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<latexit sha1_base64="3E5u12898aiQI2d27ELCa6tU2F4=">AAACGXicbVBdSwJBFJ21L7Mvq8dehjQwiGXXoHqUIugpDPIDXJPZ8aqDsx/OzAay7i+pP1NPUb711L9pNIOyztO595wL9xw35Ewqy/owUguLS8sr6dXM2vrG5lZ2e6cqg0hQqNCAB6LuEgmc+VBRTHGohwKI53Kouf2LiV67ByFZ4N+qYQhNj3R91mGUKL1qZU/A7Jo473hE9Vw3vkzwKGr1C+pwdBcXw+QIO4NBRNo4dJj/bbpO8q1szjKtKfBfYs9IDs1QbmXHTjugkQe+opxI2bCtUDVjIhSjHJKME0kICe2TLjQ09YkHshlP8yX4oBMIrHqAp/NPb0w8KYeeqz2T5+S8Nln+pzUi1TlrxswPIwU+1RatdSKOVYAnNeE2E0AVH2pCqGD6S0x7RBCqdJkZHd+eD/uXVIumfWwWb4q50vmsiDTaQ/uogGx0ikroCpVRBVH0iJ7RGxobD8aT8WK8fllTxuxmF/2C8f4J/befoA==</latexit>

correlations, . . .
<latexit sha1_base64="xhrEjr4kCKrswM6SD/OA2T/9w7A=">AAAB93icbVC7TsNAEDyHVwgv8+hoTkRIFCiyQwFlBA1lkMhDSqLofNkkp5x91t0aKVj5FqgQ0PEf/AB/w8W4gISpZndmpdkJYikMet6XU1hZXVvfKG6WtrZ3dvfc/YOmUYnm0OBKKt0OmAEpImigQAntWAMLAwmtYHIz11sPoI1Q0T1OY+iFbBSJoeAM7arvHnGlNchsMue0KwcKTd8texUvA10mfk7KJEe97352B4onIUTIJTOm43sx9lKmUXAJs1I3MRAzPmEj6FgasRBML83Sz+jpUGmKY6DZ/NubstCYaRhYT8hwbBa1+fI/rZPg8KqXiihOECJuLVYbJpKiovMS6EBo4CinljCuhU1J+ZhpxtFWVbLv+4vPLpNmteJfVKp31XLtOi+iSI7JCTkjPrkkNXJL6qRBOHkkz+SNvDtT58l5cV5/rAUnvzkkf+B8fANwHpLt</latexit>

How does the probability measure at t = 0 evolve under nonlinear dynamics?
<latexit sha1_base64="j6nzZk6KkDhfeQFtncuaix7lJxE="></latexit>

k1 + k2 = k3 + k4
<latexit sha1_base64="nDbChryjH5jA9f6saHFKlgTY/Vg=">AAAB83icbVDLSsNAFL3xWesr6tJNsAiCUJK2oBuh6MZlBfuANoTJ9KYdMnkwMymU0C/Rlag7/8Qf8G+c1iy09WzuufecC/ceP+VMKtv+MtbWNza3tks75d29/YND8+i4I5NMUGzThCei5xOJnMXYVkxx7KUCSeRz7Prh3VzvTlBIlsSPapqiG5FRzAJGidIjzzRDz7kMvdpN6NV1bZQ9s2JX7QWsVeIUpAIFWp75ORgmNIswVpQTKfuOnSo3J0IxynFWHmQSU0JDMsK+pjGJULr54vKZdR4kwlJjtBb9b29OIimnka89EVFjuazNh/9p/UwF127O4jRTGFNt0VqQcUsl1jwAa8gEUsWnmhAqmL7SomMiCFU6pvn7zvKzq6RTqzr1au2hUWneFkGU4BTO4AIcuIIm3EML2kBhAs/wBu9GZjwZL8brj3XNKHZO4A+Mj2+9RI9z</latexit>

Goal: understand the average behavior of the system as L ! 1 and � ! 0
<latexit sha1_base64="8JR3USYNovrcCUZqrfT1dhQqJ+g="></latexit>

Statistical physics of wave systems

x 2 Td
L = Rd/(LZd)

<latexit sha1_base64="Z4rSqz1ZxTJohWMlBk/yHVtRMb8=">AAACFXicbVDLTsJAFJ3iC/FVdelmIjHBDbZoohsTohsXLNDwihTIdBhgwnTazEyNpOl36M/oyqgLE9f+jVNEo+BZnddN7r1uwKhUlvVhpObmFxaX0suZldW19Q1zc6sm/VBgUsU+80XDRZIwyklVUcVIIxAEeS4jdXd4nuT1GyIk9XlFjQLS8lCf0x7FSGmrYxZuHcqh4yE1cN2oEndK7S48/TGu4nb3IFf6ltda7nfMrJW3xoCzxJ6QLJig3DHfnK6PQ49whRmSsmlbgWpFSCiKGYkzTihJgPAQ9UlTU448IlvR+LYY7vV8AdWAwLH+3Y2QJ+XIc3UnWU9OZ4n5X9YMVe+kFVEehIpwrCs664UMKh8mL4JdKghWbKQJwoLqLSEeIIGw0o/M6PPt6WNnSa2Qtw/zhcujbPFs8og02AG7IAdscAyK4AKUQRVgcA8ewQt4Ne6MB+PJeP6qpozJzDb4A+P9E8zrnoM=</latexit>

u(t, x) =
X

k2Zd
L

uk(t)e
ik·x

<latexit sha1_base64="boCWwOcd2NpmW4SsaeP2/g5mFXU=">AAACGHicbVDJSgNBFOxxN25Rj14agxBBwowLehFELx48KBgVM3Ho6byYZnoWul+LYZgf0Z/Rk7icvPk3dmIObnWq96oevKowk0Kj6344Q8Mjo2PjE5OlqemZ2bny/MKZTo3iUOepTNVFyDRIkUAdBUq4yBSwOJRwHkYHPf38BpQWaXKK3QyaMbtORFtwhnYVlLdMFdduV3d9beIgj3yR+DHDThjml0VwdNUqqAmiKq5SuMpF5PNWivS2CMoVt+b2Qf8Sb0AqZIDjoPzmt1JuYkiQS6Z1w3MzbOZMoeASipJvNGSMR+waGpYmLAbdzPvxCrrSThXFDtD+/N2bs1jrbhxaT+9r/VvrLf/TGgbbO81cJJlBSLi1WK1tJMWU9lqiLaGAo+xawrgS9kvKO0wxjrbLko3v/Q77l5yt17yN2vrJZmVvf1DEBFkiy6RKPLJN9sghOSZ1wsk9eSQv5NW5cx6cJ+f5yzrkDG4WyQ8475+eDqAR</latexit>

@uk

@t
= �i

@H

@uk
<latexit sha1_base64="3MYAFeTvxWBau/bW7juLYbZZwYA=">AAACNHicbVDLSsNAFJ3UV62vqEs3g0VwY0mqoBuh6KbLFuwDmhAm00k7dPJgHkIJ+S39CX9A0JWoO7/BSQ1YW8/q3HvOvTP3+AmjQlrWs1FaWV1b3yhvVra2d3b3zP2DrogVx6SDYxbzvo8EYTQiHUklI/2EExT6jPT8yW2u9+4JFzSO7uQ0IW6IRhENKEZStzyz7QQc4dRJEJcUMai8SfZbyQxewzNI4YKrOedxYr0/fz5VmR6Gnlm1atYMcJnYBamCAi3PfHKGMVYhiSRmSIiBbSXSTfP1mJGs4ihBEoQnaEQGmkYoJMJNZ6dn8CSIOZRjAmf1vDdFoRDT0NeeEMmxWNTy5n/aQMngyk1plChJIqwtWguUDiOGeYJwSDnBkk01QZhT/UuIx0jnI3XOFX2+vXjsMunWa/Z5rd6+qDZuiiDK4Agcg1Ngg0vQAE3QAh2AwSN4BR/g03gwXow34/3HWjKKmUPwB8bXNx2orEc=</latexit>

uk(0) random and independent
<latexit sha1_base64="MNg66ejPeKDb5JYhMy27GBVqQbk=">AAACAnicbVC7TsMwFHXKq5RXgJEBixapLFVSBhgrWBiLRB9SG0WOc9tadZzIdpCqqBv8DEwI2PgEfoC/wS0ZoOUMV8f3nCv5nCDhTGnH+bIKK6tr6xvFzdLW9s7unr1/0FZxKim0aMxj2Q2IAs4EtDTTHLqJBBIFHDrB+Hqmd+5BKhaLOz1JwIvIULABo0SblW8fV1J/XHXOKlgSEcYRNhMzEUICZgjt22Wn5syBl4mbkzLK0fTtz34Y0zQyt5QTpXquk2gvI1IzymFa6qcKEkLHZAg9QwWJQHnZPMgUnw5iifUI8Pz925uRSKlJFBhPRPRILWqz5X9aL9WDSy9jIkk1CGosRhukHOsYz/rAIZNANZ8YQqhk5peYjogkVJvWSia+uxh2mbTrNfe8Vr+tlxtXeRFFdIROUBW56AI10A1qohai6BE9ozf0bj1YT9aL9fpjLVj5zSH6A+vjG3OAliI=</latexit>

e.g. H =
X

k

w(k)|uk|2 + �

X

k1+k2=k3+k4

uk1uk2uk3uk4

<latexit sha1_base64="UAC3WVo1VYBsH/MnQCR2ZrE1fHc="></latexit>



Wave Kinetic Equation for NLS

Classical assumptions of random coe�cients ⌘k:
<latexit sha1_base64="JlRLyzrYKaSXtxziWlju+R7ZXPo=">AAACGXicbVDLTgIxFO3gC/E16tJNI5i4IjOYqHFFZOMSE3kkQEin3IGGdjppOyaE8CX6M7oyys6Vf2MHZ6Hg2fTcc85te28Qc6aN5305ubX1jc2t/HZhZ3dv/8A9PGpqmSgKDSq5VO2AaOAsgoZhhkM7VkBEwKEVjGup33oEpZmMHswkhp4gw4iFjBJjpb57WeNEa1tybM9ExKmssQyxItFACkwlhDbOIDIal7pgSH9cuum7Ra/sLYBXiZ+RIspQ77vz7kDSRNhraPpix/di05sSZRjlMCt0Ew0xoWMyhI6lERGge9PFfDN8FkqFzQjwov6dnRKh9UQENiOIGellLxX/8zqJCa97UxbFiYGI2oj1woRjI3G6JjxgCqjhE0sIVcz+EtMRUYQau8yCHd9fHnaVNCtl/6Jcua8Uq7fZIvLoBJ2ic+SjK1RFd6iOGoiiZ/SKPtDceXJenDfn/Seac7KeY/QHzuc3fzKgfQ==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

RP: ⌘k = ei�k with �k ⇠ unif(0, 2⇡), independent phases
<latexit sha1_base64="1iwYdxEny2wK7SzoAfjdlnLU5HM="></latexit>

RPA: ⌘k = Rk ei�k with Rk � 0 independent amplitudes
<latexit sha1_base64="sxGUeVOXq+9mQicC8qkOriZ2gHk="></latexit>

and �k ⇠ unif(0, 2⇡) independent phases
<latexit sha1_base64="n/odJQ1ms2nUtks4qo+ab6j+y7o=">AAACG3icbVA7T8MwGHTKu7wCjCwWBQkkVCVloGMFC2ORaEFqospxvxKrtmPZDqKK+lPgz8CEgI2Bf4NbOgDlBuv83flxlyjOjA2CT680N7+wuLS8Ul5dW9/Y9Le22ybLNYUWzXimbxJigDMJLcsshxulgYiEw3UyOB/r13egDcvklR0qiAW5lazPKLFu1PXrRPbwfqRS1h3gyDCBI5Fk90XuTKPD4LgWKXa0j5nsgQK3SItV6t4zXb8SVIMJ8CwJp6SCpmh2/deol9FcuCsoJ8Z0wkDZuCDaMsphVI5yA4rQAbmFjqOSCDBxMUk4wgf9TGObAp7sf3oLIowZisR5BLGp+auNh/9pndz263HBpMotSOosTuvnHNsMj4vCPaaBWj50hFDN3C8xTYkm1Lo6yy5++DfsLGnXquFJtXZZqzTOpkUso120hw5RiE5RA12gJmohih7RM3pD796D9+S9eK/f1pI3PbODfsH7+AKgqaB7</latexit>

E⌘k = 0 E|⌘k|2 = 1
<latexit sha1_base64="6b9H7/nk9P8nArlAQCS6Z5HoQDE=">AAACGXicbZBLSwMxFIUzPmt9jbp0EyyCqzJTRd0UiiK4rGAf0BmHTHrbhmYeTTJCmfaX6J/RlWh3rvw3po9Fbb2rk/udwD3HjzmTyrJ+jJXVtfWNzcxWdntnd2/fPDisyigRFCo04pGo+0QCZyFUFFMc6rEAEvgcan73dsxrzyAki8JH1Y/BDUg7ZC1GidIrz7x0AqI6vp/eDbEDinhdXMQWdnq9hDTxHBxM6eCpgIs29syclbcmg5eFPRM5NJuyZ46cZkSTAEJFOZGyYVuxclMiFKMchlknkRAT2iVtaGgZkgCkm07yDfFpKxJYdQBP3vPelARS9gNfe8anykU2Xv7HGolqXbspC+NEQUi1RbNWwrGK8Lgm3GQCqOJ9LQgVTF+JaYcIQpUuM6vj24thl0W1kLfP84WHi1zpZlZEBh2jE3SGbHSFSugelVEFUfSK3tEXGhkvxpvxYXxOrSvG7M8R+jPG9y8qzp8J</latexit>

x 2 Td
L = Rd/(LZd)

<latexit sha1_base64="Z4rSqz1ZxTJohWMlBk/yHVtRMb8=">AAACFXicbVDLTsJAFJ3iC/FVdelmIjHBDbZoohsTohsXLNDwihTIdBhgwnTazEyNpOl36M/oyqgLE9f+jVNEo+BZnddN7r1uwKhUlvVhpObmFxaX0suZldW19Q1zc6sm/VBgUsU+80XDRZIwyklVUcVIIxAEeS4jdXd4nuT1GyIk9XlFjQLS8lCf0x7FSGmrYxZuHcqh4yE1cN2oEndK7S48/TGu4nb3IFf6ltda7nfMrJW3xoCzxJ6QLJig3DHfnK6PQ49whRmSsmlbgWpFSCiKGYkzTihJgPAQ9UlTU448IlvR+LYY7vV8AdWAwLH+3Y2QJ+XIc3UnWU9OZ4n5X9YMVe+kFVEehIpwrCs664UMKh8mL4JdKghWbKQJwoLqLSEeIIGw0o/M6PPt6WNnSa2Qtw/zhcujbPFs8og02AG7IAdscAyK4AKUQRVgcA8ewQt4Ne6MB+PJeP6qpozJzDb4A+P9E8zrnoM=</latexit>

c : Rd ! [0,1)
<latexit sha1_base64="Z9T29hHVShx0cyxKybsx2Zp6XX8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VRkJJUQXFVdOOyin1AU8tkOmmHTjJh5kYJoV+gP6MrUXdu/QH/xmntQqtnde4958I9x48F1+A4n1ZuZnZufiG/WFhaXllds9c36lomirIalUKqpk80EzxiNeAgWDNWjIS+YA1/cD7SG7dMaS6ja0hj1g5JL+IBpwTMqmPv0lPshQT6vp9dDW+62FO81weilLzDLefA41EA6X7HLjolZwz8l7gTUkQTVDv2h9eVNAlZBFQQrVuuE0M7Iwo4FWxY8BLNYkIHpMdahkYkZLqdjfMM8U4gFYY+w+P5pzcjodZp6BvP6Gk9rY2W/2mtBIKTdsajOAEWUWMxWpAIDBKPasFdrhgFkRpCqOLmS0z7RBEKpryCie9Oh/1L6uWSe1gqXx4VK2eTIvJoC22jPeSiY1RBF6iKaoiiB/SEXtGbdW89Ws/Wy7c1Z01uNtEvWO9fsAiZng==</latexit>

ck = c(k)
<latexit sha1_base64="iPCwUKGKyUyFKAMuN7Qq0rPYjDA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgq6EYpuXFawP9gOJZNm2jBJZkgyQhn6FLoSdefb+AK+jWmdhbae1Zd7TuCeGyScaeO6X05hZXVtfaO4Wdra3tndK+8ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJopuZ33mkSrNY3ptJQn2BR5KFjGBjRw9kEKErRKrR6aBccWvuXGgZvBwqkKs5KH/2hzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJhEe0Z5FiQXVfjbfeIpOwlghM6Zo/v6dzbDQeiICmxHYjPWiNxv+5/VSE176GZNJaqgkNmK9MOXIxGhWHA2ZosTwiQVMFLNbIjLGChNjz1Oy9b3FssvQrte8s1r97rzSuM4PUYQjOIYqeHABDbiFJrSAgIRneIN3RzhPzovz+hMtOPmfQ/gj5+Mbq3uNQA==</latexit>

c 2 S(Rd)
<latexit sha1_base64="t5DnnjAywBPTYij09rpG9KrKpLs=">AAACAnicbZC7TsMwGIWdcivlFmBkwKJCKkuVFCQYK1gYy6UXqQmV4zqtVceJbAepirLBy8CEgI1H4AV4G5yQAVr+6fN/jqX/HC9iVCrL+jJKC4tLyyvl1cra+sbmlrm905FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nI9O49EZKG/FZNI+IGaMSpTzFSejUw9zF0KIdOgNQYI5bcpLWcPS+5Tu+GRwOzatWtfOA82AVUQTGtgfnpDEMcB4QrzJCUfduKlJsgoShmJK04sSQRwhM0In2NHAVEukkeJIWHfiigGhOYv397ExRIOQ087cnOk7NatvxP68fKP3MTyqNYEY61RWt+zKAKYdYHHFJBsGJTDQgLqq+EeIwEwkq3VtHx7dmw89Bp1O3jeuPqpNo8L4oogz1wAGrABqegCS5BC7QBBo/gGbyBd+PBeDJejNcfa8ko/uyCP2N8fAPIR5b4</latexit>

u(t, x)|t=0 = L�d/2
X

k2Zd
L

ck ⌘k e
ik·x

<latexit sha1_base64="LSnqTTRSwMsHje9ZF08k/GASRVU="></latexit>

i@tu+�u = � |u|2u
<latexit sha1_base64="JW9bHKAhoB5Jar7Fu0UziJnUO6U=">AAACEHicbVDLTgIxFO34RHyhLt00EhMTlcygiW5MiLpwqYkoCYPkTrlAQ+eR9o4JAX5Cf0ZXRt0Zf8C/sSALX3d1es7pbc8JEiUNue6HMzE5NT0zm5nLzi8sLi3nVlavTJxqgWURq1hXAjCoZIRlkqSwkmiEMFB4HXROhvr1LWoj4+iSugnWQmhFsikFkKXquV3pJ6BJgqoTT/k2909REVh4xH1l9zTA3+H9tH9TtFw9l3cL7mj4X+CNQZ6N57yee/cbsUhDjEgoMKbquQnVesMXhcJB1k8NJiA60MKqhRGEaGq9UawB32zGmlMb+ej83duD0JhuGFhPCNQ2v7Uh+Z9WTal5WOvJKEkJI2EtVmumilPMh+3whtQoSHUtAKGl/SUXbdAgyHaYtfG932H/gqtiwdsrFC/286XjcREZts422Bbz2AErsTN2zspMsHv2yF7Yq3PnPDhPzvOXdcIZ31ljP8Z5+wSp5Zr6</latexit>

<latexit sha1_base64="oAqiDIx1LqBnH6oTgE3daV7MNOU=">AAAB6HicbZC9TsMwFIVv+C3lr8DIYlEhMVUJoMJYwcJYJPojtVHluDetqZ0E20Gqor4DTAjYeB5egLfBLRmg5Uyf7zmW7rlBIrg2rvvlLC2vrK6tFzaKm1vbO7ulvf2mjlPFsMFiEat2QDUKHmHDcCOwnSikMhDYCkbXU7/1iErzOLoz4wR9SQcRDzmjxo5a/e4AH8hZr1R2K+5MZBG8HMqQq94rfXb7MUslRoYJqnXHcxPjZ1QZzgROit1UY0LZiA6wYzGiErWfzdadkOMwVsQMkczev7MZlVqPZWAzkpqhnvemw/+8TmrCSz/jUZIajJiNWC9MBTExmbYmfa6QGTG2QJnidkvChlRRZuxtira+N192EZqnFa9aqd6el2tX+SEKcAhHcAIeXEANbqAODWAwgmd4g3fn3nlyXpzXn+iSk/85gD9yPr4BhJqMsA==</latexit>

d → 3



Wave Kinetic Equation for NLS

Classical assumptions of random coe�cients ⌘k:
<latexit sha1_base64="JlRLyzrYKaSXtxziWlju+R7ZXPo=">AAACGXicbVDLTgIxFO3gC/E16tJNI5i4IjOYqHFFZOMSE3kkQEin3IGGdjppOyaE8CX6M7oyys6Vf2MHZ6Hg2fTcc85te28Qc6aN5305ubX1jc2t/HZhZ3dv/8A9PGpqmSgKDSq5VO2AaOAsgoZhhkM7VkBEwKEVjGup33oEpZmMHswkhp4gw4iFjBJjpb57WeNEa1tybM9ExKmssQyxItFACkwlhDbOIDIal7pgSH9cuum7Ra/sLYBXiZ+RIspQ77vz7kDSRNhraPpix/di05sSZRjlMCt0Ew0xoWMyhI6lERGge9PFfDN8FkqFzQjwov6dnRKh9UQENiOIGellLxX/8zqJCa97UxbFiYGI2oj1woRjI3G6JjxgCqjhE0sIVcz+EtMRUYQau8yCHd9fHnaVNCtl/6Jcua8Uq7fZIvLoBJ2ic+SjK1RFd6iOGoiiZ/SKPtDceXJenDfn/Seac7KeY/QHzuc3fzKgfQ==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

RP: ⌘k = ei�k with �k ⇠ unif(0, 2⇡), independent phases
<latexit sha1_base64="1iwYdxEny2wK7SzoAfjdlnLU5HM="></latexit>

RPA: ⌘k = Rk ei�k with Rk � 0 independent amplitudes
<latexit sha1_base64="sxGUeVOXq+9mQicC8qkOriZ2gHk="></latexit>

and �k ⇠ unif(0, 2⇡) independent phases
<latexit sha1_base64="n/odJQ1ms2nUtks4qo+ab6j+y7o=">AAACG3icbVA7T8MwGHTKu7wCjCwWBQkkVCVloGMFC2ORaEFqospxvxKrtmPZDqKK+lPgz8CEgI2Bf4NbOgDlBuv83flxlyjOjA2CT680N7+wuLS8Ul5dW9/Y9Le22ybLNYUWzXimbxJigDMJLcsshxulgYiEw3UyOB/r13egDcvklR0qiAW5lazPKLFu1PXrRPbwfqRS1h3gyDCBI5Fk90XuTKPD4LgWKXa0j5nsgQK3SItV6t4zXb8SVIMJ8CwJp6SCpmh2/deol9FcuCsoJ8Z0wkDZuCDaMsphVI5yA4rQAbmFjqOSCDBxMUk4wgf9TGObAp7sf3oLIowZisR5BLGp+auNh/9pndz263HBpMotSOosTuvnHNsMj4vCPaaBWj50hFDN3C8xTYkm1Lo6yy5++DfsLGnXquFJtXZZqzTOpkUso120hw5RiE5RA12gJmohih7RM3pD796D9+S9eK/f1pI3PbODfsH7+AKgqaB7</latexit>

E⌘k = 0 E|⌘k|2 = 1
<latexit sha1_base64="6b9H7/nk9P8nArlAQCS6Z5HoQDE=">AAACGXicbZBLSwMxFIUzPmt9jbp0EyyCqzJTRd0UiiK4rGAf0BmHTHrbhmYeTTJCmfaX6J/RlWh3rvw3po9Fbb2rk/udwD3HjzmTyrJ+jJXVtfWNzcxWdntnd2/fPDisyigRFCo04pGo+0QCZyFUFFMc6rEAEvgcan73dsxrzyAki8JH1Y/BDUg7ZC1GidIrz7x0AqI6vp/eDbEDinhdXMQWdnq9hDTxHBxM6eCpgIs29syclbcmg5eFPRM5NJuyZ46cZkSTAEJFOZGyYVuxclMiFKMchlknkRAT2iVtaGgZkgCkm07yDfFpKxJYdQBP3vPelARS9gNfe8anykU2Xv7HGolqXbspC+NEQUi1RbNWwrGK8Lgm3GQCqOJ9LQgVTF+JaYcIQpUuM6vj24thl0W1kLfP84WHi1zpZlZEBh2jE3SGbHSFSugelVEFUfSK3tEXGhkvxpvxYXxOrSvG7M8R+jPG9y8qzp8J</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Size of initial data
<latexit sha1_base64="8YrrWDqWsjw5y8yWl1Qx50KW3vM=">AAAB93icbVDLTgJBEJz1ifjCx83LRGLiieziQY9ELx4xyiMBQnqHXpgw+8hMrwkQvkVPRr35H/6Af+OAe1CwTtVd1UlX+YmShlz3y1lZXVvf2Mxt5bd3dvf2CweHdROnWmBNxCrWTR8MKhlhjSQpbCYaIfQVNvzhzUxvPKI2Mo4eaJRgJ4R+JAMpgOyqWzi+l2PkccBlJEmC4j0g6BaKbsmdgy8TLyNFlqHaLXy2e7FIQ4xIKDCm5bkJdSagSQqF03w7NZiAGEIfW5ZGEKLpTObfT/lZEGtOA+Tz+bd3AqExo9C3nhBoYBa12fI/rZVScNWZyChJCSNhLVYLUsUp5rMSeE9qFKRGloDQNrjgYgAaBNmq8ja+txh2mdTLJe+iVL4rFyvXWRE5dsJO2Tnz2CWrsFtWZTUm2Jg9szf27oycJ+fFef2xrjjZzRH7A+fjG5M/kl4=</latexit>

E|u(0, x)|2 = L�d
X

k2Zd
L

c2k �!

Z

Rd

c(k)2 dk = O(1)

<latexit sha1_base64="OMjzATkN4s9HUf0KFCcT0tYCl9w="></latexit>

x 2 Td
L = Rd/(LZd)

<latexit sha1_base64="Z4rSqz1ZxTJohWMlBk/yHVtRMb8=">AAACFXicbVDLTsJAFJ3iC/FVdelmIjHBDbZoohsTohsXLNDwihTIdBhgwnTazEyNpOl36M/oyqgLE9f+jVNEo+BZnddN7r1uwKhUlvVhpObmFxaX0suZldW19Q1zc6sm/VBgUsU+80XDRZIwyklVUcVIIxAEeS4jdXd4nuT1GyIk9XlFjQLS8lCf0x7FSGmrYxZuHcqh4yE1cN2oEndK7S48/TGu4nb3IFf6ltda7nfMrJW3xoCzxJ6QLJig3DHfnK6PQ49whRmSsmlbgWpFSCiKGYkzTihJgPAQ9UlTU448IlvR+LYY7vV8AdWAwLH+3Y2QJ+XIc3UnWU9OZ4n5X9YMVe+kFVEehIpwrCs664UMKh8mL4JdKghWbKQJwoLqLSEeIIGw0o/M6PPt6WNnSa2Qtw/zhcujbPFs8og02AG7IAdscAyK4AKUQRVgcA8ewQt4Ne6MB+PJeP6qpozJzDb4A+P9E8zrnoM=</latexit>

c : Rd ! [0,1)
<latexit sha1_base64="Z9T29hHVShx0cyxKybsx2Zp6XX8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VRkJJUQXFVdOOyin1AU8tkOmmHTjJh5kYJoV+gP6MrUXdu/QH/xmntQqtnde4958I9x48F1+A4n1ZuZnZufiG/WFhaXllds9c36lomirIalUKqpk80EzxiNeAgWDNWjIS+YA1/cD7SG7dMaS6ja0hj1g5JL+IBpwTMqmPv0lPshQT6vp9dDW+62FO81weilLzDLefA41EA6X7HLjolZwz8l7gTUkQTVDv2h9eVNAlZBFQQrVuuE0M7Iwo4FWxY8BLNYkIHpMdahkYkZLqdjfMM8U4gFYY+w+P5pzcjodZp6BvP6Gk9rY2W/2mtBIKTdsajOAEWUWMxWpAIDBKPasFdrhgFkRpCqOLmS0z7RBEKpryCie9Oh/1L6uWSe1gqXx4VK2eTIvJoC22jPeSiY1RBF6iKaoiiB/SEXtGbdW89Ws/Wy7c1Z01uNtEvWO9fsAiZng==</latexit>

ck = c(k)
<latexit sha1_base64="iPCwUKGKyUyFKAMuN7Qq0rPYjDA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgq6EYpuXFawP9gOJZNm2jBJZkgyQhn6FLoSdefb+AK+jWmdhbae1Zd7TuCeGyScaeO6X05hZXVtfaO4Wdra3tndK+8ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJopuZ33mkSrNY3ptJQn2BR5KFjGBjRw9kEKErRKrR6aBccWvuXGgZvBwqkKs5KH/2hzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJhEe0Z5FiQXVfjbfeIpOwlghM6Zo/v6dzbDQeiICmxHYjPWiNxv+5/VSE176GZNJaqgkNmK9MOXIxGhWHA2ZosTwiQVMFLNbIjLGChNjz1Oy9b3FssvQrte8s1r97rzSuM4PUYQjOIYqeHABDbiFJrSAgIRneIN3RzhPzovz+hMtOPmfQ/gj5+Mbq3uNQA==</latexit>

c 2 S(Rd)
<latexit sha1_base64="t5DnnjAywBPTYij09rpG9KrKpLs=">AAACAnicbZC7TsMwGIWdcivlFmBkwKJCKkuVFCQYK1gYy6UXqQmV4zqtVceJbAepirLBy8CEgI1H4AV4G5yQAVr+6fN/jqX/HC9iVCrL+jJKC4tLyyvl1cra+sbmlrm905FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nI9O49EZKG/FZNI+IGaMSpTzFSejUw9zF0KIdOgNQYI5bcpLWcPS+5Tu+GRwOzatWtfOA82AVUQTGtgfnpDEMcB4QrzJCUfduKlJsgoShmJK04sSQRwhM0In2NHAVEukkeJIWHfiigGhOYv397ExRIOQ087cnOk7NatvxP68fKP3MTyqNYEY61RWt+zKAKYdYHHFJBsGJTDQgLqq+EeIwEwkq3VtHx7dmw89Bp1O3jeuPqpNo8L4oogz1wAGrABqegCS5BC7QBBo/gGbyBd+PBeDJejNcfa8ko/uyCP2N8fAPIR5b4</latexit>

u(t, x)|t=0 = L�d/2
X

k2Zd
L

ck ⌘k e
ik·x

<latexit sha1_base64="LSnqTTRSwMsHje9ZF08k/GASRVU="></latexit>

i@tu+�u = � |u|2u
<latexit sha1_base64="JW9bHKAhoB5Jar7Fu0UziJnUO6U=">AAACEHicbVDLTgIxFO34RHyhLt00EhMTlcygiW5MiLpwqYkoCYPkTrlAQ+eR9o4JAX5Cf0ZXRt0Zf8C/sSALX3d1es7pbc8JEiUNue6HMzE5NT0zm5nLzi8sLi3nVlavTJxqgWURq1hXAjCoZIRlkqSwkmiEMFB4HXROhvr1LWoj4+iSugnWQmhFsikFkKXquV3pJ6BJgqoTT/k2909REVh4xH1l9zTA3+H9tH9TtFw9l3cL7mj4X+CNQZ6N57yee/cbsUhDjEgoMKbquQnVesMXhcJB1k8NJiA60MKqhRGEaGq9UawB32zGmlMb+ej83duD0JhuGFhPCNQ2v7Uh+Z9WTal5WOvJKEkJI2EtVmumilPMh+3whtQoSHUtAKGl/SUXbdAgyHaYtfG932H/gqtiwdsrFC/286XjcREZts422Bbz2AErsTN2zspMsHv2yF7Yq3PnPDhPzvOXdcIZ31ljP8Z5+wSp5Zr6</latexit>

as L ! 1
<latexit sha1_base64="Y6ONsFeLA41KaYswR4Wp1iFu73c=">AAAB+nicbVC7TsNAEDzzDOFloKCgOZEgUUV2KKCMoKGgCBJ5SLEVnS/n+JTz2bpbg6yQn4EKAR2fwQ/wN1yCC0iYanZnVtqZIBVcg+N8WUvLK6tr66WN8ubW9s6uvbff1kmmKGvRRCSqGxDNBJesBRwE66aKkTgQrBOMrqZ6554pzRN5B3nK/JgMJQ85JWBWffuQaFy98RQfRkCUSh48LkPIq3274tScGfAicQtSQQWaffvTGyQ0i5kEKojWPddJwR8TBZwKNil7mWYpoSMyZD1DJYmZ9sezABN8EiYKQ8TwbP7tHZNY6zwOjCcmEOl5bbr8T+tlEF74Yy7TDJikxmK0MBMYEjztAQ+4YhREbgihipsvMY2IIhRMW2UT350Pu0ja9Zp7Vqvf1iuNy6KIEjpCx+gUuegcNdA1aqIWomiCntEbercerSfrxXr9sS5Zxc0B+gPr4xslpZPb</latexit>

<latexit sha1_base64="oAqiDIx1LqBnH6oTgE3daV7MNOU=">AAAB6HicbZC9TsMwFIVv+C3lr8DIYlEhMVUJoMJYwcJYJPojtVHluDetqZ0E20Gqor4DTAjYeB5egLfBLRmg5Uyf7zmW7rlBIrg2rvvlLC2vrK6tFzaKm1vbO7ulvf2mjlPFsMFiEat2QDUKHmHDcCOwnSikMhDYCkbXU7/1iErzOLoz4wR9SQcRDzmjxo5a/e4AH8hZr1R2K+5MZBG8HMqQq94rfXb7MUslRoYJqnXHcxPjZ1QZzgROit1UY0LZiA6wYzGiErWfzdadkOMwVsQMkczev7MZlVqPZWAzkpqhnvemw/+8TmrCSz/jUZIajJiNWC9MBTExmbYmfa6QGTG2QJnidkvChlRRZuxtira+N192EZqnFa9aqd6el2tX+SEKcAhHcAIeXEANbqAODWAwgmd4g3fn3nlyXpzXn+iSk/85gD9yPr4BhJqMsA==</latexit>

d → 3



Wave Kinetic Equation for NLS

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Kinetic timescale: Tkin = ��2
<latexit sha1_base64="Was554h6vjsHkM6MIkLEs0rzvak="></latexit>

x 2 Td
L = Rd/(LZd)

