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Abstract

We examine the FEuler equations within a simply-connected bounded domain. The dynamics
of a single point vortex are governed by a Hamiltonian system, with most of its energy levels
corresponding to time-periodic motion. We show that for the single point vortex, under certain non-
degeneracy conditions, it is possible to desingularize most of these trajectories into time-periodic
concentrated vortex patches. We provide concrete examples of these non-degeneracy conditions,
which are satisfied by a broad class of domains, including convex ones. The proof uses Nash-Moser
scheme and KAM techniques, in the spirit of the recent work on the leapfrogging motion [59],
combined with complex geometry tools. Additionally, we employ a vortex duplication mechanism
to generate synchronized time-periodic motion of multiple vortices. This approach can be, for
instance, applied to desingularize the motion of two symmetric dipoles (with four vortices) in a disc
or a rectangle. To our knowledge, this is the first result showing the existence of non-rigid time-
periodic motion for Euler equations in generic simply-connected bounded domain. This answers
an open problem that has been pointed, for example, in [10].
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1 Introduction

In this study, we investigate the vortex dynamics governed by the 2D incompressible Euler equations
in a simply-connected domain D. These equations are formulated in the velocity-vorticity form as
follows:

dw+u-Vw=0, u=V+Aglw, V*+=(-0,0), (1.1)

where Ap is the standard Laplacian supplemented with Dirichlet boundary condition. This system
has been studied for a long time and is still the subject of intensive activities touching multiple facets.
Here, we don’t in any case pretend to make a complete review of the main significant results, which is
an ambitious program, but we shall simply focus on two important subjects that fit with the scope of
the paper. The first one is related to the existence and uniqueness of global solutions which is proved at
the level of integrable and bounded vortices for smooth domains by Yudovich in his seminal work [93].
However, the problem turns out to be more tricky for rough domains, for instance when the boundary
contains corners or fractal sets. The existence part for very general domains is done by Gérard-Varet
and Lacave [47]. As to the uniqueness part, only partial results have been performed in the last
decade, under some angle constraints or positive vorticity condition, see for instance [55] 56, [78]. We
also refer the reader to the recent work of Agrawal and Nahmod [2] where the uniqueness is obtained
under some constraints on C*® domains. Another important topic that will be explored in part in this
paper is related to the emergence of coherent structures. One particularly significant facet of this field
revolves around relative equilibria, which represent equilibrium states in a rigid body frame. They
stand as one of the main central field in the study of vortex motion, garnering considerable theoretical
and experimental examination. For a comprehensive exploration of bifurcation techniques used to
construct rigid time-periodic solutions stemming from various stationary radial states, we refer the
reader to an exhaustive list that outlines numerous pertinent questions and findings in this domain
[14] 19, 20, 28|, 29, 45, [46], 49, 61, [67, 68, [70]. Additional steady solutions have been discovered in
[22, 32]. We observe that all these results are concerned with rigid motion where the shape of the
vorticity is conserved without any deformation over the time. Very recently, new structures on quasi-
periodic vortex patches for Euler equations have been constructed via KAM methods near ellipses
[13], Rankine vortices [62], and annuli [60]. Similar studies have been conducted over the past few
years for more active scalar equations such as [48, 58| [71, 88]. More investigations can be found
in [21], 25, 33] 37, B8, B9]. On the other hand, as we shall see later, the point vortex system offers
multiple configurations of non-rigid motion where the dynamics can be tracked explicitly as for the
leapfrogging motion. A classic example of this is provided by Love [80], who studied two symmetric
dipoles. Recently, Hassainia, Hmidi and Masmoudi [59] have proven the desingularization of this
system, using KAM tools.

The primary objective of this paper is to construct non-rigid, time-periodic solutions for the Euler
equations in simply connected bounded domains. This will be achieved by desingularizing the motion
of point vortices using KAM approach. It is important to note that in bounded domains, the point



vortex system, where the vorticity is concentrated at a finite number of points z1, ..., zy (with N € N*)
with circulations I'y, .., 'y, follows the ODE

dfk

ke [L N, Z Lo (&), &(1) + 5 LR (6(1). (1.2)

Z;ék

Here, Gp and Rp are the Green and Robin functions of the domain D whose definitions are provided
in Section 2.1l Notice that in [64], Helmholtz introduced this asymptotic system in the flat case D = R?
with Gg2(z,w) = log |z — w| and Rpz = 0, to describe the behavior of mutual interactions of several
concentrated vortices. Later on, Kirchhoff and Routh [76] [89] recast this system in the Hamiltonian
form, with the Hamiltonian

N
H(&lv"a&N) = Z FkFZGD fk,fé Zf
k=1

1<k<UKN

The point vortex system provides a tractable model describing in suitable regimes the fluid motion.
Despite its simplicity, it captures the main features of vortex interactions and serves as a foundation
for understanding more intricate fluid behaviors. A huge literature has been performed over the past
century addressing various aspects of the point vortex system. While it is impossible to cover all
the significant contributions in this area, we will concentrate on the most relevant topics related to
this paper. Below, we will highlight some key results obtained for the flat case D = R2, which can
be appropriately adapted for more general domains. The Cauchy-Lipschitz Theorem ensures that
the trajectories of the vortices are well-defined and smooth as long as any two point vortices remain
distant from each other. Collapse in finite time may occur with signed circulations as documented
n [4, 6, (I, 52, 65 77, 86], although this phenomenon is rare [30, [8I]. On the other hand, this
Hamiltonian system enjoys three important independent conservation laws, which are in involution:
total circulation, linear impulse and angular impulse. This implies that the point vortex system
is completely integrable for N < 3 and starts to exhibit chaotic motion from N = 4, for instance
see [7]. Within the complex structure of point vortex system, certain long-lived or coherent structures
emerge. A specific class is given by configurations keeping their geometric form unchanged throughout
their evolution. An illustration of this is given by Thomson polygons where the point vortices are
located on the vertices of a regular polygon with the same circulation. This configuration rotates
uniformly about its center. A general review on this topic can be found in [5]. One can desingularize
such configurations into steady vortex patch motion through various methods such as variational
techniques [16, [17, 18], 9T, 92] or gluing method [27]. The use of the contour dynamics approach, more
efficient to track the dynamics, was first developped by Hmidi and Mateu for symmetric vortex pairs
[69]. The asymmetric case was solved in [57] and the global bifurcation has been addressed in [44].
For symmetric configurations involving more point vortices, we refer the reader to Garcia’s works
on Kédrman vortex street [42] and Thomson polygons [43]. Finally, the desingularization of general
configurations satisfying a natural non-degeneracy condition has been exposed in [63].

In this work, we focus on the motion of a single point vortex within a bounded simply-connected
domain. In this special case, only the second term in the right-hand side of (|1.2]) persists and the
equation takes the Hamiltonian form

do=vapEn). V2 (). b Lo (13)

This 2D system will be explored with more details in Section [2| In particular, we infer from (2.18])
that the set of energy levels is an unbounded connected interval, that is,

Hp(D) £ [Auim, 00). (1.4)

By virtue of the Hamiltonian structure, all the particle trajectories are closed curves defined by the
energy levels
Ex= {z €C, Hp(z)= )\}, A 2= Anin-



The orbit for A = A, is a single point given by the lowest energy level of the critical points to the
Hamiltonian. It is important to mention that the regular values of the Hamiltonian give rise to time-
periodic trajectories and, in view of Sard’s theorem, it is the generic situation. However, the study
of critical points of the Robin function is a complex and delicate subject and the literature contains
only a few known results on this topic. For example, when the domain is convex and bounded,
there is only one critical point and the Hamiltonian is strictly convex. This implies that all the
orbits are periodic and enclose convex subdomains, see [15] [54]. However, except in radial domains,
when the trajectory is closed, the particle does not generally exhibit rigid body motion. In fact, it
remains far from equilibrium states (critical points) and its trajectory is significantly influenced and
deformed by the geometry of the domain. More periodic configurarions with multiple vortices near
the boundary were discovered by Bartsch and Sacchet in [10]. Desingularizing these trajectories using
classical solutions to the Euler equations that replicate similar time-periodic dynamics is particularly
challenging, especially due to the time-space resonance, which can disrupt the formation of confined
structures. Our primary objective is to achieve this construction using KAM theory, which requires
that the energy levels belong to a suitable Cantor set, carefully constructed through an extraction
procedure. This approach builds upon the recent work on the leapfrogging phenomenon established
in [59].

To state our main result, we will introduce some necessary objects and assumptions. Let A, < Ax <
A* such that for any A € [\, A*] the orbit &) is periodic with minimal period T()A) and parametrized by
t € R+ &,\(t). This assumption holds provided that the interval [\, A*] does not contain any critical
value for the Hamiltonian. According to Sard’s theorem, the set of critical values has zero Lebesgue
measure. We believe that this set, which is trivially compact, is actually discrete—likely even finite—due
to the specific structure of the Hamiltonian. However, we have not yet been able to produce any proof
of this formal conjecture. Remark that the map A € [\, \*] — T(A) is real analytic regardless of the
boundary regularity of the domain D. Next, for each A € [\, \*], we introduce the T(\)—periodic
matrix:

i) = (200 DOy = -0, w0~ fo.R0(60)]"

We associate to this matrix its fundamental matrix .#), which solves the ODE
OrAN(t) = AN(t)AN(2), Ax\(0) = 1d.

Then the monodromy matrix is defined by . (T(A)) and its spectrum is denoted by sp (// \ (T()\)))
We emphasize that due to the zero trace of Ay(t), the monodromy matrix belongs to the special linear
group SL(2,C). Our first main result reads as follows.

Theorem 1.1. Let D be a simply connected bounded domain and A, < A < A*. Assume that:

1. Non-degeneracy of the period:

T'(\)| > 0.

min
AE[ A, A]

2. Spectral assumption:

YA € A, X], 1¢sp( A (T(N)).
Then, Jeg > 0 such that Ve € (0,g¢), there exists a Cantor like set €: C [As, \*], with
lim |€2] = A* — A,
e—0

and for any X € 6., there exists a solution to Euler equation taking the form

1
VteR, w(t)= IR Di = &\(t) + €0y,

with
VteR, Djqn=D;  &E+TO)) =)



Remark 1.2. 1. The previous theorem applies to generic simply-connected bounded domains,
which are not necessarily a perturbation of explicit domains, such as discs, ellipses or rectangles.

2. In contrast to the leapfrogging vortex motion [59], the period T(X) is not explicit. This explains
the need of adding the first assumption in the previous theorem. We believe that this latter is
universally valid, as the energy levels of critical points of the period function are expected to
constitute a countable set of isolated points. Indeed, it would be surprising to find domains for
which the period remains constant on a non-trivial interval of energy levels.

3. As for the spectral assumption, verifying it in its original form is difficult due to the intricate
nature of the trajectories of periodic orbits, but we believe it holds for the majority of energy
levels. We mention that the spectral assumption corresponds to the classical one appearing in
finite dimensional dynamical systems.

Next, we will present a practical implication of Theorem connecting its assumptions to the
geometry of the domain D and applying it to relevant standard examples. This leads us to the
following corollary.

Corollary 1.3. Assume that the bounded domain D is convex. Then, the conclusion of Theorem [1]]
holds true for any Amin < Ax < X* provided that the conformal mapping F : D — D with F(0) = &

satisfies
Sl i new et}

Here, D stands for the open unit disc of the complex plane and &y is the unique critical point of Robin
function.

Remark 1.4. 1. The assumption in the previous corollary is an open condition. Therefore, for
a given domain D satisfying the assumptions of Corollary[1.5 one might expect that the same
conclusion holds for all convex domains D, which are e-perturbation of D. This is a consequence
of the continuity of the Riemann mapping with respect to the domain, known as Carathéodory’s
kernel Theorem.

2. More refined version, where the domain is not necessarily convex but the Robin function has only
one critical point, is given by Corollary 3.3

Corollary applies to domains such as rectangles and ellipses provided that the aspect ratio
avoids a specific discrete set. This issue will be thoroughly examined in Section [5] as outlined in
Propositions [5.1] and Below, we provide a formal statement.

Proposition 1.5. The following properties hold true.

1. Let D be an ellipse with semi-azes 0 < b < a. Then there exists a countable set Gy C (1,00)
such that Corollary applies if and only if ¢ ¢ Gg.

2. Let D be a rectangle with sides 0 < | < L. Then there exists a countable set Gr C (0,1) such
that C’orollary applies if and only if% ¢ Gr.

We shall now present another interesting result related to the duplication method and its appli-
cation in generating synchronized multiple time periodic vortices. The duplication principle reads as
follows. We refer the reader to Section for the complete proof.

Proposition 1.6. Let D be a simply-connected bounded domain whose boundary contains a non-trivial
segment [z, w] with z # w such that
oD N (z,w) = [z, w].

We denote S the reflezion through the azis (z,w). Let w € L (R; L(D)) be a global weak solution
to Euler equations in D. Then, there exists w? € L>® (R; LSO(D*)) a global in time weak solution to

Euler equations in D* = Int(D U S(D)) taking the form

W (o) & {w(t,aj), if x € D,

—w(t,Sx), ifz e s(D).



In particular, if w is a time periodic vortex patch, then w¥ is a time periodic counter-rotating pair of
patches.

This construction can be repeated as long as the new domain retains the same properties as the
initial one. In this manner, we can generate multiple synchronized vortices, with their dynamics
replicating that of a single vortex, up to appropriate reflections. To illustrate, let’s apply the previous
statement to construct synchronized non-rigid periodic motion of four vortex patches within the unit
disc. In the planar case, the desingularization of the four point vortices has been studied by Davila,
del Pino, Musso and Parmeshwar in [26] using gluing techniques. It is worth to point out that in
their case the problem is dispersive and one only can describe the asymptotic dynamics. However in
our setting the presence of the boundary constraints the trajectories to be closed and therefore obtain
a periodic motion. In the next proposition we provide our result in this direction. A more detailed
discussion on m-sectors can be found in Section [6.2.2]

Proposition 1.7. Let Do be the first quadrant of the unit disc, namely
Dy £ {(z,y) €D st. >0 and y>0}.

Denote by S, and S, the reflexion with respect to the horizontal and vertical axis, respectively. Then,
the following properties hold true.

1. The domain Dy satisfies the assumptions of Corollary[L.3| with critical point

1

§2 L (44 VIT) " (1+1).

2. Let £, C Dy be a point vortex periodic orbit that can be desingularized into a periodic vortex
patch motion 1p, € L (R; L (Dg)). Then, the function

w* £ 1p, — 1s,p, — 1s,p, + 1-p, € L(R; LT (D))

18 a time periodic solution to the Euler equations in the unit disc D.

Figure 1: Choreography of four synchronized vortex patches in the unit disc.

Next, we will discuss the key ideas behind the proof of Theorem To the best of our knowledge,
this result marks the first construction of classical solutions for Euler equations involving non-rigid
periodic motion in bounded domains. Our proof is inspired by the approach used in [59], which
combines a desingularization procedure with the Nash-Moser scheme and KAM theory to tackle
degenerate quasi-linear transport equations driven by time-space periodic coefficients associated with
point vortex motion. This method is remarkably robust, making it applicable to various significant
ordered structures in geophysical flows. As we will see later, our proof not only addresses the



challenges of small divisor problem caused by time-space resonances but also overcomes several other
substantial challenges. These include degeneracy in the time direction, the degeneracy of the mode
1 in the leading term, and the invertibility of an operator with variable coefficients. In addition,
a supplementary difficulty in our setting arises from the geometry of the fixed domain D, which is
not explicit in the general statement. The key idea to overcome this issue is to employ complex
analysis using the Riemann conformal mapping, which encodes the geometrical properties of D.
This procedure naturally leads to the appearance of interesting geometrical quantities, such as the
Schwarzian derivative and the conformal radius.

Let us now outline the fundamental steps of the proof of Theorem and discuss the various
technical challenges mentioned before.

O Contour dynamics equations and linearization. As we shall see in Section [3.1] we will look for
a solution to Euler equations (1.1]) in the form

wg(t) = élpf,
where € € (0,1) is small enough, the domain D is given by
Di £ 0f +&,\(t)

and Oy is a simply connected domain localized around the unit disc. The core of the vortex follows
the dynamics of a point vortex, that is,

(1) = —30.Rp (6(1)).

We assume that the orbit ¢ — &£,(¢) is T(\)—periodic with X its energy level. The goal is to construct
T(A)-periodic solution meaning that

Vt S R, O§+T()\) - Ot,

with Of being a simply connected domain localized around the unit disc. To provide a more precise
description, we will parametrize the boundary 00;; as follows

0T 1+2er(wNL0) e,  w) =,

with 7 : (p,0) € T? = r(p,0) € R being a smooth periodic function. We need to reparamterize the
point trajectory as follows
&) =p(w(N)t), with p: T~ C.
Then from the contour dynamics equation, see ([3.14)), we find by taking G = %
G(r)(i2,0) 2 %N (12,0) — SpRe{ 0. R (p()) Rz, 0)e | ws)
) .
+ 209 [\Ill(r, z(¢p, 0)) 4+ Wy ('r, z(p, 9))] =0,

where W describes the induced effect, whereas Wy describes the boundary interaction. The lineariza-
tion around a small state r is described in Proposition Actually, we get the following asymptotic
structure,

d,G(r)[h] = e2w(N)d,h + 9 [VE(r)h] — SH[R] + e299Qu [h] + £20p RS [1] + >0 RS [1],
where H denotes the toroidal Hilbert transform and the function V¢(r) decomposes as follows
VE(r) 23— gr 42 (dg+ VE(r)) + V5 (r),
with

g.0) 2 Re {wa(p(9)) ™}, wap) 2 (%:Ro(p)” + 1S(@)(p).



In the expression above S(®) is the classical Schwazian derivative, defined in . However, the
real-valued function r — VF(r) is quadratic while r — Vi (r) is affine. As to the operator Qq, it is a
of finite rank localizing in the spatial modes +1 and takes the integral form

Q0. 6) & / b 0025(49 —n) g, {61(9+n)5(@)(p(¢))} dn,  rp 2 e Ro.
T ™D (p(cp)) 6

The operator Rj(r) exhibits a smoothing effect in space and depends quadratically on 7. On the
other hand, the operator R5(r) also smoothes in space, but its dependence on r is affine. The main
challenge, in inverting the linearized operator, involves a small divisor problem caused by the time-
space resonance, where the time direction degenerates as e approaches zero. To solve this issue,
it is necessary to work within Cantor sets on the parameter A that satisfy Diophantine conditions,
which also degenerate with rate of order 29§ > 0. This allows to ensure an almost full Lebesgue
measure to these sets after the multiple steps applied in the Nash-Moser scheme. Note that the rate of
degeneracy in € has significant consequences in constructing a right inverse for the linearized operator,
which results in a loss of regularity and leads to a divergent control of order e 279, Nevertheless,
when initializing the Nash-Moser scheme with » = 0, the subsequent iteration corresponds to the
term (d,G(0))71[G(0)]. However, from Lemma we infer that G(0) is of size O(e). As a result,
the estimate of (d,G(0))~[G(0)] will exhibit a divergent behavior as ¢ becomes small, making this
approach unsuitable for the current scheme. Therefore, before proving the invertibility of the linearized
operator and applying the Nash-Moser scheme, we need to construct a better approximate solution
for . This construction is provided by Lemma which ensures the existence of a function
e [As, A¥] x T? — R satisfying

Irelg®@ 1 and Glera) P S et

The proof uses the fact that G(0) is localized outside the modes 41, as established in Lemma
Then, we introduce a rescaling of the function G as stated in ([7.25]) that takes the form

F(p) £ s Glere +2' ), (1.6)

where 11 € (0,1) is a free parameter. Note that the parameter § will be carefully selected later in the
Nash-Moser iteration, in relation to p and the measure of the final Cantor set.

