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Introduction

» Review of: GC,, graph complex introduced by Kontsevich (in the case
n=2),
defined over Q,
and equipped with

> a prelie algebra structure

> a differential 6, () = [i1, ] determined by a Maurer-Cartan element
1€ MC(GC,)

» Theorem (Willwacher, BF-Willwacher):

Q* x expZ®(GCHRQ*(A®)) ~ Autgp(En)@ (1)

where
» E, = model of an E,-operad
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» Remark: In the case n = 2:
Q* x expz(GChH ®Q*(A*)) ~ Autf,(E2)p, (1)
we have
Autd,(E2)g ~ GT(Q) x (S02)§ (BF)
and (1) is related to:

H°(GCY) ~ grt; @ Q[1] (Willwacher)
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» Remark:
Q* x expZ?(GCh @ Q*(A*)) ~ Autf,(En)) (1)
& MC.(GCp), ~ hofib(BAutf,(En)o — BAute, He(En, Q) (1)
where

> MC.(g) = MC(g®Q*(A))
> MC.(g), = connected component based at 1 € MC(g)
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» Goal: EGC,, graph complex with coefficients in an injective resolution
of the trivial representation of permutations/graph automorphisms,

defined over any ring K,
and equipped with
> a partition preLie algebra structure

» Conjecture (K = [, with ¢ odd):
MCy(EGCp)x ~ hofib(BAutf,(En) — BAuto, He(En, Zo))  (2)
where
> MC.(g) = MC(g®C*(A))

» A e MC(EGC,) is a well-determined Maurer-Cartan element associated
to the operad E,
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» Remark: In the case n = 2:
MC,(EGC2)x ~ hofib(B Autf,(E2); — BAute, He(E2,Z())  (2)
we have
Aut'@’p(Eg)ZA ~ GT(Zy) x (802); (Horel)
so that (2) gives:

MC,(EGCy)x ~ hofib(B(GT(Z¢) x (S02);') — B(Z;)) (conjecture)
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Plan

1. Quick recollections on operads and on E,-operads
2. Survey of the definition of the graph complex GC,,
3. The definition of the graph complex EGC,,

4. Results and conjectures
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80. Recollections on operads and on E,-operads

» An operad P in a symmetric monoidal category
(M, ®) = (Top, x), (dg Mod,®), ... consists of:
» a collection of objects P(r) e M, r € N, so that the elements p € P(r)
represent operations on r variables

p=p(xi,...,x)

together with:
» an action of the symmetric groups ¥, —~ P(r) so that

op = p(Xa(l)a-~-7Xa'(r))a foroeX,,

> composition products o; : P(k) @ P(/) > P(k+1—-1),i=1,...,k, so
that

Poiq=pP(Xt, s Xi1,q(Xis ooy Xig 1), Xitly oy Xk41—1)
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» Definition: an Ep-operad in Jop is an operad E, € Top such that:
En ~ Cn

where C,, = operad of little n-cubes.

> ldea: E, governs operations associated to multiplicative structures
that are ho-commutative up to some degree, measured by n.

» Example: E, = FM,,, where

FM,(r) = Fulton-MacPherson compactification of F(R", r)/R-o x R"
with
FR™, r) = {(vi,...,v,) € R")*"|v; + v; (Vi ¥ )}

» Remark: FM,(2) = $"~! and E,(2) ~ S"~! in general.
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§1. The graph complex GC,,

» Reminder: FM,(2) = S"~! and in general E,(2) ~ S"~1.
» Observations:
1. For r e N, we have a map:

Y Ep(r)—> X 55_1
1<ij<r
such that

V,'—VJ'

P(vi, ..., v) (in the case E, = FM,))

i — vl
and Y(p) = p(*,...,%,...,%, --*) (in general)
2. The collection K3(r) = X S,.;?_l inherits the structure of an operad

and v defines an operad morphism.
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» Construction:
* In (gr Com Alg, ®) we form:

Gray(r) = ® S(wj)

1<ij<r

where S(—) = symmetric algebra and with deg™(w;;) = n—1,
wJ-,- = (—1)"w,-j.
» The elements v € Gra((r) are represented by graphs
’y = 7(017' . -»Or)7

based at vertices oy, ..., o,, with an edge o; — o; for each factor wj.
» The collection Graj,(r) is equipped with a cooperad structure with
composition coproducts:

of : Graj(r) — Graj(r/k) ® Grag (k)
such that
ok 17— /(M = °x) ® Yk

where ) = induced subgraph based at the vertices o;, i € k
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> Recollections:
» Com = operad of commutative algebras with Com(r) = K (Vr), and

Com® = dual cooperad.
> We have

B°(A""Com®) = Lie, <« Lie; — B(A" Com),

where:
> B(—)/B°(—) = operadic bar/cobar construction
» A¥ = operadic suspension with A* P(r) = P(r)§+k(r—1)
> Lie, = graded operad of Lie algebras with deg[—,—] = n—1 and
Lief = dual cooperad.
so that:

holLie, = B°(A~" Com®)

is an operad govering homotopy Lie,-algebras.
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» Recollections:
> In general, for C a dg-cooperad and P a dg-operad, the hom-object:

Dfm(C, P) = Homz(ng, P>2)
is equipped with a prelie-algebra structure such that:

ufvi(c) = Y ulc) ox v(c"),
{c)
where we take the sum over all cooperadic coproduct shapes

op:c—c®c"inC,

> and we have:
Mor g 0p(B(C), P) = MC(Dfm(C, P)) = Morgg 0pc(C, B(P))
» Definitions:
fGC,, = Dfm(Gra,, A" Com)
= S/pa\n{vV |7 = (e, ..., ) graph with undistinguishable vertices}

GC,, = subcomplex spanned by connected graphs in fGC,
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§2. The graph complex EGC,,

» Recollections (the surjection operad):
» For r € N, we form the dg-module E(r) such that

E(r)p = Span{u = (u(1),...,u(r + p))|u(t) e r}/ =,
where we take

0 if t — u(t) does not surject over r
u=
- or if u(t) = u(t + 1) for some t

together with the differential such that

r

+

p ——

S(u) = > +(u(@),...,u(t),...,u(r + p)).
t=1

» The collection E(r) inherits an operad structure such that E = Com.
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» Construction:
» In dg EAlg we form:

EGra(r) = \/ E(wy)
1<ij<r

where E(—) = free E-algebra, \/ = coproduct in dg E Alg, and with
deg*(w,-j) =n— 1, Wwji = (—1)"w,-j.
» The elements in EGra(r) are represented by tensors u ® 7, where

v = ’Y(Olw"vor)v

is a graph based at vertices o1,...,0, and edge set
e={wp;|t=1,...,m} and u € E(e).

» The collection EGra{(r) is equipped with a cooperad structure with
composition coproducts:

op : EGraj(r) — EGraj(r/k) ® EGray(k)

such that of : u®y = (U @7/(Y = 0x)) ® (U" ®Yk)

{u’ C u, terms associated to edges w ¢ V|,
where =

u"” c u,terms associated to edges w € 7,
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» Definition:
fEGC, = Dfm(EGraj,, A" Com)
= Span{u’ ©7" |7 = (s, ..., *)}
EGC, = subcomplex spanned by connected graphs in fEGC,,
» Observation: The complexes fEGC, and EGC,, inherit a

[ preLie-algebra structure with:

u' ®a’{vy ®ByY,...,v) ®B Y my,...m,
=(uWvy W - Wwvp W Wy, W W)Y

my my
®a{517"'7/81)°"aﬁrv"'vﬁr}/ml!"'mr!

— —

my my

and so that:
MC(fEGC,) ~ Mor g4z opc (EGray,, B(A" Com)).
—_——
holLie§
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» Recollections:
» The collection E(r)¥ = Hom(E(r),K) is equipped with an operad
structure so that we have:

Com = EY — Zin,

where Zin = Zinbiel operad,
with 1 € Com(2) carried to = 12¥ + 21" € E(2)" (Brantner et al.)
> For K € s8et, we have E ~ C*(K) (Berger-BF)

» Observation: We have EV ® preLie —~ EGC,, giving to EGC,, the
structure of a partition preLie algebra, and as a consequence

FB"(/\_1 Perm) — EY @ preLie® E —~ EGC,&®C*(A*)
—_—
=hopreLie

so that (by Verstraete thesis) we can form

MC,(EGC,) = MC(EGC,®C*(A*®)).
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§3. Results and conjectures

» Construction:
1. For o € MC(fGC,,), we can form:

Tw® GraS(r) = Span{v(o1,...,9,,9,...,0)}

with a differential twisted by the action of a.
2. For o € MC(GC,,), we can form:

Graphs = Tw® Grai,(r)/ =
where we take v = 0 if the graph v contains a connected component of

internal vertices e
3. We have GC; —~ Graphs.
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» Recollections:
> Take = o — e € MC(GC,,). We have

Pois;, = H*(FM,,, R) < Graphs} — QF(FM,,R)  (Kontsevich)
where Qf (—,R) = real operadic Sullivan model, and as a follow-up:
(Graphsh> ~ (FM,)R,

where (=) = Sullivan realization.
> These equivalences can be defined over Q (BF-Willwacher), so that we
can take

(En)gp = {Graphsh>.

» Theorem (BF-Willwacher): The action GCH —~ Graphsh integrates to
the equivalence:

Q* w expZ%(GCL®Q*(A%)) ~ Auth (En)d
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» Construction:
*> In the case char K = ¢ odd, we can form the map:

\/ Ew)— \/ S S e X s
1<ij<r 1<ij<r 1<ij<r

by fixing a representative of the fundamental class w; = w € C*(5"71)
such that 7w = (—1)"w.
» Then we get a morphism of dg-cooperads:

\/ Elwy) = C*( X P45 CHEA)
1<ij<r 1<ij<r
=EGra§ =KS

n

which we can compose with the Koszul duality map of E,-operads:
C*(En) = B(A"C4(E,)) — B(A" Com)
to get a morphism of dg-cooperads
EGraf, — B(A" Com)
corresponding to some A € MC(fEGC,).
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» Claim: This element \ € MC(fEGC,,), corresponding to:
EGra¢ — C*(E,) = B(A"C.(E,)) — B(A" Com),

consists of connected graphs, and hence satisfies A € MC(fEGC,,).
» Conjecture (K = [y with £ odd):

MC4 (EGC,)x ~ hofib(B Autf,(E,); — BAute, Hy(En, Z¢))

Thank you for your attention
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