q, (1)

we have

AuthOppE2q
^

Q � GTpQq 
 pSO2q
^

Q (BF)

and (1) is related to:

H0pGCµ
2 q � grt1`Qr1s (Willwacher)
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� Remark:

Q�
 exp Z0pGCµ
n b̂ Ω�p∆
qq � AuthOppEnq

^

Q (1)

ô MC
pGCnqµ � hofib
�
B AuthOppEnq

^

Q Ñ B AutOp H�pEn,Qq
�

(1’)

where
� MC
pgq � MCpg b̂Ω�p∆qq
� MC
pgqµ � connected component based at µ P MCpgq
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� Goal: EGCn, graph complex with coefficients in an injective resolution
of the trivial representation of permutations/graph automorphisms,
defined over any ring K,
and equipped with
� a partition preLie algebra structure

� Conjecture (K � F̄ℓ with ℓ odd):

MC
pEGCnqλ � hofib
�
B AuthOppEnq

^

ℓ Ñ B AutOp H�pEn,Zℓq
�

(2)

where
� MC
pgq � MCpg b̂C�p∆qq
� λ P MCpEGCnq is a well-determined Maurer-Cartan element associated

to the operad En
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� Remark: In the case n � 2:

MC
pEGC2qλ � hofib
�
B AuthOppE2q

^

ℓ Ñ B AutOp H�pE2,Zℓq
�

(2)

we have

AuthOppE2q
^

ℓ � GTpZℓq 
 pSO2q
^

ℓ (Horel)

so that (2) gives:

MC
pEGC2qλ � hofib
�
BpGTpZℓq 
 pSO2q

^

ℓ q Ñ BpZ^ℓ q
�

(conjecture)
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Plan

1. Quick recollections on operads and on En-operads

2. Survey of the definition of the graph complex GCn

3. The definition of the graph complex EGCn

4. Results and conjectures
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§0. Recollections on operads and on En-operads

� An operad P in a symmetric monoidal category
pM,bq � pTop,�q, pdg Mod ,bq, . . . consists of:
� a collection of objects Pprq P M, r P N, so that the elements p P Pprq

represent operations on r variables

p � ppx1, . . . , xr q

together with:
� an action of the symmetric groups Σr ñ Pprq so that

σp � ppxσp1q, . . . , xσprqq, for σ P Σr ,

� composition products �i : Ppkq b Pplq Ñ Ppk � l � 1q, i � 1, . . . , k, so
that

p �i q � ppx1, . . . , xi�1, qpxi , . . . , xi�l�1q, xi�l , . . . , xk�l�1q
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� Definition: an En-operad in Top is an operad En P Top such that:

En � Cn

where Cn � operad of little n-cubes.

� Idea: En governs operations associated to multiplicative structures
that are ho-commutative up to some degree, measured by n.

� Example: En � FMn, where

FMnprq � Fulton-MacPherson compactification of FpRn, rq{R¡0
Rn

with

FpRn, rq � tpv1, . . . , vr q P pRnq�r |vi �� vj p@i �� jqu

� Remark: FMnp2q � Sn�1 and Enp2q � Sn�1 in general.
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§1. The graph complex GCn

� Reminder: FMnp2q � Sn�1 and in general Enp2q � Sn�1.
� Observations:

1. For r P N, we have a map:

ψ : Enprq Ñ
¡

1¤i,j¤r

Sn�1
ij

such that

ψpv1, . . . , vr q �
vi � vj
||vi � vj ||

(in the case En � FMn)

and ψppq � pp�, . . . , xi , . . . , xj , � � � �q (in general)

2. The collection KS
n prq �

�
ij S

n�1
ij inherits the structure of an operad

and ψ defines an operad morphism.
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� Construction:
� In pgr ComAlg ,bq we form:

Gracnprq �
â

1¤i,j¤r

Spωijq

where Sp�q � symmetric algebra and with deg�pωijq � n � 1,
ωji � p�1qnωij .