@ Construction of an approximate right inverse. In Proposition [7.13], we present the formulation
of a Nash-Moser iteration tailored to our problem, based on [59, Prop. 6.1]. The implementation
of this iteration requires the construction an approximate right inverse for the linearized operator
of the functional F, defined in , at small state p. The process follows as the following plan.
First, we expand the linearized operator in terms of €. Next, we use the KAM method, combined
with an appropriate preliminary steps, to conjugate the transport equation into an operator with
constant coefficients. This step makes appearing a Cantor-type set. Then, we reduce a truncated
operator at a suitable order in €, addressing the challenge posed by the degeneracy of the spatial
modes *+1, utilizing the monodromy matrix. The inversion on the remaining modes requires a second
Cantor-type set. Finally, the approximate right inverse is derived through a perturbative argument.

®© Nash-Moser scheme and measure of the final Cantor set. In the Section we build a
non-trivial solution to the equation by means of Nash-Moser iteration scheme. The method is
now classical and we borrow the result from [59, Prop. 6.1]. As stated in Corollary the solutions
are obtained modulo a suitable choice of the energy level A among a Cantor set. Using the non
degeneracy of the point vortex frequency A — w(\) we prove in Lemma a lower bound for the
Lebesgue measure of this final Cantor set.

2 Motion of a single vortex

The point vortex system in bounded domains is well-explored in the literature and a lot of important
facts illustrating the boundary effects have been established. We refer for instance to [53, 85]. Our



primary goal here is to examine certain results related to the motion of a single vortex and analyze
its orbit. Specifically, we are interested in the existence of periodic orbits, which are closely linked to
the geometry of the domain.

2.1 Green and Robin functions

In this section, we will gather some fundamental results on Green functions associated with bounded
simply connected domains D. This topic is well-documented in the literature; for instance, see [34] for
more detailed information. To begin, let’s recall that the stream function ¢ associated with a given
vorticity w is the unique solution to the elliptic problem

AY =w, in D,
1 =0, for all z € 9D.

Then ¢ = A~'w is linked to w through the following integral formula

Wit 2) = ;T/]DGD(z,w)w(t,w)dA(w), (2.1)

where Gp denotes the Green function in D, which is defined as the unique solution to the elliptic
equation

A,Gp(z,w) = 270y (2), in D, (2.2)
Gp(z,w) =0, for all z € OD. '
In addition, the function Gp decomposes as follows,
Gp(z,w) =log|z — w| + K(z,w), (2.3)

where K : D x D — R is the regular part of the Green function, which is harmonic in each variable z
and w. In the particular case of the unit disc D, one gets

zZ—w
1—zw

Gp(z,w) = log , ie. K(z,w) = —log|1 — zw|.

It is a classical fact [3, Chap. 6], that the Green function is linked to the conformal mappings
®: D — D as follows

Gp(z,w) = Gp(®(2), ®(w)). (2.4)

Therefore, we easily deduce from ([2.3))

P(2)=P(w)
Vz#£weD, K(zw)=log % . (2.5)
The Robin function is defined by
VzeD, Rp(z) = K(z, z)—l}}iian(z,w). (2.6)

Thus we get from (2.5 that the Robin function can be explicitly linked to the conformal mapping as
follows,

()
‘1>(Z)|2)
—log (rp(2)), (2.7)

o
Vz € D, RD(Z)zlog< ||



where rp is the conformal radius at a point z € D is defined by

al— ’@(2)‘2.

rp(z) = 5(2)| (2.8)

In particular, Rp is real analytic on D and, according to [9] [40l 53], one may deduce from a direct
computation that Rp satisfies the Liouville equation

ARp = 4¢*RP  in D. (2.9)
Notice that Robin function satisfies the global bounds, see for instance [54]
VzeD, —log(40(z)) < Rp(z) < —logd(z), (2.10)
with ¢ the distance to the boundary 0D defined by

§(z) £ inf |2z —wl.
wedD
We point out that when the domain D is bounded and convex, the Robin function is strictly convex
and admits only one non-degenerate critical point, see [15, [54]. Later, we will need the following
identity which follows from a direct differentiation of (2.7))
19"(2)  '(2)P(2)

0:Rp(2) = 5 ORI (2.11)

2.2 Hamiltonian structure and periodic orbits

In this section we continue to assume that the domain D is a simply connected bounded domain.
The dynamics of a single vortex w = I'd¢(;) inside the domain D is governed by the Robin function,
introduced in ({2.6]), through the Hamiltonian complex equation, see for instance [54} 85],

£(t) = iLo:Ro (€(1)). (2.12)
Notice that this equation can be recast in terms of a 2d real Hamiltonian system,

£(t)=V=+tHp(Et), V2 <_a(zy> ,  Hp2 LRp. (2.13)

Therefore the trajectories t — £(t) are globally well-defined and lie in the level sets of the Hamiltonian
Hp. However, exploring critical points, such as their number and structure, together with the shape of
level sets within general domains remains a captivating pursuit, with only a sparse collection of results
currently available. Notably, as indicated by , the growth of the Hamiltonian near the boundary
implies the existence of at least one critical point. In convex domains, it is shown in [I5] [54] that this
point is unique and the Hamiltonian is strictly convex. As a by-product, the phase space is foliated by
periodic orbits surrounding convex subdomains. The uniqueness of critical points has been extended
to more general domains. Actually, if we denote the inverse conformal mapping F = &1 : D — D,
then we infer from that the critical points F'(£) to Robin function are given by the £ € D which
are the roots of Grakhov’s equation [41]

7€) 2¢

= . 2.14
P~ 1-leP (214

According to [23], the uniqueness is established under the Nehari univalence criterion
VzeD, [S(F)(2)| < ghpye (2.15)

where S is the Schwarzian derivative defined by
i\ " 2 (3) " 2
s 2 (5) -3 (F) =5 -1(F)- (2.16)
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We emphasize that the condition is satisfied by convex domains, see [24] [84]. More results in the
same spirit leading to the uniqueness of critical points can be found in [73] [74]. In general domains,
a little is known on the critical points. For instance, by invoking Sard theorem we can deduce weak
results such as the set of critical values

C £ {Hp(z) st. VHp(z) =0} (2.17)

is compact with zero Lebesgue measure. Furthermore, the range of the Hamiltonian Hp is a connected
set of R and takes the form
Hp(D) £ A, 0). (2.18)

Remark that A, € C and the set Hp(D)\ C is open. For each regular energy value A € Hp(D)\ C all
the connected components of Hp'({\}) are periodic orbits diffeomorphic to a circle, see for instance
[79, Prop. 2.1]. We denote by T(A) the minimal period of each periodic orbit £,. This period can be
recovered from area A(\) of the domain enclosed by £, as follows

In the following proposition we shall collect some basic classical results on planar Hamiltonian dynam-
ical system. They follow from the fact that the Hamiltonian Rp is real analytic inside the domain
D.

Proposition 2.1. Let [\, \*] C Hp(D) \ C, and consider a continuous family of periodic orbits
(Ex)repax- Then the following results hold true.

1. The period map X € [As, X*] = T(X) is analytic.
2. Each periodic orbit £y admits an analytic parametrization s € T — py(s).

3. The map X € [\, \*] — py is analytic.

2.3 Period asymptotics

The purpose of this section is to analyze the asymptotic behaviors of the period of point vortex orbits
in two extreme regimes: near an elliptic critical point and close to the domain boundary. Near an
elliptic critical point, the vortex exhibits slow motion, whereas near the boundary, it rotates rapidly.

2.3.1 Near an elliptic critical point

Let us consider £y € D an elliptic critical point of the Robin function, such as the point associated
with the global minimum. Then
0. Rp (&) = 0. (2.19)

We can always choose (and this is done in a unique way) the conformal mapping so that
P(&)=0 and  ¥'(&) > 0.
According to , the condition is equivalent to
" (&) = 0.
Recall from that the point vortex motion writes
¢ = E0:Rp(6). (2.20)

By means of Morse’s Lemma, locally the trajectory of the point vortex will be close to an ellipse.
Therefore, one can choose a parametrization of the orbit using polar formulation as follows

E(t) = & +R(\, O(t))e®W), (2.21)

11



where the energy level A € Hp(D) is taken close to A\, £ Hp(&). In particular

RO\, ©) = 0.

Inserting the ansatz (2.21)) into (2.20) gives

0= %}{(I‘WRe{(OzRD)(EO +R(\, @)eie)eie}.

It follows that
B 2i R(\, O)

2w
(V) = r /0 Re{(aERD)(ﬁo+R(>\a@)ei@)€i@}d@.

Performing a Taylor expansion, we find

0-Rp (€0 +R(N, O(1) ) =R(\, 0)¢' 358 + (), ©)e 1 (#/(&))” + O(R2(), ©)).

Therefore, we deduce that

o2 [ o
T(\) £ lim T(\) = =
& lim 0 =T [ o )

a8
T Jy a+|blcos(©)’

as (@'({0))2 and b

where (3)( )
a (&)
2 (@) (222)

Finally, using [50, p. 402] or a direct computation based on the residue Theorem, we find

47
r'y/a? — |bJ?

Notice that this result was established in a different way in [53].

T(\,) = (2.23)

Remark 2.2. 1. In (2.23)) the condition a > |b| is required. This corresponds to the ellipticity
of the critical point & and it is necessary for the dynamics to be confined locally near &, as
explained in [31].

2. A more refined analysis based on the expansion of the orbit leads to the first order expansion

() = 42 N 1672\ — \y)
I'vaZ—|b2 T(y/aZ— |b]2)7

~ Ja'bl? — a® 4 Ja?pl!| + O((A — A)F),

[§a3|c|2 +afb?|c? + ZaRe{c?’} — 3(a — [b|?)Re{db’}

where

C

N d™ (&) 4o 20 (&) B d3) (&) 2‘
49/ (&)’ 129'(&o) 29'(%o)

2.3.2 Near the boundary

In what follows, we intend to study the asymptotic of T(A) as A approaches infinity. We will begin
with a weaker result, which we believe remains valid even at a significant distance from the boundary.

Lemma 2.3. Let D be a simply-connected bounded domain. Then, all the orbits near the boundary
are closed and the period function cannot be constant near the boundary 0D.

12



Proof. First, close to the boundary all the orbits are periodic since there is no critical points for Robin
function near the boundary. Assume by contraction that the period function is constant on some
interval [\, 00). Then from T = A’, we deduce that the area is an affine function in this range of A,
namely there exists (o, 3) € R? such that

VA e\ oo) AN =a)+ 8.

Since A(A) is bounded by the area of D, then taking the limit A — oo forces a = 0. Hence, the area
is constant in A\. Now, if A < A\; < A2, then the domain enclosed by the periodic orbit &y, is strictly
embedded in the domain enclosed by the periodic orbit £),, implying in turn A(A\;) < A(A2). This
gives the contradiction. O

We emphasize that the previous argument applies to any simply connected bounded domain with-
out any regularity assumption on the boundary. When the boundary is supposed to be slightly smooth,
specifically more regular than C', then we obtain a more precise estimate of the period. This result,
was obtained for instance in [53].

Proposition 2.4. Let D be a simply-connected bounded domain with boundary of reqularity C?. Then,
near the boundary, we have the following asymptotic of the period

2nLop _amx 87
—e

T()) r +0(e 1), (2.24)

)\—:>oo r
where Lgp denotes the length of the boundary OD.

Proof. According to [87], the conformal mapping F : D — D admits a smooth extension to the
boundary, still denoted F. In addition,
F(T) = 0D.

This allows us to consider the following parametrization of the boundary of 9D
Vo eT, X(0)=2F(9).
Referring to [36, Cor. 14|, the Robin function admits the following behavior close to a point b € 9D

Rp (b — sv(b)) o log(2s) + O(s%),

where v(b) denotes the unit outward normal vector to the boundary 0D at the point b. For a periodic
orbit corresponding to the energy level A, we have in view of ([2.13)
8w

s=s(\b) = %e_@jLO(e—T),

A—00

uniformly in b € dD. We obtain a parametrization of the periodic orbit by setting

s—0

iX’(@) " F/(eié))eie
WO & X(0) — s\, X(0)) v =F() +5(\, X (0)) 55— (2.25)
( ) |X’(9)‘ ( ) ‘F/<610)‘
The Gauss-Green formula gives the area of the enclosed domain
1 2w
AN =1 / 1 {5@0 (6) } do. (2.26)
0
Inserting (2.25)) into (2.26]), we obtain the following asymptotic
B 27 _ F/(e1f)eif F/(eif)e—10 . ) .
A = Ap — te~Fim { / F(c®)dy ( ,F(,e(ei)f), ) e T eopr(enan b+ o(eF),
0

[F/ ()]
where Ap is the area of the domain D. Integrating by parts yields

] —4m o 7010 — 872
A(N) = Ap —s5e T |F'(e)|d0 + O(e” T ).
0

s—0
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On the other hand, as
2w
Loo = [ [P/l
0

is the length of the boundary 0D, then we deduce that

4T 87

A()\) = Ap — %LQDG_T + O(G_T).

From this, we derive the following asymptotic of the period,

2nLop _amx 87
WS ¢ F

This concludes the proof of Proposition [2.4] O

Remark 2.5. The asymptotic (2.24)) only involves the length Lop. This suggests that (at least at first
order) this asymptotic remains valid for less reqular domains, namely only rectifiable.

3 Main results

In this section, we expanded upon the main results partially discussed in the introduction, providing
a broader generalization covering more than convex domains. We shall first see how to desingularize a
single vortex using the contour dynamics. Afterwards, we will state our main results on the existence
of time periodic solutions near the single vortex.

3.1 Desingularization of a single vortex

In what follows, we shall consider the motion of a single vortex inside a simply connected bounded
domain at a non degenerate energy level A\ € Hp(D)\C of the Hamiltonian Hp as described in Section
Without loss of generality, we can make the normalization

F=nx (3.1)

and we assume that the orbit is closed with a minimal period T(A). We denote by ¢ — £(t) the vortex
orbit which satisfies according to (2.12) the Hamiltonian equation

£€(t) = —i0.Rp (£(1)). (3.2)

The goal is to construct T(\)-periodic solution in the vortex patch form whose core follows asymptot-
ically the point vortex motion. Given ¢ € (0,1), we will look for solutions to (|1.1)) in the form

wa(t) = élpf, (33)

where Dy is given by
D 07 +£(t)

and Oy is a simply connected domain localized around the unit disc. Due to the mass conservation,
one has
| D¢l = 1Dl

We will normalize the area of the initial patch to 7 so that

iig(l) we(t) = mheyy in D'(D),

which is coherent with the choice of the point vortex circulation (3.1]). In this particular case, and in
view of (12.1)) and (2.3)), the stream function takes the form

609 = 5oz [ Tonlls = DaA©) + 5 [ K 0uaA) (3.4)

14



Let v(t,-) : T — 0O be any smooth parametrization of the boundary 0Oj, that gives in turn a
parametrization of the boundary dD; through

w(t,) 2 ey(t,-) + &) (3.5)
According to [70, p. 174], the vortex patch equation writes
dyw(t,0) - n(t,w(t,0)) + g [v(t,w(t,0))] =0, (3.6)

where n(t,-) refers to an outward normal vector to the boundary 0D;. Note that, from (3.4]), we
readily get

1
2me?

0u[0 0 t0)] = 5300 [ toullut0) = <aa©) + [ K(w(r.0).0aa()]

Df
Therefore, using (3.5 with a suitable change of variable we conclude that
1
00t 0(t0))] = 30 | Tox(lr(4.6) = CaA(Q)
1
+ o /O K (ex(t,0) + E(0), £ + £(1) dA(C). (3.7)
t

Now, identifying C with R? and making the choice n(t, w(t,)) = —idyw(t,6) we get

dyw(t, 0) - n(t,w(t, ) = Im{&tw(t, ) dpw(t, 9)}

- 621m{aﬂ(t, 9)99(t, e)} + slm{at%am(t, 9)}. (3.8)
Thus, combining (3.6|), (3.7) and (3.8) we obtain the equation

521m{8t’y(t, 0)0gy(t,0) } + EIm{Gt@(?g’y(t, 0) }

1 1 (3.9)
+ 5200 [ 10g(1(6) = CNAAQ) + 500 [ K(=3(8,6) +6(0).<C + £(0))dA) =0,
™ O 2w O
Consequently, using , the relation writes
— 1
azlm{aw(t, 0)p(t, 9)} - %Re{azRD (£@®)) Do (2, 0)} +5-0 /O log(|y(t,6) = CdA(Q)
t
1
+ o /O K (1(1,6) + £(2),2C + £(0) dA(C) = 0. (3.10)
t
Recall that we are looking for T(A)-periodic solution whose frequency is
w(\) 2 2m

S0 =p),  (t6) = 2wV ), (3.11)
where p: T — C is 2w-periodic function and the boundary is parametrized as

2(p): T = 00; with 2(0,0) 2 R(p,0)e", (3.12)
0 = 2(p,0) R(p,0) £ (1+2er(p,0))>.

NG

Thus, using (3.10) and polar coordinates, the curve z satisfies the equation
EQw(/\)Im{awz(go, 9)(%2(@,0)} - %&;Re{agRD (p(¢))R(e, 9)ei9}

+ Oy [\111 (r, z(p, 9)) + WUy (r, z(p, 9))} =0,
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where

X R(tn) .
Ui(r,z) = / / log (|z — 1) ldldn,
TJO

N R(¢m) .
Ua(r, z) = / / K (p() + ez, p(p) + ele)ldldn.
TJO

Here, we are using the notation
1 2m

Straightforward computations, using (3.12)), lead to

(3.13)

Im{&pz(gp, 0)0pz(p, 0)} = e0,r(p,0).

It follows that the radial deformation r, defined through ([3.12)), satisfies the following nonlinear trans-
port equation,

G(r)(p,0) 2 53@)()\)6@7“(@, 0) — %OgRe{GZRD (p((p))R(cp, Q)eie}
+ O [\111 (T, z(p, 9)) + Wy (7“, z(p, 9))] =0.

This is the final form of the contour dynamics equation to which we have to show the existence of
solutions for small values of &.

(3.14)

3.2 General statement

In this paragraph, we intend to give our main result from which we can deduce several interesting
consequences. For this we aim, we need to introduce some basic objects stemming from the periodic
single vortex described by the periodic parametrization ¢ € T — p(p) as in (3.11). Notice that this
orbit is associated with the level energy A and it admits a minimal period T()\). We define the following
matrix with 27— periodic coefficients,

2= (05 ) =) e =R em e
3.15

where Rp denotes the Robin function stated in (2.6) and rp is the conformal radius defined in ([2.8]).
To this matrix A, we associate the fundamental matrix .#) which satisfies the linear ODE

Dol (p) = Ax(@)A\(0),  A\(0) =1d. (3.16)

Since Tr(Ax(¢)) = 0, then from Abel’s Theorem det.#)\(¢) = 1. Hence, one can easily show the
equivalence relation on the monodromy matrix . (27)

Te()(21) #2 <= 1¢sp(A(27)),

where sp(.Z)(2m)) denotes the spectrum of the matrix .#)(27). Now, we are in a position to state
our main result.