<latexit sha1_base64="Z4rSqz1ZxTJohWMlBk/yHVtRMb8=">AAACFXicbVDLTsJAFJ3iC/FVdelmIjHBDbZoohsTohsXLNDwihTIdBhgwnTazEyNpOl36M/oyqgLE9f+jVNEo+BZnddN7r1uwKhUlvVhpObmFxaX0suZldW19Q1zc6sm/VBgUsU+80XDRZIwyklVUcVIIxAEeS4jdXd4nuT1GyIk9XlFjQLS8lCf0x7FSGmrYxZuHcqh4yE1cN2oEndK7S48/TGu4nb3IFf6ltda7nfMrJW3xoCzxJ6QLJig3DHfnK6PQ49whRmSsmlbgWpFSCiKGYkzTihJgPAQ9UlTU448IlvR+LYY7vV8AdWAwLH+3Y2QJ+XIc3UnWU9OZ4n5X9YMVe+kFVEehIpwrCs664UMKh8mL4JdKghWbKQJwoLqLSEeIIGw0o/M6PPt6WNnSa2Qtw/zhcujbPFs8og02AG7IAdscAyK4AKUQRVgcA8ewQt4Ne6MB+PJeP6qpozJzDb4A+P9E8zrnoM=</latexit>

c : Rd ! [0,1)
<latexit sha1_base64="Z9T29hHVShx0cyxKybsx2Zp6XX8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VRkJJUQXFVdOOyin1AU8tkOmmHTjJh5kYJoV+gP6MrUXdu/QH/xmntQqtnde4958I9x48F1+A4n1ZuZnZufiG/WFhaXllds9c36lomirIalUKqpk80EzxiNeAgWDNWjIS+YA1/cD7SG7dMaS6ja0hj1g5JL+IBpwTMqmPv0lPshQT6vp9dDW+62FO81weilLzDLefA41EA6X7HLjolZwz8l7gTUkQTVDv2h9eVNAlZBFQQrVuuE0M7Iwo4FWxY8BLNYkIHpMdahkYkZLqdjfMM8U4gFYY+w+P5pzcjodZp6BvP6Gk9rY2W/2mtBIKTdsajOAEWUWMxWpAIDBKPasFdrhgFkRpCqOLmS0z7RBEKpryCie9Oh/1L6uWSe1gqXx4VK2eTIvJoC22jPeSiY1RBF6iKaoiiB/SEXtGbdW89Ws/Wy7c1Z01uNtEvWO9fsAiZng==</latexit>

ck = c(k)
<latexit sha1_base64="iPCwUKGKyUyFKAMuN7Qq0rPYjDA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgq6EYpuXFawP9gOJZNm2jBJZkgyQhn6FLoSdefb+AK+jWmdhbae1Zd7TuCeGyScaeO6X05hZXVtfaO4Wdra3tndK+8ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJopuZ33mkSrNY3ptJQn2BR5KFjGBjRw9kEKErRKrR6aBccWvuXGgZvBwqkKs5KH/2hzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJhEe0Z5FiQXVfjbfeIpOwlghM6Zo/v6dzbDQeiICmxHYjPWiNxv+5/VSE176GZNJaqgkNmK9MOXIxGhWHA2ZosTwiQVMFLNbIjLGChNjz1Oy9b3FssvQrte8s1r97rzSuM4PUYQjOIYqeHABDbiFJrSAgIRneIN3RzhPzovz+hMtOPmfQ/gj5+Mbq3uNQA==</latexit>

c 2 S(Rd)
<latexit sha1_base64="t5DnnjAywBPTYij09rpG9KrKpLs=">AAACAnicbZC7TsMwGIWdcivlFmBkwKJCKkuVFCQYK1gYy6UXqQmV4zqtVceJbAepirLBy8CEgI1H4AV4G5yQAVr+6fN/jqX/HC9iVCrL+jJKC4tLyyvl1cra+sbmlrm905FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nI9O49EZKG/FZNI+IGaMSpTzFSejUw9zF0KIdOgNQYI5bcpLWcPS+5Tu+GRwOzatWtfOA82AVUQTGtgfnpDEMcB4QrzJCUfduKlJsgoShmJK04sSQRwhM0In2NHAVEukkeJIWHfiigGhOYv397ExRIOQ087cnOk7NatvxP68fKP3MTyqNYEY61RWt+zKAKYdYHHFJBsGJTDQgLqq+EeIwEwkq3VtHx7dmw89Bp1O3jeuPqpNo8L4oogz1wAGrABqegCS5BC7QBBo/gGbyBd+PBeDJejNcfa8ko/uyCP2N8fAPIR5b4</latexit>

u(t, x)|t=0 = L�d/2
X

k2Zd
L

ck ⌘k e
ik·x

<latexit sha1_base64="LSnqTTRSwMsHje9ZF08k/GASRVU="></latexit>

i@tu+�u = � |u|2u
<latexit sha1_base64="JW9bHKAhoB5Jar7Fu0UziJnUO6U=">AAACEHicbVDLTgIxFO34RHyhLt00EhMTlcygiW5MiLpwqYkoCYPkTrlAQ+eR9o4JAX5Cf0ZXRt0Zf8C/sSALX3d1es7pbc8JEiUNue6HMzE5NT0zm5nLzi8sLi3nVlavTJxqgWURq1hXAjCoZIRlkqSwkmiEMFB4HXROhvr1LWoj4+iSugnWQmhFsikFkKXquV3pJ6BJgqoTT/k2909REVh4xH1l9zTA3+H9tH9TtFw9l3cL7mj4X+CNQZ6N57yee/cbsUhDjEgoMKbquQnVesMXhcJB1k8NJiA60MKqhRGEaGq9UawB32zGmlMb+ej83duD0JhuGFhPCNQ2v7Uh+Z9WTal5WOvJKEkJI2EtVmumilPMh+3whtQoSHUtAKGl/SUXbdAgyHaYtfG932H/gqtiwdsrFC/286XjcREZts422Bbz2AErsTN2zspMsHv2yF7Yq3PnPDhPzvOXdcIZ31ljP8Z5+wSp5Zr6</latexit>

E⌘k = 0 E|⌘k|2 = 1
<latexit sha1_base64="6b9H7/nk9P8nArlAQCS6Z5HoQDE=">AAACGXicbZBLSwMxFIUzPmt9jbp0EyyCqzJTRd0UiiK4rGAf0BmHTHrbhmYeTTJCmfaX6J/RlWh3rvw3po9Fbb2rk/udwD3HjzmTyrJ+jJXVtfWNzcxWdntnd2/fPDisyigRFCo04pGo+0QCZyFUFFMc6rEAEvgcan73dsxrzyAki8JH1Y/BDUg7ZC1GidIrz7x0AqI6vp/eDbEDinhdXMQWdnq9hDTxHBxM6eCpgIs29syclbcmg5eFPRM5NJuyZ46cZkSTAEJFOZGyYVuxclMiFKMchlknkRAT2iVtaGgZkgCkm07yDfFpKxJYdQBP3vPelARS9gNfe8anykU2Xv7HGolqXbspC+NEQUi1RbNWwrGK8Lgm3GQCqOJ9LQgVTF+JaYcIQpUuM6vj24thl0W1kLfP84WHi1zpZlZEBh2jE3SGbHSFSugelVEFUfSK3tEXGhkvxpvxYXxOrSvG7M8R+jPG9y8qzp8J</latexit>

� Tnl = ��1 (nonlinear timescale)
<latexit sha1_base64="nH6+BPlKtvNYnSdhJHbHLjMqKKk=">AAACHnicbVA9T8MwFHTKd/kqMLJYFCQYqJIygISQECyMINEWqSnVi/vaWnWcyHaQqij/Bf4MLCBgg3+DUzoA5U3nd2ef74JYcG1c99MpTE3PzM7NLxQXl5ZXVktr63UdJYphjUUiUjcBaBRcYs1wI/AmVghhILARDM5zvnGHSvNIXpthjK0QepJ3OQNjV+3SMd32ez163U79EExfhakUWUZPqC/sIx24Tfe9bJvuykjmFqCo4SFqBgL32qWyW3FHQyeBNwZlMp7LdunZ70QsCVEaJkDrpufGppWCMpwJzIp+ojEGNoAeNi2UYJ1a6ShkRne6kTXvIx2df2pTCLUehoHV5Bn0Xy5f/sc1E9M9aqVcxolByazEct1EUBPRvCva4QqZEUMLgCluf0lZHxQwYxst2vje37CToF6teAeV6lW1fHo2LmKebJItsks8ckhOyQW5JDXCyAN5Im/k3bl3Hp0X5/VbWnDGdzbIr3E+vgDWjqGg</latexit>

<latexit sha1_base64="oAqiDIx1LqBnH6oTgE3daV7MNOU=">AAAB6HicbZC9TsMwFIVv+C3lr8DIYlEhMVUJoMJYwcJYJPojtVHluDetqZ0E20Gqor4DTAjYeB5egLfBLRmg5Uyf7zmW7rlBIrg2rvvlLC2vrK6tFzaKm1vbO7ulvf2mjlPFsMFiEat2QDUKHmHDcCOwnSikMhDYCkbXU7/1iErzOLoz4wR9SQcRDzmjxo5a/e4AH8hZr1R2K+5MZBG8HMqQq94rfXb7MUslRoYJqnXHcxPjZ1QZzgROit1UY0LZiA6wYzGiErWfzdadkOMwVsQMkczev7MZlVqPZWAzkpqhnvemw/+8TmrCSz/jUZIajJiNWC9MBTExmbYmfa6QGTG2QJnidkvChlRRZuxtira+N192EZqnFa9aqd6el2tX+SEKcAhHcAIeXEANbqAODWAwgmd4g3fn3nlyXpzXn+iSk/85gD9yPr4BhJqMsA==</latexit>

d → 3



Wave Kinetic Equation for NLS

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Second order moments:
<latexit sha1_base64="EZzQuDDlg3t+rAXKz/dStl5A39A=">AAACAXicbVDLTgJBEJzFF+IL9WhiJhITT2QXTTSeiF48YpRHAoTMDr0wYXZnM9NrJBtO+jN6MurNX/AH/BsH5KBgnaq7qpOu8mMpDLrul5NZWFxaXsmu5tbWNza38ts7NaMSzaHKlVS64TMDUkRQRYESGrEGFvoS6v7gcqzX70AboaJbHMbQDlkvEoHgDO2qk99vIdyjH6Q3wFXUpUp3QdNQhRChOR918gW36E5A54k3JQUyRaWT/2x1FU/G51wyY5qeG2M7ZRoFlzDKtRIDMeMD1oOmpRELwbTTSY4RPQyUptgHOpl/e1MWGjMMfesJGfbNrDZe/qc1EwzO2qmI4gQh4tZitSCRFBUd10G7QgNHObSEcS3sl5T3mWYcbWk5G9+bDTtPaqWid1wsXZ8UyhfTIrJkjxyQI+KRU1ImV6RCqoSTR/JM3si78+A8OS/O648140xvdskfOB/fKmCXRg==</latexit>

satisfy the following kinetic equation
<latexit sha1_base64="q7lAVyFbHUjEuu74/eRPgzdivJs=">AAACCXicbVC7TsMwFHXKq5RXgZHFogIxVUkZYKxgYSwSfUhtVDnuTWvViYPtgKKoXwA/AxMCNlZ+gL/BCRmg5UzH9xxf3XO8iDOlbfvLKi0tr6yuldcrG5tb2zvV3b2OErGk0KaCC9nziALOQmhrpjn0Igkk8Dh0vellpnfvQComwhudROAGZBwyn1GizWhYPVaGKD/BegLYF5yLexaO8dSs04xiuI0LY82u2znwInEKUkMFWsPq52AkaBxAqCknSvUdO9JuSqTZymFWGcQKIkKnZAx9Q0MSgHLTPM8MH/lC5gfl79/elARKJYFnPAHREzWvZcP/tH6s/XM3ZWEUawipsRjNjznWAme14BGTQDVPDCFUsiw7nRBJqDblVUx8Zz7sIuk06s5pvXHdqDUviiLK6AAdohPkoDPURFeohdqIokf0jN7Qu/VgPVkv1uuPtWQVf/bRH1gf30UimqA=</latexit>

n(t, k)|t=0 = c(k)2
<latexit sha1_base64="F2WWI8HsoU5odr9jUZNccJHuMIQ=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFaEFKUgXdFIpuXFawF2hjmEwn7ZDJhZkTIcY+i65E3fkevoBv47Rmoa3/6pvz/wPn/G7MmQTT/NIKS8srq2vF9dLG5tb2jr6715FRIghtk4hHoudiSTkLaRsYcNqLBcWBy2nX9a+mfveeCsmi8BbSmNoBHoXMYwSDGjn6QViBE7/66GTQMCcNUvGrd3VHL5s1cyZjEawcyihXy9E/B8OIJAENgXAsZd8yY7AzLIARTielQSJpjImPR7SvMMQBlXY2235iHHuRMGBMjdn7dzbDgZRp4KpMgGEs573p8D+vn4B3YWcsjBOgIVER5XkJNyAypiUYQyYoAZ4qwEQwtaVBxlhgAqqqkjrfmj92ETr1mnVaq9+clZuXeRFFdIiOUAVZ6Bw10TVqoTYi6AE9ozf0rqXak/aivf5EC1r+Zx/9kfbxDTFMkXY=</latexit>

k 2 Rd
<latexit sha1_base64="xL861Z1PI2wujeAyYzla1RlK4FY=">AAAB83icbVC7TsNAEFzzDOFloKSxiJCoIjsgQRlBQxkQeUixic6XTXLK+WzdnSNFVr4EKgR0/Ak/wN9wDi4gYarZnVlpdsKEM6Vd98taWV1b39gsbZW3d3b39u2Dw5aKU0mxSWMey05IFHImsKmZ5thJJJIo5NgOxze53p6gVCwWD3qaYBCRoWADRok2q55tj30m/IjoURhm97PHfs+uuFV3DmeZeAWpQIFGz/70+zFNIxSacqJU13MTHWREakY5zsp+qjAhdEyG2DVUkAhVkM2Tz5zTQSwdPUJnPv/2ZiRSahqFxpOnU4tavvxP66Z6cBVkTCSpRkGNxWiDlDs6dvICnD6TSDWfGkKoZCalQ0dEEqpNTWXzvrf47DJp1areebV2d1GpXxdFlOAYTuAMPLiEOtxCA5pAYQLP8AbvVmo9WS/W6491xSpujuAPrI9vnIKRWA==</latexit>

nj = n(t, kj)
<latexit sha1_base64="H2BDLBbya2xZJJSDuX1wKCiixSU=">AAAB8nicbZDNSsNAFIUn/tb606hLN4NFqCAlqYJuhKIblxXsD7QhTKaTdtrJJMzcCCX0RXQl6s5H8QV8G6c1C209q2/uOQP33CARXIPjfFkrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYOxrczv/3IlOaxfIBJwryIDCQPOSVgRr5dkv4IX2NZgTM89kenvl12qs5ceBncHMooV8O3P3v9mKYRk0AF0brrOgl4GVHAqWDTYi/VLCF0TAasa1CSiGkvmy8+xSdhrDAMGZ6/f2czEmk9iQKTiQgM9aI3G/7ndVMIr7yMyyQFJqmJGC9MBYYYz/rjPleMgpgYIFRxsyWmQ6IIBXOloqnvLpZdhlat6p5Xa/cX5fpNfogCOkLHqIJcdInq6A41UBNRlKJn9IbeLbCerBfr9Se6YuV/DtEfWR/fVzuPQQ==</latexit>

Kinetic timescale: Tkin = ��2
<latexit sha1_base64="Was554h6vjsHkM6MIkLEs0rzvak="></latexit>

x 2 Td
L = Rd/(LZd)

<latexit sha1_base64="Z4rSqz1ZxTJohWMlBk/yHVtRMb8=">AAACFXicbVDLTsJAFJ3iC/FVdelmIjHBDbZoohsTohsXLNDwihTIdBhgwnTazEyNpOl36M/oyqgLE9f+jVNEo+BZnddN7r1uwKhUlvVhpObmFxaX0suZldW19Q1zc6sm/VBgUsU+80XDRZIwyklVUcVIIxAEeS4jdXd4nuT1GyIk9XlFjQLS8lCf0x7FSGmrYxZuHcqh4yE1cN2oEndK7S48/TGu4nb3IFf6ltda7nfMrJW3xoCzxJ6QLJig3DHfnK6PQ49whRmSsmlbgWpFSCiKGYkzTihJgPAQ9UlTU448IlvR+LYY7vV8AdWAwLH+3Y2QJ+XIc3UnWU9OZ4n5X9YMVe+kFVEehIpwrCs664UMKh8mL4JdKghWbKQJwoLqLSEeIIGw0o/M6PPt6WNnSa2Qtw/zhcujbPFs8og02AG7IAdscAyK4AKUQRVgcA8ewQt4Ne6MB+PJeP6qpozJzDb4A+P9E8zrnoM=</latexit>

c : Rd ! [0,1)
<latexit sha1_base64="Z9T29hHVShx0cyxKybsx2Zp6XX8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VRkJJUQXFVdOOyin1AU8tkOmmHTjJh5kYJoV+gP6MrUXdu/QH/xmntQqtnde4958I9x48F1+A4n1ZuZnZufiG/WFhaXllds9c36lomirIalUKqpk80EzxiNeAgWDNWjIS+YA1/cD7SG7dMaS6ja0hj1g5JL+IBpwTMqmPv0lPshQT6vp9dDW+62FO81weilLzDLefA41EA6X7HLjolZwz8l7gTUkQTVDv2h9eVNAlZBFQQrVuuE0M7Iwo4FWxY8BLNYkIHpMdahkYkZLqdjfMM8U4gFYY+w+P5pzcjodZp6BvP6Gk9rY2W/2mtBIKTdsajOAEWUWMxWpAIDBKPasFdrhgFkRpCqOLmS0z7RBEKpryCie9Oh/1L6uWSe1gqXx4VK2eTIvJoC22jPeSiY1RBF6iKaoiiB/SEXtGbdW89Ws/Wy7c1Z01uNtEvWO9fsAiZng==</latexit>

ck = c(k)
<latexit sha1_base64="iPCwUKGKyUyFKAMuN7Qq0rPYjDA=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgq6EYpuXFawP9gOJZNm2jBJZkgyQhn6FLoSdefb+AK+jWmdhbae1Zd7TuCeGyScaeO6X05hZXVtfaO4Wdra3tndK+8ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJopuZ33mkSrNY3ptJQn2BR5KFjGBjRw9kEKErRKrR6aBccWvuXGgZvBwqkKs5KH/2hzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJhEe0Z5FiQXVfjbfeIpOwlghM6Zo/v6dzbDQeiICmxHYjPWiNxv+5/VSE176GZNJaqgkNmK9MOXIxGhWHA2ZosTwiQVMFLNbIjLGChNjz1Oy9b3FssvQrte8s1r97rzSuM4PUYQjOIYqeHABDbiFJrSAgIRneIN3RzhPzovz+hMtOPmfQ/gj5+Mbq3uNQA==</latexit>

c 2 S(Rd)
<latexit sha1_base64="t5DnnjAywBPTYij09rpG9KrKpLs=">AAACAnicbZC7TsMwGIWdcivlFmBkwKJCKkuVFCQYK1gYy6UXqQmV4zqtVceJbAepirLBy8CEgI1H4AV4G5yQAVr+6fN/jqX/HC9iVCrL+jJKC4tLyyvl1cra+sbmlrm905FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nI9O49EZKG/FZNI+IGaMSpTzFSejUw9zF0KIdOgNQYI5bcpLWcPS+5Tu+GRwOzatWtfOA82AVUQTGtgfnpDEMcB4QrzJCUfduKlJsgoShmJK04sSQRwhM0In2NHAVEukkeJIWHfiigGhOYv397ExRIOQ087cnOk7NatvxP68fKP3MTyqNYEY61RWt+zKAKYdYHHFJBsGJTDQgLqq+EeIwEwkq3VtHx7dmw89Bp1O3jeuPqpNo8L4oogz1wAGrABqegCS5BC7QBBo/gGbyBd+PBeDJejNcfa8ko/uyCP2N8fAPIR5b4</latexit>

u(t, x)|t=0 = L�d/2
X

k2Zd
L

ck ⌘k e
ik·x

<latexit sha1_base64="LSnqTTRSwMsHje9ZF08k/GASRVU="></latexit>

i@tu+�u = � |u|2u
<latexit sha1_base64="JW9bHKAhoB5Jar7Fu0UziJnUO6U=">AAACEHicbVDLTgIxFO34RHyhLt00EhMTlcygiW5MiLpwqYkoCYPkTrlAQ+eR9o4JAX5Cf0ZXRt0Zf8C/sSALX3d1es7pbc8JEiUNue6HMzE5NT0zm5nLzi8sLi3nVlavTJxqgWURq1hXAjCoZIRlkqSwkmiEMFB4HXROhvr1LWoj4+iSugnWQmhFsikFkKXquV3pJ6BJgqoTT/k2909REVh4xH1l9zTA3+H9tH9TtFw9l3cL7mj4X+CNQZ6N57yee/cbsUhDjEgoMKbquQnVesMXhcJB1k8NJiA60MKqhRGEaGq9UawB32zGmlMb+ej83duD0JhuGFhPCNQ2v7Uh+Z9WTal5WOvJKEkJI2EtVmumilPMh+3whtQoSHUtAKGl/SUXbdAgyHaYtfG932H/gqtiwdsrFC/286XjcREZts422Bbz2AErsTN2zspMsHv2yF7Yq3PnPDhPzvOXdcIZ31ljP8Z5+wSp5Zr6</latexit>

E⌘k = 0 E|⌘k|2 = 1
<latexit sha1_base64="6b9H7/nk9P8nArlAQCS6Z5HoQDE=">AAACGXicbZBLSwMxFIUzPmt9jbp0EyyCqzJTRd0UiiK4rGAf0BmHTHrbhmYeTTJCmfaX6J/RlWh3rvw3po9Fbb2rk/udwD3HjzmTyrJ+jJXVtfWNzcxWdntnd2/fPDisyigRFCo04pGo+0QCZyFUFFMc6rEAEvgcan73dsxrzyAki8JH1Y/BDUg7ZC1GidIrz7x0AqI6vp/eDbEDinhdXMQWdnq9hDTxHBxM6eCpgIs29syclbcmg5eFPRM5NJuyZ46cZkSTAEJFOZGyYVuxclMiFKMchlknkRAT2iVtaGgZkgCkm07yDfFpKxJYdQBP3vPelARS9gNfe8anykU2Xv7HGolqXbspC+NEQUi1RbNWwrGK8Lgm3GQCqOJ9LQgVTF+JaYcIQpUuM6vj24thl0W1kLfP84WHi1zpZlZEBh2jE3SGbHSFSugelVEFUfSK3tEXGhkvxpvxYXxOrSvG7M8R+jPG9y8qzp8J</latexit>

� Tnl = ��1 (nonlinear timescale)
<latexit sha1_base64="nH6+BPlKtvNYnSdhJHbHLjMqKKk=">AAACHnicbVA9T8MwFHTKd/kqMLJYFCQYqJIygISQECyMINEWqSnVi/vaWnWcyHaQqij/Bf4MLCBgg3+DUzoA5U3nd2ef74JYcG1c99MpTE3PzM7NLxQXl5ZXVktr63UdJYphjUUiUjcBaBRcYs1wI/AmVghhILARDM5zvnGHSvNIXpthjK0QepJ3OQNjV+3SMd32ez163U79EExfhakUWUZPqC/sIx24Tfe9bJvuykjmFqCo4SFqBgL32qWyW3FHQyeBNwZlMp7LdunZ70QsCVEaJkDrpufGppWCMpwJzIp+ojEGNoAeNi2UYJ1a6ShkRne6kTXvIx2df2pTCLUehoHV5Bn0Xy5f/sc1E9M9aqVcxolByazEct1EUBPRvCva4QqZEUMLgCluf0lZHxQwYxst2vje37CToF6teAeV6lW1fHo2LmKebJItsks8ckhOyQW5JDXCyAN5Im/k3bl3Hp0X5/VbWnDGdzbIr3E+vgDWjqGg</latexit>

E|uk(t)|2 ⇡ n

✓
t

Tkin
, k

◆

<latexit sha1_base64="P4NSw33IlYP1nQAQxorLP2f4i3Q="></latexit>

� ! 0
<latexit sha1_base64="tuvm9ua/yPOhRnhIs/Duqfz0Tsk=">AAACCXicbVC7TsNAEDzzDOEVoKQ5EYGoIjsgQRlBQxkk8pBiKzpfNskp54fu1kBk5QvgZ6BCQEfLD/A3XIwLSJhqdmd2tTt+LIVG2/6yFhaXlldWC2vF9Y3Nre3Szm5TR4ni0OCRjFTbZxqkCKGBAiW0YwUs8CW0/NHlVG/dgtIiCm9wHIMXsEEo+oIzNK1u6chFuMdsT+rLBCapK810j7lKDIbIlIruqD3plsp2xc5A54mTkzLJUe+WPt1exJMAQuSSad1x7Bi9lCkUXMKk6CYaYsZHbAAdQ0MWgPbS7I4JPexHiuIQaFb/9qYs0Hoc+MYTMBzqWW3a/E/rJNg/91IRxglCyI3FaP1EUozoNBbaEwo4yrEhjCthrqR8yBTjaMIrmved2WfnSbNacU4q1evTcu0iD6JA9skBOSYOOSM1ckXqpEE4eSTP5I28Ww/Wk/Vivf5YF6x8Zo/8gfXxDVXfm0o=</latexit>

L ! 1
<latexit sha1_base64="OryGrdfdmyuHJdDRO+VW6qx2BFE=">AAACB3icbVC7TsNAEDyHVwgvAyWNRUCiiuyABGUEDQVFkMhDiq3ofFnHp5wfulsDkZUPgJ+BCgEdPT/A33AJKSBhqtmd2dXu+KngCm37yygsLC4trxRXS2vrG5tb5vZOUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzBxVhv3YJUPIlvcJiCF9F+zAPOKOpW1zxwEe5xsif3RQaj/MqVvB8ilTK5c3kc4HDUNct2xZ7AmifOlJTJFPWu+en2EpZFECMTVKmOY6fo5VQiZwJGJTdTkFI2oH3oaBrTCJSXT64YWYdBIi0MwZrUv705jZQaRr72RBRDNauNm/9pnQyDMy/ncZohxExbtBZkwsLEGodi9bgEhmKoCWWS6ystFlJJGeroSvp9Z/bZedKsVpzjSvX6pFw7nwZRJHtknxwRh5ySGrkkddIgjDySZ/JG3o0H48l4MV5/rAVjOrNL/sD4+AaV95r7</latexit>

scaling laws
<latexit sha1_base64="XlAMBUPrkiZl1YtaiEuvNwFv1iw=">AAACAXicbVC7TsMwFHXKq5RXgREJWVRITFVSBhgrWBiLRB9SG1WOe9NadR6yb4Aq6gQ/AxMCNn6BH+BvcEMGaDnT8T3H93G8WAqNtv1lFZaWV1bXiuuljc2t7Z3y7l5LR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfHlTG/fgtIiCm9wEoMbsGEofMEZmlK/fNhDuMesT+rJBKap5sw0G1LJ7vS0X67YVTsDXSROTiokR6Nf/uwNIp4EECKXTOuuY8fopkyh4BKmpV6iIWZ8zIbQNTRkAWg3zeZP6bEfKYojoNn7tzdlgdaTwDOegOFIz2uz4n9aN0H/3E1FGCcIITcWo/mJpBjRWRx0IBRwlBNDGFfCbEn5iCnG0YRWMuc788cuklat6pxWa9e1Sv0iD6JIDsgROSEOOSN1ckUapEk4eSTP5I28Ww/Wk/Vivf5YC1b+Z5/8gfXxDUpUl/4=</latexit>

@tn = K(n)
<latexit sha1_base64="t2PaC+XNhIsFvhHgbryuCz+Q5bw=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBHqpiRV0I1QdCO4qWAf0IRyM522QyeTMDMRSuhGf0ZXou78Bn/Av3FSs9DWszpzzxnuPSeIOVPacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGENkjEI9kOQFHOBG1opjltx5JCGHDaCkZXmd66p1KxSNzpcUz9EAaC9RkBbUZd+8CLQWoGvKuxwBfYC0EPCfD0ZlIWx1275FScKfA8cXNSQjnqXfvT60UkCanQhINSHdeJtZ9mKwink6KXKBoDGcGAdgwVEFLlp9MYE3zUjyTWQ4qn79/eFEKlxmFgPNl9albLhv9pnUT3z/2UiTjRVBBjMVo/4VhHOGsD95ikRPOxIUAkM1diMgQJRJvOiia+Oxt2njSrFfekUr09LdUu8yIKaB8dojJy0RmqoWtURw1E0CN6Rm/o3XqwnqwX6/XHumDlf/bQH1gf373GlcU=</latexit>

K(n)(t, k) =

Z

Rd⇥Rd

k=k1�k2+k3

�
�
|k1|2 � |k2|2 + |k3|2 � |k|2

�
[n1n2n3 � nn2n3 + nn1n3 � nn1n2] dk1 dk3

<latexit sha1_base64="NnQTu2RVcH5jdzE66L05jgjsd8w="></latexit>

<latexit sha1_base64="oAqiDIx1LqBnH6oTgE3daV7MNOU=">AAAB6HicbZC9TsMwFIVv+C3lr8DIYlEhMVUJoMJYwcJYJPojtVHluDetqZ0E20Gqor4DTAjYeB5egLfBLRmg5Uyf7zmW7rlBIrg2rvvlLC2vrK6tFzaKm1vbO7ulvf2mjlPFsMFiEat2QDUKHmHDcCOwnSikMhDYCkbXU7/1iErzOLoz4wR9SQcRDzmjxo5a/e4AH8hZr1R2K+5MZBG8HMqQq94rfXb7MUslRoYJqnXHcxPjZ1QZzgROit1UY0LZiA6wYzGiErWfzdadkOMwVsQMkczev7MZlVqPZWAzkpqhnvemw/+8TmrCSz/jUZIajJiNWC9MBTExmbYmfa6QGTG2QJnidkvChlRRZuxtira+N192EZqnFa9aqd6el2tX+SEKcAhHcAIeXEANbqAODWAwgmd4g3fn3nlyXpzXn+iSk/85gD9yPr4BhJqMsA==</latexit>

d → 3

<latexit sha1_base64="mTEB640qUcC8xpkhJ1tksTeNe9Y=">AAAB7HicbZDNTgIxFIXv+Iv4h7p000hM3EhmWKBLoi5YYiI/yTAhnXIHGjqdSdsxIYS30JVRdz6NL+DbWHAWCp7V13tOk3tumAqujet+OWvrG5tb24Wd4u7e/sFh6ei4rZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx7dzvPKLSPJEPZpJiENOh5BFn1NiR79+hHF42qORBv1R2K+5CZBW8HMqQq9kvffYGCctilIYJqrXvuakJplQZzgTOir1MY0rZmA7RtyhpjDqYLlaekfMoUcSMkCzev7NTGms9iUObiakZ6WVvPvzP8zMTXQdTLtPMoGQ2Yr0oE8QkZN6cDLhCZsTEAmWK2y0JG1FFmbH3Kdr63nLZVWhXK16tUruvlus3+SEKcApncAEeXEEdGtCEFjBI4Bne4N2RzpPz4rz+RNec/M8J/JHz8Q18M45p</latexit>

[Deng-Hani]



Wave Kinetic Equations: other systems

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Inhomogeneous version of WKE with (@t + k ·rx)n(t, x, k) using
<latexit sha1_base64="CoXWI7O9mHL2D2crqf1o5RGoLa4="></latexit>

localized wave packets in Rd
<latexit sha1_base64="cwfriNWAce3Cl7jceBVcK2v2hn0=">AAACC3icbVC7TsMwFHV4lvIKMLJYtEidqqQMMFawMBZEH1IbKse5aa06D9lOUYn6CfAzMCFgY+MH+BuckgFaznR8z7HuPceNOZPKsr6MpeWV1bX1wkZxc2t7Z9fc22/JKBEUmjTikei4RAJnITQVUxw6sQASuBza7ugi09tjEJJF4Y2axOAEZBAyn1Gi9KhvVnhECWf34OE7MgYcEzoCJTELcbkXEDV03fR6euuV+2bJqloz4EVi56SEcjT65mfPi2gSQKgoJ1J2bStWTkqEYpTDtNhLJGTbyAC6moYkAOmks0RTfOxHAqsh4Nn7tzclgZSTwNWe7Dw5r2XD/7RuovwzJ2VhnCgIqbZozU84VhHOisEeE0AVn2hCqGD6SkyHRBCqdH1FHd+eD7tIWrWqfVKtXdVK9fO8iAI6REeogmx0iuroEjVQE1H0iJ7RG3o3Hown48V4/bEuGfmfA/QHxsc3gHWanA==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Random dynamics: Schrödinger-type equation on C2N+1 with random
<latexit sha1_base64="6yiKou3yJxUjvRHiJjU9RTnFmbE="></latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Linear Schrödinger with random potential
<latexit sha1_base64="TT1UyTg7YxDdCQFhT5ZhdGSetdg=">AAACDXicbVC9TsMwGHTKXyl/AUYWqxUSYqiSMsBYwcLAUAT9kdqo+uK4jVUnjmwHVEV9BngZmBCwsfACvA1uyQAtN52/u5N85yecKe04X1ZhaXllda24XtrY3NresXf3WkqkktAmEVzIjg+KchbTpmaa004iKUQ+p21/dDHV23dUKibiWz1OqBfBMGYDRkCbU98+vjJBkPiGhLJXFgGLh1Tie6ZDLCEORIQToWmsGfC+XXGqzgx4kbg5qaAcjb792QsESSMTJxyU6rpOor0MpGaE00mplyqaABnBkHYNjSGiystmnSb4cCAk1iHFs/dvbwaRUuPIN54IdKjmtenxP62b6sGZl7E4SU0jYixGG6Qca4Gn0+CASUo0HxsCRDLzS0xCkEC0GbBk6rvzZRdJq1Z1T6q161qlfp4PUUQHqIyOkItOUR1dogZqIoIe0TN6Q+/Wg/VkvVivP9aClWf20R9YH999bJvE</latexit>

KdV-type equation with a time-dependent Stratonovich stochastic forcing
<latexit sha1_base64="u8EH6+nUQJZyj6eVXPQqCEjdO9o="></latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Cubic NLS on lattice on statistical equilibrium
<latexit sha1_base64="bm48A9NEpstsNzOwOQGwUzJePSU=">AAACEnicbVDLTgIxFO34RHyhLt00EhNXOIMLXRLZuDAGozwSIKRTLtDQedjemhDCX+jP6MqoO37Av7GDs1DwrM695/Sm5/ixFBpd98tZWl5ZXVvPbGQ3t7Z3dnN7+zUdGcWhyiMZqYbPNEgRQhUFSmjECljgS6j7w3Ki1x9BaRGF9ziKoR2wfih6gjO0q07utGx8wenN9R2NQioZouCQUI3Woe3EJIUHI6TwlTBBJ5d3C+4MdJF4KcmTFJVObtrqRtwEECKXTOum58bYHjNlT0uYZFtGQ8z4kPWhaWnIAtDt8SzYhB73IkVxAHQ2//aOWaD1KPCtJ2A40PNasvxPaxrsXbTHIowNQsitxWo9IylGNOmHdoUCjnJkCeNK2F9SPmCKcbQtZm18bz7sIqkVC95ZoXhbzJcu0yIy5JAckRPikXNSIlekQqqEk2fySj7Ip/PkvDhvzvuPdclJ3xyQP3Cm3+kGnZg=</latexit>

that randomizes the phases
<latexit sha1_base64="RD+P9Jwcbaas0SSxBzPsQ/5As60=">AAAB/XicbVC7TsMwFHV4lvIKsMFiUSExVUkZYKxgYSwSfUhtVDnuTWPVeci+QSpVBT8DEwI2foIf4G9wQwZoOdPxPcfXPsdPpdDoOF/W0vLK6tp6aaO8ubW9s2vv7bd0kikOTZ7IRHV8pkGKGJooUEInVcAiX0LbH13N9PYdKC2S+BbHKXgRG8YiEJyhGfXtQwwZUsXiQRKJe9AUQ6BpaDbqvl1xqk4OukjcglRIgUbf/uwNEp5FECOXTOuu66ToTZhCwSVMy71MQ8r4iA2ha2jMItDeJM8wpSdBovLH8/Nv74RFWo8j33gihqGe12bD/7RuhsGFNxFxmiHE3FiMFmSSYkJnVdCBUMBRjg1hXAnzS8pDphhHU1jZxHfnwy6SVq3qnlVrN7VK/bIookSOyDE5JS45J3VyTRqkSTh5JM/kjbxbD9aT9WK9/liXrOLOAfkD6+Mbw0mVWA==</latexit>

<latexit sha1_base64="B1fSaXf0Lkv+JrcfUirlsxOef4M=">AAAB/3icbVDLTsJAFJ3iC/GFutTFBGLiBtKyQJZEY+ISozxMach0uKUTpp1mZmpCCAv9GV0Zdec/+AP+jQOyUPCszr3n3OSe4yecKW3bX1ZmZXVtfSO7mdva3tndy+8ftJRIJYUmFVzIjk8UcBZDUzPNoZNIIJHPoe0PL6Z6+x6kYiK+1aMEvIgMYhYwSrRZ9fLH7qXsdwtClW4Ij0IRgCzdkRRXbLvm9fJFu2zPgJeJMydFNEejl//s9gVNI4g15UQp17ET7Y2J1IxymOS6qYKE0CEZgGtoTCJQ3niWYoJPAiGxDgHP5t/eMYmUGkW+8UREh2pRmy7/09xUBzVvzOIk1RBTYzFakHKsBZ6WgftMAtV8ZAihkpkvMQ2JJFSbynImvrMYdpm0KmWnWq5eV4r183kRWXSECugUOegM1dEVaqAmougRPaM39G49WE/Wi/X6Y81Y85tD9AfWxzfnLpSo</latexit>

[Erdös-Salmhofer-Yau 2008]

<latexit sha1_base64="9st2+8voaZBSxsbzQDgq88xqDeo=">AAAB+nicbVC7TsNAEDzzDOFloKCgOREh0RDZKQJlBA0FRRDkITlWdL6s41POZ+vujBSZ/AxUCOj4DH6Av+ESXEDCVLM7s9LOBClnSjvOl7W0vLK6tl7aKG9ube/s2nv7bZVkkkKLJjyR3YAo4ExASzPNoZtKIHHAoROMrqZ65wGkYom41+MU/JgMBQsZJdqs+vahd5ONRkSac3F2lyaRwDXHdf2+XXGqzgx4kbgFqaACzb792RskNItBaMqJUp7rpNrPidSMcpiUe5mClNARGYJnqCAxKD+fBZjgkzCRWEeAZ/Nvb05ipcZxYDwx0ZGa16bL/zQv0+GFnzORZhoENRajhRnHOsHTHvCASaCajw0hVDLzJaYRkYRq01bZxHfnwy6Sdq3q1qv121qlcVkUUUJH6BidIhedowa6Rk3UQhRN0DN6Q+/Wo/VkvVivP9Ylq7g5QH9gfXwD98GTFA==</latexit>

[Lukkarinen-Spohn 2011]

