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Abstract. This report is the result of an internship at the end of the second year
of a master’s degree in mathematics and aims to present a geometric proof of Horn’s
conjecture made by Prakash Belkale. First we introduce some tools in Schubert calculus
such as the Schubert varieties and their parametrization. Then we prove the Belkale’s
theorem about the intersecting tuples using algebraic geometry. Finally, we prove the
Knutson-Tao theorem and Horn’s conjecture using representation theory. See section
for an abstract with more details.
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1 Introduction

1.1 About this report

About its context. This report is about an internship of eleven weeks at the end of a
first year of a master’s degree in fundamental mathematics at the Ecole normale supérieure
de Rennes and University of Rennes. This internship has taken place in the University
of Montpellier under the supervision of professor Paul-Emile Paradan. It is about the
geometric proof of the Horn’s conjecture made by Prakash Belkale in [Belos|. Yet we will
only use the work of Nicole Berline, Michéle Vergne and Michael Walter [BVW18| about
this proof. It will use some results about the Zariski topology, algebraic varieties and finite
representations of the general linear group.

About its content. This report is mainly based on [BVW18|. We will refer to this
article for some proofs.

In this first section [1| we present this report. We gives a more detailed abstract, a brief
historical context and the notations used in the rest of the text.

Then in section [2| we present the main tools of Schubert calcus which are useful to
Belkale’s proof. We gives the main properties of integer tuples (without any geometric
point of view), the definition of the Schubert position of a linear subspace with respect to a
flag, the definition of a linear subspace composed of linear morphism useful to parametrize
Schubert varieties, the definition of three different flag varieties and the idea to work with
very convenient linear subspaces.

In a third time in section [3] we study the notion of intersecting tuples. We start with
the definition of an intersecting tuple, then we give the Horn’s inequalities satisfies by such
a tuple, we introduce some geometric characteristics of integer tuples (the true dimension,
the kernel dimension and the kernel position) and we use these new tools to prove the
Belkale’s theorem

In section [4| we present the link between the Horn’s tuples and the original problem
concerning the eigenvalues of Hermitian matrices and the eigenvalues of their sum. We
define the Kirwan cone, we study the Hersch-Zalen lemma [4.6] using the min-max theorem,
we recall the main informations about the Borel-Weil construction for representations of
the general linear group and we give the Knutson-Tao theorem to conclude our work.

In the appendix |5 you can find an example of Python code to compute Horn’s tuples.

Acknowledgement. I would like to express my sincere gratitude to professor Paul-Emile
Paradan for its assistane at every stage of the internship and for having introduced me to
these new topics. I also would like to thank all the members of the Institut Montpelliérain
Alexander Grothendieck (IMAG) for their great welcome.

1.2 The Horn conjecture
1.2.1  Spectrums of Hermitian matrices

Let A and B be two square matrices of the same order. A natural question (also coming
out in physics for example) is to know the relations between the eigenvalues of A and B
and those of the sum A + B. If A and B are diagonalizable and commute then they are
simultaneously diagonalizable and the spectrum of their sum is well known. In this report
we will only study the case of Hermitian matrices with complex coefficient. Some of the
first relations found during the twentieth century are presented in [Bhagg].



Since Hermitian matrices have real eigenvalues, we will see the spectrum of these
matrices as tuples with real entries ranked in increasing order. The previous question can
now be reformulated as : what are the families (A1, A2, A3) of real tuples such that A\; (resp.
A2) is the spectrum of an Hermitian matrix A (resp. B) and that A3 is the spectrum of
—(A + B) 7 The set of such families of tuples will be called a Kirwan cone in definition
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1.2.2 Horn’s conjecture

In 1962, Alfred Horn conjectured about the fact that

« aset of finite inequalities are sufficient to describe all the tuples of possible spectrums
for matrices and their sum ;

« these inequalities can be described by induction on the length of the tuples.

This conjecture is true and will be seen in the Knutson-Tao theorem [4.27] using the Belkale
theorem In addition to this, the induction description of these inequalities is simple
enough to allow us to compute them easily on a computer (see section . The first proof
of the Horn’s conjecture is found in two main works : one by Anton A. Klyachko in 1998
(using the geometric invariants theory) and one by Allen Knutson and Terence Tao in
1999 (about the saturation property using combinatorics). In this report we will not be
interested in this first proof but by the geometric one given later by Prakash Belkale.

1.2.3 Belkale’s proof

In 2005, Prakash Belkale proposed an alternative proof of the Horn’s conjecture in [Belos].
It uses Schubert calculus and representations of the general linear group. This is the proof
that we see in this report but [Belos| is not the article we mainly use. In 2018, Nicole
Berline, Michele Vergne and Michael Walter presented Belkale’s proof in [BVW18] in a
different way and the present report is based on this new redaction.

The aim is to describe the Kirwan cone (definition using inequalities parametrized
by tuples of integers with an inductive description.

First, we will define two types of integer tuples : the intersecting tuples (definition
have a geometric definition using Schubert calculus and the Horn’s tuples (definition
have an inductive combinatory definition. Using a well chosen dominant map between
algebraic varieties (in section[3.2.1) and Harder-Narasimhan lemma we show that any
intersecting tuple is a Horn’s tuple (proposition . Then, using different computations
of algebraic varieties dimensions and an induction on the size of Horn’s tuples, we prove
that any Horn’s tuple is intersecting (Belkale’s theorem .

Now that we have an inductive description of the intersecting tuples, we want to use
them to parametrize inequalities which can describe the Kirwan cone. These inequalities
are called Horn’s inequalities. From the variational principle we deduce that any real
tuple in the Kirwan cone satisfies the Horn’s inequalities (see Hersch-Zahlen lemma
and Klyachko lemma . Using representations of the general linear group (see the
Borel-Weil construction in section we prove Kempf-Ness lemma and that any
integer tuple satisfying the Horn’s inequalities is in the Kirwan cone (see corollary .
In Knutson-Tao’s theorem we finally prove this for any tuples satisfying the Horn’s
inequalites by density. This last theorem proves Horn’s conjecture.



2 Schubert calculus

In this first section, we present the main tools of Schubert calculus we will be using in
section [3}

> SETTINGS. e Let n,r,d,m € N* such that n > r > d > m.

e Let U a C-linear space of finite dimension n.

2.1 Tuples

We present definitions about tuples and their main properties. Although we introduce
the dimension of a tuple and the expected dimension of a sequence of tuples, there is no
geometry in this section. Every proof or definition is combinatorial.

2.1.1  Operations on tuples

We will use an identification between susbets of integers and strictly increasing maps. For
example, this allows us to define the composition of two tuples.

> NOTATION. o We denote by [n] the set [1, n].

o We denote
Py :={IC[n]| CardI =r}.

o We identify any subset I € P} with the unique strictly increasing map from [r] to I
and we always denote 1(0) = 0.

e Forall I,J € P! we denote J < I the following assertion :
Vi e [r], J(z) < I(3).

e For all I € P! we denote
I°:=[n\I € P)_,

and, for all J € P} we denote
1J:=1o0JeP}

the composition.

REMARK 2.1. The relation < is a partial order on P and [n — r + 1,n] is the greatest
element of the set.

> SETTINGS. Let I € P, J € P} and K € Pd.

LEMMA 2.2. Let I € P!'. We have

Vi e [0,7], I(7) > (1
Vie[0,r—1],0<I(i)—i<I(i+1)—(i+1)<n-—r (
Vi € [0, — 1], I%([1(i) — +1 IGi+1)—i—1]) =[I@) +1,I(i+1)—1] (3

Vie[l,r],2<1(i)—I(i—1)=1I@)=1°(@G)—14)+1 (



Proof 1. The subset I is made of r positive integers.
2. We have I(r) —r<n—rand, forallie[r—1], I(i+1) > I(i) + 1.
3. This third statement can be proven by induction on i € [0, — 1]. We have
[, I(D)] = (1), ..., I°(1(1) = 1), 1(1))

hence
IC([I(0) =0+ 1,I(0+1)—0—1]) =[L(0) + 1,I(0+ 1) — 1]

(remark that if 7(1) = 1 then this is the empty set). Let ¢ € [0, — 1] such that
16 — i+ 1,1+ 1) —i—1]) = [I(5) + 1, 1(i + 1) — 1].
The set [I(i4+ 1)+ 1,I(i +2) — 1] has I(i+2) — I(i + 1) — 1 elements wich are
IC(I(i+1)—i—1+1),.. . I(I(i+1)—i—1+T(+2) —I(i+1)—1
and this is what we wanted to prove.

4. This is a direct consequence of the third statement.
O

REMARK 2.3. The sequence (I(J°(j)) — J(j) + j)je[r—q 1s strictly increasing and takes
values in [n — d].

> NOTATION. We denote
I/J == {I(J°(5)) — J°(j) +3j; j€[r—d} e =Y

and
I’ =1/J° e Pyt

LEMMA 2.4. 1. We have
PPy =Py.
2. Forall I € P! and J € P},
1J¢=(IJ)(I/J).
Proof 1. By definition,
PPy C Pj.
Let K € PJ. There exists i1,...,i,_q € K pairwise distinct. Let

I:=KU{i1,... ir_q}

and J € P} such that
K=1J.

2. Let k € [r — d|. We have
(IJ)° = IJ° U I¢

and, using lemma

1Je(k) = I(I(J(k)) — J°(k)) + 1
= I°(I)J(k) — k) + 1.



hence there is | € [n — d] such that

I([1/J (k) — k]) L IJ([k]) = (I])“([1])
and
1J(k) = (1J)(1).

In addition to that we have

L= Card((1.7)([1]))
= Card(I°([I/J (k) — k]) LU IJ([k]))
= Card[I/J(k) — k] + Card][k]
=1/J(k)
LJ(k) = (ID)*(1/J (K)).
]

EXAMPLE 2.5. Assumen = 6, r = 4 and d = 2. Let I := {1,3,5,6} € P$ and J :=
{2,4} € P3. We have
IJ= {3,6} €7P§
Ij¢ = {1,5} €7P§
(1)) = {1,2,4,5} €P$

hence, by lemma
I)J=1{1,4} € P;.

2.1.2 Dimensions of tuples

DEFINITION 2.6. The dimension of I is

dim I := > (I(j) — j).
j=1
ExXAMPLES 2.7. We have
dim[r] =0 and dim[n —r+1,n] =r(n —r)

REMARK 2.8. We have
dim P = [0,7(n —7)].

Proof By lemma
dim P;* C [0,7(n —1r)].

Let d € [0,r(n —7)]. There is m € [0, ] such that
m(n—r)<d<(m+1)(n—r).

We have 0 < d —m(n —r) <n —r so we can define I € P by

n—r+j sijgzr—m+1
Vier,I(j)=q d—m(n—r)+j sij=r—m
i sij<r—m-—1



We have
dimI =d.

LEMMA 2.9. Let I € P, J € Pjand K C [d]. We have

dim//J =dim I +dim J — dim I.J
dim I’ K — dim K = dim IJK — dim JK
dim I’/ = dim I.J — dim .J
Proof These three equalities are proven in lemmas 3.2.13 and 3.2.14 in [BVW18|. O
> SETTINGS. Let s € N*.

DEFINITION 2.10. The ezpected dimension of Z € (P')® is

S

edimZ :=r(n—r)— Z(r(n — 1) —dimZy).
k=1

EXAMPLE 2.11.  If Z := ([n])i¢[s is seen as the unique element of (P))° then
edim(Z) = 0.
REMARKS 2.12.

o See lemma 2.15 in [BVW18]| for an interesting geometrical meaning
of the expected dimension of a tuple linked with the Schubert varieties defined in[2.32]

o For all 7 € (P}')® we have

edimZ = (1 —s)r(n—r) + Z dim 7.
k=1

LEMMA 2.13. Let Z € (PP)*, J € (P})%, m € [d] and K € (P%)*. We have

edimZ/J = edimZ + edim J — edim ZJ (1)
edimZ7K — edim K = edim ZJK — edim JK
edimzZ7 = edimZJ — edim J.
Proof From lemma we have
edimZ/J =(1—-s)(r—d)(n—d— (r —d)) + Z dim 7, / Ty,
k=1
=1-s)(r—d)(n—r)+ Z dim 7y + dim Jj, — dim Z J
k=1
=1—-s)rin—r)+ (1 —s)d(r—d)—(1—s)d(n—d)
+ Z dimIk + Z dim jk - Z dimijk
k=1 k=1 k=1
=edimZ + edim J — edimZJ

and the two other equalities are proved in exactly the same way.



