Long-time dynamics for the Kelvin-Helmholtz equations
close to circular vortex sheets
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Abstract

We consider the Kelvin-Helmholtz system describing the evolution of a vortex-sheet near the circular
stationary solution. Answering previous numerical conjectures in the 90s physics literature, we prove an
almost global existence result for small-amplitude solutions. We first establish the existence of a linear
stability threshold for the Weber number, which represents the ratio between the square of the back-
ground velocity jump and the surface tension. Then, we prove that for almost all values of the Weber
number below this threshold any small solution lives for almost all times, remaining close to the equi-
librium. Our analysis reveals a remarkable stabilization phenomenon: the presence of both non-zero
background velocity jump and capillarity effects enables to prevent nonlinear instability phenomena,
despite the inherently unstable nature of the classical Kelvin-Helmholtz problem. This long-time exis-
tence would not be achievable in a setting where capillarity alone provides linear stabilization, without
the richer modulation induced by the velocity jump. Our proof exploits the Hamiltonian nature of the
equations. Specifically, we employ Hamiltonian Birkhoff normal form techniques for quasi-linear sys-
tems together with a general approach for paralinearization of non-linear singular integral operators.
This approach allows us to control resonances and quasi-resonances at arbitrary order, ensuring the
desired long-time stability result.
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1 Presentation of the problem and main result

The Kelvin-Helmholtz (KH) equations is a classic of fluid dynamics, modeling the intricate behavior of vor-
tex sheets at the interface between fluids with different velocities. Since their introduction by Lord Kelvin
and Hermann von Helmholtz in the nineteenth century [44,45,65,66], these equations have provided crucial
insights into fundamental hydrodynamic phenomena, from the formation of ocean waves to atmospheric
turbulence. The classic KH problem addresses the instability of a plane vortex sheet, where the jump in
tangential velocity across an interface drives the system linearly, generating the well-known instability that
defines Kelvin-Helmholtz phenomena. Of particular interest is the interplay between background velocity
jump (b) and capillarity effects (y), which together determine critical stability thresholds and equilibrium
states. This work explores the mathematical structures emerging from these interactions, with special focus
on the Weber number 8 £ b?/y, which naturally emerges in the equilibrium spectrum and governs the sys-
tem’s stabilization properties.

We consider a planar Euler system for two irrotational fluids with same density (constant equal to 1)
separated by an interface I'(¢) homeomorphic to a circle and parametrized by z(t,-): T — R2. This interface
divides the plane into two open components Q* (1) with Q™ () bounded and Q* (¢) unbounded. Given two
functions f*: Q* (1) — R we define

1= -1
The evolutionary system is thus composed of the following equations
uy +ut-vut+Vp*t =0, inQ*(),
(ze— uFIrp) - 2x =0, atI'(#),
[P*1]re =7k (2, atT'(1), an
ut(t,x)—0, as |x| — +oo, '
V-utr=0, in Q*(p),
Vt.out =0, in Q*(#).

In the above set of equations, the quantities u*, p* are respectively the velocity field and pressure inside the
domain Q*. The parameter y > 0 is the surface tension coefficient and £ (z) is the curvature defined by
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The last equation in (I.I) implies that the vorticity distribution w is localized on the curve I'(?) at time t,
namely

w(1,x) = w(t,0)6(x - z(t, X)), w=[ut] -z, xeR?, xeT. (1.2)

In the case in which

cos(x+ Q1)

_ A
z(t,x)=r(t,x) sin(x+ Q) |’ (£, x,QelIxTxR, r(t,x) =+/1+2n(t,x), (1.3)




where [ is a given interval of time, the system (L.I) was recast, in [59], as the Contour Dynamic Equation
(CDE)

1
N =Qny— zﬂ(n)w,
(1.4)

W =Quy— (gﬂo (n) w)x -y (K (™)),
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Throughout the document, we use the notation

(1+217+

f Fodx2 py. f " Fwdx.
T 2r r

We refer the reader to [59] for a derivation of (I.4) from (I.I). We also warn the reader with the change of
notation for the surface tension and mean vorticity with respect to [59]. Also, here we write the system in a
rotating frame with angular velocity Q but one can easily follow the changes. An explicit computation shows
that

foranybeR, (n,w)=(0,b) isasolution of (T4). (1.6)

Let us define the background velocity jump

b2 f o (x)dx,
T
which is time independent according to (1.4). We can define the invertible change of variables
Y2 w-b, v=0,"(w-Db). (1.7)

The change of variables (1.7) allows us to determine the evolution equation for ¥ modulo a real, time-
dependent constant, which is

Wy+Db

Y=

Do () [wx+o] =y K (n) + ¢ (0). (1.8)

Since the system depends only on (1, ), the projection onto the zero-th mode in (I-8), which includes
the constant ¢(t), does not influence its dynamics. Therefore, we disregard ¢(t) and we impose that ¥
belongs to the homogeneous Sobolev space H* (T;R) £ H* (T;R) /R, where H* (T;R) denotes the classical
Sobolev space of periodic real-valued functions, see Section[3] We can now rewrite the system in terms
of the variables (1, ) using and get

1
nt:an—E}[(n) [wx+Db],

Wx+b
2

(1.9

Yie=Qyy- Do (n) [wx +b] | —yK ().



Notice that
H (1) w] (x) = 2BR(2)[w] - 27 (x)
[ @) -zt (%)

=2 d
P T

(2(x) — 2(1)) - 2x(x) (1.10)
e By R

= [ o [1og (120~ 21 |[wray.

Therefore, the first equation of (I.9) preserves the average and the natural phase space for 1 is

HS(T;R)é{nEHS(TT;R) s.t. fn(x)dx=0}.
T

In the absence of capillarity (y = 0), it is now understood that the problem is ill-posed in Sobolev reg-
ularity [28,/53,68], but it admits weak solutions [35], while one has to require at least analytic regularity
on the initial data in order to have a satisfactory local well-posedness theory [47,/63}(64]. It is also well-
established [54, Chap. 9.3] that the presence of a background velocity jump (b) across the interface drives
linear instability in the system, generating the classical Kelvin-Helmholtz phenomena. Conversely, surface
tension (y) exerts a stabilizing effect at the linear level, enabling local-in-time solutions to the full nonlinear
equations [3-5,(32,/51]. When stabilization is induced solely by capillarity, the existence time is limited to
T ~ ¢!, where € represents the magnitude of the initial datum. Besides, in the physics literature [48] the
authors perform several numerical simulations for varying the Weber number We which corresponds,
up to a period factor of 27, with the parameter

b2
¥

that captures the interplay between the previous two mentioned opposite phenomena. In particular, de-
spite the slightly different geometry considered, it is numerically conjectured in [48] that the behavior of the
system below a critical Weber number, which is very close to (I.11), "...is quite predictable by linear theory,
even over long times...", [48, p. 1939]. The aim of our work is to give a rigorous mathematical proof of this nu-
merical conjecture. To do so, we exploit the Hamiltonian nature of the quasi-linear system (I.9). Conversely
to the classical formulations using the Dirichlet-Neumann operator, here the system is quite explicit and
related to singular integral operators, see (1.5). By introducing a novel framework that combines the Hamil-
tonian Birkhoff normal form procedure for quasi-linear Hamiltonian systems [25] with a generalization of
the paralinearization method for singular integral operators developed in [17], we prove that the lifespan
extends to T ~ e~ VN*D for any N € N. This result enables us to establish stability way beyond the classical
local lifespan results of [3H5}32,/51], leading to what we refer to as almost global well-posedness. The precise
statement is given in the following theorem.

BE

Theorem 1.1 (Almost global existence of nearly circular vortex-sheets). Let
0<,61<,62<4(2+\/§). (1.11)

There exists a zero measure set B < [ 1, B2] such that for any values'y € (0,00) of the surface tension andb € R

of the background velocity jump with
2

b?e [ﬁlrﬁZ] \ B,

for any N € N, there exists sy > 0 such that for any s > sy there exist €y, ¢,C > 0, such that for any 0 < € < &
and any initial datum

1 .
(no.wo) € Hy * (T;R) x B8 (T;R),  with [0l ot gy * W0t iy <€
MENT

the system (1.9) admits a unique classical solution

1 .
(77,1//) € CO (- T, Tel; Hg+4 (T; R) x HS—i (T;R) |, T, > CE_(N+1),



with initial datum (no,yo) and size

' NE < Ce.
te[s_lil"ETg] Iz, )||H§+i(1r;u@)+”wu’ )”H“iﬂr;tﬂe) sCe

Remark 1.2. Let us make the following remarks about the previous theorem.

1. Thealmost-global well-posedness result of Theorem|I.1|cannot be achieved in settings where capillarity
serves only a stabilizing parameter, i.e. when 5 = 0. The Weber number f, which emerges naturally in
the equilibrium spectrum {wy( j)}j <7+ (see (L.12)), captures the interplay between capillarity stabi-
lization and Kelvin-Helmholtz instability. Remarkably, the incorporation of the (physically relevant)
interplay between background velocity jump and capillarity is the key factor that generates stability,
in particular we can pass from a Sobolev ill-posed problem (y = 0) to a almost-global well-posed one
when v is arbitrarily small and b? is comparable. The Weber number  modulates the linear frequen-
cies wy (j) in a non-trivial fashion and enables us to exclude resonances

Wyp(j1) £...+wyp(jN) #0

taking B outside a suitable zero-measure resonant set 3. The non-resonance condition is a fun-
damental requirement for implementing the Hamiltonian Birkhoff normal form procedure in PDEs
(7H11}[14H16}125}27},/37}138,/49].

2. Referring again to the work [48] the authors notice, at page 1939, that

We had hoped to see some repartition of energy from the k = 1 mode to smaller scales over large times. How-
ever, for We = 10.0 only a very slow increase is observed, if any, of the width of the active spatial spectrum.

This unexpected localization phenomenon is consistent with our analysis. Indeed we prove that, after
a suitable change of variables, each Fourier mode u; can exchange energy only with u_; for very
long times, as we shall explain later. This is a consequence of the non-resonance conditions and the
Hamiltonian structure of the equation which gives the conservation of super-actions (see (I.19)).

3. We identify a threshold for the linear stability in (T.IT).

This constraint is imposed to ensure that the spectrum of the linearized equation at the trivial state
(n,%) = (0,0) is purely imaginary (see Section, anecessary condition for implementing the Hamil-
tonian Birkhoff normal form argument. While this condition can be relaxed by restricting the phase
space to m-fold solutions for sufficiently large m, such a restriction significantly narrows the class
of admissible solutions. For more details, we refer the reader to Section[2.2]and [59]. Although one
could adapt the following analysis by verifying the m-fold preserving properties of the transforma-
tions along the scheme, following a similar approach to [42].

4. The parameter Q in represents the speed of rotation of the reference frame. Since the Kelvin-
Helmholtz problem is invariant under rotations, O can be chosen arbitrarily without altering the
shape of the solutions. We choose Q as in (2.21I). This choice simplifies some computations and
does not affect generality.

5. Global-in-time solutions with specific structures can be constructed, as demonstrated in [59], where
we identified families of globally defined, uniformly rotating solutions. We also refer to [29}(30,/40,/56)
57,/59,/60,/67] for the construction of families of steady solutions in slightly different settings. How-
ever, it remains unclear whether the almost global existence solutions stated in Theorem |1.1]are ac-
tually global in time. The quasi-linear structure of the Kelvin-Helmholtz system, combined with the
absence of dispersion due to the periodic boundary conditions, makes the global existence of the
Cauchy problem currently out of reach.



Ideas of the proof While the Dirichlet-Neumann operator approach pioneered by Zakharov, Craig, and
Sulem in [34}/69] has become standard for Water-Waves problems-and also employed to the two phase set-
ting [51]- we employ an alternative formulation. Following previous works such as [31,/33], we utilize the
Birkhoff-Roth integral operator formulation, which exploits the Dirac-6 structure of the vorticity in
conjunction with the Biot-Savart law to express the KH equations as a CDE. A crucial aspect of our ap-
proach is establishing that the KH equations thus derived possess a Hamiltonian structure (Section [2.1),
which is the following

T]t _ _ 0 -1
T |

where the Hamiltonian is related to the pseudo kinetic energy %,, the length £ of the free boundary and the
angular momentum M through

Hn,w) £ B, w) +yLm) + QM (1, p).

In different geometrical contexts the Hamiltonian structure of the KH system was already presented by
Benjamin-Bridges [12,/13]. Once this Hamiltonian formulation is established, we are methodologically
committed to working with the specific equations that arise from it, as any deviation would compromise
the Hamiltonian property, which is essential for our analysis. This Hamiltonian structure is a fundamen-
tal requirement for obtaining the almost global well-posedness result Theorem [I.1] using the Hamiltonian
Birkhoff normal form of [25]. Since we are looking for a stability result near the trivial state (n,%) = (0,0), a

quantity of interest is the linearization at this stationary solution. The linearized KH system there writes
[n n 0 -3
‘ ] A
=Ly (D) [ ] ) Lyy ()=
Y, Y,b 2
Vi v YIEE-%1El-(y-b?) 0

The associated spectrum is given by /l}i,yb(gt ) = iwyp &), with

€] A b2
U)y,b(f):\/%\/|f|2_§|f|+ﬁ—l, /3:7- (1.12)

Here we see appearing the parameter § that modulates the equilibrium frequencies. This parameter is ho-
mogeneous to a wave number (inverse of a length). The modulation is fundamental for avoiding resonances
later in the Hamiltonian Birkhoff normal form. Let us mention that the modulation of the linear frequencies
by an external or geometrical parameter has been used to avoid resonances and construct quasi-periodic
solutions for fluid models, see [6,20-22,26,41-43,/46,61]. Observe that wy(¢) is real for any || > 1 provided
that

0<p<4(2+v3).

There emerges our linear stability threshold.This means that one gets linear stability for typically small os-
cillations at small scales where the stabilizing effects of the surface tension are dominant. Also notice that
the asymptotic of the linear frequencies is superlinear, namely as [{| — oo

Wy() ~ @ i

Our purpose is to prove a nonlinear stability result near the circular interface corresponding to (17, 1,[/) =(0,0).
To do so, we are able to obtain a suitable energy estimate of the form, for any N e N,

N+1

t
Il <co(lonol [ Tov ol oy ola).  v<i<n

where we used the notation

(. w)] s = In|

pham 191 -4

N-1

Then, a bootstrap argument allows us to get an existence time of the form T > ce™ "~ " where ¢ is the size of

the initial datum. Notice that the above estimate is highly non-trivial for two reasons:



1. The right-hand side contains the same number of derivatives as the left-hand side, which is particu-
larly delicate given the quasi-linear nature of the equations.

2. The integral term exhibits high homogeneity, a non-trivial property considering the quadratic non-
linearity of the equations.

To address the first obstacle, we perform a paralinearization of the Kelvin-Helmholtz system together
with a paradifferential reduction procedure to remove the space dependance in the positive order part,
which allows to remain at the same level of regularity. The paralinearization result is given in Theorem[4.2]
and writes as follows

Nt
Y

n

, (1.14)
v

] =0p"Y (Qy (1, W3 %, &) + By (0,9 x) 1€1 = iV5 (1, 5 X) 1dge & + Ajo) (0,3 %,€)) | | +R (1, w) LZ

where OpB"W () denotes the Bony-Weyl quantization in .9). Each term of positive order has an explicit
formula with

¢l
0 2

Qo V2 |y (1 (i) (8- 1) - (54 wn (i) €1+ s 0

1+2n sl 1+27 ,
f(myx)2 | ———| -1 wy (n,w;x) = = c+b) — | -b?|,
) ((1+2n)2+n§) (3] 2(((w )(1+2n)2+n§) ) (1.15)
1[ By (ny;x) 0 A 21 x
B y W5 é_ b ] B y V5 - x+b - 5 .
V25| B myiy) By 2} Sy )(1+2n)2+ni
1 b
Vb(ﬂ,w;x)éE@Q(n)[b+wx]—§-

The matrix operator Ay, is of order zero and R is a regularizing matrix operator up to a sufficiently large or-
der. We believe that this paralinearization result is itself of interest for maybe future purposes. In our equa-
tions, the Dirichlet-Neumann operator does not explicitly appear, contrary to what occurs in the one-phase
flat Water-Waves problem, see [34] and [52, Chap. 1]. Instead, the equation derived in features non-
linearities of convolution type with nonlinear singular convolution kernels. This fundamental difference in
structure necessitates the development of a specialized paralinearization technique adapted to these con-
volution operators—a technique we develop in this work (Section [4) building on the previous work of the
last author and collaborators in [17] for the less challenging case of @-SQG patches. Let us now expose
our method to paralinearize the KH system. The key insight of our approach is that terms that resist stan-
dard paralinearization techniques (i.e. paraproducts, Bony paralinearization formula and composition of
paradifferential operators) share a common structure of convolution type in the form

T —
gx-2) dz,
z

H(n)g (x) £ p.v. f K (1;x,2)
-7
where the function K (n; x, z) exhibits regularity at z = 0 comparable to 7. By Taylor expanding the function
z— K (n; x, z) at z = 0 and applying paraproduct expansions, we derive

J T

H(n)gw) =Y 0p®V (K (n;x)) p.V.f 2 lg(x-2)dz (1.16a)
=0 -
+ [ op®W (R(m;x,2))g (x—2)dz + Lo.t., (1.16b)

-
with J €N, for any j € {0,..., J}, K; being a z-independant function of x and R being a remainder satisfying
|R (n:x, z)| =0 (ZJ+1). This transformation reduces our analysis to two specific categories of terms, namely
» Terms in the right-hand side of (I.16a): Classical theory (see [62, p. 355]) establishes that for any
jeio,...,J},
T -
p.V.f 7 lg(x-2)dz= m; (D) g,

-7



where m; represents a Fourier multiplier of order j. Thus, through composition theorems for parad-
ifferential operators, we obtain

op™™ (K (1; x)) p.v. f

4

) Zj—lg(x_ 2)dz = OpBW (Kj (,7; x) m; (5))g+ bounded terms.

e Terms in (L.16b): We leverage the decay properties of R as z — 0 to establish that these terms consti-
tute paradifferential operators of order — (J + 1) modulo smoothing operators, as detailed in Proposi-

tion[3.28

The methodology outlined above is elaborated in detail in Section [4] and formalized in Theorem [4.2] rep-
resenting one of the manuscript’s principal contributions. Our work demonstrates that effective paralin-
earization is possible even when using the Birkhoff-Roth formulation rather than the Dirichlet-Neumann
operator approach. The recovered paradifferential structure in exhibits similarities with pure-capillarity
one-phase Water-Waves equations, which allows us to derive several established results concerning vor-
tex sheets, including the necessity of capillarity for system stabilization (cf. [3]). Furthermore, we identify
purely nonlinear, unstable terms characteristic of the KH equations (cf. the term wy, in (I.15), which is non-
nil even when b = 0), highlighting the enhanced instability of KH compared to Water-Waves systems. For
further analysis of these distinctive unstable terms, we direct the interested reader to Remark[4.3]

Once the paralinearization obtained, our goal is to remove the x-dependence of the positive order terms in
order to run an energy estimate in the same Sobolev space, namely without loss of derivatives. This is done
through a classical paradifferential reduction procedure requiring to reformulate the problem with complex
variables. Defining the complex coordinates

u A -1 . A |€|
u=|_1, u=myp(D) "n+imy D)y, Myb () =17
Z ret Y O\ 20y @
the paralinearized KH system is equivalent to the complex Hamiltonian system
Us = Je Op™ (43 (U5x) 0y (©) + A1 (U3,8) + Ay (U ) €12 + A (U5 x,O)U+RU.  (117)

In the above system, each A, corresponds a matrix of x-dependent symbols of order m, while R is a ma-
trix of regularizing operators up to any fixed order. Then we follow the Hamiltonian method developed by
the first author and collaborators [25] (see also [17}/18}24}[39,/55}/58] for non Hamiltonian approach) which
consists to perform a series of transformations:

i we first perform an Alinhac Good Unknown transformation—a nilpotent matrix-valued paradifferential
change of variable introduced in [2}/50]. This transformation eliminates the unbounded terms By, in
(L.1I5), which constitute the only unbounded contributions in the one-phase gravity water wave system,
thus proving essential for developing local well-posedness theory in the pure gravity setting;

ii we then diagonalize and reduce to constant coefficients the resulting system at arbitrary order, modulo
smoothing operators (whose regularizing effects depend on the initial data’s regularity). This technique,
initially developed in [18], has become standard for implementing normal-form techniques in quasi-
linear systems [19}25,58]. The method involves conjugation with flows generated by paradifferential
operators, where generators are selected based on desired cancellations. We reduce the equation to a
diagonal, paradifferential constant-coefficient form by iterative application on the degrees of the parad-
ifferential operators.

At the end of such procedure we are able to define a transformed, equivalent (in Sobolev) variable

W £ BU)U, W= “_’]
w
that satisfies a constant-coefficient, scalar equation given by
W, = OpEY (i((1+ o(U; 1)y 0 &) + W(U; 0 + 1 (U; 011 + (U3 1,0)| W +RW; DW, (1.18)



up to a smoothing remainder R (see Proposition and for the definition of OpBY (-)). The trans-
formed equation has the crucial property that its para-differential part is in constant-coefficient form.
To overcome the second obstacle Item[2} we aim to implement a Hamiltonian Birkhoff normal form up to
homogeneity degree N. However, unlike the original complex system (1.17), no longer possesses the
fundamental Hamiltonian structure. This structure is essential to ensure that certain non-trivial resonant
terms do not contribute to energy estimates, as explained below. Recovering this structure is the purpose
of the Darboux symplectic corrector as designed in [25]. To understand why this correction is needed, we
first examine the role of non-resonance conditions. The non-resonance conditions in Section [2.3] ensure
the exclusion of resonances, meaning that

010y p(j1) + - +ONWyp(jN) #0

unless the indices (o7,...,0n) € {1V and (ji,---»JN) € 7N are super-action preserving (see Definition .
This can happen when N = 2p is even, with
O1=-=0p=+,  Opy1=:=02p=",
and either
@ je= jp+€ or (ii) jo = _jp+[-
Case (i) corresponds to trivial resonances. The associated monomials in the vector fields of (1.18) take the
form
2 2 ij

lup 1= g, 17w, er.
Proving that these terms do not contribute to Sobolev energy estimates is typically straightforward, as it
suffices to show that their coefficients are purely imaginary. In contrast, case (ii) involves monomials of the
form

—_— _— —ij,x

UjjU—jy . Uj, U, | ujpe IpX,

These terms couple different Fourier modes, making it more challenging to show that they do not affect
energy estimates. However, if the vector field possesses the strong algebraic property of being Hamiltonian,
these monomials—called super-action preserving—automatically admit infinitely many conservation laws,
known as super-actions. Specifically, for any n € N, the quantities

Tn(w) £ [ + u_p? (1.19)

are conserved. As a consequence, a Hamiltonian, super-action preserving vector field remains transparent
to any Sobolev energy estimate. However, the system for W lacks this Hamiltonian structure, pre-
venting direct application of these conservation laws. To overcome this issue, we introduce the Darboux
symplectic correction, as detailed in Proposition 7.1} restoring the necessary structure and allowing us to
exploit these properties effectively. Since the map B(U) satisfies the hypotheses of [25, Theorem 7.1], we
apply it to obtain a new constant-coefficient equation:

012y = iwyp (D) Zp + Opose (i(tf%)gN(Zo;f) + i(l[%)>N(U; f f)) Zy+ RN (Zp)Zo + Ry (U; DU (1.20)

This equation is Hamiltonian up to homogeneity IV, meaning that

op2W (i(tfg)gN(Zoif)) Zy+Ron(29) Zo = IcVH<N

for some real Hamiltonian function H¢y. At this point, we begin the algorithmic procedure of reducing the
degrees of homogeneity (see Proposition|7.9). The final outcome is a super-action preserving Hamiltonian
equation of the form

0:Z = iwyp(D)Z + JeVHE™ (2) + JoVHEM (2) + OpBY (i(c{%)> Nt 5)) Z+Ron(U; DU. (1.21)
2
Since the super-action preserving Hamiltonian terms iwy, (D) Z, ]CVHQSAP) (Z), and ]CVHESQAP) (Z) do not
2
contribute to the energy estimate, we obtain, for small solutions || Z|| ~ [|U| s < €, the energy bound

< £N+3’

~

d 2
—IZz
dt” II's

which allows us to prove Theorem[1.1]



Structure of the manuscript The Hamiltonian formulation can be found in Section[2.1]while the non-
resonance conditions are proved in Section[2.3] The paralinearization of the system is carried out in
Section[4]and the final result is stated in Theorem[4.2] The next step is to reformulate the results using the
complex notation, see Section[5| Then, we implement a reducibility procedure to get rid of the space depen-
dence of the positive order part. This part is now rather classical and the corresponding final result is given
in Proposition[6.1} With this in hand, one can perform the Hamiltonian Birkhoff normal form. It is done in
Section and requires non-resonance conditions for frequency vectors composed with the equilibrium
spectrum. Such conditions are checked in Section[2.3|and are the reasons for the introduction of the zero
measure set B.
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bulent effects vs Stability in Equations from Oceanography” (TESEO), project number: 2022HSSYPN.