<latexit sha1_base64="gHBkz4oVxPOnraS7Ih7kI+UE/vI=">AAAB+XicbZDLTsJAFIaneEO8VU3cuJlITNxA2pqgS6IblhjlEktDToeBTpheMjM1IZWH0ZVRd76GL+DbOGAXCv6rb87/T3LO7yecSWVZX0ZhZXVtfaO4Wdra3tndM/cP2jJOBaEtEvNYdH2QlLOIthRTnHYTQSH0Oe344+uZ33mgQrI4ulOThHohjCI2ZASUHvXNI7cBEavcBqAgqNwHKXYs59zrm2Wras2Fl8HOoYxyNfvmZ28QkzSkkSIcpHRtK1FeBkIxwum01EslTYCMYURdjRGEVHrZfP8pPh3GAquA4vn7dzaDUMpJ6OtMCCqQi95s+J/npmp46WUsSlJFI6Ij2humHKsYz2rAAyYoUXyiAYhgektMAhBAlC6rpM+3F49dhrZTtWvV2o1Trl/lRRTRMTpBZ8hGF6iOGqiJWoigR/SM3tC7kRlPxovx+hMtGPmfQ/RHxsc3eoeSLg==</latexit>

[Hani-Shatah-Zhu 2023]

<latexit sha1_base64="Bw28Jx3TB5hPIm3UJD0RK0Iriqo=">AAACCXicbVDLTgJBEJzFF+IL9ehlItF4gexigh6JmsARE3kksCG9Qy9MmH1kZtaEEL5Af0ZPRr159Qf8GwfkoGCdqruqk67yYsGVtu0vK7Wyura+kd7MbG3v7O5l9w8aKkokwzqLRCRbHigUPMS65lpgK5YIgSew6Q2vp3rzHqXiUXinRzG6AfRD7nMG2qy62dP2TeIBG+QrKAPgYb4KUkZxviK573M9ULRoF8/dbjZnF+wZ6DJx5iRH5qh1s5+dXsSSAEPNBCjVduxYu2OQmjOBk0wnURgDG0If24aGEKByx7M8E3riR5LqAdLZ/Ns7hkCpUeAZTwDmu0VtuvxPayfav3THPIwTjSEzFqP5iaA6otNaaI9LZFqMDAEmufmSsgFIYNqUlzHxncWwy6RRLDilQum2mCtfzYtIkyNyTM6IQy5ImVRJjdQJI4/kmbyRd+vBerJerNcfa8qa3xySP7A+vgHHPJkH</latexit>

[Dubach-Germain-Harrop-Gri!ths 2023]

<latexit sha1_base64="l2Yu6ZJu0DojQ+2u3hYWot4WAsc=">AAAB+XicbZC9TsMwFIWd8lfKXwCJhcWiQmKhSjIUxgoWxiJaWimNqhvXaa06TmQ7SFXow8CEgI3X4AV4G9ySAVrO9PmeY+neE6acKe04X1ZpZXVtfaO8Wdna3tnds/cP7lWSSULbJOGJ7IagKGeCtjXTnHZTSSEOOe2E4+uZ33mgUrFEtPQkpUEMQ8EiRkCbUd8+8u80RBHjINh5S4LAnuO5Qd+uOjVnLrwMbgFVVKjZtz97g4RkMRWacFDKd51UBzlIzQin00ovUzQFMoYh9Q0KiKkK8vn+U3waJRLrEcXz9+9sDrFSkzg0mRj0SC16s+F/np/p6DLImUgzTQUxEeNFGcc6wbMa8IBJSjSfGAAimdkSkxFIINqUVTHnu4vHLsO9V3PrtfqtV21cFUWU0TE6QWfIRReogW5QE7URQY/oGb2hdyu3nqwX6/UnWrKKP4foj6yPbwImkoU=</latexit>

[Sta!lani-Tran 2021]

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

<latexit sha1_base64="efrmuXaXKLGmtTwGORRJJvEg2EY=">AAACC3icbVDLTgJBEJzFF+IL9ehlIjHhAtnlgB6JJsaDJJjwSoCQ3qGBkdmHM7MmhPAJ+jN6MurNmz/g3zjgHhSsU3VX9WSq3FBwpW37y0qsrK6tbyQ3U1vbO7t76f2DugoiybDGAhHIpgsKBfexprkW2AwlgucKbLiji5neuEepeOBX9TjEjgcDn/c5A21W3XT2slKrUvB7tAy3PciV2TVEg6F5LlcFF0YU76LYmrHz9hx0mTgxyZAYlW76s90LWOShr5kApVqOHerOBKTmTOA01Y4UhsBGMMCWoT54qDqTeaIpPekHkuoh0vn82zsBT6mx5xqPB3qoFrXZ8j+tFen+WWfC/TDS6DNjMVo/ElQHdFYM7XGJTIuxIcAkN7+kbAgSmDb1pUx8ZzHsMqkX8k4xX7wpZErncRFJckSOSZY45JSUyBWpkBph5JE8kzfybj1YT9aL9fpjTVjxzSH5A+vjG4SHmg8=</latexit>

FPUT and Majda-McLaughlin-Tabak equation
<latexit sha1_base64="2uHcoB6kSsW9Jr5D9F3ATNJkKK4=">AAACBnicbVBLTwIxGPzWJ+IL9eilkZh4ULK7ieiR6MUjJvJIYEO65Vto6D7SdknIhrv+GT0Z9eYP8A/4byxIjIJzms5Mm874ieBK2/antbS8srq2ntvIb25t7+wW9vbrKk4lwxqLRSybPlUoeIQ1zbXAZiKRhr7Ahj+4nviNIUrF4+hOjxL0QtqLeMAZ1UbqFIqtOlWKCxwS13bPvVPyI5w10olW9kzKLtlTkEXizEgRZqh2Ch/tbszSECPNhHmt5diJ9jIqNWcCx/l2qjChbEB72DI0oiEqL5uWGZPjIJZE95FMz7+zGQ2VGoW+yYRU99W8NxH/81qpDi69jEdJqjFiJmK8IBVEx2SyCelyiUyLkSGUSW5+SVifSsq0WS5v6jvzZRdJ3S055VL51i1WrmZD5OAQjuAEHLiACtxAFWrA4AGe4BXerHvr0Xq2Xr6jS9bszgH8gfX+BfL6lsk=</latexit>

[Vassilev 2025], [Vassilev-Wu 2026]

<latexit sha1_base64="3IVlseTsKZ0miIoHcchYXGn/EBg=">AAAB6XicbZC9TgJBFIXv4h/iH2ppsxFMrMguBVoStbDERJAENmR2uAsTZn8yc9eEbHgIrYza+Tq+gG/jgFsoeKpv7jmT3HP9RApNjvNlFdbWNza3itulnd29/YPy4VFHx6ni2OaxjFXXZxqliLBNgiR2E4Us9CU++JPruf/wiEqLOLqnaYJeyEaRCARnZEbdav8GJbHqoFxxas5C9iq4OVQgV2tQ/uwPY56GGBGXTOue6yTkZUyR4BJnpX6qMWF8wkbYMxixELWXLfad2WdBrGwao714/85mLNR6GvomEzIa62VvPvzP66UUXHqZiJKUMOImYrwglTbF9ry2PRQKOcmpAcaVMFvafMwU42SOUzL13eWyq9Cp19xGrXFXrzSv8kMU4QRO4RxcuIAm3EIL2sBBwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzcGH4z2</latexit>

!
<latexit sha1_base64="u2ON8iiuEwvWSFrGME4LQzK88pM=">AAAB9XicbVDLTgIxFO3gC/E14tJNIzFxRWZYoEuiG5eYyCOBCemUO9DQaSdtRyETPkVXRt35I/6Af2PBWSh4Vufec25y7gkTzrTxvC+nsLG5tb1T3C3t7R8cHrnH5baWqaLQopJL1Q2JBs4EtAwzHLqJAhKHHDrh5Gahdx5AaSbFvZklEMRkJFjEKDF2NXDLMTGKTTET2gAZYhnhgVvxqt4SeJ34OamgHM2B+9kfSprGIAzlROue7yUmyIgyjHKYl/qphoTQCRlBz1JBYtBBtsw+x+eRVNiMAS/n396MxFrP4tB6bMixXtUWy/+0XmqiqyBjIkkNCGotVotSjo3EiwrwkCmghs8sIVQxmxLTMVGEGltUyb7vrz67Ttq1ql+v1u9qlcZ1XkQRnaIzdIF8dIka6BY1UQtRNEXP6A29O4/Ok/PivP5YC05+c4L+wPn4BlF9ka8=</latexit>

matrix instead of

<latexit sha1_base64="eV5B20bf2r8rrZkbAIjzC/xrLHw=">AAACAXicbVDLTgJBEJz1ifhCPZqYicTEi2SXA3oketDEC0Z5JLAhs0MDE+axmZk1IYST/oyejHrzF/wB/8YB96Bgnaq7qpOuimLOjPX9L29hcWl5ZTWzll3f2Nzazu3s1oxKNIUqVVzpRkQMcCahapnl0Ig1EBFxqEeDi4levwdtmJJ3dhhDKEhPsi6jxLpVO3dwC4JNjonG1xyYPLlUuqMkNkNjQbRzeb/gT4HnSZCSPEpRaec+Wx1FEwHSUk6MaQZ+bMMR0ZZRDuNsKzEQEzogPWg6KokAE46mOcb4qKs0tn3A0/m3d0SEMUMROY8gtm9mtcnyP62Z2O5ZOGIyTixI6ixO6yYcW4UndeAO00AtHzpCqGbuS0z7RBNqXWlZFz+YDTtPasVCUCqUbor58nlaRAbto0N0jAJ0isroClVQFVH0iJ7RG3r3Hrwn78V7/bEueOnNHvoD7+MblSyW7A==</latexit>

Semilinear Klein-Gordon system•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

<latexit sha1_base64="IDDOmgSEC9Vwsoyd2zIIvT/D7Lg=">AAACA3icbVDLTgIxFO3gC/E16tJNIzFxA5khEV0S3bjE8ExgQjrlAg2ddtJ2TICw1J/RlVF3/oE/4N9YkIWCZ3XuPecm95ww5kwbz/tyUmvrG5tb6e3Mzu7e/oF7eFTXMlEUalRyqZoh0cCZgJphhkMzVkCikEMjHN7M9MY9KM2kqJpRDEFE+oL1GCXGrjoubnUBV5LxWAqWqxgm+jJXlYlVccErXASZjpv18t4ceJX4C5JFC5Q77me7K2kSgTCUE61bvhebYEKUYZTDNNNONMSEDkkfWpYKEoEOJvMkU3zWkwqbAeD5/Ns7IZHWoyi0noiYgV7WZsv/tFZielfBhIk4MSCotVitl3BsJJ4VgrtMATV8ZAmhitkvMR0QRaixtc3i+8thV0m9kPeL+eJdIVu6XhSRRifoFJ0jH12iErpFZVRDFD2iZ/SG3p0H58l5cV5/rClncXOM/sD5+AYIDJZj</latexit>

[de Suzzoni-Stingo-Touati 2025]



Stationary solutions and cascades

n(t, k)|t=0 = c(k)2
<latexit sha1_base64="F2WWI8HsoU5odr9jUZNccJHuMIQ=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFaEFKUgXdFIpuXFawF2hjmEwn7ZDJhZkTIcY+i65E3fkevoBv47Rmoa3/6pvz/wPn/G7MmQTT/NIKS8srq2vF9dLG5tb2jr6715FRIghtk4hHoudiSTkLaRsYcNqLBcWBy2nX9a+mfveeCsmi8BbSmNoBHoXMYwSDGjn6QViBE7/66GTQMCcNUvGrd3VHL5s1cyZjEawcyihXy9E/B8OIJAENgXAsZd8yY7AzLIARTielQSJpjImPR7SvMMQBlXY2235iHHuRMGBMjdn7dzbDgZRp4KpMgGEs573p8D+vn4B3YWcsjBOgIVER5XkJNyAypiUYQyYoAZ4qwEQwtaVBxlhgAqqqkjrfmj92ETr1mnVaq9+clZuXeRFFdIiOUAVZ6Bw10TVqoTYi6AE9ozf0rqXak/aivf5EC1r+Zx/9kfbxDTFMkXY=</latexit>

k 2 Rd
<latexit sha1_base64="xL861Z1PI2wujeAyYzla1RlK4FY=">AAAB83icbVC7TsNAEFzzDOFloKSxiJCoIjsgQRlBQxkQeUixic6XTXLK+WzdnSNFVr4EKgR0/Ak/wN9wDi4gYarZnVlpdsKEM6Vd98taWV1b39gsbZW3d3b39u2Dw5aKU0mxSWMey05IFHImsKmZ5thJJJIo5NgOxze53p6gVCwWD3qaYBCRoWADRok2q55tj30m/IjoURhm97PHfs+uuFV3DmeZeAWpQIFGz/70+zFNIxSacqJU13MTHWREakY5zsp+qjAhdEyG2DVUkAhVkM2Tz5zTQSwdPUJnPv/2ZiRSahqFxpOnU4tavvxP66Z6cBVkTCSpRkGNxWiDlDs6dvICnD6TSDWfGkKoZCalQ0dEEqpNTWXzvrf47DJp1areebV2d1GpXxdFlOAYTuAMPLiEOtxCA5pAYQLP8AbvVmo9WS/W6491xSpujuAPrI9vnIKRWA==</latexit>

nj = n(t, kj)
<latexit sha1_base64="H2BDLBbya2xZJJSDuX1wKCiixSU=">AAAB8nicbZDNSsNAFIUn/tb606hLN4NFqCAlqYJuhKIblxXsD7QhTKaTdtrJJMzcCCX0RXQl6s5H8QV8G6c1C209q2/uOQP33CARXIPjfFkrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYOxrczv/3IlOaxfIBJwryIDCQPOSVgRr5dkv4IX2NZgTM89kenvl12qs5ceBncHMooV8O3P3v9mKYRk0AF0brrOgl4GVHAqWDTYi/VLCF0TAasa1CSiGkvmy8+xSdhrDAMGZ6/f2czEmk9iQKTiQgM9aI3G/7ndVMIr7yMyyQFJqmJGC9MBYYYz/rjPleMgpgYIFRxsyWmQ6IIBXOloqnvLpZdhlat6p5Xa/cX5fpNfogCOkLHqIJcdInq6A41UBNRlKJn9IbeLbCerBfr9Se6YuV/DtEfWR/fVzuPQQ==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Well-posedness of WKE studied by
<latexit sha1_base64="GhEKgcztOlgOJW1u7xXxvrO9HYw=">AAACA3icbVDLSsNAFJ3UV62vqEs3g0VwY0nqQpdFEQQ3FWxTaEOZTG7aoZNMmJkIoXSpP6MrUXf+gT/g3zitWWjrWZ17z7lwzwlSzpR2nC+rtLS8srpWXq9sbG5t79i7e20lMkmhRQUXshMQBZwl0NJMc+ikEkgccPCC0eVU9+5BKiaSO52n4MdkkLCIUaLNqm9jDzg/SYWCMAGlsIiwd3OFlc5CBiEO8r5ddWrODHiRuAWpogLNvv3ZCwXNYkg05USpruuk2h8TqRnlMKn0MgUpoSMygK6hCYlB+eNZkgk+ioTEegh4Nv/2jkmsVB4HxhMTPVTz2nT5n9bNdHTuj1mSZhoSaixGizKOtcDTQnDIJFDNc0MIlcx8iemQSEK1qa1i4rvzYRdJu15zT2v123q1cVEUUUYH6BAdIxedoQa6Rk3UQhQ9omf0ht6tB+vJerFef6wlq7jZR39gfXwDKnSXIA==</latexit>

[Escobedo-Velázquez (2015)]
<latexit sha1_base64="pEDpqvEqyzBE7CsNoAeW90mJK7E=">AAACAXicbVDLSsNAFJ3UV62vqEtBBotYF5YkIrosiuCygn1AG8pketsOnWTizERoS1f6M7oSdecv+AP+jdOahVbP6tx7zoV7ThBzprTjfFqZufmFxaXscm5ldW19w97cqiqRSAoVKriQ9YAo4CyCimaaQz2WQMKAQy3oX0z02h1IxUR0owcx+CHpRqzDKNFm1bJ3ceNSURFAWxxVgTcPyPA2gSEueI57cui37LxTdKbAf4mbkjxKUW7ZH822oEkIkaacKNVwnVj7IyI1oxzGuWaiICa0T7rQMDQiISh/NM0xxvsdIbHuAZ7OP70jEio1CAPjCYnuqVltsvxPayS6c+aPWBQnGiJqLEbrJBxrgSd14DaTQDUfGEKoZOZLTHtEEqpNaTkT350N+5dUvaJ7XPSuvXzpPC0ii3bQHiogF52iErpCZVRBFD2gJ/SK3qx769F6tl6+rRkrvdlGv2C9fwHXL5Ua</latexit>

[Germain-Ionescu-Tran (2018)]
<latexit sha1_base64="c6KQr0N1FLUI1jejV8yisSydR0Y=">AAACAXicbVDLTsJAFJ3iC/GFujQxE4kJLiBtXciS6ELdYcIrKQ2ZDrcwYTptZqYmhLDSn9GVUXf+gj/g3zggCwXP6tx7zk3uOUHCmdK2/WVlVlbX1jeym7mt7Z3dvfz+QVPFqaTQoDGPZTsgCjgT0NBMc2gnEkgUcGgFw6up3roHqVgs6nqUgB+RvmAho0SbVTd/jL1rkBFhonQbC1A0LdUlEbjo2k7lzO/mC3bZngEvE2dOCmiOWjf/2enFNI1AaMqJUp5jJ9ofE6kZ5TDJdVIFCaFD0gfPUEEiUP54lmOCT8NYYj0APJt/e8ckUmoUBcYTET1Qi9p0+Z/mpTqs+GMmklSDoMZitDDlWMd4WgfuMQlU85EhhEpmvsR0QCSh2pSWM/GdxbDLpOmWnfOye+cWqpfzIrLoCJ2gInLQBaqiG1RDDUTRI3pGb+jderCerBfr9ceaseY3h+gPrI9vv3iVCg==</latexit>

@tn = K(n)
<latexit sha1_base64="t2PaC+XNhIsFvhHgbryuCz+Q5bw=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBHqpiRV0I1QdCO4qWAf0IRyM522QyeTMDMRSuhGf0ZXou78Bn/Av3FSs9DWszpzzxnuPSeIOVPacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGENkjEI9kOQFHOBG1opjltx5JCGHDaCkZXmd66p1KxSNzpcUz9EAaC9RkBbUZd+8CLQWoGvKuxwBfYC0EPCfD0ZlIWx1275FScKfA8cXNSQjnqXfvT60UkCanQhINSHdeJtZ9mKwink6KXKBoDGcGAdgwVEFLlp9MYE3zUjyTWQ4qn79/eFEKlxmFgPNl9albLhv9pnUT3z/2UiTjRVBBjMVo/4VhHOGsD95ikRPOxIUAkM1diMgQJRJvOiia+Oxt2njSrFfekUr09LdUu8yIKaB8dojJy0RmqoWtURw1E0CN6Rm/o3XqwnqwX6/XHumDlf/bQH1gf373GlcU=</latexit>

K(n)(t, k) =

Z

Rd⇥Rd

k=k1�k2+k3

�
�
|k1|2 � |k2|2 + |k3|2 � |k|2

�
[n1n2n3 � nn2n3 + nn1n3 � nn1n2] dk1 dk3

<latexit sha1_base64="NnQTu2RVcH5jdzE66L05jgjsd8w="></latexit>



Stationary solutions and energy cascade

n(t, k)|t=0 = c(k)2
<latexit sha1_base64="F2WWI8HsoU5odr9jUZNccJHuMIQ=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFaEFKUgXdFIpuXFawF2hjmEwn7ZDJhZkTIcY+i65E3fkevoBv47Rmoa3/6pvz/wPn/G7MmQTT/NIKS8srq2vF9dLG5tb2jr6715FRIghtk4hHoudiSTkLaRsYcNqLBcWBy2nX9a+mfveeCsmi8BbSmNoBHoXMYwSDGjn6QViBE7/66GTQMCcNUvGrd3VHL5s1cyZjEawcyihXy9E/B8OIJAENgXAsZd8yY7AzLIARTielQSJpjImPR7SvMMQBlXY2235iHHuRMGBMjdn7dzbDgZRp4KpMgGEs573p8D+vn4B3YWcsjBOgIVER5XkJNyAypiUYQyYoAZ4qwEQwtaVBxlhgAqqqkjrfmj92ETr1mnVaq9+clZuXeRFFdIiOUAVZ6Bw10TVqoTYi6AE9ozf0rqXak/aivf5EC1r+Zx/9kfbxDTFMkXY=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Well-posedness of WKE studied by
<latexit sha1_base64="GhEKgcztOlgOJW1u7xXxvrO9HYw=">AAACA3icbVDLSsNAFJ3UV62vqEs3g0VwY0nqQpdFEQQ3FWxTaEOZTG7aoZNMmJkIoXSpP6MrUXf+gT/g3zitWWjrWZ17z7lwzwlSzpR2nC+rtLS8srpWXq9sbG5t79i7e20lMkmhRQUXshMQBZwl0NJMc+ikEkgccPCC0eVU9+5BKiaSO52n4MdkkLCIUaLNqm9jDzg/SYWCMAGlsIiwd3OFlc5CBiEO8r5ddWrODHiRuAWpogLNvv3ZCwXNYkg05USpruuk2h8TqRnlMKn0MgUpoSMygK6hCYlB+eNZkgk+ioTEegh4Nv/2jkmsVB4HxhMTPVTz2nT5n9bNdHTuj1mSZhoSaixGizKOtcDTQnDIJFDNc0MIlcx8iemQSEK1qa1i4rvzYRdJu15zT2v123q1cVEUUUYH6BAdIxedoQa6Rk3UQhQ9omf0ht6tB+vJerFef6wlq7jZR39gfXwDKnSXIA==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

Kolmogorov-Zakharov spectra
<latexit sha1_base64="AwFNKp07HX4M4Y2zqG1Z4zBIlEs=">AAAB/nicbZDNTgIxFIU7+If4N+qSTSMxcSOZwYUuiW5M3GAiPxEmpFPuQEM7nbQdEkJI9GV0ZdSdD+EL+DYWnIWCd/X1ntPknhMmnGnjeV9ObmV1bX0jv1nY2t7Z3XP3DxpapopCnUouVSskGjiLoW6Y4dBKFBARcmiGw6uZ3hyB0kzGd2acQCBIP2YRo8TYVdct3kguZF8qOTq9J8MBsYB1AtQo0nVLXtmbD14GP4MSyqbWdT87PUlTAbGhnGjd9r3EBBOiDKMcpoVOqiEhdEj60LYYEwE6mMxDTPFxJBU2A8Dz92/vhAitxyK0HkHMQC9qs+V/Wjs10UUwYXGSGoiptVgtSjk2Es+6wD2mbFA+tkCoYvZKTG0DhBrbWMHG9xfDLkOjUvbPypXbSql6mRWRR0V0hE6Qj85RFV2jGqojih7RM3pD786D8+S8OK8/1pyT/TlEf8b5+AbnBZYE</latexit>

Problem: Hard to make sense of notion of solution due to singularity
<latexit sha1_base64="BQuSDL6F0e2xQhWzR7jx7EL1jmE="></latexit>

at k = 0
<latexit sha1_base64="E3pEYC8xtMtBkSuO0m2fAxfbEic=">AAAB6XicbZDLTgJBEEVr8IX4Ql266QgmrsgMLnRjQnTjEhN5JDAhPU0BHXoe6a4xIYSP0JVRd/6OP+Df2OAsFLyr03VvJ3UrSJQ05LpfTm5tfWNzK79d2Nnd2z8oHh41TZxqgQ0Rq1i3A25QyQgbJElhO9HIw0BhKxjfzv3WI2oj4+iBJgn6IR9GciAFJztqc2Ll8bVb7hVLbsVdiK2Cl0EJMtV7xc9uPxZpiBEJxY3peG5C/pRrkkLhrNBNDSZcjPkQOxYjHqLxp4t9Z+xsEGtGI2SL9+/slIfGTMLAZkJOI7PszYf/eZ2UBlf+VEZJShgJG7HeIFWMYjavzfpSoyA1scCFlnZLJkZcc0H2OAVb31suuwrNasW7qFTvq6XaTXaIPJzAKZyDB5dQgzuoQwMEKHiGN3h3xs6T8+K8/kRzTvbnGP7I+fgGTx+Mdg==</latexit>

[Escobedo-Velázquez (2015)]
<latexit sha1_base64="pEDpqvEqyzBE7CsNoAeW90mJK7E=">AAACAXicbVDLSsNAFJ3UV62vqEtBBotYF5YkIrosiuCygn1AG8pketsOnWTizERoS1f6M7oSdecv+AP+jdOahVbP6tx7zoV7ThBzprTjfFqZufmFxaXscm5ldW19w97cqiqRSAoVKriQ9YAo4CyCimaaQz2WQMKAQy3oX0z02h1IxUR0owcx+CHpRqzDKNFm1bJ3ceNSURFAWxxVgTcPyPA2gSEueI57cui37LxTdKbAf4mbkjxKUW7ZH822oEkIkaacKNVwnVj7IyI1oxzGuWaiICa0T7rQMDQiISh/NM0xxvsdIbHuAZ7OP70jEio1CAPjCYnuqVltsvxPayS6c+aPWBQnGiJqLEbrJBxrgSd14DaTQDUfGEKoZOZLTHtEEqpNaTkT350N+5dUvaJ7XPSuvXzpPC0ii3bQHiogF52iErpCZVRBFD2gJ/SK3qx769F6tl6+rRkrvdlGv2C9fwHXL5Ua</latexit>

[Germain-Ionescu-Tran (2018)]
<latexit sha1_base64="c6KQr0N1FLUI1jejV8yisSydR0Y=">AAACAXicbVDLTsJAFJ3iC/GFujQxE4kJLiBtXciS6ELdYcIrKQ2ZDrcwYTptZqYmhLDSn9GVUXf+gj/g3zggCwXP6tx7zk3uOUHCmdK2/WVlVlbX1jeym7mt7Z3dvfz+QVPFqaTQoDGPZTsgCjgT0NBMc2gnEkgUcGgFw6up3roHqVgs6nqUgB+RvmAho0SbVTd/jL1rkBFhonQbC1A0LdUlEbjo2k7lzO/mC3bZngEvE2dOCmiOWjf/2enFNI1AaMqJUp5jJ9ofE6kZ5TDJdVIFCaFD0gfPUEEiUP54lmOCT8NYYj0APJt/e8ckUmoUBcYTET1Qi9p0+Z/mpTqs+GMmklSDoMZitDDlWMd4WgfuMQlU85EhhEpmvsR0QCSh2pSWM/GdxbDLpOmWnfOye+cWqpfzIrLoCJ2gInLQBaqiG1RDDUTRI3pGb+jderCerBfr9ceaseY3h+gPrI9vv3iVCg==</latexit>

Zakharov and his collaborators found stationary “solutions” of the form
<latexit sha1_base64="2mumT3gGy8j8EwvyFlSzfIeYZIs="></latexit>

n(k) = |k|�↵
<latexit sha1_base64="80BKheP2A8GBcJrkduYuUv2+tOQ=">AAAB+HicbZDLTsJAFIaneEO8VY0rNxPBBBeSFhe6MSG6cYmJXBKo5HSYwqTTS2amJlh4F10Zdedz+AK+jQN2oeC/+ub8/yTn/G7MmVSW9WXklpZXVtfy64WNza3tHXN3rymjRBDaIBGPRNsFSTkLaUMxxWk7FhQCl9OW619P/dYDFZJF4Z0axdQJYBAyjxFQetQzD0ph2T+5HPvj+/S0CzwewqSEe2bRqlgz4UWwMyiiTPWe+dntRyQJaKgIByk7thUrJwWhGOF0UugmksZAfBjQjsYQAiqddLb+BB97kcBqSPHs/TubQiDlKHB1JgA1lPPedPif10mUd+GkLIwTRUOiI9rzEo5VhKct4D4TlCg+0gBEML0lJkMQQJTuqqDPt+ePXYRmtWKfVaq31WLtKisijw7RESojG52jGrpBddRABKXoGb2hd+PReDJejNefaM7I/uyjPzI+vgFeIJIr</latexit>

believed to be connected to cascades.
<latexit sha1_base64="DOfIk0TPj8lSc/QR1mDRefUxxzE=">AAACCHicbVC7TsNAEDyHVwgvAyXNiSgSVWSHAsoIGsogkYeUWNH5vE5OOZ+tu3OkyMoPwM9AhYCOmh/gbzgnLiBhqtmdWWln/IQzpR3n2yptbG5t75R3K3v7B4dH9vFJR8WppNCmMY9lzycKOBPQ1kxz6CUSSORz6PqT21zvTkEqFosHPUvAi8hIsJBRos1qaNd8cwpTCLCOsQ+YxkIA1cuZEkVJAKo+tKtO3VkArxO3IFVUoDW0vwZBTNMIhKacKNV3nUR7GZGaUQ7zyiBVkBA6ISPoGypIBMrLFnHmuBbGEutx/oyZf3szEik1i3zjiYgeq1UtX/6n9VMdXnsZE0mqQVBjMVqY8jxk3goOmDSp+cwQQiUzX2I6JpKYJqSqmPjuath10mnU3ct6475Rbd4URZTRGTpHF8hFV6iJ7lALtRFFT+gFvaMP69F6tl6tt6W1ZBU3p+gPrM8f+oiZOQ==</latexit>

@tn = K(n)
<latexit sha1_base64="t2PaC+XNhIsFvhHgbryuCz+Q5bw=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBHqpiRV0I1QdCO4qWAf0IRyM522QyeTMDMRSuhGf0ZXou78Bn/Av3FSs9DWszpzzxnuPSeIOVPacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGENkjEI9kOQFHOBG1opjltx5JCGHDaCkZXmd66p1KxSNzpcUz9EAaC9RkBbUZd+8CLQWoGvKuxwBfYC0EPCfD0ZlIWx1275FScKfA8cXNSQjnqXfvT60UkCanQhINSHdeJtZ9mKwink6KXKBoDGcGAdgwVEFLlp9MYE3zUjyTWQ4qn79/eFEKlxmFgPNl9albLhv9pnUT3z/2UiTjRVBBjMVo/4VhHOGsD95ikRPOxIUAkM1diMgQJRJvOiia+Oxt2njSrFfekUr09LdUu8yIKaB8dojJy0RmqoWtURw1E0CN6Rm/o3XqwnqwX6/XHumDlf/bQH1gf373GlcU=</latexit>

K(n)(t, k) =

Z

Rd⇥Rd

k=k1�k2+k3

�
�
|k1|2 � |k2|2 + |k3|2 � |k|2

�
[n1n2n3 � nn2n3 + nn1n3 � nn1n2] dk1 dk3

<latexit sha1_base64="NnQTu2RVcH5jdzE66L05jgjsd8w="></latexit>

k 2 Rd
<latexit sha1_base64="xL861Z1PI2wujeAyYzla1RlK4FY=">AAAB83icbVC7TsNAEFzzDOFloKSxiJCoIjsgQRlBQxkQeUixic6XTXLK+WzdnSNFVr4EKgR0/Ak/wN9wDi4gYarZnVlpdsKEM6Vd98taWV1b39gsbZW3d3b39u2Dw5aKU0mxSWMey05IFHImsKmZ5thJJJIo5NgOxze53p6gVCwWD3qaYBCRoWADRok2q55tj30m/IjoURhm97PHfs+uuFV3DmeZeAWpQIFGz/70+zFNIxSacqJU13MTHWREakY5zsp+qjAhdEyG2DVUkAhVkM2Tz5zTQSwdPUJnPv/2ZiRSahqFxpOnU4tavvxP66Z6cBVkTCSpRkGNxWiDlDs6dvICnD6TSDWfGkKoZCalQ0dEEqpNTWXzvrf47DJp1areebV2d1GpXxdFlOAYTuAMPLiEOtxCA5pAYQLP8AbvVmo9WS/W6491xSpujuAPrI9vnIKRWA==</latexit>

nj = n(t, kj)
<latexit sha1_base64="H2BDLBbya2xZJJSDuX1wKCiixSU=">AAAB8nicbZDNSsNAFIUn/tb606hLN4NFqCAlqYJuhKIblxXsD7QhTKaTdtrJJMzcCCX0RXQl6s5H8QV8G6c1C209q2/uOQP33CARXIPjfFkrq2vrG5uFreL2zu5eyd4/aOk4VZQ1aSxi1QmIZoJL1gQOgnUSxUgUCNYOxrczv/3IlOaxfIBJwryIDCQPOSVgRr5dkv4IX2NZgTM89kenvl12qs5ceBncHMooV8O3P3v9mKYRk0AF0brrOgl4GVHAqWDTYi/VLCF0TAasa1CSiGkvmy8+xSdhrDAMGZ6/f2czEmk9iQKTiQgM9aI3G/7ndVMIr7yMyyQFJqmJGC9MBYYYz/rjPleMgpgYIFRxsyWmQ6IIBXOloqnvLpZdhlat6p5Xa/cX5fpNfogCOkLHqIJcdInq6A41UBNRlKJn9IbeLbCerBfr9Se6YuV/DtEfWR/fVzuPQQ==</latexit>



