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Existing Malliavin calculus

[1] C. Hillairet, L. Huang, M. Khabou, and A. Réveillac. The
Malliavin-Stein method for Hawkes functionals. Latin American
Journal of Probability and Mathematical Statistics, 2022.
[2] C. Hillairet, A. Réveillac, and M. Rosenbaum. An expansion
formula for Hawkes processes and application to cyber-insurance
derivatives. Stochastic Processes and their Applications, 2023.

Idea: to perturb the system by adding a jump.

Profits:

an expansion formula for functionals of the Hawkes process,

a Stein method,

to compute some prices of financial or insurance derivatives.
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Abstract of our Malliavin calculus

Idea: to perturb the jump instants and to formally differentiate
with respect to these jump instants.

Profits:

to define a local derivative satisfying the chain rule,

an absolute continuity criterion (in particular for the solution
of a SDE),

computations of Greeks.
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Setting and first notations

Notations:

Ω the set of càdlàg real functions on [0,+∞),

Nt(ω) the number of jumps between 0 and t ∈ [0,+∞) of
ω ∈ Ω,

P the probability measure such that N is a Hawkes process
with intensity

λ∗(t) = λ+

∫ t

0
µ(t − s)dNs , t ≥ 0,

with λ ∈ R∗
+ and µ differentiable with bounded derivative and

∥µ∥1 < 1,

T ∈ (0,+∞) a terminal instant,

F = (Ft)0≤t≤T the filtration generated by N.
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Directional derivative: Definition

A reparametrization τε of time depending on ε ∈ (0,+∞) and
m ∈ H where

H =

{
m ∈ L2((0,T ))

∫ T

0
m(s)ds = 0

}
,

and such that τε(0) = 0, τε(T ) = T and the number and the order
of jump times of ω ◦ τε remain unchanged for any ω ∈ Ω.

For any F ∈ L2(Ω) such that the following limit exists in L2(Ω),

DmF = lim
ε→0

F ◦ Tε − F

ε
with Tε(ω) = ω ◦ τε.

Example

For any i ∈ N∗,T i = Ti ∧ T is Malliavin differentiable and
DmT i = −m̂(T i ) where m̂(t) =

∫ t
0 m(s)ds.
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Directional derivative: Properties

On S the set of

F = a1{NT=0} +
+∞∑
n=1

fn(T1, · · · ,Tn)1{NT=n}

where fn is smooth with bounded derivatives of any order, the
random variables are Malliavin differentiable and the directional
derivative D satisfies on S

Dm(FG ) = (DmF )G + F (DmG )

and the chain rule: for any Φ ∈ C∞(Rn;R) and F1, · · · ,Fn ∈ S,

DmΦ(F1, · · · ,Fn) =
n∑

j=1

∂Φ

∂xj
(F1, · · · ,Fn)DmFj .
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Directional derivative: Integration by parts

Integration by parts

For any F ∈ S,

E[DmF ] = E

[(∫
(0,T ]

(ψ(m, t) + m̂(t)µ(T − t) +m(t))dNt

)
F

]

where m̂(t) =
∫ t
0 m(s)ds and

ψ(m, t) =
1

λ∗(t)

∫
(0,s)

(m̂(t)− m̂(s))µ′(t − s)dNs .

Idea of the proof: PT −1
ε ≪ P with density G ε which satisfies

E[DmF ] = lim
ε→0

E
[TεF−F

ε

]
= lim

ε→0
E
[
Gε−1

ε F
]
= E

[
∂Gε

∂ε |ε=0
F
]
.
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Directional derivative: Consequences

Theorem

The quadratic bilinear form

Em(F ,G ) = E[DmFDmG ], F ,G ∈ S,

is closable on L2(Ω).

Thus we denote (D1,2
m , Em) its closed extension and (D1,2

m ,Dm) the
extension of (S,Dm).

The previous formulas remain valid for any F ∈ D1,2
m .
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The local Dirichlet form: Definition using a Hilbert basis

For any F ,G in

D1,2 =

{
F ∈

⋂
i∈N

D1,2
mi
,

+∞∑
i=0

∥DmiF∥
2
L2(Ω) < +∞

}

where (mi )i∈N is a Hilbert basis of H,

E(F ,G ) =
+∞∑
i=0

E[DmiFDmiG ]

DF =
+∞∑
i=0

DmiFmi ∈ L2(Ω;H).
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The local Dirichlet form: Properties

Proposition

The bilinear form (D1,2, E) is a local Dirichlet form admitting the
carré du champ Γ[F ,G ] = ⟨DF ,DG ⟩H for F ,G ∈ D1,2, and the
gradient D.