2 Hamiltonian structure and non-resonance conditions

Here we highlight the Hamiltonian nature of the system (1.9). Then, we study the associated linearization at
the trivial solution (n,9) = (0,0) and discuss the non-resonance property of the corresponding eigenvalues.
This latter fact is crucial for implementing the Birkhoff normal form in Section[7}

2.1 Derivation of the Hamiltonian formulation

Let us now exhibit the Hamiltonian nature of the Kelvin-Helmholtz system (1.9).
Proposition 2.1. The system is Hamiltonian. More precisely, let us consider
H(,9) 2 B, 9) +yL0) + QM (1), ), @1

where E,(n,v), L(n) and M (n,v) are the pseudo kinetic energy, the length of the free boundary and the angu-
lar momentum, respectively defined by

1
zb(n,w)é—ZAA(wx(x)+b)(wx(y)+b)log(|z(x)—z(y)|2)dydx, 2.2)
Lm = fT |z (x)|dx, (2.3)
M, p) = fT V()7 (x)dx. (2.4)

Then, the equations (1.9) are equivalent to

ﬂt] _
Ve

0 -1
1 0

—V, H,w)

2.5
vV, H(n,v) (@)

|=1vrtw),  se

In addition, the Hamiltonian H is resversible and invariant under translations, namely defining the transfor-
mations
S [ n U
1/

() =
g v

(x) = (x+¢),

n
(_ )) t [
2 R [

we have
HoS=H=Hot, V¢ceT. (2.6)

Proof. » The pseudo kinetic part:
We compute the variation of % (7, %) with respect to w. Using integration by parts and (1.10), we get

. 1 N
dy B (, 9) (] =§fTUT (¥ (») +b)dxlog(12(x) — 2(3)*)dy| ¥ (x)dx

10



1 .
= Eﬁr}[(n)[axu/+b](x)1//(x)dx 2.7)

From (2.7), we deduce . .
VyE(,w) = Eﬂ(n) [0xy]+ Eﬂ(n)[ll. (2.8)

Now we turn to the differentiation of % (1, ) with respect to 7. Recall the notation in (I.3). Differentiating
(2.2) with respect to 77, we infer

A(x)+hH(y) — (ﬁ(x)% + ﬁ(y)%) cos(x—y)

|z(x) — z(y) |2

1
dyEo () [0) = fT fv (wx(x)+b)(wx(y) +b) dxdy.

By symmetry, we can reduce this expression to

)

Fip C0sCx—y)

dp T, W) 7] = — fr (wx(x)+Db) ( fT (wx(») +D) fAx)dy | dx

l2(x) — 2(p)I?
1
= _fv 5(ujx(x) +Db) Do () [0xy + bl (1)) (x)dx,
which implies in turn

Wy+hb
2

VB, ¥) = - Do (M [0y +bl. (2.9)

» The length part:
Recall that z(x) = (1+ h(x))e™ with h = /1 + 21 — 1. Therefore,

20 () = (hx(x) +i(1+ h(x)))eix, |2 (02 = R2(x) + (1 + h(x))°.

Thus,

L{m) = f \/hi(x) +(1+h(x)*dx 2 Z(h).
T

Differentiating, we obtain
iy (X) hye (%) + (1 + h(x)) h(x) dx

T \/hi(x) +(1+hw)?

dpL(h)h) =
Integrating by parts, we get

(1+h(x) 5 hix(x)
—Ux
\/hi(x)+(1+h(x))2 \/hfc(x)+(1+h(x))2

1+h Bax (X) — 1= h(x)) - 2h2(x) .
:—f(1+h(x))( +100) () (x) x(x)h(x)dx.
T

dnL(h)[h] :fT h(x)dx

Nlw

(hi(x) +(1+ h(x))z)

It is easy to see that

2
+ Nxx— U+ — Nx
a h)(hxx 1- h) - Zh)zc xx 1 277) 3 ( )

(R2+0+ h)z)%

7))

(1+217+

As a consequence,
VipL(h) =-1+hKm.

Applying the chain rule, we deduce that

- 1
VL) = VaL(h)-Vyh= -1+ K@) T = =K. (2.10)

11



» The momentum part:
One readily has

dy M, )] = fT Y (A dx

and, via integration by parts

dy M (0, ) [§] =fT¢x(x)n(x)dx=—anx(x)ii/(x)dx.

Hence,
VaMM ) =Wy,  VyM@,9) = -1y (2.11)

Gathering (2.1), and @2.11), we get
Vy Hn,w) = Vy B, w) + QVy M (1, p)
=—Qn,+ %y{(n) [0y +bl. 2.12)
Putting together (2.1), (2.9), and yields
VnHn,y) = VB, ) +YVpAm) + QVp M (1, )

+b
:wa—wx

Do(M [0y +bl =y K(n). (2.13)

Comparing with (2.12) and (2.13) concludes the desired result.
» Invariances : The properties are easily obtained by changes of variables x — —x and x — x + ¢. This
ends the proof of Proposition 2.1 O

2.2 Analysis of the linearization of

Definition 2.2. Let m € R, we define the space of Fourier multipliers of order m, '™ asthe space of smooth
functions from R\ {0} to C of the form ¢ — a (&) such that

6?61(6)’ < Cp()™™, VaeN, [ >1/2.

Following [59], the linearization of around (n,v) = (0,0) is given by

b |D|
ne={Q- 2 |ne - =,

2 2
b2 b (2.14)
wt=(YIDIZ—ngI—(Y—b2))n+(ﬂ—5)wx.
Namely, we can write as
i(Q-2)¢ -4
T Lo, IMNGE (2-3) 2| (2.15)
Yy L& v L& 2_1? 2\ b
YIEP =518l - (y-b?) i(Q-3)¢
The eigenvalues of Ly 1, (¢) are given by
. b <] b2 .
ﬂtib(é)él(ﬂ—i)éi\/—%(Ylélz—glél—(y—bz) eld2. (2.16)
We want the eigenvalues in to be purely imaginary, this happens if and only if
b2
YIEFE == 1= (y=b%) >0, (2.17)

The condition (2.17) is satisfied for any || > 1 if

2
ﬁéb?e[o,ﬂﬂ, ﬁ+é4(2+\/§)z14,928...

12



Indeed, for || € [1,2], one has
b2 (b2
YIEP - - l&1= (y-v%) > mln{?,Zy} >0

for any 8 > 0. While, for |¢| > 2, it reduces to

. |€|2 -1 _ \/—
B <min " =42+ V3). (2.18)
RS

Remark 2.3. We consider the restriction in for || > 1. If we further restrict to ¢ € Z*, we can improve
B+ from 4(2 + V3) to B+ = 15. However, in Section ‘ we extend the function A;—:,b (¢) to apply the Delort-
Szeftel Theorem We believe that the argument in Proposition could be modified to maintain the
slightly less restrictive condition B, = 15. Nevertheless, to preserve the simplicity of our approach, we do
not pursue this further analysis.

Then we obtain that

A;b(ﬁ):i(Q—g)Eiiw%b(f), w%b(é)é\/% (y(|5|2—1)—b2('2ﬁ—1))efgfz. (2.19)
Notice that we can expand wy 1, (¢) and obtain that
Y .2 1 (b)® __1
wy,b(€)=\/; 4E _\/_2_)/(5) NE +wy,b;—%(€)y wy,b;—%(é)eroz- (2.20)
In the sequel, we make the following natural choice for Q
b
QL = (2.21)

Remark 2.4. Already at linear level standard computations show that in order to close energy estimates for
the system (2.14) we need a discrepancy in regularity between 1 and ¥, namely we can close the energy

1 .

estimates on (2.14) in the case in whichn e H3+4 (T;R) and v € 54 (T;R), such regularity gap shall persist
at nonlinear level as well. This is not unexpected, and the same behavior is present for the one-phase water
waves problem, both at linear and nonlinear level, cf. [1].

2.3 Non-resonance conditions

In this subsection, we study the non-resonances between the frequencies. This is needed in the application
of the normal form algorithm performed in Section[7.2] Specifically, we prove that there are no resonances
between linear frequencies, except for the super-action-preserving ones, as defined below.

Definition 2.5 (SAP multi-index). A multi-index (a, ) € NZ" x NZ' is super-action preserving if
aAn+a_n=Pn+PB-n, VneN. (2.22)

A super-action preserving multi-index (a, B) satisfies |a| = | 8| where || £y jez* Q- If a multi-index
(a, B) eNZ" xNZ is not super-action preserving, then the set

m(a,ﬁ)é{nel\l s.t. an+a_n—ﬁn—ﬁ_n¢o} (2.23)

is not empty and, since
‘ﬁ(a,ﬂ)C{neN s.t. an+a_n+ﬁn+ﬁ_n¢0},

its cardinality satisfies
M(a, Bl < la+ Pl = lal+1Pl. (2.24)

The main result of the present section is the following:
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Proposition 2.6. Let M € N* and 0 < 1 < 2 < 4(2+ v/3). Then, there exist 1,6 > 0 and a zero measure set
B < [B1,B2] such that for any B € |1, B2] \ B the following holds: there isv > 0 such that for any multi-index
(a, a’) e (N*)Z" x (I\I*)Z* of length |a + (x’| < M, which is not super-action preserving (in the sense of Definition

[2.5), one has

v

‘[7
(. max |j|)
jesupp(aua’)

|Dyp- (@ —a')| =

where
Dyp = (@yb (1)) jeze

The rest of Section [2.3]is dedicated to the proof of Proposition[2.6] This latter is a consequence of the
Delort-Szeftel Theorem that we recall here for the convenience of the reader. For its proof, we refer to [36,
Theorem 5.1].

Theorem 2.7. Letd € N*, ry > 0 and 1, B2 € R. We denote By, (IR{d) cR? the ball centered at the origin and
of radius ro. Consider f : By, (R?) x [B1, 2] — R a continuous sub-analytic function and p : B, (R?) — R a
non-zero real-analytic function. We assume the following facts.

1. The function f is real-analytic on {x € By, (IRd) st p(x) 0} x [B1, B2].
2. Forany x € B(0, rp) with p(X) #0, the equation f (X, ) = 0 admit finitely many solutions in [[51, ﬁz] .

Then, there exist Ny € N and ay,6,C > 0 such that for any a € (0, agl, any integer N > Ny and any x € B(0, rg)
with p(x) # 0, we have

Hﬁe[ﬂl,ﬂz] s.t. |f(x,y)|<a|p(x)|N}|§Ca6|p(x)|N5.

First observe that we can write

2
w%b(f):\/%ﬂ\/kﬂz—gkq"'ﬁ_l) ﬂéb? (2.25)

Notice that wy,,(2) = /3y is independent of § and that

Wy,b(5) = V5wy(3) = 0.

The above relation shows that there no resonance between the modes 3 and 5. However, the couple (3,5) ap-
pears to be singular in the analysis of the non-degeneracy for the application of the Delort-Szeftel Theorem.
That’s why we need to treat it separately.

Application of Theorem[2.7]

The application of Theorem allows us to control quasi-resonances at arbitrary order via polynomial
bounds, thus inducing a finite, but recoverable, loss of derivatives. The result we obtain is the following one:

Proposition 2.8. Fix 0 < ff; < ff, <4(2+ V3), Ae N andM € N*. Then, there exist v,7,5 > 0, depending
on A andV, such that for any v € (0,vy), there exists a set By c [ B1, ﬁg] of measure O(\"/‘s) such that for any
B € [B1,B2] \ By, the following holds: denote ng = 2, n, = 3 and for any distinct integers na, ..., ny € N\ {2,3,5}
and any ¢ = (¢, c1, ..., Cp) € RA1\ {0} with maxg=o,...alCal <M, we have

=T

A
> V(Z na) . (2.26)

a=0

A
Z CaWyb(Ng)
a=0

Proof. We denote #i = (ng, ny, ..., 1y) € (NS with n, ..., ny € {2,3,5} and distinct, we introduce the nota-

tions
A _1

xo(ﬁ)é(Zna) X () = X0 () /g~ 1, (2.27)

a=0
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We note that
0<|x,(M)| <1, foranya=0,...,A. (2.28)

The condition (2.26) is equivalent to

%

| fe(x, B)| = Wxg*‘, x = (x0(71), 1 (73), ..., xa (1)) (2.29)
where .
[z, B2 Y rad(xg, X0, ) +coV3x3,  x=(Xo,X1,..., %) € By (R*1), (2.30)
a=1
with

raécu\/xfl+x(2), A(y,xo,ﬁ)é\/y4+(2—§)x(2)y2+§xg.

The function fz: By (R*1) x [ 81, B2] — R is continuous and sub-analytic. Remark that for any [ € N*,

1 20,2 2
LA, x0, ) = 2 | 0, X0, AL %0, B), 113, X0, B) 2 % (%~ ) - (2.31)
p l xg(xé—yz)ﬁ+2y2(y2+2x§)

Note that, since 0 < f < B, <4(2+ v/3), the denominator in (2.31) satisfies

x5 (x2 - y*) B+2y* (y* +2x3) >0 forany ye[0,1], xo € (0,1]. (2.32)
We introduce the polynomial function p : [-1,1]**! - R

A

pGxo, 1, x0) S 30 [ (g =x5) [T (30 = xa) xj, (¢ + 26) = (o6 — %) xa (3 +2x5))
a=1 1<a<b<A

The condition (2:32) implies that the function f; is real-analytic on {p # 0} x [B1,82]. We fix now X =

(Xo,...Xa) such that p(%) # 0. Then Xy # 0 and, in view also of (2.32), one has

1 (%ar %o, B) # (%, %0, B),  forany fe (0,42 +V3)). (2.33)

The following Lemma ensures that the function fz(x, §) fullfills the second assumption of Delort-Szeftel
Theorem2.71

Lemma 2.9. The solutions of the equation
fe (-)_C’ :6) =0,
if any, are finitely many.

Proof. Since the function § — fz(%,p) is analytic for § € [f1, B2], we are only left to prove that it is not
identically zero. To do so we fix 8 € (81, B2) and we note that

Vi=1,.,4 0,f(%f)=0 o AM®T=0,

- A
where 7 = (ry,...,ry) and

p (%1, %o, B) A (%1, %0, 8) ... p(Xa, Xo, B) A (%, Ko, B)

A p? (%1, %o, B) A (X1, %0, B) - 12 (X, o, B) A (Ea, %o, B)
AX)= . . .

”A (XI)XO!B)A()?:]»)EO)B) ,uA (XA’)?O»B)A(XA;)?:O)B)
Since ¢ # 0 and p(X) # 0 we have also Xy # 0 and 7 # 0. Then 8 — f(x, ) = 0 implies that det (A(x)) = 0.

Besides, by A-linearity of the determinant and recognizing a Vandermonde determinant, we find

A
det(A(fC))zU#(xa»xo,l;)ﬁ(imxo’/;) [T (u(xa %o, B) - p(%p, %o, B)).-

a=1 1<a<b<A

By construction, since % € {p # 0}, one has that det(A (%)) # 0 at the given . So f — f(&, ) cannot be
identically zero proving Lemmal[2.9] O

15



We thus conclude that there are Ny € N*, ag,d, C > 0, such that for any «a € (0, ag], any N € N*, N > N,
any x € X with p(x) #0,

{Be(p1p2] st |ftep|<alpV}| < ca® [peo]™. (2.34)

To conclude the proof we need the following:
Lemma2.10. Lett; £2A+1+ 8(2). Then

—-T1 -1

A
na) §|p(x(ﬁ))|§(z na) : (2.35)

a=1

B

a=1
Proof. By definition (2.27), we have
(x5 — x2) x5 (x3 +2x5) — (x5 — x) x5 (x5 +2x5))

=x5 (M) [2-ng) (n5—1) - 2—np) (n5-1)].

[xX0=x0(71), X0 =X4 (1), Xp=2p, (1)

The equation
2-ng) (n5-1)=2-np) (n5-1)

is equivalent to

2ng,—1
2 —ng) (np—ng) | np - =0. (2.36)
ng—2
Since n, # 2 and ny, # n,, we must have ny, = 2,;1:__21 - But

2n,—1=2(n,—2)+3.

Hence
2n,—1=3 mod. [n,-2].

Therefore
ng—22n,-1 < ngze{3,5}.

We conclude that the only non-trivial couples of integers solutions to (2.36) are
(3,5) and 5,3).

However, we have excluded the possibility n, = 5 or n, = 5. This implies that the equation (2.36) is not
solved with our choice of 7. Thus,

2 2y.2(.2 2 2 2y.2(.2 2 8=
)((xo - xu) Xp (xb + 2x0) - (xo - xb) Xa (xu + 2x0))|x0:x0(ﬁ),xa:xa(?z),xb:xb(ﬁ) 2 Xy (11). (2.37)
Moreover, since n, #2 fora=1,...,A, one has
|2 (7)) — x5 ()| > x5 (7). (2.38)

Gathering Equations (2.37) and (2.38) we obtain the lower bound in (2.35). To prove the upper bound it is
sufficient to use the bounds in (2.28). O

Consider the set

B(a,N) = U Bz i(a,N) < [B1, 2],
ﬁz(l’lz,...,l’lA)ENA, 1<ni<...<ny
Ce(Z)A, 18leo<M (2.39)

BE,ﬁ(a»N)é{ﬁe[,Blr,BZ] S.t. |f5(x(7l),,3)|<6¥|P(x(7l))|N}.

We fix now N € N such that N6 > 1 and B, £ B(a, N). Then we get

Bal<CAMa® Y (Zn) <C'ama’ (2.40)

No,...,ny €N \a=0
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In conclusion, for any § € [B1, 2] \ Ba, for any 7i = (ng, ny,..., na) as in the hypothesis, any ¢ € (Z*)* with
|Cloo <V, it results, by (2.39) and (2.35), that

-1 N

A
|f: (x(), B)| > a|p (x ()| ¥ > c(A)a(Z na) . (2.41)

a=1

Recalling the definition of f; in [2.30) and xy(7) in (2.27), the lower bound (2.41) implies with 7 £
71N -3 (cfr. (2.29)) and re-denoting ¥ £ ac(h). O

Proof of Proposition[2.6]
Fix a multi-index (@, a') € (N*)Z" x (N*)Z" of length |a + a'| < M. We denote 9t (@, a’) as in [2:23). Since the
couple (a, a’) is not super-action preserving, then

N(a,a) # 0. (2.42)

Then, we can write
Oyp-(a—a')= ) w%b(|j|)(aj—a’j): Y wypm)(an+a—,—a,—a’,)
Jjez* neN*

= Y owpm(apta,—a,-a ).
neN(a,a’)

We use the notation
AZ |N(a,a')\{2,3,5}| +1.

We also denote
N(a,a)\{2,3,5} = {ny,...na}.

Therefore,
A
Oyp-(@—a') =) cawyp(na) + cowys(2) + crwy,5(3),
a=2

with
A A
=amt+a—a,—a,, a2 (ag+ag—ay—a' ) +V5(as+as—a—a’ ;)

and foranya=2,...,4,
!/

A /
Ca=qn, + Ap, —Ap —QA_, .

Observe that for any a =0, ..., A, |c4| < 4M, where M is defined in Proposition Let us assume the absurd
hypothesis ¢ £ (o, €1, C2, ..., cy) = 0. By definition, under such absurd hypothesis, we obtain that M(a, a’) c
{3,5}. But ¢; € Z[v/5] so ¢; = 0 implies also that 3,5 ¢ M(a, a’). Hence, N(a, a’) = @ which is a contradiction
with (2.42), thus we can safely assume ¢ # 0. We consider the set

B2 (N By,

ve(0,vo)

where v( and By are introduced in Propositionzf Hence, for any § € [f1, B2] \ B there is ¥ € (0,vo) such

that § € [B1, B2] \ By and, applying Proposition [2.8/we get the desired result with v = 7 O

3 Functional setting
Throughout the document, we shall use the notations

N£{0,1,2,..}, N"£N\{0}, Z=Nu(-N), zZ*=zZ\{0.
Along the paper we deal with real parameters

§$Z$>K>»>p>»>N2=0, 3.1)
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where N € N. The values of s, sp, K and p may vary from line to line while still being true the relation (3.1).
We expand a 27-periodic function u € L?(T;C) in Fourier series as

u@ =Y a(j)e, A7) 2 Foey () 2 w2 [ utme i dx.
jez T
The function u is real-valued if and only if u; = u_j, for any j € Z. For any s € R, we define the Sobolev space
H* £ H5(T;C) with norm

1

||u||sé||u||Hs=(Z(j)zsia(mz) : (j) £ max{1,|j}.

JjEZ
We define [yu £ uy the average of u and
My £ 1d - To.

We define H; the subspace of zero average functions of H*® for which we also denote [|ulls = l|ul gs = llull HS
and with H* £ H*/C endowed with the norm |ull ;s £ |ITg u||,. We define, on L2(T;C) £ H(T;C), the
complex scalar product (- | -)¢ and the real symmetric bilinear form (: | -) as follows: for any u, v € [2(T;0),

(ul v)CéfTHOlu(x)Hév(x)dx, (ul v)RéfTHOlu(x)HOiv(x)dx. (3.2)

Moreover we define the real subspace of H*(T;C?)

+

Hﬁ(T;CZ)é{U: [Z_

€ H(T;C%) s.t. u_=F}.

We also denote
H(T;C*) £ (M H(T;C%),  HR(T;C%) £ () Hy(T;CA).

seR seR

Given an interval I c R symmetric with respect to ¢ = 0 and s € R, we define the space
CK (11 (T;¢%) 2 () C* (1 =2k (1362)),
k=0
endowed with the norm

K
sup lU(r, ks where U )lks2 Y [0U, )] (3.3)
k=0

tel

Hs—%k *

We also consider its subspace

CK. (1, F° (T,€2)) 2 {Ue CK (LI (T,2)) st U= (Z)}

Given r > 0 we set BX(I;r) the ball of radius r in CX (I, H*(T,C?)) and by BfR(I; r) the ball of radius r in
CE, (1, (7,€)).

A vector field X (u) is translation invariant if
Xote=tcoX, V¢ eR,
where the translation operator t. is defined by
te: ulx) — ulx+¢).