� The elements γ P Gracnprq are represented by graphs

γ � γp�1, . . . , �r q,

based at vertices �1, . . . , �r , with an edge �i � �j for each factor ωij .
� The collection Gracnprq is equipped with a cooperad structure with

composition coproducts:

��k : Gracnprq Ñ Gracnpr { kq b Gracnpkq

such that

��k : γ ÞÑ γ{pγ|k � ��q b γ|k

where γ|k � induced subgraph based at the vertices �i , i P k
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� Recollections:
� Com � operad of commutative algebras with Comprq � K (@r), and

Comc � dual cooperad.
� We have

BcpΛ�n Comcq
�
ÝÑ Lien ô Liecn

�
ÝÑ BpΛn Comq,

where:
� Bp�q{ Bcp�q � operadic bar/cobar construction
� Λk � operadic suspension with Λk Pprq � Pprq���kpr�1q

� Lien � graded operad of Lie algebras with degr�,�s � n � 1 and
Liecn � dual cooperad.

so that:
hoLien � BcpΛ�n Comcq

is an operad govering homotopy Lien-algebras.
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� Recollections:
� In general, for C a dg-cooperad and P a dg-operad, the hom-object:

DfmpC,Pq � HomΣpC¥2,P¥2q

is equipped with a preLie-algebra structure such that:

utvupcq �
¸
pcq

upc 1q �� vpc2q,

where we take the sum over all cooperadic coproduct shapes
�k : c ÞÑ c 1 b c2 in C,

� and we have:

Mordg OppB
cpCq,Pq � MCpDfmpC,Pqq � Mordg Opc pC, BpPqq

� Definitions:

fGCn � DfmpGracn,Λ
n Comq

� zSpantγ_|γ � γp
, . . . , 
q graph with undistinguishable verticesu

GCn � subcomplex spanned by connected graphs in fGCn
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§2. The graph complex EGCn

� Recollections (the surjection operad):
� For r P N, we form the dg-module Eprq such that

Eprqp � Spantu � pup1q, . . . , upr � pqq|uptq P ru{ �,

where we take

u � 0

#
if t ÞÑ uptq does not surject over r

or if uptq � upt � 1q for some t

together with the differential such that

δpuq �
r�p̧

t�1

�pup1q, . . . ,yuptq, . . . , upr � pqq.

� The collection Eprq inherits an operad structure such that E
�
ÝÑ Com.
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� Construction:
� In dg EAlg we form:

EGracnprq �
ª

1¤i,j¤r

Epωijq

where Ep�q � free E-algebra,
�

� coproduct in dg EAlg , and with
deg�pωijq � n � 1, ωji � p�1qnωij .

� The elements in EGracnprq are represented by tensors u b γ, where

γ � γp�1, . . . , �r q,

is a graph based at vertices �1, . . . , �r and edge set
e � tωit jt |t � 1, . . . ,mu and u P Epeq.

� The collection EGracnprq is equipped with a cooperad structure with
composition coproducts:

��k : EGracnprq Ñ EGracnpr { kq b EGracnpkq

such that ��k : u b γ ÞÑ �pu1 b γ{pγ|k � ��qq b pu2 b γ|kq

where

#
u1 � u, terms associated to edges ω R γ|k,

u2 � u, terms associated to edges ω P γ|k,
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� Definition:

fEGCn � DfmpEGracn,Λ
n Comq

� zSpantu_ b γ_|γ � γp
, . . . , 
qu

EGCn � subcomplex spanned by connected graphs in fEGCn

� Observation: The complexes fEGCn and EGCn inherit a
Γ preLie-algebra structure with:

u_ b α_tv_1 b β_1 , . . . , v
_

r b β_r um1,...,mr

� pu� v1 � � � �� v1loooooomoooooon
m1

� � � �� vr � � � �� vrloooooomoooooon
mr

q_

b αtβ1, . . . , β1loooomoooon
m1

, . . . , βr , . . . , βrloooomoooon
mr

u{m1! � � �mr !

