Geometric effects on the persistence of patch structures for
2D Euler equations in simply-connected bounded domains

Emeric Roulley

Abstract

We first prove a rigidity result for uniformly rotating vortex patch solutions to Euler equations in bounded
simply-connected planar domains. Namely, if a bounded simply-connected domain with real-analytic bound-
ary contains a nontrivial vortex patch that remains strictly inside the domain while undergoing a uniform
rigid rotation, then the ambient domain must be a disc centered at the rotation center. The proof combines
the rotating-frame formulation with harmonic unique continuation and the generalized Schwarz’s reflection
principle across analytic boundary arcs. These tools imply that, unless the outer domain is rotationally
invariant, the velocity must vanish in an open region surrounding the patch, contradicting the nonzero cir-
culation generated by the patch. In the same spirit, we show that only circular domains possess a circular
point vortex orbit.

As a second result, we construct quasi-periodic vortex patch solutions to the Euler equations in domains
that are small perturbations of the unit disc . The amplitudes of the solutions are linked to the size of the
domain deformation, allowing the classical Rankine vortices b-D, b € (0,1), to be regarded as equilibrium
states. Our analysis is perturbative with respect to the construction developed in the undeformed case
[64], and the resulting quasi-periodic solutions exist for most values of the inner radius b. This provides
the first construction of quasi-periodic vortex patch solutions to the Euler equations in non-radial domains.
Moreover, combined with the rigidity result established above, this shows that, in the periodic case, these
solutions cannot arise from a purely rigid rotation.
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1 Introduction

The present paper proposes to explore some geometric effects on the construction of periodic and quasi-periodic
vortex patches within simply-connected bounded domains. In this introductive section, we first recall the 2D
Euler equations in simply-connected domains. Then, we discuss some historical background on the construction
of V-states and quasi-periodic vortex patch solutions. Finally, we state our main results and give some elements
of their proofs.

1.1 Euler equations in a simply-connected domain

We consider the incompressible Euler system set in a simply-connected domain D C R? = C and written in the
velocity-vorticity formulation
Ow~+v-Vw=0, inRxD,
v=Viy, in R x D, (1.1)
w(0,-) = wy, in D.
This is an active scalar model with unknown the vorticity w = curl(v) related to the solenoidal (second equation

in (1.1))) velocity field v of the fluid. In the case where the domain D has a boundary, we impose the additional
impermeability condition stating that no fluid enters or escapes the domain D at its boundary

v-ngp =0, on R x dD. (1.2)

The notation ngp stands for the outward normal vector to the boundary 0D. By construction, the velocity
potential (or stream function) ¥ solves the elliptic equation

A¥ =w, inRxD. (1.3)

In addition, the impermeability condition (|1.2)) translates into a Dirichlet boundary condition for the velocity
potential, namely

¥ =0, onRxJD. (1.4)
From [33], solving the previous PDE gives the following integral representation of the stream function
1
W(t.o) = o [ Golepwlta)dy, (15)
2T D

where Gp : D xD — R is the Green function associated to the Dirichlet-Laplace problem set in D. In particular,
Grz(z,y) = log |z — y|
and, if the domain D is bounded, then according to [I, Chap. 6] we can write

z—§

Gp(z,y) = Go(®(2), ®(y)),  Gn(2§) =log 1_¢

where ® : D — D is a conformal mapping and D is the unit disc. The function Gp admits the following
decomposition

: (1.6)

Gp(z,y) = log|z —y| + Kp(z,y),

where

2(x)—2(y)
— v
1—®(y)®(x)
is smooth on D x D and actually harmonic in both variables « and y. We introduce the Robin function
1- ‘P(x)lg)

|®'(x)] )~
Note that the Robin function is real-analytic in D and explodes at the boundary

Kp(z.y) £ log

Ro(x) 2 Kp(z,z) = — log (

zgrgD Rp(z) = +oo. (1.7)
In addition, it solves the Liouville equation
ARp = 4e?®P in D. (1.8)

A point vortex is a formal solution to Euler equations where the vorticity is concentrated in a point
w(t) = F(Sg(t), I e R*.
Its dynamics is generated by the boundary 0D and given by the following Hamiltonian system

() = -V Ro (€(1). (19)



1.2 Historical background on (quasi-)periodic vortex patches

We shall now discuss some important results on the emergence of periodic and quasi-periodic vortex patch
solutions. Recall that the Yudovich theory [97] (see also [47, [8I] for domains with rough boundaries and
holes) ensures the existence and uniqueness of a global in time weak Lagrangian solution to provided that
wo € LY(D) N L>=(D). In particular, if w is the characteristic function of a bounded domain Dy, then, at any
time t > 0, the solution w(t) is also the characteristic function of a bounded domain D; which has the same
area as Dg. This type of solutions is called vortezx patch

w(t)=1p,,  [Di = [Dol.

It is well known that the dynamics of such solutions is characterized by the evolution of the boundary dD; =
{2(t,0), 6 € T}, with T £ R/27Z, through the so-called contour dynamics equation, see [73]

Im{atz(t,e)m} = 0 {\I’(t,z(t,@))}. (1.10)

Now, we shall review the literature by dividing the various results into three different topics: V-states, quasi-
periodic solutions and non-rigid periodic motion. For a more complete presentation, we refer the reader to the
monograph [67].

V-states Vortex patches for which the motion corresponds to a uniform rotation of the initial domain are
called V-states. More precisely, there exists an angular velocity €2 € R such that

Dy = Rai Do, R(0) = {COS(G) - sin(&)}

sin(f)  cos(0)

- Case D = R? : Obviously, radial patches are trivial V-states commonly called Rankine vortices. The first
nontrivial example of V-states have elliptic shape and were found by Kirchhoff [80]. More precisely, an ellipse
with semi-axes a and b rotates uniformly about its center with speed

b
0,29 .
P (a+b)2

Solutions with higher symmetry were then numerically obtained a century after by Deem & Zabusky in [24].
The patch domains they found are m-fold, namely invariant under %—rotation for a given positive integer
m > 3. Their rigorous construction has been performed by Burbea [I12] by means of local bifurcation theory:
the nontrivial V-states emerge from the Rankine unit disc at the angular velocities
Qm = mi—l’ m > 2.
2m

In particular, the m = 2 branch corresponds to Kirchhoff solutions. The local Burbea branches can be extended
via global bifurcation [63]. Note that Burbea’s bifurcation points belong to the interval (0, 3). Outside this
interval, no nontrivial V-states exist as proved in the series of works [37, 50, [66]. Inside, this interval, the global
phase portrait description is more delicate. Locally near the junction between the trivial branch and bifurcation
branches rigidity also occurs [79]. In [83], the Liouville properties of the m-fold symmetric, simply-connected V-
states were explored. Variational analysis was used to demonstrate that for a general family of m-fold symmetric
V-states, which satisfy reasonable symmetry constraints, the angular velocity €2 must be greater than % — % for
a universal positive constant C'. The doubly-connected case where the patch domain possesses a hole has been
studied by de la Hoz, Hmidi, Mateu & Verdera [69] who constructed, for every positive integer m satisfying the

condition )

14+ b0™ — m < 0, (1.11)

local curves of non-annular m-fold symmetric doubly-connected V-states bifurcating from the renormalized
annulus
Ay E{zeC st b<|z] <1}, be (0,1), (1.12)

12 ) 2
0 (b) = © 4b ﬂczl\/(m(l2 b)1> _ pom,
m

The degenerate case where the relation (1.11]) exactly vanishes has been partially treated in [71, 92]. An
other way to get V-states is via implicit function theorem for desingularization of point vortices. We refer the

at the angular velocities




reader to [4) [43] [44] [56] [65] [72], [96] for the contour dynamics method and to [13] for their variational counterparts.

-Case D=D : In [58, Thm. 1], de la Hoz, Hassainia, Hmidi & Mateu could implement the local bifurcation
theory and obtained for any m € N* the existence of m-fold symmetric V-states emerging from the Rankine
vortices b- D, b € (0,1) at the angular velocities

m — 1+ p*™

e (b) = 2m

The global phase portrait description in this case is less complete with only few results [34] 01, ©5]. The
doubly-connected case is also analyzed in [58, Thm. 2], obtaining, under the constraint

9 2pm _ (pm m
S 22T (TR b
1 — b2 b1
the birfurcation from the renormalized annulus
Abl’b2é{z€(ﬁ s.t. b2<‘Z|<b1}, 0<by<b <1

at

Qrin(bh b2)

A 1— b2 b%m—bgm 1 m(1—10?) 2—b%m
= :l: _— -
4 + 4m 2m 2 2

_b2m 2
2 ) — b2m(1 — b)),

The desingularization approach has been implemented in [62, Thm. 6.1] near point vortex circular orbits. Vari-
ational methods also have been implemented [I5] [16].

We mention that in general, for Euler equations, the steady solutions exhibit a wide variety of structures
with flexibility results [I8] 19} 2], 27, 28] [30] and rigidity ones [26] [29] 52} [53], 54, [89] [03]. In this context and
together with the above mentioned literature, a natural question arises:

Do there ezist nontrivial V-states in non-radial domains (i.e. neither R nor D) ?

The stationary case Q = 0 admits positive answers [I4] [82] 04]. One of the main objectives of the present
paper is to bring a negative answer to the previous question in the case €2 # 0 within analytic simply-connected
bounded ambient domains; see Theorem [T.1]

We conclude this paragraph on V-states by mentioning their constructions for other models related to the
Euler equations such as the generalized suface quasi-geostrophic equations [17) 48], [55] 57 [76] 84], the shallow-
water quasi-geostrophic equations [0, 25] [85], the Euler-a: equation [86], the Euler equations on the rotating
sphere [46], the Lake equations [68] and the Vlasov-Poisson/Euler-Poisson systems [511 [87, 88]. Finally, a unified
theory of V-state constructions for generic active scalar planar models covering a small part of the previous
results have been obtained in 77, [78].

Time quasi-periodic patches Recall that that a function f : R — R is said to be quasi-periodic if and only
if there exist d € N*, F: T = R and w € R? such that

VteR, f(t)=F(wt) and VleZ\{0}, w-1#0.

In particular, the case d = 1 corresponds to a periodic function with frequency w € R*. The construction of
quasi-periodic solutions for fluid models was initiated by the seminal works of Berti & Montalto [10] and Baldi,
Berti, Haus & Montalto [2], where quasi-periodic standing water waves were constructed for the two-dimensional
gravity-capillary and pure gravity water-wave equations on the torus. This was subsequently extended to trav-
eling quasi-periodic water waves, allowing for the inclusion of constant vorticity [7, 8]. The deep-water case was
later addressed by Feola & Giuliani [35] using weak Birkhoff normal form techniques, and more recently the
corresponding three-dimensional problem was treated in [36]. Further developments include the construction
of space-quasi-periodic steady solutions for the Euler equations in a bounded channel, which become quasi-
periodic traveling waves in a suitable moving frame [4I], as well as large-amplitude traveling waves for the
B-plane approximation of rotating fluids [I1I]. We also mention several constructions of time-quasi-periodic or
almost-periodic solutions to the Euler equations on the d-dimensional torus that do not rely on KAM theory
[22, 32], [40]. These solutions are obtained by superposing finitely or infinitely many rescaled, non-interacting
traveling waves generated by compactly supported stationary building blocks. Finally, in the non-autonomous
setting, time-quasi-periodic solutions have been constructed for the three-dimensional Euler equations with
quasi-periodic forcing [3] and for the two-dimensional Navier—Stokes equations [39]. In the latter case, the
solutions converge, in the zero-viscosity limit, to time-quasi-periodic solutions of the two-dimensional Euler



equations on arbitrarily long time intervals.

The first constructions of quasi-periodic vortex patches were obtained in 2021 by Hmidi & Roulley [75] and
Hassainia, Hmidi & Masmoudi [59], who considered the quasi-geostrophic shallow-water and generalized quasi-
geostrophic equations near circular Rankine vortices. In both works, an external parameter in the equation
is used to avoid resonances and verify the non-resonance conditions required by the KAM scheme. The same
strategy was subsequently applied to the Euler-a model [86], with the parameter « playing the role of the
external parameter, again near circular Rankine patches. The remaining parameter range for the surface
quasi-geostrophic equations has been covered by Gémez-Serrano, Ionescu & Park in [49]. The Euler equations
themselves, however, do not possess such an external parameter. This led to the idea of exploiting instead the
geometric parameters of suitable families of trivial solutions. This approach was first implemented in 2022 by
Berti, Hassaini & Masmoudi [9], who used the aspect ratio of the Kirchhoff ellipses as a parameter. Around the
same time, Hassainia & Roulley used the radius b of the Rankine patch in the unit disc as a parameter, while
Hassainia, Hmidi & Roulley [61] later considered the inner radius b of the renormalized annulus A, defined in
(L.12). In all these works, however, the ambient domain D in which the fluid evolves is either R? or D, both of
which are radially symmetric. This naturally raises the following question:

Are there non-radial domains in which quasi-periodic vortex patch solutions exist?

The second part of the present paper gives a positive answer to this question. We construct quasi-periodic
vortex patch solutions in domains that are small perturbations of the unit disc, by perturbing the construction
of the circular case developed in [64]; see Theorem

Non-rigid periodic motion We conclude this historical subsection by mentioning some recent works lying
at the intermediate between the previous two presentations, namely periodic solutions but that do not perform
a uniform rotation or translation. The first work in this direction has been obtained by Hassainia, Hmidi &
Masmoudi [60] for the planar leapfrogging motion. This work has been recently extended to the 3D vortex
ring leapfrogging phenomenon in [45]. In bounded simply-connected domains, Hassainia, Hmidi & Roulley [62]
could desingularize point vortex periodic orbits into periodic patch motion. Finally, Franzoi, Hmidi & Montalto
contructed periodic vortex patch pairs with oscillations around far away translating point vortex pairs in [38].

1.3 Main results

Our first main contribution solves the inverse problem consisting in the non-existence of nontrivial V-states
in non-radial real-analytic simply-connected bounded domains. The result reads as follows and constitute the
most important novel contribution of the paper.

Theorem 1.1. (Inverse problem for V-states : a rigidity criterion)
Let D C R? be a bounded simply-connected domain with real-analytic boundary. Assume that the Euler equations
(1.1) in D admit a nontrivial uniformly rotating patch solution

w(t,x) = ]-RmDo (lL‘), Q 7é 0,

where Dy € D is a nonempty open simply-connected set and Ry denotes the rotation of angle 6 about the origin

e[ty ]

Then, D is a disc centered at the origin.
Remark 1.1. Let us make the following comments.

1. The Theorem actually means that the nontrivial non-stationary V-states constructed inside the unit
disc in [58, Thm. 1 and 2] or [62, Thm. 6.1] are exceptional. Generally, the dynamics must be more
complicated than a pure rotation. Indeed, the periodic vortex patch motions obtained in [62, Thm. 1.1]
following a point vortex orbits revealed rich dynamics.

2. The condition Q # 0 is fundamental because the proof relies on the patch actually exploring a nontrivial
family of rotated positions. Actually, nontrivial stationary vortex patches do exist in planar domains as
can be observed for instance in the series of works [T, (82, [97)].

3. The real-analyticity of the boundary is essential in our arqumentation (generalized Schwarz’s reflexion
across real-analytic arcs for harmonic functions, real-analytic uniqueness extension theorem). The result
is probably true also when assuming less reqularity but we leave it as an open problem.