Theorem 3.1. Let D be a simply-connected bounded domain in R2. Let A\, < \* such that [As, A¥] C
Hp (D) \ C, with the definition (2.17). Assume the following conditions.

1. Non-degeneracy of the period:
min
AE[w,A*]

T'(\)| > 0. (3.17)

2. Spectral assumption on the monodromy matriz:

VYA€ A, N, 1 ¢ sp(in(2m)). (3.18)
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Then, there exists g > 0 such that for any e € (0,e9), there exists a Cantor set €. C [A, \*], with
lim |6 = A" — A,
e—0

such that for any X\ € 6., we can construct a time-periodic solution to (1.1|) in the form

1
w(t) = IR Dyi = py (%t) + €05,

with

05 = {Eeie, fel0,2r], 0<{< \/1+er(f&)t,9)},

where v € H*(T?) for s large enough and admits the asymptotics

r(.0) = et { | (0.Rn(m(9)))” + 4@ (a(6) | 2| + O

for some p € (0,1) and S(®) stands for the Schwarzian derivative of the conformal mapping ® : D — D

defined through (2.16)).

Remark 3.2. We belicve that the non-degeneracy of the period in Theorem [3.1] holds true for most
energy levels. It would be surprising if the period were constant over a mon-trivial open interval.
Nevertheless, partial results have been obtained in Lemma 2.3 and Remark [2.23] that support this fact.
As to the monodromy condition stated in theorem 3.1} it sounds to be generic and in the same time
very challenging to check for a given geometry. In Section [5 we will provide sufficient conditions to
ensure the validity of this condition

Corollary 3.3. Theorem [3.1] holds true under the following assumptions
1. The set defined by (2.17) contains only one critical point, that is, C = {&}.

2. The conformal mapping F : D — D with F(0) = &y satisfies

‘};(?72(()[)))‘ €{2\/1—n—12, neN*U{oo}}. (3.19)

Notice that this corollary generalizes Corollary [I.3], seen in the introduction, as any bounded convex
domain has only one critical point, as discussed in [15, [54]. As we will see in Section [5| assumption
2 in the preceding corollary holds for almost all rectangles and ellipses. Now, we intend to prove

Corollary

Proof. As the domain D is assumed to be a simply-connected bounded domain with only one critical
point. Then, the phase portrait of the single vortex motion is foliated by periodic orbits. More
precisely, for any level energy A > A, see (2.18), the orbit HBI({)\}) is a compact trajectory.
Applying Proposition we infer that the map A € (Ain, 00) — T(A) is analytic. On the other hand,
Lemma [2.3] asserts that the period map is not constant near the boundary. Therefore the set of zeroes
of the map A € (A, 00) — T/(N) is a discrete set denoted by Z. Hence, for any compact interval
[As; A*] C (A, 00)\ Z we have

T'(\)| > 0.

min
A€M, 2]

which guarantees the validity of the assumption (3.17)). Next, let us move to the second assumption

(3.18]). Combining (3.15)), (3.16]) with Proposition we infer that the mapping
Y1 A€ (Agin,00) — Tr(S)(2m)) — 2 (3.20)

is real analytic. Now, we shall show that this map is not identically zero under the assumption 2. of

Corollary [3.3] According to (3.15)), (2.22), (2.8) and (2.23), we have at the critical point (A = A\pin),
L T()\mm) _ . a 1

u)\min = - =1 / and V)\min N e
(SD) 47T 74]2:)('50) a2 — |b|2 (SO) 2 a2 — ’b|2
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with

= 71 and b= —7F(3) (0)
TiErop M GO
This implies that
. = — 5 S F)(0) = 7

and
; -1 0
Ay =——2___
Amin A-|S(F)(0)]2 ( 0 1) ’
which is a constant matrix. From the equation (3.16]), we obtain

830%>\min (90) = A)\min %Amin (SD)7 %)\min (0) = Id

Consequently,
_ 2ip
e VA-IS(F)(0)? 0
VSO € RJ %)\min (80) = eSOA)\min = 2ip
0 e V4a—IS(F)(0)|?

Then taking the trace, we infer

Tr (M, (27)) = 2cos (W)'

Thus,

Te( i, (27) =2 <  [S(F)0) € {2\/1 — L, neNU {oo}} .

Therefore, in view of (3.20)), we get

Y (M) # 0 — |S(F)(0)] ¢ {2,/1 — L, neN*U {oo}} . (3.21)

Hence, the condition of the r.h.s. of (3.21)) together with the analyticity of 1 ensures that the set of
zeroes of 1) denoted by Z’ is discrete. Hence by imposing [Ax, A*] C (Amin, 00)\(Z U Z’) the conditions
(3.17) and (3.18) are satisfied and Theorem can be applied. This ends the proof of Corollary
3.3 [

4 Unit disc and rigidity

In this section, we will focus on the specific case of the unit disc D = ID. As we shall see below,
the conditions (3.17) and (3.18]) are satisfied ensuring the applicability of Theorem Furthermore,
by leveraging the radial symmetry of the disc, we show that it is possible to desingularize all the
admissible energy levels without involving Cantor sets, and achieve this through rigid patch motion.

4.1 Validity of Theorem

We will study the point vortex motion in the unit disc and show that the particle follows a circular
orbit. Afterwards, we will investigate the assumptions of Theorem [3.1} First, recall that the conformal
mapping here is just the identity. In particular,

Op(z) = 2, op(z) =1, Pp(2) = 0. (4.1)
In addition, from the discussion of Sections 2.1 and [2] we know that the Hamiltonian Hp expresses as

Hp(z) = jRp(2),  Rp(z) = —log(1 - |2]*).
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Therefore, from this structure, we observe that this Hamiltonian admits a unique critical point located
at the origin and its range Hp(ID) = [0,00). Let us consider a point vortex orbit 7d¢() on an energy
level A > 0, parametrized as follows

£(t) = q(t)e®).
In view of , the point vortex dynamics is given by
3 0:Ro(E(1) = £(t) = (4(t) +i0(t)q(t)) V).
According to (4.1]) and , we have

_ B alyeT™em
L-[E@P  1-¢%(1)

Putting together the previous two identities and identifying real/imaginary parts yield

azRIDJ (g(t))

1

q(t)y =0 and O(t) = m

Integrating, we infer
g=pN2VIi—e ™ and O =w),  w(\)E =

Hence, the orbit is a circle of radius ¢o(A) and with minimal period

2 —4\
T(\) = o 4me

Notice that this formulae is compatible with the asymptotic (2.24)), given that Lyp = 27 and I' = 7.
Clearly the period function is strictly monotone ensuring the condition is met. It remains to
check the assumption . Before doing so, we should emphasize that Corollary cannot be
applied here because the second assumption is not satisfied.

From (3.15) and (3.16)), one can check by uniqueness of the Cauchy problem that the fundamental
matrix .#) enjoys the same structure as the generator Ay, that is,

_ (ax(p) bale) _ -
///,\(90)—(1)/\(@) GA(90)>’ ax(0) =1,  by(0)=0. (4.2)

By straightforward computation we get

0= acp%)\ — AN, = <al)\ —uxa) — V)\K bl)\ —wby — V,\a)\) |

by —urby —vaay @) —unay — by
which is equivalent to solve the following system

a' —uyay — vyby =0,
blA —upby —vaay = 0.

We set
U(p) 2 ax(@)Wer(9), V() 2ba(@Wiy (9), Wil (p) £ eF I (4.3)

From the initial dat in we deduce that
U0) =1, V(0) =0. (4.4)

From straightforward computations we infer
U =vnVW_, V =\ UW_,

—211111(11)\)’ —211111(11)\)’
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with ) )
i

(R (0)

0y (R ((0)

Therefore, we deduce that both U and V solve the following homogeneous linear scalar differential

equation of second order

U'0)=0, V'(0)=

Y+ <2ﬂm(u,\) - %> Y — a2y = 0. (4.5)

Solving this equation allows to recover the complex coefficients of the fundamental matrix. In the
particular case of the unit disc, the computations can be made explicitly, since the entries of the

matrix Ay (p) in (7.88]) are
i s AN : —2i
= ————5— = —ie™", valp) =iC(N)e %,
1—q5(N) (#) =)

with e qg()\) ) A
¢ = 21— qg2(\) 2

Inserting this into (4.5)), we find that U solves the second order EDO with constant coefficients,

y" — 4iC(N)y' — Ny = 0.

€ (0, 00).

Solving explicitly, we infer
Ulp) = e SB2eon-0) iy (3) 2iC(V) (2% V3).
Coming back to (4.3)), we find after simplifications
Re(ay(27)) = cos (2m¢(A\)V3).

Finally,
Tr(4(2m) = 2Re(an(2m) #2 = A¢ {dog(1+ %), keN}. (4.6)
Thus, under the condition

[As, A*] € (0, 00)\ {%log (1 + \271%) ke N*},

Theorem [3.1] applies. However, as we shall see below, using the radial symmetry of of the unit disc we
may derive a better result. In fact, we can remove this restriction on the energy levels and desingularize
all the positive energy levels with rigid rotating patches.

4.2 Rigid rotation

Now that we have described the periodic orbits of point vortices within the circular domain, we turn
our attention to their desingularization into uniformly rotating patch motion. To achieve this, we
insert the ansatz

&(t) = ¢ and ~v(t,0) = eiQt’yg(G) (4.7)

into the equation , leading to
1
— 2505 (10(0)]%) — eqQ0pRe{10(0) } + 500 /os log([70(0) — ¢[)dA(C)
0

= 50 [ o (1 (3000 + ) (¢ + ) [4A(0) = o
n o

£
0

We shall parametrize the boundary of the domain O as follows,
Y0(0) = R(0)e’,  R(0) 2 \/1+ 2eqr(0).
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Figure 2: Rigid rotation in the unit disc.

Hence, the contour equation takes the form

Gle,q, Q1) 2 £2Q0,r(0) + Q0 [R(8) cos(8)] — 2738(139 /OE log(|R(8)¢ — ¢|)dA(C)
’ (4.9)
+ 27356189 /08 log (|1 — (eR(0)e™ + q) (¢ + q) ) dA(C) = 0.

The goal is to establish solutions to this nonlinear equation. To achieve this, we plan to apply the
implicit function theorem within appropriate function spaces. Specifically, we will work with Holder
spaces, given for s € (0,1) by

Y5, = {’I“ :T—R st. VOeT, r0)= Zan sin(nf), an €R, |r|lcsm < oo}
n=1

equipped with the norm

61) — r(62)|

rllosery = |7l poo(my +  SUP |r(—

s 2 Il + sup G100
01702

and

even

Xbs & {r TR st. VOET, r(0) =) ancos(nb), an€R, |rllcrsm < oo} :
n=1

endowed with the norm
[7[lcs () = 7l oo () + 7" los ()

For any a > 0, we define the open ball

Byi.s (a) £{re XL st [7llcrs(my < a}.
Now, we state the main result of this section.

Theorem 4.1. Let s € (0,1). For any 6 € (0,1), there exist positive numbers o, ag > 0, such that

(i) The functional G : (—€o,€0) X (—1+6,1—=0) X RX By1.s (ao) = Y3,y is well-defined and of class
ct.

(ii) We have the equivalence

Vge (-1+6,1-9), G(0,q,Q,0)=0 & N=0Q, %
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(iii) The linear operator diq 1G(0,q,Q0,0) : R x XLs Y, is an isomorphism.

even

(iv) There exist C'—functions

Q:(—e0,60) X (-1 +6,1=0) =R and 7r:(—¢eo,e0) X (=1 +6,1—=6) — By (ao)

even

satisfying
Q(0,q9) = Qo and r(0,q) =0,

such that
V(E, Q) € (_€07€0) X (_1 + 5? - 6)7 Q(s, q, Q(Ev Q)7r(€a Q)) =0.

Before giving the proof, we shall make some comments.

Remark 4.2. 1. Following exactly the same lines as [61, Sec. 5.4], we actually can show that the
boundary of the uniformly rotating vortex patches inside the unit disc is analytic.

2. Observe that
Q(0,0) = 3- (4.10)
Now, according to [28], in the case G, = 0, the uniformly rotating solutions with amplitude 1
bifurcate from the disc of radius € € (0,1) at the values
Q, = n—1+ 62”'
2n

Thus, for a disc with amplztude the spectrum is given by

n—1+4g2n

Q p—
" 2ne?

I

which converges when € — 0 only for n =1 (corresponding to 1-fold solutions) and the limiting
value is %, which is consistant with ([A.10) and Theorem .

Proof. (i) We denote

T (87 q, T)(Q)

9 /O log(|R(0)e® — C|)dA(C),

2meq

To(e,q,7)(0) = Op / ] log ({1 — (5R(9)€_10 + q) (5( + q) DdA(().

27r5q

According to (4.9), it suffices to study the well-posedness and regularity of the terms Z; and Zs, the
other terms being obvious. In view of [62, Lemma 2.1] we may write

Ti(e,q,7)(0) = ;q/TlOg(IR(H)eie — R(n)e™|) 85, [R(O)R(n) sin(0 — n)] dn (4.11)

and

1 2
To(e.0.1)(0) = —500r(0) | Fahn

. (4.12)
log (|1 = (eR(0)e™ + q) (eR(n)e" + q) )5, [REQS sin(f — 17)} dn.

26q

First, we mention that the regularity with respect to the variable r and the parity property of Z; have
already been studied in previous works, see [66, Sec. 3.3]. As for Zs, since g, < 1, then taking eg
and ag small enough, the integrand inside is not singular. This gives the desired regularity in
r with respect to the desired function spaces (loss of only one derivative). For the parity property,
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it is obtained by immediate changes of variables. Thus, it remains to proves that the quantities
(4.11)-(4.12) are actually not singular in £¢q. From the identities

log(|R(0)e” — R(n)e]) = log (|e” — e]) + log (|1 + D=1

elf _ein

);

= (-1
Viz| <1, log|l+z|= Z . Re{zk},
k=1

we obtain the following decomposition

Th=Ta+Tao+Tg, (4.13)
with
[ 151"~ c)sin ~ ),

Tiale.q,r)(6) & / log (e — ")), [(R(O)R(n) — 1) sin(6 — n)]dn,

o Ly (DM / (R(O)=1)e—(R(n)=1)e \ ¥ 52 :
hale,qm)(6) = eq z:: k T Re{( e ) }39,] [R()R(n) sin( — n)]dn.

(4.14)
First observe that by parity argument,

Il,l(s,q,r) =0. (415)
Moreover, expanding the second term we get

307”(9)8777“(77) sin(9 . n)dﬁ
)

Tio(e,q,7)(0) = 5quog(‘€i9 _ ein|) RO)R(M)

i i 9gr(6) Oyr(n)
+ [roatie? - ey (% i - 2B o) ) cos(s -y

= [10g (1 — ) (RO)ROr) — 1) im0 — i

Remark that one may write

1
R(#)—1= 6(]/ Mds. (4.16)
0
Therefore, we get

Tiale.0.7)(6) =eq [ log((e? — e i)

/ log(je” — ¢)) (a]"%?g;)zz(n) 8;257’;)13(0)) cos(6 — n)dn

s (Opr)(510) (Oyr)(s2m) .
—i—sq// / log |e e"|) R(sa8) Rlsyn) sin(f — n)ds1dsadn (4.17)

+ / / log (‘eie - ei’?|)7aar (51)0) sin(f — n)dsidn

// log - 177|)( R()si?)n) sin(f — n)dsadn.

This implies that Z; 2 is not singular in eq and actually smooth with respect to € and ¢. In addition,
one obtains from (4.17)) that

sin(f — n)dn

1-172(07Q7 0) = 0. (418)
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As for the last term in (4.13) we use the identity

Re{ ((3(9)71)32:&5](77)71)8")k} = Re{ (R(Q) 1+ 72 ) en(;n) ei")k}

- Re{(R(a) — 14 fO g)k}

2isin( 5

Using one more time Taylor formula, we can write

R(0) — R(n) = eq(r(0) — () I(e, q,7,0,m),
1 (4.19)

I(e,q,7,0,1m) A/ ds.
0 V/1+2eq(r(n) + s(r(f) —r(n)))
Combining (4.16)), (4.19) and (4.14), we infer

Il,3 (57 q, T) (0)

o0

k
—1)k+1 — r)(s r r .
_ ;( DEFL et /T Re{< /0 ) g <e>(9<77>)1(5 g, 7,0 n)) }agn [R(6)R(n) sin(6 — )] dn.

Therefore, Z; 3 is not singular in eq and actually smooth with respect to € and ¢. In addition,

71,50, ¢,0) = 0. (4.20)

The previous calculations show that Z; is not singular in eq and can actually been prolongated in e
on an interval of the form (—ep,¢p) and in ¢ in an interval of the form (g, — ao, gy + ao). Moreover,

gathering (4.13)), (4.15)), (4.18) and (4.20) gives

7,(0,¢,0) = 0. (4.21)

For Zy(e, q,r) we write
Io =191 +1o2 + 153,

with
L)) 2 5 i)
Tra(e,q,7)(0) = 51q i % /TRe{ ((ER(H)e*w + q) (ER(n)ei" + q))k} sin(@ — n)dn,
k=1
Toa(e,q,r)(0) 2 ;q 3 - /T Re{ ((R(0) ™ + q) (R +0)) }3B, [ (8 — 1) sin(o — )] i,
k=1

First observe that

T1(0) = 0. (422)
Notice that for any k € N*,
Tiecar)) 2 = [ Re{ (RO +0) R +4) }sin(® — )y
_ ;;g (f;) <:L)q2k e B (g)Re o mf’/TRm( )e™sin(6 — n)dn
_ 1(};:0;:0 (7’2) (Z )q% R O /T " sin (0 — n)dn
zé;)@ () mrermmromefe [ (o) - 1) sino - o)
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Also, straightforward computations give

. . 0 if 1
Re{eﬂ"@ / e sin(0 — n)dn} = ’1 ' 1 m#1,
T —gsin((n—1)0), if m=1

Therefore,
k —1) .
jk(€7 q, ?”)(9) = §q2(k 2 Sln(e) + jk 1(67 q, 7‘)(9),

k
Tia(e,q,m)(0) = —g Z ( ) "™ R"™(0) sin ((n — 1)9)

+ ;ﬁ;;( ) ( > 2k m‘”s”+mR”(9)Re{e_i"9 /T (R™(n) — 1)e™ sin(0 — n)dn}-

Observe that

R™(n) —1=(R(n)—1) Y R™'(n).
V4

3

Il
o

Hence, making appeal to (4.16|), we infer

k
T (e,q,7)(0) = —g > (k) P R (9) sin ((n — 1))

S

n=2
m—1
(4) (&) #eomreremipomele [ [ Gossomr-tmnsins )
m=0 (=0
We have removed the singularity and it is immediate that

Jr1(0,4,0) = 0. (4.23)

Thus, we have the following decomposition

[e.9]

Toa(e,q,7)(0) = %qu Dsin(0) + > 1 Tk1(e,q,7)(0)

L 2(11_(12) sin(6) + fz,z(& q,7)(0).