2.2 Schubert positions

Flags and Schubert positions of given linear subspaces are the main tools used in section

3

2.2.1 Flags and filtrations on a vector space

DEFINITION 2.14. e A flag on U is a sequence E := (E(i));c[o,n] of subspaces of V
such that

Vielo,n—1], E(j)CE(G+1)
Vi € [0,n], dimE(j) =j

o Let £ a flag on U. A sequence (E(i))ic[,) € U™ is a basis adapted to E if, for all

i € [n],
E(i) = span{ei,...,e}.

e The Borel subgroup associated to a flag E on U is
B(E):={y € GL(U) | Vi € [n],vE(i) C E(i)}.

REMARKS 2.15. o For all flag F on U, the set A(E) of all adapted basis to F is non
empty. In addition to that,

{beU™ |bisabasisof U} = || A(E).
E flagon U

e Let F be a flag on U. We have
B(E) = {y € GL() | Vi € [n],vE(i) = E(i)} < GL(U)
and B(E) acts transitively on the set of bases adapted to E.
EXAMPLE 2.16. Let (ey,...,e,) the canonical basis of C". The subspace family
E = (C' x {0}" i

is a flag on C", (ei)z‘e[n} is adapted to E and the Borel subgroup of E is the set of invertible

upper triangular matrices.

The following definitions will be useful in section [2.2.3]

DEFINITION 2.17. o A filtration on U is a finite sequence E := (E(i)); of linear U-
subspaces such that, with [ the lenght of F,

Eo = {0} and El =U

VjE[[O,n—l]], E(])CE(]+1)
vj € [0,n — 1], dim B(j + 1) < dim E(j) + 1

o Let E a filtration on U and the unique I € P!, such that

vjel0,n—1], E(I(j +1)) # E(I(j))-

10



The flag associated to E is
F = (E(1(7)))jeln)-

o Let F aflagon U and V a subspace of U. The induced flag on V (resp. on U/V') by
E is the flag associated to the filtration (E(i) NV )ico.n) (tesp. (E(i)/V )icqo,n)) and
is denoted EV (resp. Eyy).

REMARK 2.18. The flag associated to a filtration is a flag as in definition

2.2.2 Schubert positions

> NOTATION. The Grassmaniann of all r-dimensional linear subspaces of U is denoted
Gr(r,U) and we denote by Gr(U) the set of all linear subspaces of U.

DEFINITION 2.19. Let E a flagon U and V € Gr(r,U). The Schubert position of V' with
respect to E is the sequence Pos(V, E) € P such that, for all i € [r],

Pos(V,E)(i) =min{j € [n] | dim E(j) NV =i} .

We denote
Pos({0}, E) := 0.

EXAMPLES 2.20. Let E a flag on U, (€;);c[y a basis of U adapted to E.

e Assume that n = 5. Let V be the subspace of U spanned by the vectors

V1 —e€1+ex+eq+es
vy =2e1 —ea+e3+eq+e;s
v3 = €1+ eg + 2e4 + 2e5

The matrix of the family (v1,ve,v3) in the basis (eq,...,e5) is
1 2 1
1 -1 1
0 1 0
1 1 2
1 1 2

wich is equivalent to
1 2 1
1 -1 1
0 1 0
0 0 2
0 0 2

From this we deduce that

(dim E(i) N V)ZE[5] =(0,1,2,2,3)

hence
Pos(V, E) = (2,3,5).

o See example

11



e Let I € P and
V :=span{e;; i € I}.

For all j € [r],
E(I(j) = 1) NV =span{e;; i € I([j - 1])}
and
E(I(j)) NV =span{e;; i € I([j])}.

From that we deduce
Pos(V, E) = I.

LEMMA 2.21. For all v € GL(U),
Pos(y~1U, E) = Pos(U, V).
Proof For all vy € GL(U) and j € [n],
dim E(j) Ny~ 'V = dim~yE(j) N V.

0

LEMMA 2.22. Let V a r-dimensional subspace of U and I = Pos(V, E). There is an
orthonormal basis (v1,...,v,) of V such that, for all j € [r],

vj € BE(I1(7))-
Proof Let I(0) = 0. For all j € [r], by definition of I, there is
u; € E(I(7)) \V\E(I(j — 1)).

The vectors uy,...,u, € V are linearly independant, hence form a basis of V. Since F is
a flag, for all j € [r],
E(1)+---4+ E@) C E(i).

Thus, applying Gram-Schmidt process to (uq,...,u,) gives us (vi,...,v,) as wanted in
lemma [2.22] O

LEMMA 2.23. Let E be a flag on U and I € P*. The following assertions are equivalent.
(i) Pos(V, E) =1I.

(ii) For all basis (eq,...,e,) adapted to E, there exists a unique basis (v1,...,v,) of V
such that, for all i € [r],

vi € fra +span{f;; j € [I({)\I}.
(iii) There is a basis (eq, ..., e,) adapted to F and a basis (v1,...,v,) of V such that, for

all 7 € [r],
v; € fra +span{f;; j € [I({)\I}.

(iv) There exists a basis (e1,...,e,) adapted to E such that (es(;));epy is a basis of V.
Proof o Assume (i). Let (eq,...,ey) a basis adapted to E. Let ¢ € [r]. There is

w; € E(I(1)) N V\E(I(i) - 1)

12



and (u]); € C™ such that
U; = Zugej.
j=1
Since u; € E(I(i)) and u; ¢ E(I(i) — 1),

(Vj = 1(i)+ 1,0l =0) and u!? #0

hence, with (ﬁf) = ( 11(1') “g) and @; := %
- u,
i J

For all i € [r], we have

-1
v; = (Uz _ Zﬂil(j)uj) € ej(;) + span {ej; ;7€ L(H)\I}

J=1

and, since uy,...,u, € V,
v; € V.

For all ¢ € [r],
v; € EG\E(i—1)

so (v1,...,v,) is linearly independent thus is a basis of V. This proves the existence
of such a basis. Now, let’s show that it is unique.

Let (w1,...,w,) a basis of V such that, for all i € [r],
w; € ey +span{e;; j € [[(1)]\]}.

Let ¢ € [r]. There is (wi)] € C" such that

r .
- Ty
w; = E w; vj.
j=1

For all j € [r], '
67(]‘)(%’) = w]
hence, ‘ '
wi=land j#i=w =0
ie.

w; = V5.
Finally, such a basis is unique and we have proven assertion (ii).

o As said in remarks A(E) # 0 hence (it) = (ii7).

13



o Assume (7i7). Let f:= (f1,..., fn) a basis adapted to E. There is a (unique) basis
(v1,...,v) of V such that, for all 7 € [r],

v € fray +span{f;; j € [I(D)]\I}.
Let e := (e1,...,e,) € U™ such that
Vielr], erq =
Vi€ [\, e=fj

By definition of (v1,...,v:), (er(1),---;e€r(r)) is a basis of V. We only have to show
that e is a basis adapted to E. Remark that we have

1 x ... x%
0 . e

Maty(e) = | € GL,(C)
0O ... 0 1

hence e is a basis of U. Let i € [n]. For all 5 € [i],
ej =f; € E(j) orej € fj+span{fi; ke [jI\I} C E(j)

hence e; € E(j) C E(i). From that we have
span{e; ; j € [i]} C E(q).

But e is linearly independent so (e;) jeli) 1s linearly independent and
span{e; ; j € [i]} = E(q).

Finaly, e is a basis adapted to E and we have proven assertion (iv).

o Assume (iv). There exists a basis (e;);ic|n) adapted to E such that (e;;));ep is a

basis of V. For all j € [r],

)NV = span {6[(1), . '761(3'71)}
{

1
E(I(7)) NV =spanqerqy,..-,erg)

hence
dmE(I(j) - 1)NV =j—-1<j=dimE(I(j))NV.

From this we deduce that
Pos(V,E) =1

i.e. assertion (i).
g

EXAMPLE 2.24. Let ¢ := (¢;);eqq the canonical basis of C* and e := (e;);cq the basis of
C* such that

Mat.(e) =

O ==
S = = O
_= = O O
_ o O O

Let E the flag on C* with the adapted basis e. Let V the subspace of C* with adapted

14



basis (c1,c2). We have

-1 2
1 -1
Mate(c1,c2) = 0 -1
0 1
wich is equivalent to
-1 1
1 0
0 -1
0 1

From that we deduce that (e;);c4) and (e2 — e1,e1 — e3 + e4) satisfies condition (ii7). In
addition to that, we know that (e1,es — e1,e3,e1 — es + e4) satisfies condition (iv). In

particular,

Pos(V, E) = (2,4).
This allows us to easily compute the induced flags intruduced in definition
LEMMA 2.25. Let V € Gr(r,U) and I := Pos(V, E). For all j € [r] and k € [n — r],
(EY); =EUI({)NV
(Byv)e = E(I°(K))/V.
Proof There is a basis (e;);c|,) adapted to E such that (e(;)) e[, is a basis of V. For all

i€ [n,
E(i)NV =span{e;; j€[i|NI}

and
E(i)/V =span{e;; j € [{jNI}.

Let I(r+1):=I1¢(n—7r+1) := n+ 1. Remark that for all i € [n], j € [r] and k € [n —7],

CardfijNI=j < I(j)<i<I(j+1)

and
Card[i|NI‘=k < I°k)<i< I(k+1)
hence
min{l € [r] | dimE; NV = j} = I(j)
and

min {l € [n—7r] | dim E;/V = j} = I°(j).

2.2.3 Composition and quotient of Schubert positions
We have introduced compositions and quotients of tuples in section

LEMMA 2.26. Let V € Gr(r,U) and W € Gr(d,V). Let I := Pos(V,E) and J :=
Pos(W, EV). There is a basis (ei)icn) adapted to E such that (e(j))jely is a basis of V
and (er,(k))ke(d-
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Proof By lemma there is a basis (fi)ic[, adapted to E such that (f7(;));je) is a
basis of V. By lemma (f1(j))jepr is adapted to EV hence, by applying lemma
again, there is a (unique) basis (wy)xe[q) of W such that, for all k € [d],

Wi € frye) +Span{f1(j) ;jeJon [J(k)]}-

Remark that the sequence (e;);c[,) defined by, for all i € [n],

ei:_{ fi ifi g 1J

U(IJ)—l(i) else
is just as we wanted. O
LEMMA 2.27. Let V € Gr(r,U) and W € Gr(d, V).

o We have
Pos(W, E) = Pos(V, E) Pos(W, EV)

and
Pos(V/W, Eyw) = Pos(V, E)/ Pos(W, EV).

o The sequence F' := ((E(i) NV + W)/W)cpn is a filtration on V/W and, for all
j € [7" - d]v

Pos(V, E) Pos(W, EV)“(j) = min {i € [n] | dim F(i) = j}.

Proof By lemma there is a basis (e;);c|n] adapted to E such that (e;;));ep is a
basis of V' and (GIJ(k:))kE[d]'

e By lemma applied to the adapted basis (ei)ie[n}, we have the first equality.

We now want to prove the second equality. Since (er;())relq) is @ basis of W,
vk € [n— s],span {e(rne + V3 L€ [k]} = span {e; ; i € [(1])°k]} /V
= (E(IJ) (k) +V)/V

hence, by lemma (e(r.7)e(k) Jken—a) is adapted to the flag Ey/yy. In addition to
that, (ey(j))je[r s a basis of V' and, by lemma

INIJ =1J°
= (IJ)°I/J

so (e(rnyer/g(k) + V)ier—a is a basis of V/W. Finally, by lemma

POS(V/W, EU/W) = I/J

o This proved in lemma 3.2.11 in [BVW18|.