4. The hypothesis that Dy is simply-connected can be discussed. It might be true that our proof works (up
to slight modifications taking into account the different values of the relative stream function at the patch
boundaries) in the multiply-connected situation, namely when Do has holes. However, it is unlikely that
the same result holds true in multiply-connected ambient domains.

We also prove is this study, a singular version of the previous theorem for point vortices.

Theorem 1.2. (Inverse problem for point vorter orbits)
Let D C R? be a simply-connected bounded domain with C* boundary. Assume that there exists, within D a
circular point vortex orbit. Then, D is a disc.

Remark 1.2. Our proof exploit some C' regularity of the boundary since we make use of the behavior of the
Robin function near the boundary. However, we strongly believe that this hypothesis can be removed with more
sophisticated arguments.

Our next goal is to expose our last main result dealing with the construction of quasi-periodic vortex patches
in domains that are perturbations of the unit disc. The analysis will be done in a perturbative way from the
unit disc which has been recently studied in [64]. The main result of this work reads as follows.

Theorem 1.3. (Quasi-periodic vortex patches in non-radial domains)

Let 0 < by < b1 <1 and S C N* a finite set. Fiz some amplitudes (a;);es, there exists ey € (0,1) small enough
such that for any e € (0,20), for any domain D which is a perturbation of the unit disc and associated to a
conformal mapping ® : D — D in the form

®(z) =z + 2 f.(x), fe analytic in D, f-(0) =0, fe(x) = fe(@), € — f. is continuous
there exists a Cantor-like set €2, C (bg, b1) with asymptotically full Lebesgue measure as € — 0, i.e.
lim |€5,| = b1 — by,
e—0

such that for any b € €2, the equation (L.1)) admits a time quasi-periodic vortex patch solution with diophantine
frequency vector wy(b,e) = (w; (b, 5))3'68 € RBI and taking the form

t—1ps,  Df={te?, 0<0<2m, 0< < RA(b,t,0)}, R.(b,t,0) £ \/b2 + 2er(t,0),

with
r(t,0) = ajcos (jO +w;(b, €)t) + p(wp(b, )t 6). (1.13)
JES

The frequency vector wy(b, €) satisfies

wp(b,e) — (= Q;(b))

e—0 JES’

1 .
O, (b) 2 5('— 1+b2f).
The perturbation p : TS — R is an even function satisfying for some large index of regqularity s = s(S) > 0.

||p||Hs(1rISI+1,R) So o(e).

In addition, the solutions are linearly stable.
Remark 1.3. Let us make the following comments.

1. The Theorem constitutes the first construction of quasi-periodic vortex patch structures in domains
which are non-radial (non R? and non D). Note that not necessarily the boundary of the ambient domain
must be real-analytic.

2. Combined with the Theorem this shows that, in the special periodic case |S| = 1 and for real-analytic
boundary, the solutions that are constructed in Theorem[I1.3 do NOT correspond to V-states, namely to a
purely rotating domain. Oscillations of the patch boundary must occur during the time evolution.

3. The assumption

fe(x) = fe(T) ie. ®(x) = ()
corresponds to a symmetry of the ambient domain D, namely it possesses an axis of symmetry (1-fold).
This geometric condition is essential in order ensure the reversibility of the underlying Hamitonian dy-
namics, an essential fact to run KAM reducibility techniques.



4. The link between the amplitude € of the solutions and the scale deformation €2 of the domain allows to
perform a pertubated proof compared to [6])], the equilibrium spectrum corresponding again ezactly to the
bifurcation points of V-states from the Rankine vortices. It is mot clear how to run a proof without this
coherent scaling.

5. Here, linear stability refers to the fact that the Floquet exponents associated with the linearized dynamics
around the quasi-periodic solution are all purely imaginary. This property is not established sepa-
rately, but rather emerges naturally from the construction of the solution. More precisely, the reducibility
argument developed in Section combined with the Berti-Bolle reduction in action-angle-normal
variables [6], transforms the linearized system into a constant-coefficient system whose spectrum is purely
imaginary. We refer to [10, Thm. 1.2] for a detailed discussion of this argument.

6. Assume that the ambient domain D is m-fold symmetric for a given m > 2, that is

o0

fe(z) = Z&@mm”+l7 ie. P (e m x) =em P(x).

n=0

€R

Then, one can show that the Hamiltonian governing the contour dynamics equation in Lemma |3.1] is
invariant under %-space translations, see Remark . Therefore, similarly to [61], one can run the
KAM/Nash-Moser scheme within the Sobolev m-fold function scale and ensure that the final vortex patch
solution is m-fold symmetric. In order to avoid useless complexity, we do not perform it here, but just
mention that it can be done.

1.4 Ideas of proofs

We conclude this introductive section by briefly explaining the key ideas and main steps in the proofs of Theo-
rem [I.1} Theorem [I.2] and Theorem [I.3

Let us start with Theorem It is a proof by contradiction assuming that the ambient domain is not a
disc. We compute in two different ways the circulation of the initial velocity field

(%) = V(07 ) = VL¢05 ¢0 £ ‘II(O? )

along a Jordan curve I' surrounding the initial patch Dgy. Direct computation based on Stokes’ Theorem shows

that
yguo ~dp = / curl(ug)(x)dx = / 1dx = |Dg| > 0.
r int(T") Do

The rest of the work consists in calculating it in another way and prove that it is zero, therefore arriving at
a contradiction. First, observe that a non-circular domain must possess a transversal direction, namely there
exists an element (actually a continuum) p € 9D such that p* is not tangent to OD. This allows, in Lemma
to construct a whole family of arcs 6 — Iy, satisfying

Iy Cc 0Dy N D, Dy £ R_yD, 0] < 1,

obtained by small rotations of open arc surrounding p. On each arc we show the existence of a constant ag € R
such that
oo = ag, on Iy.

In Lemma we prove that ¢g extends to a whole neighborhood of D and therefore to any boundary 0Dy,
for small 6. Using that 0D is real-analytic and that ¢y takes the constant value ag on the open arc Iy C 0Dy,
then

b0 = ayg, on 0Dy.

Now, 0D and 0Dy being two Jordan curves enclosing two domains with same area and with a common point
(the center of rotation), both curves must intersect at least once. Since ¢y vanishes on 9D by the Dirichlet
reformulation (|1.4) of the impermeability condition, then ag = 0 and

¢o =0, on dDy.

The family of arcs 6 — Iy actually draws, via local inversion, a small open subset of the connected set D \ Dy
where the function ¢y vanishes. The initial stream function ¢y being also harmonic in D\ Dy, then, by unique

continuation, o
o =0, on D\ Dy.



The Jordan curve I' being contained in D \ Dy and ug = V¢ = 0 there, we deduce that

ygu(ydp:().
r

Next, we provide the key steps in the proof of Theorem Assume that there is a circular point vortex
orbit d(rD) with r > 0. By the Hamiltonian nature of the point vortex dynamics, this orbit corresponds to an
energy level of the Robin function

Contradiction.

Rp = A, on d(rD).
The Robin function solves the Liouville equation
ARp = 462RD, in D.

By means of maximum principle, we show that Rp must be radial on rID. Then, real-analyticity of the Robin
function allows to extend this radial property to the whole domain D. Finally, combining this last property
with the boundary behavior of the Robin function, we conclude that the domain must be circular.

Let us now give some elements of the proof of Theorem [I.3] The proof is perturbative with respect to
the undeformed circular domain [64] and, similarly, is based on a Nash-Moser iteration coupled with KAM
reducibility arguments. The assumption

®(z) =2+ fo(2)
allows to write, at least far from the boundary, the stream function of the domain D as a perturbation of the
one in the unit disc through the following Green kernel identity

GD(xay) = GD(xa y) + €2Gz€>(xa y)7

where the perturbed Green function G}, is smooth. We look for vortex patch solutions near the Rankine patch

of radius b € (bg,b1) € (0,1) in the form

w(t,) =1p:, D2 {eeif’, 0<0<2m, 0<l< /b2 +25r(t,0)}.
The deformation function r solves the Hamiltonian equation, related to the pseudo-kinetic energy H,

1

1
(9,57’ = g@gVH(T), H('I")(t) é —m

/ Gp(z,y)dzdy.
D; J Dy

The symmetry assumption ®(x) = ®(7) implies that the Hamiltonian H is reversible, meaning that if (¢,6) —
7(t,0) is a solution, then so is (t,6) — r(—t,—6). Note that since £?G5 is smooth and small, its contribution to
the dynamics is only pertubative with respect to [64]. The parameter € encodes both the geometry deformation
of the domain and the amplitude of the solutions. Hence, the linearization at ¢ = 0 corresponds to the
linearization at the Rankine patch b - within the circular domain. According to [64, Lem. 3.2 and Prop. 3.1],
this latter possesses, for almost every b, a family of reversible quasi-periodic solutions

h(t,0) =Y ajcos (j0 — Q;(b)t),  SCN-finite,  Q;(b) £ ﬁ(m — 1+ %), (1.14)

JjE€S

Fixing a finite set S, with d £ |S| € N*, of Fourier modes as above allows to split the phase space into tangential
and normal parts. On the tangential part, we introduce actions (I € R%) and angles (¢J € T?) variables as
symplectic polar change of variable on the Fourier coefficients

r=A,1,z2)= Z A /a? +jIjeh9j + z, 2z = normal variable,
JES

bringing the problem to the search for zeros, embedded tori carrying a quasi-periodic trajectory with frequency
vector w, of a nonlinear functional

Z (i,w) =0, F(i,w) 2 w-0y1 — Xpoa (i), iipeTd 2 (ﬁ(cp),[(w),z(gp)),

where X is the vector field of the underlying Hamiltonian system. We find the desired solution by implement-
ing a Nash-Moser iteration starting with the linear reversible quasi-periodic solution (1.14)) as first approximate
solution, seen in the action-angle-normal variables as the trivial embedding ¢ — (p,0,0). The Nash-Moser



scheme requires, at each step, the construction of an approximate right inverse to the linearized operator at
the current approximate solutions. It is performed by implementing the classical Berti-Bolle approach [6] cou-
pled with a KAM reducibility of the linearized operator in the normal directions. When linearizing, all the
pertubative terms, coming from eQGZ correspond to either small size smoothing integral operators or small size
local perturbation in the variable coefficient transport term. Therefore, from there the rest of the proof is very
similar to the unperturbed domain case [64]. The interested reader is referred to this reference for more details.
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2 Rigidity results

Here we provide the proofs of both Theorem and Theorem

2.1 The inverse problem for vortex patches

This subsection is devoted to the proof of Theorem [1.1

Let us consider D C R? an open bounded simply-connected domain of R? with real-analytic boundary.
Assume that there exists a non-trivial V-state rotating with an angular velocity €2 € R* inside of D, namely

(2.1)

w(t,) =1p,, D, = Ry Do, Ry 2 {COS(@) —sm(&)} 7

sin(f)  cos(6)
where Dy is a nonempty simply-connected open subset strict of D.
Lemma 2.1. We have necessarily 0 € D.

Proof. Take x € Dy. Since Raix € D for every t € R, the whole circle
C, £ {Rgl‘, 0 e R}

is contained in D. Since D is simply-connected, the disc int(C;) (centered in 0) formed of the interior of the
circle C,, is contained in D. This provides the desired result. O]

In a similar way to [73], integrating the contour dynamics provides the following stream function reformu-
lation of the problem

0
Vt€R, VzedDy, W(t,Razx)= §|x|2 + (1), c(t) €R. (2.2)

Fix 6 € R. Define the rotated domain
Dy £ R_4D

and the following function on Dy

Vx € Dy, (ﬁg(x)é‘P(g,R@$> .

Lemma 2.2. Denote Uy the connected component of DDy containing Dy. Consider the function hyg, defined
on Uy by
ho = do — ¢o.

Then, there exists a constant ag € R such that

he = ayg, in Uy.



Proof. Recall the following classical property of the Laplacian: for any orthogonal transformation A € O5(R),
one has
A(foA) = (Af)o A.

Using that Ry is an orthogonal transformation, and (2.1)), we find
Vo € Dy, Agg(z) =A [\Il (g,mx)]

) (&, Rox)
- lReDo (RG‘T) (23)
).

=1p, (=
In addition, since 0Dy = R_¢0D, then in view of , one has
oo =0, on 0Dy. (2.4)
Moreover, evaluating at time t = %, we find

Q
VZ'EaDO, ¢9($)—§|$|2:C9, CG—C(%)

This being true for any 6 € R, substracting the time zero relation gives
he = ¢g — g = co — co 2 ag, on 0Dy. (2.5)
Remark that Uy is nonempty thanks to Lemma According to , we have
Ahg = A¢pg — A¢pp = 1p, —1p, =0, in Uy.

That is, the function hy is harmonic in Uy and in particular in Dy. The boundary condition (2.5)) together with
the maximum principle therefore imply
h@ = ag, in Do.

Introducing
9o = ho — aq,

then
{Agg = Ah@ = 0, in Ug,

ge =0, in Dy.

The function gy being harmonic, it is analytic [33, Thm. 10, pp. 31] in Uy. Moreover, it vanishes on the open
nonempty set Dy. Hence, by the uniqueness extension theorem

go = 0, in Ug, i.e. hg = agp, in Ug.
This concludes the proof of Lemma O

Lemma 2.3. Assume that D is not a disc. Then, there exists a small angle 0, > 0 such that for any
0 € (—Omax, Omax) \ {0}, there exists an open arc

Iy C 0Dy N D.

Moreover,
¢o = ag, on Iy.

Proof. » Existence of a transversal direction : Assume, in view of a contradiction, that
Vp € 0D, pL . Ila[)(p) =0.

This means that p* is tangent to 9D. Let v : T — 9D be a parametrization of the boundary. Then, by
hypothesis
Vs e T, ~'(s)=As)vi(s), A(s) € R.

Hence,
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Therefore, |7y| is constant, i.e. 0D is a circle. This means that D is a disc. Contradiction. So there exists
po € 0D such that

Po - nap(po) # 0. (2.6)

Actually, we can say more. The nornal vector can express in terms of the parametrization as

Vs €T, mnop(y(s)) = -~

Therefore, for any s € T,

Il
|
|
|
|
=)
—
V)
~—
o

(7(s))" - nap (v(s))

Thus,
1 d
| vt monwip =3 [ bk =0, (27)
oD T @3

The function T : p + pt - ngp(p) being continuous and non identically zero because of (2.6), we deduce from
(2.7) that the ”transverse” function T takes strictly positive and strictly negative values.

» Construction of the arc : Let us treat the case
pé -npp(po) > 0.

Denote dgp the signed distance function to 0D
d £ (1 -1 inf — .
op(z) 2 (1p(z) — 1gz2\p(2)) p1€r<l9]: |z — p|

Since 9D is real-analytic, then the application dgp is smooth in a tubular neighborhood V of 9D, see [23] Thm.
1], and satisfies the following properties

dsp >0, inDNY,
dsp =0, on ID,
dpp <0, in (RZ\D)NV

and, the boundary 0D corresponding to the zero level set of dgp, we have
Vp € 0D, Vdop(p) = —p(p)nop(p),  plp) > 0. (2.8)

By continuity of the family of matrices § — Ry and compactness of 9D there exists ., > 0 such that

VO € (—Omax, Omax), ODg C V.
Therefore, the following function F is well-defined and smooth on (—0pax, Omax) X OD

F(0,p) 2 dop(R_gp).