From what preceeds, Zo 2 and i2,2 are smooth in € and ¢q. Moreover, (4.23)) implies

T52(0,¢,0) = 0. (4.24)

Besides, another use of (4.16|) yields

Tos(e,q,7)(6) = slq 3 . /T Re{ (RO +a) (RO 1)) Y3, [ (5 1) sin(0 — )]y
k=1

o~ 1 —i6 i k (Onr)(sn
S kZZI - /1rRe{ ((5R(0)e +q) (eR(n)e + q / R )\ ds cos(6 — n)} dn

31 [ Re{ (RO +0) RO+ 0)) Yoo [ 54 im0 — )] .
k=1

One readily sees that Z5 3 is smooth and that

1-2,3(07 q, 0) = 0. (425)
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Combining the foregoing calculations, we find that

1

G(e,q,Q,7) = £2Qdyr(0) + Q05 [R(6) cos(0)] + W=

sin(0) + Zs(e, q,7)(0), (4.26)

where

2T+ + f2,2 +7Iy3

is a smooth function. Finally, putting together (4.21)), (4.22)), (4.24) and (4.25)), we get

75(0,¢,0) = 0. (4.27)

(73) From (4.26) and (4.27)), we find

G(0,q,9,0) = — [Q - ﬁ] sin(6). (4.28)
This gives the desired equivalence.
(731) The linearized operator of G with respect to (2,7) at (¢,Q,r) = (0,Q0,0) is given by
d(0.r)G(0,¢, 0, 0)[(2, h)] = —Qsin(9) — L [0 — H]h(0).
Given g € Y7 , in the form

g(0) = Zgn sin(nf), gn € R.
n=1

Then, we choose

o)
I

WV
O
>
S

|

|
Sy
S

[l

—g1 and Vn

so that setting
h(0) = hy cos(nf),
n=2

we find R
d0,179(0,4,Q0,0)[(2,h)] = g.

Moreover, since for any n > 2, we have B, € (i, %), we immediately get from Cauchy-Schwarz and
Bessel inequalities

— |gnl
1Al poeqry S o < lgllzzy < llglles -
n=2

We can also write

HOESY %” sin(nf) = (g * 9)(0) + 2[g(8) — g1 sin(8)],
n=2""
where -
— A 2 ~ A ~
36)2 =30 2 costnd), (G+9)(®) 22 [ 56— mlmdn.
n=2 T

Notice that g € L?(T) c L(T). Thus, using that L'(T) * C*(T) — C*(T), we obtain g * g € C*(T).
Hence h/ € C*(T). This proves that h € X% and therefore that d(q ,)G(0,q,€0,0) : XL — Y5, is
an isomorphism.

(iv) Tt follows from the previous points by applying the Implicit Function Theorem.
The proof of Theorem [£.1] is now complete. O
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5 Applications of Corollary

In this section, we focus on the application of Corollary to specific domains. Since the domains we
will consider are convex, the first assumption of this corollary is automatically satisfied. Therefore, we
only need to verify the second assumption in Corollary for the admissibility of these domains. This
condition requires knowledge of the critical point and the conformal mapping. We have two strategies
to check this condition. The first strategy involves providing the conformal mapping that satisfies the
required constraint, from which we can derive the geometry. The second strategy involves defining
the geometry first and then verifying the constraint. This second approach that we will develop here,
which is particularly challenging due to the complex structure of the conformal mapping, even for
simple geometries. We will focus on ellipses, rectangles, and more generally, polygonal domains. All
these examples are convex bounded domains making Corollary applicable whenever its second

assumption holds true, that is,
F®) *
|| 2 {2/1- & nen}. (5.1)

with F' : D — D the conformal mapping such that F(0) = &g, is the critical point of the Robin
function. In terms of the conformal mapping ® = F~! : D — D, this condition is equivalent to

g{zﬂ-%, neN*}. (5.2)

To check one of these conditions, we need to get access to the conformal mapping structures.

‘ H3) (0)
(2'(0))3

5.1 Elliptic domains

We want to check the validity of the Corollary with one of the most simplest domain shapes,
namely ellipses. As we have mentioned before, since ellipses are convex, the first assumption of this
corollary is automatically satisfied. Thus it remains to check the second assumption reformulated in
(5.1). Consider D = E, the domain delimited by the renormalized ellipse with semi-axis ¢ > 1 and
b=1,

E, 2 {(:r,y) eR? sit. %3 +y? < 1}.

Using the symmetry of this ellipse, we can show that the critical point of Robin function will be given
by & = 0. On the other hand, it is well known [72] (see also [83], p. 296], that the conformal mapping

®: E, — D is given by
2K (k
D(2) = \/Esn< () gin-1 (;1) ;k) : (5.3)
a p—

™

where K : [0,1) — [5,00) is the complete Legendre elliptic integral of first kind defined by

A 2 d
K(m) :/0 \/1712iin2(<p)'

The application sn is the Jacobi elliptic sinus amplitudinus function and k is defined through

G(k):2sinh_1< 20 ) (5.5)

T a?—1
with G : (0,1] — R the strictly decreasing function given by

N K(\/l—:nz)‘

G 2 =% (5.6)

The previous relation gives a bijective correspondance between k € (0,1) and a > 1, with
a—1 & k=0 and a—+00 < k—1.

Our result reads as follows.
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Proposition 5.1. Let a > 1 and k = k(a) € (0,1) defined through (5.5). Introduce the function

A 1 s 2\ 2
g(k) = 1_4]~{;2<(1+k2)_<2K(k)>>

The function g : [0,1) — Ry is continuous, strictly increasing and satisfies

N

g(0) =1 and lim g(k) = oo.
k—1

For any n € N*| there exists a unique ky, € [0,1) (and therefore a unique a, > 1) such that

g(kn) = n.

Finally, for any a € (1,00) \ {an, n € N}, the non-degeneracy condition (5.2]) holds.

glk)

T T T T T T
0.0 0.2 0.4 0.6 0.8 10

Figure 3: Graph of the function g.

Proof. First, we recall the following power series expansions, see for instance [I, p. 81],

e el 2 s (2B — 1N R
sin2) =) o g1 =t 6 +nzg @00 2k 11

n=»

and, see [90],

sn(z,k) =z — L(1+ K2+ ba(k)z"1,  bu(k) €R.

n=2
Inserting this into (5.3]), we find
[ee]
O(z) =ar(k)z+ Y _ an(k)z",
n=3

and in particular, we have

2K (k)Vk

K(k)Vk AK?(k
ai(k) = —=—, asz(k) = (k) 3 [1 - 2( )(1 +K%)|.
m™a* —1 3m(a? —1)>2 7T
Recall that the mapping x — K (x) is continuous increasing on [0, 1) with
K(0) =17, lim K(z) = oc. (5.7)

z—1
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In particular,
K(k) >

Hence,

las(k)] _ « AK>(k)
a% T 24kK2(k) ( 2 (1+ ) = 1)

- <(1+k2) - <2K”(k)>2> |

Denote by M the arithmetic-geometric mean function defined on {(«, 8) € (0,00)2} by
M(a,8) 2 lim o, = lim By,
n—oo n—oo
where the sequences (o, )nen and (B )nen are given by

(0407 BO) = (aaﬁ) and Vn € N; (an-i-l:/Bn—l—l) = (%7 \% O‘TLBTL) .
According to [82, p. 66-67], we have

T
K(k) = .
*) 2M(1,v1 — k2)

Now, we turn to condition (5.2)) which is equivalent to

|as (k)]

The function K admits the following power series expansion, see [Il, p. 591]

K =T (G200) e
24\ 22(nl)? ‘
Consequently, the map ¢ : [0,1) — R, is continuous and satisfies, in view of (5.7)),

g(0) =1 and lim g(k) = oo.
k—1

Now, let us turn to the monotonicity of g. The derivative of g is

2 2K (k) 2 243

From (j5.8)), we deduce that

™

2v/1 — k2’

(1— k%) <M)2 <1

™

K(k) <

which implies

Since K is positive and strictly increasing, we have proved that

2K (k)\? 2kK' (k)
(1k:2)<77 > <1+ OB

N 2\ T2
05) #% 1-L«— n# 1—422<(1+k2)—(2K(k)>) 2 (k).

58 (00~ ) ) o o) (2250

(5.10)

(5.11)

Finally, (5.11)) implies ¢’(k) > 0, and therefore g is strictly increasing on [0, 1). Combined with (5.10)),
we obtain that ¢ : [0,1) — [1,00) is a bijection. Hence, from (5.9) we get the proof of Proposition

BI
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5.2 Polygonal domains

The main goal in this section is to explore some polygonal shapes that satisfy the assumption .
This will be implemented through the Schwarz-Christoffel mapping. The Schwarz-Christoffel transfor-
mation is a powerful tool in complex analysis that describes the conformal mapping of unit disc onto
the interior of a polygon. This mapping provides a useful framework for examining the geometric prop-
erties and behaviors of various polygonal domains, particularly in the context of the non-degeneracy
condition . We begin this section with the following remark showing that for highly symmet-
ric polygons, the condition fails. This observation underscores the necessity of exploring less
symmetric, more irregular polygonal shapes to satisfy the given assumption.

Remark 5.2. Let m > 3 be an integer and consider a regular polygon P, with m sides, centered at
0 and with length side
21-wr2 (1 - 1)
2

m

mI’ (1 — %)

It is well-known, see for instance [83, p.196], that the associated conformal mapping F : D — Py, is
given by
z
d
F(z) = / 752 (5.12)
0 (1—gm)yn
From this we deduce that
F(0)=F"(0)=F®@0)=0, F'(0)=1.
Consequently, 0 is the unique (since Py, is convex) critical point of the Robin function Rp,, and
S(F)(0) = 0.
Thus, the condition (5.1)) fails.

The previous remark teaches us that we need to look for less symmetric configurations. This is
what we will explore in the next subsections. Before entering into details, let us discuss the general
theory of conformal mapping for polygonal domains discovered by Schwarz and Christoffel. We refer
the reader to [83, p. 189] for the theory. The Schwarz-Christoffel mapping provides a way to map
the unit disk conformally onto the interior of the polygon P. This transformation is essential for
understanding the geometric properties of the polygonal domain. Consider P a polygon with m > 3
vertices labelled z1, 29, ..., 2. We denote may, mag, ..., Tau, as its interior angles, see Figure [d] The
associated exterior angles wuy, wuo, ..., Ty, are defined by

Vk € [[Lm]]a :U’kél_ake(_]-u]-)
and they satisfy the identity

> =2 (5.13)
k=1

Then, there exist «, 8 € C, determining respectively the size and the position of the polygon P, and
distinct angles 01, 0o, ... , 0,, € [0,27) such that the following application maps conformally the unit
disc D onto the interior of the polygon P

F(z)=a H (= eiek)fukdf + 8, (5.14)
0 k=1

with the additional property

Vk € [1,m], F(eie’“) = z.
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Figure 4: Schwarz Christoffel conformal mapping for polygonal domains.

Observe that the map in (5.12)) is nothing but the Schwarz-Christoffel conformal mapping with

a=1, =0 and Vk € [1,m], 6, = %z

m

It is readily seen from the expression of F' that

F'(z)  ~ M
Fz) ;z—eiek (5.15)

Differentiating (5.15)), we get

FOG)  (F\ & me
() (F,(z)) g emry:

Therefore, by vitue of (2.16)), the Schwarzian derivative of F' is given by

m m 2
SN = 3 s - ; ( - _“’;9) . (5.16)

k=1

Notice that the convexity of the polygon P is equivalent to require
Vk € [1,m], pr > 0.

5.2.1 Symmetric convex polygons

Here we will explore the non-degeneracy condition ([5.1) for symmetric polygons and see a concrete
application for rectangles. We consider a polygon P with 2m vertices (m > 2) denoted (zx)1<k<2m
subject to the following configuration,

1. (Symmetry with respect to 0) The vertices satisfy the following properties

Vk e [1,m], zm+k = —2k, Im(z) > 0. (5.17)

2. (Convexity) The exterior angles satisfy

Vk € [1,2m], p > 0. (5.18)

The symmetry property (5.17)) imposes that

Vk e [1,m], pmir = bk (5.19)
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25 = —Z2

24 = —21

Figure 5: Symmetric convex polygons.

Putting together (5.19) and (5.13|) (with m replaced by 2m), we deduce that
m
> =1 (5.20)
k=1

Recall from (5.14)) that the Schwarz-Christoffel mapping satisfying F'(0) = 0 and F’(0) > 0 takes the

form
Z 2m 2m—1

H _ 19k “HE e O‘:O‘H( 1‘9k) a> 0.

Due to the symmetry, we can impose to the angles 0 the constraints
0<h<bp<...<b, < and Vk e [1,m], Opim=0r+7 (5.21)
leading, with (5.17)), to

= H eZ0) Tk e (5.22)

0
Next, we will show the following result.

Proposition 5.3. Consider P a symmetric convex polygonal domain associated with the Schwarz-
Christoffel conformal mapping (5.22). Assume that

zm:ukcos(%k) ¢ {\/1—7112, nEN*}. (5.23)
k=1

Then, the origin 0 is the unique critical point of the Robin function Rp and the condition (5.1) is
satisfied.

Proof. Recall that by construction F'(0) = 0 and F’(0) > 0. Moreover, a direct differentiation in (5.22)
gives

F"(0) = 0. (5.24)
It follows that z = 0 is a solution to Grakhov’s equation (2.14)). Therefore z = 0 is a critical point to

the Robin function associated with the domain P. As the domain P is convex, then this critical point
is unique. Now, using (5.16)), (5.15)), (]5.24|), (5.19) and (5.21) yield

2m

(3)
SF)0) = T = 3 e
k=1

m . m .
_ Z/’Lk —2i0;, + Z Mm+k6_219m+k
k= k=1
m
= Z 1 cos(26y). (5.25)



Thus the condition (5.1)) is equivalent to ([5.23]). This concludes the proof of Proposition O

5.2.2 Rectangles

As an application of the previous proposition, we intend to study rectangular domains for which the
condition (5.1]) is explicitly described. In this context, the non-degeneracy condition (5.1) will be
related to the aspect ratio which should avoid a discrete set of values. Our main result reads as
follows.

Proposition 5.4. Let D be a rectangle with sides 0 < 1 < L. Then the condition (5.1) is satisfied if
and only if

_ 1
LafG, neN),  Gu2a|y =), (5.26)

2

where G has been introduced in ([5.6)).

6 0.9

0.8 4

0.7 4

Glx)
Gn

0.6
0.5 A
0.4 { +

++

+4

034 +++++++++++
+++++++++++++++++++++++++

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 10 20 30 40 50
x n

Figure 6: Graph of the function G and the sequence (G, )penx.

Proof. Without loss of generality, we can shall chose the rectangle D to be symmetric with respect to
the real and imaginary axis,

01 € (0, 7], Oy =m — 64, 03 =01 +, 04 = 0>+ . (5.27)
Moreover,
p1 = p2 = %7 (5.28)
implying in turn
2
Z g cos(26y) = cos(267).
k=1

Therefore, the condition (5.23]) becomes

amwg¢{JLngneNﬁ,

which is equivalent to

cos(0y) ¢ y, neN* 3. (5.29)
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According to (5.22), (5.27) and (5.28)), we have

s ds
I )

The length of the side joining z; and 29 is given by

a > 0.

T—601 )
L= / |F'(e)]|dt. (5.30)
01

From straightfoward computations we infer

«Q
- \/|62it — e2i01|e2it — 2101

(0%
— 2/[sin(t — 01)][sin(t + 61)]

a
B V2¢/| cos(261) — cos(2t)].
Therefore, by change of variables, we get with § = m — 264,
L 1 (% dt

a V2 01 /| cos(261) — cos(2t)]
dt dt

1 s 1 2m—261
C2V2 /291 V/] cos(261) — cos(t)] * 2\/5/7r V/] cos(261) — cos(t)]

()]

B /5 dt
0 /2cos(t) — 2cos(B)
™ T
= EP_%(COS(ﬂ)) = §P_%( — cos(261)),
where P, is the Legendre functions of degree v related to the hypergeometric function F through

P,(z)=F (—V, v+ 1;1; 152) .

We refer the reader to [I, p. 337 and 561] for the justification of the previous identities involving
special functions. Hence

L m_ (1 1. 14cos(201)

with K the complete elliptic function defined in (5.4). The last equality comes from [I, p. 591]. The
length [ of the side [z1, z4] satisfies

[ @
a 2/ 9 \/]cos(201) — cos(2t)|
20 dt
0 +/2cos(t) —2cos(26;)

- gP_% ( 005(91)).

Hence

o 2 2 2; ’ 2
gp(;, L 1;sin®(61))
= K (sin(6:))



Therefore for 61 € (0, §]

L K(cos(f1)) G ((cos(fh)). (5.31)

where G has been introduced in (5.6). We can easily check that G is strictly decreasing. It follows
that (5.29) is satisfied if and only if

_ 1
LglGuneN),  G,2a |\ V=2

2

This concludes the proof of Proposition O

6 Vortex duplication

The aim of this section is to explore the duplication method achievable through a standard reflection
scheme. This mechanism will be employed to construct multi-vortex configurations from a single point
vortex, ultimately leading to vortex synchronization. To illustrate this, we will discuss two cases. The
first case involves a rectangular domain divided into several identical rectangular cells, each filled with
a time-periodic vortex patch and exhibiting alternating circulations. The second case involves a disc
divided into several identical sectors.

6.1 Duplication method

Let D be a bounded simply connected domain such that its boundary 0D contains a non-trivial
segment [z, w] with z # w and

OD N (z,w) = [z,w], (6.1)

where (z,w) denotes the infinite line joining the points z and w. Now, denote by S the reflection
mapping through the line (z,w), namely

Z—w

Ve eC, S(z)=2Re{z(z—w)} [ x.

|z —w
Define
D' £ 8(D) = {s(z), = € D}.
Notice that D N D’ = [z, w]. We set
D* £ Int(DUD/).
Let wp € L°(D) and wj € L°(D*) and consider Euler equations,
Ow—+u-Vw=0, ze&D,

u=V+(Ap)lw, (6.2)
w(0,x) = wo

and
Ow* +u*-Vw* =0, ze€D*,

u* = V4 (Ap-) I, (6.3)
w*(0,2) = wj.
For a function f : D — R compactly supported in D, we define its reflection f# : D* — R as
if €D
frae /W Hred (6.4
—f(Sz), ifzeD.

We intend to prove the following result.
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Proposition 6.1. Let D be a simply connected bounded domain satisfying (6.1)). Given wy € L2°(D)
such that the system (6.2)) admits a global weak solution w € L (R; L(D)). Let wj = w#, then the
system (6.3) admits a weak global solution w* € L™ (R; L;’O(D*)), such that,

VEER, wr(t) =w(t)”.
In particular, if w is time periodic then w* is a time periodic counter-rotating pairs.