2.2.4 Schubert cells

> SETTINGS. Let E be a flag on U.
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DEFINITION 2.28. Let I € P;'. The Schubert cell associated to E and [ is
QUE) :={V € Gr(r,U) | Pos(V,E) =1} .
REMARKS 2.29. e By example

Pos(-, E) : | Gr(r,V) — P
Vv — Pos(V, E)

is surjective i.e., for all I € P},

Q(E) 0.
o Schubert cells partition Gr(r,U) in the following way :

Gr(r,U) = |_| QVE).
1epy

e Schubert cells are called cells because they are isomorphic to linear subspaces. See

corollary

EXAMPLE 2.30. For all i € [n],

and
Qi = {span {v} ; v € Ep(i)\Ex(i — 1)} .

PROPOSITIONS 2.31. Let I € P/

1. For all v € B(E),
VQ(E) = QG (VE)

2. The Schubert cell Q(E) is a B(E)-orbit.
Proof 1. For all W € QY(E), for all ¥ € B(E), by lemma with V :=~yW,

Pos(V,vE) = Pos(W, E).

2. Let V,W € QY(E). By lemma there is (e;)q, (fi); basis adapted to E such that
(er(;))j is a basis of V and (f(;)); is a basis of W. By remark there is v € B(E)
such that v - (e;); = (fi); hence

v (el(j))j = (f[(j))j
and, finaly, vV = W.

2.2.5 Schubert varieties
> SETTINGS. Let I € P’ and E a flag on U.

DEFINITION 2.32. The Schubert variety associated to I and E is the closure of the Schu-
bert cell QY(E) in the Grassmaniann Gr(r, U) seen as an algebraic variety.
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EXAMPLE 2.33. Because of example

PRrROPOSITION 2.34. We have

Proof o Let V € Q;(F) and
J :=Pos(V, E).

There is a convergent sequence (Vi) € QY(E)N with limit V. Let j € [r]. For all
k € N sufficiently large,

dim E(I(j)) NV = dim E(I(j)) N Vj,
hence, since dim E(I(j)) N Vi = j,
dim E(I()) NV > j.

From that we deduce, for all j € [r],

o For all J € P} such that J < I we denote
Jol) = min {j € [+] | Vh € [j + Ll I(K) = J(h)}
By induction on s € [r], let show that the assertion
VI < I jo(J) < s = QYE) Cc Q(V)
denoted H(s) is true. For all J < I such that jo(J) = 0, I = J. From that we
deduce H(0).

Let s € [1,r] and assume H(s —1). Let jo := jo(J) and V € Q%(E). By lemma

t?e‘;e exists (ei)ic[) @ basis adapted to E such that (vj);ep) := (€s¢)) e 18 2
asis of V.

Let € > 0 and, for all j € [r],
. if j # jo
a Vjo T E€1(jo) else
Let
Ve :=span {v],...,v5}.

Since (€;);e[n) is linearly independant and I(jo) # J(jo), (v§) el is linearly indepen-
dant and in particular
Vz € Gr(r,U).

Let
J = (JQ),...,J(Go— 1), I(jo), ..., L(r)).
We have
J(jo —1) < J(jo) < I(jo)
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hence J' € P*. For all i € [n] we denote

:{ 2 if i # 1(jo)

€€1(jo) T €s(jo)  Clse

Since (ei)ie[n] is a basis adapted to E and J(jo) < I(jo), (ef)ie[n] is adapted to E.
We have

(‘f]’(j))je[r] = (Ujs')je[r]

hence, by lemma
V. € Q%(E).

But
Jo(J)<jo—1=s—-1

so, using hypothesis H(s — 1),

Ve e Q[(E)
Using Plucker embedding,
V. —V
e—0
hence
Ve Q[(E)

From that we deduce H(s). By induction,

U 25(8) c u(5).
J<I

REMARK 2.35. For all J € P/,
and more generally
QUE)NQ(E) = |J Qk(E).
K<I,J

EXAMPLE 2.36. By propostion

Qﬂnfr+1,n]] (E) = GI‘(T, U)

2.3 The set L;(F, G)

This set is a linear subspace of the linear morphisms £(V, @) which allows us to parametrize
the Schubert cells and varieties.

2.3.1  Definition

> SETTINGS. Let V € Gr(r,U) and Q € Gr(n —r,U). Let F (resp. G) a flag on V' (resp.
Q). Let I € P™.

DEFINITION 2.37. We denote

Li(F,G):={peL(V,Q)|Vjer]p(F(j)) c GUI(H)—1)}-
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REMARKS 2.38. o Using lemma the set L£;(F,G) is well defined.
o Let (fj)jer a basis adapted to F. We have
Li(F.G)={pe L(V.Q)|Vjelr]o(f;) € GU) — 1)}

REMARKS 2.39. o For all p € L;(F,G) and for all v, € GL(V) and v, € GL(Q),
YY" € L1(vwF, @)

o As a direct consequence of the last remark,
B(G)L;(F,G)B(F) = L;(F, Q).
PROPOSITION 2.40. The set £;(F,G) is a vector subspace of L(V, Q) and
dim £7(F,G) = dim I.

Proof Let (f;)je] (resp. (gr)re[n—r) @ basis adapted to F' (resp. to (). For all j € [r],
for all k € [I(j) — j], there is a unique ¢, € L(V, Q) such that

. ) N 9k if j/ =J
v.j S [T]agpj,k(f]/) - { 0 else
The family (¢; k) e[ ke1(j)—j] i @ basis of L;(F,G). O

LEMMA 2.41. Letp € L(V,Q), S = Kerpand ¢ € L(V/S, Q) the corresponding injection.
Let J := Pos(S, F'). The following assertions are equivalents.

(i) ¢ € Li(F,G)

(ii) ¢ € Ly/5(Fys,G)
Proof This is proven in lemma 3.2.15 in [BVW18]. O
2.3.2 A parametrization for Schubert cells and varieties

> SETTINGS. Let E aflagon U and I € P

DEFINITION 2.42. Let V € Q%E). A complement subspace Q of V is adapted to E if
there exists an basis (e;);c[n) adapted to E such that

V =span{e; ; i € I} and Q =span{e; ; i € I°}.

REMARK 2.43. By lemma forall V € Q?(E), there exists a complement subspace
Q of V adapted to FE.

> SETTINGS. Let V € Q)(E) and (e;);e}n) adapted to E such that

V= span{ej(j) i J € [r]}

Let
Q :=span{e; ; i € I°}.
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> NOTATION. « We denote
Lp(V,Q) :=L(EY,EY).

o For all p € L(V,U), there is a unique u, € L(U) such that

(Vo € Vugp(v) = v+ ¢(v)) and (Vg € Q,uy(q) = q).

We denote
Up(V,Q) :={uy; v € Le(V,Q)}.

REMARKS 2.44. « Using lemma and Q ~U/V,
L(V,Q) = L(EY, Eyy)

and

Le(V,Q) = {p € L(V,Q) | Vi € [1], p(er)) € span {ereqry ; k€ [1(5) = 5]} }-

¢ By lemma [2.2] for all j € [r],
span {elc(k) s ke l[I(y) —j]} =span{e;; 1 € I°;i < I(j)}.
This will allow us to easily use lemma,

o Let v := (er())jep]s ¢ = (€re(k))ken—r and € = (v1,...,Vr,q1,- .., qn—r). For all

p € Lp(V,Q),
I, 0
Mate/ (’LLSO) = (Matvjq(cp) In_r> .

LEMMA 2.45. Let v € GL(U).

1. We have
Lye(WVAQ) =vLe(V,Q)y .

2. Forall p € LE(V,Q),

-1 _
VY = Uypy—t

and
Uye(YV,7Q) = WUe(V,Q)y .

Proof 1. The basis (ve;);e[n) is adapted to the flag vE and we have
vV = span {vej(j) i J € [r]} and y@ = span {’yelc(k) s ken— r]} .
By remarks for all ¢ € L(AV,7Q),
¢ € Lyp(1V,79Q) & Vi € [1], p(ver(s)) € span {yereqy 5 k € [1(7) — 41}

& Vj € [r],7 'p(ver)) € span {elc(k) ke [l(h) —j]}
ey ey e Le(V,Q).

2. Let p € Lg(V,Q) and @ := ypy~! wich is an element of £,5(7V,7Q). For allv € V
and ¢ € Q
(Yupy™H)(y0) = v + @(yw) and (yuey ™) (v9) = 7g
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hence

-1 _
YUY = Uypy—1-

Using this and the first point of the lemma,

Uyp(WV,7Q) = vUp(V,Q)y .

LEMMA 2.46. The set Ug(V, Q) is a unipotent subgroup of B(E) and
Y — Uy
is a group isomorphism.

Proof By the second point of remarks Ug(V,Q) is a unipotent subgroup of GL(U)
and the given map is a group isomorphism.

To conclude, we only have to show that Ug(V,Q) C B(E). Let ¢ € Lg(V, Q). For all
1€ 1°e €@ so
uy(e;) = e; € E(i).
For all j € [r], with ¢ = I(j), e; € V so
up(ei) = € + p(ei)

€ EGi) +span {ereqry ; k € [1(5) - 3]}

€ E(i)+ E(i — 1)

€ E(i).
From this we deduce that u, € B(E). O

REMARK 2.47. Since Ug(V,Q) C B(FE), we know from propositions that QY(E) is
stable under the left action of Ug(V, Q).

LEMMA 2.48. The group action Ug(V,Q) ~ Q(E) coming from the action GL(U) ~
QY(E) is simply transitive.

Proof This is a consequence of lemma

o Let W € QY(E). By lemma there exists a unique basis (w;) e[, such that, for
all j € [r],
w;j € erj) +spande;; i € I < I(a)}.

There is a unique ¢ € L(V, Q) such that, for all j € [r],
pler) = wj — erg)-
By definition of (w;);, for all j € [r],
p(er(j)) € spanie; ; i € 1% < I(a)}

hence p € Lg(V,Q). Because u, sends the basis (es(;)); of V' on the basis (w;); of
w,
up(V) = W.

From this we deduce that Ug(V, Q) ~ QI(E) is transitive.
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o Let ¢, 9 € LE(V,Q) such that
W= u,(V) = uy (V).
Since (ez(j))jepr is a basis of V,

(wy)jem = (up(er)))jep and (w))jep = (uplery))jen]
are basis of W. Remark that for all j € [r],
wj = erg) + eler)
€ eq(jy +spanie;; i € I°i < I(j)}

hence, by lemma
Pos(W,E) = I.

But we also have, for all j € [r],
w} € eqjy +spanfe; ; i € I°0 < I(a)}

hence, by lemma again,

(wj)j = (w));
i.e. u, agree to u, on V. By definition, u, agree to u, on Q. Finally,

'LL¢ = U¢.
Finally, Ug(V, Q) ~ Q9(E) is simply transitive.
O

COROLLARY 2.49. Let V € QY(FE) and Q a complement space of V adapted to E. We
have

Le(V,Q) = Ug(V,Q) ~Ug(V,Q)V = Q}(E).

Proof The first isomorphism comes from lemma, The second isomorphism and the
equality come from lemma [2.48 g

2.3.3 Consequences

> SETTINGS. Let E aflagon U, V € Gr(r,U) and @ a complement space of V adapted to
E. Let F (resp. G) a flag on V (resp. Q). Let I € PP".

PROPOSITION 2.50. We have
TyQY(E) ~ Lp(V,Q)

and
dim Q7 (E) = dim Q¥(F) = dim Lg(V, Q) = dim I.

Proof The isomorphism comes from corollary The first dimension equality comes

from the definition of Schubert varieties. The second equality comes from the isomorphism.
The last equality comes from proposition O
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PROPOSITION 2.51. Let S a vector subspace of V and J := Pos(S, F'). We have
L1/1(Fys,G)Ly(F, Fys) C L1(F°,G).
Proof This is proven in lemma 3.2.15 in [BVW18|. O

2.4 About flag varieties

We will consider the set of all flags on U and two of its subvarieties. Computing their
dimensions gives us useful equations in section [3]

2.4.1 All flags
> SETTINGS. Let E be a flag on U.

DEFINITION 2.52. The set of all flags on U is denoted by Flag(U).