and so that:

MCpfEGCnq � Mordg Opc pEGra
c
n,BpΛ

n Comqlooooomooooon
hoLiecn

q.
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� Recollections:
� The collection Eprq_ � HompEprq,Kq is equipped with an operad

structure so that we have:

Com
�
ÝÑ E_ Ñ Zin,

where Zin � Zinbiel operad,
with µ P Comp2q carried to µ � 12_ � 21_ P Ep2q_ (Brantner et al.)

� For K P sSet, we have Eñ C�pK q (Berger-BF)

� Observation: We have E_b preLieñ EGCn, giving to EGCn the
structure of a partition preLie algebra, and as a consequence

Γ BcpΛ�1 Permqlooooooomooooooon
�hopreLie

Ñ E_b preLiebEñ EGCn b̂C�p∆
q

so that (by Verstraete thesis) we can form

MC
pEGCnq � MCpEGCn b̂C�p∆
qq.
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§3. Results and conjectures

� Construction:

1. For α P MCpfGCnq, we can form:

Twα Gracnprq � Spantγp�1, . . . , �r , 
, . . . , 
qu

with a differential twisted by the action of α.
2. For α P MCpGCnq, we can form:

Graphsαn � Twα Gracnprq{ �

where we take γ � 0 if the graph γ contains a connected component of
internal vertices 


3. We have GCαn ñ Graphsαn .

Benoit Fresse (Université de Lille) The partition preLie algebra of graphs (. . . ) Nancy, 12/3/2025 18 / 21



� Recollections:
� Take µ � 
 � 
 P MCpGCnq. We have

Poiscn � H�pFMn,Rq
�
ÐÝ Graphsµn

�
ÝÑ Ω�

7 pFMn,Rq (Kontsevich)

where Ω�
7 p�,Rq � real operadic Sullivan model, and as a follow-up:

xGraphsµn y � pFMnq
^
R ,

where x�y � Sullivan realization.
� These equivalences can be defined over Q (BF-Willwacher), so that we

can take
pEnq

^
Q � xGraphsµn y.

� Theorem (BF-Willwacher): The action GCµ
n ñ Graphsµn integrates to

the equivalence:

Q�
 exp Z0pGCµ
n b̂ Ω�p∆
qq � AuthOppEnq

^

Q
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� Construction:
� In the case char K � ℓ odd, we can form the map:ª

1¤i,j¤r

Epωijq Ñ
ª

1¤i,j¤r

C�pSn�1
ij q

�
ÝÑ C�p

¡
1¤i,j¤r

Sn�1
ij q

by fixing a representative of the fundamental class ωij � ω P C�pSn�1q
such that τω � p�1qnω.

� Then we get a morphism of dg-cooperads:ª
1¤i,j¤r

Epωijqloooooomoooooon
�EGracn

Ñ C�p
¡

1¤i,j¤r

Sn�1
ijlooooomooooon

�KS
n

q
ψ�

ÝÝÑ C�pEnprqq

which we can compose with the Koszul duality map of En-operads:

C�pEnq
�
ÝÑ BpΛnC�pEnqq Ñ BpΛn Comq

to get a morphism of dg-cooperads

EGracn Ñ BpΛn Comq

corresponding to some λ P MCpfEGCnq.
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� Claim: This element λ P MCpfEGCnq, corresponding to:

EGracn Ñ C�pEnq
�

ÝÑ BpΛnC�pEnqq Ñ BpΛn Comq,

consists of connected graphs, and hence satisfies λ P MCpfEGCnq.

� Conjecture (K � F̄ℓ with ℓ odd):

MC
pEGCnqλ � hofib
�
B AuthOppEnq

^

ℓ Ñ B AutOp H�pEn,Zℓq
�

Thank you for your attention
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