Remark 6.2. The existence of at least one solution to satisfying w € L™ (R; LgO(D)), particu-
larly with compact support for each time, can be guaranteed with a piecewise smooth boundary 0D that
has a finite number of corners with angles smaller than m, see [7§]. Uniqueness can be achieved in
slightly smoother domains, as detailed in [2, [7, (55, (56, [78]. It is important to note that in Theorem
and Corollary [3.3] we do not impose any regularity conditions on the boundary. In fact, the time-
periodic solutions we construct are inherently compactly supported in space due to the construction
scheme.

Proof. Let w be a compactly supported solution of (6.2]) whose stream function is ¢. Let us show that
the function w# is a solution to (6.3]). Define

Ve e D*, ¢#(t,z) 2 [ Gps(z,y)w¥(t, y)dy

D+
= [ [Go-(a.) = G- (oSt )y (65)
Assume for a while that
Ve,y € D, Gp«(z,y) — Gp+(z,8y) = Gp(z,y) (6.6)
and
VeeD', VyeD, Gp«(z,y)— Gp-(z,Sy) = —Gp(Sz,y). (6.7)

Then, we deduce from (/6.5 that

VeeD, o7t ) :/DGD(x,y)w(t,y)dy
=(t,x)

and

voe D wh(ta) = [ Goszuu(t )iy
D

= —(t, Sx).
Therefore, we get

(Vi - Vw)(t,z), x €D,

1 4# . # =
VEPT(t ) - VW' (¢, @) {_(vw-w)(t,Sx), zeD’.

Consequently, we find
Ow? +V+ryp* . Vw® =0, in D*

implying that w? is a solution to (6.3)). This gives the desired result. It remains to check the identities
and (6.7). Before checking these identities, we will first show

Vz,y € D, Gp+(z,8y) = Gp+(Sz,y). (6.8)
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Its proof follows from the fact that

A, [Gp+(8z,Sy)] = [A,Gp+|(Sz, Sy)
— 5Sm(sy)

In addition, as SD* = D* and for x € 9D* we have Sx € 9D*, then
Vye D, VzedD, Gp+(Sz,Sy)=0.
By uniqueness of the Green function, we find that
Vz,y € D, Gp+(Sz,8y) = Gp+(z,y),

which implies in view of the identity S = Id. Let’s start with checking the identity . For
this aim, we introduce the auxiliary function

\V/l’,yGD, Gl(:l:ay) éGD*(J:ay)_GD*(:EaSy)' (69)
First, for z,y € D, as Sy ¢ D, we have

AL[Gi(z,y)] = AzGpx(z,y) — AzGp+(x,8Yy)
= 0z(y) — 02(Sy)

One may easily verify that
0D = AU [z,w],
where A C 9D*. As S(D*) = D*, then for y € D, we obtain from and
Vee A Gi(z,y)=0-0=0.
However, for x € [z, w], we have Sz = z and thus we find once again from and

VyeD, Gi(z,y) =Gp+(z,y) — Gp+(Sz,y)
=0.

Therefore G satisfies the same elliptic equation as Gp. By uniqueness, we find
V:c,yED, G1($,y):GD($,y)
Together with , it yields the identity . It remains to prove (6.7)). We write by virtue of

Ve e D', VyeD, Gp-(r,y)— Gp-(z,5y) = Gp-(s*x,y) — Gp-(S*z, Sy)
= Gp+(Sz,8y) — Gp+(Sz,y). (6.10)

On the other hand, as Sx € D, then applying (6.6])
Gp+(8z,y) — Gp+(Sz,Sy) = Gp(Sz,y). (6.11)
Putting together with yields
VeeD', VyeD, Gp+«(z,y)— Gp-(z,Sy) = —Gp(Sz,y).

This achieves the proof of .
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Combining Theorem together with Proposition allows to generate synchronized pairs of
counter-rotating time periodic patches. More precisely, we obtain the following result.

Corollary 6.3. Let D be a simply-connected bounded domain such that Theorem holds true.
Assume the existence of a non-trivial segment [z, w] such that

oD N (z,w) = [z, w].

Then, counter-rotating time periodic vortex patches exist as solutions to Euler equations (6.3)) in the
domain D*, generated in the spirit of Proposition by duplication.

In the remainder of this section, we shall explore how to iterate the duplication process when the
boundary of the initial domain D contains more than one segment. Let D be a domain such that its
boundary 0D contains two non-trivial segments [z1, w1] and [z2, ws] and

Vj € {172}7 oD N (Zjij) = [zjij]'

Notice that the line (21, w;) will necessary intersect (at infinity when they are parallel) the line (22, w2)
at a point I outside the segment [z1,w;]. We denote by 6 the geometric angle z;Iz9, which belongs to
[0, 7). We denote by S; the reflection with respect to the axis (z;,w;). Denote

D, = Int(DUS,D).
Then, for 6 € [0, 5) we still get that
Vi e {1,2}, 0OD.1 N (22,w2) = [22, wa].
Therefore, we can generate a new duplication by introducing
D, > £ Int(D,; US;D,1).

The new domain is simply connected. Notice that we have excluded 6§ = § because in that case the
resulting domain would not be simply connected and would contain a hole. However, we can reach

0 = 5 if we allow wy = wy which permits the duplication of rectangles.

Figure 7: Duplication iteration : 1st step (6 = §)
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Figure 8: Duplication iteration : 2nd step

6.2 Application to vortex synchronization

Our aim here is to apply the duplication method explained in the Section [6] to study the desingular-
ization of a highly symmetric system of 2™ point vortices. Due to the symmetry, the problem reduces
to the evolution a single point vortex within a primitive fundamental cell, in the application it will be
a rectangle or an m-sector.

6.2.1 Time periodic vortex choreography within rectangular cells

Let us consider a rectangular fundamental domain R with length L and width /. Assume that
L ¢{G,, neNY},

where the sequence (G,,)nen+ has been introduced in . Therefore, Proposition applies and
by virtue of Corollary [3.3] most of the point vortex periodic orbits can be desingularized into periodic
vortex patch solutions. Given such dynamics, one can apply and iterate the duplication method to
construct a simply connected domain formed by 2™ cells (copies of R) within which time periodic
multi-vortex patch motion occurs. Therefore one obtains time periodic symmetric choreography of 2™
patches as illustrated in Figure [9}

| | |
1 1 1
1 1 1
1 1 1
—— | —¢ | »— | —e——
————————————— R e e e e
— %, — @ | $—  —¢—
| | |
1 1 1
1 1 1
————————————— B T L T L
1 1 1
1 1 1
1 1 1
1 1 1
——»— | —a | »—  —a—
—— | — @ | > | ¢
| | |
1 1 1
1 1 1

Figure 9: Rectangle cells choreography

6.2.2 Duplication of m-sectors: application to the unit disc

Here, we aim to investigate time-periodic multi-vortex motion in sectors, similar to our previous
discussion on rectangles. Let D be a simply connected bounded domain centered in 0 such that there
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exists m € N* with .
—Int< U em D ) (6.12)

where D, is the fundamental cell given by the m-sector
D, 2£{zeD st 0<arg(z)<Z}. (6.13)

As examples, we can take discs, ellipses with m = 2 or regular polygons of 2™ sides.
Using the image method, we can establish a connection between the Green functions of the cell

D,, and the full domain D. The result is as follows, with a proof analogous to the initial part of the
Lemma.

Proposition 6.4. The Green function of the domain D,, defined through (6.13)) takes the form

,_A

m—
Gp,, (z,w) [GD z, w w - Gp (z,wﬁlw)}, W
k=0

A 2im
=em.

Now, we shall focus on the particular case of the unit disc ID. Define the sets
Dy 2{zeD st. Im(z)>0}, Hy £{z€C st. Im(z) >0} (6.14)
and for m € N* we define the unit m-sector
Dy £{zeD st. 0<arg(z)<Z}. (6.15)
For the specific case of the disc, the computations are explicit.

Lemma 6.5. The Green function of the unit m-sector Dy, defined in (6.15)) takes the form

H

m—

Gp,, (z,w) [GD z, w w GD(z,wﬁL@)}.
k=0

Its associated Robin function writes

m—1

Z [GD z wk z GD(z,wﬁﬁ)]

k=1

Rp,, (z) = —log (1 — |z|2) —

and admits a unique critical point &, € D, given by

1
o, N 3 ~am
m — Ym ) m . .
£ = tmen, 1 <2m +\/4m? 1) (6.16)

A B 4

Figure 10: Position of the critical point &,, in the circular sector D,, for m € {1,2,4}.

Proof. By the image method [75], finding the Green function in D,,, amounts to solve in D the equation

m—1 m
A.Gp,, (z,w) =27 Z Ok w(2) — 2w Z Ok w(2), inD,

=0 . (6.17)
GD"L( ) = 0? fOI“ aH z E 8]])
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By a uniqueness argument, we conclude that

H

m—

Gp,, (z,w) [GD Z,w w) GD(z,wﬁL@)}.

k=0
By isolating the term k& = 0, we can write

m—1
logli‘ + Z [GD Z,Ww w) GD(z,wﬁlw)}.

Gp,, (z,w) =

Thus Robin Function takes the form

m—1

Rp,.(2) = —log (1 — |2[2) — log | 2
k=1

Straightforward computations yield for any k € [1,m — 1],

0.(Go(z,h2) ) = oo +7Re (=)

and for any k € [0,m — 1],
—k
az (GID) (Zv wﬁf)) = z—ulzﬁ.ﬁ + 1 wc:nm:2’2 .

Hence
m—1 m—1 ok &
1 Wm 2
0:Rp,, (2) = 5, T Z ZR6(1 ok |z\2) Szt ke
k=0

The critical point &, € Dy, is unique since D, is convex and it solves the equation

~1
m — 1 e e — wk 1 wikgm
2% kz nRe (ofier) + e, + kg =0
=0
By symmetry, we expect
Em = tm Wam, S (0,1).
Notice that _
Wam, = €2m wim = W, wig =1.
Inserting (6.19) into (6.18]) and using (6.20)) yields
2—4ktm _ 0

Wymtm

Wim 1 Wim
th "‘Zt Re( ikﬂ)"‘tm( k=2 1)+ 2441%3”_1

In addition, the third identity in (6.20)) implies

m—1 ik m— " m—1 ik
Re (it ) =1 > ey +1 >
P 1—wik 2 2 — 1—wik 2 2 P 1—wy 2,
m—1 ik
= “45a
1*&)47”152”
k=0
and
m—1 m—1
2—4k 244k
wi? t _ w45& tm
27— - 2+
— w2 —1 — Wy tie2 —1

Z [GD z,wk z GD(z,wan)]

(6.18)

(6.19)

(6.20)



Therefore,

3
L
3
L

— k 244k 2
m 1 _|_ 1 + imtgn + 4m tm — 0
2 w;lk—Q_l 1— ik tgn wi+4kt2 1 - Y
m m m
k=0 " k=0

which is equivalent to

m—1 m—1
PN ) b + i — =0
2 k=0 i i Wimbh  wim -1
Writing
Z 4k:]t2j
1— w4k 2, Wam tm
akj
-3
(=0 j=fm
o m—1
_ 2fm 4kj ,2j
=2 tn" D Wit
(= §=0
_ Py(tm)
12
m
with
m—1
= w frfa:2].
J=0
Then
1 _ Dr(wamtm) _ _ Pe(Wimtm)
wikF2 1 T wimizm—1 t2m+1
In addition, notice that from (|6.20]), we have
m—1 j
1y _ 4k—2
By, (w4m) - <w4m )
J=0
1 (4k—2)m
_ - %4m
- 4k—2
1 - W4m
2
4k—2
1 —wy,,
Thus
m—1 m—1
—1 1 —1 Py (tm P (wamtm
B =5 Pe(win) | - Y e+ el = 0
k=0 k=0
By exchanging finite sums, we can check that for any x € C
m—1 m—1m—1
4kj 2
Py(z) = E W T
k=0 k=0 j=0
m—1 m—1
=m+ Y 2%y Wk
7j=1 k=0
= m’



since from ([6.20)) we have for any j € [1,m — 1],

m—1 45m
arj _ L= Wam g
LL)4m = 174] = U.

k=0 — Wym

It follows that

3T mieg + g = 0.

Zm—1 ' 2Zm4l
Thus, t,, is solution to the equation
4 2
tat+4Amt; —1=0.

Hence, under the constraint ¢,, € (0,1), we find

_ 1
- <2m +/Am? + 1) e

This achieves the proof of Lemma [6.5 O
Now, we prove the following result.

Proposition 6.6. Let m € N* and consider ®,, : D, = D the unique Riemann mapping such that

(I)m(fm) =0 (I);n(fm) >0,

where &y, € Dy, is the unique critical point of the Robin function Rp,, given in (6.16). Then, the
condition (3.19)) is satisfied, with F = ®_! and Corollary holds true. As a consequence, for any

w € Dy, the initial configuration

m—1 m—1
wo =T Z 5wwfn<z) -7 Z 5@wfn(z)
k=0 k=0
generates time-periodic solution to the point vorter system, which can be desingularized with time
periodic vortex patches.
Proof. 1t is known that the following mappings are conformal
¢4+ Dy — Hy, ¢o: Hy — D
z o= —iz+ 1) z =

where we refer to ([6.14)) for the definition of D, and H . Therefore ¢ £ ¢go¢, : D, — D is conformal.

One can check that
_ 2%42iz+1
0(2) = T

On the other hand, the mapping z € D,,, — 2™ € D is conformal. Therefore the mapping

O¢m: Dy — D

2m 4 9;-m 1
z = ¢(Zm) = jZmi_Q;zmil

is conformal. We want to construct the unique conformal mapping ®,, : D, — D such that

O (ém) =0, ®p(&m) >0,

where &, is the critical point defined in (6.16]). Now, set

2m 2tm _1
am £ ¢m(§m) = % € <_17 1)
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and denote by T}, : D — I the conformal map (Moebius transform)

0 Z—a
T — 0m m
m(z) = e 1l—amz

for some 6, € R that will be fixed later. Then set
D, £ Ty © Oum.
From direct computations we show that
Dy (&m) =0

and, from (6.16]),

L O )

/ (T — 52—
On(Em) = ame T3, o (+ 2 —zme
Therefore o A
) = [P,

By taking 6,, = 5 — 7, we infer that
Qo

2
1—az,

(I){m(gm) = > 0.

By Faa di Bruno formula, we have that
O =@ Tl obm, B = (¢0)3 T 0 b + 30,000 - Tl 0 by + ¢ - TV, 0 .

Helped by Mathematica, we find that

2
FO©O % | o)
F/(O) - 3

= A, V4m2 +1+B,,,
(@ (6m))

where

-8 4
A & —(2m% +9m* + 6m* +1) € Q*,  Bp £ —(m®+24m° 4+ 38m* + 8m* +2) € Q.
m m

Notice that for any integer m > 1,

VaAm?2 +1 ¢ Q.

Hence,
Vn e N*, ApVAm2+1+4B, #4(1—5).
This proves the condition (3.19), which concludes the proof of Proposition ]

7 Proof of Theorem [3.1]

The goal of this section is to prove Theorem by employing a modified Nash-Moser scheme tin
conjunction with KAM tools. Specifically, we will utilize the framework developed in [59] to address
the leapfrogging phenomenon in the context of Fuler equations involving two symmetric pairs of
vortices. Our approach begins with an introduction to the functional setting, followed by a detailed
presentation of the asymptotic structure of the linearized operator. Subsequently, we will construct
a suitable approximate solution to the nonlinear equation . Next, we rescale the functional G,
defined via , and transform the new linear operator into a Fourier multiplier, with a regularizing
remainder. This transformation enables us to identify an approximate right inverse of the linearized
operator, which is a critical component of the Nash-Moser scheme.
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7.1 Functional setting

We denote by T? the two-dimensional torus and any h : T2 — C in the class L?(T?,C) admits the
Fourier expansion,

i(l 1
= > ey, eylp,) 20 2 (heys) i -
(Lj)ez?

The Hilbert L?(T?, C) is equipped with the scalar product

(L.j)ez?

The following notation is of constant use in this work

27r

/ flx — " f(x)dx. (7.1)
The Sobolev spaces of regularity s € R is given by
H(T2,C) 2 {h e L3(T%,C) st |us < oo},
where

G 2 > Gl (L2 1+ I+ 5]
(1,5)ez?

The subspace with zero space average functions is denoted
H(T?,C) 2 {h € H*(T?,C) st. YoeT, / h(g,0)df = 0} .
T
Given a nonempty subset & of R and 7 € (0, 1], we define the Banach spaces

Lip, (0, H*) 2 {h: 0 = H*(T,C) s [h]|“P?) < oo},

Lip, (0,C) £ {h 05 C st |B|HPO) < oo},

with
B ) — h(Ag, 5o
[P0 & sup (3, e+ sup I e e,
(A1, x0)€0? ’)‘1 - )‘2‘
A1 # A2
|h(A1) — h(X2)|

B[P & sup [R(A)] +v  sup
€O (A ,A0)€02 |>‘1 - )‘2‘
A1#Ag

We emphasize that in Section related to Nash-Moser scheme we find it convenient to use the
notation

Ial5" = RlPe. (7.2)
In the sequel, we consider the list of numbers with the constraints
€ (0,1], T>1, S>s2>2s >3 (7.3)

Along this section, we will extensively use the following classical result related to the product law
over weighted Sobolev spaces. Given (v, so, s) satisfying (7.3)). Let hq, ha € Lip, (0, H®). Then hihy €
Lip, (0, H?) and

17 ha |5 S (a5 O [Aa 7200 + 1A [ 1P| g 5P (7.4)

45



We need some anisotropic spaces to describe the spatial smoothing effects of some non-local operators.
The anisotropic Sobolev spaces of regularity s, so € R is given by

H**2(T2,C) 2 {h € LA(T2,C) st. |hflmere < oo},

where

HhH%{SL%é Z 281 252“”73‘2
J)EL

The corresponding Lipschitz norm for external parameters

i h )\1,' - h )\2,) s1—1,s
ARG £ sup [y, 7 sup 1A, ) = hQa; llggoarea
(A1, A9)€ 02 ’)‘1 - )‘2‘
A1#A2

To conclude this section, we will briefly recall the Hilbert transform on T . Let h : T — R be a
continuous function with a zero average, we define its Hilbert transform by

HAL(0) = /Th(n) cot < ) dn = —89/ h(n) log (sin2 (t—")) dn. (7.5)

The integrals are understood in the principal value sense. It is a classical that H is a Fourier multiplier
with
VjeZ*, He;(0)=1isign(j)e;(d).

7.2 Asymptotic structure of the linearized operator

Our aim here is to analyze the asymptotic behavior in ¢ of the differential d,G(r) at a small state r
for the functional G introduced in (3.14). The main result is stated in Proposition below. As a
preliminary step and in view of (3.14)-(3.13)), we need to perform the e-expansion, up to order 2, of
the kernel

K(p+ez,p+ef)
using its representation via the conformal mapping ({2.5).

Lemma 7.1. Let V be an open set such that V C D. Denote also Dy the disc of radius 2 centered in
the origin. There existeg > 0 and K3 € C2°(V xID3) such that for any e € (0,e9) and (p, z,&) € V xD3,
we have

K(p +ez,p+ 65) = RD(p) + 6K1(p7 Z,f) + 82K2(p5 276) + 53K3(p7 2’5)7 (76)
with
Ki(p, 7€) £ Re{0.Rp(p) (= + ©) |-
Ka(p, 7€) 2 Re{ (55(@)(p) + 1(0Rp (1)) (2 + €2) + 1S(®) ()26 + 28

where we have used the notations (2.8)), (2.11) and (2.16)).