Moreover D1,2 is a Hilbert space for the norm

∥F∥2D1,2 = ∥F∥L2(Ω) + E(F ),

the operator D satisfies the chain rule for any Lipschitz function
and doesn’t depend on the choice of (mi )i∈N because, for F ∈ S,

DF =
d∑

n=1

n∑
j=1

∂fn
∂tj

(T1, · · · ,Tn)

(
Tj

T
− 1[0,Tj ]

)
1{NT=n}.
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Divergence operator: Definition by duality

Dom(δ) is the set of u ∈ L2(Ω;H) such that there exists c ∈ R∗
+

such that

∀F ∈ D1,2,

∣∣∣∣E [∫ T

0
DtFutdt

]∣∣∣∣ ≤ c∥F∥D1,2

and, for any u ∈ Dom(δ), δ(u) is the unique element in L2(Ω) such
that

∀F ∈ D1,2, E[δ(u)F ] = E[⟨u,DF ⟩H].
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Divergence operator: Properties

Proposition

For any u predictable process in L2(Ω;H),

δ(u) =

∫
(0,T ]

(ψ(u, t) + û(t)µ(T − t) + u(t))dNt

where m̂(t) =
∫ t
0 m(s)ds and

ψ(m, t) =
1

λ∗(t)

∫
(0,t)

(m̂(t)− m̂(s))µ′(t − s)dNs .

We do not have the Clark-Ocone formula because NT ∈ D1,2 with
DNT = 0 but NT ̸= E[NT ].
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Application 1: Absolute continuity criterion

Theorem

For any F = (F1, · · · ,Fd) ∈ (D1,2)d , the image measure
F∗[det(Γ[F ]).P] is absolutely continuous with respect to the
Lebesgue measure on Rd where Γ[F ] = (Γ[Fi ,Fj ])1≤i ,j≤d :

F∗[det(Γ[F ]).P] ≪ λd .

Corollary

For any F = (F1, · · · ,Fd) ∈ (D1,2)d , conditionally to
Γ[F ] ∈ GLd(R), the law of F is absolutely continuous with respect
to the Lebesgue measure on Rd :

PF (· | Γ[F ] ∈ GLd(R)) ≪ λd .
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Application 1: Absolute continuity criterion

SDE on [0,T ]

dXt = f (t,Xt)dt + g(t,Xt−)dNt , X0 = x0,

where f , g : [0,T ]× Rd −→ Rd are measurable functions and
satisfy

For any t ∈ [0,T ], the maps f (t, ·), g(t, ·) are of class C 1.

supt,x(|∇x f (t, x)|+ |∇xg(t, x)|) < +∞.

For any x ∈ Rd , the map g(·, x) is differentiable.

Auxiliary function:

φ(t, x) = f (t, x + g(t, x))− (Id +∇xg(t, x))f (t, x)−
∂g

∂t
(t, x).
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Application 1: Absolute continuity criterion

Proposition

XT ∈ D1,2 and we have an explicit expression of DXT and Γ[XT ].

Theorem

If d = 1 and φ(t, x) ̸= 0 for any (t, x) ∈ [0,T ]× R then,
conditionally to {NT ≥ 1}, the law XT is absolutely continuous
with respect to the Lebesgue measure on R:

PXT
(· | NT ≥ 1) ≪ λ1.

We also have a theorem for d ≥ 1 with a spanning condition and
conditionally to the fact that the process N admits enough jumps.
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Application 2: Greek computation

Dynamics of an asset price

dSt = rStdt+σSt−dÑt = (r −σλ∗(t))Stdt+σSt−dNt , S0 = x0.

We consider a function Φ and we would like to know the variations
of E[Φ(ST )] with respect to the different parameters x0, r and σ.

Our result is true for every classical payoff functions.
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Application 2: Greek computation

Theorem

∂

∂x0
E[1{NT≥1}Φ(ST )] = E

Φ(Sx0
T )δ

m1{NT>0}

∂S
x0
T

∂x0

DmS
x0
T


= −E

[
Φ(Sx0

T )δ(m)1{NT>0}

σx0
∫
(0,T ] µ(T − t)m̂(t)dNt

]

−E

Φ(Sx0
T )
∫
(0,T ] µ

′(T − s)m̂(s)2dNs

σx0
(∫

(0,T ] µ(T − s)m̂(s)dNs

)2 1{NT>0}


+E

Φ(Sx0
T )
∫
(0,T ] µ(T − s)m(s)m̂(s)dNs

σx0
(∫

(0,T ] µ(T − s)m̂(s)dNs

)2 1{NT>0}

 .
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Thank you for your attention.

Do you have some questions ?
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