Given a linear operator R(u)[-] acting on L%(T; D Hg (T; C) we associate the linear operator defined by the
relation R(u)v =2 R(u)7 for any v e L%(T;C). An operator R(u) is real if R(u) = R(u) for any u real.
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3.1 Paradifferential calculus

We introduce the para-differential calculus developed in [18,25].

Classes of symbols. Roughly speaking the class fZ’ contains symbols of order m and homogeneity p in u,

whereas the class '

KK,p contains non-homogeneous symbols of order m that vanish at degree at least p

in u and that are (K — K’)-times differentiable in . We can think the parameter K’ like the number of time
derivatives of u that are contained in the symbols.

Definition 3.1 (Symbols). Let meR, p, NeN, K, K’ e Nwith K’ < K, and € > 0.

i)

ii)

ii)

p-Homogeneous symbols. We denote by I’ the space of p-linear symmetric maps from (H (T; c?))?
to C¥(T xR;C), (x,8) — ap(Uy, ..., Up; x,§) whose associated polynomial has the form

apU;x,&) £ ap(U,...,.U;x, & £ 3 aZ©uf 7, (3.4)
jezp
gef{x}?

where a;:’ (&) are complex valued Fourier multipliers, satisfying

g Ny O1yeeny p _ O7(1)ser O'”(p) o
a; &)= a, . i» &= a ... i (¢) for any 7 permutation of {1, ..., p},
and for some u > 0,
108ad @1 < Cp(N! ©™ P, vjezP,Ge (s}, peN. (3.5)
We have used the following notations for given j = (ji,..., jp) € ZP and 6 = (0y,...,0p) € {£}7,
(PEmax@,Ij), 1 Emaxl.jph, w2 uf

where for a fixed u € C, we denote

+ 4 -4

u u and u u.

We denote by f(’)” the space of constant coefficients symbols ¢ — a(¢) which satisfy with u=0.

m
K,K',

Ue Bﬁ: (I;€p) for some sy large enough, with complex values, such that for any 0 < k < K — K/, any
s 2= s, there is 0 < € (s) < g such that for any § € N the following holds. There is C £C 56> 0 such that
for any U € BX (I;eq(s)) n CK*X' (I FI* (T;©)) and @ € N, with @ < s — s one has the estimate

Non-homogeneous symbols. We denote by I' » [eo] the space of functions a(U; t, x, ¢), defined for

|o¥a2afast,x,0| < C@OMPIUIL 4 1UNkeks- (3.6)

If p = 0 the right hand side has to be replaced by C(¢&)™ 5.

We say that a non-homogeneous symbol a(U; x, ) is real if it is real valued for any U € BgrR (I;€9).

Symbols. We denote by XI'{? , » [eg, N1 the space of symbols

N
aU; t,x,8) = ) aqU;x,8) + asyU; 1, x,€) (3.7)
q=p

where a4, g = p,..., N are homogeneous symbols in I~“q’" and a- is a non-homogeneous symbol in
N SAEE
We say that a symbol a(U; t, x, ) is real if it is real valued for any U € BQ'R(I; €0).

We shall also denote with Zg F;” the subspace of ZFI’?’ Kp [€0, N] made of pluri-homogeneous symbols,

namely symbols which expand as in with a-y =0.

Remark 3.2. Let us make the following remarks.
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* Given a p-homogeneous symbol a; € f;,", we shall often, with a slight abuse of notation, identify the
associated p-homogeneous polynomial with the p-linear symbol itself

ap(Uy,...,Up;x,8) e~ ap(U;x,8) £ ap(U,...,U;x,8).

This identification is harmless due to the standard correspondence between p-homogeneous polynomi-
als and symmetric p-linear maps.

o If a(U' -) is a homogeneous symbol in f;,” then it belongs to the class of non-homogeneous symbols

I'Zo, p[eol for any ¢y > 0.

* The classical properties expected for a symbol hold: if a is a symbol in XTI eO,N] then d,a is in

zr K’K’ K’K’

their product ab is a symbol in ZF?}’?’mp, leg, N1.

KKIp[

[eo, N1 and O¢a belongs to XI'7'7; [, N]. If in addition b is a symbol in X'} KK, p ,[€o, N] then

We also define classes of functions in analogy with our classes of symbols.

Definition 3.3 (Functions). Let p, N €N, K, K’ € N with K’ < K, ¢y > 0. We denote by .7:",,, resp. JFk k', pl€ol,
2 Fk,k,pleo, N1, the subspace of I, resp. FK Kp [eo], resp. ZFK Kp [e9, N1, made of those symbols which

are independent of {. We write FR resp. FR KK p[€o] SFR KK p [eo,N], to denote functions in f"p, resp.

Fx .k, pleol, ZFk k', pleo, N1, which are real valued for any u € Bs0 (I;€9).

Paradifferential quantization. Given p € N, we consider functions y p € C®(R” xR;R) and y € C*°(R x R; R),

even with respect to each of their arguments, satisfying, for 0 < §y < 1 0

suppxp (&) eRP xR st €<, xp(E,&) =1 for [€] < 580(8),

! ! !/ — ! 1 (38)
suppy < {(¢, ) ERxR s.t. &<}, X, ¢) =1 for [&'] < 580(S).

For p =0, we set yo = 1. We assume moreover that
§a§,xp(é OIS Cop@ P, veeN peny,
10£05 X, 01 < Cop@ P, We,peN.

If a(x,¢) is a smooth symbol we define its Weyl quantization as the operator acting on a 2z-periodic function

u as
op"(@ux) =) (Z d(k—j,%)uj)eikx’
kez " jez

where a(k, ¢) is the k' —Fourier coefficient of the 2—periodic function x — a(x, &).

Definition 3.4. (Bony-Weyl quantization) If a(U; x, {) is a symbol in rn respectively in T' KK',p [eo], we set

ay, U 5,02 Y 1,0, f)m(f)u"e‘“’f)x
je@y
ge{x}P

ay(U;x,6) 2 Y x(j,&)au; j,oel”,
jez*

where in the last equality a(U; j,¢) stands for j th Fourier coefficient of a(U; x, &) with respect to the x vari-
able, and we define the Bony-Weyl quantization of a(U;-) as

i + k
op™Y (a(U;Nvx) 2 0pY(ay, UiNvx) = Y, xp (7, ]T >

(G.j, ke@*)P+?
ge{+}P
G-j+j=k

_(i+k) =~ .
a;f (]—) u;f v; ek (3.9)

i+ k k+j i
op™ (a(U; ) v(x) £ 0p"V (ay (U Nv(x) = Y. x(k—j,]—) éz(U;k—j,—]) vje‘kx. (3.10)
(j,k)E(Z*)Z 2 2
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Note that if)((k— J %) #0then [k - j| < (5“#) and therefore, for 6, € (0,1),

1—6() 1+
kI <1jl<
o R <<

do
k|, VjkeZ.
60| | J ke

This relation shows that the action of a paradifferential operator does not spread much the Fourier support
of functions.

If ais asymbolin ZI'Y ., » [eo, N1, we define its Bony-Weyl quantization

N
op™W(a(U;)) = Y. 0p®W (aq(U;)) +0p™W (asn(U; ).

qa=p
We define as well
a(U; x,¢) 0
Op?ZZ(a(U;x,ﬁ))éOpBW( 0 PRGN ) a’ (U;x,8) 2 a(U;x,—-9). (3.11)
Remark 3.5. * The operator Op5"W (@) maps functions with zero average in functions with zero average,

and HéOpBW (a) = OpBW (a)l'[é.

* If ais ahomogeneous symbol, the two definitions of quantization in (3.9)- (3.10) differ by a smoothing
operator according to Definition below, see [18, page 50].

. Deﬁnitionis independent of the cut-off functions y,, x, up to smoothing operators (Definition
3.11).

e The action of Op®%W (a) on the spaces H* only depends on the values of the symbol a(u;t, x, &) for
|€] > 1. Therefore, we may identify two symbols a(u; t, x,¢) and b(u; t, x, §) if they agree for |£] > 1/2.
In particular, whenever we encounter a symbol that is not smooth at ¢ = 0, such as, for example,
a = g(x)|&é|™ for m € R*, or sgn¢, we will consider its smoothed out version (1 - X({')) a(x,&), where y
is defined in (3.8). Similarly for p-homogeneous symbols.

Remark 3.6. Given a paradifferential operator A = OpB"W (a(x, ¢)) it results
A=0p"V (a(x, —6)), AT=0p"W(a(x,-¢), A*= OpBW(a(x, 6)),

where AT is the transposed operator with respect to the real scalar product (: | -)g in (3.2), and A* denotes
the adjoint operator with respect to the complex scalar product (- | -)¢ on L2 in (3.2). It results A* = A

* A paradifferential operator A = OpBW (a(x,&))isreal i.e. A= A) if

a(x,$) =a(x,=¢). 3.12)

e Ttis symmetric (i.e. A= AT) if

a(x,¢) = a(x,—¢).
We now provide the action of a paradifferential operator on Sobolev spaces, cf. [18, Prop. 3.8].
Lemma 3.7 (Action of a paradifferential operator). Let m € R.

i) If p e N, thereis sy > 0 such that for any symbol a in f;”, there is a constant C > 0, depending only on s
and on 3.5) withb = =0, such that, for any (Uy,...,Up), forp > 1,

Jop™ (a(Un,..., Up; N upat || goom < CNUL g -+ || Up |

H* up+1| Hs®

If p = 0 the above bound holds replacing the right hand side with C | up.1 | ;-

KK,
and on (3.6) with0 < a <2,8=0, such that, forany tinl,any0 < k< K-K',anyU in Bﬁ([;eo),

ii) Leteg >0, peN,K'<KeN,ainl?” p[é‘o]- There is sy > 0, and a constant C, depending only on s, €y,

|op™ [oFatwit. ) ”c(Hs,Hs—m) < IV ik (3.13)

so that ||Op™ (a(U; £, D v || ¢ _go sy < CIU@ G NVD -k, 51
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Classes of m-Operators and smoothing Operators. Given integers (11, ..., np+1) € (N*)P*! we denote by
maxj, {nl, ces n,,+1} the second largest among ny, ..., np+1. We now define m-operators which include the
class of paradifferential operators of order m (see Remark[3.12) and allow to define the smoothing remain-
ders when the order m is negative (see Deﬁnition . The class Mm denotes multilinear operators that
lose m derivatives and are p-homogeneous in u, while the class M KK\p contains non-homogeneous oper-
ators which lose m derivatives, vanish at degree at least p in u, satisfy tame estimates and are (K — K’)-times
differentiable in ¢. The constant u in takes into account possible loss of derivatives in the “low" fre-
quencies.

The following definition is taken from |25, Def. 2.5] (see also its Fourier characterization in [25, Lemma

2.9].
Definition 3.8 ( Classes of m-operators). Let meR, p, NeN, K, K’ e Nwith K’ <K, and €y > 0.

i) p-homogeneous m-operators. We denote by /\;l;," the space of (p + 1)-linear symmetric translation
invariant operators from (H°° (T;Cz))p x H® (T;C) to H*® (T;C), whose associated polynomial has the
form

MUvEMU,....0v=Y M}  ufvje (3.14)

O'E{+}n
k—j=6-J

with coefficients M;?’ ik symmetric in (j1,01),..., (jp,0p), satisfying the following: there are u >0, C >0
such that, for any j = (j1,..., jp) € (Z*)P, j, k€ Z*, it results

M7 | < Cmasa e Ll LY mactl il il L 315)

If p = 0 the right hand side of must be substituted with ¥ jez M v; elJ* with |Mj|<C |]|m

ii) Non-homogeneous m-operators. We denote by M KK\ p [eo] the space of operators (U, ¢, v) — M(U; t)v

defined on B;’E (I;€0) for some sy > 0, which are linear in the variable v and such that the following holds
true. For any s > sy there are C > 0 and € (s) €]0, €[ such that for any U € Bg/ (L;e0) N Cf (I, HS(T;C)),
any v e CK=K' (I, H5(T;0)), any 0 < k < K~ K, t € I, we have that

|o¥ z)u)||s_gk_m<ck > k(||v||k~,s||U||Z,+K,, NVl 10N e U] (3.16)
Iy k! =

In case p = 0 we require the estimate ||6k (MU; o)l m < Cllvlk,s. We say that anon-homogeneous

S—* —

me-operator M (U; 1) is real if it is real valued for any u € BSO’ (I;€0).

iii) m-Operators. We denote by =M KK\p [eo, N] the space of operators

N
MU; v =Y My(U)v+Msy(U; D)y, (3.17)
q=p

where M, are homogeneous m-operators in M'q", q=p,...,N and M.y is a non-homogeneous m-
operator in MY ., . ,leol. We say that a m-operator M (u; 1) is real if it is real valued for any u €

Bg (I;€0). We shall also denote with Zg MZ“ the subspace of
IME p[eo, N] made of pluri-homogeneous m-operators, namely symbols which expand as in (3.7)
with M-y =0.

Remark 3.9. By [25, Lemma 2.8], if M(Uj,...,Up) is a p-homogeneous m-operator in /T/@ then M(U) =
M(U,...,U) is a non-homogeneous m-operator in MZ! [eo] for any €p > 0 and K € N. We shall say that
M(u) is in /\/lpm.

Notation 3.10. e If M(Uy,...,Up) is a p-homogeneous m-operator, we shall often denote by M (U) the

K,0,p

associated p-homogeneous polynomial, as in (3.14), and write M (U) € M Zl. Conversely, a p-homogeneous

polynomial can be represented by a (p + 1)-linear form of the type M (Uy, ..., Up) Up+1, which may not
be symmetric in the first p variables. If this form satisfies the symmetric estimate (3.15), then it cor-
responds to an m-operator in M p Obtained by symmetrizing the internal variables. In the sequel, we
adopt this identification without further comment.
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e given an operator M (U; t) in M} [r, N] of the form we denote by

K,K',p

N
PNIMU; 01 £ Y. My(U), resp.  PqlM(U; 1] = Mg (U), (3.18)
q=p

the projections on the pluri-homogeneous, resp. homogeneous, operators in Zg Mmm resp. in MZ’;
Given an integer p < p’ < N we also denote

!

PopMU; 0] = Z MyU), P<pyMU;DE Y My(U).
q=p' qa=p

The same notation will be also used to denote pluri-homogeneous/homogeneous components of
symbols.

If m < 0 the operators in M, [eq, N] are referred to as smoothing operators.

K,K',p

Definition 3.11 (Smoothing operators). Let p > 0. A (—p)-operator R(U) belonging to =M ° KK\ p leg, N] is
called a smoothing operator. We also denote

RSEEMSL, RE el & ME Teol, TR leo, NIEEZME, leo, NI, IR ST M.

N4 P

Remark 3.12. « Lemma implies that, if a(U; t,-) is a symbol in ZFK K'p
paradifferential operator OpBW (a(U;t,-)) defines a m- operator in >z M™ KK p [eg, N].

KK\ [eo,N] and Ry € ZRK X'\
[0, N]. This is a particular case of Proposition (z) below.

[eg, N1, m € R, then the associated
« The composition of smoothing operators R; € 2R .° ,l€0, N]is a smooth-

ing operator R; Ry in ZRK K\ pr+ps

Definition 3.13 (Homogeneous vector fields). Let m € R and p, N € N. We denote by %Zﬂrl the space of
(p +1)-homogeneous vector fields of the form X(U) = M(U)U where M(U) is a matrix of p-homogeneous

— 2%x2
m-operators in (./\/l Z’) . In particular, one has the Fourier expansion

X(U)z[

X@)?’ = > ]f,fu"e"’k

X~ (7 ks, —0)ET e

where the Fourier restriction T,Hg is the set of momentum preserving indices, defined, for a given g € N*,
as
T, 2{(7,6) ez x (£} st F-7=0}. (3.19)

We denote Zgjll.’% " the class of pluri-homogeneous vector fields. The vector fields in x°
smoothing.

p+1 O >0, are called

Symbolic calculus. Let 0(Dy, D¢, Dy, D) £ DDy — DxDy, where Dy £ 10, and D, Dy, Dy, are similarly
defined. The following is Definition 3.11 in [18].

Definition 3.14 (Asymptotic expansion of composition symbol). Let p, p’inN, K, K’ e Nwith K' <K, p >0
m, m’ €R, ¢y > 0. Consider symbols a€ XI'"”" ., [eo, N] and b € ZF?/K, o [eg, N]. For U in Bf([; €o) we define,
for p < 0 — sp, the symbol

K,K',p

2 1 (i k
(a#gb) (Uy t)x)é-) Z k' (Dx;Df,Dy;Dn)) [a(U; tvx7é)b(U) t’yln) 3 _
k=0 x=y,5=n
modulo symbols in ZFK K, D [6‘0, N].

The symbol a#,b belongs to XTI ?}“(’77; +p[€0, N]. Moreover
a#,b=ab+ ! {a, b}
er 2i
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up to a symbol in ZFI’?}’,’?I/)}% [eo, N1, where

{a, b} £ O0¢a0xb—0y,adcb
denotes the Poisson bracket. The following result is proved in Proposition 3.12 in [18].

Proposition 3.15 (Composition of Bony-Weyl operators) Letp,q,N,K,K' e NwithK' < K,p >0, m,m’ €R,
€0 > 0. Consider symbols a € XT"" K.K',p eg, Nl and b € ZFZ’ K'q leg, N]. Then

0p™ (a(U; 1, x,8)) 0 Op™W (b(U; 1, x,8)) — 0p™ ((a#,b) (U 1, x,0))

—o+m+m’

is a smoothing operator in 2R KK\ p+q

leo, N].
We have the following result, see e.g. Lemma 7.2 in [18].

Lemma 3.16 (Bony paraproduct decomposition). Let uy, up be functions in H° (T;C) with o > % Then
uyup = Op®W () up + Op®W () uy + Ry (u1) uz + Ro(u) g
where for j = 1,2, R; is a homogeneous smoothing operator in 75;9 foranyp > 0.
We now state other composition results for m-operators which follow as in [25, Proposition 2.15].

Proposition 3.17 (Compositions of m-operators). Let p,p’,N,K,K' € N with K' < K andey >0. Let m,m' €
R. Then
1. If M(U;t) is in ZMKK, leo, N1 and M'(U;¢t) is in ZMKK, .[€0, N1 then the composition M(u;t) o
M'(U;t) is in M I"g;‘,’}lﬁ(g,’ 9 leg, N].

2. If M(U) is a homogeneous m-operator in /T/l/,’f and MOU; 1), ¢ =1,...,p+ 1, are matrices of my-
operators in ZMK Xq [60, Nl withmy eR, gy €N, then

M(MPW;Hy,..., MP(U; nU) MPHD (U 1)

belongs to ZM}?}’?ZPH][GO,N] with m £ Z?: max(my,0) and § = ZZ+11 qe-
3. Let a bea symbolin ZFK Kp leo, N1 with m > 0 and R a smoothing operator in ZRK K p ,[€o, N1. Then
BW BW o+m
Op~" (a(U;t,-))oR(U;t), R(U;t)o0p~" (a(U;t,-)) EZRKK, p+p,[€0,N].
4. Ifap is mFm and M(U) EZMKK, [, N] then ap(M(U), U,...,U; x,<) EZFKK, P [r, N] and

op™ (aW, U,..., U; %, O)w-pwy = O™ (ap(M(U), U, ..., U; x,8)) + RWU)

where R(U) e R.° [, N1, for any p > 0. In particular ifa € T ., [r, N] then

K,K',p+p K,K',p

If 0:U=My)U, Mo(U)€EMP . olr, NI,
then 8,0p" (a(U;x,¢)) = 0p®" (apy; (U; x,8)) + R(U),

where ap) € T [r,N]and R(U) € ZRK [r, N]

KK'+1,p K,p'

Notation 3.18. In the sequel if K’ = 0 we denote a symbol a(U; t, x,§) in F [60] simply as a(U; x,¢), and a
smoothing operator in R(U; f) in SR E K0,p [e9, N] simply as R(U), without ertlng the ¢r-dependence.

We finally provide the Bony paralinearization formula of the composition operator whose proof is a
combination of [18, Lemma 3.19].

Lemma 3.19 (Bony Paralinearization formula). Let F be a smooth C-valued function defined on a neighbor-
hood of zero in C, vanishing at zero at order q € N. Then there are so,€9 > 0 such that if u € BysT:r) (€0),
then

Fw = op™W(F' (w)u+Rwu,

where R (u) is a smoothing operator in ZRIEQO 7 [eo, N1, ¢’ £ max(q—1,1), forany o > 0.
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3.2 Spectrally localized maps

In this section we introduce the class of spectrally localized map, needed to apply the Darboux symplectic
correction (see Proposition. This class was introduced first in [25, Def. 2.15]

Definition 3.20 (Spectrally localized maps). Let meR, p, N €N, K, K’ e Nwith K’ < K and r > 0.

i)

if)

1ii)

Spectrally localized p-homogeneous maps. We denote by 3;2” the subspace of m-operators S(U) in
M » whose coefficients S}:” ik (see (3.14)) satisfying the following spectral condition: there are § > 0,C >
1 such that

$7x#0 = 1jI<0ljl, CTIkI<IjI<CIEL

We denote S £ Up " and by ZN Sq' the class of pluri-homogeneous spectrally localized maps of the
form Zq p Sq with Sq € S’” and Zp 2 Unen z, S’” For p > N + 1 we mean that the sum is empty.

Non-homogeneous spectrally localized maps. We denote S K Kp [eo] the space of maps (U,t,V) —

S(U; 1)V defined on B?(I; r) x I x CO(I, H%(T,C)) for some sy > 0, which are linear in the variable V
and such that the following holds true. For any s € R there are C > 0 and r(s) € [0,€e¢] such that for any

UeBK (I;r(s) NC*(I, HS(T;C?)),any Ve C (L H(T,C)), any 0 < k < K- K, t € I, we have that
108 (SW; OV s 3w KC 3 NUNG, IV e, ifp>1,
)90
k'+k"=k
105 (SW; OV g4 SCIV k50 ifp=0.

We denote S’ 1, yleol = U,S¥ KK, pl€ol.

Spectrally localized Maps. We denote by =S

KK, [r, N1, the space of maps (U, t,V) — S(U; )V of the
form

N
SWU; V=Y SV +Ssn(U;1)V,
q=p

where S are spectrally localized homogeneous maps in :S’vl’]”, q=p,...,Nand S.yisanon-homogeneous

2%x2
spectrally localized map in & mK, N+1l€0]. We denote by (Zm [r, N]) the space of 2 x 2 matrices

KK',p
whose entries are spectrally localized maps in X" KK, [r, N]. We will use also the notation X" KK, [r,N1 &
Uiz Z¥ o [ N+ 1.

3.3 z-dependent paradifferential calculus

The following “Kernel-functions", that depend on the "convolutive 27-periodic variable" z, have to be con-
sidered as Taylor remainders of functions K (; x, z) at z = 0 which are smooth in © and which have finite
regularity in x and z. A Kernel function is a z-dependent family of functions (cfr. Definition 3.3) with coef-
ficients of size proportional to |z|. For n > —1 such singularity is integrable in z.