Proof. Throughout the proof, we shall make use of the following formulae

0. (log |1+ g()) = Re{figjg)}, (7.7)
2 . 2
852(10g 1+g(e)]) = Re { (1+g(s))(815f;§2))£asg(e)) } ) (7.8)

In general, we can write

O(z) = bz + f(2), b>0, f analytic in D.
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As @ is univalent, then we infer that for any compact subset K C D,

Icné%lf( )| <.

Therefore, applying we deduce that
K(z,w) = —log|1 — ®(2)®(w)| + log(b) + log |1 + %W
2 _log |1+ g1(z,w)] + log(b) + log [1 + g (2, w)]. (7.9)

It follows that

K(p+ez,p+ef) =—log|l+gi(p+ez,p+ef)| +log(b) +log |1 + ga(p +e2,p+§).  (7.10)
Define

91(e) £ gi(p+ez,p+ef)
=—®(p+ez)®(p+ef).

Then straightforward calculations based on Taylor expansion of the holomorphic function ® yield for
small €

g1(e)=—|2(p )!2 - €(¢(p)mg+ (p)®'(p)2)

This implies

@mm>=—<<> e + 0 5)2),
0291(0) = = (2[)2"(p)2* + (P)P"(P)E” + 2/ (p)|*2E ).

Combining these identities with (7.7]) and (7.8) allow to get for small ¢

log |1 + g1 ()| = log (1 — |®(p)|?) — eRe { LD D)z }

— 2Re {@@)@"(mz%f(_ TG +2<1>'(p>|2z5} 711)
_ 2Re { (‘I’(p)@’(p)&Jr‘I)(p)‘I”(p)Z)Q} +O(eY).
2 1=|@(p)?
Notice that O(g3) is a smooth function On the other hand, one writes
ga(e) 2 %f(era:()Z—_fg()p-Faf)

= })/01 f'(p+e€+se(z—€))ds.

Therefore, for any n € N,
O ga (e / f(n+1)(p+g§+sg(z—5))(§+s(z—§))nds,
implying in turn that
0lg2(0) = FAp L = L) Z et (7.12)
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Putting together (7.7)), (7.8) and , we deduce for small &
(p) J" (p)(2+€)
0|+ ere { f2f7E5 |
2 f(3)( ) 2 2
+ %Re{bJrf,g?) (z +¢ +z§)}
2 1)+ 3
~sme{ (T59) o

Since ®'(2) = b+ f'(2), ®"(2) = f"(z) and ®®)(2) = fG)(2), then we end up with

log [1 4 g2(e)

log |1 + g2(e)| = — log(b) + log \@’@)\ +€Re{%(é>m}
()
1" z 2
_asRe{(@(%w) }+o(53).

We observe that O(e3) = 3 K3(p, 2, £) with K3 being a smooth function in (p, z,£) € V x D3. Inserting
(7.11)) and (7.13)) into ([7.10) and using ({2.8]), (2.11) and (2.16]) give the desired result. O

The next target is to provide an asymptotic expansion in e of the linearized operator G, defined
in (3.14), at a small state r. In what follows, and throughout the remainder of this paper, we denote

0 = [\, N,
where A, and \* are as defined in Theorem

Proposition 7.2. There ezists g € (0,1) such that if r is smooth with zero average in space and

Lip(y)

c<e and |5 <

then, the linearized operator of the map G, at a small state v in the direction h € L%(']I‘Q;R) 8 given
by

d-G(r)[h] = w(N)dyh + ey [V (r)h] — SHIR] + £20pQu [h] + e*0p RS [h] + £* RS [1],
with the following properties.
1. The function VE&(r) decomposes as follows
V) 24— 5k (e + Vi) + VS,
with
g(9.0) 2 Re {wa(p(2)e™ b, wa(p) 2 (R ()’ + 55(2)(p) (7.14)
and VE(r), Vs (r) satisfy the estimates

3 L L
IVE (r) |50 < (e 2207 200

IV ()50 S 1+ |lrl| 5P,

Li Li L
1802VE (IO S Asr 3 + [ Al 5) mes [ri(r)]2,

so+1 ke{1.2} s+1
A2VECIEPD S [ ArrEP0) + [ ArrEP0) ma [r5)]E06)
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2. The operator H is the Hilbert transform on the torus and the other non-local terms are integral
operators in the form

Qih(p.0) 2 /T h(m)Q(p(¢). 8, n)dn. (7.15)
RS [h](p,60) £ /T BKE () (.6, m)dn, € (1,2}, (7.16)

with, see (2.8) and (2.16]) for the definitions of the functions below,

Q(p,0,n) = Coif%(;)n) cos(f —n) + %Re {ei(9+")5(<1>)(p)} (7.17)

and X5 (r), K5(r) satisfy the following estimates

i Li Li
K () 5P < [l IISSIL , (7.18)
RS ()11 S 1 ][0 (7.19)

Proof. Throughout the proof, we may disregard the dependence on the variable ¢, specifying it only
when it is relevant. Differentiating (3.14]) with respect to r in the direction h gives
4, G (r)[R)(6) = *w(N) 9h(0) — 5 ApRe{ 0. R (p)e } 15
(7.20)
+ 0y [dr (10 2(0)) ) 111(0) + (W2, 2(9)) ) 1] w)} .

The linearized of ¥; has been computed in [59, Prop. 3.1] and is given by
Oudy (W1 (r,2(0)) ) [1](0) = 20y | (5 — 57(0) + 2VE(r)(0)) (6)| — SH[)(6) + *0yRs (1) (6),

where V® satisfies the desired estimates and Rj is an integral operator with the description (7.16)) and

(7.18). Linearizing (3.13)), one readily finds

d, (Wg(r, z(6)) = e/ h(n 0) + p,ez(n) + p)dn

/ / ez(0) + p,ele™ + p)) [h](8)ldldn
= Jl —|— Jg[h](e) (7.21)

We shall start with expanding the nonlocal term J;[h] using the structure of the kernel (7.6)),

3
QI IR(0) = <00 S | )G (. 2(6). )
=1

We have used that the test function h is of zero spatial average. From K7, detailed in Lemma we
obtain

00 [ 1)1 (5, 2(0), () g = DR {azwp) [ o)+ z(n))dn} .

Using one time more that h has a zero spatial average, we deduce that

00 [ 1)K (. 2(6). () dn = 0.
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Regarding the second term, in view of Lemma and using once again that h has a zero average, we
obtain

o [ ntnsce( ,z<e>,z<n>)dn:aaRe{és«b)(p)z(e) / h<n>z<n>dn}

t (p)aeRe{z(e) /T h(n)z(n)dn}.

Applying the parametrization (3.12]) we infer
0 [ 0K (p.(6). () an = aume { §5(@)0) [ )+

R { / h(n)e“@")dn} + €05 R [,
TD(p) T ,

with Rj, a kernel operator, whose kernel satisfies the estimate (7.19). Gathering the preceding
identities gives

DpJ1[h] = e209Qu[h] + *0pRE[N),

where Q) is a nonlocal operator localizing on the modes +1 and defined by

Qi[1](6) £ /T h(m)Q(p. 6, n)d, (7.22)

where the kernel takes the form,

a(p.0m) & 7 4 he (OIS @)}

The remainder operator R5 has the form

Rs[h] £ /h VK (p, 2(0). 2(n)) di.

From Lemma we infer that K3 € C°(V x D3). Therefore RS is an integral operator whose kernel
obeys to the estimate of ((7.19).
Next, let us move to the estimate of the local term in (7.21)). Performing Taylor formula with the

integral contribution fOR .. allows to get
/ / ) + p, ele' + p)> [h](0)ldldn

+e /T/ \/HT;ZT(TI < (rez(0) + p, reell +p)> [h](0)dndr,

where L.[r] is a non-local term with smooth kernel (depending on K) at least quadratic in . By using
the decomposition ([7.6)), we obtain

(7.23)

d, (K(sz(ﬁ) + p,elel” —i—p)) [h](ﬁ) = 52%Re {8 Rp(p )eig}
+ 53h(9)Re {Wg(p)eme} 9)l Re 1(0+77 } + 83 ; h]g@)l Re {61(9_77)}

+e R(( ))Re{a Ks(p, 2(0),1e) ele}, (7.24)

with wo as in (7.14)). Hence, the zero space average condition for r implies

g/T/ T, (K (re=(6) + p,72e" + p) ) [](O)dndr = £*Va.(r)h(6)
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and we can check in a straightforward manner that V5, satisfies the estimates of V5 in Proposition

Coming back to (|7.23]) and using ([7.24) we find
/ / 0) + p(0), €l + p(0)) ) (1] ()il

=2 MO Re {a Ro(p)e } + SRe {wa(pl()) e | h(0) + £ Vaa(r)h(6).

Notice that V5 (r) satisfies the same estimates of V5 in Proposition Putting the preceding iden-
tities in ((7.20]) yields to the asymptotic expansion of the linearized operator as described in Proposi-

tion O

7.3 Construction of an approximate solution

In the following lemma, we provide the leading term in the asymptotic expansion of G(0) as described
by (3.14). This result will be pertinent later when developing an appropriate scheme to obtain a
precise approximation, as discussed in Lemma

Lemma 7.3. There ezists g € (0,1) such that for all € € (0,¢0), one has

V(e,0) €T G(0)(p,60) = —5Tm {w(p(¢))e** } + O(?),

where wy is defined in (7.14). In addition, the function G(0) does not contain the spatial modes £1,
that is,

/ G(0)(ip,0)et?dh = 0.
T

Proof. To simplify the notation, we shall remove the dependence in ¢. Substituting » = 0 into (3.14))
gives

G(0)(0) = 99| — 5Re{0.Rp(p)e” | +1(0,¢) + s (0,¢7)] .

In view of (3.13]), we have

1
9 [01(0,e%)] = ag[// log (|1 —lei(”_(’)’)ldldn} = 0.
TJO

As for the Wy term, one gets by virtue of (3.13))

1
Uy (0,€?) = / / K(p+ee?, p+ele)idldn.
TJO
We apply Lemma [7.]] . with z = €' and ¢ = le! leading in view of (7.14] - ) to
Oy (\I’Q (0, eie)>:%89Re {OZRD (p)eie} + %Re {iemwz(p)} + O(e?)
=S0gRe {@RD (p)eia} — %Im {ezier(p)} + 0(e?).

Combining the foregoing identities gives the suitable expansion for G(0). The final goal is to prove the
absence of modes +1 in the whole quantity G(0). This pertains to show that the Fourier expansion
of Wy (O, eio) 5Re {0 Rp(p “9} does not contain the modes +1. Applying (7.9) we infer

K(p+ez,p+e§)=Re{H(p+ez,p+el)},

where

1f(z1) — f(22)

A
= 1
H(z,22) = log(b) + Log < +3 p——

) — Log(1 — ®(22)®(1))
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and Log is the principal value of the complex logarithm function. Applying this with z = €' and

¢ = el we obtain

1
W5 (0,¢) = Re {/ / H(p+ee’ p+ Elei”)ldldn} .
T Jo

Noting that the function ¢ € Dy — H(p + g€, p + £€) is holomorphic for small € allows to get the
power series expansion

o

H(p+ee® p+e€) =D cale,p.0)S".
n=0

1 oo
ﬁ/z(O,ei@)—Re{ /T /0 ch@,p,e)ei“"zn“dmn}
n=0

= Re {%co(e,p, 0)}.

Therefore

It follows that

Wy (0,€7) =

Re {3H(p+2c".p) |
Re {%H1 (p+ Eeie,p)} ,
with

1 f(z1) — f(22)

H =3 Log (1
1(21, 22) = log(b) + Og< A Se——

) — Log (1 — ®(21)®(z2)).

As the function £ € Dy — Hi(p + €&, p) is holomorphic for small e, then
. > on Hi(p,p) .
Hilp+ 20, ) = 32 S0P cn o
n=0

which implies that

\1’2(0) eie) - %Hl(pap) + {8Z1H1(p7 } IRGZ % Hl TL m@

One can check that
Hi(p,p) = Rp(p) and 0., Hi(p,p) = 0-Rp(p).

Consequently,

Uy (0, ew) — %Re{@zRD(p)ew} = 1RD 1RGZ o Hl cnpind.

n=2

This shows that the Fourier expansion of Ws (O, elf ) — 5Re {8 Rp(p “9} does not contain the modes
41. This ends the proof of the lemma.
O

We have already seen in Lemma that the function G(0) does not contain the modes =+1.
Furthermore, Proposition ensures that g is localized on the mode 2. Leveraging these insights and
adopting a similar approach as developed in [59, Lemma 3.3, Proposition 3.4] we derive a suitable
approximate solution r.. Upon rescaling the functional, the behavior of the linearized operator is quite
similar to the original one. Our result reads as follows.
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Lemma 7.4. There exists r. € C™®(T?), satisfying
l[re + gHIsJip(w) NE
such that the nonlinear functional
F(p) £ 54 G(er. + '), we (0,1), (7.25)

satisfies the following estimates ‘
[F(0)]5°0) < &2,

Proof. The starting point is to write a Taylor expansion of the functional G around 0,
1
G(r) = G(0) + 0,G(0)[r] + 292G (0)[r, 7] + %/ (1 —71)203G(r7)[r, r, 7)dT.
0

Then, we look for an approximate solution in the form r = erg + £2r1. Hence,

G(erg + €%r1) = G(0) + £0,G(0)[ro] + %62 (0)[ro, r0] + €20, G(0)[r1]

" (7.26)
1 202G (0)[ro, 1] + S O2G(0)[r1, 1] + L / (1= 203G (rr)[r, 7, ]dr.
0
In view of Proposition [7.2] one has
G(0) + £9,G(0)[ro] + %a&e(omo,m] — G(0) + 'w(N)d,ro rom
7.27

+ £%0y [(% + %g +&*V5(0))ro } — S H[L) +£*0pQ1 [ro] — 39 (rg) + €°0pE° (r0),

with Lin
190€% (o) | ) < [lro | LB57).

At the main order we shall solve the equation
%[89 — H]T‘O + G(0) =

According to Lemma the source term is of size O(2?) and does not contain the modes 0 and +1.
Therefore, we can solve the previous equation

-1

ro(p,0) = —2c7%[0p — H] G(0
= —Re{ ( )62“9} +erg(p, 0)
= —g(p,0) +erg(ep, ), (7.28)

where wy and g are defined in (7.14) and r, € C*°(T?). Moreover, r, does not contain the modes 0
and £1 which implies according to ([7.15)) and (|7.17]) that

99 Q1lro] =0

Gathering the identities above, we conclude that

G(0) + €0,.G(0)[ro] + %aZG(o)[m, ro] = €'By + 5B, (7.29)

where B is given by
Bi £ —w(\)deg — $00(g”)

and Bo satisfies _
B[S0 < 1.

Thus, B; contains only even modes and the equation

%[8@ - H] r1+eB; =0 (7.30)
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admits a solution that satisfies the estimates

I 5P S e.

~

Since r1 does not contain the modes +1 then
09Qulr1] =0

Therefore, by ((7.28))

re 21 +er
=—g+e(rg+r1) (7.31)

and inserting ([7.27)), (7.30)) into ((7.26)) we obtain

|G lera) 57 5 &
This concludes the proof of Lemma [7.4] O

The next objective is to describe the asymptotic structure of the linearized operator associated
with the rescaled function F' introduced in (7.25)).

Lemma 7.5. There exists €9 € (0,1) such that for all e € (0,e0) and any smooth function p with zero

space average and satisfying

Lip(y
lollar <1,

the following holds true. The linearized operator Loy = d,F(p), see - has the form
Loh = 2w(N\)Dph + 0p [Vi(p)h] — SH[R] +& 200Qu[h] + 309R5(p) (M), (7.32)
where the function V5(p) is given by
Vi(p) 21+ 28— 2 p 4+ 3VE(p). (7.33)
The function g is defined in Proposition and VE(p) enjoys the estimates: for any s > sg

i Li
IVE)IEPOD) < 1 e 27,

Li L
1822V ()P S e Anpl Y + 1 Arapl 2] mace Nl 27

(7.34)

The operator Qq is given in Proposition the operator R§(p) is an integral operator of the form

Ri()A(2.0) 2 [ B, ma()(e.0.m)dn,
where the kernel ICG(p) satisfies: for any s > so

15D S 1+ o] (7.35)
Moreover, for any s > sg, one has

Li Li Li Li
[d,E(p)[]]|2P) < || S 4 ol SR | )| 2R

s+2 s+2 so+2 (7 36)
Li Li Li Li Li :
| d2F (p) [, B) || 2P < 2R ER R ERD) + 2] S (|1A)|ERG) .

Proof. Linearizing the functional F defined by an using Proposition we obtain
O,F(p)[h] = L(0,G) (e + 1) h]
= £%wod, h+89[< - %r 52;“p(<p,9)+§g
+ e2VE (ere 4 e THp) + 3ViE (ere + €1+“p)> h] — $H[A
+ 2Qu[h] + €209 R (ere + e THp)[h] + €309 R (e + e THp) ).
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By (7.31]) we infer
—7(p,0) + g(10,0) £ 2g(ip,0) + 2em2(0,0),  with  [|ro|HPO) < 1. (7.37)
Setting

VE(p) & rg + %Vf(sra + e 1) + VE (ere + 1 1Hp),
R(p)[h] £ LR (ere + ' p)[h] + R5(ere + ' p) A,

gives (7.32) and (|7.33]). The estimates ((7.34]), (7.35)), (7.36)) follow easily from Proposition This
ends the proof of Lemma m

7.4 Straightening the transport part

The purpose of this section is to conjugate the linearized operator Ly in through appropriate
symplectic changes of variables so that in the new coordinates, the transport part has constant coef-
ficients. Following the approach outlined in [59) Sec. 4], we begin by performing a suitable change of
variable acting only on space to transform the vector field in the advection part into a constant one,
up to an error term of small size in €. Notably, the time degeneracy is advantageous in this step. With
this new structure, one may apply the standard KAM reduction method in the spirit of 8] [58].

Proposition 7.6. Let (v, s0,5) as in (7.3). There exists g > 0 such that if
L
e<a,  leliS <1, (7.38)

there exist By taking the form

Bi(A,¢,0) = ebi (X, ) +2b2(X, 0,0) + 2 Te(X, . 0),

with
b 0,6) 2 T (a (1)) €'}, (7.39)
where wa(p) is defined in and an invertible symplectic change of variables
Brh(N, 0, 0) 2 (14 0pBr(N, ¢, 0)) (X, 0,0 + Bi(N, ¢, 0)) (7.40)
such that
B <€2w()\)8¢ + 0y [Vi(p) - ])«@1 = c2w(A\), + 0[(co +£°V5(p)) - . (7.41)

Furthermore, we have

1. The space-time independent function A\ — co(\) writes

N ) (142

2. The functions B1, ¢, by and V§(p) satisfy the following estimates for all s € [sg, 5],

Li
181570 S e (1+ ol

L
[ba 52O + e[ H00) < 1+ o[ B, (7.43)

i L
VSIS 1+ (1ol
3. The changes of variables ,%’lﬂ satisfy the following estimates for all s € [sg, 5],

i i Li i
| ZE RIS RIEPO) + el o[£ B R[5, (7.44)
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4. Given two states p1 and py with the smallness property (7.38)), then

i L
[Azeol P < €31 pns;i(; , 7.45)
i Li Li Li
1812VSIE) 5 D12l 57 + 1 Arepl5) ma ol 5. (7.46)
Proof. Let us consider a symplectic diffeomorphism of the torus in the form
(7.47)

,%1h((,0, 9) £ (1 + a@ﬁl(§079))Blh(@a 0)7 Blh(@7‘9) = h(@a 0+ 51(307‘9))7

with 31 to be chosen later in order to reduce the size of the coefficients. Due to the symplectic nature

of %, we have
<h>9 =0 = <¢%71h>9 =0.