In particular, we have the equivalence

F0,p) >0 <= TR_gppeD. (2.9)

Note that at (0,pg), we have
F(O,po) =0

and, by (23),

99 F(0,po) = —Vdap (po) - Py

= u(po)nap (po) - Py
> 0.

Therefore, by Taylor formula, we deduce that there exists an open arc A C 9D with py € A such that, up to
reducing the value of 0.,
V(0,p) € (0,0max) X A, F(6,p) > 0.

11



Equivalently, by (2.9),
V(0,p) € (0,0max) X A, R_gp € D.

But,
R_pAC R_g(aD) = (9(R_9D) = 0Dgy.

Hence, setting
Ig 2 R_yA,

we obtain that Iy is an open arc as a rotation of the open arc A and
Vo € (0, Gmax)7 Iy C 0Dy N D.
The case
Po - nep(po) <0
reaches the negative values (—60max, 0).

» Value of the initial stream function on the arc : Finally, by virtue of (2.4) and Lemma we
obtain
¢0 = ag, on Ig.

This completes the proof of Lemma [2.3 O
In the next lemma, we show that actually, ¢¢ is constant on the whole rotated boundaries.

Lemma 2.4. Assume that D is not a disc. There exists a neighborhood N (OD) of the boundary 0D and
Omax > 0 such that
v € (_emaxa 9111&)()7 8D0 C J\/'(@D)

The function ¢g admits a unique extension (still denoted ¢g) on N (OD) and we have
Po = ag on 0Dy.
Proof. » Extension of ¢y : By , we have
A¢pg = 1p,.
Since Dy € D, there is a positive distance
d £ dist(Dy, D) > 0, dist(A, B) & irelif‘ la — b|.
ven

Hence, the collar
Wy2{zeD st dist(r,0D) < 4}

does not intersect Dy
WysNDy=a.

Therefore,
A¢0 = 0, in Wd.

Thus, ¢¢ is harmonic in a full neighborhood of the outer boundary, on its interior side. Moreover, by our
normalization,
@0 =0, on 0D.

Since 0D is real-analytic one can apply the harmonic extension theorem across real-analytic arcs [20, Thm.
4.10, pp. 20] and obtain in particular the existence of a tubular neighborhood N (9D) of the boundary D and
a harmonic extension still denoted ¢g to N (9D).

» ¢y is constant on each rotated boundary : Using the continuity of the family 6 — Ry of linear
transformations, we get the existence of 6,,x > 0 such that

V0 € (—Omax, Omax), 0Dy C N(OD).

So the already-constructed extension of ¢ is defined on the entire family of slightly rotated boundaries. Now,
fix 0 € (—Omax, Omax) and let v : T — 0D be a real-analytic parametrization of the boundary dD. Then, the
application ~yy : T — 9Dy defined by

Yo(s) & R_g7(s)
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provides a real-analytic parametrization of 9Dy. On the other hand, the extended ¢, is harmonic in a neigh-
borhood of 0Dy and harmonic functions are analytic [33, Thm. 10, pp. 31]. Hence,

fo(s) £ do(70(s)) = do(R-e7(s))

is a real-analytic function of the variable s. In addition, according to Lemma the function fy takes the
constant value ag on the open interval ~, !(Iy). By the uniqueness extension theorem for real-analytic functions,
we deduce that

b0 = ayg, on dDy.

This ends the proof of Lemma O
The next step is to show that actually, the constant value of ¢y on the rotated boundaries is zero.

Lemma 2.5. Assume that D is not a disc. Then, for any 6 € (—Omax, Omax)s
¢o =0, on 0Dy.
Proof. According to Lemma in particular, we have (if 6., is small enough)

Vo € (_emaxaemax) \ {0}; DG 7é D.

By virtue of Lemma both D and 0Dy are Jordan curves enclosing the origin. They cannot be disjoint,
otherwise one of their interiors would be strictly contained in the other, which is impossible because rotations
preserve area. Hence,

0D N oDy #+ g.

Let p € 0D N dDy. By and Lemma we have
0 = ¢o(p) = as.
As a consequence, using one more time Lemma [2.4]
¢ =0, on 0Dy
for all sufficiently small 6 (the case § = 0 being covered by ) This achieves the proof of Lemma O

Proof of Theorem[I.1 Suppose, in view of a contradiction, that D is not a disc centered at the origin.

» ¢o vanishes on an open set inside D : Following the proof of Lemma see (2.6]), there exists
po € OD such that pg is not tangent to OD. Let v : T — dD be a smooth parametrization of D with

~v(s0) = po for some sy € T, and define
G(57 9) = R*Q’Y(S)

At (80,0),
G(50,0) = po, 9sG(50,0) =~'(s0), 99G(s0,0) = —py-.

By construction, these last two vectors are linearly independent. Therefore,
det (D(sﬁ)G(so,O)) = det ([7’(50) —p(ﬂ) #0.

Hence, the local inverse function theorem implies in particular the existence of a nonempty open set V satisfying,
for some 0,,,x > 0, the inclusion

VcDn U R_y0D.
10| <Omax

For .y sufficiently small, V is contained in D \ Dy. Since ¢y = 0 on every 0Dy = R_49D with [0| < Opax,
we have
o =0, on V.

» Obtaining a contradiction : Denote U the connected component of D\ Dy containing V. Since
A¢0 = 0, in U,
and vanishes on the open subset V C U, the unique continuation implies

¢0 = 0, in U.
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Consequently,
uy & VL¢0 =0, in U.

Choose a smooth Jordan curve I' C U enclosing Dy. Then, we have

% up - dp = 0. (2.10)
r

On the other hand, by Stokes’ theorem,

% ug - dp = / curl(ug) (x)dx.
r int(T")

curl(ug) = Agg = 1p, and Dy C int(T),

yguo-dp:/ 1dx = |Dy| > 0,
r Do

which is a contradiction with (2.10]). Therefore D must be a disc centered at the origin. This ends the proof of
Theorem [L11 O

Since

we obtain

2.2 The inverse problem for point vortices

This subsection is devoted to the proof of Theorem

Let us consider D C R? an open bounded simply-connected domain of R? with C' boundary. Assume that
there exists a circular nontrivial (i.e. not a stationary point) point vortex orbit

{t—~£&@)} =0(rD) C D, r > 0.

Proof. » The Robin function is radial : Recall from (1.9 that the dynamics of a single point vortex is
Hamiltonian, with Hamiltonian given, up to an irrelevant multiplicative constant, by the Robin function Rp.
In particular, Rp is constant along every vortex trajectory. Hence there exists an energy level A € R such that

Ve € 9(rD), Rp(z)= A (2.11)

Since O(rD) C D and D is simply-connected, then the whole disc 7D is contained in D. Recall from (1.8]) that
the Robin function satisfies the Liouville equation

ARp = 4e*®> in D. (2.12)

Consider the radial solution u of

Au = 4e*, in rD, (2.13)
U=\, on J(rD).
Note that the function u is explicitly given by
() = o a A V1+der?2 -1
u\xr) = —_— a=-——.
& 1—a?z|2)’ 2err?
Set
h = RD — U.
Then, from (2.11)) and the second equation in (2.13)), we have
h =0, on O(rD). (2.14)
Besides, (2.12) and the first equation in (2.13)) give
Ah =4 (eRP — ). (2.15)

We shall now prove that h identically vanishes by two different ways:
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e Proof 1: For any = € rD), applying the mean-value theorem to the function ¢ + e?* between Rp () and
u(z), we obtain

1
) ) 5 (R (o) — uw) [ e (Re ) g,
0

We deduce from (2.15)) that A is solution to the equation
1
Ah —ch =0, c(z) = 8/ ezu(z)wt(RD(m)*“(z)) dt > 0.
0

The maximum principle [33] Thm. 2, pp. 329], together with (2.14)), yields

h=0, inrD, ie. Rp =u, inrD

e Proof 2: Assume in view of a contradiction that h is not identically zero on rD. According to (2.14), h
takes strictly positive or strictly negative values inside rD. Let us treat the strictly positive case, the other
one being similar. So, by compactness and continuity, there exists xg € rD such that

Rp(zo) — u(zo) = h(zo) >0 and h(zo) = max h(zx). (2.16)

Since h realizes a maximum at g, we have

But, the real exponential being strictly increasing, we have from the first condition in (2.16) and (2.15),
Ah(l’o) =4 (GQRD(ﬂiO) _ €2u(zo)) > 0.

Contradiction. Hence,
h=0, inrD, ie. Rp=u, inrD

So Rp is radial around 0 on a nonempty open subset of D. Since the Robin function is real-analytic in D, the
function
z+— 2+ - VRp(z)

is real-analytic in D. It vanishes identically in rID because Rp is radial there. Since D is connected, the identity
principle for real-analytic functions gives

VreD, zt-VRp(z)=0.

Therefore Rp is radial on D.

» A radial Robin function implies a radial domain : Assume, in view of a contradiction that D is
not a disc centered at 0. Then, according to the proof of Lemma (actually, according to the given reference
[23, Thm. 1], it is sufficient here to assume that 0D is C!), there exists py € D such that py - ngp(po) > 0
and there exists Opax > 0 such that

V0 € (0,0max), R_gpo € D.

By the behavior of the Robin function at the boundary (|1.7]), we deduce that
%1_% Rp (R_gpo) = +00.
But, since Rp is radial, we have
vo S (07 emax)a 7?'D (R—on) - RD (R,Qm%p()) eR.

So the continuous function
0 — Rp(R_opo)

is constant on the interval (0, 0,,.x) and tends to +oo at 0. Contradiction. Therefore D is a disc centered at 0.
This concludes the proof of Theorem [1.2
O

3 Quasi-periodic patches in non-radial domains

This section is devoted to the proof of Theorem
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3.1 The equation and its linearization

Our first purpose is to set up the problem by writting down a contour dynamics equation for a vortex patch
evolution in domains that are a pertubation of the unit disc. We show that the corresponding dynamics is
Hamiltonian. Then, we study its linearization. By coupling the amplitude of the solution with the domain
deformation, the equilibrium state corresponds to Rankine circular vortices within the unit disc. We recall that
the linearization there already admits quasi-periodic solutions.

3.1.1 Contours dynamics in nearly circular domains

In the whole Section [3] we shall focus on the case where the simply-connected bounded domain D is a small
perturbation of the unit disc . More precisely, we shall assume that the conformal mapping ® : D — D writes

®(z) =+ f.(2), (3.1)

with € € (0,1) a small parameter. We assume that the family (f:).c(o,1) satisfies

fe is analytic on D, f(0) =0, f-(@) = fe (), € +— f. is continuous. (3.2)

The continuity assumption ¢ — f. is understood as from a small symmetric interval (—eg,&0) onto the Fréchet
space of holomorphic functions in D. Typically (but not necessarily), we can choose

o
fe(@) =) ane"a™,  a, €R
n=0

As a consequence of the symmetry (third) condition in (3.2]),

®(z) = 3(0), (3.3)

which means that the domain D is 1-fold, that is admits an axis of symmetry which can be chosen as the (Ox)
axis. This assumption is required later to check the reversibility of the Hamiltonian describing the dynamics of
the patch. Now, remarking from (1.6)) that

GD(Zv g) = GD(Z7 g)? (34)
we deduce from (3.3) that

GD(fv y) = GD($7y> (35)
Observe that combining (1.6) and (3.1]), we can write (at least formally)

T—y+ 52(f8(-73) - fs(y))
1—yz —e*(zfo(y) + yf-(2) + 2 f-(2) f-(D))

2f5($)_fa(y) _E2xf6(y)+?fs(x)+€2fa(x)fa(@)
T —y 1—yx

GD(Z', y) = log

1

= Gp(z,y) +log|l +¢ —log

£ Gp(x,y) +log |1+ g1 (e, 2,y)| — log |1 + %2 (e, 2, y)| -

Now, we shall give a meaning to the previous decomposition. First observe that Gp is only well-defined on
D x D, therefore, the previous spliting can only make sense there. Since f. is in particular differentiable on D,
then gi(e, -, ) is well-defined on D x D. However, gs(e,-,-) is a priori well-defined only on D x D\ {(x, y) €
DxD st ay= 1}. In particular, if we fix a € (0, 1), such that

D(0,a) cDND, D(0,a) £ {(u,v) € R* sit. u?+0v® <a®},

then go(e, -, ) is smooth on D(0,a) x D(0,a). Hence, for € small enough, we can expand the log in power series
and write for (z,y) € D(0,a) x D(0,a),

log |]- + gzgl(gvxay” - log |]- + 5292<€7x7y)| = 52 Z %Re { (gl(gaxvy))n - (92(€,x7y))n}

n=1

= 52G;(x,y).

Hence, we have the following expression

V(z,y) € D(0,a) x D(0,a), G(z,y) = Gp(z,y) + G5 (z,y), (3.6)
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with Gf, : D(0,a) x D(0,a) — R being a smooth function and ¢ ~ G}, being continuous. As a consequence,
according to (|1.5), choosing a vorticity w with (at least for a short time 7" > 0)

vt € [0,T], supp(w(t,-)) C D(0,a),

the potential velocity can be split in the following way

V(t,z) € [0,T] x D(0,a), ®(t,x)=Wp(t,x)+e ¥ (t, ), (3.7)
with ) )
™ JD 27 D
Now, we fix
0<by<b <1. (39)

For a given b € (bo, b1), we consider a vortex patch w : ¢ = 1ps which is close to the Rankine vortex 1;.p. Recall
that the latter is a stationary solution for Euler equations in the unit disc, namely the unperturbed domain.
Assume that D§ can be parametrized in polar coordinates in the following way

Ds = {eei‘), 0<h<2m, 0<l< Rg(b,t,ﬁ)}, R.(b,1,0) 2 /b2 1 22r(1, 0). (3.10)

The parameter ¢ therefore corresponds to the amplitude of the solutions and r is the graph perturbation
unknown. Notice that such parametrization is valid at least for short time since we are looking for a solution
close to the stationary one in the unperturbed domain. In addition, for € and ¢ small enough, we can ensure

supp(w(t)) = D§ C D(0, ) c DN D.

According to the above discussion, this allows to guarantee the splittings (3.6 and . with G}, smooth

on Di x Dg. The next proposition states that the radial deformation r satlsﬁes a Hamlltoman equation related
to the stream function.

Lemma 3.1. Recall that ¥, ¥p, ¥, and R, are defined in (L.5)), (3.8) and (3.10), respectively. Then, the
following holds.

(i) For a small enough time T, the radial deformation r, defined through (3.10), satisfies the following non-
linear and nonlocal transport PDE

Y(t,0) € [0,T) x T, r(t,0) + 10, <lIl(t,R5(b,t,9)eig)) = 0. (3.11)

(i) The equation (3.11)) is Hamiltonian and can be written as

Or = 0V H(r), H(r) & —55E(r), E(r) £ Ep(r) + EQE;(T), (3.12)
with ) .
E(r)(t) = Py /D Up(t,x)dz,  Ej(r)(t) = o /D Ve (t,x)dx (3.13)

and where V is the L*(T)-gradient associated with the L*(T) normalized inner product

27
<7’1,7’2>L2(T) é/ﬂm(@)rg(ﬂ)dﬁ, /f 17, o |, F(n)dn

(iii) The equation (3.12) is reversible in the sense that if (t,0) — r(t,0) is a solution, then so is (t,0) —

r(—t,—0). In other words, introducing the involution
(S71)(0) = r(-0), (3.14)

then we have the invariance
Ho¥ =H.