REMARK 2.53. The action of GL(U) on Flag(U) is transitive hence Flag(U) is an irre-
ducible variety.

PROPOSITION 2.54. We have, with B, the set of all invertible upper triangular complex
matrices and E € Flag(U),

Flag(U) ~ GL(U)/B(FE) ~ GL,, /B,
and in particular
n(n—1)
—

dim Flag(U) =
Proof The action of GL(U) on Flag(U) is transitive and B(FE) is the stabilizer of E so
Flag(U) ~ GL(U)/B(E).

The choice of a basis adapted to F gives us

Flag(U) ~ Flag(C") and B(E) ~ B,,.

2.4.2 Flags defined by a given position
> SETTINGS. Let I € P!, V € Gr(r,U) and E a flag on U.

DEFINITION 2.55. ¢« We denote
Flag)(V,U) := {E € Flag(U) | Pos(V,E) = I}
and Flag;(V,U) its closure in Flag(U).

e The parabolic subgroup associated to V' is

P(V,U):={yeGL(U) |V CV}.
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o For all E € Flag(U) we denote
Gi(V, B) = {7 € GL(U) | E € Flagh(V,U) }.

REMARKS 2.56. o The parabolic subgroup P(V,U) is a subgroup of GL(U) and, for
all v € GL(U),
P(yV.U) =~P(V,U)y .

e We have
Gr(r,U) ~ GL(U)/P(V,U)

and
dim P(V,U) = 2 +n(n —r)

hence dim Gr(r,U) = r(n —r).
PROPOSITIONS 2.57. Let E € Flag(U).
1. The set G(V, E) is not empty.

2. For all o, 8 € GL(U),
Gr(aV,BE) = aG(V,E)3~ L.

3. If vV e QYE),
G1(V,E) = P(V,U)B(E).

4. Assume V € QY(E) and let Q a complement subspace of V adapted to E. We have

Gr(V,E) = P(V,U)Ug(V,Q).

5. We have
dimGy(V,E) =dim P(V,U) + dim I.

Proof 1. This comes from example
2. This comes from lemma and the fact that, for all v € GL(U),
v € Gi(aV,BE) < Pos(aV,v8E) = I.
3. For all v € GL(U), using propositions
O (VE) =yB(E)V
hence

ve Gr(V,E) &V eyB(E)V
& yB(EYNP(V,U)#0
&y € P(V,U)B(E).

4. We use the method of the previous point. For all v € GL(U), using lemma

Q) (vE) = Ug(V,Q)V
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hence

yeGI(V,E) &V eqUr(V,Q)V
S WUE(V,Q)NP(V,U) #0
< ve P(V,U)Ugp(V,Q).

5. There exists (e;);c[n an adapted basis to E such that v := (e;);es is a basis of V and
q := (ei)iere is a basis of Q. For all ¢ € Lg(V,Q) we will identify ¢ with the matrix
Mat, 4(¢). Using the fourth point,

G1(V,E) = P(V,U)Ug(V,Q)

N [ p—

/
~ {(‘z, Z) . deGL(n—r),d —bd'c € GL(r),d"*¢ € Lp(V, Q)}
hence

dim G;(V, F) = dim GL(r) + dim GL(n — r) + dim Lg(V, Q)
=dim P(V,U) + dim I.

O
REMARK 2.58. From the second point of propositions we know that
PV,U)xGi(V,E) — Gr(V,E) B(E)x Gi(V,E) — G[(V,E)
(9,7) — gy M (9,7) — g
are group actions.
LEMMA 2.59. For all v € GL(U),
7 Flag)(V,U) = Flagy(7V, U)
v Flag;(V,U) = Flag;(vV, U)
Proof The first equality is a direct application of lemma The second one is
7 Flagy(V,U) = Flagj(7V, U).
O

REMARK 2.60. In particular, Flag}(V,U) and Flag;(V,U) are stable under the action of
P(V,U) coming from GL(U) ~ Flag(U).

The set G7(V, E) has been introduced in order to study the set Flag)(V,U) using the
following lemma.

LEMMA 2.61. Let E € Flag(U).

1. We have
Flag}(V,U) ~ G;(V, E)/B(E).

2. If V € QYE),
Flag)(V,U) = P(V,U)E.

26



3. We have

dim Flag?(V, U) = dim Flag;(V,U) = dim Flag(V) + dim Flag(Q) + dim I
= dim Flag(U) — dim Gr(r,U) + dim I

Proof 1. The set G1(V, E) is defined to verify
G1(V, E)E = Flag](V,U) ()
hence, using proposition

Flag)(V,U) ~ G;(V,E)/B(E)

2. In addition to the previous equation (x) we have
B(E)E = {FE}.
From this, using propositions we deduce

Flag)(V,U) = P(V,U)E.

3. Since Flag;(V,U) is the closure of Flag}(V,U), they are of the same dimension. In
addition to this, using the first point,

dim Flag)(V,U) = dim G;(V, E) — dim B(E)
=dim P(V,U) + dim I — dim B(E)
= dim GL(U) — dim Gr(r,U) + dim I — dim B(FE)
= dim Flag(U) — dim Gr(r,U) + dim I.
Yet from and proposition we know that
dim Flag(U) — dim Gr(r, U) = dim Flag(V') + dim Flag(Q)

hence
dim Flag}(V,U) = dim Flag(V) + dim Flag(Q) + dim I.

2.4.3 Flags giving a precise morphism

> SETTINGS. Let I € P!, V € Gr(r,U), F € Flag(V) and ¢ € £(V,Q) an injective linear
morphism. This implies that
n > 2r.

DEFINITION 2.62. We denote
Flagy(F, ¢) := {G € Flag(Q) | ¢ € L(F,G)} .
REMARK 2.63. Forall I,J € P,

I < J = Flag)(F,¢) C Flag)(F, ¢).
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LEMMA 2.64. 1. We have

Flag)(F, @) # 0 < Vi € [r], 1(i) > 2i.

2. If Flag)(V, Q) is nonempty, it is a smooth irreducible subvariety of Flag(Q) and
dim Flag)(F, ) = dim Flag(Q) + dim I — (dim V)(dim Q).

Proof 1. First, assume there exists G € Flag}(F, ¢). For all i € [r], since ¢ is injective,
1(i) = dim (F(1(i)))
< dim G(I(i) —17)
< I(i) —i.
On the other hand, assume now that for all i € [r] we have
I(6) —i >

Let (vi);e[,) a basis adapted to F and (¢;)ic|r := (#(vi))icfy]- There exists (gr+i)ic[n—2r]
such that (¢;)jem—y is a basis of Q. Let G be the flag on @ associated to the basis
q. For all i € [r],

@(F(i)) = span {p(v;) ; j € [i]}
— G(i)
C GI(i)—1)

hence G € Flag}(F).

2. This is proven in lemma 3.3.10 in [BVW18].

2.4.4 Remarks about cells
For all V € Gr(r,U), E € Flag(U) and I € P},
V e QYE) & FE € Flagh(V,U).

We have already seen in remarks that fixing a flag on U gives us a decomposition of
the Grassmaniann in Schubert cells

Gr(r,U) = | | Q¥E).
IepPp

In a similar way, fixing a linear subspace V' € Gr(r,U) gives us the decomposition

Flag(U) = | | Flag)(V,U).
Iepn

It is although not the case for the flags introduced in section For example, for all
F € Flag(V) and all injective map ¢ € L(V,Q), by remark

I€L7J;n Flag?(Fv ()0) = Flagﬁn—r-{—l,n]] (F7 90)
= {G € Flag(Q) | ¢(F(r)) C G(n — 1)}
= Flag(Q).
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3 Intersecting tuples

In this section, we introduce the notion of intersecting tuples and Horn’s tuples and prove
Belkale’s theorem (showing that these two definitions are equivalent).

3.1 Definition
SETTINGS. o Let n,r,d,m € N* such that n > r >d > m. Let s € N*.

e Let U a C-linear space of finite dimension n.

NotaTION. For all Z € (P)')* and E € Flag(U)® we denote

O7(E) = ﬂ Oz (Ep)
k=1

and, for all V € Gr(r,U), Q € Gr(n —r,U), F € Flag(V)® and G € Flag(Q)?,

L7(F,G) = ﬂ L1, (Fy, Gp).

k=1
DEFINITION 3.1. An tuple Z € (P}')® is intersecting if, for all E € Flag(U)*
Qz(E) # 0.
We denote
Intersecting(r,n, s) :== {Z € (P}')* | Z is intersecting}
and

Intersecting(r, n, s)° := {Z € Intersecting(r,n, s) | edimZ =0} .
DEFINITION 3.2. We define

Horn(1,n,s) :={Z € (P")* | edimZ > 0}
Horn’(1,n,s) :={Z € (P}")* | edimZ =0} .

and, by induction, we define Horn(r, n, s) as the set
{ZePp)*| edimZ > 0and vd € [r —1],YJ € Hom(d,r,s),edimZJ > 0}

and we denote
Horn’(r,n, s) := {Z € Horn(r,n, s) | edimZ = 0} .

EXAMPLE 3.3. Let Z:= ({i1},...,{is}) € Horn(1,n,s). Let E € Flag(U)®. By proposi-
tion and example for all k € [s],

Qi (B = U Q5(Ew)
J<{ig}

= |J {span{v} ; v € Ex(i)\Ek(i — 1)}

i€ [ig]

= {span {v} ; v € E(ix)\ {0}}
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hence

Qz(E) = {span{v} P v ( () Ewlix ) \{0}}-

ke(s]
But
dim H C"/Ex(ix) Z n— i)
kels] k=1
and
0<edimZ=(n-1) Zn—zk
SO

dim [] C"/Ek(ix) < dimC"™.
kels]

For all k € [s] we denote by 7y, the canonical projection C" — C™/E}(ix). From this follows
that the map

C" — Tlkes C"/Er(i)
v 7% (V))k

is not injective, i.e.

() BEx(ix) # {0}

kels]

i.e.
Qz(E) # 0.

From this we deduce that Z is intersecting. Finally,

Horn(r,n, s) C Intersecting(r,n, s).
PROPOSITION 3.4. We have
Intersecting(r, n, s) o Intersecting(d, r, s) C Intersecting(d, n, s).
Proof Let Z € Intersecting(r,n,s) and J € Intersecting(d,r,s). Let E € Flag(U)°.

There exists V € Qz(E) and W € Q7(EY). From proposition we know that, for all
ke [s],

hence

Pos(W, Ey,) = Pos(V, Ey,) Pos(S, E})

< Pos(V, Ex) Tk
< LTk
Using proposition again,
W e Qz j(E)
From this we deduce that Z.J is intersecting. O
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3.2 Horn inequalities
3.2.1 Using dominance

NoOTATION. We denote

GL(U) x [[=; Flag? (V,U) — Flag(U)*
(v, E) — (YER)k

0.
W7 -

and
wr : | GLU) x [[j=; Flagg, (V,U) — Flag(U)?
(7, E) — (vExk
REMARK 3.5. The continuous map wz is an extension of the continuous map w$ and
Imwy C Imws.
LEMMA 3.6. We have
Imw} = {E € Flag(U)* | Q3(E) 0}
Imwr = {E € Flag(U)*® | Qz(E) # 0} .
Proof o Let E € Flag(U)®. Using lemma we have
E € Imw} < 3y € GL(U),Vk € [s], B}, € yFlag} (V,U)
& Jy € GL(U),Vk € [s],V € QF, (v 'Ey)
& 3y € GL(U),yV € Q%(E)
& 3V € Gr(r,U), V' € QY(E).

e This is exactly the same proof without the zeros in exponents.

LEMMA 3.7. The following assertions are equivalent.
(i) The tuple Z is intersecting.
(ii) The map wr is surjective.
(iii) The map wr is dominant.
(iv) The map wy is dominant.

Proof o The equivalence (i) < (ii) is a direct consequence of lemma

e From
Imwy C Tmwr

we know that (iv) = (iii). Let A be the domain of w®. The domain of wz is the
closure A and w7 is continous hence

From this we deduce (iii) = (iv).
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o The implication (ii) = (iii) comes from the fact that a surjective map is always
dominant.