Applying Lemma [A1}2, we obtain
27 (200, + 05 [V3(p) 1) 21 = 2wV, + 0, [BT (Vi) -]

with, using (7.33)),
w(A\)0pB1 + Vi(p) (1 + 091)

= c2w(N)p B + (% +c%— S+ 63V€(p)) (1+ Do)

Select ;1 in the following form
Bi(N ¢, 0) = Bri(\, @) + 2 Bra(N ¢, 0) +e*Brs(N, ¢, 0), (7.48)
such that for any n € {1,2, 3}, the function S ,, satisfies the following constraints
30Bra =F1—(Fi)s, F12—g+3elp—cVe(p), (7.49)
190B13 =Fa— (Fa), Fo £ —w(N)0pB12 — (g — 36"p+eVE(p))DpPu 2,
and
w()\)ﬁwﬁm = *<F1>9 — 62<F2>9 + <F1>6’(‘p + €2<F2>97¢, (7.50)
With these choices, one can check that
Vi(p) = 5 = (F1)op — ' (Fa)o + " Vilp),
with
V5(p) £ w(N)3pBis + (8 — sekp +VE(p))9pfr 3. (7.51)
Using in particular (7.14]), we have
(po=0, (glo=0 (7.52)
Therefore,
(Fi)o = —(V=(p))o (7.53)
and
Vi(p) = 3 +5(VE(p))oy — e (F2)op + V5 (p)
By defining
= c1 2 ((VE(n)op — e(F)op) (7.54)



we end up with the identity (7.41). The first equation in (|7.49)) writes

$00B12(0,0) = —g(p,0) + 3t p — eV=(p) + e(VE(p))o-

The right hand-side has zero space average according to (7.52]). Consequently, we can solve this
equation via Fourier expansion to get from ([7.14)) that

P12 = by + el'ry, (7.55)
with be as in ((7.39)) and v satisfying, in view of ([7.34)), the following esitmate
L
JeallEPO) S 1+ el 2.

As consequence
L
11257 S 1+ 1ol 2. (7.56)
One can proceed in a similar way with the second equation in (7.49)) and get
i L
181857 < 1+ 1ol (7.57)
Now, from ([7.53)), the equation ([7.50) becomes
w(N)0pPr1 = e[(VE(p))o — (VE(p))op + £(F2)o.p — (F2)o]-
The p-average in the right hand-side vanishes so we can invert and find from ((7.34)),
Bii=cebi, iy S 14 pll5P0). (7.58)
Putting together the identities ([7.48)),(7.55) and ([7.58]) leads to
Bi(,0) = ebi () + %ba(p, 0) + € e(,0),  with  t(p,0) £ v2(p,0) + ¥ B 3(, 0).
Moreover, from the last identity and the foregoing estimates, we obtain
L
18U + [P S e (14 loll 7).

This estimate together with Lemma [A.2] concludes (7.44)). Now, from (7.49), (7.54), (7.56) and (7.34)),

we infer

lea]| P S 1.

In addition, by (7.51), (7.34), (7.57)), and the product law ([7.4)), we find

[VE()IIEP) S 1+ oIl (7.59)
Applying together with (7.59) and (7.38)), we get
IVS() I[P = By Vi (o) 1P
< VIO (14 P + ClIB1 [ FPD [V () 52O )
<1l

Similarly, from Lemma the second estimate in ([7.34)), (7.38)) we conclude ([7.45)). Finally, by (|7.42))
and ([7.34)), we find (7.46]). This ends the proof of Proposition . O

Now, we shall state the final reduction step based on KAM tools. The proof is quite similar to
that of [59, Prop. 4.2] and we recommend the reader this references for more details. To state the
result, we need to use the following sequence (Nn)neNu{—l} given by

3\"
N 21, VneN, N,2 N§2> , (7.60)

for some Ny > 2.
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Proposition 7.7. Let (v, s0,S) as in (7.3) and
po = 41 + 3. (7.61)
There exists eg > 0 such that if

-2 6. —1 L
<L NPT < ol Dy args < 1 (7.62)

then, we can find ¢ = c(\,p) € Lip,(0,R) and Bs € Lip, (0O, H?) with the following properties:
1. The function A € O — c(\, p) satisfies the following estimate,
le = cof| PO) < €6,
where cq is defined in .
2. Consider the transformation By given by
Boh(X, 0,0) 2 (14 09B2(N, ¢,0))h(N, 0,0 + B2(A, ¢,0)). (7.63)
It is invertible with inverse taking the form
By (N 0,0) 2 (14 0pBa(N, 0,0)h(A, 0,0 + Ba(A, 0,6)).
Moreover, for any s € [sg, 5],

+ Li Li - L Li
|25 BIIEPO) S REPO) 4 Sy pl| T 1] PO

and
2 i i Li
B[00 S 825000 < By (1 + ol ) (7.64)

3. For any n € N, if A belongs to the Cantor set

2O {/\eﬁ s.t. ‘62w()\)l+jc()\,p)|>'y|j|_7}, (7.65)

(1,5)€z2
1<[51<Nn

then the following identity holds
zgl(awx)% + [ (co+5V(p)) - })% = e2w(\)d, + c(\, p)3p + En, (7.66)
with E,, a linear operator satisfying
[Eahl5P) S NG N L2 (0] (7.67)

4. Given two small states p1 and pa both satisfying the smallness properties (|7.62)), we have

Li
18126 [MPD) S 3| Arapll5 03, . (7.68)

Now we can state the main result of this subsection which addresses the conjugation of the lin-
earized operator Ly, as described by (|7.25)), using the changes of coordinates discussed before.

Proposition 7.8. Given the conditions . and - Let %1, %> as in ) and -

Then, the following properties hold true.
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1. The operator
B = DB B

writes
Bh(A, ¢, 0) = (1+ 3B, 0,0)) (X, 0,0 + B(X, 9,0)),
with
B()‘v ©s 9) = /81 ()" ©s 9) + 52 ()‘7 @ 0+ Bl()‘a 2 0))

satisfying the estimate
L L
18150 < e (1 + lloll 57 a)-

Moreover, % is invertible and satisfies the estimate, for any s € [sg, 5]

: ;i Li
e St P e sl

2. For any X in the Cantor set O}(p), defined in (7.65)), one has
L1 2 B LB =*w(N)0, + (N, p)0p — SH +e20pQ1 + OpR] + Ey,
where the linear operator E,, is the same as in Proposition and
2101166 2 [ . (o). 0.1m)
co! 2 i
Qi (p, 0,) £ <02 — IRe { (0.Rp (p) e}

In addition, the operator 0pR satisfies the estimates: for any s € [sg,S], N >0,

L — Li i L
10625 RIR S (20 + 25971 (IRIEPD (1 -+ 11pl1E T ) + IBIEPO ol BT

Proof. 1. The structure (7.69) follows from Lemma [A.1}1 together with (7.40) and (7.63).

making use of Lemma 1, (7.43) and (7.64)), we get the desired estimates.
2. According to (7.32)), (7.41) and (7.66]), we get that for any A € &% (p)

B LB = *w(N)y + (N, p)0g +En — 3B THB + 2B 1 0pQu 2 + > B0y RE(p) B

(7.69)

)

Then,

(7.70)

In the sequel, for convenience, we will omit the dependence on ) since it does not play any role here.

Denoting
H, £ %, 'H%, —
we infer

B HB - H = B, B'HB, %, — H
=%, (% 'H%, — H|%, + %, ' H%, — H
=Hy + (%, 'Ho%> — Ho) + B, ' HB — H

Note that the inverse diffeomorphism %, L admits the form

B h(p,y) = (1+3,B1(0, ) k(e y + Bile, ),

where, by means of [59, Lem. A.6] and Proposition

Bi(p,0) = —ebi(p) — e2ba(p,0) + 2H#8(p,0)  with  [[FLPO) < 14 || 207
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Thus, in view of (|7.5)), we get

Ho[h]()\, ("2 9) = 89 / KO()‘u ®, 97 n)h()‘u P 77) d777
T

where

o | OB _ i (B ()
Ko(A, ¢,0,m) = log

ell — ein
i@b 0) — ir]b
_ <(:_zlm{e 2(p, 'z e' 2(%0777)} +€2+MK1(%9’”)7
et _ ein
with the kernel K; satisfying the estimate
L
1K 5P S 1+ (1ol 57, (7.73)

where we have used Taylor expansion combined with ([7.72]). Making appeal to the expression (7.39)
and using the identity

(ei29 _ eizn)lm{eieeinem} _ %(619 4 ein)27

we infer

Ko(p,0,n) = & (52(% 0) — ba(ep, n))Im{ - } + K (0, 6,m)
= £2Im{ wy (p(go)) (6126 — 6127]) }Im{m} + €2+“K1(<,0, 0,n)

2

7Re{W2 (p(9)) (e + ei”)Q} + K (i, 0, 7).
As a consequence, using in particular the fact that h has zero space average, we can write
Holh] = —205Q1 k) + £HH, [R), (7.74)

where

Qulil(5.0) 2 [ Re{wma (o) htp.n) (7.75)
Hi[h](¢.0) £ 89/TK1(</>, 0.n)h(,n)dn.
Besides, one has
B 10pQ1B = 0pQ1 + B 10pQ1% — D Q. (7.76)
Plugging (|7.71] and ( into (7.70) implies
BB = EQW(A)ap + ¢y +E) — AH + %0901 + 9,

where R
£ Q1+ 35Q (7.77)

and
OpR; 2 3B L 0yRE(p) B — LBy "Ho By — Hy| — (85 "HB, — H]

[ B710pQ1 % — 9pQu] — 2e*THH,.
Combining (7.77)), (7.75)), (7.14]), (7.15) and (7.17)) yields the following integral representation

(7.78)

Qi [h](p,0) = Ah(w,n)a1(p(¢),9,n)dn, Qi (p,0,m) 2 450 — JRe { (9.Rp (1) ¢}
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Now, by virtue of [I2, Lem. 2.36], (7.64) and (7.62) we can write
(%5 "H%z — H)h(p,0) = A%(%&n)h(%n) dn,

with 7] satisfying the following estimates, for any s € [sg, 5],

i Li
AP S Byt (1 (oIl B 5) (7.79)

Moreover, according to Lemma |[A.3] (7.43)), (7.64]) and (7.62)), we have

(B 0,Qu% — 9,Qu) [h](.6) = /T W) Halio,0,m)dn,
(%5 " Ho %> — Hy)[h](p,0) = /Th(so,n)%(soﬂm)dn,

FOR() 2 0.60) = [ hiip.n) Ko, n)dn
with
11570 S & (1+ Nl 2575
A5 < 5971 (14 1ol 505
| AP S 1+ ol s
Thus, the operator 9yfR3, introduced in , is an integral operator with the kernel
KS £ &8 — 3 — 30 — 20 + €25 — 3T OpK,
which satisfies the estimate
IS IEPO) < (2 4 8970 (1+ ol -

We conclude the estimate of R by applying Lemma [A.3] This ends the proof of Proposition O
1

7.5 Invertibility of the linearized operator

The main goal this section is to transform the linearized operator Ly, as defined in , into a
Fourier multiplier up to a small error. This step is required along Nash-Moser scheme and will be
done in the spirit of [59, Sec. 5]. As the leading term of this operator degenerates on the modes
41, we shall first split the phase space into two parts: a subspace localized on the modes +1 and its
complement. This leads to explore the invertibility of a matrix-valued operator that will be done in
different steps as detailed below.

Let II; stand for the orthogonal projection on the modes +1 acting on L?(T?, R) as follows

0) => hi(p)e?® = a2 " hi(p)e?”. (7.80)
JEL j=%+1

We also define
I £ 1d —1II;.

As the function h is real-valued then

Vi€Z, h_j(p)=nhi(p).

Now, we decompose the phase space Lipv(ﬁ ,Hj) as follows,
1L
X® £ Lip (0, Hj) = X & X7, (7.81)
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with

= {h € Lip,(0,Hj) s.t. Ihh= h},
X5 £ {heLip,(0,Hy) st. Iyh=h}.

Recall from Proposition [7.8] and Proposition [7.7] that the operator £1 decomposes as below

L1=L1+0pR1 +Ep, L1 2 2w(N)0, + (X, p)0p — AH + %099, (7.82)
with ‘ ) .
Di[R)(e,0) 2 152 (p(9)Re { M (9)e } — SRe { [0.Rp (p(9))]*h-1 ()™ }
and
c= %+£3c1+(c—co) £ %+€3C2, (7.83)
such that
lea]MP0) < C. (7.84)

Upon straightforward analysis, it becomes apparent that the linear operator
L1 + 935 : Lip, (€, X®) — Lip (€, X*7)
is well-defined and its action is equivalent to the matrix operator M : X{ x X{ — Xffl X Xj_fl with

v & (Ll 0 [10pM5TT;  T110pMSIIT
0 1Ly I1 [ OpM5TT;  TI{ OpRSTIT

2 M + 9yRy,

(7.85)

where, according to Proposition and (7.103)), for any H = (hq1,h2) € X7 x X7, s € [s0,5] and
N > 0, one has

Li i Li Li i
JooRH YR < e (| IEPD (14 ol 2Ry 15) + Mol E oy s IHIEPOY). (7.86)

Hence, we will examine the invertibility of the scalar operator L1 + 0pR] by analyzing the invertibility
of the matrix operator M. This analysis involves inverting its main part M; alongside employing
perturbative arguments. To achieve this, we will break the process down into several steps.

7.5.1 Degeneracy of the modes +1 and monodromy matrix

The main objective is to demonstrate the invertibility of the operator ITL;II, defined through (7.85))
and (7.82)). More precisely, by virtue of (7.82)), (7.83) and the identity

(89 - H)Hl = Oa
one has
Ll,l £ Hl]LlHl = 62 <w()\)8¢ + 502()\)11189 + H189Q1H1> .

Notably, this operator localizes in the Fourier spatial modes +1 and displays a degeneracy in €. To
invert it, we consider an arbitrary real-valued function

(0,0) = gl 0) = > gi(p)e’’ € X771
j=+1

and we shall solve in the real space X{ the equation

Liih=g.
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Since g and h are real then g_,, = g, and h_, = h,. Thus, using Fourier expansion, the last equation
is equivalent to

0,H — A(e, N\, p)H = %G, (7.87)
where
iec i 1
Ao a (M@ @) )= "mm e - s
(67 7@) - i6C2(>\) ? . i 2 ( . )
valep) ux () + 2w(N) va(p) = ETRIY) (8ZRD (p))
and

a 1 (gi(e) 2 a (M) 2
@)= om <gl<w>)€(c’ H“”)‘(m«o))ec'

We intend to prove the following result.

Proposition 7.9. Assume (3.18)), there exists e1 > 0 such that for all ¢ € (0,e1), the operator
Liq: X7 — Xffl is invertible with inverse Lf& satisfying

_ : _ Li
Ly g5 < Ce2|g| 0.

Proof. Let (¢, ¢) € R? s F (g, \, p, ¢) be the fundamental matrix defined through the 2 x 2 matrix
ODE

OpF (e, X, 0,0) — A(e, A, ) F (e, X, 0,0) =0,

F (¢, ¢) = 1d.

Then the solution H can be expressed in the form
©
H(p) = 7A@ 0H0) +72 [* Fle A p,0)G(0)do. (7.89)
0

Observe that the matrix A, defined by (7.88)), is 2r—periodic in the variable ¢. Then H is 2r—periodic
if and only if
H(2m) = H(0).

Equivalently,

(Id — Z (e, A, 2m,0)) H(0) = &2 " F (e, \,2m, 0)G(¢)dep. (7.90)
0

To find a unique solution to this equation it is enough to show that the matrix Id — .% (g, A\, 27, 0) is
invertible. To this end, we use the decomposition

A(Ea)‘7 90) = A)\(SO) +B(€7)‘790)7 A)\((,O) £ A(O,)\,(p), B(€7A790) = A(E,)\,(p) - A(O,A,gp)

According to ([7.84]), one has
sup |B(e, A, o) || S e (7.91)
peR

Now, consider the fundamental solution of the unperturbed problem

{%//A(tp) — Ax(p)A2\(p) =0, (7.92)

M (0) = 1d.

Then one may write

F(&,A,0,0) = Mx(0) + 9 (e, X, 0),

with
0,9 (e, M, 0) —Ax\(@) 9 (e, N, ) = =B(e, N\, 0).F, 9(e,A,0) =0.
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and

sup [|9(e, A, 9 < Ce,
p€(0,27]

where we have used for the last inequality the estimate ([7.91)). The resolvant matrix must have the
following form

o) = (PG 20 o-1 no -0 (7.93)

lax()” — [ba(p)|* = det (A (p)) = exp (/w TT(AA(U))CZU> =1.

0

Hence,
det(\ —1d) = |ay — 1|* — |br|* = 2(1 — Re(ay)) = 2 — Tr (4, (27)).

In particular,
det () (2m) —1d) # 0 = Tr (4 (27)) # 2. (7.94)

Thus, under the assumption (3.18)), the matrix .#)(27) — Id is invertible and there exist C' > 0 such
that
| (r(2m) — 1) U < .

Therefore, by using perturbation arguments we conclude that the matrix % (e, A, 27) — Id is invertible
on [A«, A*] and we have

1(Z (e, 2m) —1d) H|4P0) < .
Consequentely, the equation admits a unique solution satisfying

1E (0)[|YP) < Ce7?|1Gll 2(m). (7.95)
where we have used, for £ small enough, the estimate

sup || F (e, A, ¢, 9)[| < C.
@=¢6[0727r}

From the previous analysis we conclude that the equation (7.87)) admits a unique solution which
satisfies, in view of ([7.95) and ([7.89)) the estimate: for all s > 1

. B ”
|HIE) < ce2 |Gl
This implies that the linear operator Ly 1 : X§ — X5 ! is invertible on [\, \*] and
_ ~ _ Li
ILE1gllE P < Ce2lglH.
This achieves the proof of the desired result. O

We shall end this section with some comments on the monodromy matrix that can be linked to
Riccatti equation. As we have seen before,

det(A)) =1,
which implies that the map
peR— A\(p) € SL(2;C)
is well defined. We will associate to each element .#)(y) the Mobius transform

ax(p) z + balp) cD

o)z e B e o)
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Notice that T'(¢) : D — D is an automorphism with 7°(0) = Id. Straightforward computations based

on ([7.92)) lead to
0,T = —ipT — vy T? + vy,
T(0,z) = z € D,

with T%(¢, z) £ (T(e, z))2 and

e )2 gy (0-Rp ()
By setting
T(p) £ e T (p), o) 2 "Pur(p),
we get Riccatti equation
{%T = 5T+,

T(0,2) = z € D.
7.5.2 Invertibility of II{ L,II{
The purpose here is to find a right inverse for the operator

Ly, 2 Ly I05,

where L; is defined through ((7.82)) and (7.80). Recall from Proposition 2 that the operator 9
localizes on the modes 41 implying that

1 Q4111 = 0.

Therefore, the linear operator
Ly : X5 — X7

is well-defined and assumes the structure
L1y =*w(N)d, + Dy 1, D1 £ c(\)0s — 5H. (7.96)
In view of , one has
VieZ, V|j|=2, Diie;=inj2er;, (7.97)
with
pia(N) =j (3 + (V) — 5 (7.98)
The main result of this subsection reads as follows.