Consequently, in what follows, we reduce our research of quasi-periodic solutions to the one satisfying the
following reversibility condition

r(—t,—0) =r(t,0).
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Proof. (i) A natural parametrization of 9Dy is given by
2.(t,0) = R.(b,t,0)c".

Direct computations give

Im (atze(t, Q)M) = —edr(t, ).

Inserting this into (1.10]) implies immediately (3.11)).
(#4) Using the splitting (3.7))-(3.8]) together with the polar coordinates, we can write

W (t,R(b,t,0)e’) = Wy (t, Re(b,t,0)e'?) + WS (¢, Re(b, t,0)e")

Re(b,t,m) ) )
:/ (/ GD(Ra(b,t,H)elg,fgem)Kg 0%2) dn
T 0

Re(b,t,m) ) i
+&° / / GS (R (b, t,0)e" Lae™) o dls | dny.
T 0

Besides, still using the polar coordinates, we have from (3.13])

R(bt0) [ pRelbita)
Eo(r)(t) = / / / ( / GD(Eleie,Egei")€2d€2> (1deydndf,
TJTJO 0
R.(b,t,0) Re(b,t,n)
Ey(r)(t) = / / / ( / G;(fleie,égei")fgd&) 01deydndo.
TJTJO 0

Differentiating in r and using the symmetries Gp(x,y) = Gp(y, ) and G (z,y) = G} (y, ) yields

d, En(r)[h](t) = 2¢ /T h(t, 0) < /T ( /0 e Go(Ro(b,1,0)c, t26") d€2> dn) 50

a5 (r)[](t) = 22 /T h(t,0) (/T (/)Ra(w G5 (Re(bt,0)e”, (2) 0 ‘”2> dn) "

(3.15)

Hence,

drEp(r)[p] = (VEp(r), p>L2(T), VEp(r)(t,0) = 2e¥p(t, R-(b,t,0)e?),

d By (r)[p] = (VEL(1),0) oy VE(r)(8,0) = 2c% (8, Ro(b, 1, 0)e'?).

(#it) Follows from the change of variables n — —n, (3.15)), (3.12]) and (3.5). This achieves the proof of Lemma
B.1 O

Remark 3.1. The structure of the equation (3.12) (0y Poisson tensor) implies the conservation of the space
average during the dynamics. Therefore, the natural phase space associated with this Hamiltonian equation is
the space of square integrable functions with zero average denoted LE(T) and defined by

LET) 2 {r= Z rje; st. r_; =T7j, Z Irj|> < +o0 o, e;(0) 2 €0 (3.16)
Jjezr JEL*
Remark 3.2. Assume that the domain D is m-fold symmetric for a given m > 2, namely invariant under
2% _rotations. At the level of conformal mapping, this means

m_

fe(z) = i@(j}xm”“, ie. P (e%x) =e'm B(z).

n=0 cR

In view of (1.0, this implies
2im 2im

Gp (6 m e m y) = Gp(z,y). (3.17)

Therefore, performing the change of variable n — n+ 2= inside (3.15) and using (3.12) and (3.17)), we find the
following invariance of the Hamiltonian

HoTm=TmoH,  Tu(r)(@)2r(0+2).
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Consequently, under this symmetry assumption on the domain, it is possible to run the forthcoming analysis
(Nash-Moser construction) within the m-fold Sobolev scale. It just adds extra computations, for instance check-
ing that the various operators A appearing in the reducibility procedure preserve the class of m-fold symmetric
functions, namely
r(t,0+2) =r(t0) = (Ar) (t,0 + 2Z) = (Ar)(t,0).

In the present manuscript, this is just additional information and does not solve any substantial problem. The
interested reader is invited to consult the work [61)] where this analysis is performed. There, the m-fold symmetry
was essential to be tracked since low frequencies for annular patches correspond to (linear) instability.

3.1.2 Linearized operator and equilibrium quasi-periodic solutions

Here, we study the linearized equation of at a given small state er. The associated linearized operator
can be decomposed into the sum of a variable coefficients transport operator, a nonlocal operator of order 0
and a smoothing nonlocal operator in the variable §. The equilibrium case € = 0 corresponds to linearized Fuler
equation in the unit disc at the Rankine vortices and was studied in [64]. In this case, the linear operator is a
Fourier multiplier with polynomial linear frequencies with respect to the radius b of the Rankine patch b - D.

Lemma 3.2. The linearized Hamiltonian equation of (3.12) at a state r is the time-dependant Hamiltonian
system

8th + a& (V;Th + Lsr [h] + Ssr [h]) = Oa
where

o V.. is a function defined by

2 Re(btm) " i i i
Ver(b,t,ﬁ)ém/T </O (Vo GS) (R (b, t,0)e, tae™) ety dly | dn

2
-3 / e LU m ey / log (Aer (b,1,0,1)) 3y (Re (b, t,m)sin(n — ))dn ~ (3-18)
- m /T 1Og (Bsr(b7 ta 07 77))87] (RE(ba t7 7)) Sin(n - 0))d77

Moreover, if r(—t,—0) = r(t,0), then

Ver (b, —t, —0) = V(b t,0). (3.19)
e L., is a nonlocal operator in the form
Ly 110.0) 2 [ it 1ok (e b.1.0.7)) (3.20)
where
Acr(b,t,0,n) £ |Ro(b,t,0)e' — Ro(b,t,m)e"|, (3.21)

with Re as in (3.10)).

e S., is a smoothing nonlocal operator in the form

S..[h](b,t,0) = /

h(t,n) [2G5 (Re(b.t, ), Re(b,t,m)e”) — log (Bor (b, 6,m) [dn,  (3.22)
T

where G, is defined in (3.6) and

Bar(bv t, 9, 77) £

1— R(b,t,0)R.(b,t, n)ei("_g)‘ . (3.23)

Proof. According to (3.6]), we can write

. R (b,t,m) . .
lI’(tyRE(b7 t, 9)619) :/ </ GD(Rs(b,t76)e19,£26W)g2 d£2> d
T 0
Rs(b,t,’q) - .
+e’ / (/ G; (RE(b7 t, 9)619, 526"7)(2 d£2> dn
T 0

) Rc(b,t,m) ) )
— Wy (1, Ro(b,1,0)") + 2 / ( /0 G5 (R (b, ,0)¢, £26) d£2> Ay (3.24)

T

19



Hence linearizing ¥ yields

O,y W (t,Re(b,t,0)e”)h =0, %p (t, Re(b,t,0)e) b + &3 / h(t,n)G5 (Re(b,t,0)e, Ro(b, t,m)e)dn
T

et ML) / / O 8 (Be(b. 1,007 0a) P bt )
€ Rg(b, t, 0) T 0 x P € Yy € b 26 € 2 2 77
By setting
KP.(b,t,0,m) £ G5 (Re(b,t,0)e, R.(b, t,n)e™), (3.25)
., . 1 Re(b,t,n) ” i\ i0
= =77 ° e\Yy by ' ’ ' ! ’ 2
V2 (b,t,0) Rs(bﬂf,‘g)/mr /0 (VaG5) (R (b, t,0)e, lae') 4y dly | dn (3.26)

we may write

Oy W (t, Re(b,t,0)e”)h =0, Up (R.(b,t,0)e? ) h + & | h(t,n)KL.(b,t,0,n)dn + > VE(b,t,0)h(t,0)
T

20, Wy (t, Re(b,t,0)e")h(t,0) + *SP,[h] (b, 1, 0) + 3V (b, t,0)h(t, 0).

~—

Notice that KZ, and V2 are smooth. From the computations done in [64, Lem. 3.1] (being careful to the change
of sign in the definition of S2. and to the rescaling in ¢), we get

OrWp (1, Re(b,1,0)¢)h = (V2h + L0 + ST h),

where

e VP is a function defined by

VE(b,t,0) 2 4 / mrndn — / log (Azy (b,t,0,1)) 9y (Re(b,t,n) sin(n — 6))dn
T T (3.27)
~ RGO /Tlog (Ber(b,t,0,1)) 0y (Re(b,t, 1) sin(n — 0))dn,

e L2 is a nonlocal operator in the form

L2 [1](b,1,0) £ / h(t, ) log (Ao (b, 1,6, ) dn.
T

e S2 is a smoothing nonlocal operator in the form
S2,[h](b,t,60) = —/h(t,n) log (Ber (b, t,6,1))dn.
T

Finally we get the structure

Oy W (t, Ro(b,t,0)e) h :5((@ +e*VE)h+ L2 h+ (S, + gQSgr)h)
and, after simplification by &, the linearized equation at any state r takes the form
B + B [varh Y Lokt Serh] =0, (3.28)

with
Vo, 2VE 4 2vr L, ALP S., 280 ye%sp . (3.29)

Er
The symmetry property (3.19) is easily obtained from (3.10)), (3.27), (3.26) and (3.29). O

Our next step is to provide the expression of the linearized equation at the equilibrium state ¢ = 0. By
virtue of this corresponds to the linearized equations at the Rankine vortex b -ID within the unperturbed
domain D. Therefore, the analysis has already been performed in [64, Lem. 3.2 and Prop. 3.1] and we recall
here the results.

Lemma 3.3. The following results hold true.
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(i) The linearized equation of (3.12) at the equilibrium state (¢ = 0) writes
Oth = 0pL(b)[h] = 09 VHy(h), (3.30)

where L(b) is the self-adjoint operator defined by
h

L)) £ 5 — (K1~ Ky) % h =~ > 2illpe,,
jez
with .
Ko £ log (1 - pzele‘) (3.31)
and .
‘e (- 2l
20) £ 5 (|g| 1+b ) (3.32)
The Hamiltonian Hy, is quadratic and expresses as follows
1 Q; (b
Hy(h) £ S(LOMR) oy = = Y B0 (3.33)
JEL*

(#i) Let 0 < by < by <1 andS C N* finite. Then, there exists a Cantor-like set
Crq C (bo, b1), |Cq| = b1 — bo

such that for all b € Cxq, every function in the form

h(t,0) = hjcos (j0 — Q;(b)t), h; € R* (3.34)

J€ES
is a time quasi-periodic reversible solution to (3.30) with vector frequency —wgq(b), where
wiq(b) = (24(0)) g (3.35)

3.2 Functional of interest and regularity aspects

We begin by recasting within the Hamiltonian framework underlying the subsequent KAM analysis. The
linearization around the equilibrium provides the reference integrable dynamics, while the nonlinear terms are
treated as a perturbation of this system. We then distinguish a finite collection of tangential modes from the
remaining normal directions and introduce action-angle coordinates for the former. In these variables, the con-
struction of quasi-periodic solutions amounts to finding an invariant torus with prescribed tangential frequencies.
This is expressed as the vanishing of a nonlinear functional .%, for which we shall implement a Nash—Moser
iteration. We conclude the section by establishing the tame regularity properties of the Hamiltonian vector field
entering the functional equation, which will be essential for the estimates required throughout the Nash—Moser
procedure.

Observe that, according to Lemma the equation (3.12) writes

Oyr = OpL(b)[r] +eXp_ (1), Xp,(r) & Xpo(r) + Xpr(r), (3.36)
with
Xpo(r) 2 g(%aar 9Ky * T — ﬁ%VED(r)), Xpr(r) 2 =Ly VE(r), (3.37)

where the components Ep and EJ of the kinetic energy are introduced in (3.13) and the convolution kernel K
is given by (3.31]). Observe that (3.36) is the Hamiltonian system generated by Hamiltonian

H(r) £ Hy(r) + ePa(r), P.(r) £ PP(r) + PP(r), (3.38)

with Hy, the quadratic Hamiltonian defined in (3.33)), e P2(r) containing terms of higher order more than cubic
and PP (r) affine but containing smallness.
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3.2.1 Reformulation with the action-angle and normal variables

We provide here a suitable reformulation of the problem in terms of action-angle-mormal variables well adapted
to the implementation of KAM techniques.

» Phase-space decomposition : We first isolate the finite-dimensional set of modes around which the
quasi-periodic dynamics will be constructed. Let

S ¢ N, d= S| < oo,

be a fixed finite collection of tangential sites. Since the phase space consists of real-valued functions, it is
convenient to work with the symmetrized set

S£SuU(-S), So = Su {0}.

We then split the phase space L3(T), introduced in (3.16)), into the modes selected above and their complement

2 L9 A . & 2 & -
Ly(T) = Lg® L7, Ls = span{e;, j € S}, L7 = span{e;, j € Z\ Sp}.

Accordingly, every r € L3(T) admits a unique decomposition

— — [T & e N S EY e
r=v+2z, v=1Igr = E r;e;, z=1Ilgr= E rj€e;.
jes JEZ\So

The variables v and z will respectively describe the tangential and normal directions.

» Introduction of action-angle variables : The tangential component is then parametrized in canonical
coordinates. Fix small positive amplitudes

(aj)je5 € (R%)4, a_j = ay,

and introduce, for j € S, the polar transformation

rj=/a} + lilLe™.

I_j:Ij, ﬂ—j:*’ﬁja Ij€R7 ﬁj eT.

The reality condition is encoded by

Hence the complete change of variables can be written as
r:A(ﬁ,I,z)ézw/a?+|j|fjeiﬁfej+z. (3.39)
jes

The symplectic form associated with (3.12)) on L(T) is

W(ry,ro) £ /89_11"1(0)7‘2(9) do,  9'rE D" Le,
T

and that the corresponding Hamiltonian vector field is
Xu(r)=0gVH(r).

This parametrization is chosen so that the symplectic structure separates into canonical action-angle variables
and the symplectic structure of the normal directions. More precisely,

1
W= "dd;ndl;+ > o drj Adrj = > dvjndl | @ W
jes FEZ\So J jes

In particular, (¢, I) form canonical coordinates on the tangential directions, while z contains all the remaining
modes. Moreover, the linear dynamics around the equilibrium is compatible with the above splitting. Since
L(b) preserves both Lg and L?, the quadratic Hamiltonian becomes, up to an irrelevant constant,

1 1
HyoA =— ZQj(b)Ij + §<L(b)z, z)p2(r) = —Weq(b) - I + §<L(b)27 Z)L2(T)
j€s
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where wgq(b) is the vector of tangential frequencies defined in . Notice in particular that the trajectory
v(—wgq(b)t, 0) reproduces the corresponding solution of the linearized equation 7 cf. . Consequently,
after composing the original Hamiltonian with the transformation A, the perturbed problem takes the standard
integrable-plus-perturbation form

1
He=N+eP., N &-wpg(b) I+ 5(Lb)z2)em, P2 PoA (3.40)

Thus, the linearized dynamics provides the integrable Hamiltonian around which the KAM construction will be
performed.