Definition 3.21 (Kernel functions). LetneR, p, NeN, KeN, and ¢y > 0.

i)

p-homogeneous Kernel-functions. If p € Nwe denote KF Z the space of z-dependent, p-homogeneous
maps from H™ (T;C) to the space of x-translation invariant real functions x(u; x, z) of class C* in
(x, z) € T2 with Fourier expansion

KUx,2) = 3, Kjyj, (@, g, @I 2 e T 0},
with coefficients x e (2) of class C* (T;C), symmetric in (jy,..., Jp), satisfying the reality condition

Kjy,jp (8) = K—j, —j, (&) and the following: for any / € N, there exist ¢ > 0 and a constant C > 0 such
that

,,,,, ,,,(z)| Clip|f 1215, Vip=(j1,..0 Jp) € @HP. (3.20)

For p = 0 we denote by K]-"” the space of maps z — «(z) which satisfy |6’ K(Z)| C |z|
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n
K,0,p

tions «(u; x, z), defined for u € B?O(I ;€0) for some sy large enough, such that forany 0 < k < Kand I <
max {0, [1+ 11}, any s > so, there are C > 0, 0 < €o(s) < €9 and for any u € B (I;€9(s)) N Ck (1, B (T;0)
and any b € N, with a < s — sp, one has the estimate

ii) Non-homogeneous Kernel-functions. We denote by K [eo] the space of z-dependent, real func-

05020 (s, 2| < Cllully Ml 121, ze T\ (0}, 3.21)

If p = 0 the right hand side in (3.21) has to be replaced by Izl%_l.

iii) Kernel-functions. We denote by ZKF7 | p [eg, N1 the space of real functions of the form

N
K(U;x,2) = ) Kq U X,2) + K>y (U5 X, 2),
q=p

where x4 (4; x,2), q = p,...,N are homogeneous Kernel functions in KF", and x-y(u; x, z) is a non-
.. n
homogeneous Kernel function in KF KON+1 leo].

A Kernel function « (u; x, z) is real if it is real valued for any u € B‘S)0 r L3 €0).

We list some properties of the Kernel functions. In view of the second point of Remark 3.2} a homoge-

neous Kernel function x (¢; x, z) in KF ”Z defines a non-homogeneous Kernel function in Ky pleo] for any
€0 >0.

Remark 3.22. Let us make the following remarks.

Let x (u4; x, z) be a Kernel function in ZF I’é op [eg, N] with n > 0, which admits a continuous extension in

z =0. Then its trace x (u#; x,0) at z = 0 is a function in Z]—'}'ﬁ 0p leo, N].

If x (u; x, ) is a homogeneous Kernel function KF", the two definitions of quantization in (3.9) differ by a
Kernel smoothing operator in ﬁ;p’n, for any p > 0, according to Definition below.

(Sum and product of Kernel functions) If x; (¢; x, z) is a Kernel function in X KF 1?10 P [eg, N] and k2 (u; x, 2)

; ) . : ; ; min{ni,na}
in ZK]-"KYpr2 [eg, N1, then the sum (x; + x2) (1; x, 2) is a Kernel function in ZK]-"K'O'min{pI'pz} [eg, N] and the
product (k1%2)(1; x, z) is a Kernel function in ZKFI?‘JZIZWZ [€o, N1.

(Integral of Kernel functions) Let x (u; x,z) be a Kernel function in ZKF¢ p €0, NI with n > —1. Then
Fx (u; x, z)dz is a function in ZFE'Q p €0, N1. This follows directly integrating (3.20) and (3.21) in z.

The m-Kernel-operators defined below are a z-dependent family of m-operators (cfr. Definition [3.8)

with coefficients of size proportional to |z|}}. For n > -1 such singularity is integrable in z. A family of z-
dependent paraproduct operators associated to Kernel functions defines a 0-Kernel operator, see Remark
The kind of operators will appear only in case m < 0, as smoothing operators in the composition of
Bony-Weyl quantizations of Kernel-functions (see Definition[3.25).

Definition 3.23. Let m,neR, p, NeN, K e Nwith ¢y > 0.

i) p-homogeneous m-Kernel-operator. We denote by KM Z"" the space of z-dependent, x-translation
invariant homogeneous m-operators according to Definition Item [ii in which the constant C is
substituted with C|z|7, equivalently

Mw2vx)= Y M i(@uj...ujvie"™,  zeT\{0}, (3.22)
Gpirk)ezr+?
Jitetjptj=k
with coefficients satisfying

M, jk @1 < Cmaso{|jil,- il LY maxt[ ]l dnl L1 1217 (3.23)

If p = 0 the right hand side of (3.22) is replaced by }_ jc7 M (2) vjeifx with [M; (2)|<C |]|m Izl%
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ii) Non-homogeneous m-Kernel-operator. We denote by KMI'?‘(;ZP [eg] the space of z-dependent, non-

homogeneous operators M (u; z) v defined for any z € T \ {0}, such that forany 0 < k < K

o s 20| <ci Y (Ivhenshulf
s—ak-m kk=k '

p-1
o 10l g Nl ) (3.24)

iii) m-Kernel-Operator. We denote by ZKM%"’O" p [0, N] the space of operators of the form

N
Mw;2)v=>Y_ Mgwv+Msn(u;2)v (3.25)
q=p

where M, are homogeneous m-Kernel operators in m’" ,q=p,...,Nand M,y is anon-homogeneous
m-Kernel-operator in M ? ’: ~+1l€0]. We denote by ZQ’ M;" the space pluri-homogeneous m-Kernel op-

erators of the form (3.25) with M- =0.

Remark 3.24. Given a Kernel function x (¢; x, z) in XK F 1? 0p [eg, N] then OpBW (x (u; x, 2)) is 0- Kernel oper-

ator in TKMYY) leo, NI.

Definition 3.25 (Kernel-smoothing operators). Given p > 0 we define the homogeneous and non-homogeneous
Kernel-smoothing operators as
KRP"EKM",  KRE leol 2KMG) leo,  EKRE! leo, NI £ EKME [eo, N1
Inview of [25, Lemma 2.8], if M (u, ..., u; z) is ahomogeneous m-Kernel operator in KM ;,”'” then M (u,...,u; z)
defines a non-homogeneous m-Kernel operator in K MI'?O" p €0l foranyep > 0and K e N.

The classes of paraproducts associated to Kernel functions and m-Kernel-operators are closed w.r.t.
compositions as we list below, cf. [17].

Proposition 3.26 (Composition of z-dependent operators). Let m,n,m',n’ € R, and integers K, p,p', N € N
with p,p’ <N.

1. Letx (u;x,z) € ZK]—"I?OP [€0, N] and ' (u; x,z) € SKF"

K.0,p (€0, N] be Kernel functions. Then

Op®W (x (1; x,2)) 0 Op®W (' (1 x, 2)) = Op®W (x k’ (u; x,2)) + R (13 2),

R—Q,n+n’

where R (u; z) is a Kernel-smoothing operator in ZK K,0,p+p

, l€o, N] foranyp > 0;

2. Let M (u; z) be a m-Kernel operator in ZKM?’S’p [€o, N1 and M’ (u; z) be an m'-operator belonging to

ZKM?;”};, [€o, N1. Then M (u; z) o M’ (u; z) belongs to XK M leg, N1;

m+max(m',0),n+n’
K,0,p+p’

3. Letx (u;x,z) be a Kernel function in ZKF 17<l 0,p [e0, N1 and R (u; z) be a Kernel smoothing operator in
ZKRI_(Q(;I;;I [e0, N then Op®" (x (1; x, 2)) o R (1; 2) and R (u; z) o Op®W (k (u; x, 2)) are a Kernel smoothing

_ !
operator in ZKRKQ(;’;V;, [eo, N1;

4. Let M (u; z) be an homogeneous m-Kernel operator in va;” M and M (u; z) in ZKM%OO o [€0, N] then
M (M (u;2) u; z) € SKMY', l€o, N1
Finally integrating (3.23) and (3.24) in z we deduce the following lemma.

Lemma 3.27 (Integrals of Kernel smoothing operators). Let R (u; z) be a Kernel smoothing operator belonging
to ER 5", leo, N) with n > ~1. Then

fR(u;Z)g(x—Z)dZ=R1(u)g, fR(u;Z)dZ=Rz(u),
T T

where Ry (1), R (1) are smoothing operators in ZR;QO P [eo, NT.
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The following proposition will be crucial in Section[4} and is proved in [17].
Proposition 3.28. Let n> -1 andx (u; X, z) be a Kernel-function in 2K F , » €0, N]. Let us define the opera-
tor, forany g € H*(T;R), s€ R,
(Txg) ) éfTOpBW (K (1;,2)) g (x— 2) dz.

Then there exists

e asymbola(u;x,&) in ZF 1+" leo, N1 satisfying (3.12);
* a pluri-homogeneous smoothing operator R (u) in Zﬁﬁ;g foranyp>0;

such that Ty g = Op®W (a (u;x,8))g + R (u) g.

4 Paralinearization of the Kelvin-Helmholtz system

Notation 4.1. In the present section we use the following notation
Big ;1) £ Bex (1 isrmy) 07 -

We warn the reader that such notation is conflictive with the notation introduced at page[18} but we think
that in the restricted context of the paralinearization procedure outlined here there is no risk of confusion
and it helps to streamline the mathematical statements that we present.

In the present section we paralinearize the system Eq. in the (n,v)-variables. The result we obtain
is the following one.

Theorem 4.2. Let NeN,y > 0,beR and p > 0, for any K € N there exists sy > 0 and €y > 0 such that if
RVAS BS0 g (I;€0) is a solution of Eq. (1.9) then (n,v) solves the paradifferential equation

n n
+R(n, , 4.1
()| 7]

['“] = 0p™V (Qy,5 (¥ X, &) + By (0,9; ) €1 = iVh (0,95 x) Idge & + Apo) (0,95 x, ) v

Y
where

* The matrix of symbols Q,,, satisfy (3.12) and is given by

N

0 —

i x, &) 2 ) e (212 . leo, N1)* ™%,
Q%b(nw é) [Y(l+f(7];X)) (|f|2—1)—(b§+Wb(77»WIx))|f|+(1+2n) 0 ( K000 )
4.2)
with
1+2 2
é( il ) ~1e3FL, leo, NI,
1+21] +17x
1
wy (0,95 )éE(Wb (mw;x) - bZ)EZ-FK()l[eOrN]’ (4-3)
1+2
Wo (1, 5) 2 (W +b) ———5 — € XFE  [eo, N,
(1+2n) +n>
In particular, W;, (0,0; x) = b;
By (myix) 2 2(” Vi) 0 € (SFR g leo, NT), (4.9
2| Bi(ny;x) —Bo(nw;x)
where
O (m;x) A 2nx(1+27)
By (n,v;x £ Yy+b e FR [eo, N], Jo ;X & ZFC "0 ey FR [eo, N].
b( ) (x )1"‘277 K,0,1 10 ( ) (1+277)2+77§c K,0,1 €0

In particular By, satisfy 3.12);
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e % (n,t//; x) € Z}—g,o , €0, V] and is explicitly defined as

4L

b
Vo (m,v;.x) = 2 Do () [0+ 4] ~5 (4.5)

N~

where Dy (1) is defined in (15);
2%x2
o Ay (nw;x,é) € (ZF ?(,0,1 [eo,N]) satisfies and is explicitly defined as

A?O] (n’w; X 6) [-1] (TI’U/; X, ‘f)

n
A (nw;x,8) 2| P Aw
A (nw;x,8) AL, (nysx,8)

’

with A"

[m]

(n,w;x,¢) €XTR , leo, N1 foru=mn, ¢ and m e R;
_ 2x2
e R(ny)e (ZRK%1 [eO,N]) and is real-valued.

2 .
Remark 4.3. Notice that the quasilinear contribution — (1’2—2 +wy (0, x)) HE w |€| is not nil when
b =0, as it is evident from Eqs. (4.68) and (4.69). This term, in particular, is an unstable contribution that is
not present in the one-phase version of the present system, cf. [1}(18,25].

wi

2
Notation 4.4. Along this section, for n € Bg r(;€0) and W = € (Bﬁ o (L 6‘0)) , we use the notation

1. Forany x,z€ T (cf. (L.3))

r:r(x):r(n;x):\/1+2n(x)62]-'}'§,0,1[60,N], S.nEnx) -n(x—2 e KFL; (4.6)

2. V(W;x) is a generic element in Z]—"}'ﬁ 0.1 €0, N1 (cf. Deﬁnition and V" (W x, z) is a generic element

in Z]’-"I’é’o'1 leg, N1, n > —1 (cf. Definition ;

3. Aim (W;x,8) is a generic element in ZI'Y | [€o, N] for m € R that satisfies (8.12) and A, (W x,¢) is a
2x2
generic element in (ZF? 0.1 L€0, N]) for m € R whose entries satisfy (3.12);

4. R(W) is a generic element in ZRI}QO , [€o, N1 which is real-valued and R (W; z) is a generic element in

_ _ 2%x2
>R K%ﬁ (€0, N1, n > —1 which is real-valued. Similarly R (W) is a generic element in (ZR Kf)o,l leo, N ])

which is real-valued and R (W; z) is a generic element in ZRI_(Q(;nl [eg, N1, n > —1 which is real-valued.

Remark 4.5. Accordingly to the notation introduced in Notation|4.4|we write

RW)W - H] =R (W)wy + Ry (W) wy,

_ 1
where R; and R are elements of the space ZR KQO 1 €0, N1 The same holds when we write R(W;z) W - [1] .

Notice that from Equation we derive the relation
H(n)ow=nx D)o+ 0o, 4.7
where

w(y)dy. (4.8)

%(n)wéf VI+2n(x)y/1+2n(y)sin(x-y)
T14n@) +n(y) - V1+2n(x)/1+2n(y)cos(x—y)
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4.1 Paralinearization of % (1)

The present section is dedicated to paralinearize the nonlocal operator #,(n) given in (4.8).

Proposition 4.6. Let NeN andp > 0, for any K € N there exist so > 0 and €9 > 0 such that ifn, g € Bg g (I;€0),
the nonlinear operator Hy () in 8) admits the following paralinearization

1.
Ho (n) g = Op™" (=i (1+K® (m;x)) sgné + Az (m5x,€)) g
1 (4.9)
opBW | —E_K" (n; A ) R,[n]-H,
HOp™ | 5 KO ) I+ Aoy (. g3 €) I+ R(n.g) | ||
where 5
KO(Uix)é_Lgefﬁm[eﬂ’N]’
(1+2n)"+n% 7
3 (4.10)
4 1+2
K" (m;x) 2 - i - ) 5 € Fro l€o, NI,
((1+2n)*+n2)
2x2
Aim (0,8 x,8) € ZI“I”&O’1 l€o, N] satisfies andR(n,g) € (ZRE)M [eo,N]) is real-valued.
2. 0
K" (n; x
s6(n) 11 =00 [“2 11 gy )+ R (@.1)
where
e K%n;x) € ]:50,1 [€o, N1 and is explicitly defined in (£10);
* Aim (m%,8) € XL | leo, N1 satisfying B.12);
* R(n)e ZRI}%J [eo, N1 and is real-valued.
Proof.
Part 1 (Proof of Item[1). With the notation introduced in we can rewrite as
0 0
%(n)g=fTGz( rzzn)g(x—z)dzzﬂg+fv(Gz(rLf) —GZ(O))g(x—z)dz, (4.12)
where
1-2Xsinz
G,(X)& .
‘ 1-X-+v1-2Xcosz
Let us now define the desingularization of G,
v/1-4X sin(z/2) (2sin (z/2))?
K, (X) 2 G, (X 2sin (2/2)) 2tan (2/2) = sin(z/2) 2sin (2/2)) , (4.13)
1-2Xsin(z/2)—+/1—-4X sin(z/2)cosz
so that 5 A ( )
G, L")—Gzo) - =(K ( Zn)—z) AL, 4.14
( ( r2 O] gx-2) “\r2 2tan(z/2) (4.14)
Notice that from we derive
X (2sin(z/2))*
KL (X) = — (25in (2/2)) : (4.15)

We ne

(1 —2Xsin (2/2) — \/1—4Xsin (z/2) cos (z))Z\/l —4Xsin(z/2)

ed the following technical result whose proof is postponed at page[34}
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Lemma 4.7. LetK,(X), be as in Eq. (4.13). Then

Azn A
Kz(l +2217) -2€ ZK]:IO(YO,I (€0, N1, K’Z ( - +2217) € ZK]:%O,I leo, N1, (4.16)

are Kernel functions, which admit the expansions

A
Z( 2N )—Z:Ko(n;x)+Kl(n;X) 2tan(z/2)+V2(17;x,Z),
1+ZZ ) (4.17)
/ z _ w0 . 2
Z(1+217)_K (n; )+K (n;x) sinz+ V= (n; x,2),

where K° (n; x) and K" (n; x) are functions in F§ , , leo, N] having the expressions @.10).Then, K! (n; x) and
K’ (n; x) are functions in Z}“E 0.1 [€0, N1 while V2 (n; x, z) are Kernel-functions in ZK]-"IZ( 0.1 [€0, N1 as per No-
tation[4.4

Bony paraproduct decomposition (cf. Lemma|[3.16) give us that

A, A,
(<:(57) -2 gr-21= 0™ [k [ 557 -2 x- 22+ 09 (g - 2) .

A A (4.18)
+R1(Kz(rizn)—2)g(x—z)+Rz(g(x—z)) Kz( :2’7)_2].
In view of we can apply Proposition[3.26] Items[2jand [4]and obtain that
Az Az
R (K, —7 -2|gx—-2)=R(n;2) g, Ry (g(x-2) K, = -2|=R(n;2) g, (4.19)

for suitable R (s;2) € SKR £ K 0 1 [60, N]. We use now Bony paralinearization formula of Lemma and Bony
paraproduct decomposition and obtain that

A
KZ( Zzn)—z
r

_0 BW(K’( z ))[OpBW( 2)Aun+0pPY (M) [F2=1] + Ry (r2=1) Aun + Ro (As) [r2=1]]  (4.20)

Azn) Azn
+R( 2 ) ) .

Then, we apply again Lemma|[3.19} Proposition [3.26} Items[2jand[4]in order to get that

0 BW(K’ (AZ"))(RI( ~1)An+Ro (Azn) [r72=1])=R(p;2)n, (4.21)
Azn\ Azn )
R( ,; ) . =R(n;2)n. (4.22)

Besides, combining Proposition Item[I]and Lemma we obtain that

0p™ (K (S5 ) 0B™ (r~2)2:m+ 0p™ (20) [ 1]

(4.23)
:OpBW(r_ZK’( rzn))Azn+OpBW(\70 (mx,2))n+R(n,g2)n,

where
VOm;x,2) 2 r 2 (KL(X)X)] _an.

2

We plug Eqgs. (4.21) and (4.23) in Eq. (4.20) and the resulting equation and Eq. (4.19) in Eq. (4.18) and obtain,
after using

1
[ ——
T tan(z/2)
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and applying Proposition[3.26} Item|[T} that
A A A
(Kz( rzﬂ) )g(x 2) = OpBW(K ( rzn) )g(x z)+OpBW(g(x z) KIZ( rzzn))Azn

JHEN

(4.24)
+0p®™ (V°(n,gx,2))n+R(n, & 2

where
Vi, g x,2) 2 VO, x,2)g(x - 2).

We Taylor expand in z
VO, gx,2)=Vo, 8x)+ V1,8 %,2),  Vi1€ZKFy,leo, N

We thus plug (4.24) in (4.14) and insert the resulting equation in (4.12) and, after application of Remark
and Lemma[3.27]we obtain that

%(n)g:ﬂg+[OpBW(KZ(ArZzn)_z) g(-X:—Z) dZ
T

2tan(z/2)
(x—2),, (A 621
+/1r P r2 Z\ r2 ])4sin(2/2) tan(z/2) “ (4.25)

2l

+0p"Y(V (0,8 x))n+R(n, 8 2)

where _
Viln, & x,2)
Vi, g0 2 f Yan,8%,2)
(0, 8: ) T 2tan(z/2)

We use now the identity 3 T /2)1 e = 4sin21(z - SCOSZI(Z 73 and Proposition and Remark in order
to transform

f OpBW(g(x_Z) K/Z(Azn)) : 021 dz
T r2 r2 ))4sin(z/2) tan(z/2)

(x—2) A 0
:_[TOpBW(g — K’Z( rzzn))4sinzzz7z/2)dz+OpBW(V(n,g;x)+A[_2] (n,gx.&))n+R(ng)n, (4.26)

so that plugging (4.26) in (4.25) we obtain that

%(n)gz}[g+fOpBW(KZ(A"ZZT’)_z) g(x—Z) dZ
T

2tan(z/2)
(x—2) Azn 6.n
fr P r2 “\ 12 ))4sin? (z/2) “ 4.27)

+0p™Y (V (n,8;x) + A=z (0.8 %.))n+ R (1, 8; 2

Now, we can use the Taylor-like expansions (4.17), Proposition and the fact that g has zero average and
obtain that

BW Azn)_)g(x—z) — V-BW (10 (. BW .
fv op (Kz(rz 2) EU 2z = 0P (KO () o + Op™ (Aay () g + R(ng) 8. (420

Next, denoting

ég(X—Z)K,(Azn) 8 KIO(

€XKFL €0, NI,
1+2n “\1+2n) 1+2n x) Ko, [0, N]

K(n gx2)

we Taylor-expand z — K (1, g; x, z) obtaining
K(n, g x z) =K' (n, g x)sinz+V*(n, g x,2),
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so that applying Remark and Proposition we obtain that

(x—2) Azn 0.m
S
fv P r2 “\ r2 })4sin? (z/2) £
=0op®W (ﬁK’O (m; X)) IDIn+0p®Y (K' (n, g x))#n+0p™ (V (1, g; ) + A2 (1, & x,€))n + R (1, 8) 1.
(4.29)

We plug Egs. ( and (4.29) in Eq. (4.27) and use Proposition and obtain the desired quasi-linear
expansion

%(n)g=OPBW(1+K°(n;x))ﬂg+OpBW( &K (; ))IDIn

1+2n
(4.30)
+0p™™ (A0 (1, 8%, &) +Op™ (A2 (%, £))g + R (1, & 2
thus can be derive applying Propositionto combined with # = Op8W (—1sgn é).
Part 2 (Proof of Item[2). From Egs. and we have that
Azn) ) dz
1] = K| —=|-2]—- 4.31
o (1) 1] fw( Z( r2 2tan (z/2) (431)
Thus, we apply Lemma and obtain that
27 BW [ o1 [ B2l Azn Azn) [Azn
Kz(r ) 2=0p (K ( 2 ))[7]+R( rz)[ =45 (4.32)
Notice that from Proposition|3.26 Itemwe have that R (Arzz ) € 2KR KQO 1 [€o, N1 and by Taylor expansion

we have that

) A
R(mx,2)2 R( :2’7) —R('r”) e SKRG) leo, NI,

and, since % e Sk ML° 0.1 €0, N1 applying Proposition Itemawe obtain that

_ A
R(mx,2)0— € KR [eo, NI, (4.33)

so that, thanks to (4.33), we have that

Azn) [Azn dz P [ 5217
K - 2 dz| + R(n;x,z)d .
fv (rz r? | 2tan(z/2) (rz) r? Jr 4sin(z/2)tan(z/2) “ T (m;x,2)dz
Next we use the fact that
6.1 . .
= D » th F R
f4sm(z/2)tan(z/2) =m D)y, wi m (&) T}

the fact that r2m; (D) € =K ML K01 [, N1, Proposition ‘ Itemand Lemma to obtain that

Jr G e

Next, computations similar to the ones performed in Egs. (4.20) and (4.23) allow us to deduce that
fo BW(K/ ( z’?)) dz fOpBW( 2K ( zn)) 621
r? | 2tan(z/2) r? 4sin (z/2)tan(z/2)
+0p™™ (V (1)) + R (n) n.

Taylor-expanding as in and using Proposition[3.15|we obtain that

f]r OpBW (r_z KIZ ( Arzzn)) 4sin (z/(;;?an (z/2)

= 0p™" (r™*K" (n;x))I1DIn + Op"™ (Aq) (1%, &) + R (m) 1

=0p"W (r2K" (m; x) €1 + Aoy (1 x,€))n + R (n) .
Combining Equations (4.32) and (4.34) to (4.36) we obtain (4.11).