» To conclude the proof of the lemma it now remains to show that (iii) = (ii). Assume
(iii). Using lemma we can consider the action of P(V,U) on the domain of wz
given by, for all b € P(V,U) and all (v, E) € GL(U) x [[;-; Flagz, (V,U),

b (7, E) = (b"'7,7E)

and remark that
wz(b- (v, E)) = wz(y, E).

Let w7z be the factorisation of wy through this group action. Since wz and wz have
the same image, wz is also dominant. Yet its domain is compact so its image is
closed. We deduce that wz is surjective, likewise wyz.

O

ProrosITION 3.8. If 7 is intersecting,
edimZ > 0.

Proof We use the same notation as in the proof of lemma We denote by X the
domain of wz and by Y its image. Since Z is intersecting,

0 <dim X — dim Flag(U)*

=dim GL(U)/P(V,U) + Y _Flagz (V,U) = > dimFlag(U)
k=1 k=1

2T gimn Gr(r,U) + Y (dimZ; — dim Gr(r,U))
k=1
=edimZ.

EXAMPLE 3.9. From proposition we have
Intersecting(1,n, s) C Horn(1,n, s)
hence, using example [3.3]
Intersecting(1, n, s) = Horn(1,n, s).

This is the base case of the induction proof of Belkale’s theorem

3.2.2 Using slopes

DEFINITION-PROPOSITION 3.10. There exists a subset Good(U, s) C Flag(U)® which sat-
isfies the following properties.

1. The set Good(U, s) is a nonempty Zariski-open subset of Flag(U)*.
2. We have

Intersecting(r, n, s) = {I € (P™M)* | IE € Good(U, s), 03 (E) # (Z)}.
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3. Let Z € (P")* intersecting. For all E, E' € Good(U, s), Q%(E) and Q%(E) have the
same number of irreducible components and each one of them is of dimension edim Z.

4. For all Z € (P)* intersecting and E € Good(U, s), Q%(E) is dense in Qz(FE).
Proof This is proven in lemma 4.3.1 of [BVW18]. O
REMARK 3.11. From definition-proposition we know that
Intersecting(r, n, s) = {Pos(V, E) ; V € Gr(r,U)}.

DEFINITION 3.12. Let 6 € (R")®. The slope associated to € is defined, for all d € [r] and
all 7 € (P})*®, by

po(J) = zs: > 0k(j)

k=1j€Jx

and, for all V € Gr(d,U) and all F' € Flag(V)*, by
po(V, F) == pp(Pos(V, F)).

Harder-Narasimhan lemma refers to a classic method used in algebraic geometry.
Here, it allows us to compute expected dimensions in a convenient way.

LEMMA 3.13 (Harder-Narasimhan). Let 6 € (R")® and F' € Flag(V)® such that, for all
k € [s], Oy is increasing. There exists a unique subspace W, € Gr(V') such that

pe(Wi, F) = minwearv)wzioy o(W, F) — =:m,
0< dimW, = maxWGGr(V)M(Wp):m* dimW =:d,.

Proof o We have

{Pos(W,F) ; W € Gr(V),W # {0}} ¢ | (P))®
de(r]

hence this subset is finite and we can consider the minimum m, : there exists
W, € Gr(V) such that

dim W, > 1 and m, = ug(W)).
From this we know that
0 A A{dimW ; W e Ge(V), ug(W, F) = my} C [r]
and there exists W, € Gr(V') such that
1<dimW, <d, = dim(W,,).
We have just proven the existence of such a linear subspace of V.
e It remains to prove that it is unique. Let W € Gr(V') such that
(W, F)  =:m,

0< dimW =: d,
wW #+ W,
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Let
J :=Pos(W,, F) and K := Pos(W, N W, F"V+).

Using [2.27]
Pos(W N W, F) = JK.

We denote
d:=dim W N W.,.

Remark that, if d = 0, K is (0)xe[s). We have
po(TK) = po(W N Wi, F)
Z My
= /*LQ(W*aF)
= po(J)-

On the other hand, for all k € [s],

T = Tl U T UK,

hence
1
po(J) = o= (due(TK) + (d = di)ng(TKT))
d de — d
po(J) = d*,ue(j) +— po(JTKE)
de — d de — d .
0 po(J) = i 1o (T K.
But, since W # W,,
d < d,
and
ms = pp(J) = po(TKS). (%)
Let

L := Pos(W + W,, F) and M := Pos(W, FW+W"),

Using lemma again,
Pos(W, F) = LM

hence

My = p1g(LM).

Since W # W,
d. <dim(W +W,) :=d

hence, using the fact that d, is a maximum,

ie.

po(LM) < pig(L).
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Just as in the last point,

my <pg(L)
/

ds d' — d. B
= Eue(ﬁ/\/l) + o (LME)

d/
d, d — d, .

hence

po(LM) = mu < pg(LME). (%)
Let k € [s]. For all i € [r] we denote

G.(i) == (F(i) NW.) + W N W) /(W N W)
G'(i) == (F() N (Wi + W) + W) /W.

Remark that
dy —d=dim W,/ (W, NW) =dim(W, + W)/W = d —d,.

Using lemma G, is a filtration on W, /(W,. N W), G’ is a filtration on (W, +
W)/W and, for all j € [d. —d] = [d' — d.],

(TEW() = min {i € [r] | dim Gu(i) = 5
(LM)i(j) =min{i € [r] | dimG'(i) = j}.

Yet, for all i € [r],

dim G, (i) =dim((F'(i) N W) + W)/W
<dim((F(i) N (We + W)+ W)/ W
= dim G’ (i)

hence, for all j € [dy, — d],
(TK)k(j) = (LM)r(3).

From this we deduce

(LK) = (LM,

and, since 6y, is increasing,

Yo=Y 6(0)

1€(LKe)y, 1€(LMe)y,
From this last point we know that
pg(LME) = pg(LME)
hence, from equations (x) and (kx),
My > My

which is absurd. Finally, W, is unique.
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DEFINITION 3.14. o We the set of dominant weights is

Ar(r)={X€EZ |\ == \}.

o Let I € P'. The weight associated to I is
w(l) == (n—r+i—I(i))cp-
o Let Z € (P')®. The weight associated to Z is
w(Z) = (w(Zy), ..., w(Zs-1), (i — Zs(7))ier).
REMARK 3.15. The name "weight" refers to representation theory we use in section

LEMMA 3.16. We have
DN eAr(r) [n—r3 A1) > AG) >0} = {w(l): I Pr}
and
ANeAy(r)? |VEe[s—1,n—r =X (1) = Xe(r) 202 A(1)} = {w(Z); T € (P))°}
Proof o Using lemma for all I € P,

n—r=>wl)(1)>=--->wl)(r)>0.

o Let A € A (r) such that
We have

and

LEMMA 3.17. Let Z € (P}')®, d € [r] and J € (P})*. We have
edimZJ — edim J = du,w(I)(j)

and particularly

edimZ = — i iw(I)k(z)

k=1i=1
Proof This calculus is presented in the proof of lemma 4.3.9 of [BVW18|.
LEMMA 3.18. If
Vd € [r],VJ € Intersecting’(d,r, s),edim ZJ > 0

then
Vd € [r],YJ € Intersecting(d,r,s),edimZJ > edim J.
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Proof Because 7 is of expected dimension zero, the conclusion of the lemma holds for
d=r. Letd e [r—1] and J € (P})°*. Assume

edimZJ < edim J

i.e., using lemma
:U'fw(I)(j) <0.

Let F' € Good(V, s). Since J is intersecting we have
07 (F) 0
and, by remark there exists a nonzero W € Gr(V') such that
J = Pos(W, F).

Using Harder-Narasimhan lemma there exists a unique nonzero W, of minimal slope
m, with respect to —w(Z) and maximal dimension d,. Let

Jx = Pos(W,, F).
For all W’ € Q% (F),
dim W' = d, and p_ (W', F) = m.

hence, since W, is unique,
QY. (F) = (W.}.

From this and definition-proposition we have
edim J, =0
and

edimZ 7, = edimZ 7, — edim Jx

i.e., using lemma
edimZ . = dyms < 0.

This is in contradiction with the hypothesis on Z. O

PROPOSITION 3.19. Let Z € Intersecting(r,n,s), d € [r] and J € Intersecting(d,r, s). We
have
edimZJ > edim J.

Proof For all d € [r] and all J' € Intersecting(d’,r,s), using proposition ZJ' is
intersecting and, using proposition

edimZJ' > 0.
Particularly, Z satisfies the hypothesis of lemma and
edimZJ > edim J.
O

From this we can prove that the intersecting tuples satisfies the Horn inequalities. The
remaining of this section is an introduction to the tools necessary to prove the reciprocal
in subsection
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3.3 True dimension, kernel dimension and kernel position of a tuple
3.3.1 Introduction

> SETTINGS. Let Z € (P')® and
V:=C"x{0}"" and Q := {0} x C"™".
> NOTATION. We denote
B(V,Q, s) := Flag(V)® x Flag(Q)®
and
P(V,Q,7) == {(F.G,¢) € Flag(V)* x Flag(Q)* x L(V,Q) | ¢ € Lz(F,G)}.
LEMMA 3.20. The set P(V,Q,7) is a closed subvariety of Flag(V)* x Flag(Q)® x L(V, Q).

Proof This is lemma 5.2.1 in [BVW1§]. O

3.3.2 True dimension

DEFINITION 3.21. The true dimension of Z is

tdimZ := min dim L7(F, G).
(F,G)eB(V,Q,s)

EXAMPLE 3.22. If s=1,
L1(F,G) = Lz, (F1,G1)

and
tdimZ = dim7Z; = edim 7.

> NOTATION. For all g € GL(V)® and h € GL(Q)?,

AI,g,h : ’C(Vv Q) x er[s} ﬁI}g (F07 GO) — LV, Q)s
(&, (r)rels) — (&4 horgy, Diels)
LEMMA 3.23. We have
mindimZ; > tdimZ = min dimKer Az 5 > edimZ.

kels] (9,h)EGL(V)* x GL(Q)*
Proof o Using remark [2.53]
B(V.G,s) = {((9xF0)k, (hGo)x) 5 (9,h) € GL(V)* x GL(Q)"}

hence

tdimZ = i dim £ F hiGo)k)-
ST emeatexaL@y 7((96F0) > (hiGo)k)

Yet, for all g € GL(V)® and h € GL(Q)*, the map

Mie1 bl (Fo,Go)gr ! — Ker Az gp
3 — (& (—hy "Egr)n)
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is a linear isomorphism and, using remarks we know that for all k£ € [s] we
have

hiLr, (Fo, Go)gy ' = Lz, (g Fo, hiGo)

hence
dim Ker Az, , = dim L7((gxFo)x, (hrGo))-

From this we deduce that

(g,h)ECGL(V)s x GL(Q)* .95

In addition to this, for all g € GL(V)® and h € GL(Q)?®, for all k € [s],

dim 7y, = dim Lz, (9xFo, hi.Gk)

> dim L7((9xF0 )k, (heGo)k)
> tdim7Z
hence
min dim 7, > tdim 7.
ke(s]

o Let g € GL(V)® and h € GL(Q)*. By the rank-nullity theorem,

dim Ker AI,g,h =dim /_:(V, Q) X H £Ik (Fg, Go) —rk Az,g,h
kels]

>dim £(V,Q) + Y _ dim Lz, (Fy, Go) — dim L(V, Q)*
k=1

=r(n—r)+ Z dimZy, — sr(n —r)
k=1
=edimZ.

From this we deduce the inequality we wanted.

LEMMA 3.24. The following assertions are equivalent.
(i) Z is intersecting.
(ii) There exists g € GL(V)® and h € GL(Q)® such that Az, is surjective.

(iii) We have
tdimZ = edim Z.