» Invariant tori and the nonlinear functional : The objective is now to find an invariant d-dimensional
torus carrying quasi-periodic motions with a prescribed frequency vector w € R?. We therefore consider em-
beddings

i: T — PS PS2T! xR x 2.
p i) = (9(0), L), 2(9)),
Such an embedding parametrizes an invariant torus precisely when its pullback by the linear flow ¢ — ¢ + wt
agrees with the Hamiltonian dynamics. Equivalently,

w - Byi(p) = Xp. (i(p)),

where
Xy, = (0rH., —09H.,1I5,0yV . H.) . (3.41)
At e = 0, this equation has an explicit family of invariant tori. Indeed, for every b € (bg, b1),
7;ﬁat (90) = (‘pv 07 0) (342)

is invariant for the unperturbed Hamiltonian system when the tangential frequency is wgq(b). The perturbative
construction amounts to continuing these trivial tori for ¢ # 0 while allowing their frequency to vary. To
implement the Nash-Moser scheme, we introduce an auxiliary frequency parameter a € R% and consider

1
Hsa :Na +€P5, Na éa-[+§<L(b)z,z>L2(T).
The original Hamiltonian is recovered for
a = —wpq(b).
The freedom to vary « is useful in solving the finite-dimensional compatibility conditions that arise when

constructing an approximate inverse of the linearized operator. We can now formulate the entire problem as a
single functional equation. Define

F(i,a, (bw),e) £ w00 — Xpa(i).
In components,
w - 0p0 — o — €01 Pe (i)
f((ﬂ, I,z2),a, (b, w),e) = w - 0,1 + €0y Pc(1)
w - Opz — Oy [L(b)z + eV, P:(1)]
Thus, the construction of quasi-periodic solutions is reduced to finding zeros of #. The involution . in (|3.14)
associated with reversibility also takes a particularly simple form in the action-angle-normal variables

S:(9,1,2) — (—9,1,.72). (3.43)
In these coordinates, the reversibility inherited from the original equation reads: for every o € R?,
HYoG& =HZ.

We consequently restrict the functional equation to the search of reversible embeddings, namely those satisfying

S(i)(p) =i(=yp), le.  D(=p)=-0(p), I(=p)=1(p), 2(=¢)=(L2)(p)
This symmetry is useful in the subsequent analysis since it is compatible with both the Hamiltonian structure

and the linearized equations.

» Perturbation of the trivial torus. It remains to choose coordinates adapted to the perturbative nature
of the problem. Since the unperturbed torus is given by (3.42]), we measure a general embedding relative to
this reference configuration rather than working directly with ¢ itself. We write

Z((p) = (50’ Ov 0) + j(‘ﬂ)v
where
I(p) £i(p) — (9,0,0) = (0(p), I(¢),2(¥)),  Olp) £ V(p) — .

The unknown J therefore represents the deformation of the flat invariant torus: © describes the correction to
the angular component, while I and z measure the tangential and normal displacements, respectively.
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3.2.2 Regularity of the perturbed Hamiltonian vector field

Here start the functional analysis of the problem. We shall obtain the required tame estimates on the Hamil-
tonian vector field governing the dynamics in order to run the Nash-Moser scheme. The Nash-Moser iteration
creates dependence of the approximate solutions with respect to the parameters (b, w). Therefore, we shall work
within the weighted Sobolev scale following this parameter dependence. We refer the reader to the Appendix
[A] for their presentation. We shall fix a parameter set

0 £ (bg,b1) x Bra(0,Rg) C R Ry >0, (3.44)

where by, by are the lower and upper Rankine radii chosen in (3.9) and Bra (0, Rp) is an open ball of R¢ containing
the continuous curve of equilibrium frequency vector b € [bg, b1] — wrq(b); see (3.35). We consider an integer

g € N*
tracking the regularity of our functions with respect to the parameters inside &. We also introduce a parameter
>0

that will appear naturally in the non-resonance condition during the KAM reducibility to construct an approx-
imate inverse. Finally, we fix a range of Sobolev regularity indices in the time-space variables (p, #), where the
Nash-Moser scheme holds

g +2<sp<s<S.

Lemma 3.4. There exists g9 € (0,1] such that if
e<eo and [P, <1,
then the vector field Xp,, defined in satisfies the following estimates
(i) 1 Xp.(MI7:7 S 1+Irly

qs+1
(i6) Nl Xp, (M) [B)I13:E S 1B + 171132 1Bl o1

(iii) |2 Xp. (r)[ha, hol 3.0 S 1o s P2l e + (Rl Sve + el Sea il e ) 2136 4
Proof. Recall from (3.36)) the decomposition

Xp,(r) = Xpo (1) + Xpo (7).
(7) It has been proved in [64, Lem. 5.1-(i)] that

%
X (P13 S 17l 1 1 (3.45)

In particular, there is no singularity in €. On the other hand, we remind the identity
VE,(r)(p,0) = 25‘1’2 (go, R. (b, cp,&)eie).

Therefore,

Re(b,,m) ) )
Xpr(r) £ 09 / / G5 (Re(b, ¢, 0)e™, 26') 3 dly | dn
T \Jo
_ s e0pr (i, 0) 19/ /RE(W’") : i0 g in
_ [135(1), 00+ 0)]e Ay (V2 G2) (Re(b, 0, 0)€", £67) 0 dls | diy.
By smoothness of G, one immediately obtains after the change of variables  — 7 + 6 and using Lemma

1Xpr (I3 S 1+ el

Combining (3.45) and (3.46|), one gets the desired result.
(74) It has been proved in [64, Lem. 5.1-(ii)] that

q, 9+1 (346)

lde X po () [R)7: S IR + Nirllg 21211

q760+1
On the other hand, one has from ([3.28]), (3.25) and ([3.26))
dr X po (r)[1] = 05 (VLR + S, [R]), (3.47)
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with

1 R.(b,,m) . o
¥4 - - 5 i0 in\ ,i0
V2 (b, ¢,0) Rb.5.0) /T (/0 (VaG5) (R(b, ¢, 0)e lae) el dly | d

and
SE-(h)(b, ¢,0) = /Th(% KL, (b,¢,0,n)dn,  KZ.(b,0,0,1) = G} (Re(b,0,0)e”, Re(b, 0, m)e™).
By smoothness of G}, one immediately obtains after the change of variables n — 7 + 6 and using Lemma

V&

0 0
as S1Hrlgs (3.48)

One also gets ”
1B G, S1+Irgs, (3.49)

which implies in turn by Sobolev embeddings

1062, (W32 S IR+ 7132 11328

q,5 v q9,50

Gathering the previous computations leads to

ldr- X pr (r) [R]llg;

q,s nr~

9+1 + ||’/‘ 9+1||h| q, 50+1
(#i¢) Tt has been proved in [64, Lem. 5.1-(iii)] that
167 X po () [, Ba) 728 < Ihallyen s hallydve + (IRally:Sye + Il e Pl e ) 2320 1o
Differentiating ([3.47) with respect to r in the direction ho yields
d? X pr (r)[ha, ha) = €209 (d, V2. (r)[ho]h1 + d,S2,.(r) [ha][ha]).

We first study the term associated to VZ.. Straightforward computations gives

—¢cha(p,0) fielbopm) e 0y iny . 0
VAW el 0.0) = T2 20 [ ([ 9,65 (Ru(bon ) o) -t )

; € i6 in) . ,i0
+R5(b S079)/Thz(tp,77)(V93Gp)(Ra(b7%49)6 ,Re(b,0,m)e™) - €dn

eha(p,0)el? Re(b,0m) ) ) )
e\Vs ¥ T 0

Using the same techniques as in the previous points, one gets

Id, VE ) h23:7 S Wh2llgd + 71137 121

q,8 v

q760

Therefore,

190 (V2 () [helhn) 17:7 < 1|4 VE () o] 1774

SNV )Rl IR 138 4 Ide VA () ) 320 IR 157
S Il e g en + Il Il el + W 112 s 2l 328

Besides, we can write

drsze)r (T)[hg] [hl](bﬂ L) 9) = /]I‘ hl((pv n+ e)drKgr (T)[hQ](b7 L) 0, 1+ 9)d77,

with
cha(p,0)e . ;
8000, 000) = T, 65) (Relb 0,006, Relbp, 1))
Shg((p, U)ei" € i0 in
+ Rg(b,(p,n) (vpr) (RE(b7S079)6 7R5(b7¢7n)6 )'
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Thus

q,So

|dr K ()[hzlllqm L S lheligs 7+ 1712 hally
It follows that
109, SE, (1) [halha |70 < |drSE, (r)[ha] ha ] qs+1

q,s v

S Pl oo + 1Pl he 1 ey + Il S Bl a3 1
Putting together the foregoing computations ends the proof of Lemma [3.4] O
With Lemma in hand, we establish tame estimates for the Hamiltonian vector field
Xp, = (0rPe, —0sPe, 115 95V - Pe)
defined by (3.40) and (3.41]). The torus displacement J is equipped with the norm
2003 + 11138 + =132

Lemma 3.5. There exists €9 € (0,1) such that if

e<e and |7 3,750;-5-2 <1, (3.50)

then the perturbed Hamiltonian vector field Xp_ satisfies the following tame estimates for s > so,
() |1 Xp. (D)3:¢ S 141131755
v, 6’
(ii) diXp. @], S 11150

(Z“) ||d?XP5(7')[ ]| q,8 ~ || || so+1 + ||3||q s+2(H { ||q,€0+1) .

Proof. Follows from Lemma [3.4] similarly to [75, Lem. 5.2]. O

s+2|| i ||q so+1°

Remark 3.3. From there, the rest of the paper is similar to [75] and [6]|] and doesn’t bring any novelty. It
s just here for the completeness of the proof and therefore the experts in the field can stop here. We only
provide the main steps (sometimes simplifying the argument by omitting some technical details like extensions
of functions and operators). The interested reader is referred to the given references and should consider what
follows as a detailed roadmap in the application of KAM reducibility and Nash-Moser iteration.

3.3 Obtention of an approximate right inverse

In this subsection we fix ag € R? and a reversible torus ig = (Yo, lo, 20)

Jo(—p) = —Do(p), Io(—p) = Io(p), 20(—p) = (S 20) ()

that is meant to be a given approximate solution during the Nash-Moser iterative scheme and therefore satis-
fying the smallnesse condition (3.50). The corresponding patch deformation function is obtained through the

transformation A in (3.39)
T = A(Zo)

The torus ig being reversible, so is r, namely
r(=p,—0) = (e, 0). (3.51)
In addition,

Irlg: < 1+ Hﬁollq,s : 3.52)
Q12|32 < 1 Ar2ill 3 + | Al R 13:113:7- (3.53)

here and in the sequel, the notation A;s denotes

Ao f £ fir) — f(i2),

for two given tori i1, 42 satisfying the smallness condition (3.50). Our goal here is to construct an approximate
inverse to the linearized operator

d(i,0)F (i0; @0)[i; &] = w - Dyl — di X oo (G0 () [2] — (&,0,0).

at this state which enjoys tame estimates. The final result is stated in Proposition
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3.3.1 Triangular system in action-angle-normal variables

The first step is to implement the Berti-Bolle approach [6], or actually its modified version [59, Sec. 6]: a
suitable choice of diffeomorphism of the phase-space PS conjugates the linear operator to a triangular system
in action-angle-normal variables up to error terms vanishing at an exact solution, thus bringing the problem to
the construction of an approximate right inverse in the normal directions only.

Assume that 9 : T — T¢ is a diffeomorphism and consider the transformation G : PS — PS given by

bo(¢)
V((b, Y7W) € PS’ GO((ba Y W) £ IO(¢) + L1(¢)y + L2(¢)W 3
2o(@) +w
where T
Li0) 2 (0,00(9) ' La(@) 2 (9u20(Bo(9)) 07", 20(9) 2 20(Bo(¥))-
Its linearization at the trivial torus gives
9p0(p) 0 0

DGy (iwi(9)) = | 9plo(¢) Li(p) La(p)
9p20(¢p) 0 IdLi

The torus ip being reversible it is easy to check the invariance
Go 06 =6o GO

and consequently, the linear transformation DGj is reversibility preserving in the sense that it sends reversible
tori onto reversible tori. Then, denoting

Go(i,a) = (Go(i),a),
we have, according to [59] Sec. 6], the following conjugation formula
DG (i)~ (s 0)F (i0, 20) DGo (i) = T + €, (3.54)
where

e the transformation 7T is triangular in the variables qAS, 7, w and given by

. w - 0pd — [Hao(9)§ + Hiy ()i + L{ ()d]
Tlp.5.9,4] = w-dyy +P(p)a ) (3.55)
ELV;I — 69 [Hll(gﬁ)ff — L;réé]

with
P(p) 2 (9,90(¢)) 0 Lo(9)L] () + (9p20(9)) L] () : R — R,
Hgo(go) éELI( ) (’)HP ( ))Ll gO) R? —)Rd
Hi1(p) £ €Ly (9)(011P:) (i0(0) ) L1 () + (01 V:P:) (io(9))La(p) : R — L7 .

The operator £ is the linearized operator in the normal directions defined by

£y 2T (w -0, — (DY H) (io(¢p)) — eam(ga))ngo

(3.56)
=TI, (L2, — 20 R)TIE,,
where L., is the full linearized operator in the original variables obtained in Lemma and
R() 2 L3 (9)9r V1P (io(9) L2 () + La (£)0:V 1P (io (12)) + 01 V= Pe (i0()) L2 0). (3:57)

Note that, similarly to [64, Prop. 6.1], we can show that the operator R(y) is reversibility preserving,
finite rank, and admits the integral form

R(p /h 0, K (p,0,n)dn,
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where K is a smooth kernel satisfying the reversibility preserving condition

K(—p,—0,—n) = K(p,0,n) (3.58)
and the estimates
1K s S 1+ 1T0117:¢ (3.59)
1y, 0 1,0 0
[ALK|7E S 1Al + 1Al s L, I oo (3.60)

e the operator £ is an error term vanishing at an exact solution and taking the form

D, §,] £ DG (in)  10,Z(0)¢

0
+ 1) [(99(0:V-HE0) (i0(9)) + R(¢))§ + H{y(@)i] — Rio(¢)§ — Ro1(p)u| ,
0
where
() 2 (9,90(9)) ' 0pTo(9) — (DpTo(9)) ' Dpo(9) — (Bp20(9)) ' 0y Dpz0(p) : RT — R,
Ruo(p) 2 (9,21(¢)) "Lilp) : R - R,
Roi(p) £ (5¢21(<P))TL2(<P)371 - (3¢23(80))T551 L3 = RY,
with

Z = (Z1,2,23) & F(ig, ap).

The triangular system (3.55) is solved via the inversion of the operators w - 0, and £ . The following subsub-
section focuses on this last one.

3.3.2 Diagonalization and inversion in the normal directions

We shall now construct the approximate right inverse for the linearized operator restricted to the normal direc-
tions £ introduced in (3.56)). It is obtained via a reducibility procedure, conjugating £, to a Fourier multiplier.

Define the scale o
N, £ No(f) , No > 1.

Throughout this section, we may consider the following parameters

siEs0+Tg+T+2, EEATq+6T 43,

51 £ 8+ Taq + Ta, ShESnt+ s +1 (3.61)
J— 3 — — .

W=+ 21 + 7o, sh>max(§u+sl+1,sh+p)

p=0.

Assume the smallness condition: there exists g9 > 0 small enough and 0,4, > 0 such that

ey 2TINE <eo,  |[To)28 <1 (3.62)

q,Sh+t0maz
In what follows, the Lipschitz estimates for A5 quantities assume that both tori i1 and o satisfy (3.62)).
Let us start with the transport reduction to constant coefficients for the full linear operator. Classically, this

is done via a symplectic change of variables [75, Prop. 6.2]. The next proposition explains this straightening
and provides the effect of such transformation on lower order terms of the linearized operator.