Azn
r2

(4.35)

(4.36)
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Proof of Lemma[4.7] Let us prove at first (4.16). We prove the result for K, only being the procedure for
K’, the same. Notice that from Eq. (4.13) we immediately have that the map (z,X) — K (X) is analytic in
T x (—%, %) Let us now define

RZ(X’y)éKz(llezx)’

which is again analytic for ||, |y| < £; small. By analyticity we have that

_ x 98K (0,0)

Kz(xy)= X

19,! xPeyPr,
pl,pZ:O p1p2‘

é"mypz(z)
with
P20 K, (0,0)| < Cpyipate] PP,

From Eq. (4.13) it is immediate that
Kz(0) =2,

so that

A _
KZ ( 1 +Z;71]) - KZ (TI,Azn) =2+ Z Z kperZ (2) 77p2 (Azn)pl

p=zl pi121
p1+p2=p
::RPE};x,z)
N ~ ~
=2+) KP(px,2)+ ) KP(nx,2).
p=1 p>N
—_—
=:K>N(n;x,2)
We claim that forany peNand ¢ =0,...,7,
aﬁRP (mx,2) € 1?7-"2,, (4.37)
OCK™N (x,2) € KFpr g a1 €] - (4.38)

The proof of Egs. and is the same as the one performed in order to prove [17, Egs. (4.34) and
(4.35)] and is thus omitted. The proof for for K/, ( 1A+z2nn) is the same as the one performed for K, ( IAjz"n)
with the sole difference that K/, (0) = 0.

The proof of follows the lines of the proof of [17, Eq. (4.23)], and is generic enough to be applied in
the present case. It remains to prove Eq. (4.10), we can Taylor-expand in z = 0 and obtain that

Kz (X) = Ko (X) + 0K (X)| =0 2+ R1 (K; X) (2),
K, (X) = Ky (X) + 0K}, (X)| ,_o 2+ R1 (K';X) (2).

Explicit computations show that

AL 2X2 LS
KO(X)—Z_W; 0sz(X)|z:o——m,
aX 4X2%(3-X2
KyX) & - —, 3K, (X)|,_o = - (—3)
(1+X?) (1+X?)
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Hence setting X £ Lz

and Taylor expanding we obtain that

1+2n
2 1+2n)°
Ko( il ):2—2 77x2 . +4( +2n) nxnxx2z+V2(n;x,z),
brans () enk (14 2n)” + )
K0()
Azn s(+2m)n. ((+2m)®=302) (14 20) 0
6( )= - +2 z+V2(n;x,z),
1427 AL 2 2)3
((1+2n)* +n3) (1+2n)*+72)
LK)
4(1+2n)n3
ész( A ) s A(+2n)ny 2+R0(62Kz( Axn ) ;x)(z),
1+277 z=0 ((14_217)2_'_7]%) 1+2T] z=0
2 2
5 ,( Axn) L A2 ni(3(1+2n)’ - n2) ( ,( Axn) . )
zM\z - = +R0 6ZKZ y X (Z)y
1+2n 1+2n)],-9

3
#=0 ((1+2m)° +n3)
so that defining

1 (%) 2 4(1 +27I)277x77xx B 4(1+2n) M _ 4(1+2n)nx ((1+2n0) 1y —ni)

((1 +217)2+n§c)2 ((1 +217)2+17§C)2 ((1+217)2+17§C)2

2((1+2n)* - 3n2) (1+20) max =4 (1 +2m)° 2 (3 (1+2n)° - )
K™ (n; x) = :

(20 +m)

which are analytic applications w.r.t. 7 small in w2 proving (4.17) and (4.10). O

)

4.2 Paralinearization of 7 (n)
Here we perform the paralinearization of the nonlinear operator Dy (n) introduced in (1.5).

Proposition 4.8. Let N e N andp > 0, for any K € N there exists so > 0 and g > 0 such thatifn, g € Bg g (;€0)
and Dy (1) be as in (1.5), we have that

1.
I (m;x
DO (n)gZOpBW -1 (’_2 )Sgnf—l_A[—Z] (n»xrf))g
(4.39)
1
+OpBW(%J'° (m: %) 161+ Aoy (n, & x,é))n+R(n, g) [g] : H :
where
20, (1+2
1 (mx) £ % € Fo1leo, NI, (4.40)
+2an) +1%
2(1+2n)°((1+2n)* -n2
1O (mx) 2 | - g € 2 0leo, NI, (4.41)
((1+2n)* +n3)
— 2x2
Ay (n,8%,6) €ZTR | leo, N1 and R (n, g) € (ZRKf’O,l [eo,N])
2. )
2 J%(n;x
Do (1) [11 =1+0p™" | - (1+2n)2+ (rZ )|€|+A[o1 (n;x,f))mR(n)n, (4.42)
where
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o JO(n; x) is explicitly defined in @&41), and is such that J” (0; x) = 2;

* Agj(mx.¢)e ZF?(,OJ leo, N1;

NI.

* R(n)e ZRK%J €0,

Proof.

Part 1 (Proof of Proposition Item. Let us recall that D (n) is defined in (I.5). We proceed analogously
as in the previous section. We have, using the auxiliary functions defined in and the fact that g is of
zero average, that

@o(n)g=ﬁr%(Hz(i%n)—Hz(O))i;x—égdz, (4.43)
where
Hy o0 & Lo VIZ2XC0S2 ) o).
1-X-v1-2Xcosz
We define

J:(X) £ H, (X 2sin(z/2)). (4.44)
We have the following technical result:

Lemma4.9. LetJ;(X), be as in Eq. (4.44). Then

( Agn

0
" 277) € ZK}—K,O,O [eo, N1, (4.45)

Azn Azn .
J, (ﬁ)}l £, ( : +2277) —2sin(z/2) € ZK}'I%,Q1 [€o, N1, J;

are Kernel functions, which admit the expansion

[
‘ 1+2n

) —2sin(z/2) = Jo(n;x) + 1 (n;x) 2sin(2/2) + v? (m;x,2),

/( Azn
“\1+2n

(4.46)

) =J"0 (m;x) + Jt (m;x)sinz + V2 (m;x,2),

where J° (n;x),J"° (n; x) are defined in -@A1) and )" (n; x),J" (n;x) € ZFE o, leo, N

The proof of Lemma [4.9| follows exactly the same lines of the proof of Lemma[4.7) (cf. page[34) and is
thus omitted for the sake of brevity.

We apply Lemma and obtain that

1 Azn) o Bw(i (AZ”)) _ BW (o o) | L (_Azn
rZJz( r? >1g(x 2 =0p erz r2 >1g(x 9+ 0P (8 (x-2) erz 1+2n)5,
= (4.47)
L(22) Jgu- SIERNESA
+Ry erz(1+2n 21)g(x A+ R (g(x-2) | 5z o)., |

In view of (4.45) we can apply Proposition Items[2land 4|and obtain that

1 ( Azn )
—J | ===

r2 7 \1+2n) 5,
Then, we apply Lemmas and and Proposition[3.15|in a similar fashion to the procedure detailed in
the previous section and obtain that

=R(n,gz)n.  (4.48)

1 Azn
Rl(ﬁ”(mLJ““”ZR("’g;Z)g’ felgtrma)

Azn

1
—1J,
1+2n

r2

op""(g(x-2)

(x—2) A
=OpBW(g " JL,( rzzn))AszpBW(VO(n,g:x,Z))n+R(n,g:Z)n-

(4.49)

>1

36



Next, we use the expansions of Lemmal4.9]and obtain that

(J (; %)

1

ﬁ
(x—2) A

op®W (g - J’Z( rzzn))Azn = OpBW(%J’O (n;x))Azn +0p®™ (V (n,gx) + V' (n, g%, 2))8.m,

0p™™ (v (n,8:x,2))n = 0p”" (V (1, & x) + V' (1, g5 x, 2) 1.

We plug the results in Egs. (4.44) and (4.47) to (4.50) into Eq. and obtain, after an application of Propo-

sition that

OBW

Azn BW
~2)=0
z 1+2n 21)g(x 2) p

+Vi(n,gxz ))g(x—Z),
(4.50)

L(mx)\ [ gx-2) 8 021
A BW ; BW (&S 10(,. S
2o =00™ | —7=| | sonramdetor™ () (T”x))f asin? (z12)

)

Part 2 (Proof of Proposition[4.8} Item[2). Arguing similarly as it was done in order to deduce (#:43) and using

Eqgs. (4.44) and (4.46) we have that

_ 1 A n dz
D () (1] = 2 f_ ( : ) ' -
o (n)A1=r""+ Terz r? )5, 2sin(z/2) o

+0p™ (A (1, & x,€))n+O0p"W (A2 (m%,€))g + R(n, & 2

from which we conclude after standard symbolic manipulations the identity in (4.39).

We apply Lemma and obtain that

Do (1) 111 = r‘2+f ! {OpBW(JZ(AZn)) [Azﬂ

T r2 12 12

+R(AZ;7) [Azn” dz (4.52)
r 2sin (z/2)

Thus, computations similar to the ones that lead to (4.34) give us that

i Azn Azn] dz _
fvrzR( r2 )[ r2 | 2sin(z/2) =R (). (4.53)

Next, similar computations to the ones that lead to give us that
A A d A 1)
e [
Tr r2 r 2sin(z/2) T r (2sin(z/2)) (4.54)

+0p® (V (m; x))n + R (n) m,
so that arguing as in order to deduce

_ Azn 5277
op™ (12527 Ja
pr ToE| 2 (2sin (z/2))2 “

=0p™ (r~*)" (n;x)) IDIn +0p™ (A (m; x,€) ) + R (1)
= 0p™" (r~"J" (1 x) 1€] + Ay (13 %, €) ) + R (n) m.

(4.55)

Thus, combining Eqgs. (4.51) to (4.55) and the paralinearization r =2 = 1 + OpBW(
using Lemma(3.19(we obtain Eq. (4.42).

)17 + R (n)n derived

(1+2 )?

O

4.3 Paralinearization of % (1)

In view of (.7), putting together the paralinearizations of Sections[4.1]and 4.2} we prove the following.

Lemma 4.10. Let Ne N, beR and p > 0, for any K € N there exists sy > 0 and ¢y > 0 such that ifn, g €
sO r (I;€0), let # (n) be as in @7) then we have that
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H (n) g = Op°" (—i sgné + Az (m;x,¢)) g

. 1
+OpP (-8 1(nx) 161+ 2V (m, 5 %) i€ + Aoy (1,8 x,f))n+R(n,g) [z] - H ) (4.56)

1+2n
where
o O(m;x)e .7-"}5’0’1 leo, N1 and is explicitly defined in ;

« Vo (005 gx) = 3D0(n) g € 2F g, €0, N1, of. (L5);
* Aim (0, 8x,§) €XTR | leo, N1;

* R(n,8) € ZR,, leo, NI.
2.
BW Jo(n;x) . 5
# (n) [1] =0p°™ |- Tron &l +i V (15 x) &+ A (15%,€) [n+ R (n) [n], (4.57)

where
 J(n;x) € F§,y | leo, N1 and is explicitly defined in (&.40);
o V(mx)2D0(n) (1) €SFE leo, N) with V (0;x) = 1;
* Ay (m5%,8) € ETy o, leo, NI

* R(n) e TR, leo, N1.

Proof. We use now the expression in Eq. (4.7) and Propositions [4.6|and [4.8|as well as Proposition [3.15|and
obtain that

(1) g = 0™ (i (14K (i) + T3 1 ;) sgn + Ao (mi.¢))g

”]-H. (4.58)
g 1

Notice that in order to deduce (4.58) we used the fact that Dy (1]) ge Z]-"}? 0.1 €0, N1, which stems immediately
from the paralinearization provided in Proposition Item next we relabeled 17 (n) g = Vo (1,05 g; x).

Next we use Equations (4.10), (4.40) and (4.41) and obtain that

KO (m;x) + % J0 (m;x) =0,

+0p™ (£ (K (i) + L5 3 (1) 161+ Vo (.07 g3 %) + Ao (m, 50€) |+ R (n, )

n
K" (m; x) + r—; IO x) = =1 (m5%).

Thus, transforming (4.58) into (4.56). The proof of (4.57) is almost identical to the proof of (4.56) and is
hence omitted. O

4.4 Proof of Theorem[4.2]

We can finally paralinearize Eq. (1.9). We use Equations (4.56) and (4.57), we set g = 0,y and Proposi-
tion in order to obtain, from (1.9), that

€]
ne= OPBW(—? + Ao (mx,8) |y

(4.59)
1 .
+OPBW(§Bb(77,w;x)I€I—1Vb (ny;x) &+ A (nws x,.8) In+ R(n,w) [n+v],
where
AW . 5 (- e Yx oo = a3 (mx)
By (n,y;x) £ Bo (0, x) + bB (n; x), Bo(n,w,x)—mJ (mx),  B(mx) =S oy 480



and

Let us now paralinearize the term

We apply Lemma|3.16|and obtain that

Ve

L (1) [+ 0] = 0p™ (2] 1 o) [+ 091 -op 222V

(4.61)

+ R (5] (2 (n) [o+ 0w+ Ba (20 ) [0+ 0.0 [ 5]

Recall that w = Vb (1, ¥; x), so that we can apply Propositions and and obtain that

opBW (_ Do (n) [b+0xv]

5 ) [vx] = Op"Y (=i V& (0,95 x) &)y + R (n, v) v,

n] .
W
Next we apply the paralinearization stated in Proposition and the composition theorems in Proposi-
tions[3.15land[B.17/and obtain that

(4.62)
_Yx

1
2 1

Ry (=55) (20 (1) [+ 0] | + Ro (D0 (m) [b+ 0.9 = R(n,v)

_Yx

op®W (—%) [Do (1) [o+0,w]] = OpBY (—l 10 (m; x) 1€+ Aoy (15 x, 5))‘//

21+2n
pw (1Y (04w o 24) L[
+0p (2 1+ 21 J% (5 x) 11+ Ajoy (n, w5 %,6) In + R (n, v) MNEE (4.63)

so, using (4.60), we obtain that

opBW (_"’7) (Do (n) [b+0xw]] = OpBW(—%Bo (my; x) 161+ A2 (15 x, 6))1#

+op?Y (_l Vs (D +ys)

I 1
2 1v2 J°(n;x)|€|+A[ol(n,w;x,é))mR(n,w)m-[l]. (4.64)

We invoke now Propositionand obtain, using the notation introduced in (4.60), that

b b~
—5Do(n)[b+ys] = OpBW(—EB(n; x) €]+ A (n:x,f))w

—b—2+OpBW( b2 _ b b+yy
2 (1+2n) 2(1+2p)

Notice that using Eqs. (4.61) and (4.62) we obtain that

SJ0 (%) 11+ Ay (w5 x,€) In+ R (n,9) [17/] : m . (4.65)

b+vyy, b X
=2V (1) [+ ] = =20 () [+ ]+ OpP (-2 [0 () [b+ 0]
1 1 (4.66)
+0p™ (i W (rwix)w + REnw) |7 [1].
From Equations and we obtain the relation
4
2(1+2
IMUSIE (1+20) 5~ (10 (m:x))° (4.67)
((1+2n)* +n2)

so that using Eqgs. (4.60), (4.64), (4.65) and (4.67) and denoting with

Wa (n,w;x) £ Wo (n, ;%) + bW (m; x) € Z}—g,o,o leo, N1, (4.68)
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where

)2 vy (1+2n) 1+27

(1+2n)*+n3

lI>

Wo (n,w; x €XFg 01 l€0, NI, W (n; x) € XFg 0,0 l€0, NI, (4.69)

(1+2n)° +n%

we obtain that

x 2 1
= 30 (1) [o+ 1]+ O™ (= 22) (20 1) o+ 0,0]) = = + 09 (-5 B (1) 61+ Az i)

b? 1 1
+OpBW(— =5 (W (m.wix) = B (m.y:x)) 161+ Apo) (n w; x,f))mR(n,w) [:Z,] : [1 -

4.70
(1+2n) 2 (4.70)

We thus insert (4.70) in (4.66) and obtain that

b+ b 1
- 2% Do) [o+ys] = -+ OpBW(—EBb (m w3 ) 181 =i Vo (m, 93 %) & + Az (5 x,é))u/
1
+0p®W (eon) 2 (WE (m,w; x) - BE (n,w; %)) €] + Aoy (m, w5 x, 5))77 (4.71)
1

An iterated application of Lemma give us that

—y % (n) =0p™Y (y (1+£ (n;x)) (1€ = 1))n+ R (n)n,

3
1+2 2
—2'7) ~1exF% ) leo, NI.
(1+2n)"+n% "

We can thus now plug Egs. (4.71) and (4.72) in the second equation of (I.9) (recall that Q is set in (2.21) in
order to cancel the 0-homogeneous components of the transport) and obtain that

4.72)
f(n;x) =

1
Y= OpBW(_EBb (w3 %) 1€ =i Va (0,95 %) €+ A—g) (s x, 6))1#
2

(1+2n) (W (n, w3 x) = BE (n,9;x)) €l + Ay (. 9;.x,€) | (4.73)

DN~

- 0p™ [y (1-+2 (n52) (c12-1) +

]

Finally, we combine Egs. (4.59) and (4.73) to obtain after a renaming, if needed.

+R(nv) |

5 Complex Hamiltonian formulation of the Kelvin-Helmholtz equations

We begin with the real Hamiltonian system (2.5), and introduce the following associated complex variables

nla .|V a 111 1 11 i
Under this change of variables (2.5) is equivalent to
Ur] _ -1 v
o,| = C ]V(,W)H(C [D]) (5.2)

Defining He £ H o C and noting that
o] 11 1][0,
Oyl 2 li -i][0s]’
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we obtain that (5.2) can be written as an Hamiltonian system in the complex coordinates (5.1) as

Ve=JeVoHe(V), vl (5.3)
where the complex Poisson tensor (cf. 2.5)) is defined as
a o]0 1
Jc& 1]_[_i 0]. (5.4)
Next we define the Fourier symbol
<] <] =1
m,btf)é¢ = el
Y 20y (§) 2(}/(|§|2—1)—b2(%—1)) 0
(5.5)
L_Rlr@-n-w(g-n)
Myp ()" = elg.
<
Then, we consider the symplectic matrix
my.p (D) 0
SypD=| T 0 oy (D)‘l] and My (D)= S,y,(D)oC. (5.6)
Notice that
1 My 1 (§) My p () 1422
M é_[ .y,b ~ ) Y, 4 ] €F1/4 ,
@O= 2 m @ impp@t | €00 o
_ I [ myp@ ' imyyp (@) 1 aN2X2 ’
M 1 A - v,b B ) Y, € 1—~1/4 .
e e @7 —imy @) (fo™)
We define the complex coordinates U as
o |Ul &g Nl _p-1_ -1 n
U£| 2| £M (D) [w]_c °SppD) |, |- (5.8)

Notation 5.1. Let K€ N, e5 >0, meR, NeNand 0 < K’ < K. We work on a time interval I = [0, T] for some
fixed T > 0 to be determined. This latter is a priori implicit but will correspond to ce~N*V, Moreover, from
now on we denote with

m
K,K',1

2%x2
ement of (ZF’” leo, N ]L such that JcOp®"W (Ajm;k) (U; x,€)) is lineary Hamiltonian up to homo-

* Ak (U; x,&) any generic element in the space XI' (€0, N1, while Ay, (U; x,¢) is a generic el-

KK',1
geneity N (cf. Definition[A.2), whose explicit expression may vary from line to line. We use as well the
simplified notation Ay, (U; x,¢) £ A (U x, &) and A0 (U; x, &) £ Aim (U; x,8);

2x2
K,K/,l K,K’,l [60) N]) re-

spectively, whose explicit expression may vary from line to line. We denote as well Ry (U) = R (U)
and Ry (U) £ R(U).

* Rk (U) and Rig (U) any generic element in the space SR L. leo, NI and (ZR_Q

We prove the following:

Proposition 5.2 (Kelvin-Helmholtz equations in complex Hamiltonian coordinates). Let NeN,y>0,beR
and p > 0, for any K € N there exists sy > 0 and €y > 0 such that ifn,y € Bg g (;€0) is a solution of Eq. l)
then U defined in (5.8) solves the complex Hamiltonian system

Us = Jc Op™ (A3 (U3 ) @y (©) + A1 (U3 x,8) + Ay (U3 ) €12 + A Us 2,0 |U+ RUNU,  (5.9)
where

* Jc isdefined in Eq. (5.4);
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o As (U'x)E(Z]:R e N])2X2 is defined as
3 ’ K,0,0 0

Agumé

0 1 +f((My,b(D)U)1;x)
10 2

11
1 1], (5.10)

where £ (; x) is defined in Eq. (4.72);

2x2
e A (U;x,8) € (Zr}(,ﬂ,l [eO,N]) is defined as

0 -1] Bs(Myw(DDU;x) _[i 0
A, (U;x,8) £ -V, (Myp (D) U; x) € 1 0 2 <] 0 —i]'
where V, (n,¥; x) € Z}—E,o,l leo, N] and By, (n,v;¢) € ZIE,O,I [eo, N1 are functions in defined in Egs.
and (4.60);
e A1 (U;x) e (Z]—"R e N])2X2 is defined as
3 ’ K,0,1 0
N [t 1].1l 1 (BEMUx) B n
A U0=A U0 | _2\/5( 5 + 2f(n,x) wy MU | ]| (5.11)
where wy, (0, y; x) is defined in Eq. ;
* Ay (U;x,¢) and R (U) are as in Notation|4.4
Proof.
Step 1 (Diagonalization of the linear part of (4.1)). We can diagonalize the matrix defined in as
4 a. 1 0 _3)2x2
Ly,b (5) = My,b (&) Dy,b (5) M}/,b (5) , Dy,b (5) =1Wyp (f) [0 1 € (FS ) , (5.12)

_3
where wy 1, (§) € I'} are defined in Eq. (2.19). Defining U as in (5.8) where Z solves (2.14), the vector-valued

complex function U solves the diagonal linear system
Ui=Dyy(D)U.

In particular thanks to the relation combined with (5.5), which implies that m, ;, (|D|) [1] = 0, assure us
1 ) .
thatiif (n,w) € Hy * (T;R) x H*" (T;R) then u € H; (T;C) = H (T;C) for s> 0.

Next, expanding we have that

1 b)?
@ = —— 2 L
(2yl&N)* (2y1&1)*

+my s (€D, (5.13)

__9
with My b2 (IEheT,*.

Notation 5.3. From now on we use the abbreviated notation M £ M, (ID]) defined in and m £
my b (ID]) defined in (5.8) for the sake of brevity.

Step 2 (Reformulation of Eq. in complex coordiantes). Recall the matrix of Fourier symbols Ly in

(2.14) and the matrix of symbols Q%b in (4.2); we define

0 0
] €XT%,, [eo, N1, (5.14)

Qy,b;)l (77’ v X, 6) £ Qy,b (77,1#; X, 5) - Ly,b &)= [CI (77’1//; X, f) 0
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where, from Egs. and (5.20), q (U; x,¢) is the real-valued symbol

qamw;x, &) =y £ (mx) (1E°-1) - wb(n,w?x)|f|+b2((1+2n) _1) (5.15)

=y £ (%) 1€1° = wy (0,93 x) 1€] + Qo (0, 3 X, €)
with .
Qo (1, W3 x,&) 2 —y £ (1; x) + b (ﬁ - 1) €3I, l€o, NI.

+2n
Then, by (5.12), Eq. becomes
'7] ~MD (D)M_l[n]
[1// ;T W

=0p™ (Q b1 (MW X, &) + By (0,9 x) 1€] =1V (1, w3 x) Idge & + Ajg) (0,95 x,€)) [:;] (5.16)

R(nv) LZ

Since U = M~! LZ we can derive the evolution equation for U multiplying from the left for M~!

obtaining

U;—Dy,(D)U
=M'0p"™™(Q y ;=1 MU; x,8) + By, (MU; x) €] - iVs, (MU; x) Idge & + Ajg) (MU; x,6))MU (5.17)
+M™'R(MU)MU.