Proof o The equivalence (i) < (ii) is proved in lemma 5.1.1 of [BVW18].

o As we have seen in the proof of lemma

dim ﬁ(V, Q) X H EIk (F(), Go) — dim ﬁ(V, Q)S =edimZ
ke|s]

hence, for all g € GL(V)® and h € GL(Q)?, by the rank-nullity theorem,

dimKer Ay —edimZ = dim L(V, Q)* —rtk Ay p.
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From this we deduce (ii) = (i) and, using lemma|3.23 that there exists g € GL(V)?
and h € GL(Q)® such that

tdimZ — edimZ = dim L(V, Q)* — rk Ay .

Thus (i) = (ii). -

EXAMPLE 3.25. Using lemma and lemma if tdimZ = 0 and edimZ > 0 then
7 is intersecting.

> NOTATION. We denote

Pi(V,Q,T) := {(F,G,¢) € P(V,Q,T) | dim Lz(F,G) = tdim T}
By(V,Q,7) := {(F,G) € B(V,Q,s) | 3p € L(V,Q),(F,G, ) € Py(V,Q,1)}.

REMARK 3.26. We have
By(V,Q.,I) = {(F,G) € B(V,Q,s) | dim Lz(F,G) = tdimZ}.
LEMMA 3.27. 1. The set By(V,@Q,Z) is a nonempty Zariski-open subset of B(V, Q, s).

2. The set P¢(V,@Q,Z) is a nonempty Zariski-open subset of P(V, Q,Z) and an irreducible
smooth variety.

Proof This is in [BVW18§|, lemma 5.2.1. O

COROLLARY 3.28. We have
dim P¢(V,Q,Z) = s(dim Flag V' 4 dim Flag Q) + tdim Z.

Proof This is in [BVW18], lemma 5.2.1. O

3.3.3 The kernel dimension

DEFINITION 3.29. The kernel dimension of T is
kdimZ := min {dimKer¢ ; (F,G,¢) € Py(Z)}.
PRrROPOSITION 3.30. IfedimZ > 0 and kdimZ = r,
tdimZ = edimZ =0
and Z is intersecting.

Proof Assume that edimZ > 0 and kdimZ = r. Let (F,G) € By(V,Q,Z). For all
wE ‘CI(Fv G)’
dimKery > kdimZ =r
hence
p=0.
From this we deduce
tdimZ = dim £7(F,G) = 0.

As seen in example 7 is then intersecting. O
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ProrosITION 3.31. If kdimZ = 0, Z is intersecting.
Proof Assume that the kernel dimension of 7 is null. The set
Py = {(F,G,¢) € P(V,Q,T) | dimKerp = 0}
is a nonempty Zariski-open subset of P(V,@Q,Z) and, since kdimZ = 0,
PrNP(V,Q,Z) # 0.

For all element (F, G, ¢) in this intersection, ¢ is injective and in particular, for all k € [s]
and i € [r],
Ti(i) —i > d.
Let
Lo(V,Q) == {p € L(V,Q) | Kerp = {0}}
which is a nonempty Zariski-open subset of £(V, Q) and

T Py — Flag(V)® x Lo(V, Q)
(F,G,p) —> (F, ) '

Through this map, Py is a fiber bundle over Flag(V')* x Ly(V, Q) hence Py is irreducible
and
dimPy(V,Q,Z) = dim Py . (%)

We have
dim Flag(V)® x Lo(V,Q) = sdim FlagV +r(n —r). (xx)

For all (F,p) € Flag(V)® x Lo(V,Q),
7 (F, ) ~{G € Flag(Q)® | (F,G,») € P(V,Q,T)}

=~ ﬁ {Gk € Flag(Q) | wE [’Zk(F/C’ Gk)}

k=1
S
= ] Flagy, (Fi. )
k=1

hence, using lemma

dim Flag(Q) + dim I — r(n — r) = sdim Flag(Q) — sr(n —r) + Z dim 7.
k=1

From this and equations (x), (x*) we have
dim P¢(V,Q,Z) = dim Py

= sdimFlagV +r(n —r) + sdimFlagQ — sr(n —r) + Z dim 7,

k=1
= s(dim Flag V' + dim Flag Q) + edim Z.
hence, by corollary
edimZ = tdimZ
and by lemma [3.24] Z is intersecting. O
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> NOTATION. We denote

P (V,Q,I) := {(F,G,¢) € P(V,Q,T) | dimKerp =kdimZ},
Bkt(V7Q7:Z.) = {(F? G) € Bt(‘/a Q?S) | 390 € ‘C(Vva Q)7 <F7 G? tp) € Pkt(V7Q7:Z.)} .

LEMMA 3.32. 1. The set By (V, @, Z) is a nonempty Zariski-open subset of B(V, @, s).

2. The set P (V,Q,Z) is a nonempty Zariski-open subset of P¢(V,@Q,Z) and an irre-
ducible smooth variety.

Proof This is in [BVW18|, lemma 5.2.7. O

3.3.4 The kernel position
> SETTINGS. This this subsubsection we assume
1 <kdimZ =:d<r—1.
LEMMA 3.33. For all k£ € [s], the map

[d — [r]
j + min{Pos(Kery, F;)(j) ; (F,G,¢) € Pu(V,Q,1)}

is strictly increasing.
Proof Let Ji be this map. Let j € [d — 1]. For all (F,G,¢) € Pi(V,Q,I),

Jx(7) < Pos(Ker ¢, Fi, Gi)(j)
< Pos(Ker ¢, Fi,,Gi)(j +1) — 1

hence
Ji(j) < Je(G +1).

This allows us to define the kernel position of Z just as below.

DEFINITION 3.34. The kernel position of Z is the tuple kPos(Z) € (P})* such that, for
all k € [s] and all j € [d],

(kPos(2))x(j) = min {Pos(Ker ¢, Fi) () ; (.G, ) € Pr(V,@.T)}
REMARK 3.35. For all S linear subspace of V and F € Flag(V),
kPos(Z) = Pos(S, F) = kdimZ = dim S.
> NOTATION. We denote d := kdim 7 and

Pipt(V,Q,7) := {(F,G,¢) € Pi(V,Q,Z) | Pos(Ker ¢, F) = kPos(Z)}
Bipt(V,Q.7) := {(F,G) € B(V,Q,s) | Ip € L(V,Q), (F,G,¢) € Pyt (V,Q,I)} .

LEMMA 3.36. 1. The set Bypt (V, Q, ) is a nonempty Zariski-open subset of B(V, @, s).

2. The set Py (V,Q,Z) is a nonempty Zariski-open subset of Py (V,Q,Z) and an irre-
ducible smooth variety.
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Proof This is lemma 5.2.9 in [BVW18§|. O
REMARK 3.37. We recall lemmas and lemma in this small diagram.

n n n closed
0# Piy C Po C P C P " Flag(V)® x Flag(Q)® x L(V,Q)
! i ! !
open open open
0# Byt C By C B C B = Flag(V)* x Flag(Q)®

PROPOSITION 3.38. If 1 < kdimZ < r — 1, kPos(Z) is intersecting.

Proof Let J := kPos(Z). By lemma m Bipt(V,Q,Z) is a nonempty Zariski-open
subset of B(V, @, s) thus is Zariksi-dense and its image D by the continuous map

B(V,Q,s) — Flag(V)*
(F,G) +—— F

is Zariski-dense in Flag(V)*. For all F' € D there exists G € Flag(Q)® and ¢ € L(V,Q)
such that
(F7 G7 90) € Pkpt(V7 QvI)

and in particular
Ker p € QY (F).

From this and lemma
D C Imw%

hence, using lemma [3.7] J is intersecting. O
LEMMA 3.39. If1 <kdimZ <r —1,
tdimZ = edim kPos(Z) + edim Z/ kPos(Z).

Proof This corollary 5.2.13 in [BVW1§]. O
LEMMA 3.40. Let Z € (P})® such that 1 < kdimZ < r — 1. We have

edim(kPosZ) < tdim Z¥PosT,

Proof Let J :=kPos(Z) and d := kdim 7.

o Let (F,G,p) € Prp(Z). Let S := Kery and ¢ : V/S the injective map induced by
. We have
J = Pos(S, F)

so0, by lemma
¢ € Lr)g7(Fys,G)

and by proposition we can define

Lg(F% Fys) — HIJ(FS,G)_
(0 — pov

But ¢ is injective so this last map is injective and we have

dim L7 (F®, Fys) < L17(F®,G).
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But

edim J < tdim J

<
< dim L (F5, Fy )

hence
edim J < L77(F%, Q) (*)

and, if dim £77 (F°,G) < tdimZ7, then the lemma is proven.
Let
K := {(S, F,G) € Gr(d,V) x U Flag(S')* x Flag(Q)* | F € Flag(S)s}
5'€Gr(d,V)

which is non empty. It is the fiber bundle over Gr(d,V') with fiber over any S €
Gr(d, V) given by Flag(S)® x Flag(Q)® hence K is an irreducible algebraic variety.
For all (F,G, ) € Pyy(Z),

dimKerp =d

so we can define the morphism

7| Pp(V,Q,I) — K
(F,G,p) +— (Kerp, FXo? G) "

To conclude the progf of the lemma, the idea is now to find an element (.S, F, G)eKk
such that dim £77 (F,G) < tdimZ7 and that there is a preimage of this element by
.

We want to find a good set of candidates in IC. Let
Ki={(3,F,G) € K| dim L7+ (F,G) = tdimZ7 } C K.

With the surjective morphism

p: K — US’GGr(d,V) Flag(sl)s X Flag(Q)s
(S,F,G) +— (F,G)
we have
]Ct = pil(Bt(Sa Qazj))
SeGr(d,V)

so, using lemmal(3.27] K¢ is a nonempty Zariski-open subset of K. But K is irreducible
so K is dense in K.

We now want to prove that 7= !(K;) is nonempty. First we will prove that 7 is in

fact dominant. Let
q: | Pp(V,Q,7) — Flag(Q)*
(F,G,p)  +— G

According to lemma Bipt(V, Q,Z) is a nonempty Zariski-open subset of B(V, Q, s)
hence there exists a nonempty Zariski-open subset O C Flag(Q)® such that

O cC Q(Pkpt(va QaI))
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From this we deduce that
Ko:{wjunem|aeo}ck

is a nonempty Zariski-open subset of I and, since K is irreducible, Ko is Zariski-
dense in IC. Let’s show that the image m(Pyp(Z)) contains this subset. Let (S, F',G) €
Ko. Let (F',G,¢') € ¢ 1({O}) and

S :=Kery'.

We have
dimS =d=dimS and S,5' CcV

so there exists g € GL(V') such that
S =gS'.

Let
F:=gF and p:= ¢ o (¢")L.

Remark the following points.

— We have (F,G) € B(V,Q, s).

— We have
Kerp = gKer¢' = S.

and, by remarks
p € L1(gF',G) = L1(F, G).
— We have

kPos(Z) = Pos(Ker ¢, F')
= Pos(g ' Ker ¢, F')
= Pos(Ker ¢, F).

From this we deduce
(Fa Ga 90) € Pkp(‘/a Q?I)

Since F, ¥ € Flag(S)?®, there exists h’ € GL(S)* such that
WFS =F.

Let T' a complement subspace of S in V. Let h € GL(V)*® the unique sequence of
isomorphisms such that, for all k € [s], s€ Sand t € T,

hi(s) = hj(s) and hy(t) = t.
To conclude, we now want to prove that (hF,G,¢) is mapped to (S, F, G) by 7.
— We have (hF,G) € B(V,Q, s).

45



— We know that

S =Kerp
J = Pos(S, F)
S 'CI(FuG)

hence, with ¢ € L(V/S, Q) the injection induced by ¢, using lemma

¢ € L1,7(Fyys,G).

We have
T~V/S

hence, for all k € [s], hy acts trivially on V/S. Using this last statement and
lemma for all k£ € [s] and for all j € [r —d],

(hiFr)vys(i) = (e Fi)(T°(5)) + S)/S
= hy(F(T°(5)) +5)/S

=Fu(JT°()) +5)/5
= (Fi)vs(j)
hence
(hEF)ys = Fy)s
and

¢ € L1 7((hF)ys,G).
Yet, in addition to that, for all k& € [s], hyS = S hence
Pos(S,hF) = Pos(S, F) = J. (%)

Using lemma again,
v € L7(hF, Q).