Stationary solutions and energy cascade

forcing
<latexit sha1_base64="35IdM95goopkcU324HX2gRTfvNc=">AAAB/HicbVC7TsMwFHV4lvIKMCGWiAqJqUrKAGMFC2OR6ENqo8pxb1urjhPZN4gqCvwMTAjY+Ap+gL/BDRmg5UzH9xzfxwliwTW67pe1tLyyurZe2ihvbm3v7Np7+y0dJYpBk0UiUp2AahBcQhM5CujECmgYCGgHk6uZ3r4DpXkkb3Eagx/SkeRDziiaUt8+7CHcY94nDUQCWTqMFONylPXtilt1cziLxCtIhRRo9O3P3iBiSQgSmaBadz03Rj+lCjkTkJV7iYaYsgkdQddQSUPQfpqPzpwTM9bBMTj5+7c3paHW0zAwnpDiWM9rs+J/WjfB4YWfchknCJIZi9GGiXAwcmZJOAOugKGYGkKZ4mZLh42pogxNXmVzvjd/7CJp1areWbV2U6vUL4sgSuSIHJNT4pFzUifXpEGahJFH8kzeyLv1YD1ZL9brj3XJKv4ckD+wPr4Bo+GV/A==</latexit>

log |k|
<latexit sha1_base64="530hJ6B4Ntd1wGUFk2/88VKy6NE=">AAAB6XicbZDNTgIxFIXv4B/iH+rSTSMxcUVm0ESXRDcuMZGfBCakU+5AM53ppO2YEOAhdGXUna/jC/g2FpyFgmf19Z7T5J4bpIJr47pfTmFtfWNzq7hd2tnd2z8oHx61tMwUwyaTQqpOQDUKnmDTcCOwkyqkcSCwHUS3c7/9iEpzmTyYcYp+TIcJDzmjxo46PSGHZBpN++WKW3UXIqvg5VCBXI1++bM3kCyLMTFMUK27npsaf0KV4UzgrNTLNKaURXSIXYsJjVH7k8W+M3IWSkXMCMni/Ts7obHW4ziwmZiakV725sP/vG5mwmt/wpM0M5gwG7FemAliJJnXJgOukBkxtkCZ4nZLwkZUUWbscUq2vrdcdhVatap3Ua3dX1bqN/khinACp3AOHlxBHe6gAU1gIOAZ3uDdiZwn58V5/YkWnPzPMfyR8/EN4dKNhA==</latexit>

logE(|k|)
<latexit sha1_base64="jaG9kS3TM/S4nnn5Q+gGxVsPEqg=">AAAB7HicbZDNTgIxFIU7+If4h7p000hMcENm0ESXRGPiEhNBkmFCOuUONHTaSdsxIQNvoSuj7nwaX8C3seAsFDyrr/ecJvfcMOFMG9f9cgorq2vrG8XN0tb2zu5eef+grWWqKLSo5FJ1QqKBMwEtwwyHTqKAxCGHh3B0PfMfHkFpJsW9GScQxGQgWMQoMXbkd7kc4JvqZDQ57ZUrbs2dCy+Dl0MF5Wr2yp/dvqRpDMJQTrT2PTcxQUaUYZTDtNRNNSSEjsgAfIuCxKCDbL7yFJ9EUmEzBDx//85mJNZ6HIc2ExMz1IvebPif56cmugwyJpLUgKA2Yr0o5dhIPGuO+0wBNXxsgVDF7JaYDoki1Nj7lGx9b7HsMrTrNe+sVr87rzSu8kMU0RE6RlXkoQvUQLeoiVqIIome0Rt6d4Tz5Lw4rz/RgpP/OUR/5Hx8Azkkjjg=</latexit>

inertial range
<latexit sha1_base64="OgLxcxBgfGpEVSVp12kuQZfvQxE=">AAACAnicbVC7TsNAEDzzDOFloKTgRIREFdmhgDKChjJI5CElVnS+rJNTzg/drRGRlQ5+BioEdHwCP8DfcDEuIGGruZ250c74iRQaHefLWlpeWV1bL22UN7e2d3btvf2WjlPFocljGauOzzRIEUETBUroJApY6Eto++OrGd++A6VFHN3iJAEvZMNIBIIzNKu+fdRDuMfcJ1MwmGbGR6FgkioWDWHatytO1cmHLgK3ABVSTKNvf/YGMU9DiJBLpnXXdRL0MmZMuYRpuZdqSBgfsyF0DYxYCNrL8gOm9CSIFcUR0Pz9W5uxUOtJ6BtNyHCk57nZ8j+um2Jw4ZlUSYoQcSMxXJBKijGd9UEHQgFHOTGAcSXMlZSPmGIcTWtlE9+dD7sIWrWqe1at3dQq9cuiiBI5JMfklLjknNTJNWmQJuHkkTyTN/JuPVhP1ov1+iNdsoo/B+TPWB/fC9GYaA==</latexit>

dissipation
<latexit sha1_base64="3n11M5lyr6UYW8RmIWyZpzwKLYg=">AAACAXicbVDLTsMwEHR4lvIKcERCERUSpyopBzhWcOFYJPqQ2qhy3E1r1XEie4Ooop7gZ+CEgBu/wA/wN7ghB2iZ0+zO7No7QSK4Rtf9spaWV1bX1ksb5c2t7Z1de2+/peNUMWiyWMSqE1ANgktoIkcBnUQBjQIB7WB8NdPbd6A0j+UtThLwIzqUPOSMomn17aMewj3me7KhApDTbMC15kmuT/t2xa26OZxF4hWkQgo0+vZnbxCzNAKJTFCtu56boJ9RhZwJmJZ7qYaEsjEdQtdQSSPQfpa/P3VOwlg5OAInr397MxppPYkC44kojvS8Nmv+p3VTDC/8jMskRZDMWIwWpsLB2JnF4Qy4AoZiYghliptfOmxEFWVoQiub8735YxdJq1b1zqq1m1qlflkEUSKH5JicEo+ckzq5Jg3SJIw8kmfyRt6tB+vJerFef6xLVjFzQP7A+vgGz3GYVg==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Forcing injects energy on large scales
<latexit sha1_base64="StUHyYypXo6NWmEjEOQRpjvnBaQ=">AAACCXicbVDLTsMwEHTKq5RXgCMXiwrEqUrKAY4VSIhjkehDaqvKcbepqWNHtoMURf0C+Bk4IeDGlR/gb3BLDtAyp9mdWWlngpgzbTzvyyksLa+srhXXSxubW9s77u5eU8tEUWhQyaVqB0QDZwIahhkO7VgBiQIOrWB8OdVb96A0k+LWpDH0IhIKNmSUGLvqu8dXUlEmQszEHVCjMQhQYYqlwJyoELCmhIPuu2Wv4s2AF4mfkzLKUe+7n92BpEkEwlBOtO74Xmx6GVGGUQ6TUjfREBM6JiF0LBUkAt3LZnkm+GgoFTYjwLP5tzcjkdZpFFhPRMxIz2vT5X9aJzHD817GRJwYENRarDZMODYST2vBA6ZsfJ5aQqhi9ktMR0QRamx5JRvfnw+7SJrVin9aqd5Uy7WLvIgiOkCH6AT56AzV0DWqowai6BE9ozf07jw4T86L8/pjLTj5zT76A+fjG1CdmgM=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Nonlinear wave interactions transfer energy
<latexit sha1_base64="Q1Co3NmXj3Eur5o8ml4SKGBpsqw=">AAACD3icbVDLTgJBEJz1ifhCPXqZSEw8GLKLBz0SvXgymMgjAUJ6h16YMDu7mZnFEMJH6M/oyag3E3/Av3EW96Bgnaq7qpOu8mPBtXHdL2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINX3QKLjEmuFGYDNWCKEvsOEPr1K9MUKleSTvzDjGTgh9yQPOwNhVt3B6E8n0FhS9hxFSLg0qYKmoqVEgdYCKokTVH9NuoeiW3BnoIvEyUiQZqt3CZ7sXsSREaZgArVueG5vOBJThTOA03040xsCG0MeWpRJC1J3JLNWUHgeRomaAdDb/9k4g1Hoc+tYTghnoeS1d/qe1EhNcdCZcxolByazFakEiqIloWg7tcYXMiLElwBS3X1I2gLQPW2Hexvfmwy6SernknZXKt+Vi5TIrIkcOyRE5IR45JxVyTaqkRhh5JM/kjbw7D86T8+K8/liXnOzmgPyB8/ENpEWc9Q==</latexit>

from large to smaller scales
<latexit sha1_base64="MsZmg5qCpUOcrHMs5iahtB/i73s=">AAAB/3icbVC7TsNAEDyHVwgvAyUUJyIkqsgOBZQRNJRBIg8piaL1ZZ2ccmdbd2ekKEoBPwMVAjr+gR/gbzgHF5Aw1ezOrLQzQSK4Np735RRWVtfWN4qbpa3tnd09d/+gqeNUMWywWMSqHYBGwSNsGG4EthOFIAOBrWB8nemte1Sax9GdmSTYkzCMeMgZGLvqu8ehiiUVoIZITUy1BCFQUc1AoO67Za/izUGXiZ+TMslR77uf3UHMUomRYQK07vheYnpTUIYzgbNSN9WYABvDEDuWRiBR96bzFDN6GsaKmhHS+fzbOwWp9UQG1iPBjPSili3/0zqpCS97Ux4lqcGIWYvVwlRkSbMy6IArZEZMLAGmuP2SshEoYMZWVrLx/cWwy6RZrfjnlepttVy7yosokiNyQs6ITy5IjdyQOmkQRh7JM3kj786D8+S8OK8/1oKT3xySP3A+vgHUPJXn</latexit>

Energy is dissipated at very small scales
<latexit sha1_base64="EZ3qvQrYEQuUkL5iO6dpc1dasUw=">AAACDHicbVDLSgNBEJz1bXxFPXoZDIJewm486DEogkcFY4QkhN5JJxmcfTDdKyzBX9Cf0ZOoN0/+gH/jJOagiXWq7qqGrgpTo4l9/8ubmZ2bX1hcWi6srK6tbxQ3t64pyazCmkpMYm9CIDQ6xhprNniTWoQoNFgPb0+Hev0OLekkvuI8xVYEvVh3tQJ2q3bx4CxG28ulJtnRRDoFxo4Elu4olxSBMZIUGKR2seSX/RHkNAnGpCTGuGgXP5udRGURxqwMEDUCP+XWACxrZfC+0MwIU1C30MOGozFESK3BKNK93OsmVnIf5Wj+7R1ARJRHofNEwH2a1IbL/7RGxt3j1kDHacYYK2dxWjczkhM5bMblt6jY5I6Astp9KVUfLCh2/RVc/GAy7DS5rpSDw3LlslKqnoyLWBI7Ylfsi0Aciao4FxeiJpR4FM/iTbx7D96T9+K9/lhnvPHNtvgD7+MbjqqbOw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

Scale separation: forcing and dissipation are
<latexit sha1_base64="InxrTH+my5NnYd17nILwu8OPewo=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEhMUVIGEFMFC2MR9CG1UeW4N61Vx4lsB6mK+hXwMzAhYIMf4G9wQgZoudPxOce695wg4Uxp1/2ylpZXVtfWKxvVza3tnV17b7+t4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gslVrnfuQSoWizs9TcCPyEiwkFGiDTWwnVtKOGAFCZEFdYHDWFImRpiIIR4ypVhSCJhIwAO75jpuMXgReCWooXKaA/uzP4xpGoHQlBOlep6baD8jUjPKYVbtp/lqOiEj6BkoSATKz4pcM3xsTsF6DLh4//ZmJFJqGgXGExE9VvNaTv6n9VIdnvsZE0mqQVBjMVqYcqxjnNdjAkugmk8NIFQycyWmY1MN1abEqonvzYddBO2645069Zt6rXFZFlFBh+gInSAPnaEGukZN1EIUPaJn9IberQfryXqxXn+sS1b55wD9GevjGyRrnSA=</latexit>

negligible on an intermediate range of scales
<latexit sha1_base64="qQl4Nxop7I9cePzA49NxY65+fvU=">AAACEHicbVC7TsNAEDyHVwivACXNiQiJhsgOBZQRNJRBIg8psaL1Ze2ccj5bd2ekyMpPwM9AhYAO8QP8DZeQAhKmmt2ZlXYmSAXXxnW/nMLK6tr6RnGztLW9s7tX3j9o6SRTDJssEYnqBKBRcIlNw43ATqoQ4kBgOxhdT/X2PSrNE3lnxin6MUSSh5yBsat++UxiJHjErZ8mkoKkXBpUMQ44GKQKZGSFkGoGAnW/XHGr7gx0mXhzUiFzNPrlz94gYVmM0jABWnc9NzV+DspwJnBS6mUaU2AjiLBrqYQYtZ/PYk3oSZgoaoZIZ/Nvbw6x1uM4sJ4YzFAvatPlf1o3M+Gln3OZZgYlsxarhZmgJqHTduiAK2RGjC0Bprj9krIhKGC2E12y8b3FsMukVat659Xaba1Sv5oXUSRH5JicEo9ckDq5IQ3SJIw8kmfyRt6dB+fJeXFef6wFZ35zSP7A+fgGlu2c2g==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

E(t, |k|) =
Z

k02Sd�1(k)
E|uk0(t)|2

<latexit sha1_base64="IzbiUkZaC7yy40w6kWBY5L6uvYk="></latexit>

|k|�↵
<latexit sha1_base64="w7UXKVMyfZBHwK0d+7hO0gwRCKE=">AAAB7nicbZDLTsJAFIanXhFvqEs3E4mJG0mLJrokunGJiVwSqOR0OKUTphdnpiak8Bq6MurOh/EFfBsH7ELBf/XN+f9Jzn+8RHClbfvLWlpeWV1bL2wUN7e2d3ZLe/tNFaeSYYPFIpZtDxQKHmFDcy2wnUiE0BPY8obXU7/1iFLxOLrTowTdEAYR9zkDbUbueDi+z067IJIAJr1S2a7YM9FFcHIok1z1Xumz249ZGmKkmQClOo6daDcDqTkTOCl2U4UJsCEMsGMwghCVm82WntBjP5ZUB0hn79/ZDEKlRqFnMiHoQM170+F/XifV/qWb8ShJNUbMRIznp4LqmE670z6XyLQYGQAmudmSsgAkMG0uVDT1nfmyi9CsVpyzSvX2vFy7yg9RIIfkiJwQh1yQGrkhddIgjDyQZ/JG3q3EerJerNef6JKV/zkgf2R9fAPmOo/d</latexit>



The Zakharov - L’vov model

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> We would like to have a model that accounts for energy injection, damping,
<latexit sha1_base64="rTJe/PphNcjCjuhjYOBaoNuiwoU="></latexit>

propagation and interactions.
<latexit sha1_base64="E63neKv9juJ/mqTYDqktDqeMpzk=">AAACAHicbVC9TsMwGHTKXyl/AUaEZFEhMUVJGWCsYGEsEv2R2qhy3C+tVceJbAepirrAy8CEgI1n4AV4G5yQAVpuuvvuLPkuSDhT2nW/rMrK6tr6RnWztrW9s7tn7x90VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC9zv3uPUjFYnGnZwn4ERkLFjJKtDkN7eNExgkZFwoTMcJMaJCE5lo5Q7vuOm4BvEy8ktRRidbQ/hyMYppGIDTlRKm+5ybaz4jUjHKY1wapgoTQKRlD31BBIlB+VtSY49MwllhPABf6dzYjkVKzKDCZiOiJWvTy439eP9XhpZ8xkaQaBDUR44UpxzrG+Rp4xCRQzWeGECqZ+SWmE5L3N5vVTH1vsewy6TQc79xp3DbqzatyiCo6QifoDHnoAjXRDWqhNqLoET2jN/RuPVhP1ov1+hOtWOWbQ/QH1sc3PLiWvA==</latexit>

@uk

@t
= �i

@H

@uk
+ fk(t)� �kuk

<latexit sha1_base64="k4O0Biuvu52n2fetoVF4m9Uo7VI="></latexit>

fk(t) random forcing supported on |k| . 1
<latexit sha1_base64="zjHDGqhxxci3Uy2RkuewBSNbdwY=">AAACF3icbVDLTgJBEJz1Lb5Qj14mggleyC6a6NHoxaMmIiZAyOzQCxPmsZnpNSHoh+jP6Mmo8eLRv3FADgrWqbqrOumqOJXCYRh+BTOzc/MLi0vLuZXVtfWN/ObWtTOZ5VDlRhp7EzMHUmiookAJN6kFpmIJtbh3NtRrt2CdMPoK+yk0FetokQjO0K9a+cNi0uqVcL9ILdNto2hiLBe6Q12WpsYitKnRtHjXu2tIcM4JRaNiK18Iy+EIdJpEY1IgY1y08h+NtuGZAo1cMufqUZhic8AsCi7hPtfIHKSM91gH6p5qpsA1B6N093TPv0SxC3Q0//YOmHKur2LvUQy7blIbLv/T6hkmx82B0GmGoLm3eC3JJEVDhyXRtrDAUfY9YdwK/yXlXWYZR19lzsePJsNOk+tKOTooVy4rhZPTcRFLZIfskhKJyBE5IefkglQJJ4/kmbyR9+AheApegtcf60wwvtkmfxB8fgNCo56r</latexit>

Zakharov-L’vov model (1975)
<latexit sha1_base64="moHelUCycOyTurSH37YYd25t/LI=">AAAB/nicbVDLTgJBEJzFF+Jr1SOXicSIB8kuxqA3ohcPHjCRRwRCZocGJszubGZmNyGERH9GT0a9+RH+gH/jgHtQsE7VXdVJV3khZ0o7zpeVWlpeWV1Lr2c2Nre2d+zdvZoSkaRQpYIL2fCIAs4CqGqmOTRCCcT3ONS94dVUr8cgFRPBnR6F0PZJP2A9Rok2q46dvSfDAZEiPrk5ikWMfdEFjvPuRensuGPnnIIzA14kbkJyKEGlY3+2uoJGPgSacqJU03VC3R4TqRnlMMm0IgUhoUPSh6ahAfFBtcezEBN82BMS6wHg2fzbOya+UiPfMx6f6IGa16bL/7RmpHvn7TELwkhDQI3FaL2IYy3wtAvcZRKo5iNDCJXMfImpKYNQbRrLmPjufNhFUisW3NNC8baYK18mRaRRFh2gPHJRCZXRNaqgKqLoET2jN/RuPVhP1ov1+mNNWcnNPvoD6+Mb5eOUCQ==</latexit>



The Zakharov - L’vov model

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> We would like to have a model that accounts for energy injection, damping,
<latexit sha1_base64="rTJe/PphNcjCjuhjYOBaoNuiwoU="></latexit>

propagation and interactions.
<latexit sha1_base64="E63neKv9juJ/mqTYDqktDqeMpzk=">AAACAHicbVC9TsMwGHTKXyl/AUaEZFEhMUVJGWCsYGEsEv2R2qhy3C+tVceJbAepirrAy8CEgI1n4AV4G5yQAVpuuvvuLPkuSDhT2nW/rMrK6tr6RnWztrW9s7tn7x90VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC9zv3uPUjFYnGnZwn4ERkLFjJKtDkN7eNExgkZFwoTMcJMaJCE5lo5Q7vuOm4BvEy8ktRRidbQ/hyMYppGIDTlRKm+5ybaz4jUjHKY1wapgoTQKRlD31BBIlB+VtSY49MwllhPABf6dzYjkVKzKDCZiOiJWvTy439eP9XhpZ8xkaQaBDUR44UpxzrG+Rp4xCRQzWeGECqZ+SWmE5L3N5vVTH1vsewy6TQc79xp3DbqzatyiCo6QifoDHnoAjXRDWqhNqLoET2jN/RuPVhP1ov1+hOtWOWbQ/QH1sc3PLiWvA==</latexit>

@uk

@t
= �i

@H

@uk
+ fk(t)� �kuk

<latexit sha1_base64="k4O0Biuvu52n2fetoVF4m9Uo7VI="></latexit>

fk(t) random forcing supported on |k| . 1
<latexit sha1_base64="zjHDGqhxxci3Uy2RkuewBSNbdwY=">AAACF3icbVDLTgJBEJz1Lb5Qj14mggleyC6a6NHoxaMmIiZAyOzQCxPmsZnpNSHoh+jP6Mmo8eLRv3FADgrWqbqrOumqOJXCYRh+BTOzc/MLi0vLuZXVtfWN/ObWtTOZ5VDlRhp7EzMHUmiookAJN6kFpmIJtbh3NtRrt2CdMPoK+yk0FetokQjO0K9a+cNi0uqVcL9ILdNto2hiLBe6Q12WpsYitKnRtHjXu2tIcM4JRaNiK18Iy+EIdJpEY1IgY1y08h+NtuGZAo1cMufqUZhic8AsCi7hPtfIHKSM91gH6p5qpsA1B6N093TPv0SxC3Q0//YOmHKur2LvUQy7blIbLv/T6hkmx82B0GmGoLm3eC3JJEVDhyXRtrDAUfY9YdwK/yXlXWYZR19lzsePJsNOk+tKOTooVy4rhZPTcRFLZIfskhKJyBE5IefkglQJJ4/kmbyR9+AheApegtcf60wwvtkmfxB8fgNCo56r</latexit>

Zakharov-L’vov model (1975)
<latexit sha1_base64="moHelUCycOyTurSH37YYd25t/LI=">AAAB/nicbVDLTgJBEJzFF+Jr1SOXicSIB8kuxqA3ohcPHjCRRwRCZocGJszubGZmNyGERH9GT0a9+RH+gH/jgHtQsE7VXdVJV3khZ0o7zpeVWlpeWV1Lr2c2Nre2d+zdvZoSkaRQpYIL2fCIAs4CqGqmOTRCCcT3ONS94dVUr8cgFRPBnR6F0PZJP2A9Rok2q46dvSfDAZEiPrk5ikWMfdEFjvPuRensuGPnnIIzA14kbkJyKEGlY3+2uoJGPgSacqJU03VC3R4TqRnlMMm0IgUhoUPSh6ahAfFBtcezEBN82BMS6wHg2fzbOya+UiPfMx6f6IGa16bL/7RmpHvn7TELwkhDQI3FaL2IYy3wtAvcZRKo5iNDCJXMfImpKYNQbRrLmPjufNhFUisW3NNC8baYK18mRaRRFh2gPHJRCZXRNaqgKqLoET2jN/RuPVhP1ov1+mNNWcnNPvoD6+Mb5eOUCQ==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> We consider the Wick-ordered cubic NLS Hamiltonian, leading to
<latexit sha1_base64="LkMEDmPJLxk0tFBTpxXcBwIyWps="></latexit>

x 2 Td
L

<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>

{�k(t)}k2Zd
L
ind. std. complex Wiener processes

<latexit sha1_base64="dfjPEajT7izGfa+Lq2YnSKfJWps="></latexit>

u(t, x)|t=0 = L�d/2
X

k2Zd
L
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<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>

{⌘k}k2Zd
L
i.i.d. std. complex Gaussians

<latexit sha1_base64="RPFOjkUBA+0YzFjKY9vKjjxzka8="></latexit>

b : Rd ! [0,1)
<latexit sha1_base64="KTtfIwgUbq3lXsju6zqSQIkg3VU=">AAACCHicbVDLSsNAFJ34rPUVdelmsBQUpCRVUFwV3bisYh/QxDKZTtqhkwczN0oI/QH9GV2JunPtD/g3TmoX2npW595zLtxzvFhwBZb1ZczNLywuLRdWiqtr6xub5tZ2U0WJpKxBIxHJtkcUEzxkDeAgWDuWjASeYC1veJHrrTsmFY/CG0hj5gakH3KfUwJ61TXL3pkTEBh4XnY9uu1hR/L+AIiU0T3uWIcOD31ID7pmyapYY+BZYk9ICU1Q75qfTi+iScBCoIIo1bGtGNyMSOBUsFHRSRSLCR2SPutoGpKAKTcbxxnhsh9JDAOGx/Nvb0YCpdLA0578aTWt5cv/tE4C/qmb8TBOgIVUW7TmJwJDhPNWcI9LRkGkmhAquf4S0wGRhILurqjj29NhZ0mzWrGPKtWr41LtfFJEAe2iPbSPbHSCaugS1VEDUfSIntEbejcejCfjxXj9sc4Zk5sd9AfGxzdUZJlz</latexit>

c : Rd ! [0, " )
<latexit sha1_base64="2qR89V6RaMWygILrP+O/ppuNods=">AAACCHicbVDLSsNAFJ34rPUVdelmsBQUpCRVUFwV3bisYh/QxDKZTtqhkwczN0oI/QH9GV2JunPtD/g3TmoX2npW595zLtxzvFhwBZb1ZczNLywuLRdWiqtr6xub5tZ2U0WJpKxBIxHJtkcUEzxkDeAgWDuWjASeYC1veJHrrTsmFY/CG0hj5gakH3KfUwJ61TXL9MwJCAw8L7se3fawI3l/AETK6B53rEOHhz6kB12zZFWsMfAssSekhCaod81PpxfRJGAhUEGU6thWDG5GJHAq2KjoJIrFhA5Jn3U0DUnAlJuN44xw2Y8khgHD4/m3NyOBUmngaU/+tJrW8uV/WicB/9TNeBgnwEKqLVrzE4EhwnkruMcloyBSTQiVXH+J6YBIQkF3V9Tx7emws6RZrdhHlerVcal2PimigHbRHtpHNjpBNXSJ6qiBKHpEz+gNvRsPxpPxYrz+WOeMyc0O+gPj4xtWBpl0</latexit>

Schwartz
<latexit sha1_base64="PBupPz6qAlozD8ensLbrQjsSg5Q=">AAAB6XicbVC7TsNAEFyHVwivACXNiQiJKrJDAWUEDWUQ5CElVnS+rONTzg/dnUHBykdAhYCO3+EH+BsuxgUkTDW7M7vaWS8RXGnb/rJKK6tr6xvlzcrW9s7uXnX/oKPiVDJss1jEsudRhYJH2NZcC+wlEmnoCex6k6u53r1HqXgc3elpgm5IxxH3OaPatHq3LHigUj8OqzW7bucgy8QpSA0KtIbVz8EoZmmIkWaCKtV37ES7mdnFmcBZZZAqTCib0DH2DY1oiMrN8ntn5MSPJdEBkrz+7c1oqNQ09IwnpDpQi9q8+Z/WT7V/4WY8SlKNETMWo/mpIDom89hkxCUyLaaGUCa5uZKwgErKtHlOxcR3FsMuk06j7pzVGzeNWvOyeEQZjuAYTsGBc2jCNbSgDQwEPMMbvFsT68l6sV5/rCWrmDmEP7A+vgEwt423</latexit>

Schwartz
<latexit sha1_base64="PBupPz6qAlozD8ensLbrQjsSg5Q=">AAAB6XicbVC7TsNAEFyHVwivACXNiQiJKrJDAWUEDWUQ5CElVnS+rONTzg/dnUHBykdAhYCO3+EH+BsuxgUkTDW7M7vaWS8RXGnb/rJKK6tr6xvlzcrW9s7uXnX/oKPiVDJss1jEsudRhYJH2NZcC+wlEmnoCex6k6u53r1HqXgc3elpgm5IxxH3OaPatHq3LHigUj8OqzW7bucgy8QpSA0KtIbVz8EoZmmIkWaCKtV37ES7mdnFmcBZZZAqTCib0DH2DY1oiMrN8ntn5MSPJdEBkrz+7c1oqNQ09IwnpDpQi9q8+Z/WT7V/4WY8SlKNETMWo/mpIDom89hkxCUyLaaGUCa5uZKwgErKtHlOxcR3FsMuk06j7pzVGzeNWvOyeEQZjuAYTsGBc2jCNbSgDQwEPMMbvFsT68l6sV5/rCWrmDmEP7A+vgEwt423</latexit>
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<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>
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<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>

r ! (0, 1], ! , " 1, " 2 > 0
<latexit sha1_base64="KftNNHLfGiYt2HvxkdvR1fnp510=">AAACBXicbVDLSsNAFJ34rPVVdelmaBG6KCWpgq6k6MZlBfuAJoTJ9KYdOpmEmYlQQtf6M7oSdecP+AP+jdPYhbaexXDmnnPhnhMknClt21/Wyura+sZmYau4vbO7t186OOyoOJUU2jTmsewFRAFnAtqaaQ69RAKJAg7dYHw907v3IBWLxZ2eJOBFZChYyCjRZuSXytJlAlftmuPVXOxyszkgNVekvpO/jUvbL1Xsup0DLxNnTipojpZf+nQHMU0jEJpyolTfsRPtZURqRjlMi26qICF0TIbQN1SQCJSX5Vmm+CSMJdYjwPn/tzcjkVKTKDCeiOiRWtRmw/+0fqrDCy9jIkk1CGosRgtTjnWMZ5XgAZNANZ8YQqhk5kpMR0QSqk1xRRPfWQy7TDqNunNab9yeVZpX8yIK6BiVURU56Bw10Q1qoTai6BE9ozf0bj1YT9aL9fpjXbHmO0foD6yPb/Khljk=</latexit>



The Zakharov - L’vov model

Goals:
<latexit sha1_base64="2CoQguZf+XfFGWi7/SFBivbfHvA=">AAAB83icbZC7TsMwFIYdrqXcAowsFhUSU5WUAcRUwQBjkehFaqPKcU9aq85F9klFFfVJYELAxpvwArwNTskALf/0+fy/pXN+P5FCo+N8WSura+sbm6Wt8vbO7t6+fXDY0nGqODR5LGPV8ZkGKSJookAJnUQBC30JbX98k/vtCSgt4ugBpwl4IRtGIhCcoRn1bbuH8Ih+kN3GTOqrWblvV5yqMxddBreACinU6NufvUHM0xAi5JJp3XWdBL2MKRRcwqzcSzUkjI/ZELoGIxaC9rL55jN6GsSK4gjo/P07m7FQ62nom0zIcKQXvXz4n9dNMbj0MhElKULETcR4QSopxjQvgA6EAo5yaoBxJcyWlI+YYhxNTfn57uKxy9CqVd3zau2+VqlfF0WUyDE5IWfEJRekTu5IgzQJJxPyTN7Iu5VaT9aL9foTXbGKP0fkj6yPbxfokP0=</latexit>

x 2 Td
L

<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>

u(t, x)|t=0 = L�d/2
X
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<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>

1) Model closer to physical setting: understand role of forcing and
<latexit sha1_base64="DNplXyLbZXJbKqbaoBJDhOQASz4="></latexit>

dissipation
<latexit sha1_base64="nsG/k4TLYTAEcaqCsBwxPkk2hfY=">AAAB7HicbZC9TsMwFIVv+C3lr8DIElEhMVVJGWCsYGEsEv2R0qhy3JvWqmNHtoNURX0LmBCw8TS8AG+DGzJAy5k+33Ms3XOjlDNtPO/LWVvf2NzaruxUd/f2Dw5rR8ddLTNFsUMll6ofEY2cCewYZjj2U4UkiTj2ountwu89otJMigczSzFMyFiwmFFi7CgYMa1ZWvCwVvcaXiF3FfwS6lCqPax9DkaSZgkKQznROvC91IQ5UYZRjvPqINOYEjolYwwsCpKgDvNi5bl7Hkvlmgm6xft3NieJ1rMkspmEmIle9hbD/7wgM/F1mDORZgYFtRHrxRl3jXQXzd0RU0gNn1kgVDG7pUsnRBFq7H2qtr6/XHYVus2Gf9lo3jfrrZvyEBU4hTO4AB+uoAV30IYOUJDwDG/w7gjnyXlxXn+ia0755wT+yPn4BqKkjyY=</latexit>

2) Does the kinetic description of such a wave system depend on the way
<latexit sha1_base64="AFJttR/ZOk0mzLNn/TY7qCHgR3M="></latexit>

randomness is introduced?
<latexit sha1_base64="ds/we90T46NM6EwEUcd6/+QQvqc=">AAAB/HicbVC7TsMwFHV4lvIKMCEWiwqJqUrKABsVLIxFog+pjSrHuWmtOnZkO0hVVPgZmBCw8RX8AH+DWzJAy9Edzr3nWPI5YcqZNp735Swtr6yurZc2yptb2zu77t5+S8tMUWhSyaXqhEQDZwKahhkOnVQBSUIO7XB0PdXb96A0k+LOjFMIEjIQLGaUGHvqu4eKiEgmArTGzI4wSkYZheiy71a8qjcDXiR+QSqoQKPvfvYiSbMEhKGcaN31vdQEOVGGUQ6Tci/TkBI6IgPoWipIAjrIZxEm+CSWCpsh4Nn+25uTROtxElpPQsxQz2vT439aNzPxRZAzkWYGBLUWq8UZx0biaRM4Ygqo4WNLCFXM/hLTIVGEGttX2cb358Muklat6p9Va7e1Sv2qKKKEjtAxOkU+Okd1dIMaqIkoekTP6A29Ow/Ok/PivP5Yl5zizQH6A+fjGyYJlQI=</latexit>
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<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>



The Zakharov - L’vov model

Goals:
<latexit sha1_base64="2CoQguZf+XfFGWi7/SFBivbfHvA=">AAAB83icbZC7TsMwFIYdrqXcAowsFhUSU5WUAcRUwQBjkehFaqPKcU9aq85F9klFFfVJYELAxpvwArwNTskALf/0+fy/pXN+P5FCo+N8WSura+sbm6Wt8vbO7t6+fXDY0nGqODR5LGPV8ZkGKSJookAJnUQBC30JbX98k/vtCSgt4ugBpwl4IRtGIhCcoRn1bbuH8Ih+kN3GTOqrWblvV5yqMxddBreACinU6NufvUHM0xAi5JJp3XWdBL2MKRRcwqzcSzUkjI/ZELoGIxaC9rL55jN6GsSK4gjo/P07m7FQ62nom0zIcKQXvXz4n9dNMbj0MhElKULETcR4QSopxjQvgA6EAo5yaoBxJcyWlI+YYhxNTfn57uKxy9CqVd3zau2+VqlfF0WUyDE5IWfEJRekTu5IgzQJJxPyTN7Iu5VaT9aL9foTXbGKP0fkj6yPbxfokP0=</latexit>

1) Model closer to physical setting: understand role of forcing and
<latexit sha1_base64="DNplXyLbZXJbKqbaoBJDhOQASz4="></latexit>

dissipation
<latexit sha1_base64="nsG/k4TLYTAEcaqCsBwxPkk2hfY=">AAAB7HicbZC9TsMwFIVv+C3lr8DIElEhMVVJGWCsYGEsEv2R0qhy3JvWqmNHtoNURX0LmBCw8TS8AG+DGzJAy5k+33Ms3XOjlDNtPO/LWVvf2NzaruxUd/f2Dw5rR8ddLTNFsUMll6ofEY2cCewYZjj2U4UkiTj2ountwu89otJMigczSzFMyFiwmFFi7CgYMa1ZWvCwVvcaXiF3FfwS6lCqPax9DkaSZgkKQznROvC91IQ5UYZRjvPqINOYEjolYwwsCpKgDvNi5bl7Hkvlmgm6xft3NieJ1rMkspmEmIle9hbD/7wgM/F1mDORZgYFtRHrxRl3jXQXzd0RU0gNn1kgVDG7pUsnRBFq7H2qtr6/XHYVus2Gf9lo3jfrrZvyEBU4hTO4AB+uoAV30IYOUJDwDG/w7gjnyXlxXn+ia0755wT+yPn4BqKkjyY=</latexit>

2) Does the kinetic description of such a wave system depend on the way
<latexit sha1_base64="AFJttR/ZOk0mzLNn/TY7qCHgR3M="></latexit>

randomness is introduced?
<latexit sha1_base64="ds/we90T46NM6EwEUcd6/+QQvqc=">AAAB/HicbVC7TsMwFHV4lvIKMCEWiwqJqUrKABsVLIxFog+pjSrHuWmtOnZkO0hVVPgZmBCw8RX8AH+DWzJAy9Edzr3nWPI5YcqZNp735Swtr6yurZc2yptb2zu77t5+S8tMUWhSyaXqhEQDZwKahhkOnVQBSUIO7XB0PdXb96A0k+LOjFMIEjIQLGaUGHvqu4eKiEgmArTGzI4wSkYZheiy71a8qjcDXiR+QSqoQKPvfvYiSbMEhKGcaN31vdQEOVGGUQ6Tci/TkBI6IgPoWipIAjrIZxEm+CSWCpsh4Nn+25uTROtxElpPQsxQz2vT439aNzPxRZAzkWYGBLUWq8UZx0biaRM4Ygqo4WNLCFXM/hLTIVGEGttX2cb358Muklat6p9Va7e1Sv2qKKKEjtAxOkU+Okd1dIMaqIkoekTP6A29Ow/Ok/PivP5Yl5zizQH6A+fjGyYJlQI=</latexit>

3) Falkovich: ÒThe basic question is that of universality: to what
<latexit sha1_base64="JuI/6GvPbp6OWOK5+L/1C0qOK24="></latexit>

extent the statistics of such
<latexit sha1_base64="NULMKfiNWIol9j9253Tx/ECDr+A=">AAACAXicbVDLTsMwEHR4lvIKcERCFhUSpyopBzhWcOFYJPqQ2qhy3E1r1XnI3iCqqCf4GTgh4MYv8AP8DW7IAVr2NJ4Zr3bGT6TQ6Dhf1tLyyuraemmjvLm1vbNr7+23dJwqDk0ey1h1fKZBigiaKFBCJ1HAQl9C2x9fzfT2HSgt4ugWJwl4IRtGIhCcoaH69hHcI0RIcQRUoyE1Cq5pHFCd8hHt2xWn6uRDF4FbgAopptG3P3uDmKeh2ckl07rrOgl6GVNmrYRpuZdqSBgfsyF0DYxYCNrL8hxTehLEKr8kf//2ZizUehL6xhMyHOl5bUb+p3VTDC68TERJamJyYzFakEqKMZ3VQQdCAUc5MYBxJcyVlI+YYhxNaWUT350Puwhatap7Vq3d1Cr1y6KIEjkkx+SUuOSc1Mk1aZAm4eSRPJM38m49WE/Wi/X6Y12yij8H5M9YH99YdZa6</latexit>

ßuctuations is independent of the details of external forcing and internal
<latexit sha1_base64="oNXy6uvpwf5w90ncVJe5xRUBfIk=">AAACL3icbVA9T8MwEHX4pnwVGFksKiSmKikDjBUsDAxFogWpVNXFubQWjhPZF0RV8aPgd7ADCwI2/gVuyMDXybLe3Xunu3dhpqQl33/2pqZnZufmFxYrS8srq2vV9Y2OTXMjsC1SlZqLECwqqbFNkhReZAYhCRWeh1dHE/78Go2VqT6jUYa9BAZaxlIAuVK/ehKrXFBeZJZL93SEGbpPE09jTkPkERJIZScp3hAaDYrHqRFSDzjoyLWUxX615tf9IvhfEJSgxspo9asPl1Eq8sQNEwqs7QZ+Rr0xGJJC4W3lMreYgbiCAXYd1JCg7Y0L17d8x+1Q7Ffk37VjSKwdJaHTJEBD+5ubFP/jujnFB72x1FlOqIWTOC7OFaeUT47HI2lQkBo5AMJItyUXQzAg3AFsxdkPfpv9CzqNerBXb5w2as3D8hALbItts10WsH3WZMesxdpMsHv2xN7Yu3fnPXov3uuXdMorezbZj/A+PgF5HanR</latexit>

friction
<latexit sha1_base64="nR0ZxOjQklk8ZeO7W0mx3XS2hEQ=">AAAB6nicbZC9TsMwFIVvyl8pfwVGFosKialKygBjBQtjkegPaqPKcW9aq3YS2Q5SFfUlYELAxuPwArwNTskALWf6fM+xdM8NEsG1cd0vp7S2vrG5Vd6u7Ozu7R9UD486Ok4VwzaLRax6AdUoeIRtw43AXqKQykBgN5je5H73EZXmcXRvZgn6ko4jHnJGjR09hIqzHMiwWnPr7kJkFbwCalCoNax+DkYxSyVGhgmqdd9zE+NnVBnOBM4rg1RjQtmUjrFvMaIStZ8tFp6TszBWxEyQLN6/sxmVWs9kYDOSmole9vLhf14/NeGVn/EoSQ1GzEasF6aCmJjkvcmIK2RGzCxQprjdkrAJVZQZe52Kre8tl12FTqPuXdQbd41a87o4RBlO4BTOwYNLaMIttKANDCQ8wxu8O8J5cl6c159oySn+HMMfOR/flWeN6Q==</latexit>

and which features are common to di! erent turbulent systems.Ó
<latexit sha1_base64="SWkwkFtJCq21do8rQy23J37hPUo=">AAACI3icbVDLbhNBEJw1STAOCQ45chnFiszJ2jUHOFrkwjGR8EOyLat33OsdeR6rmV6QZeVz4GfwCQFSDvxLZoMPxE6darpqWl2VFkp6iuO7qPbs4PDoef1F4/jlyemr5tnrgbelE9gXVlk3SsGjkgb7JEnhqHAIOlU4TJdXlT78gs5Laz7TqsCphoWRmRRAYTRr9sDM+ddcipxnCFQ69BwccmG1toaT5XOZZejQEA9qWqqK+ZUn1L7TbvNZsxV34gfwfZJsSYttcT1rbiZzK0od9ggF3o+TuKDpGhxJofC2MSk9FiCWsMBxoAY0+un6Iektv8ys45RX94X3/941aO9XOg0eDZT7Xa0aPqWNS8o+TNfSFCWhEcEStKxUVfSqsJDfoSC1CgSEk+FKLnJwICjU2gjxk92w+2TQ7STvOt2bbqv3cVtEnb1hF+wtS9h71mOf2DXrM8G+sw37zf5E36If0c/o1z9rLdr+OWePEP29B/LNpFs=</latexit>

x 2 Td
L

<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>
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<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>
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<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>
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<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>