Proposition 3.1. Let v € (0, q%
(13.62) with 0 < omas, there exist

e an invertible transformation 9B in the form

} . There exists 0 = o(q,d, 7)) > 0 such that under the smallness condition

B = (1+ 0sp)8, Bh(b,w, p,0) = h(b,w, ©, 0+ B(b,w, <p,0)),
with
e () W*7(6,H*) odd in (¢,0) (3.63)
SE[SQ,S]
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satisfying for all s € [sg,S] and p > 0,

1B 138 S 1IRIGY + ey ITollg oIR8, (3.64)
| 0)<157_1(1—%HJ0|%3+U), (3.65)
||A12B||q Shtp ~ E’y 1||A127’Hq 9h+P+U’ (366)

e a coefficient V;>° € W27(0,C) satisfying

IVie = 3139 S e, (3.67)
1A12V2II7 0 S ell A2illys 1o (3.68)
such that for any n € N, in restriction to the Cantor set
O (v, 7y, ig) 2 N {(b,w) €0 st |w-l+iV(bw)| > %J} : (3.69)
<l,j>ez‘dx2\{<o,0>}
the following decomposition holds
BB =w -0y + V0 + M — 06Ky + - + Rep + EJY,
where
o H is the 2mw-periodic Hilbert transform
H{(0) 2 [ cot (%52)
o Ky is the kernel defined in Lemma[3.3;
e R, is a real and reversibility preserving integral operator satisfying
Vs €[5, 8] max 08930, Sev ! (14130005 ). (3.70)
HAlZﬁRero 4,4,5h+p ~ Sev 1||A127’||q Sh4pto) (3.71)
o EM™ — %TR)(b,w,io) is a linear operator satisfying
HE;TR)hHg’z 5 gNuNn-leh”q so+2° (372)
Proof. According to Lemma [3.2] we have
Lo =w- (94{, + ag(Vy-) + 0L, + 09Ser. (373)
Recall from (3.29) that
=Vh+eVE

ET?
with V2 and V2 defined by (3.27) and (3.26), respectively. The following estimate can be found in [64], see

also (3.52]),
1%

Also recall the reversibility property 1D of the transport coefficient. These properties allow to implement
the KAM reducibility scheme devised in [75], Prop. 6.2] providing 8 and V>0 with their corresponding estimates

such that, for any n € N, in restriction to the Cantor set o™ (v,71,%0) in , the following identity holds

N7
0 S eyl e (L+ 13035 ) -

B w05+ 0 (Ver - ) B =w- 0y + V0 +E™, (3.74)

where E%TR) is an operator enjoying the decay property stated in (3.72). In view of (3.20) and (3.22), we have
the following decompositions

OoLer = 0Ky % - + OpIxr ,  09Ser = —0pKp - + OpIks (3.75)
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where Zgr and Zgs are integral operators in the sense (A.2)) with kernels

2\ 3
RE 70 - RE B}
KE 2log(L+ ), v 0m) 2 | Relp,0)Ru(py) + | B2 Heon)
25111( 2")
and
; ; Ber(g,0,n)
KES,, ,0.1) 2 2G5 (Ro(p,0)€, R (¢, 1)) — o ( .
(,8,m) 5 (Re(p,0) (0, m)e') —log Bolp.0.7)
From (3.51)) and ({3.5)), we have
K;(—QO, —0, _"7) = K?r“z% 0, 77)’ Kfr(_<p> -0, _77) = K?T((p, 0, 77)' (3'76)

Making appeal to Lemma [A.1}(v) and [75, Lem. 4.2] and using (3.52)-(3.53)), we get
N
IRE 127 + RS, 129 S elrl3: S e (1+ 130035 )

0 % o
19+ 18RS 1S < elAnrl e $ e (Nl + 18wl s 19055 ).

(3.77)
|A1KE,

Also note the identity,
89/C1 X - = %H

Therefore, using (3.73)), and (3.74)), one obtains in the Cantor set o™ (v,71,1%0) the following decomposition
B LB =B (w-0p+ 0 (V') ) B+ B 0gLer B + B~ 06Ser B
= w0y + V%00 + 1H — 00Ky * - + Ry + ET,
where

Rer 2 (B HB — W) — (27100 (Ky ) B — 0Ky 5 ) + B \Tur, B+ B \Tys 8.

Combining (3.76]), (3.31]), (3.63) with Lemma |A.4] Lemma [A.5] we deduce that R., is a reversible Toeplitz-
in-time 1ntegral operator satisfying by virtue of |- , - 1- , -, (3-65), (3-66), (3.77) and (3-62) the

estimates , up to increase the value of ¢ if necessary. This achieves the proof of Proposition |3. L O

Next, we study the effects of the localization in the normal directions for the reduction of the transport part.
For that purpose, we consider the localized quasi-periodic symplectic change of coordinates defined by

P, =15, A3, . (3.78)
It satisfies the estimates for s € [sg, S],

||%i1h

28 SRS + v HITollgallRl g (3.79)

q,s8 n~~
Then, we have the following result.

Proposition 3.2. There erist 0 = o(71,q,d,s50) > 0 such that under the smallness condition (3.62) with
0 < Omaz, for any n € N, the following identity holds in restriction to the Cantor set o™ (v, 71,1%0) in ,

%IlﬁLﬂl :w'a‘PH§:J +90+'@0+E%Nor),

where

e L and B, are asm and-

e Yy = HS QOHSO (V°°89 + 7-[ Oy * )HSL0 is a reversible Fourier multiplier operator given by

V(l,j) € Zd X S(C)7 @Oel,j = ldg) €155 dg(bawvio) 2 Q](b) +.7(‘/zio(baw) - %) (380)

o %y = Hé_o'%OHé_o is a real and reversible Toeplitz in time operator satisfying

Vs €[50 8] max (0503000 Ser (1410030 ) (3.81)
||A12‘%O”O d,q,5h+p ~ < ey 1||A127’Hq Sht+pto” (382)
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e The operator E%Mr) = Hé‘OE,(zNor)Hé-o satisfies the following estimate
N4 - 0
”EsLNor)h g,so 5 5N6LNn—&l-Ll||h| ’qy,30+2' (383)

Proof. Recall from Proposition that, in restriction to the Cantor set (’)gR) (v, 71,10), the following identity
holds
LB = %(w : ap + V{;OBQ + %/H — 0y * - + Rep + E,SLTR)).

Also observe that
Id = IIg, + g, , (g, )* =115, I, g, = Mg s, = 0.

Therefore, denoting
EWMr) & g1 ZETVIL (3.84)
we obtain, in restriction to the Cantor set O&TR) (v,71,10), the following identity
BLL B = B g, (Ler — e0gR )TN, A5,
=B 'y Lo, BN, — B Lo M5, BNg, — B 0yRBL
=BTy, B(w-0p + V09 + SH — 06Ky + - + Rey )15,
— B Lo s, (B — 1)1 — B 0yRA L + EJD)
=% g, B(g, +1ls,) (w- Op + Vi® g + 3H — 0pCy - + Ry ) g,
— B Loy s, (B — 1A)IE — B[ 0yRA L +EJD
= Dy + Ry + ENT),
where
Do & (Vi20p + AH — 00Ky + )15,
and
Ro & Ug R, 1, + B g, Bls R, 1y, — 2715 Lo, 105, (2 — 1d)115, — e ' 15,0, RAB. . (3.85)

The reversibility of % is a consequence of the reversibility of L., R, (3.58) with Lemma the fact that
A is a reversibility preserving operator because of and Remark For the Toeplitz-in-time property:
the first term follows from the Toeplitz-in-time property of ... Thanks to the projection Ilg, on finite Fourier
modes, the middle terms can be written as integral operators. The last term can be written as an integral
operator since R is an integral operator. Then, the estimates (3.81)-(3.82), follow from (3.70)- (3.71), (3.59)-
(3.60) with Lemma and the various estimates on %. For more details, we refer to we refer to [75, Prop 6.3].
Finally, the bound follows from (3.84)), (3.64)), (3.72) and (3.79). This concludes the proof of Proposition
5.2 O

Finally, we make use of a KAM reducibility technique to get rid of the remainder %, of Proposition [3.2]
This procedure allows to diagonalise the linearized operator in the normal directions, namely to conjugate it to
a constant coeflicients operator Z,, up to fast decaying terms. The result reads as follows.

Proposition 3.3. There exists 0 = o(q,d,71) > 0 such that under the smallness condition (3.62)) with o <
Omaz, there exist

e an invertible linear operator O, : O — E(HS N Lﬁ_) satisfying

Vs € [s0,5],  |1@BIILYT S IRIZY + v 21 3ollyevo IR17:5; (3.86)

q,8 q,5+0 q;807

e a diagonal operator Lno = Loo(b,w,ig) taking the form

Loo = w - O, llg, + D (3.87)
where Doo = Doo(b,w, ig) = H§O QOOHSlU is a reversible Fourier multiplier operator given by
V(1,j) €24 x S, Docer; =147 ey, d°(b,w, ip) = dj (b, w, ig) + 75°(b,w, o) (3.88)
with
- C [e'e) — . . 0
Vi €S, [1A1aR 7 Sev il Awil) e ., (3.89)
and
up [f][|r° 77 S eyt (3.90)
JESE
VieSs, [1Anrl7? SevtlAnille ., (3.91)
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such that in the Cantor set

. ) ) . o (i
ﬁ,(LKAM) (v, 71, T2, 40) 2 m {(b, w) € @(LTR) (v,71,10) : |w A+ d?o(b,w,zo) — djo-:(b,w,zo)| > %}
(1,4,40) €24 % (5§)2
II<Nn
(1.)%(0,30)
we have
P Lo = Lo +EEA
where

e with the notations of Proposition[3.3,

Ly 2w OL1lE, + Do + Ho; (3.92)
e the linear operator Eg( A _ H§O 55( AM)HSl0 satisfies the estimate
— L — N7
[ESM Rl S ey 2NE2N L IR 41 (3.93)

Proof. » Algebraic scheme : We design a KAM reducibility procedure as in [75, Prop. 6.5] allowing to get
a sequence

Ly = w - Opllg, + Doy + Ko
where

¢ Dy = HSLO @mHSLO is a reversible Fourier multiplier given by

Dmer; =1d}" (b, w)ey ;, a”;(b,w) = —d7"(b,w);

o Xy = HSLO %mHSLO is real, reversible and Toeplitz-in-time.
This sequence starts with .4 in (3.92)) and the aim is to get in the Toeplits-in-time topology

lim %, = 0.

m—o0

To get the next step, we choose well a transformation
D, =g + U,

such that
ngrl = (P;qumq)mw : aapngLo + @m+1 + f@erlv (394)

with a remainder #,,11 ”quadratically” smaller than %,,. A direct calculations shows that

m

O LBy = w - DL + Dy + D7) ([w  OTIE + Dy, W) + P, Ron + P R + %mmm).
The natural choice of ¥,, is dictated by the homological equation
[w O + Dy, \ym} 4 Py B = | P, %] (3.95)
Here |-] denotes the diagonal part. More precisely, if
Aey, j, = Z A;;J;joel,j'
%))

then
— flosdo lo,jo &
LAJ €lo,jo = Al07j0el07j07 Alo,jo = <Aelo7jov el07j0>L2(Td+1,C)' (3-96)

The iteration will progressively absorb the diagonal part of the remainder into the normal frequencies and
eliminate its off-diagonal component. More precisely, we get (3.94]) with

@m—i-l = -@m+ I_PN

m

Frl, B = D1 ( — Wy | Py R | + P o + %mmm). (3.97)

m
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The homological equation (3.95)) can be solved modulo some non-resonance conditions. Indeed, observing that
the real, reversibility, Toeplitz-in-time nature of %,, allows to write its coefficients as

(%m)lyj o = 17"

lo,Jo "o, m(

bwly—1)€iR,  (Bm) b7 = —(Bpm) . (3.98)

lo,—Jo lo,jo’

the equation (3.95)) imposes the choice, for j, jo € S§ and |I] < N,

(W), (b w{o om (b2 (b0.0, 18 (492 0.0), (3.99)

and elsewhere

(\I’m)go (b,w,l) =

where )
'l+dmb, —dmb7 ) — 10)) {72
oy & X1 E0.0) — b0 —50) 1)) 5100,
Shoim w-l+d(b,w) —d7(b,w)
with x € C*°(R, [0,1]) an even cut-off function such that
1 1
X(€) =0 forfg<g,  x(E=1 forf¢]> 5 (3.101)

The cut-off is introduced such that the operator ¥,, is well-defined on the whole set & and therefore, the
homological equation is solved within the non-resonance Cantor set (with the convention & £ &)

A N {(zw) €Oy, st |w-l+dl(bw) —dl(bw)| > W@_m} (3.102)
(1,4,J0) €24 X (8§)*
(L7)#(0.5o)
11 <N

In addition, this construction ensures that ¥, is real and reversibility preserving with ¥,,, = H§0 WmH§[) . Note
that (3.98)) implies that | Py, %m | acts like
| PN, Ko erj = irfer, A (3.103)

J,m

Therefore, in view of (3.97))
m—+1 __
4 =df 4y (3.104)
» Topological considerations and convergence : Introduce
Sm(s) £ 7720138 O (s) £ max {7~ 0p B[ 3.7 4.5 O (s) } -

The estimate (3.81]) and (3.62) imply

1q,S?

NE6o(sn) < CNYey™2 < Ceo. (3.105)

By the linear growth in j of d? in (3.80) and the a priori convergence of the scheme, one has

max sup |95, (4] (b,w) — d} (b,w))| < Clj — jol. (3.106)
lal<q (bw)eo
This together with (3.99) and Lemma [A.T}(v) implies
- .0
113 s < CYTHIPN,, Zonll S 4 s rag - (3.107)

Combining (3.97)), (3.107)) and Lemma gives the following recursive estimates, whenever sg < s < §< 9,

St (s) < NET56,(5) + CNPIT™26, (50)6,m (s), (3.108)
Smi1(s) < NET56,,(5) + CNP2OT2HG (6035, (s). (3.109)

With the choices of 5, and sj, fixed by (3.61)) and the initial smallness (3.105]), the inequalities (3.108]) and
(13.109)) yield the inductive estimates

S (51) < So(sn)NENZE,  Smlsn) < (2—ml+1) So(sn), (3.110)
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and

5m(80) S 50(8h)N6LNn;l’L, 6m(3h) § <2 — ) 60(8h). (3.111)
We next control the variation of the normal frequencies. From the real-Toeplitz representation and (3.104]),
+1 —
d;” =4t =
=i <PNm%mel,j, elvj>L2(Td+1,C)

= —1(PN,, Zmeo,j,€0,5) 12(1a+1 ¢) -

A duality estimate, combined with Lemma (3.110)), and (3.105)), gives

[ — d)[77 < Cey T NEN- (3.112)

In particular, the series of frequency corrections converges. Moreover, ([3.106)) propagates through the iteration,
since

max sup |df, (d?”rl - d;z+1)| <C(1+ey "INSNLHY |G — jol-
lel<q (bw)eo

Hence (d})m>o converges in W°%7(&, C). Denote its limit by d° and set

Do & (id;o)jesa, ie. Dol =1id57ey .
Furthermore, gives
143 — a7 137 < Cy "o (sn) NG Ny (3.113)
Consequently, N
a® =df+ ) (art —ar) =d) + e (3.114)
m=0

By the definition of the diagonal operator norm and (3.113)),

1Dm — Poo |38 4150 = sup 47" — d5° 177 < Oy~ So(sn) NE N (3.115)
JESG

It remains to construct the limiting conjugation. Define
Do 2y, D,2Pp0P,0---0d,, m>l1. (3.116)

Since ®,,, = Id + ¥,,,, one has

~

Byt = Py + P U1 (3.117)
The summability resulting from (3.107)), together with the smallness assumptions of the KAM construction,

o~

shows that (®,,),, converges in the Toeplitz operator topology to an invertible operator ®,. As in [75], one
also obtains R N
187" = DT g o0 + 1P — ool 3:T .5, < Coo(sn)NE N (3.118)

0-d,49,80

We now pass to the limiting operator. Put
LoE2w- 6g,1_[§‘0 + Do
Since
L — Lo = D — Doo + P,
the estimates and imply the following convergence in the Toeplitz operator topology

L — L.

m—r oo

For a fixed n € N, by means of triangular inequality, the limiting non-resonance set defined in Proposition [3.3
satisfies
ﬁSLKAM)(erThTQaZ-O) - ﬁ;:—&-l' (3119)

From (3.116) and the finite-step identities, for (b,w) € &), | we have

‘/I\)Elfo‘f)n =w- 8¢H§_0 + @nJrl + t@n+1 =L + (@nJrl - @oo) +=@n+1~

34



Passing from (/I\Jn to O gives
O Lo = Lo +EEM,

where we denote the whole error term by

EMM 2 Gt — Do + B + O Lo(Doe — ) + (D) — ©,1) L, (3.120)

The estimates in Lemma H [A.2] together with (3.115)), (3.105), and (3.118)), give precisely (3.93). We finally
establish the estimate for r3°. By definition,

oo
= E i ry =1 <PNm=@m'30,JveO,J>L2(Td+1)~

m=0

Since Jpeq,; = ij €o,j, an integration by parts gives
i
<PNm%meO,j> eO,j>L2(Td+1) = 5 <PNm%meo,j; aGeO,j>L2(Td+1’(C) = *5 <PN7,,,80%meO,ja eO,j>L2(Td+1’C) .