— Equation (xx) also tells us that
Pos(Ker ¢, hF') = kPos(Z).

From this we deduce

(hF, G, (P) S Pkp(V7 QvI)

For all k € [s] and all j € [d], using (*x), the fact that the injective map hy, stabilises
S and lemma

(heF)%(5) = (W FR)(T (7)) N S

= h(F(T (7)) N S)

= hi(F (5))

= Fx(j).
From this we deduce

(hF)S = F
and B
(S,F,G) =n(hF,G, ).

Thus

Ko € m(Pip(V, Q. I)).

Yet we know that Ko is Zariski-dense in K hence 7 is dominant.
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e We know that 7 is dominant and that /C; is a Zariksi-open and Zariski-dense subset
of IC hence
7 () # 0

i.e. there exists (F,G,p) € Py (V,Q,Z) such that
dim L77 (FX? @) = tdim Z7.

Using (), we have
edim J < tdimZY.

0

Corollary is the relation used in the induction proving Belkale’s theorem

COROLLARY 3.41. Let Z € (P)® such that
1 <kdimZ <r—1.

We have
0 < tdimZ — edim Z < tdim 7% — edim 74757,

Proof Let J := kPosZ. We have

tdimZ —edimZ > 0
and

tdimZ — edimZ "2 edim J + edim Z/J — edim Z

2L dim J + edim Z + edim J — edim Z.J — edim T

=edim J — (edimZJ — edim J)
28 odim J — edim Z7

B340
< tdimZY — edim Z7.

3.4 Belkale’s theorem
3.4.1 A brief resume of what we know so far

In the next section we present a proof of Belkale’s theorem by an induction based on
several equations and propositions that we proved previously about the different dimen-
sions of a tuple.

Most of them came from a geometrical point of view ; in example [3.9] we have seen
the base case of the induction, in lemma and proposition we have seen some
inequations on the expected dimension of specific tuples, in lemmas and we have
seen that tuples with extremal kernel dimensions are intersecting, in corollary[3.41] we have
seen a powerful relation between the kernel and expected dimensions of different tuples
(which is at the heart of the induction), in lemmal[3.38| we have seen that the kernel position
is intersecting, in proposition @ we have seen that the composition of two intersecting
tuples is still intersecting and in lemma we have seen a useful caracterisation of
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intersecting tuples using their true and expected dimensions (this lemma will greatly work

with the inequation in corollary |3.41)).
Others only came from a combinatorial point of view ; in lemma we have seen

some equations about the expected dimension of a composition and a quotient of given
tuples.

3.4.2 The theorem
THEOREM 3.42 (Belkale). For all r € [n] and s > 2,
Intersecting(r, n, s) = Horn(r, n, ).

Proof We will prove this result by induction on » € N*. Let s > 2. For all r € N* we
denote by H(r) the assertion

Vd € [r],VYn > r,Intersecting(d, n, s) = Horn(d, n, s).
o From example we deduce H(1).
o Let r > 2. Assume H(r —1). Let n > r. Using H(r — 1),
Horn(r,n,s) = {I € (PM)* | Vd € [r],¥T € Intersecting’(d, 7, s),edimZJ > 0}
hence, by proposition
Intersecting(r, n, s) C Horn(r, n, s) (%)
and, by lemma
Horn(r,n,s) = {Z € (P/)* | Vd € [r], VT € Intersecting(d,r,s),edimZJ > edim J } .

()

Let 7 € Horn(r,n, s) and

d:=kdimZ.
Using lemmas and if d € {0,r}, Z is intersecting. Assume
delr—1].
Let J := kPos(Z). Using corollary
0 < tdimZ — edimZ < tdimZ7 — edim Z7. (s * %)

Let’s prove that 77 satisfies the Horn inequalities. Let m € [d — 1] and K €
Horn(m,d, s). Because of H(r — 1), K is intersecting. But, using lemma J is
also intersecting and, by proposition[3.4] JK is intersecting. It follows from equation
(%) that

edimZ(JK) —edim JK > 0

i.e., using lemma [2.1
edimZY K — edim K > 0.

From this we deduce that

77 € Horn(d,n — r + d, s).
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But d < 7 — 1 hence, using H(r — 1), T is intersecting. It follows from lemma
that
tdimZY — edimZ7 =0

hence, using equation (k * ),
tdimZ = edimZ
i.e., using lemma again, Z is intersecting. From this we deduce
Horn(r,n, s) C Intersecting(r, n, s).
But we have seen the converse in equation (x) so
Horn(r,n, s) = Intersecting(r, n, ).
Finally, H(r) is true.

e By induction on r € N*, Belkale’s theorem is true.

3.4.3 Computation of intersecting tuples

The inductive description of Horn’s tuples allow us to easily find them with a computer.
For an example of a Python code returning the set Horn(r, n, s), see appendix |5 We do
not claim any efficiency or optimisation about this algorithm.
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4 Kirwan cones

In this last section, we come back to Horn’s conjecture and prove it in Knutson-Tao’s

theorem

4.1 Introduction

> NOTATION. o We denote by U(r) the set of the unitary matrices of order 7 :
U(r):={ueGL(r) | uu* =1,}.

o We denote
Cy(r):={AeR [ A =2\ }

and, for all g € GL(r) and A € Cy(r),
g-\:=ghg L.
o For all A € C(r) we denote
A= (A, ,—A1) € Ci ().

o For all X Hermitian matrix, we denote by A\(X) € C,(r) its (real) spectrum with
multiplicites and ranked in decreasing order. We denote by O, the set of all Hermi-
tian matrices of order r and spectrum .

REMARK 4.1. We have

{AeM,(C)|A*=A}= || On
AeCy(r)

and, for all A € Cy(r),

DEFINITION 4.2. The Kirwan cone associated to (r, s) is

Kir(r, s) := {5 eCy(r)’|3X e ﬁ O¢, iXk = O}.

k=1 k=1

REMARK 4.3. For all £ € Kir(r, s),

S
> &l =o0.
k=1
Proof There is (X1,...,Xs) € [Tji—; O¢, such that

S
> X =0.
k=1
In addition to this,

> k] =tr (Z Xk-)
k=1 k=1
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4.2 Hersch-Zahlen lemma
> NoOTATION. For all J € P}, we denote Ty € M,(C) the vector v € R, such that
vVjeJvj=1
VjeJv; =0
and we indentify it with the diagonal matrix in M, (C) associated to v.

REMARK 4.4. Forall { € R" and J € P},

Z{] TJ:

Jje€J

DEFINITION 4.5. Let X an Hermitian matrix. An eigenflag Fx on C" is a flag on C" such
that there exists an orthonormal eigenbasis (fx (7));c|) of X adapted to Fix such that, for
all i € [r], fx(i) is associated to the eigenvalue A(X) (7).

LEMMA 4.6 (Hersch-Zahlen). Let & € Ci(r) and X € O¢ with an eigenflag F'x. Let
JePj.

1. The set
AYX, Fx, J) = {tr(PsX) ; S € Q5(Fx)}

is a subset of R, has a minimum and

min A°(X, Fx,J Zf
jeJ

2. The set
AX,Fx,J):={tr(PsX); S € Q;(Fx)}

is a subset of R, has a minimum and

min A(X, Fx, J Z§
jeJ

Proof This lemma is an application of the variational principle.

1. There exists an orthonormal eigenbasis (fx(i))e[,) of X adapted to Fx such that,
for all i € [r], fx(i) is associated to the eigenvalue £(i). Let S € QY%(Fx). By lemma
there is an orthonormal basis (si,...,s4) of S such that, for all i € [d],

S; € Fx(J(Z))

There is $441,--.,8, such that s := (s1,...,s,) is an orthonomal basis of C". We
have

tr(PsX) = tr(Mats(Ps) Mats(X))
= tr(Tiq Mat4(X))

[Mats (X)]w

@
Il
—

|
.M"“

(85, X 85)

I
,M&

-
Il
-



hence tr(PsX) € R. Yet X is Hermitian and, for all ¢ € [d],
si € Fx(J(i)) = span{fx(j) ; j € [J())]} and Vj € [J()],£(5) = £(J(0))-

By the variational principle,

From that we deduce that

inf A°(X, Fy,J Zﬁ
jeJ

Using example
S = span {fx(j) ; € J} € U(Fx).
The set (fx(J(i)))ie[q is an orthonormal basis of S” such that, for all i € [d],
fx(J(i) € Fx(J(i))

hence
d
tr(PsrX) =D (fx(J(0)), X fx (J (D))
i=1
= &)
JjeJ
Finally, A°(X, Fx,J) has a minimum and
min A°(X, Fx,J Zf

JjeJ

. Let S € Qy(Fx). By remark there is I € P] such that S € QY(Fy) thus, by
the first point of lemma
tr(PsX) € R.

Since the map

P:|Gr(d,V) — gl,

S — Pg
is continuous,
Gr(d,V) — R
S —  tr(PsX)

is also continuous. Yet we have just proven that ¢ has a minimum equal to 3, ; £(3)
on QY(Fx) and, by definition,

0y (Fx) = Q0 (Fy).

Finally, ¢ has a minimum on {2 J(FX) and
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COROLLARY 4.7. Let &,...,& € CL(r), (X1,...,Xs) € [[1-1 O, and J € (P})? such
that, with F := (FX17 e ,FXk),

> X =0and Qg (F) # 0.
k=1

We have

k=1
Proof There is S € Q7 (F). For all k € [s], by lemma [4.6]
<TJk7£k> < tr(PSXk).

Hence

Zs: (Ty,, &) < tr <PS ZS: Xk)

k=1 k=1
<0.
g
COROLLARY 4.8 (Klyachko). Let & € Kir(r, s). We have
S
> &kl =0
k=1
and, for all d € [r — 1], for all J € Intersecting(d, r, s),
S
> Ty, &) <0.
k=1
Proof This is the sum of remark and corollary O

4.3 The Borel-Weil construction

This section is a quick reminder about the Borel-Weil construction without any proof. We
use this construction in section [4.4]

> NOTATION. o We denote by H(r) the set of all invertible diagonal matrices of order
r and we identify it with (C*)" through

ey — H(r)
(tl,...,tr) — diag(tl,...,tT) '

We denote by B(r) the group of invertible upper-triangular matrices of order r and
by N(r) the group composed of all the elements of B(r) with only ones on the
diagonal.

e We recall that the set of dominant weights is

Ar(r)={A€EZ | M == \}.
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o For all A € Ay (r) we denote

XA B(r) — C
(big)igyepz — ey b

the associated character.

o We denote by det, the determinant representation of GL(r).

o Let A€ Ay (r) and
L(A) := {s: GL(r) — C| s holomorphic and Vg € GL(r),Vb € B(r), s(gb) = s(g)xx=(b)}
and, for all g € GL(r) and s € L()),

g-s:|GL(r) — C
h — s(g7th)

o We denote
L= (1)iep-
REMARK 4.9. The set A, (r) is a semi-group and is a subset of the cone C'y (7).

THEOREM 4.10 (Borel-Weil). The representation L(\) of GL(r) is irreducible with highest
weight .

THEOREM 4.11. Let A € A4 (7). There exists a unique irreducible representation of GL(r)
with highest weight A\ up to isomorphism.

COROLLARY 4.12. Forall A€ Ay(r) and k € Z,
LA+ k1,) ~ L(\) ® det},.

> NOTATION. Let A € Ay(r) and X € A(r'). We denote by L(A,\') the set of all maps
s : GL(r) x GL(r") — C such that, for all g € GL(r), ¢’ € GL(r"), b € B(r), b’ € B(r'),

s(gb, g'V") = (g, 9")xo (D) x v (V).
REMARK 4.13. The application

LO)x LON) —s L\ N)
(s,s) — ss'

is bilinear and bijective. From this we deduce that

L\ @ LX) =~ L\, ).