Recall that M1 is explicitly defined in (5.7). We have the following relation

A Ay
Az Ay
m A m+mAm T +imAsm—imAm™ m'Am-mAm ! +imAsm+im~1A,m~! (5.18)
m A m-mAm ! —imAsm—imAm™ mAm+mAm T —imAsm+im~AomT|” )

-

2

Notice now that given

a(U;x,&) € ET% | [eo, N, a@ el B@&ely”,

applying Proposition we have that

1
a (D) 0p®Y (a(U; x,8) B (D) = OpBW (a (WU, @@ &)+ - (@Usx,0): (g @ &) -a @ fe (é)))
(5.19)

Mg+Mg+mp—2

BW
+0p (zr o

le0, N1) + ZR.%, | leo, NI,

Then, applying (5.18), we have that

i 1 1
M™Op™(Q y 21 (MU; x,§))M = % m Op”" (q (U; x,&))m [_1 _1] : (5.20)

where q (U; x,¢) is the real valued symbol in evaluated at (,v%) = MU. We apply Equation and
obtain that
m Op™ (q (U5 x,0)m = 0p™ (q (U 2, ) m2,, () + A1) (U ,8)| + R(U). (5.21)

Thus, combining Eqgs. (5.20) and (5.21), we obtain

M~'0p"Y (Q ;=1 MU; x,6))M

_1i BW . 2 . 1 1 6-22)
=3 (Op (q(U,x,f)m%b @)+ ALy (U,x,E))+R(U)) [_1 _1].
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Next we apply Egs. and to the matrix-valued symbol By, (MU; x) |¢] defined in and obtain

that
M~1op®W (B, (MU; x) €)M

_1 BW : 0 1
= ZOP (By (MU; x) [€1) [1 0

I Bw(p2 . 2 1 1
+,0p (Bb(MU,x)IEImy,b(E))[_1 _1] (5.23)

+0p™Y (Ajg) (U;x,6)) + R(U).

The same procedure give us the conjugations

M~ op"Y (i, (MU; x) H)Idg:M = 0p®W (iV4, (MU; x) §)Id¢2 + Op®Y (Ao (U x,€)) + R (U),

(5.24)
M~op"Y (419 MU; x,6))M = 0p®Y (4)) (U; x,6)) + R(U),
while Proposition3.17/implies that
M™'R(MU)M ~ R (U). (5.25)
We plug Equations (5.22) to (5.25) in Equation (5.17) and obtain that
2
U; - Dy, (D)U = 0p™W (‘Z AV (U, + A (U; 5,0 |[U+R(U) U, (5.26)
P
with
3-j 2%x2
AN (U x,6) e ():rm1 [eo,N]) ,
2
and are explicitly defined as
AU L L quinom, @ L !
3 » X, > qlu;x, ¥,b 1 1l
By, (MU;
A (U3, 2 iV, MU; € | (1’] #2220 g [‘1) (1)] (5.27)

A U0 % BZ (MU; x) 1E1m7 ()

1 1
-1 -1
We now expand the symbols in (5.27) in decreasing para-differential orders using Egs. (5.13) and (5.15), thus
obtaining that

s 1 ((b)? |
q(U;x,é*)mi_b(é):\/gf(n;x)lflw—((i) f(n;x)—wb(MU;x))|€|2 + AL U;x,0),

; V2y (5.28)
B2 (MU; 2 (&)= —— B2(MU; ) |E]2 + A;_11 (U; x,8).
5 (MU;x) [E1mY (S NG b (MU ) [612 + A1) (U5 %,9)

Thus, inserting (5.28) in (5.27), we obtain that

2 2
Y AT Uix,0) = ) AL (Usx, )+ ALy (U3 x,9),
=0 7 =0 2

where

Hepoonal [Y oo AR
A% (U}xif)_ 2 2 f(n’x)l'flz [_1 _1] ’

AU x, 62 AN U x, ),

i 1 (BEMU;x) (b)* ' 111
5\/2_y( 5 +(—) f(n,x)—wb(l\/IU,x))lfl [_1 _1].

AU x, 82
2 2

Therefore, (5.26) becomes

2
U, — Dy, (D) U =0p®" (‘Z AL (U;x,6) + Ajg) (U; x,6) [U+R(U) U. (5.29)

=0 2
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We now further refine the expression deduced in (5.29) by expressing the leading term as a quasilinear per-
turbation of the unperturbed frequencies wy 1, (<), cf. (2.19). Using (2.20) we have that

f(n;x 1 f(m;x) (b))% 1 1 1
(2 )wmén—u(g) |5|2+A[—;1(U;xr‘f))[_1 _1]'

Vo

AU x, 6 =i (

so that, defining

JeA; o, (U, x) =

JeAy (U, x) =

11 (Bg(MU;x) (b
- + i,

2
2 oy 5 2 5) f(n;x)—wb(MU;x))
Jc A1 (U;x,6) 247 (U; x, ),

1 1.
-1 -1

we transform (5.29) into

Ui~ Dy (D) U

BW 1 (5.30)
=JcOp (A%;>1 (U x) @y (©) + A1 (U5 x,6) + AL (U5 x) €12 + Ao (U;x,f))U+R(U) U.

Next, an explicit computation shows that

Dy ($) =wyp (&) Jc

01
1 0]’

Thus, defining

a0
Ay w2 | e, W,

it remains only to show that is a complex Hamiltonian system and that Jc A(o) (U; x,¢) is linearly sym-
plectic. Indeed complex variables transformation M;,{, in is the composition of the complex transfor-
mation C~! in and the real symplectic map S}_,'{)(D), see (5.6). Then the equation for U has the com-
plex Hamiltonian form in (5.3). Then we apply Lemma[A.14]to each homogeneous component in (5.30).
As the explicit positive order symbols are linearly symplectic by direct inspections, we eventually replace
A (U; x,8) asin to get a linearly symplectic matrix of symbols. This conclude the proof.

O

6 Block diagonalization and reduction to constant coefficients

In this section, we perform spectrally localized, linearly symplectic, and bounded transformations to conju-
gate the complex Kelvin-Helmholtz system (5.9) into a diagonal constant-coefficient system, up to a smooth-
ing remainder. Specifically, we prove the following.

Proposition 6.1. Let N € N and p > 3 (N + 1), there exists K' > 0 such that for any K > K’ there are sy > 0,
€o > 0 such that, for any solution U € Bg (I;€0) solution of there exists a real-to-real invertible matrix of
spectrally localized maps B (U; t) such that

1. BU:n, BU;n" ' e (SO

2x2
KK'~1,0 [eo, N]) are linearly symplectic up to homogeneity N, according to

2x2

3
Deﬁnition Moreover, B(U;t)—1d e (ZS 12((11:,?1)1 [€g, N] ;

2. The variable W £ B (U; 1) U solves
Wi =Opier (i |1+ 0 (U3 0) 0y (€ + % (Us ¢ + 6y (U DIE1 + by (U 1,0 | W +RW; 0 W, (6.1)

where
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* wyp(é)e f"é is defined in ;

e v(U;t) € ZI§,0,2 [e0, N1 and is independent of x;
e 14 (U;t) € Z}—?l,z [eo, N] and is independent of x;
o 6; (U; 1) € Z]—"}'ﬁz 5 [€0, N] and is independent of x;

e h(U;té)e ZFK K2 [eo, N1, is independent of x and such thatImby (U; t,¢) € FK KN+1 leols

2x2
s RW;n e (ZRE e, M)

The rest of the section is devoted to the proof of Proposition[6.1} The procedure is now rather classical
so we state the main steps, for the missing details, we refer the interested reader to [25, Section 6].
6.1 A complex Alinhac Good Unknown

We first perform a change of variable, known as Alinhac good unknown that cancels the anti-diagonal terms
of order one in (5.9).

Lemma 6.2 (Alinhac Good Unknown for the Kelvin-Helmholtz equations in complex coordinates). Let N €
N,y >0,beRandp >0, for any K €N there exists s) > 0 and g > 0 such that ifU € BX . (I;€9) solves (6.9) there
exists a real-to-real matrix of operators G(U) such that

2x2
1. GU),GWU) e (Sloco,o [eo,N]) are linearly symplectic, according to Deﬁnition@ Moreover, G (U)—

2x2
IdE(ZSKOl[Go,N]) ;
2. The variable Uy £ G (U) U solves

0:Uo=Jc OpBW(Ag‘” (U; %) wyp &)+ AY (U; ) 1617 + Aoy (U x, é))Uo 62)
2 2 B

— Opyec (iVs (MU; x) &) Up + R(U) Up,
where
* the symbols A(O) A3 ) w,, v and W, are the same as in the statement of Proposztlon and A1,
R areasin Notatlon

« AVe (ZFEOI[eo,N]) is defined as

AV (U;x) 2 AV (U; %)

2 2

2
L (b?f (n;x) — wb(MU;X))

1
1 )
where wy, (1, v; x) is defined in Eq. (4.3).

Proof. The procedure that we use here is the same as the one proved in [25| Section 6.1], thus we omit to
perform detailed computations, in particular the Item|l]is true by direct computations and the fact that

2%x2
GU)-1de (ZSIO< 0.1 [eg, N ]) . This latter fact is a consequence of Lemma 3.7, The only difference, com-

pared to [25], is the symbol A1 (U; %) I(flz € ZF2 %ol [€o, N1 appearing in (5.9) and defined explicitly in (5.11),
which shall be treated in detall Let us define the transformation

1

a1
cu21d--| |

1
| op™ (B MU )m3, ). (6.3)

The fact that G (U) is a nilpotent perturbation of the identity allows us to compute its inverse as

1

i
G A+ |

1
_1] op™ (B, MU; ) m2, (©)).
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Thus, defining Uy = G (U) U, and using the conjugation rules

_ By . [1 0] B 11
G(U)]a:OpBW(A%wYYb (E))G(U) L= jcopBW A%ﬂ)y,b (f)—l?blfl [0 4 +Tb m?,yb ©) [1 1|+ Ao |+ RO,
G () OpEW (-iVp) 1de2 G () ™! = OpBY (-iVp&) 1d 2, (6.4)
By [1 0 _ B, .[1 0] B 11
G(U)JcOpBW(17b|é| [0 _IUG(U) t=Jeop™|i=2 i [0 _1]—7‘°mi,b(é)[l ||+ Ao |+ R@W),
we get, using also Egs. (5.13) and (6.4),
BW -1 BW 1 B 111
G (W) JcOp™ (450 (O + A1) G (W) ! = JeOP™ | 30y () - —==2 1812 + Agy
2 2 V2y 4 1 1 (6.5)

+0pEY (i &) + R (U).

Due to the particular nilpotent structure of ]q;OpBW (A 1 U;x) 1€ I%) and G(U) —1d, the conjugation for the
symbol of order 1/2 explicitly given by

6 W) JcOp™ (4, W30 1812 )6 W)™ = JcOp™ (A; W3 0)1¢12 ). (6.6)

Remark that there is a cancellation of the terms of the form [¢ I% between (5.11) and (6.5) leading the the
expression of A&O) in the statement. Moreover, we have
2

G(W)U;=0,Up— (0,6 () GWU) ™" Up. (6.7)
Hence, from Item[I]and Proposition[3.15} we have that

1 1
-1 -1

ECUNGW ™ =0p™ (A Ui d). A2 -3

] 0¢By (MU; x)m? , (&). (6.8)

The conjugations proved in Egs. to and the computations performed in [25} Section 6.1] conclude
thus the proof of Lemmal6.2] We remark that the zero-th order matrix Ao 1) is the sum of the linearly Hamil-
tonian matrix A_: ;) and the contributions coming from Ayg) in Eq and li To prove that Jc A is
linearly Hamiltonian up to homogeneity N we then apply Lemmal|A.15[to each homogeneous component
of the operators in Egs. and which are linearly Hamiltonian thanks to Lemma[A.5| O

6.2 Diagonalization at the highest order

In the present section, we diagonalize the quasi-linear contribution
Jcop™Y (A(;” (U; x) wyp (5)),
2

which reduces to the diagonalization of the matrix

-1+£W;x) -£WU;x)

f(U;x) 1+£(U;x)|’ 6.9

Jc A (U; ) =1
2

where f (U; x) is defined in (4.72). The eigenvalues of are given by +i A (U; x) where

AU;x) 2 \/1+2f (U;x) (6.10)

and we have that A (U;x) —1 € ZF% . [eg, N]. Defining

K,0,1
1+f+A7 N —f

) g )
VA+E+1)% 12 VA+E+A1)%-f2

1>

h
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the symmetric and symplectic matrix

h 2x2 _ h - 2x2
F2|? Ble(zr®  leo, N1)P2, Fl2 8le (=R, leo, N1)2, (6.11)
g h ” -g h w
which are such that -
F-1d, F'-1de (ZF, leo, N1)" ", 6.12)

diagonalize in the sense that

F ]CA;F—[O iﬂ]'

We prove the following result.

Lemma 6.3. Let N € N and p > 0, for any K € N* there are sy > 0, €y > 0 such that, for any solution U €
Bg (I;e9) of (6.2) there exists a real-to-real invertible matrix of spectrally localized maps ¥ (U) such that
2x2
1L Y, (), ¥, ()7 te (510(0 0 [6‘0]) are linearly symplectic as per Deﬁnition@ Moreover, ¥1(U)-1d €

(280

K,0,1

[60, N])ZXZ

2. The variable Uy £ ¥, (U) Uy solves

3.U1 = OpEY (i AU; %)y 6 —i VO (U; 1) f) U

(6.13)
+JcOop®W (A(ll) (U; x) |<f|% + Ajo;1) (U;x,f))Ul + Ry (U) Uy,
2
where
3
* Wy (§) €T} is defined in 2.19);
e A(U;x) is defined in (6.10);
« VD (U;x) € 2R, leo, NI;
2%x2
o« AP W) 2 (U0 +g U 0)2 AD (U0 € (SFE ) leo, NI
2 2
Proof. Arguing as in [25, Lemma 6.4] the 1-flow ¥ (U) £ W7 (U)|,—¢ of
i log(h(U;x) +g(U;x)) 0
0: ¥ (U) = oBW(1 . v,
F (U)=JcOp 0 —ilog(h(U;x) +g(U;x)) (6.14)
v (U) =1d
is such that
v, () =0p™W (F ' (U;x)) + R(U), v, (U) ' =0p®W (F(U; x)) + R(U). (6.15)

Since the generator in (6.14) is linearly Hamiltonian, LemmalA.6|ensures that ¥, (U) is a linearly symplectic,
2x2

spectrally localized map in (ZSIO( b N]) . Thus, the new variable U; £ ¥ (U) Uy solves (cf. (6.2))

0,Uy =¥ (U) Jc Op®Y (A%‘” (Us %) 0yp &)+ AD (U; ) 1617 + Aoy (Us %, | W1 ()11,
+0,¥1 () ¥1 () Uy —¥1 () O0p™Y (iVh (MU; ) W1 ()™ Ur + W1 (D R(W) Y1 (U) ' Ur. (6.16)

Following the same computations as in [25, Eq. (6.3)] we have that

¥, (U) Jc Op®W (Ai‘” (U; %) wyp (é))\m !

0 (6.17)

-1
=0p™" (M U opp @) | o

+A[—%;0] (U;x,f))+R(U).
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Similar computations give us the conjugation

v, (U) Jc OpBY (AE‘” (U; x) |é|5)‘1'1 !

(6.18)
= Jcop®" ((h(U; 0 +gWU;0)° AV U3 2) (12 + A_10) U3 x,8) |+ R(WU)
and
¥, () Op®W (Aj0.1) (U; x,8))¥1 (U) ! = 0p®WY (Aj0.1) (U3 x,8) + R(U), (6.19)
while from Egs. and we obtain that
0, ¥, (¥ () =0p"YW (Ajp;1) (U3 x,8)) + Ry (1), (6.20)

and standard symbolic computations (cf. Proposition[3.15/and Eq. (6.15)) give that
¥, (U)0pBW (iV,, (U; x) &) W, (U) ! = OpBY (iVb“) (U; x) 5) +RU), VP(WU;x)eZFR, leo,Nl. (6.21)

We conclude plugging Egs. (6.17) to (6.21) in Eq. (6.16). We remark that the zero-th order matrix Ay 1) is

the sum of A_ Loj form Egs. l) and 1| and Ajg;1) from Egs. 1! and || To prove that Jc Ajp;1; is
linearly symplectic we then apply LemmaJA.15|to each homogeneous components of the spectrally localized

operators in Egs. (6.17) to (6.20), which are linearly Hamiltonian thanks to Lemma[A.5| O

6.3 Reduction to constant coefficients at the highest order

Lemma 6.4 (Reduction of the highest order). Let N € N and p > 2(N +1). Then for any K € N* there are
so > 0, €9 > 0 such that for any solution U € Bg (I;€9) of (6.13), there exists a real-to-real invertible matrix of
spectrally localized maps W, (U) satisfying

2%x2
1. ¥,(U),¥Y,U) € (SIO<0 0[6()]) are linearly symplectic as per Deﬁnition Moreover, ¥,(U) —1d €
2%x2
(z8¥shieo, 1)
2. The variable U, = W, (U)U, solves the system

0:Up = Opitt i |1+ oW 0y €)= V2 U306 | U

(6.22)
+ Jcop®W (A‘F) (U; ) 1€]2 + A (U x, 6))Uz +R(U)Us,
2

where
* v(U) is a x-independent function in Z]—'}'ﬁ 0.21€0, N1 and wy,x(§) is defined in (2.19);

2
. Vb(z) (U; x) is a real valued function in (Z]:}'ﬁ 11 l€o, N]) ;

o AP WU;x) 2 AR U0
2 2

1 2x2
L1 whereA(?(U;x)f—:(Z]:}'ﬁyoyl [GO,N]) ;

« RW) =R E TN [eg, NI.

Proof. We refer the interested reader to [25, Lemma 6.7], the only difference being the conjugation of the
term of order 1/2, which is achieved by standard paracomposition theorems, such as [18, Theorem 3.27].
Notice that the conjugation worsens the regularizing properties of the smoothing operator in Eq. (6.22). O
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6.4 Diagonalization up to smoothing remainders

In this section we block-diagonalize the Kelvin-Helmholtz system up to a smoothing remainder.

Lemma 6.5 (Diagonalization to arbitrary order). Let N € N and p > N. Then for any n € Nu {—1}, there
exists K' 2 K'(n) > 0 such that for all K > K' + 1, there exist so > 0 and € > 0 such that for any solution
Ue BQR (I;e0) of Eq. lb there exists a real-to-real invertible matrix of spectrally localized maps ®,,(U)

satisfying

2x2
1. ®,(U), ®,(U)" e (SIO(O 0[eo]) are linearly symplectic up to homogeneity N as per Deﬁnition
2x2
Moreover, ®,,(U) ~1d € (38 1, (1, N1)

2. The variable U5 = ®,(U)U, solves

0:Un+a = Ople (i |1+ o) 0y @)~ VP W5 )¢ + aly U3 0) €1 + a5 (U5 %,0) | Unss
+Je0p™ (A1) (U3 ,) Unas + R(U) Unas,

(6.23)

where
« " (U;x) € F§,, leo, NI,
2

J a(”)(U x,&) isa symbol in =19 ,[€0, N1 with Ima(")(U x,&) el?

KK',1 Kk, N+11€0],

« RW) eZRE TN [eo, NI.
Proof.

Step 1 (Reduction of the term of order 1/2). Notice that the term of order 1/2 can be written as
1 1
JCA(Z’ (U;x) 1611 = —ial ) (U x) [ _1] &2, a$ ) U;x) e SFg 1 leo, N].

Let now

1) (7. atl (u;x) &1
F©V(U;x,8) 0 21+ 2 (M) wyp (&)

FOY (U x,6) & [ € gl leo, N

and let (CI);( N (U))|r|<1 be the flow generated by OpBY (F"1 (U; x, &)) with initial condition (I)O( , (U)=Id as

per Lemma We denote with @ (U) £ @ F( » (U). Since FCD g linearly Hamiltonian, Lemma ensures

x2
that @ (U) is a linearly symplectic, spectrally localized map in (ZS KKl ,N]) . Let us define

Us 2@, (U)Up =@ (U) Uy,
which is the solution of
0:Us =@ () Opi i (1 + o) 0y, ) - VP WU30¢ ]| @ (1) ! Us
+(0,® () ® (U) ! Us + @ (U) JcOp™W (A(f) U; ) 112 + A, (U %, 6 | @ () Us (6.24)

+® (U)RW)® (U) "  Us.

The following conjugation rule apply (cf. [19, Lemma A.1]) setting F £ OpBW (F D (U; x, & ))

L
UMW) =M+ ) l'Ad" [M] +—f 1-nrel ., A IM @], (V) 'dr,  (6.25)
q=1 q-

0@ W)@ W) " = JcOp®Y (A1, (U x,8) + Ry (U, (6.26)
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An application of Eq. li for L> % — 1 combined with symbolic calculus considerations give us that

@ (U) (OpVBXX (i (1+0U) wyp (©) +JcOp®W (AEZ’ (U300 [€17 + A (Us x, 6)))<D(U)‘1
2 (6.27)

= oplut i

(L+0(U) wy,5 () +a' ) (U x) |6|%]) +JcOp™Y (Ao (U; x, ) + R(U),

in which the off-diagonal terms of order 1/2 have been canceled. Applying Egs. (6.25) to (6.27) to (6.24) (and
renaming ® (U) R(U)® (U)~! ~ R(U) in light of Proposition|[3.17] Item[2] we obtain that

0:Us = Opiat (i |1+ 0(U) 0y (€)= W2 Ws ¢ + a), W5 0112 || Us
+ JcOp™™ (Aj0,1) (U3 x,6)) Us + R(U) U3,

(6.28)

Notice that the conjugation rule in Eq. does not modify the principal symbol of the transport term.
Moreover the zero-th order matrix Ay, ;) is the sum of A[_;;;; form Eq. and Ajp,1) from Eq. (6.27). To
prove that JcAjp,1) is linearly symplectic we then apply Lemma to each homogeneous components
of the spectrally localized operators in Egs. and (6.27), which are linearly Hamiltonian thanks to
LemmalA5

Step 2 (Reduction at non-positive order). We sketch the proof which is very similar to the one outlined
in Step [1} we refer the interested reader to [25, Lemma 6.8]. The proof is performed by induction on n €
N, the case n = 0 is proven in Step [1} so that we can consider the case n ~» n+ 1. Suppose Eq.
holds, we have to find a bounded, lineary-symplectic transformation that pushes the off diagonal terms
of ICOpBW (A[_ n; K/+1]) to lower order, similarly as in was done in Step Since the matrix A_p;x+1; is of the
form

_iBE/—n] —al 2 -n

JeA-nxr+11 = Je P aj-n)y bi—n) € X011, [€0, N1, 6.29)
~Qj-p)  ibj-p) A

such cancellation is achieved via conjugation by the flow
T _ BW ( (n) T
{OTCI)FW(U) =0p™" (F ()@, ), O 1) 2 0 ot
\Y ’
@), (U)=1d, AN

_ b—n(U;xyé) €zr
2iw(&) (1 + v(U)) K,K'+1,

)
n-3

frnsWUit,x, )= ,l€0, NI,

and defining the variable U4 = (D;(m (U) Uy +3 and we refer the reader to |25, Lemma 6.8] for further de-
tails. As the matrix in (6.29) is linearly Hamiltonian up to homogeneity N by inductive hypothesis, the
explicitly defined generator F” is linearly Hamiltonian up to homogeneity N as well. Thus Lemma

2x2
ensures that (I);(,l) (U) is a linearly symplectic, spectrally localized map in (ZSIOC K1 [r, N]) . The bounded,
linearly symplectic transformation is thus defined as

®,(U) = _1‘[1 @) V).
-

O

We can thus apply Lemma setting n = ny (p) = —p +2(N+1) so that JeOp®W (A[_,;x'+1)) can be
incorporated in the smoothing reminder R (U), thus setting Z 2, n, +4 wWe obtain that Z solves the evolution
equation

0,7 = Opi (i [(1+ v 0y @) - Y Wi )¢+ all) U0 1 + 0 Wi, 0] | Z+ RV Z. (630)
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6.5 Reduction to constant coefficients up to smoothing remainders

Notation 6.6. From now on we shall denote functions and symbols that are x-independent with calligraphic
lower- and upper-case letters.