A priori estimates on energy

x 2 Td
L

<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>
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<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>

ú! (t, x ) = L ! d/ 2
!

k " Zd
L

bk eik áx d! k (t)

<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>
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<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>
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<latexit sha1_base64="zPC3OloxXPM3z2N2JUu/SCPCnYs="></latexit>

ItöoÕs formula implies
<latexit sha1_base64="OlbgtkjqNhEVgGJmRKxyNb+04mI=">AAAB/XicbVC7TsMwFHV4lvIKsMFiUSGYqqQMMFawwFYk+pDaUDnuTWvVjiPbQaqiCn4GJgRs/AQ/wN/glgzQcqbje4517zlhwpk2nvflLCwuLa+sFtaK6xubW9vuzm5Dy1RRqFPJpWqFRANnMdQNMxxaiQIiQg7NcHg50Zv3oDST8a0ZJRAI0o9ZxCgxdtR1969N5y6T42ONI6lEyglmwi4GjbtuySt7U+B54uekhHLUuu5npydpKiA2lBOt276XmCAjyjDKYVzspBoSQoekD21LYyJAB9k0wxgf2fXYDABP37+9GRFaj0RoPYKYgZ7VJsP/tHZqovMgY3GSGoiptVgtSjk2Ek+qwD2mgBo+soRQxeyVmA6IItTYwoo2vj8bdp40KmX/tFy5qZSqF3kRBXSADtEJ8tEZqqIrVEN1RNEjekZv6N15cJ6cF+f1x7rg5H/20B84H99Ha5UH</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

Must impose ! 1 ! ! 2
2 so that forcing and dissipation

<latexit sha1_base64="U1DcY2snQ/O4tn1Y22/x52rncwg=">AAACI3icbVC7TgMxEPTxJrwClDQWAYkqujsKKCNoaJCCRAJSEiKfs0ksbN/Ju4cURfkc+BmoECBR8C84IQWvrcY749XMJJlWSGH4HszMzs0vLC4tF1ZW19Y3iptbdUxzJ6EmU52660QgaGWhRoo0XGcOhEk0XCW3p2P+6g4cqtRe0iCDlhE9q7pKCvKrdrFyniNxZbIUge81bd6OmqgMH6P4Jt7jmHLqC+Ld1Elle1zYDu8oRJVNLvB2sRSWw8nwvyCaghKbTrVdfGp2UpkbsCS1QGxEYUatoXCkpIZRoZkjZELeih40PLTCALaGk6Qjvu9teD/AJ+/v2qEwiAOTeI0R1Mff3Hj5H9fIqXvcGiqb5QRWeonnurnm5IP7wnxYB5L0wAMhnfIuuewLJyT5Wgs+fvQ77F9Qj8vRYTm+iEuVk2kRS2yH7bIDFrEjVmFnrMpqTLIH9sRe2VtwHzwGz8HLl3QmmP7ZZj8m+PgEjY+jiQ==</latexit>

have the same order of magnitude
<latexit sha1_base64="bQOQTvrKB1svu23+SFdNMgK8AV4=">AAACA3icbVC7TsMwFHXKq5RXgJHFokJiqpIywFjBwlgk+pDaqHKcm8aqE0e2U6mKOsLPwISAjT/gB/gb3JABWs50fM+x7j3HTzlT2nG+rMra+sbmVnW7trO7t39gHx51lcgkhQ4VXMi+TxRwlkBHM82hn0ogsc+h509uFnpvClIxkdzrWQpeTMYJCxkl2oxGNo7IFLCOACsSAxYyAIlFiAubzgIY2XWn4RTAq8QtSR2VaI/sz2EgaBZDoiknSg1cJ9VeTqRmlMO8NswUpIROyBgGhiZmrfLyIskcn4VCFtcU79/enMRKzWLfeGKiI7WsLYb/aYNMh1dezpI005BQYzFamHGsBV4UggMmgWo+M4RQycyVmEZEEqpNbTUT310Ou0q6zYZ70WjeNeut67KIKjpBp+gcuegStdAtaqMOougRPaM39G49WE/Wi/X6Y61Y5Z9j9AfWxzeBJZdc</latexit>

(w.r.t. the size of the box!)
<latexit sha1_base64="cO8uumjbbAnVVOOTAKkADiqSCAY=">AAACAHicbZC7TsMwGIWdcivlVmBESIYKqSxRUgYYK1gYi0QvUhtVjvunterEke0ApeoCLwMTAjaegRfgbXBDBmj5p8//OZZ9jh9zprTjfFm5hcWl5ZX8amFtfWNzq7i901AikRTqVHAhWz5RwFkEdc00h1YsgYQ+h6Y/vJjqzRuQionoWo9i8ELSj1jAKNFm1S3ul29taWsb6wFgxe4BiyBlX9wdHHeLJcd20sHz4GZQQtnUusXPTk/QJIRIU06UartOrL0xkZpRDpNCJ1EQEzokfWgbjEgIyhunMSb4KBAyfTs9//aOSajUKPSNJyR6oGa16fI/rZ3o4MwbsyhONETUWIwWJBxrgadt4B6TQDUfGSBUMvNLTAdEEqpNZwUT350NOw+Niu2e2JWrSql6nhWRR3voEJWRi05RFV2iGqojih7RM3pD79aD9WS9WK8/1pyV3dlFf8b6+AYbI5S4</latexit>



A priori estimates on energy
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L

<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>
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<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>
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<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

E ! u(t)! 2
L 2 (Td

L ) " E ! u(0)! 2
L 2 (Td

L ) = " 2! 1 E
! t

0

"
"
" (1 " ! )r/ 2u(t !)

"
"
"

2

L 2 (Td
L )

dt! + 2 ! 2
2 t

#

k" Zd
L

b2
k

<latexit sha1_base64="zPC3OloxXPM3z2N2JUu/SCPCnYs="></latexit>

ItöoÕs formula implies
<latexit sha1_base64="OlbgtkjqNhEVgGJmRKxyNb+04mI=">AAAB/XicbVC7TsMwFHV4lvIKsMFiUSGYqqQMMFawwFYk+pDaUDnuTWvVjiPbQaqiCn4GJgRs/AQ/wN/glgzQcqbje4517zlhwpk2nvflLCwuLa+sFtaK6xubW9vuzm5Dy1RRqFPJpWqFRANnMdQNMxxaiQIiQg7NcHg50Zv3oDST8a0ZJRAI0o9ZxCgxdtR1969N5y6T42ONI6lEyglmwi4GjbtuySt7U+B54uekhHLUuu5npydpKiA2lBOt276XmCAjyjDKYVzspBoSQoekD21LYyJAB9k0wxgf2fXYDABP37+9GRFaj0RoPYKYgZ7VJsP/tHZqovMgY3GSGoiptVgtSjk2Ek+qwD2mgBo+soRQxeyVmA6IItTYwoo2vj8bdp40KmX/tFy5qZSqF3kRBXSADtEJ8tEZqqIrVEN1RNEjekZv6N15cJ6cF+f1x7rg5H/20B84H99Ha5UH</latexit>
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<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>

Must impose ! 1 ! ! 2
2 so that forcing and dissipation

<latexit sha1_base64="U1DcY2snQ/O4tn1Y22/x52rncwg=">AAACI3icbVC7TgMxEPTxJrwClDQWAYkqujsKKCNoaJCCRAJSEiKfs0ksbN/Ju4cURfkc+BmoECBR8C84IQWvrcY749XMJJlWSGH4HszMzs0vLC4tF1ZW19Y3iptbdUxzJ6EmU52660QgaGWhRoo0XGcOhEk0XCW3p2P+6g4cqtRe0iCDlhE9q7pKCvKrdrFyniNxZbIUge81bd6OmqgMH6P4Jt7jmHLqC+Ld1Elle1zYDu8oRJVNLvB2sRSWw8nwvyCaghKbTrVdfGp2UpkbsCS1QGxEYUatoXCkpIZRoZkjZELeih40PLTCALaGk6Qjvu9teD/AJ+/v2qEwiAOTeI0R1Mff3Hj5H9fIqXvcGiqb5QRWeonnurnm5IP7wnxYB5L0wAMhnfIuuewLJyT5Wgs+fvQ77F9Qj8vRYTm+iEuVk2kRS2yH7bIDFrEjVmFnrMpqTLIH9sRe2VtwHzwGz8HLl3QmmP7ZZj8m+PgEjY+jiQ==</latexit>

have the same order of magnitude
<latexit sha1_base64="bQOQTvrKB1svu23+SFdNMgK8AV4=">AAACA3icbVC7TsMwFHXKq5RXgJHFokJiqpIywFjBwlgk+pDaqHKcm8aqE0e2U6mKOsLPwISAjT/gB/gb3JABWs50fM+x7j3HTzlT2nG+rMra+sbmVnW7trO7t39gHx51lcgkhQ4VXMi+TxRwlkBHM82hn0ogsc+h509uFnpvClIxkdzrWQpeTMYJCxkl2oxGNo7IFLCOACsSAxYyAIlFiAubzgIY2XWn4RTAq8QtSR2VaI/sz2EgaBZDoiknSg1cJ9VeTqRmlMO8NswUpIROyBgGhiZmrfLyIskcn4VCFtcU79/enMRKzWLfeGKiI7WsLYb/aYNMh1dezpI005BQYzFamHGsBV4UggMmgWo+M4RQycyVmEZEEqpNbTUT310Ou0q6zYZ70WjeNeut67KIKjpBp+gcuegStdAtaqMOougRPaM39G49WE/Wi/X6Y61Y5Z9j9AfWxzeBJZdc</latexit>

We deÞne theforcing timescale Tfor = ! ! 1
<latexit sha1_base64="0KLbjXS2SQpwhEFXi5t07LKSl/4=">AAACJXicbVDLTsMwEHTKq5RXgSMXi4LEhSopB7ggIbhwLFIfSE2pHHfTWrWdyHaQqijfAx8DnBCPE7+CU3qAlj3N7sxqZyeIOdPGdT+dwsLi0vJKcbW0tr6xuVXe3mnpKFEUmjTikboNiAbOJDQNMxxuYwVEBBzawegq59v3oDSLZMOMY+gKMpAsZJQYO+qVL9uA+xDabWyGgH0Q8TANI0WZHGDDBGhKOGT4oNFLfUHMUImczrJzXyZ36bGXHfTKFbfqTgrPA28KKmha9V75ye9HNBEgDeVE647nxqabEmUYtbdKfqIhJnREBtCxUBLroptOfs3wob0+sTrpf2tTIrQei8BqcqN6lsuH/3GdxIRn3ZTJODEgqZVYLkw4NhHOI8N9poAaPraAUMWsS0yHRBFqbLAl+743++w8aNWq3km1dlOrXFxOgyiiPbSPjpCHTtEFukZ11EQUPaIX9I4+nAfn2Xl13n6kBWe6s4v+lPP1DWpfpcI=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>
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<latexit sha1_base64="SuEUGYtK6esx3CcMFTN0tsmXEqg="></latexit>

(w.r.t. the size of the box!)
<latexit sha1_base64="cO8uumjbbAnVVOOTAKkADiqSCAY=">AAACAHicbZC7TsMwGIWdcivlVmBESIYKqSxRUgYYK1gYi0QvUhtVjvunterEke0ApeoCLwMTAjaegRfgbXBDBmj5p8//OZZ9jh9zprTjfFm5hcWl5ZX8amFtfWNzq7i901AikRTqVHAhWz5RwFkEdc00h1YsgYQ+h6Y/vJjqzRuQionoWo9i8ELSj1jAKNFm1S3ul29taWsb6wFgxe4BiyBlX9wdHHeLJcd20sHz4GZQQtnUusXPTk/QJIRIU06UartOrL0xkZpRDpNCJ1EQEzokfWgbjEgIyhunMSb4KBAyfTs9//aOSajUKPSNJyR6oGa16fI/rZ3o4MwbsyhONETUWIwWJBxrgadt4B6TQDUfGSBUMvNLTAdEEqpNZwUT350NOw+Niu2e2JWrSql6nhWRR3voEJWRi05RFV2iGqojih7RM3pD79aD9WS9WK8/1pyV3dlFf8b6+AYbI5S4</latexit>



A priori estimates on energy
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L

<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>
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<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>

ú! (t, x ) = L ! d/ 2
!

k " Zd
L
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<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>
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<latexit sha1_base64="zPC3OloxXPM3z2N2JUu/SCPCnYs="></latexit>

ItöoÕs formula implies
<latexit sha1_base64="OlbgtkjqNhEVgGJmRKxyNb+04mI=">AAAB/XicbVC7TsMwFHV4lvIKsMFiUSGYqqQMMFawwFYk+pDaUDnuTWvVjiPbQaqiCn4GJgRs/AQ/wN/glgzQcqbje4517zlhwpk2nvflLCwuLa+sFtaK6xubW9vuzm5Dy1RRqFPJpWqFRANnMdQNMxxaiQIiQg7NcHg50Zv3oDST8a0ZJRAI0o9ZxCgxdtR1969N5y6T42ONI6lEyglmwi4GjbtuySt7U+B54uekhHLUuu5npydpKiA2lBOt276XmCAjyjDKYVzspBoSQoekD21LYyJAB9k0wxgf2fXYDABP37+9GRFaj0RoPYKYgZ7VJsP/tHZqovMgY3GSGoiptVgtSjk2Ek+qwD2mgBo+soRQxeyVmA6IItTYwoo2vj8bdp40KmX/tFy5qZSqF3kRBXSADtEJ8tEZqqIrVEN1RNEjekZv6N15cJ6cF+f1x7rg5H/20B84H99Ha5UH</latexit>
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<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>

Must impose ! 1 ! ! 2
2 so that forcing and dissipation

<latexit sha1_base64="U1DcY2snQ/O4tn1Y22/x52rncwg=">AAACI3icbVC7TgMxEPTxJrwClDQWAYkqujsKKCNoaJCCRAJSEiKfs0ksbN/Ju4cURfkc+BmoECBR8C84IQWvrcY749XMJJlWSGH4HszMzs0vLC4tF1ZW19Y3iptbdUxzJ6EmU52660QgaGWhRoo0XGcOhEk0XCW3p2P+6g4cqtRe0iCDlhE9q7pKCvKrdrFyniNxZbIUge81bd6OmqgMH6P4Jt7jmHLqC+Ld1Elle1zYDu8oRJVNLvB2sRSWw8nwvyCaghKbTrVdfGp2UpkbsCS1QGxEYUatoXCkpIZRoZkjZELeih40PLTCALaGk6Qjvu9teD/AJ+/v2qEwiAOTeI0R1Mff3Hj5H9fIqXvcGiqb5QRWeonnurnm5IP7wnxYB5L0wAMhnfIuuewLJyT5Wgs+fvQ77F9Qj8vRYTm+iEuVk2kRS2yH7bIDFrEjVmFnrMpqTLIH9sRe2VtwHzwGz8HLl3QmmP7ZZj8m+PgEjY+jiQ==</latexit>

have the same order of magnitude
<latexit sha1_base64="bQOQTvrKB1svu23+SFdNMgK8AV4=">AAACA3icbVC7TsMwFHXKq5RXgJHFokJiqpIywFjBwlgk+pDaqHKcm8aqE0e2U6mKOsLPwISAjT/gB/gb3JABWs50fM+x7j3HTzlT2nG+rMra+sbmVnW7trO7t39gHx51lcgkhQ4VXMi+TxRwlkBHM82hn0ogsc+h509uFnpvClIxkdzrWQpeTMYJCxkl2oxGNo7IFLCOACsSAxYyAIlFiAubzgIY2XWn4RTAq8QtSR2VaI/sz2EgaBZDoiknSg1cJ9VeTqRmlMO8NswUpIROyBgGhiZmrfLyIskcn4VCFtcU79/enMRKzWLfeGKiI7WsLYb/aYNMh1dezpI005BQYzFamHGsBV4UggMmgWo+M4RQycyVmEZEEqpNbTUT310Ou0q6zYZ70WjeNeut67KIKjpBp+gcuegStdAtaqMOougRPaM39G49WE/Wi/X6Y61Y5Z9j9AfWxzeBJZdc</latexit>

We deÞne theforcing timescale Tfor = ! ! 1
<latexit sha1_base64="0KLbjXS2SQpwhEFXi5t07LKSl/4=">AAACJXicbVDLTsMwEHTKq5RXgSMXi4LEhSopB7ggIbhwLFIfSE2pHHfTWrWdyHaQqijfAx8DnBCPE7+CU3qAlj3N7sxqZyeIOdPGdT+dwsLi0vJKcbW0tr6xuVXe3mnpKFEUmjTikboNiAbOJDQNMxxuYwVEBBzawegq59v3oDSLZMOMY+gKMpAsZJQYO+qVL9uA+xDabWyGgH0Q8TANI0WZHGDDBGhKOGT4oNFLfUHMUImczrJzXyZ36bGXHfTKFbfqTgrPA28KKmha9V75ye9HNBEgDeVE647nxqabEmUYtbdKfqIhJnREBtCxUBLroptOfs3wob0+sTrpf2tTIrQei8BqcqN6lsuH/3GdxIRn3ZTJODEgqZVYLkw4NhHOI8N9poAaPraAUMWsS0yHRBFqbLAl+743++w8aNWq3km1dlOrXFxOgyiiPbSPjpCHTtEFukZ11EQUPaIX9I4+nAfn2Xl13n6kBWe6s4v+lPP1DWpfpcI=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>
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<latexit sha1_base64="SuEUGYtK6esx3CcMFTN0tsmXEqg="></latexit>

(w.r.t. the size of the box!)
<latexit sha1_base64="cO8uumjbbAnVVOOTAKkADiqSCAY=">AAACAHicbZC7TsMwGIWdcivlVmBESIYKqSxRUgYYK1gYi0QvUhtVjvunterEke0ApeoCLwMTAjaegRfgbXBDBmj5p8//OZZ9jh9zprTjfFm5hcWl5ZX8amFtfWNzq7i901AikRTqVHAhWz5RwFkEdc00h1YsgYQ+h6Y/vJjqzRuQionoWo9i8ELSj1jAKNFm1S3ul29taWsb6wFgxe4BiyBlX9wdHHeLJcd20sHz4GZQQtnUusXPTk/QJIRIU06UartOrL0xkZpRDpNCJ1EQEzokfWgbjEgIyhunMSb4KBAyfTs9//aOSajUKPSNJyR6oGa16fI/rZ3o4MwbsyhONETUWIwWJBxrgadt4B6TQDUfGSBUMvNLTAdEEqpNZwUT350NOw+Niu2e2JWrSql6nhWRR3voEJWRi05RFV2iGqojih7RM3pD79aD9WS9WK8/1pyV3dlFf8b6+AYbI5S4</latexit>

Goal: Obtain kinetic description as ! ! 0
<latexit sha1_base64="VTHlPMobh3kc+9MxCBU6WXyEfFM="></latexit>

! ! 0
<latexit sha1_base64="tX2EaDoLfPWtq1IXEhookQVc05Y=">AAAB9nicbZC9TsMwFIWd8lfKX6Aji0WLxFQlZYCxgoWxSPRHaqPKcW8aq04c2Q4QRX0VmBCw8SC8AG+DWzJAy5k+33Ms3Xv8hDOlHefLKq2tb2xulbcrO7t7+wf24VFXiVRS6FDBhez7RAFnMXQ00xz6iQQS+Rx6/vR67vfuQSom4judJeBFZBKzgFGizWhkV3F9GKdDySahJlKKB+zUR3bNaTgL4VVwC6ihQu2R/TkcC5pGEGvKiVID10m0lxOpGeUwqwxTBQmhUzKBgcGYRKC8fLH8DJ8GQmIdAl68f2dzEimVRb7JRESHatmbD//zBqkOLr2cxUmqIaYmYrwg5VgLPO8Aj5kEqnlmgFDJzJaYhkQSqk1TFXO+u3zsKnSbDfe80bxt1lpXRRFldIxO0Bly0QVqoRvURh1EUYae0Rt6tx6tJ+vFev2JlqziTxX9kfXxDVLWkZw=</latexit>

L ! "
<latexit sha1_base64="GRQ1AMcjt++60i8Kkc288j6Kpj0=">AAAB+XicbZC9TsMwFIUdfkv5CyCxsFi0SExVUgYYK1gYGIpEf6QmqhzXaa06TmTfgKLQh4EJARuvwQvwNrglA7Sc6fM9x9K9J0gE1+A4X9bS8srq2nppo7y5tb2za+/tt3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE46up37lnSvNY3kGWMD8iQ8lDTgmYUd8+xNUbT/HhCIhS8QP2uAwhq/btilNzZsKL4BZQQYWaffvTG8Q0jZgEKojWPddJwM+JAk4Fm5S9VLOE0DEZsp5BSSKm/Xy2/wSfhLHCMGJ49v6dzUmkdRYFJhMRGOl5bzr8z+ulEF74OZdJCkxSEzFemAoMMZ7WgAdcMQoiM0Co4mZLTEdEEQqmrLI5350/dhHa9Zp7Vqvf1iuNy6KIEjpCx+gUuegcNdA1aqIWougRPaM39G7l1pP1Yr3+RJes4s8B+iPr4xvoGJMd</latexit>



Kinetic theory for Stochastic NLS

x 2 Td
L<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>
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<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>
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<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>

Theorem: (G. - Hani, 2024)
<latexit sha1_base64="QRWNH0XKOYZ+m0NnMQRJdm9M8sc=">AAACB3icbVDLTgJBEJz1ifhCPXqZiCaYKNldTTSeiB7kiAmICRAyO/TKhNlHZnqNZMMH6M/oyag37/6Af+OAHBSsU3VXddJVXiyFRtv+smZm5+YXFjNL2eWV1bX13MbmtY4SxaHGIxmpG49pkCKEGgqUcBMrYIEnoe71LoZ6/Q6UFlFYxX4MrYDdhsIXnKFZtXO7TYR79Py02oVIQXA2oIXLYpMe0jILxQF1bfd4v53L20V7BDpNnDHJkzEq7dxnsxPxJIAQuWRaNxw7xlbKFAouYZBtJhpixnvsFhqGhiwA3UpHaQZ0z48UxS7Q0fzbm7JA637gGU/AsKsnteHyP62RoH/aSkUYJwghNxaj+YmkGNFhKbQjFHCUfUMYV8J8SXmXKcbRVJc18Z3JsNPk2i06R0X3ys2XzsdFZMg22SEF4pATUiJlUiE1wskjeSZv5N16sJ6sF+v1xzpjjW+2yB9YH99JiJbc</latexit>

Let d ! 2, r " (0, 1], and b, c" S(Rd; [0, # )) be Schwartz functions.
<latexit sha1_base64="640mxNKYggW+zvIfZZlQY0l3i1M="></latexit>

where
<latexit sha1_base64="HzOt3f+sWcRBW2VECNIFdbGJJFg=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaXOiS6MYlJhZIoCHT4ZZOmP5kZqohDa+gK6PufCBfwLdxil0oeFbf3HMmuef6qeBK2/aXVVlb39jcqm7Xdnb39g/qh0ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86c3hd97QKl4Et/rWYpeRCcxDzij2ozcxxAljuoNu2kvRFbBKaEBpTqj+udwnLAswlgzQZUaOHaqvZxKzZnAeW2YKUwpm9IJDgzGNELl5Ytl5+QsSCTRIZLF+3c2p5FSs8g3mYjqUC17xfA/b5Dp4MrLeZxmGmNmIsYLMkF0QorOZMwlMi1mBiiT3GxJWEglZdpcpmbqO8tlV6HbajoXzdZdq9G+Lg9RhRM4hXNw4BLacAsdcIEBh2d4g3crtJ6sF+v1J1qxyj/H8EfWxzflIoxe</latexit>
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<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>

DeÞne the ratio
<latexit sha1_base64="fv0lf28pxfBdpdvDPO2yTz3ZX3A=">AAAB83icbVDLTsMwENzwLOUV4MjFokLiVCXlAMcKOHAsEn1IbVQ57qa16jxkO5WqqF8CJwTc+BN+gL/BCTlAy5zGM7Py7viJ4Eo7zpe1tr6xubVd2anu7u0fHNpHxx0Vp5Jhm8Uilj2fKhQ8wrbmWmAvkUhDX2DXn97mfneGUvE4etTzBL2QjiMecEa1kYa2fYeBGSV6gkTm2tCuOXWnAFklbklqUKI1tD8Ho5ilIUaaCapU33US7WVUas4ELqqDVGFC2ZSOsW9oRENUXlZsviDnQSyLv4v372xGQ6XmoW8yIdUTtezl4n9eP9XBtZfxKEk1RsxEjBekguiY5AWQEZfItJgbQpnkZkvCJlRSpk1NVXO+u3zsKuk06u5lvfHQqDVvyiIqcApncAEuXEET7qEFbWAwg2d4g3crtZ6sF+v1J7pmlTMn8AfWxzfKLpDN</latexit>

then there exists some 0< ! ! 1 such that, asL " # ,
<latexit sha1_base64="qwORCcPQmfX2rF5HdBPu03op55g="></latexit>

E|!u(t, k )|2 = napp

"
t

Tkin
, k

#
+ O! !

k

"
L ! " t

Tkin

#

<latexit sha1_base64="/mFp9YVqV5BzDcWpCp3ey/7BxJ8="></latexit>

L 0+ ! t ! L ! ! Tkin
<latexit sha1_base64="p/NXi1X7wYhQITuBWLGRDSyJEWk=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQ1DJTC7osunHhokJf0Kklk962oZnMmGQKZZgP0Z/Rlai4cenfmNYutHoW4eScc+Ge60ecKe04n1ZmYXFpeSW7mltb39jcsrd36iqMJYUaDXkomz5RwJmAmmaaQzOSQAKfQ8MfXk78xgikYqGo6nEE7YD0BesxSrSROnbp+jZxjlKPwx3W09cIJ96ISIgU46FIsXdc7SReQPRABsmQiTTt2Hmn4EyB/xJ3RvJohkrHfve6IY0DEJpyolTLdSLdTojUjHJIc16sICJ0SPrQMlSQAFQ7mbZL8UEvlFgPAE//P7MJCZQaB77JTNZT895E/M9rxbp33k6YiGINgpqI8XoxxzrEkyPhLpNANR8bQqhkZktMB0QSqs0pc6a+O1/2L6kXC+5poXhTypcvZofIoj20jw6Ri85QGV2hCqohih7QE3pFb9a99Wg9Wy/f0Yw1m9lFv2B9fAF3faAZ</latexit>

n(t, k)|t=0 = c(k)2
<latexit sha1_base64="F2WWI8HsoU5odr9jUZNccJHuMIQ=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFaEFKUgXdFIpuXFawF2hjmEwn7ZDJhZkTIcY+i65E3fkevoBv47Rmoa3/6pvz/wPn/G7MmQTT/NIKS8srq2vF9dLG5tb2jr6715FRIghtk4hHoudiSTkLaRsYcNqLBcWBy2nX9a+mfveeCsmi8BbSmNoBHoXMYwSDGjn6QViBE7/66GTQMCcNUvGrd3VHL5s1cyZjEawcyihXy9E/B8OIJAENgXAsZd8yY7AzLIARTielQSJpjImPR7SvMMQBlXY2235iHHuRMGBMjdn7dzbDgZRp4KpMgGEs573p8D+vn4B3YWcsjBOgIVER5XkJNyAypiUYQyYoAZ4qwEQwtaVBxlhgAqqqkjrfmj92ETr1mnVaq9+clZuXeRFFdIiOUAVZ6Bw10TVqoTYi6AE9ozf0rqXak/aivf5EC1r+Zx/9kfbxDTFMkXY=</latexit>

!

<latexit sha1_base64="+DrT48stbBSOZr3s+CgnRmIWBwA=">AAAB/3icbVDLTsMwENzwLOEV4AiHiAqJU5UUJDhWcOFYJPqQmqhy3G1r1XEi20Gqoh7gZ+CEgBv/wA/wN7glB2iZ0+zOeOWZKOVMac/7spaWV1bX1ksb9ubW9s6us7ffVEkmKTZowhPZjohCzgQ2NNMc26lEEkccW9Hoeqq37lEqlog7PU4xjMlAsD6jRJtV1zkKIhwwkVNzQ03sILADFL1i7Dplr+LN4C4SvyBlKFDvOp9BL6FZjEJTTpTq+F6qw5xIzShHcz5TmBI6IgPsGCpIjCrMZykm7kk/ka4eojubf3tzEis1jiPjiYkeqnltuvxP62S6fxnmTKSZRkGNxWj9jLs6cadluD0mkWo+NoRQycwvXTokklBtKrNNfH8+7CJpViv+WaV6e16uXRVFlOAQjuEUfLiAGtxAHRpA4RGe4Q3erQfryXqxXn+sS1bx5gD+wPr4Bjlilio=</latexit>

! := lim
L !"

Tkin

Tfor
,

<latexit sha1_base64="M3TCivZd4MZX6r3BrSBb+uWw7nA="></latexit>

(i) if ! = 0, napp is the 2nd order Picard iterate to the WKE
<latexit sha1_base64="qV8c2SZbKsD7AOVy8Uk1/Yk6Dps="></latexit>

Tkin = ! ! 2 = L 2+ ! ! for " ! (0, 1) and # ! (0, " ).
<latexit sha1_base64="33wh/EvUT6uQNukQ3uaJsBrLI0M="></latexit>

Let Tfor = ! ! 1 ! L ! and
<latexit sha1_base64="10F06DFKxhU4xBx4ZUmycy10BZ4=">AAACFnicbVC5TgMxFPRyE64AJY1FgkRDtBsKaJAQNBQUIJFDyoborfNCrNjele1Filb7H/AzUCFAoqDlb3BCCq6pxm/G0sxEieDG+v6HNzU9Mzs3v7BYWFpeWV0rrm/UTZxqhjUWi1g3IzAouMKa5VZgM9EIMhLYiAanI71xi9rwWF3ZYYJtCTeK9zgD606d4v45Wlq+6mShBNvXMuvFOs+PQpVeZ3tBHhou6fl1Fg4gSSAvU1Bd2imW/Io/Bv1LggkpkQkuOsW3sBuzVKKyTIAxrcBPbDsDbTkTmBfC1GACbAA32HJUgUTTzsblcrrjElHbRzp+f/dmII0Zysh5RuHNb210/E9rpbZ32M64SlKLijmL03qpoDamo41ol2tkVgwdAaa5S0lZHzQw65YsuPrB77J/Sb1aCfYr1ctq6fhkMsQC2SLbZJcE5IAckzNyQWqEkXvySF7Iq3fnPXhP3vOXdcqb/NkkP+C9fwLSrp8P</latexit>

! t n = K(n)
<latexit sha1_base64="t2PaC+XNhIsFvhHgbryuCz+Q5bw=">AAACAHicbVDLSsNAFJ34rPUVdSnCYBHqpiRV0I1QdCO4qWAf0IRyM522QyeTMDMRSuhGf0ZXou78Bn/Av3FSs9DWszpzzxnuPSeIOVPacb6shcWl5ZXVwlpxfWNza9ve2W2qKJGENkjEI9kOQFHOBG1opjltx5JCGHDaCkZXmd66p1KxSNzpcUz9EAaC9RkBbUZd+8CLQWoGvKuxwBfYC0EPCfD0ZlIWx1275FScKfA8cXNSQjnqXfvT60UkCanQhINSHdeJtZ9mKwink6KXKBoDGcGAdgwVEFLlp9MYE3zUjyTWQ4qn79/eFEKlxmFgPNl9albLhv9pnUT3z/2UiTjRVBBjMVo/4VhHOGsD95ikRPOxIUAkM1diMgQJRJvOiia+Oxt2njSrFfekUr09LdUu8yIKaB8dojJy0RmqoWtURw1E0CN6Rm/o3XqwnqwX6/XHumDlf/bQH1gf373GlcU=</latexit>

napp (t, k ) = c(k)2 + t K(c)(k)
<latexit sha1_base64="9v8gAewfYQ/1glXEyuo7hFsWZYc=">AAACGHicbVDJSgNBFOyJW4zbqEcvjUFIMISZqOhFCHoRvEQwCyTj0NPpJE16FrrfCGGYH9Gf0ZO4nLz5N3ZiDppYp3qv6sGr8iLBFVjWl5FZWFxaXsmu5tbWNza3zO2dhgpjSVmdhiKULY8oJnjA6sBBsFYkGfE9wZre8HKsN++ZVDwMbmEUMccn/YD3OCWgV655ErhJxycwkH5CoihNC1AaFs8xLQyLdxV8iKFTwhMDJSK5Tgu0qBXXzFtlawI8T+wpyaMpaq750emGNPZZAFQQpdq2FYGTEAmcCpbmOrFiEaFD0mdtTQPiM+Ukk3gpPuiFEsOA4cn825sQX6mR72nP+EU1q42X/2ntGHpnTsKDKAYWUG3RWi8WGEI8bgl3uWQUxEgTQiXXX2I6IJJQ0F3mdHx7Nuw8aVTK9lG5cnOcr15Mi8iiPbSPCshGp6iKrlAN1RFFj+gZvaF348F4Ml6M1x9rxpje7KI/MD6/AY26nhE=</latexit>
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x 2 Td
L<latexit sha1_base64="J3QRch4NPQ1iht8w7iv877bxudo=">AAAB9nicbVC7TsNAEDyHVwgvQ0qaExESVWQHJCgjaCgogpSXFBvrfNkkp5zP1t0ZxbLyK1AhoOND+AH+Bju4gISpZndmpdnxI86Utqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddFcaSQoeGPJR9nyjgTEBHM82hH0kggc+h509vcr33CFKxULR1EoEbkLFgI0aJzlaeWZ05TDgB0RPfT9tz7+5hWPHMmlW3FsCrxC5IDRVoeeanMwxpHIDQlBOlBrYVaTclUjPKYV5xYgURoVMyhkFGBQlAueki/ByfjkKJ9QTwYv7tTUmgVBL4mScPqJa1fPmfNoj16MpNmYhiDYJmlkwbxRzrEOcd4CGTQDVPMkKoZFlKTCdEEqqzpvL37eVnV0m3UbfP6437i1rzuiiijI7RCTpDNrpETXSLWqiDKErQM3pD78bMeDJejNcfa8kobqroD4yPb0Wdkjo=</latexit>

u(t, x)|t=0 = L�d/2
X

k2Zd
L

ck ⌘k e
ik·x

<latexit sha1_base64="UVm981grOcaECU0r/VqWAUBe7pQ="></latexit>

ú! (t, x ) = L ! d/ 2
!

k " Zd
L

bk eik áx d! k (t)

<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>

Theorem: (G. - Hani, 2024)
<latexit sha1_base64="QRWNH0XKOYZ+m0NnMQRJdm9M8sc=">AAACB3icbVDLTgJBEJz1ifhCPXqZiCaYKNldTTSeiB7kiAmICRAyO/TKhNlHZnqNZMMH6M/oyag37/6Af+OAHBSsU3VXddJVXiyFRtv+smZm5+YXFjNL2eWV1bX13MbmtY4SxaHGIxmpG49pkCKEGgqUcBMrYIEnoe71LoZ6/Q6UFlFYxX4MrYDdhsIXnKFZtXO7TYR79Py02oVIQXA2oIXLYpMe0jILxQF1bfd4v53L20V7BDpNnDHJkzEq7dxnsxPxJIAQuWRaNxw7xlbKFAouYZBtJhpixnvsFhqGhiwA3UpHaQZ0z48UxS7Q0fzbm7JA637gGU/AsKsnteHyP62RoH/aSkUYJwghNxaj+YmkGNFhKbQjFHCUfUMYV8J8SXmXKcbRVJc18Z3JsNPk2i06R0X3ys2XzsdFZMg22SEF4pATUiJlUiE1wskjeSZv5N16sJ6sF+v1xzpjjW+2yB9YH99JiJbc</latexit>

Let d ! 2, r " (0, 1], and b, c" S(Rd; [0, # )) be Schwartz functions.
<latexit sha1_base64="640mxNKYggW+zvIfZZlQY0l3i1M="></latexit>

where
<latexit sha1_base64="HzOt3f+sWcRBW2VECNIFdbGJJFg=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaXOiS6MYlJhZIoCHT4ZZOmP5kZqohDa+gK6PufCBfwLdxil0oeFbf3HMmuef6qeBK2/aXVVlb39jcqm7Xdnb39g/qh0ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86c3hd97QKl4Et/rWYpeRCcxDzij2ozcxxAljuoNu2kvRFbBKaEBpTqj+udwnLAswlgzQZUaOHaqvZxKzZnAeW2YKUwpm9IJDgzGNELl5Ytl5+QsSCTRIZLF+3c2p5FSs8g3mYjqUC17xfA/b5Dp4MrLeZxmGmNmIsYLMkF0QorOZMwlMi1mBiiT3GxJWEglZdpcpmbqO8tlV6HbajoXzdZdq9G+Lg9RhRM4hXNw4BLacAsdcIEBh2d4g3crtJ6sF+v1J1qxyj/H8EfWxzflIoxe</latexit>

