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Existing Malliavin calculus

[1] C. Hillairet, L. Huang, M. Khabou, and A. Réveillac. The
Malliavin-Stein method for Hawkes functionals. Latin American
Journal of Probability and Mathematical Statistics, 2022.

[2] C. Hillairet, A. Réveillac, and M. Rosenbaum. An expansion
formula for Hawkes processes and application to cyber-insurance
derivatives. Stochastic Processes and their Applications, 2023.

Idea: to perturb the system by adding a jump.

Profits:
@ an expansion formula for functionals of the Hawkes process,
@ a Stein method,

@ to compute some prices of financial or insurance derivatives.
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Abstract of our Malliavin calculus

Idea: to perturb the jump instants and to formally differentiate
with respect to these jump instants.

Profits:
@ to define a local derivative satisfying the chain rule,

@ an absolute continuity criterion (in particular for the solution
of a SDE),

@ computations of Greeks.
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Setting and first notations

Notations:
o () the set of cadlag real functions on [0, +00),

@ N¢(w) the number of jumps between 0 and t € [0, 4+00) of
w €,

@ PP the probability measure such that N is a Hawkes process
with intensity

t
M () = >\+/ u(t — s)dNs, >0,
0

with A € R% and p differentiable with bounded derivative and
lpll <1,

e T €(0,400) a terminal instant,

o F = (Ft)o<t<T the filtration generated by N.
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Directional derivative: Definition

A reparametrization 7. of time depending on € € (0, +0o0) and
m € H where

"= {m € 12((0, T)) /OT m(s)ds = o} ,

and such that 7.(0) = 0,7.(T) = T and the number and the order
of jump times of w o 7. remain unchanged for any w € Q.

For any F € L?() such that the following limit exists in L?(Q),

FoT:—F
Dy F = lim L with  To(w) =wo ..

e—0 IS

Example
For any i € N*, T; = T; A T is Malliavin differentiable and
DnTi= —rﬁ(T ) where mi(t) = [ m(s)ds.
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Directional derivative: Properties

On S the set of

+oo
F= a].{NT:o} + Z fn(Tla T Tn)l{N-r:n}

n=1

where f, is smooth with bounded derivatives of any order, the
random variables are Malliavin differentiable and the directional
derivative D satisfies on S

Dm(FG) = (DmF)G + F(D,G)
and the chain rule: for any ® € C*°(R";R) and F1,--- ,F, € S,
" o0

qu)(Fl;"'an): f(Fla"'aFn)Dij-
j=1 %
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Directional derivative: Integration by parts

Integration by parts

For any F € S,

E[DnF] = E

(/ ((m, £) + F(E)(T — ) + m(t))dNt> F
0.7]

where m(t) = [, m(s)ds and

b(m, ) = Af(t) /( , (70— A = )

Idea of the proof: PT."! < P with density G which satisfies
_ T-F—F -1 aG*
E[DnF] = limE [FE=F] = imE [€LF] =B [ %" F|.

e—0 de |e=0
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Directional derivative: Consequences

Theorem

The quadratic bilinear form
Em(F, G) =E[D,FD,G], F,GEeS,

is closable on L2(Q).

Thus we denote (]D},’,Z,Sm) its closed extension and (D},’,Q, Dp,) the
extension of (S, Dp,).

The previous formulas remain valid for any F € D2,
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The local Dirichlet form: Definition using a Hilbert basis

For any F, G in
+oo
Dh2 = {F e (DR, D _lIDmFliizg) < —l—oo}
ieEN i=0

where (m;);en is a Hilbert basis of H,

—+o00
E(F,G) = Y E[DmFDm,G]
i=0
+oo
DF = Y DmFmjc *(QH).
i=0
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The local Dirichlet form: Properties

Proposition

The bilinear form (D2, €) is a local Dirichlet form admitting the
carré du champ T'[F, G] = (DF, DG)y for F, G € D'?, and the
gradient D.

Moreover D12 is a Hilbert space for the norm
IF 1512 = IFll2@) + E(F),

the operator D satisfies the chain rule for any Lipschitz function
and doesn't depend on the choice of (m;);cy because, for F € S,

T.
bF = ZZ (T vn)<TJ—1[o,le)1{NT—n}-

Dorian Cacitti-Holland Malliavin calculus for HP



Divergence operator: Definition by duality

Dom(4) is the set of u € L2(; 1) such that there exists ¢ € RY.
such that

;
VF e DY? |E [/ DtFutdt” < ¢||Fl|pr2
0

and, for any u € Dom(§), 6(u) is the unique element in L2(2) such

that
VF e Y2, E[6(u)F] = E[(u, DF)y].
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Divergence operator: Properties

For any u predictable process in L2(;H),
5(u) = /(0 T](w(u, )+ AT — 1) + u(e)) oy

where m( fo s)ds and

1
Xi(2)

We do not have the Clark-Ocone formula because N7 € D2 with
DN+ =0 but Nt 75 E[NT]

Ww(m, £) = /(O (P = (e =)o
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Application 1: Absolute continuity criterion

Theorem

Forany F = (F1,---,Fy) € (DY?)?, the image measure
F.[det(T[F]).P] is absolutely continuous with respect to the
Lebesgue measure on R where T'[F] = (T[F;, F{])1<ij<d:

F.[det(T[F]).P] < Aqg.

Corollary

Forany F = (F1,--- , Fy) € (DY?)?, conditionally to
[F] € GL4(R), the law of F is absolutely continuous with respect
to the Lebesgue measure on RY:

Pe(- | T[F] € GL4(R)) < Ag-
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Application 1: Absolute continuity criterion

SDE on [0, T]

dXt = f(taXt)dt+g(t7Xt—)dNt7 XO = X0,

where f, g : [0, T] x RY — R9 are measurable functions and
satisfy

e For any t € [0, T], the maps f(t,-), g(t,-) are of class C.
o sup, , (|Vxf(t,x)| + [Vxg(t, x)]) < +o0.
e For any x € RY, the map g(, x) is differentiable.

Auxiliary function:

o(t,x) = f(t,x + g(t,x)) — (lg + Vxg(t, x))f(t,x) — gi(t,x).
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Application 1: Absolute continuity criterion

Xt € DY? and we have an explicit expression of DX7 and I'[X7].

Theorem

If d =1 and @(t, x) # 0 for any (t,x) € [0, T] X R then,
conditionally to {N7 > 1}, the law X7 is absolutely continuous
with respect to the Lebesgue measure on R:

IP)XT(' | Nt > 1) <K 1.

We also have a theorem for d > 1 with a spanning condition and
conditionally to the fact that the process N admits enough jumps.
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Application 2: Greek computation

Dynamics of an asset price

dS; = rSedt + 0 Si_dNy = (r— oA*(t))Sedt + 0Se_dNy,  So = xo.

We consider a function ® and we would like to know the variations
of E[®(S7)] with respect to the different parameters xp, r and o.

Our result is true for every classical payoff functions.
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Application 2: Greek computation

P aSP
X OX
%E[l{NTZH(D(ST)] =E [‘D(STO)‘S (ml{NT>O}Dm§)7<9)]
®(57)0(m)L{n; >0}
|00 f(O,T] pu(T — t)m(t)dN;
O(S) fig. 1 H(T = s)m(s)?dN;
" 7 Linr>0}
| 0% (f(O,T] wu(T — s)m(s)st>
d(SP) f(o,T] w(T — s)m(s)m(s)dNs
R 2 ~{Nr>0}
o0 ( Joo 14T — s)m(s)dN5>

=-E

+E
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Thank you for your attention.

Do you have some questions ?
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