Lemma 6.7. Let N € N and ¢ > 3(N+1). Then for any n € N there is K" = K" (o, n) > 0 such that for all
K > K" +1 there are sy > 0, €y > 0 such that for any solution U € Bg r(l:€0) of B.9), there exists a real-to-real
invertible matrix of spectrally localized maps ©,(U) such that

2x2
1. ©,(U),0,U) e (SIO(, K"0 [6‘0]) are linearly symplectic up to homogeneity N according to Definition

M Moreover, ©,,(U) —1d € (ZS

N+1
2

2x2
K,K”,I[EO’ N]) .

2. If Z solves (6.30) then the variable Z, = ©,,(U) Z solves

01 Zn = Opl i) (U5 £,6) +ia_y (U £,,8)) Z +RWU; D1 Zs, (6.31)
with the x—independent symbol
G136, 2 (1+ o(Us D)o@ + H(U; DE + b (Us DIEI + 6" (U3 1,0), (6.32)

where

o(U) € 2Fg o, €0, NI;
the function V(U; t) € ZF, }'ﬁ 121€0, N1 is x-independent;
the function 6% (U; 1 € Z}"}'ﬁ 5 ol€0, N1 is x-independent;

the symbol E(()") U;t,&) e ZF?( k7 2l€0, N1 is x—independent and its imaginary part Imﬁ(()") U;t,é)is

. 0 .
in FK,K”,N+1 [50];

3
2

the sy:nbol an (U;t,x,&) belongs to X' KK'+11 leo,

N] and its imaginary part Ima_g(U; t,x,&) is
. T2 .
Ly keniy, e €0l

_ 2%x2
R(U; t) is a real-to-real matrix of smoothing operators in (ZRK%?S;’II) €0, N]) .

Proof. The proof consist of a minor modification of the proof of [25, lemma 6.9], so we refer the interested
reader to [25, lemma 6.9] for details. O

Finally we prove Proposition

Proof of Proposition[6.1] In Lemmal6.7/we set

menm(oN)2n>2(e+3(N+1), K=2K'+1

and we define

where

W22, =BU;nU,

B(U; )20, (U;H)o®,, (U;1)oW, (U;t)o W1 (U; 1) o G (U; 1).

At last we set 66") £ 4, and we conclude. O
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7 Hamiltonian Birkhoff normal form and energy estimate

In this section we finally prove the almost global existence Theorem[I.1] The previous reduction broke the
Hamiltonian structure of the system. Therefore, a first step is to recover the complex Hamiltonian formu-
lation through a symplectic correction. The corresponding result is stated in Proposition[7.1]and serves as
the foundation for the subsequent normal form analysis. Then, in the technical subsection we intro-
duce the class of super-action preserving Hamiltonians that play a central role in the forthcoming analysis,
as they do not contribute to the energy estimate. Next, in Section we perform a Birkhoff normal form
procedure, which extracts the Hamiltonian super-action preserving property up to homogeneity N + 1, for
a given fixed integer N. Finally, we implement in Section[7.3|the energy estimate allowing to conclude the
desired Theorem.

The transformation B(U) in Proposition[6.1]destroyed the Hamiltonian property of the system. However
B(U) was still linearly symplectic and therefore, we can recover the complex Hamiltonian structure by ap-
plying the abstract Darboux Theorem of Berti-Maspero-Murgante [25, Theorem 7.1], see also Theorem
The corresponding result states as follows.

Propos1t10n 7.1 (Hamiltonian reduction up to smoothing operators). Let N € N andp > p(N) £3(N+1)+
3 3(N+1)%. Then, forany K > K' (fixed in Proposmon there is sy > 0,e9 > 0, such that for any solution
Ue Bg r(L;€0) of (5.9), there exists a real-to-real matrix of pluri-homogeneous smoothing operators R(U) in

N0 2x2 / ;
(Zl R, ) forany o' > 0, such that defining

Zy2 (1d+ R@U))DW),  BU)2BWU;NU, (7.1)
where B(U; t) is defined in Proposition[6.1} the following holds true:

i Symplecticity: The non-linear map (Id+ R(-))o® in is symplectic up to homogeneity N according to
Definition[A.11]

ii Conjugation: The variable Z, solves the Hamiltonian system up to homogeneity N (cfr. Definition[A.10).

0:7Zp = iwyp(D)Zy + Opyor (l(tf%)gN(Zo;f) + i(L{%)>N(U; £, 5)) Zo+Rn(Zp)Zo + RN (U; 1)U, (7.2)

where

* wy (D) £ OpBW (wy,5(&)) is a matrix in the space (1“8/ Z)ZXZ;

. (dg )< is a pluri-homogeneous, real valued symbol, independent of x, in Zé\’ r f,,

. (cf3 )>N is a non-homogeneous symbol, independent of x, in F leo] with imaginary part

K,K',N+1

Im(l[3)>N inT K, N+11600

R<N(Zy) is a real-to-real matrix of smoothing operators in (Z{VT{;‘HQ(M

’

)ZXZ

2%x2
RO (o ]) .

R. N (U; t) is a real-to-real matrix of non—-homogeneous smoothing operators in ( KKN+1

iii Boundedness: The variable Zy = My(U; t)U with My (U; 1) € (M KK'—1 0[eo]) . and for any s> sy, there

is 0 < €(s) < €9, such that for any U € B s (e N C r(L HS(T,C?)), there is a constant C = Cs.x > 0 such
that, forallk=0,...,K-K/,
1IIUIIks <M Zollk,s < CllU g s - (7.3)
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7.1 Super-action preserving symbols and Hamiltonians

In this section we define the special class of “super—action preserving" SAP homogeneous symbols and
Hamiltonians which will appear in the Birkhoff normal form reduction of the Section[7.2]

Definition 7.2. (SAP monomial) Let p € N*. Given (7,6) = (ja, 0 ) a=1,...p € (Z*)P x {£}” we define the multi-
index (@, ) e N?" x NZ" with components, for any k € Z*,

7,0 2#a=1,...,p: (jo,04) = (k,+)},
a(J 03 {a p:(aoad=(k+)} .

BeG.0) E#{a=1,...,p: (ja0oa) = (k,-)}.

. o3 Op . . . . . P
We say that a monomial of the form z;I = z}’ll 2 " is super-action preserving if the associated multi-index
P

(a, B) = (a(j,8), B(J,0)) is super-action preserving according to Definition[2.5

We now introduce the subset &, of the indexes of ¥, composed by super-action preserving indexes
G, {(j, 6)e%, st (a(f,0),B(j,0) € NZ x N in are super action preserving}. (7.5)

We remark that the multi-index (a, ) associated to (7,5) € (Z* x {£})? as in (7.4) satisfies |a + §| = p and

F=222 [] 277" =[] a2z 7. (7.6)
JEZ\{0} neN
It turns out
5’ . E)be(ﬂ = Ulw}/,b(jl) + -+ Upw}/,b(]p) = (af - ﬁ) . (D}/,b = Z (ak - ﬁk)w}/,b(k) ’ (77)
kez*
where we denote
Dy (D 2 @y p(j1)se s 0yp(p)),  Dyp = @y p())}jeze- (7.8)

Remark 7.3. If the monomial z;:’ is super—action preserving then, for any j € Z*, the monomial z;:f zjzjis
super-action preserving as well.

For any n € N*, we define the super-action
Jn = |zal + 12—l (7.9)
The following is Lemma 7.7 in [25].

Lemma 7.4. The Poisson bracket between a monomial z;f and a super-action J,, n €N, defined in (7.9), is

{z;:’,]n}:i(ﬂn+ﬂ_n—an—a_n)z;?, (7.10)

where (a, B) = (a(J,0), B(J,5)) is the multi-index defined in (7.4). In particular a super-action preserving
monomial Z;I (according to Deﬁnition Poisson commutes with any super-action J,,, n € N.

We now define a super-action preserving Hamiltonian.

Definition 7.5. (SAP Hamiltonian) Let p € N. A (p +2)-homogeneous super-action preserving Hamiltonian

H ésf; ) (2) is areal function of the form
1 - -
(SAP) _ Op+2 _Op+2
Hp+2 (Z) - jp+2 ij+2

(Fp+2:0p+2)€G 12

where &, is defined as in (7.5). A pluri-homogeneous super-action preserving Hamiltonian is a finite
sum of homogeneous super-action preserving Hamiltonians. A Hamiltonian vector field is super-action
preserving if it is generated by a super-action preserving Hamiltonian.

We now define a super-action preserving symbol.
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Definition 7.6. (SAP symbol) Let p € Nand m € R. For p > 1 a real valued, p~-homogeneous super-action
preserving symbol of order m is a symbol mfm (Z;&) inT™, independent of x, of the form

(SAP) ( 7. 7y — Tp (5120
my(Z= Y MOz

(7p,0p)ES,

For p = 0 we say that any symbol in f{{’ is super-action preserving. A pluri-homogeneous super-action
preserving symbol is a finite sum of homogeneous super-action preserving symbols.

Remark 7.7. A super-action preserving symbol has even degree p of homogeneity. Indeed, if z;” is super-
p
action preserving then (a, ) defined in (7.4) satisfies |a| = |f| and p = |a + B| = 2|«] is even.

Given a super-action preserving symbol we associate a super-action preserving Hamiltonian according
to the following lemma (see Lemma 7.11 in [25]).

Lemma 7.8. Letp e N, m € R. If m®*?) p(Z;¢) is a p—homogeneous super-action preserving symbol in f;,”
according to Definition|7.6 then

HS (2) £ Re(0p™ (@), (Z;0)z | 2)y

is a (p + 2)-homogeneous super-action preserving Hamiltonian according to Definition|7.5,

7.2 Birkhoff normal form reduction

In this section we finally transform the system (7.2) into its Hamiltonian Birkhoff normal form, up to homo-
geneity N.

Proposition 7.9. (Hamiltonian Birkhoff normal form) Let N € N and 0 < f; < 2 < 4(2+V/3). Assume
that the parameter f§ = b—; € [B1,B2] is outside the zero measure set B < |1, 2] defined in Proposition m
Then, there exists p = p(N) > 0 such that, for any p > p, for any K > K' 2 K'(p) (defined in Proposition ,

there exists s, > 0 such that, for any s > s, there is¢ = €0(8) > 0 such that for all 0 < €y < €,(s) small enough,

and any solution U € BX (I;e0) n CK, (I; H¥(T; C?)) of the complex Kelvin-Helmholiz system (5.9), there exists
20

a non-linear map Fy¢(Zy) such that:

i Symplecticity: F,¢(Zy) is symplectic up to homogeneity N (Definition|A.11);

ii Conjugation: If Z; solves the system then the variable Z = Fy¢(Z) solves the Hamiltonian system
up to homogeneity N (cfi. Definition[A.10)

0,Z =iwy (D) Z+ JcVHS (Z) + JcVHS® (2) + Oplat (i(tf%)>N(U; t, 6)) Z+R.NWU;0U,  (7.11)
2

where

e H gSAP) (Z) is the super-action preserving Hamiltonian

2

Re <OpBW ((Js(SAP))gN(Z; f))z

R
3
with a pluri-homogeneous super-action preserving symbol (C[;SAP))g N(Z;¢) in Zév I, according to
2
Definition|7.6;
~—p+

. ]CVHESQAP) (Z) is a super-action preserving, Hamiltonian, smoothing vector field in Zé\’ X qQ e (see

[Z.5);
o (L{% )>n(U; t,¢) is a non—-homogeneous symbol inT

in T0 .
T oy €01

3
2

KK\ N+ leo] with imaginary partlm(dg)>N(U; t,¢)
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. . . ; -o+e 2x2
* R.n(U;t) is a real-to-real matrix of non—-homogeneous smoothing operators in (R KK N+l [eo]) .

iii. Boundedness: There exists a constant C = C g > 0 such that for all0 < k < K and any
Zy € By (I;€0) N CL (I H (T, €%) one has

C M Zollks < 1 Fns(Zo)lxs < Cll Zollge s (7.12)

and
CHUDN s SNZOl s < CIU @D N gy, VEEL (7.13)

Notation 7.10. From now on we denote with RI;, any smoothing remainder in 7~2;9 such that R%(Z)Z is a
p + 1-homogeneous Hamiltonian vector field, namely RI;,(Z )Z = JcVHp,2(Z) for some p +2 homogeneous
Hamiltonian as per Definition[A.8|

Proof of Proposition[7.9 The proof consists in N steps and is analogous to the proof of Proposition 7.12
in [25]. For completeness, we only sketch the main steps and we refer to [25] for a detailed proof.
We first reduce the quadratic terms of the vector field in (7.2).

Step 1: Elimination of the quadratic smoothing remainder in equation (7.2).

3
The x-independent symbol (t{%)g N (Zp;¢) in (7.2) belongs to Zév T f, and the only quadratic component of the
vector field in is RY(Zy) Zy where (recall the notation in (3:18))

2%x2
. (7.14)

~—p+o(N
RY(Z) 2 P1[R<n(Z)) € (R;210W)
Since the system (7.2) is Hamiltonian up to homogeneity N, R}(Z) Z is a Hamiltonian vector field that we
expand in Fourier coordinates as (recall (3.19))
H g _ 01,02,0 o o
(Riz)i= X X750 (20) ) (20) 72 (7.15)
(]1y]2,k,0'1,0'2,—0')€(§3

In order to remove RII{(ZO)ZO from (7.2), we perform the change of variable Z; = FgV(ZO) where FgV(Zo) is

the map given by Lemma[A.17|relative to a Hamiltonian smoothing vector field

n2x2
H g _ 01,02,0 g o H Y

Gmz)i= Y @ E? Gz e(RY) (7.16)
(j1,J2,k,01,02,—0)€T3

for some p’ > 0 to be determined. Since G}(Z)Z is a Hamiltonian vector field, Lemma gives by con-
struction that Fg\, is symplectic up to homogeneity N and it has the form

~ _\2%X2
2 EFO\ (%) = Zo+ G (Z) Zo+ F22(Z0) Zo,  Fx2(Zp)€ (zQ’RqQ ) : (7.17)

Applying Lemma A.12} we obtain that the variable Z; solves a system which is Hamiltonian up to homo-
geneity N. We compute it using Lemma|B.2] Its assumption (A) at page[65holds since Z, solves (7.2). Then
Lemma|B.2]implies that the variable Z; solves

0,71 =itwy(D) Z1 +OpBit (1)1 (25 +i(d) !y (U3 1,0)) 21

+[RU(Z) + G (212 + R;Z(ZI)Z1 +RIN(U;0U, 719
where ,
o (cf% EN(Zl;gf) is areal valued symbol, independent of x, in Zévff,;
. (L{% )y (U;t,¢) is a non-homogeneous real valued symbol, independent of x, in 1“%
(I)(,K,N+l

KK N+1 [eo] with imagi-

nary part Im(ds)>n (U; £,6) in T leol;
43
. R?(Zl) is defined in (7.14) and Gf(Zl)Zl € %29 "2 has Fourier expansion, by (B.15) and (7.16),

Gl (ZZg= ) i(o10yp() + 020y p(j2) — owyp(R) G175 (205 (2D (7.19)
(]1,]2,k,0'1,0'2,—0')€§3
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—9+g(2))2xz

. R>2(Zl) is a matrix of pluri-homogeneous smoothing operators in (ZN R where

A / 3 .
0+ =0+ (7.20)
2x2

—0+p0(2)
22 e )

" s . . .
* R_,(U; ) is a matrix of non-homogeneous smoothing operators in (R KK N+1

By (7.15), (7.19) we solve

R{(Z)Z1+G{(Z)Z =0 (7.21)
by taking
0’ if (jl’jZ) krUI)UZ’_U)QTS’
01,02,0 & 01,02,0
ik = _ Jujark (7.22)

; ; - if (j1, jo, k,01,02,—0) € T3.
i(010yp(j1) + 020y (j2) — 0wy p(K)) o2 poz ¥

The previous expression and the fact that the vector field R?(ZO)ZO is Hamiltonian justifies a posteriori that
indeed GY(Zy) Zy is Hamiltonian. Moreover, combining and Proposition taking B € [B1, B2] \ B, we
get that G¥(Zy) Z € X,,° ¢ with o' 2 p—p(N)—1. Thus, by Eq. @I) we get 0(2) = p(N) +7 +3

Step p > 2: We now assume that the system is in normal form up to degree p — 1 of homogenelty Next, we
illustrate how to perform the normal form transformation on the terms of degree p. Specifically, we assume
that Z,_; solves

01Zp-1 = iwy (D) Zp-1 + ]CV(HgAP))ng(ZP—l) + ]CV(HSS;P))QH(ZIJ—I)

+ 0P (i(d3) p (Zp-138) + i) 2 p1 (Zp-150) ) Zp 1 + RE ,(Zp 1) Zp 1

+ 0PI (~i(d2) >N (U3 1,8)) Zp-1 + Ron (U 0, (7.23)

3
where (Hgsm) , are pluri-homogeneous super-action preserving Hamiltonians, (zfs )p € ,29
2

and expands as

<p+1° (HES;P))<p+

. _ 6;7 a'p —6;, _ 6'p
(tf%)p(Zp—bf)—(jpﬁ%esprp ©(zp-0;",  D; " =D;"(C). (7.24)

H Npotew
Moreover (Lf?, )>(p+1) € ZpHFé and RS p€Zp R, . We reduce the homogeneous component

Op3W ( 1(([%) p) + Ry, into its resonant normal form. First of all we define the intermediate variable
W2 ®)(Z,-1) 2 Gy (Zp-1)Zp-1, (7.25)

where g (Zp 1) is the time 1-linear flow generated by Opy (1gp) where g, is the Fourier multiplier

8p(Zp-1:)= ) ]”(6)(zp 1)a I3, (7.26)

(GpOp)ET)

Then Lemma B.1]implies that the variable W defined in (7.25) solves

0:W =iwy (D)W + JcV(H SAP))<p+1(W) +]¢V(H£SQAP))@+1(W)
+ 0Pl (il(dy) (W &) + g (W30 +id)) L, (W3O W+ R p (W)W (7.27)
+Oplt (id) 2y (U3 1,0 W+ Ran(U; 0,
where g, expands as
gGWid= Y Gy Dyu(7p)6; ©w;”, (7.28)

(TpOpIETy

57



: N —p+e(p)+c(N,p) 2x2
while R, € (Z R ,R.-ny € (RK K N+1 [6‘0]) for some c(N, p) > 0. In order to get a

p-homogeneous super—action preserving normal form symbol, we solve the homological equation

—p+p(p)+c(N, p))2><2

(d)p(Wi&) + gy W;&) = (@), W;0 2 ¥ dP@w’,

(pOpES,

where &, has been introduced in (7.5). One solution is obtained by choosing

0, if (7p,0p) € 6,
G4 DI (7.29)
’ ———, if(7p,6,)€6).
1Up'wy,b(]p) ]p p p
The previous expression (7.29) and the fact that (cfa )p is real valued justifies a posteriori that indeed gy, is
real valued. Moreover, combining estimate (3.5) for (ds)p and Proposmon | taking S € [B1, B2] \ B, we get
that g, satisfies the corresponding estimate (3.5) 3.5) with’ p~ p+ 7. Now, we observe that, by LemmalA.13)

pow (1(5[ SAP)) (W {))W JeV(H SAP) (W) +R,(W)W, (7.30)

with Hamiltonian
s Jp 3 R
~ _\2%X2
which is super-action preserving by Lemma and a matrix of smoothing operators R, (W) in (Rpg )
for any o’ > 0. Therefore (7.27) becomes

AT =iwy,b(D)W+ICV(H§“’))@+2(W) +JcV(HST) (W)
+ 0PI (i(d)% 1 (W3 6)) W + [Rop (W)W (7:32)
+OpEY (i) (U5 1,0 | W + Ron (U3 U,

where (see (7.23),(7.31))

( HgSAP)

3 )<p+2 (HESAP))

<p+l + (7.33)

(H§SAP))p+2’

. Note that the new system (7.32) is not
Hamiltonian up to homogeneity N (unlike system (7.23) for Z,,_;), since the map @, (Z,_1) = ggp (Zp-1)Zp-1

in (7.25) is not symplectic up to homogeneity N. By Lemma we only know that g}gp(z,,_ 1) is linearly
symplectic. We now apply Theorem to find a correction of ®,(Z,-1) which is symplectic up to ho-
mogeneity N. The assumptions of Theorem are verified applying Lemma therefore there exists

2%x2
R;p) (ZNR e” 2) such that the variable

—p+p(p)+c(N,p) 2x2
while R, is a new smoothing remainder in (ZN R, )

VEACP W) 2 (1d+ RE (W)W = (Id+ RY) (@,(Z,-1))) @ (Zy-1) (7.34)
is symplectic up to homogeneity N, thus solves a system which is Hamiltonian up to homogeneity N. Since
W solves (7.32) then Lemmaimplies that V=W + R(p ) (W)W solves

0,V =iw,n(D)V + I@V(H%SAP)) 2N +TeV(HSD) (V)

<p+

+Opyat (1(tf;)>p+l(V; 6)) V+JcV(Hog),,, V) + Repn(VIV (7.35)
+Opit (i(d)_ (U3,0) V + Ron(U; U,
—— - (p)+C(N,p) ~_
where ())_ zfpVHrq, JV(Hop) € X, 870 Ry € SYRTOTEPTEND) - Notice that the

2p+
Hamiltonian structure of JcV (H_Q) » (V) isjustified a posteriori by the fact that the p-homogeneous compo-

nent of the vector field in (7.35) is Hamiltonian and the term in its first line is Hamiltonian, thus we deduce
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the Hamiltonianity by difference. Thus we can proceed as in Step 1. First we Fourier expand J¢V (H-,)
as

p+2

(JeV(HSp),,(W)7= Y X772, (7.36)
p+2 Tp+1k " Jpa
(]p+l k,0 YO p+1s _U)ETp+2
Then we use Lemma 5.17 to generate a symplectic up to homogeneity N map f(<p ]i, associate to the Hamil-

tonian smoothing vector field

_ 6p+lrU 6p+1
(G,(WV)} k= > G v (7.37)
(Gp+1,k,G pr1,—0)ET o

Applying Lemma|B.2] the analogue of the homological equation (7:21) is
6’p+1 g

(Zp)+ Gy (Zp) Zp = ]Cv( (SAP)) AE Y i p)””“ (7.38)

(]p+l k,G O p+1, U)€6p+2

JeV (Hop) s

where the vector field G; (Zy) Z, is explicitly given by

(GLZZpT 2 ¥ i(Bpe1-Byp(pr1) ~0wyp(R)G; "”“ (2 ,,)""*‘
(Tp+1,k,0 pr1,—0)ET p2
Then a solution of (7.38) is given by
Oy if (7p+lr k)6p+1)_0) €6p+21
Gpi1,0 A G p+1,0
Tk Tork (7.39)

—— = S , it (Ty+1,k,0 —0) ¢S )
(0 p+1 - Dy,p(Jp+1) — 0wy b (K)) Jp+1 p+1 pe2

The previous expression and the fact that the vector field JcV (H-,) pi2 is Hamiltonian justifies a posteriori
thatindeed G,(Z,) Z, is Hamiltonian. Moreover, since J¢V (H_Q)p . i pp-smoothing, we apply Proposition

taking B € [B1, B2] \ B and we get that G,(Z,) Z, € %;9”“ with 41 £ 0p — c(N) - T. O

7.3 Energy estimate and proof of the main Theorem

Remark 7.11. We can derive local existence for following the computations in the main result of [23]
and exploiting the fact that the local existence result of [23] uses the very same paradifferential functional
setting as in the present manuscript. Minor modifications in the works [3}/51] can also provide local exis-
tence for the setting of (T.4).