Proposition 7.10. Let (7,7, 50,S5) as in (7.3). There exists g > 0 small enough such that for any
e € (0,e9), there exists a family of linear operators (T”)n N Satisfying for any N > 0 and s € [so, 5],

Li Li
Sup [ Tuhll; X SRSy
and for X in the Cantor set
oxp) s () {red st e+ e =T} (7.99)
(1,j)ez?
2<[j1<Nn

we get
Ly T, =Id +E2,

where E2 satisfies for any s € [so, 5],

Li — Li
IE2RISPD) S 4 LNz R 25
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Proof. In view of ([7.96)), one may write
L =L, + 0y D11,  Ln2ew(N\)0,+ N, D11, (7.100)

where the projectors Iy, and Hﬁn are defined by

My,h & > hjey; and Ty £1d-Iy,.

(L) ez?
(L3)<Nn
Therefore,
. i(E2w(N) 1+ pj2)er;, if2<]j| < NyandleZ,
n€l,j =
b ic2w(N)ley;, if 7] > Nn and [ € Z.

Define the operator T,, by

. 2w A1 . =147
Tnh(QO,Q) é ! Z X((€ 5(243(;_)712):2 |J| )hl’j el}j(g@, 0)7

(l,5)€z?
2<[j|<Nn

where x € €°(R, [0, 1]) is an even positive cut-off function such that

0, if ¢ < 3,
(&) = : i
]-7 lf |£| > 2
In the Cantor set @2(p) one has
L,T, = Id + Iy . (7.101)

Arguing in a similar way to [59, Prop. 5.3] one can show that, for any N > 0,

sup ([Tl JK7 < Oy AISE Dy (7.102)

Now, from ([7.100) and (7.101)) we conclude that on the Cantor set &), » we have the identity
Ly T, =Id+E, EX2Iy, + Iy, D11 Ty

Finally, the estimate on the remainder E2 follows immediately from (7.102) and (7.97). This ends the
proof of the desired result. O

7.5.3 Invertibility of M

The next goal is to revisit the matrix operator introduced in ([7.85)) and explore its invertibility. Here
is our key result.

Proposition 7.11. Under the assumptions of Proposition and the smallness condition

Lip(v)

Ty Koo, lpllgiares < 1 (7.103)

aflfy +e€

the following holds true. There exists a family of linear operators P, satisfying for any s € [so, S|,

_ L L L
I HIEPO < Oyt (NI + 1oV EP IR ES). (7.104)

such that in the Cantor set 02, defined in Proposition we have
MP,, = Idx;xxs +E;,
with

i _ L L L
IE2HIEPO) < Oy Vo= (IHIE L + el s 1R (7.105)
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Proof. Consider the operator

L7l o
K, = 1,1
" < 0 Tn) ’

where the operator T,, was defined in Proposition For all A € 62 one has the identity

0 0
MK, = Ideij_ + (0 Ei) . (7.106)

Moreover, according to Proposition Proposition |7.10/and (7.103)), for any H = (h1, ho) € X{ x X{
we have

1 — Li
Ko H|EPO) < Oyt H||EED. (7.107)
Inserting (7.86)) into ([7.107]) gives, according to (7.103|) and p € (0,1),
i — 1 Li 1
1K DR HI|EP) < G2ty (| ERO) 4 || [S 207 | Y PO, (7.108)

Consequently, under the condition ([7.103|), the operator
IdX‘foijO + KpOgRy : X7° x XT° — X70 x X

is invertible, with

|(Idxs x5 + KnOpRy) T H||5P0) < QIIHHL‘]p
As to the invertibility for s € [sg, S], one can check by induction from (7.108)), Vm > 1, that under the
smallness condition ([7.103|) one has

3 H(KndpR)™H L2 < CIH|YPO) 4+ || S0 || | 5P

s+41+5
m=0
This implies that
_ i 1 Li 1
I(Idxsxxs + KndpRe) " H|[LPO) < €| H||5PO) + Ol YE, 5 | H| LP ). (7.109)

Now define the operator

P, = (Idx;xxs + KaOpR1) ™

From ([7.110)), (7.109)), (7.107)) and ([7.103|), we obtain (7.104]). Moreover, in view of ([7.106]) and (|7.110)

we deduce that in the Cantor set €2 one has

K,. (7.110)

0 0 -
MPr, = (Ml + <M1Kn - <o E%)) aeRl) (Idx;xx: +KndpR1) 'K, (7.111)
0 0
= M; K, — (0 E%) OpR1 P,

= Idxsxxs +E7,

0 O 0 O
52 (0 )~ (o m)0mPn

By virtue of Proposition |7.10, (7.86)), (7.104) and (7.103|) one gets ([7.105)). Finally, by construction,
one has the algebraic properties

_ (L 0 I, 0 (I 0 I, 0
s (M 0 8 e me (B D)e (8 e

This completes the proof of the desired result. O

where
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7.5.4 Invertibility of £; and L

In this section we intend to explore the existence of an approximate right inverse to the operators £
and L defined in ([7.82]) and Proposition respectively.

Proposition 7.12. Given the conditions (7.3), (7.61)). There exists ¢ > 0 such that under the
assumptions

_ - - Li
ey + ey TING? + ¥y C e, IIPIIQ;]‘;HTM+ o S L (7.113)
the following assertions holds true.

1. There exists a family of linear operators (T")neN satisfying
Li _ L Li L
Vs € [80’5]7 Sup ||T h” ip(y < C’)/ 1<||h’||sf27' + HPHSE)Z(: HhHs;i%')

and such that in the Cantor set 0%, where 02 is introduced in Proposition we have
L1 T, =1d+ E,,
where By, satisfies the following estimate
Li - L L L
Vs € [s0,8], IEaRIIEPO) < Oy N (IRIERTL + 1ol E s IR5ES))

1 Li
+5 v NMQanlz”hHs;Ij»QTqLQ

2. Set T, & BT, . Then,

i _ Li Li Li
Vs € s, 8] sup [Tl < Oy 1(HhHsfz(3) + ol 1175 )-
n

Moreover, in the Cantor set Oy (p) N O2(p) (see (7.65) for On(p)) one has the identity
LoTn=1d+ &y,
where £, = BE, B~ satisfies the estimate

Li — L L L
|Enhl| 5P < Oyt N (ML + lolls B ks RlR )

6 —1 L
+ OOy N2 N 2 |20,

Proof. In view of (7.85)), (7.110)) and (7.111)) we may write
My M, Py P2> 2 <E2 By 2>
M= ) P, = and E: = 7, n2
<M3 M4> ! (P3 Py " \Ens Eoa

It follows from ([7.82)) that

4
L= Z M; + E,.
j=1
By denoting

4 4
T,=) P and E,=)» E. +ET,
=1 i=1

and using the algebraic structure (7.112)) and the identity (7.111)) we conclude that
LT, =1d + E,.

The estimates of T,, and E,, can be easily achieved from Proposition and Proposition [7.7] The
second point follows immediately from the fact that £, = 8~ 'L£y%, Proposition 1 and Proposi-
tion -1 together with ([7.113)). This achieves the proof of Proposition O
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7.6 Construction of solutions and Cantor set measure
To construct solutions to the nonlinear equation
F(p) £ = Glere +ep) =0 (7.114)

introduced in , we apply a modified Nash-Moser scheme, in the spirit of [59]. The tame estimates
on the approximate right inverse of Ly = d,F(p), obtained in Proposition are identical to those
found in [59, Prop. 5.5]. Consequently, the proof of Proposition follows the same lines of [59,
Prop. 6.1]. Therefore, we shall omit the proof and only provide a complete statement of the main
results. For this end, we define the finite-dimensional space

E, 2 {h DN X T2 SR st Ty h = h},
where Ily, is the projector defined by

=3 e Ty (e, 0) 2 Y et

leZ <
A U1+51 <N

and the sequence (N, ), was defined in ([7.60|). Here, we will utilize the parameters introduced in (7.3)),
along with the following additional value.

by =3 — p1. (7.115)
We shall also fix the values of Ny and v as below
No2ed, y=g* (7.116)

Moreover, we shall impose the following constraints required along the Nash-Moser scheme,

( 1+7 < ag,
3s0+ 127+ 15+ 3as < ay,
2
za1 < U2,
. 1—p 2+ (7.117)
0<o < m1n(u,a1+“2,1+lf2),
1274348 < p,
( max (so+47 +3+ 2 + a1+ 3,350 + 47+ 6+ 3u2) < by,

We have the following result.

Proposition 7.13 (Nash-Moser scheme). Given the conditions (7.115)), (7.116) and (7.117). There
exist Cy, > 0 and g9 > 0 such that for any € € [0,&9] we get for all n € N the following properties,

e (P1),, There exists a Lipschitz function

ot A AN = En
= Pn
satisfying
po=0 and |lpall500) 15 <Cuy Tt for m>1.
By setting
Up = Pp — Pn—1 for n =1,
we have

Vs € [s0,5], [lup[|5P0) < 1C.471 and HukH;ﬁgrﬁ Che®y IN;2 V2<k<n.
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e (P2), Set
Ao =[N, X and  Ani1 = A, N O (pn) NO2(pn), ¥n €N. (7.118)
Then we have the following estimate

Li _
IF(pn) 7)< Cug™ N1,

e (P3),, High regularity estimate: HanLlp < CiePoy INFL
(7.2).
Next, we shall study the convergence of Nash-Moser scheme, stated in Proposition show that

the limit is a solution to the problem ([7.114]) and establish a lower bound for the Lebesgue measure
of the final Cantor.

Here, we have used the notation

Corollary 7.14. There exists A € [Ai, \*] = poo satisfying

Li L _ _
ool 5 < Cue®™y ™ and  ||poo — pinll5 VY, 15 < Cue™r N2
such that
YAECs 2 [ Am,  F(px(N) =0. (7.119)
meN

Proof. In view of Proposition one has for all m > 1,

m
pm = un.

n=1

Define the formal infinite sum -
et S,

n=1

Then the claimed estimates follow immediately from the estimates of (P1),,, (7.60) and (7.116). Thus,
the sequence (pm)m>1 converges pointwise to poo. In view of (P2),, we obtain

Li —a
IF (o) [I557) < Cuebo N2

50,Co0

Passing to the limit leads to
VA €Cx, F(pss(N) =0.

This concludes the proof of Corollary [7.14] O
The following result is proved using standard argument, in similar way to [59, Lem. 6.3].

Lemma 7.15. Under (7.117)), we have the inclusion
CL NC% CCo, (7.120)

where, for k € {1,2},

ek 2 (M {re X st [P0+ pix(h poo) | > 3}
lEZ
[71=k

and
k(X p) = jc(A, p) — %\;T
In addition, there exists g > 0 and C > 0 such that for any € € (0,¢€p)

[ A\ Coc| < CE
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Proof. In view of (7.65)), (7.99)), (7.118]) and (7.119)) we have

Coo = Ooo,l N 000,27

with
Owi= () {/\e Do X7 st [2w(N) L+ (X, o) 2#}_

(1,4,n)EZ2 XN
k<|jI<Nn

We shall prove that for k € {1,2},
Ck c Our, (7.121)

which implies the inclusion (7.120). Let A € C% and n € N. Then, from the triangle inequality, we
obtain for all k < [j| < N,

|€2w()‘) [+ :U’j,k()\y pn)| 2 |€2w()‘) I+ :U’j,k()" pOO)’ - |Hj,k()‘7 pOO) - Mj,k()‘a pn)‘
> G — g poc) = (A, pn). (7.122)

Using ([7.68]), (7.116) and Corollary we get for € small enough

. L
C¥j1po0 — pal520), 15

*63+b0 —1|]|N—a2

—T b() 1— 2(5N1+7' a2

1,6 (A5 Poo) — k(A pn)| <
<C
< Clfl

From (|7.115)) and the assumption 1+ 7 < as and § < 277“ (see ([7.117])), we conclude that for small e

we have

’Mj,k(/\a poo) - Mj,k()\, pn)‘ < C*,YU’—TEQ—H_Q(;N#H_@
<"
Combining the last estimate with (7.122) we get, for all n € N, I € Z and k < |j| < N,, we get

2wV 1+ k(N o)l = -

7

Hence, we deduce that A € O 1, concluding the proof of . Consequently, one has
[, MT\ Coo| < [ AT\ CL |+ | A, AT\ CZ |-
Thus, the measure estimate we only need to prove that
[, A\ CE | < (7.123)

For this aim we write

= N u

neN (i1,j)ez?
k<|j|<Nn

with S
2
up, & {/\ € DN st W) T+ k(A poo)| > 2577 }
having used the fact that v = £2+°. Notice that
M ufycck.

(Lj)ez?
k<[4

Moreover, by continuity and non-degeneracy assumption on the period [3.17, we infer

YAE A\, N], 0<b<w(\)<a a2 A, b2 mi A).
[ ] wA) <a a Aerag*]wo() Aer[riig*}wo()



Moreover, from ([7.83)), for all 0 < & < gp one has

3 < (A peo) < 3 (7.124)
We distinguish different cases.
e Case £2b|l| > |j| = k: For k = 1, from the triangle inequality, we get
2w\ + je(A poo)| = €20]1| - 53]
> 34l
2+6
i
Similarly, for £ = 2, we have
2wV 1+ je(N poo) = ofsy| = €Dl = 513 — 5
>3lil-3>%
S 52+6.
=il

Therefore, for k € {1,2},
Uy = N

e Case |j| > 24¢%all|: For k = 1, one gets by the triangle inequality and (7.124)), together with [j| >

il — e*all|

=il —e%all]) + %4l
7

1

|52w()\) I+ jc(A, poo)‘

A\YARA\VARR\V/
A~ Wl

[\

Thus, for small € we infer

2+5

‘EQW()\)Z—F]C()\,pOO)} = |j|T :

For k = 2, one obtains by the triangle inequality and (7.124)), together with |j| > 2

2wV 1+ je(A, poo) — ofs|
24’.7 - 526’”) + 2%;|]| - %

Then, for small € we infer

2w\ L+ je(A poo) = o] =

Hence, for k € {1,2},

Z’{l J P‘*: A" }
Consequently, one has
(N uf;cck. (7.125)
|51<24<2ali|
2b|1<4]

Set
fiiN) £ 20N L+ je(X, pos) — (k= 1)oh-

Differentiating f; ; with respect to A and using (7.83) give
i) = 2 W\ L+ %jeh (V).
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By non-degeneracy assumption and from the estimate , we conclude that
VA E A, N, 0<ce<|w'(N)] and |ch(N)] < e.
Since |j| < 24£%a|l|, then for all A € [\, \*], we have
[f W) = ce [l — €%[jci.
> 1jl(35 — 1e”).-

Thus, for € small enough,

| 5001 = 3523
Applying Lemma we deduce that

* . o2+6 246
‘{Ae DX st 2wV je(A pe) — (k= D)oy | < 257 H <o

Consequently, from (7.125)), we get

246
D NINCEI<C DY
2b¢|<]3]
1) 1
<O ) g
JEL*
<O,

proving (7.123]). It is important to mention that we are slightly stretching the argument here, as
the function f;,; is Lipschitz continuous rather than C'. Nevertheless, we can rigorously support
the preceding argument by working with the Lipschitz norm. This leads to the proof of the desired
result. O

We finally recall the following classical result concerning bi-Lipschitz functions and measure theory.

Lemma 7.16. Let (o, 8) € (R%)?. Consider f : [\, \*] = R a bi-Lipschitz function such that
V(AL A2) € A A2 £ () = F(o)l = BIA = Aal.

Then, there exists C' > 0 independent of || f||Lip such that

e X st [f<al| <05

A Symplectic changes of coordinates and integral operators

This section’s major objective is to highlight useful findings related to some change of coordinates

system. We refer the reader to the papers [8, [11} [35, [71] for the proofs. Let 3 : & x T2 — R be a

smooth function such that sup ||B(A, -, +)||lLip < 1 then there exists 8 : & x T? — R smooth such that
AEC

y=0+B(\¢,0) < 0=y+B0\ ¢ (A.1)
Define the operators
B=(1+08)B,  Bh(\p,0) =h(\e,0+ B\ e,0)). (A.2)
Then ~ ~
B =(1+0B)B7", BT\ py) =h(Ne,y+ B ey)). (A3)

Now, we will provide some basic algebraic properties for the aforementioned operators.
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Lemma A.1. The following assertions hold true.
1. Let %y, B> be two periodic change of variables as in , then
$1%> = (1+0p8)B
with
Blp,0) £ B1(p,0) + B2(p, 0 + Bi(p,0)).

2. The conjugation of the transport operator by B keeps the same structure
%_1(w <0y + 89(V(g0,9) . ))% =w-0,+ ay(7/(<p,y) . ),
with
V(p.y) £ BT (w - 0pB(,0) + V(i0,0) (1 + BB (¢, 9)))-

In what follows, and in the rest of this appendix, we assume that (), s, sg) satisfy (7.3)) and we
consider 8 € Lip, (€, H*(T?)) satisfying the smallness condition

Li
18Il < o,
with g9 small enough. The following result can be found in [35], [I1].
Lemma A.2. The following assertions hold true.

1. The linear operators B, % : Lip, (0, H*(T?)) — Lip, (0, H*(T?)) are continuous and invertible,

with
IBELREPO) < (IR EPO) (14 CYBIIEPOY) 4 C BIIERO) ]| PO, (A4)
; ; i Li i
|ZE RIEPO) < [IB]|EPO) (14 CBIERD) + ClBILED [R5, (A.5)

2. The functions 3 and B defined through - satisfy the estimates
IBIE™™) < |5

The next result deals with some integral operator estimates. For the proof, we refer to |71, Lem.
4.4] and [12, Lem. 2.3].

Lemma A.3. Consider a smooth real-valued kernel
K: (A 9,0,m) = KA ,0,n)
and let
(Tich) (A /K ¢, 0,mh(X, @, m)dn, (A.6)
be an integral operator. Then, for any s1,s2 = 0,
| Tichl5RG) < IR K |55 + HhHL‘p K

51,52 s1+s2 so+s2°

Given the periodic change of variables % defined by (| . Then, the operators BT PB and
B~ VT B — Ty are integral operators,

(%Laﬂmm%mzﬁfw%mﬁw%amm

@*n@—nwm%mzﬂmx%mmx%wmn

with
7> Li i i Li
IRILPO) < & |EPO) 4 || K[| LPO)) g LR,
= Li Li L
LKLY < | |20 BIEPO) + | K L) g 200,
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