! t u = ! i ! u + i "

!

|u|2 !
2

L d

"

Td
L

|u|2
#

u ! #1 (1 ! ! )r u + #2
ú$

<latexit sha1_base64="csUHiWEDy+FwFhYuy6OmzTh3b9k="></latexit>

then there exists some 0< ! ! 1 such that, asL " # ,
<latexit sha1_base64="qwORCcPQmfX2rF5HdBPu03op55g="></latexit>

E|!u(t, k )|2 = napp

"
t

Tkin
, k

#
+ O! !

k

"
L ! " t

Tkin

#

<latexit sha1_base64="/mFp9YVqV5BzDcWpCp3ey/7BxJ8="></latexit>

L 0+ ! t ! L ! ! Tkin
<latexit sha1_base64="p/NXi1X7wYhQITuBWLGRDSyJEWk=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQ1DJTC7osunHhokJf0Kklk962oZnMmGQKZZgP0Z/Rlai4cenfmNYutHoW4eScc+Ge60ecKe04n1ZmYXFpeSW7mltb39jcsrd36iqMJYUaDXkomz5RwJmAmmaaQzOSQAKfQ8MfXk78xgikYqGo6nEE7YD0BesxSrSROnbp+jZxjlKPwx3W09cIJ96ISIgU46FIsXdc7SReQPRABsmQiTTt2Hmn4EyB/xJ3RvJohkrHfve6IY0DEJpyolTLdSLdTojUjHJIc16sICJ0SPrQMlSQAFQ7mbZL8UEvlFgPAE//P7MJCZQaB77JTNZT895E/M9rxbp33k6YiGINgpqI8XoxxzrEkyPhLpNANR8bQqhkZktMB0QSqs0pc6a+O1/2L6kXC+5poXhTypcvZofIoj20jw6Ri85QGV2hCqohih7QE3pFb9a99Wg9Wy/f0Yw1m9lFv2B9fAF3faAZ</latexit>

(ii) if ! = ! ,
<latexit sha1_base64="NtVKsaBpmi5uNfPM7mAHwvEU/bc=">AAAB/XicbVDLSsNAFJ3UV62vqDvdDLZCBSlJXehGKLpxWcE+oAllMp20QyczYWZSCKHoz+hK1J0/4Q/4N05rFlo9q3PvORfuOUHMqNKO82kVlpZXVteK66WNza3tHXt3r61EIjFpYcGE7AZIEUY5aWmqGenGkqAoYKQTjK9nemdCpKKC3+k0Jn6EhpyGFCNtVn37oErpCaQhrHgTJOVIXHqUhzqtnMK+XXZqzhzwL3FzUgY5mn37wxsInESEa8yQUj3XibWfIakpZmRa8hJFYoTHaEh6hnIUEeVn8wxTeBwKCfWIwPn805uhSKk0CownQnqkFrXZ8j+tl+jwws8ojxNNODYWo4UJg1rAWRVwQCXBmqWGICyp+RLiEZIIa1NYycR3F8P+Je16zT2r1W/r5cZVXkQRHIIjUAUuOAcNcAOaoAUweABP4BW8WffWo/VsvXxbC1Z+sw9+wXr/AkeKk70=</latexit>

! k = (1 + |k|2)r
<latexit sha1_base64="8UUqD74K5rDIC7JeCrdn2bLc3as=">AAAB+3icbVDLSsNAFJ3UV62vqBvBzWARKkJJqqAboejGZQX7gDYNk+mkHTKThJmJUNL6M7oSdedf+AP+jZOahbae1bn3nAv3HC9mVCrL+jIKS8srq2vF9dLG5tb2jrm715JRIjBp4ohFouMhSRgNSVNRxUgnFgRxj5G2F9xkevuBCEmj8F6NY+JwNAypTzFSeuWaB70h4hy5AbyCFfsUToJJv3bSFyXXLFtVawa4SOyclEGOhmt+9gYRTjgJFWZIyq5txcpJkVAUMzIt9RJJYoQDNCRdTUPEiXTSWYIpPPYjAdWIwNn825siLuWYe9rDkRrJeS1b/qd1E+VfOikN40SREGuL1vyEQRXBrAg4oIJgxcaaICyo/hLiERIIK11XFt+eD7tIWrWqfVat3Z2X69d5EUVwCI5ABdjgAtTBLWiAJsDgETyDN/BuTI0n48V4/bEWjPxmH/yB8fENHvCSdA==</latexit>

napp (t, k ) = c2
k e! 2!" k t +

b2
k

! k

!
1 ! e! 2!" k t "

<latexit sha1_base64="aRxLCnRyI24Hk3CyQ4cMJ2Pr8mI="></latexit>

solves
<latexit sha1_base64="MVPEAD25qnGJdB85bhoJE3F5G2E=">AAAB53icbVDLTgJBEOz1ifhCPXqZSEw8kV086JHoxSMm8khgQ2aHBkZmH5npJSEbvkFPRr35P/6Af+OAe1CwTtVd1Z2uDhIlDbnul7O2vrG5tV3YKe7u7R8clo6OmyZOtcCGiFWs2wE3qGSEDZKksJ1o5GGgsBWMb+d6a4LayDh6oGmCfsiHkRxIwcm27B41QdMrld2KuwBbJV5OypCj3it9dvuxSEOMSChuTMdzE/IzrkkKhbNiNzWYcDHmQ+xYGvEQjZ8trp2x80GsGY2QLerf3oyHxkzDwHpCTiOzrM2b/2mdlAbXfiajJCWMhLVYbZAqRjGbh2Z9qVGQmlrChZb2SiZGXHNB9jVFG99bDrtKmtWKd1mp3lfLtZv8EQU4hTO4AA+uoAZ3UIcGCHiEZ3iDd0c6T86L8/pjXXPymRP4A+fjG8zVjOk=</latexit>

!
! t n(t, k ) = ! 2" # k n(t, k ) + 2 " b(k)2

n(0, k) = c(k)2
<latexit sha1_base64="lrqQ0I9ZgtAABKOpAd6NSIJ6hk4="></latexit>

DeÞne the ratio
<latexit sha1_base64="fv0lf28pxfBdpdvDPO2yTz3ZX3A=">AAAB83icbVDLTsMwENzwLOUV4MjFokLiVCXlAMcKOHAsEn1IbVQ57qa16jxkO5WqqF8CJwTc+BN+gL/BCTlAy5zGM7Py7viJ4Eo7zpe1tr6xubVd2anu7u0fHNpHxx0Vp5Jhm8Uilj2fKhQ8wrbmWmAvkUhDX2DXn97mfneGUvE4etTzBL2QjiMecEa1kYa2fYeBGSV6gkTm2tCuOXWnAFklbklqUKI1tD8Ho5ilIUaaCapU33US7WVUas4ELqqDVGFC2ZSOsW9oRENUXlZsviDnQSyLv4v372xGQ6XmoW8yIdUTtezl4n9eP9XBtZfxKEk1RsxEjBekguiY5AWQEZfItJgbQpnkZkvCJlRSpk1NVXO+u3zsKuk06u5lvfHQqDVvyiIqcApncAEuXEET7qEFbWAwg2d4g3crtZ6sF+v1J7pmlTMn8AfWxzfKLpDN</latexit>

! := lim
L !"

Tkin

Tfor
,

<latexit sha1_base64="M3TCivZd4MZX6r3BrSBb+uWw7nA="></latexit>

Tkin = ! ! 2 = L 2+ ! ! for " ! (0, 1) and # ! (0, " ).
<latexit sha1_base64="33wh/EvUT6uQNukQ3uaJsBrLI0M="></latexit>

Let Tfor = ! ! 1 ! L ! and
<latexit sha1_base64="10F06DFKxhU4xBx4ZUmycy10BZ4=">AAACFnicbVC5TgMxFPRyE64AJY1FgkRDtBsKaJAQNBQUIJFDyoborfNCrNjele1Filb7H/AzUCFAoqDlb3BCCq6pxm/G0sxEieDG+v6HNzU9Mzs3v7BYWFpeWV0rrm/UTZxqhjUWi1g3IzAouMKa5VZgM9EIMhLYiAanI71xi9rwWF3ZYYJtCTeK9zgD606d4v45Wlq+6mShBNvXMuvFOs+PQpVeZ3tBHhou6fl1Fg4gSSAvU1Bd2imW/Io/Bv1LggkpkQkuOsW3sBuzVKKyTIAxrcBPbDsDbTkTmBfC1GACbAA32HJUgUTTzsblcrrjElHbRzp+f/dmII0Zysh5RuHNb210/E9rpbZ32M64SlKLijmL03qpoDamo41ol2tkVgwdAaa5S0lZHzQw65YsuPrB77J/Sb1aCfYr1ctq6fhkMsQC2SLbZJcE5IAckzNyQWqEkXvySF7Iq3fnPXhP3vOXdcqb/NkkP+C9fwLSrp8P</latexit>
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Theorem: (G. - Hani, 2024)
<latexit sha1_base64="QRWNH0XKOYZ+m0NnMQRJdm9M8sc=">AAACB3icbVDLTgJBEJz1ifhCPXqZiCaYKNldTTSeiB7kiAmICRAyO/TKhNlHZnqNZMMH6M/oyag37/6Af+OAHBSsU3VXddJVXiyFRtv+smZm5+YXFjNL2eWV1bX13MbmtY4SxaHGIxmpG49pkCKEGgqUcBMrYIEnoe71LoZ6/Q6UFlFYxX4MrYDdhsIXnKFZtXO7TYR79Py02oVIQXA2oIXLYpMe0jILxQF1bfd4v53L20V7BDpNnDHJkzEq7dxnsxPxJIAQuWRaNxw7xlbKFAouYZBtJhpixnvsFhqGhiwA3UpHaQZ0z48UxS7Q0fzbm7JA637gGU/AsKsnteHyP62RoH/aSkUYJwghNxaj+YmkGNFhKbQjFHCUfUMYV8J8SXmXKcbRVJc18Z3JsNPk2i06R0X3ys2XzsdFZMg22SEF4pATUiJlUiE1wskjeSZv5N16sJ6sF+v1xzpjjW+2yB9YH99JiJbc</latexit>

Let d ! 2, r " (0, 1], and b, c" S(Rd; [0, # )) be Schwartz functions.
<latexit sha1_base64="640mxNKYggW+zvIfZZlQY0l3i1M="></latexit>

where
<latexit sha1_base64="HzOt3f+sWcRBW2VECNIFdbGJJFg=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaXOiS6MYlJhZIoCHT4ZZOmP5kZqohDa+gK6PufCBfwLdxil0oeFbf3HMmuef6qeBK2/aXVVlb39jcqm7Xdnb39g/qh0ddlWSSocsSkci+TxUKHqOruRbYTyXSyBfY86c3hd97QKl4Et/rWYpeRCcxDzij2ozcxxAljuoNu2kvRFbBKaEBpTqj+udwnLAswlgzQZUaOHaqvZxKzZnAeW2YKUwpm9IJDgzGNELl5Ytl5+QsSCTRIZLF+3c2p5FSs8g3mYjqUC17xfA/b5Dp4MrLeZxmGmNmIsYLMkF0QorOZMwlMi1mBiiT3GxJWEglZdpcpmbqO8tlV6HbajoXzdZdq9G+Lg9RhRM4hXNw4BLacAsdcIEBh2d4g3crtJ6sF+v1J1qxyj/H8EfWxzflIoxe</latexit>

then there exists some 0< ! ! 1 such that, asL " # ,
<latexit sha1_base64="qwORCcPQmfX2rF5HdBPu03op55g="></latexit>

E|!u(t, k )|2 = napp

"
t

Tkin
, k

#
+ O! !

k

"
L ! " t

Tkin

#

<latexit sha1_base64="/mFp9YVqV5BzDcWpCp3ey/7BxJ8="></latexit>

L 0+ ! t ! L ! ! Tkin
<latexit sha1_base64="p/NXi1X7wYhQITuBWLGRDSyJEWk=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQ1DJTC7osunHhokJf0Kklk962oZnMmGQKZZgP0Z/Rlai4cenfmNYutHoW4eScc+Ge60ecKe04n1ZmYXFpeSW7mltb39jcsrd36iqMJYUaDXkomz5RwJmAmmaaQzOSQAKfQ8MfXk78xgikYqGo6nEE7YD0BesxSrSROnbp+jZxjlKPwx3W09cIJ96ISIgU46FIsXdc7SReQPRABsmQiTTt2Hmn4EyB/xJ3RvJohkrHfve6IY0DEJpyolTLdSLdTojUjHJIc16sICJ0SPrQMlSQAFQ7mbZL8UEvlFgPAE//P7MJCZQaB77JTNZT895E/M9rxbp33k6YiGINgpqI8XoxxzrEkyPhLpNANR8bQqhkZktMB0QSqs0pc6a+O1/2L6kXC+5poXhTypcvZofIoj20jw6Ri85QGV2hCqohih7QE3pFb9a99Wg9Wy/f0Yw1m9lFv2B9fAF3faAZ</latexit>

n(t, k )|t =0 = c(k)2
<latexit sha1_base64="F2WWI8HsoU5odr9jUZNccJHuMIQ=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFaEFKUgXdFIpuXFawF2hjmEwn7ZDJhZkTIcY+i65E3fkevoBv47Rmoa3/6pvz/wPn/G7MmQTT/NIKS8srq2vF9dLG5tb2jr6715FRIghtk4hHoudiSTkLaRsYcNqLBcWBy2nX9a+mfveeCsmi8BbSmNoBHoXMYwSDGjn6QViBE7/66GTQMCcNUvGrd3VHL5s1cyZjEawcyihXy9E/B8OIJAENgXAsZd8yY7AzLIARTielQSJpjImPR7SvMMQBlXY2235iHHuRMGBMjdn7dzbDgZRp4KpMgGEs573p8D+vn4B3YWcsjBOgIVER5XkJNyAypiUYQyYoAZ4qwEQwtaVBxlhgAqqqkjrfmj92ETr1mnVaq9+clZuXeRFFdIiOUAVZ6Bw10TVqoTYi6AE9ozf0rqXak/aivf5EC1r+Zx/9kfbxDTFMkXY=</latexit>

(iii) If ! ! (0, " ), napp is the 2nd order Picard iterate to the following WKE
<latexit sha1_base64="i6ZB+PLPHsKzczOdg0+MPx7GgZw="></latexit>

DeÞne the ratio
<latexit sha1_base64="fv0lf28pxfBdpdvDPO2yTz3ZX3A=">AAAB83icbVDLTsMwENzwLOUV4MjFokLiVCXlAMcKOHAsEn1IbVQ57qa16jxkO5WqqF8CJwTc+BN+gL/BCTlAy5zGM7Py7viJ4Eo7zpe1tr6xubVd2anu7u0fHNpHxx0Vp5Jhm8Uilj2fKhQ8wrbmWmAvkUhDX2DXn97mfneGUvE4etTzBL2QjiMecEa1kYa2fYeBGSV6gkTm2tCuOXWnAFklbklqUKI1tD8Ho5ilIUaaCapU33US7WVUas4ELqqDVGFC2ZSOsW9oRENUXlZsviDnQSyLv4v372xGQ6XmoW8yIdUTtezl4n9eP9XBtZfxKEk1RsxEjBekguiY5AWQEZfItJgbQpnkZkvCJlRSpk1NVXO+u3zsKuk06u5lvfHQqDVvyiIqcApncAEuXEET7qEFbWAwg2d4g3crtZ6sF+v1J7pmlTMn8AfWxzfKLpDN</latexit>

! := lim
L !"

Tkin

Tfor
,

<latexit sha1_base64="M3TCivZd4MZX6r3BrSBb+uWw7nA="></latexit>

Tkin = ! ! 2 = L 2+ ! ! for " ! (0, 1) and # ! (0, " ).
<latexit sha1_base64="33wh/EvUT6uQNukQ3uaJsBrLI0M="></latexit>

Let Tfor = ! ! 1 ! L ! and
<latexit sha1_base64="10F06DFKxhU4xBx4ZUmycy10BZ4=">AAACFnicbVC5TgMxFPRyE64AJY1FgkRDtBsKaJAQNBQUIJFDyoborfNCrNjele1Filb7H/AzUCFAoqDlb3BCCq6pxm/G0sxEieDG+v6HNzU9Mzs3v7BYWFpeWV0rrm/UTZxqhjUWi1g3IzAouMKa5VZgM9EIMhLYiAanI71xi9rwWF3ZYYJtCTeK9zgD606d4v45Wlq+6mShBNvXMuvFOs+PQpVeZ3tBHhou6fl1Fg4gSSAvU1Bd2imW/Io/Bv1LggkpkQkuOsW3sBuzVKKyTIAxrcBPbDsDbTkTmBfC1GACbAA32HJUgUTTzsblcrrjElHbRzp+f/dmII0Zysh5RuHNb210/E9rpbZ32M64SlKLijmL03qpoDamo41ol2tkVgwdAaa5S0lZHzQw65YsuPrB77J/Sb1aCfYr1ctq6fhkMsQC2SLbZJcE5IAckzNyQWqEkXvySF7Iq3fnPXhP3vOXdcqb/NkkP+C9fwLSrp8P</latexit>

! t n(t, k ) = K(n)( t, k ) ! 2" (1 + |k|2)r n(t, k ) + 2 " b(k)2
<latexit sha1_base64="vfAeXlaTGJey517NNOB6RxSQWt4="></latexit>

K(n)(t, k) =

Z

Rd⇥Rd

k=k1�k2+k3

�
�
|k1|2 � |k2|2 + |k3|2 � |k|2

�
[n1n2n3 � nn2n3 + nn1n3 � nn1n2] dk1 dk3

<latexit sha1_base64="NnQTu2RVcH5jdzE66L05jgjsd8w="></latexit>



Strategy of proof

Picard iteration:
<latexit sha1_base64="sXsJ09JbzKFBbgfn5gr8Bi7JMDg=">AAAB/XicbVC5TsNAFFyHK4TLQAfNigiJKrJDAaKKoKEMEjmkJIrWm+dklfWh3WdEZEXwM1AhoOMn+AH+ho1xAQlTzc7MSm/Gi6XQ6DhfVmFpeWV1rbhe2tjc2t6xd/eaOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2vZn7rDpQWUXiLkxh6ARuGwhecoZH69kEX4R49P60bSQ2oQFCZdTHt22Wn4mSgi8TNSZnkqPftz+4g4kkAIXLJtO64Toy9lCkUXMK01E00xIyP2RA6hoYsAN1Lsw5TeuxHiuIIaPb+nU1ZoPUk8EwmYDjS895M/M/rJOif91IRxglCyE3EeH4iKUZ0NgUdCAUc5cQQxpUwV1I+Yopxs4EumfrufNlF0qxW3NNK9aZarl3mQxTJITkiJ8QlZ6RGrkmdNAgnj+SZvJF368F6sl6s159owcr/7JM/sD6+ATeclaM=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

u = u(0) + u(1) + u(2) + . . . + u(N ) + remainder
<latexit sha1_base64="2k4Wq3JeJelQXIxbj0EngdhDPWg=">AAACJnicbZBLSwMxFIUzPmt9jbp0EyxCRSgzVdCNUHTjShSsFdqxZNJbG5pMhiQjlmH+j/4X0ZVod/4U03YQX3f15ZwTuOeGMWfaeN7QmZqemZ2bLywUF5eWV1bdtfUrLRNFoU4ll+o6JBo4i6BumOFwHSsgIuTQCPsnI79xB0ozGV2aQQyBILcR6zJKjJXa7klylNykZW8nw7t4RP4XVcfU4h1pdC6dTSQRyvtUgSAs6oDK2m7Jq3jjwX/Bz6GE8jlvu0+tjqSJgMhQTrRu+l5sgpQowyiHrNhKNMSE9sktNC1GRIAO0nHZDG93pcKmB3j8/p5NidB6IEKbEcT09G9vJP7nNRPTPQxSFsWJgYjaiPW6CcdG4tHNcIcpoIYPLBCqmN0S0x5RhBp72aKt7/8u+xeuqhV/r1K92C/VjvNDFNAm2kJl5KMDVEOn6BzVEUWP6AW9o6Hz4Dw7r87bJDrl5H820I9xPj4BrfmiPw==</latexit>

u(0) (t) = e! it ! ! ! t (1 ! ! ) r
u0 +

!
!

! t

0
e! i ( t ! s) ! ! ( t ! s) ! (1 ! ! ) r

d" (s)
<latexit sha1_base64="6cTMXjW1lv+I+1mZ70/cYX0ZoPw="></latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

! t u = ! i ! u + i "

!

|u|2 !
2

L d

"

Td
L

|u|2
#

u ! # (1 ! ! )r u +
"

# ú$
<latexit sha1_base64="Se6nWHm1iDn6KFh5tzjfDX9kUp8="></latexit>

<latexit sha1_base64="Js+wZsRpznQ8rWmXn5F1Re9tOTc="></latexit>

Obtain formulas for Picard iterates, and prove (almost a.s.) bounds



Strategy of proof

Picard iteration:
<latexit sha1_base64="sXsJ09JbzKFBbgfn5gr8Bi7JMDg=">AAAB/XicbVC5TsNAFFyHK4TLQAfNigiJKrJDAaKKoKEMEjmkJIrWm+dklfWh3WdEZEXwM1AhoOMn+AH+ho1xAQlTzc7MSm/Gi6XQ6DhfVmFpeWV1rbhe2tjc2t6xd/eaOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2vZn7rDpQWUXiLkxh6ARuGwhecoZH69kEX4R49P60bSQ2oQFCZdTHt22Wn4mSgi8TNSZnkqPftz+4g4kkAIXLJtO64Toy9lCkUXMK01E00xIyP2RA6hoYsAN1Lsw5TeuxHiuIIaPb+nU1ZoPUk8EwmYDjS895M/M/rJOif91IRxglCyE3EeH4iKUZ0NgUdCAUc5cQQxpUwV1I+Yopxs4EumfrufNlF0qxW3NNK9aZarl3mQxTJITkiJ8QlZ6RGrkmdNAgnj+SZvJF368F6sl6s159owcr/7JM/sD6+ATeclaM=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

Match Picard iterates of WKE to those of stochastic NLS, prove the rest
<latexit sha1_base64="6acLxoMzocyuoZ8F8cfaSSReZE4=">AAACK3icbVDLSgNBEJz1bXxFPXoZDIIHCbvxoEdRBMEHEY0RYgizk14zZHZnme4VQvCT9Eu86UVRb/6HkzUHX32qrqqmqQpTrZB8/9kbGR0bn5icmi7MzM7NLxQXly7QZFZCTRpt7GUoELRKoEaKNFymFkQcaqiH3b2BXr8Bi8ok59RLoRmL60RFSgpyVKt4cCxIdnjVEbbNFYEVBMhNxOuH+5wMp45BGOxIRnYEkpL85Ohsg6fW3ICTgVtA4q1iyS/7+fC/IBiCEhtOtVV8uGobmcWQkNQCsRH4KTX7wroPGm4LVxlCKmRXXEPDwUTEgM1+nviWr0XG5r/z/bu3L2LEXhw6Tyyog7+1Afmf1sgo2m72VZJmBIl0FqdFmc47cMXxtrIgSfccENKqQQ+uDyuk6wwLLn7wO+xfcFEpB5vlymmltLM7LGKKrbBVts4CtsV22AGrshqT7J49sTf27t15j96L9/plHfGGN8vsx3gfn0YXpmM=</latexit>

of the terms are small.
<latexit sha1_base64="wP7ahQJkl2dlC04kb2iZ48j61ik=">AAAB+nicbVC7TsMwFHV4lvIKMDCwWFRITFFSBhgrWBiLRB9SG1WOe9NatePIdpCq0J+BCQEbn8EP8De4IQO0nOnce86V7jlRypk2vv/lrKyurW9sVraq2zu7e/vuwWFby0xRaFHJpepGRANnCbQMMxy6qQIiIg6daHIz1zsPoDSTyb2ZphAKMkpYzCgxdjVwj2WMzRiwASU0JgqwFoRzb+DWfM8vgJdJUJIaKtEcuJ/9oaSZgMRQTrTuBX5qwpwowyiHWbWfaUgJnZAR9CxNiAAd5kWAGT6LpSreKObf3pwIracish5BzFgvavPlf1ovM/FVmLMkzQwk1FqsFmccG4nnPeAhU0ANn1pCqGL2S0zHRBFqm9BVGz9YDLtM2nUvuPDqd/Va47osooJO0Ck6RwG6RA10i5qohSiaoWf0ht6dR+fJeXFef6wrTnlzhP7A+fgGeWSTaA==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

! t u = ! i ! u + i "

!

|u|2 !
2

L d

"

Td
L

|u|2
#

u ! # (1 ! ! )r u +
"

# ú$
<latexit sha1_base64="Se6nWHm1iDn6KFh5tzjfDX9kUp8="></latexit>

u = u(0) + u(1) + u(2) + . . . + u(N ) + remainder
<latexit sha1_base64="2k4Wq3JeJelQXIxbj0EngdhDPWg=">AAACJnicbZBLSwMxFIUzPmt9jbp0EyxCRSgzVdCNUHTjShSsFdqxZNJbG5pMhiQjlmH+j/4X0ZVod/4U03YQX3f15ZwTuOeGMWfaeN7QmZqemZ2bLywUF5eWV1bdtfUrLRNFoU4ll+o6JBo4i6BumOFwHSsgIuTQCPsnI79xB0ozGV2aQQyBILcR6zJKjJXa7klylNykZW8nw7t4RP4XVcfU4h1pdC6dTSQRyvtUgSAs6oDK2m7Jq3jjwX/Bz6GE8jlvu0+tjqSJgMhQTrRu+l5sgpQowyiHrNhKNMSE9sktNC1GRIAO0nHZDG93pcKmB3j8/p5NidB6IEKbEcT09G9vJP7nNRPTPQxSFsWJgYjaiPW6CcdG4tHNcIcpoIYPLBCqmN0S0x5RhBp72aKt7/8u+xeuqhV/r1K92C/VjvNDFNAm2kJl5KMDVEOn6BzVEUWP6AW9o6Hz4Dw7r87bJDrl5H820I9xPj4BrfmiPw==</latexit>

u(0) (t) = e! it ! ! ! t (1 ! ! ) r
u0 +

!
!

! t

0
e! i ( t ! s) ! ! ( t ! s) ! (1 ! ! ) r

d" (s)
<latexit sha1_base64="6cTMXjW1lv+I+1mZ70/cYX0ZoPw="></latexit>

<latexit sha1_base64="Js+wZsRpznQ8rWmXn5F1Re9tOTc="></latexit>

Obtain formulas for Picard iterates, and prove (almost a.s.) bounds



Strategy of proof

Picard iteration:
<latexit sha1_base64="sXsJ09JbzKFBbgfn5gr8Bi7JMDg=">AAAB/XicbVC5TsNAFFyHK4TLQAfNigiJKrJDAaKKoKEMEjmkJIrWm+dklfWh3WdEZEXwM1AhoOMn+AH+ho1xAQlTzc7MSm/Gi6XQ6DhfVmFpeWV1rbhe2tjc2t6xd/eaOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2vZn7rDpQWUXiLkxh6ARuGwhecoZH69kEX4R49P60bSQ2oQFCZdTHt22Wn4mSgi8TNSZnkqPftz+4g4kkAIXLJtO64Toy9lCkUXMK01E00xIyP2RA6hoYsAN1Lsw5TeuxHiuIIaPb+nU1ZoPUk8EwmYDjS895M/M/rJOif91IRxglCyE3EeH4iKUZ0NgUdCAUc5cQQxpUwV1I+Yopxs4EumfrufNlF0qxW3NNK9aZarl3mQxTJITkiJ8QlZ6RGrkmdNAgnj+SZvJF368F6sl6s159owcr/7JM/sD6+ATeclaM=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

Match Picard iterates of WKE to those of stochastic NLS, prove the rest
<latexit sha1_base64="6acLxoMzocyuoZ8F8cfaSSReZE4=">AAACK3icbVDLSgNBEJz1bXxFPXoZDIIHCbvxoEdRBMEHEY0RYgizk14zZHZnme4VQvCT9Eu86UVRb/6HkzUHX32qrqqmqQpTrZB8/9kbGR0bn5icmi7MzM7NLxQXly7QZFZCTRpt7GUoELRKoEaKNFymFkQcaqiH3b2BXr8Bi8ok59RLoRmL60RFSgpyVKt4cCxIdnjVEbbNFYEVBMhNxOuH+5wMp45BGOxIRnYEkpL85Ohsg6fW3ICTgVtA4q1iyS/7+fC/IBiCEhtOtVV8uGobmcWQkNQCsRH4KTX7wroPGm4LVxlCKmRXXEPDwUTEgM1+nviWr0XG5r/z/bu3L2LEXhw6Tyyog7+1Afmf1sgo2m72VZJmBIl0FqdFmc47cMXxtrIgSfccENKqQQ+uDyuk6wwLLn7wO+xfcFEpB5vlymmltLM7LGKKrbBVts4CtsV22AGrshqT7J49sTf27t15j96L9/plHfGGN8vsx3gfn0YXpmM=</latexit>

of the terms are small.
<latexit sha1_base64="wP7ahQJkl2dlC04kb2iZ48j61ik=">AAAB+nicbVC7TsMwFHV4lvIKMDCwWFRITFFSBhgrWBiLRB9SG1WOe9NatePIdpCq0J+BCQEbn8EP8De4IQO0nOnce86V7jlRypk2vv/lrKyurW9sVraq2zu7e/vuwWFby0xRaFHJpepGRANnCbQMMxy6qQIiIg6daHIz1zsPoDSTyb2ZphAKMkpYzCgxdjVwj2WMzRiwASU0JgqwFoRzb+DWfM8vgJdJUJIaKtEcuJ/9oaSZgMRQTrTuBX5qwpwowyiHWbWfaUgJnZAR9CxNiAAd5kWAGT6LpSreKObf3pwIracish5BzFgvavPlf1ovM/FVmLMkzQwk1FqsFmccG4nnPeAhU0ANn1pCqGL2S0zHRBFqm9BVGz9YDLtM2nUvuPDqd/Va47osooJO0Ck6RwG6RA10i5qohSiaoWf0ht6dR+fJeXFef6wrTnlzhP7A+fgGeWSTaA==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Bounds on iterates & Þxed point argument to control remainder.
<latexit sha1_base64="3o5zuDsFPmYLtn0ZeqU9nbSiTnc=">AAACI3icbZC7TgMxEEW9vAmvACWNRQSiinZDAWUEDWWQSEBKomjWO5tYeO2VPYuIIj4HfgYqBEgU/AtOSMFrquO515bvjXMlHYXhezAzOze/sLi0XFpZXVvfKG9utZwprMCmMMrYqxgcKqmxSZIUXuUWIYsVXsbXp2P98gatk0Zf0DDHbgZ9LVMpgPyqV66fmEInjhvNJaEFQsc7+zyVt5jw3EhNHGy/yNADGS6MJmsUt5iB1Anaaq9cCavhZPhfiKZQYdNp9MpPncSIyYtCgXPtKMypOwJLUii8K3UKhzmIa+hj26OGDF13NEl6x/dSYzkNkE/O370jyJwbZrH3ZEAD91sbL//T2gWlx92R1HlBqIW3eC0t1DjtuDCeSIuC1NADCCv9L7kYgAXh63IlHz/6HfYvtGrV6LBaO69V6ifTIpbYDttlByxiR6zOzliDNZlgD+yJvbK34D54DJ6Dly/rTDC9s81+TPDxCQbCpHM=</latexit>
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<latexit sha1_base64="Se6nWHm1iDn6KFh5tzjfDX9kUp8="></latexit>

u = u(0) + u(1) + u(2) + . . . + u(N ) + remainder
<latexit sha1_base64="2k4Wq3JeJelQXIxbj0EngdhDPWg=">AAACJnicbZBLSwMxFIUzPmt9jbp0EyxCRSgzVdCNUHTjShSsFdqxZNJbG5pMhiQjlmH+j/4X0ZVod/4U03YQX3f15ZwTuOeGMWfaeN7QmZqemZ2bLywUF5eWV1bdtfUrLRNFoU4ll+o6JBo4i6BumOFwHSsgIuTQCPsnI79xB0ozGV2aQQyBILcR6zJKjJXa7klylNykZW8nw7t4RP4XVcfU4h1pdC6dTSQRyvtUgSAs6oDK2m7Jq3jjwX/Bz6GE8jlvu0+tjqSJgMhQTrRu+l5sgpQowyiHrNhKNMSE9sktNC1GRIAO0nHZDG93pcKmB3j8/p5NidB6IEKbEcT09G9vJP7nNRPTPQxSFsWJgYjaiPW6CcdG4tHNcIcpoIYPLBCqmN0S0x5RhBp72aKt7/8u+xeuqhV/r1K92C/VjvNDFNAm2kJl5KMDVEOn6BzVEUWP6AW9o6Hz4Dw7r87bJDrl5H820I9xPj4BrfmiPw==</latexit>

u(0) (t) = e! it ! ! ! t (1 ! ! ) r
u0 +
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!
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<latexit sha1_base64="6cTMXjW1lv+I+1mZ70/cYX0ZoPw="></latexit>

<latexit sha1_base64="Js+wZsRpznQ8rWmXn5F1Re9tOTc="></latexit>

Obtain formulas for Picard iterates, and prove (almost a.s.) bounds



Strategy of proof

Picard iteration:
<latexit sha1_base64="sXsJ09JbzKFBbgfn5gr8Bi7JMDg=">AAAB/XicbVC5TsNAFFyHK4TLQAfNigiJKrJDAaKKoKEMEjmkJIrWm+dklfWh3WdEZEXwM1AhoOMn+AH+ho1xAQlTzc7MSm/Gi6XQ6DhfVmFpeWV1rbhe2tjc2t6xd/eaOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2vZn7rDpQWUXiLkxh6ARuGwhecoZH69kEX4R49P60bSQ2oQFCZdTHt22Wn4mSgi8TNSZnkqPftz+4g4kkAIXLJtO64Toy9lCkUXMK01E00xIyP2RA6hoYsAN1Lsw5TeuxHiuIIaPb+nU1ZoPUk8EwmYDjS895M/M/rJOif91IRxglCyE3EeH4iKUZ0NgUdCAUc5cQQxpUwV1I+Yopxs4EumfrufNlF0qxW3NNK9aZarl3mQxTJITkiJ8QlZ6RGrkmdNAgnj+SZvJF368F6sl6s159owcr/7JM/sD6+ATeclaM=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