The following result, analogous to [19, Lemma 6.3], enables to bound the norms |0¥U (1)
time derivatives of a solution U(¢) of (5.9) by ||U(?)|ls.

i of the

S—*

Lemma 7.12. Let K € N. There exists sy > 0 such that for any s > so, any € € (0, (s)) small if U belongs
to BY  (I;€) N CY (I; H* (T;C?)) and solves (5.2) then U € CX; (I; H*(T;C*)) and there exists C, = Cy (s, K) > 1
such that

IUMNIs<IUOlk,s<C UMD,  VEel

Proof. The proof is inductive and follows the same line of [19, Lemma 6.3], so we sketch only the first step.
As lU(DIIs < U (1) |k, s is obvious in view of the definition (3.3), it remains to prove the second inequality.
We start by estimating [10; U (?) || 3 Using equation (5.2) for U(f) and then 3.13) with k=K'= p=0, m= %
and estimate (3.16) with m ~» —p and k =0, we get

S—*

10Uy < [Op™ (A3 (W5x) w0y @ + A1 U39+ Ay W) 1€1E + Ay Wi O, +IRWIUI
S0

The estimates for k > 2 follow in a similar manner, additionally using estimates (3.13) and (3.16) with k > 1
to handle higher-order derivatives.
O
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We fix now the parameters appearing in Proposition In its statement, we set p 2 p(N) and K £
K'(p), which implies the existence of the constant sy > 0 which we increase, if necessary, to fit the range of
Lemma(7.12} such that for any s > sg, and any fixed 0< €0 < minfey(s),€(s)}, where €y (s) is defined in Propo-
sition[7.9} and €y (s) in Lemma_the conclusions of Proposition ;nd Lemmahold. Therefore, one
can obtain the following energy estimate. Notice that the time-reversibility of the Kelvin-Helmholtz system
allows us to restrict the discussion to positive times ¢ > 0.

Lemma 7.13 (Energy estimate). Let U(t) be a solution of equation inBY (I;e0)nCK (I; H* (T;C?)). Then

there exists C» (s) > 1 such that
t
1T )15 < Cals) (MU(O)H% +f0 @Iy @ ||§dr), Vo<t<T. (7.40)

Proof. The variable Z defined in Proposition[7.9|solves the normal form Equation (7.11). Then, denoting by

HSAP) 2 [(SAP) 4 HLS;P) we have that
3

d
TNZOIE= dZ 121 [iwys(D)Z + JeVH + 0p™ (i(dy)sn (U3 1,0) 2 + Ron(Us 01U |
=3 1nl* {Jn, H®}

neN
+ (1D 0p™ (~Im ((J%LN W;1,0))2 ’ Z)+2Re(IDI* Ron (U D U | Z)
SINUIRLAZIs+ 11Ul 1215,

",80

where we used Lemma and the fact that —Im((z[%) N(U; t, 6)) is in I“(I’( k' N1 L€0] and R.y (U; 1) is in
> y AN

M(I)(, x,n+1l€0]. Integrating in time the above inequality, then using Eq. li and Lemma ‘ we obtain
(7.40).

The energy estimate (7.40) and the equivalence

[m ”H“% +w @] oy ~ 1T @S, (7.41)

which is a consequence of (5.8), imply, by a standard bootstrap argument, Theorem[1.1} For detailed com-
putations we refer the interested reader to [18}(19}25].

A Hamiltonian formalism

In this appendix we set the Hamiltonian formalism for the problem at hand, following [25, Section 3].

A.1 Linearly Hamiltonian systems

In this section we provide the linear Hamiltonian framework needed in our analysis. The linear Hamilto-
nian structure is the natural algebraic property that emerges from the paralinearization of an Hamiltonian
system.

Definition A.1 (Linearly Hamiltonian paradifferential operator). A real-to-real matrix of paradifferential
complex operators is linearly Hamiltonian if it is of the form

; y bU;tr y :b U;trr »
Jop™ ey,  pe| LWitxd L WUiLxd {1( 0-O=hWitxd,

- bZ(U; t)x)_f) b] (U; t)x»_f) ' bz(U; t,x,f)ER.

In other words, b; is even in ¢ and b, is real valued. This is equivalent to require that the matrix valued
paradifferential operator Op®W (B) is symmetric.

Definition A.2 (Linearly Hamiltonian operator up to homogeneity N). A real-to-real matrix of spectrally
localized maps J¢B(U;f) in (ZSK'Kr,p[eg,N])ZXZ is linearly Hamiltonian up to homogeneity N if its pluri-
homogeneous component P¢y(B(U; £)) (defined through (3.18)) is symmetric, namely

P<nBU; 1) =P<n (BWU; D).
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In particular, a real-to-real matrix of paradifferential operators is linearly Hamiltonian up to homogene-
ity N if it has the form (cfr. (A.I))

] OpBW bl(U; t, x!é‘) bZ(U; trxrf) ) bl(U; trxr _6) - bl(U; t) x!é‘) € FI’?,K/,N+1[€0]’ (A 2)
¢ by(U;t,x,—&) b (U;t,x,-¢&)) Imb, (U; t, x, &) EFIr?,IK,’NH[Go] '

for some m, m' in R.

Definition A.3 (Linearly symplectic map). A real-to-real linear transformation A is linearly symplectic if
A*Qc = Qc¢, where Q¢ is defined as

Uy (| a u [2%) 2o -1
namely
ATEcA=Eg.

Definition A.4. (Linearly symplectic map up to homogeneity N) A real-to-real matrix of spectrally local-
ized maps S(U; ) in (ZS K, K0lr N])2><2 is linearly symplectic up to homogeneity N if

S(WU; )" EcS(U; t) = Ec + Ssn(U; 1), (A.4)

where E( is the symplectic operator defined in (A.3) and S- (U t) is a matrix of spectrally localized maps
. 2%x2
in (Sk.x,n+1le0l)”

Linearly symplectic maps up to homogeneity N preserve the linear Hamiltonian structure up to homo-
geneity N. The following result is borrowed from [25, Lemma 3.9].

Lemma A.5. Let J¢B(U; 1) be a linearly Hamiltonian operator up to homogeneity N (Definition[A.2) and
S(U; 1) be an invertible map, linearly symplectic to homogeneity N (Definition[A.4). Then the operators
SWU; ) JcBWU;t)SWU; 1)~ and (0,8(U; )8~ (U; t) are linearly Hamiltonian up to homogeneity N.

We consider the flow of a linearly Hamiltonian up to homogeneity N paradifferential operator. The
following is Lemma 3.16 of [25].

Lemma A.6. (Linear symplectic flow) Let peN, N,K,K' e NwithK' <K, m<1,r>0. Let

|

be a linearly Hamiltonian operator up to homogeneity N (Definition|A.2) where B is a matrix of symbols

0 BW B) =0 BW
]C p ( ) p lbl lbg

B2 B(1,U;t,x,8) =

bi(t,U;t,x,&)  ba(t,U;t,x,8) ) by EZF%K,’p[r,N],
by(v,U;t,x,-&) bi(t,U;t,x,—¢))’ by €T, 11N,

KK,
with by — by in F(I)(,K’,N+1[€O] and the imaginary part Im b, in F?(,K’,N+l[€0] (cfr. (A.2)) uniformly in |7| < 1.

Then there exists sy > 0 such that, for any U € Bg r(GT), the system

0:G3U; 1) = JcOp™ (B(1,U; 1, x,0)Gp(U; 1),  Gp(U;)=1d
has a unique solution G5 (U) defined for all |t| < 1, satisfying the following properties:

(i) Boundedness: For any s € R the linear map G,(U; 1) is invertible and Gy (U; t) and GL(U; 1)~ are

2x2
non-homogeneous spectrally localized maps in (SIO( X0 [6‘0]) according to Definition|3.20

(ii) Linear symplecticity: The map G3(U; 1) is linearly symplectic up to homogeneity N (Definition .
If IcOpBW (B) is linearly Hamiltonian (Definition , then Gy (U; 1) is linearly symplectic (Definition
[A.3).
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(iii) Homogeneous expansion: QE(U ;1) and its inverse are spectrally localized maps and gE(U; H*-1d

2x2
belong to (ZSéle,ll)gm‘) [r, N]) with my £ max(m, 0), uniformly in|t| < 1.

The flow generated by a Fourier multiplier satisfies similar properties. The following is Lemma 3.17
of [25].

Lemma A.7. (Flow of a Fourier multiplier) Let p € N and g,(Z;¢) be a p—homogeneous, x-independent,
3
real symbolinT'},. Then, the flow gfgp (Z) defined by
0:Gy (2) = Opyee (i8p(Z:0)) Gy (2), Gy (£)=1d, (A5)
is well defined for any |t| < 1 and satisfies the following properties:
(i) Boundedness: Forany K e N andr > 0 the flow ggp (Z) and its inverse Q;; (Z) arereal-to-real diagonal
2%x2
matrix of spectrally localized maps in (510<,0,0 [eo]) .
(ii) Linear symplecticity: The flow map G Ep (Z) is linearly symplectic (Deﬁnition@.
(iii) Homogeneous expansion: The flow map Q;p (Z2) and its inverse g;; (Z) are matrices of spectrally lo-

3 2x2
calized maps such thatgg (Z) —1d belong to (ZSIz(((I)V;I) (r, N]) , uniformly in|t| < 1.

A.2 Non-linear Hamiltonian systems
We first give the definition of p-homogeneous Hamiltonian functions.

Definition A.8 (Homogeneous Hamiltonian). Let p € N, a p + 2-homogeneous Hamiltonian is a function
defined on H(T;C?) with values in C which is real valued for any U € H[EO(TT; C?) of the form, c.f. (3.19)

o o — \2x2
Hppo(U) = (M,(YU,Uy= ). H}’ u;f, My,U) € (Mpm) (A.6)
(f,5)€Tp+2
for some m € R and complex valued coefficients H}? = HZI'"';.U” ;2. A pluri-homogeneous Hamiltonian is a
jer it
polynomial of the form
N
HU) = ) Hp+2(U), (A7)
p=0

where, for p =0,...,N, Hp2 is a p + 2-homogeneous Hamiltonian.
From the definition the coefficients in satisfy the following:

1. Symmetry restrictions: for any = (01,...,0p+2) € {}P*2 and j = (ji, ..., jp+2) € (Z*)P*?, one has
Reality condition: H_]ff = H]: 5, Momentum condition: H;j #0 = G-7=0. (A.8)
2. Polynomial bound: There are y, C > 0 and m € R such that
|H7| < Cmaxs (Uil Ljps2D masa (il L jps2)™.

Remark A.9. In view of the momentum condition & - 7 = 0 in (A.8), one has the equivalence

maX(|j1|)~-')|jp+2|) NrrlEleZ('jl')«-w|jp+2|)-

We now define the class of Hamiltonian systems up to homogeneity N that we shall use in Section[7]
Let K,K'eNwith K’ < K,r>0and U € Bg(l; r). Let

ZAM . : . 0 2x2
EMo(U;0U  with Mo(U; 1) € (MY leol) . (A.9)
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Definition A.10. (Hamiltonian system up to homogeneity N) Let N, K, K’ e Nwith K > K’ + 1 and assume
(A.9). A U-dependent system
0:Z=JcVH(Z)+ M- nN(U; 1) [U] (A.10)

is Hamiltonian up to homogeneity N if
e H(Z) is a pluri-homogeneous Hamiltonian as in (A.7);

. . . 2%x2
e M. (U; t) is a matrix of non-homogeneous operators in (M K,K'+1,N+1 [60]) .

We shall perform nonlinear changes of variables which are symplectic up to homogeneity N according
to the following definition.
Definition A.11. (Symplectic map up to homogeneity N) Let p, N € N with p < N. We say that
D(Z;=M(Z;0Z with  M(Z;1)-1d€ (Mg o p[r, N1)**2, (A.11)

is symplectic up to homogeneity N, if its pluri-homogeneous component D¢ (Z) £ (Pg NM(Z; t)) Z satisfies

—~ \2x2
[dzDgN(Z)]TECdZDgN(Z)=EC+E>N(Z) with E>N(Z)€(ZN+1Mq) . (A.12)

A symplectic map up to homogeneity N transforms a Hamiltonian system up to homogeneity N into
another Hamiltonian system up to homogeneity N.
Lemma A.12. Let p,N € N with p < N, K,K' e N with K > K' +1. Let Z = My(U; )U as in (&9). Assume
D(Z;t) = M(Z; 1) Z is a symplectic map up to homogeneity N (Definition[A.11) such that
(EMg o, plr NI, if Mo(U; ) =1d,

A 2X2 y . (A.13)
(EMk o, plF,N1)7°,  Vi>0 otherwise.

M(Z;t)—IdE{

If Z(1) solves a U-dependent Hamiltonian system up to homogeneity N (Definition[A.10), then the variable
W £ D(Z; t) solves another U -dependent Hamiltonian system up to homogeneity N (generated by the trans-
formed Hamiltonian).

The following is Lemma 3.19 in [25].

Lemma A.13. Let p e N, m € R and a(U; x,¢) a real valued homogeneous symbol in f,’f. Then the Hamilto-
nian vector field generated by the Hamiltonian

HU) £Re{(AW)u| r,  AWU) = 0p™Y (a(U;x,),
is
JcVH(U) = Opyy (ia(U; x,8) U + R)U,
where R(U) is a real-to-real matrix of homogeneous smoothing operators in (ﬁ;g)zxz foranyp > 0.
The following is Lemma 3.20 in [25].

LemmaA.14. LetpeN,meRandp > 0. Let
X(U) = JcOp®W (A(U; x,8)U + RWU)U = JcVH(U) (A.14)
be a (p + 1)-homogeneous Hamiltonian vector field, where

o [aUx8)  bU;x,8)
AU =T —8 alUix -9 (A19)

~_ \2x2 x
is a matrix of symbols in (Fpm) and R(U) is a real-to-real matrix of smoothing operators in (RPQ)Z 2, Then,
we may write
X(U) = JcOp™™ (A1 (U; x, ) U + Ry (W)U, (A.16)

where the matrix of paradifferential operators OpBW (A1 (U; x,¢)) is symmetric, with matrix of symbols
( a+a’ b+b )

1
A1(U;x,8) === R
1U50,8) b’ +b" a+a’

2 (A.17)

. . . . (5 —p)2X2
and R, (U) is another real-to-real matrix of smoothing operators in (RPQ) .
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The following is Lemma 3.21 in [25].

LemmaA.15. LetpeN, meR andp > 0. Let S(U) be a matrix of spectrally localized homogeneous maps in

(S p)2><2 which is linearly Hamiltonian of the form

S() = JcOp®W (A(U; x,8) + R(U), (A.18)

~_ \2x2
where A(U; x,§) is a real-to-real matrix of symbols in (Fg) as in (A.I5), and R(U) is a real-to-real matrix

~_Q)2x2

of smoothing operators in (Rp . Then, we may write

S(U) = JcOp®V (A, (U; x,8)) + Ry (U),

~ \2x2
where the matrix of symbols A, (U; x,¢&) in (Fpm) has the form and Ry (U) is another matrix of real-

2x2
to-real smoothing operators in (RPQ) . In particular the homogeneous operator JcOp®W (A, (1)) is linearly
Hamiltonian.

A.3 Symplectic corrections

In this section we provide a symplectic correction to two different class of maps: linearly symplectic spec-
trally localized maps and smoothing perturbations of the identity. The main result is Theorem 7.1 in [25]
that we state below.

Theorem A.16. Let p, Ne N withp < N, K,K' e NwithK'+1< K, r>0. Let Z =My(U; ) U withMy(U; ) €

2x2
(M% K0 [eo]) . Assume that Z(t) solves a Hamiltonian system up to homogeneity N. Consider

O(Z)EB(Z;1Z, (A.19)
where

* B(Z;t)—1d is a matrix of spectrally localized maps in

2x2 .
>Sx k' plr, N , if Mo(U;t)=1d,
Bzt -1de |\ fokcpl ])m ] / MU (A.20)
(ZSk0,p[F, N1)™°, Vi >0 otherwise.
* B(Z; 1) is linearly symplectic up to homogeneity N, according to Definition[A.4
~_N\2X2
Then, there exists a real-to-real matrix of pluri-homogeneous smoothing operators R¢<n(-) in (Zg qu) ,

for any p > 0, such that the non-linear map
Z, 2 (Id+ Ren(@(2)))D(2)
is symplectic up to homogeneity N and thus Z,. solves a system which is Hamiltonian up to homogeneity N.

Given a map of the form U — U + J¢VH),»(U) where JcVHp,»(U) is a Hamiltonian, smoothing vector
field, we find a correction which is symplectic up to homogeneity N.

LemmaA.17. Let p, N e N with p < N. Let Yy+1(U) = J¢VHp+2(U) be a homogeneous Hamiltonian smooth-
ing vector field in %;ﬁ | Jor some p > 0. Then there is a map of the form

TN =U+Yp W) +FopiayU),  Fopua)ex) X5, (A.21)
which is symplectic up to homogeneity N (Definition|A.11).

Proof. 1t is a direct consequence of Lemmata 2.27 and 3.14 in [24]. A careful examination of the proofs

reveals that F> (,+2)(U) actually belongs to Zé\; +1.’%;9. However, since this stronger result is not required for
our purposes, we prefer to state the weaker conclusion F (,+2) (U) € Zg +2%;Q. O

Remark A.18. The map <y (U) in is indeed the truncation up to homogeneity N of the time-one
flow generated by the Hamiltonian vector field J¢VHp2(U).
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B Auxiliary flows and conjugations

The following conjugation Lemmata and are used in the nonlinear Hamiltonian Birkhoff normal
form reduction performed in Section[7] Their proof can be found in Appendix A of [25].

The following hypothesis shall be assumed in both Lemmata|[B.]] and.

Assumption (A): Assume Z S My (U; 1)U whereMy(U; t) € (MKK, 0[60]) ,Ue BK R(I €o) for someey, sp >
0 and0 < K' < K. Let N € N and assume that Z solves the system

0,Z = OpEY (iwy,5(&) +ia<n(Z;8) +iasn(U; 1,8) Z + R<n(Z) Z + Rsn (U; OU, (B.1)
where:

3
* acn(Z;¢) is areal valued pluri-homogeneous symbol, independent of x, in Zév T f, ;

a-n(U; t,¢) is a non-homogeneous symbol, independent of x, mF
ImasyU;t,¢&) inTP

KK N+1 leo] with imaginary part

Kk, N+11€0l;

~ _\2%x2
* R<N(Z) is a real-to-real matrix of pluri-homogeneous smoothing operators in (Z{V Rq“)) ;

’

_ 2%x2
R.N(U; t) is a real-to-real matrix of non-homogeneous smoothing operators in (R K'?K,, N+l [6‘0]) .

Lemma B.1 (Conjugation under the flow of a Fourler multiplier). Assume (A) at page@ Let g,(Z;¢) bea

p—homogeneous real symbol independent of x in 1“2 , p = 2, that we expand as

&ZO= Y Groir,  6O=6@ec (B.2)
(Gp:OpETy P g

and denote by ggp ()= gl (Z) the time 1-flow defined in (A.5) generated by OpVec (1gp(Z; 5)). If Z(t) solves
system (B.1), then the varzable
W=2G, (2)Z (B.3)

solves the system
0, W = iwy (D)W +OpBY (m;N(W; &) +ial y(Ust, 5)) W+ RE N (W)W + RE (U3 U, (B.4)
where

3
. ag ~(W;$) is a real valued pluri-homogeneous symbol, independent of x, in Zév 'z, with components

Pep-1lalyW;9] = Pep-1lacn(W;)],

. . (B.5)
p AL W30 =Py [acnW; 0] + g5 (W38),
where g; W;é& e ff, is the real, x-independent symbol
GW0L Y (6, 06T @w; (B.6)

(jpva'p)eip

* aZ\(U;t,&) is a non-homogeneous symbol, independent of x, in F leo] with imaginary part

ImaZ N(U t,¢) belonging to o

KK, N+1
K.k, N+11€0l;

+ . . . . . N —0+c(N,p) 2x2
* RLy(W)isa real-to-real matrix of pluri-homogeneous smoothing operators in (Zl Ry ) for
some c(N, p) >0 (depending only on N, p) and fulfilling

P<plREN(W)] = P<p[Ren(W)]; (B.7)
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_ 2%x2
. R: ~(U; 1) is a real-to-real matrix of non-homogeneous smoothing operators in (R K?I:',Cz(vj\if) [601) .

The following lemma describes how a system is conjugated under a smoothing perturbation of the iden-
tity.

Lemma B.2 (Conjugation under a smoothing perturbation of the identity). Assume (A) at page[65 Let

~_\2X2
F<N(Z) be a real-to-real matrix of pluri-homogeneous smoothing operators in (ZQ’RqQ ) forsomep’ > 0.
If Z(t) solves then the variable

WEFNZ)EZ+Fn(2)Z (B.8)

solves
0, W =iwy (D)W +Ophy (ia;N(W; & +ialy(Ust, 5)) W +RZ (W)W + R\ (U; U, (B.9)

where

3
. agN(W; €) is a real valued pluri-homogeneous symbol, independent of x, in ZQVF;, with components

Peprilaly(W;9] = Pepirlacn(W;d)l; (B.10)

3
* al\(U;t,¢&) is a non-homogeneous symbol, independent of x, in Ik N+

0

leo] with imaginary part

ImaZ, (U;t,¢) belonging toTy ¢, n.l€0l;
~_ 2x2
. R; ~(W) is a real-to-real matrix of pluri-homogeneous smoothing operators in (Z{V qu*) , 0 2
min (p,0' — %) (o = 0 is the smoothing order in Assumption (A) at page@), with components
ng—1[R£N(W)] =P<p-1[R<n(W)], (B.11)
. A . ~ _QI 2%x2
and, denoting F,(W) =P, (F<n(W)) in (Rp ) , one has
PplRENW)] = Pp[R<NW)] + dw (Fp(W)W) [iwy,u(D)] = iy, (D)Fp(W); (B.12)
2x2
o R: yUDisa real-to-real matrix of non-homogeneous smoothing operators in (RI_(QK, N+1 [6‘0]) .

In addition, if F<n(Z) in (B.8) is the symplectic up to homogeneity N map associated to a Hamiltonian vector
—~ \2X2
field G,(2)Z = JcVHp42(Z) as per LemmalA.17, where (G,,(Z) € Rpg ) has Fourier expansion

g _ 6",+1,0' a'p+1
(G (Z)Z)’s — > Gk Zi (B.13)
(]p+1vk,0’p+1,—0’)€fp+2

then reduces to
Pp[REN(W)] =PplR<n(W)] +GJ,§(W), (B.14)

1,3

2x2
=—0'+ . ) . . .
where G; (W) e (R pg 2 ) is the smoothing operator with Fourier expansion

(> - - 0pi1,0  Opy
(G;(W) W)U = Z l(o-p+1 '(Uy,b(]p+1) - a'wy,b(k)) 7:+11,k wj:ﬂl . (B].S)

(7p+1,k,6'p+1,—0')€fp+2
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