The duality estimate between H* and H %, together with Lemma (3.111)), (3-81)), and (3.107), therefore
yields

75212 < 15 ey (3.121)
Finally, the estimates (3.91)) and (3.89) follow in a similar fashion. For more details, we refer to [5]. This
completes the proof of Proposition O

With this in hand, we can obtain an almost approximate right inverse for £ .

Proposition 3.4. There exists 0 = o(71, T2, q,d) such that under the smallness condition (3.62)) with o < Tmaz,
the following assertions hold.

(i) There exists a family of linear operators (T")neN defined in O satisfying

Vs € [s0,5], sup ||Tnh|
neN

PSS 771||h||q,€+7'1q+7'1 (3122)

q,s ~

and such that, for any n € N, in restriction to the Cantor set

ﬁ,(f“")(%ﬁ,io) = ﬂ {(b,w) €0 s.t. ‘w L+ d;o(b,w,io)’ > <’§§]’i }7

(1,5)€2d 8§

1< Np
the following identity holds
Lo Ty = 1d + EI)
where
o % and d5° are defined in (3.87) and (3.88), respectively;
e The linear operator E%Inv) satisfies
VS() < S < 5 g S? ||E(InV)h||7,ﬁ S NS s 71”th Ss+1+1194+71" (3123)
(i) There exists a sequence of linear operators (Ilv”)neN enjoying, for any s € [sg, S|,
sup [Tl S 7 (IS + 130l 052 1) (3.124)
such that in restriction to the Cantor set
Ca(7, 71, 72,10) 2 O™ (v, 71,30) N OFM™ (7,71, 72,40) N O™ (7, 71, i), (3.125)
the following identity holds
ELIL,n =Id+E,, (3126)
where E,, satisfies for any s € [so, 5],
1Eahl3:9 S N~y (1001370 + 7 230l LIRS ) + v NE N RIS e (3127)

35



(iii) In restriction to the Cantor set Cp(vy,T1,T2,10), the following decomposition holds
L :LL,n+RL,na (3.128)

where the operators L1 ,, and R , are defined in O and satisfy for all s € [sg, 5],

Sup ||[’L nh”gf 5 ||h||q s+1 + E:’}/72”30 q,s-‘ro”h q,so+17 (3129)
||,R,J_1nh||g’§) ,S NSO 3 71 <||h q,s—&-a‘ +€772HJ0” s+o||h| q, so+0) + 5773N“ (3130)

Proof. (i) We first construct an approximate inverse for %, in (3.87). Using the decomposition associated with
the projectors Iy, and HJA-,W, we write

Lo = Diﬂoo,n + %oo,m %oo,n £ _HJ]\_I,LW : acpHJ]\_fnné_oa

where Z ,, is diagonal and, on the Fourier basis e j,

P i(w-l+d®)e;, |II<N
e ;, =
A P T 1| > N,.

We now define T,, by inverting these diagonal coefficients, with the usual cut-off on the low Fourier modes

w-l+dx®)y N hy ;
(1,4) €L xS§ J (Lj)ezixsg 7
[l|<Nn |l|>Ny,

Since, according to (3.101), the cut-off equals one on @(llnv) (v,71,10), the diagonal definition immediately gives
Lo Tn =1d, on G (v, 71 dg).

Consequently,
LTy =Td+E I 25 T, (3.131)

We now turn to the estimates. It is readily seen from the expression of d3° in (3.88) that

. o .
IS a5 lg™ S 1l

Consequently, using Lemma [A.1}(vi), we get (3.122) The estimate (3.123)) follows from (3.122) and Lemma
(i),

(it) We transport the previous approximate inverse back to the original normal variables by defining
Ii,2 B 0T, 0 %"

This operator is well-defined for all (b,w) € ¢ and the bound (3.124) follows from (3.79), (3.86) and (3.122).
On /™ (v, 71,90) N O (v, 71, 72,10), Propositions and @ imply

OB LB Do = Loo +EFM + @ EN T D,
Multiplying by T, on the right and using (3.131), we find, on the additional set o) (v, 71, 0),
O AL B DT, =1d +EFY L EMIT, L o LEMTS T,
Conjugating back with %, @, therefore gives, on Cy (v, 71, T2, o), the identity , with

E, =%, 0o (ES}’“’) +EXMT 4 @;olE,(lN“)@an)(DgOl:@f.

The bound (3.127) follows from (3.79), (3.86), (3.83]), (3.93)), (3.122)), (3.123)) and (3.62)), after increasing o if
necessary.
(#it) The decomposition (3.128]) follows immediately from (3.126)) by setting

Lin 211, = B0 Lon® BT, Rin SEITY

The bound (3.129)) follows from (3.79)), (3.86)), Lemm(ii) and (3.62)) while the bound (3.130)) follows from
3.4

(3.127)), (3.129) and (3.62)). The proof of Proposition [3.4]is complete.

O
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3.3.3 Construction and tame estimates for the approximate inverse

Now, we can finish the construction of the approximate right inverse to the full linearized operator d; .7 (io, ).
The result reads as follows.

Proposition 3.5. There exists & = (11, 72,d,q) > 0 and a family of reversible operators 1, satisfying for any
n € N* and s € [sg, 5],

Ay O _
11l S (070 + 190l 1S ) - (3.132)

Moreover, for any n € N*, in restriction to the Cantor set C, (7,71, T2,%0) defined by (3.125)), the operator I,, is
an almost-approzimate right inverse of d; o). (i, ), namely

d(l @) (20, a()) —Id = éaLn + (g)g,n + 6@3,”, (3.133)

where &1y, &, and &3, are operators well-defined in the whole set O and such that

2 Sy Z o, ) 178 SIS o (3.134)
Ve >0, | q%<v*N o (N Y A O (3.135)

Yt € 0,5 — so), o< Nt —z(” A T ||q50+a)
+ey NGNS . (3.136)

Proof. Let us denote
ID) = w 0 HN + HN ,87 D’I’LL £ w- GSDHJNn - HJNH:E’

where the projectors Ily, , ITx; , are defined through (A.1) and the projector HJ]\-,mg, introduced to preserve the
reversibility on the high Fourier modes, is given by

Oy, gu(e) 2 Y gue™?,  g(-1) = —g(l).
LK

Accordingly, the conjugation (3.54]) becomes

DGy (i) di,0)Z (i0, 00) DGy (ivi) = To + E1n + E2n + Esn,

with
. R Dnﬂg—[Hm(SD)}A""Hn((P) + T(@)d]
Talo, §,%, 4] = Dy +P(p)a
L1 % — 9p[Hi1(9)§ — Ly &
and

Ein 2 DGo(in.) ' 0,2(0)b

0
+ [T, Q) [(90(8:-V-H2) (io(¢)) + R(9))¥ + H{) (¢)w] — Rio(¢)§ — Ror(p)w| ,
0
[ D¢
Ean 2 | Dy + 115 Q) [(95(0:VH2) (10 () + R(9))§ + H\ (9)7] |
I 0
[0
En=] 0
_RJ_,n

The operator D, is well-defined on the whole parameter set & but invertible on the Diophantine set

s d v
DCy, (v,71) = ﬂ {wER st |w- l|><l>71}’
1ez\{0}
[HI<SNn

provided the image is with zero time average. Note that

DCx,, (7, 71) C Cn (7, 71, T2, 00).
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One can check that ¢ — P(p) is odd (so has zero average). One can choose & so that the time-average of
the second term in the first entry vanishes. The operator £, , can be inverted thanks to Proposition
Consequently, one can invert the triangular system when seen with values onto the space of reversible tori
(to have zero average in the action variable). This provides the inverse operator 7, . Then, we define the
approximate inverse as

I, £ DGo(ivi) T, "DGolies) "
One obtain the desired result by setting
gl,n é DGO(itriv)gl,nDG’O(itriv)71In>
(9@2,71 = DGO(itriv)gz,’ﬂDéO(itriv)_lI’I’L7
53,n é DGO(itriv)53,'nDéo(itriv)ilIn'

The various estimates follow from Lemma [3.5] Lemma [A.1}(i4)-(iii)-(iv)-(v), (3.124)), (3.129) and (3.130). For
[

more details, we refer to [75, Sec. 6].

3.4 Conclusion : construction of solutions

We can finally perform the construction of a nontrivial solution. The result is given in the following proposition.

Proposition 3.6. Define
qo £ 2max(S) + 2, q=qo+2. (3.137)

The following hold true.

(i) There exists a Cantor set
Ci,C0O

and a g-times differentiable function

Xoo 0 — (T'—T!xRYx (H*NL?%)) xR?
(byw) = (iso(b,w), aso(b,w))

such that
V(b,w) € C,, 9(Xoo(b, w), (b, w),s) =0. (3.138)

In addition, the torus i, is reversible, namely, with the notation (3.43)),
Vo €T, & (i (b)) (1) = ioolb,w)(— ). (3.139)

(i) There exists a q-times differentiable function

(bo,bl) — Rd
b — w(be)
such that
Qoo (b,w(b,€)) = —wiq(b), gg% w(b, &) = —wpq(b). (3.140)
In addition, defining
@z 2 {b € (bo,b1) st. (bw(be)) € cgo}, (3.141)

there exists C > 0 and § = §(S) > 0 such that
€5, > (b1 — bo) — C<°.

In particular,
. _—
Ehr% ’%oo‘ =b; — bo.

Finally,
Wedh, F(Xe(bwbe), (bwbe),e) =0,
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Proof. We provide the main steps and arguments. For detailed computations, we refer the reader to [75, Prop.
7.1, Cor. 7.1 and Prop. 7.2].

» Nash-Moser iteration : The first approximate solution is given by the equilibrium reversible quasi-
periodic solutions in (3.34). Let us recall that in action-angle-normal variables they correspond to the trivial
embedding i,;, in (3.42). Therefore, we take

Xo = (i0, @0) £ (o, w). (3.142)
Then, we design the iterative scheme
Xp = (in, an), Xnt1 =X, — p, LN, Z (Xn), (3.143)
where L () . X
N, = N;*" | No =77, v = e 0<a<uJqur27 (3.144)

the Fourier projection Iy, is defined in (A1),
My, (J,a) 2 (Iy,J,a), Iy (J,a) = (Iy J,0)

and I, is a reversible approximate right inverse of L, £ d(;,a)7 (Xn) when restricted to the Cantor set, see the

definition (3.125)),
CfL é Cn (’Y’ru 71,72, infl) ) Tn é 7(1 + 2—n> (3145)

enjoying the tame estimates (3.132), (3.134]), (3.135)), (3.136) and obtained following the construction of Section
B:3] The reversibility to initial guess i, of the operator I,, and of the equation itself allows to propagate the
reversibility along the iteration (3.143)), namely

Gin(p) = in(—¢). (3.146)

By Taylor’s formula, we get
T (Xny1) = F(X,) — Oy, (LI, — 1)y, F(X,) + LIy — Iy L)L, Z (Xn) + Qn,

where
Q £ <9ﬁ(xn—}-l) - <g/:(xn> - Ln(xn+1 - Xn)

Under the following choice of parameters

1

A A A

T = dqo + 1, To =7 +dgo + 1, v= 3.147
1= dgo 2 £ 71 4 dgo p—— (3.147)

and (recall that 7 is the fixed loss of derivative in the construction of the approximate right inverse in Proposition

3.5)

p1 = 6q(m2 + 2) + 125 + 15,
p2 = 3¢(12 +2) + 65+ 9,
ps = 3¢(12 + 2) + 65 + 6,

_ (3.148)
p=2q(t2 +2) +55 +7,
sp = so +4q(m2 +2) + 97 + 11,
Sm = 28p — S0,
using the estimates in Lemma and Proposition one can prove by induction
e (Cauchy in intermediate norm)
X0 = Xn1ll]9 o5 < Cey 'N, 22 (3.149)
e (Approximate solution in low norm)
17 (Xa) 3267 < CeNL Y (3.150)
e (Growth control in high norm)
K = Xoll325, 45 < CoyINF2,
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We define
c.2e, 2o (3.151)
neN
The Cauchy estimate above allows to conclude the convergence of the sequence of approximate solutions

Xp — Xoo = (ioo, Qoo)-
n—oo

The reversibility property (3.139)) is obtained passing to the limit in (3.146f). Passing in the limit in the low
norm estimate also provides the fact that X, is a solution, see (3.138)). Now, we obtain a solution of the original
problem through the rigidity condition

oo (b, w) = —wig(B).
From the Cauchy convergence, (3.142)) and (3.144]), we deduce that

Qoo (b, w) = w + O(e"), k= K(S) > 0. (3.152)

This implies that w — @0 (b,w) is invertible a we get the desired results by setting

w(b,e) £ az) (b, —wgq(b)).

» Measure of the admissible parameters : Consider the set €=, defined through (3.141)) and (3.151)).
We can write
e = (% L {b € (bo,by) st (bw(be)) € c;}.
neN
Note that from the convergence (3.140]), we have by continuity that

w([bo, b1],€) C Bra(0, Rp), (3.153)
so that €§ = (bo, b1). Therefore, the complement writes
(bo, b\ G5 = [ ] (€2 \ %s0)-
neN

By construction,

e & o (TR) /. (KAM) /. (Inv) /.
CENCo, = Ry (i) | R (i) Ry (i),
(1,5)€29F1\{(0,0)} (1,5,50) €24 x (5§)? (1,7)€29 x8§5

[LISNn [ <Np, [1|<Np

with the resonant sets are given by

4yr (g
R™ (i) £ {b €E st |wbe) -1+ VE(b,e)| < V@jf” }

REM ;& {b €C; st |w(be) 1+d7>"(be) — a5 " (b e)| <

1,3.d0

2Vn41(J — Jo)
A,

R (i) 2 {b € s st |w(be) I+d"(be) < 7’2;51” }

where we denoted

7" (be) £ a5 (b,w(be)in) = (0) + 5 (Vi (be) — 5) + 157" (be), (3.154)

with
V2 (b,e) 2 V2 (b,w(b,e)), 7o (bye) £ 2 (b,w(b,€),in).