4.4 The Knutson-Tao theorem
4.4.1 The Kempf-Ness’s lemma

> NOTATION. Let A € AL (r).

o We denote by (-,-) an U(r)-invariant Hermitian product on the vector space L(A).
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o We denote by vy € L()\) a unitary vector such that
LN = Cu,,.

o We denote by py : gl(r) — gl(L()\)) the Lie algebra representation associated to
L(N).

o For a vector space W we denote by P(W) its projective space and by

W — P(W)
w o— (W]

the canonical projection.

LEMMA 4.14. Let A € Cy(r).

1. We have
GL(r) - [l = U(r) - [va]-

2. We have
U(r)v, =U(r)x

and the associated U(r)-equivariant diffeomorphism

Ox — GL(R) - [v)]
u-A — w-fvy]

3. For all m € gl(r) and v € U(r),
tr((u - A)m) = (u- v, pa(m)(u-vy)) .

Proof This lemma correspond to equations 2.1 and 2.2 in [BVWa18]. O

LEMMA 4.15 (Kempf-Ness). Let A € A(r)® such that

s GL(r)
<® L(Aw) # {0}
k=1

We have
A € Kir(r, s).

Proof This is proposition 2.3 in [BVW18]. O

4-4.2 Invariants

> SETTINGS. Let Z € (P)')® such that
edimZ = 0.
Let b a base of L(V, Q) X [Iiey £z, (Fo, Go) and b’ a base of L(V,Q)*.
REMARK 4.16. In the proof of lemma we have seen that

dim (L(V, Q) x [ Lz,(F, Go)) = dim £(V, Q)° + edim Z.

kels]
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This allows us to define 67 below.

DEFINITION 4.17. The determinant function associated to Z is

07 : | GL(r)* x GL(n —1)* — C
(g,h) — det Maty y (Azgn)

REMARK 4.18. The map 47 is polynomial hence holomorphic.
LEMMA 4.19. The following assertions are equivalent.
i The map d7 is nonzero.

ii The tuple Z is intersecting.

Proof For all (g,h) € GL(r) x GL(n —r), éz(g, h) # 0 if and only if Az ;4 is bijective, if
and only if it is surjective. Using lemma, we have the announced result. O

> NoTATION. For all (g,h) € GL(r) x GL(n — r) we denote

ogn: | LV,Q) — L(V,Q)
© > hpg !t

REMARK 4.20. This defines a group action GL(r) x GL(n —r) ~ L(V, Q).
LEMMA 4.21. 1. For all (g,h) € GL(r) x GL(n — 1),

det(agp) = det(g)~ (""" det(n)".

2. Let I € P, (g,h) € B(r) x B(n—r) and U;h the endomorphism induced by o, ), on
L1(Fy,Gp). We have

det (O’;’h) = Xw(I)=(n—r)1, (Q)Xw(lc) (h)

Proof 1. Through the identification L(V,Q) = V*®Q, o4, is identified with the only
endormorphism u of V* ® @ such that, for all (I,q) € V* x Q,

u(l ©q) = (Ig™") @ (hq).
From this we deduce the first point of the lemma.

2. This is lemma 6.2.3 in [BVW18].

]
PROPOSITION 4.22. We have
67 € Q) (LIMZk)*) ® LINZE)* = rla_y)).
k=1
and, for all (g,h) € GL(r) x GL(n —r),
(g, h) - 0z = (detg) =771 (deth) ).
Proof This calculus is explained in the proof of theorem 6.2.4 in [BVW18|. O
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COROLLARY 4.23. If 7 is intersecting,

GL(r
(det 0 & @ L(AT)) " # {0}
Proof Using proposition

(51 e detgs—l)(n—r) Q ®L()\(Ik)))GL(T) .

4-4.3 Knutson-Tao’s theorem

> NOTATION. For all Z € (P")® we denote

¢(Z) := dim (det (n—1) & ®L )GL(r)

and, for all A € A (r), we denote

s GL(r)
c(A) :=dim <® L()\k)> .

k=1

REMARKS 4.24. e Lemma means that, for all A € Ay (r),

c(A) = 1=\ e Kir(r,s).

o Corollary means that, for all Z € (P')® intersecting and of expected dimension
zero,

COROLLARY 4.25. Let Z € (P)® intersecting and of expected dimension zero. We have

PROPOSITION 4.26. Let A € A4 (r) such that

=1l =0
Vd € [r — 1],VJ € Horn%(d,r,s), S5_1(T7.,\) <O.
We have
c(A) = 1.
Proof This is proposition 6.3.2 in [BVW18|. O

The first point of Kuntson-Tao theorem proves the Horn conjecture ; for all
r,s € N*, there exists a finite set of inequalities (Horn’s inequalities) describing the Kirwan
cone Kir(r,s) and these inequalities have an inductive description with respect to the
dimension 7.

THEOREM 4.27 (Knutson-Tao). 1. Horn inequalities. We have

Kir(r,s):{§€C+ | Z]fk\—()and vd € [r —1],¥.J € Horn(d, r, 5) Z (Ty,, &) < }
k=1 k=1
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2. Saturation property. We have
Kir(r,s) N (Z")° = {x € A4 (r)® | ¢(X) > 0}.
Proof 1. We denote

K(r,s) = {gecu Z|§k|:OandVd€[r—1]VJEHorndfrs ZTJk,gk }
k=1 k=1

Using Klyachko’s lemma [4.8] and Belkale’s theorem [3.42]
Kir(r,s) C K(r,s).
Let’s show the converse.

o First, we want to show that Kir(r, s) is closed (in the euclidean topology). Let
(\)); € Kir(r, s)Y such that and A € (R™)* such that

AP

For all i € N there exists X* € [[;_; O, such that,

> X =0.
k=1
Yet, for all k € [s], ,
VieN,Oy =U(r)- A

and (A%); is bounded hence there exists o5, : N — N strictly increasing such that

(X;f'“(i))i converge to an Hermitian matrix Xj. Thus there exists ¢ : N — N
strictly increasing such that

(XY = (Xi)ke

Finally,

ZXk =0 and (Xk)k S H (9)\,C
k=1 k=1

hence A € Kir(r, s). From this we deduce that Kir(r, s) is closed.

o Using the definition of Kir(r, s), this set is invariant under rescaling by any
x € Ry. Yet, using proposition and Kempf-Ness lemma,

K(r,s)N(Z")* C Kir(r, s)

hence
K(r,s) N (Q")* C Kir(r,s).
But K(r, s) is a polyhedral cone hence

K(r,s) N (Q)* = K(r,s)

and
K(r,s) C Kir(r, s).
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Finally,
Kir(r, s) = K(r, s).

2. By Kempf-Ness lemma |4.1
{xe Ap(r)® | e(N) > 0} C Kir(r,s) N (Z")°.

Let A € Kir(r,s) N (Z")*. By Klyachko’s lemma and Belkale’s theorem A
satisfies the hypothesis of hence

c¢(A) >0
and, using Kempf-Ness lemma [4.1

A € Kir(r,s) N (Z")°.

COROLLARY 4.28. Let A € Ay (r)®. The following assertions are equivalent.
(i) ¢(A) >0
(i) 3N € N*,¢(NA) > 0
(iii) VN € N*,¢(NX) >0

Proof o Assume (7) and let N € N*. We have N\ € A (r)°. By theorem
A € Kir(r, s). Hence N € Kir(r, s) and, using theorem again, ¢c(NX) > 0. We
have (iii).

o In the same way, since Kir(r, s) is a cone, (i7) = (7).

o The implication (iii) = (i7) is easy.
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5 Appendix

This is an example of Python code computing the set Horn(r, n,s) by induction. We do
not claim any efficiency or optimisation about this algorithm.

from itertools import combinations, product
s=3 #Corresponds to the parameter s used : we will consider sequences of s tuples.

def crochet(r): #Returns the set [r]
return [i+1 for i in range(r)]

def nb__of(x,1): #Returns the number of x in the list 1
s=o0
for y in I:
if y==x:
st+=1

return s

def is_a_ permutation(l1,12): #Returns True if the list I1 is a permutation of the list 12
for x in l1:
if nb_ of(x,11)!=nb__of(x,12):
return False
return True

def dim(I): #Returns the dimension of a tuple I seen in Python as a list of integers
return sum([I[i]-(i+1) for i in range(len(D)])

def compo(l,J): #Returns the composition of to sequences of tuples I and J
d=len(J[o])
return [[I[k][J[k][i]-1] for i in range(d)] for k in range(s)]

def edim(I,n): #Returns the expected dimension of a sequence of s tuples
r=len(I[o])
return sum([dim(I[k]) for k in range(s)])-(s-1)*r*(n-r)

def candidats(r,n): #Returns two lists of sequences of s r-tuples : the ones such that edim=o and the
— ones such that edim>o
enull=(]
epos=](]
souscand=product(list(combinations(crochet(n),r)),repeat=s)
for x in souscand:
e=edim(x,n)
if e>o:
epos.append(x)
if e==o0:
enull.append(x)
return enull,epos

def horn(r,n): #Returns the set Horn(r,n,s)
candn,candp=candidats(r,n) #AIl of the candidates are such that edim>=o
m,rp=[],[] #We will put the verified candidates such that edim=o and such that edim>o
if r==1: #Base case
return candn,candp
else: #We use the inductive description
h=[horn(d,r)[o] for d in range(1,r)] #These are the Horn tuples such that edim=o for d=1,...,r-1
#Warning : h[d] are elements of Horn(d+1,r,s)
for I in candn:
b=True #pb tells us if the candidate I is verified or not
d=o
while b and d<r-i:
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for J in h[d]:
if edim(compo(l,J),n)<o:
b=False
d+=1
if b: #Then the candidate is verified and we can add it to the list rn
rn.append(I)
for I in candp:
b=True #Db tells us if the candidate I is verified or not
d=o
while b and d<r-i:
for J in h[d]:
if edim(compo(I,J),n)<o:
b=False
d+=1
if b: #Then the candidate is verified and we can add it to the list rp
rp.append (D)
return rn,rp

def sans_ permutation(h): #Returns the element of the list h up to a permutation
rn,rp=h(o],h[1]
a,b=len(rn),len(rp)
rnb=[True for i in range(a)]
rpb=[True for i in range(b)]
repn,repp=I],[]
for i in range(a):
if rnbli]:
repn.append(rn[i])
for j in range(i+1,a):
if is_a_ permutation(rnli],rn[j]D:
rnb[j]=False
for i in range(b):
if rpblil:
repp.append(rplil)
for j in range(i+1,b):
if is__a_ permutation(rplil,rp[jD:
rpb[jl=False
return repn,repp

Now we give some examples of the results this algorithm can return.

In [1]: horn(2,3)

Outl1]:

([((z, 2), (2, 3), (2, 3)),
(1, 3), (1, 3), (2, 30,
(1, 3), (2, 3), (1, 30,
(2, 3), (1, 2), (2, 30,
W2, 3), (1, 3), (1, 30,
(2, 3), (2, 3), (1, 20,
[((1, 3), (2, 3), (2, 30,
(2, 3), (1, 3), (2, 30,
(2, 3), (2, 3), (1, 30,
(2, 3), (2, 3), (2, 30D

In [2]: sans_ permutation(horn(=2,3))
Out[2]:

([((z, 2), (2, 3), (2, 3)), ((1, 3), (2, 3), (2, 3N],
[((z, 3), (2, 3), (2, 3)), ((2, 3), (2, 3), (=2, 3))])

In [3]: h=horn(s,10)

In [4]: len(h[oD+lenh[1])
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Outls]: 718738
In [5]: h=horn(s,11)

In [6]: len(h[o])+1len(h[1])
Out[6]: 3640866

From this we know that Horn(2, 3, 3) is made of the tuples

({1,2},{2,3},{2,3})
({1,3},{1,3},{2,3})
({1,3},{2,3},{1,3})
({2,3},{1,2},{2,3})
({2,3},{1,3},{1,3})
({2,3},{2,3},{1,2})

of expected dimension 0 and of the tuples
({1,3},{2,3},{2,3})
({2,3},{1,3},{2,3})

({2,3},{2,3},{1,3})
({2,3},{2,3},{2,3}).

of strictly positive expected dimension. We also know that

Card Horn(5, 10, 3) = 718,738
Card Horn(5, 11, 3) = 3, 640, 866.
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