Match Picard iterates of WKE to those of stochastic NLS, prove the rest
<latexit sha1_base64="6acLxoMzocyuoZ8F8cfaSSReZE4=">AAACK3icbVDLSgNBEJz1bXxFPXoZDIIHCbvxoEdRBMEHEY0RYgizk14zZHZnme4VQvCT9Eu86UVRb/6HkzUHX32qrqqmqQpTrZB8/9kbGR0bn5icmi7MzM7NLxQXly7QZFZCTRpt7GUoELRKoEaKNFymFkQcaqiH3b2BXr8Bi8ok59RLoRmL60RFSgpyVKt4cCxIdnjVEbbNFYEVBMhNxOuH+5wMp45BGOxIRnYEkpL85Ohsg6fW3ICTgVtA4q1iyS/7+fC/IBiCEhtOtVV8uGobmcWQkNQCsRH4KTX7wroPGm4LVxlCKmRXXEPDwUTEgM1+nviWr0XG5r/z/bu3L2LEXhw6Tyyog7+1Afmf1sgo2m72VZJmBIl0FqdFmc47cMXxtrIgSfccENKqQQ+uDyuk6wwLLn7wO+xfcFEpB5vlymmltLM7LGKKrbBVts4CtsV22AGrshqT7J49sTf27t15j96L9/plHfGGN8vsx3gfn0YXpmM=</latexit>

of the terms are small.
<latexit sha1_base64="wP7ahQJkl2dlC04kb2iZ48j61ik=">AAAB+nicbVC7TsMwFHV4lvIKMDCwWFRITFFSBhgrWBiLRB9SG1WOe9NatePIdpCq0J+BCQEbn8EP8De4IQO0nOnce86V7jlRypk2vv/lrKyurW9sVraq2zu7e/vuwWFby0xRaFHJpepGRANnCbQMMxy6qQIiIg6daHIz1zsPoDSTyb2ZphAKMkpYzCgxdjVwj2WMzRiwASU0JgqwFoRzb+DWfM8vgJdJUJIaKtEcuJ/9oaSZgMRQTrTuBX5qwpwowyiHWbWfaUgJnZAR9CxNiAAd5kWAGT6LpSreKObf3pwIracish5BzFgvavPlf1ovM/FVmLMkzQwk1FqsFmccG4nnPeAhU0ANn1pCqGL2S0zHRBFqm9BVGz9YDLtM2nUvuPDqd/Va47osooJO0Ck6RwG6RA10i5qohSiaoWf0ht6dR+fJeXFef6wrTnlzhP7A+fgGeWSTaA==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Bounds on iterates & Þxed point argument to control remainder.
<latexit sha1_base64="3o5zuDsFPmYLtn0ZeqU9nbSiTnc=">AAACI3icbZC7TgMxEEW9vAmvACWNRQSiinZDAWUEDWWQSEBKomjWO5tYeO2VPYuIIj4HfgYqBEgU/AtOSMFrquO515bvjXMlHYXhezAzOze/sLi0XFpZXVvfKG9utZwprMCmMMrYqxgcKqmxSZIUXuUWIYsVXsbXp2P98gatk0Zf0DDHbgZ9LVMpgPyqV66fmEInjhvNJaEFQsc7+zyVt5jw3EhNHGy/yNADGS6MJmsUt5iB1Anaaq9cCavhZPhfiKZQYdNp9MpPncSIyYtCgXPtKMypOwJLUii8K3UKhzmIa+hj26OGDF13NEl6x/dSYzkNkE/O370jyJwbZrH3ZEAD91sbL//T2gWlx92R1HlBqIW3eC0t1DjtuDCeSIuC1NADCCv9L7kYgAXh63IlHz/6HfYvtGrV6LBaO69V6ifTIpbYDttlByxiR6zOzliDNZlgD+yJvbK34D54DJ6Dly/rTDC9s81+TPDxCQbCpHM=</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Obtain sharp asymptotic developments for the leading terms: derive kinetic
<latexit sha1_base64="45Ks+PAZFpzp34uu59DVjsKhw4Q="></latexit>

equation.
<latexit sha1_base64="jdeUPfc+Xs1YSp6FEgr/SAHKPXE=">AAAB63icbZC9TsMwFIVv+C3lr8DIYlEhMUVJGWCsYGEsEv0RbVQ57k1r1U6C7SBVVZ8CJgRsvA0vwNvghgzQcqbP9xxL99wwFVwbz/tyVlbX1jc2S1vl7Z3dvf3KwWFLJ5li2GSJSFQnpBoFj7FpuBHYSRVSGQpsh+Prud9+RKV5Et+ZSYqBpMOYR5xRY0f3BB+ynNx+peq5Xi6yDH4BVSjU6Fc+e4OEZRJjwwTVuut7qQmmVBnOBM7KvUxjStmYDrFrMaYSdTDNN56R0yhRxIyQ5O/f2SmVWk9kaDOSmpFe9ObD/7xuZqLLYMrjNDMYMxuxXpQJYhIyL04GXCEzYmKBMsXtloSNqKLM2POUbX1/sewytGquf+7WbmvV+lVxiBIcwwmcgQ8XUIcbaEATGMTwDG/w7kjnyXlxXn+iK07x5wj+yPn4BgxHjik=</latexit>
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<latexit sha1_base64="Se6nWHm1iDn6KFh5tzjfDX9kUp8="></latexit>

u = u(0) + u(1) + u(2) + . . . + u(N ) + remainder
<latexit sha1_base64="2k4Wq3JeJelQXIxbj0EngdhDPWg=">AAACJnicbZBLSwMxFIUzPmt9jbp0EyxCRSgzVdCNUHTjShSsFdqxZNJbG5pMhiQjlmH+j/4X0ZVod/4U03YQX3f15ZwTuOeGMWfaeN7QmZqemZ2bLywUF5eWV1bdtfUrLRNFoU4ll+o6JBo4i6BumOFwHSsgIuTQCPsnI79xB0ozGV2aQQyBILcR6zJKjJXa7klylNykZW8nw7t4RP4XVcfU4h1pdC6dTSQRyvtUgSAs6oDK2m7Jq3jjwX/Bz6GE8jlvu0+tjqSJgMhQTrRu+l5sgpQowyiHrNhKNMSE9sktNC1GRIAO0nHZDG93pcKmB3j8/p5NidB6IEKbEcT09G9vJP7nNRPTPQxSFsWJgYjaiPW6CcdG4tHNcIcpoIYPLBCqmN0S0x5RhBp72aKt7/8u+xeuqhV/r1K92C/VjvNDFNAm2kJl5KMDVEOn6BzVEUWP6AW9o6Hz4Dw7r87bJDrl5H820I9xPj4BrfmiPw==</latexit>
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<latexit sha1_base64="6cTMXjW1lv+I+1mZ70/cYX0ZoPw="></latexit>

<latexit sha1_base64="Js+wZsRpznQ8rWmXn5F1Re9tOTc="></latexit>

Obtain formulas for Picard iterates, and prove (almost a.s.) bounds



Strategy of proof

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

u(0) (t) = e! it ! ! ! t (1 ! ! ) r
u0 +
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<latexit sha1_base64="6cTMXjW1lv+I+1mZ70/cYX0ZoPw="></latexit>

More complex correlations wrt to random data case:
<latexit sha1_base64="RiHdwIJ7bFHo9pCrBUyJ2DHtdiw=">AAACFnicbVBNSwMxFMz6bf2qevQSLIKnslsPiifRixdBwWqhLeVt+mqDyWZJ3qql+D/0z+hJVPDg1X9jtvagrXPJ5M2EvJk4VdJRGH4FE5NT0zOzc/OFhcWl5ZXi6tqFM5kVWBVGGVuLwaGSCVZJksJaahF0rPAyvj7K9csbtE6a5Jx6KTY1XCWyIwWQH7WKOyfGIhdGpwrv/GktqoHk+K0lToZbSNpG8zYQcOF/2uetYikshwPwcRINSYkNcdoqfjTaRmQaExIKnKtHYUrNPliSQuF9oZE5TEFcwxXWPU1Ao2v2B+Hu+VbHWE7dfEl//+3tg3aup2Pv0UBdN6rlw/+0ekadvWZfJmlGmAhv8VonU3navCPelhYFqZ4nIKz0W3LRBQuCfJMFHz8aDTtOLirlaKdcOauUDg6HRcyxDbbJtlnEdtkBO2anrMoEe2TP7I29Bw/BU/ASvP5YJ4Lhm3X2B8HnN9yvnxE=</latexit>

must exploit separation in frequency and wavenumber
<latexit sha1_base64="OoQXjsDzOai1XYfZLUdz5gZRnq4=">AAACFnicbVC7TgMxEPTxDOF1QEljESFRRXehgBJBQxkkkiCFKPI5e4kV23fY60AU8R/wM1AhQKKg5W9wQgpeU83uzMqeSXIpLEbRRzAzOze/sFhYKi6vrK6thxubdZs5w6HGM5mZi4RZkEJDDQVKuMgNMJVIaCT9k7HeGICxItPnOMyhpVhXi1Rwhn7VDveVs0jhJpeZQGohZ2aiUKFpauDKgeZDynSHXrMBaKcSMO2wFJWjCehfEk9JiUxRbYdvl52MOwUauWTWNuMox9aIGRRcwm3x0o0f5n3WhaanmimwrdEk3C3dTTNDsQd0Mn/3jpiydqgS71EMe/a3Nl7+pzUdpoetkdC5Qx/PW7yWOkkxo+OOaEcY4CiHnjBuhP8l5T1fDEffZNHHj3+H/UvqlXK8X66cVUpHx9MiCmSb7JA9EpMDckROSZXUCCf35JG8kNfgLngInoLnL+tMML3ZIj8QvH8CdxugHA==</latexit>

E[!u(0)
k (! ) !u(0)

k ! (! ! )] ! N c2
k ! ! "" N ! ! !"" N "k " k ! + b2

k ! ! # ! !"" N ! ! "" 1! ! !"" 1"k " k !
<latexit sha1_base64="AEgpL2r6Eh5OIH0WrzFdOnAmfCA="></latexit>

! N " N
<latexit sha1_base64="4sXHBuB2aLeW/VFxPSo+F73RH/0=">AAAB+XicbVDLSsNAFJ3UV62vqODGzWARXJWkCrosunFVKtgHNKFMpjft0MkkzEyEEvsxuhJ152/4A/6Nk5qFtp7VufecC+eeIOFMacf5skorq2vrG+XNytb2zu6evX/QUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkJte7DyAVi8W9nibgR2QkWMgo0WY1sI+8MJaEc9z0mPAiosdBkDVnA7vq1Jw58DJxC1JFBVoD+9MbxjSNQGjKiVJ910m0nxGpGeUwq3ipgoTQCRlB31BBIlB+Ns8/w6cmA9ZjwPP5tzcjkVLTKDCePJta1PLlf1o/1eGVnzGRpBoENRajhSnHOsZ5DXjIJFDNp4YQKplJiemYSEK1Kati3ncXn10mnXrNPa/V7y6qjeuiiDI6RifoDLnoEjXQLWqhNqLoET2jN/RuZdaT9WK9/lhLVnFziP7A+vgGxJeTrQ==</latexit>

ú! (t, x ) = L ! d/ 2
!

k " Zd
L

bk eik áx d! k (t)

<latexit sha1_base64="tz0kmSDjm8/fV9peTlh/YTV7+GU="></latexit>

u0(x) = L ! d/ 2
!

k " Zd
L

ck ! k eik áx

<latexit sha1_base64="/tD47zBV1kdOJBWGZaPv4j3RvJ0="></latexit>



Strategy of proof

Convergence to WKE: must study delicate cancellation between
<latexit sha1_base64="K75bEa57a7lNyUtOgBatsXjrNvg=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuykxdKIJQLILgpoJ9QFtKJr1tQzOZIbmjlNKf0Z9REERd6deYqV1o61md3HNuuOcEsRQGPe/TWVhcWl5Zzaxl1zc2t7bdnd2qiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgkEp1Wt3oI2I1C0OY2iFrKdEV3CGdtR2z0uRsnoPFAeKEa1dX57RMDFIDSadIe3Yn60XKGfWIeVkjQaA9wCKtt2cl/cmoPPEn5IcmaLcdl+anYgnISjkkhnT8L0YWyOmUXAJ42wzMRAzPmA9aFiqWAimNZrEHNPDbqQp9u0t6fu3d8RCY4ZhYD0hw76Z1dLhf1ojwe5payRUnKBtwFqs1k1k2kTaFu0IDRyl7UEwroW9kvI+04yj7TRr4/uzYedJtZD3j/OFm0KueDEtIkP2yQE5Ij45IUVyRcqkQjh5JM/knXw4D86T8+q8/VgXnOnOHvkD5+sblemjKw==</latexit>

delta functions in the kinetic limit
<latexit sha1_base64="haXe9YLtEcyE56ogHeEGvFRztoQ=">AAACB3icbVC7TsMwFHXKq5RXgZHFoiAxVUkZYKxgYSwSfUhtVDnuTWvVcSL7Bqmq+gHwMzAhYGPnB/gbnNABWu50fM7x1T0nSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYyvM719D9qIWN3hJAE/YkMlQsEZWqpfPhmAREbDVPGMMFQoiiOgY7sPBadSRAL75YpbdfOhy8CbgwqZT6Nf/uwNYp5GoJBLZkzXcxP0p0zblRJmpV5qIGF8zIbQtVCxCIw/zdPM6GkY6/yG/P3bO2WRMZMosJ6I4cgsahn5n9ZNMbz0p0IlKYLi1mK1MJUUY5qVQgdCA0c5sYBxLbLgfMQ042irK9n43mLYZdCqVb3zau22VqlfzYsokiNyTM6IRy5IndyQBmkSTh7JM3kj786D8+S8OK8/1oIz/3NI/ozz8Q330JlL</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

E|uk (t)|2 = E
!

[u(0)
k (t) + u(1)

k (t) + u(2)
k (t) + . . .] [u(0)

k (t) + u(1)
k (t) + u(2)

k (t) + . . .]
"

<latexit sha1_base64="941ijVYYa4PrtA7pEnE2jYXYF5M="></latexit>

= E
!
|u(0)

k (t)|2 + |u(1)
k (t)|2 + 2Re u(0)

k (t)u(2)
k (t)

"
+ o

#
t

Tkin

$

<latexit sha1_base64="GFJhJIYvXziZozvRJHwWquYVVWk="></latexit>



Strategy of proof

Convergence to WKE: must study delicate cancellation between
<latexit sha1_base64="K75bEa57a7lNyUtOgBatsXjrNvg=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuykxdKIJQLILgpoJ9QFtKJr1tQzOZIbmjlNKf0Z9REERd6deYqV1o61md3HNuuOcEsRQGPe/TWVhcWl5Zzaxl1zc2t7bdnd2qiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgkEp1Wt3oI2I1C0OY2iFrKdEV3CGdtR2z0uRsnoPFAeKEa1dX57RMDFIDSadIe3Yn60XKGfWIeVkjQaA9wCKtt2cl/cmoPPEn5IcmaLcdl+anYgnISjkkhnT8L0YWyOmUXAJ42wzMRAzPmA9aFiqWAimNZrEHNPDbqQp9u0t6fu3d8RCY4ZhYD0hw76Z1dLhf1ojwe5payRUnKBtwFqs1k1k2kTaFu0IDRyl7UEwroW9kvI+04yj7TRr4/uzYedJtZD3j/OFm0KueDEtIkP2yQE5Ij45IUVyRcqkQjh5JM/knXw4D86T8+q8/VgXnOnOHvkD5+sblemjKw==</latexit>

delta functions in the kinetic limit
<latexit sha1_base64="haXe9YLtEcyE56ogHeEGvFRztoQ=">AAACB3icbVC7TsMwFHXKq5RXgZHFoiAxVUkZYKxgYSwSfUhtVDnuTWvVcSL7Bqmq+gHwMzAhYGPnB/gbnNABWu50fM7x1T0nSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYyvM719D9qIWN3hJAE/YkMlQsEZWqpfPhmAREbDVPGMMFQoiiOgY7sPBadSRAL75YpbdfOhy8CbgwqZT6Nf/uwNYp5GoJBLZkzXcxP0p0zblRJmpV5qIGF8zIbQtVCxCIw/zdPM6GkY6/yG/P3bO2WRMZMosJ6I4cgsahn5n9ZNMbz0p0IlKYLi1mK1MJUUY5qVQgdCA0c5sYBxLbLgfMQ042irK9n43mLYZdCqVb3zau22VqlfzYsokiNyTM6IRy5IndyQBmkSTh7JM3kj786D8+S8OK8/1oIz/3NI/ozz8Q330JlL</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

E|uk (t)|2 = E
!

[u(0)
k (t) + u(1)

k (t) + u(2)
k (t) + . . .] [u(0)

k (t) + u(1)
k (t) + u(2)

k (t) + . . .]
"

<latexit sha1_base64="941ijVYYa4PrtA7pEnE2jYXYF5M="></latexit>

= E
!
|u(0)

k (t)|2 + |u(1)
k (t)|2 + 2Re u(0)

k (t)u(2)
k (t)

"
+ o

#
t

Tkin

$

<latexit sha1_base64="GFJhJIYvXziZozvRJHwWquYVVWk="></latexit>

E|u(0)
k (t)|2 = f

!
k,

t
Tkin

"

<latexit sha1_base64="pJfa2Ke4zf9Hv7k71tqEqgykiYQ="></latexit>

! = " Tkin
<latexit sha1_base64="guZCqKio+nzBDCZUqjx8OwdTbRM=">AAAB/3icbVDLSsNAFJ3UV62vqEtdDBbBVUmqoBuh6MZlhb6gCWEynTRDJ5MwMymUkIX+jK5E3fkP/oB/46Rmoa1nde4958I9x08YlcqyvozKyura+kZ1s7a1vbO7Z+4f9GScCky6OGaxGPhIEkY56SqqGBkkgqDIZ6TvT24LvT8lQtKYd9QsIW6ExpwGFCOlV5557EyREGF87fAUdrzMiZAKRZRNKM9zz6xbDWsOuEzsktRBibZnfjqjGKcR4QozJOXQthLlZkgoihnJa04qSYLwBI3JUFOOIiLdbJ4ih6dBLKAKCZzPv70ZiqScRb72FO/JRa1Y/qcNUxVcuRnlSaoIx9qitSBlUMWwKAOOqCBYsZkmCAuqv4Q4RAJhpSur6fj2Ythl0ms27PNG8/6i3ropi6iCI3ACzoANLkEL3IE26AIMHsEzeAPvxoPxZLwYrz/WilHeHII/MD6+AQTXlrA=</latexit>

t = s Tkin s ! [0, 1]
<latexit sha1_base64="ckBEQ6ORiRb8zrpDPN6GQ+cXdZQ=">AAACDXicbVDLSsNAFJ3UV62vqks3g0UQKSWpgm6EohuXFfqCJJTJdNIOnZnEmYlQQr5Bf0ZXou7c+AP+jdOahbae1bn3nAv3nCBmVGnb/rIKS8srq2vF9dLG5tb2Tnl3r6OiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuML6e6t17IhWNREtPYuJzNBQ0pBhps+qXT0r6EiroVWGrn3oc6ZHk6ZiKLIPeXYIGUHlUQNeuOn6/XLFr9gxwkTg5qYAczX750xtEOOFEaMyQUq5jx9pPkdQUM5KVvESRGOExGhLXUIE4UX46y5TBozCSUI8InM2/vSniSk14YDzTf9W8Nl3+p7mJDi/8lIo40URgYzFamDCoIzitBg6oJFiziSEIS2q+hHiEJMLaFFgy8Z35sIukU685p7X67VmlcZUXUQQH4BAcAwecgwa4AU3QBhg8gmfwBt6tB+vJerFef6wFK7/ZB39gfXwD4LKaGg==</latexit>f (k, s) = c2

k e! 2!" k s +
b2

k

! k

!
1 ! e! 2!" k s"

<latexit sha1_base64="TkmJmXw0F+OCBQeo9K6n5okRxyA="></latexit>

! k = (1 + |k|2)r , r ! (0, 1]
<latexit sha1_base64="z3LmRqGvCv9Ws/z8lcOgs46S0Bw=">AAACBnicbVDLTgIxFO3gC/GFunTTSEwwEjKDJroxIbpxiYk8EmYgnVKgmbYzaTsmZGCvP6Mro+78AH/Av7HgLBQ8q3PvOTe55/gRo0rb9peVWVpeWV3Lruc2Nre2d/K7ew0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eB6qjfviVQ0FHd6FBGPo4GgfYqRNqtuvuAOEOeoG8DLonMyDsadynFHlqALpUsFLNolxzMuu2zPABeJk5ICSFHr5j/dXohjToTGDCnVduxIewmSmmJGJjk3ViRCOEAD0jZUIE6Ul8zCTOBRP5RQDwmczb+9CeJKjbhvPBzpoZrXpsv/tHas+xdeQkUUayKwsRitHzOoQzjtBPaoJFizkSEIS2q+hHiIJMLaNJcz8Z35sIukUSk7p+XK7VmhepUWkQUH4BAUgQPOQRXcgBqoAwwewTN4A+/Wg/VkvVivP9aMld7sgz+wPr4BGUKWNw==</latexit>



Strategy of proof

Convergence to WKE: must study delicate cancellation between
<latexit sha1_base64="K75bEa57a7lNyUtOgBatsXjrNvg=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuykxdKIJQLILgpoJ9QFtKJr1tQzOZIbmjlNKf0Z9REERd6deYqV1o61md3HNuuOcEsRQGPe/TWVhcWl5Zzaxl1zc2t7bdnd2qiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgkEp1Wt3oI2I1C0OY2iFrKdEV3CGdtR2z0uRsnoPFAeKEa1dX57RMDFIDSadIe3Yn60XKGfWIeVkjQaA9wCKtt2cl/cmoPPEn5IcmaLcdl+anYgnISjkkhnT8L0YWyOmUXAJ42wzMRAzPmA9aFiqWAimNZrEHNPDbqQp9u0t6fu3d8RCY4ZhYD0hw76Z1dLhf1ojwe5payRUnKBtwFqs1k1k2kTaFu0IDRyl7UEwroW9kvI+04yj7TRr4/uzYedJtZD3j/OFm0KueDEtIkP2yQE5Ij45IUVyRcqkQjh5JM/knXw4D86T8+q8/VgXnOnOHvkD5+sblemjKw==</latexit>

delta functions in the kinetic limit
<latexit sha1_base64="haXe9YLtEcyE56ogHeEGvFRztoQ=">AAACB3icbVC7TsMwFHXKq5RXgZHFoiAxVUkZYKxgYSwSfUhtVDnuTWvVcSL7Bqmq+gHwMzAhYGPnB/gbnNABWu50fM7x1T0nSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYyvM719D9qIWN3hJAE/YkMlQsEZWqpfPhmAREbDVPGMMFQoiiOgY7sPBadSRAL75YpbdfOhy8CbgwqZT6Nf/uwNYp5GoJBLZkzXcxP0p0zblRJmpV5qIGF8zIbQtVCxCIw/zdPM6GkY6/yG/P3bO2WRMZMosJ6I4cgsahn5n9ZNMbz0p0IlKYLi1mK1MJUUY5qVQgdCA0c5sYBxLbLgfMQ042irK9n43mLYZdCqVb3zau22VqlfzYsokiNyTM6IRy5IndyQBmkSTh7JM3kj786D8+S8OK8/1oIz/3NI/ozz8Q330JlL</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

E|uk (t)|2 = E
!

[u(0)
k (t) + u(1)

k (t) + u(2)
k (t) + . . .] [u(0)

k (t) + u(1)
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k (t) + . . .]
"

<latexit sha1_base64="941ijVYYa4PrtA7pEnE2jYXYF5M="></latexit>

= E
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k (t)u(2)
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$

<latexit sha1_base64="GFJhJIYvXziZozvRJHwWquYVVWk="></latexit>

E|u(0)
k (t)|2 = f

!
k,

t
Tkin

"

<latexit sha1_base64="pJfa2Ke4zf9Hv7k71tqEqgykiYQ="></latexit>

! = " Tkin
<latexit sha1_base64="guZCqKio+nzBDCZUqjx8OwdTbRM=">AAAB/3icbVDLSsNAFJ3UV62vqEtdDBbBVUmqoBuh6MZlhb6gCWEynTRDJ5MwMymUkIX+jK5E3fkP/oB/46Rmoa1nde4958I9x08YlcqyvozKyura+kZ1s7a1vbO7Z+4f9GScCky6OGaxGPhIEkY56SqqGBkkgqDIZ6TvT24LvT8lQtKYd9QsIW6ExpwGFCOlV5557EyREGF87fAUdrzMiZAKRZRNKM9zz6xbDWsOuEzsktRBibZnfjqjGKcR4QozJOXQthLlZkgoihnJa04qSYLwBI3JUFOOIiLdbJ4ih6dBLKAKCZzPv70ZiqScRb72FO/JRa1Y/qcNUxVcuRnlSaoIx9qitSBlUMWwKAOOqCBYsZkmCAuqv4Q4RAJhpSur6fj2Ythl0ms27PNG8/6i3ropi6iCI3ACzoANLkEL3IE26AIMHsEzeAPvxoPxZLwYrz/WilHeHII/MD6+AQTXlrA=</latexit>

t = s Tkin s ! [0, 1]
<latexit sha1_base64="ckBEQ6ORiRb8zrpDPN6GQ+cXdZQ=">AAACDXicbVDLSsNAFJ3UV62vqks3g0UQKSWpgm6EohuXFfqCJJTJdNIOnZnEmYlQQr5Bf0ZXou7c+AP+jdOahbae1bn3nAv3nCBmVGnb/rIKS8srq2vF9dLG5tb2Tnl3r6OiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuML6e6t17IhWNREtPYuJzNBQ0pBhps+qXT0r6EiroVWGrn3oc6ZHk6ZiKLIPeXYIGUHlUQNeuOn6/XLFr9gxwkTg5qYAczX750xtEOOFEaMyQUq5jx9pPkdQUM5KVvESRGOExGhLXUIE4UX46y5TBozCSUI8InM2/vSniSk14YDzTf9W8Nl3+p7mJDi/8lIo40URgYzFamDCoIzitBg6oJFiziSEIS2q+hHiEJMLaFFgy8Z35sIukU685p7X67VmlcZUXUQQH4BAcAwecgwa4AU3QBhg8gmfwBt6tB+vJerFef6wFK7/ZB39gfXwD4LKaGg==</latexit>f (k, s) = c2

k e! 2!" k s +
b2

k

! k

!
1 ! e! 2!" k s"

<latexit sha1_base64="TkmJmXw0F+OCBQeo9K6n5okRxyA="></latexit>

! = |k1|2 ! |k2|2 + |k3|2 ! |k|2
<latexit sha1_base64="VSKJ8GRC87Sf7n9fgNyDHHr7w8o=">AAACEHicbZDLSgMxGIUz9VbrbdSlm2ARBGmZmQq6EYpuXLioYC/QjiWT/m1DMxeSjFCmfQl9GV2JuhNfwLcxUyto69nky39OIP/xIs6ksqxPI7OwuLS8kl3Nra1vbG6Z2zs1GcaCQpWGPBQNj0jgLICqYopDIxJAfI9D3RtcpH79DoRkYXCjhhG4PukFrMsoUXrUNgutKx3uEHyGR4O2Pbp1cCElJ6WjlEo/M322zbxVtCbC82BPIY+mqrTNj1YnpLEPgaKcSNm0rUi5CRGKUQ7jXCuWEBE6ID1oagyID9JNJmuN8UE3FFj1AU/uv7MJ8aUc+p7O+ET15ayXDv/zmrHqnroJC6JYQUB1RHvdmGMV4rQd3GECqOJDDYQKpn+JaZ8IQpXuMKfXt2eXnYeaU7RLRef6OF8+nxaRRXtoHx0iG52gMrpEFVRFFD2gJ/SK3ox749F4Nl6+oxlj+mYX/ZHx/gXq0Znk</latexit>

! = ! k1 + ! k2 + ! k3 ! ! k
<latexit sha1_base64="mUDgJPj5FJvMFSRVR5Zp7+W45us=">AAACIHicbVBbS8MwGE29znmb+uhLcAiCONpN0JfB0Ad9nOAusJaSZukWmrQlSYVR+mf0zygIoj7przGbFXbxvOSc75wP8h0vZlQq0/wylpZXVtfWCxvFza3tnd3S3n5bRonApIUjFomuhyRhNCQtRRUj3VgQxD1GOl5wPfY7D0RIGoX3ahQTh6NBSH2KkdIjt1S3bxDnqA7twfh108C1Mng6JauzspbBsz8ZuKWyWTEngIvEykkZ5Gi6pVe7H+GEk1BhhqTsWWasnBQJRTEjWdFOJIkRDtCA9DQNESfSSSdnZvDYjwRUQwInejqbIi7liHs6w5EaynlvPPzP6yXKv3RSGsaJIiHWEe35CYMqguO2YJ8KghUbaYKwoPqXEA+RQFjpTov6fGv+2EXSrlasWqV6d15uXOVFFMAhOAInwAIXoAFuQRO0AAZP4AV8gE/j0Xg23oz33+iSke8cgBkY3z9WxaHE</latexit>E|u(1)

k (t)|2 =
3!

j =1

L ! 2d
!

k= k1 ! k2 + k3
! "=0

" s

0
e! 2!" k (s! s! ) ! ! 1 hj (! ! 1! , " )

3#

i =1

f (ki , s#) ds#

<latexit sha1_base64="6fHPkMpgmjT0ieKVLxy/X0nJ/Zk="></latexit>

h1(x, y) =
2y

y2 + x2 , h2(x, y) = !
y cos(! (s ! s!)x)

y2 + x2 , h3(x, y) =
x sin(! (s ! s!)x)

y2 + x2 .
<latexit sha1_base64="5t3VyPu5ikD1awusLXcIvloUbpw="></latexit>

! k = (1 + |k|2)r , r ! (0, 1]
<latexit sha1_base64="z3LmRqGvCv9Ws/z8lcOgs46S0Bw=">AAACBnicbVDLTgIxFO3gC/GFunTTSEwwEjKDJroxIbpxiYk8EmYgnVKgmbYzaTsmZGCvP6Mro+78AH/Av7HgLBQ8q3PvOTe55/gRo0rb9peVWVpeWV3Lruc2Nre2d/K7ew0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eB6qjfviVQ0FHd6FBGPo4GgfYqRNqtuvuAOEOeoG8DLonMyDsadynFHlqALpUsFLNolxzMuu2zPABeJk5ICSFHr5j/dXohjToTGDCnVduxIewmSmmJGJjk3ViRCOEAD0jZUIE6Ul8zCTOBRP5RQDwmczb+9CeJKjbhvPBzpoZrXpsv/tHas+xdeQkUUayKwsRitHzOoQzjtBPaoJFizkSEIS2q+hHiIJMLaNJcz8Z35sIukUSk7p+XK7VmhepUWkQUH4BAUgQPOQRXcgBqoAwwewTN4A+/Wg/VkvVivP9aMld7sgz+wPr4BGUKWNw==</latexit>



Strategy of proof

! = |k1|2 ! |k2|2 + |k3|2 ! |k|2
<latexit sha1_base64="VSKJ8GRC87Sf7n9fgNyDHHr7w8o=">AAACEHicbZDLSgMxGIUz9VbrbdSlm2ARBGmZmQq6EYpuXLioYC/QjiWT/m1DMxeSjFCmfQl9GV2JuhNfwLcxUyto69nky39OIP/xIs6ksqxPI7OwuLS8kl3Nra1vbG6Z2zs1GcaCQpWGPBQNj0jgLICqYopDIxJAfI9D3RtcpH79DoRkYXCjhhG4PukFrMsoUXrUNgutKx3uEHyGR4O2Pbp1cCElJ6WjlEo/M322zbxVtCbC82BPIY+mqrTNj1YnpLEPgaKcSNm0rUi5CRGKUQ7jXCuWEBE6ID1oagyID9JNJmuN8UE3FFj1AU/uv7MJ8aUc+p7O+ET15ayXDv/zmrHqnroJC6JYQUB1RHvdmGMV4rQd3GECqOJDDYQKpn+JaZ8IQpXuMKfXt2eXnYeaU7RLRef6OF8+nxaRRXtoHx0iG52gMrpEFVRFFD2gJ/SK3ox749F4Nl6+oxlj+mYX/ZHx/gXq0Znk</latexit>

! = ! k1 + ! k2 + ! k3 ! ! k
<latexit sha1_base64="mUDgJPj5FJvMFSRVR5Zp7+W45us=">AAACIHicbVBbS8MwGE29znmb+uhLcAiCONpN0JfB0Ad9nOAusJaSZukWmrQlSYVR+mf0zygIoj7przGbFXbxvOSc75wP8h0vZlQq0/wylpZXVtfWCxvFza3tnd3S3n5bRonApIUjFomuhyRhNCQtRRUj3VgQxD1GOl5wPfY7D0RIGoX3ahQTh6NBSH2KkdIjt1S3bxDnqA7twfh108C1Mng6JauzspbBsz8ZuKWyWTEngIvEykkZ5Gi6pVe7H+GEk1BhhqTsWWasnBQJRTEjWdFOJIkRDtCA9DQNESfSSSdnZvDYjwRUQwInejqbIi7liHs6w5EaynlvPPzP6yXKv3RSGsaJIiHWEe35CYMqguO2YJ8KghUbaYKwoPqXEA+RQFjpTov6fGv+2EXSrlasWqV6d15uXOVFFMAhOAInwAIXoAFuQRO0AAZP4AV8gE/j0Xg23oz33+iSke8cgBkY3z9WxaHE</latexit>E|u(1)

k (t)|2 =
3!

j =1

L ! 2d
!

k= k1 ! k2 + k3
! "=0

" s

0
e! 2!" k (s! s! ) ! ! 1 hj (! ! 1! , " )

3#

i =1

f (ki , s#) ds#

<latexit sha1_base64="6fHPkMpgmjT0ieKVLxy/X0nJ/Zk="></latexit>

h1(x, y) =
2y

y2 + x2 , h2(x, y) = !
y cos(! (s ! s!)x)

y2 + x2 , h3(x, y) =
x sin(! (s ! s!)x)

y2 + x2 .
<latexit sha1_base64="5t3VyPu5ikD1awusLXcIvloUbpw="></latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Exploit non-degeneracy conditions between dispersion and dissipation
<latexit sha1_base64="5Rc2ew5n9ZGBn4HZjA9Xie01t7A=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIIXw2486FF8gEcFkwgxyOxsJxmcnRlmetUQ/CD9FkFPot78E2fjHjSxTtVd1Q1VsZHCYRh+BBOTU9Mzs3PzpYXFpeWV8upaw+nMcqhzLbW9jJkDKRTUUaCES2OBpbGEZnxzlOvNW7BOaHWBfQPtlHWV6AjO0K+uy8cn90ZqgVRptZNAFxRYxvuUa5WI3OJoDHgHoGginPn5RJlK8tEJU7yphNVwCDpOooJUSIGz6/LzVaJ5loJCLplzrSg02B4wi4JLeChdZQ4M4zesCy1PFUvBtQfDtA90q6MtxR7Q4fzbO2Cpc/009p6UYc+NavnyP62VYWe/PRDKZAiKe4vXOpmkqGlems9qgaPse8K49b1wynvMF4W+kJKPH42GHSeNWjXardbOa5WDw6KIObJBNsk2icgeOSCn5IzUCSdP5JV8kM/gMXgJ3oL3H+tEUNyskz8Ivr4BRiGnXA==</latexit>

! = |k1|2 ! |k2|2 + |k3|2 ! |k|2
<latexit sha1_base64="VSKJ8GRC87Sf7n9fgNyDHHr7w8o=">AAACEHicbZDLSgMxGIUz9VbrbdSlm2ARBGmZmQq6EYpuXLioYC/QjiWT/m1DMxeSjFCmfQl9GV2JuhNfwLcxUyto69nky39OIP/xIs6ksqxPI7OwuLS8kl3Nra1vbG6Z2zs1GcaCQpWGPBQNj0jgLICqYopDIxJAfI9D3RtcpH79DoRkYXCjhhG4PukFrMsoUXrUNgutKx3uEHyGR4O2Pbp1cCElJ6WjlEo/M322zbxVtCbC82BPIY+mqrTNj1YnpLEPgaKcSNm0rUi5CRGKUQ7jXCuWEBE6ID1oagyID9JNJmuN8UE3FFj1AU/uv7MJ8aUc+p7O+ET15ayXDv/zmrHqnroJC6JYQUB1RHvdmGMV4rQd3GECqOJDDYQKpn+JaZ8IQpXuMKfXt2eXnYeaU7RLRef6OF8+nxaRRXtoHx0iG52gMrpEFVRFFD2gJ/SK3ox749F4Nl6+oxlj+mYX/ZHx/gXq0Znk</latexit>

! = ! k1 + ! k2 + ! k3 ! ! k
<latexit sha1_base64="mUDgJPj5FJvMFSRVR5Zp7+W45us=">AAACIHicbVBbS8MwGE29znmb+uhLcAiCONpN0JfB0Ad9nOAusJaSZukWmrQlSYVR+mf0zygIoj7przGbFXbxvOSc75wP8h0vZlQq0/wylpZXVtfWCxvFza3tnd3S3n5bRonApIUjFomuhyRhNCQtRRUj3VgQxD1GOl5wPfY7D0RIGoX3ahQTh6NBSH2KkdIjt1S3bxDnqA7twfh108C1Mng6JauzspbBsz8ZuKWyWTEngIvEykkZ5Gi6pVe7H+GEk1BhhqTsWWasnBQJRTEjWdFOJIkRDtCA9DQNESfSSSdnZvDYjwRUQwInejqbIi7liHs6w5EaynlvPPzP6yXKv3RSGsaJIiHWEe35CYMqguO2YJ8KghUbaYKwoPqXEA+RQFjpTov6fGv+2EXSrlasWqV6d15uXOVFFMAhOAInwAIXoAFuQRO0AAZP4AV8gE/j0Xg23oz33+iSke8cgBkY3z9WxaHE</latexit>

Lemma:
<latexit sha1_base64="TzYPo1xmgr+n+dJJ7+bDpwCXJ3o=">AAAB7XicbZC9TsMwFIVv+C3lr8DIYlEhMVVJGUBMFSwMDEWiP1ITVY5701q1k8h2kKqojwETAjZehhfgbXBLBmg50+d7jqV7bpgKro3rfjkrq2vrG5ulrfL2zu7efuXgsK2TTDFssUQkqhtSjYLH2DLcCOymCqkMBXbC8c3M7zyi0jyJH8wkxUDSYcwjzqixIz/3w4jcoZT0atqvVN2aOxdZBq+AKhRq9iuf/iBhmcTYMEG17nluaoKcKsOZwGnZzzSmlI3pEHsWYypRB/l85yk5jRJFzAjJ/P07m1Op9USGNiOpGelFbzb8z+tlJroMch6nmcGY2Yj1okwQk5BZdTLgCpkREwuUKW63JGxEFWXGHqhs63uLZZehXa9557X6fb3auC4OUYJjOIEz8OACGnALTWgBgxSe4Q3encR5cl6c15/oilP8OYI/cj6+AWGejus=</latexit> and

<latexit sha1_base64="VH3zI0ubuJSZayHMhUhAPo+mw7I=">AAAB5HicbZC9TsMwFIVvyl8pfwFGFosKialKygBjBQtjEfRHaqPKcW9aq44T2Q5SFfUNYELAxhPxArwNbskALWf6fM+xdM8NU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE05u5n7nEZXmiXww0xSDmI4kjzijxo7uqRwO3KpX8xYiq+AXUIVCzYH72R8mLItRGiao1j3fS02QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHVGzqJEETNGsnj/zuY01noahzYTUzPWy958+J/Xy0x0FeRcpplByWzEelEmiEnIvDEZcoXMiKkFyhS3WxI2pooyY+9SsfX95bKr0K7X/Ita/a5ebVwXhyjDCZzCOfhwCQ24hSa0gMEInuEN3p3IeXJenNefaMkp/hzDHzkf3z39i2I=</latexit>

Let
<latexit sha1_base64="21XdTgR2syMZlXwFHZhQefs+tCk=">AAAB5HicbZC7TgJBFIbPekW8oZY2E4mJFdnFQkuijYUFRrkksCGzw1mYMHvJzFkTQngDrYza+US+gG/jgFso+FffnP+f5PwnSJU05Lpfzsrq2vrGZmGruL2zu7dfOjhsmiTTAhsiUYluB9ygkjE2SJLCdqqRR4HCVjC6nvmtR9RGJvEDjVP0Iz6IZSgFJzu6v0XqlcpuxZ2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhpT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoVmteOeV6l21XLvKD1GAYziBM/DgAmpwA3VogIABPMMbvDuh8+S8OK8/0RUn/3MEf+R8fAMo5otU</latexit>

with k = k1 ! k2 + k3
<latexit sha1_base64="ljO5eyDuwQmGbVxXdamee5to15Y=">AAAB+HicbZDLSsNAFIYn9VbjrSqu3Ay2giCWpF3oRii6cVnBXqANYTKdNEMmF2ZOlBr6LroSdedz+AK+jdPahbb+q2/O/w+c83up4Aos68soLC2vrK4V182Nza3tndLuXlslmaSsRRORyK5HFBM8Zi3gIFg3lYxEnmAdL7ye+J17JhVP4jsYpcyJyDDmPqcE9MgtHZgPHAJcCS9D1z4L3dpp6NYrbqlsVa2p8CLYMyijmZpu6bM/SGgWsRioIEr1bCsFJycSOBVsbPYzxVJCQzJkPY0xiZhy8un6Y3zsJxJDwPD0/Tubk0ipUeTpTEQgUPPeZPif18vAv3ByHqcZsJjqiPb8TGBI8KQFPOCSURAjDYRKrrfENCCSUNBdmfp8e/7YRWjXqna9WrutlRtXsyKK6BAdoRNko3PUQDeoiVqIohw9ozf0bjwaT8aL8foTLRizP/voj4yPb+qVkTY=</latexit>

then
<latexit sha1_base64="OgM/MuDPkovA9FnyCqv8Vz1mQxk=">AAAB5nicbVBNT8JAEJ36ifiFevSykZh4Ii0e9Ej04hETCyTQkO0ypRu222Z3a0Ia/oKejHrzB/kH/Dcu2IOC7/Rm3pvMvAkzwbVx3S9nbX1jc2u7slPd3ds/OKwdHXd0miuGPktFqnoh1Si4RN9wI7CXKaRJKLAbTm7nevcRleapfDDTDIOEjiWPOKPGtnwToyTDWt1tuAuQVeKVpA4l2sPa52CUsjxBaZigWvc9NzNBQZXhTOCsOsg1ZpRN6Bj7lkqaoA6KxbEzch6liti9ZFH/9hY00XqahNaTUBPrZW3e/E/r5ya6Dgous9ygZNZitSgXxKRknpmMuEJmxNQSyhS3VxIWU0WZsZ+p2vjecthV0mk2vMtG875Zb92Uj6jAKZzBBXhwBS24gzb4wIDDM7zBuxM7T86L8/pjXXPKmRP4A+fjG3OqjBI=</latexit> ! 2 + " ! 1.