> We observe that for n > 2, we have
<N = RIP(0) = R G) = R (1) = 2. (3.155)

Let us give the details for the first one. By construction, it is sufficient to prove that Rl(:rf) (in) C RZ(EB)(in,l).
By using (3.68)), (3.149) and (3.144]), we obtain
|w(b7 8) -l +JVnoil(bﬂ€)| < ‘w(bv 5) -l +jvnoo(bv 8)| + ‘]‘ ' |Vnoil(b7€) - Vnoo(b7 €)|
vy aldl . 00 00 (17,
< Bl jj1 v, - Vel

4~7 i . . .
< Dbl g el iy — i

473+1U| 2—a nT—P2 |
0 + Ce* "N, 21 |j].

2
q,Sh+0

N
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By construction ((3.145|),
Ta1 =T S Y727
Together with our choice of parameters (3.148)) and the scale (3.144)), we deduce for £ small enough

- oo 4 :11 1 j
w(b,e) -1+ V2, (b,e)] < el

This provides the desired claim. The other ones are obtained in a similar way using the Lipschitz estimates
(3-89) (This is where they are used).
> Besides, the following facts hold

RV (i) £0 = il <C),
R i) #2 =  |i—jol <CU), (3.156)

RN #2 = |jl<C).

Indeed, let us prove the first implication, the other ones being obtained in a similar fashion. If RI(T;) (in) # 9,
then there is some b € (b, by) such that

wbe) -1+ V2 (6,e)| < ald).

Then, by triangular and Cauchy-Schwarz inequalities together with (3.67), (3.145), (3.144) and (3.153)), we get

T3l <131 V2 (0,)] < Ro(l) + 4ljlvmsa < Ro(l) + 84l

which provides the desired claim for € small enough.
> Moreover, we also have the following inclusion

e >0, min((jl, [jol) > crpa (D™ = R (i) SR (n). (3.157)

1,3.J0 L,j—Jo

Let us prove this fact. Due to the symmetry d°5" = —d;*",

be Rl(KjM;g (in). Then, according to (3.154) and (3.32] -, we get

|w(bye) - 1+ (j £ jo)Vie®(b,e)| < w(b,e) - 1+ a7 (b,e) £ 5" (b, €)| + 5]b%7 £ ™|
+ 5] =D = Go—1) = (G £ jo)| + [ (boe) £75" (b2

< %ﬁ + %|b2j + b%o|

+ 3G+ Go—1) = (G £do)| + |r;"(b,e) £ 757" (b,e)]-

we can restrict the discussion to 0 < j < jp. Take

We have the trivial bounds

b b < CAERL 2o —21n(b)/ Py < SR 2 sup (= 2In(b)jbY) >0
j jeEN
! b(0,1)
and L
(G = 1) % (o — 1) — (j £ jo)| = 11 < LELL.

Besides, (3.90) provides

[P (b,2) 50 (b, €) | <C (17 + Lol )
<C€1—GM.
< 7

Putting together the previous estimates yields

(b, ) -1+ (£ o)V (b,2)] < Pl 4 0 U5l

Now, assuming j > 1C, V()™ and using the fact that 7, > 71, we get
A i
jw(b,€) -1+ (G % Go) Ve (b )| < Dep ol
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Consequently, combining (3.155)), (3.156]) and (3.157)), we can write

< (TR) /. (KAM) (Inv) ;.
G\ C U Rij (in) U RigaGn) U R ),
(1,5)€zd+1\{(0,0)} (1,4,50) €29 % (8§)2 (1,5)€24 xs§
Np—1SIHSNn Ny, 1 <|1I<Nn Ny 1 <IHI<Np
lilsced min(|3],130 )<y |1 (WL ili—do|<SC (1) ljl<c)

We now estimate the measure of the resonant sets. Since ¢ = g + 2, the resonance functions are of class C%+!,
and the transversality estimates for the perturbed frequencies follow from those of wg, [64, Lem 3.5] (this is

where appears the choice of ¢y in ) by the above perturbative bounds, see (3.152)), and -

More precisely, there exists pg > 0 such that, for all relevant Fourier indices,

inf | max (9] (w (b,e)- )| = 22,

be[bg,b1] 0<q<gq 2
f A (w(bse) - L+ V(b o) = 22,
s o255, 1P 0 L VTN = 5

oo,n 14
£ a9 A4 (b)) = 2,
befgtl),bl] Og}zagflo| ( ( ) + Ky ( ’8))| 2 < >

g a1 (b g) — " P
s o245, 1O 70, ) 20, D> 5

Riissmann’s lemma [90, Thm. 17.1] consequently gives
R (in)| S 770 ()10 (1) 1= (Do g, 5y,
\R (Tav) (Zn)l < 1/‘10<J> qo<l>—1—(7'1+1)/110<l’j>’
|R(KAM) (in)| < 1/qo< _ j0>1/qo <l>—1—(7'2+1)/% (1,5 — jo)-

3,30
Also observe that,
J— ol < O, . ) o
ol Ol max(l ol = min(l7], ol) + 1 — ol < 7 (07 + Coll) S D™
min(|jl, ljol) < 72 (D

Hence, combining the foregoing estimates, we find, for n > 2,

G\ Goal S0 | 3 T S @ | g S i,

[U|>Np_1 [U|>Np_1 [{|>Np_1

The cases n = 0,1 are treated similarly (and are actually simpler since one does not need to track the decay
with respect to N,,_1). Therefore, by virtue of (3.147)), we infer

|(b0,b1)\<5§o’ < Z ARG ~min{v/qo, 1/g0-v} _ e
neN
This ends the proof of Proposition .

A Topological and algebraical materials for Section

This appendix collects the fundamental definitions and results concerning the functional analysis used in Section
First we introduce the weighted Sobolev function spaces. Then, we provide the operator topology for linear
Toeplitz transformations. A special focus is made on integral operators and their reversibility.

A.1 Weighted Sobolev spaces

We denote L? (Td+1, C) the space of square integrable complex-valued function in the variables (¢, ). It has a
Hilbert structure with inner product

<u17 u2>L2(Td+1 )~ / U1 (907 G)UQ(SDa 9)d(pd9
’ Td+1
so that It also possesses the exponential Hilbert basis (e;;)( j)ezexz given by
i(l- ¢+J9)

e j(p,0) =e
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so that the following decomposition holds

2 A
U = ul,j el,ja ul,j = <u7 el7j>L2(Td+1,C)'
(Lj)ezdtt

Given s € R, we define the Sobolev space
H(T4+,C) 2 {u € LX(TH,C) st |ulls < oo},
where

lallfe & Y7 @l () £ max(1, |, 1))
(L,j)eza+1

The real-valued Sobolev space is simply denoted
H 2 {u € H* (T4, C) st. u= u}
Now we introduce the weighted Sobolev spaces for a given v > 0 and onpen set ¢ C R4+,
W (g, He) 2 {u L0 H st 28 < oo},

wex(0,0) 2 {u: 05 C st ul? < ool

where
ull 282 > Alsup 08ule, Msmjas Nl 2 D ' sup |05 u(p)l.
a€ENd+1 pEC a€ENd+1 ped
|| <q |al<a

In the following lemma, we collect some classical properties of weighted Sobolev norms.
Lemma A.1. The following assertions hold true.

(i) Space translation invariance: Define for n € T, the translation

(ryu)(p, 0) = u(p, 0+ 7).
Let u e WoY (0, H?). Then, for any n € T, we have Tyu € WY (0, H®) and

0 _ 0
Imyullgs = llullgs-
11) Projectors : Define for N € N*, the frequency projectors
i) Project D N € N*| th ject

Oyu 2 § up ey and  TIy 21d —Ily.
(1,5)€zd+1
(L,j)<N

Let u e WY (0, H®). Then, for all N € N* and for all t > 0,

v,0

,0 N7 N _
IMnvullgde < Null3:s and  [|Tyul3d < N ull2 -

(#i) Law products:
(a) Let uy,ug € WY (O, H®). Then ujug € WY (0, H®) and

v,0

luruz|3:7 S s as0°

q,s n~~v

Bl (Y A (720 A [

(b) Let uy,uy € WV (0,C). Then uyug € W47(0,C) and
lurual3? < a3 lluzll3 @
(c) Let (uy,uz) € WOV (0,C) x WY (0, H?). Then ujug € WY (0, H®) and

luruall3:8 S 13 lluall3:S
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(iv) Composition law: Let F € C*(0 x R,R) and uy,uy € WO (0, H®) such that
luall3:7 s luzll3:d < Co
for an arbitrary constant Cy > 0 and define the pointwise composition
¥(p,¢,0) € O x T, F(u)(p,0,0) £ F(p, u(p,»,0)).
Then F(u1) — F(ug) € W2 (&, H®) with
1P (u1) = Fus)[3: < C(s,d,q, F, Co)lfur = wal|3:7
(v) Composition law 2: Let F € C*°(R,R) with bounded derivatives. Let u € W1°7(&,C). Then
1E(w) ~ FO}7 < Cla.d. F)ull? (1+ [u]3,)

This estimate is also true for v =1, corresponding to the classical Sobolev space W% (&, C).

A.2 Operators

Here we discuss the Toeplitz structure for operators and their associated topology. In particular, we provide
important estimates for integral-type operators.

Consider a family of bounded operators over H*(T*!,C) and depending smoothly on a parameter p € O:
A:pe 0w Ap) € L(H¥ (T, 0)).
In Section |3} such can of operators act on Wq’ooﬁ(ﬁ, H* (T4, (C)) through

(Au)(p, . 0) £ A(p)u(p, ¢, ).

We can characterize the linear operator A(p) by its action on the Fourier basis: for any (ly, jo) € Z+!,

A(P)elo,jo = Z Aéé];jo (P)el,j7 Aé(;j;jo (P) £ <A(p)elo,j07 el;j>L2(Td+l Q)

(1.j)ezd+1
Definition A.1. Consider the involution

(F2u)(p,0) = u(—p, —0).
We say that an operator A is

e real if it sends real-valued function onto real-valued functions, namely

T=u =— Au= Au.

e reversible if it sends even (resp. odd) functions of (p,0) onto odd (resp. even) functions of (¢, 0), namely

Aoygz—yQOA.

e reversibility preserving if it sends even (resp. odd) functions of (¢,0) onto even (resp. odd) functions of
(,6), namely
Ao 5”2 - 5”2 o A.

Remark A.1. The composition of reversible and reversibility preserving operators follows the sign rule with

reversible = — and reversibility preserving = +.
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A.2.1 Time-Toeplitz operators and their topology
Now, we present the special class of Toeplitz-in-time operators defined as follows.

Definition A.2. An operator A(p) is said Toeplitz-in-time (i.e. in the variable ¢ € T¢) if and only if we can
write

A (p) = Al (p,1—1o), Al (p,) 2 Ay (p).

The class of Toeplitz-in-time operators is endowed with the off-diagonal decay normed topology

1A e & D AT swllog (A @)lows—ta,  1AIRE D, {Lm)™ sup AT (D).
g e

The Toeplitz-in-time operatorial norm presented above enjoys several properties listed below. We refer the
reader to [10].

Lemma A.2. Let A, Ay and Ay be Toeplitz-in-time operators.
(i) Projectors : Given N € N*, we define the projectors
(PnA(D) e = Y. Al (pl-lo)e,; and PyA2A-PyA
(Lj)ezs+!
lt=lgl,li—dol<N

Then, for any t > 0, we have

HPNAlo(j,q s+t X NtHAHOd and ||PJJ\;AHO d,q,s <

»q,S

(i) Composition law :
||A AQ‘ o- dq 5~ ||A1‘ dq s||A2| OquQ + HA1||Od qso||A2| Odqs

(iii) The off-diagonal norm controls the operator norm :

o
1Aull}:? < 14130, 5

q,8 ~

JH AN g s llulle

A.2.2 Integral operators

Integral operators form a special subclass of the Toeplitz-in-time family, that can be written as

(Zxcu)(p,p,0) = /TK(p, ©,0,m)u(p, p,n)dn (A.2)

and the function K in the integrand is called kernel. We have the following symmetry result, see [75, Lem. 4.4].
Lemma A.3. Let Zx be an integral operator with a real-valued kernel K.

e If K is even in (¢,0,7), then Tx is a reversibility preserving Toeplitz-in-time operator.

e If K is odd in (p,0,1n), then Tk is a reversible Toeplitz-in-time operator.

In addition,
1T )38 0.s S NENTS

In the sequel, we provide some results dealing with the action of symplectic diffeomorphisms on Toeplitz-in-
time integral operators. The first one treats the smooth kernel case.

Lemma A.4. Consider a smooth real-valued kernel

K : (p,»,0,m) — K(p,¢,0,n).

Let f € W2 (€, H*®) odd in the variables (¢,0) and such that there exists g > 0 small enough such that

78 < eo. (A.3)

Consider the quasi-periodic change of variables

BE(1+98)B,  Bu(p,¢.0) = u(p, .0+ B(p. 0. 0)),
Then, the following holds.
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(i) The operator B~ 1T B is an integral operator satisfying the estimates: for s > so,

12 Tk B3040 S 7+ IR 1815 (A4)
12~ Tk B~ Tic|| 30 g0 S IIKHquIIBIIq,gO + KN 18I 1 (A.5)

(ii) If K is even in all the variables (p,0,n) (resp. odd), then B~'L P is a reversibility preserving (resp.
reversible) integral operator.

(iii) Assume the smooth functional dependence r € WY (0,H?®) — K(r),[B(r). Then, take two states
rl, 2 e Waeeer (¢, H%) and denote

vee{1,2}, fMEfEEY  and  Apf 2 - fB
Assume that there exists eg > 0 small enough such that

(k]| (L NThet
ke{1.2} ||q,250 + kn’}ﬁlg} ||K ||q,so+1 < €o-

Then, the following estimate holds, for s > sg,

[A1B Tk B o SIALKDS + |ALK]] q,so max, 1838
’ A.6)
k] [k
+ (e KW+ mae (1891520 ) 180150 0+ 18081530
The next result treats the conjugation of the Hilbert transform via diffeomorphisms.
Lemma A.5. Consider H the 2mw-periodic Hilbert transform defined by
H(1) =0, VieZ*, He;=—isgn(j)e;, (A7)

where sgn denotes the usual sign function. Let € WY (0, H*®) odd in the variables (¢,8) and subject to
the smallness condition (A.3|). Then,

(B~ HAB — H)u(p, ¢,0) = /T K(p, ¢, 0,mu(p, p,n) dn,

defines a reversible integral operator with the estimates : for all s > s,

1K113:8 < ||5Hq5+2,
||'% 17{‘@ HHO d,q,s ~ ||6 q,s+27 (AS)

1812 HB — 1) 3700 S 181281752 + 1202811

q750+1 ke {‘?};} HB q75+3}
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