<latexit sha1_base64="or2g0iFg8i6tDIVuUHT+6/W2F9M=">AAAB/XicbVDLTgJBEJzFF+IL9aaXicTExITsookeiR704AETeSQskt6hgQkzu+vMrAkhRH9GT0a9+RP+gH/jgBwUrFN1V3XSVUEsuDau++Wk5uYXFpfSy5mV1bX1jezmVkVHiWJYZpGIVC0AjYKHWDbcCKzFCkEGAqtB73ykV+9RaR6FN6YfY0NCJ+RtzsDYVTO7419ZcwtuC/SQ+hcgJVC/g3fUyzezOTfvjkFniTchOTJBqZn99FsRSySGhgnQuu65sWkMQBnOBA4zfqIxBtaDDtYtDUGibgzGGYZ0vx0parpIx/Nv7wCk1n0ZWI8E09XT2mj5n1ZPTPu0MeBhnBgMmbVYrZ0IaiI6qoK2uEJmRN8SYIrbLynrggJmbGEZG9+bDjtLKoW8d5QvXB/nimeTItJkl+yRA+KRE1Ikl6REyoSRR/JM3si78+A8OS/O64815UxutskfOB/frj2TVw==</latexit>

In particular,
<latexit sha1_base64="74rHHCaGbPyqX6lT2XYrn9eCVI4=">AAAB73icbVC7TsNAEFzzDOEVoKQ5ESFRoMgOBZQRNNAFiTykJETnyzo55Xw2d2ekyMp3QIWAjn/hB/gbLsYFJEw1uzO72lk/Flwb1/1ylpZXVtfWCxvFza3tnd3S3n5TR4li2GCRiFTbpxoFl9gw3Ahsxwpp6Ats+eOrmd56RKV5JO/MJMZeSIeSB5xRY1v3N5LEVBnOEkHVab9UdituBrJIvJyUIUe9X/rsDiKWhCgNE1TrjufGppdmGwVOi91EY0zZmA6xY6mkIepeml09JcdBpIgZIcnq396UhlpPQt96QmpGel6bNf/TOokJLnopl3FiUDJrsVqQCGIiMgtPBlwhM2JiCWWK2ysJG1FFmbEvKtr43nzYRdKsVryzSvW2Wq5d5o8owCEcwQl4cA41uIY6NICBgmd4g3fnwXlyXpzXH+uSk88cwB84H9/3P4/X</latexit>

{ ! k1 + ! k2 + ! k3 ! ! k = 0 } " {| k1|2 ! |k2|2 + |k3|2 ! |k|2 = 0 } = #
<latexit sha1_base64="rNKRYBbqtxDIDu4xYUDO5jZFBqU="></latexit>

! k = (1 + |k|2)r , r ! (0, 1]
<latexit sha1_base64="z3LmRqGvCv9Ws/z8lcOgs46S0Bw=">AAACBnicbVDLTgIxFO3gC/GFunTTSEwwEjKDJroxIbpxiYk8EmYgnVKgmbYzaTsmZGCvP6Mro+78AH/Av7HgLBQ8q3PvOTe55/gRo0rb9peVWVpeWV3Lruc2Nre2d/K7ew0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eB6qjfviVQ0FHd6FBGPo4GgfYqRNqtuvuAOEOeoG8DLonMyDsadynFHlqALpUsFLNolxzMuu2zPABeJk5ICSFHr5j/dXohjToTGDCnVduxIewmSmmJGJjk3ViRCOEAD0jZUIE6Ul8zCTOBRP5RQDwmczb+9CeJKjbhvPBzpoZrXpsv/tHas+xdeQkUUayKwsRitHzOoQzjtBPaoJFizkSEIS2q+hHiIJMLaNJcz8Z35sIukUSk7p+XK7VmhepUWkQUH4BAUgQPOQRXcgBqoAwwewTN4A+/Wg/VkvVivP9aMld7sgz+wPr4BGUKWNw==</latexit>



Convergence to WKE

E|u(0)
k (t)|2 = f

!
k,

t
Tkin

"

<latexit sha1_base64="pJfa2Ke4zf9Hv7k71tqEqgykiYQ="></latexit>

! = " Tkin
<latexit sha1_base64="guZCqKio+nzBDCZUqjx8OwdTbRM=">AAAB/3icbVDLSsNAFJ3UV62vqEtdDBbBVUmqoBuh6MZlhb6gCWEynTRDJ5MwMymUkIX+jK5E3fkP/oB/46Rmoa1nde4958I9x08YlcqyvozKyura+kZ1s7a1vbO7Z+4f9GScCky6OGaxGPhIEkY56SqqGBkkgqDIZ6TvT24LvT8lQtKYd9QsIW6ExpwGFCOlV5557EyREGF87fAUdrzMiZAKRZRNKM9zz6xbDWsOuEzsktRBibZnfjqjGKcR4QozJOXQthLlZkgoihnJa04qSYLwBI3JUFOOIiLdbJ4ih6dBLKAKCZzPv70ZiqScRb72FO/JRa1Y/qcNUxVcuRnlSaoIx9qitSBlUMWwKAOOqCBYsZkmCAuqv4Q4RAJhpSur6fj2Ythl0ms27PNG8/6i3ropi6iCI3ACzoANLkEL3IE26AIMHsEzeAPvxoPxZLwYrz/WilHeHII/MD6+AQTXlrA=</latexit>

t = s Tkin s ! [0, 1]
<latexit sha1_base64="ckBEQ6ORiRb8zrpDPN6GQ+cXdZQ=">AAACDXicbVDLSsNAFJ3UV62vqks3g0UQKSWpgm6EohuXFfqCJJTJdNIOnZnEmYlQQr5Bf0ZXou7c+AP+jdOahbae1bn3nAv3nCBmVGnb/rIKS8srq2vF9dLG5tb2Tnl3r6OiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuML6e6t17IhWNREtPYuJzNBQ0pBhps+qXT0r6EiroVWGrn3oc6ZHk6ZiKLIPeXYIGUHlUQNeuOn6/XLFr9gxwkTg5qYAczX750xtEOOFEaMyQUq5jx9pPkdQUM5KVvESRGOExGhLXUIE4UX46y5TBozCSUI8InM2/vSniSk14YDzTf9W8Nl3+p7mJDi/8lIo40URgYzFamDCoIzitBg6oJFiziSEIS2q+hHiEJMLaFFgy8Z35sIukU685p7X67VmlcZUXUQQH4BAcAwecgwa4AU3QBhg8gmfwBt6tB+vJerFef6wFK7/ZB39gfXwD4LKaGg==</latexit>

f (k, s) = c2
k e! 2!" k s +
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k

! k

!
1 ! e! 2!" k s"

<latexit sha1_base64="TkmJmXw0F+OCBQeo9K6n5okRxyA="></latexit>

E|u(1)
k (t)|2 =

3!
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!

k= k1 ! k2 + k3
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e! 2!" k (s! s! ) ! ! 1 hj (! ! 1! , " )
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f (ki , s#) ds#

<latexit sha1_base64="6fHPkMpgmjT0ieKVLxy/X0nJ/Zk="></latexit>

Theorem :
<latexit sha1_base64="ZxJURqyqyJzl/ST5KVva0gGkAfs=">AAAB73icbZC9TsMwFIWd8lfKX4GRxaJCYqqSggRiqmBhLFL/pDZUjnvTWLXjYDtIVdTngAkBG+/CC/A2uCUDtJzp8z3H0j03SDjTxnW/nMLK6tr6RnGztLW9s7tX3j9oa5kqCi0quVTdgGjgLIaWYYZDN1FARMChE4xvZn7nEZRmMm6aSQK+IKOYhYwSY0f3WT8IcTMCqUBcTQflilt158LL4OVQQbkag/JnfyhpKiA2lBOte56bGD8jyjDKYVrqpxoSQsdkBD2LMRGg/Wy+9RSfhFJhEwGev39nMyK0nojAZgQxkV70ZsP/vF5qwks/Y3GSGoipjVgvTDk2Es/K4yFTQA2fWCBUMbslphFRhBp7opKt7y2WXYZ2reqdVWt355X6dX6IIjpCx+gUeegC1dEtaqAWokihZ/SG3p0H58l5cV5/ogUn/3OI/sj5+AYQSI/p</latexit>

Let d ! 2, F " S(R3d) and s > s !. Then as ! # 0, we have that
<latexit sha1_base64="Q0oU8muaE5GGkQlj0inygBwHOZU="></latexit>

h1(x, y) =
2y

y2 + x2 , h2(x, y) = !
y cos(! (s ! s!)x)

y2 + x2 , h3(x, y) =
x sin(! (s ! s!)x)

y2 + x2 .
<latexit sha1_base64="5t3VyPu5ikD1awusLXcIvloUbpw="></latexit>

!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

! " 1h1(! " 1! , " ) F (k1, k2, k3) dk1 dk3 !"
!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

2"# (! ) F (k1, k2, k3) dk1 dk3

<latexit sha1_base64="g4vFPnljtSaERkfSPKsa74CCVt0="></latexit>

!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

! " 1h2(! " 1! , " ) F (k1, k2, k3) dk1 dk3 !" ! "
!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

e" ! (s" s! ) ! #(! ) F (k1, k2, k3) dk1 dk3

<latexit sha1_base64="izmd7V3JUUh9Y+j0nvoC5O2LI6c="></latexit>

!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

! " 1h3(! " 1! , " ) F (k1, k2, k3) dk1 dk3 !" "
!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

e" ! (s" s! ) ! #(! ) F (k1, k2, k3) dk1 dk3

<latexit sha1_base64="p8kYDCI1aBte9gCGB5A4wVtGf6U="></latexit>



Convergence to WKE

E|u(0)
k (t)|2 = f

!
k,

t
Tkin

"

<latexit sha1_base64="pJfa2Ke4zf9Hv7k71tqEqgykiYQ="></latexit>

! = " Tkin
<latexit sha1_base64="guZCqKio+nzBDCZUqjx8OwdTbRM=">AAAB/3icbVDLSsNAFJ3UV62vqEtdDBbBVUmqoBuh6MZlhb6gCWEynTRDJ5MwMymUkIX+jK5E3fkP/oB/46Rmoa1nde4958I9x08YlcqyvozKyura+kZ1s7a1vbO7Z+4f9GScCky6OGaxGPhIEkY56SqqGBkkgqDIZ6TvT24LvT8lQtKYd9QsIW6ExpwGFCOlV5557EyREGF87fAUdrzMiZAKRZRNKM9zz6xbDWsOuEzsktRBibZnfjqjGKcR4QozJOXQthLlZkgoihnJa04qSYLwBI3JUFOOIiLdbJ4ih6dBLKAKCZzPv70ZiqScRb72FO/JRa1Y/qcNUxVcuRnlSaoIx9qitSBlUMWwKAOOqCBYsZkmCAuqv4Q4RAJhpSur6fj2Ythl0ms27PNG8/6i3ropi6iCI3ACzoANLkEL3IE26AIMHsEzeAPvxoPxZLwYrz/WilHeHII/MD6+AQTXlrA=</latexit>

t = s Tkin s ! [0, 1]
<latexit sha1_base64="ckBEQ6ORiRb8zrpDPN6GQ+cXdZQ=">AAACDXicbVDLSsNAFJ3UV62vqks3g0UQKSWpgm6EohuXFfqCJJTJdNIOnZnEmYlQQr5Bf0ZXou7c+AP+jdOahbae1bn3nAv3nCBmVGnb/rIKS8srq2vF9dLG5tb2Tnl3r6OiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuML6e6t17IhWNREtPYuJzNBQ0pBhps+qXT0r6EiroVWGrn3oc6ZHk6ZiKLIPeXYIGUHlUQNeuOn6/XLFr9gxwkTg5qYAczX750xtEOOFEaMyQUq5jx9pPkdQUM5KVvESRGOExGhLXUIE4UX46y5TBozCSUI8InM2/vSniSk14YDzTf9W8Nl3+p7mJDi/8lIo40URgYzFamDCoIzitBg6oJFiziSEIS2q+hHiEJMLaFFgy8Z35sIukU685p7X67VmlcZUXUQQH4BAcAwecgwa4AU3QBhg8gmfwBt6tB+vJerFef6wFK7/ZB39gfXwD4LKaGg==</latexit>

f (k, s) = c2
k e! 2!" k s +

b2
k

! k

!
1 ! e! 2!" k s"

<latexit sha1_base64="TkmJmXw0F+OCBQeo9K6n5okRxyA="></latexit>

E|u(1)
k (t)|2 =

3!

j =1

L ! 2d
!

k= k1 ! k2 + k3
! "=0

" s

0
e! 2!" k (s! s! ) ! ! 1 hj (! ! 1! , " )

3#

i =1

f (ki , s#) ds#

<latexit sha1_base64="6fHPkMpgmjT0ieKVLxy/X0nJ/Zk="></latexit>

Theorem :
<latexit sha1_base64="ZxJURqyqyJzl/ST5KVva0gGkAfs=">AAAB73icbZC9TsMwFIWd8lfKX4GRxaJCYqqSggRiqmBhLFL/pDZUjnvTWLXjYDtIVdTngAkBG+/CC/A2uCUDtJzp8z3H0j03SDjTxnW/nMLK6tr6RnGztLW9s7tX3j9oa5kqCi0quVTdgGjgLIaWYYZDN1FARMChE4xvZn7nEZRmMm6aSQK+IKOYhYwSY0f3WT8IcTMCqUBcTQflilt158LL4OVQQbkag/JnfyhpKiA2lBOte56bGD8jyjDKYVrqpxoSQsdkBD2LMRGg/Wy+9RSfhFJhEwGev39nMyK0nojAZgQxkV70ZsP/vF5qwks/Y3GSGoipjVgvTDk2Es/K4yFTQA2fWCBUMbslphFRhBp7opKt7y2WXYZ2reqdVWt355X6dX6IIjpCx+gUeegC1dEtaqAWokihZ/SG3p0H58l5cV5/ogUn/3OI/sj5+AYQSI/p</latexit>

Let d ! 2, F " S(R3d) and s > s !. Then as ! # 0, we have that
<latexit sha1_base64="Q0oU8muaE5GGkQlj0inygBwHOZU="></latexit>

! 2!
!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

! s

0
e" 2!" k (s" s! ) " (! )

3"

i =1

f (ki , s#) ds#

<latexit sha1_base64="aMjvFZE1uD7f2M0EfGk24ilibOs="></latexit>

!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

! " 1h1(! " 1! , " ) F (k1, k2, k3) dk1 dk3 !"
!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

2"# (! ) F (k1, k2, k3) dk1 dk3

<latexit sha1_base64="g4vFPnljtSaERkfSPKsa74CCVt0="></latexit>

!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

! " 1h2(! " 1! , " ) F (k1, k2, k3) dk1 dk3 !" ! "
!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

e" ! (s" s! ) ! #(! ) F (k1, k2, k3) dk1 dk3

<latexit sha1_base64="izmd7V3JUUh9Y+j0nvoC5O2LI6c="></latexit>

!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

! " 1h3(! " 1! , " ) F (k1, k2, k3) dk1 dk3 !" "
!

k1 ,k 3 ! R2d

k= k1 " k2 + k3

e" ! (s" s! ) ! #(! ) F (k1, k2, k3) dk1 dk3

<latexit sha1_base64="p8kYDCI1aBte9gCGB5A4wVtGf6U="></latexit>



Future perspectives

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Analysis of the damped/driven kinetic equation
<latexit sha1_base64="BfG9y8KuWCBHGOkNPM6aYS1O4qU=">AAACEXicbVC7TsMwFHV4lvIqMLJYVEhMJSkDjAUWxiLRh9RWlePctFYdO9hOparqV8DPwISADX6Av8EJGaDlTMf3nHvlc/yYM21c98tZWl5ZXVsvbBQ3t7Z3dkt7+00tE0WhQSWXqu0TDZwJaBhmOLRjBSTyObT80XWqt8agNJPizkxi6EVkIFjIKDF21C9VLgXhE800liE2Q8ABiWIITgPFxiDwyJ41jGK4T/KFsltxM+BF4uWkjHLU+6XPbiBpEoEwlBOtO54bm96UKHuVw6zYTTTEhI7IADqWChKB7k2zXDN8HEqVfSp7//ZOSaT1JPKtJyJmqOe1dPif1klMeNGbMhEnBgS1FquFCcdG4rQeHDAF1PCJJYQqlmanQ6IINbbEoo3vzYddJM1qxTurVG+r5dpVXkQBHaIjdII8dI5q6AbVUQNR9Iie0Rt6dx6cJ+fFef2xLjn5zgH6A+fjG6NunXc=</latexit>

n(t, k )|t =0 = c(k)2
<latexit sha1_base64="F2WWI8HsoU5odr9jUZNccJHuMIQ=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFaEFKUgXdFIpuXFawF2hjmEwn7ZDJhZkTIcY+i65E3fkevoBv47Rmoa3/6pvz/wPn/G7MmQTT/NIKS8srq2vF9dLG5tb2jr6715FRIghtk4hHoudiSTkLaRsYcNqLBcWBy2nX9a+mfveeCsmi8BbSmNoBHoXMYwSDGjn6QViBE7/66GTQMCcNUvGrd3VHL5s1cyZjEawcyihXy9E/B8OIJAENgXAsZd8yY7AzLIARTielQSJpjImPR7SvMMQBlXY2235iHHuRMGBMjdn7dzbDgZRp4KpMgGEs573p8D+vn4B3YWcsjBOgIVER5XkJNyAypiUYQyYoAZ4qwEQwtaVBxlhgAqqqkjrfmj92ETr1mnVaq9+clZuXeRFFdIiOUAVZ6Bw10TVqoTYi6AE9ozf0rqXak/aivf5EC1r+Zx/9kfbxDTFMkXY=</latexit>

K (n, n, n )( t, k ) =
!

(Rd )3

k= k1 ! k2 + k3

!
"
|k1|2 ! |k2|2 + |k3|2 ! |k|2

#
[n1n2n3 ! nn2n3 + nn1n3 ! nn1n2] dk1 dk3

<latexit sha1_base64="69Jxeq1LsuEbe4q71LK8IiP9V/I="></latexit>

! t n(t, k ) = K(n, n, n )( t, k ) ! 2" (1 + |k|2)r n(t, k ) + 2 " b(k)2
<latexit sha1_base64="XCGAUaJ36i9CD5B6107QyZy6I7Y="></latexit>

Existence of solutions that resemble Kolmogorov-Zakharov spectra
<latexit sha1_base64="4QddcwDDrvGIbsVLZ8kFhy3+jOM=">AAACJHicbVDJTsMwFHTKXrYCRy4WFRIXqqQc4MgiJCQuINFFtFX14r60Vp04sh1EFfE78DNwQoC48C04JQdoeafxzNh+M34suDau++kUZmbn5hcWl4rLK6tr66WNzbqWiWJYY1JI1fRBo+AR1gw3ApuxQgh9gQ1/eJbpjTtUmsvoxoxi7ITQj3jAGRhLdUsn5/f2E4wYUhlQLUWS8ZqaARiqUGP2Er2UIpR9qeTd/i0MB2AB1TEyo4B2S2W34o6HTgMvB2WSz1W39NzuSZaEGBkmQOuW58amk4IynAl8KLYTjTGwIfSxZWEEIepOOo76QHcDqexySMfn394UQq1HoW89IZiBntQy8j+tlZjgqJPyKE6yHqzFakEiqJE0a4z2uLJJxcgCYIrbLSmzFQAztteije9Nhp0G9WrFO6hUr6vl49O8iEWyTXbIHvHIITkmF+SK1AgjT+SFvJMP59F5dl6dtx9rwcnvbJE/43x9Ay91pa0=</latexit>

in the inertial range?
<latexit sha1_base64="O8o/Yyu+qmFhzlz5rWsIxcOhqw0=">AAAB+XicbVDLTsMwEHTKq5RXAYkLF4sKiVOVlAPcqODCsUj0IbVRtXE3rVXHiWwHqQr9GDgh4MZv8AP8DW7oAVrmNN6ZtWYnSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBKBRcIlNw43ATqIQokBgOxjfzPT2AyrNY3lvJgn6EQwlDzkDY0f98hGX1IyQ2nVlOAiqQA7xql+uuFU3B10m3pxUyByNfvmzN4hZGqE0TIDWXc9NjJ+B/ZQJnJZ6qcYE2BiG2LVUQoTaz/L8U3oaxipPkb9/ezOItJ5EgfVEYEZ6UZsN/9O6qQkv/YzLJDUombVYLUwFNTGd1UAHXCEzYmIJMMVtSspGoIAZW1bJnu8tHrtMWrWqd16t3dUq9et5EUVyTE7IGfHIBamTW9IgTcLII3kmb+TdyZwn58V5/bEWnPnOIfkD5+MbGDiTOg==</latexit>



Future perspectives

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit> Analysis of the damped/driven kinetic equation
<latexit sha1_base64="BfG9y8KuWCBHGOkNPM6aYS1O4qU=">AAACEXicbVC7TsMwFHV4lvIqMLJYVEhMJSkDjAUWxiLRh9RWlePctFYdO9hOparqV8DPwISADX6Av8EJGaDlTMf3nHvlc/yYM21c98tZWl5ZXVsvbBQ3t7Z3dkt7+00tE0WhQSWXqu0TDZwJaBhmOLRjBSTyObT80XWqt8agNJPizkxi6EVkIFjIKDF21C9VLgXhE800liE2Q8ABiWIITgPFxiDwyJ41jGK4T/KFsltxM+BF4uWkjHLU+6XPbiBpEoEwlBOtO54bm96UKHuVw6zYTTTEhI7IADqWChKB7k2zXDN8HEqVfSp7//ZOSaT1JPKtJyJmqOe1dPif1klMeNGbMhEnBgS1FquFCcdG4rQeHDAF1PCJJYQqlmanQ6IINbbEoo3vzYddJM1qxTurVG+r5dpVXkQBHaIjdII8dI5q6AbVUQNR9Iie0Rt6dx6cJ+fFef2xLjn5zgH6A+fjG6NunXc=</latexit>

n(t, k )|t =0 = c(k)2
<latexit sha1_base64="F2WWI8HsoU5odr9jUZNccJHuMIQ=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFaEFKUgXdFIpuXFawF2hjmEwn7ZDJhZkTIcY+i65E3fkevoBv47Rmoa3/6pvz/wPn/G7MmQTT/NIKS8srq2vF9dLG5tb2jr6715FRIghtk4hHoudiSTkLaRsYcNqLBcWBy2nX9a+mfveeCsmi8BbSmNoBHoXMYwSDGjn6QViBE7/66GTQMCcNUvGrd3VHL5s1cyZjEawcyihXy9E/B8OIJAENgXAsZd8yY7AzLIARTielQSJpjImPR7SvMMQBlXY2235iHHuRMGBMjdn7dzbDgZRp4KpMgGEs573p8D+vn4B3YWcsjBOgIVER5XkJNyAypiUYQyYoAZ4qwEQwtaVBxlhgAqqqkjrfmj92ETr1mnVaq9+clZuXeRFFdIiOUAVZ6Bw10TVqoTYi6AE9ozf0rqXak/aivf5EC1r+Zx/9kfbxDTFMkXY=</latexit>

K (n, n, n )( t, k ) =
!

(Rd )3

k= k1 ! k2 + k3

!
"
|k1|2 ! |k2|2 + |k3|2 ! |k|2

#
[n1n2n3 ! nn2n3 + nn1n3 ! nn1n2] dk1 dk3

<latexit sha1_base64="69Jxeq1LsuEbe4q71LK8IiP9V/I="></latexit>

! t n(t, k ) = K(n, n, n )( t, k ) ! 2" (1 + |k|2)r n(t, k ) + 2 " b(k)2
<latexit sha1_base64="XCGAUaJ36i9CD5B6107QyZy6I7Y="></latexit>

Existence of solutions that resemble Kolmogorov-Zakharov spectra
<latexit sha1_base64="4QddcwDDrvGIbsVLZ8kFhy3+jOM=">AAACJHicbVDJTsMwFHTKXrYCRy4WFRIXqqQc4MgiJCQuINFFtFX14r60Vp04sh1EFfE78DNwQoC48C04JQdoeafxzNh+M34suDau++kUZmbn5hcWl4rLK6tr66WNzbqWiWJYY1JI1fRBo+AR1gw3ApuxQgh9gQ1/eJbpjTtUmsvoxoxi7ITQj3jAGRhLdUsn5/f2E4wYUhlQLUWS8ZqaARiqUGP2Er2UIpR9qeTd/i0MB2AB1TEyo4B2S2W34o6HTgMvB2WSz1W39NzuSZaEGBkmQOuW58amk4IynAl8KLYTjTGwIfSxZWEEIepOOo76QHcDqexySMfn394UQq1HoW89IZiBntQy8j+tlZjgqJPyKE6yHqzFakEiqJE0a4z2uLJJxcgCYIrbLSmzFQAztteije9Nhp0G9WrFO6hUr6vl49O8iEWyTXbIHvHIITkmF+SK1AgjT+SFvJMP59F5dl6dtx9rwcnvbJE/43x9Ay91pa0=</latexit>

in the inertial range?
<latexit sha1_base64="O8o/Yyu+qmFhzlz5rWsIxcOhqw0=">AAAB+XicbVDLTsMwEHTKq5RXAYkLF4sKiVOVlAPcqODCsUj0IbVRtXE3rVXHiWwHqQr9GDgh4MZv8AP8DW7oAVrmNN6ZtWYnSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBKBRcIlNw43ATqIQokBgOxjfzPT2AyrNY3lvJgn6EQwlDzkDY0f98hGX1IyQ2nVlOAiqQA7xql+uuFU3B10m3pxUyByNfvmzN4hZGqE0TIDWXc9NjJ+B/ZQJnJZ6qcYE2BiG2LVUQoTaz/L8U3oaxipPkb9/ezOItJ5EgfVEYEZ6UZsN/9O6qQkv/YzLJDUombVYLUwFNTGd1UAHXCEzYmIJMMVtSspGoIAZW1bJnu8tHrtMWrWqd16t3dUq9et5EUVyTE7IGfHIBamTW9IgTcLII3kmb+TdyZwn58V5/bEWnPnOIfkD5+MbGDiTOg==</latexit>

•<latexit sha1_base64="6uzKWf6GSOdkSkdr4958kaOSvdU=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMLnRJdOMSE/kxMCGdcgca2plJe8eETHgJXRl15+P4Ar6NBWeh4Fl9vec0uecGiRQGXffLKaytb2xuFbdLO7t7+wflw6O2iVPNocVjGetuwAxIEUELBUroJhqYCiR0gsnN3O88gjYiju5xmoCv2CgSoeAM7eih2g9SKQGrg3LFrbkL0VXwcqiQXM1B+bM/jHmqIEIumTE9z03Qz5hGwSXMSv3UQML4hI2gZzFiCoyfLRae0bMw1hTHQBfv39mMKWOmKrAZxXBslr358D+vl2J45WciSlKEiNuI9cJUUozpvDcdCg0c5dQC41rYLSkfM8042uuUbH1vuewqtOs176JWv6tXGtf5IYrkhJySc+KRS9Igt6RJWoQTRZ7JG3l3pPPkvDivP9GCk/85Jn/kfHwDGGyNlw==</latexit>

{ ! k1 + ! k2 + ! k3 ! ! k = 0 } " {| k1|2 ! |k2|2 + |k3|2 ! |k|2 = 0 } = #
<latexit sha1_base64="rNKRYBbqtxDIDu4xYUDO5jZFBqU="></latexit>

Admissible dissipation:
<latexit sha1_base64="F3dge2qQxXvAxPxrzGKpvxYOfpY=">AAAB+nicbZC7TsMwFIZPuJZyKzAwsFhUSExVUgYQU4GFsUj0IrVR5bgnrVXnIttBqkJfBiYEbDwGL8Db4IQM0HKmz+f/LZ3/92LBlbbtL2tpeWV1bb20Ud7c2t7Zreztt1WUSIYtFolIdj2qUPAQW5prgd1YIg08gR1vcpPpnQeUikfhvZ7G6AZ0FHKfM6rNalA5vBoGXClu/GSYQZwLl4NK1a7Z+ZBFcAqoQjHNQeWzP4xYEmComaBK9Rw71m5KpeZM4KzcTxTGlE3oCHsGQxqgctM8wIyc+JEkeowkf//2pjRQahp4xhNQPVbzWrb8T+sl2r9wUx7GicaQGYvR/EQQHZGsBxNWItNiaoAyyc2VhI2ppEybtsomvjMfdhHa9ZpzVqvf1auN66KIEhzBMZyCA+fQgFtoQgsYzOAZ3uDderSerBfr9ce6ZBV/DuDPWB/fnByUJg==</latexit>

(1 ! ! )r " (1 + |k|2)r = ! k
<latexit sha1_base64="yPckRGXHGSsHbOpwWVYvMI+mgcg=">AAACEnicbVBLSgNBFOzxb/xFXbppDEJEjDNR0I0g6sKlglEhE8Ob9iVp0j0zdL9RQvQWehldibrzAt7GTszCX62qq6rhVUWpkpZ8/8MbGh4ZHRufmMxNTc/MzuXnF85skhmBFZGoxFxEYFHJGCskSeFFahB0pPA8ah/0/PNrNFYm8Sl1UqxpaMayIQWQk+r5jWKwHh6iIli9NDw0stkiMCa54cVg7bZ9e1nu6bs8bILWUG/X8wW/5PfB/5JgQApsgON6/j28SkSmMSahwNpq4KdU64IhKRTe5cLMYgqiDU2sOhqDRlvr9ovd8ZVGYji1kPff37Nd0NZ2dOQyGqhlf3s98T+vmlFjp9aVcZoRxsJFnNfIFKeE9/bhV9KgINVxBISR7kouWmBAkFsx5+oHv8v+JWflUrBZKp9sFfb2B0NMsCW2zIosYNtsjx2xY1Zhgj2wJ/bK3rx779F79l6+okPe4M8i+wHv/RMx55va</latexit>

Is
<latexit sha1_base64="aYvzYIlR91kpgtUSyGpbvojODBw=">AAAB5HicbZDLTgJBEEVrfCK+UJduOhITV2QGF7okutEdRnkkMCE9TQ106Hmku8aEEP5AV0bd+UX+gH9jg7NQ8K5O172d1K0gVdKQ6345K6tr6xubha3i9s7u3n7p4LBpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh65rceURuZxA80TtGP+CCWoRSc7Oj+1rBeqexW3LnYMng5lCFXvVf67PYTkUUYk1DcmI7npuRPuCYpFE6L3cxgysWID7BjMeYRGn8yX3XKTsNEMxoim79/Zyc8MmYcBTYTcRqaRW82/M/rZBRe+hMZpxlhLGzEemGmGCVs1pj1pUZBamyBCy3tlkwMueaC7F2Ktr63WHYZmtWKd16p3lXLtav8EAU4hhM4Aw8uoAY3UIcGCBjAM7zBuxM6T86L8/oTXXHyP0fwR87HN7vxiws=</latexit>

necessary?
<latexit sha1_base64="IUGTPHBoJirSanH5QfH9A0pnHE8=">AAAB63icbZC9TsMwFIVv+C3lr8DIYlEhMVVJGWCjgoWxSPRHtFHluDetVceJbAcpivoUMCFg4214Ad4Gt2SAljN9vudYuucGieDauO6Xs7K6tr6xWdoqb+/s7u1XDg7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jczPzOIyrNY3lvsgT9iI4kDzmjxo4eJDLUmqrsalCpujV3LrIMXgFVKNQcVD77w5ilEUrDBNW657mJ8XOqDGcCp+V+qjGhbEJH2LMoaYTaz+cbT8lpGCtixkjm79/ZnEZaZ1FgMxE1Y73ozYb/eb3UhJd+zmWSGpTMRqwXpoKYmMyKkyFXyIzILFCmuN2SsDFVlBl7nrKt7y2WXYZ2vead1+p39WrjujhECY7hBM7AgwtowC00oQUMJDzDG7w7kfPkvDivP9EVp/hzBH/kfHwDkeKOgQ==</latexit>

A quantitative version of this condition might be sharp?
<latexit sha1_base64="9g9cxMHfg6oFhpW9OSqeJPMLkMs=">AAACG3icbVBLTwIxGOziC/GFevTSSEw8kV08yE3Ui0dM5JHAhnTLt2xDt13bLgkh/BT9M3oy6M2D/8aCe1BwTtOZ+ZLOBAln2rjul5NbW9/Y3MpvF3Z29/YPiodHTS1TRaFBJZeqHRANnAloGGY4tBMFJA44tILh7dxvjUBpJsWDGSfgx2QgWMgoMVbqFavX+DElwl5aYQQ4y2IZYhMxjakUfTaP4pgNIoMDwDoiKrnqFUtu2V0ArxIvIyWUod4rzrp9SdMYhKGcaN3x3MT4E6IMoxymhW6qISF0SAbQsVSQGLQ/WTSc4rNQKvshwIv37+yExFqP48BmYmIivezNxf+8TmrCqj9hIkkNCGoj1gtTjo3E86Fwnymgho8tIVTZDSimtjmhxk5UsPW95bKrpFkpexflyn2lVLvJhsijE3SKzpGHLlEN3aE6aiCKntErekcfzpPz4rw5s59ozslujtEfOJ/fLSqhaQ==</latexit>

No, our results hold for ! k = |k|2 which violates the condition.
<latexit sha1_base64="apjywLRQhFxRwcPxYak724LtlGE="></latexit>



Thank you !


